


Riassunto espositivo

Gli algoritmi per la computazione distribuita costituiscono un campo di ricerca di inter-

esse sempre crescente. Tramite questi algoritmi sarà possibile sfruttare maggiormente

le capacità di sistemi e reti con numerosi agenti nell’immediato futuro. Infatti le infor-

mazioni rilevanti per la risoluzione di un determinato problema sono distribuite sull’intera

rete di agenti che sono dotati di memoria e capacità computazionale ridotte; un prob-

lema viene quindi risolto unicamente tramite il calcolo effettuato localmente da ciascun

agente e lo scambio di informazioni tra agenti vicini.

In questa tesi si discute il problema di assegnazione multi-agente affrontato secondo il

paradigma del calcolo distribuito: una rete di agenti deve negoziare in modo cooperativo

l’assegnazione di un certo numero di operazioni (task) da svolgere. Il problema viene

risolto tramite l’applicazione di un algoritmo distribuito di consenso discreto che definisce

le modalità di scambio di messaggi tra gli agenti. Gli algoritmi per il consenso sono stati

trattati nella letteratura scientifica degli ultimi anni sempre più frequentemente.

Nel primo capitolo di questa tesi viene dunque proposta una rassegna dei lavori scien-

tifici più interessanti tratti dalla letteratura recente riguardante il calcolo distribuito e,

in particolare, gli algoritmi per il consenso distribuito: sono presentati lavori scientifici

inerenti la teoria su cui si fondano tali algoritmi con particolare attenzione a quelli che

trattano le proprietà di convergenza e altri lavori che presentano specifiche applicazioni

di tali algoritmi.

Nel secondo capitolo viene presentato il principale contributo di questa tesi: un algo-

ritmo distribuito per il consenso discreto basato sulla risoluzione iterativa di problemi

locali di ottimizzazione lineare intera (L-ILP) da applicare a problemi di assegnazione

multi-agente. L’algoritmo è caratterizzato da teoremi che dimostrano la convergenza ad

una soluzione finale e il valore del tempo di convergenza espresso in termini di numero

di iterazioni. Il capitolo si conclude con una analisi delle performance dell’algoritmo

tramite simulazioni effettuate con il software Matlab. Tutti i risultati vengono presen-

1



tati prendendo in considerazione due diverse topologie di rete che modellano due diversi

casi reali di connessione tra agenti.

Il terzo capitolo presenta una interessante applicazione dell’algoritmo proposto ad una

rete di stazioni di ricarica (considerate come agenti) che devono negoziare cooperativa-

mente l’assegnazione di un certo numero di veicoli elettrici che richiedono di essere ri-

caricati. In questa applicazione l’algoritmo presentato nel capitolo precedente ha dovuto

subire alcune modifiche sostanziali per poter modellare efficacemente il caso reale: data

la presenza di non-linearità nel nuovo modello che tiene conto dei tempi di interarrivo

dei veicoli ad una stazione di ricarica, in base alla loro posizione relativa in un sistema di

riferimento comune, viene presentato un ulteriore problema di ottimizzazione da eseguire

prima dell’algoritmo di assegnazione vero e proprio, in modo da poter definire l’ordine in

cui i veicoli assegnati ad una singola stazione di ricarica la raggiungeranno. Viene inoltre

proposto un protocollo di comunicazione tra stazioni e veicoli che ricevono anche l’orario

massimo entro il quale dovranno essere presenti per l’inizio della ricarica. In conclusione

del capitolo viene presentato un esempio di applicazione dell’algoritmo di assegnazione

rivisitato.

Nel quarto capitolo viene presentata un’altra applicazione in ambito industriale: una

rete di Autonomous Guided Vehicles (AGVs) all’interno di un magazzino modellato at-

traverso un grafo applica l’algoritmo distribuito di consenso discreto per assegnarsi un

insieme di destinazioni nelle quali si trovano delle operazioni da svolgere. L’applicazione

si occupa non solo della fase di assegnazione dei task ma anche della fase successiva

di raggiungimento delle destinazioni assegnate: viene quindi proposto un algoritmo dis-

tribuito di coordinamento che permette agli AGV di muoversi all’interno del magazzino

evitando collisioni e deadlock, in modo completamente distribuito. In conclusione del

capitolo viene presentato un esempio di applicazione della strategia di controllo costituita

da entrambi gli algoritmi distribuiti di assegnazione e coordinamento.
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Abstract

Distributed computation paradigms belong to a research field of increasing interest.

Using these algorithms will allow to exploit the capabilities of large scale networks and

systems in the near future. Relevant information for the resolution of a problem are

distributed among a network of agents with limited memory and computation capabil-

ity; the problem is solved only by means of local computation and message exchange

between neighbour agents.

In this thesis we consider the multi-agent assignment problem dealt with distributed

computation: a network of agents has to cooperatively negotiate the assignment of a

number of tasks by applying a distributed discrete consensus algorithm which defines

how the agents exchange information. Consensus algorithms are dealt with always more

frequently in the related scientific literature.

Therefore, in the first chapter of this thesis we present a related literature review con-

taining some of the most interesting works concerning distributed computation and, in

particular, distributed consensus algorithms: some of these works deal with the theory of

consensus algorithms, in particular convergence properties, others deal with applications

of these algorithms.

In the second chapter the main contribution of this thesis is presented: an iterative

distributed discrete consensus algorithm based on the resolution of local linear integer

optimization problems (L-ILPs) to be used for the multi-agent assignment problem. The

algorithm is characterized by theorems proving convergence to a final solution and the

value of the convergence time expressed in terms of number of iterations. The chapter

is concluded by a performance analysis by means of the results of simulations performed

with Matlab software. All the results are presented considering two different network

topologies in order to model two different real life scenarios for the connection among

agents.
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The third chapter presents an interesting application of the proposed algorithm: a net-

work of charging stations (considered as agents) has to reach a consensus on the assign-

ment of a number of Electric Vehicles (EVs) requiring to be recharged. In this application

the algorithm proposed in the previous chapter undergoes several modifications in order

to model effectively this case: considering the inter-arrival times of vehicles to a charg-

ing station, a non-linear element appears in the objective function and therefore a novel

algorithm to be performed before the assignment algorithm is presented; this algorithm

defines the order in which the assigned vehicles have to reach a charging station. More-

over, a communication protocol is proposed by which charging stations and vehicles can

communicate and exchange information also allowing charging stations to send to each

assigned vehicle the maximum waiting time which can pass before a vehicle loses its

right to be recharged. The chapter ends with an example of application of the rivisited

assignment algorithm.

In the fourth and last chapter, we present an application in an industrial environment:

a network of Autonomous Guided Vehicles (AGVs) in a warehouse modeled as a graph

has to perform the distributed discrete consensus algorithm in order to assign them-

selves a set of destinations in which some tasks are located. This application deals not

only with the task assignment problem but also with the following destination reaching

problem: therefore a distributed coordination algorithm is proposed which allows the

AGVs to move into the warehouse avoiding collisions and deadlock. An example of the

control strategy application involving both the assignment and coordination algorithms

concludes this chapter.
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Chapter 1

Introduction

The distributed coordination problem for networks of dynamic agents is an active re-

search field, which attracts a significant interest due to the need to exploit the capabilities

of large scale networks and systems of the near future. The fundamental paradigms in

distributed computation are that: (i) information relevant for the solution of the prob-

lem is distributed over a network of processors with limited memory and computation

capability; (ii) the overall computation relies only on local computation and information

exchange amongst neighbouring processors [1].

In this context, the distributed multi-agent assignment problem has attained significant

attention in the recent control and robotics literature. The basic problem is that a group

of agents has to negotiate cooperatively about a satisfactory assignment of a number of

tasks.

1.1 The discrete consensus

The discrete consensus problem, i.e., the consensus problem over a network of agents

where the states only take nonnegative integer values [2], [3], [4] is equivalent to the

distributed task assignment problem in the case of indivisible tasks of unitary weight. In

particular, Kashyap et al. in [4] study the distributed averaging problem on networks of

agents that are described by arbitrary connected graphs, with the additional constraint

that the value at each node is an integer. The authors describe simple randomized
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Chapter 1. Introduction

distributed gossip algorithms, which achieve consensus. Cai and Ishii investigate in [5]

the quantized consensus problem in the case of networks described by directed graphs.

Many contributions deal with gossip algorithms in which the optimization is performed

only among two agents at a time: [6, 7] present quantized gossip algorithms in the case

of edges with different weights corresponding to different probabilities to be chosen also

providing proofs concerning the convergence of the quantized consensus and the expected

time to reach this convergence, respectively, while in [8] the authors present upper and

lower bounds for the convergence time of a gossip algorithm for quantized consensus. In

addition, Franceschelli et al. [2] consider the problem of assigning tasks with arbitrary

and heterogeneous cost by a gossip-based algorithm and propose an appropriate swap-

ping rule to ensure suitable convergence properties. In a successive work [3], the authors

improve the convergence speed of the algorithm by considering Hamiltonian graphs and

present a novel interaction rule with a decentralized stopping criterion.

In recent years also broadcast gossip algorithms have been discussed in several works:

these algorithms are used in applications using wireless sensors and have been introduced

by [9] and further analyzed in [10,11].

The problem of how to best characterize the convergence time of quantized consensus al-

gorithms in the case of fixed and switching topologies is studied by Zhu and Martinez [12]

that consider the meeting time of random walks in general graphs without requiring any

global information for the computation of upper bounds of the expected convergence

time. In addition, Etesami and Basar recently propose a study of the convergence time

for the unbiased quantized consensus, i.e., the case in which each edge has the same

probability of being chosen [13].

Carli et al. [14] consider the average consensus problem on a network and propose a

set of gossip algorithms based on quantized communication. Moreover, a multi-agent

assignment problem in a distributed perspective is proposed and solved by Bürger et al.

in [1] by a distributed simplex algorithm.
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1.2 Applications

An interesting contribution is given in [15] where the problem of optimally dispatching

a set of Distributed Energy Resources (DER) is investigated without relying on a cen-

tralized decision maker. The authors propose a low-complexity iterative algorithm for

DER optimal dispatch that relies, at each iteration, on simple computations using local

information acquired through exchange of information with neighboring DERs.

How to distribute tasks of different types in heterogeneous multi-agent systems has been

investigated in [16] using graph theoretic methods. The authors deal with the agent

heterogeneity that can be related to various resources and capabilities that agents may

have. Moreover in [17], the authors study the case in which tasks are distributed in space

and mobile robots that visit them incur in both execution and travelling costs.

Other applications include [18] which proposes a model for task execution of multiagent

systems in social networks based on the negotiation reputation mechanism, where an

agent’s past behaviors in the resource negotiation of task execution can influence its

probability to be allocated new tasks in the future and [19] which presents two heuristics

to solve the problem of energy-aware heterogeneous data allocation and task scheduling

on heterogeneous multiprocessor systems for real-time applications.

1.3 Main Contributions

In recent works, Fanti et al. [20], [21] present a distributed assignment algorithm to deal

with the problem of assigning tasks with arbitrary and different costs and assume that

each agent can execute only a constrained number and kind of tasks with agent depen-

dent execution cost (Distributed Constrained Assignment Problem - DCAP).

A distributed assignment algorithm is proposed in [20] in order to satisfy the following

requirements: i) assigning all the tasks to the agents; ii) assigning to each agent no more

than M tasks; iii) assigning to each agent only tasks it is allowed to perform (in general,

a subset of all tasks); iv) minimizing the maximum total load (i.e., cost) of each agent.

which is able to solve the task assignment problem by making all agents agree on the

assignment that guarantees an optimal (or suboptimal) total load. The drawback of the
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algorithm presented in [20] is that the initial task assignment has to be feasible. How-

ever, verifying the existence of a feasible solution is a computationaly intensive task to be

solved by a distributed algorithm with only limited state information of a possibly large

scale network. A preliminary solution of the DCAP appeared in [21] where the authors

proposed an algorithm, which can be initialized from an unfeasible task assignment.

The algorithm proposed in [21] has been semplified and extended with a complete char-

acterization of its convergence properties, performance and convergence time for two

different scenarios in [22]. More precisely, two cases have been considered: in the first

one the network is fully connected but the state updates involve only a limited number

of random neighbors, such as in peer-to-peer networks over the internet; in the second

case the network is arbitrary and connected and the asynchronous updates involve all

the neighbors of a given node.

Furthermore, with respect to the state of the art of the above mentioned literature, [22]

the quantized/discrete consensus problem of [2], and [4] to the case of nodes with limited

capacity in which the feasibility of the current task assignment is a further issue to be

taken into account in the algorithm design and characterization. In this problem setting,

standard techniques, such as swapping rules between nodes to balance the load, cannot

be exploited due to additional constraints. Furthermore, the tasks’ cost or execution

time is function of the agent which executes them.

The remainder of this thesis is as follows: in Chapter 2 the distributed discrete consen-

sus algorithm is presented: this algorithm, exploiting only asynchronous state updates,

enables the agents to autonomously and iteratively find a feasible (if it exists) solution of

the assignment problem. At each iteration an agent is chosen at random, solves a local

Integer Linear Programming (ILP) problem involving only neighbouring nodes, and up-

dates its current state by optimizing a local objective function that represents the total

agents load.

The convergence properties of the proposed algorithm are characterized in the almost

sure sense by considering two different scenarios in which each node communicates asyn-

chronously either with a random subset of nodes in the network or with all its neighbors.

Moreover, an upper bound of the expected convergence time is determined in both
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scenarios and characterize two metrics devoted to compare the value of the objective

function of the final task assignment that is computed by the proposed algorithm and

the cost of the optimal solution of the centralized problem.

It’s proved that, under given assumptions, the cost of the algorithm solution differs from

the optimal value by a factor proportional to the average number of tasks per node and

their maximum cost (or execution time). Notably, the relative performance expressed as

relative error with respect to the optimal solution is constant and does not depend on

network parameters despite the finite capacity of the nodes.

In Chapter 3 an application of the distributed discrete consensus algorithm is proposed:

we consider a network of smart charging stations for Electric Vehicles and a set of ve-

hicles, which send a request to the stations for refueling. The charging stations are the

agents which perform the distributed discrete consensus algorithm in order to determine

the assignment of the vehicles to recharge, considered as tasks. In order to model a real-

istic application, the capacity constraint has been removed, assuming that the vehicles

can form queues of arbitrary length.

Moreover, a protocol for the communication between stations and vehicles is introduced

in which each station, after performing the consensus algorithm, sends to each assigned

vehicle an estimate of the maximum time it can wait for its arrival: if the vehicle does

not arrive by that time, it loses the possibility to be recharged.

Since each task (or vehicle to be recharged) has a cost which depends on the distance

to the station and on the charging speed of both the vehicle and the station, the load

definition and the objective function need to be modified: due to the non-linearity of the

new objective function, a novel distributed assignment algorithm is proposed in order to

approximately linearize the objective function.

The content of this chapter can be found in [23] and [24].

In Chapter 4 another application of the consensus algorithm is presented. We consider a

network of Autonomous Guided Vehicles (AGVs) which have to reach a set of zones, con-

sidered as tasks to perform. The AGVs assign themselves a destination each (therefore

each agent has unitary capacity) and have to coordinate their paths in a zone-controlled

guidepath network avoiding deadlock and collisions.
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The novel contribution in this application is a distributed coordination algorithm which

allows the AGVs to move in the network and reach their respective destinations. This

application has been introduced in [25].
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Chapter 2

The Distributed Discrete Consensus

Algorithm

2.1 Problem Statement

The distributed constrained assignment problem consists in finding a suitable task as-

signment by exploiting only local information exchange between neighbouring agents

such that: i) all the tasks are assigned; ii) each agent has a maximum number of M

tasks, which it can execute; iii) the maximum total load of the agents is minimum. Con-

sider a set of N agents V = {1, . . . , N} and a set of K indivisible tasks U = {1, . . . , K}

that should be assigned to the agents. Moreover, a set of constraints are considered:

• a maximum number of M tasks can be assigned to each agent (capacity con-

straints);

• each agent i ∈ V can only execute a given subset Ui ⊆ U of tasks (assignment

constraints).

The communication among the agents is modelled by an undirected connected graph

G = (V,E) where V is the set of nodes representing the agents and E ⊆ {V × V } is the

set of edges. In detail, there is an edge from node i to node j if and only if agent i can

transmit information to agent j and vice versa. Moreover, we describe the assignment

problem by a bipartite assignment graph Ga = (Va,Ua;Ea) where the bipartite node set
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contains Va, representing the agents, and Ua, representing the tasks. Since only a subset

of tasks can be assigned to each agent, this setting is described by Ga: there exists an

edge eij ∈ Ea iff task j ∈ Ua may be assigned to agent i ∈ Va.

We assume that K tasks should be assigned to the nodes, and a vector of costs ci ∈ N
K

is associated to each agent i (N is the set of natural numbers): each element ci,j with

j = 1, . . . , K of ci typically represents an execution time but may also represent a generic

cost (transportation, energy, load, etc.) that agent i spends to perform task j.

We denote by C the N× K cost matrix such that C(i, j) = cij if eij ∈ Ea and C(i, j) = 0

if eij 6∈ Ea.

Let yi ∈ {0, 1}K be the task assignment vector associated to agent i: the generic element

yi,j of yi is one if task j is assigned to agent i, zero otherwise. The K × N matrix

Y = [y1, . . . , yN ] denotes the task assignment configuration of the network where the

decision element Y (j, i) = 1 if task j ∈ U is assigned to agent i ∈ V and 0 otherwise.

Furthermore, we define the total load that is assigned to the generic node i ∈ V the

quantity xi = cTi yi. Let x ∈ N
N be a vector of elements xi, it follows that 1Tx is the

total load in the network given by a particular task assignment, where 1 is a column

vector of unitary elements of suitable dimension. The total load in the network represents

the sum of task costs (in particular the execution times) of all the nodes.

The main objective of this work is to minimize the maximum cost of tasks in the network

that is described by the following objective function:

F(Y ) = ‖x||∞. (2.1)
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Now, the task assignment problem can be formulated as the following Integer Linear

Programming (ILP) problem

minF (Y )

s.t.






























Y 1 = 1, (2.2.a)

Y T1 ≤ M1 (2.2.b)

yi,j = 0 ∀i ∈ V, ∀j ∈ U \ Ui (2.2.c)

Y ∈ {0, 1}K×N .

(2.2)

Constraints (2.2.a) impose that each task is indivisible and is therefore assigned to only

one agent. Constraints (2.2.b) are capacity constraints that limit the maximum number

M of tasks assigned to any given agent. Constraints (2.2.c) impose that only tasks that

agent i can execute can be assigned to it.

If the problem is feasible, the solution of the ILP problem (2.2) provides an optimal

solution Y ∗ to the assignment problem and F ∗ = F (Y ∗) is the corresponding value of

the objective function. Moreover, we call feasible assignment any matrix Y that satisfies

the constraints (2.2).

The drawback of solving the ILP problem (2.2) is that it is an NP-hard problem with un-

tractable complexity for significant size networks, which require global state information

to be considered.

Therefore, this weakness is addressed by proposing a distributed gossip algorithm that

is based on the exploitation of the only local information. More precisely, the agents

update the own state by solving a local ILP problem with a set of neighbors and, by

recursive ILP problem solutions, they reach a consensus about the total task assignment.

However, in [26] it is shown that with greedy gossip algorithms involving only asyn-

chronous and pairwise local optimizations, it is not possible to guarantee optimality

of the final task assignment for any initial condition. As discussed in Section 2.3, the

proposed distributed algorithm allows the agents to achieve a suboptimal solution of

problem (2.2) with an absolute performance guarantee, which does not depend on the
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network size. Therefore the proposed approach can be regarded as a good solution for

large networks.

In the following two operational cases are considered:

• Assumption 1: graph G is fully connected and each agent i communicates at time

t only with a subset of its neighbours chosen at random.

• Assumption 2: graph G is connected and each agent i communicates with all its

neighbours at each time t.

We remark that in both the operational cases the agents exploit asynchronous local

interactions involving limited information. In the first case, Assumption 1 considers a

fully connected graph, i.e., any node can communicate with any other, that is the case

of peer-to-peer networks over the internet. However, the ability of communicating with

any other node should not be confused with access to global information: active edges

at each given instant of time are a subset of those available. More precisely, in the case

of Assumption 1 only few nodes that are chosen at random interact and exchange tasks

based only on their local state information.

In the second case, Assumption 2 is a realistic scenario when nodes model mobile agents,

which have limited range communication capability. In this case, the network topology is

that of a proximity graph in which nodes may communicate only with a subset of all the

others. In this second scenario we require that when a node decides to asynchronously

initiate a local state update, all its neighbors take part in it.

In [20] the algorithm is described in details and the convergence properties are discussed

and proved.

2.2 A Gossip Algorithm for Distributed Task Assignment

In this section we address the DCAP with a discrete consensus algorithm.

Let Ni denote the set of agents, which can communicate to agent i. Now consider the

ILP problem (2.2) where variables and constraints are stated only regarding a given
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agent i ∈ V and its own local neighborhood of agents. Note that in the DCAP with

assumption 2 it holds Ln = Nn.

Let us define sets Vi = {i}
⋃

Ni and Ki = {j ∈ Ui|yi,j = 1}, hence Ki is the set of tasks

assigned to agent i. Now, we define the Local ILP1 (2.3) (L-ILP1) problem as follows:

Moreover, we denote by CIJ the restriction of matrix C to the agent sNietI and the task

set J. Hence, CIJ is of dimension |I| × |J|, where symbol |(.)| stands for cardinality of set

(.).

Moreover, the matrix YIJ,t of dimension |I| × |J| is the restriction of the network assign-

ment state Yt to the agent set I and the task set J.

L-ILP1

min
{

maxv∈Vi

(

cTv yv
)}

s.t.










































∑

v∈Vi

yv,j = 1, ∀j ∈ J (2.3.a)

1Tyv 6 M, ∀v ∈ Vi (2.3.b)

yv,j = 0, ∀v ∈ Vi; ∀j ∈ J s.t. j 6∈ Uv (2.3.c)

yv,j ∈ {0, 1}, ∀v ∈ Vi; ∀j ∈ J,

(2.3)

Let matrix Y (t) = [y1(t) . . . yN(t)] of dimension K × N denote the network assignment

state at time t. In particular, the vector yi(t) denotes the tasks assigned to agent i at

the time t. In [20] a distributed assignment algorithm is introduced and each selected

node v updates the task assignment vectors yi with i ∈ I at each instant t by solving

the following Local Integer Linear Programming problem 1 (L-ILP1): Note that (2.3)

is a local version of the ILP problem (2.2). In particular, the algorithm starts with an

initial feasible assignment to the agents. At each time t, an agent v ∈ V is randomly

chosen. The chosen agent v defines the L-ILP1 problem (2.3) in order to provide the task

assignment that minimizes the costs of the agents in Lv ⊆ Nv communicating with v.

where J =
⋃

v∈Vi
Kv is the set of tasks that belong to agents in set Vi when the L-ILP1

is solved.

Constraints (2.3.a), (2.3.b) and (2.3.c) are the equivalent of constraints (2.2.a), (2.2.b)

and (2.2.c) when considering only a local set of neighboring agents.
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In the case in which the above local optimization problem is not feasible, the agents

solve a second L-ILP2 (3.12) problem, defined as follows:

L-ILP2

min‖yi‖1

s.t.










































∑

v∈Vi

yv,j = 1, ∀j ∈ J (2.4.a)

1Tyv 6 M, ∀v ∈ Ni (2.4.b)

yv,j = 0, ∀v ∈ Ni; ∀j ∈ J s.t. j 6∈ Uv (2.4.c)

yv,j ∈ {0, 1}, ∀v ∈ Vi; ∀j ∈ J.

(2.4)

More precisely, the new distributed assignment algorithm (denoted Algorithm 1) is able

to iteratively find an initial feasible assignment state starting from an unfeasible solution.

The L-ILP2 relaxes the capacity and assignment constraints imposed to the randomly

chosen agent i (therefore is always feasible) and minimizes the number of tasks assigned to

it. Consequently, tasks are distributed among the agents within the local neighborhood

on the basis of the assignment and capacity constraints, all remaining tasks are assigned

to node i that is executing the optimization. If the DACAP is feasible, Algorithm 1

allows determining an optimal or sub-optimal solution of the ILP problem (2.2). On the

other hand, if the DCAP is not feasible, then Algorithm 1 provides an assignment of a

subset of the tasks.

The following Algorithm 1 solves the DCAP.

18
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Algorithm 1

Step 1. Set t = 0 and consider an arbitrary task assignment to be given to the agents.

Step 2. Set t = t+ 1 and select a node i ∈ V at random with uniform probability.

Step 3. Set ∀v ∈ Vi Kv = {j ∈ Ui| yv,j = 1 } and J =
⋃

v∈Vi
Kv.

Step 4. If the L-ILP1 (2.3) problem is not feasible

then solve the L-ILP2 (3.12) problem

else solve the L-ILP1 (2.3) problem

End If

Step 5. Let the task assignment vectors y∗v with v ∈ Vi be the solution provided by the

L-ILP problem, set yv(t) = y∗v ∀v ∈ Vi and go to Step 2.

At Step 1 an arbitrary task assignment is given to the agents. The algorithm has the

same convergence properties for any initial assignment but distributing tasks at random

at the initial configuration does seem to speed up convergence in simulations. A further

possible choice is to assign all the tasks to one agent. Note that we assume that no single

task is assigned to more than one agent in the initial configuration.

Then, each time Step 2 is executed, a node i ∈ V is selected at random. Now two cases

may occur:

1. the L-ILP1 problem is not feasible. In this case some assignment vectors yv with

v ∈ Vi do not satisfy the constraints of the L-ILP1 problem. Hence, in order to

obtain a possibly feasible solution, the L-ILP2 problem is solved in Step 4. A

feasible solution is not necessarily found: the main idea behind L-ILP2 is to reduce

the number of nodes with an unfeasible assignment to one among those involved

in the local optimization. Since such a node is always chosen at random, the

node which contains an unfeasible assignment of tasks can be seen as executing

a random walk in the graph. In Lemma 2.2.2 we show that this is sufficient to

ensure convergence to a globally feasible assignment, if it exists. Therefore, there
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exists a finite time after which the L-ILP2 is never executed anymore. Since the

L-ILP2 problem minimizes the maximum number of tasks assigned to agent i by

relaxing the capacity and assignment constraints imposed to it, then the tasks are

distributed among the agents in Ni on the basis of the assignment and capacity

constraints. Consequently, all the remaining tasks are assigned to node i.

2. The L-ILP1 problem is feasible. In this case the L-ILP1 problem is solved in order

to find a new assignment that optimizes the objective function. The main idea

behind the L-ILP1 problem is that of monotonically minimizing the local objective

function while keeping the assignment feasible. After a sufficient number of iterated

asynchronous local optimizations, it is possible to guarantee that a solution is found

(see the discussion in Section 2.3).

If the L-ILP1 is feasible then it solution by performing the optimization with the neigh-

bors belonging to Lv. In such a case the algorithm coincides with the algorithm presented

in [20].

2.2.1 Example of execution

Consider a network of N = 4 agents with communication topology described as in

Fig. 2.1. Let us assume that K = 5 tasks have to be assigned to the agents and a maxi-

mum number of M = 2 tasks can be executed by each of them. Let f ∗ = maxv∈Vi

{

cTv y
∗
v

}

be the local maximum load, i.e., the value of the local objective function. Moreover, the

cost vectors ci with i = 1, ..., 4 that are associated to agent i with i = 1, 2, 3, 4, respec-

tively, are the following:

cT1 =
[

25 0 5 17 0
]

, cT2 =
[

12 18 25 0 11
]

cT3 =
[

7 0 0 16 0
]

,

cT4 =
[

19 0 13 23 8
]

.

Six iterations of Algorithm 1 are summarized in Table I. In particular, at time t = 0 an

initial assignment of the tasks is chosen at random.
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Figure 2.1: Communication graph G

At time t = 1 agent 4 is randomly chosen: the nodes involved in the local optimization

are V4 = {1, 3, 4} and the set of involved tasks is J = {1, 2, 4, 5}. Since the L-ILP1

problem turns out to be unfeasible because task j = 2 can not be performed by any

agent in V4, the L-ILP2 problem is solved. Then, the solution of the L-ILP2 problem

assigns to agents 1 and 3 the feasible tasks 2 and 4, respectively. On the other hand,

task 2 can not be executed by agent 4. Hence, at time t = 1 the values of f ∗ and F (Y )

are not given.

At time t = 2, agent 2 is randomly selected, the L-ILP1 is feasible and its solution is

computed. Tasks 1, 3 and 4 are distributed among agents 1,2 and 3 and the value of the

local objective function is f ∗=22. Table I does not report the value of F (Y ) for t = 2

since the current assignment is not feasible yet.

At time t = 3, agent 3 is chosen, thus V3 = {2, 3, 4} and J = {1, 2, 5}: the L-ILP1

is feasible, its solution is computed and tasks are assigned accordingly. The value of

the local objective function is f ∗=18 and the maximum load assigned to the agents is

F (Y ) = 22.

At t = 4 agent 1 is chosen and the local optimization yields an assignment with an

improved objective function value of F (Y ) = 21.

For t > 4 the assignment matrix Y (t) becomes time-invariant. No further local optimiza-

tions may improve the current task assignment. In this case the final task assignment

is actually optimal and corresponds to a solution of the centralized ILP problem with

F (Y ) = 21.
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Table 2.1: Sample execution of Algorithm 1

t i Vi Agents and assigned tasks f ∗ F (Y )
1 2 3 4

0 4 3 1, 5 2
1 4 1,3,4 4 3 1 2,5
2 2 1,2,3 3,4 1 2,5 22
3 3 2,3,4 3,4 2 1 5 18 22
4 1 1,2,4 4 2 1 3,5 21 21
5 3 2,3,4 4 2 1 3,5 21 21
6 2 1,2,3 4 2 1 3,5 18 21

2.2.2 Convergence properties of Algorithm 1

In this section, we discuss the convergence properties of Algorithm 1.

Definition 2.2.1 Let Y (t) be the network assignment state resulting from Algorithm 1

at the generic time t. We call network convergence set Ψ(F̄ ) = {Y (t)|F (Y ) = F̄},

the set of the network assignment states such that the objective function F (Y ) is equal

to F̄ ∈ N at some time iterations t. Moreover, we say that a network convergence set

Ψ(F̄ ) is reached by Algorithm 1 if there exists a time τ > 0 such that Y (t) ∈ Ψ(F̄ ) ∀t > τ .

The next Lemma shows that due to the execution of Algorithm 1 a feasible task assign-

ment is found almost surely in finite time.

Lemma 2.2.2 Let Y (t) be the task assignment matrix resulting from Algorithm 1 at the

generic time t. If Assumption 1 or 2 hold and if there exists a feasible solution of the

ILP problem (2.2), then Pr (∃τ > 0 : Y (τ) is feasible ∀t ≥ τ) = 1.

Proof:

Let agent i be selected at random at time t. If the current task assignment Y (t) is

feasible, then also the next one is feasible by construction and for each selected agent

i the L-ILP1 problem is feasible. We now discuss the case in which the L-ILP1 is not

feasible.

When L-ILP1 is not feasible, the L-ILP2 problem is solved at time t. The corresponding

solution assigns all possible tasks to the neighboring nodes satisfying their feasibility
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constraints, while leaving only a single node loaded with the minimum possible number of

tasks which it can not execute. Thus the number of nodes with an unfeasible assignment

in the neighborhood is reduced to one.

Since the node left with an unfeasible local assignment is chosen at random, such a node

performs a random walk on graph G. The proof is now structured as a sequence of

events, which occur almost surely after a sufficiently long time.

e1) At each instant of time the nodes with unfeasible assignment and performing such

a random walk are chosen with a strictly positive probability: they either disappear

by being able to find a local feasible assignment or continue the random walk.

e2) By Assumptions 1 or 2, the graph is connected and random walks in a connected

graph with finite number of nodes meet almost surely in finite time, i.e., after a

sufficiently long time the meeting probability is equal to 1.

e3) Whenever two or more nodes with an unfeasible assignment meet in the same local

optimization, then only one node with an unfeasible assignment remains.

e4) Since the number of nodes is finite, there exists a finite time in which at most one

node of the network holds an unfeasible task assignment.

e5) If there exist only one node with an unfeasible assignment, whenever the L-ILP2

problem is solved the number of tasks which violate feasibility constraints is non-

increasing by construction.

e6) Assuming that there exists a feasible solution of the ILP problem (2.2), if there exist a

single node with an unfeasible assignment of tasks, then there is at least another node

that can perform some of its tasks. Therefore, the node with unfeasible assignment,

executing a random walk, meets in finite time such a node and the number of tasks

assigned to it decreases by at least one.

e7) Hence, if there exists a feasible solution of the ILP problem, it is found in a finite

number of events.
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Since each event (from event 1 to event 7) occurs with strictly positive probability at

each time instant, it follows that Pr (∃τ > 0 : Y (τ) is feasible ∀t ≥ τ) = 1. This proves

the lemma. �

The next result shows that almost surely in finite time the task assignment can not

change anymore due to local optimizations during the execution of Algorithm 1, thus

showing that task exchanges actually stop after a sufficiently long time. despite absence

of global information about the network state.

Theorem 2.2.3 Let Y (t) be the task assignment matrix resulting from Algorithm 1 at

the generic time t. If there exists a feasible solution of the ILP problem and Assumption

1 or 2 hold, then there exists a value F̄ of the objective function F (Y ) such that

Pr
(

∃τ > 0 : Y (t) ∈ Ψ(F̄ ), ∀t ≥ τ
)

= 1.

Proof:

By Lemma 2.2.2 there exists a finite time t0 such that

Pr (∃ t0 > 0 : Y (τ) is feasible ∀t ≥ τ) = 1.

If Y (t0) is a feasible solution of the ILP problem (2.2) at time t0, then for any t ≥ t0

the assignment Y (t) is feasible. This is due to the fact that only solutions of the L-ILP1

problem, which are feasible by construction are used to update the assignments.

Now, let i be an agent selected at random at time t and denote by yv with v ∈ Vi the

assignment vectors corresponding to nodes involved in a local optimization. Moreover,

let y∗v ∀v ∈ Vi be the optimal local assignment computed by solving the L-ILP1 prob-

lem. Then two cases may occur: i) maxv∈Vi
cTv y

∗
v < maxv∈Vi

cTv yv; ii)maxv∈Vi
cTv y

∗
v =

maxv∈Vi
cTv yv.

Thus, by construction, the local maximum at every local optimization is non-increasing

and, consequently, the value of the global objective function F (Y ) is non-increasing too.

Since F (Y ) may take only a finite set of values and is lower bounded by the corresponding

value of the optimal solution, it follows that there exists a value F̄ and a time τ such
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that

Pr
(

∃ τ ≥ t0 : Y (t) ∈ Ψ(F̄ ), ∀t ≥ τ
)

= 1.

The thesis is proved. �

2.2.3 Convergence time

Now we characterize the convergence time of Algorithm 1. Assume, without loss of

generality, that the assignment Y (t) at time t = 0 is feasible. Let Ψ(F̄ ) be the network

convergence set reached by Algorithm 1, we define convergence time the random variable

Tconv = inf{τ : Y (t) ∈ Ψ(F̄ ), ∀t ≥ τ}. (2.5)

Hence, Tconv represents the number of local state updates necessary for Algorithm 1 to

reach a state in which no further task exchanges that improve objective function (2.1)

may occur starting from a feasible task assignment Y (0). Tconv is a stochastic variable

since the order in which nodes are chosen and consequently the order in which local

optimization are performed is random.

Next, we give an upper bound of the expected convergence time of Algorithm 1 in the

case that Assumption 1 holds.

Proposition 2.2.4 Consider a network of N nodes that executes Algorithm 1. If As-

sumption 1 holds and the initial task assignment Y (0) is feasible, then if ∀t > 0 each node

has the same probability p = 1
N

of initiating an optimization with δ neighbors chosen at

random with uniform probability, it holds

E [Tconv] ≤ F (Y (0))
N3

2δ
. (2.6)

Proof:

Since the task execution times are integer numbers, if the objective function F (Y (t))

decreases due to a local optimization according to Algorithm 1, it decreases by at least 1.

Moreover, if F (Y (0)) is a feasible assignment, F (Y (t)) is non-increasing by construction.
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The average time between two consecutive decrements depends on the probability of

executing a local optimization among nodes, which hold the maximum possible load and

can actually reduce their local maximum load by exchanging tasks.

If Assumption 1 holds, at each time step a node is selected with probability p = 1
N

and δ

different nodes are selected at random to participate in an optimization. Let us consider

the worst case scenario in which only two nodes in the network, if chosen, can lower

their maximum total load. The probability of choosing nodes that hold the maximum

the value in the network is at least p ≥ 2
N

δ
N
. The expected number of iterations required

to obtain a successful local optimization involving a node that holds the maximum load

in the network is less than N2

2δ
. At most N nodes can hold the same value corresponding

to the maximum load in the network. Whenever a local decrement involving a node that

holds the maximum load occurs, the number of nodes, which hold the maximum load,

decreases by one. Therefore, at most N decrements of nodes holding the maximum load

may occur, thus the expected number of iterations for a decrement of F (Y (t)) is at most

N N2

2δ
. It follows that an upper bound to the expected value of the random variable Tconv

is

E [Tconv] ≤ F (Y (0))
N3

2δ
.

�

We now consider the case in which Assumption 2 holds and we give an upper bound of

the expected convergence time of Algorithm 1.

Proposition 2.2.5 Consider a network of N nodes that executes Algorithm 1. If As-

sumption 2 holds and at time t = 0 the task assignment Y (t) is feasible, then if ∀t > 0

each node is equally likely with probability p = 1
N

to initiate an optimization with all its

neighbors, it holds

E [Tconv] ≤ F (Y (0))
N2

2
, (2.7)
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Proof:

The proof is similar to the proof of Proposition 2.2.4. The maximum number of possible

decrements of F (Y (t)) is finite and upper bounded by F (Y (0)).

If Assumption 1 holds, at each time step a node is selected with probability p = 1
N

and

all its neighbors participate in a local optimization according to Algorithm 1. The worst

case scenario consists in the case where only two nodes in the network, if chosen, can

lower their maximum total load by performing a local optimization. The probability of

choosing nodes that guarantee a decrement of F (Y (t)) is greater than p ≥ 2
N
. The ex-

pected number of iterations required to obtain a successful local optimization is therefore

less than N
2
. Since the number of nodes, which can hold the maximum load xi = F (Y ),

is at most N , an upper bound of the expected value of the random variable Tconv is

E [Tconv] ≤ F (Y (0))
N2

2
,

�

Hence, the convergence time of Algorithm 1 is of the order of O(N3) if Assumption 1

holds and O(N2) if Assumption 2 holds. On the other hand, we point out that while

with Assumption 1 the number of nodes involved in each local optimization is at most

δ, with Assumption 2 the number of nodes involved in the local optimization depends

on the graph topology: if the communication graph is fully connected then the local

optimization coincides with the centralized ILP problem (2.2).

Therefore, the operational case considered with Assumption 1 is suitable when every

node can communicate with any other and the complexity of the local optimization due

to the number of tasks and nodes is manageable only by considering a limited number

of nodes at each iteration.

On the other hand, the operational case involving Assumption 2 is suitable when the

graph topology is sparse and every node can interact only with few neighbors.

Remark 2.2.6 Note that Algorithm 1 can be executed also in the case in which the

ILP problem (2.2) is unfeasible. In such a case the algorithm always solves L-ILP2

problem because it is not able to find a feasible solution for all the local problems. After
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a sufficient number of iterations, at least greater than E [Tconv] given by 2.6 and 2.7,

Algorithm 1 might be modified to allow each agent to eliminate the tasks that it can

not perform, consolidate its current task assignment and start executing them. With this

expedient the multi-agent system is able to agree on a sub-optimal task assignment, which

minimizes the number of tasks that can not be executed, even if the result does not have

a predictable performance.

2.3 Performance of Algorithm 1

This section characterizes the performance of the gossip Algorithm 1 where at each time

the agents exploit only local information.

Assuming that a feasible solution of the ILP problem (2.2) exists, we consider the case

in which it holds MN ≥ K. More precisely we evaluate the maximum difference between

the convergence value F̄ achieved by Algorithm 1 and the optimal value F ∗ yielded by

the solution of the centralized problem. To this aim, we introduce the following notation.

Let

∆ = max
i∈V

xi −min
i∈V

xi

be the maximum load difference in the network for a given task assignment Y . Let

cmax = max
i∈V,j∈U

ci,j and cmin = min
i∈V,j∈U

ci,j

be respectively the maximum and minimum values of the generic execution time or cost.

Next we evaluate for any feasible assignment matrix Y resulting from Algorithm 1 an

upper bound of the difference between the value of F (Y ) and the objective function F ∗ of

the optimal solution of the ILP problem (2.2) in terms of the maximum load difference

∆.

Proposition 2.3.1 Let Y a feasible assignment matrix resulting from Algorithm 1. An

upper bound of the difference between the value of the objective function F (Y ) and the
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optimal value F ∗ from (2.2) is the following:

|F (Y )− F ∗| ≤
K

N
(cmax − cmin) + ∆ (2.8)

and it holds

|F (Y )− F ∗|

F ∗
≤

cmax

cmin

+
∆

cmin

− 1. (2.9)

Proof:

The proof is based on the following steps: 1) providing an upper bound of F (Y ) in terms

of the maximum load difference ∆; 2) evaluating a lower bound of the optimal solution

F ∗ of the ILP problem (2.2).

For any task assignment Y it holds Kcmin ≤ 1Tx ≤ Kcmax. The average load is bounded

by the maximum and minimum load in the network, i.e., mini∈V xi ≤
1
T x
N

≤ maxi∈V xi.

Since by definition maxi∈V xi = mini∈V xi +∆, it holds

F (Y ) = max
i∈V

xi ≤
1Tx

N
+∆ ≤

Kcmax

N
+∆. (2.10)

Now, in order to evaluate a lower bound of F (Y ) for the optimal solution of ILP (2.2) we

consider the optimal value of the objective function of the ILP (2.2) with some relaxed

constraints.

First, we relax the assignment constraints (2.2.c), and the capacity constraints (2.2.b).

Therefore in the relaxed optimization problem every node can execute any task and

can be arbitrarily loaded. Furthermore, we relax constraint (2.2.a) which concerns the

indivisibility of tasks and consider the case in which tasks can be continuously divided

into subtasks: xi ∈ R. Moreover, we add a constraint which guarantees that the total

load in the network is not less than the sum of the cost of each task if they were executed

by the node in which their cost is minimum.
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The relaxed optimization problem with continuous variables takes the following form:

min ‖x‖∞

s.t.






1Tx ≥ Kcmin

x ∈ R
n

(2.11)

Let x∗ of elements x∗
i be the optimal solution of (2.11). Now we proceed by contradiction

to prove that ∀i, j x∗
i = x∗

j .

Assume that x∗ is the optimal solution of (2.11) and that at least two nodes have x∗
i 6= x∗

j .

This implies that maxi∈V xi 6= mini∈V xi. Therefore if at least two nodes have different

load we can choose x̂i = x∗
i − ǫ and x̂i = x∗

j + ǫ such that ‖x̂‖∞ < ‖x∗‖∞ and the solution

is still feasible, since the only constraint is on the sum of variables which stayed the

same. This contradicts the hypothesis that x∗ is the optimal solution.

Now let us assume that x∗ = α1. Since 1Tx∗ ≥ Kcmin, then it holds that α ≥ Kcmin

N
.

Since we are minimizing, we choose α = Kcmin

N
. Therefore, a lower bound of the optimal

solution of (2.2) is

F ∗ ≥
Kcmin

N
. (2.12)

By comparing the upper bound to F (Y ) in eq. (2.10) and the lower bound of F ∗ in

eq. (2.12), it holds

|F (Y )− F ∗| ≤
K

N
(cmax − cmin) + ∆ ∀Y,

thus proving eq. (2.8).

Now consider eq. (2.8) and the lower bound given by eq. (2.12), we can write:

|F (Y )− F ∗|

F ∗
≤

(cmax − cmin)

cmin

+
N

K

∆

cmin

.

Since by assumption K ≥ N , it holds
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|F (Y )− F ∗|

F ∗
≤

cmax

cmin

+
∆

cmin

− 1,

thus proving eq. (2.9). �

By Proposition 2.3.1 we infer that if ∆ is function neither of the number of nodes N

nor of the number of tasks K, then the bound (2.9) represents an absolute performance

guarantee. In other words, the difference between the computed solution and the optimal

one is constant and does not depend on the size of the problem, i.e., the number of nodes

or tasks.

Next, we give some upper bounds of ∆ achieved for different network settings.

Proposition 2.3.2 If the network convergence set Ψ(F̄ ) is reached by Algorithm 1, then

∆ ≤ Mcmax.

Proof:

The proof is straightforward. By construction, no node can have more than M tasks

and therefore it can not have a load greater than Mcmax. �

Proposition 2.3.3 Assume that the network convergence set Ψ(F̄ ) is reached by Algo-

rithm 1 and Y ∈ Ψ(F̄ ). Assume that each node can execute any task and 1Tyi < M ∀i ∈

V . If Assumption 1 holds then ∆ ≤ cmax.

Proof:

We prove the statement of the proposition by contradiction. Let ∆ > cmax, then there

exists two nodes i, k with load difference xi−xk > cmax, consider with no loss of generality

that xi > xk. Since assumption 1 holds, there exist an edge that connects node i and k.

If the two nodes are not fully loaded, one node can give task j to the other such that

xi
′ = xi− ci,j and xk

′ = xk + ck,j. Therefore, if xi
′ ≥ xk

′, xi
′−xk

′ = xi− ci,j −xk − ck,j <

cmax−ci,j−ck,j ≤ cmax, contradicting the hypothesis that no task exchange that improves

objective function (2.1) according to Algorithm 1 could occur. If xi
′ < xk

′, then it holds

xk
′ − xi

′ = xk + ck,j − xi + ci,j > 0, thus 0 < −cmax + ci,j + ck,j < cmax contradicting the

hypothesis and thus proving the statement. �
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Next we provide a preliminary result required to prove Lemma 2.3.5.

Proposition 2.3.4 Assume that the network convergence set Ψ(F̄ ) is reached by Al-

gorithm 1 and Y ∈ Ψ(F̄ ). Consider two connected nodes i, r ∈ V and suppose that

1Tyi = M , and 1Tyr = α with α < M . Then

xi ≤ xr + cmax. (2.13)

Proof:

We prove the statement of the Proposition by contradiction. Suppose that xi = cTi yi >

cTr yr + cmax = xr + cmax with 1Tyi = M and 1Tyr = α < M and by assumption no task

exchange that reduces the maximum value may occur. Suppose that there exists a task

j ∈ Ui

⋂

Ur assigned to agent i. This implies that if node i with M tasks moves a task

to node r with α < M it must increase the value of xr above the original value of node

i, or else a reduction of the maximum value would occur. It holds

xi − ci,j < xi, for any j ∈ Ui

⋂

Ur

and

xr + cr,j ≥ xi for any j ∈ Ui

⋂

Ur.

Since xr+cr,j ≥ xi > xr+cmax, it follows that cr,j > cmax. This contradicts the definition

of cmax and the statement is proved. �.

We now show that if the constraint on the maximum number M of tasks that any

node can execute is sufficiently high, then no node is fully loaded when no more task

exchanges can occur according to Algorithm 1. This result validates the hypothesis of

Proposition 2.3.3

Lemma 2.3.5 Assume that the network convergence set Ψ(F̄ ) is reached by Algorithm 1

and Y ∈ Ψ(F̄ ). Assume that each node can execute any task and Assumption 1 holds.
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If the following condition is verified

M ≥
K +N − 1

β − 1 +N
β, (2.14)

with β = cmax

cmin

, then the final task assignment achieved by Algorithm 1 has no fully loaded

nodes with M tasks.

Proof:

Assuming that there exists a feasible assignment that satisfies the ILP problem (2.2), it

holds MN ≥ K. Then it is possible to consider a generic scenario in which nM nodes

have M tasks and nα nodes have at most 0 ≤ α < M tasks, with the constraint:

nM + nα = N. (2.15)

By Theorem 2.2.3, the execution of Algorithm 1 leads to a feasible task assignment

in which no further task exchange is possible without increasing the maximum cost

associated to nodes. If this holds, then consider an agent i with M tasks and an agent r

with α < M tasks. By Proposition 2.3.4, the cost of non-saturated nodes with at most

α tasks is at least

xi ≤ xr + cmax. (2.16)

Since G is fully connected due to Assumption 1, the result of Proposition 2.3.4 holds for

any pair of nodes i, r ∈ V . Let β = cmax

cmin

. Thus, it holds:

Mcmin ≤ αcmax + cmax, (2.17)

and

α ≥
M

β
− 1, (2.18)

with β = cmax

cmin

.

The maximum number of tasks α ∈ N
+ in non-saturated nodes satisfies the following
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bounds

M > α ≥
M

β
− 1. (2.19)

Now by eq. 2.19 and considering nM saturated nodes with M tasks and nα non-saturated

nodes with at most α tasks, the following inequality holds

nMM + nα

(

M

β
− 1

)

≤ K. (2.20)

Substituting (2.15) into (2.20) we get

nMM + (N − nM)

(

M

β
− 1

)

≤ K. (2.21)

Solving for nM

nM

(

M −
M

β
+ 1

)

≤ K −N

(

M

β
− 1

)

. (2.22)

Finally

nM ≤

(

K −N

(

M

β
− 1

))(

β

Mβ + β −M

)

. (2.23)

Since nM ∈ N
+ we now ask for which value of β and M we have nM < 1 or equivalently

rounding to the first natural below the bound, nM = 0.

(

K −N

(

M

β
− 1

))(

β

Mβ + β −M

)

< 1. (2.24)

By some manipulations

Kβ −NM +Nβ < Mβ + β −M, (2.25)

solving for M

M ≥
βK +Nβ − β

β − 1 +N
=

K +N − 1

β − 1 +N
β. (2.26)

Therefore, if M satisfies (2.26) then the final task assignment achieved by Algorithm 1

has no fully loaded nodes with M tasks. �

34



Chapter 2. The Distributed Discrete Consensus Algorithm

Remark 2.3.6 We point out that when considering large networks with large number of

tasks, the condition in eq. (2.14) becomes

M ≥ lim
K,N→∞

K +N − 1

β − 1 +N
β =

K

N
β =

K

N

cmax

cmin

. (2.27)

Eq. (2.27) is significant because it proposes an explicit threshold on the node capacity

above which the constrained assignment problem achieves a performance equivalent to

the case in which there is no constrained capacity.

The following theorem characterizes two metrics devoted to compare the solution ob-

tained by Algorithm 1 with the value F ∗ of the optimal solution of the centralized ILP

problem (2.2). In particular, we consider:

• an absolute error, i.e., the guaranteed maximum distance in absolute terms between

the value of the global objective function achieved by Algorithm 1 and the optimal

value F ∗. We show that this value is bounded by a constant that does not increase

with the size of the network N ;

• a relative error, i.e. the guaranteed maximum relative error between the computed

solution and the optimal one. We show that this value is less than a constant

independent from the number of nodes N and tasks K.

Theorem 2.3.7 Consider a network of N nodes with connected communication topology

G and a set of K tasks to be assigned to the nodes. Let F (Y ) = F̄ be a convergence

value achieved by Algorithm 1 and F ∗ be the optimal value obtained by the ILP problem

(2.2). Then it holds:

|F̄ − F ∗| ≤
K

N
(cmax − cmin) + ∆, (2.28)

and
|F̄ − F ∗|

F ∗
≤

cmax

cmin

+
∆

cmin

− 1, (2.29)

for K > N with
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• ∆ ≤ Mcmax if Assumption 2 holds (Proposition 2.3.2),

• ∆ ≤ cmax if Assumption 1 holds, any node can execute any task and M ≥ K+N−1
β−1+N

β

with β = cmax

cmin

.

Proof:

Proposition 2.3.1 characterizes an upper bound to the worst case difference |F (Y )−F ∗|

and relative difference |F (Y )−F ∗|
F ∗

as function of ∆. The relations |F̄ − F ∗| and |F̄−F ∗|
F ∗

are then computed by considering the value of ∆ when Algorithm 1 stops, i.e., for the

task assignment in which no further local optimizations may yield a lower value of the

objective function F (Y ).

Different bounds of ∆ are provided for different sets of assumptions: ∆ ≤ cmax is valid

if M ≥ K+N−1
β−1+N

β by Proposition 2.3.3 and Proposition 2.3.5; ∆ ≤ Mcmax is proved by

Proposition 2.3.2. �

The next Remark characterizes the particular case in which the task costs are homoge-

neous and it shows that the execution of Algorithm 1 leads to an optimal task assignment.

Remark 2.3.8 Consider a network of N nodes with connected communication topology

G and a set of K tasks to be assigned to the nodes. Let F (Y ) = F̄ be a convergence

value achieved by Algorithm 1 and F ∗ be the optimal value obtained by the ILP problem

(2.2). If Assumption 1 or 2 holds, K ≤ MN and cmax = cmin, then

|F̄ − F ∗| = 0.

Indeed, if cmax = cmin (i.e., all the tasks have the same cost) then the optimal solution

assigns to each node either ⌊K
N
⌋ or (⌊K

N
⌋ + 1) tasks since K ≤ MN . Therefore, F ∗ =

⌊K
N
⌋cmax if K = αN with α ∈ N (that is, the total number of tokens is divisible by the

number of nodes) or F ∗ = (⌊K
N
⌋+ 1)cmax, otherwise.

This can be easily proven by showing that if Assumption 1 or 2 holds and the convergence

set Y ∈ Ψ(F̄ ) is reached by Algorithm 1, then each node is at local optimum with any

other in the network. Then, since cmax = cmin, given any pair of nodes, either the number

of tasks assigned to them is even and therefore their load difference is zero or it is odd
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and their load difference is cmax. If the total number of tasks is divisible by the number

of nodes, then every node holds the same load and |F̄ − F ∗| = 0. On the contrary, if

the total number of tasks is not divisible by the number of nodes, then the global solution

obtained by the algorithm is F̄ = (⌊K
N
⌋+ 1)cmax. Therefore again |F̄ − F ∗| = 0.

2.4 Simulation results

In this section we corroborate the theoretical characterization of the performance of

Algorithm 1 by proposing a set of simulations in the case in which Assumption 2 holds

and nodes are able to execute only a subset of the tasks in the network. We perform

simulation tests by considering large networks with an increasing number of nodes 10 ≤

N ≤ 50 and a corresponding proportional number of tasks K = γN with γ ∈ {2, 3, 4, 5},

so that the total load increases with the network size. Moreover, we consider a node

capacity M = 2K
N
, which corresponds qualitatively to twice the the average number

of tasks per node. In addition, we assume that node i is able to execute task j with

probability p = 0.5 and we assign the costs randomly according to a uniform distribution

with minimum cost cmin = 1 and maximum cost cmax = 15. This ensures that nodes

with similar total load may have a significantly different number of tasks so that the

capacity M = 2K
N

significantly affects the simulation performance.

Each simulation is performed by considering a network topology generated at random

in two different scenarios: i) the edges of the random communication graph G have a

fixed probability of existence equal to p = 0.3; ii) the edges of G have a probability of

existence function of the number of nodes according to p = ln(N)
N

. These two scenarios

differ significantly: in the case of fixed probability the maximum degree and mean degree

in the network increase linearly with the number of nodes, therefore in a large networks

there will be local optimizations, which involve a significant number of nodes. On the

other hand, when the probability is increased according to p = ln(N)
N

the maximum and

mean degree tend to grow sub-linearly and is almost constant in the considered set of

simulations. Indeed, the value p = ln(N)
N

represents the probability threshold above which

the random graph is almost surely connected for a number of nodes that goes to infinity

37



Chapter 2. The Distributed Discrete Consensus Algorithm

and below which is almost surely disconnected. A comparison between the growth of the

mean and maximum degree with respect to the two considered random graph generation

methods is shown in Fig. 2.2.

In the proposed simulations we test three performance properties of Algorithm 1: i) the

upper bound on the maximum error absolute error with respect to the optimal value of

the objective function, ii) the upper bound on the maximum relative error and iii) the

upper bound on the convergence time express as number of local optimizations. The

displayed results are computed as the average outcome of 100 independent executions of

Algorithm 1 repeated with the same set of parameters but different realizations of the

stochastic node selection process. In the following we denote as F (Y ) = F̄ the value of

the objective function achieved by Algorithm 1 and by Flow = Kcmin

N
(2.12) the lower

bound of the optimal value F ∗ of the objective function when considering the optimal

task assignment.

In Figure 2.3 and Figure 2.3 it is shown the average and median value of |F̄ − Flow|

achieved by Algorithm 1 for, respectively, the two random graphs scenarios. Simulations

show that in both cases the final value of the objective function does not increase with

the number of nodes and tends to be proportional to the ratio K
N

as indicated by our

theoretical characterization of the simplified case. Furthermore, as expected, the algo-

rithm performs better in graphs with higher maximum and average degree such as the

random graph with p = 0.3, this is simply due to the fact that for these graphs local

optimizations involve a significantly higher number of nodes.

In addition, Figure 2.5 and Figure 2.6 depict the average and median value of the relative

error |F (Y )−Flow|
Flow

. Since the relative error seems constant with respect to the number

of nodes and has a similar behavior to the absolute error shown in Figure 2.3 and

Figure 2.3, we conclude that Algorithm 1, on average and in this more complex case,

seems to produce solutions which are a constant factor approximation for the centralized

constrained optimal task assignment problem.

Finally, Fig. 2.7 reports the average convergence time expressed in terms of number of

the local optimizations that are performed to reach the network convergence set using

Algorithm 1. Note that an optimal solution of the local optimization is obtained in the

38



Chapter 2. The Distributed Discrete Consensus Algorithm

worst cases in 0.12 seconds on a PC equipped with a standard solver of optimization

problems, e.g., Gnu Linear Programming Kit. Simulations show that the convergence

time appears to grow linearly with the number nodes and the rate of growth appears to

be independent from the ratio K
N
. Hence, this result hints that the characterization of

the convergence time given in subsection 2.2.3 is conservative.

In all the performed simulations no feasibility issues are found, therefore corroborating

the result given in Theorem 2.2.3 which predicts that Algorithm 1 almost surely finds a

feasible assignment if it exists.

Summing up, the simulation results point out two important properties of the proposed

discrete consensus approach: i) the obtained solution is close to the optimal one; ii) it

is possible to determine a solution with a low number of iterations also in the cases in

which the computational effort is very high. In each figure, each colour corresponds to

a different value of γ: in particular, the solid line represents the values for γ = 2, the

dashed one is for γ = 3, the dotted line is for γ = 4 and the dash-dot one for γ = 5.
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N

.

40



Chapter 2. The Distributed Discrete Consensus Algorithm

10 15 20 25 30 35 40 45 50
0

5

10

15

20

Number of nodes

|F
−

F
lo

w
|

 

 

K/N=2

K/N=3

K/N=4

K/N=5

10 15 20 25 30 35 40 45 50
0

5

10

15

20

Number of Nodes

|F
−

F
lo

w
|

 

 

K/N=2

K/N=3

K/N=4

K/N=5
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over 100 algorithm
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Figure 2.7: Average number of iterations to reach the network convergence set over
100 algorithm executions for varying number of nodes N and K/N for random graphs
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(right).
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Chapter 3

Distributed Assignment of Electrical

Vehicles to Charging Stations

3.1 Introduction

Electric Vehicles (EVs) are becoming a topic of great interest because of their increasing

diffusion in the recent years, beginning to compete on equal terms with the conventional

internal-combustion engine vehicles. The EVs will play a fundamental role in the road

traffic but have completely different characteristics from the traditional vehicles with the

conventional power engines. EVs have limited cruising range and longer charging times,

requiring new algorithms for the search of suitable charging places for the drivers. In

the recent literature many contributions deal with the problem of charging control for

EVs using different methods and algorithms and pursuing different goals. Several con-

tributions deal with the integration of EVs and, in particular, Plug-In Hybrid Electric

Vehicles (PHEVs), into the Smart Grid; a Smart Grid is an intelligent electricity net-

work that integrates the actions of all users connected to it and makes use of advanced

information, control, and communication technologies to save energy, reduce cost and

increase reliability and transparency .Between the main faced problems there are the

effect of a large plug-in fleet on grid stability and the maximization of power delivery to

vehicles. [27] focuses on directly controlling the EV charging in a centralized approach

by planning the charging of electric drive vehicles including electricity grid constraints

46



Chapter 3. Distributed Assignment of Electrical Vehicles to Charging Stations

regarding voltage and power. The method establishes an individual charging plan for

each vehicle and avoids distribution grid congestion while satisfying the requirements of

the individual vehicle owners.In [28] the authors propose an integrated platform archi-

tecture based on communication technologies to increase the cooperation between energy

providers, charging stations and electric vehicles along with a centralized optimization

approach for optimal scheduling and assignment of electric vehicles to charging stations.

Scheduling strategies for the reduction of imbalance costs caused by small distributed

generators connected to the distribution grid in a Smart Grid environment are discussed

in [29]: the charging of EVs is considered as a way to reduce these costs. A multi-agent

decentralized and distributed approach to the coordinated charging of the vehicles is

used. In [30] the authors propose a method for planning that computes an individual

charging plan for each vehicle while minimizing the cost of electricity, respecting distri-

bution grid constraints while satisfying the individual vehicle requirements. Moreover,

In [31, 32] the V-Charge project is presented, a solution for charging autonomous EVs

in parking places and efficiently using scarce charging resources via a coordinated charg-

ing implemented by a back end server. The contribution in [33] aims at minimizing

charging waiting time of EVs through intelligently scheduling charging activities spa-

tially and temporally. However, in the related literature the problem of distributing and

scheduling the vehicles to the stations is solved in a centralized approach. Considering

the possibility of utilizing modern ICT tools and smart stations that are able to com-

municate among the neighbor stations and with the EVs, this application proposes a

solution based on a distributed approach. More precisely, we assume that in a time slot

the vehicles send a recharge request to the stations. Hence, the stations (agents) commu-

nicate with their neighbors and autonomously select the vehicles (tasks) that they have

to recharge. Among some of the contributions developing a distributed framework we

can cite [34–36]: in particular, [34] proposes a distributed ICT infrastructure to enable

the intelligent exploitation of energy resources in order to mimimize the EV charging

times, interconnecting wireless and wired communication technologies; in [35] each ve-

hicle chooses its own charging profile for the following day according to a price profile

updated in order to guide their behavior; [36] presents a distributed peer-to-peer con-
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sensus algorithm to solve a constrained optimization problem in order to coordinate the

charging process of EVs obtaining a global optimal power allocation. Moreover, in [37]

the authors introduce a decentralized charging control algorithm for large populations

of PEVs by application of the Nash certainty equivalence (NCE) methodology by imple-

menting a charging schedule in order to achieve social optimality of the charging scheme

while [38] considers the problem of individual load adjustment under a total capacity

constraint describing distributed algorithms for achieving relative average fairness whilst

maximising utilisation. Starting from the approach of a consensus algorithm proposed

by the authors in different application contexts [20], [21], this application introduces a

discrete consensus algorithm that the stations perform to reach a common decision about

the vehicles to be recharged.

3.2 The System Description

3.2.1 Assumptions and Notations

We consider a network of N smart charging stations for EVs and K vehicles, which in

a timeslot ∆T send a request to the stations for refueling. We define S = {1, 2, . . . , N}

and V = {1, 2, . . . , K} as the sets of stations and EVs, respectively. Moreover, we model

the stations as autonomous agents, which can communicate with a set of neighbor (or

affine) stations. On the other hand, the vehicles requiring refuel are tasks that have

to be assigned to the stations. The problem is formulated by considering the following

constraints: i) each station i ∈ S can only perform the charge of a subset Vi ⊆ V of

EVs (assignment constraints); ii) each station can communicate with a set of stations

belonging to the network (communication constraints). These constraints are described

by two undirected graphs, analogous to those presented in the previous section. For the

sake of clarity, here we propose again the relative definitions:

• the connected communication graph Gc = (S,Ec) where Ec is the set of edges and

edge eni ∈ Ec if and only if (iff) station i can transmit information to station n

and vice versa;
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• the bipartite assignment graph Ga = (S, V ;Ea) where Ea is the set of edges and

there exists an edge eij ∈ Ea iff vehicle j ∈ V may be charged by station i ∈ S.

Note that Ga is built in each time slot ∆T since it depends on the relative positions of

vehicles and stations and that the capacity constraint has been removed, supposing that

EVs can arrange infinite queues waiting to be recharged at a charging station.

Moreover, two weights cij ∈ R
+ and rij ∈ R

+ (where R
+ is the set of non-negative real

numbers) are associated to each eij ∈ Ea and cij = rij = 0 if eij 6∈ Ea. More precisely, the

cost cij represents the time required by station i for charging vehicle j when it arrives

to the station and the cost rIJ is the estimated time that vehicle j requires to reach

station i. Each vehicle keeps a row vector ci containing the K cost values cij, ∀j ∈ V .

In order to build the edge set Ea as well as to determine the defined costs, the following

definitions are given:

• Qj ∈ R
+: the percentage battery charge level of vehicle j ∈ V at the time of

request with 0 ≤ Qj ≤ 100;

• mj ∈ R
+: the distance (in meters) that vehicle j ∈ V can cover by reducing by 1%

the battery charge level;

• sij ∈ R
+: the time (in seconds) required by vehicle j ∈ V to increase by 1% the

battery charge level when recharged by station i;

• v: the speed of the vehicle, which is assumed equal to v = 14mps for each vehicle;

• pj = (xj, yj) ∈ Z
2 with Z the set of relative numbers: the position in meters of

vehicle j in a reference system common for all the vehicles and the stations;

• pi = (xi, yi) ∈ Z
2: the position in meters of station i in the reference system;

• ∆τi ∈ R
+: the residual charge completion time of station i. More precisely, if

station i is currently charging other vehicles, ∆τi is the time required by station i

for the completion of the charging operations;
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• dij = |xj − xi| + |yj − yi|: the Manhattan Distance (MD) [39] between vehicle j

and station i;

• qij = dij/mj: the battery charge consumed by vehicle j to arrive to station i;

• bij = 100− (Qj − qij): the lack of charge of vehicle j when it reaches station i;

• Tij = dij\v: the time required by vehicle j to reach station i.

Now, it is possible to determine the edge set Ea as follows: eij ∈ Ea if rij > 0, i.e. if

vehicle j can reach station i. Moreover, the charging and reaching costs are calculated

as follows, respectively:

cij = sjbij if eij ∈ Ea (3.1)

rij = dij\v if eij ∈ Ea. (3.2)

We consider two different scenarios for the communication between the charging stations

which are analogous to the two Assumptions presented in the previous chapter:

• Case 1 : Graph Gc is fully connected and each agent i communicates at time t only

with a subset of its neighbours chosen at random;

• Case 2 : Graph Gc is connected and each agent i communicates with all its neigh-

bours at each time t.

We remark that in both scenarios the single station can perform the optimization proce-

dures with the set of its neighbors Ln: in Case 1 this set is obtained by random choice

of a subset of the other stations in the network while in Case 2 the set Ln coincides

with the set of the neighbors of the station n that is the stations with which it can

communicate, Ln = {j ∈ S|eij ∈ Ec}. We remark that, in Case 1 the cardinality of Ln

is defined on the basis of the desired execution time of the optimization algorithm.

3.3 Communication Protocol

The following communication protocol is performed at each timeslot ∆T :
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• Each vehicle j ∈ V sends the following charging request requestj contains the

following data: Qj, mj, sj, pj;

• Each station i ∈ S receives each requestj and computes the cost vectors ci and ri;

• The charging stations solve the task assignment problem, considering each vehicle

requesting to refuel as a task to perform, via a distributed optimization approach.

At the end of the optimization procedure each vehicle is assigned to strictly one

charging station;

• Each vehicle j which has sent a request receives a response from the station i to

which the vehicle j has been assigned. Each response contains the following data:

pi,tij,max where tij,max is the maximum number of minutes station i can wait for

the arrival of vehicle j;

• Each vehicle j decides if the received values of tij,max and pi meet its needs and

sends a message to the respective charging station accepting or refusing to reach

the station in the required time;

• The charging stations, after receiving approvals and disapprovals from the assigned

vehicles, perform the optimization once again (excluding from the task list the

vehicles which have refused the proposed charging configuration) and send the

updated response to the assigned vehicles which do not have the chance to accept

or refuse. (If a vehicle does not reach the corresponding station within tij,max, it

incurs in a penalty).

Figures 3.1 and 3.2 show respectively the sequence diagram and the activity diagram

of the communication protocol presented above. From the behavioral point of view, a

system can be described in the Unified Modeling Language (UML) by the activity di-

agrams that show high-level actions chained together to represent a process occurring

in the system. The elements we used in this diagram are: the initial activity (denoted

by a solid circle); the final activity (denoted by a bulls eye symbol); other activities,

represented by a rectangle with rounded edges; arcs, representing flows, connecting ac-

tivities. Moreover, since activities involve two different participants (electric vehicles
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and station), a swim lane is used to show which actor is responsible for which actions

and divide the diagram into two columns. On the other hand, sequence diagrams show

the interactions between different participants arranged in time sequence. The parallel

vertical lines are called lifelines: they show the simultaneous life of the participants; the

horizontal arrows show the messages exchanged between them in the order in which they

occurr with dotted lines representing reply messages. The rectangle drawn on top of the

lifelines represents an activation box concerning two different behaviors, depending on

the acceptance or rejection of the proposed assignment by the electric vehicle.

Figure 3.1: Sequence Diagram of the Communication Protocol
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Figure 3.2: Activity Diagram of the Communication Protocol
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3.4 The Task Assignment Problem

3.4.1 A Centralized approach

We denote by yi the task assignment row vector stored by agent i of dimension K where

yij = 1 if vehicle j is assigned to station i and 0 otherwise; moreover, the N ×K matrix

Y = [y1, . . . , yN ] denotes the task assigment in the whole network. Hence, the quantity

xi denotes the total load assigned to the generic agent i ∈ S and x is the vector of the

N elements xi. Therefore we can define the following objective function that represents

the maximum load assigned to the agents:

F (Y ) = ‖x‖∞ (3.3)

The task assignment problem can be formulated as an Integer Linear Programming (ILP)

problem, as follows:

minF (Y )

s.t.






















Y T1 = 1 (3.4.a)

yij = 0, ∀i ∈ S; ∀j ∈ V s.t. eij 6∈ Ea (3.4.b)

yij ∈ {0, 1}, ∀i ∈ S; ∀j ∈ V s.t. eij ∈ Ea, (3.4.c)

(3.4)

where 1 is an array of unitary elements of suitable dimension and the constraints have

the following meaning: constraint (3.4.a) imposes that each task is indivisible and can be

assigned to only one agent; constraints (3.4.c) and (3.4.d) impose force the assignment

constraints that are described by the assignment graph Ga.

The objective in each time slot ∆T is minimizing the maximum total time necessary to

recharge all the EVs in all the stations plus the time that the vehicles spend to reach

the stations. Assuming that each vehicle requests to charge the battery only if its value

of Qj is rather low and that the sets of agents and tasks are located in a limited area of

the city, we can state, without loss of generality, that rij ≪ cij. Under this assumption,
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we consider two cases: K > N and K ≤ N .

Case K > N

In this case several vehicles can be assigned to the same station. By the assumption

rij ≪ cij, we can reasonably state that station i is waiting only for the first vehicle to

arrive, since the others will arrive at the station during the process of charging the first

vehicle. Such a waiting time is the following for each agent i:

minj∈Ki
(rijy

T
ij). (3.5)

where Ki denotes the set of vehicles assigned to station i in the generic timeslot ∆T .

In addition, if station i is busy since it has still to serve vehicles that have been assigned

to it in the previous time slots, then it is necessary to consider the time ∆τi necessary

to complete such operations. Summing up the load xi of each agent i is the following:

xi =











ciy
T
i +∆τi if minj∈Ki

(rij) < ∆τi

ciy
T
i +minj∈Ki

(rij) otherwise

(3.6)

Case K ≤ N

In this case we impose that at the most only one vehicle can be assigned to each station.

Hence, assuming rij ≪ cij, we define the load of agent i as follows:

xi =











ciy
T
i +∆τi if rijy

T
ij < ∆τi

ciy
T
i + rijy

T
ij otherwise

(3.7)

Note that, in this case, rijy
T
ij = rij that is the reaching time of the only vehicle j (if any)

assigned to station i.

If the IP problem (3.4) is feasible, the solution provides a centralized optimal solution

Yopt of the assignment problem.
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3.5 A distributed task assignment approach

The DAP can be solved by the distributed computation of the network agents: each node

updates the task assignment at each instant t during the time slot ∆T by solving a Local

Integer Programming (L-IP) problem. In particular, considering the communication

graph Gc, the station n ∈ S can communicate with its neighbors belonging to the set

Ln. At the instant t, a node is randomly selected and we denote by I = {n} ∪ Ln the

set of agents involved in the local optimization procedure. Now, denoting Ki the set of

vehicles assigned to station i, the set J = ∪i∈IKi is the set of tasks that can be assigned

to the agents in I in the current iteration of the optimization algorithm. We can rewrite

the objective function in (3.3) as:

fn = maxi∈Ixi (3.8)

In the Case K > N , the objective function fn is nonlinear since it includes the nonlinear

element minj∈Ki
(rijy

T
ij). Then we linearize the model by substituting the non-linear

expression by an approximation of the nearest car reaching time.

3.5.1 An Heuristic Approximation for K > N

Let us suppose that a station i assigns to itself the nearest vehicle: in order to avoid

conflicts among stations, the stations have to perform a first consensus protocol presented

as Algorithm 1. For this purpose, we define the row vector ȳi of dimension K as the

nearest vehicles assignment vector stored by agent i and the matrix Ȳ = [ȳ1, . . . , ȳN ]

as the nearest vehicle assignment matrix relative to the whole network. Moreover, we

define ȳi,t as the nearest vehicle assignment vector at time t and Ki,t the set of vehicles

assigned to station i at time t. In the following we describe the steps of the algorithm

that the stations autonomously perform.
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Algorithm 2

Step 1. Set t = 0, assign all the vehicles to each station, ∀i ∈ S set ȳi,0 = 1,

Ki,0 = V .

Step 2. Select at random a station n ∈ S.

Step 3. Set t = t + 1, Ln = {i ∈ S|eni ∈ Ec}, I = {n} ∪ Ln, J = ∪i∈IKi,t−1, zn =
∑

i∈I riȳ
T
i,t−1.

Step 4. Solve the following L-ILP problem:

zn = min(
∑

i∈I riȳ
T
i )−∆τi

s.t.














































∑

i∈I

ȳij = 1, ∀j ∈ J (3.9.a)

∑

j∈J

ȳij ≥ 1, ∀i ∈ I (3.9.b)

ȳij = 0, ∀i ∈ I; ∀j ∈ J s.t. eij 6∈ Ea (3.9.c)

ȳij ∈ {0, 1}, ∀i ∈ I; ∀j ∈ J s.t. eij ∈ Ea (3.9.d)

(3.9)

Step 5. Let ȳ∗i be the solution of the L-ILP problem ∀i ∈ I, set ȳi,t = ȳ∗i ∀i ∈ I and go

to Step 2.

Algorithm 2 starts by assigning all the vehicles to each station. Then, a randomly

chosen station n ∈ S solves the L-ILP problem with the neighbors in Ln (Step 4). The

L-ILP minimizes the reaching costs of each involved station by imposing the assignment

constraints (3.9.c) and (3.9.d). Moreover, the constraint (3.9.a) imposes that a vehicle is

assigned to no more than one station, while the constraint (3.9.b) imposes that at least

a vehicle is assigned to each station. At this point the algorithm updates the assignment

vectors ȳi obtained at the end of the current iteration. Finally, the algorithm continues

by selecting at random a new station.

57



Chapter 3. Distributed Assignment of Electrical Vehicles to Charging Stations

Now, in order to prove the convergence of Algorithm 2, we introduce the following

definition.

Definition 3.5.1 Let Ȳt be a network assignment state resulting from Algorithm 2 at

a generic time t. For any given feasible value z̄ of the performance index f(Ȳt) =

min
∑

i∈I riȳi, t
T , we call network convergence set Ψ(z̄) =

{

Ȳt|f(Ȳt) = z̄
}

the set of the

network assignment states such that the performance index f(Ȳt) is equal to z̄ at some

time iteration t. We say that a network convergence set is reached if there exists a time

τ > 0 and z̄ ∈ R
+ such that Ȳt ∈ Ψ(z̄) ∀t > τ .

Proposition 3.5.2 Consider a set of N stations and K vehicles with K > N . Let Ȳt be

a vehicle network assignment matrix obtained by Algorithm 2 at time t, then there exists

a value z̄ of the objective function f(Ȳt) such that limt→∞ Pr{Ȳt ∈ Ψ(z̄)} = 1.

Proof: In Algorithm 2 each chosen node n solves the L-ILP problem (Step 4) and

determines the corresponding assignment vectors ȳ∗i . Since the initial assignment vectors

are ȳi,0 = 1 and K > N then at least one vehicle can be assigned to each station and

the L-ILP problem is feasible. Hence, at each time t, the L-ILP problem solution adds

zeros to the vectors ȳi,t since some vehicles are not assigned to the stations in order to

respect constraint (3.9.a) and to minimize the objective function. At Step 5, ȳi,t−1 will

be updated with the new obtained solution ȳ∗i if the condition z∗n < zn is met.

Since ȳ∗i,t are restrictions of Ȳt, f(Ȳt) does not increase at each instant t. Hence, f(Ȳt)

is a not increasing function of t. On the other hand, the optimal solution f(Ȳopt) of the

L-ILP problem with I = S and J = V , that is the solution of the problem obtained in a

centralized way, represents a lower bound for f(Ȳt) and it holds f(Ȳt) ∈ [f(Ȳopt), f(Ȳ0)]

∀t > 0. Then, there exists a time τ > 0 and z̄ ∈ [f(Ȳopt), f(Ȳ0)] such that f(Ȳt) = z̄

∀t ≤ τ , i.e Ȳt ∈ Ψ(z̄) ∀t ≤ τ .

Finally, all stations have to be selected in order to update their assignment matrix. Since

each node has a positive probability of being selected, this happens with probability 1

as t increases. �
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After the execution of Algorithm 2, each agent i determines the nearest vehicle that it

has to serve: j∗(i) ∈ J such that rij∗ = minj∈Ki
(rij ȳ

T
ij). Moreover, we denote by VI the

set of all the pairs of stations in I and their respective assigned nearest vehicles:

VI = {(i, j∗)(i)|i ∈ I} (3.10)

3.5.2 The consensus algorithm for K > N

In order to describe the consensus Algorithm 3 that the stations have to perform, we

define the following two Integer Linear Programming problems:

L-ILP1

minfn = min {maxi∈I(xi)}

s.t.






































∑

i∈I

yij = 1, ∀j ∈ J (3.11.a)

yij = 0, ∀i ∈ I; ∀j ∈ J s.t. eij 6∈ Ea (3.11.b)

yij ∈ {0, 1}, ∀i ∈ I; ∀j ∈ J s.t. eij ∈ Ea (3.11.c)

yij = 1, ∀i ∈ I; ∀j ∈ J s.t.(i, j) ∈ VI (3.11.d)

(3.11)

ILP2

hn = mini∈I ||yi||1

s.t.






































∑

i∈I

yij = 1, ∀j ∈ J (3.12.a)

yij = 0, ∀i ∈ I − {n} ; ∀j ∈ J s.t. eij 6∈ Ea (3.12.b)

yij ∈ {0, 1}, ∀i ∈ I − {n} ; ∀j ∈ J s.t. eij ∈ Ea (3.12.c)

yij = 1, ∀i ∈ I − {n} ; ∀j ∈ J s.t.(i, j) ∈ VI (3.12.d)

(3.12)

We remark that (3.11) is the distributed version of the ILP problem in (3.4) with the

addition of the last constraint in order to take in account the execution of Algorithm 2.
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In the following we list the steps of Algorithm 3 that describes the actions that each

agent performs to reach the consensus.

Algorithm 3

Step 1. Set t = 0, assign and consider the task assignment resulting at the end of

Algorithm 2.

Step 2. Select at random a station n ∈ S.

Step 3. Set t = t+ 1, Ln = {i ∈ S|eni ∈ Ec}, I = {n} ∪ Ln, J = ∪i∈IKi,t−1.

Step 4. If the L-ILP1 problem is not feasible

then solve the L-ILP2 problem

Else

solve the L-ILP1 problem

End If

Step 5. Let y∗i be the solution of the L-ILP problem ∀i ∈ I, set yi,t = ȳ∗i ∀i ∈ I and go

to Step 2.

The algorithm starts by considering the assignment resulting at the end of Algorithm

2 and represented by the matrix Ȳ : it is similar to the algorithms previously presented

and its working is analogous to that of Algorihtm 1.

3.5.3 The consensus algorithm for K ≤ N

In this case, the stations have to perform only Algorithm 3 since the objective function

is linear. More precisely, the following modifications have to be considered in Algorithm

3:

• removing from the L-ILP1 and L-ILP2 problems the constraints (3.11.d) and

(3.12.d), respectively;
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• defining xi by equation (3.7);

• in Step 1 consider an arbitrary task assignment.

In this way, at most 1 vehicle is assigned to each station and only the charging costs are

minimized.

3.5.4 Convergence Properties

In order to prove the convergence of Algorithm 2, we introduce the following definition.

Definition 3.5.3 Let Yt be a network assignment state resulting from Algorithm 3 at a

generic time t. For any given feasible value F̄ of the objective function F (Yt), we call

network convergence set Ψ(F̄ ) = {Yt|F (Yt) = F̄} i.e., the set of the network assignment

states such that the performance index F (Yt) is equal to F̄ at some time iteration t. We

say that a network convergence set is reached if there exists a time τ > 0 and F̄ ∈ R
+

such that Yt ∈ Ψ(F̄ ) ∀t > τ .

The following propositions prove the convergence of Algorithm 3.

Proposition 3.5.4 Let Yt be a feasible task assignment matrix obtained by Algorithm 3

at time t, then there exists a value F̄ of the objective function F (Yt) such that limt→∞ Pr{Yt ∈

Ψ(F̄ )} = 1.

Proof: If Yt is a feasible task assignment matrix, then the chosen node n and its

neighbors solve the L-ILP1 problem and determine the assignment vectors y∗i . At Step

5, yi,t−1 is updated with the new solution y∗i if one of the following two conditions are

met:

k∗
n < kn (3.13)

or

k∗
n = kn and

∑

i∈I

xi,t <
∑

i∈I

xi,t−1 (3.14)

Since the vectors y∗i are restrictions of Y , F (Yt) does not increase at each instant t.

Hence, F (Yt) is a not increasing function of t.
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On the other hand, the optimal solution F (Yopt) of the L-ILP1 problem, that is the

solution of the problem obtained in a centralized way (3.4), represents a lower bound for

F (Yt) and it holds F (Yt) ∈ [F (Yopt), F (Y0)] ∀t > 0. Then, there exists a time τ > 0

and F̄ ∈ [F (Yopt), F (Y0)] such that F (Yt) = F ∀t ≥ τ , i.e Yt ∈ Ψ(F̄ ) ∀t ≥ τ .

Finally, all the nodes have to be selected in order to update their assignment matrix.

Since each node has positive probability of being selected, this happens with probability

1 as t increases. �

Proposition 3.5.5 Let the L-ILP1 problem be feasible and let Yt be an unfeasible solu-

tion of the L-ILP1 problem, then it holds: Pr{∃ τ > 0|Yτ is feasible} = 1.

Proof: If Yt is an unfeasible solution of the L-ILP1 problem (Step 4), then the

L-ILP2 problem is defined. In particular, the L-ILP2 finds a solution in which the

maximum number of tasks locally assigned is minimum. Since the L-ILP2 problem

relaxes the capacity and assignment constraints of node n, the tasks are distributed

among the agents in I − {n} on the basis of the assignments constraints. Hence, at

any successive time instant, only the selected node n does not satisfy the assignment

constraints. However, at each time instant there exists a strictly positive probability

that such a node is involved in a local optimization. Since Gc is a (fully) connected

graph, each node may be visited in a finite number of steps. By the hypothesis there

exists a feasible solution of (3.11), then the feasible assignment can be reached in a finite

number of steps with positive probability, i.e., Pr{∃ τ > 0|Yτ is feasible} = 1. �

Theorem 3.5.6 Let Yt be the assignment matrix resulting from the Algorithm 2 at the

generic time instant t. If the L-ILP1 problem is feasible, then for each initial assignment

Y0 there exists a value F̄ of the objective function F (Yt) such that limt→∞ Pr{Yt ∈

Ψ(F̄ )} = 1.

Proof: If the ILP-1 problem is feasible, then by Proposition 3.5.5 a feasible solution

Yt can be obtained. Moreover, starting from Yt by Proposition 3.5.4 there exists a value

62



Chapter 3. Distributed Assignment of Electrical Vehicles to Charging Stations

F̄ of the objective function F (Yt) such that limt→∞ Pr{Yt ∈ Ψ(F̄ )} = 1. �

Note that if a feasible solution does not exist then the algorithm must be stopped and

the last selected node eliminates all the tasks that it can not perform. At this point a

feasible solution is yielded by the obtained final assignment matrix.

3.5.5 The waiting time computation

Each station i ∈ S, after performing the assignment algorithm, has to compute and

communicate to each assigned vehicle j ∈ Ki the maximum time (in seconds) it can wait

for the arrival of the vehicle. We consider two cases: |Ki| = 1 or |Ki| > 1.

Case |Ki| = 1

In this case only one vehicle is assigned to agent i, therefore the computation of tij,max

is rather simple:

tij,max = max(∆τi, rij) (3.15)

We remark that this case is the only one possible in the case K ≤ N .

Case |Ki| > 1

In this case we assume that each agent i arranges the elements in Ki in a particular order;

it is possible to use any arranging rule We choose the following rule: ri,Ki(n+1) > ri,Ki(n)

that is, the elements in Ki are arranged according to increasing values of reaching time of

charging station i. In this way we guarantee that the first vehicle to be served is always

the same one assigned after Algorithm 2.

The maximum waiting time to communicate to the vehicles is computed according to

the following recursive formulation:

tij,max =

j−1
∑

m=1

tim,max + ci,Ki(j−1) (3.16)
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where ti1,max is computed as in (3.15).

After computing tij,max, station i sends it to the corresponding vehicle j according to

the communication protocol presented in Section 3.3

3.6 An example

We consider a network of N = 5 charging stations and K = 9 vehicles. Moreover, we

assume ∆τn = 0 ∀n ∈ S and we consider the communication among the agents as in

Case 1 : the communication graph Gc represented in Fig. 3.3 is fully connected and each

agent n communicates at time t only with a subset of its neighbours chosen at random.

We set the number of neighbors randomly chosen equal to 2, therefore ∀n ∈ S, |Ln| = 2

and |I| = 3 at each iteration of the assignment procedures. The parameters of each

vehicle and each station are listed in Table 3.1 and 3.2, respectively.

Table 3.1: Stations Parameters

i pi

1 (0,+1000)
2 (-4000,+3500)
3 (-5000,-1000)
4 (+1500,-2500)
5 (+4000,+4000)

Table 3.2: Vehicles Parameters

j Qj mj sj pj

1 45 300 (-1000,+5000)
2 30 400 (-3500,+3500)
3 25 550 (+2000,+1500)
4 75 350 (+3000,-2000)
5 40 600 (-4500,-4500)
6 20 250 (-6000,-2000)
7 25 450 (+3000,-6500)
8 50 500 (-4000,+2000)
9 15 350 (+5000,-1500)

The following matrix contains the values of sij that is the time required by station i to

charge vehicle j:

S =























80 75 43 70 68 60 55 71 84

84 72 45 63 64 60 75 72 81

56 64 48 72 55 68 60 76 70

80 62 78 53 72 50 63 45 82

74 62 57 70 64 58 54 71 80
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Figure 3.3: Communication graph of the station network

By using (3.1) and (3.2), each station i can compute its cost values for each vehicle j

represented in matrices C and R:

C =























5733.3 6375 3420.5 2950 5213.3 0 5408.3 4260 0

5880 5130 4029.5 3825 4746.7 0 0 3816 0

4946.7 5440 4429.1 3651.4 3666.7 5984 0 4408 0

7066.7 6045 6488.2 1627.9 5280 0 5495 3150 8024.3

5550 5580 4741.4 3150 5653.3 0 0 4970 0























R =























357.1 428.6 178.6 428.6 714.3 0 750 357.1 0

321.4 35.7 571.4 892.9 607.1 0 0 107.1 0

714.3 428.6 678.6 642.9 285.7 142.9 0 285.7 0

714.3 785.7 321.4 142.9 571.4 0 392.9 714.3 321.4

428.6 571.4 321.4 500 1214.3 0 0 714.3 0























Since K > N , first Algorithm 2 is performed and evolves according to Table 3.3.

The first column indicates the time instant of execution of the algorithm iteration, the

second one the randomly chosen agent n, the third one the set I containing the agents

involved in the iteration; the following columns indicate the identifications of the tasks

assigned to each agent at the end of the current iteration while the last one represents the
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Table 3.3: Evolution of Algorithm 2

t n I Agents and assigned tasks F (Ȳt)
1 2 3 4 5

0 1 1 1 1 1

1 3 2,3,4 1 1,2,8 5,6 3,4,7,9 1

2 5 2,4,5 1 1,2,6,8 5,6 4,5,7,9 3
3 1 1,3,5 1,2,3,4,7 1,2,6,8 5,6,8 4,5,7,9 9
4 2 2,3,5 1,2,3,4,7 1,2,8 5,6 4,5,7,9 9
5 5 1,4,5 2,3 1,2,8 5,6 4,5,7,9 1 1428.6
6 4 2,3,4 2,3 1,2,8 5,6 4,7,9 1 857.2
7 3 1,2,3 3 1,2,8 5,6 4,7,9 1 857.2
8 5 1,2,5 3 2,8 5,6 4,7,9 1 857.2

objective function value after performing the iteration. Note that the symbol 1 indicates

that all the tasks are assigned to the corresponding agent. We remark that the last

column has no value until t = 4 since for t < 4 there is at least one agent violating the

assignment constraint (at least one station has a vehicle which cannot reach the station,

assigned to it); moreover, for t ≥ 8 the task assigment reaches its final configuration and

does not change anymore.

After the execution of Algorithm 2, each agent determines the nearest vehicle j∗(i) ∈ Ki

resulting in the following couples set VI = {(1, 3), (2, 2), (3, 6), (4, 4), (5, 1)}.

At the end of Algorithm 2, Algorithm 3 starts and evolves according to Table 3.4. Note

that the initial assignment is the same resulting at the end of Algotithm 2.

Table 3.4: Evolution of Algorithm 3

t n I Agents and assigned tasks F (Ȳt)
1 2 3 4 5

0 3 2,8 5,6 4,7,9 1 15147.2
1 1 1,4,5 3,7 2,8 5,6 4,9 1 9652.2

The columns in Table 3.4 have the same meaning as those in Table 3.3. For t ≥ 1 the

task distribution does not change and the final objective function value is fn = 9652.2

i.e. after 9652.2 seconds all the charging operations are completed (the last station to

complete the charging operations, in this example, is station 4).

After executing Algorithm 3, according to the communication protocol described in
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Section 3.3, the stations send to each assigned vehicle the value of tij,max computed

according to (3.16).

Note that a single iteration of the local optimization is performed in the worst cases in

0.01 seconds on a PC equipped with a standard solver of optimization problems, e.g.,

Gnu Linear Programming Kit.
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Chapter 4

Decentralized Deadlock-Free

Control for AGV Systems

4.1 Introduction

The problem of coordinating and controlling multi-vehicles systems has received a large

attention in the last years. In particular, guided path networks are systems where the

paths are enforced through a control software. In such systems, the traffic is determined

by a set of trips that are assigned to the vehicles between various locations: the path

can be assigned statically, i.e., the vehicles follow a pre-assigned route, or dynamically,

i.e., the path is determined in real time [40]. Moreover, in the first case the layout of the

system has a docking station where the vehicles return after their mission and wait for

the next path (open system). On the other hand, in more complex networks the vehicles

remain in the guided-path during the idling period (closed system).

Furthermore, in the related literature an important classification is based also on the

coordination of the Autonomous Guided Vehicles (AGVs): centralized control and de-

centralized control [41]. In the centralized control the routes are pre-assigned on the

basis of optimization strategies and a centralized real-time control avoids deadlock and

collisions [42–45]. This control is robust but the complexity increases with the number

of the agents and the policies results in some case very conservative.

On the other hand, decentralized control policies manage the AGVs in two phases: first
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an optimum path is defined for each vehicle by minimizing a suitable cost; second the

coordination is performed by each agent and its neighbors that share a coordination

protocol in order to avoid conflict and deadlocks.

In the related literature, several different approaches have been proposed. In [41] a de-

centralized algorithm for the coordination of the agents is presented with strategies to

detect local deadlocks and livelocks. Moreover, in [46] starting from an initially deadlock-

free condition, blockings are avoided by replanning strategies. In addition, in paper [47]

the collision avoidance is implemented in a decentralized way and replanning strategies

are proposed to recover from deadlocks. The authors use in [48] a hierarchical control

architecture to manage the traffic; two layers are used to reduce the total complexity: a

topological graph of the plant divided in macro-areas (sectors) and a real-route map. In

this approach the path planning is hybrid (partly centralized, partly decentralized) while

the coordination is fully decentralized. In addition, the paper [49] uses a multi-layered

hierarchical roadmap constructed using sonar data. Other methods include resource al-

location systems [50] in which the motion plane is subject to tessellation with each cell

treated as resource to be acquired by the agents, and rule-based approaches [51] in which

a set of rules is shared between all the agents in the grid.

However, in the considered approaches the phase of the path assignment is performed by

a centralized approach, by assuming in any case the presence of a supervisor that assigns

the tasks. Moreover, the applied deadlock strategies resolve the deadlock by applying

deadlock recovery procedures.

This application proposes a decentralized control strategy that performs both the phases

of the AGV management in a decentralized approach. First the agents, in a decentralized

manner, assign themselves the tasks to perform, i.e. the destinations to reach: this as-

signment is autonomously performed by the agents by a consensus protocol based on the

solution of local Integer Linear Programming (ILP) problems [21]. After the completion

of the assignment phase, the agents move across the network to reach their destinations

using a decentralized coordination algorithm. We show that the proposed coordination

procedure not only guarantees collision avoidance but, in the proposed class of network

layouts, also guarantees the deadlock avoidance.
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4.2 The System Description

4.2.1 The Problem Specification

We consider a guided path network composed of Z zones in an industrial environment

where a set of N AGVs or agents A = {1, 2, . . . , N} resides: in each zone only one AGV

is allowed and that zone is exclusively allocated to it. The set of AGVs has to complete

a set of K ≤ N tasks U = {1, 2, . . . , K} that should be assigned to the agents. The tasks

are considered as zones to be reached by the agents starting from their initial position.

The agents in A have to assign themselves the tasks in U and reach their assigned

destination in a distributed manner, avoiding collisions and deadlocks.

Therefore we decompose this problem into two sub-problems to be solved by two dis-

tributed algorithms executed in succession:

• a decentralized assignment algorithm (Algorithm 4), which, after its execution,

determines the final assignment of the tasks, i.e., the zone that each agent has to

reach;

• a decentralized coordination strategy (Algorithm 5) that is performed by the agents

in order to reach the assigned destinations, also guaranteeing collision and deadlock

avoidance.

4.2.2 The System Model

We describe the system dynamics by the Discrete Event model presented in [40]: each

event is described by the advance of vehicles in A from a zone to the next one.

Moreover, the system state s is represented by a labeled partially directed graph G(s):

the graph topology is determined by the zoning of the guided path network. The labeling

function l is defined on the set of edges and it labels an edge with the identity of the

vehicle lying on the corresponding zone.

A partially directed graph is described by a triple G = (V ,Z, D) where:
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• V is the set of the nodes representing points to cross in order to go from a zone to

another one;

• Z is the set of the graph edges with Z ∈ (V × V) representing the zones of the

guided path network: a generic edge zx,y between two generic nodes vx and vy is

directed if an agent is moving from node vx to node vy or from vy to vx while it is

undirected if there is no agent on that edge;

• D is a partial function on Z such that D(zx,y) = vy if there is an agent on zx,y

moving towards vy. If z is undirected then D(z) is not defined.

Moreover, given the graph G it is possible to state the following definitions:

• A path π = {v0, z0,1, v1, . . . , vn−1, zn−1,n, vn} with n ≥ 0 is a sequence of vertices

connected by edges such that the generic edge zx,y points from a generic vertex

to the following of the sequence. A path is simple if all the vertices are distinct,

except, possibly, for the first and the last.

• A cycle c is a simple path such that n > 0 and v0 = vn.

• A joint between two cycles c and c’ is a simple path that is a sub-path of both c

and c’.

• A bridge is an edge whose removal disconnects the remaining subgraph. Therefore

a bridge is an edge not contained in any cycle.

• A pass p between two cycles c and c’ is a simple path such that its first vertex lies

on c, its last vertex on c’, and all its edges are undirected and are not components

of either c or c’. Each pass is composed by a succession of bridges.

• A chain in G is a subgraph defined by a sequence ch =< c1, π2, c2, . . . , πn, cn >

, n ≥ 1 such that ci are cycles and each path πi is a joint or a pass that connects

two or more cycles.

In a graph with m passes, we denote with P = {p1, . . . , pm} the set of all the passes in

the network where pi is a pass i.e. a sequence of bridges.
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Example 4.1. Figure 4.1 shows an example of a graph belonging to the class of the

proposed layouts. Figure 1(a) shows an example of a graph G(s) describing the state

s: there is a pass of unitary length between vertices v3 and v4. Moreover agent 1 lies

in the zone z1,2, while agent 2 is in edge z2,8: therefore z1,2 and z2,8 are directed edges.

The graph constitutes a chain since the pass is undirected because no agent lies on the

bridge z3,4.

Moreover, Fig. 4.1(b) describes a different state: agent 3 is on edge z3,4 and therefore

this is now a directed edge and it is not a pass. There are two chains ch1 and ch2 and

both contain paths that are either cycles or joints. When an event occurs the new state

s’ is described by the updated G(s’): f.e., if agent 3 occupies edge z2,3 then the pass z3,4

becomes undirected, z2,3 is directed with D(z2,3) = v3 and G(s’) is again a chain.

Figure 4.1: Example of a partially directed graph
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4.2.3 Characterization of the System Liveness

In this section we prove in the framework of [40] that graphs with a layout belonging to

a specific class are deadlock-free.

Definition 4.2.1 In the guided path network, state s is chained iff G(s) is a chain.

Definition 4.2.2 In a guided path network, state s is semi-chained if there exists a

chained state that can be reached from it through an event sequence that concerns the

advancement of a single vehicle by no more than the number of zones equal to the length

of the maximal simple path in the underlying guided path network.

Now in order to characterize the liveness of the system we recall the results proved in [40].

Definition 4.2.3 The guided path network system is live if every vehicle i ∈ A maintains

its capability to reach any zone of the guidepath network throughout a presumably infinite

horizon of the system operation.

Let R(s) be the set of states that can be reached from a given state s through an event

sequence. Moreover, the following theorem proved in [40] characterizes the state liveness

of a guided path network of Z zones and b bridges.

Theorem 4.2.4 In a guided path network with N < Z − b − 1 vehicles, state s is live

iff the reachability set R(s) contains a chained state s’.

Assumption 4.2.5 Let us consider a class of guided path networks in which the sense

of the vehicle motion is imposed by the following rules on the partially directed graph G:

a) delete each pass from G;

b) determine the strongly connected components of the graph;

c) impose one sense of the vehicle motion in one of the shortest cycles in each strongly

connected component;
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d) in each strongly connected component force the sense of the vehicle motion in the

remaining shortest cycles according to the sense of vehicle motion imposed by rule c).

The application of these rules on the graph of Figure 4.1 is shown in Figure 4.2.

Figure 4.2: Application of rules of Assumption 1
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The following proposition guarantees the liveness of the system.

Proposition 4.2.6 Let us consider a guided path network where the sense of the vehicle

motion is established by Assumption 4.2.5. If in the live state s there are N < Z − b− 1

vehicles and only one vehicle is admitted in each pass, then each state s’∈ R(s) is live.

Proof: In order to prove the proposition, if we show that each state s’∈ R(s) is a

chained or a semi-chained state, then the sufficient condition of 4.2.4 is verified.

Indeed, by Definition 4.2.2 a semi-chained state is a state that reaches a chained state

by a sequence of events involving the advance of a vehicle.

Let the system be in a live state s and let i ∈ A be a vehicle which has to move from

zone zx,y to zone zy,w that is not occupied. By Assumption 4.2.5, four cases are possible:

Case 1: zones zx,y and zy,w are not bridges. Then zx,y and zy,w are edges belonging to

a strong components. By Assumption 4.2.5 if s is chained then the state s’

reached by the advance of vehicle i is chained;

Case 2: zone zx,y is not in a cycle and zone zy,w is an edge of a cycle (by hypothesis zy,w

can not be a bridge because only one vehicle is admitted in each pass). Then

s is semi-chained and by the layout of Assumption 4.2.5, s’ is chained;

Case 3: zone zx,y is an edge of a cycle and zone zy,w is a bridge. In this case the state

s is chained and state s’ is semi-chained by 4.2.5;

Case 4: both zx,y and zy,w are bridges. Then states s and s’ are semi chained but in a

finite number of steps the state will result in case 2.

Summing up all the reached states are chained or semi-chained. This proves the propo-

sition. �

4.3 The Assignment Problem

In this section we present the assignment algorithm applied by the vehicles in a decen-

tralized approach.
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4.3.1 The assignment problem specification

Let us consider a set of N AGVs A = {1, 2, . . . , N} and a set of K ≤ N tasks

U = {1, 2, . . . , K} that should be assigned to the AGVs. The following assumption

are considered:

1. each task can be assigned to only one agent that can perform only one task;

2. each agent can communicate only with the agents lying within a communication radius

ρ, which has a value in terms of number of edges of the graph (Ni ⊂ A is the set of

the agents with which agent i ∈ A can communicate).

The problem is determining a consensus algorithm that the AGVs have to perform for

autonomously assigning to each of them a destination zone by minimizing the total

execution time of the tasks. The communication among the agents is modelled by a

time-varying communication graph: Gt = (A,E) is the communication graph at time t

where A is the set of agents represented by nodes in the graph and E ⊆ {A×A} is the

set of edges; there is an edge from node i to node j if and only if agent i can transmit

information to agent j and vice versa, i.e., i ∈ Nj and j ∈ Ni. We remark that the

communication graph is time-varying because the neighbor sets change as the agents

move in the network. At time t = 0 a set of K ≤ N distinct tasks belonging to the set

U = {1, 2, . . . , K} should be assigned to the AGVs. Each task is represented by a zone

(edge) to be reached: if task j ∈ U represents zone zg,h then we can consider the vertex

D(zg,h) = vh as final destination.

We introduce the following additional assumptions:

1. each agent has a full knowledge of the system layout but does not know the position

of the other agents;

2. the initial and goal positions cannot be located on the bridges, i.e., on the passes;

3. the communication radius ρ is greater than the length of the longest pass in the

network;

4. the communication graph at t = 0 is connected.

76



Chapter 4. Decentralized Deadlock-Free Control for AGV Systems

We remark that assumptions 2 and 3 are introduced in order to avoid deadlocks ac-

cording to Proposition 4.2.6: in this way only one agent is allowed in each pass, with

an appropriate procedure of coordination among the agents. Moreover, assumption 4 is

necessary in order for Algorithm 1 to converge to a feasible solution.

Moreover, a cost vector ci is associated to each AGV: each element ci,j of ci represents

the number of zones that agent i lying in zone zx,y has to cross in order to reach target

j in the zone zg,h. Formally the costs ci,j are defined as follows:

ci,j =







d(D(zx,y), D(zg,h)) = d(vy, vh) if vy 6= vh

d(vy, vg) + 1 if vy = vh
(4.1)

with zx,y, zg,h ∈ Z, vg. vy, vh ∈ V ; i ∈ A, j ∈ U .

Note that the distances in (4.1) are the length of the minimum paths computed by agent

i using a generic optimal path search algorithm (i.e., Dijkstra algorithm [52] or A* [53]).

4.3.2 The decentralized assignment approach

The assignment strategy is performed in two steps. First, the each agent determines the

vector ci. Second, the agents assign themselves a task (i.e, final zone to be reached), via

a discrete consensus algorithm.

Let us denote with yi ∈ {0, 1}K the assignment vector associated to agent i, composed

by the elements yi,j: yi,j is one if task j is assigned to agent i, 0 otherwise; therefore in

each vector yi one element is equal to 1, the others are equal to 0. Moreover, for the

chosen agent i the following sets are defined: I = {i} ∪ Ni, Ki = {j ∈ U |yi,j = 1} and

J = ∪i∈IKi.

Let us define the following two Local Integer Linear Problems as follows:
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ILP1

min{maxi∈I(c
T
i yi)} (4.2.a)

s.t.


























∑

i∈I

yi,j = 1 ∀j ∈ J (4.2.b)

1Tyi ≤ 1, ∀i ∈ I (4.2.c)

yi,j ∈ {0, 1} ∀i ∈ I, ∀j ∈ J (4.2.d)

(4.2)

ILP2

min||yi||1 (4.3.a)

s.t.


























∑

i∈I

yi,j = 1 ∀j ∈ J (4.3.b)

1Tyi ≤ 1, ∀i ∈ Nn (4.3.c)

yi,j ∈ {0, 1} ∀i ∈ I, ∀j ∈ J (4.3.d)

(4.3)

The objective function (4.2.a) minimizes the maximum value of the task cost (the dis-

tance to the task zone) assigned to each vehicle. The first constraint (4.2.b) of the L-ILP1

problem states that each task must be assigned to exactly one agent belonging to the

set I relative to the current iteration; the second constraint (4.2.c) imposes that to each

agent can be assigned a maximum of 1 task (capacity constraint).

In some cases the L-ILP1 problem could not yield to a feasible solution, violating the

capacity constraint (that’s the case in which |Ki| > |I|): the L-ILP1 problem is unfeasi-

ble then the L-ILP2 is defined. The L-ILP2 problem has the same constraints of L-ILP1

except for the capacity constraint imposed to the random chosen agent n. Therefore,

the tasks are distributed within agents belonging to the set Nn while the remaining ones

are all assigned to agent n.
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Algorithm 4

Step 1. Set t = 0, assign and consider the task assignment resulting at the end of

Algorithm 2.

Step 2. Select at random a station n ∈ S.

Step 3. Set t = t+ 1, Ln = {i ∈ S|eni ∈ Ec}, I = {n} ∪ Ln, J = ∪i∈IKi,t−1.

Step 4. If the L-ILP1 problem is not feasible

then solve the L-ILP2 problem

Else

solve the L-ILP1 problem

End If

Step 5. Let y∗i be the solution of the L-ILP problem ∀i ∈ I, set yi,t = ȳ∗i ∀i ∈ I and go

to Step 2.

Algorithm 4 starts by assigning all the tasks to the first randomly chosen agent. At each

iteration, an agent n ∈ A is chosen at random and it solves the L-ILP1 (if the problem

is feasible) or the L-ILP2 problems with its neighbors in Nn.

The detailed explanation and the convergence properties of this algorithm can be found

in 2.2.

4.4 The Coordination Strategy

After the completion of Algorithm 1 every task has been assigned to an agent: if task j

has been assigned to agent i, then agent i can build its route ri = {zi0,1, . . . , z
i
n−1,n} of

length ni where zin−1,n = zg,h with zg,h being the zone where task j is located.

We suppose that the time is divided into slots of pre-fixed duration: this is a reasonable

hypothesis if the positions on the graph are equidistant and the agents proceed with a

constant speed. Moreover, we assume that each timeslot t is further divided into two
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sub-slots: the first one (tc) is destined to the communication between agents and the

second one (tm) to the movement of the agents, then it holds t = tc+tm. At each timeslot

tc, agents compete to enter the following zone of their path and to cross the node that

links their current zone and the next one.

At the beginning of a generic timeslot t, agent i is lying in a zone belonging to the se-

quence ri: we denote the current position of agent i as ri(k), that is the k-th element of the

sequence ri. Therefore the initial position of agent i is denoted by ri(1) and its final posi-

tion is denoted by ri(ni). Therefore agent i builds the couple Wi = {D(ri(k)), ri(k+1)}

where D(ri(k)) and ri(k+1) are the node and edge that agent n desires to occupy in the

next step. For each agent i, a state variable µi ∈ {ADV ANCE, STOP,RELOCATE}

describes the behavior of the agent in the timeslot tm.

In particular, if µi = ADV ANCE then agent i, during tm, has to move to ri(k+1) after

crossing D(ri(k)). Otherwise, if µi = STOP , agent i waits in its current position ri(k).

The value µi = RELOCATE is assigned if agent i has already reached its destination

ri(ni) and has to move from it, due to another agent which needs to occupy the same

zone. In this case agent i moves to an adjacent free zone. Moreover, each agent i at each

timeslot keeps track of its remaining length of its path in the variable qi.

We remark that the agents still communicate according to the previous assumptions:

in particular, each agent can send/receive information only to/from agents lying within

its communication radius that is always greater than the longest pass in the network,

according to the time-varying communication graph Gt.

The following algorithm (also represented in Fig. 3) is executed simultaneously by every

agent during the time slot tc, in order to assign the suitable state and to guarantee the

deadlock and collision avoidance. In the following sub-slot tm each agent acts according

to its value of µi.
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Algorithm 5

Step 1. Set k = 1, ni = |ri|.

Step 2. Set qi = ni − k, µi = 0

If qi > 0

Set Wi = {D(ri(k)), ri(k + 1)}

else set Wi = {NA, ri(k)}, µi = STOP

Send Wi, µi and go to Step 6

End If

If ri(k) ∈ ph, ph ∈ P

µi = ADV ANCE, k = k + 1

End If

Send Wi, µi and go to Step 6

Step 3. Send Wi, qi

Receive Wi, qi, µj ∀j ∈ A \ {i}

Step 4. ∀j ∈ A \ {i} ∋′ Wi ∩Wj 6= ∅

If µj = STOP and Wj = {NA, ri(k + 1)}

Send RELOCATE request

Receive µj

If µj = STOP

Set µi = STOP and go to Step 6

End If

Else If µj = ADV ANCE

Set µi = STOP and go to Step 6

Else If qi < qj

Set µi = STOP and go to Step 6

End If
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Step 5. If ri(k + 1) ∈ ph, ph ∈ P

∀j ∈ A \ {i} ∋′ Wj ∩ ph 6= ∅

If µj = ADV ANCE

µi = STOP and go to Step 6

Else If qi < qj

µi = STOP and go to Step 6

Else

µi = ADV ANCE, k = k + 1

End If

Else µi = ADV ANCE, k = k + 1

End If

Step 6. Execute the instruction in µi and go to Step 2.

The algorithm starts with the initialization of the counter k which the agent uses to keep

track of its current position in relation to its route and its residual length (Step 1).

At the beginning of each timeslot (Step 2) agent i computes the length of its remaining

route qi and initializes its state value µi.

If it has not arrived at destination (qi > 0) it builds the couple Wi containing the node

it has to cross (by application of the partial function D to the current edge) to reach the

following zone ri(k + 1), belonging to its route ri.

Otherwise, if i has already arrived to its final position it builds the couple Wi containing

the flag NA and the current edge: it sets its state µi = STOP , sends its couple and its

state value to the other agents and skips the following steps, waiting for tm.

Moreover, if agent i is currently in a pass ph, it has already granted permission to move

and therefore sets µi = ADV ANCE and sends its couple and its state value to the other

agents within its communication radius.

In Step 3 if agent i has not reached its destination and is not currently in a pass, sends

its couple and its value of qi to the neighbor agents receiving in turn the same data from

them.

Step 4 deals with the collision avoidance procedure that is performed by agent i with
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every agent j 6= i sharing elements of the couple Wi, i.e., agents which intend to cross

D(ri(k)) or occupy ri(k + 1). The following different cases are possible:

• Agent j is inactive, that is an agent which has already reached its destination

(µj = STOP and Wj = {NA, ri(k + 1)}); agent i sends a request to the inactive

agent: if agent j can move to an adjacent free zone, it changes its state to µj =

RELOCATE and agent i continues the execution of Algorithm 2, otherwise it still

keeps µj = STOP and agent i sets µi = STOP and waits for tm;

• Agent j is currently in a pass (µj = ADV ANCE): agent i has to set µi = STOP

and wait for tm;

• None of the two former conditions applies: the agent farther from destination can

occupy the contended node or zone and therefore, if qi < qj, agent i has to set

µi = STOP and wait for tm, otherwise it continues the execution of the algorithm.

Step 5 deals with the procedure to access a pass: if agent i intends to occupy the following

zone of its route, and if the following zone belongs to a pass ri(k+ 1) ∈ ph the following

cases are possible:

• If pass ph is already occupied by another agent j (µj = ADV ANCE) agent i sets

µi = STOP and waits for tm;

• If pass ph is free and there is at least an agent trying to access the same pass the

agent farther from destination can occupy the pass and therefore, if qi < qj, agent

i has to set µi = STOP and wait for tm;

• Agent i is the only one trying to access that pass: it sets µi = ADV ANCE and

increases by 1 its counter k.

If the following zone does not belong to any pass, then agent i can occupy that zone and

therefore it sets µi = ADV ANCE, and increases by 1 its counter k.
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Figure 4.3: Coordination Strategy
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The algorithm presented above ensures that there are not collisions between agents (since

contended zones or nodes are occupied only by the agent with the higher priority) and

also satisfies Proposition 4.2.6, allowing each pass to be occupied only by an agent at

once. We note that we give higher priority to the agents farther from their destination

and, in the case of two agents with Wi ∩Wj 6= ∅ and qi = qj, the higher priority is given

to the agent with lower id.

Example 4.2. Let us consider the graph of Fig. 4.4 with A = {1, 2}. The two

agents lie on the initial positions z2,8 with D(z2,8) = v8 and z5,11 with D(z5,11) = v11,

respectively. Their final positions are in z11,12 with D(z11,12) = v12 and z3,2 with

D(z3,2) = v2, respectively. Their routes are r1 = {z2,8, z8,9, z9,3, z3,4, z4,5, z5,11, z11,12}

and r2 = {z5,11, z11,10, z10,4, z3,4, z3,2}.

Figure 4.4: The guided path network for Example 2

The coordination of the agents is shown in Table 4.1 that in the second and third column

reports the sequence of the zones occupied at each timeslot by agent 1 and 2, respectively.

The agents follow their respective path until t < 3: at the time t = 3, both agents try to

access zone z3,4. In this case two agents are requesting access to the pass: since q1 > q2,

agent 1 is granted permission to occupy z3,4; therefore agent 2 remains in its current zone

z10,4. At t = 4, agent 1 is leaving the pass, but W1 ∩W2 = v4. Since agent 1 is currently

lying on the pass it is once again granted permission to move, while agent 2 has to wait.

At t = 4, agent 2 can occupy edge z3,4.
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Table 4.1: Coordination Procedure For Example 1

Occupied Zones

t 1 2

0 z2,8 z5,11
1 z8,9 z11,10
2 z9,3 z10,4
3 z3,4 z10,4
4 z4,5 z10,4
5 z5,11 z4,3
6 z11,12 z3,2

4.5 Application of the Control Strategy

In this section we present an example as an application of the control strategy performed

by both the presented algorithms.

Let us consider again the guided-path network of Fig. 4.4 with A = {1, 2, 3, 4, 5} and

U = {1, 2, 3, 4, 5} and a communication radius ρ = 2: indeed, the longest (and only)

pass in the network is z3,4 of length 1, therefore this choice abides by the assumptions of

Section III.

Table II shows on the first column the initial positions of each agent i and on the second

row the positions of each task j with the corresponding ci,j computed by each agent i

for each destination j.

Given the initial positions of the agents and the value of ρ, it is possible to obtain the

communication graph for t = 0, Go, represented in Fig. 4.5.

Figure 4.5: Communication graph for t = 0
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Table 4.2: Agent and Task Positions and Costs

Task Position

Agent Position z16,17 z12,6 z15,14 z7,13 z1,2

z8,9 7 6 2 5 6
z2,8 8 7 3 2 3
z11,10 2 5 7 6 7
z6,5 4 3 9 8 9
z11,12 6 1 11 10 11

Algorithm 4 is applied considering the following initial assignment:

y1 = {0, 0, 0, 0, 1}, y2 = {0, 0, 1, 0, 0}, y3 = {0, 1, 0, 0, 0}, y4 = {0, 0, 0, 1, 0} and y5 =

{1, 0, 0, 0, 0} and evolves according to Table 4.3.

We observe that, for t ≥ 3 the task distribution between the agents does not change

leading to the final solution with the objective function y∗t = 6. At this point Algorithm

5 starts and evolves according to the path shown in Table 4.4. The algorithm proceeds

until t = 6 when all the agents reach their respective destinations.

Table 4.3: Execution of Algorithm 1

t i Ni Agents and Assigned Tasks
1 2 3 4 5

0 5 3 2 4 1
1 4 3,4,5 5 3 4 2 1
2 1 1,2,3 3 5 4 2 1
3 3 1,3,4,5 3 5 4 1 2
4 2 1,2 3 5 4 1 2
5 4 3,4,5 3 5 4 1 2

Table 4.4: Execution of Algorithm 2

Occupied Zones

t 1 2 3 4 5

0 z8,9 z2,8 z11,10 z6,5 z11,12
1 z9,15 z8,7 z10,4 z5,11 z12,6
2 z15,14 z7,1 z4,3 z11,10 z12,6
3 z15,14 z1,2 z3,2 z10,16 z12,6
4 z15,14 z1,2 z2,8 z16,17 z12,6
5 z15,14 z1,2 z8,7 z16,17 z12,6
6 z15,14 z1,2 z7,13 z16,17 z12,6
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