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Sommario

La superfluidità è uno stato della materia che caratterizza l’elio-4 al di sotto del

punto lambda, equivalente a una temperatura di T! = 2.172 K. Il moto dell’elio

superfluido si distingue per la presenza di vortici che possiedono alcune peculia-

rità: appaiono come lunghi filamenti che possono terminare alle pareti o formare

anelli. La densità del fluido è nulla presso il centro del vortice, ragione per cui que-

sti son definiti come singolarità topologiche e non possono di!ondere. Infine essi

sono quantizzati poichè la circuitazione, !, può essere solo un multiplo intero del

quanto di circuitazione ! diviso per 2". Due vortici approssimativamente antipa-

ralleli possono intersecarsi e scambiarsi le estremità: questo interessante fenomeno

è chiamato riconnessione. La turbolenza quantistica appare come un groviglio di

filamenti vorticosi quantizzati e di dimensioni atomiche, che possono evolvere nel

tempo e cambiare topologia attraverso le riconessioni.

Un modello di base, adatto a descrivere il comporamento dell’elio superfluido

è fornito dall’equazione di Gross-Pitaevskii (GP) [24, 54], che è stata derivata

originariamente per un gas di Bose alla temperatura di zero Kelvin. L’equazione di

Gross-Pitaevskii è un modello quantistico, interessante perchè capace di descivere

la riconnessione [36], diversamente da modelli classici quali il modello a due fluidi

[38], o il modello dei filamenti vorticosi [58].

La presente tesi si occupa di indagare la dimanica dei vortici nell’elio superfluido
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attraverso l’equazione di Gross-Pitaevskii. In particolare, viene studiata la dina-

mica nel caso in cui solo due vortici sono coinvolti. Questo conduce a studiare la

dinamica di un dipolo di vortici e la singola riconnessione di due vortici. Il presente

studio è motivato, in particolare, da recenti risultati sperimentali [50, 51, 52], che

forniscono statistiche importanti riguardo la riconnessione dei vortici e la distribu-

zione di velocità. Inoltre, pochi studi fin’ora si sono specificatamente occupati della

dinamica di due vortici [36, 45, 37, 29]; l’attenzione è stata infatti generalmente

focalizzata sulla caratterizzazione della turbolenza superfluida.

Inizialmente un codice basato sul metodo dello split-step è stato sviluppato in

due e tre dimensioni per integrare l’equazione di Gross-Pitaevskii in un dominio

periodico. In aggiunta, alcuni risultati tridimensionali sono stati ottenuti attraverso

un algoritmo spettrale semi-implicito sviluppato dal Professor Kerr che ha in parte

collaborato alla ricerca.

La prima questione da a!rontare riguarda l’imposizione di condizioni inizia-

li appropriate. Per collocare due vortici nel dominio, abitualmente si definisce la

funzione d’onda globale semplicemente moltiplicando la funzione d’onda di ciascun

singolo vortice. Un singolo vortice è una soluzione assial-simmetrica e stazionaria

dell’equazione di Gross-Pitaevskii che non può essere facilmente espressa analitica-

mente. Per questa ragione, per comodità, sono state proposte in letteratura varie

espressioni analitiche, in particolare i profili di “Fetter” [18], “Kerr” [29] e “Berlo!”

[6], che sono approssimazioni della soluzione esatta. Tuttavia i calcoli dimostrano

che i profili di Fetter e Kerr non sono stazionari. In particolare, come il tempo

procede il centro del vortice si rilassa verso il profilo esatto, mentre onde di com-

pressione si propagano verso l’esterno. Queste onde interferiscono con le misure

sistematiche e quantitative che vogliamo e!ettuare.

Per evitare questi e!etti indesiderati utilizziamo profili che minimizzano l’ener-

gia (simili all’approssimante di Berlo!) o meglio, utilizziamo profili trovati attra-
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verso l’equazione della di!usione associata all’equazione di Gross-Pitaevskii, cioè

l’equazione DGP. Questa assicura che quando il tempo t ! ", la condizione ini-

ziale si rilassa verso una configurazione che minimizza l’energia e corrisponde a

una soluzione stazionaria dell’equazione di Gross-Pitaevskii. Questa proprietà può

essere sfruttata per trovare configurazioni statiche o condizioni iniziali contenanti

bassa energia.

Un dipolo è costituito da una coppia di vortici antiparalleli collocati a una

distanza reciproca d. Un dipolo può annichilire o propopagarsi stazionariamente

come un’onda solitaria. Condizioni iniziali appropriate, contenenti bassa energia

possono essere trovate imponendo un profilo della fase ricavato dalla moltiplica-

zione di due funzioni d’onda per ciascun singolo vortice e rilassando il profilo di

densità attraverso l’equazione DGP. Si trova che il profilo di!uso annichilisce più

rapidamente del caso in cui le condizioni iniziali sono ottenute per semplice mol-

tiplicazione. In aggiunta, questo profilo di fase iniziale non consente di osservare

soluzioni di onde solitarie al di sotto di una certa soglia d, mentre se si utilizzano

profili di densità debitamente modificati, si trovano soluzioni di onde solitarie an-

che per il caso limite d = 0 [6]. Questo dimostra come la scelta delle condizioni

iniziali può generare classi di!erenti di comportamenti dinamici. Così, similmen-

te, quando la distanza di separazione d eccede una certa soglia i profili di!usi si

comportano come un’onda solitaria. Questo è da attribuirsi completamente alla

natura nonlineare dell’equazione di Gross-Pitaevskii.

Mentre la dinamica di un dipolo è sostanzialmente un fenomeno bidimensionale,

la riconnessione dei vortici segue tipicamente una complicata evoluzione tridimen-

sionale. Bewley et al. [9] hanno utilizzato un argomento dimensionale per mostrare

che la distanza di minima separazione #(t) tra due vortici che si riconnettono segue

la legge

#(t) # A
!

!|t$ t0|, (1)
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dove t0 è il momento della riconnessione e ! è il quanto della circuitazione. Questa

relazione caratterizza la dinamica della pre e post riconnessione. Tuttavia, in ge-

nerale, si dovrebbe distinguere tra un’ampiezza della pre-riconnessione A! (t < t0)

e un’ampiezza della post-riconnessione A+ (t > t0). La serie estensiva di dati spe-

rimentali fornita da Paoletti et al. ha rivelato che la distribuzioni di A! and A+

è praticamente la stessa [52]. Tuttavia, abbiamo dimostrato che singole riconnes-

sioni non preservano questa simmetria. Questo può essere provato analiticamente

linearizzando l’equazione vicino alla riconnessione ed estendendo l’argomentazione

proposta da Nazarenko e West [42]. I calcoli mostrano che i dettagli della ricon-

nessione sul piano in cui essa localmente si manifesta sono correlati alle condizioni

iniziali: la distanza iniziale tra due vortici e l’angolo tra di essi sono variabili cru-

ciali. Ulteriori studi mostrano la possibilità di riconnessioni d’ordine più elevato

[41].

In questa tesi presentiamo, nel Capitolo 1, alcune nozioni di base sull’elio super-

fluido, la riconnessione dei vortici e i modelli matematici utilizzati per descriverlo.

Nel Capitolo 2 esponiamo in dettaglio l’equazione di Gross-Pitaevskii. Nel Capi-

tolo 3 spieghiamo i metodi numerici utilizzati per integrare l’equazione di Gross-

Pitaevskii in un dominio periodico. Il Capitolo 4 tratta dei profili di singoli vortici,

mentre nel Capitolo 5 riportiamo lo studio del dipolo. Infine, nel Capitolo 6 discu-

tiamo la riconnessione dei vortici e nel Capitolo 7 rissumiamo i principali risultati

e proponiamo possibili sviluppi futuri della presente ricerca.



Summary

Superfluidity is a state of matter that is realized in liquid helium-4 below the lamb-

da point, equivalent to a temperature of T! = 2.172 K. The dynamics of superfluid

helium is characterized by the presence of vortices which display a number of pe-

culiarities: they appear as long filaments which can either terminate on the walls

or form loops. The density of the fluid drops to zero at the vortex core, which is

why vortices are defined as topological defects and cannot be destroyed by sim-

ple di!usion. Finally they are quantized because the circulation, !, can only be

an integer multiple of the quantum of circulation ! divided by 2". Two more-or-

less antiparallel quantized vortices can meet, intersect, and rejoin exchanging tails:

this interesting dynamical phenomenon is called vortex reconnection. Quantum

turbulence takes the form of a complex tangle of atomically thin vortex filamen-

ts of quantized strength which can evolve in time and change topology through

reconnections.

A convenient and basic model to describe the behavior of superfluid helium is

the Gross-Pitaevskii (GP) equation [24, 54] which has been derived originally for

a weakly interacting Bose gas at zero temperature. The Gross-Pitaevskii equation

is a quantum mechanical model, interesting from our point of view because it

naturally embodies vortex reconnection [36] which is missing from classical models

such as the two-fluid model [38], or the vortex filament model [58].

vii
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This thesis addresses vortex dynamics in superfluid helium by means of the GP

equation. In particular, we study phenomena when only two vortices are invol-

ved. This leads us to study vortex dipole dynamics and single vortex reconnec-

tion events. The work is motivated, in particular, by recent experimental results

[50, 51, 52], which provide important statistics concerning vortex reconnection and

velocity distributions. Furthermore, few previous studies have been performed ex-

plicitly on two-vortex dynamics [36, 45, 37, 29]; rather, a general focus has been

on the characterization of superfluid turbulence.

Initially a split-step spectral code for two and three spatial dimensions was deve-

loped to integrate the GP equation in a periodic domain. Some three-dimensional

results have also been obtained through a semi-implicit spectral algorithm develo-

ped by Professor Kerr who collaborated on this research project.

The first issue is how to impose appropriate initial conditions. When two vor-

tices have to be located in the domain, it has been customary to define the overall

wave function simply by multiplying the wave functions of each individual vortex.

A single straight vortex is an axisymmetric stationary solution of the GP equation

which cannot be easily expressed analytically. For convenience various analytical

expressions have been proposed in literature, in particular, the “Fetter” [18], “Kerr”

[29] and “Berlo!” [6] profiles, which are approximations for the exact profile. Ho-

wever, our calculations demonstrate dramatically that the Fetter and Kerr profiles

are far from being stationary. In particular as the time evolves the vortex core re-

laxes to the exact profile while strong waves are radiated outwards from the vortex

core. These waves interfere with quantitative systematic measurements that we

want to perform.

To avoid such unintended e!ects we employ minimal energy vortex profiles

(close to the Berlo! approximant), or, better, we use profiles found by means of the

di!usion equation associated with the GP equation, namely, the DGP equation.
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This ensues that when the time t ! " the initial condition relaxes toward a

minimum energy configuration which corresponds to a stationary solution of the

GP equation. This property can be exploited to find static configurations or low-

energy initial conditions for the GP equation.

A vortex dipole is defined as a pair of parallel counter-rotating vortices located

at a distance d apart. Such a dipole can either annihilate or propagate steadily as a

solitary wave. Appropriate low-energy initial conditions can be found by imposing

the phase profiles which arise from multiplying two wave functions, and relaxing the

two-vortex density profile through the DGP equation. It is found that a two-vortex

di!used profile annihilates more rapidly than if conditions are imposed simply by

multiplication. Furthermore such initial phase profiles do not allow solitary wave

solutions under a certain threshold of d, while, if suitable modified phase profiles

are employed, solitary wave solutions are found even for the limiting case d = 0 [6].

This demonstrates how the choice of initial conditions can generate quite di!erent

classes of dynamical behavior. Likewise when the separation distance d exceeds a

certain threshold the di!used profiles eventually behaves as a solitary wave. This,

of course, is entirely due to the nonlinearity of the GP equation.

While the vortex dipole dynamics is basically a two-dimensional phenomenon,

vortex reconnection typically follows a complicated three-dimensional evolution.

Bewley et al. [9] used dimensional arguments to show that the minimum separation

distance #(t) between two reconnecting quantized vortices obey the law

#(t) # A
!

!|t$ t0|, (2)

where t0 is the reconnection time and ! is the quantum of circulation. This relation

characterizes both the pre-reconnection and post-reconnection dynamics. But, in

general, one should distinguish between a pre-reconnection amplitude A! (t < t0)

and a post-reconnection amplitude A+ (t > t0). The extensive experimental data
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sets of Paoletti et al. revealed distributions for A! and A+ that were practically

the same [52]. However we have shown that single reconnections do not retain

this symmetry. Indeed, we have found that this can be shown analytically linea-

rizing the equation close to reconnection by extending an argument of Nazarenko

and West [42]. Computationally the details of reconnection on a basic plane are

correlated with the initial conditions chosen, the initial distance between the two

vortices and the crossing angle between them are crucial variables. Further studies

demonstrate the possibility of higher-order reconnection phenomena.

In this thesis we present, in Chapter 1, some general background on superfluid

helium, vortex reconnection and the mathematical models used to describe it. In

Chapter 2 we expound in detail the Gross-Pitaevskii equation. In Chapter 3 we

explain the numerical methods applied to integrate the GP equation in a periodic

domain. Chapter 4 deals with single vortex profiles, while in Chapter 5 we report

our vortex dipole study. Finally, in Chapter 6 we discuss vortex reconnection and in

Chapter 7 we summarize our results and we propose possible future developments

of our research work.
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Capitolo 1

Introduction

This chapter is organized as follows. In the first section some basic concepts and

ideas, such as superfluidity, the two-fluid model, quantized vortices, quantum tur-

bulence and vortex reconnection are presented. The relevance of studying vortex

reconnection in superfluid helium is also discussed in the broad context of fluid

dynamics, mainly comparing quantum turbulence and classical turbulence.

The second section summarizes the significant recent experimental results of

Paoletti, Sreenivasan and Lathrop [52, 51], without which this work would have

been less relevant. The first direct observation of vortex reconnections in super-

fluids and a solid statistics characterizing their dynamical behavior, pose indeed

some new questions which the present study aims to address, and, at least partially,

answer through numerical calculations.

In a third section the most relevant mathematical models describing superfluid

helium and vortex reconnection, namely the two-fluid model, the vortex-filament

model and the Gross-Pitaevskii equation are expounded. There is not a general

consensus on which is the “best” model to study quantum turbulence and vortex

dynamics. This has led to a wide variety of models and corrections to them. Here

1
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we describe only those more commonly used. Obviously the concept of “best” is

connected to the specific questions one hopes to answer. In our case we chose

the Gross-Pitaevskii equation being interested in studying the details of single

reconnection events. The second Chapter will be entirely dedicated to the Gross-

Pitaevskii equation.

1.1 The relevance of the problem in the fluid dy-

namical context

Turbulence is generally regarded as an important unsolved problem in classical

physics. It is a complicated dynamical phenomenon with strong nonlinearity, rele-

vant because of its ubiquity in the real world. The turbulence that we experience

everyday occurs in classical fluids and is referred to as classical turbulence. Begin-

ning in the mid-twentieth century, turbulence was also predicted and studied in

superfluid helium [20], when it is referred to as quantum turbulence.

Turbulence is characterized by the presence of eddies and vorticity at va-

rious scales. Therefore understanding vortex dynamics is a central issue for a

full comprehension of turbulence and a key ingredient in controlling fluid motions.

The concept of a vortex in classical turbulence turns out to be somewhat ill de-

fined. Turbulent vortices are not only unsteady by nature, forming and dissipating

repeatedly due to viscosity; but their identification is also arbitrary, depending on

the variables (pressure, velocity or vorticity) and the variable thresholds chosen

to describe them. As pointed out by Kida and Takaoka [31], the words ‘vortex’

or ‘eddy’ have often been used without clarifying their exact definition and their

relation to vorticity. As a result, some characteristics of the dynamics of eddies for

example, the self-similar Richardson cascade [56] in which large eddies are broken



THE RELEVANCE OF THE PROBLEM 3

up into smaller ones, are hard to identify in concrete terms.

Figura 1.1: Phase diagram of the isotope 4He at low temperatures. 4He remains

liquid at zero temperature if the pressure is below 2.5 MPa (approximately 25

atmospheres). The liquid has a phase transition to a superfluid phase, also known

as He-II, at the temperature of 2.17 K when in equilibrium with the vapor but at

lower temperatures. The line along which the transition between the superfluid

phase and the normal liquid phase (also called He-I) occurs is the Landau line.

The solid phase has either hexagonal close packed (hcp) or body centered cubic

(bcc) symmetry [http://ltl.tkk.fi/research/theory/helium.html].

The situation is di!erent in quantum turbulence. Superfluid helium or helium

II is a phase which, in the liquid isotope helium-4 (4He), is realized below the

lambda point (T! = 2.172 K) as shown in Figure 1.1. Tisza proposed that the

helium II phase may be regarded as made up of two components called the normal

fluid and the superfluid [25]. It is imagined that we may attribute a characteristic

mass density (n and (s respectively to the normal fluid and the superfluid, the

total density will then be defined as the sum of the two components:

( = (n + (s, (1.1)
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this relation actually defines (n if (s is given.

If the liquid flows, we may attribute characteristic velocity fields vn and vs, re-

spectively, to the normal and the superfluid components. The mass density ( and

the velocity field v of helium II are assumed to obey the relations

(v = (nvn + (svs. (1.2)

It is important to stress, citing Landau, that “we can in a certain sense, speak of

the superfluid and normal parts of the fluid mass, but this does not mean that the

fluid can actually be separated in two such parts. We shall prefer to use the terms

superfluid flow and normal flow rather than superfluid part and normal part” [38].

Figura 1.2: Behavior of the fraction (s/( of the superfluid density relative to the

total density (, and of the normal fluid fraction (n/(. The temperature T is in the

range 0 ! T ! T! along the vapor-pressure line. Andronikashvili’s Experiment [2].

The densities of the superfluid and of the normal fluid are known quite accu-

rately as a function of temperature: see Figure 1.2. At T = T!, (n = ( and (s = 0

and at T = 0 (n = 0 and (s = (. The total density ( is nearly constant in the

helium II temperature range.
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The normal fluid is supposed to behave like an ordinary classical fluid, whereas

the superfluid has the unusual properties of behaving as if it carries zero entropy

and experiences zero resistance to relative motion. The superfluid state is identi-

fied as reflecting the Bose-Einstein condensation of the 4He atoms. In this state,

vortices, which are characterized by having a zero density core and are therefore

defined as topological defects of the condensate, are more stable and well defined

than classical vortices. As a result, vortex dynamics are thought to be easier to

study conceptually in a superfluid.

Indeed, unlike classical vortices which can have any value of circulation, vortices

in superfluid are quantized. The circulation values !, defined as

! =

"

c

v · dl (1.3)

where c is a closed contour, l is the coordinate along it and v is the velocity, are

integer multiples of ! = h/m, where h is Planck’s constant and m is the mass of

the 4He atom, so that

! =
nh

m
, n = 1, 2, 3, ... . (1.4)

However, only vortices with n = 1 are thought to be stable since the total energy

E for a single vortex is proportional to n2 [23]. Furthermore, quantized vortices

cannot decay via simple viscous e!ects since they are topological phase defects.

Finally, since the core of a quantized vortex is very thin (a few angstroms in

superfluid 4He) and does not decay by di!usion, it is always possible conceptually

to identify the position of a quantized vortex in the fluid to high precision.

Thus, quantum turbulence takes the form of a complex tangle of atomically

thin vortex filaments of quantized strength [20]. Turbulence can arise in either or

both the superfluid component and the normal component. Turbulence in the nor-

mal fluid appears to be indistinguishable from turbulence in classical fluids, while



6 CAPITOLO 1. INTRODUCTION

turbulence in the superfluid component is dominated by quantum-mechanical con-

straints. The relevant length scales of a quantum turbulent state have a lower

threshold given by the diameter of a quantized vortex core (% 10!8 cm) and an

upper bound of the system size of at least many times the typical intervortex spa-

cing which is about 10 to 100 µm. The slowest time-scales are typically produced

by long-range vortex-vortex interactions, which are on the order of 1 s, while the

fastest are Kelvin waves [16] on the quantized vortices with periods less than 109 s.

Therefore, a quantized vortex tangle involves the interaction of a variety of spatial

and temporal scales, as required for the system to be called turbulent [49].

When two quantized vortices with n = 1 cross, they can break and exchange

parts of themselves for part of the other: see Figure 1.3. This process is called vortex

reconnection and is thought to be an essential feature of superfluid turbulence.

After reconnection, the vortices draw away from one another.

Figura 1.3: Depiction of one-dimensional topological vortices that reconnect by

merging at the moment t0 and then separate; the minimum separation distance is

#(t), with #(t0) = 0, the arrows indicate the sense of the vorticity.

Vortex reconnection occurs and has been observed directly also in classical

fluids. For instance, one of the simplest and most fundamental experiments on

vortex reconnection in this field is the interaction of two colliding circular vortex

ring [21, 46, 47]. Yet, vortex reconnection in classical fluids is still a complex pheno-
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menon whose definition is not well established and whose observation is practically

di"cult. However, the mutual interaction of isolated filaments can be considered

an ingredient of the evolution of the high vorticity structures in a classical flow

and might motivate the study of vortex reconnection in quantum fluids for compa-

ring to classical fluids. As an example, experimental studies in classical fluids using

bubbles for visualization have indicated the presence of regions of concentrated vor-

ticity where both line-like and sheet-like excitations fluctuating in time and space

occur [17] (Figure 1.4). However, it is worth mentioning that in classical fluids the

existence of viscosity is a necessary condition for vortex reconnection [32], while in

superfluids the reconnection occurs without the need for viscous dissipation. For

this reason, and for the above stressed di!erences, vortex reconnection in classical

and quantum fluid is fundamentally di!erent. Aside from its relevance to turbu-

lence, vortex reconnection has been studied also in superconductors [11], liquid

crystals [13], heart tissue [64], cosmic strings and in magnetized plasmas where it

a!ects solar convection and space weather [12]. Being an interdisciplinary topic,

its study in fluid dynamics might lead to some more insights in other disciplines.

1.2 Experimental observation of vortex reconnec-

tion

Vortex reconnection in quantum fluids has been hypothesized since 1955 [20], but

has been observed experimentally only recently by injecting micrometer-sized solid

hydrogen particles in to a superfluid flow [9]. Although the quantized vortex lines

cannot be directly observed by this technique, their locations can be inferred by

observing the motions of the particles. Some of these particles indeed become

trapped on quantized vortex cores, appearing like a necklace of beads on a thread,
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Figura 1.4: Detail of two successive video images showing a side view of a vorticity

filament observed in a turbulent flow in water at a Reynolds number of 80000. Its

length is of the order of 5 cm while its diameter is of the order of 0.1 mm. [17]
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while the remaining numbers are dragged by the normal background flow [16, 8]:

see Figure 1.5. When two of these threads cross their subsequent evolution is

consistent with reconnection dynamics as in Figure 1.3. The direct observation of

superfluid helium motion has revealed some interesting quantitative properties of

velocity statistics and vortex reconnections in quantum turbulence.

In Paoletti et al. [52] the experiment was conducted in a cylindrical cryostat

of 4.5 cm diameter using liquid 4He in the temperature range 1.70K < T < 2.05K

[50]. Particles are produced by injecting hydrogen into the liquid helium. Hydro-

gen freezes immediately at those temperatures to form solid particles. The volume

fraction of hydrogen was around 10!7, which resulted in each detected vortex ha-

ving only a few trapped particles so that their potentially disturbing e!ects were

minimized [50].

Quantum turbulence was generated through a counter flow, which is schemati-

cally represented in Figure 1.6. First, a thermal counter flow was generated for 5 s

by passing electrical current through a spiral nichrome wire heater at the bottom

of the channel, the fixed heat flux varying from 0.064 to 0.17 W/cm2. The thermal

counter flow increases the total vortex line length present in the system. After that

the system was allowed to relax for 10 s. In this phase the decay of quantum tur-

bulence occurs and the data were collected by illuminating the hydrogen particles

with an argon-ion-laser sheet and recording their motion by a video camera. Then

the whole process was repeated.

Data analysis proceeds as follows. First, the pairs of particles tracking the

reconnecting quantized vortices nearest to the reconnection point are located on

the acquired images. Then, the evolution in time of their separation distance

is obtained from the successive frames taken at 50-ms intervals. The separation

distance is defined as

#ij(t) = |ri(t)$ rj(t)|. (1.5)
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Figura 1.5: Intensity-inverted images showing varying hydrogen volume fractions

)H2/)He. (a) A moderate volume fraction (10!8 < )H2/)He < 10!6),which often

results in multiple particles trapped on each visible vortex. In such cases, the

trapped particles tend to be uniformly spaced along the vortex core. (b) The more

extreme e!ects of very large hydrogen volume fractions ()H2/)He > 10!5) here in

a rotating container. By completely decorating the core of a quantized vortex, the

hydrogen may serve to stabilize branches and networks of vortices that would be

unstable in their absence [50].
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Figura 1.6: Schematic representation of a counterflow channel. The channel is

immersed in a bath of He II and closed at the bottom. A heat flux q is applied to the

closed end through a resistive element. The normal component of the fluid moves

upward, against the temperature gradient, with a velocity vn. The superfluid

component, though, which carries zero entropy does not ‘feel’ the temperature

gradient, and moves downward, with velocity vs, to balance the displacement of

the mass. The counterflow motion drives a vortex tangle that on average moves

downward with a velocity vt.
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where ri and rj are the position vectors of the particles i and j of the closest pair

of particles trapped on the reconnecting vortices. Finally, the resulting discrete set

of points in the t-#ij plane is fitted to a power-law

#ij(t) = a(t$ t0)
", (1.6)

where a, $ and t0 are fitting parameters. Data are collected both for forward and

reversed events, that is both before and after the reconnection. The criteria used

to identify particles trapped in reconnecting vortices are explained by Bewley et

al. [9], where a description of the fitting procedure is also provided.

In general, in the pulsed counter flow experiments, a reconnection event is

evidenced by a pair of nearby tracer particles rapidly approaching or separating.

In fact, as discussed by Bewley et al., if one performs a dimensional analysis for

lengths between the vortex core radius and the typical intervortex spacing (of order

10µm to 100 µm) and assumes that the only relevant parameter in the reconnection

dynamics is the quantum of circulation !, one obtains the relation:

#(t) = A
!
!|t$ t0|. (1.7)

Here t0 is the reconnection moment and A is a dimensionless factor of order unity

[9]. Thus we expect the velocities to scale as

v(t) & |t$ t0|!1/2 (1.8)

which grows much larger than typical fluid velocities when t ! t0 (although cut

o! by the speed of sound). From the relation (1.8) it follows that the probability

density function of the velocity for large v and small t is

Prv & |v|!3 (1.9)

[52]. The minimum separation distance #ij(t) turns out to be better fitted if a

correction parameter is added to (1.7) to yield
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Figura 1.7: Left: normalized frequency distribution of the amplitude A for 19600

forward events (circles, black) and 19300 reverse events (squares, red). Right:

normalized frequency distribution of the correction amplitude c for 19600 forward

events (circle, black) and 19300 reverse events (triangles, red) [51].

#ij(t) = A[k(t$ t0)]
1/2[1 + c(t$ t0)]. (1.10)

A functional form including a correction factor along with the dominant power-

law can be interpreted as allowing for a crossover between scales [51]. Thus the

dominant correction may represent the influence of neighboring vortices and their

ability to distort the observed trajectories. In addition, other spatial and temporal

aspects of the local environment, such as local velocity gradients or other initial

and boundary conditions, might also significantly a!ect the dynamics of recon-

nection. The distributions of A and c for forward (reversed) events, determined

from 50 heat pulses, are shown in black (red) in Figure 1.7. In general we should

distinguish between the values of the parameters before (A!, c!) and after (A+,

c+) reconnection. However, the experimental data show a substantial agreement

of the probability density functions in these two cases. This result indicated the
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Figura 1.8: Probability distribution function of the horizontal (vx, black circles)

and vertical (vz black squares) components of the velocity vector v, the solid lines

are fits to (1.9). The dashed blue line shows the distribution for classical turbulence

in water computed for over 107 velocity values [52].

expected reversibility of the phenomenon for these time and length scales.

The probability distribution functions of velocity components derived from all

trajectories for times after the heat pulse is turned o! were also analyzed and sho-

wn in Figure 1.8. The tails of these distributions are composed of trajectories with

high, atypical velocities, having reference to quantized vortex reconnection. A ve-

locity probability density function from an oscillating-grid experiment in water is

also shown. Evidently, the velocity probability density functions in superfluid he-

lium di!er drastically from the near-Gaussian velocity probability density functions

observed experimentally. Gaussian statistics are also found in direct numerical si-

mulations of homogenous and isotropic classical turbulence. The reason for this

discrepancy may be identified with the topological interactions of vortices, which,

as we have discussed, are clearly di!erent between quantum fluids and classical

fluids.
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1.3 Mathematical models

Computer simulations have also played an important part in the development of an

understanding of quantum turbulence and vortex reconnection. Two formulations

have generally been used: one is the vortex filament model pioneered by Schwarz

[58], the other is the Gross-Pitaevskii equation [54, 24]. Here we also present the

two-fluid model as derived by Landau [38], which represents historically the first

phenomenological description of superfluid helium.

1.3.1 The two-fluid model

London in 1938 [40] stated that the &-transition in 4He was analogous to the

Bose-Einstain condensation in dilute gases. Following up on this idea Tisza [62]

hypothesized that in helium II one fraction of the substance is distributed over

the excited states in a way determined by the temperature T , while the rest is

condensed in the lowest energy level. This conceptual model was used to explain

the decrease of viscosity with temperature in He II. The viscosity is indeed due to

the atoms in the excited states, whose fraction decreases as T ! 0.

Soon after, Landau formalized in mathematical terms the qualitative two-fluid

idea of Tisza, developing a first phenomenological and macroscopical model to

describe superfluid helium [38]. In this model the actual density ( of helium is

given by the sum of the density of the superfluid component and of the normal

component

( = (n + (s, (1.11)

and the mass flux density is given by

j = (nvn + (svs. (1.12)
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The continuity equation
+(

+t
+' · j = 0 (1.13)

expresses the conservation of mass. The law of conservation of momentum yields

+ji
+t

+
+&ik

+xk
= 0, (1.14)

where the momentum flux density tensor is given by

&ik = p#ik + (nvnivnk + (svsivsk, (1.15)

in which p is the pressure.

In the first instance Landau neglected the role of dissipative processes, so that the

equations turned out to be dynamically reversible.

The entropy of helium II is determined by the statistical distribution of the ele-

mentary excitations. Hence, the entropy flux density is the product vn(s of the

normal velocity vn and the entropy per unit volume (s being the entropy per unit

mass), while the heat flux density is

q = (Tsvn.

Thus the conservation of entropy is represented by

+((s)

+t
+' · ((svn) = 0. (1.16)

Lastly Landau proposed that the viscous-free flow of the superfluid must be a

potential flow (with '( vs = 0) for all times. This implies that the derivative of

vs can be described as the gradient of a scalar ), with, in fact,

+vs

+t
= $'

#
)+

v2s
2

$
. (1.17)
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The scalar ) has to be identified with the chemical potential (thermodynamic

potential per unit mass) and can be approximated as

)(p, T,vn $ vs) %= )̃(p, T )$ 1/2((n/()(vn $ vs)
2, (1.18)

hence
+vs

+t
= $'

#
)̃+

v2s
2

$ (n
2(

(vn $ vs)
2

$
(1.19)

which will then be valid as far as terms of the second order in the velocities [38].

It is interesting to notice that the boundary conditions of the two-fluid equation

di!er from those of a classical fluid. Since the normal fluid is viscous, the velocity

component parallel to any solid boundary vn# must vanish at the boundary. The

superfluid, though, is free to slip along solid boundaries owing to the lack of vi-

scosity. The perpendicular component of the mass flux j must also be zero at any

solid boundary. However, this does not imply that vn$ = 0 or vs$ = 0, indeed the

heat transfer between He II and a solid surface is executed by the boundary either

emitting or adsorbing excitation quanta [49] page 39.

The two-fluid equations support two types of sound waves called first sound of

velocity u1 =
!
+p/+(, which satisfies

+2p

+t2
= u2

1'2p (1.20)

and second sound of velocity u2 =
!
Ts2(s/C(n, where C is the heat capacity.

Second sound is essentially a thermal or entropic wave which satisfies

+2T

+t2
= u2

2'2T. (1.21)

The second sound velocity vanishes at T! since (s ! 0. Equations (1.20)-(1.21)

are derived assuming that the velocities in the sound wave are small, and the

density, pressure and entropy almost equal to their constant equilibrium values.
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Then equations (1.13)-(1.17) can be linearized neglecting the terms quadratic in

the velocity and the entropy (s can be regarded as constant [38].

The addition of dissipative terms to the two-fluid model is discussed in section

140, Chapter XVI of [38]. Landau also asserted that “no friction occurs between

these two parts of the liquid (the superfluid and normal component) in their relative

motion, i.e. no momentum is transferred from one to the other”, however this

concept proves inadequate, Vinen introduced a “mutual friction” between the two

fluids [65].

1.3.2 The vortex filament model

According to the vortex filament model a quantized vortex may be represented as a

linear filament passing through the fluid and having a definite direction correspon-

ding to its vorticity. The filament is conveniently represented by the parametric

form s = s(', t), with the one-dimensional coordinate ' along the filament. The

fluid velocity v at a point r due to a filament is given by the Biot-Savart expression:

v =
!

4"

"

L

(s1 $ r)( ds1
|s1 $ r|3 (1.22)

where ! = h/m is the quantum of circulation [58]. The vector s1 refers to a point on

the filament, and the integration is taken along the filament. However calculating

the velocity at a point r = s leads to a divergent integral. To avoid this divergence

the velocity of the filament at a point s is separated in to two components: a

localized induction field, arising from a curved line element acting on itself, and a

non-local field, obtained by integrating the Biot-Savart expression along the rest of

the filament except in the neighborhood of s [58]. Neglecting the non-local terms is

referred to as the localized induction approximation (LIA). Boundaries and mutual
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friction between the vortex core and the normal flow can also be included in the

model.

In simulations based on line filaments, with or without the LIA, it is assumed

that when two vortex lines approach within a critical distance they will reconnect.

Reconnection is therefore forced through an ad hoc assumption and this is surely

a limitation of the model when compared, for example, with the Gross-Pitaevskii

equation. However, the vortex filament approximation is adequate and convenient

in all those circumstances in which the vortex-core dynamics can be neglected, the

focus being on the dynamics at the inter-vortex scale level. This is, for example,

the case for numerical studies on particle trapping, in which the size of the particle

is considerably larger than the atomically thin vortex core [33].

Use of the LIA (with reconnections) is undoubtedly an approximation, and

it can be quite inadequate [66]. Indeed, on small scales it does not embody the

vortex reconnection dynamics, and on large scales it ignores long-range vortex

interactions. Indeed it is often the case that important components of the flow in

superfluid turbulence extend over a wide range.

Despite these criticisms, interesting results were found with the aid of the vortex

filament model. Schwarz [57], for example, using the full Biot-Savart formulation

(including both the local and nonlocal terms), investigated the behavior of arbitra-

rily configured, interacting quantized vortex filaments, dealing in particular with

vortex loop reconnection to a surface, vortex filament crossing, and interaction

of vortices with pinning sites on a flat surface. He showed, among other things,

that when two vortex filaments approach, the long range interactions tend to drive

the cores together so to be antiparallel. At the point of closest approach, initially

rounded, two cusps develop, which bring the lines together at a point, in such a

way that a line-line reconnection naturally ensues [58].

Using again, the full Biot-Savart formulation, de Waele and Aarts [15] disco-
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Figura 1.9: Figure reproduced from de Waele and Aarts [15]; (a) Set of initial

conditions which, on the route to reconnection, all lead to the same geometrical

configuration shown in (b); (a)-1 corresponds to two circles with equal diameters

in one plane, (a)-2 represents one circle and one contour made up of half circle and

half ellipse, (a)-3 shows two circles of equal diameters, the planes making an angle

of 60% and (a)-4 describes to two linked circles. In (b) it is shown: on top, the

projection of two vortices originally on the (x y) plane on their way to reconnection,

magnifying the image and looking from a di!erent perspective the configuration

on the bottom is seen, that is, the two approaching vortices form two hyperbolic

curves and the asymptotic lines form a pyramid.
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vered that on the way to reconnection two vortices form a structure which is

independent of the initial conditions: see Figure 1.9. Starting from di!erent ini-

tial configurations, both symmetric and asymmetric, after a transient period the

same symmetric pyramidal shape develops, only the orientation and the position

in space of the structure are determined by the initial conditions. This behavior

is characteristic of self-similarity. The inter-vortex angles, for the two vortices at

a distance on the order of the diameter of the core radius, were found to be equal

to 115% and 25% [15]. These interesting results, which seem to suggest that vortex

reconnection has a universal behavior, are not confirmed by our calculations as

will be extensively discussed in Chapter 6. This result has also been questioned by

Tebbs et al. [61].

More recent calculations by Kursa et al. [37] show how a single reconnection of

two quantum vortices can lead to the creation of a cascade of vortex rings when the

two straight vortices cross at a smaller angle. This outcome has been consistently

reproduced through the LIA, the full Biot-Savart model, and the GP equation.

The vortex-filament model has also been used to study the evolution of a vortex

tangle [59, 63, 3, 1, 5], or the Kelvin wave cascade in superfluid turbulence [34, 4].

1.3.3 The Gross-Pitaevskii equation

A more fundamentally based model for the superfluid behavior of 4He is given by

the Gross-Pitaevskii (GP) equation, also called the non-linear Schrödinger equation

(NLSE). A more detailed description of this equation will be given in Chapter 2,

here we just introduce some basic concepts and ideas behind the model.

The GP equation principally describes the behavior of a weakly interacting

Bose gas at zero temperature [24, 54] and embodies quantum mechanics directly

which is missing from the two-fluid model and the classical vortex filament model.
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At present there is no easily treatable microscopic picture of the superfluidity of

helium II. But since the 4He atoms are bosons, it is reasonable to draw an analogy

between the behavior of helium II and an ideal Bose gas, or better, considering

that the helium atoms have repulsive and attractive interactions, between helium

II and a weakly interacting Bose gas. While the ground state of an ideal Bose gas

constitutes a condensate to which all particles belong, in a weakly interacting gas

the condensate is somewhat depleted. For liquid helium the condensate fraction

is believed to be only of order of 13 % at absolute zero (see [16] page 73). The

e!ect of interactions is indeed to deplete the condensate, but not to eliminate it.

Therefore, although the weakly interacting Bose gas is not realistic when applied

to liquid helium, it is widely accepted that the condensate is the essential feature

of superfluidity.

As said, at low temperatures a macroscopic number of particles in an ideal

Bose system occupy a single particle ground state. In this case, matter waves

of Bose particles form a scalar macroscopic complex field expressed by "(x, t),

which is called the superfluid order parameter. The dynamics of "(x, t) is then

governed approximately by the Gross-Pitaevskii equation. This equation represents

therefore a microscopic quantum mechanical model of superfluid helium, suitable

to provide a basis for detailed calculations of vortex reconnection events whose

relevant dynamics take place on the core length scale. The GP equation has the

form:

i!+"
+t

= $ !2
2m

'2"+( V0|"|2 $ µ)", (1.23)

where ! is Planck’s constant divided by 2", m is the mass of the helium atom,

µ is the chemical potential and V0 represents the short range boson-boson repul-

sive potential. The nonlinear term associated with V0 distinguishes this equation
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from the simple one-particle Schrödinger equation, and physically accounts for the

interatomic forces.

The GP equation can be expressed in a form more familiar in fluid mechanics

through the Madelung transformation: see section 2.3.

Unlike the Navier-Stokes equation for classical turbulence, the Gross-Pitaevskii

equation is a Hamiltonian system: the total energy E is conserved and can be split

into the kinetic energy EK , the quantum energy EQ and the interaction energy or

potential energy EI [29, 7], as will be explained in Chapter 2

E = EK + EQ + EI = const. (1.24)

The GP equation has been integrated providing remarkable results. Koplik and

Levine [36] showed that reconnections are naturally embodied in the GP equation.

Indeed, just integrating the GP equation, without introducing extra hypothesis,

they observed vortex reconnection for two antiparallel vortices as shown in Figure

1.10. Varying the initial curvature and the initial separation still leads to recon-

nection. Thus the long-range interactions are required to bring the vortices close

enough together for quantum mechanics to act and cause reconnection. The initial

and final stages are dominated by the long distance interactions, already present

in a classical vortex filament simulation. However, the intermediate reconnection

stage is dominated by the core dynamics and had not been previously studied.

The results of Koplik and Levine supported the idea of Schwarz that vortex re-

connection will occur whenever filaments come within a few core lengths of one

another [58]. The aim of this thesis is to inquire into the core dynamics of single

reconnection events along the lines of these pioneering calculations.

A strikingly di!erent behavior has been found by Kerr [29], who started from

the initial conditions shown in Figure 1.11, and observed the evolution reported in

Figures 1.12-1.14. The space and time units reported in these figures are dimen-
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Figura 1.10: Reconnection of two antiparallel vortices: (a) initial configuration

consisting of a vortex-anti-vortex pair with a sinusoidally varying core coordinates

and an average separation of 4 units, t = 0; (b) the cores merge at the point of

closest approach t = 3; they reconnect t = 10 (c); and (d) retract from each other

t = 20 [36]. The dimensional time and space units are specified after Koplik and

Levine [36].
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Figura 1.11: The three-dimensional isosurface at |"|2 = 0.05 for the initial vortex

configuration selected by Kerr [29].

sionless and coincide with the space and time units of the dimensionless form of

the GP equation explained better in Chapter 2, equation (2.33).

Therefore, while in Koplik and Levine the two vortices simply reconnect and then

draw apart from each other, in Kerr’s calculations, after an initial reconnection

many vortex rings are observed. The behavior described by Koplik and Levine

seems to be in better agreement with the experimental results shown by Paoletti

et al. [52], while the interesting results obtained by Kerr seem to be due to the

peculiar selection of the initial conditions. The questions that arise from these two

so di!erent types of behavior will be discussed in the following section.

The Gross-Pitaevskii model has been also used in e!orts to demonstrate the

validity of the Kolmogorov energy spectrum in quantum turbulence. In these

studies the equation has been sometime modified adding a dissipative term [35].

In another work, a power-law scaling for the quantum Kelvin wave cascade was
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Figura 1.12: Development of the three-dimensional isosurface at |"|2 = 0.05 and

time t = 1.5, following the initial conditions shown in Figure 1.11 [29].

Figura 1.13: Further development of the three-dimensional isosurface at |"|2 =

0.05 and time t = 4.5 [29].
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Figura 1.14: Three-dimensional isosurface at |"|2 = 0.05 and time t = 32 [29]

showing the break up into many vortex loops.

determined by using a quantum lattice gas algorithm [70], while in a paper by

White, Barenghi et al. [67] Paoletti’s power law tails for the velocity statistics

(Figure 1.8) has been numerically reproduced.

In conclusion, the Gross-Pitaevskii equation provides us with a useful model

that displays essential characteristics of the real system, especially the core struc-

ture of a vortex, which is basically ignored in the vortex filament model. This

allows one to study not only the vortex dynamics but also phenomena related to

vortex cores, such as reconnection and nucleation and provides also a quantum

description of a Kelvin waves.
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Capitolo 2

The Gross-Pitaevskii equation

This Chapter presents in Section 2.1, a review of a derivation of the Gross-Pitaevskii

(GP) equation, introduces the important characteristic length known as the “hea-

ling length”, defines the dimensionless form of the equation that will be employed,

and explains the decomposition of total energy into its various components. Al-

though we will, at various points, discuss the GP equation in its one-dimensional

and two-dimensional forms, the main focus will be on votices as modeled by the

full three-dimensional form of the equation. Accordingly, in Section 2.2 we describe

previous work on the single vortex solution introducing the essential background

needed for Chapter 4. We also mention the Madelung transformation in Section

2.3, and its use to derive a hydrodynamical form of the Gross-Pitaevskii equation,

which allows one to highlight the analogies with classical fluids. Finally, in Sec-

tion 2.4 we introduce the Di!usive Gross-Pitaevskii equation: this serves in this

thesis as a useful tool which is exploited in Chapters 4-6 to set low-energy initial

conditions.

It should be stressed that this Chapter in no sense attempts to provide an

overview of the most extensive analytic work that has been developed for the

29
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Gross-Pitaevskii equation, particularly in the form of the one-dimensional Non-

linear Schrödinger equation (or NSE as the GP equation is often termed). Spe-

cifically such topics as the inverse scattering properties, the exact representation

of solitons and multisolitons and their interactions, the Bäcklund transformation,

etc., are not mentioned or referenced. While these topics are of great interest and

significant value in some contexts, it appears that as of the present, rather little

progress has been achieved analytically in three spatial dimensions when it comes

to the properties and, especially, the interactions of vortices. That, however, is

the principal topic of interest in the exploratory numerical study presented in this

thesis. Nevertheless, some progress on the conceptual and analytic framework for

vortex properties has been made [41]; it is reported briefly in Section 6.3 where a

novel “vortex reconnection fixed point” of the GP equation are reported. A detailed

mathematical treatment of the Gross-Pitaevskii equation can be found in Sulem

[60].

2.1 Some theoretical background

In this Section the logical steps that led to the derivation of the Gross-Pitaevskii

equation are summarized and retraced with reference to Gross [24], Pitaevskii [54],

Donnelly [16], and Berlo! [7].

First, the necessity of accounting for interparticle forces to describe superfluid

helium is motivated by a simple example, which is introduced by recalling some

quantum mechanical concepts (§ 2.1.1). It is shown that, although helium II atoms

are bosons, a simple model based on the linear Schrödinger equation to describe

an ideal Bose gas is not an accurate physical model.

Once the necessity of accounting for interparticle forces has been established,

the Gross-Pitaevskii approach proceeds by applying a self-consistent field theory
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and using the Hartree approximation. These techniques are described in § 2.1.2.

Subsequently the choice of the repulsive potential that leads to the Gross-

Pitaevskii equation is discussed: see § 2.1.3. Finally, some significant characteristics

of the equation, in particular the healing length, are introduced in § 2.1.4.

2.1.1 The need for interparticle forces

The quantum mechanical Hamiltonian operator for a one particle system in one

dimension is

Ĥ =
p̂2

2m
+ Û(x)$ µ = $ !2

2m

+2

+x2
+ Û(x)$ µ, (2.1)

where p̂ is the momentum operator, m is the mass of the particle, Û(x) is the exter-

nal potential operator and µ is a constant which represents the chemical potential.

If the external potential vanishes the equation becomes:

Ĥ =
p̂2

2m
$ µ = $ !2

2m

+2

+x2
$ µ. (2.2)

In introducing the chemical potential at this point we follow Donnelly [16], who

uses the symbol w instead of µ, and refers to Fetter and Walecka [19]. In Fetter

and Walecka the chemical potential is present because the general formulation for

a weakly interacting Bose gas is derived through the gran-canonical Hamiltonian.

It should also be mentioned that in Ginzburg and Pitaevskii [23], who came to the

Gross-Pitaevskii equation by considering the behavior of superfluid helium close

to the lambda point, a linear term is embodied in the equation as a consequence

of the expansion of the local free energy density in powers of |"|2. In Gross [24]

and Pitaevskii [54] the chemical potential is essentially set to zero. However, as

emphasized by Koplik and Levine [36], it is easy to pass from one form to the other

by making the global phase shift " ! eiµt/!".
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The time-dependent Schrödinger equation is

Ĥ"(x, t) = Ŵ"(x, t), (2.3)

where " is the wave function which depends on space x, and time t, while the

operator Ŵ that expresses the time derivative is

Ŵ = $ h

2"i

+

+t
. (2.4)

In the absence of a potential, equation (2.3) may therefore be written explicitly as

i!+"
+t

= $ !2
2m

+2"

+x2
$ µ". (2.5)

We suppose that "(x, t) is defined in a spatial domain, bounded by $L! ) x ) L+

with appropriate boundary conditions.

This equation can be solved through the method of separation of variables.

Thus, on imposing

"(x, t) = ,(x))(t), (2.6)

and introducing a parameter &, one finds that (2.5) separates into two equations,

namely,
d)

dt
= $ i

!(&$ µ)), $ !2
2m

+2,

+x2
= &,, (2.7)

the second of which is sometimes called the amplitude equation [53]. The parameter

&$ µ := E is a constant which, in fact, represents the energy of the system.

It is found that equations (2.7) possesses various solutions satisfying the boun-

dary conditions that correspond to special values of the constant E. These values

can represent either a continuous spectrum or a discrete spectrum, depending whe-

ther L+, L! are bounded, or one considers the limits L+ or L! ! ", or both L+,

L! ! ". The first case describes a particle in a box while the second and third

cases correspond to a free particle.
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The general solution of equation (2.5) in a bounded domain is the sum of all the

particular solutions corresponding to the particular values of E = En ( n = 1,2 ... )

with weighting coe"cients an, namely,

"(x, t) =
%

n

an,n)n =
%

n

an,n(x)e
!iEn

! t. (2.8)

The constant En represents the total energy of the system in a specific stationary

state. Such states are called eigenstates of the Hamiltonian Ĥ, while the corre-

sponding functions, "n(x, t), are the eigenfunctions. More explicitly for the present

case these are

"n = sin
&n"x

L

'
, (2.9)

where L is the length of the box L = L++L! and we have used boundary conditions

in which "(x, t) vanishes in x = $L! and x = L+.

The solution in the full infinite domain is:

"(x, t) = N sin

(*
2m&

! (x$ x0)

)
e!

iEt
! , (2.10)

where N is a normalizing factor.

A noninteracting system of N identical particles is characterized by the more

complex Hamiltonian

ĤN =
N%

i=1

p̂2i
2m

$ µ = $ !2
2m

'2
x $ µ, (2.11)

where x is the vector x = (x1, x2, ..., xN) in which xi represents the coordinate of the

particle i, while '2
x represents the N-particle Laplacian operator. The Schrödinger

equation becomes

i!+"
+t

(x1, x2, ..., xN ; t) = $ !2
2m

'2
x"(x1, x2, ..., xN ; t)$ µ"(x1, x2, ..., xN ; t), (2.12)

where " now represents a many-body wave function.
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If the N particles obey Bose-Einstein statistics and are confined in a one-

dimensional box of length L, the lowest energy state of the system is

"N(x1, ..., xN ; t) =
N*

i=1

&
sin

"xi

L

'+
2

L

,N/2

exp

-
$i

EGt

!

.
, (2.13)

where

EG = N

-
!2
2m

&"
L

'2

$ µ

.
(2.14)

expresses the ground energy for the entire system. Equation (2.13) represents the

ground state wave function of an ideal Bose gas which is often described by saying

it is the state in which all the particles are condensed into the same single-particle

state. Notice that, in general, the energy of a system can be measured with respect

to any arbitrary reference value.

Since the 4He atoms are bosons, it seems reasonable to draw an analogy between

the behavior of helium II and an ideal Bose gas [16]. However, the noninteracting

Bose gas is an idealization that leads to highly nonphysical situations. In fact, as

can be seen from the solution (2.13), a high values of the density ((x, t) = |"N |2,

are exhibited near the center of the macroscopic container while on approaching

the boundaries the density vanishes quadratically. If the particles were instead

inside a periodic box, their distribution would be homogeneous. Hence, the ideal

Bose gas is oversensitive to boundary conditions.

In the light of these considerations a model which treats interparticle forces

is needed. The many-body wave function adequate to describe a real system is

therefore the solution of the Schrödinger equation with a Hamiltonian [19]

HN =
N%

i=1

p2i
2m

+
1

2

N%

i=1

N%

(j &=i)j=1

V (xi $ xj)$ µ, (2.15)

where V is a suitable two-body interaction potential. In theory the potential of

interaction should be a function of all the particle coordinates in the system; in
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practice, a reasonable approximation is obtained by employing a pairwise interac-

ting force [19]. The expression V (xi$xj) implies that V is translational invariant.

If it were also isotropic the potential would be written as V (|xi $ xj|) = V (|rij|),

where |rij| represents the scalar distance between the particle i and j.

Any kind of interparticle repulsion of finite range would result, in the situation

presented above, in a ground state of uniform density everywhere except near the

walls. The choice of an adequate interparticle attractive potential, however, is a

matter of some delicacy that will be discussed later.

2.1.2 The self-consistent field theory and Hartree approxi-

mation for electrons

In this section the self-consistent field theory and the Hartree approximation are

described and applied to the Schrödinger equation with Hamiltonian (2.15).

It is di"cult to treat many-electron atoms reasonably even in an approximate

manner. Hartree’s principle and technique is a successful e!ort made in approa-

ching this problem, at least for those atoms which are too complicated to treat by

any satisfactory variational function [53].

The wave equation for a many-electron atom can be solved in terms of single-

electron wave functions not only when the mutual interactions of the electrons

are neglected but also when a central field v(xi) for each electron is added to the

unperturbed equation. The perturbation treatment is based on the idea that a

suitable choice could be made for these central fields for the individual electrons so

that they would represent as closely as possible the average e!ect upon one electron

of all the other electrons in the atom. The important step in the application of such

a method of treatment is the choice of the potential energy functions representing

the central fields.
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The assumption made by Hartree is that the potential energy function for one

electron due to a second electron is determined approximately by the wave function

for the second electron, say, u"(x2) 1, being given by the potential corresponding

to the distribution of electric charge determined by the probability distribution

function u'
"(x2)u"(x2). This is equivalent to assuming that the wave function for

the second electron is independent of the coordinates of the first electron. The

complete central field potential-energy function for the first electron is then obtai-

ned by adding to the potential energy function due to the nucleus those potential

energy functions due to all the other electrons, calculated in the way described.

The wave function for the first electron can then be found by solving the wave

equation containing this complete potential energy function.

The procedure described can be implemented by a method of successive appro-

ximations:

1. A potential energy function due to the nucleus and all of the electrons is

estimated;

2. from this the estimated contribution of the k-th electron is subtracted, leaving

the e!ective potential energy function for this electron;

3. the resulting wave function for the k-th electron is then obtained by solving

a one-electron Schrödinger equation, to give the wave function u#(xk). Steps

1 and 3 are carried out for all of the electrons in the atom.

4. Using the functions u#(xk) obtained in step 3, the potential energy functions

due to the various electrons are recalculated and compared with those initially

assumed in steps 1 and 2. If the agreement is satisfactory (within a specified

1x2 denotes the coordinates of the second electron
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tolerance) the iterations terminate; otherwise they continue until convergence

is obtained.

The field generated in this cycle is called a self-consistent field for the atom.

The potential-energy function due to a completed shell of electrons is spherically

symmetric. This greatly increases the ease of solution of the wave equation. Hartree

made the approximation of considering all contributions to the field as spherically

symmetric. Finally, the simple product

"0
1 = u$(x1)u"(x2)...u%(xN), (2.16)

is used for the wave function for the whole atom. However this does not have the

correct symmetry required by Pauli’s principle. The error due to this involves the

so-called exchange energies of the electrons [53].

If we choose a variation function of the form (2.16), and determine the functions

u#(xi) by varying them individually until the variational integral

E =

"
"'Ĥ"d- (2.17)

is a minimum, then these are the optimal forms for the functions u#(xi) to use in a

wave function of this product type for the lowest state. In equation (2.17) Ĥ is the

complete Hamiltonian operator. Neglecting the fact that Hartree averages all fields

to make them spherically symmetric, we can show that the variational principle

criterion is identical, for this type of ", with the criterion of the self-consistent

field [53].

The Hartree approximation for the many body wave function introduced in

equation (2.12) is thus

"N(x1, ...,xN , t) #
N*

i=1

g(xi, t) (2.18)
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where xi is the position vector for the particle i while g is a normalized single-

particle state so that

"

!

|g(x, t)|2d3x = 1. (2.19)

The product in (2.18) is a product of identical functions.

Since, in contrast to electrons which must satisfy the Pauli principle, we are con-

cerned with bosons, specifically 4He atoms, we may accept the product of identical

functions as a ground state approximation. If g(x, t) is separable, so that

g(x, t) = g(x) exp[$iEt/!], (2.20)

it is a candidate for an approximate stationary state of the many-body Hamiltonian

(2.15).

It is more convenient to introduce the function

" = N1/2g (2.21)

with "

!

|"(x, t)|2d3x = N (2.22)

so that |"(x, t)|2 is the local density ((x, t) of the fluid, while % is the finite

domain (of, for generality, spatial dimensionality d) in which "N(x) is defined.

The time-dependent self-consistent field equation in terms of "(x, t) is then found

to be

i!+"(x, t)

+t
= $ !2

2m
'2"(x, t)+"(x, t)

"

!

|"(y, t)|2V (x$y)d3y$µ"(x, t). (2.23)

The complex function "(x, t) may be interpreted, as we will see, as governing the

behavior of the superfluid condensate of a weakly interacting Bose gas.
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The energy for a stationary state, represented by ", is then given by:

E =

"

!

"'H" = $ !2
2m

"

!

'"' ·'"d3x+

"

!

"'V (x)"d3x$ µ

"

!

|"(x, t)|2d3x

(2.24)

the last term on the right hand side is just a constant, as follows from (2.22)

E =
!2
2m

"

!

'"' ·'"d3x+
1

2

"

!

|"(x)|2V (x$ y)|"(y)|2d3xd3y $ µN. (2.25)

The first term here represents the total kinetic energy, say EK , while the second

represents the potential energy of interaction, say, EI .

2.1.3 The repulsive potential

The Gross-Pitaevskii equation, derived both in Pitaevskii [54] and Gross [24],

essentially consists of a simplified form of (2.23), where the term
"

!

|"(y, t)|2V (x$ y)d3y (2.26)

is replaced by "

!

|"(y, t)|2V0 · #(x$ y)d3y = V0|"(x, t)|2. (2.27)

The new potential strength is indicated by V0, and it should be noted2 that it

di!ers dimensionally from V .

In Pitaevskii analysis [54] the equation is derived starting from a second quan-

tization representation by considering a Bose gas with weak pair repulsion between

atoms. It is assumed that the potential is short range and that the gas is su"-

ciently rarefied, i.e., that the range of the potential is much less then the distance

between particles. Under these hypotheses the approximation (2.27) is justified.

It is to be stressed that the Gross-Pitaevskii equation is applicable if the scale of a
2The dimensions of V0 must be [M L2+d/t2], where d represents the spatial dimensionality of

the basic domain !, while the dimensions of V are [M L2/t2].
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vortex is large in comparison with the interatomic distances. That is, if the vortex

lines can be regarded as macroscopic formations in the rarefied gas. Interestingly,

this same equation has a meaning in connection with the theory of superfluidity

close to the & point [23]. However in this context the coe"cients of the equation

have a di!erent physical significance.

In the discussion of Gross [24] particles are again considered to interact by weak

repulsive two-body forces. First it is stated that the range of the force is several

times the average interparticle spacing, so that the rapidly fluctuating forces on a

particle are less important than the smoothly varying average force. This allows

one to introduce the Hartree approximation. Afterwords (2.27) is justified saying

that this simplification does not alter the nature of the result for phenomena whose

characteristic length is larger than the range of the force. These two statements

are seemingly contradictory; but, clearly, this is just an aspect of the approximate

treatments.

In practice, a possible interpretation is to consider a su"ciently long, but finite

range, pairwise interacting force. By a su"ciently long-range force we mean that

the range of the force is several times the average inter-particle spacing. In this

way the smoothly varying average behavior prevails over the local and rapidly

fluctuating e!ects. Given this picture, an average potential, namely, V0 for each

particle can be reasonably substituted for the more complex integral (2.26). Ba-

sically, however, the Gross-Pitaevskii equation in the context we will be applying

it, is an approximation which, in the spirit presented by Gross in section VII of

his review [24], we hope will give a good semi-quantitative description of various

significant phenomena in the study of vortices in superfluid helium. Thereby we

expect to obtain insight into observations, to suggest and analyze new experiments

and to provide a basis for comparison with improved, but inevitably less tractable

theoretical models.
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2.1.4 The healing length and basic scales

As discussed above, the substitution of the simplified potential into equation (2.23)

leads to the so called Gross-Pitaevskii equation:

i!+"
+t

= $ !2
2m

'2"+ V0"|"|2 $ µ", (2.28)

which is often also known as the (focussing) nonlinear Schrödinger equation [30].

The occurrence of a ‘healing length’, that following Fetter and Walecka [19] will

be called ', is a general feature of this equation.3 To illustrate this fact through

an example, one may consider a semi-infinite one-dimensional system bounded by

a rigid wall at x = 0. Under these conditions the analytical solution is [24]4

"(x, t) =
*
(0 tanh

+
x*
2'

,
e!iE0t/! (2.29)

where (0 = N/% is the overall or global density of the fluid, defined by

(0 =

/
! |"(x, t)|2d3x

%
, (2.30)

and the energy scale is E0 = V0(0 $ µ. Finally, the healing length, ' in (2.29) is

given by

' =
!*

2mV0(0
. (2.31)

According to (2.29), the density ((x, t) rises from zero, at x = 0, to its uniform

value (0 in a distance of the order of the healing length '. It is worth mentioning

that the De Broglie wavelength of a free quantum mechanical particle is given by

the famous expression & = h/p, where p is the linear momentum of a particle with

kinetic energy Ek = p2/2m. Thus one may regard
*
2mV0(0 in this expression for

the healing length as setting an e!ective momentum scale for the superfluid.
3The healing length is called ‘a’ in Gross [24], Donnelly[16], and Berlo! [7], ‘r0’ in Pitaevskii

[54], ‘l’ in Ginzburg and Pitaevskii [23], and is always defined as in (2.31).
4Note that in Gross’s paper [24], the factor

*
2 is erroneously missing on page 198.
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Writing the basic equation in the form

V0((0 $ |"|2)" = $ !2
2m

'2" (2.32)

enables us, following Gross [24], to clarify how the healing length appears as an

intrinsic characteristic of (2.28). Near the boundary, where one requires that "

vanishes, the term V0|"|2" is negligible and so " obeys the free particle Schrödinger

equation. Thus " varies as sin(x/'). On the other hand, the Laplacian term is

negligible far from the boundary where " ! *
(0. The two asymptotic solutions

may be matched near the first maximum of the sine function; the corresponding

distance from the wall measures the healing length '.

Equation (2.28) can be made dimensionless by rescaling spatial distances x, the

time t, and the squared modulus of ", respectively, by the characteristic length,

the healing length ', by a characteristic time, t0 = m'2/!, and by a characteristic

squared modulus of ", chosen as the value of the wave function in an infinite

domain prior to the onset of a disturbance |"(|2 = µ/V0 [7]. The constant |"(|2

expresses a density value. In the definition of ' it is also assumed that (0 = |"(|2.

Furthermore this implies that E0 = 0. The dimensionless equation in terms of

t̃ = t/t0, x̃ = x/', "̃ = "/|"(| then becomes [7]

$2i
+"̃

+ t̃
= '2

x̃"̃+ (1$ |"̃|2)"̃. (2.33)

In the more general case in which |"(|2 = A(0, where A is just a constant, the

dimensionless equation will display the multiplicative factor A in front of the second

term on the right end side. The dimensioneless solution (2.29) is then

"̃ = tanh(x̃/
*
2). (2.34)

From here on for simplicity of notation we will write ", t, x in place of "̃, t̃ and

x̃. If a one-dimensional system is confined between rigid walls there is a healing
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behavior at both walls. In this case the solution can be given in terms of elliptic

functions as shown by Ginzburg and Pitaevskii [23] and by Wu [68].

2.1.5 Total energy decomposition

The total energy (2.25) may be rewritten in dimensionless terms as

E =
1

2

"

!

|'"|2 + 1

4

"

!

|"|4 $ NV0

µ
. (2.35)

If we modify this equation to a form measuring the departure from the uniform

state "( = 1 and we neglect the linear term which just introduces a constant, we

obtain [7]

E =
1

2

"

!

|'"|2 + 1

4

"

!

(1$ |"|2)2. (2.36)

The kinetic energy component EK and the potential energy component EI coincide

with:

EK =
1

2

"

!

|'"|2dx (2.37)

EI =
1

4

"

!

(1$ |"|2)2dx. (2.38)

The kinetic energy can be split in to the classical kinetic energy ECK , and to the

quantum energy EQ [7], which, if one sets " = fei& are given, respectively, by

ECK =
1

2

"

!

f 2('))2dx, EQ =
1

2

"

!

('f)2dx. (2.39)

In analogy with fluid dynamics f 2 = (, where ( is the density of the fluid, while

') = v, where v is the velocity field (see Section 2.3). The classical kinetic energy

is sometime further split in the incompressible component Ei
CK and in the com-

pressible component Ec
CK , which are obtained through Helmholtz decomposition

of the vector field v [44, 45].
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2.2 Vortex line solution using cylindrical coordi-

nates

In this section we inquire into the existence of cylindrically symmetric solutions

of the Gross-Pitaevskii equation in order to approach the study of vortex filament

dynamics. We discover that vortex line solutions exist and are physically acceptable

when the circulation is quantized, a first important sign of the quantum mechanical

nature of this phenomenon. A useful variable, the probability current density, with

an important fluid dynamical parallel is also introduced.

A vortex line is a long, thin cylindrical structure defined by a zero of the wave

function " = 0. Using a cylindrical coordinate system (r, ), z) we look, therefore,

for cylindrically symmetric solutions of the form

"(r,), z) = R(r)ei&n, (2.40)

where n is an integer. Note that, if we define the dimensionless amplitude f(r̃) =

|"|/*(0, as a function of the reduced distance from the vortex core r̃ = r/', the

dimensionless solutions "̃ = "/
*
(0 have the form

"̃(r̃,), z) = f(r̃)ei&n. (2.41)

In (2.40) function R(r) yields the particle number via
"

!

|R(r)|22"rdrdz = N, (2.42)

while the angular momentum of the flow of the vortices is L = r(p = (Lr, L&, Lz) =

(0, 0, N!n) [24].

By analogy with hydrodynamics a probability current density can be defined.

It is derived as follows. In a one-dimensional domain, with P (x) the probability

density, the normalization condition
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" +(

!(
P (x)dx =

" +(

!(
"'(x)"(x)dx = 1, (2.43)

can be satisfied provided

+

+t

" +(

!(
P (x)dx =

+

+t

" +(

!(
"'(x)"(x)dx =

" +(

!(

-
+"'

+t
"+" '+"

+t

.
dx = 0.

(2.44)

Now +"/+t is determined by the Schrödinger wave equation so that we find

+

+t

" +(

!(
P (x)dx =

!
2mi

" +(

!(

+
"
+2"'

+x2
+ µ|"|2 $"'+

2"

+x2
$ µ|"|2

,
dx (2.45)

= $ !
2mi

" +(

!(

+

+x

+
"'+"

+x
$"

+"'

+x

,
dx = $ !

2mi

+
"'+"

+x
$"

+"'

+x

,+(

!(
.

If a bounded wave packet is chosen, so that "' and " vanishes when as x ! ±",

the probability must be conserved. If that relation is derived by expressing the time

derivative in terms of the Gross-Pitaevskii equation the same result is obtained

because the nonlinear terms cancel.

From this, we obtain

+P (x)

+t
=

+

+t
("'") = $ !

2mi

+

+x

+
"'+"

+x
$"

+"'

+x

,
. (2.46)

On defining

S =
!

2mi

+
"'+"

+x
$"

+"'

+x

,
, (2.47)

we can rewrite (2.46) as
+

+t
P (x) +

+

+x
S(x) = 0. (2.48)

This is a special case of the three-dimensional equation

+

+t
P + divS = 0 (2.49)
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and is analogous to the equation of continuity of flow in hydrodynamics if P is

thought of as a fluid density and S as its current density [10]. This idea that

probability flows through space more or less like a fluid is very useful in thinking

in physical terms.

In three dimensions the probability current density is thus

S =
!

2mi
("''"$"'"') . (2.50)

Since the number density is ( = R2(r), and the probability current density is

defined by

S = (v, (2.51)

where v is the velocity vector, the vortex line equations (2.40), together with (2.50),

and (2.51), yield the results

v& =
!n
mr

, (2.52)

vr = 0, and vz = 0. (2.53)

In classical hydrodynamics vorticity is defined as the curl of velocity field, namely,

* = '( v. (2.54)

Given the z-invariant solution (2.40), the only component of vorticity possibly

di!erent from zero, is *z; but this turns out to vanish, i.e.,

*z =
1

r

+rv&
+r

$ 1

r

+vr
+)

= 0. (2.55)

Thus the vorticity is zero everywhere, except possibly on the singular line r = 0.

This is similar to the classical theory of ideal incompressible fluids. The circulation,

!, defined as the line integral of the velocity vector around a closed curve c whose

ds is an infinitesimal element with magnitude equal to its own length and direction

given by its tangent, is then

! =

"

c

v · ds =
"

c

v&rd) =
hn

m
, (2.56)
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which, thus, as a consequence of (2.52), is quantized in units of h/m.

It remains to prove that there are suitable solutions of the radial equation for

f(r̃). Substituting (4.1) in (2.33) we see that f(r̃) satisfies the radial equation

f(r̃) = $
-
1

r̃

d

dr̃

+
r̃
d

dr̃

,
$ n2

r̃2

.
f + f |f |2. (2.57)

Now the presence of the centrifugal force term, n2/r̃2, means that f(r̃) must ap-

proach zero when r̃ ! 0 if there is to be a finite energy in the given container [24].

For small r̃ the nonlinear term can be neglected: the solution thus has the form

f(r̃) # Jn(r̃) as r̃ ! 0, (2.58)

where Jn(r̃) is a Bessel function of the first kind which represents the solution of

the radial part of the Laplacian expressed in cylindrical coordinates, so that,

Jn(r̃) =
(%

m=0

($1)m

m!!(m+ n+ 1)

+
r̃

2

,2m+n

. (2.59)

For large r̃ we need

f(r̃) ! 1 as r̃ ! ". (2.60)

A first approximation for the solution can then be obtained by matching the loga-

rithmic derivatives of the limiting forms. The matching is achieved at a distance

r̃0 given by the nearest zero of (dJn/dr)(r̃) = 0 [24]. The result is a core size,

as expected, of the order of the healing length. Outside the core the density is

essentially constant as is the case for a vortex in a classical incompressible fluid.

Equation (2.57) was integrated numerically by Pitaevskii and Ginzburg yielding

the form given in Figure 2.1 [54, 23]. A simple approximation for the vortex

amplitude is provided by the Padé approximant [6]

f(r̃)2 =
r̃2

r̃2 + 2
. (2.61)
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Figura 2.1: The amplitude f(r̃) vs r̃ of a straight-line vortex for n=1 as solution

of equation (2.57). A Padé approximant of the vortex amplitude is shown by the

dashed line [7].

Thus the wave function of a straight line vortex with n = 1 is

" = fei& + (x+ iy)!
x2 + y2 + 2

=
r̃ei&

(r̃2 + 2)1/2
. (2.62)

Notice that when r̃ = 1 the Padé approximant gives f(r̃ = 1) + 0.5773 while when

r̃ = 0.5, f(r̃ = 0.5) + 0.3. Some other approximants and their accuracy will be

discussed in Chapter 4.

2.3 Hydrodynamic form for the self-consistent field

The dimensionless complex field function " can be written in a hydrodynamic form

by putting " = fei&, introducing the density

( = f 2(x, t),
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and the velocity potential )(x, t), defined so that the velocity vector is given by

v = '), as already explained above. Specifically if we write

" = f(x, t)ei&(x,t), (2.63)

equating the real and imaginary parts of the field and multiplying the imaginary

part by f leads to the continuity equation

+(

+t
+' · ((v) = 0, (2.64)

and to the Bernoulli equation

$2
+)

+t
= v2 + p(x)$ 1, (2.65)

where the pressure, p(x), has the special form

p(x) = $'2f

f
+ (. (2.66)

This is the sum of a so-called ‘quantum pressure’ pQ(x) proportional to 1/f , and

a barotropic pressure term deriving from the repulsive interactions. The quantum

pressure term depends on the Laplacian of the wave function and so is unimportant

if f varies slowly on large scales. Near a vortex core, however, pQ(x), becomes

significant. The barotropic pressure term restores e!ects one would expect to see

in a normal fluid, but which are absent in the single-particle Schrödinger equation

[16].

Taking the gradient of the Bernoulli equation one finds

+v

+t
+ (v ·')v = 'p (2.67)

which is formally similar to the Euler equation for classical fluids. However, the

pressure term in this case has the very specific and peculiar form (2.66).
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2.4 The Di!usive Gross-Pitaevskii equation

The di!usion equation associated with the GP equation, namely the di!usive

Gross-Pitaevskii equation (DGP), is

2
+"

+t
= '2"+ (1$ |"|2)". (2.68)

This equation does not conserve energy; rather, when t ! ", so that +"/+t !

0, one has " ! "̄, where "̄ is a solution that minimizes the total energy and

coincides with a stationary solution of the GP equation. Therefore, once suitable

boundary conditions are imposed, the DGP equation can be used to find fixed-

point solutions for the GP equation. This approach has been used by Meichle et

al. [41] and previously by the BECs community, under the name of the imaginary

time propagation method to find static configurations [14, 39, 55]. If, however, one

is interested in the dynamical behavior of unstable structures such as vortex dipoles

or antiparallel vortices with three-dimensional geometries, the DGP equation can

still be conveniently exploited to find low-energy initial conditions. In this thesis

we show an example of this approach for vortex dipoles and vortex reconnection

(Chapter 5-6).

If one wants to lower only the kinetic energy of the initial condition, rather

than the total energy, one can resort to the Di!usive Schrödinger equation (or

DSE) given by

2
+"

+t
= '2", (2.69)

but note that the total energy might then increase.



Capitolo 3

Numerical integration of the

Gross-Pitaevskii equation

In this Chapter the numerical methods applied to integrate the Gross-Pitaevskii

equation and obtain the results presented in Chapter 4-6 are described. One-, two-

, and three-dimensional codes have been developed by the author using a split-

step spectral algorithm, presented in Section 3.1. Some of the three-dimensional

results presented in Chapter 6 have been obtained through a semi-implicit spectral

algorithm, described in Section 3.2 and developed by Professor Robert Kerr who

kindly provided his code for this research project.

Starting from the 1970s, various types of spectral methods have been developed;

their common feature is to have a spectral spatial accuracy, which is much higher

than that of finite di!erence methods. Semi-spectral methods are very e"cient

to integrate the GP equation, however, they are restricted to the use of periodic

boundary conditions. As far as one is interested in studying phenomenon in the

bulk of the fluid, as is here the case, periodic boundary conditions are appropriate.

However some cautions should be noted in considering the interaction with the

51
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images. These issues are discussed in Section 3.3. In Section 3.4 we explain how the

initial conditions are imposed, in Section 3.5 we report the benchmark of the code,

and finally in Section 3.6 we described an algorithm developed by the author to

compute the minimum separation distance #(t) between two reconnecting vortices

which will be extensively used in Chapter 6.

3.1 Split-step spectral algorithm

Some advantages of the split-step method are that: (i) it has mild stability con-

straints on the size of the time step, (ii) some important properties of the original

evolution equation (such as energy conservation) are preserved, (iii) if spatial deri-

vatives are computed in the spectral domain, as proves most convenient, then the

point-wise accuracy is better [69]. According to Yang [69] “The temporal accuracy

of the split-step method for linear equations has been analyzed extensively in the

literature. However, its temporal accuracy for nonlinear equations is still largely

an open question”.

Regarding its numerical stability, a widely held misconception is that this me-

thod is numerically stable for all sizes of the time step. However the split-step

method also has a significant stability condition, at least for the GP equation. An

interesting phenomenon is that, over a wide time-step interval, stable and unstable

values of the time step are densely intertwined. Hence a stable time-step size may

appear above an unstable time-step size [69].
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3.1.1 Split-step method applied to the Gross-Pitaevskii equa-

tion

The Gross-Pitaevskii equation can be numerically integrated via a split-step spec-

tral method. The split-step methods are based on the idea of dividing the original

equation in to a set of simpler equations to solve in successive steps.

The GP equation in the dimensionless form, already discussed in Chapter 2, is

given by

$2i
+"

+t
= '2"+ (1$ |"|2)". (3.1)

The right hand side can be written as the sum of two operators, namely,

+"

+t
= (L1 + L2)". (3.2)

Here L1 is a di!erential linear operator, L1 = 0.5i'2, while L2 = 0.5i(1 $ |"|2)

is a non-linear operator. Separately, both the linear and the nonlinear equations

have analytical solutions, but the GP equation, containing both, does not have a

general analytical solution.

The solution can be formally written as:

" = "0e
(L1+L2)t (3.3)

where "0 is the initial condition.

This result is not, in general, equivalent to

" = "0e
L1teL2t (3.4)

since the operators do not commute. However, this last expression turns out to be

a good approximation to (3.3) if the chosen time step is su"ciently small. In this

way the linear and the nonlinear part can be treated separately. The split-step
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method exploits this fact and starting from an initial condition "(x, t) = "t(x),

proceeds as follows.

First, the initial condition is Fourier transformed

"t(k) = F("t(x)) (3.5)

and the equation
+"

+t
= L1", (3.6)

is solved in spectral space. The solution is analytic and given by

""
t(k) = "t(k)e

!ik2"t/2. (3.7)

In this way the first step is computed.

This solution must be inverse transformed via

""
t(x) = F!1(""

t(k)) (3.8)

to give the initial condition for the second step which is

"t+"t(x) = ""
t(x)e

i(1!|#t(x)|2)"t/2. (3.9)

At this stage we have found the solution at time t+#t. The procedure is iterated

to obtain the solution at a desired time T (T = t + n#t, n = 1, 2, 3, ...). This

method has the important property of conserving energy.

A variation of the method is the symmetrized split-step Fourier method, called

the Strang method, which takes half a time step using one operator, then takes a

full time step with only the other, and then takes a second half time step again

with only the first

"(t+#t) = "te
!t
2 L2e"tL1e

!t
2 L2 . (3.10)

This method, which has been used for the calculations reported in Chapter 4

and 5, is an improvement upon the generic split-step Fourier method because, as
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explained in what follows, it is of second order in the time interval rather than

being only of first order.

The split-step method can also be generalized to obtain higher order results, for

example splitting methods up to 20th order are used by astronomers to calculate

planetary orbits [48].

The generalized split-step method can be expressed in the form:

e"t(L1+L2) # e"n"tL1e$n"tL2 ...e"1"tL1e$1"tL2 , (3.11)

higher-order split-step schemes can be constructed by taking more terms and selec-

ting coe"cients .j and $j appropriately. If this is done by power series expansions

to equation (3.11), the algebra will quickly become complicated [69]. A more ef-

ficient way was proposed by Yoshida (1990) [71]. The idea is to symmetrically

assemble a few lower-order schemes together to obtain a higher order one. Spe-

cifically, to obtain a fourth-order split-step scheme, that we would call S4(t), we

express S4(t) as a symmetric product of three second order schemes:

S4(t) = S2(c1t)S2(c0t)S2(c1t), (3.12)

where c0 and c1 are real constants that are determined as described by Yang [69].

3.1.2 Estimate of the error

In the case of a linear equation the error of the split-step scheme can be calculated

by computing the di!erence between the power series expansion of the exact so-

lution and of the approximate scheme. If the di!erence is of the order O(#tn+1),

then the split-step scheme will be nth order accurate in time. When in the expres-

sion (3.11) .1 = $1 = 1, the scheme is first-order accurate, if .1 = .2 = 1/2 and

$1 = 1, the method is second-order accurate [69]. However, the order of accuracy

of these schemes extended to nonlinear equations is a nontrivial issue. In general
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this accuracy cannot be inferred from linear equations. However Javanainen and

Ruostekoski [27] employing symbolic calculations, have directly verified that, for

the GP equation the nonlinear extension of linear split-step schemes (up to S4) has

the same order of accuracy as for linear equations.

In what follows we report an estimate of the error for the Strang scheme as

presented in [48]. As an initial approach, let us consider the heat equation

ut = #u = L1u (3.13)

whose solution can be written as

u(t) = etL1u0. (3.14)

The notation etL1 has nontrivial meaning here because L1 is an operator, not a

matrix. If L2 is a bounded operator then the exponential etL2 can be defined, as

for a matrix, by

etL2 =
(%

l=0

(tL2)l

l!
, ,etL2, !

(%

l=0

|t|l,L2,l

l!
= e|t|#L2#. (3.15)

Unfortunately L1 is not bounded, indeed if u = sin(2"kx) then

L1u = $(2"kx)2 sin(2"kx) k - N , (3.16)

and ,L1, = ". Thus we cannot define etL1 through a series expansion. Instead

we define it through the action on the solution, namely,

u(t+ s) = etL1u(s) = etL1esL1u0. (3.17)

So we define an operator C as

u(t) = Cu0 := etL1u0. (3.18)

Note that even if L1 is an unbounded operator, its exponential is a “nice” operator:

the solutions of the heat equation are very smooth functions.
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We proceed to the estimate of the error considering the Strang method. We

define the operator

S = e
t
2L2etL1e

t
2L2 , (3.19)

which, acting on "0 := "(t = 0) gives the numerical solution after one step of size

t. The error is defined as

E := S $ et(L1+L2). (3.20)

It can be shown that the third term is bounded by
" t

0

etL1L2

-" t!s

0

e'L1L2"(t$ s$ /)d/

.
ds ! C,L2,2t2 (3.21)

and therefore is of order t2. The operator S can be rewritten expanding the

exponential of the bounded operator L2, as

S =

-
I +

t

2
L2 +O(t2)

.
etL1

-
I +

t

2
L2 +O(t2)

.

= etL1 +
t

2

0
L2e

tL1 + etL1L2

1
+O(t2). (3.22)

Comparing the two terms we find that the error of the method is

E = S $ et(L1+L2) = d+O(t2), (3.23)

where

d :=
t

2

0
L2e

tL1 + etL1L2

1
+

" t

0

esL1L2e
(t!s)L1"0ds. (3.24)

If we define

f(s) = esL1L2e
(t!s)L1 (3.25)

then

d =
t

2
[f(0) + f(t)]$

" t

0

f(s)ds, (3.26)

and hence

d =
t

2
[f(0)$ f(t)] + tf(t)$

" t

0

f(s)ds
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=
t

2

" t

0

f "(s)ds+

" h

0

sf "(s)ds

=

" t

0

+
s$ t

2

,
f "(s)ds

= t2
" 1

0

+
% $ 1

2

,
f "(h%)d%. (3.27)

We have thus shown that the term d is also of order t2. Consequently the Strang

splitting in one step has order O(t2) (local error) and then has a global error of

order O(t). It has been proved that actually the Strang splitting has global error

of order #t2, and later that the results holds even if L2 is unbounded.

3.1.3 Numerical stability of split-step methods

For a first-order scheme a su"cient condition for numerical stability for the GP

equation is [69]
#t

#x2
<

1

"
, (3.28)

where #x is the grid spacing, while for a fourth-order scheme a su"cient condition

for numerical stability is
#t

#x2
" 1

"
. (3.29)

This stability analysis was performed simulating the GP equation using near-

constant initial conditions. It turns out that many of these results still hold for

arbitrary initial conditions, at least qualitatively [69]. For instance, a su"cient

numerical stability condition for the S1, S2 and S4 methods with arbitrary initial

conditions is still given by (3.29).
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3.2 Semi-implicit spectral algorithm

The semi-implicit spectral algorithm developed by Professor Robert Kerr [29] is

implemented as follows: “convergent time-advancement is obtained using a 3rd-

order Runge-Kutta, semi-implicit spectral algorithm, with the nonlinear terms

calculated in physical space, then transformed to Fourier space to calculate the

linear terms. The linear part is solved using complex integrating factors, and no-

flux domain walls are imposed using cosine transforms. These boundary conditions

serve as an approximation to those of a superfluid in a container and as a means

of generating symmetric initial conditions. The constant time step is small enough

to obtain convergence consistent with the algorithm”.

3.2.1 Integrating-factor method

The method is based on the observation that, in the Fourier space, the linear

di!erential part of the equation admits simple analytical solutions. Then one can

use this linear solution as an integrating factor and solve the transformed equation

which involves only nonlinear terms [69].

The Fourier transform F of the GP equation is

"̂t + ik2"̂$ 2iF(|"|2") = 0, (3.30)

where "̂ = F("). Multiplying this equation by an integrating factor eik2t, we find

a strictly nonlinear equation for $̂ = "̂eik
2t

$̂t = 2ieik
2tF(|"|2"). (3.31)

This nonlinear equation for $̂ can then be integrated one time step, by a chosen

time-stepping scheme, on which the temporal accuracy will depend. When the

solution $̂ after one time step is obtained, the corresponding physical solution

" = F!1($̂e!ik2t) is then calculated, and the integration repeats again [69].
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Figura 3.1: A vortex line in (x, y) and its three images in the case of a two-

dimensional domain.

3.3 Boundary conditions

Usually the split-step spectral method is applied using the Discrete Fourier Tran-

sform (DFT). Integration in spectral space implies an infinite extension of the

domain. What is observed in the computational box, is repeated infinitely many

times in space in a modular fashion (compare Figure 3.1 and 3.2).

The initial conditions imposed must satisfy periodicity to avoid instabilities that

would rapidly destroy the solution. In empirical terms periodic initial conditions

are such that “what goes out from one side of the computational box should come

in from the opposite side”. By considering, for example, the case of a single vortex

in the computational domain, one realizes that since the phase ei& conflicts with

any attempt to impose periodic conditions for the primary box, each single vortex

line should be replaced with a set of four parallel lines of alternating vorticity, at

positions arrived at via reflection through the coordinate axes: see Figure 3.1.

The use of the Discrete Cosine Transform (DCT) rather than the full Discrete

Fourier Transform allows one to perform calculations in a smaller domain. The

DCT, indeed, implies an even extension of the original function saving us from
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Figura 3.2: Vortex array implied by periodic boundary conditions: the structure

shown in Figure 3.1 is repeated infinitely many times.
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adding three reflections of the single vortex in the computational box. In all the

calculations presented here the DCT have been used. However, we sometime di-

splay, for clarity and visualization purposes, also the closest images. This is the

case of Figures 1.11-1.14 where the calculations have actually been performed on

a quarter of the displayed domain.

The interaction with the images should not be underestimated when performing

numerical calculations. To minimize this e!ect one should use a large domain and

locate the vortices, whose dynamical evolution is to be studied, at the center of

it. On the other hand, one can take advantage of the images, starting for example

with a vortex close to the wall which would then interact with the closest image,

as in Figures 1.11-1.14. This allows one to further reduce the dimension of the

domain and save computational power. If a vortex terminates at the corners of the

computational box, this causes three reflections of the same vortex which merge at

the corners, or better, given the infinite extension of the domain, this creates an

infinite network of merging vortices.

To give a quantitative sense of how much the interaction with the images mat-

ters, we show, in Figure 3.3 and 3.4, how the potential energy and the total energy

vary as a single straight vortex is moved from the center of a square computational

box, toward, respectively, the edge and the corner. Both the total energy and the

length of the edge of the box are normalized to unity. In Figure 3.3 the total energy

decreases as the edge is approached, while the potential energy slightly increases.

This means that the kinetic energy (EK = E $ EI) considerably decreases mo-

ving the vortex toward the wall. The same, but more amplified e!ect, is observed

moving the vortex toward the corner (Figure 3.4). In this case indeed the vortex

approaches other three images rather than another one as in Figure 3.3. In Figu-

re 3.5 we show how the total energy varies locating the vortex center in di!erent

positions in the (x z) plane.



3.3. BOUNDARY CONDITIONS 63

Figura 3.3: Variation of the total energy E (red line) and the potential energy EI

(blue line) when a single straight vortex located at x = 0.5 is moved along the z

axis.

Figura 3.4: Variation of the total energy E (red line) and the potential energy

EI (blue line) when a single straight vortex is moved in the (x z) plane along the

diagonal of the square section computational box.
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Figura 3.5: Variation of the values of the total energy as the core location of a

straight vortex is moved to various positions in the (x z) plane.

These results can be explained considering that when a vortex is closer to its

images there is a broader area of the domain where the density of the condensate is

depleted with respect to the case in which the vortex is at the center of the domain.

This happens because the low-density area of the vortex and its images interact.

As a consequence the potential energy EP , given by equation (2.39) is lower. On

the other hand, the kinetic energy is high on a localized area which coincides with

the vortex core, where the gradients of the vortex profile f(r) are large. If the

vortex is close to the wall part of this area falls outside the computational box and

does not contribute to the total energy balance.
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3.4 Initial conditions

Initial conditions are here typically imposed by multiplying the vortex, or the vor-

tices in the computational box, by some outer images [29] to achieve the desired

smoothness on the boundaries. In the two-dimensional calculations, reported in

Chapter 5, 8 images for each vortex are imposed. In the three dimensional calcula-

tions, performed with Kerr code, 23 images are used, because, as explained by him:

“In a previous Fourier GP calculation using a similar intial condition, three images

of the primary vortex were given. At least this number of images are necessary to

have physically realistic boundary conditions and even though symmetries are used

in the present calculation, the same images are necessary here. However, it does

not assure that as the wavefunction crosses the physical space boundaries that it

will be smooth. To accomplish the degree of smoothness desired here, 23 images

were used. The conclusion was that otherwise there would be higher wavenumber

components at the boundaries that could mask the true behavior” [30].

When, however, the initial condition is relaxed through the Di!usive Gross-

Pitaevskii equation, to obtain a lower-energy initial condition, the multiplication

of the ‘new’ relaxed initial condition by the outer images is not performed.

3.5 Benchmarking the Code

Here we describe briefly the steps taken to check that the code used in the thesis

was satisfactory for the exploratory investigations planned. The split-step code

was initially implemented for one spatial dimension and a first benchmark was

performed at that stage. It was first verified that the linear and nonlinear operators

are solved correctly: the nonlinear step was turned o! and it was verified that the

initial condition "0 = cos(kx) + i sin(kx) behaves as predicted by (3.7). Then the
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nonlinear step was included and it was checked that an initial condition "0 = a+ib

where a and b are constants follows the evolution given by (3.9), in this way the non-

linear step was separately tested as behaving correctly. The accuracy of the total

energy and mass conservation was in the 12th decimal digit as expected given the

double-length precision employed. This verified that the error, when integrating

the full GP equation, uniquely arose from using the commutation approximation

(3.4).

The next step was to verify that in the domain 0 < x < Lx the initial condition

"0 = tanh(x$Lx/2) is a stationary solution as analytically shown in Section 2.1.4.

To check how well the total energy and mass were conserved for this test case,

di!erent grid spacings, time steps and integration times tfin were explored. The

code was first written using Fourier Transforms and later adapted to use Cosine

Transforms. The behavior of the total energy and mass on varying the grid spacing

is reported in Figures 3.6-3.7, where all the plotted quantities are dimensionless.

Notice that, given a fixed #x, the Fourier Transforms are more accurate but twice

as expensive computationally, than the Cosine Transforms. Hence, what should be

compared are the calculations performed with #x employing Fourier Transforms,

with calculations performed with #x/2 using the Cosine Transforms. Observe

that the mass per unit volume is much better conserved than the total energy; this

suggests that the linear term is primarily responsible for the lower accuracy of the

total energy.

Choosing a time step #t = 0.0025 and a grid spacing #x + 0.0049 we discover

that the conserved quantities are not very sensitive to the final integration time

tfin as seen in Figure 3.8. Similarly, if #x + 0.0049 and tfin = 80 are taken, and

the time step #t is varied from 0.0003125 to 0.005, no appreciable variation in the

conservation of the total energy and mass was detected.

The conservation of the total energy and the decay of total energy when the
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DGP equation is applied are reported, for most of the calculations performed, in

tables and graphs in the following Chapters: Tables 4.2, 6.3, 6.4, 6.5, Figures 5.2

(b).
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Figura 3.6: Maximum percentage variation of the total energy #E % and mass

#m % for calculations performed with di!erent grid spacings #x using the Fou-

rier Transform. The portion of the plot on the left of the blue line is possibly

unstable given the numerical stability condition (3.29), but it turns out not to be.

The conservation of the total energy improves linearly decreasing the time step

(#E =a #x), while the conservation of mass improves quadratically (#m =a #x2)

(using the values of a reported above the Figure frame).
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Figura 3.7: Maximum percentage variation of the total energy #E % and mass

#m % for calculations performed with di!erent grid spacings, #x, using the Cosine

Transform. The portion of the plot on the left of the blue line is potentially

unstable given the numerical stability condition (3.29), but it turns out not to be.

The conservation of the total energy improves linearly on decreasing the time step

(#E =a#x), while the conservation of mass improves quadratically (#m =a#x2),

where, as in Figure 3.6, the values of a are listed above the figure.



70 NUMERICAL INTEGRATION OF THE GP EQUATION

Figura 3.8: Maximum percentage variation of the total energy #E % and mass

#m % for calculations performed for di!erent integration times, tfin, using the

Cosine Transform. Both the conservation of the total energy and mass slightly

improve, as expected, reducing the total computation time.
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3.6 Algorithm to calculate #(t)

The minimum separation distance #(t) between two reconnecting vortices is an

interesting and important quantity to compute and study in order to characterize

the reconnection dynamics as extensively discussed in Chapter 6. A MATLAB

script has been developed to estimate #(t). The algorithm proceeds according to

the following steps:

1. The (x, y, z) coordinates of the isosurfaces for |"|2 = 0.006 plotted with MA-

TLAB are stored in three arrays. The value of the isosurfaces is the smallest

possible which still guarantees the continuity of the vortex core visualization.

2. These three arrays are split in 6 arrays, three of them contain the (x, y, z)

coordinates of the isosurface of vortex 1, the other three, the (x, y, z) coor-

dinates of the isosurface of vortex 2. To separate the two vortices a recursive

search on the nearest neighbors is performed.

3. If the two vortices are relatively straight, that is, if they either start and end

at (x = 0, x = Lx), or (y = 0, y = Ly), or (z = 0, z = Lz), then the vortex

core is located by averaging the coordinate of the isosurface respectively along

x, y or z axes. This is the case for pre-reconnection configurations for the

calculations reported in Section 6.1.4, 6.1.5.

4. If the vortices are tilted and twisted and do not satisfy the previous condition,

the vortex core is simply identified with the corresponding isosurface. This

is the case for all the post-reconnection time steps.

5. Finally, the minimum separation distance between the two vortices is calcu-

lated computing all the distances between the coordinates of the core of the

first and second vortex and taking the minimum value.
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This algorithm has been used to produce Figures 6.11, 6.12-6.15 and 6.20-6.21.



Capitolo 4

Vortex profiles

In this Chapter and in Chapter 5 we mainly focus on the selection of appropria-

te initial conditions in order to perform systematic, reproducible vortex dynamics

calculations through the GP equation. This is a matter of some delicacy, because

given the nonlinearities involved one must rely almost entirely on numerical solu-

tions which, as we will demonstrate, depend strongly on the details of the imposed

initial conditions. Of course, the boundary conditions also play a role although for

the present purposes a less crucial one. In our study we always assume periodic

boundary conditions.

The Gross-Pitaevskii equation conserves energy. Consequently any energy im-

posed by means of vortex initial conditions that exceed the minimal energy entailed

in the chosen vortex configuration is not dissipated but, rather, dispersed by com-

plicated mechanisms, not easy to predict a priori. Furthermore, the dispersal pro-

cess may well interfere with the specific phenomenon one wants to observe or, more

dramatically, may even yield a di!erent class of behavior. For example, as shown

in Chapter 5, vortex dipole initial conditions with relatively high energy behave as

solitary waves, while lower energy initial conditions lead to a fast annihilation of

73
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vortex dipoles. These observations provide our basic motivation.

In further detail, in order to impose initial conditions that may lead to simulated

vortex dynamics, two conceptual steps are needed: first, one needs to describe

mathematically a quantum vortex appropriately for the Gross-Pitaevskii equation;

second, one needs to set up one or more vortices in the computational domain.

This second step, which will be addressed more specifically in Chapter 5, has

been usually achieved in literature simply by multiplying together wave functions

"(x, t = 0), describing each individual vortex. For exploratory purposes this device

is simple to implement and may well be adequate. However, if one wishes to address

more subtle and quantitative issues, as arise naturally in contemplating the wealth

of experimental data [52] and what may be found in the future, a more systematic

approach is called for. In this thesis we present a new approach which exploiting

the properties of the di!usion equation associated to the Gross-Pitaevskii equation

allows to set low energy initial conditions (see Chapter 5).

The mathematical description of a single vortex, which will be treated in this

Chapter, also entails some complications. A single straight vortex in an infinite

domain is, in fact, optimally represented as a solution of the stationary Gross-

Pitaevskii equation. However, there is no convenient analytical form to express it

precisely; as a result, it needs to be specified numerically. This may not be conve-

nient or practical when wave functions for multiple vortices are required. Thus it

has been customary to employ some analytically convenient but intrinsically ap-

proximate profiles. Di!erent approximate profiles for a single straight vortex have

been proposed. We recall three of these, namely, in order of increasing complexity

the Fetter, Kerr and Berlo! approximants. In Section 4.1 we describe the three

profiles, while in Section 4.2 we present their behavior as time develops in the GP

equation. Finally in Section 4.3 we propose a new [2/2] Padé approximant. In

Chapter 5 some illustrative vortex-dipole dynamics calculations will be discussed
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in two-dimensions, demonstrating how di!erent choices of seemingly very similar

initial conditions does a!ect aspects of the observed phenomenon.

4.1 Three approximate vortex profiles

As already discussed in Chapter 2, in the language of the Gross-Pitaevskii equation,

a vortex line is a long, thin, locally cylindrical structure, straight, bent or wavy,

defined by a linear locus of zeros of the wave function. In particular, a quiescent

straight vortex is represented by a stationary cylindrically symmetric solution of

(2.33) which can be written in a cylindrical coordinates, (r, ), z), as

"(r,), z) = f(r)ei&n, n = ±1,±2, ... . (4.1)

Substituting in (2.33) yields (2.57), which can be integrated numerically in an

infinite domain to determine the nature of f(r) [23, 54]. The energy per unit

length of a single vortex with n = 1 in a cylindrical domain of radius R is given

by:

E " = "

2" R

0

-
df(r)

dr

.2
rdr +

" R

0

f 2(r)

r
dr +

1

2

" R

0

[1$ f(r)2]2rdr

3
, (4.2)

where the first term represents the quantum energy, the second, the classical kinetic

energy and the third, the potential energy.

Since, as mentioned, there is no analytical expression for f(r), various approxi-

mate formulae have been proposed. Among these is (i) a [1/1] Padé approximant

advanced by Fetter [18], which we will call the Fetter approximant, given by the

profile

fF (r) =
r*

r2 + 2
; (4.3)
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(ii) a “square core” approximant, introduced by Kerr in [29], which we will name

the Kerr approximant, represented by

fK(r) =
r2*
r4 + 2

. (4.4)

This particular choice was justified by Kerr as a stratagem to ensure that the initial

density went smoothly from zero, on the vortex core, to roughly the background

density over the distance of the healing length [29].

Finally, (iii) Berlo! derived an approximant, as described in [6], specified by

fB(r) +
4

r2(0.3437 + 0.0286r2)

1 + 0.3333r2 + 0.0286r4
. (4.5)

If any of the three profiles is evolved in time through the DGP equation, under

periodic boundary conditions, the exact stationary solution, which for convenience

we will call the di!used profile fD(r), is found.

A comparison between the four profiles is shown in Figure 4.1. It is interesting

to notice that expanding (4.3), (4.4) and (4.5) in power series, and examining the

limits for small and large r, yields a variety of results. For small r one has

fF + r*
2
$ r3

4
*
2
+O(r5), fK + r2*

2
$ r6

4
*
2
+O(r10), (4.6)

fB +
*
0.3437r $ 0.2501

r3

2

*
0.3437 +O(r5);

while the behavior for large r is

fF + 1$ 1

r2
+O

+
1

r4

,
, fK + 1$ 1

r4
+O

+
1

r8

,
, fB + 1+

2

11r2
+O

+
1

r4

,
. (4.7)

Notice, that even though fB ! 1 as r ! ", in an intermediate range of r, fB

slightly exceeds unity. This is an erroneous feature which arises from the particular

choice of the coe"cients of the series expansion.
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Figura 4.1: Comparison between Fetter (dashed line), Kerr (dash-dotted line), Ber-

lo! (dotted line) and the di!used (solid line) profiles. In the inset b) it is shown

an enlargement of a) close to the vortex core.
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Figura 4.2: Coe"cient L0 as a function of the radius R for the Fetter (red circles),

Kerr (red squares), and Berlo! (red triangles) profiles. We obtain, for the Fetter

profile, E "
F + "(ln(R) + 0.40), for the Kerr profile E "

K + "(ln(R) + 0.60), for the

Berlo! profile E "
B + "(ln(R) + 0.39). We plot for comparison L0 = 0.38 (dash-

dotted blue line). When, to perform our calculations, the 8 images are added to

impose well behaved initial conditions, as described in Section 3.4, E " deviates from

Pitaevskii’s prediction as shown by the empty circles, squares and triagles which

represent respectively the Fetter, Kerr and Berlo! smoothed profiles.
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Profile L0 10!3 E" 10!3 E"
K 10!4 E"

I 10!4 E"
Q

fF 0.40 5.8 5.0 7.974 3.997

fK 0.60 6.1 5.7 4.443 7.998

fB 0.39 5.8 5.0 7.493 4.546

fD 0.38 5.8 5.0 7.968 4.451

Tabella 4.1: Components of the energy per unit length in a cylinder of radius R,

for the four di!erent profiles for R=25.

For large R, f(r) ! 1 and (4.2) gives simply E " # " lnR. Pitaevskii computed

E " numerically, for an accurate profile, and found E " = "(lnR+L0), with L0 = 0.38

[54]. Substituting (4.3) in (4.2) gives

E "
F (R) = "

-
1

2
ln(r2 + 2) +

(5r4 + 16r2 + 8)

4(r2 + 2)2

.R

0

. (4.8)

The total energies of all the four individual profiles have been measured nume-

rically as a function of R and the corresponding values of L0 are reported in Figure

4.2. The Berlo! profile is the closest to the “exact” solution, while, as expected,

the square core Kerr profile is the furthest. The square core allows for a higher

kinetic energy. There is indeed a circular crown at 0.5 " r " 1 where the kinetic

energy of the Kerr profile is particularly high with respect to the kinetic energy of

the other profiles as a consequence of the simultaneous relatively high value of f ,

its gradient, and the phase gradient. The other three profiles have a higher value

of the potential energy due to the fact that they reach unity slower. However the

potential energy constitutes a low percentage of the total energy as shown in Table

4.1 and it is not able to balance the di!erence in kinetic energy.
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Figura 4.3: Time evolution of vortex profiles (a)-(c) for the Fetter profile, and

(d)-(f) for the Kerr profile, at successive times compared with the initial profile

(dashed line). Note that the excess energy of the approximate profiles manifests

itself as waves that propagate out of the core, while in (f) “reflections” from the

periodic images are evident.
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4.2 Time evolution of the three profiles

In this Section the profiles described above are imposed as initial conditions to

solve the Gross-Pitaevskii equation. Since the interest here is only in infinitely

long straight vortices we may employ the 2D form of the equation. The aim is

to study the behavior in time of the three approximants, to find how stable, and

therefore how close to the exact stationary solution they are, and, ultimately, to

inquire how their choice might a!ect vortex reconnection calculations.

In the calculations presented here a single vortex has been located at the center

of a square domain of side Lx = Ly = 50 in units of the healing length ', with

underlying grid spacing #x = #y = 50/1023 + 0.0489 '. The GP equation is here

integrated numerically through a split-step spectral method in a periodic domain

(see Section 3.1). The initial conditions are obtained by multiplying the vortex by

some outer images [29], 8 in this case, to achieve the desired smoothness on the

boundaries (see Section 3.4). However this procedure causes a di!erent behavior

of E " with R, as a consequence of interference with the images as shown in Figure

4.2.

The time evolution of Fetter, Kerr and Berlo! profiles, respectively, are illustra-

ted in Figure 4.3 and 4.4. As time evolves, notably di!erent types of behavior are

seen. The Fetter and Kerr approximants are markedly unstable. In both cases the

core region relaxes toward the exact profile first (Figure 4.4 a). The excess energy

is successively propagated outwards as waves (Figures 4.3). These waves remain

localized in the outer region of the domain. They persist, and are responsible for

background oscillations which could be identified as “thermal noise”. The most

dramatic e!ects are seen for the Kerr profile.

The Berlo! approximant (Figure 4.4) is the most stable, proving, in this sense,

to be the “best” approximant. Just a slight adjustment of the numerical profile in
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Figura 4.4: (a) Di!erence between the stationary di!used profile and the time

evolution of the Kerr profile at times t=1 and t=10. As time proceeds and waves

are propagated out from the core of the Kerr profile, the core itself relaxes toward

the minimum-energy linear form. A similar mechanism is observed also for the

Fetter profile. (b) Berlo! approximant (dashed line) and its time evolution at t=10

through the GP equation (dots). This profile does not send out visible perturbations;

rather it just reshapes itself nonmonotonically as time proceeds.
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Figura 4.5: A simulation with the same geometry as in [29] has been performed

with (a) the Kerr profile, (b) the Berlo! profile. Here the same late stage t=8

is shown for both the simulations. Isosurfaces are plotted for density values of

( = 0.05. It is seen that when a low-energy profile is used the dynamics proceed

at a higher rate: thus for the Berlo! profile the vortex rings are created and then

annihilate more rapidly.
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Figura 4.6: Two straight vortices located at right angles and at a distance #(0) = 3

apart are evolved through the GP equation. Here we show the minimum separation

distance #(t) between them as a function of time. The stars show the time evolution

when the Kerr profile is imposed as an initial condition, while the dots show the

corresponding time evolution for the Berlo! profile. Again, it is seen that when

the Berlo! profile is used the vortices reconnect sooner and their trajectory is

smoother.
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Calculation tfin max!E %

Fetter Profile 10 0.0171

Kerr Profile 10 0.0424

Berlo! Profile 10 0.0021

Tabella 4.2: Maximum percentage variation of the total energy for the four

calculations reported in this section performed for tfin time units.

an intermediate region is observed. This is likely due to the fact that the profile

is reshaping itself to adapt to the lower maximum value, below max fB = 1.0,

imposed initially by the use of the images.

The fact that some profiles emit what might be called “phonons” may not af-

fect qualitatively the vortex reconnection behavior. However, when more detailed

quantitative measurements are performed, the presence of background perturba-

tions becomes significant. As an example, vortex reconnection in 3D for the initial

geometry proposed by Kerr [29] has been re-calculated using di!erent profiles, it is

clear from Figure 4.5 that when a less energetic profile is chosen, the reconnection

proceeds more rapidly. A similar e!ect is also observed in the case of an annihila-

ting vortex dipole as discussed in what follows. One maight speculate that in the

presence of a ‘thermal background’ some ‘frictional’ e!ects are produced.

On a di!erent aspect, the vortex cores interact with ‘phonons’ by modifying

their own trajectory. In confirmation, when the trajectories of the vortex cores,

toward and away from reconnection, for two initially straight vortices located at

a 90 degree angle are observed one finds that for the high-energy Kerr profile

the trajectories are more irregular and ‘wiggly’, while for the Berlo! profile the

trajectories appear straighter as seen in Figure 4.6.
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4.3 A simple [2/2] Padé approximant

At small r the profile f(r) can be represented by f(r) =
5(

i=1 pir
2i!1, where the

first term of expansion is given by p1 + 0.5827811878, while p2 = $p1/8, and p3 =

p1(p21 + 1/8)/24 [6]. On the other hand about r ! " one has f(r) +
5(

i=0 qir
!2i,

and q0 = 1, q1 = $1/2 while q2 = $9/8 [6]; one also finds q3 = $161/16. We may

accordingly propose a two-point Padé approximant in the form [22]

f 2(r) =
c0 + c1r2 + c2r4

1 + d1r2 + d2r4
, (4.9)

which reproduces p1, p2 and q1, q2 correctly, in contrast to the Berlo! approximant

that reproduces only q0 = 1. For this to be true, we find c0 = 0, c1 = p21, c2 = d2,

d1 =
3p21

4(1$ p21)
+ 0.3857,

and

d2 = p21

-
4p21 $ 1

4(1$ p21)

.
+ 0.0461.

The expressions for d1 and d2 are found by expanding (4.9) in a Taylor series for

small r and large r and equating the coe"cients of the second term respectively to

p2 and q1.

This new [2/2] Padé approximant, which we may call fP (r), is compared in

Figure 4.7 with the Berlo! approximant and the di!used (or exact) profile. The

total energy per unit length measured in a cylinder of radius R = 25 is equal to

E "
B = 0.005796 for the Berlo! approximant, E "

P = 0.005762 for the new approxi-

mant derived here, and E "
D = 0.005758 for the di!used approximant. Notice that

E "
P < E "

B and is closer to E "
D. When the Berlo! approximant and the new ap-

proximant are evolved through the GP equation they slightly reshape themselves

as seen in Figures 4.8 and 4.9. We know, from Section 4.2 that the core tends to

rapidly converge to the exact profile, while the excess of energy is radiated out-

ward as waves; indeed this is also observed in Figures 4.8 and 4.9. Notice that,
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as already seen in Figure 4.7, fB is larger than fD, hence as the time proceeds,

the profile lowers inside the core and raises just outside the core. This is clearly

visible in Figure 4.8. The opposite is true for fP as seen in Figure 4.9. Observe

also that the integral of fB(t = 0) $ fB(t = 10) in r is larger than the integral of

fP (t = 0)$ fP (t = 10), indicating that fP is a better approximant.

This Padé approximant was derived after performing all the calculations re-

ported in the following Chapters, where the Berlo! approximant was used as the

standard. However, there are no remarkable di!erences between the numerical

performances of the two approximants, and the Berlo! approximant still qualifies

as a reasonable and low-energy profile to be used in setting up initial conditions.

However, should greater precision prove of significance in some future modeling

of vortex interactions, the systematics of two point Padé approximants of higher

order, such as the [3/3] approximant, should be explored and utilized [22].
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Figura 4.7: Di!erence between the Berlo! approximant and the di!used solution

(red dashed line) and between the new proposed Padé approximant and the di!used

profile (black dashed line). Notice that the new Padé approximant is everywhere

closer to the di!used profile than is the Berlo! approximant.
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Figura 4.8: The Berlo! profile is evolved through the GP equation. This plot shows

the di!erence between the Berlo! approximant imposed as an initial condition and

its evolution at time t = 10 and hence is a measure of the degree to which it fails

to be a stationary solution.

Figura 4.9: The new profile is evolved through the GP equation. This plot shows

the di!erence between the new approximant imposed as initial condition and its

evolution at time t = 10.
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Capitolo 5

Vortex dipole dynamics

The dynamics of infinite vortex dipole pairs is studied here in the context of the

Gross-Pitaevskii equation (GP) in two spatial dimensions to illustrate the time

evolution for di!erent initial wave functions and their influence on the qualitative

behavior. Although the observation of interesting phenomena, such as vortex re-

connection, is not then possible, 2D su"ces for our study, and has the advantage

of requiring a less computational e!ort. The calculations may also be directly rele-

vant to physical situations that can be regarded conceptually as two-dimensional,

such as thin helium films, or experiments performed in highly oblate dilute-gas

Bose-Einstein condensates [43].

When two straight antiparallel vortices are located close to one another, at a

distance d0 apart, they form a vortex dipole which can either annihilate and emit

energy via sound waves [26, 45], or propagate uniformly at constant velocity as

solitary waves [28, 6]. Berlo! [6] found an approximate solitary wave solution for

a separation distance d0 = 0, corresponding to a propagation velocity U = 0.45,

which contradicts the claim by Ivonin [26] that there is a threshold on d0 under

which only annihilation is possible. In Figure 5.1 the results reported by Jones and

91
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Figura 5.1: The blue dots coincide with the solitary wave solutions found by Jones

and Roberts [28] and Berlo! [6]. The sound velocity for the dimensionless form

of the equation here presented corresponds to Usound = 1/
*
2. Ivonin claims that

there is a border, coinciding with d = 2 below which no solitary wave solution are

possible, this border would correspond to a limiting propagation velocity of the

solitary wave of UIvonin,max + 0.3891
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Roberts, Berlo!, and Ivonin are compared. Vortex dipoles have also been observed

experimentally in Bose-Einstein condensates, where they seem to display relatively

long lifetimes before self-annihilation [43].

In this section we show, how the vortex dipole dynamics (i) may be a!ected by

the choice of di!erent initial modulus profiles; (ii) how, given a specific modulus

profile, it depends on the initial separation distance d0, and (iii) how it is influenced

by di!erent initial configurations of the phases also referred to as phase profiles. A

change in phase configuration yields to a di!erent geometrical shape of the zeros

of the real and imaginary part.

5.1 Sensitivity to di!erent initial profiles

Usually, as mentioned before, an initial condition is obtained by multiplying the

wave function of each individual vortex [45], that is

"(x, t) =
*

j

fje
i&j , (5.1)

where fj and )j are the profile and phase of the j-th vortex. Here we compare this

approach with one in which the energy of the initial condition is reduced through

the application of equation (2.68), namely the Di!usive Gross-Pitaevskii (DGP)

equation.

Note, first, that two antiparallel vortices are not a stationary solution of the

Gross-Pitaevskii equation under periodic boundary conditions. Therefore if such a

configuration is allowed to di!use it converges to the flat solution, "̄ = 1. However,

if phase contours are enforced, i.e. held fixed, a two-vortex combined profile relaxes

to a lower energy configuration which preserves the presence of both vortices as

illustrated in Figure 5.2.
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Figura 5.2: a) Initial modulus profiles on the y axis, for two antiparallel vortices

at separation d0 = 2.5 obtained by multiplying for each of the two vortices and

all their images: the Fetter profile (black dots), the Kerr profile (green dotted

line) and the Berlo! profile (blue dashed line); or by relaxing through the DGP

equation either one of the three previous two-vortex profiles while keeping the

initial phase contours fixed (red dash-dotted line): see c) Phase contours for the

profiles described in a) and expressed by equation (5.2). b) Total energy per unit

mass for the two-vortex Fetter profile (black line), Kerr profile (green line), Berlo!

profile (blue line), and time decay of the total energy observed letting the DGP

equation evolve from the two-vortex Fetter profile (red dotted line). In this plot the

maximum value is normalized to unity. d) Density distribution, i.e., |"|2 contours,

for the di!used profile.
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Figura 5.3: Time evolution of the minimum density value for two antiparallel

vortices located at an initial separation distance of d0 = 2.5, starting from four

di!erent initial conditions: the two-vortex Fetter profile (black dots), the two-

vortex Kerr profile (green stars), the two-vortex Berlo! profile (blue crosses), any

of the three previous conditions di!used through equation (2.68) keeping the phase

contours fixed (red stars).
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Figura 5.4: The two antiparallel vortices are initially placed at x = 0, y = ±d0/2 at

spacing d0 = 3. The location of the vortex centers is observed in time. In the image

on the left the time evolution of the y coordinate of the vortex initially located

at (0, 1.5), is shown; in the image on the right of the x coordinate. The di!erent

symbols correspond to the initial conditions: the two-vortex Fetter profile (blue

crosses), the two-vortex Kerr profile (green stars), the profile di!used through the

DGP equation (red stars), the profile di!used through the Di!usion Schrödinger

equation (2.69) (dotted-dash line). The velocity of propagation of the vortex dipole

U = x/t ranges between U + 0.4 for the Kerr double vortex profile, to U + 0.5 for

the linearly di!used profile.
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Figura 5.5: Position in the x $ y plane of the coordinates of the vortex centers

as time proceeds. Here we compare the case when the initial profiles are obtained

multiplying the Kerr approximant (red dots), the Berlo! approximant (black dots),

the Fetter approximant (blue dots), and the relaxed two-vortex profile (green dots).
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Figura 5.6: Annihilation process through the GP equation for d0 = 1. a) Distri-

bution of |"|2 at t = 0.25. b) Distribution of the phase at t = 0.25, contours

plotted every multiple of "/20. c) Density distribution at a later stage t = 2, when

annihilation occurred earlier as revealed by the fact that the minimum density is

higher than zero. d) Phase distribution at the same later stage, the phase now lies

in the interval $0.3 " ) " 0.8 and is plotted every multiple of "/20.
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Figura 5.7: Annihilation process through the GP equation, a) shows the initial

density profile, b) shows the density profile after annihilation, the acoustic waves

are visible in this representation, c) represents the initial phase contours while d)

shows the phase contours after annihilation.
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In the 2D computational domain of size Lx = Ly = 50 the enforced phase is

given by the sum of the phases of the two vortices, which corresponds to the phase

obtained multiplying the two wave functions

) = )1 + )2 = arctan

+
y $ a

x

,
$ arctan

+
y + a

x

,
, (5.2)

where

$25 # x # 25 , $ 25 # y # 25, (5.3)

and a = d0/2 sets the location of the vortex cores.

In the split-step spectral method each time increment #t is split in two steps,

one integrates the nonlinear term in the cartesian frame of reference, the other

integrates the linear term in spectral space (see Chapter 3). The desired phase )0

is imposed by redefining after each step a wave function "enforced phase given by

the modulus of the wave function just calculated (|"|) times the exponential of )0:

"enforced phase = |"|ei&0 .

By performing the calculations for di!erent initial separation distances, it is

observed that when the di!used wave function for a vortex dipole characterized

by the phase distribution of Figure 5.2 (c) is evolved in time, annihilation occurs

provided d0 " 3. If instead, the initial separation distance is d0 $ 4 the vortex

dipole propagates as a solitary wave. It transpires, however, that this is deeply

connected with the specific choice of the initial conditions as will be clearer later.

If the di!used wave function for a vortex dipole is imposed as an initial condition

for the GP equation, the annihilation mechanism proceeds at a markedly di!erent

rate than when the initial condition is obtained by multiplying the two profiles.

In Figure 5.3 the evolution in time of the minimum density value is shown for

four di!erent profiles and d0 = 2.5. Evidently the di!used profiles commence

annihilating sooner and proceed more rapidly than is the case for the other three

profile. This might be rationalized by noting that the nondi!used profiles posses
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an excess of energy that needs to be radiated away from the cores before the

annihilation itself can get underway. In confirmation of this interpretation the Kerr

profile is the one which initially commences the annihilation process most slowly,

followed in order by the Fetter, Berlo! and di!used profiles. The trajectories of

the vortex centers before annihilation are also closely connected with the choice of

the initial condition as shown in Figure 5.4 and 5.5 for the case d0 = 3. For these

simulations the maximum percentage variation of the total energy #E % is of the

order of 0.3%.

The dipole annihilation mechanism can be generally thought to proceed in two

stages: (i) the two vortices translate and move towards one another while the

phase reduces its variation range everywhere except close to the vortices [Figure

5.6 (a) and (b)]; (ii) the cores merge together, the minimum density increases and

annihilation occurs while this structure continues to move forward while radiating

acoustic waves as is illustrated in Figure 5.7 (b) and (d). This description is

consistent with the conclusions of Ogawa et al. [45].

5.2 Dependence on the initial separation distance

d0

Varying the initial separation distance d0, the time at which annihilation is com-

pleted, to be called the annihilation time tan, varies as shown in Figure 5.8 (a).

Once annihilation has been achieved the minimum value of the density |"|2 seems

to reach a plateau as seen in Figure 5.8 (b), which again depends on the initial

separation distance and may be connected with the missing mass
/
A(1$ |"|2)dA,

due to the presence of the vortices. The behavior observed in Figure 5.8 (b) can

be collapsed on to a single curve as shown in Figure 5.8 (c), by scaling the time
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Figura 5.8: a) The onset-time tan as a function of d0, the interpolant in the form

tan = bd20 which minimizes the sum of the lest squares has b = 0.510791, where b

is dimensionless as tan and d20 since the GP equation is numerically integrated in

the dimensionless form (2.33). b) Minimum density |"|2min as a function of time t

for di!erent initial separation distances d0. c) By dividing |"|min by |"0|2 and t by

tan, the data in b) collapse on a single curve. d) The characteristic density |"0|2,

as a function of the separation distance d0.
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by tan, and the density by a characteristic density |"0|2, as reported in Figure 5.8

(d).

5.3 Sensitivity to initial phase configurations.

We have also verified that the vortex dipole dynamics depends on the initial phase

profile or configuration. A hint in this respect is given by analyzing the linearized

GP equation which, in fact, is simply the time-dependent one-particle Schroödinger

(OPS) equation. In using this approach we follow Nazarenko and West [42]. By

applying a phase shift " = $eit/2 and neglecting the nonlinear term, the GP

equation reduces to the OPS equation which we will write in terms of $(x, t)

2i
+$

+t
+'2$ =0 . (5.4)

A single vortex located at the center of the domain can be expressed in a general

form by

"0 =
rei&

P(r)
=

x+ iy

P(r)
(5.5)

where P(r) is any appropriate polynomial that allows for the correct asymptotic

behavior of f(r) as r ! 0 and r ! ". For the sake of illustration and to simplify

the calculations we take P = 1. If two vortex wave functions, vanishing respectively

at (x = 0, y = $a) and (x = 0, y = a), are multiplied, the initial condition is

"0 = [x+ i(y + a)][x$ i(y $ a)] = x2 + y2 $ a2 + 2iax, (5.6)

where, indeed, the imaginary and real parts of "0 are simultaneously zero at (x =

±a, y = 0): see Figure 5.9 (a). We find a solution $ whose real and imaginary

part are given respectively by

Re($) = x2 + y2 $ a2 (5.7)
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Figura 5.9: Configuration of the zeros of the real part (blue lines) and of the ima-

ginary part (brown lines). The vortices are located at the intersection between the

two. Figures a) and c) represent two di!erent initial topologies. Figures b) shows

the evolution at a later time t=6 of a), the zeros of the real part are not present,

indicating that annihilation has occurred. Figure d) represents the evolution at

time t=6 of c), here two new vortices nucleated as shown by the four intersections

between the brown and blue curves.
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Figura 5.10: a) Phase distribution of the Berlo! approximant for U=0.4; b) Phase

distribution at t=20 for an initial condition characterized by d0 = 4.
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Figura 5.11: a) Phase distribution obtained through the GP equation at t=15

for an initial condition obtained by partially di!using a functional form given by

equation (5.9) b) Position of the centers of the two vortices for the same simulation,

the vortices are initially located at (23.7 25) (26.3 25).
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Im($) = 2ax+ 2t

which both vanish when

x = $t/a and y1,2 = ±
!
a2 $ t2/a2, (5.8)

the real part does not depend on time because the Laplacian vanishes, hence the

vortex cores move linearly with time in the direction of negative x along the circle

which coincides with Re("0) = 0 1. If a di!erent topology is used, for example the

one illustrated in Figure 5.9 (c), corresponding to

"0 = (x2 $ a2)$ iy (5.9)

the solution $ is given by

$ = x2 $ a2 + i(t$ y) (5.10)

the time evolution of the vortex core with the OPS equation becomes

x1,2 = ±a and y = t, (5.11)

that is the vortex cores move linearly in time along the zeros of the real part. This

demonstrates that for the linearized GP equation the initial topology is relevant.

At this point it is worth stressing that even if the multiplication of the wave

functions, which implies the sum of the phases as in equation (5.2), is a more natural

way to set the initial conditions, it is not the only one. There are many possible

configurations that satisfy the fact that the phase change around the vortex core

must be 2". Similar considerations apply to more complicated phase configurations
1If we equate the first derivative of |"|2 given by (5.7) to zero, there are two possible solutions,

one is given by (5.8) and corresponds to zero density points, the second one is given by x3 +

a2x + 2at = 0 (which can be solved with Cardano’s formula) and y = 0 and corresponds to the

location of the minimum density point after annihilation.
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in three dimensions, such vortex rings or vortices approaching each other. We

also note that the phase distributions entailed in the approximate solitary wave

solutions proposed by Berlo! are di!erent than those shown in Figure 5.2 (c).

Interestingly, when for d0 = 4 the di!used initial condition is evolved through the

GP equation, it behaves as a solitary wave and its phase distribution, which is

initially as in Figure 5.2 (c), relaxes to the configuration of Figure 5.10 (a), as

shown in Figure 5.10 (b). If the initial condition for d0 = 4 is di!used through the

Di!usion Schrödinger equation, which further depletes the profile between the two

vortices, the annihilation of the vortex dipole is observed.

In general, functional forms that satisfy the Laplacian equation are good candi-

dates to be fixed points for the GP equation. In two dimensions a functional form

which satisfy the Laplacian is given by

"0 = x2 $ y2 $ a2 + 2iax (5.12)

which correspond to the multiplication of two co-rotating vortices. Similarly, one

can think to functional forms that are good candidates to satisfy the linearized GP

equation written in a moving frame of reference:

2iU
+"

+y
= '2" (5.13)

where U is the propagation velocity and is constant. A candidate in this case is

"0 = (Ux2 $ a2)$ iy (5.14)

which is a more general form for (5.9). Notice that U = 1 is higher than the

speed of sound. Imposing U=0.4, and letting the phase and the profile di!use for

a relatively short amount of time, we find a configuration that when evolved with

the GP equation behaves as a solitary wave. In Figure 5.11 we report the phase

distribution and the trajectory of the centers relative to this case.
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Vortex reconnection calculations

As explained in Chapter 1, vortex reconnection occurs when two non-parallel vor-

tices moving in a fluid, meet, intersect and then rejoin exchanging tails. The re-

connection of quantized vortices in superfluid helium was conjectured theoretically

by Feynman in 1955 [20], but observed experimentally, only recently, by Bewley et

al. [9]. While, on the one hand, the nature of reconnection is essentially quantum

mechanical, involving the vortex cores of atomic dimensions (% 10!10 m), on the

other hand the mechanism is thought to have an important influence on the large

scale dynamics of quantum turbulence. In fact, it is through reconnection that

a tangle of quantum vortices can change topology, evolve in time, and eventually

decay.

Another confirmation of the important role played by vortex reconnection on

larger scales comes from the experimental analysis of Paoletti et al. [52]. They

suggested that the long, slowly decaying tail of the velocity statistics observed in

superfluid turbulence arises primarily from the character of quantal reconnection.

This 1/v3 tail, in fact, distinguishes quantum turbulence from classical turbulence

( see Figure 1.8).

109
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A fuller understanding of vortex reconnection through theoretical and numeri-

cal studies is at this point desirable and justified in order to address the numerous

questions that arise in the context described above. The basic model we consider is

the Gross-Pitaevskii (GP) equation [24, 54] described in Chapter 2. This equation

allows detailed predictions of the reconnection events as first demonstrated by Ko-

plik and Levine [36]. More recently, further studies have been performed using this

equation, to characterize single reconnection events [45, 61, 37], or to investigate

quantum turbulence statistics and decay [44, 70, 29, 67].

A possible way to characterize the reconnection dynamics is to find a rela-

tionship describing the behavior of the minimum separation distance #(t) in time

(Figure 1.3). Bewley et al. [9] used a dimensional argument to propose that the

minimum separation distance #(t) between two reconnecting quantized vortices can

be expressed by

#(t) = A
!
!|t$ t0|, (6.1)

where t0 may be identified as the reconnection time, ! is the quantum of circulation,

! = h/m and A is a dimensionless factor. The same scaling is also reported by de

Waele and Aarts [15], who used the vortex filament model, and by Nazarenko and

West [42], who analyzed the linearized GP equation.

This relation characterizes both the pre-reconnection and post-reconnection

dynamics, therefore in general terms we will distinguish between a pre-reconnection

factor A! (t < t0) and a post-reconnection factor A+ (t > t0).

Paoletti et al. [52] found that a better fitting to their experimental data was

given by

#(t) = A[!(t$ t0)]
1/2[1 + c(t$ t0)], (6.2)

where c is a correction factor. From statistics of very large data sets they discove-

red that the parameter A has a distribution peaked close to A = 1.25, while the c
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distribution is peaked at c = 0. The statistical distribution of the A and c parame-

ters is practically the same for the pre-reconnection and post-reconnection events

(Figure 1.7) [52]. This does not imply, however, that individual reconnections

retain the same symmetry.

We are interested in addressing this question, first by considering the lineari-

zed equation, then by modeling vortex reconnection through the Gross-Pitaevskii

(GP) equation. The results of our analysis are reported in Section 6.1. According

to this analysis, it becomes clear that reconnection occurs locally on a specific and

well defined plane. In Section 6.2 we try to identify this plane and to characterize

reconnection on it. Finally, in Section 6.3 we present some novel three-dimensional

fixed points [41] for the Gross-Pitaevskii model, which we call “reconnection fixed

points”, because they are made up of merging vortices combined in regular geo-

metries. However, it seems likely that these fixed points are di"cult to observe in

nature because they involve many vortices meeting at a point, and because they

turn out to be exponentially unstable as demonstrated in §6.3.1.

6.1 The A$ and A+ dimensionless factor.

6.1.1 Linear analysis

We proceed first considering the linearized GP equation as in Nazarenko and West

[42]. An initial condition consisting of two straight intersecting vortices lying on

the (x, y) plane at an angle % = arctan(
!

b/c) is given by [42]

"0(x, y, z, t0) = z + i(az + bx2 $ cy2), (6.3)

and is schematically represented in Figure 6.1.
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Figura 6.1: Schematic representation of the ‘linearized’ reconnection [42]. The

initial condition is represented by the red vortices, the pre-reconnection by the

green hyperbolae and the post-reconnection by the blue hyperbolae.



6.1. THE A! AND A+ DIMENSIONLESS FACTOR. 113

For small t, the linearized solution is

$ = z $ (b$ c)(t$ t0) + i(az + bx2 $ cy2). (6.4)

The two vortex cores are therefore located at [z(t), x±(t), y±(t)], where

z = (b$ c)(t$ t0), (6.5)

and is the same for both vortices, while x± and y± are given by solutions to

cy2

a(b$ c)(t$ t0)
$ bx2

a(b$ c)(t$ t0)
= 1. (6.6)

Therefore, when t .= t0 the vortex cores represent a hyperbolae in the x-y plane

whose distance from the origin grows with |t $ t0|. More precisely, when t < t0

(pre-reconnection), and b < c, (green curves in Figure 6.1) the minimum separation

distance between the two vortices is given by

#!(t) = 2

4
a|b$ c|

c

!
|t$ t0|, (6.7)

so that

A! = 2

4
a|b$ c|

c
, (6.8)

while when t > t0 and b < c (blue curves in Figure 6.1)

#+(t) = 2

4
a|b$ c|

b

!
(t$ t0), (6.9)

leading to

A+ = 2

4
a|b$ c|

b
. (6.10)

Therefore, when c > b
A+

A! =

4
c

b
> 1. (6.11)

However, if b > c then one finds,

A+

A! =

4
b

c
> 1. (6.12)
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The ratio between A+/A! in the linearized equation is therefore determined by

the geometry of the initial configuration, and in particular, by the angle 2% between

the vorticies as they touch in the (x, y) plane, which defines a one parameter family

of solutions on %. This is a first indication that reconnection is not universal. Notice

that when c = b the time dependence in (6.4) disappears, and a fixed point solution

is found as will be described in Section 6.3. We observe that here the ratio A+/A!

is always grater than unity, however by reversing the signs in front of x and y the

opposite is true.

6.1.2 Analysis of numerical results

The validity of the linear analysis just described, is restricted to small times and

small values of the wave function; in other words, the linearized solution is reliable

only close to reconnection. In addition, the functional form (6.3) is not normalized

and is a specific one. We are here interested in investigating how the prediction

obtained through the linear analysis relates to the full nonlinear behavior. To

address this question we measure the A! and A+ dimensionless factors for three

sets of initial conditions, namely, cases a, b, and c.

Case a corresponds to the easiest geometry we can think of, represented by a

straight vortex lying on a plane z = Lz/2, along the diagonal in the (x, y) plane:

see Figure 6.2. Given the antiperiodic boundary conditions, this geometry implies

four half vortices intersecting at the corner (0,0) and analogously, four half vortices

intersecting at the corner (Lx,Ly), as depicted in Figure 6.2.

The second geometry we study, case b, is represented by two straight vortices

located at a right angle and lying, respectively, in the planes z = Lz/2 and y =

Ly/2. The vortices are initially located #0 units apart, along the x axis: see Figure

6.3.
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Figura 6.2: Schematic representation of the initial condition corresponding to case

a. The red vortex lies in the computational box. The three black vortices are the

images merging at the corner (0,0). Similarly, other three images merge at the

corner (Lx, Ly) and are not displayed here. The angle % is varied modifying the

ratio between Ly/Lx.

Figura 6.3: Initial condition corresponding to case b. Here we plot the density

isosurfaces at |"|2 = 0.05
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Figura 6.4: Initial conditions corresponding to case c. The density isosurfaces at

|"|2 = 0.05 are plotted, the blue isosurfaces intersect at an angle % = 90%, the red

isosurfaces at % = 60%, the green isosurfaces at % = 30%.
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Finally, we consider two antiparallel vortices lying on two di!erent z planes,

which locally intersect at the center of the box with angles of 30, 60, and 90 degrees,

and whose cores trace a cosine curve as shown in Figure 6.4. The cosine shape is

chosen because the vortex must impinge the wall perpendicularly, to guarantee well

posed boundary conditions. The intersection angle is varied varying the amplitude

of the cosine; more precisely, the displacement, xdispl, along the x axis of the vortex

core with respect to x = Lx/2 is given by

xdispl = Ly/" tan(%/2) cos("y/Ly), (6.13)

which was derived from

d cos(y"/Ly)

dy
= $ "

Ly
sin

+
y"

Ly

,
.

The initial distance between the two vortices is set along the z axis.
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6.1.3 Case a: straight diagonal vortex

Figura 6.5: Isosurfaces at |"|2 = 0.05 and time t = 15, showing the time evolution

through the GP equation of the vortex and the three images schematically repre-

sented in Figure 6.2. In (a), (b) and (c) the x-y, x-z, y-z views are respectively

displayed for |x| ! Lx/2, |y| ! Ly/2 and 0 ! z ! Lz.

By solving numerically the GP equation for the initial condition sketched in

Figure 6.2, one realizes a first important di!erence from the linear description;

namely, the vortices do not retract from reconnection translating on a plane z &

|t$ t0|. Rather only a portion of them close to reconnection moves significantly, as
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clearly seen in Figure 6.5 (b). The motion of the vortices is induced only locally

because, as one travels radially outward from the mid-point of a reconnection

configuration, the influence of the vorticity of the half-vortices on one another

decays rapidly with their pointwise separation. As a result, the initial tendency

to all move out of the reconnection plane, yields a bulge away from the plane for

each half-vortex, while far from the reconnection vicinity, the vortices do not move

noticeably.

A second important fact is that, no matter whether the phenomenon is observed

forward or backward in time, the vortices tend to draw away joining the nearest

neighbor with which they form an acute angle. This is because the bending vortex

parts closest to the center, are mainly advected towards the closest half-vortex

neighbor. Thus, the breaking of the fourfold connection must ‘in general’ yield

separating vortex pairs making hyperbolas with angles less than 90 degree. In

other words, the reconnection configuration is always more unstable to fall into

acute hyperbolic disconnection and more rapid withdrawal.

A MATLAB script was written to track the position of the vortex center in time.

In this specific case we are simply interested in knowing the position of the vortex

core on the plane y = 0. This is obtained by averaging the x and z coordinates of

the isosurface plotted for |"|2 = 0.006 on y = 0, yielding the coordinates xcenter and

zcenter. Given the linear analysis, we expect z $ Lz/2 to grow linearly with time,

and the minimum separation distance #(t) = 2xcenter to grow as the square root of

t. The behavior of z$Lz/2 with time is reported in Figure 6.6 for four calculations

corresponding to di!erent aspect ratios of the rectangular domain:
!
b/c = 2/3,

!
b/c = 1/2,

!
b/c = 1/3,

!
b/c = 1/4. The trajectory clearly di!ers from a

roughly linear behavior after t = 25; but this irregular path is probably due to the

interaction with the corresponding images above. When #(t)2 = 4x2
center is plotted

versus time, a linear range is observed for a limited time interval; but in general
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Calculation BLGP BGP
!

b/c = 2/3 0.55 0.12
!

b/c = 1/2 0.75 0.17
!

b/c = 1/3 0.89 0.22
!

b/c = 1/4 0.94 0.25

Tabella 6.1: Comparison between the coe"cient B predicted by the linear analysis:

BLGP , and obtained through the GP calculations: BGP .

the trajectory is quite irregular. More precisely, the behavior is pretty linear up to

#(t) " 10, therefore only after that value the finite box size does matter.

As noted in equation (6.5) above, according to the linear analysis, we expect

z $ Lz/2 to grow linearly in time as z $ Lz/2 = B(t $ t0). In Table 6.1 we

compare the coe"cient B predicted by the linear analysis, BLGP = (b $ c), with

the coe"cient B obtained from the integration of the GP equation, BGP . More

precisely, BGP has been calculated fitting the data reported in Figure 6.6, in the

range 0 < t < 20, with the form z $ Lz/2 = BGP (t $ t0) that minimizes the sum

of the square di!erences between the data and the fitting.

Analogously, in Table 6.2, the di!erence between the A+ coe"cient predicted by

the linear analysis, namely, A+
LGP , equation (6.10), and the A coe"cient obtained

from the data shown in Figure 6.7, fitted in the range 0 < t < 10, AGP , is reported.

Also AGP has been calculated performing a fitting with the form # = AGP

!
|t$ t0|,

and minimizing the sum of the square di!erences. Observe that both BGP and AGP

increase as the angle % decreases as predicted by the linear analysis. In Table 6.3

the total energy conservation accuracy for the GP calculations here described is

reported.
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Figura 6.6: Behavior of z $ Lz/2 with time for
!
b/c = 2/3 (blue dots), 1/2 (red

dots), 1/3 (magenta dots), 1/4 (black dots).

Calculation A+
LGP AGP

!
b/c = 2/3 2.24 1.60

!
b/c = 1/2 3.46 2.02

!
b/c = 1/3 5.66 2.92

!
b/c = 1/4 7.76 3.60

Tabella 6.2: Comparison between the coe"cient A predicted by the linear analysis

A+
LGP , and obtained through the GP calculations AGP .
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Figura 6.7: Behavior of #(t)2 = 4x2
center with time for

!
b/c = 2/3 (blue dots), 1/2

(red dots), 1/3 (magenta dots), 1/4 (black dots).

Calculation tfin max!E %
!

b/c = 2/3 40 0.24
!

b/c = 1/2 40 0.22
!

b/c = 1/3 45 0.50
!

b/c = 1/4 60 0.42

Tabella 6.3: Maximum percentage variation of the total energy for the four

calculations reported in this section performed for tfin time units.
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6.1.4 Case b: two straight vortices at a right angle

For the initial condition shown in Figure 6.3 we have considered four di!erent

cases with an initial separation distance of #0 = 2, 3, 4, 5. All the simulations have

been run for 0 ! t ! 40, this does not allow one to see post-reconnection for the

case #0 = 5. The domain has size Lx = Ly = Lz = 16" and the grid spacing is

#x = #y = #z = 16"/255 % 0.2.

Reconnection is captured by the isosurfaces plotted in Figures 6.8 - 6.10. Ob-

serve that the initial symmetry is retained as the time evolves, the x-y and x-z

view being the same. However there is a lot of systematic twisting and turning

which will be analyzed more closely below.

The minimum separation distance is calculated through the algorithm presented

in Section 3.6 and is reported, for the case #0 = 4, in Figure 6.11. Observe that the

pre and post reconnection di!er considerably. In particular the pre-reconnection

is slower, and initially displays a “wavy” behavior before falling into reconnection.

This typically occurs if the initial separation distance is not too small, it is an e!ect

of the long range interaction, and corresponds to the vortices reshaping themselves

and rotating at the point of closest approach so that they can reconnect in the

planar geometry illustrated in Figure 6.2.

From the linear analysis and the dimensional argument presented by Bewley

et al. [9], the pre-reconnection and post-reconnection are expected to behave as

the square root of time: see Figure 6.12 - 6.13. However, as illustrated in Figures

6.14 - 6.15, a better fitting, even if not justified theoretically, has been found

using the form #(t) & |t $ t0|1/3 for pre-reconnection, and #(t) & |t $ t0|2/3 for

post-reconnection.

In Table 6.4 the accuracy of the conservation of the total energy for these

calculations is reported.



124 CAPITOLO 6. VORTEX RECONNECTION CALCULATIONS

In Figure 6.16 the behavior of the kinetic energy over the total energy is plotted

versus time. The variation is small, within the 3 %, indicating that reconnection

does not strongly a!ect the repartition of the total energy between the kinetic and

potential or internal components. However, small di!erences, which distinguish

the four cases, are seen.

Figura 6.8: Reconnection at time t = 20.5 for two vortices initially located at

#0 = 4, x$ y view. Isosurfaces plotted at |"|2 = 0.05.
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Figura 6.9: Reconnection at time t = 20.5 for two vortices initially located at

#0 = 4, x$ z view. Isosurfaces plotted at |"|2 = 0.05.

Calculation tfin max!E %

#0 = 2 40 0.06

#0 = 3 40 0.06

#0 = 4 40 0.05

#0 = 5 40 0.03

Tabella 6.4: Maximum percentage variation of the total energy for the four

calculations reported in this section performed for tfin time units.
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Figura 6.10: Reconnection at time t = 20.5 for two vortices initially located at

#0 = 4, view on the y $ z plane. Isosurfaces plotted at |"|2 = 0.05.
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Figura 6.11: Minimum separation distance squared, calculated with the algorithm

described in Section 3.6 for two vortices initially located at #0 = 4. It is not possi-

ble to exactly locate the moment of reconnection due to the finite grid resolution,

however looking more closely at reconnection, as done in Section 6.2, the uncer-

tainty can be reduced from 20 < t < 22.5 to 21 < t < 22. The minimum separation

distance is exactly zero for 20 < t < 22.5 because, as explained in Section 3.6, the

algorithm identifies the vortex cores with isosurfaces plotted for very small values

of the density |"|2, such isosurfaces occur to be reconnected in that time interval.
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Figura 6.12: Pre-reconnection for two vortices initially located at #0 = 2 (blue

dots), 3 (magenta dots), 4 (red dots), 5 (black dots).

Figura 6.13: Post-reconnection for two vortices initially located at #0 = 2 (blue

dots), 3 (magenta dots), 4 (red dots).



6.1. THE A! AND A+ DIMENSIONLESS FACTOR. 129

Figura 6.14: Observed better pre-reconnection scaling with a cubic power for two

vortices initially located at #0 = 2 (blue dots), 3 (magenta dots), 4 (red dots), 5

(black dots).
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Figura 6.15: E!ective post-reconnection scaling observed with a 3/2 power for two

vortices initially located at #0 = 2 (blue dots), 3 (magenta dots), 4 (red dots).

Figura 6.16: Kinetic energy relative to the total energy plotted versus time for

#0 = 2 (blue line), #0 = 3 (red line), #0 = 4 (black line), #0 = 5 magenta line.
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6.1.5 Case c: two vortices crossing at 30, 60, and 90 degrees

The reconnection of the vortices is captured by the isosurfaces plotted in Figures

6.17 - 6.19. The pre- and post-reconnection minimum separation distance squared

is plotted versus time in Figures 6.20 - 6.21. The degree of conservation of the

total energy is reported in Table 6.5.

In Figure 6.22 the behavior in time of the kinetic, internal and quantum com-

ponent of the total energy is plotted for four di!erent cases. Calculations with

the same initial geometry, and a di!erent initial separation distance display small

dissimilarities, while, when the initial geometry varies, di!erences are noticed. For

this reason only case b with #0 = 2 is plotted, cases #0 = 3-5 looking very similar,

the same strong similarity is seen for cases c, #0 = 2, % = 90 and #0 = 4, % = 90.

Overall we may conclude, first, that the quantal energy remains essentially

constant throughout the reconnection process while the kinetic component drops

between 2 to 5 % while the internal energy rises accordingly.

In Table 6.6 it is reported, for all the b and c cases, the time interval in which

reconnection occurs compared with the value of the total energy for each case.

Observe that given the same initial separation distance reconnection occurs later

if the energy is higher. The c configurations are characterized by a higher energy

than the corresponding b configurations. This Table makes also clear that the

dynamics toward reconnection of vortices with smaller crossing angles (% = 30 vs

% = 90) is slower and the energy associated to them is higher.
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Figura 6.17: Vortex isosurfaces plotted at |"|2 = 0.05 and capturing reconnection

close to t = 9.5, for two vortices with a 60 degree initial crossing angle and #0 = 2,

y $ z view.

Calculation tfin max!E %

#0 = 2, % = 30 40 0.07

#0 = 2, % = 60 40 0.05

#0 = 2, % = 90 40 0.07

#0 = 4, % = 90 40 0.07

Tabella 6.5: Maximum percentage variation of the total energy for the four

calculations reported in this section performed for tfin time units.
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Figura 6.18: Vortex isosurfaces plotted at |"|2 = 0.05 and capturing reconnection

close to t = 9.5, for two vortices with a 60 degree initial crossing angle and #0 = 2,

x$ y view.
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Figura 6.19: Vortex isosurfaces plotted at |"|2 = 0.05 and capturing reconnection

close to t = 9.5, for two vortices with a 60 degree initial crossing angle and #0 = 2,

x$ z view.
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Figura 6.20: Behavior of #2 versus time before reconnection (t0 being the estimated

reconnection time), for two vortices meeting at an initial angle % = 90 and #0 = 4

(red dots), % = 90 and #0 = 2 (black dots), % = 60 and #0 = 2 (blue dots), % = 30

and #0 = 4 (magenta dots).
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Figura 6.21: Behavior of #2 versus time after reconnection (t0 being the estimated

reconnection time), for two vortices meeting at an initial angle % = 90 and #0 = 4

(red dots), % = 90 and #0 = 2 (black dots), % = 60 and #0 = 2 (blue dots).



6.1. THE A! AND A+ DIMENSIONLESS FACTOR. 137

Figura 6.22: Kinetic energy EK , internal energy EI , and quantum energy EQ

relative to the total energy plotted versus time, for case b, #0 = 2 (blue), case c,

#0 = 2 and % = 90 (black), #0 = 2 and % = 60 (red), #0 = 2 and % = 30 (magenta).

Calculation t0 E

#0 = 2, case b [2-3.5] 0.009655

#0 = 3, case b [8-10] 0.009682

#0 = 4, case b [20-22.5] 0.009700

#0 = 5, case b [38.5-40] 0.009712

#0 = 2, % = 30 [20-40] 0.012932

#0 = 2, % = 60 [7.5-11.5] 0.0121715

#0 = 2, % = 90 [3-6] 0.011861

#0 = 4, % = 90 [24-25.5] 0.0118811

Tabella 6.6: Time interval in which reconnection occurs for simulations correspon-

ding to cases b and c, and the average of the total energy per unit volume for the

same cases.
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6.2 Dynamics on the reconnection plane

Now we address the reconnection dynamics with respect to the plane where we

expect it to occur locally according to the linear analysis reported in §6.1.1. We

may call this plane the “Nazarenko” plane. We consider, in particular, case b of two

straight vortices at right angles described in §6.1.4. Given this initial condition,

the plane on which we conclude the vortices intersect is, for symmetry reasons, the

one indicated in Figure 6.23 (a) and (b). However, the plane where reconnection

occurs, according to the picture given by Nazarenko and West, is perpendicular

to the “intersection plane” as shown in Figure 6.23 (c) and (d). Here the vortex

core is visualized plotting the coordinates for which the density is lower than the

threshold |"|2 < 0.003, this is why vortices sometime look discontinuous. The

role of these two planes is reversed on reversing the sign of vorticity. Notice that

the “Nazarenko” plane does not intersect the midpoint of the y - z plane but it is

translated downward.

It is interesting to observe from Figures 6.23 (c) and (d), that the larger is

the initial separation distance #0, the larger is the shift of the “Nazarenko” plane

with respect to the mid point and the lower is the velocity at which it moves. In

particular, when #0 = 2 we find that the reconnection plane in the time range

2 < t < 3.5 moves with a constant velocity v + 0.2787, while when #0 = 4

in the range 20 < t < 23 v + 0.1394. Since, from the linear analysis we have

z = (b$c)(t$t0), this suggests that in the second case the intersection angle is closer

to "/2. Following this line of thought, it appears that if vortices are initially further

apart and so have more space to reshape themselves before reconnecting, they

adjust so as to intersect at an angle closer to "/2, approaching the exponentially

unstable fixed point "4 presented below in Section 6.3. This might also imply that

not much energy is released in vortex reconnection as witnessed by Figures 6.16
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and 6.22.

Figures 6.24 and 6.25 show that the hyperbolic shape discussed by Nazarenko

and West, recall Figure 6.1, is consistent with the full nonlinear solution. The

Figure 6.26 reveals that vortices with larger #0 arrange to locate longer stretches

close to the reconnection plane.

Figura 6.23: (a) vortex cores (in red) at time t = 0, and the “intersection plane” on

which we expect to see reconnection (colored line); (b) similarly to (a) vortex cores,

close to the reconnection time t = 3 and symmetry plane which indeed intersects

reconnection; (c)the “Nazarenko plane” in shown (red) along with the reconnecting

vortex cores (in blue) for #0 = 2 and t = 3; (d) the “Nazarenko plane” (red) and

reconnecting vortex cores (in blue) for #0 = 4 and t = 21.
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Figura 6.24: Reconnection viewed on the “Nazarenko” plane for #0 = 2 and 2 < t <

3.5. Note that the 3D configuration is rotated so that we look at it along an axis

normal to the reconnection plane: first, we rotate the Cartesian axes to view the

x$z plane, secondly we perform a -45 degree rotation along the x axis. The vortex

core for times (a) t = 2, (b) t = 2.5, (c) t = 3, (d) t = 3.5, which is visualized

plotting the coordinates for which the density is lower than |"|2 < 0.003.
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Figura 6.25: Reconnection viewed on the “Nazarenko” plane for #0 = 4 and 20 <

t < 23; (a) t = 20, (b) t = 21, (c) t = 22, (d) t = 23.
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Figura 6.26: Coordinates for which the density is lower than |"|2 < 0.003 on the

reconnection plane for (a) #0 = 2, t = 3, (b) #0 = 4, t = 21, showing that vortices

initially further apart, as in (b), spend more time close to the “Nazarenko plane”.
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6.3 Reconnection fixed points

The characterization and description of the time evolution of dynamical vortex

structures is a potentially complicated subject as illustrated by the results hitherto

reported. On the other hand, it is possible to find fixed points for the GP equation

exploiting the properties of the DGP equation. This matter has not been previously

explored and reported in the literature for the three-dimensional case. Here, some

novel fixed points for the GP equation are presented. 1

As explained in Section 2.4, a stationary solution of the Di!usive Gross-Pitaevskii

equation is simultaneously a fixed point for the Gross-Pitaevskii equation. In this

regard, a first but trivial fixed point, that we will call "0, is given by the solution

|"| = 1, while a second fixed point, namely "1, corresponds to a single straight

vortex, as extensively discussed in Chapter 4. A new fixed point, "4, can be

found by imposing the initial condition described in Figure 6.2 in a cubical domain

(Lx = Ly = Lz) with the vortex lying at z = Lz/2, and by di!using it through

the DGP equation. The solution converges to the fixed point shown in Figure

6.27, which is made up of four half merging vortices, or two merging vortices, each

displaying a 90 degree angle. This is why we refer to this fixed point as a “recon-

nection fixed point”. More precisely, given the periodic boundary conditions, we

are dealing with an infinite network of connected vortices.

An alternative procedure to find "4, has been devised by Meichle [41] using a

4th order Runge-Kutta time integration and 2nd order centered finite-di!erence

for the Laplacian operator in a 3D Cartesian box, with no-flux boundary con-

ditions. “When converging this fixed point in the DGP solver, it was necessary

1The work reported in what follows has been performed in collaboration with David Meichle,

graduate student at the Institute for Research in Electronics and Applied Physics, University of

Maryland, and submitted for publication [41].
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Figura 6.27: Reconnection fixed point "4 displayed in the domain |x|, |y|, |z| < L/2

(with Lx = Ly = Lz = L) using |"|2 = 0.1 isosurfaces. The shape of each

half-vortex extremity is due to the merging with the images.
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Figura 6.28: Higher-order fixed point found numerically [41] after the eight half-

infinite vortex solution represented by equation "8(x, y, z) # yx3 $ xy3 + i(03z) is

di!used. This shows |"|2 = 0.09 isosurfaces.

Figura 6.29: If a single vortex is located in the computational domain along the

diagonal of a cube drawn from coordinates (0, 0, 0) to coordinates (1, 1, 1), the

use of the Cosine Transforms implies the reflection of the vortex according to the

structure sketched here, where the blue and red arrows represent the vorticity sign.

(David Meichle is thanked for this figure.)
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Figura 6.30: Higher-order fixed point found numerically after the three-dimensional

body centered cubic solution given by equation "8BCC(x, y, z) # x2 + y2 $ 2z2 +

i(x2 + z2 $ 2y2) [41] is di!used. This shows |"|2 = 0.1 isosurfaces.
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to numerically enforce all symmetries: Re{"4(x, y, z)} = $Re{"4($x, y, z)} =

Re{"4($x,$y, z)} etc. These points were averaged and reassigned in the com-

putational domain as it evolved, to protect from round-o! or numerical errors”

[41].

Meichle has also confirmed numerically that eight coplanar vortices, meeting at

an angle of "/4 and alternating polarities in an octagonal cylindrical computational

domain, form a fixed point, "8; as illustrated in Figure 6.28.

A further 3D fixed point has been constructed in a body centered cubic geo-

metry: the split-step DGP solver was used with periodic boundary conditions and

starting with a single vortex lying along the diagonal of a cubical domain, that ex-

tended between coordinates (0, 0, 0) and (Lx, Ly, Lz). Because of periodicity, this

initial condition implies the structure schematically shown in Figure 6.29. In this

case it has been necessary to enforce the symmetries of the initial condition at

each time step while this was not necessary when di!using "4 through the split-

step DGP solver. This higher order fixed point "8BCC is shown fully di!used in

Figure 6.30.

It should be noted that: “Because these higher-order fixed points involve many

vortices meeting at a point, they are improbable in real flows of a quantum fluid,

unless constraints are imposed. The fixed points could be of mathematical interest,

and furthermore, they demonstrate the necessity of carefully considering the initial

data and the utility of the DGP technique” [41].
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6.3.1 Stability analysis

Figura 6.31: The "4 fixed point is shown schematically in (a). The configuration

consists of four half vortices meeting co-planar at right angles. Isosurfaces of the

numerical fixed point at |"|2 = 0.09 are shown in (b). As explained in Section

6.3.1, this fixed point is dynamically a saddle that is exponentially unstable with

a positive real eigenvalue &, and disconnects as shown in (c), after a minimal

white-noise perturbation in a time-dependent Gross-Pitaevskii solver [41].

To study the dynamics of reconnection about the "4 fixed point Meichle et al.

[41] have perturbed the final DGP solution with zero-mean white noise of order

10!4 at each grid point in the Gross-Pitaevskii solver, and then have evolved it in

time. This results in disconnection, as shown in Figure 6.31 b and c.

The perturbed initial condition can be expressed as " =" 4 + "", while the

Gross-Pitaevskii equation can be formally written as

+t" = N", (6.14)

where N is a nonlinear operator, which can be expanded about "4 as

N("4 +"") + N("4) +

-
+N

+"

.

#4

"" = N("4) + L#4"
", (6.15)
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Figura 6.32: The unstable eigenvalue & of the fixed point "4 varies with the size

of the computational box L. The inset shows a exponential L2 growth of |"|

during reconnection in the Gross-Pitaevskii solver over four decades after a small

perturbation of the fixed point "4 [41].

L#4 indicating a linear operator evaluated in "4 and applied to "". Hence, equation

(6.14) becomes

+t"
" = L#4"

", (6.16)

the linear operator can be expressed in terms of eigenvalues &i and eigenfunctions

""
i:

+t"
"
i = L#4"

"
i = &i"

"
i, (6.17)

therefore

"(t) = ""
i(0)e

!it +"4. (6.18)

The fixed point turns out to be exponentially unstable in two directions with a

degenerate, positive, real eigenvalue & [41]. The L2 distance from the fixed point

has been computed by calculating

#L2(t) =
1

V

"

V

d3r|"(t)$"4| =
1

V
e!t

"

V

d3r|""(0)|. (6.19)
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Therefore, the L2 distance grows exponentially as #L2(t) & e!t, and is shown on a

log-linear plot in the inset of Figure 6.32. The eigenvalue & is dependent on the

box size L, measured in terms of the dimensionless healing length x = 1, and is

shown in Figure 6.32 [41]. Computational box sizes less than 25 drastically a!ect

the dynamical behavior, and should be avoided [41].
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Conclusions and outlook

This thesis has studied vortex dynamics in superfluid helium through the Gross-

Pitaevskii model, also known as the Nonlinear Schrödinger equation: see Chapter 2.

The Gross-Pitaevskii (GP) equation has been integrated numerically in a periodic

domain using a pseudo-spectral algorithm as explained in Chapter 3.

Initially, the case of a single straight vortex was studied as a basis to perform

vortex dynamics calculations, see Chapter 4. A single straight vortex is a stationary

axisymmetric solution of the Gross-Pitaevskii equation. However, it was discovered

that some approximate vortex profiles proposed in the literature, namely the “Fetter

approximant” and the “Kerr approximant”, contain an excess of energy which under

time development leads to the propagation of compressional waves outwards from

the vortex core. However, these e!ects proved negligible in the case of a particular

Padè approximant proposed by Berlo! [6]. Thus, the Berlo! approximant qualifies

as a good candidate to perform low-energy calculations: a desirable condition,

since the background “thermalization” which arises from less accurate profiles is

an undesired and uncontrolled e!ect; furthermore, it interferes with the precise

quantitative measurements one desires to perform. Moreover, it is expected that

151
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real physical systems, in which energy dissipation (not included in the GP model)

is plausible, will tend to minimize their energy when possible. From this point of

view low-energy initial conditions may be more plausible physically. In addition

a new, more systematic two-point [2/2] Padè approximant, has been proposed

which turns out to be closer to the exact profile than the Berlo! approximant.

Further improvements are possible, but it is questionable as to whether they are

numerically worthwhile. A more deep investigation in this direction may be an

interesting follow up of the work presented in this Chapter. Tasks remain, for

future studies, to characterize the radiation of the excess of energy in terms of the

dominant wave numbers or the dispersion relation which may be compared to the

one derived for the linearized equation.

Chapter 5 has been devoted to the dynamics of a vortex dipole, characterized

by a separation distance d0 between two parallel counter-rotating infinite straight

line vortices. It was demonstrated that such a dipole can either annihilate or

propagate steadily as a solitary wave. The qualitative and quantitative behavior

depends strongly on both the initial vortex profile and the initial phase profile.

Starting from an initial condition obtained through multiplication of two single-

vortex wave functions one typically observes annihilation for an initial separation

distance smaller than three intrinsic units, and a solitary wave behavior for an

initial separation distance larger than four units. When the initial separation

distance is small, a good approximation for the dynamical behavior is given by the

linearized GP equation. The linear term dominates and annihilation is observed, as

predicted by the one-particle Schrödinger equation. If lower energy initial profiles

are used, annihilation occurs faster. The d0 dependence of the solution for low-

energy conditions has been obtained by the Di!usive GP equation.

When the separation distance is larger, the linearized solution is not a valid

approximation, the nonlinear term plays a role, and its interplay with the linear
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term determines the solitary wave behavior: a typical nonlinear phenomenon ob-

served also in the Korteweg-de Vries equation. It is interesting to notice that, in

this case, starting with a rough approximate solitary wave solution the initial con-

dition easily falls as time develops, into the “solitary wave valley” in an idealized

geographical map of the possible solutions; on the other hand, when the initial

separation distance is small, this outcome is rarely observed. However, solitary

wave solutions for small distances, even for the limiting case d0 = 0, exist, and

require precise initial conditions as those proposed by Berlo! in [6].

In general terms, vortices are specified by the intersections of the zeroes of

the real and imaginary parts of the wave functions: “zero lines” or lines at loci

in two-dimensions, “zero planes” or planar manifolds in three-dimensions. There

are many possible topologies, and functional forms associated to them, that al-

low for vortex intersections. Fixed points correspond to well defined topologies,

but for dynamical structures such as a vortex dipole or reconnecting vortices the

choice remains arbitrary and may strongly influence the outcome. One may con-

clude that the previous custom of represent the various topologies merely by the

product of approximate wave functions derived from straight vortices is likely a

serious limitation in developing a valid perspective for exploring the entire solution

landscape.

Looking ahead it may be interesting to investigate more deeply into the e!ects

of using di!erent phase configurations on the annihilation dynamics. On the other

hand it would be of significance to find new solitary wave solutions in two dimen-

sions and to characterize the relationship between the vortex separation d0 and the

velocity of propagation of the vortex dipole U .

Vortex reconnection, a more complicated problem in light of its intrinsically

three-dimensional aspects, is studies in Chapter 6. First, it was shown, following

Nazarenko and West [42], that reconnection occurs locally on a plane. Furthermore,
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it has been demonstrated that, for times close to the reconnection time t0, the

amplitude coe"cients A! and A+ depend on the geometry at reconnection, more

specifically, on the angle % between the merging vortices. Solving numerically

the full GP equation, and starting from reconnected vortices at various crossing

angles, a confirmation was obtained of the behavior predicted by the linearized

equation (§6.1.2 case a). This led to estimates for the A! and A+ amplitudes

for reconnecting vortices initially located at di!erent separation distances with

di!erent crossing angles and vortex core geometries (§6.1.2 case b and c). On the

scale of our simulations, which is intermediate between the scale of the the linear

behavior, where the Nazarenko analysis holds, and the intervortex scale, where the

dimensional arguments should apply, the minimum separation distance #(t) does

not seem to behave accurately as the square root of time. Rather the GP model

indicates that there is an intermediate range, which may not behave as a simple

power-law. This range may not be easy to characterize, since, as the calculations

so far performed indicate, it depends on the initial geometry and is a!ected by the

full nonlinear behavior. The data also highlight that reconnection leads to small

changes in the repartition between the kinetic and internal energy, just of the order

of few percent.

Close to the point of reconnection the plane of reconnection or the “Nazarenko”

plane has, in Section 6.2, been identified for some of the simulations. In addition

a study of the dynamics on the plane has confirmed that, the hyperbolic shape

discussed by Nazarenko and West is consistent with present observations. Likewise

the reconnection behavior depends on the initial separation distance between the

vortices #0; vortices with larger #0 reconnect more slowly and longer sections remain

close to the reconnection plane. This suggests reconnecting angles closer to 90

degrees.

It would be interesting to perform longer simulations in larger domains to better
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characterize the intermediate range where the |t$t0|1/2 power law does not seem to

hold, and to verify whether at a larger scales this power law is really approached.

Once it has been recognized that the reconnection dynamics depends on the

crossing angles between the vortices, it would be interesting to try understand, in

the light of this fact, the distribution of the A parameter found experimentally by

Paoletti et al. [52]. An important issue would also be to clarify if reconnection

leads to the conversion of the so called incompressible classical kinetic energy into

the compressible classical kinetic energy, which is thought to be associated with

phonon radiation from the vortex core. This would provide a mechanism for energy

dissipation in a real system as hypothesized in the literature [70].

Finally, in Section 6.3, a family of reconnection fixed points has been proposed

and a stability analysis for one of them has been reported. It would be interesting,

as a future goal, to extend the stability analysis to the other found fixed points.
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