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ABSTRACT 

Many old masonry structures still in use need to be assessed considering the safety 

requirements proposed by current building codes. To this aim, the use of detailed numerical 

models, allowing the description of complex mechanical phenomena such as anisotropy, 

softening and crack propagation, could become tremendously beneficial. Although a large 

number of material models with different degrees of complexity have been recently proposed 

in the literature, the calibration of the model material parameters, which is critical for an 

accurate response prediction, has received remarkably less attention. This has resulted in a 

gap between the potential of these models and their actual use.  

This thesis is aimed at developing a consistent approach for the calibration of numerical 

model parameters for masonry structures by means of inverse techniques. After an 

introduction and a literature review discussing current numerical modelling strategies for 

masonry structures and the Inverse Problems theory, the optimisation tool utilised in this 

thesis is described. It makes use of Genetic Algorithms, and it has been previously applied 

to a number of different problems, from optimal design to the identification of base-isolated 

bridges. 
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One of the major challenges of Inverse Problems is handling the noisy data and assessing 

the uncertainty of the results given by the optimisation algorithm. A numerical strategy for 

choosing the optimal sensor layout is proposed, aimed at minimising the influence of the 

noise in the calibration. Uncertainty in the calibration has been considered in all numerical 

and experimental examples studied, leading to an approach based on the use of a set of 

numerical validation models. This allows a realistic evaluation of the field of applicability 

of the estimated parameters. 

The approach has been applied to a novel in-situ test for the calibration of the material 

parameters for a mesoscale masonry representation. The proposed setup has been designed 

for low-invasive in-situ experimental static tests on existing structures. In the test, flat-jacks 

are utilised to apply a specific stress state within a masonry wall. The results, in terms of 

displacements recorded by LVDTs or optical devices are then analysed by means of inverse 

techniques in order to estimate the basic parameters of the interface elements simulating the 

mortar joints. The effectiveness of the test set-up has been studied applying analytical 

formulations and using the results of numerical simulations. The results of an experimental 

campaign based on the use of the proposed experimental procedure are then reported and 

critically discussed. 

The thesis ends with the conclusions, where it is confirmed that the proposed calibration 

approach can be effective adopted in the characterization of masonry in existing structures. 

Finally some directions for the future research related to this work are proposed. 
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Chapter 1. INTRODUCTION 

1.1. Background 

Computational Structural Mechanics is the branch of Mechanics concerned with the use of 

computational methods to study the effects of static or dynamic forces on structures. In the 

past, our ability to formulate theories exceeded our ability to compute. With the advent of 

computers, computing has surpassed analytical theories. Numerical models of materials 

from nano- to macro-scale are now available; complex non-linear behaviours such as 

softening, instability and large-displacement regime can be modelled taking into account 

damage, degradation or time-related phenomena as creep and shrinkage; fluid-structure and 

soil-structure interaction are emerging research fields, and structural dynamics is no longer 

the province of the specialist. 

This tremendous advance in modelling and computing has involved the analysis of masonry 

structures only in the last few decades, with some delay compared to steel or concrete. Even 

though masonry is the simplest building technique, having been utilised for centuries, its 

behaviour is the most complex, because it involves different materials (mortar and unit) 

having a size which is not negligible compared to the structure. These components relate to 
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each other, and to the overall structure, depending on many factors (spatial arrangement, 

adhesion between them, environmental conditions, workmanship), with which engineers are 

usually not familiar. This leads to: 

 Large dispersion of the single constituent material properties;  

 Lack of knowledge about their interaction; 

 Nonlinear behaviour even for low load level; 

 High degree of approximation in the estimation of the response; 

 High safety factor required by building codes when designing new constructions or 

assessing existing structures. 

Despite this, a number of complex numerical models are now in use, at least in the field of 

academic research. Some of these are discussed in Chapter 2. They are basically divided into 

micro-models, modelling single components, and macro-models, approximating the 

structure as a continuum. The possibility to fill the gap between micro-scale material models 

and large-scale structures is now offered by the use of multi-scale modelling and structural 

partitioning, which are both research fields at Imperial College, where part of the research 

described in this thesis has been carried out. 

1.2. Challenges 

Novel numerical models with different degrees of complexity have been proposed to the 

scientific audience at a remarkable rate. The focus is often on the possibility to describe 

phenomena not previously accounted for and on their mathematical formulation. Although 

detailed numerical models can in principle satisfactorily describe the behaviour of masonry 

taking into account its basic features (anisotropy, softening, dilatancy, crack propagation, et 

cetera), they clearly rely on a number of material parameters, the definition of which should 

precede any numerical analysis.  

The quantification of the parameters entering whatever representation of physics under study 

determines its success. However, no material parameter may be recorded directly: calibrating 

a parameter implies its indirect determination by observing the value of different quantities 

in an experimental test. So, all kinds of material tests can be defined as inverse problems: 

we record a response and, based on simplified assumptions, we estimate the parameters 
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giving that response. The “simplified assumptions” are the bridge between what we see and 

what we want to calibrate, and play a crucial role in the calibration process.  

The limited space given in many works in the literature to the experimental definition of 

input variables of detailed material models, especially in the validation phase, is quite 

surprising. It seems a gap exists between the modelling and the calibration stage, and the 

dramatic advance in the former has not been followed by improvements in the latter. Material 

parameters are still retrieved by means of standard tests with a high level of approximation 

and quantification of uncertainty is often absent.  

1.3. Solution 

From a conceptual point of view, if the assumptions under a numerical model allow for a 

“good enough” description of a certain behaviour of a physical process, there is no reason to 

estimate the parameters entering its formulation by using different assumptions. On the 

contrary, it seems natural to apply techniques from the field of Inverse Problem theory to 

calibrate those parameters. Inverse problems research lies at the intersection of pure and 

applied mathematics. The forward problem corresponding to an inverse problem is usually 

a well-defined problem in mathematical physics. What is inverted in inverse problems is the 

causality. Whereas in a forward problem we start from the causes and end up with the results, 

in an inverse problem we start with partial knowledge of the causes and the results and infer 

more about the causes. Inverse problems appear in several fields, including medical imaging, 

image processing, mathematical finance, astronomy, geophysics, non-destructive material 

testing and sub-surface prospecting. Typical inverse problems arise from asking simple 

questions “backwards”. For instance, the simple question might be "If we know precisely 

the materials, geometry and boundary conditions of a mechanical system, what is the 

response in terms of displacements?” The same question backwards is “Given a set of 

recorded displacements for known geometry and boundary conditions, what are the material 

parameters?” 

The type of experiment used to determine the values of unknown or uncertain model input 

parameters is generally referred to as a calibration experiment (The American Society For 

Mechanical Engineers, 2006). A calibration experiment is distinct from a validation 

experiment. The purpose of a calibration experiment is to generate values or quantified 
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probability distributions for model input parameters under specific types of experimental 

conditions. In contrast to calibration experiments, validation experiments are designed and 

performed to provide an independent, objective assessment of the predictive capabilities of 

the computational model. The relationship between calibration and predictive capability of 

the model (linked to one another by uncertainty quantification) will play an important role 

in this work. 

1.4. Objectives, originality and benefits 

This thesis is aimed at developing a consistent approach for the calibration of numerical 

model parameters for structural analyses. Although it mainly focuses on the mesoscale 

masonry model described in Macorini & Izzuddin (2011), many of the outcomes described 

may apply to different contexts.  

The originality of the thesis lies in several features: 

 The use of Genetic Algorithms as optimisation tool. An optimisation software has 

been developed and successfully applied to several problems.  

 The use of surrogate models in the optimisation process, obtained by means of Proper 

Orthogonal Decomposition and kriging approximation. 

 The development of a deterministic approach for uncertainty quantification of the 

calibrated parameters, based on the concept of response variability of different 

validation models. 

 The analytical, numerical and experimental study of a setup for in-situ low-invasive 

tests on masonry buildings, aimed at calibrating material parameters for a complex 

mesoscale representation. 

The approach described is aimed at assessing the predictive performance of the identified 

parameters in conditions different from the test on which the calibration was performed. 

Within this approach, it is possible to develop, study and assess any kind of calibration test 

with a reasonable computational burden. For example, in Chapter 5 it is applied to the well-

known diagonal compression test. The setup proposed in Chapter 6 and 7 is simple and low-

invasive, and, even though new experimental validations are needed, it is a first step towards 

the reliable assessment of existing structures by using detailed mesoscale representations. 
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1.5. Thesis outline 

In Chapter 2, a literature review is presented on numerical models for masonry structures 

and inverse problems, focusing particularly on their application to structural mechanics. 

In Chapter 3, the optimisation tool used throughout the thesis is described, with some 

applications that demonstrate the variety of contexts in which it can be applied. A first, 

introductive example of identification problem is described. 

When, in an optimisation process, computationally demanding models are to be run, the need 

of simplified models may be pressing. In Chapter 4 it is shown how the reduction of the 

model complexity can be achieved by using Proper Orthogonal Decomposition (POD), while 

the fast interpolation of the reduced response is attained by means of the kriging method. 

In Chapter 5, two important aspects of calibration are addressed. The first is the choice of 

sensor placement, and an innovative approach for defining the optimal layout by making use 

of POD is described. The second is the detection of overparameterisation, which controls the 

predictive capability of the parameters identified. The diagonal compression test on a 

masonry panel, analysed both numerically and experimentally, serves as application in both 

cases. 

Chapter 6 is devoted to an innovative experimental setup for in-situ characterisation of 

masonry. This setup is described and analysed by means of approximate analytical models 

and numerical pseudo-experimental approach. 

In Chapter 7, the experimental campaign on the designed setup is described and its main 

outcomes reported. A study on the effects of uncertainty in the calibration is also carried out. 

Chapter 8 presents the conclusions drawn from this research and identifies areas for future 

research. 

1.6. Terminology and conventions 

In this thesis, the object to be identified is usually denoted by the symbol m or p. The first 

more general notation refers to an element of the abstract model space (see Chapter 2), 

whereas the latter is the vector collecting the unknowns of the identification problem. 
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Similarly, the observable quantities will be referred to as d, as elements of the data space, or 

specifically u (displacements), T (periods), etc. 

The convention for the relative displacements recorded by LVDTs and their numerical 

counterparts consists of positive signs when the gauge points move apart, negative 

otherwise. 

The convention for brick dimension and directions is the same reported in CUR (1994) and 

shown in Figure 1.1. 

 

Figure 1.1. Terminology for brick dimensions (CUR, 1994). 
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Chapter 2. NUMERICAL MODELS FOR MASONRY 

STRUCTURES AND INVERSE PROBLEMS 

2.1. Introduction 

Even though in the last century many building techniques have been developed and utilised, 

most of historical structures all over the world are made up of unreinforced masonry (URM). 

Buildings, monuments and bridges, some of which are still in use, were often built following 

rules-of-thumb and trial-and-error procedures but not a sound engineering approach. Thus, 

one of the major problems in modern structural engineering is assessing the safety of these 

old structures when subjected to the loads prescribed by modern codes. The response of 

masonry especially under extreme loading (e.g. earthquake) is very complex because of 

URM inherent heterogeneous nature and nonlinear behaviour. In the recent past significant 

research has been devoted to the development of accurate numerical models for the structural 

assessment of URM structures. In Section 2.2 a brief review of different modelling 

techniques is presented. 

In general, when using any modelling strategy, the calibration (or identification) of material 

parameters represents a critical process which determines the accuracy of the structural 
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analysis. Identification of material parameters belongs to the class of inverse problems. In 

general, while a direct analysis uses “input” parameters (material parameters, loads, etc. in 

structural mechanics) to obtain “output” variables (displacements, strains and stresses), an 

inverse analysis aims to determine “input” values from the observation of the response. 

Inverse problems may be considered from either a probabilistic or a deterministic point of 

view. In Section 2.3 a general description of both approaches is provided, and it is shown 

that a link exists between them. However, in this work, only the deterministic approach has 

been considered, even though uncertainty assessment will play a central role throughout the 

thesis. In Section 2.4, the application of inverse methods to structural engineering, in 

particular to calibration of masonry models is briefly reviewed. 

2.2.  Modelling masonry structures 

2.2.1. Macro- and micro-modelling 

Masonry is a material exhibiting distinct directional properties due to the mortar joints which 

act as planes of weakness. In general, the approach towards its numerical representation can 

focus on the modelling of the individual components (brick, block, etc.) and mortar, or of 

masonry as a composite. Most of modern possibilities based on FEM fall within two main 

approaches, respectively referred to as macro-modelling and micro-modelling.  

Macro-modelling is probably the most popular and common approach due to its reduced 

calculation demands. In practice-oriented analyses on large structural members or full 

structures, a detailed description of the interaction between units and mortar may not be 

necessary. In these cases, macro-modelling, which does not make any distinction between 

units and joints, may offer an adequate approach to the characterization of the structural 

response. The macro-modelling strategy regards the material as a fictitious homogeneous 

orthotropic continuum. An appropriate relationship is established between average masonry 

strains and average masonry stresses. A complete macro-model must account for different 

tensile and compressive strengths along the material axes as well as different inelastic 

properties along them. The continuum parameters must be determined by means of tests on 

specimens of sufficiently large size subjected to homogeneous states of stress. As an 

alternative to difficult experimental tests, it is possible to assess experimentally the 

individual components and consider the obtained data as input parameters of a numerical 
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homogenization technique. The macro-models, also termed Continuum Mechanics finite 

element models, can be related to plasticity or damage constitutive laws. An example of the 

former approach is the work of Lourenço (1996) which proposed a non-linear constitutive 

model for in-plane loaded walls based on the plasticity theory. In the case of Continuum 

Damage finite element models, isotropic criteria have been usually preferred because of their 

mathematical simplicity and the need for only few material parameters. However, a number 

of orthotropic models have also been proposed. Papa’s (1996) orthotropic model consists of 

a unilateral damage model for masonry including a homogenization technique to keep into 

account the texture of brick and mortar. Berto et al. (2002) developed a specific damage 

model for orthotropic brittle materials with different elastic and inelastic properties along 

the two material directions. The basic assumption of the model is the acceptance of the 

natural axes of the masonry (i.e. the bed joints and the head joints directions) also as principal 

axes of the damage. 

In the micro-modelling strategy, the different components, namely units, mortar and 

unit/mortar interfaces are distinctly described. The so-called detailed micro-models describe 

units and mortar using continuum finite elements, whereas the unit-mortar interface is 

represented by discontinuous elements accounting for potential crack or slip planes. The 

detailed micro-modelling strategy leads to very accurate results, but requires an intensive 

computational effort. This drawback is partially overcome by the simplified micro-models 

(Lotfi & Shing, 1994; Lourenço & Rots, 1997; Gambarotta & Lagomarsino, 1997; Sutcliffe 

et al., 2001; Macorini & Izzuddin, 2011), where expanded units, represented by continuum 

elements, are used to model both units and mortar material, while the behavior of the mortar 

joints and unit-mortar interfaces is lumped to the discontinuous elements. This approach is 

widely used in this work, and the numerical model considered is described in the following 

subsection. 

2.2.2. The mesoscale modelling strategy 

In the model adopted in this thesis, mortar and brick–mortar interfaces are modelled by 16-

noded nonlinear interface elements (Macorini & Izzuddin, 2011). Masonry units are 

represented by 20-noded continuous elastic elements, and possible unit failure in tension and 

shear is accounted for by means of zero-thickness interface elements in the vertical mid-

plane of all blocks (Figure 2.1). 
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Figure 2.1. 3D mesoscale modelling for URM with 20-noded solid elements and 2D 16-noded nonlinear 

interface elements (Macorini & Izzuddin, 2011). 

 

Figure 2.2. Interface mid-plane in the initial and deformed configuration (Macorini & Izzuddin, 2011). 

This allows for any 3D arrangement of URM to be represented taking into account both 

initial and damage-induced anisotropy. The interface local material model is formulated in 

terms of one normal and two tangential stresses σ (2.1) and relative displacements u (2.2) 

evaluated at each integration point over the reference mid-plane (Figure 2.2). 
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 𝝈 = {𝜏𝑥, 𝜏𝑦, 𝜎}
𝑇
 (2.1) 

 𝒖 = {𝑢𝑥, 𝑢𝑦 , 𝑢𝑧}
𝑇

 (2.2) 

The constitutive model for zero-thickness interfaces considers specific elastic stiffness 

values which are regarded as uncoupled: 

 𝒌𝟎 = [

𝑘𝑉 0 0
0 𝑘𝑉 0
0 0 𝑘𝑁

] (2.3) 

In (2.3), kN and kV are respectively the normal and the tangential stiffness, the latter assumed 

equal in all directions in the local plane xy.  

The formulation for nonlinear behaviour is characterized by one hyperbolic yield function 

to simulate Mode I and Mode II fracture, providing smooth transition between pure tension 

and shear failure. The hyperbolic yield surface for Mode I and Mode II is represented in the 

stress space by a curve F1, defined by three material variables: 

 𝐹1 = 𝜏𝑥
2 + 𝜏𝑦

2 − (𝑐 − 𝜎 𝑡𝑎𝑛𝜙)2 + (𝑐 − 𝜎𝑡 𝑡𝑎𝑛𝜙)2 = 0 (2.4) 

The three parameters 𝑐, 𝜎𝑡, 𝑡𝑎𝑛𝜙 associated with surface F1 have explicit physical meaning 

as they represent cohesion, tensile strength and friction angle at mortar interface. A 

hyperbolic plastic potential different from the yield function is considered to avoid excessive 

dilatancy and account for the actual roughness of the fracture surface. The model employs a 

second hyperbolic function, the cap in compression, to account for crushing in the mortar 

interfaces. Furthermore, both surfaces shrink with the development of plastic work, 

following an evolution law. 

The usual discretisation for the structure, proposed in Macorini & Izzuddin (2011), consists 

of considering two solid elements per brick, as in Figure 2.1, linked by a brick-brick interface 

simulating possible crack in the brick. In some cases, the discretisation may be finer, as in 

one example in Chapter 5. 
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2.2.3. Calibration of elastic parameters for mortar joints 

When applying the mesoscale description to investigate the response of existing URM 

components, the parameters for masonry units can be easily obtained in simple mechanical 

tests on small cylindrical specimens which can be extracted in-situ. Conversely, the 

determination of the mechanical properties for nonlinear interfaces representing mortar 

joints is more problematic. Particularly difficult is the calculation of the elastic stiffness 

parameters (2.3). Analytical expressions for interface stiffness are provided in Lourenço 

(1996) and CUR (1994) as functions of elastic and geometric properties of units and mortar 

joints. These read: 

𝑘𝑁 =
𝐸𝑢𝐸𝑚

ℎ𝑚(𝐸𝑢 − 𝐸𝑚)
   𝑘𝑉 =

𝐺𝑢𝐺𝑚

ℎ𝑚(𝐺𝑢 − 𝐺𝑚)
 (2.5) 

where Eu, Em are Young modulus of units and mortar, Gu, Gm are shear modulus of unit and 

mortar, and hm is the mortar joint height. The relationships (2.5), though simple and 

theoretically founded, may significantly overestimate elastic stiffness of mortar joints. This 

has been pointed out in CUR (1994), where was proposed to reduce the elastic stiffness so 

calculated to correctly represent the response of real URM panels. Similar stiffness reduction 

is recommended in Chaimoon & Attard (2007), while in Da Porto et al. (2010) a correction 

factor calculated using the results of laboratory experimental tests is proposed and used in 

mesoscale analysis of URM panel under in-plane loading. 

2.3. Inverse problems 

2.3.1. The probabilistic approach 

Physical theories allow us to make predictions: given a complete description of a physical 

system, we can predict the outcome of some measurements. This problem of predicting the 

result of measurements is called the modelling problem, the simulation problem, or the 

forward problem. The inverse problem consists of using the actual result of some 

measurements to infer the values of the parameters that characterize the system. While in 

deterministic physics the forward problem has a unique solution, the inverse problem does 

not. The most general theory approaches the problem from a probabilistic (o Bayesian) point 
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of view (Tarantola, 2005), in which any quantity is considered as a random variable and 

represented by its probability distribution. 

Let ℬ be a physical system; the procedure for studying ℬ typically involves two steps which 

are intrinsically bound: i) parameterisation, that is, choosing a minimal set of model 

parameters, and ii) forward modelling, i.e. definition of the physical laws which allow us, 

for given values of the model parameters, to predict the system response, i.e. the values of 

some observable variables. 

Independently of any particular parameterisation, it is possible to introduce an abstract space 

of points, a manifold, each element of which represents a conceivable model of the system. 

This manifold is named the model space and is denoted as M. Each point m of M is called a 

model. 

To obtain information on model parameters, we have to perform some observations during 

a physical experiment, i.e., we have to perform a measurement of some observable 

quantities. We can thus arrive at the abstract idea of a data space, which can be defined as 

the space of all conceivable instrumental responses. This corresponds to another manifold, 

the data manifold (or data space), which we may represent by the symbol D. Any 

conceivable result of the measurements then corresponds to a particular point d on the 

manifold D.  

Taking a first simplified point of view, to solve a “forward problem” means to predict the 

error-free values of the observable parameters d that would correspond to a given model m. 

On the contrary, the inverse problem consists of estimating m based on the observed data d 

(Figure 2.3). This theoretical prediction can be denoted: 

 𝒎 →  𝒅 = 𝒈(𝒎) (2.6) 

The (usually nonlinear) operator 𝒈(∙) is called the forward operator. It expresses the chosen 

mathematical model of the physical system under study. 
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Figure 2.3. Representation of the direct and inverse problems. 

The predicted values cannot, in general, be identical to the observed values for two reasons: 

measurement uncertainties and modelling imperfections. Starting from this fact, the more 

general way of describing any state of information is to define a probability density. 

Therefore, the error-free equation (2.6) is replaced by a probabilistic correlation between 

model parameters m and observable parameters d. The notation 𝛩(𝒅, 𝒎) represents the joint 

probability density describing the correlations that correspond to our physical theory, 

together with the inherent uncertainties of the theory (due to an imperfect parameterisation 

or to some more fundamental lack of knowledge). In many situations, instead of exactly 

predicting an associated value d for every model m, one may describe a conditional 

probability density for d given m that we may denote 𝜃(𝒅|𝒎) (see Figure 2.4). 

 

Figure 2.4. Relationship between model and data when uncertainties in the forward modelling (a) can be 

neglected, (b) cannot be neglected (from Tarantola, 2005). 
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All physical measurements are subjected to uncertainties. Therefore, the result of a 

measurement is not simply an “observed value” (or a set of “observed values”) but a “state 

of information” acquired on some observable parameters. If d = {d1, d2, ... , dn} represents 

the set of observable parameters, the result of the measurement act can be represented by a 

probability density 𝜌𝐷(𝒅) defined over the data space D. 

By a priori information (or prior information) we shall mean information on the model that 

is obtained independently of the results of measurements, for example from expert 

knowledge. The probability density representing this a priori information on the model will 

be denoted by 𝜌𝑀(𝒎). 

According to Bayes’ theorem (Bayes, 1763), the a posteriori state of information 𝜎𝑀(𝒎) can 

be expressed as conjunction of the prior and the theoretical knowledge for the problem under 

study as: 

 𝜎𝑀(𝒎) = 𝑘𝜌𝑀(𝒎) ∫
𝜌𝐷(𝒅)𝜃(𝒅|𝒎)

𝜇𝐷(𝒅)
𝑑𝒅

𝐷

 (2.7) 

where k is a normalising constant and 𝜇𝐷(𝒅) is the homogeneous probability density over 

the data space1. 

From the most general point of view, Eq. (2.7) is the solution of the inverse problem. From 

𝜎𝑀(𝒎) it is possible to obtain any sort of information we wish on the model parameters: 

mean values, median values, maximum likelihood values, uncertainty bars, etc. In addition, 

from 𝜎𝑀(𝒎) one may obtain a sequence m1 , m2, ... of samples that may provide a good 

intuitive understanding of the information one actually has on the model parameters.  

                                                 

1 The homogeneous probability density 𝜇(𝒙) associated to a space X with a notion of volume is proportional 

to the volume density 𝑣(𝒙), which is defined such as 𝑑𝑉(𝒙) =  𝑣(𝒙)𝑑(𝒙). 
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(a) (b) (c) 

Figure 2.5. (a) prior information; (b) representation of the non-exact physical model linking d to m; (c) the 

conjunction of the states of information, whose marginal probability density σM (m) is the solution of the 

inverse problem. (from Tarantola, 2005). 

In Figure 2.5, the probability densities 𝜌𝐷(𝒅) and 𝜌𝑀(𝒎) respectively represent the 

information on observable parameters (data) and the prior information on model parameters. 

Θ(𝒅, 𝒎) represents the information on the physical correlations between d and m, as 

predicted by a (non-exact) physical theory. Given the two states of information represented 

by 𝜌(𝒅, 𝒎) and Θ(𝒅, 𝒎), their conjunction is given by eq. (2.7) and represents the 

combination of the two states of information. From 𝜎(𝒅, 𝒎) it is possible to obtain the 

marginal probability densitity 𝜎𝑀(𝒎). By comparison of the posterior probability density 

𝜎𝑀(𝒎) with the prior one 𝜌𝑀(𝒎), we see that some information has been gained on the 

model parameters thanks to the data 𝜌𝐷(𝒅) and the theoretical information Θ(𝒅, 𝒎). 

2.3.1.1. Special cases 

Gaussian modelling and observational uncertainties 

Under the hypothesis that D is a linear space2 and the modelling uncertainties are assumed 

as Gaussian with covariance operator CT, the probability density 𝜃(𝒅|𝒎) may be written as  

                                                 
2 A linear space is characterized by the property that the sum of two elements of the space corresponds to the 

sum of their components, while the multiplication of an element by a real number corresponds to multiplication 

of all components. 
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 𝜃(𝒅|𝒎) = 𝑐𝑜𝑛𝑠𝑡. exp (−
1

2
 (𝒅 − 𝒈(𝒎))

𝑡
𝑪𝑻

−1(𝒅 − 𝒈(𝒎))) (2.8) 

If measurements 𝒅𝒐𝒃𝒔 are assumed as a sample of a Gaussian distribution with covariance 

Cd, their probability density is: 

 𝜌𝐷(𝐝) = 𝑐𝑜𝑛𝑠𝑡. exp (−
1

2
 (𝒅 − 𝒅𝒐𝒃𝒔)𝑡𝑪𝒅

−1(𝒅 − 𝒅𝒐𝒃𝒔)) (2.9) 

Thus, it can be proved that: 

𝜎𝑀(𝒎) = 𝑐𝑜𝑛𝑠𝑡. 𝜌𝑀(𝒎) exp (−
1

2
 (𝒈(𝒎) − 𝒅𝒐𝒃𝒔)𝑡𝑪𝑫

−1(𝒈(𝒎) − 𝒅𝒐𝒃𝒔)) (2.10) 

where CD = Cd + CT. This result shows that, under the Gaussian assumption, observational 

and modelling uncertainties simply combine by addition of the respective covariance 

operators. This explains why it is common practice to consider both as errors applied to 

measurements. 

Gaussian prior model 

If, in the context of the previous assumptions, the model space M is also assumed to be a 

linear space and the prior information on the model is supposed to be Gaussian with 

covariance operator CM: 

 𝜌𝑀(𝒎) = 𝑐𝑜𝑛𝑠𝑡. exp (−
1

2
 (𝒎 − 𝒎𝒑𝒓𝒊𝒐𝒓)

𝑡
𝑪𝑴

−1(𝒎 − 𝒎𝒑𝒓𝒊𝒐𝒓)) (2.11) 

then the posterior probability density is also Gaussian and reads: 

 𝜎𝑀(𝐦) = 𝑘 exp(−𝜔(𝒎)) (2.12) 

where k is a constant and 𝜔(𝒎) is called the misfit (or cost or discrepancy) function: 

 

𝜔(𝒎) =
1

2
 ((𝒈(𝒎) − 𝒅𝒐𝒃𝒔)𝑡𝑪𝑫

−1(𝒈(𝒎) − 𝒅𝒐𝒃𝒔)

+ (𝒎 − 𝒎𝒑𝒓𝒊𝒐𝒓)
𝑡
𝑪𝑴

−1(𝒎 − 𝒎𝒑𝒓𝒊𝒐𝒓)) 

(2.13) 
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2.3.2. The deterministic approach 

Once the posterior probability density has been defined as in eq. (2.12), one could wish to 

obtain the maximum likelihood model, i.e., the point at which 𝜎𝑀(𝒎) becomes maximum. 

Clearly, the maximisation of the probability density 𝜎𝑀(𝒎) is equivalent to the minimisation 

of the misfit function 𝜔(𝒎). If we consider the situation in which no prior information is 

available for the model (𝑪𝑴
−1 = 𝟎), the problem to find the “best” model �̃� approximating 

the experimental response is expressed by: 

 �̃� = arg min
𝒎∈𝑴

𝜔(𝒎) (2.14) 

where the discrepancy function reads: 

 𝜔(𝒎) = (𝒈(𝒎) − 𝒅𝒐𝒃𝒔)𝑡𝑾(𝒈(𝒎) − 𝒅𝒐𝒃𝒔) (2.15) 

which is the usual formulation found in textbooks on deterministic inverse problems. The 

matrix 𝑾 is the weight matrix (which replaces the matrix 𝑪𝑫
−1 of the probabilistic 

formulation) accounting for the correlation between response variables and the “confidence” 

we have on each measurement. Alternatively, 𝑾 can be assumed as a diagonal matrix which 

assigns to each component of the residual vector 𝑹(𝒎) = 𝒈(𝒎) − 𝒅𝒐𝒃𝒔 a weight inversely 

proportional to the corresponding measurement scattering. This is needed when different 

types of measures are available, and in general when different precision levels are to be 

expected in the data (implicitly including both measurement and model errors).  

2.3.2.1. Ill-posedness and regularisation 

Finding the maximum likelihood model solving the optimisation problem (2.14), and so 

reverting the probabilistic approach into a deterministic one may hide the real nature of 

inverse problems. The problem of detecting the model �̃� whose predictions 𝒈(�̃�) 

accurately match the observed data dobs, might not have a solution. This fact is related to the 

ill-posed character of inverse problems, i.e. either the inverse problem does not admit 

solution, either the solution exists and it is not unique, or finally the solution exists and is 

unique but it is unstable, that is, the solution does not depend continuously on the observed 

data (Kabanikhin, 2008). One of the main causes of ill-posedness in discrete inverse 

problems is ill-conditioning, related to the lack of continuity of the inverse operator over the 
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entire data space. Instability is intimately related to the fact that inverse problems are solved 

as optimisation problems and the small singular values of the linearized forward operator 

amplify the noise in data back into the model parameters providing different equivalent 

solutions. In order to overcome this issue, some of the most employed methods try to 

regularise the forward operator. Tikhonov & Arsenin (1977) introduced the concept of 

conditionally well-posed inverse problem that does not require solvability over the entire 

model space. They proposed regularisation methods to approximate the original ill-posed 

inverse problem as a family of well-posed regularised problems, 𝒎𝜀  =  𝐹𝜀
−1(𝒅), where ε>0 

is a regularisation parameter. Obviously, in this methodology it is expected that the 

regularised solution will approach the true solution as the regularisation parameter tends to 

zero, lim
𝜀→0

𝒎𝜀 → 𝒎𝒕𝒓𝒖𝒆. Tikhonov and Arsenin have also shown that the simplest way to 

stabilize the inversion was introducing in the misfit function a penalisation term that takes 

into account the distance to a prior reference model, the so-called zero order regularisation: 

 �̃� = arg min
𝒎∈𝑴

(‖𝒈(𝒎) − 𝒅𝒐𝒃𝒔‖2
2 + 휀2‖𝒎 − 𝒎𝒑𝒓𝒊𝒐𝒓‖

2

2
) (2.16) 

Other assumptions, for example regarding the smoothness of the solution may lead to 

different functionals to be minimised (Schafer et al., 1981). 

Comparing eq. (2.16) to eq. (2.13) it is apparent that this approach, although starting from 

different hypotheses, has an obvious Bayesian explanation. Remaining in the deterministic 

framework, 휀 may be regarded as a trade-off parameter between fitting data (inverse, ill-

posed problem) and setting 𝒎 = 𝒎𝒑𝒓𝒊𝒐𝒓 (trivial, well-posed problem). Seen in a different 

way, the problem (2.16) is a two-objective optimisation problem (minimisation of both the 

prediction error, and the distance from the prior reference model) in which a Pareto’s front 

may be identified. The Pareto’s front, in the optimisation jargon, is the set of solutions which 

cannot be improved in any objective without causing degradation in at least one other 

objective. 휀2 is a weight transforming multiple objectives into an aggregated scalar objective 

function. The choice of 휀 is far from trivial: if it is too high, the information given by the 

experimental data are discarded, while if it approaches zero, the user falls again into the 

original ill-posed problem. The most used approach for the choice of 휀 is based on the L-

curve, which is a plot - for all valid regularisation parameters - of the size of the regularised 

solution versus the size of the corresponding residual (Hansen & O’Leary, 1993).  
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Tikhonov's regularisation has been applied for years, but modellers begin to realise that other 

equivalent solutions exist and by looking for a unique solution, the uncertainty on the 

regularised result is not analysed (Fernández-Martínez et al., 2013). Otherwise said, the fact 

that the solution has been stabilised through the Tikhonov's regularisation, unfortunately 

does not provoke the disappearance of the uncertainty in the solution. This is valid for any 

regularisation approach.  

2.3.2.1. Optimisation methods 

Minimisation of the discrepancy function (2.15), or its regularised version (2.16) may be 

carried out by means of different numerical methods. Gradient optimisation methods have 

been widely used but they are local in scope and provide only a limited insight into the cost 

function landscape. On the contrary, global optimisation methods can provide under 

exploratory conditions a very good proxy of the model posterior distribution (Fernández 

Alvarez et al., 2008; Sen & Stoffa, 2013). In Chapter 3 a description of the optimisation 

method used in this work is presented. Comparisons of optimisation strategies for 

performing material parameter identification can be found in (Chaparro et al., 2008; 

Andrade-Campos et al., 2007; de-Carvalho et al., 2011). 

Whichever approach is adopted, the flowchart of the process is schematically represented in 

Figure 2.6. Given a trial set of input parameters 𝒎𝒕𝒓𝒊𝒂𝒍, thanks to the forward operator g, it 

is possible to evaluate the computed output data dc. Inserting dc and the experimental data 

𝒅𝒐𝒃𝒔 in expression (2.15) gives the value of 𝜔 as output. If the minimum has been reached, 

�̃� = 𝒎𝒕𝒓𝒊𝒂𝒍 is the solution of the inverse problem; otherwise the input parameters are 

updated and the optimisation process continues until convergence. 
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Figure 2.6. Flowchart of the inverse problem solution in a deterministic framework. 

2.3.2.2. Pseudo-experimental approach 

In a preliminary stage, it is common practice to analyse an experimental setup by using a 

pseudo-experimental approach, in which measures dobs are generated by a numerical model, 

with a known set of parameters mtrue. Then the inverse analysis is applied to calculate m 

from dobs and the results are compared against the known mtrue values. As the same model is 

used for the generation of dobs and the minimisation of 𝜔(𝒙), model errors are implicitly 

ruled out.  

This approach can be found sometimes in the literature under the name of “inverse crime” 

(Colton & Kress, 2013), and has been criticised by some authors (Chavez et al., 2013), 

because it can lead to excessively optimistic expectations about the performance of the 

method. However, if a contemporary study on the propagation of the error from the data to 

the parameters is performed, this drawback disappears. 

2.3.2.3. Sensitivity and uncertainty 

Sensitivity analysis, in its traditional role, means assessment of the influence of a parameter 

on a measurable quantity. In the inverse problem theory, it is clear that if a measure is not 

affected by changes in the parameters, the latter cannot be identified. So, it may be seen as 

a means for understanding the identifiability of the unknowns. In this wider connotation, 

three (non-exclusive) methods can be used. 
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Local sensitivity by partial derivatives 

Let us suppose that g(m) can be assumed differentiable in an open ball B around mtrue, where 

mtrue is the solution of (2.14) or, alternatively, of (2.16). With such hypothesis, the forward 

operator can be approximated by Taylor’s series to the first derivative: 

𝑑𝑗 ≅ 𝑑𝒋
𝒐𝒃𝒔 + ∑

𝜕𝑑𝑗

𝜕𝑚𝑖
|

𝒎=𝒎𝒕𝒓𝒖𝒆

∙

𝑀

𝑖=1

(𝑚𝑖 − 𝑚𝑖
𝑟)             𝑗 = 1, … , 𝑁 (2.17) 

with M the dimension of the m vector.  

Imposing a change of variables: 𝑦�̃� = 1 −  
𝑑𝑗

𝑑𝒋
𝒐𝒃𝒔   and 𝑥�̃� = 1 −

 𝑚𝑖

𝑚𝒊
𝒕𝒓𝒖𝒆, Equation (2.17) 

becomes: 

𝑦�̃� ≅ ∑ 𝑆𝑖𝑗

𝑀

𝑖=1

𝑥�̃� (2.18) 

with: 

𝑆𝑖𝑗 =
𝜕𝑑𝑗

𝜕𝑚𝑖
|

𝒎=𝒎𝒕𝒓𝒖𝒆

∙
𝑚𝑖

𝑡𝑟𝑢𝑒

𝑑𝑗
𝑜𝑏𝑠  (2.19) 

where Sij is a component of the sensitivity matrix S and corresponds to the sensitivity index 

of the measurable variable dj with respect to the input variable mi. By transforming a 

nonlinear system into a local linear one, the analysis of the sensitivity matrix S can provide 

some insights into the solution.  

Let us consider the (possibly) over-determined system 

𝑨𝒙 = 𝒃 (2.20) 

where the matrix 𝑨 ∈ ℝ𝑁×𝑀 and N ≥ M with full column rank, e.g. rank(A)=M. The general 

definition for the relative normwise condition number 𝜅 when the errors appear in the right-

hand term is (Diao & Wei, 2007): 

𝜅(𝑨, 𝒃) = lim
𝜀→0

sup
‖𝚫𝒃‖≤𝜀

(
‖𝚫𝒙‖

‖𝒙‖

‖𝚫𝒃‖

‖𝒃‖
⁄ ) (2.21) 
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where 𝒙 is the solution of (2.20), 𝚫𝒃 is a perturbation on the right-hand term, 𝚫𝒙 is the 

corresponding perturbation in the solution and ‖∙‖ is a suitable norm. 𝜅 is a measure of the 

worst-case sensitivity of the output data to small perturbations to input data and provides an 

upper bound to the propagation of the error. The condition number in the L2-norm is defined 

by: 

𝜅(𝑨, 𝒃) = 𝜅(𝑨) =
𝜎𝑚𝑎𝑥

𝜎𝑚𝑖𝑛
 (2.22) 

where 𝜎𝑚𝑎𝑥 and 𝜎𝑚𝑖𝑛 are the maximal and the minimal singular values of matrix A. 

A qualitative analysis of the stability of the inverse problem can be carried out investigating 

the stability of the local system (2.18) through the use of the condition number 𝜅(S). Large 

condition numbers are indicators of a significant propagation of errors and so of an ill-

conditioned problem. 

Absolute sensitivity analysis 

For each parameter, preceding expertise on the technological processes usually suggests an 

interval to which the search can be confined. A single parameter mi, each one in turn, is given 

its conjectured upper bound mi
max, while the other parameters are kept at their reference 

values. All representative measurable quantities dh are computed by a simulation of the test; 

then similar direct analysis is carried out with the parameter at its conjectured lower bound 

mi
min. The difference dh(mi

max) – dh(mi
min) between the two above values resulting for each 

one of the preselected measurable quantities dh are compared to a quantification of the 

inaccuracy expected in the relevant measurement (e.g., the standard deviation of the adopted 

instrument). If the former is sufficiently larger than the latter value (say by one or two orders 

of magnitude), the identifiability of the considered parameter can be reasonably expected. 

Regions of equivalence 

In an optimisation framework, uncertainty estimation in inverse problems may be carried 

out by finding the family of models m that fit the observed data 𝒅𝒐𝒃𝒔 ∈ 𝑫 within the same 

tolerance (tol) and are consistent with our prior knowledge for a certain norm p (Fernández-

Martínez et al., 2013): 
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 ‖𝒈(𝒎) − 𝒅𝒐𝒃𝒔‖𝑝 < 𝑡𝑜𝑙 (2.23) 

The space of the models fulfilling condition (2.23) is called region of equivalence. The 

search for the nonlinear regions of equivalence may be easily implemented in the framework 

of Genetic Algorithm optimisation (Fernández Alvarez et al., 2008), and, as will be shown 

in Chapters 5 and 7, may provide deep insights into the solvability of the inverse problem. 

2.4. Structural inverse problems 

In structural mechanics, inverse problems mainly concern the calibration of material 

parameters, boundary conditions, modal properties and damage. According to the loading 

conditions, two main branches may be identified: dynamic and static identification. 

2.4.1. Dynamic inverse problems 

When dynamic tests (and corresponding dynamic analyses) are performed, inverse problems 

involve the resolution of the equations of motion. Important applications in structural 

dynamics are model updating (Mottershead & Friswell, 1993) and structural health 

monitoring (Farrar & Worden, 2007; Friswell, 2007).  

Model updating is concerned with the correction of finite element models by processing 

records of dynamic response from test structures. Model updating methods may be classified 

as sensitivity or direct methods. Sensitivity-type methods rely on a parametric model of the 

structure and the minimisation of some penalty function based on the error between the 

measured data and the predictions from the model. These methods offer a wide range of 

parameters to update that have physical meaning and allow a degree of control over the 

optimisation process. Alternatively, direct updating methods change complete mass and/or 

stiffness matrices. Model updating methods are not exclusive of dynamic problems, as will 

be described in the following subsection; what is distinctive is the possibility to identify 

mass- or damping-related parameters. 

The process of implementing a damage detection and characterization strategy for 

engineering structures is referred to as Structural Health Monitoring (SHM). Traditionally, 

four stages of damage estimation, first given by Rytter (1993), are established: detection, 

location, quantification and prognosis. Detection is readily performed by pattern recognition 
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methods or novelty detection (Worden et al., 2000). The key issue for inverse methods is 

location, which is equivalent to error localization in model updating. Once the damage is 

located, it may be parameterised with a limited set of parameters and quantification, in terms 

of the local change in stiffness, is readily estimated. Prognosis requires that the underlying 

damage mechanism is determined, which may be possible using hypothesis testing among 

several candidate mechanisms. Once the damage mechanism is determined, the associated 

model is available for prognosis. 

Three basic types of data are used in dynamic inverse problems: time domain; frequency 

domain; and modal model. During experimental modal analysis, the sampled time-series 

data are processed into the frequency response function (FRF) data. For ambient excitation, 

the spectra of the responses are calculated. These frequency data are then further processed 

by curve fitting to obtain the modal model, namely the natural frequencies, damping ratios 

and mode shapes. Of course, this curve fitting has already assumed stationarity, linearity and 

reciprocity. At each stage, the processing involves some compression of the data, and results 

in a reduction in the volume of data.  

2.4.2. Static inverse problems 

While calibration methods with dynamic tests and inverse analysis techniques (dynamic 

inverse analysis) are now well-established for determining constitutive elastic parameters 

and damage of existing structures, the use of static tests may represent a more suitable and 

cheaper strategy, and they may be the only alternative when nonlinear material parameters 

are to be sought. However, the results obtained by applying inverse analysis with 

experimental static tests (static inverse analysis) may be less accurate, mainly because of the 

limited amount of information that static tests can supply. To overcome this issue, the use of 

optical methods for data acquisition has become a very active branch of research (Hild & 

Roux, 2006). When full-field data are available, the minimisation of the functional (2.15) is 

not the only possible strategy. Different functionals exploiting the underlying nature of 

structural problems have been proposed (Avril et al., 2008), with the aim of providing more 

stable solutions when noisy data are present. 

Recent contributions in the field of static inverse problems have regarded the mechanical 

characterisation of orthotropic foils (Garbowski et al., 2012; Cocchetti et al., 2014), 

diagnosis of concrete dams by different experimental setups (Ardito et al., 2008; Garbowski 
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et al., 2011), fracture mechanics (Bui, 2007; Buljak et al., 2013), elasto-plastic parameters 

for heterogeneous materials  (Latourte et al., 2008), identification of cracks (Andrieux & 

Abda, 1996),  expansion of a field towards the interior of the solid (Cauchy problem, 

Andrieux et al., 2006). 

2.4.3. Identification of masonry models 

While the use of advanced numerical models as described in Section 2.2 provides great 

insight into the behaviour of masonry, the calibration of material parameters determines the 

accuracy of the structural analysis in real applications. In the literature, many works regard 

the characterization of Young modulus of masonry assumed as a homogeneous material, by 

means of dynamic tests (D'Ambrisi et al., 2012; Gentile & Saisi, 2007). The use of measures 

and estimation by different sources is discussed in Brencich & Sabia (2008) and Bartoli et 

al. (2013). In the Bayesian framework, the use of different measurements may be seen as 

multi-step approach (Ramos et al., 2015): at Stage 1, information from literature which is 

subjective in nature is combined with an indirect source data to arrive to a posterior 1. This 

posterior 1 acts as a prior for the second stage of the fusion process and it is combined with 

data source 2 to get posterior 2. After processing all data one arrives to a final posterior 

distribution.  

Micro- and meso-models require a larger number of input material parameters to be 

identified in order to characterize the behaviour of the masonry. It is common practice to 

determine such material parameters from the results of various, relatively simple, small scale 

laboratory experiments. However, masonry is a highly variable, stress-state dependant 

material which experiences non-uniform distributions of stress in real structures. 

Furthermore, the boundary conditions in small scale tests are unlikely to be representative 

of those exist in a larger structure. These considerations have cast doubts on the effectiveness 

of determining material parameters representative of masonry from small scale experiments. 

In Morbiducci (2003) and Sarhosis & Sheng (2014) the authors used inverse procedures to 

obtain material parameters for detailed masonry models. Many interesting issues, that will 

further analysed in this work, were arisen: the importance to estimate properties from full 

scale tests; the use of surrogate models; different optimisation analyses for elastic and 

strength properties; the need of uncertainty assessment; the possibility to limit the number 

of unknowns by using previous experience. 
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Chapter 3. OPTIMISATION BY MEANS OF GENETIC 

ALGORITHMS  

 

3.1. Introduction 

When an identification problem is to be solved, a numerical iterative process minimising a 

cost (or discrepancy) function is required. A number of different robust optimisation 

algorithms exist to solve the problem. The most widely used approaches are gradient-based 

methods, such as Line Search (Box et al., 1969) or Trust Region (Byrd et al., 1987). The 

main idea is finding a stationary point of the function by examining the Jacobian matrix of 

a solution candidate at each iteration and updating the point in the iterative process. The 

main advantage of such methods is the computational cost, as the number of function 

evaluations is in general rather small, though depending on a number of factors, such as the 

shape of the function and the number of input parameters. Furthermore, for many of these 

approaches, some convergence properties are proved mathematically, and under certain 

hypotheses the exact solution is obtained. Some drawbacks are nevertheless present. Firstly, 
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the speed of the process is strongly influenced by the initial guess, which must be carefully 

chosen by an a priori judgement. Secondly, in some cases the analytical form of the 

discrepancy function is not known (i.e. black-box optimisation problems), so the Jacobian 

matrix must be built by approximating derivatives with finite differences or other schemes, 

increasing the number of function evaluations and making the problem prone to numerical 

round-off errors (Tortorelli & Michaleris, 1994). To overcome this issue, some different 

approaches, such as the Adjoint Method (Cao et al., 2003) have been successfully utilised in 

design optimisation and inverse problems (Albocher et al., 2009), but their applicability is 

limited to the problem under consideration. Furthermore, if the function is multimodal, it is 

not guaranteed that the stationary point so found is a global optimum, and thus different 

initial candidates can converge to different solutions. Finally, if the continuity of the function 

and its derivatives is not assured, the optimisation process is likely to fail. 

To overcome these problems, metaheuristics can be effectively employed. The term 

metaheuristics was first coined in Glover (1986); in Sörensen & Glover (2013) it is defined 

as follows: 

“A metaheuristic is a high-level problem-independent algorithmic framework 

that provides a set of guidelines or strategies to develop heuristic optimization 

algorithms. The term is also used to refer to a problem-specific implementation 

of a heuristic optimization algorithm according to the guidelines expressed in 

such a framework.” 

In its general sense, a metaheuristic is not an algorithm, i.e., it is not a sequence of actions 

that needs to be followed like a cooking recipe. Rather, it is a consistent set of ideas, 

concepts, and operators that can be used to design heuristic optimization algorithms. The 

most important metaheuristics, mainly developed in the Seventies and Eighties but still in 

use in the field of numerical optimisation, are Evolutionary Strategies (ES, Beyer & 

Schwefel, 2002), Genetic Algorithms (GA, Holland, 1975; Goldberg, 1989) and Simulated 

Annealing (SA, Kirkpatrick et al., 1983). ES and GA share the concepts of adaptation and 

evolution, taken from natural biology. In particular, a set (population) of potential solutions 

(individuals) evolves through the application of specific operators resembling what happens 

in nature. In ES, the most general expression of which is usually referred to as (μ/ρ +, λ)-ES, 

ρ individuals of a population of μ “parents” are used to create one offspring: the total number 

of offspring individuals at the end of the process is λ. The “+” or “,” sign indicates if the 
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parental population is included or not in the selection process. The main basic operator 

allowing a population to evolve is called “mutation”. Conversely, a larger number of 

operators is present in GAs, some of which are described in the next sections. SA mimics 

the annealing process of metals, in which both heating and controlled cooling of a material 

increase the size of its crystals and reduce their defects. At each step, the SA heuristic 

considers some neighbouring state s' of the current state s, and probabilistically decides 

between moving the system to state s' or staying in state s. These probabilities ultimately 

lead the system to move to lower energy states. Typically this step is repeated until the 

system reaches a state that is judged “good enough”, or until a given computation budget has 

been exhausted.  

The main characteristics of metaheuristics, compared to “exact” or gradient optimisation 

methods may be (not exhaustively) stated in the following list: 

 Unlike the gradient methods, they do not guarantee the exact result; instead, they 

explore the solution space searching for an “as good as possible” solution. It means 

that a result is always achieved, and it is up to the practitioner to judge its soundness. 

 Even though metaheuristics are used in the field of numerical optimisation, they take 

inspiration from some natural phenomena. The success of the aforementioned 

pioneering frameworks, such as GA, ES and SA has brought the scientific 

community to invent new and somehow “exotic” metaheuristics, imitating different 

physical and biological occurrences: from insect life (ants, bees, fruit flies, termites, 

etc.) to intelligent water drops algorithm, cuckoo search and harmony search. In 

Sörensen (2015) some criticism of the fallacies of “novel” metaphor-based methods 

is clearly expressed. 

 Most (but not all) metaheuristics work on populations of potential solutions, instead 

of single candidates. Clearly, when compared with a gradient-based method, a large 

number of computations is usually needed using this approach. This is because an 

iteration consists of the evaluation of the discrepancy function for each individual in 

the population. On the other hand, the convergence may be seen as a process in which 

the population reduces its size in the parameter and fitness spaces, being distributed 

in the last generation around the best individual (Someya, 2011). Thus, the final 

population distribution, carries a lot of information about the well-posedness of the 
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problem, the number of optima and the shape of the function, allowing for 

considerations which are not possible using a gradient-based method. 

 As a conclusion, a mention should be made of the choice of the correct optimisation 

tool for the problem on hand. As said above, population-based metaheuristics are 

usually more expensive when the single evaluation is not computationally trivial. On 

the other hand, thanks to their operators, they can succeed where more traditional 

methods fail, namely for multimodal, non-continuous or non-differentiable 

functions. The well-known “no free lunch theorems” (Wolpert & Macready, 1997) 

prove that no algorithm is “the best” for all problems. 

In this work, Genetic Algorithms have been extensively used. In Section 3.2, their main 

principles are described in detail; some of the algorithms were implemented in a software 

called TOSCA, described in Section 3.3 and 3.4. Section 3.5 gives some suggestions on the 

choice of the GA parameters. Some examples conclude the chapter in Section 3.6. 

3.2. The Genetic Algorithms: main principles 

The main idea of Genetic Algorithms is to let a population of several candidate solutions 

(individuals) evolve in the search for the optimum throughout a certain number of 

generations.  

The first step of the procedure consists of the chromosome definition for the problem under 

study, and its correct representation. The chromosome collects the parameters which are 

varied during the process. While the genotypic representation of the genes is called a 

chromosome, each phenotypic instance is an individual, and a population is a collection of 

different individuals. Each parameter (called a gene) may be a binary variable (original 

formulation), a discrete variable (integer representation) or a continuous variable (real-coded 

GA).  

The initial population can be generated randomly or with quasi-random techniques. The 

correct generation of the initial population is of the greatest importance for the GA analysis. 

It should be well distributed over the parameter space in order to let the algorithm explore 

all possibilities.  
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Processing a generation consists of evaluating the function value (fitness in the GA jargon) 

for each individual; after that, selection is applied. Selection is the operator responsible of 

choosing the “best” individuals processed so far, and creating a “mating pool”, that is 

coupling these individuals in order to apply the crossover operator. With the selection, no 

different individuals are created, but the previous population is rearranged in such a way that 

the most promising individuals are cloned and the worst deleted. Now, a new generation can 

be created: given two parents, two offspring are generated through application of the 

crossover (or recombination) operator, with a probability pc. For the sake of completeness it 

should be pointed out that, while this approach is the most widespread, some crossover 

operators handling more than two parents and creating more than two children have been 

proposed in the literature (Sánchez et al., 2009). 

In order to improve convergence, an elitist approach can be used (Srinivas & Patnaik, 1994), 

in which the best N individuals are always placed (without undergoing the crossover 

operator) in the subsequent generation. 

Once the new population has been created, mutation is applied to some individuals. 

Basically, mutation consists of randomly changing some genes of an individual according to 

a probability pm; it is useful to prevent the loss of diversity in the population, but it is highly 

disruptive with respect to convergence. For this reason, special care must be taken in the 

choice of both the type and probability of mutation.  

The procedure discussed above is shown schematically in Figure 3.1. The process continues 

with the evaluation of the generation created. From one generation to the next, the most 

promising genetic material spreads, the population fitness standard deviation decreases, and, 

if only one global optimum is found, the parameter standard deviation decreases also towards 

zero. Termination criteria are needed to end the process (Ribeiro et al., 2011). Usually the 

process can be stopped when i) a given maximum number of generations have been formed, 

ii) a minimum fitness standard deviation in the current population is reached, or iii) a 

maximum number of generations in which the solution has not been improved have been 

evaluated. 
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Figure 3.1. Flow chart of the Genetic Algorithm. 

3.3. An optimisation tool for structural purposes: TOSCA 

In order to use GA as an effective optimisation tool for the analyses carried out in this work, 

a software has been developed: T.O.S.C.A. (Tool for Optimisation in Structural and Civil 
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engineering Analyses, called TOSCA in the following). Written in C#, it is based on the 

work developed by Lucia (2008) and Zamparo (2009) for the optimal design of steel-

concrete composite bridges; it implements the operators described in the following sections 

and has a flexible interface allowing it to be used in a variety of problems. 

3.4. The operators 

3.4.1. Representation 

In the classical formulation, the representation of the chromosome is binary. It means that 

each “gene”, that is each “slot” in the individual chromosome, can assume two values: 0 or 

1. In most optimisation problems, a variable is a real number, so it must be transformed into 

a binary representation by using the index of the admissible value. For example, in Table 3.1 

the correspondence between real and binary representation for a variable assuing a value 

between 5.02 and 5.65 with an increment of 0.01 is displayed. 

Table 3.1. Real-to-binary value transformation. 

Real Value Index Binary Value 

5.02 0 000000 

5.03 1 000001 

5.04 2 000010 

... ... ... 

5.65 63 111111 

 

In this case, the chromosome length depends on the number of admissible values for the 

input variables, and it is possible to have a very long chromosome when just one variable is 

present. When more than one parameter can be varied in the search for the optimum the 

chromosome is composed of all parameter genes. Some important theoretical results have 

been published since GA first appeared of about convergence properties of the algorithm 

under binary representation (Schema Theorem, see Goldberg, 1989). 
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The extension of the binary representation is the integer representation, in which each gene 

(slot) of the chromosome represents an input variable. The chromosome length becomes 

equal to the number of input parameters (Figure 3.2). 

 

Figure 3.2. Integer chromosome representation for a problem with seven input parameters. 

The transformation from a real value to an integer value is performed analogously to the 

binary representation: if a variable xi varies from 2.34 to 5.47 with an increment of 0.01, the 

admissible values will be 2.34, 2.35, 2.36, …, 5.46, 5.47, so that a fictitious integer variable 

can be considered, varying from 0 (meaning 2.34) to 313 (meaning 5.47). 

This representation is more general than the previous one, because, with this, it is possible 

to work with variables whose cardinality (number of admissible values) need not be a 

multiple of two. From a theoretical point of view, many results obtained for binary 

representation cannot be easily extended to integer representation: however, Bhattacharyya 

& Koehler (1994) provided a theoretical model considering higher cardinality alphabets, 

while Radcliffe (1994) created a comprehensive framework for the generalisation of the 

Schema Theorem to different kinds of representations. 

Finally, Real-Coded Genetic Algorithms have received increasing attention (Wright, 1991; 

Janikow & Michalewicz, 1991; Herrera et al., 1998; Herrera et al., 2003). In TOSCA only 

integer representation is used.  

 

3.4.2. Initial population 

As stated above, the initial population may be created with different random or quasi-random 

procedures. While a random generation is sufficient when the number of parameters is small, 

the curse of dimensionality (Bellman, 2003) makes it impossible to adequately sample a 

high-dimensional space with a simple random generator. This is the reason why quasi-

random techniques are very often used to create the first population. Examples of such 

approaches are Latin Hypercube Sampling (McKay et al., 1979), and Sobol sequence 
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(Antonov & Saleev, 1979). A comparison between a random and a Sobol sampling of 1000 

elements in a bi-dimensional space is shown in Figure 3.3. It is possible to see that the 

distribution over the parameter space is more uniform using Sobol sequence, while a simple 

random generation fills some areas more than others. 

 

(a) 

 

(b) 

Figure 3.3. (a) Random and (b) Sobol sequence of 1000 elements in a 2D space. 

3.4.3. Replacement 

Replacement is the operation by which the population is rearranged before entering the 

selection phase. The simplest replacement type is Children Replacement: the individuals on 

which selection is to be performed are all those belonging to the just evaluated population 

(composed of the previous population’s children). 

With the operators described in the following, it is not assured that the best individuals found 

so far will remain in the population, but only that, by means of crossover, their genetic 

heritage will spread in the following generations. In some difficult problems, it may be 

necessary to keep them in the next population. It is obtained by using Elitism Replacement: 

the best M individuals of the parental population are kept, together with the best N-M 

offspring (with N population size). They will undergo selection to create the mating pool for 

crossover. 
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Finally, Competence Replacement uses the best N individuals from the current (children) 

and the previous (parents) population for selection. The difference with Elitism is that the 

number of elitist parents is not chosen a priori, but depends on their actual fitness. 

3.4.4. Selection 

Selection is responsible of preparing the mating pool (or intermediate population) for the 

crossover and mutation operators. Its basic function is choosing the parent couples (mating 

pool) among the individuals defined by replacement operator (see par. 3.4.3), which will be 

transformed into the offspring (new population) after applying crossover and mutation. 

In order to create the mating pool, the selection operator must make use of the information 

provided by the population evaluation, i.e. the function value (sometimes called “raw 

fitness”). The main principle of selection strategy is “the better is an individual, the higher 

is its chance of being parent.” Generally, crossover and mutation explore the search space, 

whereas selection reduces the search area within the population by discarding poor solutions. 

However, the worst individuals should not be discarded and should have some chance to be 

selected because they may contain useful genetic material. A good search technique must 

find a good trade-off between exploration (i.e. poor solutions must have the chance to go to 

the next generation) and exploitation (i.e. good solutions go to the next generation more 

frequently than poor solutions) in order to find a global optimum (Beasley et al., 1993). A 

review of selection techniques can be found in Sivaraj & Ravichandran (2011); Razali & 

Geraghty (2011) compared different selection strategies for solving a difficult combinatorial 

problem by GA. 

Three selection operators have been implemented in TOSCA: Tournament selection, 

Roulette Wheel selection and Stochastic Universal Sampling (SUS). 

Tournament selection (Goldberg & Deb, 1991) is probably the most popular selection 

method in genetic algorithms due to its efficiency and simple implementation. In 

Tournament selection, n individuals are selected randomly from the larger population, and 

the selected individuals compete against each other. The individual with the highest fitness 

wins and will be included in the mating pool. The number of individuals competing in each 

tournament is referred to as tournament size Ts, commonly set to 2 (also called binary 

tournament). 
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Figure 3.4. Selection strategy with tournament mechanism (from Razali and Geraghty, 2011). 

In Figure 3.4, the tournament size, Ts is set to three, which means that three chromosomes 

compete with each other. Only the best chromosome among them is selected to reproduce. 

In Roulette Wheel, individuals are selected with a probability that is directly proportional to 

their fitness values i.e. an individual’s selection corresponds to a portion of a roulette wheel. 

The probabilities of selecting a parent can be seen as spinning a roulette wheel with the size 

of the segment for each parent being proportional to its fitness. The fittest individual 

occupies the largest segment, whereas the least fit have a correspondingly smaller segment 

within the roulette wheel.  Obviously, those with the largest fitness (i.e. largest segment 

sizes) have more probability of being chosen. The circumference of the roulette wheel is the 

sum of all fitness values of the individuals (Figure 3.5). 

 

Figure 3.5. Representation of Roulette Wheel (from Razali and Geraghty, 2011). 

Stochastic Universal Sampling (SUS, Baker, 1987) is a development of Roulette Wheel 

selection which exhibits no bias and minimal spread. Where the latter chooses several 

solutions from the population by repeated random sampling, SUS uses a single random value 
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to sample all solutions by choosing them at evenly spaced intervals. This gives weaker 

members of the population (according to their fitness) a chance to be chosen and thus reduces 

the unfair nature of fitness-proportional selection methods. 

 

Figure 3.6. Stochastic Universal Sampling3. 

In Figure 3.6, seven individuals (A to G) are given a width proportional to their fitness. N 

individuals are selected by randomly choosing a number r which represents the position of 

the first individual. The others are chosen by spacing the points at intervals of F/N, where F 

is the total fitness.  

While Tournament selection utilises the real function value (raw fitness) to compare and 

select individuals, both Roulette Wheel and SUS give each individual a probability 

proportional to a predefined fitness. The fitness need not coincide with the function value, 

and a scaling may be used. This is sometimes mandatory to avoid early convergence when 

a few very good (but not optimal) individuals (super chromosomes) dominate the remaining 

population. Three types of scaling methods are implemented in TOSCA: Normalizing, 

Linear Rank and Exponential Rank. 

In Normalizing scaling (Gen & Cheng, 1997), the fitness 𝑓𝑘
′ of the k-th individual is 

proportional to the function value 𝑓𝑘 by means of the expressions: 

𝑓𝑘
′ =

𝑓𝑘−𝑓𝑚𝑖𝑛+𝛾

𝑓𝑚𝑎𝑥−𝑓𝑚𝑖𝑛+𝛾
 for maximisation problems 

𝑓𝑘
′ =

𝑓𝑚𝑎𝑥−𝑓𝑘+𝛾

𝑓𝑚𝑎𝑥−𝑓𝑚𝑖𝑛+𝛾
 for minimisation problems 

(3.1) 

                                                 
3 "Statistically Uniform". Licensed under CC BY-SA 2.5 via Wikimedia Commons - 

https://commons.wikimedia.org/wiki/File:Statistically_Uniform.png#mediaviewer/File:Statistically_Uniform

.png 
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where 𝑓𝑚𝑎𝑥 and 𝑓𝑚𝑖𝑛 are the biggest and the smallest raw fitnesses in the current population, 

respectively. 𝛾 is a small positive real number which is usually restricted within the open 

interval ]0, 1[. The purpose of using such transformation is twofold: i) to prevent the equation 

from zero division; ii) to make it possible to adjust the selection behaviour from fitness-

proportional selection to pure random selection. 

The other two types of scaling methods do not make use of the raw fitness value, but of the 

rank i of the individual in the current population (in the ranking based on the function 

values). In the Linear Rank procedure, the fitness 𝑓𝑘
′ associated to the k-th individual is: 

𝑓𝑘
′ =

2−𝛼

𝑁
+ 2

(𝑁−𝑖)(𝛼−1)

𝑁(𝑁−1)
  (3.2) 

where N is the number of individuals in the population and 𝛼 ∈ [1,2] is the scaling pressure, 

i.e. the proportional factor used in the scaling procedure. A scaling pressure equal to 1.0 

means that all individuals have the same probability, thus no real scaling is applied (𝑓𝑘
′=1/N). 

A maximum scaling pressure equal to 2.0 assigns zero probability of survival to the worst 

individual and 𝑓1
′ = 2/𝑁 to the best individual in the intermediate population. 

In the Exponential Rank, the scaled fitness is assigned based on an exponential function 

governed by the parameter 𝛼 ∈ ]0,1] (here called again scaling pressure, even if it has a 

different meaning from 𝛼 in the Linear Rank procedure): 

𝑓𝑘
′ = 𝛼𝑖−1 (3.3) 

A scaling pressure equal to 1.0 gives the same probability to all population members 

discarding any information about their raw fitness; very low values (𝛼 < 0.01) force the 

algorithm to reject all individuals except the best. A discussion on the convergence rate of 

different selection and ranking methods can be found in Hancock (1994). 

3.4.5. Crossover 

Crossover is the operator which creates the new population starting from the mating pool 

created by selection. According to many authors, it is the most important operator in the GA 

framework; it is the main difference between GA and Evolutionary Strategies (which only 

use mutation, described in par. 3.4.6). The role of crossover forms the basis for the Schema 

Theorem and the Building Block Hypothesis (Goldberg, 1989), the first attempts to give a 
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formal explanation to the convergence properties of GAs; on the other hand, some authors 

(Fogel & Atmar, 1990) claim crossover is nothing but a generalisation of mutation. This has 

led to the “Crossover-Mutation Debate” (Senaratna, 2005). 

The first type of crossover, proposed by Holland and Goldberg in their pioneering works, is 

the Single-Point crossover. A single crossover point on both parents' chromosomes is 

selected. All data beyond that point in either chromosome is exchanged between the two 

parents. The resulting individuals are the children (Figure 3.7). 

 

(a) 

 

(b) 

Figure 3.7. Single-point crossover for (a) binary representation and (b) integer representation. 

In a two- and three-dimensional problem, it is possible to give a graphical representation of 

this type of crossover (Figure 3.8). In 2D, given two parents G1 and G2, the two children F1 

and F2 will be the other two vertices of the rectangle identified by the parents (Figure 3.8a).  
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(a) 

 

(b) 

Figure 3.8. Graphical representation of Single-Point crossover (a) in 2D and (b) 3D. 

In 3D, depending on the position of the (random) splitting point, two possible offspring 

couples (F1, F2) or (F3, F4)  are possible (Figure 3.8b and Figure 3.9). 

 

G1 

 

G1 

 
G2 G2 

F1 

 

F3 

 

F2 F4 

Figure 3.9. Possible offspring in 3D with Single-Point crossover. 

It is clear that no option exists to obtain F5 and F6. To overcome this problem, the Multi-

Point crossover may be used, in which more than one splitting point is considered. With two 

splitting points, F5 and F6 shown in Figure 3.8b become achievable.  

The final extension able to handle all possible vertices of a hyper-cube in N-dimensional 

spaces is the Discrete crossover, in which each gene of a child has 50% probability to belong 
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to one of the two parents. In TOSCA it is possible to create more than two offsprings when 

Discrete crossover is selected. 

The crossovers mentioned were formulated and work quite well for binary representation. 

Their extension to integer representation is straightforward, but causes some problems. They 

work well when the chromosome is long and with low cardinality; but otherwise it cannot 

produce genes not present in the parent population. Moreover, for a single-variable 

optimisation problem, GA become unusable, because the chromosome is made of only one 

gene and no possible splitting points exist. For these reasons, new crossover types, which 

explore the particular structure of the parameter space, have been formulated. 

Directional crossover (Michalewicz et al., 1994) uses the information provided by the 

parents’ fitness to define the direction along which locating one offspring (which is the only 

generated). Given the parent vectors s1, s2, the offspring is generated as: 

ℎ = 𝑟(𝑠2 − 𝑠1) + 𝑠2 (3.4) 

where 𝑠2 is the best between the two parents and r is a random number in the closed interval 

[0,1]. The child is therefore created along the line connecting the two parents, and located a 

random position with centre in 𝑠2. 

The Arithmetical crossover (Michalewicz, 1996) is similar: the i-th genes hi
k for the k-th 

offspring (k = 1, 2) are generated according to the expressions: 

ℎ𝑖
1 = 𝜆𝑠𝑖

1 + (1 − 𝜆)𝑠𝑖
2 

ℎ𝑖
2 = 𝜆𝑠𝑖

2 + (1 − 𝜆)𝑠𝑖
1 

(3.5) 

where si
1, si

2 are the i-th gene of the first and the second parent, and 𝜆 =
1 + α − 2 αβ

2
. In the 

expression for 𝜆, α is an interval parameter (chosen by the user), while β is a number in the 

interval (0, 1). α governs the width of the segment in which the offspring can be chosen: α=1 

means that they will appear in the segment having the two parents as extrema. β defines the 

position of the two offspring inside the line; β=0.33 (Fixed Arithmetical crossover) places 

them at one third of the segment. 

A variant of Arithmetical crossover is also implemented in TOSCA (Probabilistic 

Arithmetical crossover), in which the parameter β is a random value. 
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Finally, the Blend-α crossover (BLX-α, Schaer & Eshelman, 1993) can be seen as a further 

extension of Probabilistic Arithmetical crossover. The i-th genes hi
k for the k-th offspring 

(k=1, 2) are generated according to the expressions: 

ℎ𝑖
1 = 𝜆𝑖𝑠𝑖

1 + (1 − 𝜆𝑖)𝑠𝑖
2 

ℎ𝑖
2 = 𝜆𝑖𝑠𝑖

2 + (1 − 𝜆𝑖)𝑠𝑖
1 

(3.6) 

where 𝜆𝑖 =
1 + α − 2 αβ𝑖

2
 and βi is a random number in the interval (0, 1), different for each 

gene.  

 

(a) 

 

(b) 

Figure 3.10. Graphical representation of (a) Arithmetical crossover and (b) BLX-α. 

In Figure 3.10 a graphical representation of Arithmetical crossover (offspring on the line 

connecting the two parents) and BLX-α (offspring in the cube whose diagonal is the line 

connecting the two parents) is provided. Each point inside the line (a) and the cube (b) can 

become an offspring, while, as said above, in Multi-point and Discrete crossovers only the 

vertices can be chosen by the algorithm. 

Even if more refined crossover types have been formulated (Herrera et al., 2003 provides a 

comprehensive study of several crossover types; many others have been formulated since), 

in the present work Probabilistic Arithmetical crossover and BLX-α have mostly been used. 
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3.4.6. Mutation 

Mutation is an operator used to maintain genetic diversity from one generation to the next. 

It is applied to the new population after the generation by selection and crossover and before 

its evaluation, and consists of altering one or more gene values in a chromosome from its 

initial state. Mutation occurs during evolution according to a user-definable mutation 

probability.  

Three mutation types have been implemented in TOSCA: Aleatory, Directional and Local 

mutation. Aleatory mutation is the simplest one. For each individual in the population, a 

random number is generated; if it is under the mutation probability defined by the user, 

mutation is activated, and one gene value is replaced by a random value inside its variation 

range. It must be pointed out that changing one gene has a different impact on a short 

chromosome or on a long chromosome. In the limit case when a single-variable problem is 

analysed, mutation completely transform the individual into a random chromosome, whereas 

when a long binary chromosome is used its effect is much more limited. For this reason, in 

TOSCA the operator has been slightly changed. While in the original formulation the 

probability to undergo mutation was applied to the individuals, in the implemented strategy 

it is applied to the genes. For instance, 1% mutation probability in a problem in which the 

population is composed of 200 individuals and the chromosome is made of 5 genes means 

that the expected mutated genes in the population are 10; in the original formulation 2 

individuals were expected to be subjected to mutation to just one gene each. 

Local mutation is a special operator, in which a random gene is modified (as in usual aleatory 

mutation) but only in the neighbourhood of the selected individual. It means that the mutated 

gene can assume values inside a small subset of the global variation range, instead of the 

whole range.  

Directional mutation is based on the same directional principle seen in the analogous 

crossover operator (see par. 3.4.5). After the identification of the best chromosome in the 

current population, the mutation probability is applied to the population genetic material. If 

the mutation process is activated, the mutated gene will be changed in a small subset around 

the best chromosome value.  
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3.4.7. Constraints 

Most engineering problems involve some conditions that the solution must satisfy in order 

to be considered feasible. In optimal design, for example, one could search for a structure of 

minimal cost, subjected to the constraint that everywhere the stress must be less than the 

admissible stress. In this case, the problem belongs to the branch of mathematics called 

constrained optimisation. Many approaches have been developed in order to handle 

constraints in GA. To date, the most important are (Mezura-Montes & Coello Coello, 2011): 

 Feasibility rules: Constraint violations and objective values are evaluated separately 

and are considered when two or more individuals are compared in the selection 

phase. In particular, i) when comparing two feasible solutions, the one with the best 

objective function is chosen; ii) when comparing a feasible and an infeasible solution, 

the feasible one is chosen; iii) when comparing two infeasible solutions, the one with 

the lowest sum of constraint violation is chosen. 

 Stochastic ranking: Two individuals can be compared (i) based on their sum of 

constraint violation, or (ii) based only on their objective values. The choice between 

these two methods when comparing infeasible individuals is made according to a 

probability Pf.  

 ε-constrained method: this method (Takahama et al., 2005) appears to be an 

improvement on the previously described mechanisms. According to a user-defined 

parameter ε, the inequality operator between two individuals is defined so that if ε=∞, 

the comparison works by using only the objective function value as criterion. On the 

other hand, if ε = 0, the comparison reduces to the feasibility rules’ procedure. For 

other values of ε, the choice of the comparison criterion depends on the amount of 

constraint violation. 

 Penalty function: This is the most common mechanism able to transform a 

constrained problem into an unconstrained one. A penalty function 𝑓𝑝𝑒𝑛, accounting 

for the constraint violation 𝜑(𝒙), is introduced, and summed to the objective function 

𝑓(𝒙) gives the fitness function Φ(𝒙), which becomes the new function to be 

optimised: 

Φ(𝒙) =  𝑓(𝒙)  +   𝑓𝑝𝑒𝑛(𝜑(𝒙)) (3.7) 
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 Specialized operators: A special operator is conceived as a way of either preserving 

the feasibility of a solution or moving within a specific region of interest within the 

search space, i.e., the boundaries of the feasible region. Some authors have reported 

highly competitive results when adopting special operators (GENOCOP, 

Michalewicz, 1996). The main drawback of this sort of approach is its limited 

applicability.  

 Multi-objective concept: Constraint violation may be seen as a new objective to be 

minimised together with the real objective function. Several strategies have been 

proposed to achieve this aim, using multi-objective problem techniques. Besides the 

bi-objective transformation (Ray et al., 2009), a many-objective one (Gong & Cai, 

2008) may also be adopted, in order to treat each constraint separately from the 

others. 

 Combination of two or more of the previous techniques. Mallipeddi & Suganthan 

(2010) proposed an ensemble of four constraint techniques: feasibility rules, 

stochastic ranking, a self-adaptive penalty function and the ε-constrained method in 

a four subpopulation scheme, designed to solve optimisation problems. Based on 

their experiments, the authors concluded that the ECHT (ensemble of constraint-

handling techniques) performs better than any of the constraint-handling techniques 

that it contains. 

In the following, we will describe the penalty function method, which is the most popular 

and easily implementable mechanism among those previously described. According to 

expression (3.7), the penalty function is introduced to represent the type and weight of the 

constraints and the degree of constraint violation. Doing so, not all the constraints imposed 

in the calculation must be penalised to the same degree.  

Generally, different types of constraints are possible: 

𝑔𝑖(𝒙) ≥ 0,        𝑖 = 1, … , 𝑚      (a) 

ℎ𝑗(𝒙) = 0,        𝑗 = 1, … , 𝑛      (b) 
(3.8) 

 where m, n are the number of inequality and equality constraints, respectively. 

In TOSCA, the constraint must be defined as an interval: 

𝑎𝑘 ≤ 𝑙𝑘(𝒙) ≤ 𝑏𝑘,        𝑘 = 1, … , 𝑚 + 𝑛 (3.9) 
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Even if this may appear a restriction, it is usually sufficient to choose an arbitrarily small 

number 휀 and consider 𝑎𝑘 = −휀 and 𝑏𝑘 = +휀 to turn an equality constraint (3.8)(b) into a 

form as in (3.9). For inequality constraints of type (3.8)(a), an upper bound must be added. 

For instance, going back to a structural optimisation problem, 𝑙𝑘(𝒙) may represent the ratio 

between the actual stress and the admissible one, and it clearly must vary between 0 and 1. 

Given the constraint (3.9), the constraint violation factor is defined as: 

𝑝𝑘 = max (𝑝𝑘,𝑚𝑖𝑛; 𝑝𝑘,𝑚𝑎𝑥) (3.10) 

with: 

𝑝𝑘,𝑚𝑖𝑛 = max (
𝑎𝑘 − 𝑙𝑘(𝒙)

𝑏𝑘 − 𝑎𝑘
; 0) 

𝑝𝑘,𝑚𝑎𝑥 = max (
𝑙𝑘(𝒙) − 𝑏𝑘

𝑏𝑘 − 𝑎𝑘
; 0) 

(3.11) 

The general expression for the penalty function is: 

𝑓𝑝𝑒𝑛 = ±𝑓(𝒙)𝑃 (3.12) 

where P is a penalty term accounting for the constraint violations. Plus and minus signs refer 

to minimisation and maximisation problems, respectively. Two penalty terms have been 

implemented in TOSCA: 

 Statical penalty function: 

𝑃 = ∑ 𝑤𝑘𝑝𝑘
𝛼

𝑚+𝑛

𝑘=1

 (3.13) 

with 𝑤𝑘 the weight assigned to the k-th constraint. α=1 if 𝑝𝑘 < 1, α=2 otherwise. 

 Gen-Cheng dynamic penalty function (Gen & Cheng, 1996): 

𝑃 =
1

𝑚 + 𝑛
∑ 𝑤𝑘 (

𝑝𝑘

𝑝𝑘,𝑖
)

𝛼𝑚+𝑛

𝑘=1

 (3.14) 

where 𝑤𝑘, 𝑝𝑘 have been defined previously, α is now a coefficient chosen by the user 

(penalty pressure) and 𝑝𝑘,𝑖 is the maximum k-th constraint violation factor in the current i-

th population. In this case, therefore, the penalization amount depends also on the current 



CHAPTER 3. OPTIMISATION BY MEANS OF GENETIC ALGORITHMS 

74 

population fitness, and the same amount of constraint violation results in different 

penalisation during the analysis. 

3.5. Tuning GA parameters 

To complete this description of GA functioning, it seems useful to give some suggestions 

about tuning the algorithmic parameters. As stated above, GA should be considered as a 

framework more than a procedure, since a lot of operators must be chosen and calibrated for 

the problem at hand. Since the behaviour of the algorithm depends not only on the individual 

operators but also on how they interact with each other, they are usually tuned by using a 

trial-and-error procedure. Some recommendations are provided in the following pages. 

3.5.1. Population size and number of generations 

The population size (𝑃𝑠) is linked to the number of generations (𝑁𝑔), by the need to limit the 

computational time of the analysis. The single run (individual evaluation) may be expensive 

in terms of computing effort, i.e. it may be a nonlinear static or dynamic structural analysis, 

and so the number of total evaluations 𝑁𝑒 = 𝑃𝑠 ∙ 𝑁𝑔 must be limited. The hypothesis here is 

that 𝑁𝑒 is fixed (since, once the analysis time of a single run is known, the user can decide 

how long the optimisation process should last). In order to perform 𝑁𝑒 runs, one can choose 

to have a large 𝑃𝑠 and small 𝑁𝑔 or vice versa.  

In general, large population sizes reduce the power of GA. This is easily understandable, 

since, as a limit, with 𝑃𝑠 = 𝑁𝑒, the process reduces to a simple random search. On the 

contrary, some researchers (Krishnakumar, 1990) have developed microGAs, that is a GA 

with a small population size (typically only 5–10) that is repeatedly run for short durations 

and then restarted (while keeping a few optimal solutions from the previous runs) until 

convergence is achieved.  

Apart from these extreme examples, the initial population should sample as much genetic 

material as possible (see par. 3.4.2); furthermore, small populations suffer from the 

phenomenon called “genetic drift”. Genetic drift (Rogers & Prugel-Bennett, 1999) is a term 

borrowed from population genetics where it is used to explain changes in gene frequency 

through random sampling of the population. It is a phenomenon observed in genetic 
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algorithms due to the stochastic nature of the selection operator, and is one of the 

mechanisms by which the population converges to a single member. In the literature, some 

attempts to control genetic drift by choosing the population size are reported in Gibbs et al. 

(2008). However, this phenomenon may be easily avoided by using Stochastic Universal 

Sampling as the selection method. An example showing how SUS, Roulette Wheel and 

Tournament selections (with tournament size equal to 2) are differently affected by genetic 

drift is reported in Figure 3.11. An optimisation problem, in which two variables x1 and x2 

(varying between -2000 and +2000 with a 0.001 increment) are involved, is considered. 

Since the objective is minimising a constant (flat fitness landscape) and the linear rank 

scaling procedure with α=1.0 is applied to SUS and Roulette Wheel, in the selection phase 

all individuals (10 per generation) have the same probability of being selected. No crossover, 

mutation or elitism are applied. 

 

(a) 

 

(b) 

Figure 3.11. Comparison of premature convergence for genetic drift using different selection methods. 

In Figure 3.11, the normalised standard deviation of each variable in the parameter space (a 

measure of how much it is distributed in the space) is plotted against the generation number. 

It is clear that, thanks to its deterministic nature, SUS is the only selection method able to 

maintain diversity in the population even in the case of small populations. The other selection 

procedures suffer from genetic drift and at about the generation 7 (Tournament) and 30 

(Roulette Wheel) the population consists of copies of just one individual. 
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3.5.2. Selection parameters 

In general, the optimisation analysis should be a compromise between exploration and 

exploitation, i.e. the need of exploring the parameter space exhaustively and the need of 

accelerating the process by discarding the areas where poor solutions have been found so 

far, and focusing on the regions where particularly good individuals are present. 

According to Kita & Yamamura (1999),  

“In the GA, selection operation should be designed so as to gradually narrow the 

probability distribution function (p.d.f.) of the population, and the crossover 

operation should be designed so as to preserve the p.d.f. while keeping its ability 

of yielding novel solutions in finite population case.” 

This functional specialization hypothesis clearly divides the responsibilities of the 

operations. The selection operator, which mainly utilises fitness values of solution 

candidates rather than their location information, should encourage the population in 

convergence to an optimum, and crossover operation, which does vice versa, should search 

promising regions provided by selection operation for better solution candidates. 

As seen for genetic drift, SUS is the best selection method among the ones implemented. Its 

power may be easily controlled by tuning scaling type and pressure, but the optimal 

parameters are problem-dependent. As a rule-of-thumb, it could be suggested that the 

selection pressure (with which we mean the effect of both scaling type and pressure) should 

be such that in the final part of the analysis the population fitness is distributed around the 

optimum value (convergence), meaning that the population fitness standard deviation should 

be very low. In Figure 3.12, three different analyses in which the sphere function (𝑓(𝑥) =

∑ 𝑥𝑖
230

𝑖=1 ) with 30 variables (−0.348 ≤ 𝑥𝑖 ≤ 4.048) is minimised are displayed. It is clear 

that a too low pressure does not bring the analysis to convergence and may induce the 

phenomenon called “stagnation” (see also par. 3.6.1). If the pressure is too high, the analysis 

can be trapped into local optima or induce early loss of diversity in the population, thus 

preventing the attainment of the global optimum. The optimal selection pressure is the one 

identified as “medium pressure”. 
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(a) 

 

(b) 

Figure 3.12. Comparison between different selection pressures: (a) population fitness standard deviation and 

(b) population fitness mean. 

As far as the scaling types are concerned, it is suggested by many authors (Hancock, 1994; 

Razali & Geraghty, 2011; Someya, 2011) that a rank-based selection scheme helps prevent 

premature convergence due to “super” individuals, since the best individual is always 

assigned the same selection probability, regardless of its objective value. So, Linear and 

Exponential Rank are superior to Normalizing scaling. Figure 3.13 shows how the selection 

pressure is influenced by the scaling method. 

 

Figure 3.13. Increasing selection pressure. 

Linear scaling 

α=1.0 

Linear scaling 

α=2.0 

Exponential scaling 

α=1.0 

Exponential scaling 

α→0 

increasing selection pressure 
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The selection pressure becomes almost equal for linear scaling with α=1.8 and exponential 

scaling with α=0.986 (Hancock, 1994). The probability of being selected depending on the 

individual rank is shown in Figure 3.14. 

 

Figure 3.14. Probability to be selected when linear and exponential scaling are equivalent. 

3.5.3. Crossover parameters 

The role of crossover is to explore the region of the space identified by the selection operator. 

Therefore, “the distribution of the offsprings generated by crossover operators should 

preserve the statistics such as the mean vector and the covariance matrix of the distribution 

of parents” (Kita & Yamamura, 1999). A very good review of different crossover operators 

and optimal tuning of their parameters can be found in Someya (2008, 2012). 

As far as the implemented crossovers are concerned: 

 Multi-point and Discrete crossovers have no parameters to tune, and they 

automatically satisfy the functional specialization hypothesis; 

 Fixed Arithmetical and Directional crossovers have no parameters to tune, and they 

cannot satisfy the functional specialization hypothesis; 

 Probabilistic Arithmetical and Blend-α crossovers may satisfy the functional 

specialization hypothesis if they are properly calibrated; 

For the last two, in an approximate way, it can be achieved by setting the interval modifier 

α=2.0. 
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The same optimisation problem considered for genetic drift, but now with five variables 

(varying between -2000 and +2000 with a 0.001 increment), is considered. Since the 

objective is minimising a constant and the linear rank scaling procedure with α=1.0 is 

considered for SUS, no real selection is used. The decrease in parameter standard deviation 

(loss of diversity), seen in Figure 3.15, is entirely due to the crossover operator. It is apparent 

that BLX-α, unlike Fixed Arithmetical crossover, does not decrease the population 

variability in the space, and thus satisfy the functional specialization hypothesis. 

The probability of crossover should be set high (85-100%). 

 

(a) 

 

(b) 

Figure 3.15. Evolution of parameter standard deviation (a) for BLX-α (with α=2) and (b) Fixed Arithmetical 

crossover. 

3.5.4. Elitism 

Elitism can be useful to prevent the loss of good individuals. However, the user must be 

aware that it is another source of selection pressure together with scaling pressure (Someya, 

2011). So, it should be used when the non-convexity and discontinuity of the function may 

cause the algorithm to lose good individuals. Another common situation is when, the 

parameter space being too large and the population size limited, it is necessary to increase 

the disrupting power of mutation in order to explore the space as much as possible. In this 

case, good individuals may be easily lost. In any case, not more than one or very few elitist 

individuals should be considered. 



CHAPTER 3. OPTIMISATION BY MEANS OF GENETIC ALGORITHMS 

80 

3.5.5. Mutation 

The basic objective of mutation is to increase exploration of the parameter space. In order to 

limit its disrupting power, its probability should be kept under 1-2%. A special case is the 

mutation called Local, in par. 3.4.6. If associated with Probabilistic Arithmetical crossover, 

it can produce a hybrid operator which has an intermediate behaviour between Probabilistic 

Arithmetical crossover and BLX-α. To obtain that, the mutation probability should be set as 

a high value (20-30%) and the additional parameter measuring the subset of the original 

range could be around 10%. 

3.6. Examples 

3.6.1. Minimisation of a multimodal function 

The first example refers to the minimisation of a multimodal analytical function: the 

Rastrigin function. It is often used as a benchmark test for optimisation algorithms, for the 

great number of local optima which make it impossible to find the minimum with gradient 

based methods. Its expression is: 

𝑓(𝑥) = 𝐴𝑛 + ∑[𝑥𝑖
2 − 𝐴𝑐𝑜𝑠(2𝜋𝑥𝑖)]

𝑛

𝑖=1

 (3.15) 

where A=10, 𝑥𝑖 ∈ [−4.348,4.048] and 𝑛 =  10 is the number of variables. It has a global 

minimum at x = 0, where f(x) = 0, and a large number of local optima (Figure 3.16).  
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Figure 3.16. Rastrigin function4 for n = 2. 

The initially adopted GA parameters are: 

 Initial population generation: Sobol sequence. 

 Population size: 100 individuals.  

 Number of Generations: 100.  

 Crossover probability: 1.0.  

 Type of crossover: Probabilistic arithmetical with parameter α = 2.1. 

 Mutation Probability: 0.0.  

 Type of selection: SUS. 

 Linear scaling pressure: 1.4.  

 Replacement: Elitism, 5 individuals. 

The elitist replacement procedure has been considered necessary, given the high 

multimodality of the function. To counterbalance the high selection pressure it induces, 

parameter α in the crossover algorithm has been higher than the suggested value 2.0 (see 

par.3.5). The results in terms of history chart and population statistics are displayed in Figure 

3.17 (Analysis 1). 

                                                 
4 "Rastrigin function" by Diegotorquemada - Own work. Licensed under Public Domain via Wikimedia 

Commons - 

http://commons.wikimedia.org/wiki/File:Rastrigin_function.png#mediaviewer/File:Rastrigin_function.png 
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(a) 

 

(b) 

Figure 3.17. Rastrigin function, analysis 1: (a) individual history chart and (b) population statistics. 

It is possible to see that convergence is already reached at generation 50. The optimum found 

is at 

 𝑥 = [ −0.9679, −0.9607, −0.0035, 0.0174, −0.9953,  

−0.025, −0.0511, 0.9835, −0.0549, −1.0078] 

and has the value 6.70. It is evident that the algorithm has been trapped into a local optimum 

and has no ability to exit it. To improve the performance of the algorithm, aleatory mutation 

can be added, with a 0.5% probability. The results are shown in Figure 3.18 (Analysis 2). 

The improvement in terms of population variability, especially in the last part of the analysis, 

when convergence is reached, is clearly visible in Figure 3.18a. The optimum found is now 

at 

𝑥 = [ 0.0115, 0.0057, 0.008, 0.0101, −0.0012, 

 −0.0024, 0.0132, 0.0087, −0.0055, 0.0037] 

with a very good function value of 0.125. Considering the complexity of the problem (large 

number of variables, large number of local optima), it can be considered a satisfactory 

solution. 
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(a) 

 

(b) 

Figure 3.18. Rastrigin function, analysis 2: (a) individual history chart and (b) population statistics. 

Since GAs significantly rely on random procedures, to be sure that the solution is valid, it is 

usually good practice to perform more than one analysis with a different random seed. A 

random seed (or seed state, or just seed) is a number used to initialize a pseudorandom 

number generator, such as the one used by computers. This has been done, and the resulting 

solution has a value 𝑓𝑜𝑝𝑡 = 0.301, close to the solution previously found. 

Finally, a different crossover type has been studied: Blend-α crossover with the same 

parameters as Analysis 2. The analysis shows the trends displayed in Figure 3.19 (Analysis 

3). 

The analysis has experienced the phenomenon of stagnation, i.e. due to the low selection 

pressure and the particular structure of the function it failed to converge. To solve this, it is 

sufficient to increase the scaling pressure to 1.8 (Analysis 4, Figure 3.20). The convergence 

is now reached and the optimum found is 2.03.  
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(a) 

 

(b) 

Figure 3.19. Rastrigin function, analysis 3: (a) individual history chart and (b) population statistics. 

 

(a) 

 

(b) 

Figure 3.20. Rastrigin function, analysis 4: (a) individual history chart and (b) population statistics. 

3.6.2. Optimisation of a Tuned Mass Damper 

A Tuned Mass Damper (TMD) is a device used for vibration control and consists of a mass, 

connected to the structure by means of an elastic element and a damper able to dissipate 

energy. In this example, the structure is represented as a SDOF system (Figure 3.21), 

characterized by a mass 𝑚1, a stiffness 𝑘1, and a damping coefficient 𝑐1, with undamped 

circular frequency 𝜔1 = √
𝑘1

𝑚1
; the TMD is modelled by an additional mass 𝑚2 linked to the 

main structure by a spring of stiffness 𝑘2 and a dashpot with a damping coefficient 𝑐2. 

Tuning the TMD means defining the mass ratio (𝜇 =
𝑚2

𝑚1
), the frequency ratio (𝛼 =

𝜔2

𝜔1
, with 
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𝜔2 = √
𝑘2

𝑚2
) and the damping ratio 𝜉2 =

𝑐2

2 𝑚2 𝜔2
 characterising the device and leading to the 

best response of the structural system.  

 

Figure 3.21. Simplified model of the TMD. 

Here, an approach for tuning TMD properties is proposed. It is based on optimising the 

average structural response under a set of 7 natural seismic records, which are spectrum-

consistent on average with the EC8 elastic spectrum. For each “trial” value of the TMD 

properties, a structural response qi is evaluated and compared with the same response of the 

structure without TMD. The gain in structural performance due to the use of the TMD may 

thus be evaluated and optimised. 

Given a response qi, evaluated as the mean value of the responses when the structure is 

subjected to N earthquake ground motions, the fitness function 𝜔  to be maximized is defined 

as:  

𝜔(𝒑) =
1

𝑁
∑

𝑞𝑁𝑜𝑇𝑀𝐷
𝑖 − 𝑞𝑇𝑀𝐷

𝑖 (𝒑)

𝑞𝑁𝑜𝑇𝑀𝐷
𝑖

𝑁

𝑖=1

 (3.16) 

where 𝒑 = [𝜇 𝛼 𝜉2] are the parameters to be optimised, 𝑞𝑁𝑜𝑇𝑀𝐷
𝑖 , 𝑞𝑇𝑀𝐷

𝑖  are the response 

quantities evaluated in the structure without and with TMD respectively, subjected to the i-

th earthquake. The response is evaluated by performing a step by step linear dynamic 

analysis based on modal superposition on the simplified two-DOFs model of the building by 

using the software ABAQUS (Systemes, Dassault, 2009). 

Four different alternatives for the response qi have been considered: 
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 Criterion 1: peak acceleration; 

 Criterion 2: peak displacement; 

 Criterion 3: average of 30 highest acceleration peaks; 

 Criterion 4: average of 30 highest displacement peaks. 

Criteria 3 and 4 take into account, for each ground motion, an average of the most severe 

accelerations/displacements the structure will experience during the same ground motion, 

and so give more importance to less demanding but more prolonged responses. Since in this 

section we are interested in the optimisation process, only the results obtained by means of 

Criterion 1 will be analysed.  

The structural mass of the structure is m1=262.72t, while the stiffness and the damping 

coefficient are respectively k1=204.69kN/mm and c1=0.2962kNs/mm. On the other hand, 

the TMD properties m2, k2, c2 are evaluated starting from the non-dimensional parameters 

𝜇, 𝛼, 𝜉2 previously defined. Table 3.2 displays the variation range of these design properties.  

Table 3.2. TMD design: variation range for the investigated parameters. 

Parameter Minimum value Maximum value Step 

𝝁 0.0 0.01 10-6 

𝜶 0.9 1.1 0.001 

𝝃𝟐 0.0 0.15 0.001 

 

The GA used in the analyses has the following parameters:  

 Initial population generation: Sobol sequence. 

 Population size: 40 individuals.  

 Number of Generations: 30.  

 Crossover probability: 0.85.  

 Type of crossover: BLX with parameter α = 2.0. 

 Mutation Probability: 0.02.  

 Type of mutation: Aleatory. 

 Type of selection: SUS. 

 Linear scaling pressure: 1.6.  
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 Replacement: Elitism, 1 individual. 

Since the analysis involves the maximum structural response under different motions (and 

we don’t know the time when it appears), the problem is difficult to express in a 

mathematical form and it may be non-convex and discontinuous. The use of GA is thus a 

natural choice for these types of problems. 

Contrarily to the example described in 3.6.1, each evaluation is not trivial. A single analysis 

(SDOF structure plus TMD – 7 seismic records) on an Intel® Core™ i7-3770 CPU @ 

3.40GHz and 8GB RAM took about 55 seconds. So, a reduction in the number of individual 

evaluations is needed (40 individual, 30 generations). Since reducing the population size 

may result in premature convergence, the mutation rate has been increased to 2%; to avoid 

losing good individuals, elitist replacement with one individuals has been applied. 

 

(a) 

 

(b) 

Figure 3.22. TMD design analysis: (a) individual history chart and (b) population statistics. 

The results plotted in Figure 3.22a show that 2% mutation let poor individuals appear even 

in the latest stages of the analysis. This is confirmed by Figure 3.22b, in which it is shown 

that non-zero standard deviation exists at the end even when the population mean fitness 

approaches the optimum. This is positive, because it means that the population has not lost 

diversity, even though it has reached convergence. 

The solution parameters are: μ = 0.01, α = 0.959, ξ2 = 0.025, and the average peak 

acceleration reduction obtained is 26.52%. It is interesting to see that the mass ratio μ has 

converged towards the maximum value in the range. There is not an optimal value for it, in 

the sense that increasing the TMD mass always brings benefits to the seismic behaviour, and 
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so it is only limited by the possibility to allocate space for the device in the building. The 

result is confirmed by a subsequent analysis, here not reported, in which the mass variation 

range has been extended to 𝜇 ∈ [0, 0.02]: the optimum value obtained is μ = 0.02. 

In Figure 3.23, the values of the design variables are plotted against the fitness. This type of 

plot is useful to study the convexity of the function. The monotonic dependence of the fitness 

function on μ is clearly visible in Figure 3.23a; in Figure 3.23b and c it is possible to see that 

one global optimum exists and it is easily identified by the algorithm. Inside the variation 

range, the frequency ratio α seems to have more importance than the damping ratio ξ, as the 

slope of the maximum envelope is higher in (c) than in (b). This may be seen as a qualitative 

measure of the sensitivity of the objective function to the parameter variation.  

 

(a) 

 

(b) 

 

(c) 

Figure 3.23. (a) Mass ratio, (b) damping ratio, (c) frequency ratio of the evaluated individuals against fitness. 
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3.6.3. Identification of a base-isolated bridge 

This last example serves as introductive example for identification problems, which are the 

main topic of this thesis. A bridge recently investigated in Bedon & Morassi (2014) has been 

studied. The examined structural system, specifically, consists of a continuous, two-span 

post-tensioned reinforced concrete (RC) deck (C35/45 concrete, with fck=35MPa the 

cylindrical characteristic strength) with total length of 75m, supported by a single mid-span 

elliptical, 4m-heigh RC pier (C30/37 concrete, fck=30MPa) and two RC abutments (C30/37 

concrete) able to provide lateral rigid supports at the deck ends. An overview of the bridge 

is provided in Figure 3.24, in the form of plan view and typical cross sections.  

The main characteristic of this bridge is given by the presence of six multi-directional 

cylindrical elastomeric bearing isolators – two for each support on pier and abutments – 

currently produced by FIP Industriale (type SI-N-1200/112, FIP Industriale SpA). These 

elastomeric isolators, having nominal diameter isolator=1200mm and total thickness 

hisolator=112mm, consist of a series of steel laminates and hot-vulcanized rubber layers. Their 

main characteristics are given by large vertical stiffness (Kz= 7631MN/m), as well as by high 

flexibility and damping capabilities under shear loads, hence resulting in nominal dynamic 

shear modulus Gdin=0.8MPa, equivalent viscous damping coefficient =10-15%, and 

maximum allowable lateral displacement umax≈200mm. Despite their structural capabilities 

under extreme events such as high-level seismic events, the effective mechanical 

characterisation of these devices is rather complex to properly estimate. 
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(b) 

 

(c) 

Figure 3.24. Dogna bridge: (a) plan, (b) cross-section on the pier and (c) typical deck cross-section. 

Dimensions in meters. 

In order to numerically investigate the Dogna Bridge, a finite element (FE) model has been 

carried out by means of the ABAQUS/Standard software package (Systemes, Dassault, 

2009). Based on Bedon & Morassi (2014), specifically, a geometrically simplified but 

computationally efficient and accurate FE-model has been developed. The typical model 

consisted of 4-node, quadrilateral, stress/displacement shell elements (S4R) with reduced 

integration and large-strain formulation. A regular mesh pattern, composed of 0.5m long × 

0.25m wide rectangular elements, has been used for both the deck and the pier. The isolators 

have been described in the form of opportunely assembled translational (slide plane) and 

rotational (cardan) connectors available in the ABAQUS library. In the first case, slide plane 

connectors provided rigid vertical stiffness Kz, and translational stiffnesses in the 

longitudinal and transversal directions Ky, Kx respectively. At the same time, cardan 

connectors have been used in order to properly take into account the rotational stiffness K 

offered by the elastomeric isolators. 
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Figure 3.25. Schematic view of the FE-model, axonometric view.  

Both dynamic and static experiments have been performed on the bridge described. Detailed 

discussion of test methods and results is provided in Bedon & Morassi (2014). As results of 

the dynamic tests, the first 12 natural periods are available (Table 3.3). Further static 

experiments have been successively performed by means of static truck-loads applied to the 

deck, and two different loading configurations, e.g. one torsional static scheme and one 

flexural scheme have been taken into account. During the experiments, vertical 

displacements of the deck were measured at 17 different locations (Figure 3.26) immediately 

after the application of the truck loads, and it was checked that the unloading of the bridge 

manifested null residual deformations. 
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Table 3.3. . Experimental Modal Analysis results: mean value of natural periods pr. T= Torsional; B= 

Bending; RB= (almost) rigid-body motion. 

Mode order Description 
Period  

(s) 

1 1st B 0.495 

2 RB Transversal 0.328 

3 2nd B 0.314 

4 RB Longitudinal 0.277 

5 RB Torsional 0.207 

6 3rd B 0.145 

7 1st T 0.144 

8 2nd T 0.125 

9 4th B 0.110 

10 Coupled B-T 0.077 

11 Coupled B-T 0.070 

12 Coupled B-T 0.069 

 

 

Figure 3.26. Instrument layout for the static experiments. 

The aim of the analyses described in the following is identifying some material parameters, 

namely the transversal (Kx) and longitudinal (Ky) stiffnesses of the isolators, the pier and 

deck Young modulus, respectively Ec,pier, Ec,deck. The variation range for each parameter is 

displayed in Table 3.4.  
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Table 3.4. Bridge identification: variation range of the investigated parameters. 

Parameter Lower bound Upper bound Step 

Kx  (MN/m) 7.5 800 0.01 

Ky  (MN/m) 7.5 800 0.01 

Ec,pier  (GPa) 20 60 1 

Ec,deck  (GPa) 20 60 1 

 

Accounting for the different experimental data available, two analyses have been carried out: 

 Dynamic identification based on the fundamental periods; 

 Static identification. 

The analyses differ in the discrepancy function utilised. The first identification attempt aims 

at minimising the discrepancy between the computed and measured periods. The cost 

function to be minimised is: 

𝜔1,𝑑𝑦𝑛(𝒑) = ∑ (
𝑇𝑖,𝑐𝑜𝑚𝑝(𝒑) − 𝑇𝑖,𝑒𝑥𝑝

𝑇𝑒𝑥𝑝,𝑚𝑎𝑥
)

2𝑁𝑀

𝑖=1

 (3.17) 

where: 

 𝑁𝑀 = 12, number of modes utilised; 

 𝑇𝑖,𝑐𝑜𝑚𝑝(𝒑), i-th computed period;  

 𝑇𝑖,𝑒𝑥𝑝, i-th experimental period;  

 𝑇𝑒𝑥𝑝,𝑚𝑎𝑥 = 0.495s, the maximum experimental period 

 p vector of the material parameters. 

As far as the static identification is concerned, two loading conditions have been considered, 

and the vertical displacements have been recorded respectively in 17 and in 10 points (Figure 

3.26). The discrepancy function to be minimised is: 

𝜔𝑠(𝒑) = ∑ ∑(𝑢𝑗,𝑖,𝑐𝑜𝑚𝑝(𝒑) − 𝑢𝑗,𝑖,𝑒𝑥𝑝)
2

𝑁𝑃,𝑖

𝑗=1

𝑁𝐿

𝑖=1

 (5) 
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where NL=2 is the number of the load conditions, NP,i is the number of measurements for the 

i-th loading condition, 𝑢𝑗,𝑖,𝑒𝑥𝑝 and 𝑢𝑗,𝑖,𝑐𝑜𝑚𝑝 are respectively the experimental and the 

computed displacements at point j in loading condition i. 

A Genetic Algorithm utilising the scheme described in this chapter has been used. The main 

parameters are: 

 Population size: 50 individuals; 

 Number of Generations: 50; 

 Crossover probability: 0.85; 

 Mutation Probability: 0.02; 

 Scaling pressure: 1.7; 

 Parameter α for BLX: 2.0. 

In Figure 3.27a the mean and the best discrepancy value in the population for the dynamic 

analysis are plotted against the generation number. It is possible to see that the mean value 

of the discrepancy becomes stable (despite some peaks due to mutated elements at some 

generations) at about generation 21. The results in terms of population mean and best 

individual for the static analysis are shown in Figure 3.27b.  

  

(a) (b) 

Figure 3.27. Mean and best discrepancy value in the population against the generation number for (a) 

dynamic analysis and (b) static analysis. 
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In Table 3.5, the experimental natural periods and the first twelve periods of the numerical 

optimum individual found in the dynamic analysis are compared. It is possible to notice a 

good agreement between experimental and numerical results. 

In Figure 3.28, a comparison between experimental and numerical displacements in some of 

the points displayed in Figure 3.26 is shown for the static test. A good match between 

experimental and numerical response is also found for the static identification problem. 

Table 3.5. Comparison between identified model frequencies and experimental outcomes of the dynamic 

identification problem. 

Mode number 
Experimental Period 

(s) 

Numerical Period 

(s) 

1 0.495 0.496 

2 0.328 0.332 

3 0.314 0.310 

4 0.277 0.277 

5 0.207 0.208 

6 0.145 0.141 

7 0.144 0.130 

8 0.125 0.115 

9 0.110 0.107 

10 0.077 0.102 

11 0.070 0.071 

12 0.069 0.067 
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(a) 

 

(b) 

Figure 3.28. Comparison between measured and computed displacements in the transverse cross-section in 

load condition 1 (a) and along the bridge axis in load condition 2 (b). The sensor numbers correspond to the 

ones displayed in Figure 3.26. 

Table 3.6. Solutions of the bridge identification problem. 

Parameter Dynamic analysis Static analysis 

Kx  (MN/m) 186 not identifiable 

Ky  (MN/m) 172.9 not identifiable 

Ec,pier  (GPa) not identifiable not identifiable 

Ec,deck  (GPa) 44.9 34.1 

 

The material parameters identified in both analyses (best individuals) are shown in Table 

3.6. Some parameters are marked as “not identifiable” because their influence on the 

discrepancy function is negligible, which means that any value can be assumed without 

significantly affecting the fitness value. This is apparent in Figure 3.29, where, as an 

example, the plots Ky-ω are plotted for dynamic and static analyses. Each point displayed 

represents one individual analysed in the process. While the minimisation of the dynamic 

discrepancy function leads to a clear identification of the isolator stiffness, in the static 

analysis the discrepancy function is not sensitive to this parameter.  
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(a) 

 

(b) 

Figure 3.29. Identification of Ky (a) in the dynamic analysis and (b) in the static analysis. 

The treatment of multiple solutions is one of the major differences between optimisation 

aimed at optimal design (as the example in subsection 3.6.2) and identification of material 

parameters. In optimal design the analyst is not concerned about the uniqueness of the 

solution found in the optimisation process, since what is important is the value of the fitness 

function (cost, volume, performance). Conversely, in an identification problem, it is 

important to understand if the discrepancy function (related to the structural response) is 

sensitive to each parameter, and so, if the latter is identifiable. The problem of identifiability 

of the sought parameters will be deepened in Chapter 5. 

The differences between the concrete Young modulus identified in the dynamic and static 

tests shown in Table 3.6 can be explained by the different loading conditions. It has been 

reported by some authors (Nagy, 1997) that ratio 𝐸𝑑𝑦𝑛/𝐸𝑠𝑡𝑎𝑡𝑖𝑐 (where 𝐸𝑑𝑦𝑛 is the dynamic 

concrete Young modulus, and 𝐸𝑠𝑡𝑎𝑡𝑖𝑐 is the static one) is generally included in the range 

1.2 ÷ 1.4 depending on the concrete strength. In the analysed case, 
𝐸𝑑𝑦𝑛

𝐸𝑠𝑡𝑎𝑡𝑖𝑐
= 1.29. 

3.7. Conclusions 

In this chapter, the optimisation tool used throughout this work is described. It is a software 

written in C# language and based on Genetic Algorithms, a powerful framework for 

optimisation problems. All operators implemented are described and the problem of 
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parameter tuning is dealt with; some indications are given and the need of controlling 

different features of the algorithm is pointed out. 

Some examples are described in the last part of the chapter, to help understand how to study 

an optimisation problem and judge its results. The first example is the minimisation of an 

analytical function of 10 variables (Rastrigin function). The large number of local optima 

makes it ideal to test the ability of GA to reach the convergence without being trapped in 

local minima. The importance of tuning scaling pressure according to the crossover type 

utilised and of applying mutation operator is shown. Even though the algorithm is not able 

to reach the real optimum, a very good near-optimal solution is found.  

The second example is the design of a Tuned Mass Damper on a structure modelled as a 

SDOF system. The design of a Tuned Mass Damper implies the choice of the values of mass, 

stiffness and damping for the device. It is achieved by maximising the peak acceleration 

reduction with respect to the structure without TMD, when subjected to several spectrum-

compatible ground motions. The problem proved to be convex, and the solution was 

successfully obtained by the algorithm. 

Finally, an identification problem is considered for the first time. A base-isolated bridge has 

been tested in dynamic and static conditions. The experimental results are then compared 

with the numerical counterparts in an optimisation process, in order to search for the material 

parameters giving the best match. The analysis of the results shows which parameters the 

response is more sensitive to, and can thus be considered as identified. 
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Chapter 4. PROPER ORTHOGONAL DECOMPOSITION AND 

SURROGATE MODELS 

4.1. Introduction 

In the final pages of the previous chapter, some examples showed how it is possible to solve 

optimisation problems by means of Genetic Algorithms. It has been mentioned that one of 

the bottlenecks of the optimisation process (especially when metaheuristics are used) is the 

large number of analyses to be performed. Since it is at least in the order of magnitude of 

hundreds, and most often than not thousands, in order to have reasonable computing times 

the single analysis time should not exceed some seconds or very few minutes at most. This 

could potentially limit the possibility to use the framework described, as the advances in 

structural modelling have now allowed the user to create very complex and detailed models. 

Possible solutions to this drawback may be divided into two main groups: parallelisation 

and simplification. Using the first approach, the problem is split in sub-problems, each of 

which is run in parallel with the others. As far as GA-based optimisation is concerned, two 

levels of parallelisation are possible: at optimisation control unit’s level and at individual 

level. In the first case, each individual is separately analysed by a processor, since inside the 
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population each fitness evaluation is independent from each other. This is reasonable, since 

the collection and processing of the results, which appears at the end of a generation and 

must be performed by a single processor, are relatively inexpensive operations compared to 

the single individual evaluation. This implementation, called in literature as “Global single-

population master-slave GAs” (Cantú-Paz, 1998) is the simplest and most intuitive approach 

and, decreasing the global wall time, leaves the basic algorithmic principles unvaried. Other 

more sophisticated implementations (Cantú-Paz, 2000) consider one spatially-structured 

population but with selection and mating restricted to a small neighbourhood or multiple 

sub-populations which exchange individuals occasionally.  

The second level of parallelisation concerns the single individual analysis, and exploits the 

particular nature of the structural problem. When the structure is very large and/or a detailed 

description with a fine mesh is used, the problem size can become huge, making nonlinear 

analyses prohibitively expensive. In these cases, a direct solution of the overall system may 

not be feasible because of physical limits in computing resources. To solve such 

computational problems, domain decomposition techniques can be effectively employed. 

The basic idea of domain decomposition (Park & Felippa, 2000; Toselli & Widlund, 2005; 

Jokhio & Izzuddin, 2013) is that instead of solving one huge problem, it is convenient to 

solve smaller problems associated with several subdomains and assembling the response to 

obtain the solution for the original domain. Recent advances (Macorini & Izzuddin, 2013b) 

have studied the use of multi-level partitioning to distribute the computational load 

uniformly to the different processors used in parallel. Domain decomposition has been 

implemented in the Finite Element software ADAPTIC (Izzuddin, 1991), used throughout 

this thesis, and so, even not explicitly underlined, most calculations presented in this and the 

following chapters make use of this approach. 

For many software codes and FE models, structural partitioning is not available or, if it is, 

the gain in computational time is not sufficient to perform the optimisation task. In this case, 

model simplification is needed. Whereas parallelisation takes advantage of hardware 

availability by distributing the computation burden without any loss of information, 

simplification sacrifices accuracy to improve speed. Its main objective is reducing the 

degrees of freedom of the model accounting for the global features of the original system, 

and neglecting local behaviours. As an example, this is the standard method of analysing 

linear dynamical responses, where, instead of solving a great number of coupled motion 
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equations, the global response is projected onto a basis of uncoupled modes of vibration 

which may be studied separately. The significant modes are usually much less than the 

structure’s degrees of freedom and, for simple structures, even the first very few modes are 

sufficient to give a very accurate response (Chopra, 1995). 

In some cases, the simplified model may be intuitively created by the user after some careful 

considerations on the structure analysed (for instance, SDOF representation for dynamic 

analyses). In other cases, this is not immediate. A possible approach, presented here, is to 

create a “surrogate” model by performing the following actions: 

1. Extract the basic features of the response to be analysed (model reduction); 

2. Interpolate the relationship between the input mechanical parameters and the 

reduced-order response; 

3. Expand the reduced response so evaluated to generate the global one. 

The first two actions may be performed in different ways. In this work, model reduction 

(step 1) has been achieved by using Proper Orthogonal Decomposition (Liang, et al., 2002) 

while, for the subsequent phase (step 2), interpolation by the kriging method (Cressie, 1993) 

has been used. They are described in Section 4.2 and a numerical example is shown in 

Section 4.3. 

4.2. Model reduction and surrogate models 

In any structural analysis, a mathematical model, representing the physical process under 

study, is available. This mathematical model, in many cases represented by a FE model, 

gives some outputs y (displacements, velocities, accelerations, strains, stresses, etc.) as a 

function of some input parameters p: 

𝒚 = 𝐹(𝒑)  (4.1) 

p collects parameters describing boundary conditions, material properties, geometrical 

features. 

In this section, it will be analysed how to approximate function (4.1) in an accurate way, 

what is needed in an optimisation process in order to avoid the repetitive runs of a 

computationally expensive FE model.  
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Different methods are available in literature (Press, et al., 2007). They basically differ by the 

data points pj provided: if the points are on a regular grid in the Q-dimensional space, where 

Q is the dimension of the vector p, common choices are bilinear or bicubic interpolation. For 

Q>3, usually, creating such a grid becomes impractical, and scattered data must be used. The 

choice of the data points may be achieved by means of random or quasi-random procedures 

(Latin Hypercube Sampling, McKay et al., 1979; Sobol sequence, Antonov & Saleev, 1979). 

Given the data points, the most common way to approximate the unknown function is by 

means of Radial Basis Functions (RBF, Buhmann, 2003). Whereas they have proved to be 

very effective in many problems (and successfully applied to inverse ones, see Buljak 

(2011), some issues remain open, mainly: i) the rational determination of various parameters 

within the radial basis function, which at present must be chosen in an empirical way, and 

ii) the inversion of the matrix containing the known data values, necessary to determine the 

coefficients for the radial basis functions. When no equally spaced grids are used, the matrix 

can be ill-conditioned, and the results may become not accurate at all. 

An alternative way for interpolating the known data (in the most general case of scattered 

points) is the use of kriging methods, which in particular overcome problem ii) previously 

mentioned. 

4.2.1. Proper Orthogonal Decomposition 

Without loss of generality, let us consider the case in which the output variables y in equation 

(4.1) are displacements, collected in the N-sized (with N being the number of system degrees 

of freedom) nodal displacement vector U.  

The approximation of the vector-valued functional (4.1) implies the definition of N 

interpolating functions, and even for standard models it can be impractical, since in most 

methods (as RBF or kriging) each of these is obtained after a matrix inversion, which is a 

computationally demanding operation. It is desirable, so, to decrease the size of the problem, 

i.e. find a compressed description of the vector U. It can be obtained by means of Proper 

Orthogonal Decomposition (Liang et al., 2002). Known also as Principal Component 

Analysis (PCA), Proper Orthogonal Decomposition (POD) transforms the data into a new 

set of variables, called the Principal Components, which are uncorrelated, and which are 

ordered so that the first few retain most of the variation present in all of the original variables. 
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POD defines the new coordinate system in order to minimize the loss of the data in average, 

least square sense. 

Changing the basis for U means that it will be expressed as 

𝑼(𝒑) ≈ ∑ 𝑎𝑖(𝒑)𝝋𝒊

𝑲

𝒊=𝟏

= 𝚽𝒂(𝒑) (4.2) 

with K<<N. In equation (4.2), it is underlined that only the principal component ai is 

dependent on the material parameter p, while the basis, expressed by the matrix 𝚽, whose 

columns are the modal shapes 𝝋𝒊, is fixed and evaluated once and for all. Defining the modal 

shapes 𝝋𝒊 and choosing the number of significant modes K is the core of the procedure.  

Let Uj denote the j-th (with j=1,…, M) observation (called snapshot in the POD jargon), i.e. 

the value assumed by the vector U for a given choice of the material parameter pj. The modal 

shapes 𝝋𝒊 are obtained as the basis minimising the approximation error for the M snapshots. 

In other words, given a number K of modal shapes, these are obtained minimising the 

average error: 

𝐸 = ∑ ‖𝑼𝒋 − ∑ 𝑎𝑖(𝒑𝒋) 𝝋𝒊

𝑲

𝒊=𝟏

‖

2𝑴

𝒋=𝟏

 (4.3) 

where ‖∙‖ is the Euclidean norm of a vector. Calling “snapshot matrix” �̅�, the N×M matrix 

collecting the M snapshots as columns, and defined the M×M modified correlation matrix 

D=�̅�𝑻�̅�, it is possible to prove that the modal shape matrix  𝚽 is: 

𝚽 = �̅�𝑽𝒁 (4.4) 

where: 

 V is the M×K matrix whose columns are the first K eigenvectors of matrix D; 

 Z is the diagonal K×K square matrix whose elements zii are defined as: 

𝑧𝑖𝑖 = 𝜆𝑖
−1/2

 (4.5) 



CHAPTER 4. PROPER ORTHOGONAL DECOMPOSITION AND SURROGATE MODELS 

104 

with λi being the i-th eigenvalue of matrix D. One of the main features of the POD basis is 

its orthonormality, which means that 𝚽𝑻𝚽 = 𝐈. Given a computed displacement field 𝑼𝑭𝑬, 

thanks to the orthonormality of the basis, the reduced representation in terms of amplitudes 

can be evaluated inverting equation (4.2) by the expression: 

𝒂 = 𝚽𝐓𝑼𝑭𝑬 (4.6) 

As regards the choice of the number K of significant modes, it is also possible to prove that 

the overall error E may be expressed by the relation: 

𝐸 = ∑‖𝑼𝒋‖
2

𝑀

𝑗=1

− ∑ 𝜆𝑖

𝐾

𝑖=1

 (4.7) 

and so, dividing by ∑ ‖𝑼𝒋‖
2𝑀

𝑗=1  and taking the square root, we obtain the root-mean-square 

error of the snapshots 𝑠𝑠𝑛𝑎𝑝𝑠ℎ𝑜𝑡𝑠 in a non-dimensional form: 

𝑠𝑠𝑛𝑎𝑝𝑠ℎ𝑜𝑡𝑠 = √1 −
∑ 𝜆𝑖

𝐾
𝑖=1

∑ 𝜆𝑖
𝑀
𝑖=1

 (4.8) 

where the equality ∑ ‖𝑼𝑗‖
2𝑀

𝑗=1 = ∑ 𝜆𝑖
𝑀
𝑖=1  comes from equation (4.7) considering that, for the 

M samples considered, taking all modes means expressing the M displacement fields in just 

another different basis, leading to E=0. 

For a different set of P samples, the expression for s equation (4.8) is not applicable, and so: 

𝑠𝑠𝑎𝑚𝑝𝑙𝑒𝑠 = √
∑ ‖𝑼𝒋 − 𝚽𝒂‖2𝑃

𝑗=1

∑ ‖𝑼𝒋‖2𝑃
𝑗=1

 (4.9) 

4.2.2. The ordinary kriging interpolating method 

Let us assume we have chosen M different sets of 𝒑𝒋, run our FE model for each of these 

and obtained the displacements. Thanks to expression (4.6), we also know the values 𝑎𝑖
𝑗
 for 

the same M models. The task is to estimate 𝑎𝑖 for an arbitrary p, approximating the unknown 

function 𝑎𝑖(𝒑), represented by the FE model solution plus POD projection with a function 
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𝑎𝑖
∗(𝒑) such as 𝑎𝑖

∗(𝒑𝒋) =  𝑎𝑖
𝑗
. For the sake of briefness, in the following we will omit the 

subscript i, as it is clear that the procedure must be carried out for each output variable ai. 

An effective strategy for interpolating the known values 𝑎 considers the use of the kriging 

methods, widely utilised in geostatistics. Named after the South-African mining engineer 

D.G. Krige, this class of methods consists of approximating the function value by a weighted 

sum of the known data, but, unlike other approximating techniques, which assign decreasing 

weights with increasing separation distance, kriging assigns weights according to a 

(moderately) data-driven weighting function. This helps compensate for the effects of data 

clustering, assigning individual points within a cluster less weight than isolated ones. 

Different kriging methods may be identified (Goovaerts, 1997): 

1. Simple kriging; 

2. Ordinary kriging; 

3. Universal kriging (called also kriging with a trend). 

All these methods consider the function 𝑎(𝒑) as a random field with a trend 

component, 𝑚(𝒑), and a residual component, 𝑅(𝒑) = 𝑎(𝒑) − 𝑚(𝒑). The estimator 𝑎∗(𝒑) 

is defined as:  

𝑎∗(𝒑) = 𝑚(𝒑) + ∑ 𝑤𝑖[𝑎(𝒑𝑖) − 𝑚(𝒑𝑖)]

𝑀

𝑖=1

 (4.10) 

where: 

 𝑎∗(𝒑) is the estimated value of the function at location 𝒑; 

 𝑀 is the number of known data 𝑎(𝒑𝑖) on which the interpolation function will be 

built; 

 𝑚(𝒑), 𝑚(𝒑𝑖) are the expected values of 𝑎(𝒑) and 𝑎(𝒑𝑖); 

 𝑤𝑖 is the kriging weight assigned to the point 𝑎(𝒑𝑖). 

The goal of kriging methods is choosing 𝑤𝑖 such as to minimise the variance of the estimator: 

𝜎𝐸
2(𝒑) = 𝑉𝑎𝑟{𝑎(𝒑) − 𝑎∗(𝒑)} (4.11) 
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under the unbiasedness constraint 𝐸{𝑎(𝒑) − 𝑎∗(𝒑)} = 0. It relies on the prior definition of 

a semivariogram, i.e. a function v(r) which estimates (half) the mean square variation of a(p) 

as a function of the distance r (in the parameter space). By definition, 

𝑣(𝒓)~
1

2
〈[𝑎(𝒑 + 𝒓) − 𝑎(𝒑)]2〉 (4.12) 

The differences between kriging variants concerns the treatment of the trend component 

 𝑚(𝒑). In the following, ordinary kriging, which is the method used hereinafter, will be 

described. It assumes that the mean value 𝑚(𝒑) is constant in the local neighbourhood of 

each estimation point, that is 𝑚(𝒑𝑖) = 𝑚(𝒑) for each nearby data value 𝑎(𝒑𝑖) that we are 

using to estimate 𝑎(𝒑). In this case, equation (4.10) becomes: 

𝑎∗(𝒑) = 𝑚(𝒑) + ∑ 𝑤𝑖[𝑎(𝒑𝑖) − 𝑚(𝒑)] =

𝑀

𝑖=1

 

= ∑ 𝑤𝑖𝑎(𝒑𝑖)

𝑀

𝑖=1

+ [1 − ∑ 𝑤𝑖

𝑀

𝑖=1

] 𝑚(𝒑) 

(4.13) 

and we filter the unknown local mean by requiring that the kriging weights sum to 1, leading 

to the ordinary kriging estimator: 

𝑎∗(𝒑) = ∑ 𝑤𝑖𝑎(𝒑𝑖)𝑀
𝑖=1   with     ∑ 𝑤𝑖

𝑀
𝑖=1 = 1 (4.14) 

Setting up the system minimising the error variance plus an additional Lagrangian term 

accounting for the unit-sum constraint on the weights leads to: 

𝑽𝒘 = 𝒗∗   (4.15) 

and so: 

𝑎∗(𝒑) = 𝒘𝑻�̃� = 𝒗∗
𝑻𝑽−𝟏�̃� = 𝒗∗

𝑻𝒄 (4.16) 

where: 
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 𝑽 = [

𝑣00 …
… …

𝑣0𝑀 1
… …

𝑣𝑀0 …
1 …

𝑣𝑀𝑀 1
1 0

] is the (𝑀 + 1) × (𝑀 + 1) symmetric matrix whose 

generic element 𝑣𝑖𝑗 = 𝑣(𝒑𝒊 − 𝒑𝒋); 

 𝒗∗ = [𝑣(𝒑 − 𝒑𝟏) … 𝑣(𝒑 − 𝒑𝑴) 1]𝑻; 

 �̃� = [𝑎(𝒑𝟏) … 𝑎(𝒑𝑴) 0]T. 

The purpose of the extra row and column in 𝑽, and extra last components in 𝒗∗ and �̃�, is to 

automatically calculate, and correct for, an appropriately weighted average of the data, and 

thus to make equation (4.16) an unbiased estimator. 

The weight vector 𝒘 = 𝑽−𝟏𝒗∗ depends on the actual value of the vector p. However, the 

vector 𝒄 = 𝑽−𝟏�̃�  can be computed once and for all at the beginning of the procedure, using 

the known data 𝑎(𝒑𝑖) and the estimated semivariogram 𝑣(𝒓); so, the surrogate model only 

needs the simple computation of a vector product 𝒗∗
𝑻𝒄.  

Usually, the semivariogram is considered as a function of the only magnitude 𝑟 = |𝒓|. In 

this case, the semivariogram is called isotropic. When the dependence between 𝑎(𝒑 + 𝒓) 

and 𝑎(𝒑) is a function of both distance and the direction between locations 𝒑 and 𝒑 + 𝒓, the 

process is called anisotropic. Some methods exist to estimate the best semivariogram starting 

from the data available (Curriero & Lele, 1999); a simple but effective choice, followed in 

this work, is to assume an isotropic semivariogram defined as: 

𝑣(𝑟) = 𝛼𝑟𝛽 (4.17) 

where 𝛽 is fixed, while 𝛼 is chosen such as to fit the data.  

4.2.3. Sources of error in the POD-kriging approximation 

Analysing Equation (4.2) which shows the compressed description of the displacement field, 

it is clear that in the case K = M no error is present in the POD representation of the 

snapshots, while if K = N no error is present in the POD representation of whatever sample 

is considered, since the vector U would simply be expressed in another equivalent basis. So, 

the first source of error is the reduction of the degrees of freedom from N to K.  
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The other source of error is given by the approximation (4.16), when the amplitudes are 

retrieved by means of the approximating function. In this case the error is zero at the 

interpolating points, and different from zero anywhere else. It is important, thus, to study 

separately the errors when verifying the proposed procedure. It will be shown in the next 

section. 

4.3. A numerical example 

4.3.1. Model description 

The structure examined here is a 770×770mm2, 120mm-thick masonry panel, made of 

250×120×55mm3 sized bricks and 10mm-thick mortar layers. On the top, a rigid element 

allows for a uniform load application. On it, a vertical pressure equal to 1MPa is applied; 

then a horizontal monotonic load quasi-statically increasing from 0 to 92.4kN 

(corresponding to 1MPa average shear stress on the panel) is imposed. Two constraints 

applied to the rigid element force it to remain horizontal during the application of the 

horizontal load. This simulates a shear test, a common test setup for masonry structures 

(Figure 4.1a). 

This test has been modelled using the mesoscale representation described in Chapter 2. This 

means that the mortar joints are represented by a zero-thickness nonlinear interface, and the 

bricks are modelled using 20-node elastic solid elements. Additional (linear) interface 

elements are inserted in the middle vertical plane of each brick. The vertical load has been 

modelled as a volume force on the rigid element. The corresponding numerical model is 

represented in Figure 4.1b. All FE analyses are run by using the software ADAPTIC 

(Izzuddin, 1991). 
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(a) 

 

(b) 

Figure 4.1. (a) Representation of the shear test on a masonry panel and (b) numerical model. 

4.3.2. Linear response 

The structure is firstly analysed in its linear response. The elastic properties are considered 

to vary in the range reported in Table 4.1. In it, 𝑟ℎ𝑗,𝑏𝑗 represents the ratio between head joint 

and bed joint elastic properties. Hence, it is assumed that 
𝑘𝑁,ℎ𝑗

𝑘𝑁,𝑏𝑗
=

𝑘𝑉,ℎ𝑗

𝑘𝑉,𝑏𝑗
= 𝑟ℎ𝑗,𝑏𝑗. 

By using Sobol pseudo-random sequence, 150 samples with different material properties 

have been generated in order to create the POD basis and to define the points for the 

interpolating kriging functions. Then, other 100 samples have been generated randomly to 

verify the fitness of the basis and the approximation.  

The analysis of the 150 samples by means of the procedure described in section 4.2.1 is 

necessary to define the POD basis. This is evaluated by applying equation (4.4) after 

choosing the number of modes K. As previously stated, the higher K the smaller errors are 

given in the POD representation (evaluated by means of equations (4.6) and (4.2)), but 

usually very few modes are sufficient for very accurate responses. In order to investigate the 

amount of error carried by the POD approximation, the errors s in the reduction by POD, 

evaluated as in equations (4.8) and (4.9) for the snapshots and for the random samples 

respectively, are shown in Figure 4.2 as a function of the number of modes considered K. 
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Table 4.1. Variation range for the elastic properties. 

Parameter Explanation Lower bound Upper bound Step 

𝐸𝑏 (N/mm2) Brick Young modulus 5000 40000 1 

𝜈𝑏 Brick Poisson ratio 0.001 0.499 10-4 

𝑘𝑁,𝑏𝑗 (N/mm3) Bed joint axial stiffness 30 1000 0.1 

𝑘𝑉,𝑏𝑗 (N/mm3) Bed joint shear stiffness 10 500 0.1 

𝑟ℎ𝑗,𝑏𝑗 Head joint-to-bed joint ratio 0.001 1.0 10-4 

 

 

Figure 4.2. Error in the POD reduction for the linear case. 

It is clear that very few modes are sufficient to retrieve a very accurate response. It is also 

remarkable that equation (4.8), strictly speaking valid only for the snapshots, gives an 

accurate estimation of the error even for random samples. It can be used, so, as an indicator 

for the choice of the number K of modes to be used.  
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Figure 4.3. Graphical representation of the first five modes for the linear behaviour of the masonry wall shear 

test. 
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In this example, the linear model response in terms of displacements will be reduced to only 

5 modes, giving errors less the 0.5%, according to Figure 4.2. The modes are shown in Figure 

4.3. The reduced response, thus, consists of 5 degrees of freedom, namely the amplitudes a1, 

a2, …, a5, whereas the full complete response needed the value of 5040 degrees of freedom 

(three components for 1680 node displacements). Multiplying the amplitudes by the mode 

shapes shown in Figure 4.3, the response in terms of displacement is retrieved. 

After choosing the relevant modes, in order to build a surrogate model of the test, it is 

necessary to create an interpolating function linking the amplitudes ai to the parameters p. 

Unlike many geostatistical applications, in which the parameters collected in p are 

geographical coordinates, here they are material properties and they thus have different 

dimensions. In order to make them non-dimensional, the following change in variables is 

used: 

𝑝𝑖 =
𝑝𝑖

𝑝𝑚𝑎𝑥
𝑖 − 𝑝𝑚𝑖𝑛

𝑖
 (4.18) 

where 𝑝𝑚𝑖𝑛
𝑖  and 𝑝𝑚𝑎𝑥

𝑖  are respectively the minimum and the maximum value in the range 

for the variable 𝑝𝑖, as reported in Table 4.1. Hence, all non-dimensional parameters vary 

from 0.0 to 1.0. 

Ordinary kriging (described in Section 4.2.2) with isotropic semivariogram given by 

equation (4.17) has been used as interpolation method. The influence of the parameter β in 

the semivariogram is investigated in the following. Given a sample in the random population, 

the percentage error e has been defined as: 

𝑒 =
‖𝑼𝑭𝑬 − 𝑼𝒔𝒖𝒓𝒓‖

‖𝑼𝑭𝑬‖
 (4.19) 

where: 

 𝑼𝑭𝑬 is the vector collecting the displacements of the reference finite element model; 

 𝑼𝒔𝒖𝒓𝒓 is the vector collecting the displacements of the surrogate model.  

𝑼𝒔𝒖𝒓𝒓 is obtained by applying equation (4.16) first (estimation of amplitudes from material 

parameter vector p) and expanding the amplitudes to the displacements by means of equation 

(4.2).  
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The frequency histogram of the error e for different β values is shown in Figure 4.4. It is 

possible to see that no great difference exists between different choices for the 

semivariograms. In all cases at least 50% samples give an error which is less than 10%, while 

about 80% samples have errors less than 20%. It can be concluded that the surrogate model 

may be used within an optimisation process as replacement for the FE model, since after the 

off-line training phase in which the reduced POD basis is created and the 𝑽 and  �̃� matrices 

in equation (4.16) are evaluated, the response is obtained in a straightforward manner by 

simply performing the vector product 𝒗∗
𝑻𝒄. It is expected that a different choice for the 

semivariogram, for example by using an anisotropic formulation not investigated here, could 

give even more accurate results. 

 

Figure 4.4. Distribution of errors of the random samples in the elastic range using an exponential 

semivariogram with β=1.2, β=1.5, β=1.8. 

4.3.3. Nonlinear response 

The structural response has been analysed considering the nonlinear behaviour of interfaces 

modelling mortar joints. It has meant to vary at the same time elastic and strength properties, 

as described in Table 4.2. 
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Table 4.2. Variation range for the nonlinear analysis. 

Parameter Explanation 
Lower 

bound 

Upper 

bound 
Step 

𝐸𝑏 (N/mm2) Brick Young modulus 5000 40000  1  

𝜈𝑏 Brick Poisson ratio 0.001 0.499 10-4 

𝑘𝑁,𝑏𝑗 (N/mm3) Bed joint axial stiffness 30  1000  0.1  

𝑘𝑉,𝑏𝑗 (N/mm3) Bed joint shear stiffness 10  500  0.1  

𝑟ℎ𝑗,𝑏𝑗 Head joint-to-bed joint ratio 0.001 1.0 10-4 

𝑐0,𝑏𝑗 (N/mm2) Bed joint initial cohesion 0.001  1.0  0.001  

𝑡𝑎𝑛 𝜙0,𝑏𝑗 
Bed joint initial friction angle 

tangent 
0.45 1.6 0.001 

𝑠 
Parameterised bed joint initial 

tensile strength 
0.0 1.0 0.001 

 

When both 𝑐0,𝑏𝑗 and 𝑡𝑎𝑛 𝜙0,𝑏𝑗 have been fixed, the tensile strength 𝜎𝑡0,𝑏𝑗 cannot vary freely, 

because of the hyperbolic yield function used (Macorini & Izzuddin, 2011).  In this case, 

private communications with the authors of the cited work provided reasonable bounds for 

𝜎𝑡0,𝑏𝑗 as [
𝑐0,𝑏𝑗

10
, 0.5

𝑐0,𝑏𝑗

𝑡𝑎𝑛 𝜙0,𝑏𝑗
]. Starting from the described independent parameters, thus, the 

bed joint initial tensile strength is evaluated as: 

𝜎𝑡0,𝑏𝑗 = [
𝑡𝑎𝑛 𝜙0,𝑏𝑗

10
+ 𝑠 ∙ (0.5 −

𝑡𝑎𝑛 𝜙0,𝑏𝑗

10
)]

𝑐0,𝑏𝑗

𝑡𝑎𝑛 𝜙0,𝑏𝑗
 (4.20) 

As far as the head joints are concerned, some researchers propose not to consider their 

strength contribution to the global response (Mann & Muller, 1982). This is due to the fact 

that no relevant axial pressure nor any type of confinement is usually applied to them. For 

this reason, in this example all head joint strength properties have been considered being one 

order of magnitude less than the corresponding bed joint properties, except for friction angle, 

which is assumed equal.  

Since this case study only serves as numerical example in order to check to feasibility of 

surrogate models for nonlinear analyses, in order to avoid convergence problems the 

nonlinear interface behaviour has been assumed as elastic-perfectly plastic. This has implied 
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inserting very high fracture energies in the material formulation. No residual states are thus 

attainable. 

By using Sobol pseudo-random sequence, 350 samples have been generated in order to 

create the POD basis and to define the points for the interpolating kriging functional. Then, 

other 100 samples have been generated randomly to verify the fitness of the basis and the 

approximation.  

Since in this analysis T =10 time steps are considered (corresponding to 10 equally spaced 

load steps from 0 to 92.4kN), the vector 𝑼 will consist of the displacements for all N degree 

of freedom and for all T time steps. It means that the number of rows is equal to T×N, and 

that each POD mode will contain contributions for all time steps. During the creation of the 

snapshots, however, it may happen that some model, due to the particular set of parameters 

p considered, is not able to complete the analysis, therefore terminating at a step T1<T. Since 

the snapshot matrix �̅� must be rectangular, this raises the issue of how to “fill” the missing 

T - T1 time steps. Two solutions have been studied: 

 Solution 1: assign null displacements for missing time steps; 

 Solution 2: assign the last evaluated displacement field for missing time steps. 

To study each of the two solutions, a percentage error e of the approximated model is defined 

as: 

𝑒 = √
∑ ‖𝑼𝑭𝑬(𝑡) − 𝑼𝒔𝒖𝒓𝒓(𝑡)‖2𝑇1

𝑡=1

∑ ‖𝑼𝒔𝒖𝒓𝒓(𝑡)‖2𝑇1
𝑡=1

 (4.21) 

where now the summation has been extended to all T1 time steps considered for the nonlinear 

analysis and, as above, 𝑼𝑭𝑬(𝑡) refers to the finite element response while 𝑼𝒔𝒖𝒓𝒓(𝑡) 

represents the reduced-order approximated response (only POD reduction). The number K 

of POD modes has been chosen, according with what was stated in the previous subsection, 

such as 𝑠𝑠𝑛𝑎𝑝𝑠ℎ𝑜𝑡𝑠 ≤ 0.5%. 
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Table 4.3. Comparison between two solutions for reducing models by POD in nonlinear analyses. 

 Solution 1 Solution 2 

Number of modes K 35 25 

Global error (eq. (4.9)) 0.95% 3.63% 

Mean error 1.28% 4.97% 

Error Standard deviation 4.09% 6.55% 

Maximum error 39.01% 46.75% 

 

Seen in Table 4.3, it is possible to notice that, although the snapshot global error ssnapshots is 

minor than 0.5% for both solutions, the global error for the samples ssamples approaches this 

value only using Solution 1. The mean and standard deviation errors, evaluated for all 

samples in the random population is again lower using Solution 1. Finally, it is worth saying 

that POD approximation may be very poor for some samples (last row in Table 4.3). It 

happens when the model considered has performed very few time steps, in comparison with 

the target (T=10 in this example): in the cases analysed, the maximum error displayed in the 

last row of Table 4.3 was achieved by one sample for which the analysis was not able to 

exceed time step 3 out of 10. Bearing in mind these possible drawbacks, we can conclude 

that POD approximation can also be used in the reduction of the response of nonlinear 

models, and Solution 1 seems more promising in order to deal with missing time steps. 

Finally, the ordinary kriging approximation has been analysed. As for the linear model study, 

the material parameters have been made non-dimensional and an isotropic semivariogram 

with β=1.5 has been used. Then, the error as in equation (4.21) has been evaluated, and in 

this case 𝑼𝒔𝒖𝒓𝒓(𝑡) represents the response evaluated by kriging interpolation and expansion 

of the reduced-order POD amplitudes. The distribution of error e in the random population 

is shown in a histogram in Figure 4.5. Solution 2 shows more samples with errors less than 

20% compared to Solution 1. 
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Figure 4.5. Distribution of errors of the random samples in the non linear range using (a) Solution 1, (b) 

Solution 2. 

4.4. Conclusions 

In this chapter, an approach to model simplification involving the use of surrogate models is 

studied. This may be necessary when analyses of computationally expensive numerical 

models must be performed in an optimisation process. A procedure consisting of prior 

reduction of degrees of freedom and creation of interpolating functions linking model 

parameters to the response is proposed. It is applied to the simulation of a masonry test in 

Section 4.3. The results show that the model reduction by POD is able to retain the main 

features of the real response, giving very low errors both in the elastic and nonlinear phase, 

provided that a sufficient number of modes are selected. The number of modes may be 

chosen by studying the error in the representation. Conversely, the interpolation by ordinary 

kriging is sufficiently accurate in the linear case, while improvement is needed in nonlinear 

analyses. 
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Chapter 5. SENSOR PLACEMENT AND RELIABLE ESTIMATION 

WITH APPLICATION TO A DIAGONAL COMPRESSION TEST 

5.1. Introduction 

In Chapter 1 it has been shown that the solution of an inverse (structural) problem is 

generally attained by solving an optimisation problem in which a misfit (or discrepancy or 

cost) function between experimental and computed data is minimised.  

A well posed inverse problem should admit one, and only one, solution. For that solution, in 

a perfect world, the value of the discrepancy function should be zero. In fact, in most cases 

neither situation occurs.  

According to Hadamard’s definition (Kabanikhin, 2008), an inverse problem is well-posed 

when i) the solution exists, ii) it is unique, and iii) it is stable, i.e. when a small noise is 

applied to the known term, the solution of the “perturbed” problem remains in the 

neighbourhood of the “exact” solution. The well-posedness of an inverse problem is mainly 

related to the type of experimental setup, the number and type of experimental data and the 
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level of noise. The minimum value of the misfit function concerns both the level of noise 

and the accuracy of the model. Let us try to explain these concepts. 

Firstly, the experimental test must be representative of the unknown variables. For instance, 

in Barbone & Gokhale (2004), the authors solved the problem of determining the shear 

modulus μ(x,y) in an incompressible linear elastic solid throughout a (2D) region of interest 

Ω, given the displacement field u(x, y) (or in some cases u(x, y, t)) in Ω. They found that 

using a single displacement field to reconstruct the shear modulus requires a large amount 

of a priori knowledge related to the shear modulus itself. Furthermore, using two different 

displacement fields reduces the number of undetermined coefficients in the total solution to 

at most four. In the problems encountered in this thesis, the a priori knowledge consists 

basically of assuming the spatial distribution of the material properties being known. Even 

in this case, the correct choice of the experimental test is crucial in obtaining meaningful 

results, and, since the sensitivity of the response to the sought variables is often not known 

a priori, the results must be carefully considered. 

In the above mentioned work, as well as in most contributions related to imaging inverse 

problems (Barbone & Bamber, 2002; Ferreira et al., 2012), it is assumed that a full (strain 

or displacement) field is known. When this is not the case, it may be possible that, with the 

available experimental data, a well-posed problem becomes unstable. Thus, since type, 

number and location of the sensors used in the experimental tests are usually chosen in an 

empirical way, a rational methodology for the assessment of the experimental equipment is 

critical to exploit the full potential of the inverse procedure. In Section 5.2, a method for the 

optimal sensor placement, proposed in Chisari et al. (2014b) is described. 

The noise in the data is due to several causes. Apart from the inherent finite precision of the 

sensor and its possible malfunctioning (even in the acquisition control unit), the instrument 

may not be applied correctly or the location where it is placed may be locally damaged 

(measurement errors). Most often, the model of the physical process neglects some aspects 

that may have importance in the response recorded by the sensor (model errors). The 

approximation of the assuming spatial distribution of the material properties as known, 

mentioned above, is just an example (and rather relevant, at least for masonry structures, 

which are the main object of this work, see Xu et al., 2012). Other sources of model errors 

are boundary conditions modelling, discretisation errors, the length scale of the material 

model, which defined a range where the prediction can be considered accurate (Okereke et 
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al., 2014). Although model and measurement errors apply to different spaces (the model 

space and the data space), as shown in Chapter 2 they may be treated equally when Gaussian 

uncertainty is implicitly assumed; so, when in the following we talk about “noise” in the 

data, all sources of error are included. The noise in the data change the shape of the 

discrepancy function, may alter the well-posedness of the problem and make the global 

minimum different from zero. 

One could think of increasing the number of the unknown parameters in order to match the 

experimental data more closely. This must be done with caution, in order not to fall into the 

problem of overfitting (Everitt & Skrondal, 2010). In statistics and machine learning, 

overfitting occurs when a statistical model describes random error or noise instead of the 

underlying relationship. Overfitting generally occurs when a model is excessively complex, 

such as having too many parameters in comparison with the number of observations. A 

model that has been overfitted will generally have poor predictive performance (i.e. it is not 

reliable), as it can exaggerate minor fluctuations in the data. 

In the following sections, the issues of sensor placement, noisy data and reliable estimation 

will be extensively addressed. Two applications regarding a widely used test setup for 

masonry structure conclude the chapter. 

5.2. The choice of sensors 

5.2.1. General solution to inverse structural problems 

Let us consider a mechanical system, of volume 𝔅 and boundary 𝜕𝔅, defined by the position 

x in the reference configuration. It is known that the equations governing the quasi-static 

behaviour of the system are of three different types: 

1. Equilibrium equations; 

2. Compatibility equations; 

3. Constitutive equations. 

In direct (forward) problems, the aim is to obtain the vector field u and, consequently, the 

stress tensor field σ, by solving the system of Partial Derivative Equation (PDE) given by 

the above mentioned equations and the boundary conditions. The closed-form solution of 
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such PDE system is known in very special cases; generally it is achieved by means of a 

Finite Element discretization. 

In identification problems, together with the previously mentioned unknowns, the 

constitutive parameters p, representative of the used material model, are to be sought. 

Clearly, the problem becomes underdetermined, so some new conditions have to be added. 

These new conditions come from the experimental measurements taken during the tests.  

Let us suppose we have a mathematical model (usually a FE one) 𝑭(𝒑, 𝒙) which, once the 

geometry, the spatial distribution of the material properties and the boundary conditions are 

fixed, gives the displacements as function of the material parameters p: 

𝒖(𝒙) = 𝑭(𝒑, 𝒙) (5.1) 

In the hypothetical case in which the full displacement field �̃�(𝒙) is known, a necessary 

condition for the solution of the inverse problem is the equality between the computed and 

the reference fields, 

𝑭(𝒑, 𝒙) = �̃�(𝒙) 𝑖𝑛 𝔅 (5.2) 

In globally well-posed inverse problems, this condition is also sufficient, and transform (5.2) 

in a non-linear system, that can be solved with an optimisation approach:  

�̃� = arg min
𝒑

(∫ (‖�̃�(𝒙) − 𝑭(𝒑, 𝒙)‖𝑞)
𝑞

𝑑𝑉
𝔅

)  (5.3) 

where ‖∙‖𝑞, with 1 ≤ 𝑞 ≤ ∞, is the weighted Lq-norm measuring the discrepancy between 

the computed and the reference displacement.  

Since Eqn. (5.2) is an overdetermined system, the solution is exact only in the absence of 

noise in �̃�(𝒙); otherwise, it is a solution in an approximate sense and the quality depends on 

both the noise and the conditioning of the system. In the case of q=2 (Euclidean norm), the 

solution is in a least-square sense. This is the most common formulation for the inverse 

problem, which derives directly from the assumption that all variables follow a Gaussian 

probability distribution (Tarantola, 2005). Other interesting situations occur when different 

probability distributions are assumed for the observed data values. If a Laplace distribution 

is considered (presence of outliers), the solution of the inverse problem comes from (5.3), 
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imposing q=1, i.e. the Least-Absolute-Value criterion. Conversely, when boxcar probability 

densities are used to model the input uncertainties, the problem is solved using q=∞. This 

corresponds to the minimax criterion, in which the maximum residual is minimised. 

The hypothesis of a whole displacement field being known is usually only satisfied for small 

specimens, restricting loading conditions (such as plane strain) and particular measurement 

equipment (i.e. Digital Imaging Correlation, Hild & Roux, 2006). On the contrary, the most 

common case is the availability of a discrete number of displacement measurements, usually 

by means of extensometers or transducers, in the following sections generically referred to 

as sensors. So, it is natural to wonder what the amount of information carried by the 

experimental data is, and how to choose the optimal position of the sensors. To this aim, at 

least two basic questions should be answered (Xiang et al., 2003): 

1. How many measurements are needed? 

2. Where to measure? 

For the answer to question 1, the well-known principle is that the number of measurements 

should be at least the same as the number of the parameters (Chisari et al., 2013). Otherwise, 

the identification process will fail, due to the lack of input information. However, there is no 

guarantee that increasing the amount of data could improve the accuracy of the estimation 

(as proved in Balk, 2013, with reference to an inverse problem of gravity). 

For the answer to question 2, the following criteria have been reported: 

 Because large measurements are more reliable than small measurements, the 

displacements with large magnitude should be measured (Yang, 1996). 

 Because parameters with higher sensitivity are more easily identified, highly 

sensitive displacements should be measured (Murakami et al., 1991). However, this 

criterion is difficult to use when there is more than one parameter (Haftka et al., 1998) 

to be identified. 

 If the measuring errors of all displacements are not correlated with each other and 

have the same variance σ2, for ordinary least square estimation, the variances of 

identified parameters are (JTJ)-1σ2 (Mitchell, 2000; Cividini et al., 1983; Fadale et 

al., 1995). Here, J is the system sensitivity matrix. The optimal measurements should 

generate the minimum values of the items in (JTJ)-1. For this purpose, many criteria 

have been proposed (Haftka et al., 1998). The most popular one is called ‘‘D-
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optimality’’ where the optimal measurements are determined through searching the 

maximum determinant of matrix JTJ. 

So far there is no recognised criterion for the design of the optimal measurement layout, 

although all the aforementioned views can provide some clues. In the following subsections, 

a criterion for the optimal sensor placement is proposed. It is based on the concept that if the 

global displacements may be expressed as linear combination of the experimental data, a 

rational choice should minimise the error propagation from those to the field. 

5.2.2. From a displacement field to discrete values 

When the full displacement field �̃�(𝒙) is not known, and only a limited set of L data �̃�𝒊 is 

available, it is common practice to replace problem (5.3) with the following (assuming from 

now on that L2-norm is used): 

�̃� = arg min
𝒑

(∑‖�̃�𝒊 − 𝑭(𝒑, 𝒙𝒊)‖𝟐

𝑳

𝒊=𝟏

)  (5.4) 

or, sometimes, with other formulations having more complicated forms involving weight 

matrices and/or regularization terms (see Chapter 2). In Eqn. (5.4), xi is the position of the i-

th sensor.  

While the solution of Eqn. (5.3) is the set pG which best fits the global experimental response, 

nothing is known about its relationship between solution pL of (5.4), which only best fits the 

data provided. It is intuitive that lim
𝐿→+∞

𝒑𝑳 = 𝒑𝑮, but, for finite values of L, the difference in 

the solution 𝒑𝑳 − 𝒑𝑮is not only function of L, but of the position 𝒙𝒊 as well, and there is no 

guarantee that increasing the amount of data could improve the accuracy of the estimation.  

Using the Finite Element Method, the domain can be discretized into finite elements and the 

dependency of u on the position x in the global reference system can be made explicit by 

means of the formulation: 

𝒖 = 𝑭(𝒑, 𝒙) = 𝑩𝒖(𝒙𝒆) 𝑨𝒆 𝑼(𝒑) (5.5) 

in which the subscript e indicates the element which point P, of global coordinates x and 

local coordinates xe, belongs to. The matrix 𝑩(𝒙𝒆) collects the so-called shape functions, 
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which depend on the type of finite element considered. The connectivity matrix Ae 

transforms the global nodal displacement vector U into the local reference system. Since 

both the shape functions and the connectivity are known a priori, the dependence of the full 

displacement field on the material parameters is completely characterized by the knowledge 

of the relationship 𝑼 = 𝑼(𝒑). So, from a theoretical point of view, imposing the equality 

between the displacement fields (functional equality (5.2)) is equivalent (neglecting a weight 

term given by the shape function integration) to imposing the vectorial equality: 

𝑼(𝒑) = �̃� (5.6) 

where �̃� is the N-sized vector collecting the displacements of the nodes by which the 

structure is discretized. If we neglect the possible error given by the shape functions used, 

the inverse problem is solved once a limited set of displacements, i.e. the nodal 

displacements, is known, and the infinite-sized system (5.2) is replaced by the N-sized 

system (5.6).  

In most cases, the choice of the nodal discretization in the domain is clearly distinct from 

the choice of the L nodes, the displacements of which are recorded during the test; 

furthermore, N>>L. What we want to prove, though, is that, once L displacements �̃�𝒊 are 

available, it is possible to express the vector �̃� as a linear combination of them. 

Let us suppose that it is possible to exploit the dependence of U on p by simply choosing a 

convenient basis. In Chapter 4, it is shown how the new basis can be formulated by analysing 

the behaviour of the field by means of a Proper Orthogonal Decomposition (POD, Liang et 

al., 2002). The displacement field expressed in the new basis reads: 

𝑼(𝒑) = ∑ 𝑎𝑖(𝒑) 𝝋𝒊

𝑲

𝒊=𝟏

= 𝚽 𝒂(𝒑) (5.7) 

where 𝚽 is the 𝑁 × 𝐾 matrix representing the new basis, a(p) is a vector collecting K 

amplitudes. In this way, the dependence on p is restricted to the amplitudes, while the basis 

is fixed once and for all. If K=N, U is simply expressed in a different equivalent basis; 

however, if the variation of the material parameters p acts on U simply modifying the relative 

importance of a limited number K<<N of “shapes” 𝝋𝒊, the advantages in expressing U as in 

(5.7) become apparent. 
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In fact, let us consider a displacement 𝒖𝒊. From (5.7), it can be written as: 

𝒖𝒊 = 𝚽𝒊 𝒂(𝒑) (5.8) 

where 𝚽𝒊 is the 3 × 𝐾 matrix obtained choosing the rows of 𝚽 corresponding to the 

displacements ui. Consequently, if 𝒖 is a vector collecting L displacements 𝒖𝒊, we can write: 

𝒖 = 𝚽𝒓 𝒂(𝒑) (5.9) 

with: 

𝚽𝒓 = [
𝚽𝟏 
…

𝚽𝑳 

] (5.10) 

On the other hand, a relative displacement Δ𝑢𝑘 between two points (placed at xk,1 and xk,2, 

respectively) along the direction of the line connecting them (as for transducers) can be 

expressed as:  

Δ𝑢𝑘 = (𝒖𝒌,𝟐 − 𝒖𝒌,𝟏)
𝑇

𝒄𝒌 = 𝒄𝒌
𝑻(𝚽𝒌,𝟐 − 𝚽𝒌,𝟏) 𝒂 (5.11) 

where 𝒄𝒌 is the vector of the director cosines of the direction considered. The matrix 𝚽𝒓 now 

becomes: 

𝚽𝒓 = [
𝒄𝟏

𝑻(𝚽𝟏,𝟐 − 𝚽𝟏,𝟏) 
…

𝒄𝑳
𝑻(𝚽𝑳,𝟐 − 𝚽𝑳,𝟏) 

] (5.12) 

If rank(𝚽𝒓)=K, it is possible to invert (in a least-squares sense) eqn. (5.9): 

𝒂 = 𝚽𝒓
† 𝒖 (5.13) 

where 𝚽𝒓
† is the pseudo-inverse matrix5 of 𝚽𝒓 (𝚽𝒓

† = 𝚽𝒓
−𝟏 if 𝚽𝒓 is squared and full rank). 

From (5.7) and (5.13): 

                                                 
5 The Moore-Penrose inverse (or pseudo-inverse) of a rectangular matrix 𝐴 ∈ ℝ𝑚×𝑛 is the unique matrix 𝐴† ∈
ℝ𝑚×𝑛 satisfying the following four matrix equations (Stewart & Sun, 1990): 

𝐴𝐴†𝐴 = 𝐴, 𝐴†𝐴𝐴† = 𝐴†, (𝐴𝐴†)𝑇 = 𝐴𝐴†, (𝐴†𝐴)𝑇 = 𝐴†𝐴 
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𝑼 = 𝚽 𝚽𝒓
† 𝒖 = 𝑷 𝒖 (5.14) 

5.2.3. A numerical method for the choice of the sensors 

Expression (5.14) is a linear expression between the nodal displacement vector and a limited 

set of data (both absolute displacements, eqn. (5.10), or relative displacements, eqn. (5.12)). 

Thus, it is natural to investigate how an error in u propagates into the global response. When 

the noise in u can be assumed as a Gaussian random variable with zero mean and variance 

𝜎2, the mean square error (MSE) of the least square solution (5.13) is:   

𝑀𝑆𝐸(�̂�) = ‖�̂� − 𝒂‖2
2 =  𝜎2 ∑

1

𝜆𝑘

𝐾

𝑘=1

 (5.15) 

where �̂� is the perturbed solution and 𝜆𝑘 is the k-th eigenvalue of the matrix 𝑻𝒓 = 𝚽𝒓
𝑻𝚽𝒓. 

In Ranieri et al. (2014) an interesting approach for the choice of sensor placement in linear 

inverse problems is proposed, where it is defined by minimising the MSE. Since eq. (5.15) 

presents many local minima, the MSE is not actually used; instead, the research effort is 

focused in finding tight proxies of the MSE that can be efficiently optimised. 

Here we reject any assumptions about the noise distribution and the approximation of MSE. 

Applying a perturbation to u in Eqn. (5.14) and subtracting the unperturbed expression, we 

obtain: 

𝜹𝑼 = 𝑷 𝜹𝒖 (5.16) 

Reminding one of the basic equations for the norm of a matrix: 

‖𝜹𝑼‖ ≤ ‖𝑷‖ ‖𝜹𝒖‖ (5.17) 

it is clear that given an error in the measured data u (usually not controllable), an upper 

bound for the error in the vector U (and, consequently, in the global field) is given by the 

norm of the matrix P. Since P changes with changing sensor locations 𝑿 (through the term 

𝚽𝒓
†), a rational approach in the choice of the measurement data may be the minimisation of 

the corresponding norm ‖𝑷‖: 
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𝑿𝒔 = [

𝒙𝒔𝟏

…
𝒙𝒔𝑳

] = arg min
𝑿

(‖𝑷(𝑿)‖)  (5.18) 

where xsi indicates the position of the i-th sensor. Although difficult to express in an 

analytical form, the optimization problem (5.18) can easily be treated by using meta-

heuristics, such as Genetic Algorithms.  

It is important to point out that there is an implicit relationship between the global field, 

evaluated as in (5.14), and the solution of (5.4). In fact, neglecting the error made in the 

compact representation (5.7) (which may be controlled by an appropriate number of modes, 

see Chapter 4), the displacements U are obtained by solving the overdetermined system (5.9) 

using a least-square approach. It means that they are the global displacement field whose 

nodal displacement u fits best the experimental data, in a least-square sense and among all 

possible representations given by the POD representation. On the other hand, the solution of 

(5.4) is the vector p which gives, in the same FE model as the previous considered for POD 

reduction, the best fitting nodal displacements 𝑭(𝒑, 𝒙𝒊) in a least-square sense. The 

definitions are almost coincident. In fact, it is not assured that the solution (5.13) belongs to 

the image of a(p), while the solution of (5.9) does by definition. So, special care should be 

given if one tried to retrieve the best fitting global displacement by simply using eq. (5.14), 

without actually solving the inverse problem. If noise is present in the data, it can be so 

amplified during the reconstruction that the resulting noise in the reconstructed field may 

overwhelm the original field. This could be limited by choosing a limited set of amplitudes 

Kr<K. All these aspects are currently under research.  

However, what is important now is that if the data recorded by the sensors are not 

representative of the global response (i.e. ‖𝑷‖ is high), the solution of the inverse problem 

is likely to be inaccurate; therefore, the propagation of the error in the inverse procedure can 

be controlled by the careful choice of the sensor location.  
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5.3. Calibration and predictive capability of the solution 

5.3.1. Overparameterisation and overfitting 

It has been mentioned above that when noise is present in the experimental data, the solution 

of the inverse problem is attained at minimum value of the discrepancy function 𝜔𝑚𝑖𝑛 which 

is different from zero. 𝜔𝑚𝑖𝑛 is a measure of how far our optimal model is from reality (or at 

least from its representation given by the experimental data provided). This generally causes 

a number of problems.  

Firstly, it is crucial to carefully examine the experimental data available. Since some outliers 

may be present, they must be removed from the set, because the L2-norm minimisation 

criterion is very sensitive to the presence of few data with large errors. It is true that some 

other approaches (e.g. L1-norm) are known to be more robust, but a careful preliminary 

analysis can remove most of the outliers. For instance, in the case of elastic property 

identification analysed in section 5.4.2, if the linear range in the experimental response is 

not visible the datum should be discarded.  

Secondly, if one parameter (for example identifying a boundary condition) is incorrectly set, 

it can bring an amount of error on the discrepancy function which prevents the procedure 

from being sensitive to the data for the estimation of other parameters. Furthermore, the user 

could have the “feeling” the data are corrupted by so large a noise that the estimation, based 

on small differences between numerical and experimental data, is no longer reliable. So, all 

sources of uncertainty should be included in the process, including boundary conditions. On 

the other hand, if too many parameters are considered, 𝜔𝑚𝑖𝑛 could approach zero, providing 

the (false) perception that the “perfect” model has been correctly detected. Thus, one should 

be aware of the issues of both overparameterisation and overfitting.  

Overparameterisation refers to the fact that not all the sought parameters have the same 

importance in the response and some may be insignificant or correlated to others. It could 

be thought that overparameterisation is not detrimental, since some parameters seem to be 

identified while in fact they are not. Instead, it should be clear that even though the response 

of the current test is not sensitive to them, a different structure or loading condition may be. 

To give an example, if one tries to detect shear stiffness of a solid by the inverse analysis of 

a compression test, the results in terms of stiffness value will span a large range without 
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affecting the test response. However, if the same parameters are used in modelling a force-

controlled shear test, the global displacements will diverge so much that it will be clear that 

the estimation was not reliable at all. So, overparameterisation affects the predictive 

performance of the calibration process, which is ultimately the aim of any identification 

procedure.  

Overfitting is the phenomenon in which, by increasing the complexity of the model, at some 

point it fits the noise more than the data, thus decreasing its predictive capabilities. In 

Whittaker et al. (2010) an interesting approach for the diagnosis of overfitting is proposed, 

in which two or more experimental data sets are used: one is the calibration data set, the 

others are the validation data sets. During the identification process (carried out there by 

means of Genetic Algorithms) all data set are processed and calibration error measures and 

validation error measures are evaluated. However, only the calibration error is minimised, 

while the validation error is only monitored. During the first part of the search, the fit of the 

predictions will improve for both the calibration and validation data sets. If the problem of 

overfitting arises, at some point the algorithm will start fitting noise in the calibration data 

set: the fit for the validation data set will degrade while the fit for calibration data set 

continues to improve. By following the change in fit as the genetic algorithm finds solutions 

with smaller errors, it should be possible to detect when the model starts fitting noise. 

5.3.2. Detection of overparameterisation and stability of the estimation 

The approach proposed by Whittaker et al. (2010) and described in the previous subsection 

is interesting, but it needs the availability of more than one experimental response. When 

this is not the case, the analyst could nevertheless want to assess the reliability of the 

estimation at least with reference to the already mentioned problem of overparameterisation. 

To this aim, an important concept is the region of equivalence (Fernández-Martínez et al., 

2013), already mentioned in Chapter 2. The region of equivalence is the family of models m 

that fit the observed data 𝒅𝒐𝒃𝒔 ∈ 𝑫 under a norm p within the same tolerance tol: 

 ‖𝒈(𝒎) − 𝒅𝒐𝒃𝒔‖𝑝 < 𝑡𝑜𝑙 (5.19) 

Once tol is chosen based on the confidence we have about both measurement and model 

errors, a multiplicity of models are found, and they should all regarded as solutions of the 

inverse problem. They have something in common, namely an error in the response of the 
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calibration model which is controlled by tol. So, we are confident that whichever solution in 

the region of equivalence we possibly choose, the error in the response (for the calibration 

model) is not greater than tol. However, the results of an identification problem are often 

used to predict the response of a structure made of the same materials, but different in 

geometric configuration and loading conditions. If all the solutions inside the region of 

equivalence are used to predict such response, the variation in the response will be different. 

The study of this variation can give an insight on the predictive performance of the 

estimation. 

Based on these considerations, a general procedure for the identification of material 

properties is now proposed. 

1. Build the model mc, representing the test, to be used for the calibration problem and 

a set of N numerical models mv,i used for the validation. Define a criterion for 

quantifying the variation in the response RVC. 

2. Define two subset p1 and p2 of the sought parameters p. The set p1 refers to the 

material characteristic parameters, which should be calibrated to predict the response 

of different structures/tests. The set p2 contains the parameters which are specifically 

related to the setup analysed. Typically, p1 consists of material properties, while p2 

involves boundary condition parameters. Parameters p1 should be ranked according 

to the (expected) importance in the response and uncertainty in the estimation. It is 

clear that expert judgement is crucial at this stage. 

3. Define a reasonable (fixed) starting point �̃�𝟏 and run an inverse analysis by varying 

p2. The starting point should be chosen according to any previous experimental 

outcomes or expert a priori knowledge. This preliminary analysis will show which 

parameters of p2 the response is sensitive to. 

4. Starting from i=1 (most important/ most uncertain parameter), 𝑝1,𝑖  is added to the 

unknown set and an inverse analysis is run. By applying condition (5.19), it is 

possible to find the distribution of the best individuals in the parameter space. Any 

correlation between p2 and p1 should be carefully investigated. 

5. Apply the best individuals’ parameters to the validation set of model and evaluate 

the response variation criterion value. 

6. Repeating points 4 and 5 until all parameters are considered. 
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The flow of the process is schematically described in Figure 5.1. The analyses of the results 

will show if the variability in any parameter brings too high variability in the response for a 

specific validation model, and define the range of applicability of the calibration. If a 

parameter cannot be considered reliably assessed, and no alternative experimental tests may 

be carried out, one has no other option than using the a priori estimation. Although this 

approach resembles some of the ideas of Bayesian methods (compromise between a priori 

knowledge and experimental evidence), it remains fully deterministic and does not need any 

tuning of regularisation parameters. 
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Figure 5.1. Flow chart of the identification process. 

5.4. The diagonal compression test 

In this section, a diagonal compression test on an approximately squared masonry panel is 

analysed both numerically and experimentally. It is widely used in practise (Corradi et al., 

2003; Milosevic et al., 2013) to estimate strength of masonry as a homogeneous material. In 
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section 5.4.1, the method proposed in section 5.2 is applied to choose the sensor layout; the 

effect of a correct placement with regard to the propagation of the error in the parameter 

estimation is shown by comparing two different setups. The procedure for the estimation of 

material properties described in section 5.3 is then applied to a real experiment in section 

5.4.2. 

5.4.1. Numerical study 

5.4.1.1. Description of the model 

The experimental setup is shown in Figure 5.2a. A 1170×1200×120mm3 large masonry 

panel, made up of 250×55×120mm3 large bricks and 10mm thick mortar joints is subjected 

to an imposed diagonal displacement ud=1mm. The structure is assumed to behave 

elastically. The pseudo-experimental model is created imposing kV=50N/mm3, 

kN=120N/mm3, Eb=2500N/mm2, ν=0.15, where kV and kN are the mortar interface stiffnesses, 

and Eb and ν are the brick Young modulus and Poisson ratio, respectively. The displacement 

field of the pseudo-experimental model is shown in Figure 5.2b. 

 

 

(a) 

 

(b) 

Figure 5.2. Numerical model for the choice of sensors. 
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5.4.1.2. POD analysis and sensor placement 

To create the POD basis, 200 sample FE models having variable material parameters p have 

been considered. The samples have been generated by varying p in a reasonable range (Table 

5.1) by using a quasi-random technique (Sobol sequence, Antonov & Saleev, 1979).  

Table 5.1. Variation range for the interface elastic properties. 

Parameter Lower bound  Upper bound  Step 

kV (N/mm3) 10 300 1 

kN (N/mm3) 30 500 1 

 

As shown in Chapter 4, in the POD theory it is possible to prove that the error in the POD 

approximation is controlled by the ratio: 

𝑟 =
∑ 𝜆𝑖

𝐾
𝑖=1

∑ 𝜆𝑖
𝑀
𝑖=1

 (5.20) 
 

with:  

 K number of chosen modes; 

 M number of samples 

 λi i-th eigenvalue of the modified correlation matrix D= UTU, where U is the snapshot 

matrix.  

The analysis shows that 3 modes are sufficient to approximate the response, as they provide 

𝑟 ≅ 100%. A graphical representation of the three modes is shown in Figure 5.3. 
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Figure 5.3. Basic modes after the POD analysis for the diagonal compression test. 

To solve the optimisation problem (5.18) for the optimal sensor layout, a GA with the 

following parameters has been used: 

 Initial population generation: Sobol sequence. 

 Population size: 100 individuals.  

 Number of Generations: 100.  

 Crossover probability: 0.85.  

 Type of crossover: BLX with parameter α = 2.0. 

 Mutation Probability: 0.01.  

 Type of mutation: Aleatory. 

 Type of selection: SUS. 

 Linear scaling pressure: 1.7.  

 Replacement: Elitism, 3 individuals. 

The chromosome contains the nodal coordinates of the gauge points of 9 transducers. Since 

all transducers are constrained to be placed on one face of the specimen, the global number 

of unknown are 2 coordinates × 2 ends × 9 transducers = 36. After the trial coordinates for 

a point have been selected by the algorithm, the nearest node in the FE model is found and 

considered as end node for the transducer. Once all transducers have been defined, the 

objective function ‖𝑷‖𝐹 (Frobenius norm of the matrix P), representing the fitness function 

to minimise, is evaluated. The optimisation analysis evolution is displayed in Figure 5.4. 
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Figure 5.4. Evolution of the GA analysis for the optimal sensor placement. 

The advantages of the proposed approach are shown in Figure 5.4. The solution of the 

problem presents a fitness value equal to 34. The initial population fitness mean, which can 

be considered as the expected value of ‖𝑷‖𝐹 for a random choice of the transducer 

placement, is equal to 167, almost 5 times greater. Furthermore, the best individual fitness 

value in the population decreases from 78 to 34, providing that an optimised approach can 

be effectively beneficial in the choice of the sensor placement. The solution found is 

displayed in Figure 5.5a. 

 

(a) 

 

(b) 

Figure 5.5. Instrument layout: (a) resulting from the optimisation analysis and (b) “adjusted” solution. 
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Although not possible to put in practice, the solution provides some ideas of the best 

placement: it seems that as many transducers as possible should be placed on the diagonals, 

while those remaining should be on the edges of the specimen. A more viable solution 

accounting for these considerations is displayed in Figure 5.5b. It has been evaluated that it 

provides ‖𝑷‖𝐹=37.36, only slightly greater than the minimum achieved. 

5.4.1.3. A study on the error propagation 

Different measurement setups are now considered: 

1. The whole nodal displacement vector U; 

2. Nine sensors measuring relative displacements in the vertical direction (Figure 5.6); 

3. Nine sensors placed as in Figure 5.5-b. 

Setup 1 is considered as a reference, since it solves problem (5.6) (minimisation of the 

discrepancy on the global displacement field). 

 

Figure 5.6. Sensor setup 2. 

A uniform random noise of amplitude ±0.01 𝑚𝑚 has been applied to the pseudo-

experimental displacement field (Figure 5.7a). By means of Eqn. (5.14) it is possible to 

evaluate the “best fitting” displacement field, given the set of data provided by the three 
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measurement setups, and compare it with the “real” field shown in Figure 5.2b. The results 

are reported in Figure 5.7. 

The knowledge of the overall perturbed displacement field allows for the determination of 

an error-averaged field which is affected by remarkably less inaccuracy. Expression (5.14) 

represents a “regularisation” of the field, averaging the error. In the “regularised” version of 

the field (Figure 5.7b), the maximum error (0.00257 mm) is about six times smaller than the 

maximum in the original perturbed field (0.0167 mm, see Figure 5.7a). As far as sensor setup 

2 is concerned, it is greatly affected by the error in the measurements (maximum error in the 

generated field equal to 0.255 mm, Figure 5.7c). Conversely, a rational arrangement of the 

nine sensors (setup 3) allows for a minimal propagation of the error onto the generated field 

(maximum error 0.00677 mm, Figure 5.7d). 

The Frobenius norm of the matrix P (Eqn. (5.17)), which is an upper bound to the 

perturbation of the generated field, as shown in section 5.2.3, reflects these considerations. 

In fact, for the proposed setups we have: 

 ‖𝑃‖𝐹,1 = √𝐾 = 1.732 

 ‖𝑃‖𝐹,2 = 1239.2 

 ‖𝑃‖𝐹,3 = 37.36 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 5.7. Random noise (a) and generated displacement field for (b) sensor setup 1, (c) setup 2, (d) setup 3. 

5.4.1.4. The inverse problem solution 

The sensor setups described in the previous section will now be tested in their ability to solve 

the inverse problem of calibrating elastic interface stiffnesses. 30 perturbations of the 

pseudo-experimental displacement field (in the range ±0.01 𝑚𝑚) have been generated, and 

each of them has been considered as known term in the discrepancy function (5.4) for sensor 

setup 1. Furthermore, for each perturbation, the nine relative displacements corresponding 

to the nine sensors of setups 2 and 3, respectively, have been evaluated. They represent the 

variables �̃�𝑖 in equation (5.4), and L=9 in these cases. The minimisation of the discrepancy 
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function has been carried out by means of the Genetic Algorithm described in Chapter 3. Its 

parameters are: 

 Initial population generation: Sobol sequence. 

 Population size: 50 individuals for the first and 15 for the others.  

 Number of Generations: 20.  

 Crossover probability: 1.0.  

 Type of crossover: Probabilistic Arithmetical with parameter α = 2.0. 

 Mutation Probability: 0.2.  

 Type of mutation: Local. 

 Type of selection: SUS. 

 Linear scaling pressure: 1.7.  

 Replacement: Elitism, 1 individual. 

The collected results are shown in Figure 5.8, where each point is the solution of the inverse 

problem considering a different perturbation of the experimental data. 

The global well-posedness of the problem is confirmed by the excellent results obtained 

using the whole displacement field (sensor setup 1, Figure 5.8a), where it is clear that the 

knowledge of the field is enough to estimate the material parameters accurately even in the 

presence of a random noise. On the other hand, the inverse analysis reflects the inadequacy 

of sensor setup 2 with respect to sensor setup 3. The error in the parameter estimation is in 

fact unbound in the first case, while very limited in the other. It confirms what has been 

conjectured about the representativeness of the measured data with respect to the global 

field, and, as consequence, the well-posedness of the inverse problem when a limited set of 

experimental data is available. 
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(a) 

 

(b) 

 

(c) 

Figure 5.8. Results of the inverse analyses with (a) sensor setup 1, (b) 2 and (c) 3. 

5.4.2. Experimental study 

5.4.2.1. Description of the experimental setup 

A square masonry panel was experimentally tested at the Laboratory for Structural and 

Material Testing of the University of Trieste. The panel has dimensions 650×650×90mm3, 

made of 250×55×90mm3 solid clay bricks, 10mm thick horizontal mortar joints and 15mm 

thick vertical mortar joints (Figure 5.9). The mortar was made of cement, lime and sand, 

respectively in 1:1:5 proportion by volume. 
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Before performing the test, the panel was rotated and placed on a stiffened steel angle; a 

similar angle was applied on the opposite corner for the load application. Between the angles 

and the specimen, a thin layer made of plaster and sand allowed for a uniform stress 

distribution (Figure 5.10). 

 

Figure 5.9. View of the diagonal compression test. 

Displacements were acquired by using 12 LVDTs (25mm maximum displacement) placed 

according to the main outcomes of the analysis described in par. 5.4 (Figure 5.11). It must 

be said that in the case considered in 5.4.1.2, the arrangement was evaluated assuming that 

the interface stiffnesses were the only sought parameters. In this case, as will be shown in 

sections 5.4.2.3 and 5.4.2.4, the unknowns are more numerous, so it is not assured that it is 

really the optimal sensor arrangement for the solution of the inverse problem.  

For practical reasons, it was decided not to replicate diagonal sensors as in the numerical 

example: thus, the number is reduced from nine to six sensors. However, in order to check 

possible asymmetry, they were placed on each side of the specimen, at the same positions. 

Furthermore, to avoid capturing local effects, the sensors were not placed on the first and 
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last brick layers. Aluminium bars were used to connect each LVDT to the opposite gauge 

point. 

 

(a) 

 

(b) 

Figure 5.10. Steel angles (a) on the bottom and (b) on the top. 

 

Figure 5.11. Specimen dimensions (in mm) and sensor placement. 

5.4.2.2. Experimental data 

The masonry components were tested separately. Eight bricks were tested in compression 

along the longest edge (stretcher): four of them were equipped with linear transducers to 
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evaluate elastic properties Eb and νb, while for the others only the ultimate strength fb was 

recorded. The results obtained are shown in Table 5.2. 

Table 5.2. Diagonal compression test: brick properties. 

Specimen 
Stretcher 

(mm) 

Header 

(mm) 

Height 

(mm) 

fb 

(MPa) 

Eb 

(MPa) 
νb 

B1C 258 120 54 20.52 - - 

B2C 254 119 54 19.69 - - 

B3C 257 90 54 15.39 - - 

B4C 255 91 54 20.56 - - 

B5C 251 118 54 14.25 12572.6 0.26 

B6C 252 118 52 19.34 13010.3 0.20 

B7C 251 118 54 16.17 10019.0 0.10 

B8C 252 119 54 20.29 9332.8 0.19 

   Avg. 18.270 11233.7 0.187 

   Std. Dev. 2.572 1829.2 0.067 

   CV 14.08% 16.28% 35.71% 

 

Mortar cylinders were also tested in compression, and the compressive strength fm was 

recorded. No attempt to evaluate elastic properties was made, since the cylindrical shape of 

the specimens make it difficult to apply transducers. Some empirical relationships between 

compressive strength fm and Young modulus Em are reported in Haach et al. (2013). One of 

these, found in Haach et al. (2011) through regression of experimental results, is: 

𝐸𝑚 = 2001.18 ∙ 𝑓𝑚
0.53 (5.21) 

even if the authors obtained very low correlation coefficients for it. The experimental results 

and the estimated Young modula are shown in Table 5.3. 
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Table 5.3. Diagonal compression test: mortar properties. 

Specimen Diameter (mm) Height (mm) fm (MPa) 
Em (MPa) 

(Haach et al., 2011) 

M11 93 196 13.922 8080.57 

M12 93 197 12.997 7791.65 

M15 94 202 13.684 8007.03 

M16 94 202 14.913 8380.72 

  Avg. 13.879 8064.99 

  Std. Dev. 0.793 243.58 

  CV 5.71% 3.02% 

  

The load was initially applied by using a hydraulic jack with 100kN maximum load. Since 

the failure was not attained, the specimen was unloaded, moved and tested under a different 

hydraulic jack with 200kN maximum load. A brittle failure was obtained at the ultimate load 

Pu=133.17kN, with sliding along the interface between a mortar joint and bricks (Figure 

5.12). 

 

Figure 5.12. Failure of the specimen 
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The displacements recorded by the transducers for both tests are plotted against the vertical 

load in Figure 5.13. It seems that some of these (in particular instrument number 4, and, 

limited to the first part of the reloading branch, instrument number 6) did not work properly. 

The first part of the remaining load-displacement plots is usually markedly nonlinear, while 

it becomes linear at about 30% the ultimate load; in some cases it is very hard to define a 

stiffness even for the subsequent stages (instruments 8, 9 and 12). 

 

Figure 5.13. Recorded displacements for the diagonal compression test. 

5.4.2.3. Numerical model and material parameters 

A FE model of the test was created. Each brick was discretised by eight 20-node solid 

elements, linked to one another by rigid elastic 8-node interfaces (Figure 5.14). Mortar joints 

were modelled by elastic 8-node interface elements, with vertical and horizontal interfaces 

having different properties (Figure 5.15a). Two rigid angles were modelled using solid 

elements and rigid interfaces at the top and bottom of the panel; the bottom angle was fully 
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restrained. Four vertical forces F00, F01, F10, F11, 184 and 90 mm spaced in X and Y directions 

respectively, were applied on the top angle: by changing the magnitude of each relatively to 

the others it is possible to simulate accidental eccentricities in X and Y directions. Elastic 

interfaces with low tangential stiffness and high normal stiffness were used between the 

angles and the panel to simulate the plaster layer. The full numerical model is displayed in 

Figure 5.15b. 

 

(a) 

 

(b) 

Figure 5.14. Brick discretisation in (a) eight solid elements and (b) rigid interfaces between them. 

Since the failure of the specimen was brittle, with no apparent change in stiffness in most 

responses recorded, the data provided were only enough to estimate elastic parameters. In 

Table 5.4, the parameters assumed as constant in all analyses are reported. 
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(a) 

 

(b) 

Figure 5.15. (a) Arrangement of mortar interfaces and (b) view of the complete model. 

Table 5.4. Constant parameters for the inverse analyses. 

Parameter Explanation Value 

𝐸𝑟 Rigid element Young modulus 3 ∙ 105 N/mm2 

𝜈𝑟 Rigid element Poisson ratio 0.15 

𝑘𝑁,𝑝𝑙 Plaster axial stiffness 100 N/mm3 

𝑘𝑉,𝑝𝑙 Plaster shear stiffness 1 N/mm3 

𝑘𝑁,𝑟𝑖𝑔 Rigid interface axial stiffness 104 N/mm3 

𝑘𝑉,𝑟𝑖𝑔 Rigid interface shear stiffness 104 N/mm3 

𝐹 Total vertical force 100 kN 

 

The variable parameters entering the model are: the brick Young modulus 𝐸𝑏 and Poisson’s 

ratio 𝜈𝑏; the normal stiffness 𝑘𝑁,𝑏𝑗 and tangential stiffness 𝑘𝑉,𝑏𝑗 for the bed joints; the normal 

stiffness 𝑘𝑁,ℎ𝑗 and tangential stiffness 𝑘𝑉,ℎ𝑗 for the head joints; the parameters identifying 

load eccentricity in x-direction 𝑒𝑥0 and y-direction 𝑒𝑦0. 𝑒𝑥0 and 𝑒𝑦0 parameterise the load 

F00 F10 
F11 F01 
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application point: the four forces shown in Figure 5.15b are related to the total force F by 

the expressions: 

𝐹00 = 𝑒𝑥0 ∙ 𝑒𝑦0 ∙ 𝐹 𝐹01 = 𝑒𝑥0 ∙ (1 − 𝑒𝑦0) ∙ 𝐹

𝐹10 = (1 − 𝑒𝑥0) ∙ 𝑒𝑦0 ∙ 𝐹 𝐹11 = (1 − 𝑒𝑥0) ∙ (1 − 𝑒𝑦0) ∙ 𝐹
 (5.22) 

It is easy to verify that the sum of the forces is equal to F. 

While the brick elastic parameters have a straightforward meaning, the parameters for the 

interfaces deserve some explanations. Intuitively bed and head joint parameters refer to the 

same material, so they should be related. For this reason, it has been chosen to define the 

ratio between head joint stiffness and bed joint stiffness 𝑟ℎ𝑗,𝑏𝑗: 

𝑟ℎ𝑗,𝑏𝑗 =
𝑘𝑁,ℎ𝑗

𝑘𝑁,𝑏𝑗
=

𝑘𝑉,ℎ𝑗

𝑘𝑉,𝑏𝑗
 (5.23) 

so that the number of unknowns is decreased, and the new sought parameters are 𝑘𝑁,𝑏𝑗, 𝑘𝑉,𝑏𝑗, 

𝑟ℎ𝑗,𝑏𝑗. A priori it is not possible to define 𝑟ℎ𝑗,𝑏𝑗, because, as will be seen extensively in 

Chapter 7, it depends on the thickness of vertical and horizontal mortar joints, as well as the 

workmanship and environmental conditions, which are hardly quantifiable. Thus, the head 

joint relative stiffness rhj,bj has been considered variable between 0 and 70%. 

Not much is known about the variation ranges of axial and shear stiffness and their relation. 

So, it seemed appropriate to consider some theoretical formulations for them at this stage. If 

we know the value of the mortar Young modulus  𝐸𝑚, and Poisson’s ratio 𝜐𝑚, according to 

(CUR, 1994) the stiffnesses should be evaluated as: 

𝑘𝑁,𝑏𝑗 =
𝐸𝑏 ∙ 𝐸𝑚

ℎ𝑏𝑗(𝐸𝑏 − 𝐸𝑚)
𝑘𝑉,𝑏𝑗 =

𝐺𝑏 ∙ 𝐺𝑚

ℎ𝑏𝑗(𝐺𝑏 − 𝐺𝑚)
 (5.24) 

where ℎ𝑏𝑗 is the bed joint thickness, and 𝐸𝑚and the shear modulus 𝐺𝑚 are coupled by the 

usual linear elasticity expression 𝐺𝑚 =
𝐸𝑚

2(1+𝜐𝑚)
. As mentioned in Chapter 2, the relationships 

(5.24) have been shown to significantly overestimate elastic stiffness of mortar joints. 

Furthermore, some researchers (Lotfi & Shing, 1994) have shown that the intuitive principle 

based on linear elasticity, according to which the normal stiffness should be at least twice 

greater than tangential stiffness has not been observed experimentally in some cases. Based 
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on these considerations, the parameters 𝐸𝑚 and 𝜈𝑚 should not be considered as the “real” 

Young modulus and Poisson’s ratio of the mortar material. Instead, they are just a 

parameterisation of the relationship between kN and kV, which in turn are properties of the 

zero-thickness interface elements, accounting for deformation of both mortar joint and 

mortar-brick interface. To allow kV>kN, the variation range for 𝜈𝑚 have been extended to 

negative values, contrarily to the real mortar Poisson’s ratio, which in the literature has been 

found to be strictly positive, even if dependent on the stress state (McNary & Abrams, 1985). 

5.4.2.4. The solution of the identification problem 

In the following, the procedure described in section 5.3.2 is applied to the diagonal 

compression test (calibration test). The inverse analyses consisted of solving the following 

minimisation problem: 

𝒑𝑜𝑝𝑡 = arg min
𝒑

𝜔(𝒑) = arg min
𝒑

[∑(𝑢𝑖,𝑐(𝒑) − 𝑢𝑖,𝑒)
2

𝑁𝑇

𝑖=1

] (5.25) 

where NT is the number of transducers, 𝑢𝑖,𝑐 and 𝑢𝑖,𝑒 are the displacements recorded at the i-

th transducer in the numerical model and in the experimental test, respectively. 

The first challenge is the definition of the reference values for the displacements, the 

“experimental data”. As shown above, some of the transducers did not work properly, while 

others presented a marked nonlinear behaviour at all load levels. Also, the approximately 

linear behaviour was not always in the same load range. It was decided to define the stiffness 

as secant between 40 and 80kN, and all data (in particular transducer 4, 8, 9, 12) in which a 

linear range is not clearly recognisable were removed from the set. The corresponding 

displacements for a vertical force equal to 100kN are displayed in Table 5.5.  
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Table 5.5. Experimental displacements for F=100kN in the inverse analyses. 

Transducer LVDT displacement (mm) 

1 -0.1502 

2 0.0426 

3 -0.0776 

5 -0.0826 

6 -0.0926 

7 -0.1952 

10 -0.1252 

11 -0.0275 

 

Considering the procedure proposed in section 5.3.2, the set of parameters 𝒑𝟏 and 𝒑𝟐 were 

fixed and ordered as 𝒑𝟏 = {𝐸𝑚, 𝑟ℎ𝑗,𝑏𝑗, 𝜐𝑚, 𝐸𝑏 , 𝜐𝑏} and 𝒑𝟐 = {𝑒𝑥0, 𝑒𝑦0}. The final variation 

range and the “expert” starting point are reported in Table 5.6 

Table 5.6. Variation range for the investigated parameters. 

Parameter Explanation 
Lower 

bound 

Upper 

bound 
Step 

Starting 

point 

𝐸𝑚 (N/mm2) Mortar Young modulus 300  10000  1  8065  

𝑟ℎ𝑗,𝑏𝑗 Head joint-to-bed joint ratio 0.001 0.7 10-4 0.6 

𝜈𝑚 Mortar Poisson ratio -0.999 0.499 10-3 0.2 

𝐸𝑏 (N/mm2) Brick Young modulus 8000  20000  1  11233.7  

𝜈𝑏 Mortar Poisson ratio 0.001 0.499 10-3 0.187 

𝑒𝑥0 
x-direction eccentricity 

parameterisation 
0.3 0.7 10-3 - 

𝑒𝑦0 
y-direction eccentricity 

parameterisation 
0.3 0.7 10-3 - 

 

It can be seen from Table 5.6 that ranges for 𝐸𝑏 and 𝐸𝑚 overlap in [8000N/mm2, 

10000N/mm2]. This means that in the search for the optimum, it may happen that formulas 



CHAPTER 5. SENSOR PLACEMENT AND RELIABLE ESTIMATION WITH APPLICATION TO A 

DIAGONAL COMPRESSION TEST 

153 

(5.24) produce negative or infinity stiffnesses. That is not a problem, since the optimisation 

algorithm is robust enough to handle errors in the evaluated individuals, setting them as the 

worst in the generation. In that case, ranking in GA (see Chapter 3) shows its supremacy 

over simple fitness-based selection. Bounds for 𝑒𝑥0 and 𝑒𝑦0 were set as 0.3 and 0.7, since 

the possibility that the load was severely not centred was considered unlikely. Finally, as 

explained above, the range for 𝜈𝑚 was extended to negative values. 

Six inverse analyses were carried out, starting with the analysis in which only 𝒑𝟐 was 

considered variable, and introducing in each case a new element of 𝒑𝟏, according to the order 

already specified. The Genetic Algorithm parameters are: 

 Initial population generation: Sobol sequence. 

 Population size: 40 individuals.  

 Number of Generations: 30.  

 Crossover probability: 1.0.  

 Type of crossover: BLX with parameter α = 2.0. 

 Mutation Probability: 0.01.  

 Type of mutation: Aleatory. 

 Type of selection: SUS. 

 Linear scaling pressure: 1.6.  

 Replacement: Elitism, 1 individual. 

The region of equivalence was defined as the set of models such that 𝑅𝑀𝑆𝐸 ≤ 𝑅𝑀𝑆𝐸𝑚𝑖𝑛 +

0.001𝑚𝑚, where 𝑅𝑀𝑆𝐸 = √𝜔 and 𝑅𝑀𝑆𝐸𝑚𝑖𝑛 = √𝜔𝑚𝑖𝑛 , with 𝜔𝑚𝑖𝑛 minimum value of the 

discrepancy function. The solutions in the region of equivalence were then analysed on the 

validation test, which was the shear test described in Chapter 4. In this case, referring to the 

terminology described in section 5.3.2, N=1. For both the calibration and the validation test, 

the following quantity has been considered as an indicator of variability in the response: 

𝑅𝑉𝐶 =
∑ (𝑦𝑖,𝑚𝑎𝑥 − 𝑦𝑖,𝑚𝑖𝑛)𝐿

𝑖=1

∑ |
𝑦𝑖,𝑚𝑎𝑥 + 𝑦𝑖,𝑚𝑖𝑛

2 |𝐿
𝑖=1

 (5.26) 

where 𝑦𝑖,𝑚𝑎𝑥, 𝑦𝑖,𝑚𝑖𝑛 are respectively the maximum and the minimum value of the i-th 

observation among the best individuals and L is the number of observed quantities. For the 
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calibration model, yi were the 8 transducer measurements whose experimental data are 

displayed in Table 5.5; for the validation model, it was decided to consider the Z (vertical) 

and X (horizontal) displacement components of one of the panel top nodes. Equation (5.26) 

provides a measure of how dispersed the response is in the model, when the (multiple) 

solutions of the calibration model are utilised. 

In Table 5.7, the results of the analyses are shown, while in Figure 5.16, RVC is plotted 

against the number of variable material parameters for both the calibration and the validation 

models. 

Table 5.7. Results of the inverse analyses. 

Analysis Variables RMSEmin 
RVC 

Calibration 

RVC 

Validation 

0 𝑒𝑥0, 𝑒𝑦0 0.0275 16.63% 0.00% 

1 𝑒𝑥0, 𝑒𝑦0, 𝐸𝑚 0.0238 18.36% 14.88% 

2 𝑒𝑥0, 𝑒𝑦0, 𝐸𝑚, 𝑟ℎ𝑗,𝑏𝑗 0.0238 18.96% 9.31% 

3 𝑒𝑥0, 𝑒𝑦0, 𝐸𝑚, 𝑟ℎ𝑗,𝑏𝑗, 𝜈𝑚 0.0197 17.83% 14.85% 

4 𝑒𝑥0, 𝑒𝑦0, 𝐸𝑚, 𝑟ℎ𝑗,𝑏𝑗, 𝜈𝑚, 𝐸𝑏 0.0199 14.95% 11.32% 

5 𝑒𝑥0, 𝑒𝑦0, 𝐸𝑚, 𝑟ℎ𝑗,𝑏𝑗, 𝜈𝑚, 𝐸𝑏, 𝜈𝑏 0.0197 20.01% 26.11% 

 

 

Figure 5.16. Plots of RVC for both the calibration and validation models. 
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The analysis of the RVC plots shows that the response variability of the validation model 

remain under 15% until the last variable (𝜈𝑏) is added to the unknown set, when it reaches 

26%. So, in this case overparameterisation is suspected. The validation RVC is a measure of 

how large the error in the predicted response could be under different loading conditions. 

So, the user may be confident that the maximum error expected when using one of the 

optimal solutions of the calibration problem in different analyses should be in the range 

defined by the validation OFC. Clearly, the greater the number of validation models analysed 

(only one in this example, but they could include eccentric loading, compression along 

different directions, out-of-plane loading, etc.), the surer we are about the predictive 

capability of the model so calibrated. 

In Figure 5.17, the distribution of the optimal 𝑒𝑥0, 𝑒𝑦0 for Analysis 0 and 5 are shown. Since 

increasing the number of (material) unknowns does not considerably change the distribution, 

it can be inferred that 𝒑𝟏 and  𝒑𝟐 are uncoupled. While eccentricity in y is very limited 

(𝑒𝑦0 ≈ 0.5 for all best individuals), 𝑒𝑥0 tends to the lower limit of the variation range, raising 

the doubt that a larger range could be more realistic. 

 

Figure 5.17. Region of equivalence in the plane ex0-ey0 for Analyses 0 and 5. 
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Figure 5.18. Region of equivalence in the plane Em-υm for analyses 1-5. 

In Figure 5.18, the distribution of the optimal 𝐸𝑚, 𝜐𝑚 in analyses 1 to 5 is shown. Clearly, 

in Analyses 1 and 2 𝜐𝑚 is set constant. The inconsistency of the assumption 𝜐𝑚 = 0.2 is 

clearly expressed by the 𝐸𝑚, 𝜐𝑚 distributions for analyses 3, 4 and 5, where 𝜐𝑚 always has 

negative values. Analysis 5 again proves that increasing the number of variables too much 

brings uncertainty in the identification, since 𝐸𝑚 and 𝜐𝑚 are clearly more scattered. Seen in 

Figure 5.16, this uncertainty leads to greater response variability for the validation model, 

which is a symptom of overparameterisation. 

 

Figure 5.19. Region of equivalence in the plane Em-Eb for analyses 3-5. 
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Similar conclusions may be drawn when looking at Figure 5.19, where the distribution of 

𝐸𝑚, 𝐸𝑏 for the solutions in analyses 3 to 5 are plotted. If we consider Analysis 4 as reference, 

brick Young modulus is in the range [9830, 11188] N/mm2, which is in very good agreement 

with the experimental outcomes on the single bricks. Conversely, the optimal interface 

Young modulus is in the range [2823, 4795] N/mm2, which is from 35 to 60% of the value 

estimated according to Haach’s formula (2.6). This is consistent with the experimental 

outcomes claimed by many authors (Lourenço, 1996; CUR, 1994; Chaimoon & Attard, 

2007; Da Porto et al., 2010), according to which inserting the measured mortar Young 

modulus in eq. (5.24) leads to overestimation of interface stiffness. Seen in another way, 

inferring mortar Young modulus from experimental data on the diagonal compression test 

and assuming eq. (5.24) holds should imply lower values for mortar Young modulus than 

those obtained in test on single mortar cylinders. 

The parameter 𝑟ℎ𝑗,𝑏𝑗 measuring the contribution in stiffness of head joints seems to have 

little importance in the response, since the region of equivalence in Analysis 4 spans the 

range between 0.2 and 0.7 (Figure 5.20). This is not a problem, because so large a scattering 

does not imply a large RVC in the validation model. It must be said that if a compression test 

along the bed joint direction had been included in the validation set, this variability would 

have been expected to cause large RVC. In that case 𝑟ℎ𝑗,𝑏𝑗 would be considered as not 

identifiable. 

 

Figure 5.20. Region of equivalence in the plane Em-rhj,bj for analysis 4. 
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Finally, the stiffnesses 𝑘𝑉,𝑏𝑗 and 𝑘𝑁,𝑏𝑗 retrieved by the calibration process in analysis 4 are 

plotted in Figure 5.21. It is clear that the assumption of linearly elastic material for the 

relationship between 𝑘𝑉,𝑏𝑗 and 𝑘𝑁,𝑏𝑗 (according to which 𝑘𝑁,𝑏𝑗 is at least twice the value of 

𝑘𝑉,𝑏𝑗) does not match the experimental outcomes. As stated above, this has been long 

recognised: in Lotfi & Shing (1994) the experimental tangential stiffness was found to be 

three times the normal stiffness. This corroborates the statement that the mortar joint 

properties, when modelled as zero-thickness interfaces, can only be inferred from tests on 

masonry specimens. 

 

Figure 5.21. Region of equivalence in the plane kV,bj-kN,bj for analysis 4. 

Another remark should be done about the very high stiffness values seen in the right part of 

Figure 5.21. Over a certain threshold, there is little possibility to estimate interface properties 

accurately because the numerical response is no more sensitive to variations in the stiffness. 

This is apparent in the numerical parametric analysis shown in Figure 5.22. In it, the value 

of the displacements for transducers 1-6 are plotted against 𝑘𝑁, after fixing all the other 

variables. After a certain value of stiffness, the variation in the displacements is negligible, 

leading the optimisation tool to consider all stiffnesses greater than that value as equivalent, 

because they give similar responses (and similar discrepancy function values). 
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Figure 5.22. Parametric analysis of transducer displacements with varying axial stiffness. 

Table 5.8. Global optimum of analysis 4. 

Parameter Starting point Optimum 

𝐸𝑏 (N/mm2) 11233.7  10479  

𝜈𝑏 0.187 0.187 

𝐸𝑚 (N/mm2) 8065  3173  

𝜈𝑚 0.2 -0.575 

𝑟ℎ𝑗,𝑏𝑗 0.6 0.360 

𝑘𝑁,𝑏𝑗 (N/mm3) 2859.21  455.10  

𝑘𝑉,𝑏𝑗 (N/mm3) 1159.37  2419.14  

𝑘𝑁,ℎ𝑗 (N/mm3) 1715.53  163.88  

𝑘𝑉,ℎ𝑗 (N/mm3) 695.62  871.13  

 

In Table 5.8 the best individual of Analysis 4 is reported. From the previous discussion, it 

should be clear that it must be regarded only as a sample taken from all the possible solutions 

of the inverse problem. 
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5.5. Conclusions 

In this chapter, an approach to the inverse problem of retrieving material parameters when 

noisy data are available is described, with application to a diagonal compression test on a 

masonry panel.  The correct sensor placement is crucial for the solution of the problem, and 

a method for searching for the optimal arrangement is proposed. It takes into account the 

property that the global displacement field may be expressed as a linear combination of the 

sensor measurements. Thus minimising the norm of the matrix P linking the two fields 

reduces the propagation of the error in the inverse solution.  

The problems of overparameterisation and overfitting are then addressed. A procedure for 

assessing the predictive capability of the identified parameters by monitoring the response 

of different validation models is proposed and applied to the experimental results of a test 

on a masonry specimen. The results show that the quantity of noise on the data is relevant in 

this case, and some of the data must be discarded. The identified brick Young modulus is in 

good agreement with the experimental data obtained in tests on single bricks. Conversely, 

the properties of interfaces simulating mortar joints cannot be deduced from tests on mortar 

cylinders. The interface axial stiffness is less than that expected by applying theoretical 

formulations, while for the shear stiffness formulas based on linear elasticity are not 

applicable. The identification procedure, although time consuming, since several separated 

inverse analyses are required, allows great insights into the role of each material parameter 

in the response of the structure.   
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Chapter 6. DESIGN OF AN EXPERIMENTAL TEST SETUP FOR 

IN-SITU CHARACTERIZATION OF MASONRY 

6.1. Introduction 

One of the major problems in modern structural engineering is assessing the safety of old 

structures when subjected to the loads prescribed by modern codes. In Binda et al. (2000) an 

extensive survey of different types of in-situ investigation procedures for masonry structures 

is reported. As described in Figure 6.1, structural assessment of existing masonry structures 

undergoes different stages, each one providing different kinds of information. After 

determining the geometrical properties of the structure and the crack pattern (by means of 

visual inspections and/or sonic, electromagnetic and impulse radar investigations), the 

estimation of the stress state and calibration of material parameters represent critical phases 

which define the accuracy of the structural analysis. In general, in-situ tests on large portions 

of wall provide extensive information about strength and deformability of masonry (Corradi 

et al., 2003); however, because of their invasiveness (a wall is largely destroyed), technical 

challenge and cost, these methods are currently only performed in a few cases; less 

destructive and less expensive methods are usually preferred. In Mazzotti et al. (2014) and 
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Sassoni et al. (2014) some low-invasive techniques for retrieving respectively shear and 

compressive masonry strength are described. 

 

Figure 6.1. Information required and corresponding investigation techniques (from Binda et al., 2000). 

The type of in-situ test should be chosen according to the modelling strategy adopted. As 

pointed out throughout this thesis, the value of the estimated parameters is not an intrinsic 

characteristic of the material itself, but more a property of the particular representation which 

best matches the experimental outcomes. Some cross-validation and/or a procedure as that 

described in Chapter 5 is then needed to investigate the “predictive” ability of the calibrated 

model. 

Here and in the following chapter, an experimental setup has been studied and applied for 

determining some parameters for the mesoscale model described in Chapter 2 (Macorini & 

Izzuddin, 2011). The proposed setup has been designed for low-invasive in-situ experimental 

static tests on existing structures. In the test, flat-jacks are utilised to apply a specific stress 

state within a masonry pier. The use of single or double flat-jack is a common procedure for 

testing existing masonry under compression (Binda & Tiraboschi, 1999; Gregorczyk & 
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Lourenço, 2000). An interesting application for retrieving shear strength properties of the 

masonry as a continuum is proposed in Caliò (2011). In this, the flat-jack is placed in vertical 

direction and a cut parallel to it allows for the translation of a portion of masonry (Figure 

6.2a). Another innovative use of flat-jacks both in horizontal and vertical direction, coupled 

to inverse procedures to calibrate elastic parameters of concrete dams is described in 

Garbowski et al. (2011). Inflating the two flat jacks (Figure 6.2b) helps estimate horizontal 

and vertical deformability of concrete, assumed as orthotropic material. 

 

(a)  

 

(b) 

Figure 6.2. Flat-jack shear test proposed in Caliò (2011) for masonry (a), and in Garbowski et al. (2011) for 

concrete dams (b). 

The experimental setup proposed here consists of a non-conventional shear test, and two 

flat-jacks are used to apply a controlled pressure along the vertical and horizontal direction 

(Figure 6.3a). In a preliminary setup, described in Chisari et al. (2015), after cutting the 

masonry panel horizontally (phase 1), a horizontal flat-jack is placed to apply a known 

compressive stress (phase 2), like in a standard single flat-jack test, but not necessarily up to 
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balance the stress originated by self-weight of the structure above the cut. Afterwards, the 

pressure in the horizontal flat-jack is maintained constant, while the lateral faces of the 

masonry panel are restrained to prevent any horizontal displacements (Figure 6.3a). Two 

vertical cuts of equal length are then executed in the area underneath the horizontal flat-jack 

and a vertical flat-jack is placed in either vertical cut (right cut in Figure 6.3a). Thus an 

approximately square panel can be tested under shear by increasing the pressure in the 

vertical flat-jack (phase 3) which gives rise to a displacement field within the panel where 

the empty cut (vertical cut in Figure 6.3a) is closing.  

 

(a) 

 

(b) 

Figure 6.3. Schematic diagram of (a) the preliminary and (b) the simplified setups. 

For reasons that will be clear below, a simplified setup (Figure 6.3b) was then studied in 

Chisari et al. (2014a), where the constraint system and the empty vertical slot were removed, 

and the vertical flat-jack applied symmetrically with respect to the horizontal flat-jack. 

In the following sections, the use of flat-jacks as a means for retrieving material parameter 

of the mesoscale representation of masonry will be studied. In Section 6.2 the use of flat-

jacks in ordinary applications will be briefly revised; in Section 6.3 two approximate 

analytical models which illustrate the basic features of the test will be described; in Sections 

6.4 and 6.5 the proposed test will be analysed and the results discussed. 
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6.2. The ordinary flat-jack tests 

Flat-jack testing was first applied in the field of rock mechanics. Rossi (1982) adapted the 

method for use with masonry and, since then, different researchers worldwide have focused 

on this technique. Two separate standards for masonry evaluation with flat-jacks were 

developed in the United States by the ASTM and approved in 1991 (ASTM, 1991a,b). 

European practice follows RILEM standards (RILEM, 1990a,b). 

Flat-jack is a “thin envelope-like bladder with inlet and outlet ports which may be 

pressurized with hydraulic oil” (ASTM, 1991a); some typical configurations are shown in 

Figure 6.4. A flat-jack may be manufactured in many shapes and sizes - the actual 

dimensions are determined by its function, slot preparation technique and the properties of 

the masonry being tested. Flat-jacks with curved edges are designed to fit in a slot cut by a 

circular saw. Rectangular jacks are used where mortar must be removed by hand or with 

stitch drilling. Regardless of the shape, a flat-jack must fit the slot well. The thickness of the 

flat-jack is determined by its specific function. An ideal flat-jack will completely fill the slot 

in the mortar joint. However, if such flat-jack is not available, then steel sheets are used 

together with the flat-jack to completely fill the slot thickness. 

In ordinary applications, flat-jack testing is used to retrieve the stress state and deformability 

of existing structures (Gregorczyk & Lourenço, 2000). If a good restraint is present, the 

complete stress-strain behaviour up to failure of a masonry volume may be recovered. A 

review of the test application to different types of masonry may be found in Binda & 

Tiraboschi (1999). 
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Figure 6.4. Different types of flat-jacks (DRC Diagnostic Research Company, 2015). 

6.2.1. The single flat-jack test 

This test is based on the principle of partial stress release and involves the local elimination 

of stresses, followed by controlled stress compensation (see also 6.3.1). The reference 

displacement field is first determined by measuring distances between gauge points fixed to 

the surface of the masonry (distances di in Figure 6.5b).  

 

Figure 6.5. Application phases for the single flat-jack test (from Gregorczyk & Lourenço, 2000). 
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Then, a slot is cut in a plane normal to the direction of measured stresses. This allows 

deformations in a direction normal to the slot. Distances between gauge points decrease (i.e. 

distance d in Figure 6.5c is smaller than reference distance di). Cutting the slot causes partial 

stress relief in masonry above and below. Afterwards, a thin flat jack is introduced into the 

slot. With the aid of this device, pressure (compressive stress) is applied to the masonry. 

This causes a partial restoration of the initial displacement field, which at some point reaches 

(approximately) the previously measured values (Figure 6.5d). The necessary pressure pf 

(called cancelling pressure) can be related to the compressive stress in the direction normal 

to the slot.  

The hydraulic pressure in the flat-jack necessary to restore the undamaged state is higher 

than the actual stress. This is mainly caused by i) the inherent stiffness of the flat-jack, which 

resists expansions when the jack is pressurized, and ii) the difference between the area of the 

jack and the area of the slot (the latter being greater than the former). Both these factors are 

taken into account when interpreting test results by using two reduction factors: Km (given 

by the manufacturer) which is the ratio between the pressure measured by the pressure gauge 

and the pressure really acting on the masonry, and Ka, which is the ratio between the area of 

the flat-jack and the area of the slot.  

6.2.2. The double flat-jack test 

By cutting two parallel slots, part of the wall is isolated from the surrounding masonry 

forming a “specimen”. Masonry between the flat-jacks is assumed to be unstressed. Flat-

jacks are then introduced into both slots, and the initial distances between gauge points are 

measured (Figure 6.6). By pressurizing flat-jacks, the load is applied to the “specimen” 

creating an approximately uniaxial state of compressive stress. With a pressure increase in 

the flat-jacks, the distances between gauge point pairs decrease. By gradually increasing the 

pressure, the stress-strain relationship can be determined. Loading-unloading cycles can also 

be performed. Based on an experimental stress-strain curve, the value of Young’s 

compressive modulus can be calculated. If extended damage in the specimen is acceptable, 

the compressive strength of masonry can be obtained. 
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Figure 6.6. Application of double flat-jack testing6. 

6.3. Approximate analytical models 

6.3.1. The horizontal flat-jack 

The problem of finding the stress state in a homogeneous infinite plate subjected to uniform 

uniaxial stress p and with an elliptic hole has been long considered (Coker & Filon, 1931). 

Here the treatise by Oberti (1947) is reported. 

Let us consider an elliptic hole of focal distance 2c and an elliptic reference system of 

coordinates (𝜉, 𝜂). The hole is identified by the parametric curve (𝜉0, 𝜂), and the Cartesian 

coordinates are related to the elliptic coordinates by the expressions: 

 
𝑥 = 𝑐 cos 𝜂 cosh 𝜉
𝑦 = 𝑐 sin 𝜂 sinh 𝜉

 (6.1) 

                                                 
6 Image reprinted from http://www.expin.it/servizi/indagini-strutturali/?lang=en 



CHAPTER 6. DESIGN OF AN EXPERIMENTAL TEST SETUP FOR IN-SITU CHARACTERIZATION OF 

MASONRY 

169 

 

Figure 6.7. Elliptic hole and reference system. 

The Airy function (in elliptic coordinates) solving the elastic problem is: 

 χ =
𝑝𝑐2

16
{𝜒1 + (1 + 2𝑒2𝜉0)𝜒2 + 𝑒4𝜉0𝜒3 − 4(1 + cosh 2𝜉0)𝜒4 + 𝜒5} (6.2) 

where 𝜒𝑖 i=1,…,5 are the following particular solutions of the biharmonic problem: 

 
χ1 = 𝑒2𝜉 + cos 2𝜂 𝜒2 = 𝑒−2𝜉 + cos 2𝜂

𝜒3 = 𝑒−2𝜉 cos 2𝜂 𝜒4 = 𝜉 𝜒5 = 𝑒2𝜉 cos 2𝜂
 (6.3) 

Substituting eqs. (6.3) in (6.2) and performing some transformations, we obtain: 

 
χ =

𝑝𝑐2

8
{sinh 2𝜉 + [cosh 2(𝜉 − 𝜉0) − 1  ]𝑒2𝜉0 cos 2𝜂

− 2𝜉[1 + cosh 2𝜉0] − 𝑒−2(𝜉−𝜉0)} 

(6.4) 

It is of interest to study the situation when 𝜉0 = 0, i.e. a cut with negligible thickness. In that 

case, the Airy function becomes: 

 χ =
𝑝𝑐2

8
{sinh 2𝜉 + [cosh 2𝜉 − 1  ] cos 2𝜂 − 4𝜉 − 𝑒−2𝜉} (6.5) 

By differentiating the Airy function, the corresponding stresses in elliptic coordinates read: 
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 (6.6) 

where: 

 ℎ2 = (
𝛿𝑥

𝛿𝜂
)

2

+ (
𝛿𝑦

𝛿𝜂
)

2

= (
𝛿𝑥

𝛿𝜉
)

2

+ (
𝛿𝑦

𝛿𝜉
)

2

= 𝑐2(cosh 2𝜉 − cos 2𝜂)  (6.7) 

We now want to investigate the stresses along the x and y axes, where for symmetry 

tangential stresses vanish. When x=0, 𝜂 =
𝜋

2
; hence: 

 𝜎𝑥 = 𝑝
sinh 2𝜉 − 2

2𝑒𝜉 cosh3 𝜉
;    𝜎𝑦 = 𝑝 tanh3 𝜉 (6.8) 

If y=0, instead, 𝜂 = 0: 

 𝜎𝑥 = 𝑝
sinh2 𝜉

𝑒𝜉 cosh3 𝜉
;    𝜎𝑦 = 𝑝 coth 𝜉 (6.9) 

The stresses are shown in Figure 6.8. It is possible to notice that at the origin 𝜎𝑥 = −𝑝, i.e. 

if the plate is subjected to compression, a cut provokes horizontal stress equal in value to the 

vertical pressure. Moving along y, 𝜎𝑥 becomes null at y≈0.78 c. Along the x-axis, the vertical 

stress 𝜎𝑦 tends to infinite approaching the edge of the slot. This is a purely asymptotic state, 

because of the null thickness assumed for the slot. 
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Figure 6.8. Stresses in a plate due to a horizontal cut. 

The approximation of an infinite plate subjected to a uniform load p with an elliptic hole can 

be reasonable when modelling a masonry wall in which a horizontal cut is executed. Since 

the effect of the vertical pressure p applied by a flat-jack is to restore the original unperturbed 

situation in which the stress state is characterised by 𝜎𝑥 = 0 and 𝜎𝑦 = 𝑝 everywhere, we can 

write, assuming the superposition of effects holds: 

 𝝈𝑜𝑟𝑖𝑔 = 𝝈𝑐𝑢𝑡 +  𝝈𝑓𝑗 (6.10) 

where 𝝈𝑜𝑟𝑖𝑔, 𝝈𝑐𝑢𝑡, 𝝈𝑓𝑗 are the stress tensors of the original unperturbed state, due to the cut 

and the flat-jack, respectively. Hence, the stress state 𝝈𝑓𝑗 due to a pressure applied by a flat-

jack has principal components: 

 

𝜎𝑥 = −𝑝
sinh2 𝜉

𝑒𝜉 cosh3 𝜉
;     𝜎𝑦 = 𝑝(1 − coth 𝜉3)            along x-axis 

𝜎𝑥 = −𝑝
sinh 2𝜉−2

2𝑒𝜉 cosh3 𝜉
;     𝜎𝑦 = 𝑝(1 − tanh3 𝜉)          along y-axis 

(6.11) 

We now want to evaluate the displacement on the y-axis due to the flat-jack. From eq. (6.11) 

and Hooke’s law, the expression for 휀𝑦 along y-axis reads: 
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휀𝑦(𝑦) =
1

𝐸
{𝜎𝑦 − 𝜈𝜎𝑥} =

𝑝

𝐸
{(1 − tanh3 𝜉) + 𝜈

sinh 2𝜉 − 2

2𝑒𝜉 cosh3 𝜉
}

≅
𝑝

𝐸
(1 − tanh3 asinh

𝑦

𝑐
) 

(6.12) 

where we have neglected the term in 𝜎𝑥 and used coordinate transformation (6.1). The 

vertical displacement is obtained by integrating: 

 

𝑢𝑦(𝑦) = ∫ 휀𝑦(𝑦)𝑑𝑦 ≅ ∫
𝑝

𝐸
{(1 − tanh3 asinh

𝑦

𝑐
)} 𝑑𝑦

=
𝑝

𝐸
(𝑦 −

𝑦2 + 2𝑐2

√𝑦2 + 𝑐2
) + 𝑐1 =

𝑝

𝐸
(𝑦 −

𝑦2 + 2𝑐2

√𝑦2 + 𝑐2
) 

(6.13) 

where 𝑐1 is a constant that has been determined by imposing the condition: 

 lim
𝑦→+∞

𝑢𝑦(𝑦) = 0 → 𝑐1 = 0 (6.14) 

In particular on the slot: 

 𝑢𝑦(0) = −
2𝑐𝑝

𝐸
 (6.15) 

6.3.2. The vertical flat-jack 

The application of a flat-jack in a vertical cut of the masonry structure may be studied by 

means of an approximate analytical model. Let us consider the portion of the t thick panel 

identified by the h high vertical cut and the two horizontal mortar layers of shear stiffness kV 

(Figure 6.9). It is possible to write the horizontal translation equilibrium equation for the 

elementary segment of length dx identified by the coordinate x as: 

 𝑁(𝑥) + 𝑑𝑁 − 𝑘𝑉𝑡[𝑢𝑏(𝑥) + 𝑢𝑡(𝑥)]𝑑𝑥 − 𝑁(𝑥) = 0 (6.16) 

where 𝑁(𝑥) = ∫ ∫ 𝜎𝑥𝑑𝑦𝑑𝑧
ℎ

𝑜

𝑡

𝑜
, and 𝑢𝑏(𝑥) (resp. 𝑢𝑡(𝑥)) is the horizontal relative displacement 

between the two faces of the bottom (resp. top) mortar layer. Considering the masonry 

element as a homogeneous continuum, we can approximate the constitutive law as: 

 𝜎𝑥 =
𝐸

(1 − 2𝜐)(1 + 𝜐)
[(1 − 𝜐)휀𝑥 + 𝜐(휀𝑦 + 휀𝑧)] ≈ 𝐸휀𝑥 = 𝐸

𝜕𝑢𝑥

𝜕𝑥
 (6.17) 
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Figure 6.9. Schematisation of the panel subjected to the vertical flat-jack pressure. 

So, the panel axial force 𝑁(𝑥) may be expressed as: 

 𝑁 = ∫ ∫ 𝜎𝑥𝑑𝑦𝑑𝑧
ℎ

𝑜

𝑡

𝑜

= ∫ ∫ 𝐸
𝜕𝑢𝑥

𝜕𝑥
𝑑𝑦𝑑𝑧

ℎ

𝑜

𝑡

𝑜

 (6.18) 

If we assume that 𝑢𝑥 is linear in z, that is 𝑢𝑥 = 𝑢𝑏 +
𝑢𝑡−𝑢𝑏

ℎ
𝑧, eq. (6.18) becomes: 

 

𝑁 = 𝐸
𝜕

𝜕𝑥
∫ ∫ (𝑢𝑏 +

𝑢𝑡 − 𝑢𝑏

ℎ
𝑧) 𝑑𝑦𝑑𝑧

ℎ

𝑜

𝑡

𝑜

= 𝐸𝑡
𝜕

𝜕𝑥
∫ (𝑢𝑏 +

𝑢𝑡 − 𝑢𝑏

ℎ
𝑧) 𝑑𝑧 =

ℎ

𝑜

𝐸𝑡ℎ
𝜕

𝜕𝑥

𝑢𝑡 + 𝑢𝑏

2

= 𝐸𝑡ℎ
𝑑

𝑑𝑥

𝑢𝑡 + 𝑢𝑏

2
   

(6.19) 

since ∫ (𝑢𝑏 +
𝑢𝑡−𝑢𝑏

ℎ
𝑧) 𝑑𝑧 =

ℎ

𝑜
𝑢𝑏ℎ +

1

2ℎ
[(𝑢𝑡 − 𝑢𝑏)𝑧2]0

ℎ =
ℎ

2
(𝑢𝑡 + 𝑢𝑏) and the partial 

derivative may be transformed into the total derivative. So, putting eqs. (6.16) and (6.19) 

together, the differential equation describing the problem is: 

 𝐸𝑡ℎ
𝑑2

𝑑𝑥2

𝑢𝑡 + 𝑢𝑏

2
− 𝑘𝑉𝑡(𝑢𝑏 + 𝑢𝑡) = 0 (6.20) 

that is a second degree differential equation with constant coefficients: 
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𝑑2𝑢

𝑑𝑥2
− 𝛼2𝑢 = 0 (6.21) 

where 𝑢 =
𝑢𝑡+𝑢𝑏

2
, 𝛼2 =

2𝑘𝑉

𝐸ℎ
. 

Instead, if a parabolic trend is assumed for 𝑢𝑥(𝑧), that is: 

 

𝑢𝑥(𝑥, 𝑧) =
2

ℎ2
[𝑢𝑡(𝑥) − 2𝑢𝑚(𝑥) + 𝑢𝑏(𝑥)]𝑧2

+
1

ℎ
[4𝑢𝑚(𝑥) − 3𝑢𝑏(𝑥) − 𝑢𝑡(𝑥)]𝑧 + 𝑢𝑏(𝑥) 

(6.22) 

where 𝑢𝑚(𝑥) = 𝑢𝑥 (𝑥,
ℎ

2
), it easy to prove that the differential equation becomes: 

 
1

3

𝑑2

𝑑𝑥2
(𝑢 + 2𝑢𝑚) − 𝛼2𝑢 = 0 (6.23) 

and if we assume the shape of the deformation being constant in x, i.e. 
𝑢𝑚(𝑥)

𝑢(𝑥)
= 𝑘, eq. (6.23) 

reads: 

 
𝑑2𝑢

𝑑𝑥2
− 𝛽2𝑢 = 0 (6.24) 

where now 𝛽2 =
3𝑎2

1+2𝑘
. 

The solution is in the form: 

 𝑢(𝑥) = 𝑐1 sinh 𝛽𝑥 + 𝑐2 cosh 𝛽𝑥 (6.25) 

and from equation (6.19) we obtain the axial force on the panel: 

 𝑁(𝑥) =
𝐸𝑡ℎ

3
(1 + 2𝑘)

𝑑𝑢

𝑑𝑥
=

𝐸𝑡ℎ

3
(1 + 2𝑘)𝛽( 𝑐1 cosh 𝛽𝑥 + 𝑐2 sinh 𝛽𝑥)  (6.26) 

The constants c1 and c2 can be determined by imposing the boundary conditions. The first 

condition is that at x=0, the axial force is the resultant of the compressive pressure forces 

transferred by the flat-jack -Nm: 
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 𝑁(0) = −𝑁𝑚 =
𝐸𝑡ℎ

3
(1 + 2𝑘)𝛽𝑐1  →    𝑐1 = −

3𝑁𝑚

𝐸𝑡ℎ𝛽(1 + 2𝑘)
  (6.27) 

For the second condition, we can consider two possibilities. The first is that, as on the right 

in the setup considered in Figure 6.9, at a distance b1 we have a constraint on displacements: 

 
𝑢(𝑏1) = 𝑐1 sinh 𝛽𝑏1 + 𝑐2 cosh 𝛽𝑏1 = 0  

𝑐2 = −𝑐1 tanh 𝛽𝑏1 
(6.28) 

The second possibility is, as on the left in the setup considered in Figure 6.9, at a distance b2 

there is a free edge: 

 
𝑁(𝑏2) =

𝐸𝑡ℎ

3
(1 + 2𝑘)𝛽(𝑐1 cosh 𝛽𝑏2 + 𝑐2 sinh 𝛽𝑏2) = 0  

𝑐2 = −𝑐1 coth 𝛽𝑏2 

(6.29) 

Whichever boundary condition is used, it is possible to evaluate 𝑢(𝑥) and 𝑁(𝑥). The single 

displacements 𝑢𝑏, 𝑢𝑡 may be determined by imposing the rotation equilibrium equation; if 

the flat-jack is centred with respect to the vertical cut, it may be assumed 𝑢𝑏 = 𝑢𝑡 = 𝑢. 

Lastly, a remark regarding the definition of the panel Young modulus E is needed. Since the 

panel is actually anisotropic, it should be identified with the horizontal elastic modulus Ex. 

In a simplified way, neglecting the contribution of the bed joint shear behaviour on the panel 

stiffness, the brick and vertical mortar joints act as springs in series, so the displacement 

𝑢𝑚,𝑥 between two points horizontally spaced L caused by a horizontal force F may be 

evaluated as: 

 𝑢𝑚,𝑥 =
𝐹𝐿

𝐴𝑏𝑥𝐸𝑏
+

𝐹𝑛𝑚

𝑘𝑁,ℎ𝑗𝐴𝑏𝑥
=

𝐹𝐿

𝐸𝑥𝐴𝑏,𝑥
 (6.30) 

where the vertical joint has been considered as zero-thickness interface with axial stiffness 

equal to 𝑘𝑁,ℎ𝑗, and 𝐴𝑏𝑥, 𝐸𝑏, 𝑛𝑚 are respectively the area of the brick face of normal x, the 

brick Young modulus and the number of mortar joints in L. Approximating 𝑛𝑚 ≈
𝐿

𝑙𝑏
, with 𝑙𝑏 

being brick stretcher dimension, we obtain the equivalent Young modulus in x-direction: 
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 𝐸𝑥 = (
1

𝐸𝑏
+

1

𝑘𝑁,ℎ𝑗𝑙𝑏
)

−1

  (6.31) 

that can be conveniently used in eqs. (6.26), (6.27), (6.28), (6.29).  

6.3.3. Validation 

The two analytical models were validated against numerical mesoscale models, where the 

actual heterogeneity of masonry is taken into account.  

6.3.3.1. Horizontal flat-jack 

A 1310×1960×120mm2 wall was modelled by using the mesoscale representation, in which 

each 250×120×55mm3 brick is split into two 20-node elastic solid elements. The flat-jack 

pressure, equal to 0.5MPa is applied on a 250mm long slot, at a height of 1240mm from the 

ground. The mortar arrangement and an overview of the model are displayed in Figure 6.10. 

Brick Young modulus was set equal to Eb=11233.7MPa, while two choices were analysed 

for mortar properties: 

 Deformable mortar: kN,bj=243N/mm3, kV,bj=101N/mm3, kN,hj=146N/mm3, 

kV,hj=61N/mm3; 

 Stiff mortar: kN,bj=1272N/mm3, kV,bj=524N/mm3, kN,hj=763N/mm3, kV,hj=314N/mm3; 

where kN, kV are the axial and the shear mortar interface stiffnesses, and the pedices bj and 

hj refer to bed joint and head joint properties, respectively. The homogenised Young 

modulus has been evaluated by using eq. (6.31) where 𝑘𝑁,ℎ𝑗𝑙𝑏 is replaced by 𝑘𝑁,𝑏𝑗ℎ𝑏, with 

ℎ𝑏 being the brick height.    
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(a) 

 

(b) 

Figure 6.10. Numerical model for validation of the horizontal flat-jack analytical description: (a) mortar 

arrangement and (b) complete model. 

In Figure 6.11 and Figure 6.12, the comparison between analytical and numerical response 

in terms of σx, σy and uy along the vertical axis is shown. It is possible to notice that for both 

mortar types the approximate analytical representation captures the average stress state very 

well, even though the more deformable the interface is, the more local peaks exist. 

Furthermore, equation (6.11) predicts that at y=0 (contact surface between the flat-jack and 

the first brick) σx=σy=p, and this should be taken into account when considering the 

maximum flat-jack pressure that may be applied. More important, it is to be understood that 

when the cut is carried out, σx=-p, i.e. a horizontal tensile stress equal to the external vertical 

stress develops, however long the cut is. This may cause local damage, especially when a 

vertical mortar joint is present on the vertical symmetry axis (in Figure 6.10, in the lower 

part with respect to the slot). This has been recognised also in Ronca (1996), where the 

possibility that some plastic hinges appear is shown to alter the correct interpretation of the 

test.  
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(a) 

 

(b) 

  

 

(c) 

Figure 6.11. Comparison between analytical and numerical response of the deformable-mortar model: (a) 

horizontal stress, (b) vertical stress, (c) vertical displacement. 
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(a) 

 

(b) 

  

 

(c) 

Figure 6.12. Comparison between analytical and numerical response of the stiff-mortar model: (a) horizontal 

stress, (b) vertical stress, (c) vertical displacement. 

Finally, the analytical model underestimates the vertical displacement due to the flat-jack 

pressure. This can be explained by local effects, since from eq. (6.11) and Figure 6.8 it is 

seen that very high tensile stresses develop along the x-axis. Since the cut is always carried 

out in correspondence of a mortar layer, the localised deformation of mortar (which cannot 

be taken into account in the analytical model) both in shear (head joint) and axial (bed joint) 

directions cause additional displacements (Figure 6.13). 
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Figure 6.13. Local interface deformations in the deformable-mortar model. 

6.3.3.2. Vertical flat-jack 

In the same wall as in the previous example (but without the horizontal cut), a 250mm wide 

vertical slot was created in order to apply a vertical flat-jack pressure p=1MPa. The right 

vertical edge was fully restrained, to simulate the presence of a constraint as depicted in 

Figure 6.9; the left edge was assumed free. Doing so, both boundary conditions for the 

analytical model studied in Section 6.3.2 are represented. The model and the mortar 

arrangement are displayed in Figure 6.14. Again, brick Young modulus was set equal to 

Eb=11233.7MPa, and the same two mortar alternatives were analysed: 

 Deformable mortar: kN,bj=243N/mm3, kV,bj=101N/mm3, kN,hj=146N/mm3, 

kV,hj=61N/mm3; 

 Stiff mortar: kN,bj=1272N/mm3, kV,bj=524N/mm3, kN,hj=763N/mm3, 

kV,hj=314N/mm3; 

where kN, kV are the axial and the shear mortar interface stiffnesses, and the pedices bj and 

hj refer to bed joint and head joint properties, respectively. 
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(a) 

 

(b) 

Figure 6.14. Numerical model for validation of the vertical flat-jack analytical description: (a) mortar 

arrangement and (b) complete model. 

The comparison between numerical and analytical horizontal displacements of the mortar 

layer highlighted in Figure 6.14b are displayed in Figure 6.15. For the evaluation of the 

analytical response, the ratio k between um and ut (the latter being assumed equal to ub) must 

be estimated. In this case it has been evaluated directly from the numerical response: its 

value is equal to 2.9 for the deformable-mortar model and equal to 6 for the stiff-mortar 

model.  

With these values, the numerical response is captured quite well by the analytical model, 

except from the peak at the origin, which is underestimated. It must be said, though, that a 

so large variation in displacements (and tangential stresses) as near the flat-jack would 

require a finer mesh to be captured more correctly by the numerical model. 

 

 

Top mortar 

layer 
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(a) 

 

(b) 

Figure 6.15. Comparison between numerical and analytical displacements on the mortar interface: (a) 

deformable mortar, (b) stiff mortar. 

The simplified analytical model allows some remarks. The flat-jack action being auto-

equilibrated, for the Saint-Venant’s principle its effects vanish at a certain distance from the 

slot. In this example, for the constrained edge, at the end of the wall, the reaction is equal to: 

  𝑁(𝑏1) =
𝐸𝑡ℎ

3
(1 + 2𝑘)𝛽( 𝑐1 cosh 𝛽𝑏1 + 𝑐2 sinh 𝛽𝑏1) = 884.7𝑁  (6.32) 

about 3% of N(0)=1MPa×250mm×120mm=30kN. So, if the flat-jack is sufficiently far from 

the edge, there is no need for a constraint system as the one depicted in Figure 6.9, since the 

stress distribution is not affected by the constraint. In Figure 6.16a interface stress 
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distributions, considering a free and a constrained edge as boundary conditions respectively, 

are compared. Here, the flat-jack is 655mm far from the vertical edge (assuming the material 

properties described for the deformable-mortar model): the stresses are actually 

indistinguishable. In Figure 6.16b, maintaining the same masonry properties, the flat-jack is 

supposed to be 250 mm far from the border. Now the two distributions are different, even if 

the maximum stress is rather similar. When mortar is very deformable, a situation as 

displayed in Figure 6.17 will appear: if present, the constraint absorbs much of the stress and 

consequently the compressive stresses transferred by the flat-jack decay very slow (Figure 

6.17b). This could be dangerous when one wish to push the test over the elastic limit, since 

a compressive failure in the horizontal direction could appear before the shear strength in 

the interface is attained.  

 

(a) 

 

(b) 

Figure 6.16. Tangential stress distribution for a flat-jack (a) 655mm and (b) 250 mm far from the edge. 

 

(a) 

 

(b) 

Figure 6.17. Very deformable mortar: (a) tangential stress distribution and (b) axial force in the panel. 
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6.4. A setup for identification of elastic interface parameters 

In Chisari et al. (2015) the experimental setup described in Figure 6.3 as preliminary test 

setup has been studied using a pseudo-experimental approach, in which measures um are 

generated by a numerical model, with a known set of parameters pr. Then the inverse analysis 

is applied to calculate p from um and the results are compared against the known pr values. 

As the same FE model is used for the generation of um and the minimization of ω(p), model 

errors are implicitly ruled out.  

6.4.1. Model properties 

The analysed masonry component is a running bond masonry pier, which has b=900mm 

width, h=1425mm height and 102.5mm thickness. It is made up with 215×102.5×65mm3 

bricks and 10mm thickness mortar joints. In the numerical simulations, the URM panel 

shown in Figure 6.18 is analysed using the mesoscale approach proposed in Macorini & 

Izzuddin (2011) and implemented into ADAPTIC (Izzuddin, 1991). According to the 

mesoscale description, two solid elements are used for each brick while zero-thickness 

interface elements for modelling mortar joints. Concerning the properties for the component 

materials, an elastic modulus Eb=2500MPa and Poisson’s ratio b=0.2 have been considered 

for bricks, while elastic stiffness kN=48N/mm3 and kV=21N/mm3 have been assumed for 

mortar joints. The latter values correspond to the set of pr parameters (i.e. the known solution 

of the calibration problem). 

The nodes respectively on the right and left edges have been coupled by means of elastic 

springs, the stiffness of which has been assumed equal to 105560N/mm. This is equivalent 

to a restraint system formed by 4Ø12. 
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Figure 6.18. Analysed panel with restraining system and applied loading. 

In the numerical simulation, it is not necessary to model self-weight (a priori unknown in 

existing structures), because the elastic regime allows for the superposition of effects, and 

so the experimental measurements may refer only to the loads applied by means of the flat-

jacks.  It means that the only phases modelled are phase 2 and 3. At both the horizontal and 

vertical cuts (Figure 6.18), a uniform pressure p=0.3MPa is applied. The intensity of the 

pressure has been selected to maintain the structure elastic, while giving rise to 

displacements large enough to be measured by typical extensometers. In Figure 6.19, the 

deformed shape of the URM panel modelled using the mesoscale description after the 

application of the horizontal flat-jack load (phase 2) and the vertical flat-jack loads (phase 

3) is displayed. The figures have been created using the software GMSH (Geuzaine & 

Remacle, 2009) as post-processing tool. 
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(a) 

 

(b) 

Figure 6.19. Deformed shape and displacement contour (a) at the end of phase 2 and (b) phase 3. 

6.4.2. The Genetic Algorithm 

The Genetic Algorithm described in Chapter 3 has been used in the calibration procedure. 

For each sought parameter kV and kN which form the chromosome, a lower and an upper 

bound, equal to 0.45 and 1.6 times the known values, have been considered. The initial 

population consists of 50 individuals, generated by Sobol sequence, while only 15 

individuals have been considered for the subsequent generations to achieve a faster 

convergence to the solution. The other parameters employed in the GA analyses are: 

crossover probability pc=1; crossover parameter for Probabilistic Arithmetic crossover α=2; 

mutation probability for local mutation pm=0.2; scaling pressure for linear ranking ps=1.7; 

local mutation range over total range ratio: 0.08. The termination criterion is the maximum 

number of generation. In this respect, it has been observed that 20 generations are usually 

sufficient to reduce the initial fitness standard deviation by about four orders of magnitude, 

which guarantees the convergence to the solution 
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6.4.3. The measurements 

With the aim of assessing the best measurements for the stability of the procedure, three 

arrangements have been investigated: (a) 6 extensometers, (b) 18 extensometers, (c) Digital 

Image Correlation (DIC) for monitoring the continuous displacement field. DIC (Hild & 

Roux, 2006) is an optical method that employs tracking and image registration techniques 

for accurate 2D and 3D measurements. The comparison between photographs over a zone 

of interest (ZOI) before and after the application of the load allows for the displacement field 

to be recorded and displayed. 

In particular, 12 points have been considered as measurement bases for (a) and (b), 6 around 

the horizontal cut and 6 around the vertical cut (Figure 6.20). While in the case (a) only 

relative displacements orthogonal to the cuts are taken into account, in (b) relative 

displacements also along skew directions are considered. Finally, the areas around the two 

cuts have been chosen as ZOIs for the application of DIC as shown in Figure 8c. The 

measurements at points 1-6 and ZOI 1 are taken after phase 2, while the ones at points 7-12 

and ZOI 2 are taken after phase 3.  

 

(a) (b) (c) 

Figure 6.20. Different measurements studied. 

6.4.4. Sensitivity analysis 

It has been seen in Chapter 2 that when a pseudo-experimental approach is used, a sensitivity 

analysis on the measured displacements u in the neighbourhood of the known solution 

considering the input parameters p can give some insights on the solvability of the problem. 
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In the following, both p and u have been normalized with respect to the values assumed in 

the pseudo-experimental analysis. In finite terms, the coefficients of the so-called sensitivity 

matrix can be expressed as: 

 

𝑆𝑖𝑗 =
𝜕𝑢𝑗

𝜕𝑝𝑖
|

𝒑=𝒑𝒓

∙
𝑝𝑖

𝑟

𝑢𝑗
𝑚

≅
𝑢𝑗(𝑝1

𝑟 , … , 𝑝𝑖
𝑟 + ∆𝑝𝑖

𝑟 , … ) − 𝑢𝑗(𝑝1
𝑟 , … , 𝑝𝑖

𝑟 − ∆𝑝𝑖
𝑟 , … )

2∆𝑝𝑖
𝑟 ∙

𝑝𝑖
𝑟

𝑢𝑗
𝑚 

(6.33) 

where the increments have been taken as ∆𝑝𝑖
𝑟 = 10−2 ∙ 𝑝𝑖

𝑟. 

6.4.4.1. Six extensometers 

In Table 6.1 the coefficients of the sensitivity matrix for the test with 6 displacement 

measurements computed according to eq. (6.33) are reported. The sensitivity matrix gives a 

qualitative understanding of which sought parameters significantly influence the measured 

displacements. It can been seen that the relative displacements Δu1, Δu2 and Δu3, which 

indicates the opening of the horizontal cut subjected to the vertical pressure p, are more 

dependent on the normal interface stiffness than the shear stiffness. On the other hand, 

displacements Δu4, Δu5 and Δu6, which are related to the vertical cut opening, are more 

influenced by the shear stiffness, as expected.  

It can be easily found that the matrix S has rank 2, while the condition number is equal to 

7.06. 

Table 6.1. Coefficients for sensitivity matrix S. 

 Δu1 Δu2 Δu3 Δu4 Δu5 Δu6 

kV -0.1632 -0.1704 -0.1733 -0.2054 -0.2072 -0.2292 

kN -0.2388 -0.2329 -0.2387 -0.1949 -0.1814 -0.1516 

 

Moreover, to assess the importance of each sought parameter in absolute terms, 

extensometer measurements have been evaluated for the extreme values of the parameter 

range. The results of this analysis are presented in Table 6.2, where the pseudo-experimental 

displacements are compared against the extreme values. 
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It can be seen that, in general, a considerable variation in the output response is expected 

when input parameters are varied in their range. 

Table 6.2. Absolute sensitivity analysis. 

kV,adim kN,adim 
Δu1 

(mm) 

Δu2 

(mm) 

Δu3 

(mm) 

Δu4 

(mm) 

Δu5 

(mm) 

Δu6 

(mm) 

0.45 1 0.18840 0.22732 0.19417 0.18860 0.22335 0.11175 

1.6 1 0.15013 0.17937 0.15301 0.14064 0.16618 0.08090 

1 0.45 0.20283 0.24179 0.20755 0.18668 0.21791 0.10383 

1 1.6 0.14543 0.17473 0.14893 0.14128 0.16803 0.08362 

Pseudo-exp. value 

(mm) 
0.16048 0.19232 0.16438 0.15286 0.18077 0.08891 

 

6.4.4.1. Eighteen extensometers 

The same observations reported in the previous subsection are valid here. Again the 

displacements due to the horizontal flat-jack depend more on kN, while the ones around the 

vertical cut are mainly related to kV. The condition number is very similar to the condition 

number for the test with 6 extensometers and equal to 7.26. 

6.4.4.2. Digital Image Correlation 

The DIC output is a 2D continuous displacement field, so the horizontal and vertical 

displacement components for each node in the ZOI are recorded. The condition number for 

the sensitivity matrix obtained considering the variations of all these outputs is equal to 5.11. 

6.4.5. The inverse analysis and random noise 

In real tests, the measured variables um are always affected by some errors because of the 

limited accuracy of the measurement device. So, it is important to verify the stability of the 

solution when random errors affect u. In this numerical example, four error ranges have been 

considered: ±0.5%, ±1%, ±2%, ±5%. For each range, 30 uniformly random series of errors 

measurements Δui are generated. So, for each error range 30 sets of pseudo-experimental 
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values have been assumed to represent um. The inverse analysis has been then performed for 

each perturbed set of measurement values. The dispersion in the results, namely in the sought 

parameters kV and kN, shows the stability of the procedure with respect to the precision of 

the measurements. These results are displayed in Figure 6.21-Figure 6.23. 

 

Figure 6.21. Noise analysis for 6 extensometers. 
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Figure 6.22. Noise analysis for 18 extensometers. 

 

Figure 6.23. Noise analysis for DIC. 

It has been seen in Section 6.4.4 that the three options analysed have comparable and quite 

low condition numbers. Thus it is expected that at least in the proximity of the real solution, 

the inverse problem is stable, i.e. small perturbations in the measurements induce small 
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errors in the solution. It is confirmed by the numerical tests performed with a random error 

in the ±0.5% range in all cases.  

An interesting trend can be noticed in the Figure 6.21-Figure 6.23. A uniform perturbation 

of the measurements does not affect the parameter identification in a uniform way. 

Especially in the case where 6 and 18 measurements are used and for error ranges up to ±2%, 

the elastic stiffnesses are distributed along a preferential axis with negative slope in the kV-kN 

plane. So, it can be useful to compare parameter distribution considering the variance-

covariance matrix, and perform an eigenvalue analysis to find the maximum variance 𝜎𝑚𝑎𝑥
2 . 

Its square root 𝜎𝑚𝑎𝑥 is proportional to the maximal semi-axis of the covariance ellipse 

(Figure 6.24). In Figure 6.24 an example of 2.0 covariance ellipse is shown, that is the 

ellipse in which the axes are scaled so that their semi-length is equal to 2.0. In the case of 

normal distribution, this corresponds to a confidence interval of 95%. 

 

Figure 6.24. 2.0 covariance ellipse for the samples with 1.0% error range and 18 extensometers. 

Using 𝜎𝑚𝑎𝑥 it is possible to compare the three studied measurement arrangements as shown 

in Figure 6.25. 
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Figure 6.25. Comparison between different types of measurement. 

In general, more information is stored in the discrepancy function (i.e. more measurements 

are considered), more stable is the inverse problem even for high levels of error. Thus the 

analysis using a continuous displacement field through DIC clearly outperforms the others 

in all error ranges. However, while the use of 6 extensometer provides acceptable results for 

kN and kV only for measurement errors associated with instrumentation precision of 0.5% of 

the actual measured displacement, good results can be obtained with 18 extensometer up to 

an error of 1% and with DIC up to an error of 5%. 

6.5. The simplified setup for identification of elastic and strength 

parameters 

The preliminary test setup described above allows the estimation of elastic properties of the 

interface when sufficiently numerous and reliable measurements are available. From the 

practical point of view, it requires a restraint system in order to avoid horizontal 

displacements on one of the parts subjected to the vertical flat-jack pressure. However, it has 

been seen in Section 6.3, that if the panel is sufficiently far from the edge, the constraint is 

not subjected to relevant forces, and it may thus be removed. This has led to the simplified 

setup depicted in Figure 6.3b. In particular, in Chisari et al. (2014a), the following novelties 

were introduced: 
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 The setup was simplified in the practical application even though not in the general 

concepts; 

 The inverse analyses were performed by using a surrogate model as described in 

Chapter 4; 

 An attempt to identify some strength parameters was described. 

In particular, we recall that the formulation for nonlinear behaviour is characterized by one 

hyperbolic yield function to simulate Mode I and Mode II fracture, providing smooth 

transition between pure tension and shear failure. The hyperbolic yield surface for Mode I 

and Mode II is represented in the stress space by a curve F1, defined by three material 

variables: 

 𝐹1 = 𝜏𝑥
2 + 𝜏𝑦

2 − (𝑐 − 𝜎 𝑡𝑎𝑛𝜙)2 + (𝑐 − 𝜎𝑡 𝑡𝑎𝑛𝜙)2 = 0 (6.34) 

The three material variables 𝑐, 𝜎𝑡, 𝑡𝑎𝑛𝜙 associated with surface F1 have explicit physical 

meaning as they represent cohesion, tensile strength and friction angle at mortar interface. 

In the present section the focus will be on the identification of the three elastic parameters 

𝐸𝑏, 𝑘𝑉, 𝑘𝑁, where 𝐸𝑏 is Young’s modulus for the bricks, and the three interface strength 

parameters 𝑐, 𝜎𝑡, 𝑡𝑎𝑛𝜙.  

6.5.1. Experimental setup and numerical model 

With the aim of retrieving the main material parameters of the model previously described, 

an experimental setup schematically sketched in Figure 6.26a has been considered. In the 

test, controlled pressures are applied into a portion of a masonry panel by a horizontal and a 

vertical flat-jack to generate a displacement field within the panel. It has been seen in Section 

6.4 that DIC provides a very accurate data set for inverse analysis. So, in this application the 

complete displacement field in a restricted region of the panel named Zone Of Interest (ZOI) 

as in Figure 6.26 is considered. Using a pseudo-experimental approach the physical test is 

replaced by the FE model shown in Figure 6.26b, which is developed using the mesoscale 

description with solid elements 130×120×60mm3 large. In the test simulation the model 

material properties reported in Table 6.3 and mode-I and mode-II fracture energy GI = 

0.02N/mm and GII = 0.05N/mm were used. Shear stiffness of mortar joint interfaces kV was 

calculated as a function of the normal stiffness kN and a parameter υi using the relationship: 
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 𝑘𝑉 =
𝑘𝑁

2(1 + 𝜈𝑖)
 (6.35) 

Like the parameter υm used in Chapter 5, υi has not a real physical meaning, but it only 

parameterises the relationship between the two interface stiffnesses. For the sake of 

simplicity it will be referred to as Poisson’s ratio in the following, and in this numerical 

example it is assumed to vary following the rules of Poisson’s ratio for linearly elastic 

materials, even though it may not be the case. The same interface properties are considered 

for head and bed joints. 

 

 

(a) 

 

(b) 

Figure 6.26. (a) Experimental setup and (b) deformed shape of the pseudo-experimental FE model. 

The wall model, constrained on the bottom, was subjected to a constant vertical pressure 

pv=0.3MPa applied at the top of specimen and at the horizontal flat-jack (in order to recover 

the original stress state, perturbed by the cut and the flat-jack placing), while a horizontal 

pressure ph was applied at the vertical flat-jack increasing the value from 0 to 2.88 MPa 

when substantial cracks developed in the wall. This can be seen in Figure 6.27a, where 

plastic work contour is shown. Figure 6.27b displays the wall response in the term of 

variation of horizontal displacement with the applied horizontal pressure at point A. Since 

the calculation of material parameters will be carried out in two steps, i.e. the elastic 
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properties before the strength parameters, the end of the elastic behaviour is considered 

attained for ph = 0.8 MPa.  

Variation intervals for the elastic and strength parameters are reported in Table 6.4 and Table 

6.5. 

 

(a) 

 

(b) 

Figure 6.27. Plastic work contour at  ph = 2.88N/mm2; (b) horizontal pressure vs displacement curve. 

Table 6.3. Material parameters for the pseudo-experimental model. 

Parameter Explanation Value 

𝐸𝑏 (N/mm2) Brick Young modulus 10000  

𝑘𝑁 (N/mm3) Interface axial stiffness 120  

kV (N/mm3) Interface tangential stiffness 50  

νi Interface Poisson modulus 0.2 

𝑐 (N/mm2) Interface cohesion 0.21  

𝑡𝑎𝑛 𝜙 Interface friction angle tangent 0.58 

𝜎𝑡 (N/mm2) Interface tension strength 0.124  
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Table 6.4. Variation range for the elastic inverse analysis. 

Parameter Lower bound Upper bound Step 

𝐸𝑏 (N/mm2) 2000  15000  10  

𝑘𝑁 (N/mm3) 30  500  1  

𝜈𝑖 0.001 0.499 0.001 

 

Table 6.5. Variation range for the inelastic inverse analysis. 

Parameter Lower bound Upper bound Step 

𝑐  (N/mm2) 0.001  0.6  0.001  

𝑡𝑎𝑛 𝜙 0.45 0.85 0.001 

𝜎𝑡

𝑐
 0.1 1.1 0.001 

 

6.5.2. The surrogate model 

Before describing the results of the inverse analysis, the errors induced by the POD-kriging 

approximation of the pseudo-experimental model are analysed. Two different surrogate 

models for the elastic and the nonlinear analysis have been created following the procedure 

described in Chapter 4. In both cases, the POD basis 𝜱 and the vector 𝒄 = 𝑽−𝟏𝒚 used in the 

kriging approximation are based on M=200 samples obtained exploring the parameter space 

by means of a Sobol sequence. The POD analysis shows that the magnitude of the 

eigenvalues of the modified correlation matrix quickly decreases, thus it has been considered 

sufficient to use only 4 modes for the elastic model and 17 modes for the nonlinear one 

providing 𝑟 =
∑ 𝜆𝑖

𝐾
𝑖=1

∑ 𝜆𝑖
𝑀
𝑖=1

≅ 100%, where 𝜆𝑖 is the i-th eigenvalue and K the number of 

eigenmodes used in the approximation.  

In Figure 6.28, the pseudo-experimental elastic displacement field is shown (a), as well as 

the error associated with POD (b) and kriging approximation (c). It is possible to see that the 

maximum error between the displacement field evaluated by the FE model and by POD with 

only 4 modes is about 0.00011 mm (less of 1% of the maximum displacement). On the other 
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hand the error due to the use of the kriging method is slightly larger (maximum error 

0.000148 mm), but still acceptable. 

 

(a) 

 

(b) 

 

(c) 

Figure 6.28. (a) FE displacements at ph=0.8N/mm2; (b) POD errors; (c) POD-kriging errors. 

In Figure 6.29, the same contours for the final loading step (ph=2.88 MPa) are shown. It can 

be seen that the maximum absolute error evaluated is equal to 0.0073 mm against a 

maximum displacement equal to 0.184 mm (relative error 4%). Conversely the kriging 

approximation does not give so accurate results, as the maximum error is equal to 0.0227 

mm and it is attained at the last time step, where the maximum displacement is equal to 0.184 

mm (relative error 12.3 %). 
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(a) 

 

(b) 

 

(c) 

Figure 6.29. (a) FE displacements at ph=2.88N/mm2; (b) POD errors; (c) POD-kriging errors. 

6.5.3. The inverse analysis 

As this section describes a preliminary study on the use of the surrogate model described in 

Chapter 4 and on the possibility to use it for the calibration of elastic and strength parameters, 

no noise analysis was performed at this stage. In further works this should be examined, 

since it is well-known that the amount of error greatly influences the inverse analysis and its 

solution. 

6.5.3.1. Elastic properties 

Three inverse analyses were carried out considering the exact pseudo-experimental values 

for the displacements. These correspond to: 

1. Standard inverse analysis which uses the complete finite element model for each 

function evaluation and the optimisation algorithm described in 6.4.2. In particular, 

the latter is a genetic algorithm in which the first population is composed of 50 

individuals and the others consist of 15 elements. The number of generations is set 

equal to 20. In this genetic algorithm, the number of individuals and generations is 

kept as small as possible to limit the computation time. 
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2. Inverse analysis with surrogate model which differs from the traditional approach for 

the use of the model described in Section 6.5.2 instead of the full finite element 

model. The optimisation algorithm is the same as in the standard analysis. 

3. “Enlarged” inverse analysis with surrogate model. The gain in computing time 

obtained by the use of the surrogate model allows for the use of a GA without need 

of reducing the number of evaluations. The size of all population is set equal to 100 

and 100 generations are analysed. 

The results are summarized in Table 6.6. The use of the surrogate model (analysis 2) allows 

a significant saving of computational time (82.7 % saving) and, in this particular case, 

provides more accurate results than the traditional analysis with the FE model (analysis 1). 

This may be due to a smoother discrepancy function allowing the GA to escape local optima. 

On the other hand, analysis 3 attains the solution (with negligible errors), thanks to the high 

number of function evaluations allowed by the surrogate model. 

In Figure 6.30, for analysis 3, the population mean value of each sought parameter, 

normalised to the real values reported in Table 6.3, is plotted against the generation number. 

It can be seen that the convergence is attained at about generation 30 for all parameters 

except for υi, which oscillates until the end of the analysis. 

Table 6.6. Comparison between different inverse analyses for elastic properties. 

Analysis 
Best individual 

fitness 
kN (N/mm3) υi Eb (N/mm2) 

1 2.29 ∙ 10−4 127 0.12 9210 

2 4.42 ∙ 10−5 121 0.15 9670 

3 9.72 ∙ 10−6 119 0.19 9990 
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Figure 6.30. Population mean value of the sought elastic parameters normalised to the real value. 

6.5.3.2. Strength properties 

Once the elastic parameters have been evaluated, the strength properties shown in Table 6.5 

have been sought by means of the same inverse procedure. The analysis is based upon the 

following assumptions: 

1. The elastic properties, obtained in the previous analysis, are assumed to be known 

and equal to the exact values; 

2. The brick-brick interface is considered elastic, since in the pseudo-experimental 

results no failure in the bricks has been observed; 

3. Fracture energies for brick-mortar interface elements are assumed to be very large 

to avoid convergence problems (elastic-perfectly plastic behaviour). 

As shown in 6.5.2, the POD-kriging approximation provides a slightly less accurate 

response, especially in the last loading step. This fact reflects onto the inverse analysis. The 

solution obtained by using the optimisation algorithm as in the elastic analysis 3 is 

characterized by the following values: c=0.20N/mm2, tanφ=0.59, σt=0.097N/mm2. Despite 

the error observed in the kriging approximation, the solution is quite close to the real values 

as far as cohesion and friction angle are concerned, while the tensile limit stress σt is 

underestimated by 22% of the real value. In Figure 6.31, the population mean value of each 

sought parameter, normalised to the real values reported in Table 6.3, is plotted against the 

generation number. It can be seen that only cohesion attains the convergence towards the 
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real value. It is interesting to note that although the best solution is sufficiently accurate for 

𝑡𝑎𝑛 𝜙, the population is globally distributed around a quite different mean value. This may 

be seen as an indicator of the presence of different local optima of the discrepancy function. 

From the point of view of the computational cost, each FE direct analysis used in the 

snapshot generation has taken from 3 min to over 1 hour, depending on the convergence 

speed. On the contrary, all direct analyses with the surrogate model lasted about 4 s each. 

 

Figure 6.31. Population mean value of the sought strength parameters normalised to the real value. 

6.6. Conclusions 

In this chapter, the use of flat-jack as low-invasive in-situ technique for evaluation of 

material properties for mesoscale masonry models is investigated, from both analytical and 

numerical standpoints. A novel experimental setup has been designed, which consists of an 

in-situ test performed by utilising a vertical and a horizontal flat-jack. For a preliminary 

study, a pseudo-experimental procedure has been followed, where sets of measurements 

have been generated numerically using a mesoscale FE model with known material 

parameters. Firstly, with the aim of retrieving elastic parameters, three different setups for 

the measurement instrumentation (in which respectively six extensometers, eighteen 

extensometers and the Digital Image Correlation procedure are utilised) have been 

considered. Sensitivity and noise analysis have been performed to assess the stability of the 

procedure and the accuracy required by the experimental equipment. The comparison 
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between the three setups shows that DIC outperforms the others as far as stability to 

measurement errors is concerned. 

A simplification of the test has been then proposed, in which no constraint system is applied 

to the masonry pier. The use of the surrogate models described in Chapter 4 is investigated 

to decrease computing times, especially for the extension of the procedure to nonlinear 

analyses. As far as the elastic analyses are concerned, the POD-kriging approximation allows 

for saving up to 82.7% of the computational time, with negligible errors. Using a Genetic 

Algorithm, all parameters are evaluated correctly, but the ratio between axial and shear 

stiffness shows a high sensitivity to the optimisation method utilised. 

The extension to the inelastic analysis shows that, though less accurate, the POD-kriging 

approximation reduces the computational time of several orders of magnitude. Despite this, 

cohesion and friction angle are evaluated almost correctly, while the tensile strength is 

underestimated.  

In this example, no noise analysis was performed. In further works this should be examined, 

since it is well-known that the amount of error greatly influences the inverse analysis and its 

solution. Since the results of the nonlinear model approximation are not completely 

satisfactory, in the further inverse analyses described in the next chapter this approach has 

not been adopted. 
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Chapter 7. EXPERIMENTAL APPLICATION OF THE FLAT-

JACK TEST AND RESULTS OF THE INVERSE ANALYSIS 

7.1. Introduction 

The simplified test described in Chapter 6 was investigated in an experimental campaign 

carried out at the Laboratory for Structural and Material Testing of University of Trieste. 

Two specimens with the same geometrical and material characteristics were prepared. A 

contemporary series of material tests on little specimens was performed; they are described 

in Section 7.2. After the first test (described in Section 7.3), some issues arose and suggested 

some small changes for the second test. The so changed setup and the results of the inverse 

analyses are described in Section 7.4. The validation of the results has been carried out in 

Section 7.5.  

7.2. Material tests 

In this section, the outcomes of the experimental tests on masonry components will be 

described. The tests performed are the following: 
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1. Compressive and splitting tests on mortar cylinders; 

2. Compressive and splitting tests on bricks;  

3. Compressive tests on stack-bond masonry prisms; 

4. Shear tests on masonry triplets. 

The mortar is a nominal M4 mortar with 1:1:5 (cement:lime:sand) proportion by volume. 

According to BS 5628-1:2005 (2005), the expected characteristic compressive strength at 28 

days is 4N/mm2. The units are 250×120×55mm3 clay bricks. No nominal strength is 

available for bricks. 

7.2.1. Tests on mortar 

Mortar cylinders were tested in compression, and the compressive strength fm was recorded. 

The experimental results are shown in Table 7.1. 

Table 7.1. Flat-jack test: mortar properties 

Specimen Diameter (mm) Height (mm) fm (MPa) 

T1 93.5 202 8.304 

T2 93.5 200 8.252 

T3 93.5 199 8.052 

M2 94 203 7.230 

M3 94 202 7.438 

  Avg. 7.855 

  Std. Dev. 0.490 

  CV 6.24% 

  

Splitting tests for the estimation of mortar tensile strength were also performed. The setup is 

displayed in Figure 7.1 and the results reported in Table 7.2. The tensile strength is estimated 

as: 

𝑓𝑣 =
2𝑃

𝜋𝑙𝑑
  (7.1) 

where P is the maximum applied load, l is the specimen height and d its diameter. 
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Figure 7.1. Splitting test on a mortar 

cylinder. 

Table 7.2. Flat-jack test: splitting test mortar properties. 

Specimen 
Diameter 

(mm) 

Length 

(mm) 

fv 

(MPa) 

T4 93 201 0.934 

M1 93 199 1.078 

M4 94 204 1.411 

M5 94 202.5 1.884 

  Avg. 1.327 

  Std. Dev. 0.422 

  CV 31.79% 
 

 

7.2.2. Tests on bricks 

Eight bricks were tested in compression along the longest edge (stretcher): four of them were 

equipped with linear transducers in order to evaluate elastic properties Eb and νb, while for 

the others only the ultimate strength fb was recorded. The results obtained are displayed in 

Table 7.3. 

Splitting tests were also performed on four bricks (Figure 7.2), for the estimation of the brick 

tensile strength. The tensile strength is estimated as: 

𝑓𝑣 =
2𝑃

𝜋𝑏ℎ
  (7.2) 

where P is the ultimate load, b and h are respectively the header and height dimensions. 
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Table 7.3. Flat-jack test: brick properties in compression. 

Specimen 
Stretcher 

(mm) 

Header 

(mm) 

Height 

(mm) 

fb 

(MPa) 

Eb 

(MPa) 
νb 

B1C 258 120 54 20.52 - - 

B2C 254 119 54 19.69 - - 

B3C 257 90 54 15.39 - - 

B4C 255 91 54 20.56 - - 

B5C 251 118 54 14.25 12572.6 0.26 

B6C 252 118 52 19.34 13010.3 0.20 

B7C 251 118 54 16.17 10019.0 0.10 

B8C 252 119 54 20.29 9332.8 0.19 

   Avg. 18.270 11233.7 0.187 

   Std. Dev. 2.572 1829.2 0.067 

   CV 14.08% 16.28% 35.71% 

 

 

Figure 7.2. Splitting test on a brick. 

Table 7.4. Flat-jack test: splitting test brick properties. 

Specimen 
Stretcher 

(mm) 

Header 

(mm) 

Height 

(mm) 

fv 

(MPa) 

B1T 250 119 56 4.259 

B2T 250 118 54 4.457 

B3T 253 93 55 4.078 

B4T 252 91 55 4.139 

     

  Avg. 4.233 

  Std. Dev. 0.167 

  CV 3.94% 
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7.2.3. Compressive tests on stack-bond masonry prisms 

This test is used for retrieving compressive properties of masonry disregarding the influence 

of head joints. Five specimens with different instrumentation were tested. Two of them (C5-

1, C5-2) were equipped with one LVDT measuring the relative displacement between the 

top and bottom brick and 6 strain gauges as in Figure 7.3a. Specimen C5-3 was equipped 

with 5  LVDTs, as in Figure 7.3b. Specimens C5-4, C5-5 were equipped with 6 strain gauges 

and 6 LVDTs, see Figure 7.3c. 

 

(a) 

 

(b) 

 

(c) 

Figure 7.3. Instrument setup for specimens C5-1, C5-2 (a), C5-3 (b), C54, C5-5 (c). 

The specimen C5-1 showed an imperfection in vertical alignment that made it attain failure 

in compression-bending and so it has been discarded. Specimen C5-3 did not reach failure 

in the machine working range, which was limited to 50t (16.76 MPa). Because of this, 

specimens C5-4 and C5-5 were tested in a different machine.  
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Based on the data available, it is possible to estimate masonry elastic modulus and axial 

stiffness for the mortar bed joints. The specimen Young modulus Es has been estimated 

starting from the vertical displacement recorded (T1 for specimen C5-2; T2 for specimen 

C5-3, average of T1 and T2 for specimen C5-4, C5-5), using the formula: 

𝐸𝑠 =
Δ𝜎

Δ𝑢/𝑙
 (7.3) 

where Δ𝜎 is the stress, Δ𝑢 is the recorded displacement and 𝑙 is the measurement base length. 

Then, when the vertical brick strain Δεz,b is known thanks to the use of strain gauges, it is 

possible to evaluate the brick Young modulus Eb as: 

𝐸𝑏 =
Δ𝜎

Δ휀𝑧,𝑏
 (7.4) 

and, considering n springs in series, with n number of brick-joint modules in the 

measurement base length, the axial stiffness of the bed joint is estimated as: 

𝑘𝑁 = (
1

𝑛
(

𝑙

𝐸𝑠
−

𝐻𝑏𝑛

𝐸𝑏
))

−1

 (7.5) 

where Hb = 55 mm is the brick height. In this approximated procedure the transverse 

expansion is neglected. 

Eq. (7.4) gives results for the brick Young modulus Eb,sg twice or almost three times the 

mean value evaluated in the tests on the single bricks Eb (Table 7.3). For this reason, kN has 

been estimated inserting both Eb,sg and  Eb in eq. (7.5) (last two columns in Table 7.5). 

The difference observed between Eb,sg and Eb may be explained by several causes: 

 Orthotropy in the brick due to the manufacturing process. This has been recognised 

in Fodi (2011), where the author observed that the Young modulus in stretcher 

direction is usually smaller that in height direction. 

 Presence of micro-cracks. In the cited work, the author states that “the strain gauges 

measurements hardly take into account the effect of the cracks located in the brick 

that modify the behaviour” globally. 
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 Boundary effects. The strain gauges measure strain on the boundary, where the stress 

state is likely to be far from the uniform stress assumption, due to the imperfect bond 

between mortar and brick (Figure 7.4). 

 

Figure 7.4. Boundary effect due to imperfect bond between mortar and brick. 

7.2.4. Shear tests on triplets 

These tests allow for the estimation of peak and residual cohesion and friction angle. The 

setup is displayed in Figure 7.5. 

UNI EN 1052-3:2007 (2007) prescribes different horizontal load levels (pre-load). In 

particular, for specimens whose compressive strength is greater than 10N/mm2, three load 

levels should be applied: 0.2N/mm2, 0.6N/mm2, 1.0N/mm2. Since in the first phase the 

available load cell was limited to 1t (≈10kN), considering a 250×120mm2 area, the maximum 

allowable pre-load was 0.33N/mm2. For this reason, the nominal applied load levels were 

0.1N/mm2, 0.2N/mm2, 0.3N/mm2 for six specimens. Four more specimens were eventually 

tested using a new load cell with maximum load 5t, and the load levels were respectively 

0.5, 0.7 (two specimens), 1.0N/mm2. During the tests, both vertical and horizontal loads were 

acquired. 
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(a) 

 

(b) 

Figure 7.5. Shear test: (a) prescribed setup and (b) view of one specimen. 

Given a pre-load P and a shear load F, mean stresses σ and τ were evaluated as: 

𝜎 =
𝑃

𝐴
       𝜏 =

𝐹

2𝐴
 (7.6) 

It was rather difficult to keep the pre-load constant during the test. So, it can be sometimes 

hard to define the couple (σ, τ) for both peak and residual states. An attempt is shown Figure 

7.6, and the regression lines for the peak and the residual state are also displayed. According 

to the regression lines, the following properties are estimated: 

 cp = 0.298MPa 

 cr = 0.046MPa 

 tan φp = 1.579  

 tan φr = 1.135  

where indices p and r refer respectively to peak and residual. The cohesion is the intercept 

of the regression line, while the friction coefficient is its slope. The friction coefficient values 

seem rather high in comparison with the values found in the literature (between 0.10 and 1.2, 

see Crisafulli, 1997), but the coefficient of determination R2 is good in both cases (peak and 

residual). 
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Figure 7.6. Results of the shear tests on triplets. 

7.3. The first test 

7.3.1. Description of the test 

The test described in Chapter 6 was performed on a 1310×1960×120mm3 masonry wall, 

made of 250×120×55mm3 bricks, 10mm thick horizontal mortar layers and 15mm thick 

vertical mortar layers (Figure 7.7). The slots for the flat-jacks (located as in Figure 7.7a) 

were prepared during the construction phase and filled with polystyrene sheets, in order to 

avoid subsequent cuts with damages on the specimen (Figure 7.7b). 

The vertical load was applied by means of a hydraulic jack and distributed by a steel beam 

(Figure 7.8). The flat-jacks were 240×120×4mm3 rectangular flat-jacks manufactured by 

DRC (Diagnostic Research Company, 2015), with 60bar maximum admissible pressure. The 

constant Km declared by the manufacturer is equal to 0.86. Since both slots were 250mm 

wide, the area factor may be set as 𝐾𝑎 =
240

250
= 0.96. 



CHAPTER 7. EXPERIMENTAL APPLICATION OF THE FLAT-JACK TEST AND RESULTS OF THE 

INVERSE ANALYSIS 

215 

 

(a) 

 

(b) 

Figure 7.7. Flat-jack test setup: (a) dimensions and (b) view of the specimen. 

 

Figure 7.8. Steel beam for the application of the vertical load. 

Displacements were acquired by using 18 LVDTs (25mm maximum displacement) placed 

according to the main outcomes of a numerical analysis performed as described in Section 

5.4, here not reported. In Figure 7.9 the LVDT layout is shown: the two pictures describe 

the same side of the wall, but for the sake of clarity the instruments have been divided into 

two groups: (a) short-distance and (b) long-distance instruments. The instruments in brackets 
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(1 and 2) were placed on the opposite side of the wall (at the same position as respectively 

instruments 3 and 17) to check possible asymmetries in the load application. 

 

(a) (b) 

Figure 7.9. LVDT placement: (a) short-distance and (b) long-distance instruments. 

The test is divided into three phases: 

1. Application of the vertical load up to 78kN (approximately corresponding to a 

uniform pressure p=0.5MPa, typical of low floor self-weight loads); 

2. Application of the horizontal flat-jack load; closure of the valve, in order to maintain 

the pressure; 

3. Application of the vertical flat-jack load. 

The measurements obtained in phase 1 cannot be used for the parameter estimation, because 

no information about the pre-existing loading is available in a real in-situ test. Furthermore, 

each phase involves different instruments, as described in Table 7.6. 
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Table 7.6. Flat-jack test: phases and instruments involved. 

Phase Instruments involved 

1 1, 3, 4, 5, 6, 7, 14 

2 1, 3, 4, 5, 6, 7, 14 

3 2, 8, 9, 10, 11, 12, 13, 15, 16, 17, 18 

 

7.3.2. Experimental results 

In Figures 7.10-7.12 the load-displacement plots in the three phases for the instruments in 

Table 7.6 are shown. In Figure 7.13 the displacements recorded in phase 3 are displayed 

limiting x-axis to 1mm. The flat-jack pressures shown are the effective pressures, already 

multiplied by the factors Km and Ka. 

 

Figure 7.10. First test: measurements in phase 1. 

The behaviour in phase 1 can be globally considered as linear, even though for some 

instruments it is difficult to recognise a constant stiffness. Instrument 14, which belongs to 

the long-distance set, did not record significant displacements until 0.17MPa, when a sudden 

shift in the plot appeared. 
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Figure 7.11. First test: measurements in phase 2. 

The maximum load applied by the horizontal flat-jack was 𝑝ℎ𝑓𝑗 = 0.714𝑀𝑃𝑎 which is 

slightly greater than 𝑝𝑣 = 0.5𝑀𝑃𝑎 applied as vertical load. It seems that the load was applied 

too quickly, since, seen in Figure 7.11, the load step sometimes was almost 0.2MPa. Some 

instruments (4, 5, 6, 7) do not show any significant displacements. Again, instrument 14 

seems did not record any displacement at the beginning of the phase. 

 

Figure 7.12. First test: measurements in phase 3. 
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Figure 7.13. First test: measurements in phase 3 (limited to 1mm). 

Regarding phase 3, again the instruments with long base length (8, 9, 15, 16) did not measure 

any displacement until large values of load. This behaviour, characteristic of all long-

distance instruments (see instrument 14 in phase 1 and 2) is probably due to the special setup 

(Figure 7.14). A wire connected the instrument to the opposite point, and it was kept in 

tension by the use of two springs. Since the possibly different stiffnesses of the two springs 

and their distance from the cylindrical moving core may result in an eccentricity between 

the tensile force and the core direction, friction issues could arise, causing malfunctioning. 

 

Figure 7.14. Long-distance instrument setup for the first test. 

The pressure of the vertical flat-jack resulted in high tensile stress in the brick near the 

vertical cut. A crack became visible in the brick just above the slot at about 𝑝𝑣𝑓𝑗 = 1.1𝑀𝑃𝑎 

Springs 

Wire 

Cylindrical 

moving core 
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(Figure 7.15), eventually propagating and causing the failure of the specimen (Figure 7.16). 

Looking at the plots in Figure 7.13, no loss of stiffness is seen at 𝑝𝑣𝑓𝑗 = 1.1𝑀𝑃𝑎: thus, it 

seems plausible that, even though not visible, micro-cracking started before, and the slope 

in the load-displacement plots is the already damaged stiffness. 

 

Figure 7.15. Develop of the first crack at pvfj=1.1MPa. 

first  

crack  
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Figure 7.16. First test: view of the specimen at failure. 

7.4. The second test 

7.4.1. Setup modifications 

We can summarise the problems arisen in the first test:  

 Some of the instruments did not work: in particular the use of wire and springs for 

the LVDTs having long base length had to be reconsidered. For the second test, a 

system as described in Chapter 5 for the diagonal test was adopted, in which 

aluminium bars connected the instrument to the opposite point (Figure 7.17). 
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Figure 7.17. Aluminium bars for long-distance LVDTs. 

 Furthermore, since some instruments in correspondence of the horizontal flat-jack 

did not record significant displacements, in the second test they were placed nearer to the 

symmetry axis (Figure 7.18). 

 

(a) 

 

(b) 

Figure 7.18. Instruments 3, 4, 5, 6, 7 (a) in the first test and (b) in the second test. 

 The maximum horizontal flat-jack pressure was to be limited to the external load 

value (0.5MPa). 
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 Failure of bricks in tension should be carefully avoided. If the main goal is retrieving 

material parameters of the interface simulating mortar joints, the effect of tension in 

the brick is twofold. Firstly, micro-cracking in bricks leads to premature decreasing 

of stiffness that is difficult to identify. In this case, if an inverse approach is used for 

the material property calibration, elastic properties may be underestimated. 

Secondly, brick failure ultimately provokes the propagation of a vertical crack 

without involving mortar joint nonlinear behaviour. For this reason, a local 

reinforcement by means of Carbon Fibre-Reinforced Polymer (CFRP) strips was 

designed. This is described in the next subsection. 

7.4.2. Reinforcement by FRP 

7.4.2.1. General concepts 

Fibre-reinforced plastic (FRP) (also fibre-reinforced polymer) is a composite material made 

of a polymer matrix reinforced with fibres. The fibres are usually glass, carbon, aramid, or 

basalt. The polymer is usually an epoxy, vinylester or polyester thermosetting plastic, and 

phenol formaldehyde resins are still in use. Fibre-reinforced plastics use fibre materials to 

mechanically enhance the strength and stiffness of plastics. The original plastic material 

without fibre reinforcement is known as the matrix. The matrix is a tough but relatively weak 

plastic that is reinforced by stronger and stiffer reinforcing filaments or fibres. The increase 

in strength and stiffness in a fibre-reinforced plastic depends on the mechanical properties 

of both the fibre and matrix, their volume relative to one another, and the fibre length and 

orientation within the matrix. 

FRP can be applied to strengthen beams, columns, and slabs of buildings and bridges. It is 

possible to increase the strength of structural members even after they have been severely 

damaged due to loading conditions.  

Basically, FRP (and Carbon FRP in particular, CFRP) is available in different geometries: 

precured laminates (rods or plates) manufactured by pultrusion; wet lay-up systems (uni- or 

bidirectional fabrics) in which resin is used as matrix and adhesive; prepreg systems, i.e. 

reinforcement fibres or fabrics into which a pre-catalysed resin system has been impregnated 

by a machine. 
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When FRP is applied to masonry, the possible failure modes of the reinforced structure are 

(CNR-DT 200 R1/2013, 2013): 

 cracking due to tension in masonry; 

 spalling of masonry; 

 shear in the unit; 

 failure of FRP in tension; 

 delamination. 

7.4.2.2. Experimental study 

In this application, CFRP wet lay-up reinforcement, made up of uni-directional fabric FBCU 

330HT20 and resin FBEPOX 02, was applied to the specimen. Before the application, the 

surface had been polished and a layer of primer FBEPOX 01 was glued on. All these 

products are manufactured and kindly provided by FibreNET s.r.l., and their characteristics 

are shown in Table 7.7 and Table 7.8. 

Table 7.7. Primer and resin properties. 

Characteristics Primer FBEPOX 01 Resin FBEPOX 02 

Tensile strength (MPa) > 45 > 35 

Elastic modulus in tension (GPa) > 3 > 2.5 

Maximum strain (%) > 2 > 2.8 

Flexural strength (MPa) > 40 > 45 

Elastic modulus in bending (GPa) > 8 > 2 

Shear strength (MPa) - > 25 
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Table 7.8. Fabric properties. 

Characteristics FBCU 330HT20 

Width (mm) 200 

Cross-sectional area (mm2) 34 

Fibre weight (g/m2) 320 

Fibre density (g/cm3) 1.78 

Fabric tensile strength (MPa) ≥ 3500 

Fabric Elastic modulus in tension (GPa) 240 

Fibre tensile strength (MPa) 4800 

Fibre Elastic modulus in tension (GPa) 240 

Fibre maximum strain (%) ≥ 1.5 

 

The objective of using CFRP strips for local strengthening of bricks is to avoid the 

aforementioned failure in tension. To this aim, an experimental study was carried out to 

investigate the increase in strength that is possible to attain. 

Four 240×90×55mm3 unreinforced bricks were tested in three-point flexural test. The 

distance between the supports was fixed equal to 240mm. A small steel plate was used to 

distribute the vertical load. All specimens exhibited a brittle failure in bending (Figure 7.19). 

Once the ultimate load P is known, it is possible to evaluate the flexural tensile strength 𝑓𝑓 

as: 

𝑓𝑓 =
3𝑃𝑙

2𝑏ℎ2
  (7.7) 

where l is the distance between the supports, b is the brick height and h is the brick header. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 7.19. Unreinforced brick failure. 

The numerical results, displayed in Table 7.9, show that the average tensile strength is in 

good agreement with the experimental outcomes of the splitting test on bricks (see Table 

7.4), even though a very high dispersion is present here. 

Table 7.9. Three-point test on unreinforced bricks. 

Specimen l (mm) h (mm) b (mm) Pu (kN) 
Failure 

type 
ft (MPa) 

E 240 90 55 9.164 Bending 7.405 

F 240 90 55 3.038 Bending 2.455 

G 240 90 55 4.922 Bending 3.977 

H 240 90 55 7.076 Bending 5.718 

   Avg. 6.050  4.889 

   Std. Dev. 2.652  2.143 

   CV 43.83%  43.83% 
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Other four bricks were reinforced on the side in tension with four (specimens A4 and B4) 

and five (specimens C5 and D5) layers of CFRP fabric (Figure 7.20a). It is suggested by the 

norm and the manufacturer that the number of layers should not exceed five. When tested, 

specimen A4 presented local crushing at the supports (Figure 7.20b), and so it was decided 

to use steel plates to improve stress diffusion. Because of support crushing, the length l was 

decreased to 200mm for specimen A4 in the subsequent test. 

 

(a) 

 

(b) 

Figure 7.20. (a) Reinforced bricks and (b) local crushing of the supports in specimen A4. 

All specimens attained failure for loads remarkably higher than unreinforced bricks, and 

different failure modes (Figure 7.21). Specimens A4 and D5 attained failure in shear, while 

specimens B4 and C5 showed delamination in the resin-brick interface, probably due to poor 

execution. The ultimate loads are reported in Table 7.10. Since the failure modes were 

different it is not possible to evaluate the real increasing in tensile strength, but, bearing in 

mind that special care should be taken in the application of primer and resin in order to avoid 

delamination, it was decided to adopt CFRP as reinforcement in the main specimen. 
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(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 7.21. Failure in specimens (a) A4, (b) B4, (c) C5, (d) D5. 

  

Table 7.10. Three-point test on reinforced bricks. 

Specimen l (mm) h (mm) b (mm) Pu (kN) 
Failure 

type 

A4 200 90 55 18.972 Shear 

B4 240 90 55 16.742 Debonding 

C5 240 90 55 18.859 Debonding 

D5 240 90 55 13.643 Shear 

   Avg. 17.054  

   Std. Dev. 2.495  

   CV 14.63%  

 

7.4.3. Experimental results 

The results in terms of load-displacement plots are shown in Figures 7.22-7.25. 
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Figure 7.22.Second test: measurements in phase 1. 

Except for instrument 14, all measurements in phase 1 show a linear pattern. As far as phase 

2 is concerned, even if care has been taken in applying the load as slow as possible, the plot 

is very scattered and far from regular. It seems that a different pump is needed to transfer 

such low loads by the horizontal flat-jack. The maximum pressure applied was now equal to 

0.5MPa. 

 

Figure 7.23. Second test: measurements in phase 2. 



CHAPTER 7. EXPERIMENTAL APPLICATION OF THE FLAT-JACK TEST AND RESULTS OF THE 

INVERSE ANALYSIS 

230 

 

Figure 7.24. Second test: measurements in phase 3. 

 

Figure 7.25. Second test: measurements in phase 3 (limited to 0.4mm). 

Measurements in phase 3 show that all instruments worked well. The maximum load was 

equal to 3.65MPa, 43% greater than the ultimate load obtained in the first test (2.6MPa). 

After reaching the peak, the load gradually decreases until a plateaux at a pressure value 

approximately equal to 2.60MPa. 

At failure the crack followed a diagonal pattern in the upper-right part (Figure 7.26). In the 

bottom part, as a result of the CFRP reinforcement, the crack started as a diagonal crack, but 

after the reinforced brick it developed vertically until the foundation beam. During the 

demolition of the wall, the reinforced bricks were extracted, and it was verified that no 

visible cracks were present. 
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Figure 7.26. Second test: View of the specimen at failure. 

7.4.4. Elastic parameters 

The inverse procedure described in Chapter 5 has been applied for the determination of the 

elastic parameters. Based on what was described above, only measurements in phase 2 and 

3 were considered. In particular, as a result of the remarks previously made, it was chosen 

to consider only instruments 1 and 3 for phase 2, and the 11 instruments displayed in Table 

7.6 for phase 3. The discrepancy function was: 

𝜔(𝒑) = (𝒖𝒄𝒐𝒎𝒑(𝒑) − 𝒖𝒐𝒃𝒔)
𝑡
𝑾(𝒖𝒄𝒐𝒎𝒑(𝒑) − 𝒖𝒐𝒃𝒔) (7.8) 

where 𝒖𝒄𝒐𝒎𝒑(𝒑) are the computed displacements for a chosen set of properties 𝒑, 𝒖𝒐𝒃𝒔 are 

the observed displacements, and 𝑾 is a diagonal matrix whose elements are equal to 
1

2
 when 

multiplying phase 2 displacements and 
1

11
 when multiplying phase 3 displacements. This has 

been chosen in order to give the same importance to both phases (otherwise, the contribution 

of phase 2 would be almost negligible). 
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The material parameters 𝒑, their variation range and the starting point for the inverse 

procedure are given in Table 7.11. The order given in the table is the same as used for the 

iterative procedure. In this application, the axial and shear interface stiffnesses have been 

considered completely uncoupled. 

Table 7.11. Variation range for the elastic properties. 

Parameter Lower bound Upper bound Step Starting point 

𝑘𝑉 (N/mm3) 10  4000  1  127  

𝑟ℎ𝑗,𝑏𝑗 0.001 0.7 10-4 0.6 

𝑘𝑁 (N/mm3) 10 4000 1 239 

𝐸𝑏 (MPa) 8000 20000 1 11233.7 

𝜈𝑏 0.001 0.499 10-3 0.187 

 

The region of equivalence is defined by the models fulfilling the condition: 

𝜔(𝒑) < 𝑡𝑜𝑙 (7.9) 

where 𝑡𝑜𝑙 is a pre-fixed tolerance which in this case has been chosen as: 

𝑡𝑜𝑙 = 𝑘2𝜔𝑟𝑒𝑓 (7.10) 

with k=10%, and 𝜔𝑟𝑒𝑓 = 𝒖𝒐𝒃𝒔
𝑡𝑾𝒖𝒐𝒃𝒔. 

The procedure described in Chapter 5 has been followed here. The small panel considered 

in the numerical example in Chapter 4 has been considered as validation model; the vertical 

and horizontal displacements have been monitored separately, so we refer to them as 

validation model in compression and in shear, respectively. The criterion for detecting 

overparameterisation is the same as in Chapter 5, and depends on the quantity: 

𝑅𝑉𝐶 =
∑ (𝑦𝑖,𝑚𝑎𝑥 − 𝑦𝑖,𝑚𝑖𝑛)𝐿

𝑖=1

∑ |
𝑦𝑖,𝑚𝑎𝑥 + 𝑦𝑖,𝑚𝑖𝑛

2 |𝐿
𝑖=1

 (7.11) 

where 𝑦𝑖,𝑚𝑎𝑥, 𝑦𝑖,𝑚𝑖𝑛 are respectively the maximum and the minimum value of the i-th 

observation in the region of equivalence. For the calibration model, they will be the 2 
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transducer measurements in phase 2, and 11 transducer measurements in phase 3; for the 

validation models, as said, it was decided to consider the Z (vertical) and X (horizontal) 

displacement components of one of the wall top nodes separately.  

Five inverse analyses were carried out, starting with the analysis in which only kV was 

considered variable, and introducing in each of them a new material parameter according to 

the order specified in Table 7.11. The Genetic Algorithm parameters are: 

 Initial population generation: Sobol sequence. 

 Population size: 40 individuals.  

 Number of Generations: 30.  

 Crossover probability: 1.0.  

 Type of crossover: BLX with parameter α = 2.0. 

 Mutation Probability: 0.01.  

 Type of mutation: Aleatory. 

 Type of selection: SUS. 

 Linear scaling pressure: 1.6.  

 Replacement: Elitism, 1 individual. 

In Table 7.12, the results of the analyses are shown, while in Figure 7.27, RVC is plotted 

against the number of variable material parameters for both the calibration and the validation 

models.  
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Table 7.12. Results of the inverse analyses. 

Analysis Variables 
ωmin 

(⋅ 𝟏𝟎−𝟓) 

RVC 

Calibr. 

phase 2 

RVC 

Calibr. 

phase 3 

RVC 

Valid. 

compr. 

RVC 

Valid. 

shear 

1 𝑘𝑉 1.17 7.75% 11.92% 0.06% 14.61% 

2 𝑘𝑉, 𝑟ℎ𝑗,𝑏𝑗 1.06 16.17% 16.10% 0.07% 27.63% 

3 𝑘𝑉, 𝑟ℎ𝑗,𝑏𝑗, 𝑘𝑁 1.06 17.56% 18.48% 44.18% 19.89% 

4 𝑘𝑉, 𝑟ℎ𝑗,𝑏𝑗, 𝑘𝑁, 𝐸𝑏 1.12 18.57% 21.38% 45.23% 29.77% 

5 
𝑘𝑉, 𝑟ℎ𝑗,𝑏𝑗, 𝑘𝑁, 

𝐸𝑏, 𝜈𝑏 
1.07 24.14% 20.37% 46.65% 31.11% 

 

 

Figure 7.27. Plots of RVC for the calibration and validation models. 

Looking at Figure 7.27, it is possible to notice that: 

 The validation model in compression is minimally affected by variability in shear 

stiffness (analysis 1) and head joint-bed joint ratio (analysis 2), while when axial 

stiffness is introduced as variable, RVC increases tremendously and it becomes over 

than twice the value for the calibration models. 

 The validation model in shear shows a trend which is close to the calibration model, 

but it is sensibly influenced by variability in 𝑟ℎ𝑗,𝑏𝑗 (analysis 2). It is reasonable, since 

while the test setup response, as seen in the simplified analytical model described in 

Chapter 6, depends more on bed joint shear stiffness and head joint axial stiffness, in 
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a shear test a non-negligible influence in the overall deformability is given by head 

joint shear stiffness. 

Based on these considerations, it is expected that the estimation is reliable when it is used in 

the prediction of the response of a structure subjected to shear. On the contrary, instability 

in the identification can provoke large response variation in structures mainly stressed in 

compression.  

7.4.5. The influence of head-joint stiffness 

From the analyses described above, it appears clear that one of the unknowns of the problem 

is represented by 𝑟ℎ𝑗,𝑏𝑗. Very little is reported in the literature about the effects of the head 

joints on the response of a masonry wall. In general, due to lack of significant normal stress, 

shrinkage of the head joints and the subsequent loss of bond between the unit and mortar, 

their contribution to the shear transfer is usually considered less than that of the bed joints. 

Mann and Müller (1982) considered the mechanical properties of head joints as negligible 

for the formulation of their global failure criterion. Ganz (1985) derived a failure criterion 

for in-plane loaded masonry using the methods of the theory of plasticity and assuming the 

masonry to be a continuum, i.e. applying macro modelling. In deriving the failure criterion 

the author assumed that there is no shear strength in the head joints, whereas bed joints 

follow the Mohr–Coulomb failure criterion with a zero tension cut-off. Mojsilovic & Marti 

(1997) used a sandwich model to predict the strength of masonry wall elements subjected to 

combined in-plane forces and moments. In their model the head joints only contributed to 

transferring the compressive stresses and no transfer of shear was assumed between the 

mortar bed joints and head joints. The contribution of head joints on the global behaviour 

also depends on the brick-mortar arrangement. In a numerical study on detailed micro-

models of shear-stressed masonry, Berto et al. (2004) showed that when the head joints are 

completely cracked, the running bond masonry will still be able to withstand shear stresses 

and its shear modulus will not vanish unlike the stack bond masonry, for which the shear 

stresses in the head joints are essential to the rotational equilibrium. Maheri et al. (2011) 

performed an experimental campaign to investigate the contribution of head joints in shear 

behaviour of masonry walls: they found out that for controlled material components the 

absence of head joints entails a 15% reduction in stiffness and 35% reduction in strength, 

while for materials commonly used and poor workmanship the reduction may become 
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greater. However, the limited number of specimens tested prevents from extracting general 

conclusions. While all the mentioned works focus on the strength contribution of head joints, 

to our knowledge no significant study investigates the elastic properties, which is likely to 

depend on a large number of factors, as joint thickness, environmental conditions (shrinkage) 

and quality of workmanship.  

In this subsection, the problem of the effect of head joint contribution on the overall stiffness 

is analysed: assuming we do not know anything about the elastic properties of interface 

(modelling both bed and head joints), what is the distribution of the region of equivalence 

over the space (𝑘𝑉, 𝑘𝑁, 𝑟ℎ𝑗,𝑏𝑗)? In other words, which are the parameter sets (𝑘𝑉, 𝑘𝑁, 𝑟ℎ𝑗,𝑏𝑗) 

fulfilling the condition (7.9) with reasonable values of tol (defined as in eq. (7.10))? To this 

aim, several inverse analyses with different values of head joint relative stiffness 𝑟ℎ𝑗,𝑏𝑗 =

0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6 have been performed. The results are displayed in Figures 

7.28-7.29. 

 

Figure 7.28. View of the region of equivalence in the space (kV, kN, rhj,bj). 
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Figure 7.29. Projection of the region of equivalence on (kV, kN) plane. 

All the points displayed in Figures 7.28 and 7.29 are solutions of the calibration problem, 

under the tolerance tol. The best model is identified as “Optimum” in Figure 7.29, and has 

the properties (kV=443N/mm3, kN=218N/mm3, rhj,bj=0.1). Fixing kN=239N/mm3  (taking into 

account the results on tests on stack-bond prisms described in Section 7.2.3) does not solve 

the uncertainty, as can be seen from the plot displayed in Figure 7.30. Again, the best model 

is represented in Figure 7.30 as “Optimum”, and has the properties (kV=561N/mm3, 

kN=239N/mm3, rhj,bj=0.054). 

 

Figure 7.30. Region of equivalence with kN=239N/mm3 
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Apparently, we do not have any basis for choosing one specific value of 𝑟ℎ𝑗,𝑏𝑗. For this 

reason, in the next subsection all the solutions in the region of equivalence will be considered 

for estimating strength parameters. The effect of the head joint stiffness on nonlinear 

parameter estimation will be investigated. 

7.4.6. Strength parameters 

In this subsection, an attempt to define some nonlinear properties for the interfaces is 

described. Bearing in mind that bed and head joints have to be considered as different 

interfaces, the properties to be calibrated are shown in Table 7.13. In the same table, some 

simplifying assumptions are reported.  

In particular: 

 For both bed and head joints, residual cohesion and tensile strength are assumed to 

be null; 

 Friction angle is assumed to be the same for initial and residual state, and for bed and 

head joints; 

 Initial cohesion and tensile strength are assumed negligible for head joint; 

 No dilatancy is considered; 

 Bed joint initial tensile strength is set in the middle of the range [
𝑐0,𝑏𝑗

10
; 0.5

𝑐0,𝑏𝑗

𝑡𝑎𝑛 𝜙𝑝,𝑏𝑗
], 

variation range for 𝜎𝑡0,𝑏𝑗 suggested by the authors of the material model in private 

communications; 

 All interfaces are considered as elastic-perfectly plastic (high fracture energy). 

It should be clear that the assumption of elastic-perfectly plastic behaviour prevents the 

material from actually reaching the residual state (it is a pure asymptotic state), so the 

assumptions about the latter are merely numerical constraints for the parameter values. 

All these assumptions allow for decreasing the number of unknowns to two: 𝑐0,𝑏𝑗 and 

tan 𝜙0,𝑏𝑗 (or, equivalently, tan 𝜙𝑟,𝑏𝑗). Two approaches, described below, have been 

followed for retrieving these parameters. 
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Table 7.13. Interface nonlinear properties. 

Interface Property Symbol Simplified assumption 

B
ed

 j
o
in

ts
 

initial cohesion 𝑐0,𝑏𝑗 - 

initial friction coefficient tan 𝜙0,𝑏𝑗 - 

initial tensile strength 𝜎𝑡0,𝑏𝑗 
𝑐0,𝑏𝑗

20
+ 0.25

𝑐0,𝑏𝑗

𝑡𝑎𝑛 𝜙0,𝑏𝑗
 

residual cohesion 𝑐𝑟,𝑏𝑗 0 

residual friction coefficient tan 𝜙𝑟,𝑏𝑗 tan 𝜙0,𝑏𝑗 

residual tensile strength 𝜎𝑡𝑟,𝑏𝑗 0 

energy fracture, mode I 𝐺𝑓𝐼,𝑏𝑗 Very high 

energy fracture, mode II 𝐺𝑓𝐼𝐼,𝑏𝑗 Very high 

energy fracture, compression 𝐺𝑓𝐶,𝑏𝑗 Very high 

dilatancy angle tan 𝜙𝑑,𝑏𝑗 0 

H
ea

d
 j

o
in

ts
 

initial cohesion 𝑐0,ℎ𝑗 0 

initial friction coefficient tan 𝜙0,ℎ𝑗 tan 𝜙0,𝑏𝑗 

initial tensile strength 𝜎𝑡0,ℎ𝑗 0 

residual cohesion 𝑐𝑟,ℎ𝑗 0 

residual friction coefficient tan 𝜙𝑟,ℎ𝑗 tan 𝜙𝑟,𝑏𝑗 

residual tensile strength 𝜎𝑡𝑟,ℎ𝑗 0 

energy fracture, mode I 𝐺𝑓𝐼,ℎ𝑗 Very high 

energy fracture, mode II 𝐺𝑓𝐼𝐼,ℎ𝑗 Very high 

energy fracture, compression 𝐺𝑓𝐶,ℎ𝑗 Very high 

dilatancy angle tan 𝜙𝑑,ℎ𝑗 0 

 

7.4.6.1. Simplified approach 

In this approach, tan 𝜙𝑟,𝑏𝑗 is estimated by considering the final state of the test. Seen in 

Figure 7.24, at the ultimate state, the structure shows increase in displacements under 

constant flat-jack load (plateaux). 
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(a) (b) 

Figure 7.31. Crack pattern (a) at the ultimate state and (b) simplified free-body diagram. 

In Figure 7.31 the crack pattern and the free-body diagram at the ultimate state are displayed. 

Being the external loads (flat-jack pressure) auto-equilibrated, the horizontal reaction at the 

base is null. Based on the simplified assumptions described in Table 7.13, only bed joints 

can transfer shear stresses, while the contribution of the vertical cracks is neglected. In this 

case, under the hypothesis that the shear stress is constant in the cracks, the horizontal 

translation equilibrium reads: 

𝑝𝑢 ⋅ ℎ = 𝜏𝑢 ⋅ 𝑏 (7.12) 

where 𝑝𝑢 is the effective ultimate load transferred by the vertical flat-jack, ℎ is the slot 

height, 𝜏𝑢 is the (constant) shear stress on the bed joints, 𝑏 is the total width of the cracked 

area. Assuming 𝑏 as the total panel width 𝐵, we obtain: 

𝜏𝑢 = 𝑝𝑢 
ℎ

𝐵
 (7.13) 

and considering the Mohr-Coulomb criterion with zero residual cohesion and vertical 

pressure equal to 𝜎𝑣, the residual friction angle reads: 
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tan 𝜙𝑟 =
𝜏𝑢

𝜎𝑣
=

𝑝𝑢

𝜎𝑣
 
ℎ

𝐵
 (7.14) 

For the current test, 𝑝𝑢 = 2.6𝑀𝑃𝑎 𝜎𝑣 = 0.5𝑀𝑃𝑎, ℎ = 250𝑚𝑚, 𝐵 = 1310𝑚𝑚: so we 

obtain tan 𝜙𝑟 ≅ 1.0, which is close to the value obtained in Figure 7.6. 

Once the friction angle is known, the cohesion may be estimated based on the response of 

the structure in the first phases of the nonlinear branch. The choice of considering only the 

first phases allows one to minimise the effect of fracture energy (a priori unknown), which 

controls the nonlinear behaviour after the first cracking. In fact, we remind that an unrealistic 

large fracture energy was considered in the model (Table 7.13), in order to reduce 

convergence problems during the inverse analysis. Considering the plots displayed in Figure 

7.25, the experimental response until 𝑝𝑣𝑓𝑗 = 2.69𝑀𝑃𝑎 has been taken into account. Based 

on what has been said in the previous subsections, unlike the example presented in Chapter 

6, we cannot fix the elastic parameters before running the nonlinear analysis: for this reason, 

different cases have been considered. All the solutions of the elastic problem displayed in 

Figure 7.28 have been divided into groups according to the 𝑟𝑏𝑗,ℎ𝑗 value, and for each group 

a nonlinear optimisation analysis minimising the discrepancy of the 11 instruments in phase 

3 until 𝑝𝑣𝑓𝑗 = 2.69𝑀𝑃𝑎 has been run. While the variation range for 𝑐0,𝑏𝑗 was defined as 

[0.1𝑀𝑃𝑎, 1.2𝑀𝑃𝑎], the elastic parameters could not vary freely, but they could only assume 

values inside the region of equivalence. The Genetic Algorithm parameters are the same as 

the previous analysis, except for the population size and the number of generation, both set 

as 20. The weighting matrix W in equation (7.8) has been assumed as the identity matrix, 

since all displacements considered belong to phase 3 and have similar orders of magnitude. 

The results are displayed in Table 7.14. 
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Table 7.14. Global optima of the nonlinear inverse analyses. 

rbj,hj kV (N/mm3) 
kN 

(N/mm3) 
c0,bj (MPa) ω 

0.0 1061 333 0.454 0.001014 

0.1 669 221 0.559 0.001201 

0.2 578 185 0.606 0.0014 

0.3 465 171 0.641 0.001628 

0.4 348 174 0.670 0.001889 

0.5 275 179 0.696 0.002233 

0.6 256 170 0.720 0.002506 

 

 

Figure 7.32. c0,bj-ω plots. 

The convergence of the cohesion is very good: in the plot 𝑐0,𝑏𝑗 − 𝜔 (Figure 7.32), the strong 

sensitivity of the discrepancy function to 𝑐0,𝑏𝑗 is apparent. It seems, furthermore, that adding 

information about the nonlinear behaviour allows to detect more clearly the ratio 𝑟𝑏𝑗,ℎ𝑗, 

which in this case seems to be identified as null or very low. However, the optimum 

discrepancy function value is not very different among the analyses, so no general 

conclusions should be drawn.  
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7.4.6.2. Full numerical approach 

The previous approach, although sound and simple, presents some drawbacks. Firstly, the 

assumptions about the stress state are approximated, especially if the cracks (particularly at 

the base) have not completely developed. Secondly, the approach requires a complete 

damage of the pier, and this is not always possible or desirable. On the contrary, the 

calibration of cohesion requires only the initial part of the nonlinear branch, which is 

associated with moderate damage. For this reason, it is interesting to see if it is possible to 

insert the friction coefficient tan 𝜙0,𝑏𝑗 as variable in the numerical inverse analysis, still 

considering only the first phases in the nonlinear branch as experimental outcomes. tan 𝜙0,𝑏𝑗 

has been allowed to vary in the range [0.45,1.6]. The weighting matrix W in equation (7.8) 

has been assumed as the identity matrix. The region equivalence has been defined as the 

models satisfying Equation (7.9), where the tolerance tol is here assumed as: 

𝑡𝑜𝑙 = 𝜔𝑚𝑖𝑛 + 𝑘2𝜔𝑟𝑒𝑓 (7.15) 

In Equation (7.15), 𝜔𝑚𝑖𝑛 is the optimum value, 𝑘 = 5% and 𝜔𝑟𝑒𝑓 = 𝒖𝒐𝒃𝒔
𝑡𝒖𝒐𝒃𝒔 with 𝒖𝒐𝒃𝒔 

being the experimental displacements.  

 

Figure 7.33. Region of equivalence in the (c0,bj, tanφ0,bj) plane. 

The optimum and the region of equivalence are displayed in Figure 7.33. It is possible to see 

that the solutions lay in a region with negative trend, where high 𝑐0,𝑏𝑗 values correspond to 

low tan 𝜙0,𝑏𝑗 values, and vice versa. This is reasonable, since in the test we basically impose 
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a stress state characterised by tangential stress τr at the beginning of the nonlinear branch, 

and vertical stress σv. So, realistically the algorithm searches for a failure criterion (identified 

by 𝑐0,𝑏𝑗 and tan 𝜙0,𝑏𝑗) passing through that point in the plane (σ,τ) (Figure 7.34). 

 

Figure 7.34. Uncertainty in setting coehesion and friction angle by imposing the passage of the failure 

criterion through only one point. 

Solving the uncertainty in the calibration of both parameters means imposing a new 

condition, i.e. a new stress state. It could be attained by varying local vertical stress by 

changing the horizontal flat-jack pressure. However, it has been seen in Chapter 6, that the 

effect of the horizontal flat-jack loading decreases very quickly going away from the slot. 

As an alternative, the vertical flat-jack could be deflated after the first cracking and reloaded. 

The variation in stiffness due to decrease in cohesion in the damaged mortar joint could be 

utilised for estimating friction coefficient. These possibilities will be considered in future 

researches. 

7.5. Validation 

Seen in Figure 7.27, the solution obtained when more than two unknowns (𝑘𝑉, 𝑟ℎ𝑗,𝑏𝑗) are 

considered should not be considered stable for application to a structure mainly subjected to 

compression, because the variability in 𝑘𝑁 implies large variability in the response of the 

compression calibration model. However, bearing in mind this, the best solution in Table 
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7.14, namely (𝑘𝑉 = 1061𝑁/𝑚𝑚3, 𝑘𝑁 = 333𝑁/𝑚𝑚3, 𝑟ℎ𝑗,𝑏𝑗 = 0.0, 𝑐0,𝑏𝑗 = 0.454, 

tan 𝜙0,𝑏𝑗 = 1.0) has now been considered in different applications. It could be appear 

strange to consider 𝑘𝑉 greater than 𝑘𝑁; however, it can be acceptable since in other 

experimental campaigns (Lotfi & Shing, 1994) it was pointed out that the mortar joint 

stiffnesses do not conform to the linearly elastic assumptions. In the mentioned work, the 

tangential stiffness was measured to be about three times the normal one. In the experimental 

test described in Chapter 5, the conclusion that interface stiffnesses should be considered as 

uncoupled was drawn as well. Further experimental campaigns could provide more results. 

7.5.1. Phase 1 

The solution is applied to phase 1, which, we remind, has not been considered in the 

numerical calibration and is mainly stressed in compression. The measurements of the 

instruments shown in Table 7.6 for phase 1, and their numerical counterparts are displayed 

in Figure 7.35. It is possible to see that the elastic stiffness is captured quite well for all 

instruments except for instrument 14. However, it is difficult to understand what happened 

to this instrument in the first stages of the test. 
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Figure 7.35. Comparison between experimental and numerical displacements for test 2, phase 1. 
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7.5.2. Test 1 

The solution of the calibration problem has been applied to the first test, which, as described 

in Section 7.3, attained failure with propagation of vertical cracks. In addition to the material 

properties already mentioned, the following have been considered: 

 Brick tensile strength: 4.233MPa (see Table 7.4); 

 Fracture energies for mortar and bricks have been given more reasonable values 

(Table 7.15). These are similar to the values suggested in Macorini & Izzuddin 

(2011). 

Table 7.15. Fracture energy properties. 

Parameter Value 

𝐺𝑓𝐼,𝑏𝑗 0.02N/mm 

𝐺𝑓𝐼𝐼,𝑏𝑗 0.05 N/mm 

𝐺𝑓𝐶,𝑏𝑗 5.00 N/mm 

𝐺𝑓𝐼,𝑏𝑗 0.02 N/mm 

𝐺𝑓𝐼𝐼,𝑏𝑗 0.05 N/mm 

𝐺𝑓𝐶,𝑏𝑗 5.00 N/mm 

𝐺𝑓𝐼,𝑏𝑟𝑖𝑐𝑘 0.10 N/mm 

𝐺𝑓𝐼𝐼,𝑏𝑟𝑖𝑐𝑘 0.50 N/mm 

𝐺𝑓𝐶,𝑏𝑟𝑖𝑐𝑘 5.00 N/mm 

 

Focusing on phase 3, in Figure 7.36 the experimental and numerical response for some 

instruments are plotted. Only the short-distance instruments have been considered, since the 

remarks about long-distance instrument setup. It can be seen that the behaviour is captured 

quite well. The numerical model shows the first crack appearing at 𝑝𝑣𝑓𝑗 = 0.99𝑀𝑃𝑎 (Figure 

7.37a) in the bed joint above the vertical flat-jack. At 𝑝𝑣𝑓𝑗 = 1.16𝑀𝑃𝑎 (Figure 7.37b) the 

brick immediately above begins to break in tension. This is in excellent agreement with the 

results showed in Figure 7.15. 
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Figure 7.36. Comparison between experimental and numerical displacements for test 1, phase 3. 
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(a) 

 

(b) 

Figure 7.37. Plastic work in the interfaces Wpl at (a) pvfj=0.99MPa, and (b) pvfj=1.16MPa. 

7.5.3. URM perforated wall  

In the final numerical simulation, the nonlinear response of a full-scale perforated URM wall 

under in-plane loading is investigated. This structure, which is made up of 250mm thick 

brick-masonry, is 6.0m long and 6.5m high and represents an external façade of a two-storey 

URM building. This wall with openings was tested in laboratory (Calvi & Magenes, 1994) 

applying vertical and horizontal forces at the level of the two floors (Figure 7.38). In 

particular, after applying a uniformly distributed vertical load Fv=22 kN/m, the structure was 

subjected to a cyclic displacement history simulating a uniform distribution of horizontal 

floor loads.  

Wpl (N/mm) 
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Figure 7.38. Loading conditions for URM wall (Macorini & Izzuddin, 2013a). 

The wall was already analysed by means of the mesoscale representation and typical material 

properties in Macorini & Izzuddin (2013a). Here, the effect of the uncertainty in the 

calibration carried out using the flat-jack test onto the global behaviour is investigated. To 

this aim, monotonic increasing horizontal loads Fh were applied to each floor. All the 

solutions described in Table 7.14, together with fracture energies displayed in Table 7.15, 

have been considered as material parameters for the interface elements modelling mortar 

joints and bricks. This means that seven solutions of the calibration, each with different 

relative stiffness of the head joint with respect to the bed joint rhj,bj are applied to the model 

and the global numerical response is analysed. The motivation for this analysis is the 

consideration that estimating the real stiffness of head joints is generally difficult, since it 

depends on a number of factors (workmanship, environment conditions, etc.) not easily 

quantifiable. The calibration problem, as seen in the previous sections, gives different 

solutions when different assumptions about the contribution of the head joints are considered 

(rhj,bj). So, it is of interest to see how the global behaviour of a different structure is affected 

by this uncertainty in the calibration.  

In Figure 7.39, the load-displacement plots are shown, together with the lower and upper 

bounds for stiffness. These are obtained inserting the extrema of the variation range shown 

in Table 7.11 in the numerical linear model: kN,bj=10N/mm3, kV,bj=10N/mm3, rhj,bj=0.0 for 

the lower bound, and kN,bj=4000N/mm3, kV,bj=4000N/mm3, rhj,bj=0.6 for the upper bound. 

Not all the analyses attained convergence, but here it is interesting to notice that all solutions 

of the calibration problem give similar results as far as the global response is considered. 

Global elastic stiffnesses span from 188.43kN/mm (rhj,bj=0.6) to 231.08kN/mm (rhj,bj=0.0, 
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i.e. absence of head joints), with a central value equal to 209.76kN/mm and maximum 

relative difference of 10%. Since 10% difference in the response is generally considered as 

an acceptable error in the analysis of masonry structures, the result shows that the head joint 

relative stiffness rhj,bj could be arbitrarily fixed by the analyst before the calibration of the 

material properties by means of the inverse approach. This assumption in the calibration will 

lead to an estimation of the bed joint stiffness which is dependent upon the value chosen. 

However, in the case the assumption is wrong, the global response of a wall will nevertheless 

be captured with sufficient approximation. 

 

Figure 7.39. Numerical response of the URM wall with different solutions of the calibration problem. 

As far as the local failure modes are concerned, in Figure 7.40-Figure 7.44, some deformed 

shapes at δh=1.3mm are displayed. It can be seen that all models present failure in tension at 

the base and on the top of the left pier and at the base of the central pier; the cracks are 

horizontal for high values of rhj,bj, while when rhj,bj=0.0 the crack propagates in skew 

direction. 
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Figure 7.40. Deformed shape at δh=1.3mm for the model having rhj,bj=0.0. 

 

Figure 7.41. Deformed shape at δh=1.3mm for the model having rhj,bj=0.1. 
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Figure 7.42. Deformed shape at δh=1.3mm for the model having rhj,bj=0.4. 

 

Figure 7.43. Deformed shape at δh=1.3mm for the model having rhj,bj=0.5. 
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Figure 7.44. Deformed shape at δh=1.3mm for the model having rhj,bj=0.6. 

 

Figure 7.45. Deformed shape at δh=5mm for the model having rhj,bj=0.0. 

In Figure 7.45 the final deformed shape at δh=5mm for the model with rhj,bj=0.0 is shown. 

The left pier is completely cracked on the top and bottom, while the central and right piers 

present advanced cracking. 
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7.6. Conclusions 

In this chapter, the experimental test proposed in Chapter 6 has been performed in laboratory. 

In order to avoid damage in bricks, which could lead to failure modes not involving mortar 

joints, local reinforcement by CFRP was applied to the specimen, after preliminary 

experimental tests which proved the effectiveness of the reinforcement. 

The inverse procedure described in Chapter 5 has been applied to recognise uncertainty in 

the calibration. The procedure shows that the brick properties should be considered as 

constant, and so contemporary tests on single bricks should be performed in in-situ 

applications. If only elastic properties of the interfaces modelling mortar joints are 

considered, the head joint-to-bed joint stiffness ratio is unknown, since it depends on a large 

number of factors not accurately quantifiable. It seems to be concluded that in the case 

studied it assumed very low values. Since, as proved numerically in Chapter 6 and observed 

in this application, uncertainty is also present in axial-shear stiffness calibration, it is 

suggested that contemporary tests for the estimation of axial stiffness should be carried out. 

Two approaches have been proposed for retrieving cohesion and friction coefficient of 

mortar joints. The results showed that if advanced damage is acceptable for the panel, friction 

angle can be estimated based on the residual state, while cohesion will be calibrated by 

means of the inverse procedure taking into account the first phases of nonlinearity. Instead, 

if the friction angle is considered as unknown together with cohesion, uncertainty is present, 

and an additional different state stress is necessary to univocally estimate them. Future 

research will focus on this aspect, and applying different pressures through the horizontal 

flat-jack, or unloading and reloading the vertical flat-jack could be considered as alternative 

options. The subsequent steps of nonlinearity could be used in a further analysis to estimate 

fracture energy. This is not considered here, but could be interesting in future research. 

Validation is carried out considering phase 1 of the second test and phase 3 of the first test. 

Even though the solution has been recognised to be unstable for structures mainly subjected 

to compression, the estimation provides very good match with the experimental results. The 

effect of different solutions on the response of a two-storey wall by varying head joint 

influence is investigated. The results show that even if head-joint stiffness is hardly 

assessable, an error in its assumption can be compensated for by a calibration performed as 
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described. In the case study, the uncertainty in the global response due to uncertainty in head 

joint contribution has not been found significant.  
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Chapter 8. CONCLUSIONS 

8.1. Summary and contributions 

This research was undertaken with the aim of studying the feasibility of an inverse approach 

for the calibration of a complex mesoscale representation of masonry structures. In recent 

years, although increasing attention has been directed to the development of detailed 

numerical models, the calibration of the parameters entering their formulation has received 

remarkably less attention. This has resulted in a gap between the potential of these models 

and their actual use. For instance, the use of detailed models, together with a reliable 

calibration of their input parameters, could become tremendously beneficial in the 

assessment of historical masonry buildings. 

In the basic formulation, any inverse problem may be seen as an optimisation problem, in 

which a discrepancy function, measuring the distance between experimental and numerical 

quantities must be minimised. In the literature, this optimisation problem is mainly solved 

by using local methods. In this thesis, the use of a global method as Genetic Algorithms 

(GA) has been investigated. The main advantage is its flexibility and adaptability to many 

kinds of problem. For instance, it has been used for solving inverse problems, as well as 
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finding the optimal sensor layout for experimental tests or designing a device for vibration 

control of a timber building. Furthermore, in GAs the process is independent from the choice 

of a starting point and can jump local optima, providing a clear image of the fitness function 

landscape. This has been found useful when applying the concept of region of equivalence 

(Fernández-Martínez et al., 2013) for the study of the stability of the inverse solution. This 

could not be attained with the use of a gradient-based optimisation method. 

The most powerful framework for the study of ill-posedness of the inverse problem is the 

Bayesian approach. It addresses the problem from a probabilistic standpoint and gives as 

result a probability distribution for the unknown parameters. The drawback of this approach 

is that the analytical evaluation of these distributions is only possible under strict hypotheses 

(i.e. Gaussian uncertainty) that in general cannot be considered fulfilled; otherwise, they 

require sampling the parameter space, often with an impractical computational burden. On 

the contrary, the deterministic approach gives just one solution to the problem, and does not 

account for uncertainty. In this work, a deterministic approach for the inverse problem 

solution has been developed, in which, together with the solution obtained by minimising 

the discrepancy function, the region of equivalence (models giving a discrepancy value 

under a determined tolerance) is given as output. All the models belonging to the region of 

equivalence are considered as solutions. They have something in common, namely a 

response close enough to the experimental outcomes in the calibration problem. In general, 

the aim of calibration is to retrieve parameters which can be used for the prediction of a 

different structure. So, the natural question arising is: how does this uncertainty in the 

parameter space reflect the predictive capability of the model? The answer to this question 

has led to an approach based on the use of a set of numerical validation models, described 

in Chapter 5 and applied in Chapter 7. 

The uncertainty in the calibration may be reduced by a correct choice of the experimental 

response to record. However, when dealing with new setups and/or new material parameters, 

the experimenters does not often have a clear view of which observable variables should be 

recorded. A rational approach for the optimal choice of the sensor layout, which minimises 

the error in the global response when an error is present in the measurements, is described 

in Chapter 5. It can easily be implemented and takes advantage of the possibility to reduce 

the degree of complexity of the response by means of Proper Orthogonal Decomposition 

(POD). 
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POD (Buljak, 2011) can also be used effectively in the formulation of surrogate models 

which could replace FE models in an optimisation process. In Chapter 4, coupling POD and 

kriging interpolation has been investigated, and the approach has then been used in Chapter 

6 for a calibration problem, with saving in computational times up to 83% for linear models, 

and 99% for nonlinear analyses. Clearly, before any use of this approach, a careful study of 

the error in the response of the surrogate model should be carried out. 

Finally, the problem of in-situ characterisation of brick-mortar unreinforced masonry 

structures has been dealt with. A novel low-invasive test setup, to be analysed by means of 

inverse techniques, has been designed (Chapter 6) and experimentally verified (Chapter 7). 

The results show that it can be effective in calibrating mortar elastic properties when the 

brick properties are known. Thus, contemporary tests on single bricks (for example, by 

extracting samples to be tested in the laboratory) are needed. Some strength properties, such 

as cohesion and friction angle can also be estimated. What is interesting, the uncertainty in 

the parameters so calibrated seems has been shown to have little effect in the global response 

of a full scale wall, which has been analysed for increasing horizontal forces. This is 

important, because it means that this test can be effective in the assessment of existing 

building under horizontal loads. 

8.2. Future research 

Arriving at the end of this research, it seems useful to investigate new perspectives opened 

by this work.  

The use of Genetic Algorithms as an optimisation tool for calibration problems has proved 

beneficial. However, the bottleneck of this approach is in the number of evaluations needed 

to arrive at the solution, which, coupled to the time needed for the single analysis could limit 

the possibility to estimate nonlinear parameters. The use of surrogate models seems very 

promising, but more research is needed to find the best approximation. Some clues are given 

in Chapter 4, regarding the possible use of anisotropic semi-variograms when ordinary 

kriging is used for interpolation. 

To date the choice of the best GA parameters is still assigned to the practitioner, within a 

time-consuming trial-and-error approach. In Chapter 3 advice is given for understanding the 

nature of convergence in GAs and setting the best parameters. In future, parameter-less GAs 
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(da Graça Lobo, 2000; Tran, 2005) could help in the practical use of this sort of algorithm 

in calibration problems. 

In all real identification problems encountered in this work, all measurements were obtained 

by means of LVDTs. Although they are reliable and cost-effective, the amount of data they 

can provide is limited. During this work, the possibility to use continuous displacement fields 

was numerically investigated (Chapter 6), and the advantages were apparent. For a practical 

use of inverse methodologies, especially for in-situ investigations, Digital Imaging 

Correlation (DIC) can provide very precise and abundant measures, and its use in further 

research is strongly recommended. 

As stated in Chapter 7, fracture energy plays an important role in the response of masonry 

structures after the first crack opening. For this reason, in this work only the initial stages of 

nonlinear response were used to calibrate cohesion and friction angle. An approach 

accounting for all nonlinear material parameters need not be limited to the first branch of 

nonlinearity and can give more accurate estimation of the overall strength properties.  

In the test proposed, friction coefficient was estimated considering the plateaux recorded at 

the ultimate state of the panel. If this level of damage is not desirable, an additional different 

state stress is necessary to univocally estimate friction angle. Future research will focus on 

this aspect, and applying different pressures through the horizontal flat-jack, or unloading 

and reloading the vertical flat-jack could be considered as alternative options. 

The approach proposed is clearly not limited to single-leaf masonry buildings and flat-jack 

tests. Even though experience has been gained for these problems, further investigation will 

regard different structures (multi-leaf masonry buildings, bridges, etc.) and possibly 

different kinds of tests. The use of different tests for the same structure can be effectively 

used to limit the uncertainty in the calibration. 

Finally, an interesting application for the approach here developed is the calibration of 

material parameters for simplified models based on the response of detailed models. Instead 

of calibrating the former with expensive and invasive tests on significant volumes of 

structure, low-invasive tests could be performed to estimate parameters for a detailed model. 

Then, the latter should play the role of experimental test for the calibration of the simplified 

model, in the fashion of the inverse procedure described in this work. 
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