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Kelvin Rubén Titimbo Chaparro

SUMMARY

Femtosecond pump and probe techniques are standard experimental methodologies
used for studying ultrafast dynamics in solids, in particular phonon oscillations in
target materials. So far, only semiclassical methods have been employed in order to
theoretically interpret the experimental data. In contrast, a fully quantum treatment
will be presented here taking into account the quantum features of the generation
mechanism of excited phonons by pump laser pulses, and of the process of accessing
their behaviour by probe laser pulses. A single effective Hamiltonian will be used to
model the interaction between photons and phonons both for the pumping and probing
processes. In addition, as they interact with their environment, mainly electrons in the
target, the excited phonons cannot be considered an isolated system. Their dynamics
is then that typical of open quantum systems and generated by a master equation of
Lindblad form, that takes into account the dissipative and noisy effects due to the
environment. In this formalism, phonon oscillations can be analysed through suitable
probe photon observables. Specifically, unlike in the existing literature, we will not fo-
cus only upon the scattered probe pulse intensity, namely on the probe photon number,
but also on the number variance. Through the latter some quantum features of the
phonon state can be accessed; in particular, specific signals of the presence of squeezed
phonons can thus be identified.

Keywords: pump and probe techniques, open quantum systems, squeezed phonons,
coherent oscillations
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Introduction

Pump and probe spectroscopy is a very efficient experimental technique for studying
the dynamics of phonon excitations in solids [1–4]. This technique consists in exciting
a crystal target, either opaque or transparent, with a high intensity laser pulse, the
pump; the resulting phononic excitations are studied by means of a second less intense
laser pulse, the probe, that hits the material after a certain delay time ∆t. The pump
excites the phonons initially in an equilibrium state, typically a thermal state at the
target temperature; then the excited phonons evolve in time for the time interval ∆t,
after which they are hit again by the probe pulse. By studying, either the reflected or
transmitted probe photons (depending on whether the material is opaque or transpar-
ent), one may access the properties of the phonon states and their dynamics. Indeed,
the time scale of the latter is of the order of picoseconds, whereas the time differ-
ence ∆t between successive pump and probe pulses is of the order of femtoseconds.
The whole process is repeatedly performed for different time intervals between pump
and probe, thus collecting information on the phonon dynamics by measuring suitable
probe photon observables.

Up to now only the intensity of the reflected or transmitted probe light has been
considered in order to study which effects are produced by the pump pulse [5, 6]; in
particular of great interest is the possible creation of squeezed phonons [7–9]. Squeezing
is a typical non-classical property; squeezed states can achieve lower quantum noise
than the zero-point fluctuations of the vacuum or coherent states. It does then seem
plausible to seek the presence of squeezed phonons by a fully quantum analysis, for
semi-classical treatments can make difficult to put it into evidence [2, 10, 11].

Theoretical studies of squeezed phonons use analogies with the light field to examine
their generation and dynamics. There are two approaches to such an issues: the first
one treats phonons as elements of complex compound objects, polaritons or polarons
[12, 13]; the second one regards phonons as independent excitations, with squeezing
resulting from the interaction of the phonons among themselves or with photons [14–
16].

In the case of coherent phonons, the considerable theoretical work that has been
done in order to explain these phenomena is based on semi-classical descriptions.
Historically, the first was the Impulsive Stimulated Raman Scattering (ISRS) ap-
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proach [17, 18] and then the Displacive Excitation of Coherent Phonons (DECP) ap-
proach [19, 20]. While the former has been successfully applied to explain coherent
phonon generation in liquids and transparent crystals since the early 70’s [18, 21, 22],
the latter was proposed in the early 90’s to explain observations made in certain opaque
materials that could not be described by ISRS [5]. Afterwards, additional experimental
evidences led to a theoretical study from which it come out that DECP is a special
case of ISRS, emphasising the close connection between these mechanisms [23–26].

Both theories are based on the same general equation of motion for phonons, de-
scribing the time dependence of the atomic normal coordinates by means of a driven
harmonic oscillator, where damping is introduced phenomenologically to take into ac-
count the multiple decay mechanisms of the phonons. The main difference is the
underlying mechanism of the driving force. It leads either to an impulsive force, which
can be described by a δ-function if the laser pulse is sufficiently short compared with
the phonon period, or a displacive force like a Heaviside-function via a potential shift in
the excited state. In classical terms, this difference is usually illustrated by the analogy
of a pendulum: while the force associated to the Raman-based excitation scheme is an
analogue of giving a kick to a weight of a pendulum and changing its kinetic energy,
the displacive scheme is analogous to quickly translating the suspension point of the
pendulum and thereby changing its potential energy [27]. This analogy is natural since
vibrational modes of the sample are treated as classical harmonic oscillators; however,
in this approach no quantum features of the constituent objects, phonons and photons,
are taken into account. On the other hand, there is enough evidence supporting the
fact that the phonon excitations in a crystal hit by a pump laser beam may behave in
a non-classical way.

For the problem of generating and detecting squeezed phonons using stimulated
optical excitation, a lot of theoretical [8,15,28,29] and experimental [2,11,30–34] stud-
ies have been done; most of them focused upon identifying quantum signatures in the
phonon field through the study of the time-evolution of the probe photon field as a
function of the time delay between pump and probe pulses. Thus, squeezed phonons
were firstly reported in a transparent material at low temperature [11]. However, in
order to generate squeezing, crystals with no first-order Raman actives modes have
been used; thus, the leading squeezing mechanism becomes the second-order Raman
scattering. This particular condition was achieved by using both properties of the crys-
tal target and proper experimental techniques. As a result, the signature of squeezing
comes from the production of periodic oscillations of atomic fluctuations observed by
measuring the transmittance of the probe photons. The Fourier spectrum of the rela-
tive measured transmittance shows a peak corresponding to a frequency which is twice
the one of the phonon excited mode. Despite the apparently clear signal, this result
was strongly criticized [14] pointing out that the used experimental techniques lacked
in the determination of the reference fluctuation, due to the presence of thermal noise.

More information on the dynamics of the excited phonons can be obtained by look-
ing at additional observables characterizing the scattered/transmitted light, besides
the mean photon number, for instance by looking at the variance of the intensity of
the probe light over many repetitions of the same experiment. This idea was explored
in [2,30]; the experiments were repeated several times and the fluctuation data collected
for each given time delay. These measurements aimed at identifying the presence of
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squeezed phonons via the presence of oscillations in the variance with twice the fre-
quency of the excited phonon mode. This result was also criticized pointing out that
the oscillations in the fluctuations could be attributed to an intrinsically imprecise
phase determination, giving rise to the so-called jittering effects [35]. As a result, no
definite conclusion concerning the presence of squeezed phonons has been achieved by
the experiments so far performed.

On the other hand, the theoretical investigations have focused on the description
of possible mechanisms of generation of squeezed phonons, either through a second-
order Raman scattering [14, 29], or on effective multiphonon interactions [15, 16], or
even multi-pumping processes [36], manly using a semiclassical approach; moreover,
no particular attention to the probing process has been given, essentially assuming
that the scattered/transmitted probe pulse carries direct information about the excited
phonons.

Instead, in the present thesis both generation and detection of the phonons are
studied using a fully quantum formalism through an effective photon-phonon interac-
tion. The basic tool is a unique quantum Hamiltonian able to describe both pump and
probe processes; being linear and bilinear in the photon and phonon operators, this
Hamiltonian accounts for the possible creation of coherent and squeezed phonon in the
pump process, together with the possibility of probe-reading through first- and second-
order Raman scattering mechanism. This flexibility allows a thorough and exhaustive
study of the dynamics of squeezed phonons, as explained in the following summary of
the content of each chapter.

• In Chapter 1, an exposition of the basic quantum mechanical tools needed in the
forthcoming discussions is presented. In particular, the attention will be focused
on the theory of open quantum systems showing how the dynamics of systems
weakly interacting with their surrounding can be described by means of a master
equation in the Lindblad form.

• In Chapter 2, a description of bosonic system is presented, with particular at-
tention to the description of photon and phonon systems. Using the second
quantization formalism, the family of quantum states generated by a Hamilto-
nian which is at most quadratic in creation and annihilation operators will be
discussed: thermal, coherent, and squeezed states are introduced and their phys-
ical properties discussed. The lasers used in pump and probe experiments are
mode-locked, thus producing multimode pulses: collective operators are needed
for their description. On the other hand, by analogy with quantum optics, a
complete discussion of phonon gaussian states is also included.

• In Chapter 3, the properties and dynamics of coherent phonons, as collective
excitations in crystals, are summarized. The main theoretical approaches devel-
oped in order to describe the generation and temporal evolution of the lattice
vibrations will be discussed. In detail, first, the impulsive stimulated Raman
scattering theory and the displacive excitation of coherent phonons theory will
be presented; these are both semiclassical phenomenological theories describing
the time dependence of the atomic normal coordinates. The known theoretical
work regarding the generation and detection mechanisms of squeezed phonons will
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be also treated in detail. These theoretical models are focused on the measure
of quantum fluctuations in the phonon system and their detection through the
application of pump-probe techniques. Fluctuations are related to macroscopic
observables giving rise to specific signatures of squeezing will be also shown.

• In Chapter 4, the pump and probe technique is described in detail. First, a gen-
eral description of all the steps involved in this experimental method is given.
Then, a discussion of the previous experimental results regarding the study of
coherent phonons, and in particular, the generation and detection of squeezed
phonons is provided. Many different signatures of the presence of squeezing in
phonons have been claimed in these experiments, nevertheless, none of them in a
convincing way, being based on a semiclassical treatment. In the second part of
the Chapter, the full quantum description of the pump -probe experiments will
be instead introduced. In particular, a unique phenomenological Hamiltonian for
the photon-phonon interaction describing both pump and probe processes will
be discussed. Once the excited phonons coming out from the pumping processes
are generated, their dynamics will be studied within the open quantum system
theory since they interact with the lattice environment. Two different types of
dissipative environments will be studied: thermal environment and dephasing en-
vironment. Concerning the probing process, two scenarios will be described, one
in which the photon-phonon interaction is dominated by the first-order Raman
scattering, and the other where the second-order Raman scattering is dominant;
they generically correspond to the physical situations encountered in opaque and
transparent materials, respectively. In this way, one has access to higher order
photon correlations, and not only to the mean intensity of the probe light. This
allows to obtain distinctive signals of the presence of squeezing, unavailable in
the so far used approaches.

• Chapter 5 is devoted to the derivation of the phonon dynamics using the open
quantum theory paradigm. Analytical solutions of the corresponding Lindblad
master equation for both thermal and dephasing bath are obtained, and their
properties discussed. As in the literature, phonons are usually treated as free
bosons, one briefly compares the results obtained by considering them in weak
interaction with their surrounding with those of the standard, free evolution.

• In Chapter 6, the quantum formalism developed in the previous chapters is ap-
plied to describe phonon oscillations, as shown in experimental data. This is
done by analysing in detail probe photon observables, specifically the mean num-
ber and the corresponding variance. Various regimes have been explored which
can be associated to the description of both opaque and transparent materials.
Unique signals of the presence of squeezing in the pump excited phonons have
been obtained in opaque materials; while for transparent materials the signature
appears less clear. In particular, for opaque materials the presence of a phase
shift between the temporal behaviour of the mean probe photon number and of
the corresponding variance provides a distinctive feature of squeezing in phonons,
since this phase shift vanishes as soon as the squeezing parameter goes to zero.
This result hold both in presence of a thermal and dephasing environment.

• The last chapter comprises a summary of all the results described in the thesis.
Further, very recent experimental studies are also briefly discussed: they seem to
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confirm the predictions presented in Chapter 6.

• Finally, a general definition of quantum entanglement in bosonic systems consid-
ering the second quantization formalism and the algebra of observables is shown;
as well as some mathematical tools essential for the quantum treatment of the
pump and probe processes and some results on the photon correlations are col-
lected in the Appendices.
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Chapter 1

Open Quantum Systems

Studying the time-evolution of physical systems is the main source of information
about their nature and properties. Classically, the dynamics is usually formulated in
terms of differential equations, i.e. Euler - Lagrange’s equations, Hamilton’s equations,
Liouville equation, etc., which can present very different characteristics depending on
which physical system they correspond to. From the beginning of quantum theory,
physicists have been often trying to adopt methods which were useful in the classical
case to the quantum one; this is how Erwin Schrödinger obtained his quantum evolution
equation in 1926 [37]. The so-called Schrödinger’s equation is indeed a differential
equation for the wave function of a quantum system that can be derived by the analogies
between the Hamilton - Jacobi theory and wave optics. The Schrödinger’s equation
describes the behaviour of an isolated or closed quantum system, that is, by definition,
a system which does not interact with its surrounding. The time-evolution of a closed
quantum system is described by means of a two-parameter group of unitary operators
on a Hilbert space mapping the initial state onto its evolute at a given time t.

Nevertheless, real-world physical quantum systems can hardly be considered iso-
lated. They interact in a non-negligible way with their surrounding, usually called the
environment. The environment is generally viewed as a much larger system, consist-
ing of (infinitely) many degrees of freedom: this kind of systems are referred as open
quantum systems. The quantum dynamics of an open system cannot, in general, be
described in terms of a unitary time-evolution. Its dynamics cannot be formulated in
terms of the Schrödinger equation, rather by means of an appropriate equation of mo-
tion for its density matrix, i.e. in terms of a so-called quantum master equation [38–42].

By a consistent description of open quantum systems, it has been possible to study
the problem of irreversibility and dissipation in quantum dynamics, effects that are
typically due to the interaction of a quantum system with its environment. There are
at least two ways of treating quantitatively the interaction of physical systems with its
environment. One way is to introduce specific stochastic assumptions to simulate this
interaction. The other one is to treat the open systems regarding them as subsystems of
larger systems which are closed, i.e. which obeys the usual laws of dynamics with a well-

7
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defined Hamiltonian. The dissipation arises in general from the subsystem interactions
with a larger system, the reservoir or bath.

In the following, we shall focus on the second mechanism. The main general result
is that under certain conditions the time evolution of a quantum open system can
be described by a dynamical semigroup Φt(t ≥ 0), differently from a closed system
where the evolution operator is not restricted to non-negative times. The importance
of the dynamical semigroup concept is that it generalizes the evolution operator to
open systems, for which there is no proper Liouville operator and no Φt for negative
time.

The literature on the theory of open quantum systems and their applications is
large. We have provided a list of relevant general reviews and monographs, [38–51],
where additional information and discussion can be found.

1.1 Density operator formalism

The density operator formalism was introduced by von Neumann [52]: it embodies
the statistical interpretation of quantum mechanics. Usually, the states of a quantum
system are represented by normalized vectors |φi〉 in a suitable Hilbert space H: they
contain all the information about the statistics of an ensemble E of systems all prepared
in the same state |Φ〉.

A way to represent a more general statistical ensemble associated with a quantum
system consists in considering a number M of ensembles E1, E2, . . . , EM , each of them
described by a normalized vector |ψi〉, i = 1, 2, . . . ,M in the system Hilbert space
H. Taking the systems from each Ei and mixing them with respective weights wi, the
statistics of the above mixture of ensembles is described by the density operator:

ρ =
∑
i

wi |ψi〉 〈ψi| . (1.1)

which is defined as the linear convex combination of projectors |ψi〉 〈ψi| with weight
wi:

0 ≤wi ≤ 1 ,
∑
i

wi = 1 . (1.2)

One can easily verify, from Eq. (1.2) and Eq. (1.1), that ρ is self-adjoint, positive-
semidefinite and normalized

ρ† = ρ , ρ ≥ 0 , Tr [ρ] = 1 . (1.3)

In the definition of the density operator, Eq. (1.1), we did not assume that the
|ψi〉 are orthogonal. However, because of the positivity and normalization of ρ, the
spectral decomposition asserts that ρ has only a countable number of strictly positive
eigenvalues pi > 0, being zero the only possible accumulation point of the spectrum.
Therefore, the spectral decomposition of ρ can be written as

ρ =
∑
i

pi |φi〉 〈φi| , (1.4)
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where the |φi〉 ∈ H form a complete set of orthonormal eigenvectors with the eigenvalues
pi of ρ: ρ |φi〉 = pi |φi〉.

Also, density operators satisfy the following inequality

Tr
[
ρ2
]
≤ Tr [ρ] = 1 ; (1.5)

with the equality holding if and only if ρ = |φ〉 〈φ| for some unit state |φ〉. In such case
ρ is said to be a pure state; otherwise, ρ is said to correspond to a statistical mixture,
and it is called a mixed state. We shall denote by S(S) the convex set of the generic
states (pure and mixed) of a quantum system S.

1.1.1 Measurement processes

Once the states of a physical system S are at disposal, one needs to describe what
are the measurable quantities, or observables, that can be accessed in the experiments.
Observables are represented by linear, self-adjoint operators on the Hilbert space H
of the system; given a state ρ, the mean value 〈X 〉ρ of any observable X = X † is
calculated as follows

〈X 〉ρ ≡ Tr [Xρ] =
∑
i

pi 〈φi| X |φi〉 , (1.6)

where the trace can be computed with respect to the orthonormal basis of eigenvectors
of ρ.

A measurement processes in quantum mechanics describe the way in which the state
of a quantum system changes if a measurement of certain observable is performed on
it. Suppose the observable X has spectral resolution

X =
∑
j

χj |χj〉 〈χj| =
∑
j

χjPj χj ∈ R , (1.7)

where Pj = |χj〉 〈χj| are the eigenprojectors, with the eigenvectors |χj〉 : X |χj〉 =
χj |χj〉. They are such that PiPj = δijPi and

∑
j Pj = I. The corresponding density

operator after the measurement is given by

ρ′ =
∑
j

Pj ρPj .

Note that the above density operator describes the full ensemble after measurement.
The sub-ensemble Ej consisting of those systems for which the measurement outcome
was the particular value χj is described by the density operator

ρ′j =
Pj ρPj

Tr [ρPj]
. (1.8)

and contributes with weight Tr [ρPj] to the whole ensemble. This is the well-know von
Neumann projection postulate1 [52].

1The theory of measurement in quantum mechanics has been formulated in many different ways.
The so-called quantum measurement problem, related to how the wavefunction collapse occurs, has
remained a matter of great controversy. For a summary and discussion we refer the reader to [53].



10 1. Open Quantum Systems

1.1.2 Composite quantum systems

In the theory of open quantum systems the concept of composite quantum systems
is fundamental. The Hilbert space of a composite quantum system is the tensor product
of the Hilbert spaces describing its subsystems. In the bipartite case of two quantum
subsystems S(1) and S(2) with respective Hilbert spaces H(1) and H(2), the Hilbert space
H of the combined system S = S(1) +S(2) is given by the tensor product of the Hilbert
space pertaining to the subsystems: H = H1 ⊗H2.

The density operator ρ of the composite system S is an operator in the state
space S(S): if the subsystems are completely uncorrelated this operator takes the
factorized form ρ = ρ1 ⊗ ρ2, which is the tensor product of the density operator of the
subsystems. However, in general this cannot be true because of the presence of some
correlations [54, 55]; so then, in a more general way, the compound state might be of
the form

ρ =
∑
i

λi ρ
(i)
1 ⊗ ρ(i)

2 , λi ≥ 0,
∑
i

λi = 1 . (1.9)

Then, if the density operator cannot be even written as in Eq. (1.9), we say the state
ρ is entangled [56–60].

If a bipartite state ρ is given and one is only interested in the density operator of the
subsystems, it is convenient to introduce the concept of partial trace, Tri[ · ], over the
Hilbert space Hi. For instance, for a given state ρ, the density operator corresponding
to S(1) and respectively S(2) are

ρ1 = Tr2 [ ρ ] =
∑
i

〈
φ

(2)
i

∣∣ ρ ∣∣ φ(2)
i

〉
, (1.10)

ρ2 = Tr1 [ ρ ] =
∑
j

〈
φ

(1)
j

∣∣ ρ ∣∣ φ(1)
j

〉
, (1.11)

where
{∣∣φ(1)

j

〉}
and

{∣∣φ(2)
i

〉}
are orthonormal basis in H1 and H2, respectively.

Therefore, if we are interested in observables of individual subsystems we use the
reduced density operator ρi. For instance, let us consider the observable X (1) for the
subsystem S(1), its expectation value amounts to〈

X (1)
〉
ρ

= Tr
[(
X (1) ⊗ I(2)

)
ρ
]

=
∑
i,j

〈
φ

(1)
j ⊗ φ(2)

i

∣∣∣ (X (1) ⊗ I(2)
)
ρ
∣∣∣φ(1)
j ⊗ φ(2)

i

〉
=
∑
j

〈
φ

(1)
j

∣∣∣ X (1)
(∑

i

〈
φ

(2)
i

∣∣∣ ρ ∣∣∣φ(2)
i

〉) ∣∣∣ φ(1)
j

〉
= Tr1

[
X (1)ρ1

]
. (1.12)

1.1.3 Entanglement

After John von Neumann had established a consistent mathematical formalism for
the non-relativistic quantum mechanics [52]; Einstein, Podolski, and Rosen [56] and
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Schrödinger [61,62] pointed to a “spooky” feature of quantum systems, that has became
in the core of many research in the XX and XXI century. Such a peculiar quantum
feature corresponds to the fact that for compound systems, quantum mechanics permits
the existence of global states exhibiting statistical correlations that cannot be explained
by classical theory and such that they are in conflict with the notion of Einstein locality.
These properties led Einstein, Podolski, and Rosen to argue that quantum mechanics
could not be a complete description of reality [56], and Schrödinger referred to the
peculiar quantum features as entanglement.

Definition 1.1. Given the state spaces S(S1), S(S2) of two quantum systems S1 and
S2 respectively, within the state-space S(S1 + S2), one distinguishes the convex subset
of separable states of the form

S(S1 + S2) 3 ρS1+S2 =
∑
i,j

λij ρ
(1)
i ⊗ ρ(2)

j , ρ
(1),(2)
i,j ∈ S(S1,2) , (1.13)

where λij ≥ 0 ,
∑

i,j λi,j = 1. All those states that cannot be written as a linear convex

combinations of product states ρ
(1)
i ⊗ ρ(2)

j are called entangled or non-separable.

Hence, quantum entanglement it refers to statistical correlations among sub-systems
of compound quantum systems that forbid the attribution of properties to the individ-
ual parties even if these are far apart from each other. Nevertheless, while quantum
entanglement has a clear formulation in relation to distinguishable-particle systems [63],
the entanglement of identical particles, as bosons are, is still lacking an agreed upon
status [58, 60, 64–66]. A discussion of entanglement in systems of bosons is presented
in Appendix A.

1.2 Closed quantum systems

Standard quantum mechanics mainly deals with closed physical systems, those can
be considered isolated from any external environment. In this case, pure state vectors
|ψ(t)〉 evolves in time according to the Schrödinger equation

i∂t |ψ(t)〉 = H(t) |ψ(t)〉 , (1.14)

where H(t) is a possibly time dependent Hamiltonian of the system, and from now on
we set ~ = 1.

The solution of the Schrödinger equation may be represented in terms of the unitary
operator Ut,to which transform the initial state |ψo〉 at time t = to to the state |ψ(t)〉
at time t

|ψ(t)〉 = Ut,to |ψo〉 , (1.15)

being

Ut,to = T exp

[
−i
∫ t

to

dsH(s)

]
, Uto,to = I , (1.16)

where T denotes the time-ordering operator.
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If the system under consideration is in a mixed state, the corresponding quantum
statistical ensemble is characterized by the density operator ρ. From the Schrödinger
equation (1.15) is straightforward to derive an equation of motion for the density
operator, it reads

∂tρ(t) = −i[H(t), ρ(t) ] , (1.17)

which is usually referred as the Liouville-von Neumann equation. The solution, with
initial condition ρ(t = to) = ρo, is

ρ(t) = Ut,to ρo U
†
t,to . (1.18)

The dynamical maps Ut,to such that

ρo 7→ Ut,to [ρo] ≡ ρ(t) , (1.19)

form a two-parameter group of linear maps in the state-space of the system S(S):

Ut,s ◦ Us,to = Ut,to ∀ t ≥ s ≥ to ∈ R . (1.20)

This fact mathematically describes the reversible character of the unitary dynamics,
i.e. the knowledge of the physical state at time t allows to determine the physical state
at any time t′ in the past or in the future. In particular, the dynamical maps Ut,to can
be inverted, preserve the spectrum of all states ρ and transform pure states into pure
states.

In terms of the generator LH(t)

LH(t) [ρ(t)] ≡ −i[H(t), ρ(t) ] , (1.21)

the map Ut,to can be formally written as

Ut,to = T exp

[∫ t

to

dsLH(s)

]
. (1.22)

For the case of a time independent Hamiltonian, and conveniently setting to = 0, the
generator is also time independent and the time-evolution becomes a one-parameter
group:

Ut = etLH . (1.23)

Given a unitary time evolution, it is always possible to pass from the Schrödinger to
the Heisenberg picture through the definition of mean values and the duality relation

Tr [Ut,to [ρo]X ] = Tr
[
ρoU∗t,to [X ]

]
, (1.24)

which holds for all ρo in the state space S(S) and for all observables X on the Hilbert
space of the system. This defines the dual linear map U∗t,to on H as

X 7→ U∗t,to = U †t,to X Ut,to = e−tLH [X ] . (1.25)

where last equality holds in the case of time independent Hamiltonian.
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(S + E,HS ⊗HE, ρS+E)

(E,HE, ρE)

System

(S,HS, ρS)

Environment

1

Figure 1.1: Schematic picture of an open quantum system

1.3 Open quantum systems

In general, an open system is a quantum system S which is coupled to another
quantum system E called the environment, the latter is usually considered a large
system consisting of infinitely many degrees of freedom. Though the total system
S +E is a closed system, its unitary dynamics results almost impossible to determine.
Therefore, if we focus our attention on the physical system S which interacts with E
in a non-negligible way, we expect that S will change as a consequence of its internal
dynamics and of the interaction with the surrounding. The interaction leads to certain
system-environment correlations such that the state of S can no longer be represented
in terms of unitary Hamiltonian dynamics.

In those cases in which the coupling among the S and E is sufficiently weak, it
is plausible to extract a reduced dynamic involving only the system S. Such reduced
dynamics, in general, incorporates dissipative and noisy effects due to the presence of
the environment.

Let us denote by HS the Hilbert space for the system of interest and by HE the
Hilbert space of the environment. The Hilbert space of the total system S + E is
then given by the tensor product space HS ⊗ HE. A schematic picture of the typical
situation under study is shown in Fig. 1.1. The total Hamiltonian H may be taken to
be of the form

HS+E = HS ⊗ 1E + 1S ⊗HE + λH′ , (1.26)

where λ is a dimensionless coupling constant, H′ describes the S−E interaction, while
HS and HE are the Hamiltonian operators pertaining to S and E respectively, 1S,E
are identity operators. For sake of simplicity, we do not consider any time dependence
in the Hamiltonians.

The total system evolves reversibly according to an unitary group of dynamical
maps

US+E
t = etLS+E , t ∈ R , (1.27)

acting on the state-space S(S + E) of the compound system. The generator of the
overall dynamics, LS+E, decomposes as a sum of generators

LS+E = LS + LE + λL′ , (1.28)
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such that

LS[ρS+E] = −i[HS ⊗ 1E, ρS+E ] , (1.29)

LE[ρS+E] = −i[ 1S ⊗HE, ρS+E ] , (1.30)

L′[ρS+E] = −i[H′, ρS+E ] . (1.31)

The statistical properties of the embedded open system S are described by a state
ρS ∈ S(S) obtained by taking the partial trace over the degrees of freedom of the
environment E:

ρS+E 7→ ρS ≡ TrE [ρS+E] . (1.32)

Correspondingly, the state S at any time t is

ρS(t) = TrE
[
US+E
t [ρS+E]

]
. (1.33)

Then, we may define a family of maps on S(S) for the reduced dynamics of S, such
that

Gt : ρS 7→ ρS(t) = TrE
[
US+E
t [ρS+E]

]
. (1.34)

Given Gt, if one requires that they preserve the convex structure of S(S) [67], i.e.

Gt

[∑
j

κjρ
j
S

]
=
∑
j

κj Gt

[
ρjS
]

∀ κj ≥ 0,
∑
j

κj = 1 , (1.35)

then, as shown [68], the initial state of the compound system must be factorized as

ρS+E = ρS ⊗ ρE , (1.36)

where ρE is a fixed state of the environment. The factorized form of the initial state
means in particular that system and environment are initially completely uncorrelated,
even though this is not true in general, in many relevant physical contexts such a
condition is fully consistent and gives rise to a family of dynamical maps Gt depending
on the environment reference state ρE. In the following this condition is always satisfied.

A dynamical map, like Gt in Eq.(1.34), can be completely characterized in terms
of operators pertaining to the open system’s Hilbert space HS. To this end, by using
the spectral decomposition of ρE,

ρE =
∑
k

rEk
∣∣rEk 〉 〈rEk ∣∣ rEk ≥ 0,

∑
k

rEk = 1 , (1.37)

where the
{∣∣rEk 〉} form an orthonormal basis in HE. Thus, we write

ρS(t) = TrE
[
US+E
t [ρS ⊗ ρE]

]
=
∑
j,k

rEk
〈
rEj
∣∣US+E

t

∣∣rEk 〉 ρS 〈rEk ∣∣∣ (US+E
t

)† ∣∣∣rEj 〉 .

It immediately yields the following representation

ρS(t) = Gt [ρS] =
∑
j,k

Wjk(t) ρSW†jk(t) , (1.38)

where Wjk(t), are operators on HS defined by the matrix elements

Wjk(t) =
√
rEk
〈
rEj
∣∣US+E

t

∣∣rEk 〉 , (1.39)

W†jk(t) =
√
rEk
〈
rEk
∣∣ (US+E

t

)† ∣∣ rEj 〉 . (1.40)
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Moreover, from the normalization of ρS(t) (Tr [ρS(t)] = 1), the operatorsWjk(t) satisfy
the condition ∑

j,k

W†jk(t)Wjk(t) = 1S . (1.41)

Furthermore, the duality relation in Eq. (1.24) gives a dual map G∗t in the Heisen-
berg representation:

X 7→ G∗t [X ] ≡
∑
j,k

W†jk(t)X Wjk(t) , (1.42)

where X is an observable of the system S.

The family of maps Gt, t ≥ 0, describes a forward-in-time irreversible dynamics.
These maps do not satisfy the semigroup composition property since in general Gt ◦
Gs 6= Gt+s, for t ≥ 0, while equality would express the absence of cumulative memory
effects. If in one side the interaction between system and environment is sufficiently
weak, or the environment time the characteristic time-correlations decay rapidly with
respect to time-variations of the system it is justified to neglect memory effects in the
reduced system dynamics, and it is expected a Markovian behaviour. The techniques
to eliminate memory effects and recover semigroups of dynamical maps as reduced
time-evolutions are known as Markov approximations [43, 44, 48, 69, 70]: they will be
discussed in the following sections.

1.3.1 Positivity and complete positivity

Density operators must preserve their properties while they evolve in time, in par-
ticular their statistical meaning of physical states. Therefore, any dynamical map,
as Gt above, describing the time evolution of a density operator must preserve the
positivity of it for all positive times, i.e.

〈φ| ρ(t) |φ〉 = 〈φ|Gt [ρ] |φ〉 ≥ 0 ∀ |φ〉 ∈ H, ∀ t ≥ 0 . (1.43)

These maps belong to the so-called class of positive maps.

Definition 1.2. A linear map Λ from the algebra of bounded operators on H into itself
is called positive is it sends positive operators, X, into positive operators

0 ≤ X 7→ Λ [X] ≥ 0 . (1.44)

Physically consistent transformations on the state space of a given system must
preserve the interpretation of the eigenvalues of all density matrices as probabilities
and thus respect positivity of their spectra, thus they must be positive when acting
on S(S). It is easy to check that Gt [ρS] is indeed positive. However, the property of
positivity is not sufficient for a dynamical map to have a physical interpretation for
quantum systems, in particular compound systems; and we must demand a stronger
property called complete positivity [45,71]. This concept arise when the physical system
of interest is coupled to an inert system, called ancilla A. The physical interpretation
of this coupling is that the system of interest, S, may have interacted with A in the
past, therefore, their initial state may be entangled, but, there is no other dynamics;
then that of S alone is given by a positive map Λ. Thus the time-evolution of the
compound system S + A can be described by a dynamical map of the form Λ⊗ 1A.
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Definition 1.3. A linear map Λ : S(S) 7→ S(S) is completely positive if and only if
Λ⊗ 1A is positive on S(S + A), for any finite-level ancilla.

Theorem 1.1. A linear map Λ : S(S) 7→ S(S) is completely positive, if and only if it
can be expressed as

Λ [X] =
∑
k

V †k X Vk , (1.45)

where Vk are suitable operators on H, such that the sum
∑

k V
†
k Vk converges in a suitable

topology (in particular to the identity if Λ is unital). This is the so-called Kraus-
Stinespring form.

1.3.2 Master equation

We have seen that the family of maps Gt in Eq. (1.34) constitute a physically
consistent description of the irreversible dynamics of a system S interaction with the
environment E. Nonetheless, the expected dissipative and noisy effects are somehow
hidden within the operators Wjk(t) in Eq. (1.39) and difficult to access, in particular
there are memory effects. On the contrary, under the assumption of weak interaction,
one expects that, on a particular time-scale, the dynamics of the system S might be
disentangled from the environment E and properly determined by a one-parameter
semigroup of maps Γt, such that Γt is completely positive, and the forward in time
composition Γt+s = Γt ◦ Γs ∀ t, s ∈ R+, is fulfilled. Indeed, this dynamical behaviour
corresponds to a master equation of the form

∂t ρS(t) = (LH +D) [ρS(t)] , (1.46)

where LH [ · ] ≡ −i[H, · ] is the standard Schrödinger time-evolution given a Hamil-
tonian H, whereas D, usually called the dissipator, is a linear operator on the state
space S(S) that encodes noisy and dissipative effects due to E.

The solutions Γt, t > 0 to Eq. (1.46) describes the reduced dynamics of S as a
semigroup linear maps on S(S):

Γt = exp [t (LH +D)] . (1.47)

Furthermore, requesting that the dynamical maps Γt to be completely positive
and trace-preserving provides a master equation in the so-called Gorini-Kossakowski-
Sudarshan-Lindblad form [45,72].

Theorem 1.2. Let Γt : Md(C) 7→ Md(C), t ≥ 0 form a time-continuous semigroup of
completely positive and trace preserving quantum dynamical maps. Then, the semigroup
has the form Γt = exp [t (LH +D)], with the generator consisting of

LH [ρ] = −i[H, ρ ] , (1.48)

D [ρ] =
d2−1∑
j,k

Cjk

(
V †k ρ Vj −

1

2

{
Vj V

†
k , ρ
})

. (1.49)

The Cjk are the coefficients of the so-called Kossakowski matrix, such that C = [Cjk] =
C†; the Vj are d2 × d2 matrices satisfying Vd2 = 1√

d
1d, Tr [VjVk] = δjk, and Tr [Vj] = 0.



1. Open Quantum Systems 17

Theorem 1.3. The semigroup {Γt}t≥0 consist of completely positive maps if and only
if the Kossakowski matrix is positive definite [45, 72].

Thus, the generated maps Γt preserve the hermiticity and the trace of the density
operator ρ; if the Kossakowski matrix [Cjk] is positive definite, then Γt ⊗ 1d preserve
the positivity of all states of S, while Γt⊗ 1d preserve the positivity of all states of the
compound system S + A for any choice of finite dimensional ancillas A.

In order to explore the terms in the master equation

∂tρ = −i[H, ρ ] +
d2−1∑
j,k

Cjk

(
V †k ρ Vj −

1

2

{
Vj V

†
k , ρ
})

, (1.50)

one sets K =
∑d2−1

j,k Cj,kVj V
†
k , and then rewrite Eq. (1.50) as

∂tρ = −i
(
H − i

2
K

)
ρ+ iρ

(
H +

i

2
K

)
+

d2−1∑
j,k

CjkV
†
k ρ Vj . (1.51)

Hence, the first two terms describe a pseudo-commutator as in the usual phenomeno-
logical expression of a decaying system, so that the anticommutator in Eq. (1.50) is
related to the dissipation of the system. The remaining contribution is a noisy effect
referred to as quantum noise [73].

Once we have set the general requirements that a master equation must obey in
order to describe properly the dynamics of an open quantum system in the Markov
approximation, we will shortly overview a procedure to derive the master equation
based on the use of projector operators on the overall state space S(S +E). We start
by considering the closed compound system dynamics given by [41]

∂t ρS+E(t) = LS+E [ρS+E(t)] . (1.52)

Then, one defines a projection P : S(S + E) 7→ S(S + E), such that

P [ρS+E] = TrE [ρS+E]⊗ ρE = ρS ⊗ ρE , (1.53)

that extracts the state of S. In Eq. (1.53), ρE is an environment reference state, in
particular one in equilibrium: LE [ρE] = −i[HE, ρE ] = 0. This condition is because
the environment is thought to be a large system in equilibrium, typically a thermal bath
described by a Gibbs state. Associated to the projector P , there is the corresponding
orthogonal projector Q such that P +Q = 1S+E.

Then, acting with P and Q on the closed dynamics equation in Eq. (1.52), one
obtains the following two coupled equations

∂t P [ρS+E(t)] = LPPS+E [P [ρS+E(t)]] + LPQS+E [Q [ρS+E(t)]] , (1.54)

∂tQ [ρS+E(t)] = LQPS+E [P [ρS+E(t)]] + LQQS+E [Q [ρS+E(t)]] . (1.55)

where

LPPS+E = P ◦ LS+E ◦ P , LPQS+E = P ◦ LS+E ◦Q ,

LQQS+E = Q ◦ LS+E ◦Q , LQPS+E = Q ◦ LS+E ◦ P .
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Formal integration of Eq. (1.55) can be performed, yielding

Q [ρS+E(t)] = etL
QQ
S+E [Q [ρS+E]] +

∫ t

0

ds e(t−s)LQQS+E ◦LQPS+E [P [ρS+E(s)]]

=

∫ t

0

ds e(t−s)LQQS+E ◦LQPS+E [P [ρS+E(s)]] ,

(1.56)

where we have used the initial condition required for the compound system, Eq. (1.36),
so that Q [ρS ⊗ ρE] = 0. Equation (1.54) can be solved leading the evolution equation

∂t [ρS(t)⊗ ρE] = LPPS+E [ρS(t)⊗ ρE]

+

∫ t

0

dsLPQS+E ◦ e(t−s)LQQS+E ◦LQPS+E [ρS(s)⊗ ρE] .
(1.57)

Let us assume an interaction Hamiltonian in Eq. (1.26) of the form

H′ =
∑
α

Sα ⊗Rα , Tr [ρERα] = 0 , (1.58)

where Sα and Rα are Hermitian operators acting on the Hilbert spaces of the system
S and the environment E respectively.

Then, studying each term in Eq. (1.57), and taking into account the decomposition
of the generator in Eq. (1.28), it is possible to obtain [41,74]

LPPS+E [ρS(t)⊗ ρE] = LS [ρS(t)]⊗ ρE (1.59)

LPQS+E [ρS(t)⊗ ρE] = λP ◦ L′ ◦Q [ρS+E(t)] (1.60)

LQPS+E [ρS(t)⊗ ρE] = λL′ [ρS(t)⊗ ρE] (1.61)

Inserting equations (1.59),(1.60), and (1.61) into (1.57) and taking the trace over
the environment degrees of freedom, one finally gets a master equation for the reduced
system

∂t ρS(t) = LS [ρS(t)] + λ2

∫ t

0

ds TrE

[
L′ ◦ e(t−s)LQQS+E ◦L′ [ρS(s)⊗ ρE]

]
. (1.62)

This equation contains a term concerning the time-evolution due to the Hamiltonian
of the system S, plus a second one which is quadratic in the system-environment
interaction, whose strength is controlled by the parameter λ. Indeed, the dissipative
term becomes relevant for t ∼ λ−2. Thus, the latter term comprises the effects due to
the environment. Finding the concrete form of these effects require the solution of the
time-evolution of the total system ρS(s) ⊗ ρE. This equation is known as Nakajima-
Zwanzig master equation [75,76], it is exact and free of any approximation.

Markovian approximation: weak coupling limit

The arguments discussed in the previous sections about complete positivity allow us
to state that any physically consistent Markovian approximation must yield semigroups
Γt consisting of complete positive maps.
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Taking the general master equation (1.62) for the Hamiltonian given in Eq. (1.26),
and formally integrating it we obtain

ρS(t) = etLS [ρS] + λ2

∫ t

0

dv

∫ v

0

du e(t−v)LS TrE

[
L′ ◦ e(v−u)LQQS+E ◦L′ [ρS(u)⊗ ρE]

]
.

(1.63)

By a change of integration variable w = v−u, the equation above can be rewritten
as

ρS(t) = etLS [ρS]+λ2

∫ t

0

du e(t−u)LS
∫ t−u

0

dw e−wLS TrE

[
L′ ◦ ewL

QQ
S+E ◦L′ [ρS(u)⊗ ρE]

]
.

(1.64)

Now we introduce a slow time-scale τ = λ2t and let λ → 0, then we set the upper
limit in the integral over w to infinity, and replace LQQS+E → LS + LE. This is known
as the second-order approximation. Thus,

ρS(t) = etLS [ρS]+λ2

∫ t

0

du e(t−u)LS
∫ ∞

0

dw e−wLS TrE
[
L′ ◦ ew(LS+LE) ◦L′ [ρS(u)⊗ ρE]

]
.

(1.65)

The corresponding master equation is called Redfield equation [77,78]:

∂t ρS(t) = LS [ρS(t)] + λ2

∫ ∞
0

dw e−wLS TrE
[
L′ ◦ ew(LS+LE) ◦L′ [ρS(t)⊗ ρE]

]
(1.66)

It generates a semigroup of dynamical maps; however, these are hardly positive
maps, not to speak of complete positivity [41].

For notational convenience we set

D [ρS(t)] =

∫ ∞
0

dw e−wLS TrE
[
L′ ◦ ew(LS+LE) ◦L′ [ρS(t)⊗ ρE]

]
. (1.67)

One notices that, by taking the trace over the environment degrees of freedom,
the resulting terms depend on two-points correlation functions of the environment
operator [42,73,79], according to the interaction Hamiltonian considered in Eq. (1.58).
In order to see this explicitly, let us rewrite

D [ρS(t)] = −
∫ ∞

0

dw TrE
[
e−wLS [H′, ew(LS+LE)[H′, ρS(t)⊗ ρE ] ]

]
. (1.68)

Then, setting

Sα(t) ≡ e−tLS [Sα] , Rα(t) ≡ e−tLE [Rα] , (1.69)

which are interaction picture operators, and introducing the two-point correlation func-
tions of the environment

gαβ(w) ≡ Tr [ρERα(w)Rβ] = Tr [ρERαRβ(−w)] , (1.70)
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the dissipative term D [ρS(t)] has the following structure

D [ρS(t)] = −
∑
α,β

∫ ∞
0

dw (gαβ(w)[Sα(w), Sβ ρS(t) ] + gβα(−w)[ ρS(t)Sβ, Sα(w) ]) .

(1.71)

The Redfield equation (1.66) can be recast in the form

ρS(t) = etLS [ρS] + λ2

∫ t

0

dw e(t−w)LS D
[
ewLS [ρS]

]
. (1.72)

So, going to the slow time-scale and to the interaction picture ρS 7→ e−
τ
λ2

LS [ρS],
one gets

e−
τ
λ2

LS ρS
(
τ/λ2

)
= ρS + λ2

∫ τ

0

dw
(

e−
w
λ2

LS D e
w
λ2

LS
)

e−
w
λ2

LS
[
ρS
(
w/λ2

)]
. (1.73)

It has been shown [69,80,81] that in the limit λ→ 0 only the non-oscillating terms
remain and effectively contribute, otherwise the fast oscillations give vanishing terms.
Hence, the oscillating terms can be substituted by the ergodic average

D̃ ≡ lim
T→∞

1

2T

∫ T

−T
ds e−sLS D esLS . (1.74)

This is known as rotating-wave approximation.

Also, since D̃ e−
τ
λ2

LS = e−
τ
λ2

LS D̃, the Eq. (1.73) becomes:

e−
τ
λ2

LS ρS
(
τ/λ2

)
= ρS + λ2

∫ τ

0

dw e−
w
λ2

LS D̃
[
ρS
(
w/λ2

)]
(1.75)

Going back to the Schrödinger representation at time t, the above expression yields

ρS (t) = etLS [ρS] + λ2

∫ t

0

dw e(t−w)LS D̃ [ρS (w)] , (1.76)

with solves the master equation

∂t ρS(t) = LS [ρS(t)] + λ2 D̃ [ρS (t)] . (1.77)

In order to see how the dissipator D in (1.71) changes because of the rotating
wave approximation, we consider the spectral decomposition of the system Hamilto-
nian HS =

∑
α εαΠα, where Πα are projection onto the eigenspace belonging to the

eigenvalue εα and
∑

α Πα = 1S. We define the operators

Sα(ω) =
∑

εa−εb=ω

Πa Sα Πb , Sβ(−ω) =
∑

εd−εc=ω

Πc Sβ Πd = S†β(ω) . (1.78)

Then, given the operators and Eq. (1.71), it is possible to write the dissipator as

D̃ [ρS (t)] = −i[H(LS), ρ ]

+
∑
α,β

∑
ω

γαβ(ω)

(
S†β(ω) ρS(t)Sα(ω)− 1

2

{
Sα(ω)S†β(ω), ρS(t)

})
(1.79)
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where the hermitian operator

H(LS) =
∑
α,β

∑
ω

sαβ(ω)S†α(ω)Sβ(ω) , (1.80)

provides a Hamiltonian contribution to the dynamics. This term is called Lamb shift
Hamiltonian as it leads to a Lamb-type renormalization of the unperturbed energy
levels induced by the system-environment coupling.

By decomposing the Fourier transform of the reservoir correlation functions as∫ ∞
0

dt eiωt gαβ(t) ≡ 1

2
γαβ(ω) + i sαβ(ω) (1.81)

At this point we can summarize the different approximations used in the above
derivation2. The first approximation is a consequence of the weak coupling assumption
which allows us to expand the exact equation of the density matrix up to the second
order in the parameter we called λ. Together with the condition ρS+E(t) = ρS(t)⊗ ρE
lead to the Born approximation for the master equation. The second approximation
is the Markov approximation in which the master equation is made local in time.
Furthermore, the upper integration limit is set to infinity due to the physical conditions
in that the bath correlation time is small compared to the relaxation time of the system.
Finally the rotating wave approximation. In this way, we have ensured that the master
equation has the Lindblad form. Thus

∂t ρS(t) = (LH + D) [ρS(t)] (1.82)

LH [ρS(t)] = −i[H + λ2H(LS), ρS(t) ] (1.83)

D [ρS(t)] =
∑
α,β

∑
ω

γαβ(ω)

(
S†β(ω) ρS(t)Sα(ω)− 1

2

{
Sα(ω)S†β(ω), ρS(t)

})
(1.84)

the Kossakowski matrices [γαβ(ω)] are positive-definite for all possible ω, see [41, 74]
for details.

2We have only presented a sketched derivation of the master equation in the Lindblad form, without
showing all the details, which go beyond the interest in this thesis.
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Chapter 2

Bosonic Systems

Radiation fields and intermolecular vibrations in a lattice are typical examples of
bosonic systems. Those systems can be modelled as harmonic oscillators. Among
the wide variety of possible quantum states of bosonic systems, some are of special
interest, in particular, the so-called gaussian states. Those states may serve as a basis
for representing various physical observables. In this chapter we will focus on the
formalism that describes bosonic systems.

2.1 Systems of N bosonic modes

Let us consider a system composed of N bosonic modes described by the operators
âk, with k = 1, 2, . . . , N , with commutation relations

[ âk, â
†
l ] = δkl , [ âk, âl ] = [ â†k, â

†
l ] = 0 , (2.1)

which are known as canonical commutation relations.

The Hilbert space of the system is the tensor product of the infinite dimensional
Fock spaces Fk of the N modes, each spanned by the number basis {|n〉k}, n ∈ N, i.e..

by the eigenstates of the number operator â†kâk. The free Hamiltonian of the system,
considered uncoupled harmonic oscillators, is given by

H =
N∑
k=1

ωk â
†
kâk . (2.2)

The Fock space is naturally spanned in terms of the number state basis {|n〉k}, they
satisfy orthonormality and completeness such that for the k-th mode

〈mk| nk〉 = δmn ∀m,n ∈ N ,
∞∑
m=0

|mk〉 〈mk| = 1k . (2.3)

23
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The operators âk and â†k are called annihilation and creation operators, respectively;
they decrease and increase the number state by a single quanta, i.e.

âk |mk〉 =
√
mk |mk − 1〉 â†k |mk〉 =

√
mk + 1 |mk + 1〉 . (2.4)

From these, we also have that

âk |0k〉 = 0 |mk〉 =
1√
m!

(
â†k

)m
|0k〉 , (2.5)

where |0k〉 is the vacuum state for the k-th mode.

Therefore, a general state of the multimode bosonic system in the Fock representa-
tion is given by

|n1, n2, . . . , nN〉 =
N∏
i=1

(
â†i

)ni
√
ni
|0〉 , (2.6)

where |0〉 is the vacuum for all the possible modes, i.e. |0〉 = |01, 02, . . . , 0k, . . . , 0N〉.

Position- and momentum-like operators for each mode are defined through the
Cartesian decomposition of the mode operators such that

q̂k =
1√
2

(
âk + â†k

)
, p̂k =

−i√
2

(
âk − â†k

)
. (2.7)

They can be generalized to define the so-called quadrature operators of the field

x̂k,φ =
âk e−iφ +â†k eiφ√

2
(2.8)

2.1.1 Linear and bilinear interaction modes

Interaction Hamiltonians that are linear and bilinear in the field modes play an
important physical role. They can be realized experimentally by parametric processes,
either in quantum optics or in condensate systems [82,83]. The most general Hamilto-
nian of this type can be written as follows

H =
N∑
k=1

g
(1)
k â†k +

N∑
k≥l

g
(2)
kl â

†
kâl +

N∑
k,l=1

g
(3)
kl â

†
kâ
†
l + h.c. . (2.9)

Hamiltonians of the form showed above contain three main building blocks, each
of them represents the generators of certain unitary evolutions. The first block is
linear in the field modes, the corresponding unitary evolution is associated to the
displacement operator. The second block, describe the linear mixing of the modes,
and their dynamics involve conservation of the number of quanta; besides, this block
contains terms describing the free evolution of the modes. Finally, the third piece
describes single and two-mode squeezing operators. Nevertheless, on the purpose of
this thesis, a single mode description is enough.

The set of transformations coming from a Hamiltonian of the form in Eq. (2.9)
represents unitary operators which transform gaussian states into gaussian states [84].
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2.2 Gaussian states

Gaussian states are quantum mechanical states that have gaussian wave functions,
i.e. wave functions that are exponentials of complex valued linear and quadratic forms
in position and momentum variables. This family of states have gaussian characteristic
functions and quasi-probability distributions [85,86].

These states are at the heart of many processes involving bosonic systems. Also,
quantum evolutions achievable with current technologies are described by Hamiltonian
operators at most bilinear in the quantum fields, so that the states commonly produced
in laboratories are Gaussian. Important examples include vacua, coherent, squeezed,
and thermal states. In the following we will introduce them.

2.2.1 Coherent states

The quantum states that come closest to a classical behaviour are the coherent
states, they were introduced for the description of light in a quantum formalism [87,
88]. They exhibit coherent amplitudes; namely coherent states reveal the classical
oscillatory behaviour of harmonic oscillators. Coherent states are the eigenstate of the
annihilation operator â

â |α〉 = α |α〉 , α ∈ C . (2.10)

In terms of the number states, they can be written as

|α〉 = e−|α|
2/2

∞∑
n=0

αn√
n!
|n〉 . (2.11)

An alternative definition is given in terms of the displacement operator D(α):

|α〉 = D(α) |0〉 , (2.12)

where

D(α) = exp
[
α â† − α â

]
. (2.13)

The displacement operator is a unitary operator:

D†(α) = D(−α) = D−1(α) . (2.14)

It acts as a displacement operator upon the amplitudes â and â†, i.e.

D†(α) â D(α) = â+ α (2.15)

D†(α) â†D(α) = â† + α (2.16)

Thus, a coherent state is obtained by applying the displacement operator on the
vacuum state. Another way to interpret them is that coherent states are the displaced
form of the harmonic oscillator ground state.
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Properties

We list some interesting properties of the coherent states

• The mean number of bosons in |α〉 is given by〈
â†â
〉

= |α|2 (2.17)

• The coherent state is a minimum uncertainty state so that

∆x̂φ =
1

2
(2.18)

which is the same for the vacuum state.

• The set of all coherent state is a complete set

1

π

∫
C
dα |α〉 〈α| = 1 (2.19)

• Two coherent states are not orthogonal

〈α| α′〉 = exp

[
−1

2
|α|2 − 1

2
|α′|2 + α′ α

]
, (2.20)

and

|〈α| α′〉|2 = exp
[
− |α− α′|2

]
. (2.21)

Further details ans discussion about quantum coherent states can be found in [73,
79,89–91].

2.2.2 Squeezed states

If coherent states have some properties similar to those of the classical states,
squeezed states show purely quantum features of the system. They are defined as

|ξ〉 = S(ξ) |0〉 (2.22)

where S(ξ) is called squeezing operator and it is defined as follows

S(ξ) = exp

[
1

2

(
ξâ2 − ξâ†2

)]
(2.23)

and ξ = r eiθr ∈ C, r is known as the squeezing parameter and θr its phase.

The squeezing operator is an unitary operator

S†(ξ) = S(−ξ) = S−1(ξ) . (2.24)
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It leads to the following transformations of the annihilation and creation operators

S†(ξ) â S(ξ) = â cosh(r)− â† eiθr sinh(r) (2.25)

S†(ξ) â† S(ξ) = â† cosh(r)− â e−iθr sinh(r) (2.26)

The vacuum squeezed state can be written in terms of the number states as

|ξ〉 =
1

cosh(r)

∞∑
k=0

(−1)n
(

sinh(r) eiφ

2 cosh(r)

)n √
(2n)!

n!
|2n〉 (2.27)

The mean number of squeezed bosons is given by〈
â†â
〉

= sinh2(r) (2.28)

Nevertheless, the quantum features of these states are evident if we look at the
variance of the quadrature operator, i.e.

∆x̂φ =
1

2

(
e2r sin2(φ− θr/2) + e−2r cos2(φ− θr/2)

)
. (2.29)

For instance, choosing φ = θr/2, then ∆x̂θr/2 =
1

2
e−2r, i.e. the quadrature fluctuations

can be “squeezed” below the vacuum level at the expense of increased fluctuations for
certain other phase values, in this case φ = π/2− θr/2.

Particularly, squeezed states of light have been extensively studied in quantum
optics; because of the possibility of reduce the fluctuations below the vacuum limit
for certain quadratures or observables, they are attractive for applications in quantum
metrology, quantum teleportation or more refined experiments as quantum-enhanced
gravitational wave detection.

2.2.3 Thermal states

Thermal states ρβ are the equilibrium states for a system coupled to a reservoir
at inverse temperature β = (kB T )−1, being kB the Boltzmann constant. For a free
Hamiltonian, one has the Gibbs state:

ρβ =
exp

[
−β ωo â†â

]
Tr [exp [−β ωo â†â]]

. (2.30)

In the Fock basis, let |n〉 such that â†â |n〉 = n |n〉, the thermal state can be written
as

ρβ =
(
1− e−β ωo

)∑
n

e−βn |n〉 〈n| . (2.31)

The mean number of thermal bosons is given by〈
â†â
〉

= nβ =
1

eβ ωo −1
. (2.32)
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For the quadrature operator x̂φ, the variance is:

∆x̂φ = nβ +
1

2
=

1

2
coth

(
βωo

2

)
. (2.33)

Hence, a general but simple class of gaussian states involving a single mode can be
written as

ρ = S(ξ)D(α) ρβD
†(α)S†(ξ) (2.34)

where D(α) and S(ξ) are the single mode displacement and squeezing operators, re-
spectively. They are known as squeezed coherent thermal states.

2.3 Photon systems

The radiation field is an example of a bosonic system. The electromagnetic field
in free space is described through the Maxwell equations, and in the quantization
process it is modelled as a system of fictitious harmonic oscillators. Photons arise
as the quanta of light and their states are associated to number states in the Fock
space [90]. However, it is desirable to employ states of the radiation field which closely
approximate the classical-wave representation of the laser output: coherent states [87]
are well suited to this purpose, and are therefore used in the theory which follows.
Unlike the commonly used number states |nl〉, for which the number of photons n in
the lth-mode of frequency is specified exactly, the coherent states |αl〉 do not have sharp
values for the mode occupation numbers. Coherent states are, instead, characterised
by the complex quantities αl.

In the particular situation of a monochromatic laser, it is described in terms of one
single mode coherent state |α〉. Nevertheless, when we deal with a laser pulse (as the
case we are interested in) a description in terms of one mode is not valid. Light in a
laser pulse has a broadband spectrum due to the Heisenberg’s uncertainty relationship,
i.e. it is a multimode laser.

Let us suppose that light source is a Ti:Sapphire laser, the production of short laser
pulses is based on the concept of mode-locking. Mode-locking is a technique by which
a laser can be constructed to produce pulses of light of extremely short duration. This
kind of ultrafast laser systems are capable of producing a train of ultrashort pulses,
with a temporal duration of 100 - 1000 fs and an extremely high repetition rate. The
basis of the technique is to induce a fixed phase relationship between the longitudinal
modes of the laser’s resonant cavity. The laser is then said to be phase-locked or
mode-locked.

Thus, the electric field of a pulsed laser beam is a mode-locked superposition of
amplitudes

E(t) =
M∑

l=−M

|αl| ei(ωlt+lϕ0) , (2.35)

As showed in [92], pulsed laser light can be treated in a quantized framework by
associating to each monochromatic component a coherent state and to the electric field
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E(t) the tensor product of the coherent states of each contributing frequency. One can
now write the coherent state associated to the laser pulse as

|~α〉 =
M⊗

l=−M

|αl〉 = D(α−M) . . . D(αM) |0〉 = exp

[∑
l

(
αlâ
†
l − αlâl

)]
|0〉 , (2.36)

where ~α is a vector, whose components are the amplitudes αl. All the exponentials
have been collected into one using the fact that creation and annihilation operators for
different frequencies commute, in short [ âk, â

†
l ] = 0 , ∀ l 6= k.

In this sense, we may immediately define a new multimode annihilation and creation
operators as

Â(~α) =
∑
l

αlâl , Â†(~α) =
∑
l

αlâ
†
l . (2.37)

The reason for labelling the pulsed coherent state by |~α〉 can now be easily under-
stood. The state of one photon of frequency ωl is given by |1l〉 = â†l |0〉, while a generic
non-monochromatic superposition of frequencies ωl with amplitudes αl corresponds to
the state |1~α〉 =

∑
l αl |1l〉 that results from

Â†(~α) |0〉 =
∑
l

αlâ
†
l |0〉 =

∑
l

αl |1l〉 = |1~α〉 . (2.38)

Therefore, Â†(~α) is the creator operator of a single photon in the not normalized
superposition state |1~α〉, while Â(~α) destroys a photon in the same state; thus, the
quantum state of the pulsed laser is a coherent state associated not with a single am-
plitude αl, but with the vector ~α of all the amplitudes contributing. the corresponding
normalized operators are written as

Â =
1

|~α|Â(~α) , Â† =
1

|~α|Â
†(~α) , (2.39)

where |~α|2 = 〈1~α| 1~α〉. They satisfy the canonical commutation relation

[ Â, Â† ] =
1

|~α|2
∑
l,k

αlαk[ âl, â
†
k ] = 1 . (2.40)

As a consequence, one can describe the laser pulse through the collective coherent
state

|~α〉 = exp
[
|~α| Â† − |~α| Â

]
|0〉 , (2.41)

and everything goes as in the monochromatic case. Indeed, the lower-case notation for
the photon operators will be used in the treatment of laser pulses along this thesis.

2.4 Phonon System

The analogy with harmonic oscillators not only applies to travelling electromagnetic
waves, but also to vibrations in a lattice. The elementary excitations in the lattice are
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Table 2.1: Comparison of properties of some phonons and photons [14]

Phonon Photon

Type of boson
type-II composite

(collective excitations)
simple

Propagating media discrete continuous

Interactions highly interactive
interactive in non-linear
media, noninteractive in

linear media

Mass massive massless

Macroscopic
description

wave equation for elastic
continuum

Maxwell equations

Microscopic
description

Schrödinger equation Quantum electrodynamics

Number of normal
modes per allowed k

3p modes 2 modes

Restriction on wave
vector

confined to the first
Brillouin zone

arbitrary

Spin not defined 1

bosons, called phonons, those are the quanta of lattice vibrations. Phonons travelling
through a solid correspond to the propagation of a slight disturbance in the local
arrangement of atoms in the solid. Although both photon and phonons are bosons,
they do have significant differences; in Table 2.1, one can see a schematic comparison
between them. Nevertheless, we want to focus upon some phonon analogues of well-
known tools from quantum optics.

Single mode phonons are described by annihilation and creation operators, b̂ and
b̂†, satisfying the canonical commutation relations [ b̂, b̂† ] = 1. Phonon states can be
obtained from gaussian states, too; i.e. in principle they can be thermal, coherent, or
squeezed, and also combinations of them.

2.4.1 Phonon quantum states

Here we will briefly present the quantum mechanical description of various acce-
sible phonon states. Moreover, we will describe simple models responsible for their
generation.

Phonon vacuum state

A phononic system without any excitations is consistently described by the phonon
vacuum state |0〉. This is an eigenstate of the harmonic oscillator Hamiltonian, H =
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ωob̂
†b̂, with eigenvalue zero. In general, the number states satisfy

b̂ |n〉 =
√
n |n− 1〉 , b̂† |n〉 =

√
n+ 1 |n+ 1〉 , b̂†b̂ |n〉 = n |n〉 . (2.42)

Phonon thermal states

Let us consider a phononic system in equilibrium at a given temperature; then, the
crystal vibrations are in the phonon thermal state ρβ

ρβ =
e−βωo b̂

†b̂

Tr
[
e−βωo b̂†b̂

] , (2.43)

where β is the inverse temperature β = (kBT )−1. In terms of the respective phonon
number states, the thermal state is

ρβ =
(
1− e−βωo

) ∞∑
s

e−βωos |s〉 〈s| . (2.44)

This state is diagonal in a matrix representation and does not possess quantum coher-
ence. The number of thermal phonons is then given by

〈
b̂†b̂
〉

=
1

eβωo −1
. (2.45)

Phonon coherent states

Coherent states are solutions to the harmonic oscillator. A single mode phonon
coherent state is an eigenstate of the phonon annihilation operator b̂ |z〉 = z |z〉, z ∈ C.
They can be also generated by a phonon displacement operator

|z〉 = D(z) |0〉 = exp
[
zb̂† − zb̂

]
|0〉 = e−|z|

2/2

∞∑
n=0

zn√
n!
|n〉 . (2.46)

Thus, phonon coherent state is a phase coherent superposition of number states. As
it was shown before, these states are minimum-uncertainty states, they are as noisy as
the vacuum state.

A single mode coherent state can be generated by the following Hamiltonian
H = Ho + V

Ho = ωo b̂
†b̂

V = γ eiωot b̂+ γ e−iωot b̂†
(2.47)

which represent free phonons interacting via V with an external source, such as a beam
light. Notice that the external pump is on resonance with the relevant phonon mode.
Here, γ represents strength of the interaction.
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A convenient way to find the time evolution operator of this system is to move to
the interaction picture. Thus, the interaction Hamiltonian becomes Vint = U †o V Uo =

γb̂+ γb̂†, where Uo = e−i ωot b̂
†b̂. Then, we obtain

Uint(t) = exp
[
y(t) b̂† − y(t) b̂

]
, y(t) = −iγ t . (2.48)

So Uint(t) is a phonon displacement operator in the interaction picture. The mag-
nitude of the displacement grows linearly in time: this behaviour is due to the con-
tinuous pumping and the absence of any dissipation mechanism. For the case of an
instantaneous interaction, a Dirac delta in time embodies the impulsive character of
the interaction and the displacement parameter is constant in time. Moving back to
the Schrödinger picture, the evolution operator is

U(t) = exp
[
−iωot b̂†b̂

]
exp

[
y(t) b̂† − y(t) b̂

]
. (2.49)

Therefore, the action of the time-evolution operator showed above on the initial phonon
state is: first, the displacement operator acts creating a phonon coherent state and then
free-oscillator time-evolution induce a rotation around the origin of the phase space.

Phonon squeezed states

This class of states allow us to reduce quantum noise to a level below the zero-
point fluctuation level. However, the presence of squeezed phonons in crystals is still
under debate, whereas in quantum optics the existence of such states is very well
established [93].

A suitable definition of squeezed states comes from consider the squeezing operator
acting on the vacuum

|ζ〉 = S(ζ) |0〉 = exp

[
1

2

(
ζ b̂2 − ζ b̂†2

)]
|0〉 , ζ ∈ C . (2.50)

In general, a possible simple mechanism to generate squeezed stated can be de-
scribed through the following Hamiltonian

H = Ho + V

Ho = ωob̂
†b̂

V = γ e−2iωot b̂†2 + γ e2iωot b̂2

(2.51)

where the phonon systems interacts with an external source, for our purpose we may
associated to an external pump, which is on resonance with the driven phonon system.
In the same way as for coherent states, the evolution is clearly solvable in the interaction
picture, then we have the evolution operator

Uint(t) = exp

[
1

2

(
ζ(t)b̂2 − ζ(t)b̂†2

)]
, ζ(t) = 2iγ t . (2.52)

The time-evolution operator has the form of the squeezing operator. The squeezing
parameter in the system grows linearly in time, it is like that because of the lack any
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constraint or dissipation mechanism. In particular, in the Schrödinger picture, the
unitary time-evolution operator is

U(t) = exp
[
−iωot b̂†b̂

]
exp

[
1

2

(
ζ(t) b̂2 − ζ(t) b̂†2

)]
; (2.53)

the free-Hamiltonian contribution to the time evolution only changes the phase of the
squeezing effects generated in the initial phononic state.

Thus, along this chapter, we have presented and discussed the properties of bosonic
systems. Remarkably, we introduce a set of likely achievable bosonic states, they belong
to the class of gaussian states. Using the second quantization formalism they are
generated by Hamiltonians at most quadratic in creation and annihilation operators,
as that show in Eq. (2.9). Emphasis has been done in photonic and phononic systems,
as excitations of light and lattice vibrations in solids. These are the physical systems
described in this thesis. For the photonic system, we oriented the discussion to the
description of laser pulses in terms of coherent states, we show that multimode coherent
states can be consistently described by collective creation and annihilation operators
satisfying the canonical commutation relations, whose in general behaves as single mode
operators. Instead for the phononic system, considering the analogies with photons and
the well-know theory of quantum optics, we have described the plausible phonon states
as belonging to the family of gaussian states. We have presented likely mechanisms for
the generation of single mode phonon coherent and squeezed states.
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Chapter 3

Coherent Phonons

Atoms in materials are always in motion. In periodically structured solid materials,
the atomic motions must satisfy periodic boundary condition and become collective.
Thus, the phonons represent an excited state in the quantum mechanical quantization
of the modes of vibrations of elastic structures of interacting particles. Usually, the
atomic motions at different locations in a crystal are at different stages of a periodic
motion or at random phase, we refer them as incoherent phonons. By contrast, when
the atoms receive impulsive force do they initiate to keep pace with their neighbours, or
become in phase. These atomic motions are called coherent phonons, because they can
interfere each other as waves. The last process may occur when the illumination with
an ultrashort optical pulse is sufficiently short compared to the oscillation period of
fundamental lattice vibrations; since this condition is currently satisfied in experiments,
there has been a large number of reports on coherent excitation of these modes in a
variety of opaque and transparent materials.

The investigation of coherent phonon oscillations has produced considerable scien-
tific debates. A striking example is the lack of clarity concerning the mechanism of
excitation of coherent lattice vibrations, which was seemingly resolved by the intro-
duction of new theoretical approaches but then again challenged by later experimental
findings.

Thus, the goal of this chapter is to show the relevant mechanisms of excitation of
coherent phonons by means of the use of laser pulses. Thereafter, we will address the
presentation to show the theoretical work concerning the mechanisms of generation
and detection of squeezed phonons, a particular set of state of the so-called coherent
phonons. Particularly, we will focus our attention in the quantum fluctuations of the
phonon system. From them, different signatures have been reported in order to claim
the presence of squeezing in the excited phonons after the interaction with the laser
pulses.

35
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3.1 Excitation of coherent phonons

Two basic features can be associated with phonons that are excited by an ultra-
short laser pulse. First of all, the atoms are excited coherently, meaning that all the
atoms oscillate with a constant phase relation. This makes it possible to observe their
transient movement in real-time and not just a time-averaged mean displacement of
atoms. Second, the excitation takes place at a well-defined time t = 0 corresponding
to the time where the pump pulse reaches the sample surface, which gives the oppor-
tunity to investigate the dynamics of relaxation of the system. In the following, two
theoretical concepts for the excitation of coherent phonons shall be described; impul-
sive stimulated Raman scattering (ISRS) and displacive excitation of coherent phonons
(DECP). To a certain extent this is a historical approach: while the former has been
successfully applied to explain coherent phonon generation in liquids and transparent
crystals since the early 70’s [18, 21, 22]; the latter was proposed in the early 90’s to
explain observations made in certain opaque materials that, at a first glance, did not
coincide with ISRS [5]. Later on, additional experimental evidence led to a theoretical
proof that DECP is a special case of ISRS, emphasising the close connection between
these mechanisms [23–26,94].

Both theories are based on the same general equation of motion for phonons, de-
scribing the time dependence of the normal coordinate q of the atom with mass m as
it were a driven harmonic oscillator:

d2q

dt2
+ 2λ

dq

dt
+ ω2

o q =
F (t)

m
, (3.1)

where ωo is the frequency of the phonon, λ is the damping constant which is phe-
nomenologically introduced to take into account the multiple decay mechanism of the
phonon, and F (t) denotes the external force due to the electric field of the pump laser
pulse. The damping constant λ is related to the damping time τ via λ = 1/τ . There
are phase-destroying mechanism as well as population-decreasing mechanisms which
contribute to the damping time [95].

The main difference between the two theoretical approaches is the physical mech-
anism underlying the driving force. It is either such to an impulsive force, which can
be described by a δ-function if the laser pulse is sufficiently short compared to the
phonon period, or to a displacive force like a Heaviside-function via a potential shift in
the excited state. In classical terms the difference can be illustrated by the analogy of
a pendulum: while the force associated to Raman excitation is an analogue of giving
a sudden kick to a pendulum, thus changing its kinetic energy, the displacive scheme
corresponds to quickly translating the suspension point of the pendulum and thereby
changing its potential energy [27]. This analogy is natural since the vibrational modes
of the sample behaves, for all practical purposes, as classical harmonic oscillators (see
Fig. 3.1).

Nevertheless, both considerations are in the framework of semi-classical physics, as
we will see, in their derivations only classical terms are used, not a quantum description
of the constituent objects, phonons and photons, are taken into account.
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Figure 3.1: Two generation models of coherent phonons. (a) and (b) impulsive stimulated
Raman scattering. (c) and (d) displacive excitation of coherent phonons. Figures (a) and (c)
show a classical analogue description in terms of a pendulum. Figures (b) and (d) display the
time evolution of the driving force (grey areas) and that of the displacement (solid curves)
for ISRS and DECP, respectively. Taken from [27]

3.1.1 Impulsive Stimulated Raman Scattering (ISRS)

In the framework of ISRS, phonons are excited by Raman processes, which are
two-photon scattering processes. There are two different kinds of Raman scattering
(see Fig. 3.2): in the so-called Stokes scattering process, a material in the state |g〉
undergoes a transition to the final state |n〉 via a virtual level associated with an
excited state |n′〉 by absorbing a photon with frequency ω and emitting a photon with
frequency ωs, while the energy difference ~ωo = ~ (ω − ωs) is carried away by a phonon
with frequency ωo, the scattered light is called Stokes line. Instead, in the so-called
anti-Stokes scattering, responsible of the creation of the much weaker anti-Stokes line,
the transition goes from |n〉 to |g〉 via a virtual level: one photon of frequency ω is
absorbed, one of frequency ωa is emitted, and the energy difference is compensated by
the annihilation of a phonon of frequency ωo = ωa − ω.

Stimulated Raman scattering may be achieved in two different ways. One method
is to focus an intense laser pulse of frequency ωl onto a target. If the latter has a Raman
active vibrational mode (rotational, electronic, magnetic, and other excitation are also
possible), which means that a change of polarizability is induced by the vibration,
coherent emission at a frequencies ωl−ωo and ωl +ωo can be observed, where ωo is the
frequency of the vibration. Another method is to spatially overlap two laser beams of
frequencies and wave vectors (ω1,k1) and (ω2,k2), which fulfil the condition ω2−ω1 =
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|n′〉

|n〉
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|n′〉
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virtual levels

vibrational levels

1

Figure 3.2: Stokes (left) and anti-Stokes (right) scattering process

ωo for the excited modes of the target material. By stimulated scattering, light with
frequency ω1 is amplified at the expense of the output at ω2, and a coherent vibrational
wave characterized by frequency ωo and wave vector ko = k2 − k1 is generated inside
the material. This method permit selectivity in the vibrational mode which is excited,
and does not involve a laser intensity threshold [17]. In the case in which a pulsed laser
is used, the two frequencies can also be obtained in the spectral width ∆ωl of the laser
and may therefore be taken from one single pulse. If ∆ω � ωo, there is a large number
of couples of frequency ω1 and ω2 which fulfil the requirement ω2 − ω1 = ωo.

The key requirements for ISRS excitation are the existence of Raman active phonons
in the crystal, and the pulse duration shorter than the phonon period ∼ ω−1

o . There-
fore, impulsive stimulated scattering is a general important aspect of ultrashort pulse
interactions with matter. Coherent phonon excitation occurs through optical mixing of
the Fourier components of the ultrashort incoming pulses. In the impulsive stimulated
scattering process, higher-frequency photons from the incoming pulse are coherently
scattered into lower-frequency photons (still within the laser linewidth) in the oppo-
site outgoing pulse, producing coherent phonons which form a standing wave in the
medium. This standing-wave vibrational oscillations can be detected by coherent scat-
tering of variably delayed probe pulses.

The problem of describing the interactions of electromagnetic and lattice waves can
be approached by means of a classical model describing the dynamics of the normal
coordinate q [18]. The key assumption is that polarizability α of the material is not
constant, but depends on the inter-atomic distance [95]. In the Placzek model, the
polarizability is treated as a function of the atomic coordinates. The variation of the
polarizability as a consequence of atomic vibrations can be expressed by expanding
each component of the second-order polarizability tensor α, which is written as

α =

αxx αxy αxz
αyx αyy αyz
αzx αzy αzz

 , (3.2)

in a Taylor series with respect to the atomic normal coordinates, as follows

α(t) = α0 +

(
∂α

∂q

) ∣∣∣∣
0

q(t) +
1

2

(
∂2α

∂q2

) ∣∣∣∣
0

q2(t) + · · · (3.3)
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where α0 is the polarizability for an inter-atomic distance fixed as its equilibrium
value, q is the normal coordinate of vibration associated with vibrational frequency
ωo, and the subscript “0” on the derivatives indicates that these are to be taken at
the equilibrium configuration. In the so-called electric harmonic approximation, one
neglects terms which involve powers of q(t) higher than the first [96, 97]. Then, the
polarization tensor becomes as a linear function of q(t)

α(t) = α0 +

(
∂α

∂q

) ∣∣∣∣
0

q(t) . (3.4)

If an external optical field E(z, t) is applied, for sake of simplicity, we consider a
linear polarized wave propagating in z-direction; then a dipole moment will be induced:

P(z, t) = αE(z, t) , (3.5)

correspondingly to an energy

V =
1

2
P(z, t) · E(z, t) =

1

2
α ‖E(z, t)‖2 . (3.6)

Thus, the external field exerts a force on the vibrational degree of freedom which
is given by

F (t) =
∂V

∂q
=

1

2

(
∂α

∂q

) ∣∣∣∣
0

‖E(z, t)‖2 . (3.7)

Inserting the expression for F (t) into the phenomenological equation of motion,
Eq. (3.1), we obtain [17,18]

d2q

dt2
+ 2λ

dq

dt
+ ω2

o q =
1

2

(
∂α

∂q

) ∣∣∣∣
0

‖E(z, t)‖2 . (3.8)

The elements in the polarizability tensor are derived from crystal symmetries, the
number of zeros depends on the selection rules which limit the number of allowed
modes than can be excited via a Raman process. This allows the excitation of the
desired mode or combination of modes by choosing the right polarisation of the pump
light. Once several modes are excited, the aim is addressed to perform measurement
of it, this task can be done by choosing the polarization of the probe light [98].

For convenience, we assume the incident and scattered laser light and the material
vibration to be linearly polarized along the y coordinate axis, so the only element to be
considered is αyy in Eq. (3.2). We also assume an optically isotropic and dispersion-free
medium [17,95,99]. Then Eq. (3.8) can be rewritten as

d2q

dt2
+ 2λ

dq

dt
+ ω2

o q =
1

2
α′E2 , (3.9)

where α′ = (∂q αyy)
∣∣∣
0
. The incident pump laser pulse, which for simplicity is considered

to be gaussian in fair agreement with experiments [11, 33], is:

E(z, t) = A e−(t−zn/c)2/(2τ2l ) cos
(
ωl

(
t− zn

c

))
, (3.10)
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where A is the electric field amplitude, n the refractive index tensor, τl is the pulse
duration, ωl the central frequency of the Gaussian frequency spectrum and transverse
spatial variation in the excitation pulse has been neglected. Then Eq. (3.9) becomes

d2q

dt2
+ 2λ

dq

dt
+ ω2

o q =
1

4
α′A2 e−(t−zn/c)2/τ2l ; (3.11)

indeed, the high-frequency driving term on the right-hand side has been neglected since
it does not effectively drive the vibrational mode [17, 100]. From Eq. (3.11) we can
see that a single, ultrashort laser can exert a spatially uniform, temporally impulsive
driving force on a Raman-active vibrational mode. If we set t = 0 as the time in which
the center of the pump pulse arrives at the sample, located at z = 0, for small λ a
solution using Green’s function method yields [17]

q(z > 0, t > 0) = qo e−λ(t−zn/c)2 sin (ωo (t− zn/c)) . (3.12)

The vibrational amplitude is

qo =

√
π

4ωo
α′A2τl e

−ω2
oτ

2
l /4 =

2π

ωonc
Fα′ e−ω2

oτ
2
l /4 ; (3.13)

where

F =
ncA2τl
8
√
π

, (3.14)

is the integrated intensity of the pulse, which is often referred as laser fluence. The
e−ω

2
oτ

2
l /4 term reflects the requirement that the laser pulse duration must be short

compared to a single vibrational period for efficient phonon excitation, so the shorter
the pulse duration, the more the atoms are displaced from their equilibrium position.

From Eq. (3.12), we may see that by impulsive stimulated Raman scattering, an
ultrashort pulse laser propagating through a sample produce a coherent vibrational
waves whose wave-vector goes in the direction of light propagation. If the pump pulse is
spatially uniform in the transverse directions, so is the phase of the coherent oscillations.
The z dependence of q reflects the fact that the front of the sample feels the impulsive
driving force before the back, so the oscillations in the front are out of phase with those
farther back. Furthermore, the oscillations are described by a sinusoidal function, which
is a characteristic for excitation with an impulsive force. As we will see, this is not the
case in the DECP model.

3.1.2 Displacive Excitation of Coherent Phonons (DECP)

The DECP-model was derived by Zeiger and co-workers [19] in the early 90’s and
aimed at explaining the characteristics of time-resolved optical measurements of coher-
ent optical phonons in opaque crystals like antimony (Sb), bismuth (Bi) and tellurium
(Te). In time-resolved reflectivity measurements, oscillations with frequency of the
fully symmetric A1g-mode had been observed while the other Raman-active Eg-mode
had not been detected, although both modes are Raman active [101]. Specifically, for
the case of bismuth, the two phonon modes can be described as follows (see Fig. 3.3
for reference):
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Figure 3.3: Crystalline structure of bismuth and antimony indicating the directions of the
A1g and Eg modes.

• The fully-symmetric A1g-mode which is also referred as the breathing mode, is a
longitudinal mode consisting of a displacement of the two atoms along the body
diagonal in opposite directions with frequency ωo.

• The Eg-mode, a transverse mode which is double degenerate in the x− y-plane,
consists of a displacement of the two atoms in opposite directions either parallel
to the x- or y-axis. The mode frequency is lower than the A1g mode.

The discrepancy with ISRS, together with the fact that the oscillations showed a
cosine-like behaviour, led the authors to derive an alternative excitation mechanism
[19,20].

In the DECP process, the equilibrium positions of the atoms are substantially
altered due to high-density photo-excitation of electronic carriers induced by the pump
light, as it is shown in Fig. 3.4. The electronically excited system then goes quickly into
a quasi-equilibrium state on a short time scale compared to the equilibration time of
the lattice. This leads to an excitation of A1g atomic vibrations with wave-vector k ∼ 0.
DECP requires a significant absorption at the pump frequency in order to disturb the
electronic energy distribution in the material; ISRS does not require absorption in the
material as it was showed above in 3.1.1. Since this approach applies to absorbing
materials, laser excitation does not only create a great number of free carriers but
also changes the electron temperature Te, which can also be the reason for phonon
excitation. The theory does not distinguish if the rise in electron temperature or excited
carrier density is the dominant source of vibrational excitations. The resulting change
in reflectivity, ∆R(t), is similar if the atomic coordinate qo is assumed to be proportional
to either the density of electrons, n(t), or Te. In the following, the phenomenological
derivation of DECP developed in the original work by Zeiger et al. will be presented,
where the process of phonon generation is associated with the laser induced change in
carrier density n(t). A microscopic treatment can be found in [102].

The source of phonon excitation is a change in the quasi-equilibrium coordinate
qo(t), where qo(0) defines the position before the arrival of the pump pulse. It is assumed
that qo(0) is linearly related to the density of the excited carriers n(t) according to [19]

qo(t) = κn(t) . (3.15)
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Figure 3.4: Schematic illustration of DECP: excitations change the atom’s equilibrium
coordinate from its initial position qo to q′o on an excited potential energy surface kick-starting
the atomic vibrations.

In the spirit of Landau theory κ can be related to quantities arising in a thermo-
dynamic description of quasi-equilibrium such that [19]

κ = − 2∆

qeq(0)µω2
on0

, (3.16)

where n0 is the number of unit cells per unit volume in the crystal, µ is an effective
mass per unit cell, ωo is the characteristic A1-mode frequency, qeq is the equilibrium
displacement from a higher symmetry structure and ∆ is a characteristic energy split-
ting produced in the band structure by the symmetry-lowering displacement in the
crystal.

The equation describing the rate of change of n(t) at the surface of the sample is

ṅ(t) = ρP (t)− β n(t) , (3.17)

where the first term is the rate of generation of carriers in excited bands, assumed to
be proportional to the power density, P (t), while the second one is the rate of transfer
of electrons back to the ground state. If the main contribution to the absorption of the
exciting laser pulse is via interband transitions, ρ is given by

ρ = f
2nI
~c

(1−R) , (3.18)

where f is the fraction of electrons transferred in the interband transition that are left
in excited bands after quasi-equilibration of the electrons, nI is the imaginary part of
refractive index and R denotes reflectivity.

The intensity profile of the ultrashort laser pulse can be written as

P (t) = εpump g(t) , (3.19)
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where εpump is the energy per unit are in the pump pulse and g(t) is a normalized pulse
shape function such that

1 =

∫ ∞
−∞

dt g(t) . (3.20)

Thus, the density of the free carriers is

n(t) = ρεpump

∫ ∞
0

dτ g(t− τ) e−βτ . (3.21)

The equation governing the time dependence of the normal coordinate q(t) is now
of the form (compare with Eq. (3.9))

q̈(t) + 2λ q̇(t) + ω2
o q(t) = ω2

o κn(t) . (3.22)

Here, λ represents a damping constant for the mode. The solution to the differential
equation above can be written as

q(t) =
ω2
oκρεpump

ω2
o + β2 − 2λβ

∫ ∞
0

dτ g(t− τ)

[
e−βτ − e−λτ

(
cos(Ωt)− β − λ

Ω
sin(Ωt)

)]
,

(3.23)
where Ω ≡

√
ω2
o − λ2.

From Eq. (3.23), we see that the atomic displacement associated with the normal
mode consists of two main contributions, an exponential decaying and an oscillatory
part. The decaying part can be attributed to the change of equilibrium position due
to the large number of excited carriers. It decreases when the electrons relax and
finally returns to zero. The oscillatory part is associated with a damped oscillation
characterized by a frequency and a damping constant. The maximum displacement
depends on the form of the pump pulse. It attains its maximum value when the
envelope function can be considered as a delta-function, g(t) = δ(t), which is valid if
the pulse duration is largely inferior to the oscillation period. If on the other hand it
is longer than the oscillation period, the oscillatory part is suppressed.

Moreover, for a large decay constant β, the oscillatory term is depressed due to the
factor

ω2
o

ω2
o + β2 − 2λβ

.

This is to be expected since a large β means a rapid return of the quasiequilibrium
displacement to zero, i.e. ω2

o/(ω
2
o − β)2 → 0 and therefore qo(t) → 0. Furthermore,

a large value of β can contribute a sin(Ωt) term if (β − λ)/Ω is not negligibly small,
yielding an oscillation with a phase shifted from a simple cos(Ωt). A small value of
β produces oscillations with large amplitudes, and due to the fact that (β − λ)/Ω
is negligible, the oscillatory part has a cosine-like form in contrast to the sinusoidal
behaviour of the ISRS-mechanism. In this case, ω2

o/(ω
2
o − β)2 → 1 and the phonon

amplitude can be expressed as

qo = κnmax = − 2∆

qeq(0)µω2
on0

nmax . (3.24)
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It can be seen that it is proportional to the maximum excited carrier density nmax at
t = 0.

The DECP approach was then described microscopically by taking into account
electrons and phonons in the second quantization formalism [102]. For a deformational
electron-phonon coupling, only the q = 0 phonon mode is directly coupled to the total
number of photoexcited electronic pairs. Rapid changes in the carrier density due to
ultrafast optical excitation act as a driving force for oscillations of the q = 0 mode.
Thus, it is showed that oscillations are produced by a single zero wave-vector mode
which becomes occupied by a macroscopically large number of coherent phonons.

In summary, in order to describe the likely mechanisms of coherent phonon genera-
tion, the impulsive stimulated Raman scattering (ISRS) theory, and the theory for dis-
placive excitation of coherent phonons (DECP) have been proposed. ISRS and DECP
are two different manifestations of stimulated Raman scattering by phonons [24]. The
ISRS mechanism is commonly used to describe coherent phonon generation in transpar-
ent material, where an ultrashort laser pulse with broadband spectrum exceeding the
vibration frequency can provide cooperative coherent oscillations of atoms at Raman
active modes. Instead, DECP is inherent to metals, semi-metals and narrow-bandgap
semiconductors, and is related to interatomic potential displacements under strong ion-
isation. Both theories are described by two different tensors that have identical real
parts but different imaginary ones. Therefore in the transparency region ISRS and
DECP are identical mechanisms [24]. Another situation takes place in the absorption
region, opaque materials, where imaginary parts dominate. In this case, the mechanism
for coherent phonon generation is displacive in nature [94].

3.2 Quantum fluctuations of atomic displacements

The fact that phonons can be excited into phase coherent states, and that it is
now possible to study the phases of coherent phonons by means of femtosecond-pulse
lasers (with a pulse duration shorter than the phonon period), techniques have been
developed to measure the optical reflectivity with high accuracy. As we show in the
previous section, in most situations involving phonons, a classical description is ade-
quate. However, we now address our attention to the possibility of generate and detect
squeezed phonons; among the properties characterizing squeezing, a relevant feature
concerns the reduction below the vacuum limit of the quantum fluctuations. Indeed,
quantum fluctuations in the atomic positions can influence observable quantities even
when temperatures are not low. With these facts in mind, and prompted by the many
exciting developments in classical phonon optics, coherent phonon experiments, and
on the other hand, squeezed states of light analogies, the phonon analogues were stud-
ied [7, 15]. The dynamical and quantum fluctuation properties of the atomic displace-
ments have been studied as it is usually made with the modulation of quantum noise
in light. In this way, an alternative theoretical formalism was presented to describe
generation and detection processes making particular emphasis in the fluctuations.

A plausible experimentally observable quantity in the case of single mode systems,
is given by [14–16]

û = b̂† + b̂ . (3.25)
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where b̂† and b̂ are the phonon creation and annihilation operators. The operator û is
called the dimensionless lattice amplitude operator. This operator contains essential
information on the lattice dynamics, including quantum fluctuations, i.e. the operator
û is related to the normalized position operator q̂ = (2)−1/2 û. Moreover, it is the
phonon analogue of the electric field in photonic.

In order to see the differences in the behaviour of û among the possible reachable
phonon gaussian states, see Section 2.4.1. Let us first considerate the phonon vacuum
state |0〉: in this case there are no excitations, the expectation values of the atomic
displacement and the lattice amplitude are zero, but the fluctuations will be finite:

∆û = 1 , vacuum state ; (3.26)

In the case of having a thermal state ρβ, the expectation values of the lattice
amplitude vanishes due to randomness in the phase of the atomic displacements. On
the contrary, the fluctuations of the atomic displacement are given by

∆û = 2nβ + 1 , thermal state ; (3.27)

where nβ is the mean number of thermal phonons obtained by the Planck distribution

nβ =
(
eβωo −1

)−1
, with β the inverse of the temperature, i.e. β = (kβT )−1; and ωo the

phonon frequency.

In a single mode coherent state, the fluctuation in the atomic displacements is

∆û = 1 , coherent state ; (3.28)

so, from the fluctuation is impossible to know which state (if any) has been excited,
while this information is evident in the expression of the expectation value 〈u〉, corre-
sponding to the lattice amplitude.

Compared to coherent states, the squeezed states can achieve smaller variances for
one of the quadratures during time intervals for a given dynamics and therefore they
allow reductions in the quantum noise. Explicitly, for a squeezed state, the fluctuation
is given by

∆û = e−2r cos2(θr/2) + e2r sin2(θr/2) , squeezed state ; (3.29)

thus, for a proper set of the squeezing phase θr, the fluctuations can be smaller than
in a coherent state.

Taking into account these results two different mechanisms were theoretically de-
veloped to explain the generation of squeezed phonons. We will discussed them in the
following.

3.2.1 Polariton approach

When an ionic crystal is illuminated by light, there can be strong coupling between
photons and the phonons. Photons and phonons with the same wavevector can form
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polaritons [103]. Despite phonons and photons are not separable in a polariton, they
can be still studied considering the following Hamiltonian [15]

Hpolariton = E1â
†â+ E2b̂

†b̂+ E3

(
â†b̂− âb̂† − âb̂+ â†b̂†

)
, (3.30)

where

E1 = ω , (3.31)

E2 = ωo
√

1 + χ , (3.32)

E3 = i

√
ωωoχ

4
√

1 + χ
. (3.33)

Here ω is the oscillation frequency for photons, ωo is the bare phonon frequency,
and χ is the dimensionless dielectric susceptibility of the crystal (the strength of the
phonon-photon interaction) defined by [104]

χω2
oεoE = P̈ + ω2

oP , (3.34)

where E is the electric field of the incoming light and P is the polarization generated
by optical phonons in the crystal. The two first term in the Hamiltonian in Eq. (3.30)
correspond to the free evolution of photons and phonons, while the third one comes
from the interaction E ·P between photons and phonons. Given this, the goal proposed
by Hu and Nori in [7, 15] was to compute the quantum fluctuations of the lattice
amplitude operator û as a function of time and compare them with the expected
results for vacuum, thermal, coherent and squeezed states. In order to accomplish
it, the polariton Hamiltonian need to be diagonalized. We will follow the original
derivation showed in [15] and we will show the relevant expressions (further details and
discussion can be found in [7]). For this purpose, one introduces the polariton operator
αi in terms of the photon and phonon operators

ηi = wi â+ xi b̂+ yi â
† + zi b̂

†, i = 1, 2 . (3.35)

If one now defines the following vectors

η =
(
η1, η2, η

†
1, η
†
1

)T
, (3.36)

ĉ =
(
â, b̂, â†, b̂†

)T
; (3.37)

then, one may write Eq. (3.35) in a matrix form as

η = A · ĉ , (3.38)

with its inverse ĉ = A−1 · η. The matrix A is given by

A =


w1 x1 y1 z1

w2 x2 y2 z2

y1 z1 w1 x1

y2 z2 w2 x2

 . (3.39)
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In the polariton representation, the Hamiltonian has the diagonal form

H ′polariton = Ẽ1 η
†
1η1 + Ẽ2 η

†
2η2 . (3.40)

The subindices i = 1, 2 specify the two polariton branches, with different dispersion
relation Ẽi. The transformation matrix elements wi, xi, yi, and zi are determined by
requiring that the ηi’s satisfy the canonical commutation relations

[ ηi, η
†
j ] = δij , [ ηi, ηj ] = 0 , (3.41)

so that

[ ηi, Hpolariton ] = Ẽiηi , (3.42)

which is true if the two different polariton branches are independent of each other.
After some computations, it is possible to find that [7]

Ẽ2 =
1

2

[
E2

1 + E2
2 ±

√
(E2

1 − E2
2 )

2 − 16E1E2E2
3

]
, (3.43)

and

xi =

(
E1 − Ẽi

)(
E2 + Ẽi

)
2E2E3

wi , (3.44)

yi =

(
E1 − Ẽi

)
(
E1 + Ẽi

)wi , (3.45)

zi = −

(
E1 − Ẽi

)(
E2 − Ẽi

)
2E2E3

wi , (3.46)

wi =

 4E1Ẽi(
E1 + Ẽi

)2 −
E2Ẽi

(
E1 − Ẽi

)2

E2
2E2

3


− 1

2

. (3.47)

In the polariton representation, the Hamiltonian H ′polariton describes two indepen-
dent harmonic oscillators; then, one obtains

ηi(t) = ηi(0) e−i Ẽit , (3.48)

which can be rewritten in a compact form as

η(t) = U(t) η(0) , (3.49)

being

U(t) =


e−i Ẽ1t 0 0 0

0 e−i Ẽ2t 0 0

0 0 ei Ẽ1t 0

0 0 0 ei Ẽ2t

 . (3.50)
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Table 3.1: Different combinations of t = 0 initial states for the polariton approach to
lattice amplitude squeezing and the corresponding effects in the fluctuation lattice amplitude
operator û. Squeezing is claimed to be present when the quantum fluctuations of the relevant
variable is below its corresponding vacuum state value. Ts(χ) is the temperature below which
squeezing is obtained. For numerical simulations E2 has been fixed at 1.2, while change the
susceptibility χ. Results taken from [7].

t = 0 photon t = 0 phonon Squeezing ?

coherent state coherent state
yes if χ > 0.1

no if χ ≤ 0.1

squeezed state vacuum state
yes if χ > 0.1

no if χ ≤ 0.1

squeezed state thermal state
yes if T < Ts(χ)

Thus, at time t the photon and phonon operators can be expressed as

ĉ(t) = A−1η(t) = A−1 U(t)A ĉ(0) , (3.51)

providing the time evolution of the photon and phonon operators.

Now, one may compute the time dependence of the fluctuations of the lattice ampli-
tude operator û (detailed calculations and results are showed in [7]). In particular the
resonant case has been studied, i.e. ω ≈ ωo. As we showed above, in the case of phonon
coherent state, the variance is equal to 1; therefore, if at any given time one obtains a
value less than one, the lattice amplitude of the relevant mode is squeezed. The results
show a strong dependence on the initial state of the photons and the phonons, and the
relevant ones are summarized in Table 3.1.

From the numerical calculations obtained in [7], squeezing effects considered by
measuring the fluctuations of û are relatively strong for either one of the following
cases: (i) photon and phonons initially in coherent states, or (ii) single-mode photon
squeezed state and phonon vacuum state. For instance, it has been reported that,
the maximum phonon squeezing parameter obtained was r = 0.015 when the incident
photon state has a squeezing factor 0.1 e2iωt, being ω the photon frequency. Under
different situations of initial states the phonon squeezing was weaker. On the other
hand, if the initial phonon state is a thermal one, numerical results reported in [15]
show that squeezing effects are quickly overshadowed by thermal fluctuations when χ
is small, while for large χ, e.g. χ = 0.5, the squeezing effects can exist up to T = 250 K.

Thus, this particular theoretical model consider fluctuations of the lattice amplitude
operator, squeezing appears for different combinations of initial photon and phonon
states and large interaction strength (χ > 0.1). The signature of squeezing is given by
periodic oscillations in the fluctuations below that of the vacuum or coherent state.

For the description to be presented in this thesis, among the results discussed above,
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the most relevant situation is the presence of fluctuations of the lattice amplitude
operator below of that of the vacuum state when the state of the incoming photons
are described by coherent states; in to accomplish that situation, according to the
results obtained in [7, 15], it is necessary to to have the initial phonons described also
by coherent states and a large interaction coupling between photons and phonons.

3.2.2 Impulsive second-order Raman scattering approach

An alternative squeezing mechanism was introduced in [7, 16]. There are physical
systems for which the first-order Raman scattering is either very weak or prohibited
[105–107]; it is then the second-order stimulated Raman scattering that can generate
squeezed states. Experimentally, squeezed phonon were reported to be generated by
second-order Raman scattering [11]. Squeezed phonons can be detected by measuring
the reflectivity of the probe light in an standard pump and probe experiment. Indeed,
the reflectivity is closely related to the atomic displacement in the crystal, the same
being valid for transmittance [11].

The second-order Raman scattering process originates from the quadratic terms
in the polarizability change δPij. The photon-phonon interaction V that leads to the
second-order effect is of the form [83,108]

V = −1

4

∑
i,j

Pi,j q̂
2EiEj . (3.52)

where Ei and Ej are electric field amplitudes in the spatial directions i and j, q̂ is the
position operator in the second quantization formalism, i.e. related to creation and
annihilation phonon operators. If the incident photon field is not attenuated, it can be
treated classically. Then, the Hamiltonian describing the process has the form

H = ωob̂
†b̂−

(
1

4

∑
i,j

Pi,j EiEj

)
q̂2 . (3.53)

A situation of particular interest, because of its relation with the pump and probe
experiments, is when the incident photons form an ultrashort pulse whose duration is
much shorter than the phonon period (phonon frequency is in the order of THz and
pulse duration is few femtoseconds) [11]. Then, the Hamiltonian can be considered
impulsive, and thus, it is consistently written as proportional to a Dirac delta in time.
This argument is also applied in the impulsive stimulated Raman scattering. Hence,
the corresponding Hamiltonian can be written as

H = ωob̂
†b̂− ζ δ(t) q̂2 , (3.54)

where ζ carries information about the amplitudes of the photon field and the electronic
polarizability. The unitary evolution operator associated to the interaction can be
written as [109]

U(t) = exp
[
−i ωot b̂†b̂

]
exp

[
2i ζ b̂†b̂

]
exp

[
1

2

(
ξb̂†2 − ξb̂2

)]
. (3.55)
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Here, the squeezing parameter is

C 3 ξ = −2iζ e−4iζ . (3.56)

The effect of the optical pulse can be described as follows: first, the squeezing operator
acts on the initial state, then the state is rotated, and finally it evolves freely. Notice
that the squeezing parameter is is fully determined by the strength of the photon-
phonon coupling ζ, and it is constant in time.

In the impulsive second-order Raman scattering the energy transfer from the pho-
tons to the phonons is instantaneous. The resulting phonon state is a single mode
squeezed state. This operator acts on the initial phonon state which for our purposes
it can be either the vacuum state or a thermal state.

Measurable observables

Once the generation process of squeezed phonons is determined, one need to de-
scribe a detection mechanism. In order to solve this issue, let us consider an exper-
imentally observable quantity O which is related to the atomic displacement in the
crystal. Therefore, the observable can be generically expressed in terms of powers of
the lattice displacement operator q̂ in a Taylor expansion:

O = Oo +
∂O

∂q
q̂ +

1

2

∂2O

∂q2
q̂2 · · · = Oo +O1 +O2 + · · · (3.57)

For instance, a physically useful observable is the change in the crystal dielectric
constant δε due to the atomic displacement produced by the incident electric field [99].
Up to first order in q̂

δε = δε1 =

∣∣∣∣∂(δε)

∂q

∣∣∣∣√ 1

2ωo

(
b̂† + b̂

)
. (3.58)

Indeed, measuring the reflectivity or transmittance modulation, which is linearly
related to δε, represents and standard procedure to study coherent phonons. Taking
this into account, the generalized lattice amplitude operator, defined in Eq. (3.25) is
again considered. The generalized amplitude operator is the underlying microscopic
quantity related to the observed reflectivity or transmittance modulation when the
linear term in q̂ is dominant for the quantity δε. In the impulsive case [11, 110], even
if the expectation value of the first order contribution 〈δε1〉 vanishes, its fluctuation
does not. Then, fluctuations of δε result proportional to fluctuations in the generalized
amplitude operator, such that

∆(δε) =
1

2ωo

∣∣∣∣∂(δε)

∂q

∣∣∣∣2 ∆û(t) ; (3.59)

if the phonons are driven into vacuum squeezed states by means of the evolution oper-
ator in Eq. (3.55), i.e. such that |ξ〉 = U(t) |0〉; the fluctuations in the lattice amplitude
operator are given by

∆û(t) = e−2r cos2(ωot− 2r + θr/2) + e2r sin2(ωot− 2r + θr/2) , (3.60)
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where r = |ξ| = 2ζ and θr = 3π/2 − 4ζ is the argument of the complex number ξ
showed in Eq. (3.56). Therefore, the squeezing reveals itself through oscillations in
∆(δε), proportional to Eq. (3.60).

In the particular case in which the squeezing parameter r is small, we obtain

∆û(t) = 1 + 2r2 + 2r sin(2ωot) , (3.61)

we may see that the oscillations show oscillations proportional to a sinusoidal function,
which is characteristic for excitations through an impulsive force as it was obtained in
the case of the impulsive stimulated Raman scattering. These oscillations disappear
when r vanishes.

Then, in this scheme where the relevant contribution to the change of the crystal
dielectric constant is at most due to the first order term in the expansion showed in
Eq. (3.57), by measuring the corresponding fluctuations the signal of the presence of
squeezed phonons is related to the observation of oscillations with the double of the
phonon frequency mode excited [14, 29]. Therefore, it is not necessary to look for
reduction of the fluctuation of the lattice amplitude operator below the vacuum level
in order to claim the presence of squeezing in phonons.

However, when the linear perturbation δε1 due to phonons vanishes, then the second
order correction O2 = δε2 must be considered [105,107]. In phonon systems modulated
through second-order Raman scattering [14], we have that

δε = δε2 =
1

2

∂2(δε)

∂q̂ ∂q̂
q̂2 . (3.62)

Thus, we can relate it to the fluctuations of û: if the initial phonon state is the vacuum,
then the following relation is satisfied〈

q̂2
〉

=
1

2
∆û(t) , (3.63)

because for that state 〈q̂〉 = 〈û〉 = 0.

Therefore, the expectation value of the second-order correction to the change of the
dielectric constant is given by

〈δε2〉 =
1

4

∂2(δε)

∂q̂2
∆û(t) . (3.64)

From this, the same analysis performed before applies also in to the current case. The
presence of the squeezed phonons is related to the presence of oscillations with the
double of the frequency of the excited phonon mode, see Eq. (3.61); but measuring
directly the changes in the dielectric constant and not its fluctuations as in the first
case.

Experiment

This particular approach was used to describe an experimental realization referred
as the first claim of detection of phonon squeezing in macroscopic systems [11]. The
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squeezed phonons were generated in a transparent crystal with an ultrafast pulse of
light, this process was described by a Hamiltonian like that showed in Eq. (3.53). The
measurements were performed with the standard pump and probe setup. The phonon
state was monitored by measuring the transmission of the second pulse (probe pulse)
that is sensitive to changes in the refractive index arising from the modulations in the
mean square displacement of the atomic positions.

Thus, experimentally, the observed quantity is the change of transmission T due
to an impulsive second-order Raman scattering process. Up to second order in q̂, the
transmittance can be expressed as

T = To +
∂T

∂q̂
〈q〉+

1

2

∂2T

∂q̂2

〈
q̂2
〉
, (3.65)

where the average is over the phonon states of the crystal. If the phonon state resulting
after the impulsive interaction with photons is either a squeezed vacuum or squeezed
thermal state, then 〈q̂〉 = 0 and 〈q̂2〉 = (2)−1∆û. It is possible to achieve modulation of
the total noise of the system, and then translate it to the modulation of the transmit-
tance T, or more specifically, through the relative transmittance. If the initial state is
a thermal one

∆T

T
≈ 1

2T

∂2T

∂q̂2
(1 + 2nβ) r sin(2ωot) , (3.66)

where nβ is the mean number of thermal phonons, r is the squeezing parameter, and ωo
is the phonon frequency. In Eq. (3.66), one has considered small r, such that terms with
power equal and higher than two have been neglected. Notice that this modulation
of the total fluctuation is not equivalent to a squeezing of quantum fluctuation, since
∆T = 0 means a reduction of the total fluctuation (quantum plus thermal), not
only the fluctuation of the vacuum. Nevertheless, the presence of the oscillations with
the double of the frequency were claimed to be a signal of the presence of squeezed
phonons [11, 14]; criticism about this experimental result arise based in the strong
contribution of the thermal noise to the fluctuations (see Chapter 4 for discussion).

Summarizing, one has shown a possible mechanism of generation of squeezed states
out of the vacuum (same results apply if the initial phonon state is a thermal one)
by means of an impulsive photon-phonon interaction; nevertheless, it is written only
in terms of phonon operators, photons are treated classically, such that the photon-
phonon coupling is introduced through a coupling constant. Once the squeezed phonon
state is achieved the evolve freely for a certain time t when they are then measured.
The macroscopic implications have been presented, a proposal based on the grounds of
experimental techniques was used. Particularly, if the change in the dielectric constant
is measured in an experimental setup, it can be done in a pump and probe experiment
if measures of the reflectivity/transmittance of the probe pulse are performed; then
a clear signal of the presence of squeezing is the time dependent behaviour of the
observable, specifically oscillations with a frequency given by the excited phonon mode
are observed.



Chapter 4

Pump and Probe Experiments

Experiments based on pump-probe experiments techniques where first introduced
in the middle of the last century [111, 112], when it was realised that a short, in-
tense pulse of light can be used to induce excitations in a target material. This idea
and subsequent efforts led to the development of a wide range of experiments based
upon pump-probe spectroscopy [4,113,114], becoming nowadays the most widely used
technique for monitoring fast dynamics. The timescale on which experiments can be
measured has been reduced from milliseconds in 1950’s to the current femtosecond, and
even to the attosecond scale, allowing an insight into the dynamics of excitations at the
most fundamental level. The experimental methods employed in pump-probe experi-
ments are largely determined by the time-resolution required; in particular, for phonon
dynamics studies, the femtosecond pump-pulse regime is used. Some limitations arise
from the uncertainties related to the triggering of the light source, the response time
of detectors and subsequent data-acquisition; therefore, the experiments tend to use a
single light source that acts as source of both the pump and the probe pulses.

The basic of the pump and probe experiments can be described as follows (see
Fig. 4.1): the system under study is pumped with a short, intense pulse of radiation;
it generates excitations that can be detected. Here the term short is defined as being
significantly less than the lifetime of the excitations we want to study; for example if
the excitations have a lifetime of the order of picoseconds, then a pump duration of a
few femtoseconds duration would be enough. The system is then allowed to evolve for
a certain period of time. After this evolution time the system is probed by a second,
short, and less intense pulse of radiation, allowing information about the nature of
the excitation and/or their properties to be obtained. By systematically varying the
evolution period between the pump and probe event, the dynamical behaviour of the
excitations can be studied.

The remarkable progresses in ultrafast lasers and measurements techniques made
it possible to apply pump-probe methods to study phonon dynamics with femtosecond
resolution; indeed, solids subjected to ultrafast laser pulses can sustain lattice vibra-
tions with a high degree of temporal and spatial coherence. These lattice vibrations,
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Pumping Process Probing Process

Δt

Δt

Figure 4.1: Schematic representation of the pump-probe technique. Up, for opaque mate-
rials, the scattered light is measured. Down, for transparent materials, transmitted light is
measured.

called coherent phonons, have been observed in various solids including semimetals and
superconductors [25, 115, 116]. Using pump-probe techniques, the properties of these
phonons can be deduced through the measurements on the scattered/transmitted probe
photons; indeed, the properties of scattered/transmitted photons reflect those of scat-
tering particles, the phonons.

4.1 Experimental techniques

As already mentioned, the investigation of ultrafast processes demands sophisti-
cated experimental apparatuses. In the following, we will study time-resolved impul-
sive scattering experiments using pump and probe type techniques [117, 118]. Pump
and probe experiments are commonly performed using a quasi-monochromatic light
pulses centred at a wavelength of 800 nm, typically produced by a Ti:Sapphire laser.
Specifically, a femtosecond laser pulse is used as source of light, with a 250 kHz rep-
etition rate. One laser pulse, referred as the pump pulse, shines the material under
study inducing dynamic processes in the lattice that in turn produce changes in the
optical properties of the sample (See Fig. 4.1). After a known time delay Δt, a second
laser pulse, the probe pulse, shines the sample. The pump pulse is characterized for
being of high intensity: it must produce sample excitations by moving the system out
from the initial equilibrium state. On the other hand, the probe pulse is weaker in
intensity, in order to avoid the production of extra excitations and disturbances: it is
the measuring pulse.

In standard time-resolved experiments, one then measures either the reflectivity
or transmittance of the sample, depending on whether the target material is opaque
or transparent. The delay time between pump and probe is varied by changing the
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(a) (b)

Figure 4.2: Typical oscillatory behaviour of the intensity measurements of the probe pulse
as a function of the time delay. (a) shows the oscillation of the reflectivity change for bismuth
(Bi), an opaque material [120]. Notice vanishing oscillations with the corresponding phonon
frequency (b) shows the oscillations of the transmittance change for KTaO3, i.e. transparent
material [11]. In this case, signal oscillates with twice the phonon frequency.

optical path length of the probe pulse with respect to the pump. In this way, by
changing the time delay between pump and probe, it is possible to collect a set of
data corresponding to different states of the material after the excitation; this allows
to study how the reflectivity/transmittance, or in general optical properties, of the
target material varies with time. In this configuration, the fundamental limit of time
resolution is given by the duration of the probe pulse; in typical setups, it is in the
range of femtoseconds, short enough to observe the behaviour of picosecond variations
proper of phonons dynamics in the material.

The magnitude of the relative changes in the reflectivity/transmittance, which is
the usual observable measured, depends on the material and level of excitation. In
many cases, these changes are small, 10−3− 10−6; and therefore, in order to get better
resolution results, the signal is averaged over a large number of pulses for a given
time delay; this further allows to compensate for intensity fluctuations in the probe
pulse [33, 119].

Time-resolved pump-probe experiments thus allow to study the dynamics of exci-
tations in the material by looking at the scattered/transmitted light: the information
about the sample state and its dynamics is imprinted in the outgoing probe’s state
which is measured. Typically, time-domain of the scattered/transmitted probe pho-
tons intensity traces show an oscillatory behaviour, see Figure 4.2. Further informa-
tion on the dynamics of the excited material can be obtained by looking at additional
observables characterizing the scattered/transmitted light, besides the mean reflectiv-
ity/transmittance, as for instance the corresponding variance. In this way, fluctuations
are also studied and explored in order to get further information about the excitation
produced in the material by the pump pulse.

This idea was first explored and discussed by Misochko et al [2, 10, 30, 35, 115].
In these experiments one repeatedly records probe data for a given time delay; from
this data set, one then calculates the mean and variance of the intensity of the scat-
tered/transmitted light, considering the ensemble average. By keeping record of the
collection of multiple data sets allows getting access to higher moments of the photon
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Figure 4.3: Left column: Results for Bi. Right column: Results for GaAs. (a) The mean
(open circles, left-hand scale) and the variance (dashed lines, right hand scale) of the reflected
light intensity show oscillatory waveform as a function of time delay. (b) Fourier transform
for mean and variance. Experiments were made at room temperature [10]. Notice the peak
at twice of the nominal frequency in variance.

distribution as compared to ordinary pump-probe experiments that provides informa-
tion only on the mean. These measurements aim to distinguish between squeezed and
non-squeezed states as it was described in Chapter 2. Experiments have been performed
with different crystals, among them YBa2Cu3O7−δ, InSb, Sb, Bi and GaAs [2, 10, 30].
Experimental results for this kind of realisations are shown in Fig. 4.3.

In this particular scheme, where also the variance is measured, one fixes the at-
tention to the shape of the uncertainty area in the space defined by the quadratures
X̂1 = x̂φ=0 and X̂2 = x̂φ=π/2. Because for different quantum states the shape is dif-
ferent, one may distinguish among them (See Fig. 4.4). In particular, squeezed states
show a distinctive feature: an ellipse shape in the quadrature (X̂1, X̂2) representation.
Furthermore, this ellipse rotates in time around its center, so that the corresponding
variance shows a distinctive oscillatory behaviour in time.

In order to get further insight, Fourier transform of the signal and its variance
was made: the spectral components for the variance contains twice the frequency of
the components of Fourier transformed amplitude. This particular contribution was
associated to the dynamics of the squeezed states: indeed, for squeezed states, the state
oscillates in the quadrature space with angular frequency ωo, but the contour rotates
with angular frequency 2ωo (see Fig. 4.5).

Assuming a perfect correspondence between the features of the detected scat-
tered/transmitted photon state and those of the excited phonons in the material, these
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Figure 4.4: Schematic representation of the states in the quadrature space (X̂1, X̂2).

features were used to claim the detection of phonon squeezed states [73, 93, 121–125].
This conclusion was subsequently criticized [35] pointing out that the used experimen-
tal techniques lacked the determination of the reference vacuum state variance: only
when the measured variance goes below this reference level, squeezed states can be
claimed to be detected. In addition, the 2ωo-frequency contribution in the oscillating
behaviour of the variance was attributed to a non-precise phase determination: a not
perfectly controlled laser pulse repetition frequency, giving rise to the so-called “jitter-
ing” effects, can in fact produce a 2ωo signal [35]. This is an intrinsic limitation due
to the experimental setup for the time-resolved spectroscopy. More recent experiments
have been performed using ultrafast X-ray optics that allow a reduced duration of
the pulse, hence reduced jittering effects [126, 127]; not definite results concerning the
presence of squeezed phonons have been achieved and accepted also in this case.

In order to obtain more definite signals of squeezing in the pump excited phonons,
recent theoretical studies have been focused on alternative generation mechanisms of
squeezing [8, 128–130]. In particular, optical excitations of quantum dots has been
proposed as an effective squeezing mechanism; indeed, optical excitations in these
systems give rise to the formation of a lattice distortion in the region of the dot. In
this respect, lattice displacement û and lattice momentum π̂ have been proposed as
quantities to be monitored in order to detect squeezing [8,131,132]; however, reduction
of the fluctuations below the vacuum level were obtained only in the more technical
demanding case of excitation induced by two laser pulses. Further, even when the
fluctuations never fall below the vacuum level, they exhibit oscillations at frequencies
ωo and 2ωo [28]. As a consequence, the detection of oscillations with twice the phonon
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Figure 4.5: Schematic diagram of the free evolution of the uncertainty area for squeezed
coherent states. Time dependent variance for the quadratures is observed.

frequency, turned out not to be an unambiguous signal of squeezing.

Another approach for detecting squeezed phonons in pump-probe experiments was
developed in [11, 133] using transparent materials. As described in Chapter 3, by
relating semiclassically the measured transmittance of probe photons to the lattice
displacement, a signal for squeezed phonons was claimed to be obtained. Also this result
was later criticized [14] on the basis of the smallness of the magnitude of the modulation
detected as squeezing signal: it could have been effects of thermal fluctuations.

Based on the experiments so far performed and the theoretical debate that they
have originated, a definite signal for the presence of squeezed phonons in pump excited
materials has not yet emerged. Many factors need to be taken into account and under-
stood in interpreting those experiments: in particular those related to the mechanism
of generation of squeezing in condensed matter, the interaction among the phonons
themselves and with their surrounding environment, e.g. formed by the electrons in
the crystal, the mechanism of detection, and how to combine them all. In the following
section we will theoretically describe these questions.

4.2 Theoretical effective quantum description

Despite the existence of various mechanisms that account for the generation of
phonons in pump-probe experiments, as the impulsive stimulated Raman scattering,
the second-order Raman scattering, and the polariton approach, most of them relies
on semi-classical arguments. As presented in Chapter 3, these theories are based either
on an ad hoc equation of motion of the normal coordinate of the atom at a lattice site
by means of a driven harmonic oscillator [17, 19], or on a mean-field description; in
both cases no discussion about the detection mechanism of the phonons is explained
[14,15,29]. While these models capture the mean behaviour of the phonons dynamics,
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they leave open the question of exact definition of the measured quantities.

In contrast, in the following we shall introduce a fully quantum treatment of the
pump and probe experiments aimed at the study of ultrafast dynamics of phonons.
First, we shall introduce a unique interaction Hamiltonian which describes phenomel-
ogically the interaction among the photons in the laser pulse and the phonons in the
material, both for the generation (pumping process) and the detection (probing pro-
cess) of the lattice vibrations in the crystal. Further, phonons in the material cannot
be considered as isolated, and therefore, they will be described as an open quantum
system. Indeed, they interact weakly with their environment, made of the constituents
of the material, other than the phonon themselves. Therefore their corresponding dy-
namics is not unitary: dissipative and noisy effects need to be taken into account; they
are consistently described by a master equation of Lindblad form. Finally, suitable ob-
servables of scattered/transmitted probe photons will be considered and studied as a
function of the time delay. However, we will focus not only on the intensity of the scat-
tered/transmitted light, but also higher-order correlation functions will be analysed.
In this way, a clear signature of squeezing in the generated phonons can be obtained.

In the following, we briefly summarize the steps characterizing a typical pump and
probe experiment.

1. Before being hit by the pump laser pulse, the material under study is at thermal
equilibrium, so that one can safely assume the initial phonon state to be a thermal
state, ρβ, at inverse temperature β = (kBT )−1, where in standard conditions T
is the room temperatur (T = 300 K).

2. The target material is hit by the laser pump pulse described by a coherent photon
state |ν〉 of high intensity, |ν| � 1. So that, the initial photon-phonon state is

ρ = |ν〉 〈ν| ⊗ ρβ . (4.1)

3. Pumping process: it is considered impulsive and its action determines the initial
time, t = 0. The process is described by a unitary operator U , to be discussed
in detail later on, that transforms the initial state of the composite system into
a new state

ρν = U
(
|ν〉 〈ν| ⊗ ρβ

)
U † . (4.2)

This new state contains information about both, photons and phonons; since we
are interested in the phonon behaviour, photon degrees of freedom will be traced
out:

ρνII = TrI
[
U |ν〉 〈ν| ⊗ ρβ U †

]
, (4.3)

where I and II refers to the photons and phonons systems, respectively. The
state ρνII describes the phonons out-of-equilibrium, i.e. the excited phonons, as a
consequence of the interaction with the pump pulse.

4. Phonon dynamics: as already mentioned above, the excited phonons cannot be
considered to be isolated from their environment, since the inevitably weakly
interact with it. In these cases, standard techniques allows one to describe their
time-evolution by means of a master equation of Lindblad form,

∂t ρ
ν
II(t) = L [ρνII(t)] , (4.4)
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where the generator L takes into account the dissipative and noisy effects due to
the environment. Therefore, the phonon state at a time t after the pump will be
given through the action of a semigroup of completely positive maps Λt [38, 45]
(see also Chapter 1), such that

ρνII 7→ ρνII(t) := Λt [ρνII ] . (4.5)

5. Probing process: it acts impulsively as does the pump, but at time t, and on a
photon-phonon state of the form |α〉 〈α| ⊗ ρνII(t), given that the quantum state
describing the probe photons is again a coherent one, |α〉. Since we extract infor-
mation about the phonons by measuring the photons, the state we are interested
in is obtained this time by tracing away the phonon degrees of freedom, and thus
amounts to

ρI(t) = TrII
[
U |α〉 〈α| ⊗ ρνII(t) U †

]
. (4.6)

We will later show that the action of U in the case of the probe differs from that
of the pump.

6. Photon correlations: the photon state ρI(t) is completely characterized by its
correlation functions〈

(â†)p âq
〉

(t) = TrI
[
(â†)p âq ρI(t)

]
, ∀ p, q ∈ N . (4.7)

While previous investigations have considered only the case p = q = 1, in the
present approach one has at disposal enough information to inspect the higher
order photon correlation functions which, as we will show, are in turn related
to the quantum features of the phonon states, like for instance the presence of
squeezing.

In the following, we will discuss in detail every of the previous steps.

4.2.1 Initial phonon state

In the physical situation we are considering, the pump and probe techniques are
applied at room temperature (300 K); initially the material is at equilibrium so that
the phonon state before the pump pulse hits the target can be consistently taken to be
a thermal Gibbs state of the form

ρβ =
e−βωo b̂

†b̂

Tr
[
e−βωo b̂†b̂

] , (4.8)

where only one mode of energy ωo is physically relevant; b̂† and b̂ are the corresponding
phonon creation and annihilation operators satisfying the canonical commutation rela-
tion [ b̂, b̂† ] = 1. For this equilibrium state we have that the mean number of phonons
is given by

neq = Tr
[
ρβ b̂
†b̂
]

=
1

exp (ωo/kBT )− 1
. (4.9)



4. Pump and Probe Experiments 61

We shall indeed limit our considerations to the regime in which only one Raman-
active mode is accessible in the crystal. Such a situation is rather general and it
is achievable either by choosing the target crystal with particular symmetries or a
suitable polarization of the laser, as in the case of transparent quartz crystals, or by
performing the experiment at a temperature, as the room temperature in the case of
opaque suitable crystals, such that only one phonon mode is relevant.

4.2.2 Initial photon pump state

In pump and probe experiments, a pulsed laser is used, having a broadband spec-
trum due to the Heisenberg’s uncertainty relation. In spite of this, since the used
laser is mode-locked, the multi-mode description can be reduced to a single collective
mode [134,135].

Therefore, the pump laser photon state will be described by a single mode coherent
state |ν〉, satisfying â |ν〉 = ν |ν〉, with ν a complex parameter, and â†, â the photon
single mode creation and annihilation operators, satisfying the canonical commutation
relations, [ â, â† ] = 1.

The complex parameter ν is related to the laser intensity; indeed,
〈
ν
∣∣ â†â ∣∣ν〉 = |ν|2.

In particular, as mentioned above, the pump laser is a high intensity coherent state:
|ν| � 1.

4.2.3 Photon - phonon interaction

Phenomenologically, the effects of the laser pulse on the crystal vibrations are de-
scribed in terms of either first or second-order Raman scattering [7, 14]. Furthermore,
this action can be considered instantaneous, so that in the second quantized formalism
it may effectively be described by a time-dependent interaction Hamiltonian of the
form

H(t) = δ(t)
[
γb â

† b̂+ γb â b̂
† + γc â

†2 b̂2 + γc â
2 b̂†2

]
, (4.10)

where δ(t) embodies the impulsive character of the interaction, and respectively γb and
γc are complex coupling constants that measure the strength of the bilinear, respec-
tively quartic photon-phonon interaction terms. In (4.10) a generic photon-phonon
interaction Hamiltonian has been expanded up to the second order in photon/phonon
operators: higher orders can be safely neglected since their coupling constants are
smaller and smaller, taking into account that the corresponding scattering processes
are less likely to occur. Further, notice that the Hamiltonian preserves the number
of particles, i.e. annihilation of photons results in creation of the same amount of
phonons, and vice versa. The processes can be schematically represented as in Figure
4.6. Given its non-linear character, this Hamiltonian is able to describe the generation
of both coherent and squeezed phonons, on the same ground.

Given the time-dependent Hamiltonian, the unitary evolution is given by

U = T exp

[
−i
∫ t

0

dsH(s)

]
, (4.11)
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Figure 4.6: Diagrams for the relevant contributions in the considered photon-phonon inter-
action Hamiltonian. Solid lines represent photons and dashed lines represent phonons.

where T is the time-ordering operator. However, because of a femtosecond pulse dura-
tion is much shorter than any phonon characteristic time, the pump/probe pulse acts
as a delta-function driving force; the corresponding integrals in the Dyson expansion of
Eq. (4.11) can be easily computed, and one finally obtains a time independent evolution
operator for the composed system

U = exp
{
−i
(
γb â

† b̂+ γb â b̂
† + γc â

†2 b̂2 + γc â
2 b̂†2

)}
. (4.12)

4.2.4 Pumping process

As remarked before, the pump operator U acts on a high intensity photon coherent
state |ν〉, Eq. (4.2); as a consequence, the use of a mean-field approximation for the
photon degrees of freedom is justified; one then replaces â with ν and of â† with ν,
thus obtaining from Eq. (4.12)

Uν = exp
{
−i
(
γb ν b̂+ γb ν b̂

† + γc ν
2 b̂2 + γc ν

2 b̂†2
)}

. (4.13)

From this expression of the evolution operator Uν , we can immediately see that it
generates both coherent and squeezed states. For instance, by setting γc = 0, namely
by disregarding the second-order Raman contribution to U , Uν becomes a phonon
displacement operator

D(z) = exp
(
z b̂† − z b̂

)
, z = −iγbν . (4.14)

On the other hand, neglecting the linear term in phonon operators, Uν becomes a
phonon squeezing operator

S(ξ) = exp

(
1

2
ξ b̂2 − 1

2
ξ b̂†2

)
, (4.15)

where the complex squeezing factor ξ ∈ C can be written conveniently as ξ ≡ r eiθr ,
such that

r = 2 |γc| |ν|2 , (4.16)

θr = 2θν − θc +
π

2
; (4.17)

and r is referred to as the squeezing parameter and θr the squeezing phase.
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Furthermore, it turns out that the full pump operator Uν can be rewritten as

Uν = S(ξ)D(z) , (4.18)

where ξ is the same as before, whereas the displacement parameter z reads

z =
|γb|

2 |γc| |ν|
[(

1− cosh(2 |γc| |ν|2)
)

ei(θν+θb−θc)− sinh(2 |γc| |ν|2) ei(θν−θb+
π
2

)
]
, (4.19)

with γb = |γb| eiθb , γc = |γc| eiθc and ν = |ν| eiθν .

A more detailed and mathematically sound justification for the use of the mean-
field substitution in (4.13) is discussed in Appendix B, while in Appendix C formula
(4.18) is derived.

The state of the composed system, immediately after the pump hit the target
material, is then described by

ρν = |ν〉 〈ν| ⊗
(
Uν ρβ U

†
ν

)
. (4.20)

The phonon state, determined by tracing over the photon degrees of freedom, represents
the initial state of the phonon dynamics, whose description requires to take into account
that they weakly interact with their surroundings.

4.2.5 Phonon dynamics

Phonons in the material target can hardly be considered as isolated from their en-
vironment; what one can assume is that the interactions with extra degrees of freedom,
like for instance the electrons in the crystal or crystal impurities, be weak. In such
a case, if the initial phonon state is uncorrelated from the one of the environment, a
physical meaningful assumption in the present setting, the standard approach to open
quantum systems allows deriving for the time evolution of the phonon state, ρp, a
Lindblad type master equation of the form

d

dt
ρp(t) = −i[H, ρp(t) ] +

∑
k

λk
2

(
2Vk ρp(t)V

†
k − V †k Vk ρp(t)− ρp(t)V †k Vk

)
. (4.21)

In the above expression, the Vk are suitable phonon operators accounting for their
interaction with the environment. In particular as discussed in Chapter 1, the com-
mutator represents the standard Hamiltonian quantum dynamics generator, while the
first non-standard term is associated to quantum noise effects that usually map pure
states into density matrices, while the last terms represent dissipative effects. The real
and positive constants λk are related to the dissipation rate of the system. In this phe-
nomenological approach, they contain all the possible sources of dissipation affecting
the phonons during their evolution.

By solving the master equation for the phonons, we will get the evolved phonon
state at time t after the pumping process. We shall consider the following two different
physical reservoirs; corresponding to two different physical situations. It turns out that
the master equation they produce is solvable analytically.
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Thermal environment

Experimental evidences indicate that the phonons relax to a thermal equilibrium
state ρβb after few picoseconds; the final temperature Tb, being possibly higher than the
initial one T , is the constant temperature of the thermal equilibrium bath. We have
thus considered the typical master equation that describes this state of affairs [38,136]:

∂

∂t
ρp(t) =− i[Hp, ρp(t) ] +

λT
2

(nb + 1)
(

2b̂ρp(t)b̂
† − b̂†b̂ ρp(t)− ρp(t) b̂†b̂

)
+
λT
2
nb

(
2b̂†ρp(t)b̂− b̂b̂† ρp(t)− ρp(t) b̂b̂†

)
,

(4.22)

where

nb = Tr
[
ρβb b̂

†b̂
]

=
1

exp (ωo/kBTb)− 1
, (4.23)

is the typical thermal mean number of the excitations in the bath.

In Eq. (4.22), the first term corresponds to the free evolution of the phonons with
Hp = ωo b̂

†b̂. The remaining terms give rise to dissipation and noise, due to inter-
actions with the thermal bath [45]. Moreover, the term proportional to λT indicates
spontaneous transitions, whereas terms proportional to λT nb concern the stimulated
transitions, emission and absorption, both implying transfer of energy between phonons
and the environment.

Dephasing environment

A typical effect due to the presence of an external environment is dephasing (loss
of coherence). This is obtained when the number of phonons is constant in time;
indeed, as number and phase are conjugate variables, according to the Heisenberg un-
certainty principle, their phases are completely undetermined [137,138]. This reservoir
is described through the following Lindblad master equation [139,140]

∂

∂t
ρp(t) = −i[Hp, ρp(t) ]− λD

2
[ b̂†b̂, [ b̂†b̂, ρp(t) ] ] . (4.24)

where Hp = ωo b̂
†b̂, as before is the free phonon Hamiltonian and λD ≥ 0 is the

phenomenological parameter describing the damping of the system.

While the dynamics described by Eq. (4.22) has ρβb as unique asymptotic state,

the above master equation leaves invariant the phonon number operator b̂†b̂; hence, all
Gibbs states of the form (4.8), independently of their temperature, are left invariant by
the dissipative evolution. This is the consequence of the fact that, under the interaction
with this environment, there is no energy exchange between phonons and environment.

From a microscopical point of view, the weak interaction of the phonons with a
thermal bath can be described by a Hamiltonian of the following form:

Hint =
∑
i

(
ĉib̂
† + ĉ†i b̂

)
, (4.25)

where ĉi and ĉ†i satisfying [ ĉi, ĉ
†
j ] = δij, represent the annihilation and creation opera-

tors for the reservoir degrees of freedom. It describes the following physical processes:
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Figure 4.7: Comparison between (a) the thermal bath damping process in which a phonon
is destroyed while producing a bath excitation, and conversely; and (b) phase damping, in
which a phonons is scattered while absorbing or emitting a bath excitation [73].

a phonon is annihilated and a bath excitation is created or conversely, a phonon is
created as a bath excitation is destroyed. This kind of processes allows transfer of
energy between the system and the environment; in the first case the phonon energy
is transferred to the reservoir, while in the other case, a phonon is created out of the
reservoir energy. Indeed, the phonon Hamiltonian does not commute with the above
interaction Hamiltonian.

On the other hand, when we consider damping mechanisms induced by scattering
processes, as for instance the so-called dephasing environment [73,141], the interaction
Hamiltonian can commute with that of the phonons; in this case there is no energy
exchange between the phonons and the environment, only the phase of the phonon
state is changed in the interaction. The interaction Hamiltonian in this case has the
form

Hint =
∑
i

(
ĉ†i + ĉi

)
b̂†b̂ , (4.26)

it describes a process in which a bath excitation can be absorbed or emitted, but the
number of phonons remain unchanged. Both situations are illustrated diagrammati-
cally in Fig. 4.7.

In summary, because of the presence of the external bath, the excited phonon state
ρνII after the pump will be transformed at a later time t into the new state ρνII(t),
solution of the master equation Eq. (4.22) or Eq. (4.24); its properties can be read
through the probe laser pulse.

4.2.6 Probing process

While the pump pulse is intense in order to excite the system out of the starting
equilibrium state, the probe pulse is less intense; it is used to record the properties
of the phonon state through the reflected/transmitted photons. By varying the time
delay between the pump and the probe pulse, one may access the relaxation dynamics
of phonons.

As for the pump pulse, the probe laser photon state will be a coherent one, |α〉,
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but, as said before, much less intense that the pump one, |α| � |ν|. In such case, the
unitary operator U cannot be written as in (4.13), since the probe pulse state cannot
be considered semiclassical. Nevertheless, in Appendix D we show that the unitary
operator U can be approximated by

Uα = Uα

{
I− i

∫ 1

0

ds
(
U †α
)s [

γc
(
â†2 − α2

)
b̂2 + γc

(
â2 − α2

)
b̂†2
]

(Uα)s
}
, (4.27)

where
Uα = exp

{
−i
[
γb â

† b̂+ γb â b̂
† + γc α

2 b̂2 + γc α
2 b̂†2

]}
. (4.28)

In general, the bilinear terms in the exponential dominates over the quartic ones,
so that one can safely assume γc ' 0; however, there are physical situations in which
due to crystal symmetries [16,105–107] or to specific experimental features [11,25], the
terms with the linear pieces in photon and phonon operators do not contribute; in such
cases only the quartic terms matter, so we set γb = 0. Both situations will be discussed
in the following (see also Appendix D for further discussions).

The state of the total system after the probing pulse hit the material is then given
by

ρ(t) = Uα
(
|α〉 〈α| ⊗ ρνII(t)

)
U †α . (4.29)

The density operator describing only the reflected/transmitted photons is obtained
from it by tracing over the phonon degrees of freedom:

ρI(t) = TrII
[
Uα
(
|α〉 〈α| ⊗ ρνII(t)

)
U †α
]
. (4.30)

4.2.7 Photon correlations

As already stressed, our aim is to study quantum features of the phonon state
generated by the pump process and their behaviour in time as monitored by the probe
pulse. This can be achieved by measuring suitable probe photon observables.

Specifically, we shall concentrate on the study of the mean photon number â†â
and its variance ∆â†â. We will see that these observables carry information about the
phonon quantum features.

Recalling the form of the reduced density matrix for the scattered/transmitted
photons given in (4.30), the average mean photon number and relative variance are
explicitly given by〈

â†â
〉

(t) = TrI
[
â†â ρI(t)

]
= Tr

[(
U †α â†âUα

)
|α〉 〈α| ⊗ ρνII(t)

]
, (4.31)

∆â†â(t) =
〈
â†2â2

〉
(t) +

〈
â†â
〉

(t)−
(〈
â†â
〉

(t)
)2

, (4.32)

where 〈
â†2â2

〉
(t) = TrI

[
â†2â2 ρI(t)

]
= Tr

[(
U †α â†2â2 Uα

)
|α〉 〈α| ⊗ ρνII(t)

]
. (4.33)

These expressions are functions of the phonon state at time t, which in turn depends
on the considered environment, thermal or dephasing bath. As a consequence, the mean
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photon number and its variance can be expressed in terms of phonon correlations for
both probing processes as discussed in Section 4.2.6. Details about the computation
are collected in Appendix D.

First-order probing process

In situations in which the second-order Raman scattering is negligible, the impulsive
unitary operator describing the probe process reduces to

Uα = exp
[
−iγb â† b̂− iγb â b̂†

]
. (4.34)

The mean value of the photon number can be easily computed in terms of suitable

phonon correlations
〈
b̂†mb̂n

〉
t

= TrII

[
b̂†mb̂nρνII(t)

]
〈
â†â
〉

(t) = |α|2 cos2(|γb|) +
〈
b̂†b̂
〉
t
sin2(|γb|)

+ i
sin(|γb|) cos(|γb|)

|γb|
(
γbα

〈
b̂†
〉
t
− γbα

〈
b̂
〉
t

)
.

(4.35)

The corresponding variance

∆â†â(t) =
〈(
â†â
)2
〉
t
−
〈
â†â
〉2

t
=
〈
â†2â2

〉
t
+
〈
â†â
〉
t
−
〈
â†â
〉2

t
, (4.36)

can be similarly computed:

∆â†â(t) = |α|2 cos2(|γb|) +

(〈
(b̂†b̂)2

〉
t
−
〈
b̂†b̂
〉2

t

)
sin4(|γb|)

+
〈
b̂†b̂
〉
t
(2 |α|2 + 1) cos2(|γb|) sin2(|γb|)

− cos2(|γb|) sin2(|γb|)
|γb|2

(
γb

2α2

(〈
b̂†2
〉
t
−
〈
b̂†
〉2

t

)
+ γ2

bα
2

(〈
b̂2
〉
t
−
〈
b̂
〉2

t

)

+ 2 |γb|2 |α|2
〈
b̂†
〉
t

〈
b̂
〉
t

)

+ i
cos(|γb|) sin(|γb|)

|γb|
(
γbα

〈
b̂†
〉
t
− γbα

〈
b̂
〉
t

)
+ 2i

cos(|γb|) sin3(|γb|)
|γb|

(
γbα

(〈
b̂†2b̂

〉
t
−
〈
b̂†b̂
〉
t

〈
b̂†
〉
t

)
− γbα

(〈
b̂†b̂2

〉
t
−
〈
b̂†b̂
〉
t

〈
b̂
〉
t

))
.

(4.37)

Second-order probing process

On the other hand, when there is no contribution of the linear terms in phonon
creation and annihilation operators, the second-order Raman scattering becomes the
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dominant process; in this case (4.27) reduces to

Uα = e−i(γc α
2 b̂2+γc α2 b̂†2)

[
I− i

∫ 1

0

ds ei s (γc α
2 b̂2+γc α2 b̂†2)

×
(
γc
(
â†2 − α2

)
b̂2 + γc

(
â2 − α2

)
b̂†2
)

× e−i s (γc α
2 b̂2+γc α2 b̂†2)

]
,

(4.38)

The mean value of the photon number and its corresponding variance takes now
the form〈

â†â
〉

(t) = |α|2 − sinh2(rp)
(

1 + 2
〈
b̂†b̂
〉
t

)
+ sinh(2rp)<

[〈
b̂2
〉
t
e−iθrp

]
, (4.39)

and

∆â†â(t) = |α|2 − 2
(

1 + 2
〈
b̂†b̂
〉
t

)
sinh2(rp)−

(
1 + 2

〈
b̂†b̂
〉
t

)2

sinh4(rp)

+ 2 sinh(2rp)<
[〈
b̂2
〉
t
e−iθrp

]
+ sinh2(rp) sinh(2rp)

(
1 + 2

〈
b̂†b̂
〉
t

)
<
[〈
b̂2
〉
t
e−iθrp

]
− sinh2(2rp)

(
<
[〈
b̂2
〉
t
e−iθrp

])2

.

(4.40)

In the next chapters explicit expressions for the time behaviour of these two ob-
servables will be computed and discussed: we will see that they allow a much more
complete description of the quantum properties of the phonon dynamics in pump and
probe experiments than so far achieved.



Chapter 5

Phonon Dissipative Dynamics

5.1 Phonon system

As described in the previous Chapter, the impulsive action of the pump photons on
initial thermal phonons, ρβ, can be described by Uν in Eq. (4.13). The phonon state
out of the pump process is obtained by tracing over the photon degrees of freedom of
the total state of the system Uν

(
|ν〉 〈ν| ⊗ ρβ

)
U †ν ; since Uν does not depend on photon

degrees of freedom, one obtains

ρνII = Uν ρβ U
†
ν . (5.1)

As briefly mentioned in the previous chapter, in view of the fact that Uν is an expo-
nential of at most quadratic terms in the phonon creation and annihilation operators,
it will generate displacement and squeezing on the initial thermal state ρβ. As a result,
the phonon state out of the pumping process will be again gaussian as ρβ: it turns out
that can be expressed as a squeezed coherent thermal state; explicitly

ρνII = S(ξ)D(z)ρβD
†(z)S†(ξ) , (5.2)

where D(z) and S(ξ) are the phonon displacement and squeezing operators, with dis-
placement (z) and squeezing (ξ) parameters depending on the coupling constant in
the interaction Hamiltonian γb = |γb| eiθb , γc = |γc| eiθc and the pumping strength
ν = |ν| eiθν (see Eq. (4.16), Eq. (4.17), Eq. (4.19) and Appendix C for the derivation).
For convenience, we report below their explicit expressions

z =
|γb|

2 |γc| |ν|
[(

1− cosh(2 |γc| |ν|2)
)

ei(θν+θb−θc)− sinh(2 |γc| |ν|2) ei(θν−θb+
π
2

)
]
, (5.3)

ξ = r eiθr = 2 |γc| |ν|2 ei(2θν−θc+π
2 ) . (5.4)

From these formulae, we see that the squeezing parameter ξ besides the pumping
constant |ν|, depends only on the coupling constant γc in front of the quartic part of

69
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the photon-phonon interaction Hamiltonian (4.10); further it is proportional to the
laser intensity of the pump, IP ∝

〈
â†â
〉

= |ν|2. On the other hand, the displacement
parameter z is a function of γb, γc and ν; it means that both the bilinear and quartic
terms in the Hamiltonian contribute to the displacement. In particular, if there is
no contribution coming from the bilinear part, i.e. if γb is negligible, the squeezing
remains the same, but the displacement drops to zero due to its specific dependence
on γb; the state will be a squeezed thermal one. On the contrary, when the quartic
term does not contribute to the interaction, γc → 0, the squeezing becomes an identity
operator, whereas the displacement remains non-vanishing with z = |γb| |ν| eθν−θb−π/2.
In this case, the phonon state generated by the pump would be a coherent thermal
one. These considerations will become important in the next chapter when discussing
possible signals of the presence of squeezing in the pump excited phonons.

After the action of the pump, the excited phonons, in the state given by Eq. (5.2),
will dynamically evolve and start to interact weakly with their surrounding. Their
evolution in time is described by a Lindblad master equation, of the form (4.21); its
explicit solution depends on the form and type of the environment, and the two cases
presented in Chapter 4 need to be treated separately.

5.2 Thermal environment

In the case of a thermal reservoir, the master equation takes the form written in Eq.
(4.22). In order to analytically solve it, it is useful to represent phonon states in terms
of the displacement operator [87,142,143]. In this formalism, the density operator can
be written as

ρp =
1

π

∫
C
d2β χ(β)D(−β) , (5.5)

where, thanks to the properties of the displacement operator, one has

χ(β) = Tr [ρpD(β)] . (5.6)

In the case of a squeezed coherent thermal state, as the one resulting from the
pumping process, one finds [144]

χ(β) = exp

{
−
(
A+

1

2

)
|β|2 − 1

2

(
B β2 +B β

2
)

+ Cβ − Cβ
}
, (5.7)

where

A =neq + (2neq + 1) sinh2(r) , (5.8)

B =(2neq + 1) eiθr sinh(r) cosh(r) , (5.9)

C =z cosh(r)− z eiθr sinh(r) . (5.10)

with the equilibrium mean photon number neq given in Eq. (4.9).

Since the master equation, Eq. (4.22), contains at most quadratic terms in phonon
creation and annihilation operators, the gaussian character of the initial state (5.2) will
not be spoiled by the finite time evolution generated by it [145, 146]. Thus, the time
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dependent density operator, solution of Eq. (4.22), can also be written as in Eq. (5.5).
More specifically the following ansatz can be adopted

ρp(t) =
1

π

∫
C
d2β χ(β) eiφt(β) D(−βt) , (5.11)

where the dependence on time can be moved to a time dependent displacement operator
and to an additional phase contribution. Inserting this ansatz in the evolution equation
(4.22) one obtains the following couple, linear, differential equations for βt and φt:

β̇t =

(
−iωo +

λT
2

)
βt , (5.12)

iφ̇t = −(2nb + 1)λT
2

|βt|2 + λ . (5.13)

They can be easily solved; taking into account the initial conditions βt=0 = β, φt=0 = 0,
one finds:

βt = e−iωot eλT t/2 β , (5.14)

iφt = λT t+
2nb + 1

2

(
1− eλT t

)
|β|2 . (5.15)

In order to fully determine generic phonon correlation functions, it is necessary to
compute the following expectations:〈

b̂†mb̂n
〉

(t) ≡ Tr
[
b̂†mb̂n ρp(t)

]
, ∀m,n ∈ Z+ . (5.16)

Using the representation (5.11), one can write:〈
b̂†mb̂n

〉
(t) =

1

π

∫
d2β χ(β) eiφt(β) Tr

[
b̂†mb̂nD(−βt)

]
=

1

π

∫
d2β χ(β) eiφt(β) Tr

[
b̂†mb̂n eβtb̂−βtb̂

†
]

=
1

π

∫
d2β χ(β) eiφt(β) Tr

[
e|βt|

2/2 b̂n eβtb̂ b̂†m e−βtb̂
†
]

=
1

π

∫
d2β χ(β) eiφt(β) e|βt|

2/2 Tr
[
∂n
βt

[
eβtb̂
]

(−1)m∂mβt

[
e−βtb̂

†
]]

=
(−1)m

π

∫
d2β χ(β) eiφt(β) e|βt|

2/2 ∂n
βt
∂mβt Tr

[
eβtb̂ e−βtb̂

†
]
. (5.17)

The trace inside the integral can be computed, using the completeness relation of
coherent states, as follows

Tr
[
eβtb̂ e−βtb̂

†
]

=
1

π

∫
d2µ

〈
µ
∣∣∣ eβtb̂ e−βtb̂

†
∣∣∣µ〉

=
e−|βt|

2/2

π

∫
d2µ

〈
µ
∣∣∣ e−βtb̂† eβtb̂

∣∣∣µ〉
=

e−|βt|
2/2

π

∫
d2µ e−βtµ eβtµ . (5.18)
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The last integral is proportional to the two dimensional Dirac δ-function for the
real βR and the imaginary βI parts of β. Indeed [91]:

δ(β) = δ(βR)δ(βI) =
1

π2

∫
d2µ exp

[
βµ− βµ

]
=

1

π2

∫
d2µ exp

[
βµ− βµ

]
, (5.19)

so that
Tr
[
eβtb̂ e−βtb̂

†
]

= π e−|βt|
2/2 δ(βt) . (5.20)

Substituting this result in Eq. (5.17), one finally obtains〈
b̂†mb̂n

〉
(t) = (−1)m

∫
d2βt J χ(βt) eiφt(βt) e|βt|

2/2 ∂n
βt
∂mβt

[
e−|βt|

2/2 δ(βt)
]
, (5.21)

where the integration variable has been changed from β to βt with the introduction of
the suitable Jacobian J = e−λT t (cf. (5.14)).

Performing m+ n integrations by parts and using the δ-function, one finally finds:〈
b̂†mb̂n

〉
(t) = (−1)n e−λT t ∂mβ ∂

n
β

[
χ(β) eiφt(β) e

|β|2
2

]∣∣∣∣
β=0,β=0

, (5.22)

where now

χ(β) = exp

{
−
(
A+

1

2

)
e−λT t |β|2 − 1

2

(
B e2iωot β2 +B e−2iωot β

2
)

e−λT t

+ C eiωot e−
λT
2
t β − C e−iωot e−

λT
2
t β

}
,

(5.23)

iφt(β) = λT t−
2nb + 1

2

(
1− e−λT t

)
|β|2 . (5.24)

Some expectations are particularly relevant for our considerations. For later refer-
ence, in case phonons are initially in a general squeezed coherent thermal state, as in
Eq. (5.2), the correlations up to second order read:〈

b̂
〉

(t) =
(
z cosh(r)− z eiθr sinh(r)

)
e−iωot e−λT t/2 , (5.25)〈

b̂2
〉

(t) =

(
z2 cosh2(r) + z2 e2iθr sinh2(r)

−
(
2 |z|2 + 2neq + 1

)
eiθr cosh(r) sinh(r)

)
e−2iωot e−λT t ,

(5.26)

〈
b̂†b̂
〉

(t) = nb
(
1− e−λT t

)
+
(
|z|2 (cosh(2r)− sinh(2r) cos(2θz − θr))

+ neq + (2neq + 1) sinh2(r)
)

e−λT t .
(5.27)
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5.3 Dephasing environment

In the case of the second reservoir, since the total number operator is conserved,
the corresponding master equation, Eq. (4.24), can be explicitly solved using the Fock
representation. In the Fock basis , 〈m| ρp(t) |n〉 = ρm,n(t), from (4.24), one finds

ρ̇m,n(t) =

[
−iωo(m− n)− λD

2
(m− n)2

]
ρm,n(t) , (5.28)

so that
ρm,n(t) = e−i ωo(m−n)t e−λDt (m−n)2/2 ρm,n(0) . (5.29)

Using the Fourier representation for the gaussian function,

e−χ
2/2 =

1√
2π

∫
dy e−iχy e−y

2/2 , (5.30)

one can equivalently write:

ρm,n(t) = e−i ωo(m−n)t ρm,n(0)
1√
2π

∫
dy e−i

√
λDt(m−n)y e−y

2/2

=
1√
2π

∫
dy e−y

2

e−i(ωot+
√
λDt y)m ρm,n(0) ei(ωot+

√
λDt y)n

=
1√
2π

∫
dy e−y

2
〈
m
∣∣∣ e−i(ωot+√λDt y)b̂†b̂ ρp ei(ωot+

√
λDt y)b̂†b̂

∣∣∣n〉 ,

where ρp is the density operator at time t = 0. From the expression above, one can
easily recover an operator expression for the density matrix ρp(t) at time t

ρp(t) =
1√
2π

∫
dy e−y

2

e−i(ωot+
√
λDt y)b̂†b̂ ρp ei(ωot+

√
λDt y)b̂†b̂ . (5.31)

Finally, it is convenient to write the phonon density operator as

ρp(t) =
1√
2π

∫
dy e−y

2

U(y, t) ρp U
†(y, t) , (5.32)

where the unitary operator U(y, t) is defined as

U(y, t) = e−i(ωot+
√
λDt y)b̂†b̂ . (5.33)

In order to compute the phonon correlation functions,
〈
b̂†mb̂n

〉
(t) with m,n ∈ N,

we proceed in the following way〈
b̂†mb̂n

〉
(t) =

1√
2π

∫
dy e−y

2

Tr
[
b̂†mb̂n U(y, t) ρp U

†(y, t)
]

=
1√
2π

∫
dy e−y

2

Tr
[
U †(y, t) b̂†mb̂n U(y, t) ρp

]
=

1√
2π

∫
dy e−y

2

Tr
[(
U †(y, t) b̂† U(y, t)

)m (
U †(y, t) b̂ U(y, t)

)n
ρp

]
.

(5.34)
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The terms inside the round parenthesis can be computed, for instance using the Baker-
Campbell-Hausdorff Lemma; hence

U †(y, t) b̂† U(y, t) = b̂† ei(ωot+
√
λDt y) U †(y, t) b̂ U(y, t) = b̂ e−i(ωot+

√
λDt y) . (5.35)

Using Eq. (5.35) in Eq. (5.34), we obtain

〈
b̂†mb̂n

〉
(t) =

1√
2π

∫
dy e−y

2

eim(ωot+
√
λDt y) e−i n(ωot+

√
λDt y) Tr

[
b̂†m b̂n ρp

]
,

=
1√
2π

ei(m−n)ωot
〈
b̂†mb̂n

〉∫
dy e−y

2

ei(m−n)
√
λDt y

= ei(m−n)ωot e−(m−n)2λDt/2
〈
b̂†mb̂n

〉
, (5.36)

where the expectation value in the right-hand side is taken with respect to the initial
state 〈

b̂†mb̂n
〉

= Tr
[
b̂†mb̂nρp

]
. (5.37)

In the specific case of the initial phonon state ρνII after the pump process, see
Eq. (5.2), the phonon correlation functions are given by〈

b̂†mb̂n
〉

(t) = e−(m−n)2λt/2 ei(m−n)ωt Tr
[
b̂†mb̂nρνII

]
. (5.38)

The state ρνII is a general squeezed coherent thermal phonon state, so that

Tr
[
b̂†mb̂nρνII

]
= Tr

[
b̂†mb̂n S(ξ)D(z) ρβD

†(z)S†(ξ)
]

= Tr
[(
D†(z)S†(ξ) b̂† S(ξ)D(z)

)m (
D†(z)S†(ξ) b̂ S(ξ)D(z)

)n
ρβ

]
.

The action of squeezing and displacement operators on the annihilation operator can
be easily obtained, again using the Baker-Campbell Hausdorff lemma [90]

D†(z)S†(ξ) b̂ S(ξ)D(z) =
(
b̂+ z

)
cosh(r)−

(
b̂† + z

)
eiθr sinh(r) , (5.39)

thus yielding

Tr
[
b̂†mb̂nρνII

]
= Tr

[(
(b̂† + z) cosh(r)− (b̂+ z) e−iθr sinh(r)

)m
×
(

(b̂+ z) cosh(r)− (b̂† + z) eiθr sinh(r)
)n

ρβ

]
.

(5.40)

The explicit evaluation of the trace can be straightforwardly performed in the number
basis.
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As in the previous case, correlations up to second order can be easily obtained:〈
b̂
〉

(t) = e−i ωot e−λDt/2
(
z cosh(r)− z eiθr sinh(r)

)
, (5.41)〈

b̂2
〉

(t) = e−2i ωot e−2λDt

(
z2 cosh2(r) + z2 e2iθr sinh2(r)

− (1 + 2neq + 2 |z|2) eiθr cosh(r) sinh(r)

)
,

(5.42)

〈
b̂†b̂
〉

(t) = (neq + |z|2) cosh2(r) + (1 + neq + |z|2) sinh2(r)

− |z|2 cos(2θz − θr) sinh(2r) .
(5.43)

We immediately observe that, as expected, the total number of phonons is kept constant
in time.

5.4 Comparison with standard treatments

As discussed in Chapter 3, so far only semiclassical techniques have usually been
adopted in describing the behaviour of coherent phonons: the aim is to relate the optical
properties of the material under study to the normalized phonon position operator û
(see Eq. (3.25)). These results can easily be recovered in the present quantum formalism
by focusing on the quadrature operator x̂φ, as defined in Eq. (2.8). Indeed, using the
phonon correlation functions obtained in the previous sections one can easily determine
the corresponding expectation value and variance of x̂φ

Thermal environment

In the case of the thermal bath, for the quadrature operator the following expres-
sions are obtained

〈x̂φ〉 (t) =
√

2 |z| e−λT t/2
(

cosh(r) cos(ωot+ φ− θz)

− sinh(r) cos(ωot+ φ+ θz − θr)
)
,

(5.44)

〈
x̂2
φ

〉
(t) =

1

2
(1 + 2nb)

(
1− e−λT t

)
+

e−λT t

2

[
(1 + 2neq) cosh(2r) + 2 |z|2 cosh(2r)− 2 |z|2 sinh(2r) cos(2θz − θr)

+ 2 |z|2
(

cosh2(r) cos(2ωot+ 2φ− 2θz)

+ sinh2(r) cos(2ωot+ 2φ+ 2θz − 2θr)

)
−
(
1 + 2neq + 2 |z|2

)
sinh(2r) cos(2ωot+ 2φ− θr)

]
(5.45)
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while for the variance one explicitly gets:

∆x̂φ(t) =
1

2
(1 + 2nb)

(
1− e−λT t

)
+

e−λT t

2
(1 + 2neq)

(
e2r sin2(ωot+ φ− θr/2)

+ e−2r cos2(ωot+ φ− θr/2)

)
.

(5.46)

These results reproduce those obtained in the standard description of coherent
phonons [14–16, 29], whose discussion is given in terms of the operator û =

√
2 x̂0.

Notice that the expectation value of the quadrature operator, Eq. (5.44), shows damped
oscillations only when the state have a non-vanishing displacement z independently of
the presence of squeezing; in particular, in the case of purely second-order Raman
scattering excitations, the mean value vanishes. On the other hand, the variance,
Eq. (5.46), is independent from the displacement. Oscillations in the variance are
present only if squeezing is non-vanishing and the oscillation frequency corresponds to
the double of the free phonon frequency ωo. Because of the presence of the thermal
bath, the fluctuation ∆û = 2 ∆x̂0 of the operator û, that at t = 0 is given by

∆û(t = 0) = (1 + 2neq)
(
e2r sin2(θr/2) + e−2r cos2(θr/2)

)
, (5.47)

for asymptotically long time becomes

∆û(t→∞) = 1 + 2nb , (5.48)

explicitly showing the thermalization process. Further, notice that, in presence of
squeezing, the variance ∆û takes values below its equilibrium value ∆ûeq = 1 + 2neq;
this condition has been advocated in the standard approaches as a clear signal of the
presence of squeezed phonons. For an initial squeezed coherent thermal state, the
fluctuations of û typically shows a behaviour as in Fig. 5.1.

Dephasing environment

A similar behaviour is obtained also in the case of a dephasing bath. Using the
proper correlations, Eqs. (5.41)-(5.43), one obtains for the quadrature operator x̂φ

〈x̂φ〉 (t) =
√

2 |z| e−λDt/2
(

cosh(r) cos(ωot+ φ− θz)

− sinh(r) cos(ωot+ φ+ θz − θr)
)
,

(5.49)
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Figure 5.1: Quantum fluctuation dynamics of the squeezed coherent thermal phonons in
a thermal bath. Blue line: the time evolution of the variance of û = b̂† + b̂. Red line:
asymptotic value of the fluctuation. Dashed red line: fluctuation value corresponding to
the initial thermal equilibrium state, ρβ . For small times, the fluctuations go below the
equilibrium value, signaling a non-vanishing squeezing.

〈
x̂2
φ

〉
(t) =

1

2

(
(1 + 2neq + 2 |z|2) cosh(2r)− 2 |z|2 sinh(2r) cos(2θz − θr)

)
+

e−2λDt

2

(
2 |z|2 cosh2(r) cos(2ωot+ 2φ− 2θz)

+ 2 |z|2 sinh2(r) cos(2ωot+ 2φ+ 2θz − 2θr)

− (1 + 2neq + 2 |z|2) sinh(2r) cos(2ωot+ 2φ− θr)
)
,

(5.50)

with variance

Δx̂φ(t) =
1

2

(
1 + 2neq + 2 |z|2

(
1− e−2λDt

))
cosh(2r)

−
(
1− e−λDt

)
|z|2 sinh(2r) cos(2θz − θr)

− 2 |z|2
(
e−λDt− e−2λDt

) (
sinh2(r) cos2(ωot+ φ+ θz − θr)

+ cosh2(r) cos2(ωot+ φ− θz)
)

− 1

2

(
(1 + 2neq) e

−2λDt−2 |z|2
(
e−λDt− e−2λDt

))
sinh(2r) cos(2ωot+ 2φ− θr) .

(5.51)

In contrast to the case of the thermal bath, when the reservoir preserves the amount
of phonons in the crystal target, the variance Δx̂φ has contributions also from the initial
displacement of the phonon state and thus contains explicitly information about all the
parameters characterizing the initial state: squeezing, displacement and temperature.
This is a consequence of the fact that, as already observed, the reservoir does not
have an unique equilibrium state. This is reflected in the behaviour of the operator
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Figure 5.2: Quantum fluctuation dynamics of the squeezed coherent thermal phonons in
weak interactions with a dephasing bath. Blue line: time evolution of the variance of û =
b̂† + b̂. Red line: asymptotic value of the fluctuation. Dashed red line: fluctuation value
corresponding to the initial thermal equilibrium state. Because of squeezing, for small times
the blue line goes below the dashed one.

û =
√
2 x̂0 whose initial variance,

Δû(t = 0) = (1 + 2neq)
(
e2r sin2(θr/2) + e−2r cos2(θr/2)

)
, (5.52)

becomes for asymptotically long times

Δû(t→∞) =
e2r

2

(
1 + 2neq + 4 |z|2 sin2(θz − θr/2)

)
+

e−2r

2

(
1 + 2neq + 4 |z|2 cos2(θz − θr/2)

)
.

(5.53)

For an initial squeezed coherent thermal state, the fluctuations of û shows a be-
haviour as in Fig. 5.2; for small times the values of Δû(t) go below 1 + 2neq, signaling
the presence of non-vanishing squeezing.

In order to actually detect the presence of squeezing, as mentioned in Chapter 3,
one usually relates reflectivity/transmittance data, or in general the optical properties
of the material under study to the operator û, through an expansion of the dielectric
constant. As already discussed at the end of Chapter 4, this semiclassical procedure can
be improved by giving a more realistic quantum description of the interaction between
probe photons and phonons, together with their subsequent detection. By looking at
suitable photon observables, specifically mean number and relative variance, one can
obtain more reliable information on the phonon behaviour, as explained in the next
Chapter.



Chapter 6

Evidence of Squeezed Phonons

In the previous Chapters, we have described how the quantum features of the
lattice vibrations can be studied through a fully quantum approach to pump and
probe experiments. Using a phenomenological photon-phonon interaction Hamiltonian
for the description of both pump and probe processes and a generalized open dynamics
for the phonons in the target material, we have seen that, one can have access to
the phonon properties and features by looking at probe photon correlation functions.
In particular, we have focused on the measure of the mean photon number and its
respective variance.

Photon number is related to the usual reflectivity/transmittance measures per-
formed on the probe beam, which is the standard quantity measured and reported
in the literature, while the measure of the corresponding variance has been only re-
cently considered in experiments. Using our full quantum description, we have derived
explicit analytical expressions for these photon observables when the photon-phonon
interaction in the probe process is dominated by either linear or quadratic terms in
phonon operators, Eqs. (4.35), (4.37) and (4.39), (4.40), respectively. This has been
achieved by modelling the phonon dynamics through a master equation that takes
into account the interactions of the phonons with their surroundings in two plausible
physical situations, namely in a thermal reservoir and a dephasing environment.

The expressions for the probe photon mean number and variance (collected in
Appendix E), depend on the various parameters describing the photon-phonon inter-
actions and phonon dynamics. The intensity of the coupling between photons and
phonons are parametrized by the complex constants γb = |γb| eiθb and γc = |γc| eiθc ,
corresponding to the bilinear and quartic contributions appearing in the Hamiltonian,
Eq. (4.10). The pump pulse is described by a coherent state, with complex param-
eter ν = |ν| eiθν , which excites the initial equilibrium phonon state at temperature
T . The phonon state after the pump process, Eq. (5.2), can be characterised through
displacement and squeezing as shown in Eqs. (5.3) and (5.4).

On the other hand, phonons have been considered in weak interaction with their
surroundings, describing phenomenologically the remaining degrees of freedom other
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than phonons inside the crystal after the instantaneous pump excitation. The thermal
reservoir is characterized by its temperature Tb, in general, higher than the initial
equilibrium one; through the mean photon number nb of its bosonic excitations, and
by a damping constant λT , enconding phenomenologically all the possible noisy and
dissipative effects. Conversely, the dephasing reservoir can be described by just the
damping constant λD.

In order to describe the generation of squeezing and its subsequent detection, we
have explored a broad set of values for the pump intensity, the coupling constants, the
probe intensity, and the damping parameters λT and λD.

6.1 Thermal Environment

As mentioned before, the thermal reservoir has an unique equilibrium state, a Gibbs
state determined by the temperature of the reservoir. The value of its temperature
must be larger than the initial equilibrium temperature of the crystal, since the highly
intense pump pulse is partially absorbed by the target material. In practice, the energy
is transferred from the pump photons to the electrons in the crystal, which is turn
excite the lattice vibrations, i.e. the phonons; the electrons represent the environment
in which the phonons evolve. Typical temperature reached by the target material after
the pump are of the order of Tb = 500 K.

The pump pulse produce excitations in the phonons, inducing displacement and
squeezing in the initial equilibrium thermal state, than can be studied through the
behaviour of the probe photon correlations.

6.1.1 Linear probing process

As already discussed before, if the probe photon-phonon interaction mechanism
is dominated by first-order Raman scattering, only linear terms in phonon creation
and annihilation operators are relevant in the Hamiltonian. This regime is achieve by
means of a much weaker probe pulse with respect to the pump pulse. As described in
the Chapter 4, the impulsive operator Uα reduces to the one given in Eq. (4.34) where
α is the probe coherent state parameter, so that after eliminating the phonon degrees
of freedom the mean probe photon and its variance can be analytically computed.

A few particular situations are worth discussing in detail, according to characteris-
tics of the state ρνII of the excited phonons after the pump.

Thermal state

If the pump pulse does not create any displacement nor squeezing in the initial
thermal equilibrium state, i.e. ρνII = ρβ, the mean photon number and its variance are
explicitly given by〈
â†â
〉

(t) = |α|2 cos2(|γb|) + neq e−λT t sin2(|γb|) + nb
(
1− e−λT t

)
sin2(|γb|) , (6.1)
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∆â†â(t) = |α|2 cos2(|γb|) +
nb
4

(
1 + 2 |α|2

)
sin2(2 |γb|) + nb(nb + 1) sin4(|γb|)

+ e−λT t(nb − neq) sin2(|γb|)
((
nb − |α|2

)
cos(2 |γb|)− (1 + nb + |α|2)

)
+ e−2λT t (nb − neq)2 sin4(|γb|) .

(6.2)

where neq is the mean number of thermal phonons of frequency ωo at the room tem-
perature, T = 300 K.

In this case, no oscillating terms appear, neither in the mean photon number nor
the variance. Only a thermalization process is observed, driving the phonon state to
the new equilibrium state given by the thermal bath; it is characterized by the damping
constant λT and the temperature Tb by means of nb.

Coherent thermal state

Another physically likely and relevant situation is when the pump process displaces
the thermal state, but does not squeeze it, i.e. ρνII = D(z)ρβD

†(z), and the excited
phonons are described by a coherent thermal state. This particular case can be achieved
by either a not so intense pump pulse or by a negligible coupling constant γc; indeed,
recalling Eq. (4.16), the phonon squeezing parameter is given by r = 2 |γc| |ν|2. In this
situation, the mean photon number and the variance are given by〈

â†â
〉

(t) = |α|2 cos2(|γb|) + nb sin2(|γb|) + e−λT t sin2(|γb|)
(
|z|2 − (nb − neq)

)
− e−λT t/2 |z| |α| sin(2 |γb|) sin(ωot+ θα − θz − θb) ,

(6.3)

∆â†â(t) = |α|2 cos2(|γb|) +
nb
4

(
1 + 2 |α|2

)
sin2(2 |γb|) + nb(nb + 1) sin4(|γb|)

+ e−λT t sin2(|γb|)
[(

(nb − neq)(nb − |α|2)− nb |z|2
)

cos(2 |γb|)

+ |z|2 (1 + nb)− (nb − neq)(1 + nb + |α|2)

]
+ e−2λT t sin4(|γb|)(nb − neq)

(
nb − neq − 2 |z|2

)
− e−λT t/2 |z| |α| sin(2 |γb|)

(
1 + 2nb sin2(|γb|)

)
sin(ωot+ θα − θz − θb)

+ 2 e−3λT t/2 |z| |α| (nb − neq) sin2(|γb|) sin(2 |γb|) sin(ωot+ θα − θz − θb) .
(6.4)

Measurements of the intensity of the scattered/trasmitted photons, that is of the
mean photon number, show the usual damped oscillations with the frequency of the
excited phonon mode ωo. Similarly, the variance of the mean photon number shows
damped oscillations with the same frequency. Comparing Eq. (6.3) and Eq. (6.4), one
notices different amplitudes but always the same oscillating function, i.e. sin(ωot +
θα− θz − θb). Therefore, for coherent thermal states the mean photon number and the
corresponding variance behave in the same way as a function of the time delay between
pump and probe (See Fig. 6.1). This is the usual behaviour obtained in studies of the
phonon dynamics of coherent phonons in pump and probe experiments.
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Figure 6.1: Mean photon number and variance measured as a function of the time delay be-
tween pump and probe pulse. A phonon frequency of ωo = 17.5× 1012 rad s−1 corresponding
to the A1g Raman active mode of the bismuth, initial equilibrium temperature 300 K, the tem-
perature of the reservoir is fixed to be 500 K and the damping constant λT = 0.85× 1012 s−1.
Notice a superposition of both curves for all time t.

Squeezed thermal state

Another possibility is the when the phonon state out of the pumping process is
a squeezed thermal, i.e. ρνII = S(ξ) ρβ S

†(ξ). It should be noticed that this case is
less likely to occur since it implies neglecting the bilinear contribution in the effective
Hamiltonian describing the pumping process, i.e. no displacement is achieved. Mean
photon number and variance take now the form〈

â†â
〉

(t) = |α|2 cos2(|γb|) + nb sin2(|γb|)
+ e−λT t sin2(|γb|)

[
(1 + 2neq) sinh2(r)− (nb − neq)

]
,

(6.5)
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∆â†â(t) = |α|2 cos2(|γb|) +
nb
4

(
1 + 2 |α|2

)
sin2(2 |γb|) + nb(nb + 1) sin4(|γb|)

+ e−λT t sin2(|γb|)
(

(nb − |α|2) cos(2 |γb|)− (1 + nb + |α|2)
)

×
(
nb − neq − (1 + 2neq) sinh2(r)

)
+

1

4
e−2λT t sin4(|γb|)

[
(1 + 2nb)

2 − 2 (1 + 2nb) (1 + 2neq) cosh(2r)

+ (1 + 2neq)
2 cosh(4r)

]
+

1

4
e−λT t |α|2 (1 + 2neq) sin2(|γb|) sinh(2r) cos(2ωot+ 2θα − 2θb − θr).

(6.6)

Note that in this case the mean photon number does not present oscillations,
whereas the variance oscillates with twice the phonon mode frequency; furthermore,
both expressions contain damping factors characterised by the dissipative constant λT .
The presence of the frequency 2ωo in the variance oscillations is a signal of squeezing
in the excited phonon state; indeed, if the squeezing parameter r is zero, then this
contribution disappears. It agrees with previous results [29,30] discussed in Chapter 4
and Chapter 5, where the presence of the second harmonic was related to the presence
of squeezed phonons.

Squeezed coherent thermal state

The more general situation regards the possibility of getting out of the pumping
process a phonon state which is both squeezed and coherent, i.e. a state of the form
ρνI = S(ξ)D(z) ρβD

†(z)S†(ξ). The expression for the mean photon number is in this
case〈

â†â
〉

(t) = |α|2 cos2(|γb|) + nb sin2(|γb|)

+
e−λT t sin2(|γb|)

2

[
(1 + 2neq + 2 |z|2) cosh(2r)− (1 + 2nb)

− 2 |z|2 cos(θr − 2θz) sinh(2r)
]

− |α| |z| e−λT t/2 sin(2 |γb|)
[
cosh(r) sin(ωot+ θα − θb − θz)
− sinh(r) sin(ωot+ θα − θb + θz − θr)

]
,

(6.7)

while that of the variance is rather lenghty and is collected in Eq. (E.3) of Appendix
E. From Eq. (6.7) we see that the mean photon number oscillates with frequency ωo
corresponding to the excited phonon mode; further, these oscillations are damped in
time by the factor e−λT t/2. This general behaviour is not influenced by the presence of
squeezing; however, in presence of squeezing, the amplitude of the oscillations involves
displacement, squeezing and probe intensity parameters. The associated variance in
Eq. (E.3) shows oscillating terms with frequency ωo and 2ωo, which are damped by
factors e−λT t/2, e−3λT t/2, and e−λT t, respectively.

Notice that in the variance, the oscillating piece with frequency 2ωo is present
only if the squeezing parameter ξ in ρνII is non-vanishing, i.e. only in the presence of
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Figure 6.2: Mean number and variance of the photon number measured in a pump-probe
experiment with the same choice of parameters as in Fig. 6.1. Phonons interactions with
their surrounding is modelled as a thermal reservoir.

pump-generated squeezed phonons. However, it is in general difficult to isolate such
a contribution or to have evidence of a 2ωo contribution in the corresponding Fourier
spectrum. Indeed, for a high intensity pump and probe pulses, mean photon number
and variance show the same behaviour as functions of time, similar to that shown in
Fig. 6.1. Nevertheless, for a lower intensity pump and probe pulses, in particular for
|α| < 1 and the pump intensity |ν|2 two orders of magnitude higher, terms proportional
to |α|2 can be neglected.

Under this assumption, oscillations in the variance with the double of the phonon
frequency in the variance do not contribute significantly, leaving only terms oscillating
with frequency ωo. This produces an effective phase shift between the oscillations of
mean number and variance (See Fig. 6.2), which is present only if the phonon state
out of the pump process results squeezed. Therefore, the detection of such a shift
can be taken as clear signal of the presence of squeezed phonons in pump and probe
experiments.

The shift between mean and variance is time dependent and goes to zero after a
few oscillations. As stressed above, in this regime, |α| < 1, we can neglect all the terms
proportional to |α|2. Therefore, the dominant terms contributing to the oscillating
behaviour of mean number and variance are:

〈
â†â
〉

(t) ∼ − |α| |z| e−
λT
2
t sin(2 |γb|) [A sin(ωot+ φA)− B sin(ωot+ φB)] , (6.8)
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∆â†â(t) ∼ − e−
λT
2
t |z| |α|

(
1 + 2nb sin2(|γb|)

)
sin(2 |γb|)

× [A sin(ωot+ φA)− B sin(ωot+ φB)]

− 2 e−
3λT
2
t |z| |α| sin2(|γb|) sin(2 |γb|)

×
[
Ã sin(ωot+ φA)− B̃ sin(ωot+ φB)

]
.

(6.9)

where

A = cosh(r) (6.10)

φA = θα − θb − θz (6.11)

B = sinh(r) (6.12)

φB = θα − θb + θz − θr (6.13)

Ã = cosh(r) ((1 + 2neq) cosh(2r)− (1 + neq + nb)) (6.14)

B̃ = sinh(r) ((1 + 2neq) cosh(2r) + neq − nb) (6.15)

In order to estimate the phase shift between mean and variance as seen in Fig. 6.2,
we focus on the position of maxima and minima of the two curves. For the mean mean
photon number they occur at t = tmean

k ,

tmean
k =

1

2ωo

[
(2k − 1)π − 2 arctan

(
N

D

)]
, (6.16)

with k an integer and

N = 2ωo
(
A sin(φA)− B sin(φB)

)
+ λT

(
A cos(φA)− B cos(φB)

)
, (6.17)

D = 2ωo
(
A cos(φA)− B cos(φB)

)
− λT

(
A sin(φA)− B sin(φB)

)
; (6.18)

whereas for the variance at t = tvar
k ,

tvar
k =

1

2ωo

[
(2k − 1)π − 2 arctan

(
Ñ(t)

D̃(t)

)]
, (6.19)

where k ∈ N and

Ñ(t) =
(
1 + 2nb sin2

)
N

+ 2 e−λT t sin2(|γb|)
[
2ωo

(
Ã sin(φA)− B̃ sin(φB)

)
+ 3λT

(
Ã cos(φA)− B̃ cos(φB)

)] (6.20)

D̃(t) =
(
1 + 2nb sin2(|γb|)

)
D

+ 2 e−λT t sin2(|γb|)
[
2ωo

(
Ã cos(φA)− B̃ cos(φB)

)
− 3λT

(
Ã sin(φA)− B̃ sin(φB)

)] (6.21)

Thus, the phase shift δϕ is estimated to be

δϕ = ωo (tvar
k − tmean

k ) . (6.22)

Notice that δϕ depends on time through Ñ(t) and D̃(t); as t become large, the ratio
Ñ(t)/D̃(t) approaches to N/D, so that tvark ∼ tmeank , and δϕ becomes vanishingly small.
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6.1.2 Quadratic probing process

The excitation of coherent phonons by time-resolved optical spectroscopy in trans-
parent materials is a non-resonant process in which the energy of the light is not enough
to allow real electronic transitions. As discussed in Section 4.2.6, in such cases only the
quartic contributions in the Hamiltonian (4.10) is relevant for the description of the
probing process; in practice, due to symmetries of the crystal or to specific experimetnal
situations [7, 11, 25] the coherent contribution is vanishing, i.e. γb = 0.

As in the previous section, we shall explicitly discuss some relevant physical situa-
tions for the excited phonon state ρνII .

Thermal state

Let us first consider the situation in which pump is not able to excite the target
material, i.e. the phonon state out of the pump is still a thermal equilibrium one
at room temperature; then, the mean photon number and the variance of the probe
photons are given by〈

â†â
〉

(t) = |α|2 −
(
1 + 2nb − 2 e−λT t (nb − neq)

)
sinh2(rp) , (6.23)

∆â†â(t) = |α|2 − 2
(
1 + 2nb − 2 e−λT t (nb − neq)

)
sinh2(rp)

−
[
1 + 4

(
nb − e−λT t(nb − neq)

) (
1 + nb − e−λT t(nb − neq)

)]
sinh4(rp) ;

(6.24)

where we have introduced the short notation rp = 2γc |α|2 and θrp = 2θα + π
2
− θc.

Also in this case, the time dependence of these observables is given by exponential
damping terms only, signaling thermalization of the phonon to the bath temperature.

Squeezed thermal state

In the case of squeezed thermal phonons, the expectation values of the two observ-
ables are given by〈

â†â
〉

(t) = |α|2 − sinh2(rp)
[
1 + 2nb − e−λT t (1 + 2nb − (1 + 2neq) cosh(2r))

]
− e−λT t sinh(2rp) (1 + 2neq) sinh(r) cosh(r) cos(2ωot+ θrp − θr)

(6.25)

∆â†â(t) = |α|2 − sinh4(rp)
[
(1 + 2nb)

(
1− e−λT t

)
+ (1 + 2neq) e−λT t cosh(2r)

]2
− 2 sinh2(rp)

[
(1 + 2nb)

(
1− e−λT t

)
+ (1 + 2neq) e−λT t cosh(2r)

]
− e−λT t(2neq + 1) sinh(2r) sinh(2rp) cos(2ωot+ θrp − θr)
×
[
1 + sinh2(rp)

(
(2nb + 1)(1− e−λT t) + (2neq + 1) e−λT t cosh(2r)

)]
− e−2λT t(2neq + 1)2 sinh2(r) cosh2(r) sinh2(2rp) cos2(2ωot+ θrp − θr)

(6.26)

From these expressions, we see that the mean number shows an oscillatory be-
haviour, with frequency 2ωo, i.e. with double of the phonon frequency; on the other
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Figure 6.3: Mean number and variance of the photon number measured in a pump-probe
experiment. Phonons dissipative dynamics takes into account a thermal bath. A phonon
frequency of ωo = 17.5× 1012 rad s−1 corresponding to the A1g Raman active mode of the
bismuth, initial equilibrium temperature 300 K, the temperature of the reservoir is fixed to
be 500 K and the damping constant λT = 0.85× 1012 s−1. Notice the superposition of the
oscillations in both quantities with frequency 2ωo for all time t

hand, the variance contains also oscillatory contributions with frequency 4ωo. Notice
that, in both cases, the oscillations are present only for a non-vanishing squeezing
parameter r: their detection would then constitute a clear signal of the presence of
squeezing in the pump excited phonons.

Finally, observe that for small values of the squeezing parameter r, the oscillating
contribution with frequency 4ωo in the variance can be neglected. In this case, both
the mean and variance oscillate with the same frequency and further, these oscillations
are perfectly in phase. See Fig. 6.3

6.2 Dephasing environment

As discusses in Chapter 4, the characteristic of the dephasing bath is that of con-
serving the number of phonons in the material. Thus, if the pump pulse is too weak
to produce excitations in the phonons, leaving them in thermal equilibrium at room
temperature, the phonon dynamics do not show any time dependence since the thermal
state is a stationary state of the evolution equation (4.24).

A non trivial time evolution for the phonons occur only when the pump pulse is
able to excite the phonons, so that displacement and squeezing in the phonons are
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generated.

As in the case of the thermal reservoir, also for a dephasing environment the be-
haviour of the photon observables depends on the reading off mechanism considered in
the probe process.

6.2.1 Linear probing process

We shall first consider the situation in which the probing mechanism is dominated
for linear terms in phonon creation and annihilation operators, i.e. by the first-order
Raman scattering.

Coherent thermal state

When the pump process excites coherent phonons, but not squeezed ones, the mean
number and variance of the scattered/transmitted photons are given by

〈
â†â
〉

(t) = |α|2 cos2(|γb|) +
(
neq + |z|2

)
sin2(|γb|)

− e−
λDt

2 |α| |z| sin(2 |γb|) sin(ωot+ θα − θz − θb)
(6.27)

(6.28)

∆â†â(t) = |α|2 cos2(|γb|)−
1

2
e−λDt |z|2 |α|2 sin2(2 |γb|)

+ sin2(|γb|)
[
(1 + 2 |α|2)(neq + |z|2)

+
(
neq(neq − 2 |α|2) + 2 |z|2 (neq − |α|2)

)
sin2(|γb|)

]
− e−λDt/2 |z| |α| (1 + 2neq sin2(|γb|)) sin(2 |γb|) sin(ωot+ θα − θz − θb)

+
1

2

(
e−λDt− e−2λDt

)
|z|2 |α|2 sin2(2 |γb|) cos

(
2(ωot+ θα − θz − θb)

)
(6.29)

From these experiments one observes that the mean photon number oscillates with
frequency ωo, while damped by a factor e−λDt/2. The variance shows oscillations both
with frequency ωo and 2ωo; however, the latter are more damped, the decaying factors
being proportional to e−λDt and e−2λDt. Therefore, mean number and variance in
practice oscillate in time with the same frequency and in addition with the same phase.
As discussed in Section 4.1, the presence in the variance of oscillating terms with
frequency 2ωo has been considered in the literature to be a signal of the presence of
squeezing in the pump excited phonons. Here instead we see that, due to the effects
of the dephasing bath, a 2ωo oscillating contribution can arise even in absence of
squeezing. Therefore, the appearance of such oscillations in the variance cannot be
taken as a signal of squeezing.
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Squeezed coherent thermal state

The most likely situation occurring in the pump process is the excitation of squeezed
coherent thermal phonons. In this more general case, the probe photon mean number
takes the form〈

â†â
〉

(t) = |α|2 cos2(|γb|) + sin2(|γb|)
[
(neq + |z|2) cosh(2r) + sinh2(r)

− |z|2 cos(θr − 2θz) sinh(2r)
]

− |α| |z| sin(2 |γb|) e−
λD
2
t
[
cosh(r) sin(ωot+ θα − θb − θz)
− sinh(r) sin(ωot+ θα − θb + θz − θr)

]
,

(6.30)

while the expressions of the corresponding variance is rather lengthy and explicitly
collected in Appendix E, see Eq. (E.9). For low intensity probe, these expressions
simplify, for terms proportional to |α|2 can be safely neglected. In this case, the main
dominant terms in the mean photon number and the variance are〈

â†â
〉

(t) ∼ − |α| |z| e−λ2 t sin(2 |γb|) [A sin(ωot+ φA)− B sin(ωot+ φB)] , (6.31)

∆â†â(t) ∼ − e−
λ
2
t sin(2 |γb|) |α| |z|

[
C̃ sin(ωot+ φA)− D̃ sin(ωot+ φB)

]
. (6.32)

where

A = cosh(r) (6.33)

B = sinh(r) (6.34)

C̃ =
(
cos2(|γb|) + (1 + 2neq) (2 cosh(2r)− 1) sin2(|γb|)

)
cosh(r) (6.35)

D̃ =
(
1 + 2 (neq + (1 + 2neq) cosh(2r)) sin2(|γb|)

)
sinh(r) (6.36)

Both observables oscillate with the frequency ωo; however, there is a phase-shift δϕ
between the two curves given by

δϕ = arctan


(
AD̃ + BC̃

)
sin(θr − 2θz)

AC̃ + BD̃ −
(
BC̃ +AD̃

)
cos(θr − 2θz)

 . (6.37)

This is clearly visible in the plots of Fig. 6.4. Notice that this shift is constant in time;
further, it vanishes as the squeezing parameter r tends to zero. Therefore, the presence
of a phase shift between mean number and variance in the specified physical situations
represents a clear signal of the presence of squeezing in the probe exited phonons. We
can see that if r → 0 then δt→ 0

6.2.2 Quadratic probing process

Similarly, we have studied the case in which that contribution to the coherent am-
plitude is neglected for both the pump and probe processes. In this way, the most
relevant contribution to the photon-phonon interaction regards the second-order Ra-
man scattering, i.e. quartic terms in the Hamiltonian (4.10).



90 6. Evidence of Squeezed Phonons

0 1 2 3 4 5 6

In
te

n
s
it
y
 (

a
rb

. 
u
n
it
s
)

Time (ps)

Mean
Variance

0 0.5 1 1.5 2

Figure 6.4: Mean number and variance of the photon number measured. Phonons interac-
tions with their surrounding is modelled as preserving the amount of phonons.

Squeezed thermal state

When the phonon state resulting from the pump process is described by a squeezed
thermal state, the mean photon number is given by〈

â†â
〉

(t) = |α|2 − (1 + 2neq) cosh(2r) sinh2(rp)

− e−2λDt(1 + 2neq) cosh(r) sinh(r) sinh(2rp) cos(2ωo + θrp − θr) ,
(6.38)

whereas the variance is a rather lengthy function,

∆â†â(t) = |α|2 − 2 (1 + 2neq cosh(2r) + 2 sinh(r)) sinh2(rp)

− (1 + 2neq cosh(2r) + 2 sinh(r))2 sinh4(rp)

− e−2λDt(1 + 2neq) sinh(2rp) sinh2(rp)

×
(
cosh2(rp) + 2(neq cosh(2r) + sinh(r))

)
cos(2ωot+ θrp − θr)

− e−4λDt(1 + 2neq)
2 sinh2(rp) cosh2(r) sinh2(r) cos2(2ωot+ θrp − θr)

(6.39)

The mean photon number oscillates with frequency 2ωo, while he corresponding
variance has contribution from 2ωo and 4ωo oscillations. Nevertheless, in the physical
situation described before, in which both pump and probe pulse are reduced in intensity
such that |α|2 < 1, and the proportional terms are consistently neglected; besides, the
presence of the fast decaying rate of the 4ωo-oscillations, we observe that the main
contributions to the oscillatory behaviour are proportional to 2ωo for the two curves,
no chance of getting phase shift between them. The qualitative behaviour is the same
shown in Fig. 6.3.



Chapter 7

Outlook

Interactions of light with lattice vibrations have recently been the focus of many
investigations. In particular, pump and probe techniques have been used to study
coherent phonon dynamics, both in transparent and opaque materials. Indeed, the
high time resolutions and efficient detection schemes reached in experiments allow in
principle a detailed description of such quantum excitations. Most of these studies
focused upon detecting the presence of squeezed phonons using various experimental
methods; however, all the results so far obtained are based on the study of the mean
reflectivity/transmittance of probe photons using semi-classical techniques. Squeezed
states are characterised by fluctuations which are smaller in some quadrature than in
the vacuum, and this makes their experimental detection very challenging. These facts
together with the criticism raised in the literature in connection with the various ex-
periments so far performed make an unquestionable identification of squeezed phonons
still an open problem.

In the present work a significant contribution to the solution of this issue has been
given by providing a full quantum description of both the pumping and probing pro-
cess, and of the detection procedure. As a first step, we have introduced a unique
phenomenological Hamiltonian describing the coupling between phonons and photons.
This Hamiltonian describes a direct impulsive interaction between the light and the lat-
tice vibrations in the target material. As a consequence, the pumping process generates
phonons in squeezed coherent thermal states.

Once generated, the phonons behave as an open quantum system, i.e. as a system in
weak interaction with its external environment, here made by the electrons and further
excitations in the crystal. Therefore, their dynamics has been described by means of a
suitable master equation in the Lindblad form. Two different physical situations have
been investigated: first a thermal environment, where the phonon system reaches the
equilibrium at certain temperature higher than the initial one. Second, a dephasing
environment where the number of phonons in the crystal target remains constant. Both
master equations are analytically solvable allowing direct access to phonon correlations.

In the subsequent probing process, described by means of the same photon-phonon
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Hamiltonian used for the pumping process, two different situations were taken into
account: first, the case in which the Hamiltonian only contains bilinear terms, quartic
terms being neglected due to the low intensity of the probe pulse; second, the case in
which the only relevant contribution to the photon-phonon interaction is due to the
second-order Raman scattering, therefore only the quartic terms in the Hamiltonian are
relevant. As discussed in the previous Chapters, these situations essentially correspond
to the probing process in opaque and transparent materials, respectively.

Finally, we have focused our attention not only on the usual mean reflectivity/
transmittance of the probe photons, but also to other observables, specifically on the
corresponding variance.

The characterizing novelties of our approach to pump-probe experiments can then
be summarized by the following points:

1. The interaction between photons and phonons was described by a unique phe-
nomenological quantum Hamiltonian, used for both pump and probe processes.

2. Although, we are not taking into consideration the mediation of the electrons in
the photon-phonon interaction, their presence is felt by the excited phonons as an
external environment. As a result, the phonon dynamics during the dealy time
between pump and probe laser pulses is described by an open quantum system
time evolution. Two kinds of environments have been taken into consideration:
a thermal and a dephasing environment.

3. The description of the probing process can consistently account for both opaque
and transparent materials. More specifically, the regime applied to opaque ma-
terials corresponds to situation in which the probe process is characterized by
low intensity laser pulses; while in the case of transparent materials the probing
process involves high intensity laser pulses and a second-order Raman scattering.

4. By measuring the scattered/reflected probe photons we have obtained analytical
results showing the connection between the quantum state of the measured probe
light and the quantum state of the lattice vibrations excited in the material.

5. In all cases, both intensity and variance of the scattered/transmitted probe light
have been studied, leading to the following results:

• Opaque materials. A distinctive signal of the presence of squeezed phonons
has been obtained: a phase shift between the mean and the variance of the
reflected probe photons, which is non-vanishing only when the squeezing
parameter r 6= 0. In presence of a thermal environment the phase shift
between the two curves is time dependent and vanishes after few oscillations.
Instead for the dephasing environment, the phase shift is constant in time.

• Transparent materials. No phase shift between the mean and the variance
has been observed in this case. More in general, when the most relevant
contribution to the photon-phonon interaction is due to the second-order
Raman scattering, it has not been possible to distinguish any feature clearly
associated to the presence of squeezed phonon states by just looking at mean
photon number and its variance; the study of higher order photon correlation
is presumable needed.
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Figure 7.1: Relative reflectivity and variance measured in a pump and probe experiment
using Bi as a crystal target. Notice the presence of a shift between the two quantities. Taken
from [33].

• As a final remark, note that both for opaque and transparent materials,
when the phonon surrounding is modelled as a dephasing environment, os-
cillations with frequency 2ωo, i.e. twice the frequency of the excited phonon
mode, are present even in absence of squeezing. Therefore the presence
of oscillations with frequency 2ωo cannot be considered a definite signal of
squeezing.

These predictions of our theoretical model seem to be confirmed by the most recent
(although preliminary) experimental findings, in particular those performed at the T-
Rex Laboratory at “Elettra” Sincrotron facility in Trieste. Indeed, under conditions
similar to those described in this thesis, experiments have been done using both opaque
[33] and transparent [147] target materials.

Studies in opaque materials use as a target a bismuth crystal. Bismuth has one
excitable Raman mode at room temperature [19, 148], the A1g mode, with frequency
ωo = 17.5× 10−12 rad s−1. Scattered probe photons are detected in this case and rela-
tive reflectivity and its variance are measured as a function of the time delay between
pump and probe (further details can be found in [33]). A behaviour similar to the
one discussed in the previous chapter is obtained, see Fig. 7.1. Further, a phase shift
between mean reflected probe photons and its variance is clearly visible; although ad-
ditional analysis is needed, the presence of this shift could be considered as a clear
indication of the excitation of squeezed phonons.

For transparent materials, in order to excite coherent phonons, more intense laser
pulses are needed. In the case of quartz (SiO2) crystals the results are reported in [147],
see Fig. 7.2. In this situation, no time shift between mean photon number and variance
is expected, and indeed the preliminary data from this experiment seem to confirm this
prediction.

The agreement between of these experimental results and the predictions of our
theoretical model is encouraging and we are confident that it will stimulate additional,
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Figure 7.2: Pump-probe experiments in α-quartz for different values of the pump fluence.

more refined experimental studies.



Appendix A

Entanglement in bosons

In the theoretical description of the pump and probe experiments performed in this
thesis, we have dealt with bosonic systems (photons and phonons). Among the possible
quantum properties present in this kind of system, quantum entanglement can arise
in these systems. Nevertheless, unlike for bipartite states consisting of distinguishable
particles, in the case of identical parties, as bosons, the notion of entanglement is still
under debate. In the following, we present a review of two different approaches to
the entanglement of systems consisting of bosons in a bipartition; the first approach is
based on the particle aspect typical of first quantization and identifies separable pure
states as those that allow to assign two orthogonal single particle vector states to both
parties. The second approach makes full use of the mode aspect of second quantization
whereby separability can be formulated as absence of non-local correlation among two
different sets of modes. While the first approach applies to pure states only, the second
one is more general and characterizes generic entangled states.

First, we present the issue by means of the simplest possible setting, that of a
system consisting of 2 two-level systems (two qubits) each of which described by the
Hilbert space C2. These qubits will firstly be treated as distinguishable and then as
identical. Let |↔〉 and |l〉 denote two orthogonal one qubit vector states. In the
standard approach, the separability or entanglement of a two qubit vector state is
judged with respect to the underlying tensor product structure of the Hilbert space
C2 ⊗ C2. This tensor product structure embodies the a priori knowledge of which is
the first qubit and which the second one, together with their corresponding individual
observables. Among them, beside describing a so-called pure state, any one-dimensional
projection Pϕ = |ϕ〉 〈ϕ| also corresponds to the property that the system may have of
being in the state |ϕ〉 ∈ C2. This property is possessed by the system if its state ρ is
such that

Tr(ρPϕ) = 1 (A.1)

that is if and only if the density matrix ρ describing the system state is exactly Pϕ.

Individual observables are local with respect to the Hilbert space tensor product
structure; indeed, single qubit operators are 2 × 2 matrices M2(C) and these are em-
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bedded in the two qubit algebra of 4× 4 matrix algebra M4(C) = M2(C)⊗M2(C) as
elements of the sub-algebras M2(C)⊗ I ⊂M4(C) and I⊗M2(C) ⊂M4(C).

With respect to such natural tensor product structures, separable vector states are
identified as the tensor products of single particle vector states; simple instances being

|↔〉 ⊗ |l〉 , |l〉 ⊗ |l〉 , |↔〉+ |l〉√
2

⊗ |l〉 , (A.2)

while the following ones are simple local operators addressing each one of the particles,
independently,

P1 = |↔〉 〈↔| ⊗ I , P2 = I⊗ |l〉 〈l| , P1 ⊗ P2 ,

where I denotes the identity matrix.

If the compound system is in the state |↔ ⊗ l〉, the orthogonal projection P1, P2

and P1⊗P2 correspond to possessed properties: P1 to the first qubit being in the state
|↔〉, P2 to the second qubit being in the state |l〉. Indeed, |↔ ⊗ l〉 is eigenstate of
P1,2 and P1 ⊗ P2 with eigenvalue 1.

Instead, any sum of local operators, like the so-called CNOT operation,

UCNOT = |↔〉 〈↔| ⊗ I + |l〉 〈l| ⊗
(
|↔〉 〈l|+ |l〉 〈↔|

)
,

that cannot be reduced to a single tensor product, is non-local. Acting on the third
separable state in (A.2), UCNOT creates the (maximally) entangled state

|Ψ〉 = UCNOT
|↔〉+ |l〉√

2
⊗ |l〉 =

1√
2

(
|↔〉 ⊗ |l〉+ |l〉 ⊗ |↔〉

)
. (A.3)

Unlike separable vector states, |Ψ〉 is such that none of the properties associated with
P1 ⊗ I, I⊗ P2 and P1 ⊗ P2 can be attributed to the system in such a state; in fact,

〈Ψ|P1 ⊗ I |Ψ〉 = 〈Ψ| I⊗ P2 |Ψ〉 = 〈Ψ|P1 ⊗ P2 |Ψ〉 =
1

2
.

In full generality, the projections P1⊗I, I⊗P2 and P1⊗P2, where P1,2 project onto not
necessarily orthogonal single particle vector states |ϕ1,2〉, describe possessed properties
by a two qubit system in a vector state |Ψ〉 if and only if |Ψ〉 = |ϕ1〉 ⊗ |ϕ2〉, that is if
the vector state is separable. This follows at once from the Cauchy-Schwartz inequality
that must be saturated by ρ = |Ψ〉 〈Ψ| in order to satisfy (A.1). To summarize, the
entangled vector states of two distinguishable particles are such that no individual
properties can be attributed to each one or both of the constituent parties.

Suppose now the two qubits to be identical. The fact that the two parties cannot be
distinguished implies that their vector states must be symmetric in the single particle
states for bosons. With reference to the single particle orthonormal basis {|↔〉 , |l〉} the
bosonic sector of the Hilbert space C2 ⊗ C2 is three dimensional and linearly spanned
by the symmetric orthogonal vectors

|↔〉 ⊗ |↔〉 , |l〉 ⊗ |l〉 , |Ψ〉 =
1√
2

(
|↔〉 ⊗ |l〉+ |l〉 ⊗ |↔〉

)
.
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Note that particle identity does not exclude that individual properties might be at-
tributed to the two parties; the only constraint is that no property can be attributed
to a definite party otherwise it could be used to distinguish it from the other. Nev-
ertheless, single-particle properties are still described by one-dimensional projections;
therefore, in order to implement the latter constraint, the property corresponding to
one qubit being in the generic state |ϕ〉, must be represented by the symmetric (not
one-dimensional) projection

EP = P ⊗
(
I− P

)
+
(
I− P

)
⊗ P + P ⊗ P , P = |ϕ〉 〈ϕ| .

Similarly, the projector corresponding to the two qubits possessing two different prop-
erties must be

P symm
12 = P1 ⊗ P2 + P2 ⊗ P1 , P1,2 = |ϕ1,2〉 〈ϕ1,2| .

This is a projection if and only if P1P2 = 0 whence P symm
12 = EP1EP2 . Therefore, despite

the formally entangled structure of a state as |Ψ〉, properties can be attributed to both
its parties; however, it is not known which party has which property. Indeed,

〈Ψ| EP1 |Ψ〉 = 〈Ψ| EP2 |Ψ〉 = 〈Ψ|P sym
12 |Ψ〉 = 1 . (A.4)

In [58, 64], the separability of bosonic 2-particle vector states is identified with the
possibility of attributing properties to both parties. It was then proved that separable
vector states of two identical particles are symmetric combinations of tensor products
of orthogonal single particle vector states.

The above approach is pursued within a first quantization context, while in [66,149]
a second quantized point of view is taken whereby separability and entanglement are
defined with reference to the algebraic structure of Bose systems rather than in relation
to the attribution of individual properties. As already stressed, being linearly spanned
by symmetric (bosons) tensor products of single particle vector states, bosonic Hilbert
spaces no longer provide an a priori tensor product structure. However, one observes
that, especially in many body quantum systems, the primary object is the the algebra
of operators rather than its representations on particular Hilbert spaces. In the case
of bosonic systems, the algebra of operators is constructed by means of polynomials in
annihilation and creation operators âi, â

†
i , i running over a set I numbering the elements

of an orthonormal basis in the single particle Hilbert space H, or an associated choice
of modes 1. They satisfy the canonical commutation relations (CCR)

[âi , â
†
j] = âi â

†
j − â†j âi = δij . (A.5)

As already seen, in the case of two distinguishable qubits, the algebraic structure
M2(C) ⊗ M2(C) selects M2(C) ⊗ I and I ⊗ M2(C) as natural sub-algebras thereby
identifying local operators with tensor products A1⊗A2. The salient feature here is the
fact that A1⊗I and I⊗A2 commute: this corresponds to their (algebraic) independence
since commutativity excludes mutual influences when two of these observables are
simultaneously measured.

1 Actually, since the Bose creation and annihilation operators are unbounded, one has to resort to
the so-called Weyl algebra generated by exponential exp(α â(f) + α∗ â†(f)) whence polynomials are
generated by differentiating with respect to the complex parameter α [150].



98 A. Entanglement in bosons

In the second quantization formalism, local, pairs of mutually commuting sub-
algebras can easily be constructed by partitioning the index set I into two disjoint
subsets I1,2. From (A.5), the two sub-algebras A1,2 generated by {ai, a†j}(i,j)∈I1 , respec-

tively {ai, a†j}(i,j)∈I2 commute for bosons. Then, one can extend the notion of locality
to a system of identical particles through the following definitions:

1. a local bipartition is any pair of commuting sub-algebras A1,2;

2. all operators of the form A1A2, where A1 ∈ A1 and A2 ∈ A2 are local with respect
to (A1,A2).

Then, one defines separable with respect to a local bipartition (A1,A2) those |Ψ〉 such
that

〈Ψ|A1A2 |Ψ〉 = 〈Ψ|A1 |Ψ〉 〈Ψ|A2 |Ψ〉 (A.6)

for all possible A1,2 belonging to the commuting sub-algebras A1,2.

Evidently, in the second quantized approach the notion of local operators and sepa-
rable states, hence of non-local operators and entangled states, depend on the reference
pair of commuting sub-algebras. As we will see in the following, such a definition of
separability is by no means restricted to vector states, but extends to mixed states.
Furthermore, in the case of two distinguishable qubits, separable bipartite vector states
are those assigning factorized mean values to local operators A1⊗A2; i.e. (A.6) reduces
to the known definition of separable vector states for distinguishable qubits.

As an illustration of the above approach, consider two identical qubits with bosonic
character; in the second quantization formalism, the single particle orthonormal states
|↔〉 and |l〉 correspond to two possible bosonic modes and are generated by acting on
the vacuum state |0〉 with creation operators, â†1 and â†2, i.e.,

â†1 |0〉 = |↔〉 , â†2 |0〉 = |l〉 ,

the bosonic character being expressed by the commutation relations

[â1 , â
†
1] = [â2 , â

†
2] = 1 , [â1 , â

†
2] = [â2 , â

†
1] = 0 .

This is the simplest possible non-trivial boson system: two bosons, each of them having
two orthonormal states (or modes) at disposal; notice that, due to the bosonic character
of the degrees of freedom, the Hilbert space is 3 dimensional and linearly spanned by
the vectors

|↔,↔〉 =
(â†1)2

√
2
|0〉 , |l, l〉 =

(â†2)2

√
2
|0〉 |Ψ〉 = â†1â

†
2 |0〉 ,

where the last state is the second quantized version of |Ψ〉 in (A.3).

All operators in the algebra A1 generated by the polynomials in â1 and â†1 and those
in the algebra A2 generated by polynomials in â2 and â†2 commute. It thus follows that
the action of â†1â

†
2 on the vacuum is local with respect to the two sub-algebras A1 and

A2. According to the physical intuition outlined above, the state resulting from a local
action on the vacuum (which is separable since there is nothing in the vacuum that
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can be entangled) should result separable from the point of view of the sub-algebras
A1,2.

The separability of |Ψ〉 = â†1â
†
2 |0〉 with respect to the local bipartition (A1,A2) is

confirmed by the absence of correlations between A1,2 carried by such a state: (A.6) is
indeed satisfied. This can be seen as follows: polynomials in creation and annihilation
P (âi, â

†
i ) can always be written as sums of monomials of the form (âi)

p(â†i )
q. On the

other hand, from the CCR,

〈Ψ| âp1(â†1)q âm2 (â†2)n |Ψ〉 = 〈0| âp+1
1 (â†1)q+1 âm+1

2 (â†2)n+1 |0〉
= 〈0| âp+1

1 (â†1)q+1 |0〉 〈0| âm+1
2 (â†2)n+1 |0〉 .

Therefore, the state |Ψ〉 in (A.3), which is maximally entangled for distinguishable
qubits, is instead separable for identical (bosonic) qubits also in the second quantization
approach.

While the second quantized approach applies to generic states of identical particle
systems, the first quantized approach, based on the particle aspect of first quantization,
does not cover the case of mixed states. The aim is to provide a detailed comparison
of the first and second quantized approaches in the case of vector states of bosonic
systems.

A.1 Pure state bipartite entanglement for identical

particles

In composite quantum systems the standard notion of locality that identifies sepa-
rable and entangled states relies on the tensor product structure of the Hilbert space.
In the case of bosons such structure is no longer available due to the required sym-
metrization of vector states.

A.1.1 First Quantization

The question addressed in [58,64] is whether two-particle bosonic vector states are
automatically entangled because of their non-tensor product structure. The answer is:
never when this arise from the symmetrization of tensor products of orthogonal single
particle vector states. The argument on which the answer is based follows from the
possibility of identifying properties objectively possessed by the individual parties.

For bosons in factorized, separable vector states |Φ〉 = |ϕ1〉 ⊗ |ϕ2〉, a well-defined
state vector |ϕ1,2〉 is assigned to each component sub-system; since such states are
simultaneous eigenstates of a complete set of commuting observables, it is possible
to predict with certainty the measurement outcomes of this set of operators. These
outcomes constitute a complete set of properties that can be legitimately thought as
possessed by each particle. Indeed, the single particle projections P1,2 = |ϕ1,2〉 〈ϕ1,2|
are such that the projections P1 ⊗ I, I ⊗ P2 and P1 ⊗ P2 all have mean value 1 with
respect to |Φ〉. Namely these properties are attained with probability 1. On the other
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hand, when the system is in an entangled vector state, definite state vectors cannot
be associated with any constituent and, therefore, one cannot claim that the parties
objectively possess a complete set of properties whatsoever.

In order to extend these arguments to a composite system S consisting of two identi-
cal particles described by the pure normalized state |Ψ〉, one must note that a complete
set of properties cannot be attributed to a definite party, otherwise these properties
would distinguish it from the other, identical constituent. The only meaningful as-
sertion is that one of the two parties has a complete set of properties; if the latter
corresponds to a single particle one dimensional projection operator P , the assertion
is mathematically translated into

〈Ψ| EP |Ψ〉 = 1 , EP = P⊗(I−P )+(I−P )⊗P+P⊗P = P⊗I+I⊗P−P⊗P . (A.7)

Consider the first expression of the operator in (A.7): it is a symmetric projection
where the first term refers to the first particle, and not the second, having the complete
set of properties associated with P , the second term has the roles of the two particles
exchanged and the third term refers to both particles having the considered complete set
of properties. Since the three terms are mutually orthogonal, the condition 〈Ψ| EP |Ψ〉 =
1 implies that at least one particle has the complete set of properties described by the
single particle projection P .

Definition A.1. The identical constituents S1 and S2 of a composite quantum system
S = S1 + S2 are separable when both constituents possess a complete set of properties.

The fact that one constituent possesses a complete set of properties has immediate
consequences on the form of the state |Ψ〉.

Proposition A.1. One of the identical constituents of a bosonic composite quantum
system S, described by the pure normalized state |Ψ〉 has a complete set of properties
associated with a one-dimensional projector P = |φ0〉 〈φ0| onto a single-particle vector
state if and only if |Ψ〉 is obtained by symmetrizing a tensor product vector state.

Proof. A general two-particle vector state can be written as

|Ψ〉 = c00 |φ0〉 ⊗ |φ0〉+
∑
j>0

c0j |φ0〉 ⊗ |φj〉+
∑
i>0

ci0 |φi〉 ⊗ |φ0〉+
∑
i,j 6=0

cij |φi〉 ⊗ |φj〉 ,

where {|φi〉}i≥0 is an orthonormal basis in the single particle Hilbert space with first
element exactly the selected state corresponding to the complete set of properties.
From 〈Ψ| EP |Ψ〉 = 1 it follows that EP |Ψ〉 = |Ψ〉, which in turn can hold if and only
if cij = 0 ∀i, j 6= 0. Moreover, particle identity implies c0j = cj0, and normalization
requires |c00|2 + 2

∑
j>0 |c0j|2 = 1. Thus,

|Ψ〉 = c00 |φ0〉 ⊗ |φ0〉+ |φ0〉 ⊗
(∑
j>0

c0j |φj〉
)

+

(∑
i>0

ci0 |φi〉
)
⊗ |φ0〉

= |φ0〉 ⊗
(
c00

2
|φ0〉+

∑
j>0

c0j |φj〉
)

+

(
c00

2
|φ0〉+

∑
j>0

cj0 |φj〉
)
⊗ |φ0〉 . (A.8)
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Using (A.8), |Ψ〉 results from the symmetrization of a tensor product vector state,

|Ψ〉 =

√
2− |c00|2

4

(
|φ0〉 ⊗ |Θ〉+ |Θ〉 ⊗ |φ0〉

)
(A.9)

|Θ〉 =

√
4

2− |c00|2

(
c00

2
|φ0〉+

∑
j>0

cj0 |φj〉
)

. (A.10)

The previous proposition states that the symmetrization of two-particle tensor prod-
uct states do not forbid the attribution of a complete set of properties to one of the
two parties, but only that we cannot establish by which one is the complete set of
properties possessed. This is not yet an assertion of separability of the state |Ψ〉 which,
according to definition A.1, must be such that 〈Ψ| EQ |Ψ〉 = 1 for another projection
EQ depending on a one-dimensional single-particle projection Q 6= P : only in this case
both parties can be declared to possess a complete set of properties, without, of course,
being possible to establish which one has which property.

Remark A.1. The latter statement requires that the single-particle one-dimensional
projections P and Q be orthogonal. In fact, only in this case, the product EPEQ is also
a projection, equal to P ⊗Q+Q⊗ P .

According to Remark A.1 and to the structure of the state in (A.9), three cases
have to be distinguished in the case of bosonic systems:

1. cj0 = 0 ∀j > 0: then, |Ψ〉 = |φ0〉 ⊗ |φ0〉. Both bosons posses the complete set of
properties associated with the single-particle projection P = |φ0〉 〈φ0| and |Ψ〉 is
separable.

2. c00 = 0: then, 〈Θ| Φ0〉 = 0. The orthogonal projections P = |φ0〉 〈φ0| and
Q = |Θ〉 〈Θ| represent two complete sets of properties possessed by the two
bosons, so that |Ψ〉 is separable.

3. 〈Θ| φ0〉 6= 0 and |Θ〉 6= |φ0〉: while it is legitimate to attribute to one of the two
bosons the complete set of properties associated either with the projection P =
|φ0〉 〈φ0| or Q = |Θ〉 〈Θ|, one cannot attribute simultaneously the two properties
to the two bosons. Indeed, no projection Q ⊥ P exists such that 〈Ψ| EPEQ |Ψ〉 =
1, hence |Ψ〉 is entangled.

Corollary A.1. A vector state |Ψ〉 of two identical bosons is separable if and only if it
is obtained by symmetrizing the tensor product of two orthogonal single-particle states
or if it is the tensor product of a same single-particle state.

Remark A.2. In the case of two bosons, Case 3 shows that there are vector states
for which two non-orthogonal complete sets of properties can be separately, but not
simultaneously, attributed: these states are declared entangled.
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A.1.2 Second quantization

Particle identity is at the core of quantum statistical mechanics and the standard
approach to such systems is in terms of creation and annihilation operators whose
canonical commutation relations embody the bosonic character of the particles. As
for the representation Hilbert space, this is generated by acting with (powers of) the
creation operators on a reference state |0〉 (called vacuum): typically, given the single
particle Hilbert space H, to any vector |ψ〉 ∈ H one associates a creation operator which
creates it by acting on the vacuum, â†(ψ) |0〉 = |ψ〉, and an annihilation operator â(ψ)
that destroys such a state, a(ψ) |ψ〉 = |0〉. Given two states |ψ1,2〉 ∈ H, by expanding
them with respect to an orthonormal basis {|φj〉}j ∈ H in the single-particle Hilbert

space whose vectors are generated and destroyed by â†j , âj, the CCR given by (A.5)
generalize to

[â(ψ1) , â†(ψ2)] = 〈ψ1| ψ2〉 . (A.11)

Orthonormal basis vectors are obtained by acting repeatedly with creation operators
on the vacuum

|n1, n2, . . . , nk〉 =
(â†1)n1(â†2)n2 · · · (â†k)nk√∏k

j=1 nj!
|0〉 . (A.12)

Each pair âi , â
†
i is associated to a possible mode of the system of identical particles so

that these states contain ni particles in the first i-th modes. Indeed, from the (A.5)
follow that these states are eigenstates of the number operator

N̂ =
∑
j

â†j âj , N̂ |n1, n2, . . . , nk〉 =
( k∑
j=1

nj

)
|n1, n2, . . . , nk〉 . (A.13)

They form an orthonormal basis for the Hilbert space of N =
∑k

j=1 nj particles. By
varying N one constructs the Fock Hilbert spaceH as the orthogonal sum of the sectors
with finite numbers of bosons.

It is thus clear that, in a second quantized formalism, the building blocks are the
annihilation and creation pairs âi , â

†
i , together with the CCR, and their polynomials:

we shall denote by A the Bose algebra arising from such polynomials by closing them
via the generalized Weyl operators in the Bose case (see footnote (1)).

Remark A.3. The symmetric character of bosonic vector states typical of the first
quantization formalism appears when multi-particle states are represented with respect
to the chosen basis. For instance, setting ψ(i) = 〈i| ψ〉, |ψ1ψ2〉 = â†(ψ1)â†(ψ2) |0〉 and
|ij〉 = â†i â

†
j |0〉, from (A.11) one gets

〈ij| ψ1ψ2〉 =
〈
0
∣∣ âiâja†(ψ1)â†(ψ2)

∣∣0〉 = ψ1(i)ψ2(j) + ψ1(j)ψ2(i) .

Furthermore, when i 6= j, a basis vector state as |ij〉, in first quantization corresponds
to

|i〉 ⊗ |j〉+ |j〉 ⊗ |i〉√
2

.

The lack of a tensor product structure either in the algebra A or in the Hilbert
space spanned by vectors as in (A.12) requires the notions of locality of observables
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and separability of states to be defined within a purely algebraic context. The notion
of local observables or of a local subalgebra of observables is typical of quantum statis-
tical mechanics where one considers single particle states |ψV 〉 supported within finite
volumes V ⊂ R3 and the algebras AV ⊂ A generated by all annihilation and creation
operators â(ψV ) , â†(ψV ).

If two disjoint volumes are considered, V1 ∩ V2 = ∅, then, from the CCR one gets[
â(ψV1) , â

†(ψV2)
]

= 〈ψV1 |ψV2〉 =

∫
R3

d3r ψ∗V1(r)ψV2(r) = 0 .

This commutativity extends to monomials and polynomials so that the sub-algebras
AV1,2 commute, namely[

A1 , A2

]
= 0 ∀A1 ∈ AV1 , A2 ∈ AV2 . (A.14)

This commutativity corresponds to algebraic independence as it implies that measuring
an observable in AV1 cannot influence the simultaneous measurement of an observable
in AV2 . As already mentioned, in [66] algebraic independence is used to consistently
generalize the standard notion of locality connected with algebraic tensor product
structures as M2(C)⊗M2(C) for two distinguishable qubits.

The pairs (A1,A2) of sub-algebras we consider in what follows will be assumed to
be generated by two sets of creation and annihilation operators {(âi, â†i ) : i ∈ I1,2}. We
can now formulate the notion of locality in purely algebraic terms.

Definition A.2. Any pair (A1,A2) of sub-algebras A1,2 ⊆ A such that A1,2 generate
A will be called a local bipartition if A1 and A2 commute. Furthermore, A ∈ A will be
called local with respect to (A1,A2) if A = A1A2 with A1 ∈ A1 and A2 ∈ A2.

Remark A.4. As in the case of distinguishable particles where one may consider
multi-partite entanglement with respect to multiple tensor product algebras, for in-
stance M2(C)⊗n in the case of n qubits, also in the second quantized approach one
could consider a multi-partiton of A into a set of n mutually commuting sub-algebras
that generate it. However, in the following we shall stick to the case of two commuting
sub-algebras A1,2 ⊂ A, exactly as, for standard qubits, it occurs with the local bipartition(
M2(C)⊗ I, I⊗M2(C)

)
which generates M4(C).

One of the advantages of the algebraic approach is that the notion of state can
be extended beyond Hilbert state vectors and density matrices to that of positive and
normalized functionals ω over the algebra A, namely linear maps from A into C such
that

ω(A†A) ≥ 0 ∀A ∈ A and ω(I) = 1 , (A.15)

where ω(A) is called the expectation of A with respect to ω [150].

In the algebraic approach, mixed states on the algebra A are those ω that can
be written as convex combinations of other functionals on A, ω =

∑
j λj ωj, λj ≥ 0

and
∑

j λj = 1. If a state ω cannot be convexly decomposed, it is called pure. On
finite dimensional Hilbert spaces, these positive, normalized functionals ω boil down
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to either pure state projections or to density matrices; that is, if A = Mn(C) then, for
all A ∈Mn(C),

ω(A) = 〈ψ|A|ψ〉 = Tr
(
|ψ〉 〈ψ| A

)
, or ω(A) = Tr

(
ρA
)
, (A.16)

where ρ ∈Mn(C) is a density matrix.

In the case of two distinguishable qubits described by M2(C) ⊗M2(C), a density
matrix ρ ∈ M4(C) is separable when ρ is a convex sum of tensor products of single

particle density matrices, ρ =
∑

j λj ρ
(1)
j ⊗ ρ(2)

j , λj ≥ 0 and
∑

j λj = 1 so that

Tr
(
ρA1 ⊗ A2

)
=
∑
j

λj Tr
(
ρ

(1)
j A1

)
Tr
(
ρ

(2)
j A2

)
on all local operators A1 ⊗ A2.

Together with the previous definition of local bipartitions, this leads to the following
generalization of the notion of separable states.

Definition A.3. A state ω on the algebra A is separable with respect to the local
bipartition (A1,A2), or (A1,A2)-separable, if, for all (A1,A2)-local operators A =
A1A2,

ω(A1A2) =
∑
k

λk ω
(1)
k (A1)ω

(2)
k (A2) λk ≥ 0,

∑
k

λk = 1 , (A.17)

where ω, ω
(1)
k and ω

(2)
k are other states on A. Otherwise, the state ω is said to be

(A1,A2)-entangled.

In the second quantized formalism, the possibility of uncountably many pairs of
local sub-algebras and thus of states that can be separable with respect to a bipartiton
and entangled with respect to another one is evident. In the case of distinguishable
particles, this fact is masked by the natural distinction of particles, which is related
to the a priori tensor product structure of the Hilbert space. As an example, consider
two qubits: states as |ij〉 = |i〉 ⊗ |j〉, with |i〉, i = 1, 2, an orthonormal basis in C2, are
separable with respect to the tensor product structure C2⊗C2. However, through the
Bell states

|ψ±〉 =
|00〉 ± |11〉√

2
, |φ±〉 =

|01〉 ± |10〉√
2

,

that are maximally entangled with respect to the bipartition
(
M2(C)⊗ I, I⊗M2(C)

)
,

and the 4× 4 matrices

|ψ+〉 〈ψ+| , |ψ−〉 〈ψ+| , |ψ+〉 〈ψ−| , |ψ−〉 〈ψ−| ,

respectively
|φ+〉 〈φ+| , |φ−〉 〈φ+| , |φ+〉 〈φ−| , |φ−〉 〈φ−| ,

one constructs two sub-algebras Aψ and Aφ. They are isomorphic to M2(C), commute
with each other because of the orthogonality of the Bell states and generate an algebra
isomorphic to M4(C). With respect to the local bipartition (Aψ,Aφ), the states as |ij〉
are entangled, while the Bell states are separable.
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Differently from the first quantization approach where the attribution of properties
work only for vector states, the algebraic approach based on the second quantization
formalism provides tools that are valid for pure and mixed states. For instance, for
N bosons and two mode one can prove that the partial transposition criterion is an
exhaustive entanglement witness exactly as for two qubits or one qubit and one qutrit
[66].

In the following, we shall focus upon bosons having at disposal a number M of
modes, possibly infinite, associated with annihilation and creation operators âi , â

†
i ,

1 ≤ i ≤M . We shall construct a local bipartition of the algebra A by fixing an integer
m, 0 ≤ m ≤M , and by considering the subsets{

â†i , âi : i = 1, 2, . . . ,m
}
,
{
â†j, âj : j = m+ 1,m+ 2, . . . ,M

}
.

We shall denote by A1 ⊆ A the subalgebra generated by the first set, by A2 that
generated by the second one. Furthermore, in order to be able to compare the two
approaches, we shall deal with pure states, only; we first review a result that was
previously proved to hold for Bosons [149].

Separable bosonic pure states

In the standard setting, normalized separable vector states |ψ〉 = |ψ1〉 ⊗ |ψ2〉 are
such that

〈ψ|A1 ⊗ A2|ψ〉 = 〈ψ1|A1|ψ1〉 〈ψ2|A2|ψ2〉 = 〈ψ|A1 ⊗ I|ψ〉 〈ψ|I⊗ A2|ψ〉 ,

for all operators A1,2 acting on their respective Hilbert spaces. An analogous relation
holds in the algebraic setting.

Lemma A.1. Bosonic vector states states ω(X) = 〈Ψ|X |Ψ〉 on A, where |Ψ〉 belongs
to the Fock Hilbert space H generated by vectors as in (A.12), are separable with respect
to a local bipartition (A1,A2) if and only if

〈Ψ|A1A2 |Ψ〉 = 〈Ψ|A1 |Ψ〉 〈Ψ|A2 |Ψ〉 ∀A1 ∈ A1 , A2 ∈ A2 . (A.18)

Proof. According to Definition A.3, states satisfying (A.18) are automatically (A1,A2)-
separable as they acts as in (A.17) with only one convex contribution in factorized form.

In the bosonic case, (A1,A2)-local operators generate the whole algebra A; then,

any A ∈ A can be written as A =
∑

a,bCabA
(1)
a A

(2)
b with A

(1)
a ∈ A1 and A

(2)
b ∈ A2.

Therefore, if a vector state satisfies (A.18) on all (A1,A2)-local operators, then

〈Ψ|A |Ψ〉 =
∑
k

λk
∑
a,b

Cab ω
(1)
k (A(1)

a )ω
(2)
k (A

(2)
b ) =

∑
k

λkω̃k(A) ,

in terms of other states ω̃k defined on the whole of A by means of ω̃k(A1A2) =

ω
(1)
k (A1)ω

(2)
k (A2). Therefore, |Ψ〉 can correspond to a pure separable state ω only if λk 6=

0 for just a single k whence (A.18) is satisfied. Indeed, 〈Ψ|A1A2 |Ψ〉 = ω
(1)
k (A1)ω

(2)
k (A2)

yields ω
(1,2)
k (A1,2) = 〈Ψ|A1,2 |Ψ〉 for A1 = I and A2 = I.
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The next proposition gives the explicit expression of the pure states fulfilling the
requests of the previous lemma.

Proposition A.2. A normalized bosonic vector state |Ψ〉 in the Fock Hilbert space H
spanned by vectors as in (A.12) is (A1,A2)-separable if and only if it is generated by a
(A1,A2)-local operator,

|Ψ〉 = P(â†1, . . . , â†m) · Q(â†m+1, . . . , â
†
M) |0〉 , (A.19)

where P, Q are polynomials in the creation operators relative to the first m modes and
the last M −m modes, respectively. Otherwise, the state is entangled.

Proof. Vector states as in the statement of the proposition have the general form

|Ψ〉 =
∑
{k},{α}

C{k},{α} |k1, . . . , km;αm+1, . . . , αM〉 ,
∑
{k},{α}

∣∣C{k},{α}∣∣2 = 1 , (A.20)

where {k} = (k1, k2, . . . , km), respectively {α} = (αm+1, αm+2, . . . , αM), is the vector
of occupation numbers of the first m, respectively second M −m modes and

|{k}, {α}〉 = |k1, . . . , km;αm+1, . . . , αM〉 =
(â†1)k1 · · · (â†m)km(â†m+1)αm+1 · · · (â†M)αM√

k1! · · · km!αm+1! · · ·αM !
|0〉 .

From Lemma A.1, the separability of |Ψ〉 is equivalent to Eq. (A.18) for all choices of
A1,2 in the commuting subalgebras A1,2. We should then use this request to derive rela-

tions among the coefficients C{k},{α} that force them to factorize: C{k},{α} = C
(1)
{k}C

(2)
{α}.

To this purpose, in a first quantization context, the obvious operators A1,2 to be used
would be A1 = |{p′}〉 〈{p}| and A2 = |{β′}〉 〈{β}| and A1⊗A2 = |{p′}, {β′}〉 〈{p}, {β}|.
In the second quantization setting, these operators are replaced by

A1 = (â†1)p
′
1 . . . (â†m)p

′
m

(
1

2πi

∮
Γ(0)

dz

z − N̂1

)
âp11 . . . âpmm (A.21)

A2 = (â†m+1)β
′
m+1 . . . (â†M)β

′
M

(
1

2πi

∮
Γ(0)

dz

z − N̂2

)
â
βm+1

1 . . . âβMM (A.22)

A1A2 = (â†1)p
′
1 . . . (â†m)p

′
m (â†m+1)β

′
m+1 . . . (â†M)β

′
M

(
1

2πi

∮
Γ(0)

dz

z − N̂

)
× â

βm+1

1 . . . â
βm+M

m+M âp11 . . . âpmm , (A.23)

where pi, p
′
i and βj, β

′
j are integers, while N̂1 =

∑m
k=1 â

†
k âk, N̂2 =

∑M
j=m+1 â

†
j âj and

N̂ = N̂1 + N̂2 are the number operators relative to the two sub-sets of modes and their
union, while Γ(0) is a contour around z = 0 excluding all other integers. The choice of
contour forces the three integrals to vanish unless z = 0, whence the first two project
onto the sub-spaces with no particles in the corresponding sub-sets of modes and the
third one onto the vacuum.
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Then one calculates

〈Ψ|A1 |Ψ〉 =

(
m∏
i=1

√
pi!p′i!

)∑
{α}

C{p′},{α}C{p},{α} (A.24)

〈Ψ|A2 |Ψ〉 =

(
M∏

j=m+1

√
βj!β′j!

)∑
{k}

C{k},{β′}C{k},{β} (A.25)

〈Ψ|A1A2 |Ψ〉 =

(
m∏
i=1

√
pi!p′i!

)(
M∏

j=m+1

√
βj!β′j!

)
C{p′},{β′}C{p},{β} , (A.26)

so that

C{p′},{β′}C{p},{β} =

∑
{α}

C{p′},{α}C{p},{α}

∑
{k}

C{k},{β′}C{k},{β}

 . (A.27)

For p′ = p and β′ = β this expression becomes

∣∣C{p},{β}∣∣2 =

∑
{α}

∣∣C{p},{α}∣∣2
∑

{k}

∣∣C{k},{β}∣∣2
 .

Setting D{p} =
∑
{α}

∣∣C{p},{α}∣∣2 and D′{β} =
∑
{k}

∣∣C{k},{β}∣∣2, one rewrites

C{p},{β} =
√
D{p}

√
D′{β} eiθ{p}{β} . (A.28)

Inserting this expression in (A.27), we obtain

ei(θ{p′}{β′})−θ{p}{β}) =
∑
{α}

D′{α} ei(θ{p}{α}−θ{p′}{α})×
∑
{k}

D{k} ei(θ{k}{β}−θ{k}{β′}) .

Since
∑
{p}D{p} = 1 =

∑
{β}D

′
{β}, by setting β′ = β one sees that θ{p}{β} − θ{p′}{β′} =

φpp′ for all β. Fixing an arbitrary p′ and inserting this expression into (A.28) yields

C{p},{β} =
√
D{p} eiφpp′ ×

√
D′{β} eiθ{p′}{β} . (A.29)

The proof is completed by restricting to {p} = {p′} and {β} = {β′} which guaran-
tees that the even conditions of above are fulfilled.

Remark A.5. In the proof of the previous proposition nothing depended on having a
finite number m of modes in the first set and a finite number M of modes in the second
set. The result thus extends to the case of infinite disjoint sets of modes for all |Ψ〉 of
norm 1.

A.2 First and second quantization approaches com-

pared

Taking advantage of the previous results, in this section we study the relations
between the first (particle) and second quantization (mode) approach to entangled
vector states of identical particle systems.
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A.2.1 From first to second quantization

The first quantization approach in [58, 64] deals with two identical particles in
a vector state |Ψ〉 with an infinite dimensional single particle Hilbert space H. In
that approach vector states are separable if and only if they possess two orthogonal
sets of complete properties associated with single particle orthogonal one-dimensional
projections P and Q. Fix an orthonormal basis {|ψj〉}j in H and let |ψ1〉 be the single-
particle vector state corresponding to the attribution of a complete set of properties to
one of the two bosons: P = |ψ1〉 〈ψ1|.

In the second quantization approach, let âj, â
†
j be the annihilation and creation

operators of the states |ψj〉; then, a general two-particle vector state can be written as

|Ψ〉 =
(
c11

(
â†1

)2

+ â†1
∑
j>1

c1j â
†
j +

∑
i,j>1

cij â
†
i â
†
j

)
|0〉 . (A.30)

Furthermore, the attribution of a complete set of properties naturally leads to consider
the local bipartition where A1 is generated by â1 , â

†
1 and A2 by the remaining modes:

A1 =
{
â†1, â1

}
, A2 =

{
â†j, âj

}
j≥2

. (A.31)

Also, the second quantized expression of the projection operator EP in (A.7) reads

EP =
1

2
â†1â1

(
3− â†1â1

)
. (A.32)

Indeed, acting on the 2 particle sector, the right hand side does not vanish only on
vector states with at least one particle in the first mode, in which case they are eigen-
states of the right hand side with eigenvalue 1 . Moreover, according to Definition A.2,
EP is local with respect to the bipartition (A1,A2).

According to Definition A.3, in order to be separable |Ψ〉 must surely satisfy
〈Ψ| EP |Ψ〉 = 1 whence EP |Ψ〉 = |Ψ〉. Then,

EP |Ψ〉 =

(
c11

(
â†1

)2

+ â†1
∑
j>1

c1j â
†
j

)
|0〉 = |Ψ〉

implies that cij = 0 when both i and j are different from one, so that

|Ψ〉 = â†1

(
c11â

†
1 +

∑
j>1

c1j â
†
j

)
|0〉 .

We have set a†1 |0〉 = |ψ1〉; let |Θ〉 denote the normalized vector state
(
c11â

†
1 +∑

j≥2 c1j â
†
j

)
|0〉. Thus, we may distinguish the following cases:

1. Case when, in the first quantization approach, |Ψ〉 is separable because both
bosons are in the same state. In the second quantization approach, this amounts

to c1j = 0, for all j ≥ 2. Then, |Θ〉 = |ψ1〉 and |Ψ〉 =
(a†1)2

√
2!
|0〉. This state is as in

(A.19) in terms of a second order monomial in the first mode creation operator
and thus, according to Proposition A.2, (A1,A2)-separable.
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2. Case when, in the first quantization approach, |Ψ〉 is separable because both
bosons can be attributed a complete set of properties associated with orthogonal
single particle vectors. In the second quantization approach, this case is recovered
with the choice c11 = 0. Then, 〈Θ| ψ1〉 = 0 and one complete set of properties
corresponds to EP in (A.32), the other one to the projection operator EQ, where

EQ =
1

2
â†ΘâΘ

(
3− â†ΘâΘ

)
, â†Θ =

∑
j≥2

cj â
†
j ,

with
∑

j≥2 |cj|2 = 1. Indeed, EP and EQ are commuting projectors and

〈Ψ| EP |Ψ〉 = 〈Ψ| EQ |Ψ〉 = 〈Ψ| EPEQ |Ψ〉 = 1 .

Therefore, |Ψ〉 is (A1,A2)-separable.

3. Case when, in the first quantization approach, |Ψ〉 is entangled because the two
parties cannot be simultaneously attributed two complete sets of properties. In
the second quantization approach, this case corresponds to c11 6= 0 and c1j 6= 0 for
at least one j ≥ 2. Indeed, the attribution of another complete set of properties
beside the one associated with EP in (A.32), is equivalent to the existence of
another projection

EQ =
1

2
â†φâφ

(
3− â†φâφ

)
, â†φ =

∑
j≥2

cφj â
†
j ,

∑
j≥2

|cφj |2 = 1 ,

such that 〈Ψ| EQ |Ψ〉 = 1, or EQ |Ψ〉 = |Ψ〉, where â†φ acting on the vacuum

generates a single particle vector state |φ〉 =
∑

j≥2 c
φ
j |ψj〉 orthogonal to |ψ1〉 and

â†φâφ counts the number of Bosons in such a state. Using the CCR (A.5), one
computes

â†φâφ |Ψ〉 =
(∑
j≥2

c1j (cφj )∗
)
|φ〉 ,

so that

EQ |Ψ〉 =
1

2

(∑
j≥2

c1j (cφj )∗
)
|φ〉 6= |Ψ〉 ,

unless |φ〉 = |Ψ〉 which is possible only if c11 = 0. Thus, |Ψ〉 cannot be written in
the factorized form (A.19); according to Proposition A.2, it is (A1,A2)-entangled.

A.2.2 From second to first quantization

Proposition A.2 states that in order to be separable with respect to a local bipar-
tition (A1,A2), vector states |Ψ〉 of two identical Bosons must be expressible in one of
the following two forms

|Ψ〉 =
(∑
i∈I1

ciâ
†
i

)
·
(∑
j∈I2

dj â
†
j

)
|0〉 (A.33)

|Ψ〉 =
(∑
i∈I1

c
(1)
i (â†i )

2
)
|0〉 , or |Ψ〉 =

(∑
i∈I2

c
(2)
i (â†i )

2
)
|0〉 , (A.34)
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where A1,2 are generated by {âi , â†i}i∈I1,2 satysfying the CCR (A.5) with â†i |0〉 = |i〉
forming an orthonormal basis in the single particle Hilbert space H.

In a first quantization setting, the vectors â†i â
†
j |0〉, when i 6= j, are the symmetric

vectors
|i〉 ⊗ |j〉+ |j〉 ⊗ |i〉√

2
.

It thus follows, that |Ψ〉 in (A.33) corresponds to the symmetrization of the tensor
product of the orthogonal vectors

|ψ1〉 =
∑
i∈I1

ci |i〉 , |ψ2〉 =
∑
j∈I2

dj |j〉 .

Thus, any (A1,A2)-separable bosonic state |Ψ〉 as in (A.33) is also separable in the first
quantization approach for two orthogonal complete sets of properties can be attributed
to both its parties.

The (A1,A2)-separable two bosons states (A.34) correspond to separable states in

the first quantization approach when only one coefficient c
(1)
i or c

(2)
i is not zero, in

which case the two parties are in the same state and thus possess the same complete
set of properties.

Remark A.6. As already remarked, the first quantization (particle) approach to iden-
tical particle entanglement successfully applies to pure states only, whereas the second
quantization (mode) approach covers the entire space of states of such systems. While
from the previous discussion it may appear that the two approaches are equivalent for
pure states, also in this case the mode-based approach is more general. Indeed, the
mode descripition allows to address two-mode bosonic states as

|0, 1〉+ |1, 0〉√
2

=
â†1 + â†2√

2
|0〉 ,

and to meaningfully claim that entanglement with the vacuum state is present, while
the vacuum state is absent from the particle-based approach.

Summarizing, we have considered an issue of entanglement theory which is still not
settled, namely, the characterization of non-local correlations in systems of identical
particles, which is important not only in quantum many-body theory, but also in
metrological applications where one aim at using quantum entanglement in order to
achieve sub shot-noise sensitivities [151,152].

In particular, we have compared two approaches to such an issue in the case of
systems consisting of two bosons. The first approach is based on the particle aspect
of first quantization and on the attribution of complete sets of properties to both
constituents, simultaneously. Within this approach, which holds only for vector states,
symmetrizing tensor products of orthogonal single particle vector states of bosons, as
required by their identity, does not lead to any entanglement.

The second approach is based on the mode aspect of second quantization and holds
for all possible states of identical particle systems, be they pure or mixed. Within this
approach one can generalize the notions of local observables and of separable states
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by referring to pairs of sub-algebras constructed by means of sets of creation and
annihilation operators that commute when they are chosen from different sub-sets.
These two approaches have been compared in the case of vector states and it has been
proved that all vector states which result separable in the first quantization approach
are such also in the second quantization setting. Because we have been interested
only in bosonic systems along the thesis we showed the relevant results for bosons.
Nevertheless, the same ideas can be extended to the fermionic case [59, 60].
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Appendix B

Pump process: effective description

In the theoretical description of pump and probe experiments provided by this
thesis, the impulsive action of the intense pump laser pulse was described by replacing,
in the Hamiltonian governing the process, the photonic operators by scalar quantities.
More specifically, the effective Hamiltonian describing the photon-phonon interaction
due to the laser beam hitting the crystal target is taken to be of the form

H(â, â†) = γb â
† B̂ + γb â B̂

† + γc â
†2 Ĉ + γc â

2 Ĉ† , (B.1)

where {â, â†} are photon annihilation and creation operators, while {B̂, B̂†, Ĉ, Ĉ†} are
suitable phonon operators. The dependence of the Hamiltonian on â, â† has been put
into evidence because, in the following, we want to justify the substation of H(â, â†)
with H(ν, ν) where ν label the coherent state |ν〉 such that â |ν〉 = ν |ν〉. Indeed,
before the laser pulse hits the target material, the state of the compound photon-
phonon system is a factorized state |ν, φ〉 = |ν〉 ⊗ |φ〉, where |φ〉 is a generic phonon
state.

Proposition B.1. Let O be a self-adjoint operator depending on both phonon and
photon variables and let

O(t) = ei tH(â,â†)O e−i tH(â,â†)

denote its time-evolution under the Hamiltonian (B.1). Then,

〈ν, φ| O(t) |ν, φ〉 =
〈
ν, φ
∣∣ eitH(ν,ν)O e−itH(ν,ν)

∣∣ν, φ〉+

∫ t

0

ds∆(ν, s) , (B.2)

where ∆(ν, s) is a correction such that, for each fixed finite time t ≥ 0, its integral from
0 to t can be made arbitrarily small by choosing |ν| large enough.

Proof. Let us consider the expectation value with respect to the state |ν, φ〉 of the
time-evolution equation of O(t):

∂

∂t
〈ν, φ| O(t) |ν, φ〉 = i

〈
ν, φ
∣∣ [H(â, â†), O(t) ]

∣∣ν, φ〉 . (B.3)
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Using that â |ν〉 = ν |ν〉 and the completeness relation for coherent states â |β〉 = β |β〉,
1

π

∫
d2β |β〉 〈β| = I , d2β = dβ1 dβ2 , C 3 β = β1 + iβ2 ,

one finds

∂t 〈ν, φ| O(t) |ν, φ〉 = i
〈
ν, φ

∣∣ (γbνB̂ + γcν
2Ĉ
)
O(t)−O(t)

(
γbνB̂

† + γcν
2Ĉ†
) ∣∣ ν, φ〉

+
2

π
<
(∫

d2β
〈
ν, φ

∣∣ O ∣∣ β〉〈β∣∣ (γbβB̂ + γcβ
2
Ĉ
) ∣∣ν, φ〉) . (B.4)

By the change of integration variable β = µ + ν, one reconstructs a Hamiltonian
operator with the photon operators being replaced by the complex scalars ν and ν:

∂t 〈ν, φ| O(t) |ν, φ〉 = i 〈ν, φ| [H(ν, ν), O(t) ] |ν, φ〉

+
2

π
<
(∫

d2µ 〈ν, φ| O(t) |µ+ ν〉 ×

×
〈
µ+ ν

∣∣∣ γb µ B̂ + γc µ
2 Ĉ + 2γc µν Ĉ

∣∣∣ν, φ〉) . (B.5)

In order to complete the proof one need control the behaviour of

∆(ν, t) =
2

π
<
(∫

d2µ 〈µ+ ν| ν〉 ×

×
〈
φ
∣∣∣ 〈ν| O(t) |ν + µ〉

(
γb µ B̂ + γc (µ2 + 2µν)Ĉ

) ∣∣∣φ〉)

=
2

π
<
(∫

d2µ e−|µ|
2/2 e−i=(µν)×

×
〈
φ
∣∣∣ 〈ν| O(t) |ν + µ〉

(
γb µ B̂ + γc (µ2 + 2µν)Ĉ

) ∣∣∣φ〉) , (B.6)

where the scalar product of coherent states 〈ν| µ+ ν〉 = exp(− |µ|2 /2 + i=(µν) has
been used.

We check the behaviour of ∆(ν, t) when |ν| → ∞ by considering the three terms
that contribute to it:

• First term: using the Schwarz inequality, one estimates∣∣∣∣∫ d2µ e−|µ|
2/2 e−i=(µν) µ

〈
ν, φ
∣∣∣O(t) B̂

∣∣∣µ+ ν, φ
〉∣∣∣∣ ≤

≤
∫
dµ1dµ2 e−|µ|

2/2 |µ|
∥∥∥B̂†O(t) |ν, φ〉

∥∥∥ ≤ √2π3/2
∥∥∥B̂†O(t) |ν, φ〉

∥∥∥ . (B.7)

• Second term:∣∣∣∣∫ d2µ e−|µ|
2/2 e−i=(µν) µ2

〈
ν, φ
∣∣∣O(t) Ĉ

∣∣∣µ+ ν, φ
〉∣∣∣∣ ≤

≤
∫
dµ1dµ2 e−|µ|

2/2 |µ|2
∥∥∥Ĉ†O(t) |ν, φ〉

∥∥∥ ≤ 4π
∥∥∥Ĉ†O(t) |ν, φ〉

∥∥∥ . (B.8)
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• Third term:∣∣∣∣ν ∫ d2µ e−|µ|
2/2 e−i=(µν) µ

〈
ν, φ
∣∣∣O(t) Ĉ

∣∣∣µ+ ν, φ
〉∣∣∣∣ ≤

≤ |ν|
∫
dµ1dµ2 e−|µ|

2/2 |µ|
∥∥∥Ĉ†O(t) |ν, φ〉

∥∥∥ ≤
≤
√

2π3/2 |ν|
∥∥∥Ĉ†O(t) |ν, φ〉

∥∥∥ . (B.9)

Now, by using coherent states over-completeness, one gets∫
d2β

π

∥∥∥X̂† Y |β, φ〉∥∥∥2

=

∫
d2β

π

〈
β, φ

∣∣∣Y †X̂X̂† Y ∣∣∣β, φ〉
=

〈
φ
∣∣∣Trphotons

(
Y †X̂X̂† Y

) ∣∣∣φ〉 .

For suitably well-behaved operators Y = O(t), X = B̂, Ĉ, and phonon states |φ〉 the
above quantity is finite. Then, by passing to polar coordinates, d2β = |β| d |β| dθ, the

integrand with respect to |β|, |β|
∥∥∥X̂† Y |ν, φ〉∥∥∥2

, must vanish faster than 1/ |β| when

|β| → ∞. Therefore,
∥∥∥X̂† Y |β, φ〉∥∥∥ = o(1/ |β|) so that all three contributions and

∆(ν, t) become arbitrarily small for large |ν|. Then, integrating Eq. (B.5) the results
follows.
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Appendix C

Pump process: phonon states

We show that the excited phonon states generated by the pump process are gaussian
states of the form

ρ = S(ξ)D(z) ρβD
†(z)S†(ξ) , (C.1)

where S(ξ) is the phonon squeezing operator, D(z) is the phonon displacement operator
and ρβ is a thermal state.

When shining the target material, an ultra-short and intense pump pulse in a
coherent state |ν〉 acts impulsively and changes the initial state of phonons according
to a unitary operator Uν that, as seen in the previous appendix, can be effectively
described by substituting the photon operators â, â† by complex scalars ν, ν:

Uν = exp

{
(−iγbν) b̂† − (−iγbν)b̂+

1

2

[
(2iγcν2)b̂2 −

(
2iγcν

2
)
b̂†2
]}

. (C.2)

Therefore, if the phonon state before the pump pulse is a thermal state ρβ at inverse
temperature β, immediately after the instantaneous pulse it reads

ρνII = Uν ρβ U
†
ν . (C.3)

In the following, we show that this impulsive time-evolution operator Uν can be written
as the product of a phononic displacement operator D(z) and of a phononic squeezing
operator S(ξ):

Uν = S(ξ)D(z) . (C.4)

In order to relate the squeezing parameter z and the displacement parameter ξ to the
pump paramour ν, consider how the displacement and squeezing operators transform
the phonon annihilation operators:

D†(z)S†(ξ) b̂ S(ξ)D(z) =
(
b̂+ z

)
cosh(r)−

(
b̂† + z

)
eiθr sinh(r) . (C.5)

On the other hand, using the expansion

ecAB e−cA = B + c[A, B ] +
c2

2!
[A, [A, B ] ] +

c3

3!
[A, [A, [A, B ] ] ] + · · · ,
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one gets

U †ν b̂ Uν =
(
b̂+ y

)
cosh(r)−

(
b̂† + y

)
eiθr sinh(r)− y , (C.6)

where

r = 2 |γc| |ν|2 , θr = 2θν − θc +
π

2
, y =

1

2 |ν|
|γb|
|γc|

ei(θν+θb−θc) .

Comparing Eq. (C.6) and Eq. (C.5), we can write the corresponding displacement and
squeezing factors as

z = y (1− cosh(r))− y eiθr sinh(r)

=
|γb|

2 |γc| |ν|
((

1− cosh(2 |γc| |ν|2)
)

ei(θν+θb−θc)− sinh(2 |γc| |ν|2) ei(θν−θb+
π
2

)
)

(C.7)

ξ = r eiθr = 2 |γc| |ν|2 ei(2θν−θc+π
2 ) . (C.8)
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Probe process: effective description

The impulsive unitary operator describing effectively the photon-phonon interaction
can be written as

U = eA , A = −i
(
γb â

† b̂+ γb â b̂
† + γc â

†2 b̂2 + γc â
2 b̂†2

)
. (D.1)

As we shall see, in order to collect information about the quantum behaviour of
phonons by measuring the scattered/transmitted probe photons, a simple mean-field
substitution of photon operators by scalars is useless. Instead, we will describe two
different quantum mechanisms of photon-phonon interaction.

• Linear probing process: the main contributions to the interaction between
the target phonons and probe photons in are due to the bilinear terms in (D.1).
Unlike in the case of a pump pulse, the different intensities of the pump and the
probe laser pulses, |ν| ∼ 102 |α|, and the fact that, in general γc < γb, make the
quartic terms in A negligible for a probe pulse .

• Quadratic probing process: in particular physical situations [11,14,25], squeezed
phonons can be generated exclusively by second-order Raman scattering effects
[105–107]. Therefore, the only relevant terms are the quartic contributions in
the Hamiltonian in Eq. (4.10), i.e. the coupling constant γb can be set as zero.
Since the action of pump and probe pulses ought to be described by a same
Hamiltonian, also the probe process will be governed by the quartic terms in the
argument A of the exponential in Eq. (D.1).

In order to deal with these two cases, we consider the following unitary operator
describing the probe process:

Uα = eAα , Aα = −i
[
γb â

† b̂+ γb â b̂
† + γc α

2 b̂2 + γc α
2 b̂†2

]
.

where, with respect to U in (D.1), we have substituted â†2 → α2 and â2 → α2.
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In general, we can always write the difference U − Uα as

U − Uα = eA− eAα =

∫ 1

0

ds
∂

∂s

(
U (1−s)
α U s

)
=

∫ 1

0

ds (Uα)1−s (A− Aα)U s .

Because of the smallness of A − Aα, we will consider terms up to first order and
substitute U with

Uα ≈ Uα − i
∫ 1

0

ds (Uα)1−s
(
γc
(
â†2 − α2

)
b̂2 + γc

(
â2 − α2

)
b̂†2
)

(Uα)s

= Uα

[
I− i

∫ 1

0

ds
(
U †α
)s (

γc
(
â†2 − α2

)
b̂2 + γc

(
â2 − α2

)
b̂†2
)

(Uα)s
]
.(D.2)

Therefore, the photonic correlation functions
〈
(â†)pâq

〉
in the state resulting from the

probe pulse interaction will be given by〈
(â†)pâq

〉
= Tr

[
U †α â†pâq Uα |α〉 〈α| ⊗ ρνII(t)

]
. (D.3)

Evidently, if were all photonic operators substituted by scaler quantities, the impulsive
operator U would not be able to read off any information about the phonons, for Uα
would only spend on phononic operators and thus commute with (â†)pâq.

Linear probing process

In the physical situations in which the quartic terms in photonic and phononic
operator can be neglected because of the weakness of the probe intensity, we can set
γc = 0 in Eq. (D.2) and use

Uα = Uα = exp
[
−iγb â† b̂− iγb â b̂†

]
. (D.4)

Setting p = q = 1 in Eq. (D.3), one obtains

U †α â†âUα = eiγb â
† b̂+iγb â b̂

†
â†â e−iγb â

† b̂−iγb â b̂† . (D.5)

This expression can be made more explicit by considering the following operators:

J1 =
γb â b̂

† + γb â
† b̂

2 |γb|
, J2 = i

γb â b̂
† − γb â† b̂
2 |γb|

, J3 =
â†â− b̂†b̂

2
, (D.6)

that obey satisfy the SU(2) algebraic rules

[ Ji, Jj ] = iεijkJk . (D.7)

Taking into account that

â†â =
N̂

2
+ J3 where N̂ = â†â+ b̂†b̂ , (D.8)
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is the total boson number commuting with Ji, we then have

U †α â†âUα = e2i|γb|J1

(
Ñ

2
+ J3

)
e−2i|γb|J1 =

Ñ

2
+ cos (2 |γb|) J3 + sin (2 |γb|) J2 (D.9)

= â†â cos2(|γb|) + b̂†b̂ sin2(|γb|) + i
sin(|γb|) cos(|γb|)

|γb|
(
γbâb̂

† − γbâ†b̂
)
. (D.10)

The time-dependence in the photonic correlation functions
〈
â†â
〉
t
is given by the de-

lay between pump and probe during which time phonons evolve dissipatively according
to a master equation in the Lindblad form. Therefore,〈

â†â
〉
t

= |α|2 cos2(|γb|) +
〈
b̂†b̂
〉
t
sin2(|γb|)

+ i
sin(|γb|) cos(|γb|)

|γb|
(
γb α

〈
b̂†
〉
t
− γb α

〈
b̂
〉
t

)
,

(D.11)

where
〈
b̂†mb̂n

〉
t

= TrII

[
b̂†mb̂nρνII(t)

]
with the phonic state emerging from an initial

thermal state impulsively changed by the pump and then evolved up to time t following
a semigroup irreversible dynamics.

The photon number variance

∆â†â(t) =
〈(
â†â
)2
〉
t
−
〈
â†â
〉2

t
=
〈
â†2â2

〉
t
+
〈
â†â
〉
t
−
〈
â†â
〉2

t
; (D.12)

explicitly reads

∆â†â(t) = |α|2 cos2(|γb|) +
(〈

(b̂†b̂)2
〉
t
−
〈
b̂†b̂
〉2

t

)
sin4(|γb|)

+
〈
b̂†b̂
〉
t
(2 |α|2 + 1) cos2(|γb|) sin2(|γb|)

− cos2(|γb|) sin2(|γb|)
|γb|2

(
γb

2α2
(〈
b̂†2
〉
t
−
〈
b̂†
〉2

t

)
+ γ2

bα
2
(〈
b̂2
〉
t
−
〈
b̂
〉2

t

)
+ 2 |γb|2 |α|2

〈
b̂†
〉
t

〈
b̂
〉
t

)

+ i
cos(|γb|) sin(|γb|)

|γb|
(
γb α

〈
b̂†
〉
t
− γb α

〈
b̂
〉
t

)
+ 2i

cos(|γb|) sin3(|γb|)
|γb|

(
γb α

(〈
b̂†2b̂

〉
t
−
〈
b̂†b̂
〉
t

〈
b̂†
〉
t

)
− γb α

(〈
b̂†b̂2

〉
t
−
〈
b̂†b̂
〉
t

〈
b̂
〉
t

))

(D.13)

Quadratic probe process

When, due to specific crystal symmetries due to symmetry conditions, first order
Raman scattering effects do not contribute to the interaction between photons and
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phonons, the next eligible contribution is the second-order one. Therefore, for describ-
ing the probe process, we consider the unitary operator in Eq. (D.2) with γb = 0 and
use an impulsive probe operator of the form

Uα = Uα

[
I− i

∫ 1

0

ds
(
U †α
)s (

γc
(
â†2 − α2

)
b̂2 + γc

(
â2 − α2

)
b̂†2
)

(Uα)s
]

Uα = exp
{
−i
(
γcα

2b̂2 + γcα
2b̂†2
)}

.

Thus, the action of such an operator on the coherent probe photon state |α〉 is given
by:

Uα |α〉 = Uα

[
I− iγc

∫ 1

0

ds (U †α)s
(
â†2 − α2

)
b̂2 U s

α

]
|α〉 . (D.14)

Placing (D.14) in the expression (D.3) with p = q = 1, one finds

〈
â†â
〉
t

= |α|2 + 2<
[
−2iγcα

2

∫ 1

0

dsTr
[
(U †α)s b̂2 U s

α ρ
ν
II(t)

]]
. (D.15)

Notice that Uα acts as a squeezing operator S(ξp) with squeezing parameter ξp = rp eiθrp

where
rp = 2 |γc| |α|2 , θrp = 2θα +

π

2
− θc .

where α = |α| eiθα and γc = |γc| eiθc . Then,

(U †α)s b̂2 U s
α = b̂2 cosh2(srp) + b̂†2 e2iθrp sinh2(srp)

−(1 + 2b̂†b̂) eiθrp cosh(srp) sinh(srp) ,

and ∫ 1

0

dsTr
[
(U †α)s b̂2 U s

α ρ
ν
II(t)

]
=

eiθrp

2

[〈
b̂2
〉

e−iθrp −
〈
b̂†2
〉

eiθrp
]

+
eiθrp

4

sinh(2rp)

rp

[〈
b̂2
〉

e−iθrp +
〈
b̂†2
〉

e−iθrp
]

− eiθrp

2

sinh2(rp)

rp

(
1 + 2

〈
b̂†b̂
〉)

(D.16)

Finally, substituting Eq. (D.16) in Eq. (D.15), one finds the mean probe photon
number:〈

â†â
〉

(t) = |α|2 − sinh2(rp)
(

1 + 2
〈
b̂†b̂
〉
t

)
+ sinh(2rp)<

[〈
b̂2
〉
t
e−iθrp

]
. (D.17)

Similarly, the photon number variance can be computed to be of the form

∆â†â(t) = |α|2 − 2
(

1 + 2
〈
b̂†b̂
〉
t

)
sinh2(rp)−

(
1 + 2

〈
b̂†b̂
〉
t

)2

sinh4(rp)

+ sinh2(rp) sinh(2rp)
(

1 + 2
〈
b̂†b̂
〉
t

)
<
[〈
b̂2
〉
t
e−iθrp

]
+ 2 sinh(2rp)<

[〈
b̂2
〉
t
e−iθrp

]
− sinh2(2rp)

(
<
[〈
b̂2
〉
t
e−iθrp

])2

.

(D.18)



Appendix E

Probe process: analytic expressions

The phonon state resulting from the pump process is a squeezed, coherent, thermal
state: it can be written in terms of the corresponding squeezing and displacement
operator, S(ξ) and D(z) respectively, and the considered initial thermal state ρβ as

ρν = S(ξ)D(z) ρβD
†(z)S†(ξ) , (E.1)

with squeezing parameter ξ = r eiθr and displacement parameter z = |z| eiθz .

The dynamics of this state during the time-delay between pump and probe depends
on the environment with which the phonons interact: explicit analytical expressions
for the mean and the variance of the probe photon number can be obtained in the cases
of a thermal and a dephasing environment.

E.1 Thermal environment

E.1.1 Linear probing process

The mean photon number is given by

〈
â†â
〉
t

= |α|2 cos2(|γb|) + nb sin2(|γb|)

+
e−λT t

2
sin2(|γb|)

[
(1 + 2neq + 2 |z|2) cosh(2r)− (1 + 2nb)

− 2 |z|2 cos(θr − 2θz) sinh(2r)
]

− |α| |z| e−λT t/2 sin(2 |γb|)
[
cosh(r) sin(ωot+ θα − θb − θz)
− sinh(r) sin(ωot+ θα − θb + θz − θr)

]
,

(E.2)
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and the corresponding variance reads

∆â†â(t) = |α|2 cos2(|γb|) + nb(1 + nb) sin4(|γb|) + nb(1 + 2 |α|2) sin2(|γb|) cos2(|γb|)

+
e−λT t

2
sin2(|γb|)

[
(1 + 2nb)

(
(nb − |α|2) cos(2 |γb|)− (1 + nb + |α|2)

)
− 2 |z|2 sinh(2r)

(
1 + nb − nb cos(2 |γb|)

)
cos(θr − 2θz)

+ cosh(2r)
(

(1 + nb)(1 + 2neq + 2 |z|2) + (1 + 2neq) |α|2

+
(
(1 + 2neq) |α|2 − nb(1 + 2neq + 2 |z|2)

)
cos(2 |γb|)

)]
+

e−2λT t

4
sin4(|γb|)

[
(1 + 2nb)

2 − 2(1 + 2nb)
(
1 + 2neq + 2 |z|2

)
cosh(r)

+ (1 + 2neq)(1 + 2neq + 4 |z|2) cosh(4r) (E.3)

+ 4 |z|2 sinh(2r) cos(θr − 2θz) (1 + 2nb − 2(1 + neq) cosh(2r))

]
+

e−λT t

4
|α|2 (1 + 2neq) sin2(2 |γb|) sinh(r) cos(2ωot+ 2θα − 2θb − θr)

− e−λT t/2 |z| |α|
(
1 + 2nb sin2(|γb|)

)
sin(2 |γb|)

×
[
cosh(r) sin(ωot+ θα − θz − θb)

− sinh(r) sin(ωot+ θα − θb + θz − θr)
]

− 2 e−3λT t/2 |z| |α| sin2(|γb|) sin(2 |γb|)
×
[
cosh(r)

(
(1 + 2neq) cosh(2r)− (1 + neq + nb)

)
× sin(ωot+ θα − θb − θz)

− sinh(r) ((1 + 2neq) cosh(2r) + neq − nb)
× sin(ωot+ θα − θb + θz − θr)

]
.

E.1.2 Quadratic probing process

〈
â†â
〉
t

= |α|2 − sinh2(rp)
[
1 + 2nb − e−λT tA

]
+ e−λT t sinh(2rp)

[
|z|2 cosh2(r) cos(2ωot+ θrp − 2θz)

+ |z|2 sinh2(r) cos(2ωot− 2θr + 2θz + θrp)

−
(
1 + 2(|z|2 + neq)

)
sinh(r) cosh(r) cos(2ωot+ θrp − θr)

]
.

(E.4)
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∆â†â(t) = |α|2 − 2(1 + 2nb) sinh2(2rp)− (1 + 2nb)
2 sinh4(rp)

+ 2 e−λT t
(
1 + (1 + 2nb) sinh2(rp)

)
sinh2(rp)A − e−2λT t sinh4(rp)A

2

+ 2 e−2λT t
(
1 + (1 + 2nb) sinh2(rp)

) [
|z|2 cosh2(r) cos(2ωot+ θrp − 2θz)

− cosh(r) sinh(r) cos(2ωot+ θrp − 2θz)

+ |z|2 sinh2(r) cos(2ωot+ θrp + 2θz − 2θr)

− (neq + |z|2) sinh(2r) cos(2ωot+ θrp − θr)
]

− 2 e−2λT t |z|2 sinh2(rp) sinh(2rp) cosh2(r)A cos(2ωot+ θrp − 2θz)

+ e−2λT t sinh2(rp) sinh(2rp) sinh(2r)AB cos(2ωot+ θrp − θr)

− 2 e−2λT t |z|2 sinh2(rp) sinh(2rp) sinh2(r)A cos(2ωot+ θrp + 2θz − 2θr)

+ e−2λT t |z|2 B sinh2(2rp) cosh2(r) sinh(2r)×
× cos(2ωot+ θrp − θr) cos(2ωot+ θrp − 2θz)

+ e−2λT t |z|2 (1 + 2neq + 2 |z|2) sinh2(2rp) sinh2(r) sinh(2r)×
× cos(2ωot+ θrp − θr) cos(2ωot+ θrp + 2θz − 2θr)

− 2 e−2λT t |z|4 sinh2(2rp) cosh2(r) sinh2(r)×
× cos(2ωot+ θrp − 2θz) cos(2ωot+ θrp + 2θz − 2θr)

− e−2λT t |z|4 sinh2(2rp) cosh4(r) cos2(2ωot+ θrp − 2θz)

− e−2λT tB2 sinh2(2rp) cosh2(r) sinh2(r) cos2(2ωot+ θrp − θr)

− e−2λT t |z|4 sinh2(2rp) sinh4(r) cos2(2ωot+ θrp ,+2θz − 2θr)

(E.5)

where

A = 1 + 2nb − (1 + 2neq + 2 |z|2) cosh(2r) + 2 |z|2 cos(2θz − θr) sinh(2r) (E.6)

B = 1 + 2neq + 2 |z|2 (E.7)
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E.2 Dephasing environment

E.2.1 Linear probing process

The measurement of the mean photon number is given by〈
â†â
〉
t

= |α|2 cos2(|γb|) + sin2(|γb|)
[
(neq + |z|2) cosh(2r) + sinh2(r)

− |z|2 cos(θr − 2θz) sinh(2r)
]

− |α| |z| sin(2 |γb|) e−
λD
2
t
[
cosh(r) sin(ωot+ θα − θb − θz)

− sinh(r) sin(ωot+ θα − θb + θz − θr)
]
,

(E.8)

and the corresponding variance reads:

∆â†â(t) = |α|2 cos2(|γb|)

− 1

8

[(
3 + 4 |α|2 + (1 + 4 |α|2) cos(2 |γb|)

)
sin2(|γb|)

− 2(1 + 2neq)(1 + 2neq + 4 |z|2) cosh(4r) sin4(|γb|)
− (1 + 2 |α|2) sin2(2 |γb|)

(
(1 + 2neq + 2 |z|2) cosh(2r)

− 2 |z|2 cos(θr − 2θz) sinh(2r)
)

+ 8(1 + 2neq) |z|2 cos(θr − 2θz) sinh(2r)

]
− e−

λD
2
t sin2(2 |γb|)

2
|α|2 |z|2

[
cosh(2r)− cos(θr − 2θz) sinh(2r)

]
+

e−λDt sin2(2 |γb|)
2

|α|2 |z|2
[
cos(2(ωot+ θα − θb − θz)) cosh2(r)

− cos(2ωot+ 2θα − 2θb − θr) sinh(2r)

+ cos(2(ωot+ θα − θb + θz − θr)) sinh2(r)

]
− e−2λDt sin2(2 |γb|)

4
|α|2

[
2 |z|2

(
cosh2(r) cos(2(ωot+ θα − θb − θz))

+ sinh2(r) cos(2(ωot+ θα − θb + θz − θr))
)

− (1 + 2neq + 2 |z|2) sinh(2r)

× cos(2ωt+ 2θα − 2θb − θr)
]

− e−
λD
2
t sin(2 |γb|) |α| |z|

×
[(

cos2(|γb|) + (1 + 2neq) (2 cosh(2r)− 1) sin2(|γb|)
)

× cosh(r) sin(ωot+ θα − θb − θz)
−
(

1 + 2 (neq + (1 + 2neq) cosh(2r)) sin2(|γb|)
)

× sinh(r) sin(ωot+ θα − θb + θz − θr)
]
.

(E.9)
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E.2.2 Quadratic probing process

The mean photon number is given by〈
â†â
〉
t

= |α|2 − sinh2(rp)

[
1 + 2

(
sinh2(r) + (neq + |z|2) cosh(2r)

− |z|2 sinh(2r) cos(2θz − θr)
)]

+ e−2λDt sinh(2rp)

[
|z|2 cosh2(r) cos(2ωot+ θrp − 2θz)

+ |z|2 sinh2(r) cos(2ωot− 2θr + 2θz + θrp)

−
(
1 + 2(|z|2 + neq)

)
sinh(r) cosh(r) cos(2ωot+ θrp − θr)

]
.

(E.10)

The corresponding variance of the mean photon number is

∆â†â(t) = |α|2 − sinh2(rp)D
(
2 + D sinh2(rp)

)
− e−4λDt

2
sinh2(2rp)E

+ 2 e−2λDt |z|2 cosh2(r) sinh(2rp)
[
1 + D sinh2(rp)

]
× cos(2ωot+ θrp − 2θz)

− e−2λDt
(
1 + 2neq + 2 |z|2

)
sinh(2r) sinh(2rp)

[
1 + D sinh2(rp)

]
× cos(2ωot+ θrp − θr)

+ 2 e−2λDt |z|2 sinh2(r) sinh(2rp)
[
1 + D sinh2(rp)

]
× cos(2ωot+ θrp + 2θz − 2θr)

+ e−4λDt |z|2 (1 + 2neq + 2 |z|2) cosh3(r) sinh(r) sinh2(2rp)

× cos(4ωot+ 2θrp − 2θz − θr)
+ e−4λDt |z|2 (1 + 2neq + 2 |z|2) cosh(r) sinh3(r) sinh2(2rp)

× cos(4ωot+ 2θrp + 2θz − 3θr)

− 1

8
e−4λDt

(
(1 + 2neq + 2 |z|2)2 + 2 |z|2

)
sinh2(2r) sinh2(2rp)

× cos(4ωot+ 2θrp − 2θr)

− 1

2
e−4λDt |z|4 sinh4(r) sinh2(2rp) cos(4ωot+ 2θrp + 4θz − 4θr)

− 1

2
e−4λDt |z|4 cosh4(r) sinh2(2rp) cos(4ωot+ 2θrp − 4θz) ,

(E.11)

where

D = 1 + 2(neq + |z|2) cosh(2r) + 2 sinh(r)− 2 |z|2 cos(θr − 2θz) sinh(2r) , (E.12)

E = |z|4
(
cosh4(r) + sinh4(r)

)
+
(
neq + |z|2 + (neq + |z|2)2

)
sinh2(2r)

− |z|2
(
1 + 2neq + 2 |z|2

)
cos(θr − 2θz) sinh(2r) cosh(2r)

+
(
1 + 2 |z|4 cos(2θr − 4θz)

)
cosh2(r) sinh2(r) .

(E.13)
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