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Chapter l 

Existence of solutions in 

intertemporal generai equilibrium 

models 

1.1 Introduction 

The theory of generai equilibriurn is the branch of economie theory that studies the 

interactions between demand and supply of the different goods in the different markets 

in order to deterrnine the prices of these goods ( while the partial equilibriurn analysis 

considers only the relations between demand and supply of a specific good and the price 

of the same good). In the study of generai equilibriurn some simplifications are usually 

introduced, in particular it is assumed that: 

• markets are competitive and individuals are optirnizing; 

• there is no production (at least in first approximation), agents have fixed endow-

ments of the goods and they must determine only the quantities to exchange (pure 

exchange economy). 
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One of the centrai features of modern economics is then the introduction of time and 

uncertainty, and the consequent attempt to analyse an environment characterized by the 

presence of these elements. The main consequence for the behaviour of individuals is 

that they have only a limited ability to make decisions in such an environment; with 

reference to the theory of generai equilibrium, in particular, this implies that, when 

agents have limited knowledge and ability to face uncertainty, they trade sequentially 

and use a system of contracts which involve only limited commitments into the future. 

The standard model for the analysis of generai equilibrium is that developed by 

Arrow and Debreu; the principal objective of the Arrow-Debreu theory is to study the 

allocation of resources achievable through a system of markets, and the centrai result of 

this theory is that, when there are markets and associated prices forali goods and services 

in the economy, no externalities or public goods, an d no informational asyrnmetries, then 

competitive inarkets allocate resources e:fficiently. This framework can be adapted in 

arder to take into account the fact that economie activity (production, exchange and 

consurnption) takes place over time and involves the presence of uncertainty; in this 

case the Arrow-Debreu model assumes that at the initial date there is a market for 

each good produced or consumed in every possible future contingency, i.e. it assumes 

the presence of a complete set of contingent markets. Nevertheless, this structure is an 

idealization of the situation we can observe in the real world, since the individuals do 

not have full knowledge of all possible future events and the society cannot costlessy 

monitor and enforce the commitments of agents. The market structure that it is possible 

to observe in the real world, on the contrary, takes into account the fact that agents have 

limited capacity to face uncertainty and that the enforcement of contracts is costly, and 

it consists of a sequential system of spot markets for the exchange of goods and services 

and of contractual (financial) markets that involve limited commitments into the future. 

For this reason it is necessary to considera generai equilibrium model that constitutes 

an extension of the basic framework represented by the Arrow-Debreu theory. In this 

way it is possible, on the one hand, to maintain the simplicity and generality of the 
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Arrow-Debreu model, and on the other hand to consider a structure of markets that 

is closer to the actual structure observed in the real world. In such an extension the 

basic set of markets is represented by a sequence of spot markets, on which goods and 

services are exchanged; we then have a sequence of contractual {financial} markets to 

make commitments for the future, and these com.mitments typically involve either the 

promise to deliver goods and services (real contracts) or the promise to deliver a certain 

amount of money (nominai contracts). Whenthere is only a limited set of such contracts, 

in particular, the economy is characterized by a system of incomplete markets ( that is 

typical of the real wor Id). 

The equilibrium solution of these models (if i t exists) gives the values of prices and 

quantities ( of the goods and of the financial activities) in correspondence of which the 

individuals solve their optimization problem and the markets (real and financial) clear 

(i.e. demand equals supply on these markets). A first important problem is therefore 

represented by the analysis of conditions that guarantee the existence of solutions in this 

kind of models. 

These models can then be used to analyze the issue of asset pricing, and in particular 

the relation between the equilibrium price of an asset and the stream of future dividends 

on which the asset represents a claim. What emerges is that, while in the finite-horizon 

case the equilibrium price equals the fundamental value of the asset (i.e. the discounted 

sum of future dividends), in the infinite-horizon case this is not necessarily true (in 

particular, it is possible for the price to be larger than the fundamental value). In this 

case the price of the asset is said to involve a speculative bubble. A second important 

question is therefore represented by the analysis of conditions that allow to exclude the 

presence of such hubble components, together with the study concerning the fragility of 

this phenomenon. 

The analysis presented in these pages is divided into three parts: in the first part 

(Chapter l) the problem of existence of solutions in intertemporal generai equilibrium 

models is treated, and the main results are given. Since the literature on this argument 
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is very extensive, and in the light also of the results discussed in the second p art, this 

analysis is limited to the (relatively) simplest case, the one in which the economy is 

characterized by discrete time periods and a finite number of states of nature in each 

peri od ( and in which the economy is a pure exchange one, with financial structure that 

consists of real assets only). In such a framework, the case of a two-period economy is 

initially studi ed, and the results are then extended to the case of a T-peri od economy 

(with T finite) and finally to the case of an infinite-horizon economy. The main conclusion 

is that, even if in the passage from an economy with contingent mar~ets to an economy 

with spot and financial markets an d, in this economy, from the finite-horizon case to 

the infinite-horizon case, something is "lost" in the proof of existence of equilibrium, 

nevertheless a form of existence is always guaranteed. The model is therefore consistent, 

and it can be used to explain something of the economy we are dealing with. 

In particular, this kind of models can be used to investigate the problem of asset 

pricing, and the relation between the price of the assets and the stream of dividends to 

which theygive rise. This is the question considered in the second part (Chapter 2), with 

particular reference to the phenomenon of speculative bubbes that can emerge in infinite-

horizon incomplete-market economies. The analysis is inspired by a recent contribution 

that tries to make order in the field and to give a definitive theoretical settlement to the 

question. In this context ( that is based on considerations of no-arbitrage opportunities), 

in particular, the possibility of a new type of bubbles ( the so-called " ambiguous bubbles") 

is outlined, and the results concerning the fragility of this phenomenon are discussed. 

In the last part of the analysis a different approach (based on Euler equations) is 

used to study the issue of speculative bubbles, and to obtain results that, again, are in 

favour of a substantial fragility of this phenomenon. In particular, then, the occurrence 

of speculative bubbles as a very special circumstance is shown by means of a series of 

examples (Chapter 3). In this case the use of the Euler equations' approach allows us 

to obtain some new results and to show how the presence of bubbles on asset prices is 

linked to the violation of specific conditions. 
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While, in the light of the recent results obtained, the phenomenon of speculative 

bubbles can be considered definitively as marginai in the kind of models analyzed, the 

real world is often characterized by the occurrence of "speculative episodes" in which 

bubbles do appear. The final considerations try to explain the mechanism that produces 

these results and how it is possible to reconcile the conclusions of the theory with the 

episodes of the reality. 

1.2 Existence of equilibrium: the model with con-

tingent markets 

The analysis contained in the following pages considers the issue of existence of solutions 

in intertemporal generai equilibrium models in the simplest case, that of a pure exchange 

economy; in fact, real economie activity is decomposed into production and distribution 

of goods, but for simplicity purposes it is possible to assume that production decisions 

are fixed, so that only the problem of the distribution of goods is considered. In addition, 

the study is limited to a situation in which the time periods are discrete and the states 

of the world at each date are finite ( this last assumption will be removed in the approach 

presented at the end of Chapter 2). 

The method of analysis of an equilibrium model developed in the Arrow-Debreu theory 

focuses on three questions: existence, optimality and determinacy of equilibrium. The 

question of existence is the first and most important, because it is necessary to ensure 

that the model has a coherent structure and a solution (otherwise it is useless!); the 

optimality is crucial because it allows to evaluate the efficiency of the underlying market 

structure as a mechanism for the allocation of resources; the determinacy (i.e. the local 

uniqueness of equilibria) is essential for comparative statics, that is the analysis of how 

an equilibrium changes when certain parameters of the model are altered. Most of the 

attenti o n in this Chapter will be devoted to the questi o n of existence; however, also the 

problems of optimality and of determinacy will be in some cases considered. 
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The starting point is represented by the simplest model that can be used to incorpo-

rate the presence of uncertainty in a generai equilibrium framework, the Arrow-Debreu 

model with complete contingent markets. After a brief presentation of this contribution 

(in the present Section), the more realistic model that considers spot and financial mar-

kets is introduced, and in this context the distinction between a situation with finite 

horizon an d a situation with infinite horizon is presented (in Sections 1.3 an d 1.4). Fi-

nally, it is outlined as in the case of infinite horizon a phenomenon that can emerge in 

the problem of asset pricing is the presence of speculative bubbles; this is the subject of 

the second Chapter. 

1.2.1 Two-period exchange economy 

The standard static model of generai equilibrium (Arrow (1951), Debreu (1952), Arrow-

Debreu (1954)) is characterized by the presence of a market for each good and by the 

fact that all the goods are traded simultaneously. By suitably extending the notion of 

commodity traded, this standard model can be generalized to a setting with time and 

uncertainty (Arrow (1953), Debreu (1959)). In this case the notion of commodity used 

is that of contingent commodity, that is a contract which promises the future delivery of 

one uni t of a particular good contingent on the occurrence of a particular state of nature. 

If there is a complete set of such contingent contracts ( one for each good in each possible 

state of nature), in particular, we ha ve the idealyzed situation of complete contingent 

markets. In this way the model with time and uncertainty can be reduced to the model 

without uncertainty (by considering the same good available in different states of nature 

as different goods), and in which all the decisions are taken at the initial date (t = O). 

The simplest case is that of a two-period exchange economy; the results can then be 

generalized to an economy that extends over T periods ( with T finite). 

In the two-peri od pure exchange economy model the economy consists of a finite 

number of agents (i= l, 2, ... , I) and a finite nurnber of goods (l = l, 2, .. , L), and there 

are two time periods (t = O, l) in which o ne of S states of nature ( s = l, 2, ... , S) occurs 
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at date l. If we denote the date t = O as the state s = O , then, there are in total S + l 
states. 

Since there are L commodities available in each state, the commodity space is JRn 

with n= L(S + 1). Each agenti has an initial endowment of the L goods in each state 

wi = (wb, wl, ... , w~) and his preference ordering is represented by a utility function: 

i= 1,2, ... ,I 

defined over consumption bundles xi = (xb, xi, ... , x~) lying in the two-period consump-

tion set Xi = JR~. The characteristics of agent i are therefore summarized by a utility 

function and an endowment vector (ui, wi) and we assume that they satisfy the following 

conditions: 

Assumption O ( agent characteristics) 

(l) ui : JR~ ~ IR is continuous o n IR~ and coo on JR~+; 

(2) Ui(ç) = {x E JR~ l ui(x) ~ ui(ç)} C IR~+' V ç E JR~+; 

(3) V x E JR~+ , Dui(x) E JR~+ and hT D2ui(x)h < O for all h =l= O such that 

Dui(x)h =O; 

( 4) wi E JR~+· 

These assumptions are the so called smooth preferences, from the fact that the func-

tion ui is sai d to be smooth on JR~+ if it is coo ( all its parti al derivati ves are continuous), 

and were introduced by Debreu (1972). In particular, (2) asserts that any indifference 

curve passing through a positive consumption bundle doesn't intersect the boundary of 

the non-negative orthant, and this avoids that the solution of the agent's maximization 

problem occurs at the boundary of the consumption set; (3) expresses the strong mono-

tonicity and the fact that for each positive vector of consumption x the quadra tic form of 

the second derivative of ui is negative definite when restricted to the hyperplane tangent 

to the indifference surface through x. 

If we now consider (u,w) = (u\ ... ,u1 ,w\ ... ,w1 ) , then the collection of I agents 
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with their characteristics (u, w) constitutes the (smooth) exchange economy E(u, w) that 

is the basis for the analysis. An allocation of resources for the economy E ( u, w) is a 

vector of consumption bundles x = (xl, x2 , ... , x1 ) E JR.~1 , and equilibrium theory can 

be considered as the study of allocations that arise when we consider different market 

structures in the basic exchange economy E ( u, w). 

In particular, in the case of a (complete) system of contingent markets, a contingent 

commodity for good l (l = l, 2, ... ,L) in state s (s = O, l, ... , S) is a contract which 

promises to deliver one unit of good l in state s and nothing otherwise. The price Psl of 

this contract, payable a t date O ( this is essential in this model, an d differentiates i t from 

the situation with spot markets that will be introduced in Section l. 3), is measured in 

units of account at date O , and if at this date a complete set of such contingent contracts 

( one for each good in each state) is available, then each agent i can sell his endowment 

wi = (wb, wi, ... ,w~) at the prices P= (Po, P1, ... , Ps) where Ps = (Psl, Ps2, ... , PsL) to 

obtain the income Pwi = 2:;=0 Ps w! , and he can purchase any consumption vector xi = 

(xb, xi, ... , x~) satisfying Pxi = 2:;=0 Psx! ::; 2:;=0 Psw! = Pwi. Since the preferences 

of the agents are always assumed to be monotonic, an agent will always fully spend his 

incarne, and therefore agent i's contingent market budget set can be defined as: 

For the economy considered the following definition of equilibrium can be introduced: 

Definition l A contingent market equilibrium for the economy E(u, w) is a pair of al-

locations and prices (x, P) such that: 

i= 1,2, ... ,I 

This means that at the equilibrium each individuai solves his maximization problem 

and, in addition, markets clear (i.e. the total demand of each good in each state of 

nature is equal to the total supply). To such an economy the classica! existence theorem 

8 



of generai equilibrium theory can be applied; as a consequence, for all characteristics 

( u, w) satisfying Assumption O the exchange economy E ( u, w) has a contingent market 

equilibrium (x, P), and moreover the allocation x is a Pareto optimum. We have in fact: 

Theorem 2 ( existence of contingent market equilibrium) If Assumption O holds, 

then the two-period exchange economy E ( u, w) has a t least a contingent market equilib-

num. 

Proof. See Debreu (1959). • 

We also have: 

Theorem 3 (Pareto optimality of contingent market equilibrium) LetE(u,w) be 

an economy satisfying Assumption O. If (x, P) is a contingent market equilibrium, then 

the allocation x is a Pareto optimum. 

Proof. See Debreu (1959). • 

With reference to the property of Pareto optimality, in particular, it is due to the fact 

that all agents face a single budget constraint induced by a common vector of prices P; 

in fact (from the first-order conditions of the maximization problem), for an allocation 

to be Pareto optimal the agents' normalized gradients must be equalized, i.e.: 

The equality of the agents' normalized gradients can also be expressed as the condition 

that the marginai rates of substitution of all agents between all pairs of goods are equal-

ized, and if this condition is not satisfied then it is possible to find a (small) reallocation 

of the goods between the agents which is preferred by all agents (i.e. the reallocation is 

a Pareto improvement). 

In conclusion, the economy considered has all the "good properties" relative to the 

equilibrium. In fact, by denoting with Ec(w) the set of contingent market equilibrium 
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allocations corresponding to the parameter value w (where the vector of endowments w 

li es in the open set n = IR~~ , that represents the endowment space), i t has the following 

properties: 

• Existence: E c( w) =/= 0 for all w E n; 

• Pareto optimality: x E Ec(w) ==>x is Pareto optimal for all w E n; 

• Comparative statics: generically (i. e. for values of w belonging to an open set of full 

measure in the parameter space n) Ec( w) is a finite set (therefore the equilibrium is 

locally unique) and each equilibrium is locally a smooth function of the parameter 

w. 

1.2.2 Stochastic exchange economy 

The model illustrateci can then be extended to the case of an economy with many time 

periods, t= O, l, ... , T (where T is finite), by obtaining a stochastic exchange economy. In 

this case the uncertainty c an be modelled with an event-tree: t h ere is a finite set of states 

of nature S ={l, 2, ... , S} and a collection of partitions of S given by F = (Fo, F1, ... , Fr) 

where F0 = S , Fr = {{l}, {2}, ... , {S}} and Ft is finer than Ft-l for all t= l, 2, ... ,T 

(this fact expresses the idea that the information is revealed gradually and increases over 

time). In this case F defines an informati o n structure because a t each date t = O, l, ... , T 

exactly one of the events a E Ft has occurred and this is known to each agent in the 

economy. Ifa E Ft has occurred, in particular, the possible events a' E Ft+l that can 

occur a t t + l are those satisfying a' c a. W e can now define an event-tree in the 

following way: D = uf=oFt is the set of all nodes, and for each node ç E D there are 

exactly o ne t an d o ne a E Ft su eh t ha t ç = (t, a). The unique n ode ço = (O, a) is called 

the initial node. For each ç E D \ ç0 ( non-initial n ode) with ç = (t, a) t h ere is for t - l a 

unique a' E Ft-l such that a' :) a , and the no de ç- = (t - l, a') is called the immediate 

predecessor of ç . We then have that n- = uf~01 Ft denotes the set of all non-terminai 

nodes, and for each ç E n- with ç =(t, a) then ç+ = { ç' = (t+ l, a') l a' c a} denotes 

lO 



the set of ·immediate successors of ç. The number of elements in the set ç+ is called the 

branching number of the no de ç and is denoted with b( ç). 
Given the setting described by the event-tree D and tbe associated commodity space 

C (D, JRL) tbat consists of all functions f : D ~ JRL, tbe economy can be described 

as before. In particular, each consumer i has a stochastic endowment process w i = 

(wi(ç), ç E D) E C++ (tbe strictly positive ortbant of C) and a utility function ui : 

C+ ~ 1R satisfying Assumption O on the commodity space C+. Given the information 

structure F, tbe associateci stocbastic excbange economy is denoted by & ( u, w, F). By 

defining a contingent price process P E C++ we tben bave tbat tbe contingent market 

budget set of agenti is defined by: 

and a contingent market equilibrium for tbe stochastic economy & ( u, w, F) is given as be-

fare by Definition l. Existence and Pareto optimality extend to tbe economy &(u, w, F); 
we bave in fact: 

Theorem 4 ( existence of contingent market equilibrium) If Assumption O holds 

( with Rn replaced by C), then the stochastic exchange economy & ( u, w, F) has a t least a 

contingent market equilibrium. 

We also bave: 

Theorem 5 (Pareto optimality of contingent market equilibrium) If Assumption 

O holds { with Rn replaced by C), then a contingent market equilibrium allocati o n x for 

the economy e ( u, w, F) is a Pareto optimum. 

Tbe conclusion is tbat, with a system of complete contingent markets, a stochastic 

exchange economy behaves exactly like a two-period exchange economy, and it exhibits 

all t be "good properties" ( existence, optimality and local uniqueness) of the equilibrium. 
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1.3 Existence of equilibrium: the model with spot-

financial markets in finite horizon 

The system of contingent markets analysed in the previous Section is principally of the-

oretical interest and it can be viewed as an ideai system, that however is far from the 

sequential structure of markets that is typical of actual decentralized market econornies. 

For this reason it is now possible to consider the model developed to represent this se-

quential structure (whose first formulation is due to Radner (1972)): the objective is to 

arrive to a model of equilibrium that is able to capture the fact that economie activity in 

the real world is an ongoing process that has no natural terminai horizon and in which, 

at every date, agents trade on markets and make limited commitments regarding their 

future activities. In order to obtain this result it is necessary to introduce a system of 

spot and financial markets (instead of contingent markets) and to describe trading on 

these markets as a sequential process of equilibrium over time. Like in the idealyzed case 

of contingent markets, the point of departure is represented by a two-period exchange 

economy; the model can then be extended to a finite horizon and finally, by taking limits 

of such equilibria for progressively longer horizons, it is possible to construct a model 

over an open-ended future. 

1.3.1 Two-period exchange economy 

To model the sequential structure of markets that is present in actual market economies 

it is possible to introduce, in the simplest case of a two-period exchange economy, a 

collection of real spot markets for each of the L goods at date t = O and in each state s 

at date t = l , together with a system of financial markets. The spot markets lead to a 

system of S +l budget constraints, while the financial markets provi de instruments (bonds 

and equities, options, futures and insurance contracts, contracts between firms, between 

employees and firms and so on) that enable each agent to redistribute incarne across the 

states. In this case p= (p0 ,p1, ... ,p8 ) E JR:;:_+ represents the vector of spot prices, where 

12 



Ps = (PsbPs2, ... ,PsL), and Pst denotes the price, measured in units of account, payable in 

state s for one unit of good l. The essential distinction between a spot market in state s 

and a contingent market for state s is that in the former the payment is made at date l in 

state s (if s ~ 1), whiie in the latter it is always made at date O. It is this property that 

leads to the system of S + l budget constraints in the case of a system of spot markets 

and to a singie budget constraint in the case of a system of contingent markets. 

The financial assets considered in the economy can be of three basic types (or a 

combination of them): real assets ( such as the equity of firms or fu tures contracts on real 

goods), nominal assets (such as bonds or financial futures) and secondary or derivative 

assets ( such as call and put options). In the analysis that follows we will always assume 

that the economy is characterized by the presence of real assets (that give a dividend 

represented by a vector of the L goods, therefore this dividend is proportional to the 

prices in any state, and if these prices change the dividend income that these assets 

generate changes in the same proportion), while we do not deai with the case in which 

there are nominai assets (that give a dividend represented by a certain amount of units 

of account, therefore in this case if prices change the dividend income that the assets 

generate remains unchanged and the purchasing power of the asset's return changes; for 

this reason in the case of nominai assets we can have indeterminacy of equilibria- fora 

summary of these probiems see, for instance, Magill-Shafer (1991) -). Areai asset j is a 

contract which promises to deliver a (coiumn) vector of the L goods: 

s =l, 2, ... , s 

in each state s at date l. A real asset is therefore characterized by a date-l commodity 

vector Ai = (A{, At ... ,A~) E JRLS and the revenue (measured in units of account) that 

it gives in state s is proportional to the spot price p8 : 

s = 1,2, ... ,s 
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We assume that there are J real assets in the economy, where the asset j can be purchased 

at price qj ( expressed in units of account) at date O and gives a random return Vi = 

(V/, Vf, ... ,V§.) across the states at date l. The ( column) vectors VJ can be combined to 

form the date-l matrix of returns ( of dimension S x J): 

V/ l 

v§ vj 

that can also be expressed in the form: 

p sA~ 

where P1 = (Pl,P2, ... ,ps) E JRLS is the date-l vector of spot prices; if we then consider 

Ps = (Psl,Ps2, ... ,PsL) the matrix V can also be written as: 

P1 O 

O P2 

o o 

o 
o 

Ps 

Since real assets are infiation-proof (in the sense that, for instance, doubling the spot 

prices in state s doubles their income, therefore in an economy with only real assets price 

levels are unimportant) we can summarize the real asset structure with the matrix: 
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Ai A{ 

of dimension LS x J whose columns are the colurnn vectors AJ E JRLS, j = l, 2, ... , J. The 

exchange economy consisting of I agents with characteristics (u, w) = (u\ ... , u1 , w\ ... , w1) 

who trade J securities with date-l payoffs given by the matrix V and with real asset 

structure given by the matrix A is denoted by E(u, w, A). 

The matrix V generates the subspace of incarne transfers (or market subspace) (V) , 

i.e. the subspace of IR5 spanned by the J columns of V: 

and we have the following definition: 

Definition 6 If the subspace of income transfers satisfies (V) = IR5 (i. e. if this subspace 

has maximal dimension), then the asset structure is called complete (i. e. w e ha ve com-

plete fina nei al markets), otherwise the asset structure is called incomplete (i. e. we ha ve 

incomplete financial markets). 

This definition is fundamental for all the analysis that will be carried out in the 

following pages. Since z represents a portfolio of the J assets, the fact that (V) = IR5 

means that every state-dependent income r E IR5 can be obtained by means of an 

appropriate portfolio in the economy. In this sense financial markets are complete, i.e. it 

is possible to construct portfolios of the J assets that allow to obtain every possible state-

dependent income. When such possibility does not exist (and this happens if (V) =l= IR5 ), 

on the contrary, financial markets are incomplete. In the rea}ity markets are not complete, 

an d for · this reason the analysis of these Chapters will deal principally with the situation 

of incomplete markets. 

15 



The completeness of the asset structure requires dim (V) = S , therefore in this 

case the matrix V has full rank, and we must ha ve J ~ S ( with S assets that ha ve 

linearly independent payoffs). As a consequence, whenever the number of the assets is 

less than the number of the states of nature ( J < S) markets are incomplete. On the 

other hand, it must be observed that the definition of complete markets is relative to the 

system of spot prices p1 = (p11 p2, ... ,ps). As a consequence, when J ~ S (and S assets 

have linearly independent payoffs, so that rank V= S) we cannot say unambiguously 

that markets are complete; what can be proved, anyway, is that markets are generically 

(or potentially) complete, i.e. for systems of spot prices belonging to an open set of full 

measure the asset structure is complete. This will be used in the following pages, where 

---the issue of existence of equilibrium for an economy of this kind is considered. 

To introduce this concept, at this point, we must observe that if zi = (zì, z~, ... , z~) E 

1R J denotes the number of units of each of the J assets purchased by agent i ( where z} < O 

represents a short-sale of the asset), then the S +l budget constraints can be written as: 

(1.1) 

where q = (q1 , q2 , ... , qJ) and Vs = ('Vs\ v;, ... , 11~/) is the row s of the matrix V. By 

defining the full matrix of returns (i.e. date-O and date-l returns) as: 

-q l -q] 

W= W( q, V) = [ ~q l V, l v,J 
l l 

-

V? s Vf 

and for p E Rn,xi E Rn (where n= L(S +l)) the box product: 

16 



we then have that the spot-financial market budget set of agenti is given by: 

and in this case the agent chooses a pair (xi, zi) consisting of a vector of consumption xi 

and a portfolio zi. I t is now possible to introduce the concept of a competitive equilibrium 

for the I agents trading on this system of J financial markets, we have in fact: 

Definition 7 A spot-financial market equilibrium for the economy E(u, w, A) is a pair 

of allocations and prices ((x, z), (p, q)) such that: 

(i) (~,zi) satisjyxi = argmax{ui(xi) l xi E B(p,q,wi)} andpO(xi-wi) = W(q, V)zi 

i= 1,2, ... ,I 

(ii) '2:{=1 (xi - w i) = O 

(iii) 2:{=1 zi = o 

Again, this means that at the equilibrium individuals solve their maxirnization prob-

lems and markets clear, i.e. demand equals supply (in particular, here it is assumed that 

the total net supply of assets in the economy is zero, and for this reason the market-

clearing condition on financial markets is expressed by (iii). In the second Chapter the 

analysis will be extended to the case of assets in positive net supply). 

The concept of spot-financial market equilibrium encounters difficulties in establishing 

the existence of equilibrium in the case in which the economy has more than two periods. 

For this reason it can be replaced by an equivalent concept, analitically simpler to work 

with, based on the idea of absence of arbitrage opportunities. With reference to this 

aspect, q E JRJ is said to be a no-arbitrage asset price if there does not exist a portfolio 

z E JRJ such that W(q, V)z ~O (i.e. each of the S +l components of the vector W z is 

~O and at least one component is >O, this means that it does not exist an investment 

strategy which gives a positive payoff in at least one state with non-negative payoffs in 

ali remaining states). From the theorem of absence of arbitrage on financial markets 

( that constitutes the fundamental theorem o n the pricing of financial securities), the 
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agent i utility maximization problem in Definition 7 has a solution if and only if q is a 

no-arbitrage asset price, and the absence of arbitrage opportunities in the trading of the 

financial assets implies the existence of a present value vector 1r = (1r0 , 1r1 , ... , 1rs) (where 

the components are positive state prices, that represent the present value at date O of 

one unit of income in state s) such that 1rW =O (this is a well-known result, and it is a 

consequence of the Minkowski-Farkas lemma- see, for instance, Duffie (1988)-). This is 

equivalent to: 

s 
7roqj =L 1rsV} j=1,2, ... ,J 

s=l 

and therefore the price of each asset equals the present value of its future income stream. 

From the budget constraints (1.1) the equation relative to date O becomes now: 

s s 
1roPo(x~- wb) = -7roqzi =-L 1rs"Vsi =-L 1rsPs(x!- w!) 

s=l s=l 

that is: 

s L 1rsPs(x!- w!)= O 
s=O 

and if we define the new vector of date-O present value prices: 

p= 7r0p 

then the budget equation relative to date O reduces to: 

i.e. to the budget constraint of the Arrow-Debreu model with contingent markets. We 
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then have that the budget equations relative to date l can be written in the form: 

w h ere P1 = ( P1 , P2 , •.. , P s) is the vector of present value prices for date l ( for details see, 

for instance, Magill-Shafer (1991)). As a consequence, each agent maximizes utility over 

the budget set: 

P(xi- wi) =O 

P1D(xi- wi) E (V(P1)) } 
that is a constrained Arrow-Debreu budget set under the price system P. I t is now 

necessary to consider equilibria in which the subspace of income transfers (V) is of fixed 

dimension p with O ::; p ::; S. If GP(JR8 ) is the set of ali linear subspaces of IR.8 of 

dimension p and ..C E GP(JR8 ) is a p-dimensiona! subspace of IR.8 , replacing the actual 

subspace of incarne transfers (V(P1 )) by the subspace ..C the budget set becomes: 

llll( P, w i, C) = { xi E lR't 
P(xi- wi) =O 

P1D(xi - wl) E ..C } 
With this definition it is possible to introduce an alternative concept of equilibrium, the 

no-arbitrage equilibrium (that is a constrained Arrow-Debreu equilibrium); the following 

definition holds: 

Definition 8 A normalized no-arbitrage equilibrium of rank p with O ::; p ::; S for the 

economy E ( u, w, A) is a pair (x, P, ..C) such that: 

(i) x1 = argmax { u1(x1) l x1 E B(P, w1)} 

? = argmax { ui(xi) l xi E JB(P, wi, ..C)} fori= 2, ... , I 

(ii) 2:{=1 (~- wi) =O 

(iii) (V(P1 )) =..C 

and then the following theorem (t ha t asserts the equivalence between spot-financial 
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market equilibria and no-arbitrage equilibria) holds: 

Theorem 9 (i) If ((x, z), (p, q)) is a spot-financial market equilibrium of rank p {that 

is with rank V(P1 ) =p), then there exists a p-dimensional subspace .C E GP(JR8 ) and a 

no-arbitrage vector 1f E JR!t1 such that (x, 1f0p, .C) is a no-arbitrage equilibrium of rank 

p. 

(ii) If (x, P, .C) is a no-arbitrage equilibrium of rank p, then there exist portfolios 

z = (z1, z2, ... , z1 ) and an asset price q such that ((x, z), (P, q)) is a spot-financial market 

equilibrium of rank p. 

Proof. See Magill-Shafer (1985). • 

The importance of this theorem is due to the fact that no-arbitrage equilibria are 

analitically easier to handle than spot-financial market equilibria, and hence can be used 

to o btain the existence results in this mode l. 

As i t has been shown in the previous Section, for ali characteristics ( u, w) that satisfy 

Assumption O the exchange economy E ( u, w) has a contingent market equilibrium. This 

is not necessarily true when we consider an economy with spot and financial markets, 

where the possibility of non-existence of equilibrium arises. This is due to the fact that 

the rank of the return matrix may change when the prices (p, q) vary, and changes in 

the rank of this matrix may create discontinuities in the demand of the agents, that 

may in turn determine non-existence of equilibrium (the first to show this possibility was 

Hart (1975) ). This is a centrai problem for this kind of models, and for this reason the 

results obtained in this framework are weaker than those obtained in an economy with 

contingent markets. The next pages illustrate these results, by distinguishing between 

the situation of generically complete markets and the situation of incomplete markets. It 

is worth observing that the problem of changes in the rank of the return matrix doesn't 

arise ( apart from the situation of complete markets) when the only assets in the economy 

are short-lived numeraire assets (as it will be clear in Section 1.4, where these assets will 

be used in the infinite-horizon version of the model). 
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Generically complete markets 

To deterrnine the main results concerning equilibria in a two-peri od exchange economy 

with spot and financial markets we consider the exchange economy E ( u, w, A) with finan-

cial structure A and we fix the profile of utility functions u = ( ul, u2 , ••• , u1 ) with each 

ui satisfying Assumption O and the asset structure A E JRLSJ. By letting the vector of 

endowments w = (w\ w2 , ... , w1 ) lie in the open set n = IR+!+ ( the endowment space), 

then, we have a parametrized family of economi es {E A (w), w E n}; we now say that a 

property holds generically if it is true on an open set of full measure in the parameter 

space n, and we introduce the following definition: 

Definition lO Let E A (w) denote the set of spot-financial market equilibrium allocations 

{i. e. the vector of consumption bundles x= (x\ x2 , ... , x1 ) for each spot-financial market 

equilibrium) for the economy EA(w), and let E 0 (w) denote the set of contingent market 

equilibrium allocations for the parameter value w. 

The properties of the set Ec( w) are well known from the classical generai equilibrium 

theory (Debreu (1959), Debreu (1970)); as it has been shown in the previous Section, 

they are: 

• ( P1) Existence: E c (w) =/= 0 for all w E n; 

• (P2) Pareto optimality: x E Ec(w) ===>x is Pareto optimal for all w E O; 

• (P3) Comparative statics: generically E 0 (w) is a finite set (therefore the equilib-

rium is locally unique) and each equilibrium is locally a smooth function of the 

parameter w. 

The idea is now to relate these properties to the properties of the set E A (w) 1n 

arder to determine results concerning equilibria in a spot-financial market economy. The 

techniques used to salve this problem (for instance the notion of no-arbitrage equilibrium 

introduced before) an d the results presented here ha ve been obtained by Magill an d 
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Shafer (1985); these results have also been extended to the case of a stochastic exchange 

economy, discussed later. First of all the following defi.nition can be introduced: 

Definition 11 The real asset structure A E JRLSJ is regular if for each state of nature 

s = l, 2, ... , S a row a8 can be selected from the L x J matrix As = [A!, A;, ... , A;] such 

that the collection (as) ;=l is linearly independent. 

This requires J ~ S, and implies the situation of generically (or potentially) complete 

markets (i.e. for a generic set of spot prices markets are complete). With reference to 

this situation several results can be proved; a fi.rst statement is the following: 

Theorem 12 If the real asset structure A E JRLSJ is regular, then there exists a generic 

set n' c n such that 

Ec(w) C EA(w) Vw E n' 

Proof. See Magill-Shafer (1985). • 

As a consequence, using the property (P1) of the set Ec(w) we have: 

Theorem 13 (generic existence) If the real asset structure A E JRLSJ is regular, then 

there exists a generic set n' c n such that 

Vw E n' 

Proof. See Magill-Shafer (1985). • 

The first theorem, together with the property ( P2) of the set E c (w), also implies that 

whenever w E n' there is at least one allocation x E E A (w) which is Pareto optimal. In 

the case of a spot-fi.nancial market economy there can exist equilibria that are inefficient, 

as pointed out by Hart (1975); in any case, equilibriaofthis type are exceptional, because 

the further following result holds: 
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Theorem 14 If the real asset structure A E JRLSJ is regular, then there exists a generic 

set n" c n such that 

EA(w) C Ec(w) '\/w E D" 

Proof. See Magill-Shafer (1985). • 

By using property (P2) of the set E0 (w) we now obtain: 

Theorem 15 (Pareto optimality) If the real asset structure A E JRLSJ is regular, then 

there exists a generic set n" c n such that x E EA(w) implies that x is Pareto optimal 

for all w E D". 

Proof. See Magill-Shafer (1985). • 

At this point, combining these theorems and defining D* = D' n D" we have: 

Theorem 16 ( equivalence under regularity) If the real asset structure A E JRLSJ is 

regular, then there exists a generic set [l* c n such that 

'\/w E D* 

Viceversa, if there exists a generic set D* such that E A (w) = E c (w) for all w E D* , 

then the asset structure A is regular. 

Proof. See Magill-Shafer (1985). • 

As a consequence, regularity of the asset structure is a necessary and sufficient con-

dition for the generic equivalence between the contingent market equilibrium and the 

spot-financial market equilibrium. This last theorem, combined with the property (P3) 

of the set E c (w), leads to the following further result: 
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Theorem 17 (comparative statics) If the asset structure A E JR.LSJ is regular, then 

generically E A (w) =l= 0 is a finite set and each equilibrium is locally a C1 function af the 

parameter w. 

Proof. See Magill-Shafer (1985). • 

In conclusion, when the property of regularity of the asset structure ( that implies 

generic completeness of markets) holds, the results of the classica! general equilibrium 

theory ( existence, optimality and local unicity of the equilibrium) extend generically (i. e. 

they are vali d for values of the parameter w belonging to an open set of full measure) to 

an economy with spot-financial markets. 

A further important result can be obtained by considering the set of regular asset 

structures AR C JRLS J, we ha ve in fact: 

Theorem 18 (invariance of financial structure) Let A E AR , then there exists a 

generic sei OA C 0 such that for W E OA 

far almost all A' E AR 

Furthermore EA(w) = EA+dA(w) far alllocal changes dA E JR.LSJ. 

Proof. See Magill-Shafer (1985). • 

This means that under the regularity condition the equilibrium allocations of the 

spot-financial market model are invariant with respect to changes in the return structure 

of the financial assets. This is no longer true when markets are incomplete, as it will be 

clear in the following pages. 

Incomplete markets 

When J < S, the asset markets are incomplete; in this situation the return matrix may 

drop rank when prices (p, q) vary, causing problems of non-existence of equilibrium. The 
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technique used to sol ve this difficulty consists in establishing the generi c existence of the 

equilibrium: first of ali the notion of pseudo-equilibrium (that is a slight weakening of 

the concept of no-arbitrage equilibrium) is introduced, and it is shown that a pseudo-

equilibrium exists for ali economies; then it is shown that for a generic set of economies 

the pseudo-equilibrium is also an equilibriurn. While before the property of genericity 

has been defined with respect to the space of endowments n = JR1+ ' the parameter 

space is now augmented by adding the space of real asset structures A = JRLSJ , and 

genericity is defined with respect to the parameters (w, A) E n x A. We then denote 

with E( w, A) = EA(w) the set of spot-financial market equilibrium allocations for the 

economy & (w, A) = & A (w), and a first property that holds ( the results presented here 

have been obtained by Duffie and Shafer (1985)) is the foliowing: 

Theorem 19 (generic existence) Let &(u, w, A) be a spot-financial market exchange 

economy satisfying Assumption O. If J < S , then there exists a generic set ~~c n x A 

such that 

E(w,A)-#0 'v'( w, A) E ~' 

Proof. See Duffie-Shafer (1985). • 

Remark 20 To prove this theorem it is possible to introduce the concept of pseudo-

equilibrium, defined as a normalized no-arbitrage equilibrium of maximal rank in which 

the condition (iii) is slightly weakened. The core of the proof consists in showing that 

a pseudo-equilibrium exists for all parameter values (w, A; ) ; once this is established, by 

using a transversality argument it is possible to show that there is a generi c subset of the 

parameters such that for all the economies in this subset every pseudo-equilibrium is a 

no-arbitrage equilibrium. 

Another centrai result is the following, according to which, when markets are incom-

plete, equilibrium allocations are generically Pareto inefficient, and in addition agents 

have distinct normalized present value vectors: 
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Theorem 21 (Pareto ineflìciency) If J < S , then there exists a generic se t !J." C 

n x A sue h t ha t x E E (w, A) implies that x is Pareto inefficient, far all (w, A) E !J..". 

Furthermore the present value coefficients of the agents 

i= 1,2, ... ,I 

are distinct far each x E E( w, A), V( w, A) E !J..". 

Proof. See Duffie-Shafer (1985). • 

This is a fundamental difference with respect to the situation we have when markets 

are complete. In the case of complete markets, in fact, all agents' present value vectors 

coincide, i.e. 1r1 = 1r2 = ... = 1r1 = 1r and there is complete agreement about the present 

value of a stream of date-l income, and this property leads to the Pareto optimality of the 

equilibrium. When asset markets are incomplete, on the contrary, there is disagreement 

about the present value of a stream of date-l incarne and this determines the inefficiency 

of the equilibrium. 

With reference to the relationship between contingent market equilibrium and spot-

financial market equilibrium in the case of incomplete markets, by defining the set tJ. * = 

!J.' n !J.." we have the following result: 

Theorem 22 If J < S , then there exists a generic set tJ. * c n x A such that 

E( w, A) n Ec(w) = 0 \i( w, A) E !J..* 

Proof. See Duffie-Shafer (1985}. • 

As a consequence of this theorem, with incomplete markets we loose the equivalence 

between contingent market equilibrium and spot-financial market equilibrium. Finally, 

it has been shown before that in the case of generically complete markets changes in 

the asset structure don't alter the equilibrium allocations, and therefore with complete 
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markets financial changes have no real effects. This property of invariance with respect 

to the financial structure is no longer true when markets are incomplete; we have in fact: 

Theorem 23 ( real effects of financial assets) If J < S , then there exists a generic 

set ~*c n x A such that for all (w, A) E~* 

E( w, A) n E( w, A+ dA) = 0 

for almost all local changes dA E JRLSJ. 

Proof. See Duffie-Shafer (1985). • 

In this case, changes in the structure of financial assets in general alter the equilibrium 

allocations, and therefore with incomplete markets financial changes have real effects. 

The conclusion of this analysis is that, in the two-period exchange economy with 

spot and financial markets, when markets are generically complete all the properties 

of the classical general equilibrium theory extend generically, while when markets are 

incomplete only generic existence is preserved. 

1.3.2 Stochastic exchange economy 

Like for the case of an economy with contingent markets, also for an economy with 

spot-financial markets the two-period framework can be extended to many time periods, 

t = O, l, ... , T (with T finite). The final step, then, will be the analysis of the situation 

that arises when T is arbitrarily large, i.e. the analysis over an open-ended horizon. 

As it has been shown above, in the case of a stochastic exchange economy the un-

certainty can be modelled by means of an event-tree (denoted by D). To simplify the 

analysis we assume that there are J assets all initially issued at date O (the results ob-

tained can however be extended to the case where assets are introduced at subsequent 

nodes ç f= ç0). The real asset j is characterized by a function Ai :D~ JRL , and one unit 

of the asset held at ç0 promises to deliver the commodity vector Ai ( ç) a t node ç. Assets 
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are retraded at alilater dates, so that one uni t of asset j purchased a t node ç promises the 

delivery of Ai(ç') forali ç' > ç. We then have that A= (A\ A2 , •.• , AJ) denotes the asset 

structure and A denotes the set of ali asset structures. If A(ç) = [A1 (ç), A2 (ç), ... , AJ(ç)] 

, ç É D and p E C+ is a stochastic spot price process then: 

(1.2) 

is the dividend (in units of account) paid by asset j (j = l, 2, ... , J) at node ç. A security 

price process is a function q : D ~ IR/ with q(ç) = O for ç ~ n- (the terminai value 

condition, according to which at the terminai node the price of the asset is O) and q(ç) 

is the vector of prices of the J assets at node ç. Finaliy, the trading strategy of agent 

i is a function zi : D ~ IRJ with zi(ç) = O for ç ~ n- and zi(ç) is the portfolio of the 

J assets purchased by agent i at node ç after the previous portfolio has been liquidated. 

Given these elements, agent i's budget constraint is: 

(B) { p(ço)(xi(ço)- wi(ço)) = -q(ço)zi(ço) 

p(ç)(xi(ç)- wi(ç)) = [p(ç)A(ç) + q(ç)) zi(ç-)- q(ç)zi(ç) , Vç E D""ço 

where it is assumed that the portfolio purchased at any node is sold at each immediate 

successor of the node and that a new portfolio is then purchased. The typical payoff 

o btained o n the investment zj ( ç-) in security j a t the predecessor ç- of the no de ç 
consists of two parts, the dividend Pi(ç)Ai(ç)zj(ç-) and the capitai value qi(ç)z}(ç-), 

where the latter derives from the sale of the portfoiio at node ç. The capitai value is the 

new term introduced by extending the modei to the muitiperiod case (it is absent at the 

initial and terminai dates, which are the only dates that appear in the two-period modei) 

and it is the element that accounts for many of the differences between the behavior 

of the multiperiod modei and of the two-period model. Given ali these elements, if we 

denote the stochastic exchange economy considered by E ('li, w, A), the foliowing definition 

of equilibrium hoids: 
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Definition 24 A spot-financial market equilibrium for the stochastic exchange economy 

&(u,w,A) is a pair of allocations and prices ((x,z), (p, q)) such that: 

(i) (?P, zi) sol ves the maximization problem of agenti subject to the budget constraint 

(B), i= l, 2, ... , I 

(ii) 2:{=1 (?P - w i) = O 

(iii) 2:{=1 zi = o 
Like in the two-period case, the asset price process q in a spot-fi.nancial market equi-

librium satisfies a no-arbitrage condition (this means that, given the asset structure A 

and a spot price process p, there isn't a trading strategy generating a non-negative return 

at ali no d es and a positive return for a t least one no de). As in the two-peri od economy, 

then, q satisfies the no-arbitrage condition if and only if there exists a stochastic present 

value process: 

whose components are positive state prices such that: 

7r(ç)q(ç) = L 7r(ç') [p(ç')A(ç') + q(ç')] vç E n-
ç'Eç+ 

and therefore the present value ( the value a t date O) of the asset prices at node ç is the 

present value of their dividends and capital values over the set of immediate successors 

ç+. Solving this system of equations recursively over the nodes and using the terminai 

condition q(ç) =o, vç tt. n- leads to the equivalent expression: 

q(ç) = 7r(1C) L 7r(ç')p(ç')A(ç') 
~:, e'>e 

vç E n-

according to which the current value of each asset at node ç is the present value of its 

future dividend stream over ali succeeding nodes ç' > ç. This is the so-calie d fundamental 

value of an asset and, as it wili be clear in the next Chapter, when the analysis is extended 
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to an infinite horizon it may happen that the equilibrium price of the asset is larger than 

its fundamental value; if this is the case, the difference represents a speculative bubble. 

Also in this case, as fora two-period economy, it is possible to introduce the concept of 

normalized no-arbitrage equilibrium and to prove the equivalence between a spot-financial 

market equilibrium of rank p and a no-arbitrage equilibrium of rank p (for details see, for 

instance, Magill-Shafer (1991)). Again, the concept of no-arbitrage equilibrium is easier 

to handle and can be used to prove the generic existence of equilibrium; with reference 

to this aspect, also in this case we can distinguish between the situation of generically 

complete markets and the situation of incomplete markets. 

Generically complete markets 

In a two-period economy there are generically (or potentially) complete markets if J ~ S, 

that is when the number of assets is sufficient to cover ali the possible contingencies~ in 

the stochastic economy the corresponding condition is J ~ b( ç), an d therefore w ha t 

matters is the amount of information revealed at each node ç measured by b(ç). Also 

in this case, the notion that enables to prove the (generic) existence of the equilibrium 

is that of regularity of the asset structure. With reference to this aspect the following 

definition holds: 

Definition 25 The asset structure A in a stochastic economy is regular if for each node 

ç E n- and each immediate successor ç' E ç+ one can choose a J -vector a( ç') from the 

rows of the collection of matrices (A(ç'') )e"~e' such that the collection of induced vectors 

over the immediate successors (a(ç'))ç'Eç+ is linearly independent. 

This requires J ~ b( ç), and therefore implies the situation of generically complete 

markets. 

If, as before, we denote with EA(w) the set of spot-financial market equilibrium 

allocations for the stochastic economy EA(w) and with Ec(w) the set of contingent market 

equilibrium allocations for the parameter value w, the following result can be proved: 
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Theorem 26 There is a generic subset O* c n such that 

EA(w) = Ec(w) Vw E O* 

if and only if the asset structure A is regular. 

Proof. See Magill-Shafer (1985). • 

Also in the case of a stochastic economy, therefore, it is the regularity of the asset 

structure that guarantees the (generi c) existence of equilibrium. In addition, with gener-

ically complete markets the spot-financial.market equilibria are Pareto optimal (and, 

again, the results of the classical generai equilibrium theory extend generically to an 

economy with spot-financial markets). 

Incomplete markets 

If for some node ç E n- in the economy we have J < b(ç) , asset markets are incom-

plete, and at some node agents have limited ability to redistribute their income over the 

irnmediately succeeding nodes. Again, the return matrix may drop rank, causing prob-

lems of non-existence of equilibrium, and the technique used to prove e:xistence in this 

situation is the same introduced in the case of the two-period exchange economy: first 

it is possible to prove the existence of a pseudo-equilibrium, then to use a transversality 

argument in order to show that there is a generic subset of the parameter space n x A 

for which a pseudo-equilibrium is a no-arbitrage equilibrium (for details see, for instance, 

Magill-Shafer (1991)). If, for a fixed information structure F, we denote with E( w, A) 

the set of spot-financial market equilibrium allocations of the stochastic economy with 

parameters (w, A) we h ave in fact the following result: 

Theorem 27 (generic existence) lf J < b(ç) for some ç E n- , then there exists a 

generic set ~ C n x A such that E( w, A) consists of a positive finite number of equilibria 

for each (w, A) E~. 
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Proof. See Duffie-Shafer (1986). • 

In addition, in the case of incomplete markets the equilibrium allocations are Pareto 

inefficient, also in the restricted sense of constrained inefficiency, i.e. they are not the 

best allocations that can be achieved given the restricted set of financial instruments 

t ha t are available ( for details o n this point see Geanakoplos-Polemarchakis ( 1986)). The 

conclusion is that a stochastic exchange economy with spot-financial markets behaves 

exactly as a two-period exchange economy: when markets are generically complete all 

the properties of classica! generai equilibrium theory extend generically, when markets 

are incomplete only generic existence remains true. 

This concludes the analysis of existence of the equilibrium in an exchange economy 

with spot-financial markets in the case of a finite horizon. Since economie activity is a 

process that has no natural terminai horizon, however, a realistic model of equilibrium 

should be able to capture this aspect, and for this reason it is possible to consider a 

model of equilibrium over an open-ended future. This is the object of the next Section. 

1.4 Existence of equilibrium: the model with spot-

financial markets in infinite horizon 

In order to extend the analysis considered in the previous Section over an infinite horizon 

there are two possibilities: the first is to assume that the economy has a finite nurnber of 

agents who are infinitely lived (infinitely lived agents models), the second is to assume 

that all agents are finitely lived and are succeeded by their children in an indefinite 

sequence of overlapping generations ( overlapping generations models). The extension 

developed until now (for details, see Magill-Quinzii (1994, 1996)) is based on the first 

approach, i.e. it considers an exchange economy with a finite number of infinitely lived 

agents w ho use spot markets for the exchange of goods and a (limited) system of financial 

markets to redistribute their income across time periods and uncertain events. 
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The consideration of a sequence of markets over an infinite horizon introduces a new 

probiem that does not appear in the case of finite horizon, and that is represented by the 

fact that, if agents are permitted to borrow, they may try to postpone indefiniteiy the 

repayment of their debts from one peri od to the next ( the so-called Ponzi scheme). If this 

happens, there is no solution to an agent's decision problem, and hence an equiiibriurn 

cannot exist. To avoid this probiem a first possibility is to impose a debt constraint 

(which determines a uniform bound on debt at all dates), while another possibility is 

to use a transversality condition ( which requires that debt grow asymptotically not too 

fast) and this leads to the concepts of equilibrium with debt constraint and of equilibrium 

with transversality condition respectiveiy. 

The concept of equilibrium with transversality condition is particularly important 

from an abstract point of view because it permits to use the techniques and concepts 

of Arrow-Debreu theory in the more generai setting of incomplete markets for sequence 

economies (in particuiar it Ieads to a proof of existence of equilibriurn that uses the 

construction introduced by Bewiey (1972)). This equilibrium, then, turns out to coincide 

with the equilibriurn with debt constraint, and therefore it can be used to prove the 

existence of such an equiiibrium, which is more naturai from an economie point of view. 

In addition, if we consider an infinite-horizon economy with a generai asset structure, 

a further probiem is represented by the possibility of non-existence of the equilibriurn 

as a consequence of discontinui ti es in agents' demand created by changes in the rank of 

the return matrix when prices vary (a problem already discussed for the finite-horizon 

version of the model). To avoid such difficulties and focus on the problems created by 

the presence of infinite horizon, the first part of this Section considers an economy in 

which there are only short-Iived numeraire securities (for which the probiem of changes 

in the rank of the return matrix doesn't arise); the morè compi ex case of a generai asset 

structure is treated in the second part of the Section. 
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1.4.1 Characteristics of the economy and assumptions 

To describe time, uncertainty and the revelation of information over an infinite horizon 

the same event-tree structure considered in the previous Sections ( for a stochastic econ-

omy) c an be used. In this case the set of ti me periods is denoted by T = {O, l, 2, ... } , the 

set of states of nature by S , and again the graduai revelation of information is described 

by a sequence of partitions of S, F = { F0 , F1 , ... , Ft, ... } w h ere the number of subsets in Ft 

is finite and Ft is finer than Ft_1 (i. e. if u E Ft and u' E Ft-1 then u c a-' or a- n a-' = 0). 

The event-tree D induced by F is the set of all nodes ç = (t, a-) , and the same notions of 

initial node, predecessor of a node and successors of a node seen above apply in this case. 

The economy consists of a finite collection of infinitely lived consumers I = {l, 2, ... , I} 

who purchase commodities on spot markets and trade securities at every node in the 

event-tree, and there is a set L = {l, 2, ... ,L} of commodities at each node. The set of 

all commodities over the event-tree is therefore: 

D x L= {(ç, l) l ç E D, l E L} 

We then have that JRDxL denotes the vector space of all functions x : D x L ~ 1R and 

loo(D x L) denotes the subspace of JRDxL consisting of all bounded sequences: 

loo(D x L) = {x E IRDxL l sup l x(ç, l) l< oo} 
(ç,l)EDxL 

and it represents the commodity space. This is exactly the construction introduced by 

Bewley (1972), that allows to obtain an elegant proof of existence of equilibrium for this 

economy. Each agent i E I has an initial endowment process w i = (w i ( ç, l), ( ç, l) E D x L) 

which is assumed to li e in the non-negative orthant l t (D x L) and wi ( ç) = (w i ( ç, l), l E L) 

is the agent's endowment of the L goods at node ç. He then chooses a consumption 

process xi = (xi(ç, l), (ç, l) E D x L) which must lie in his consumption set Xi = 
lt(D x L) and xi(ç) = (xi(ç, l), l E L) is the agent's consumption at node ç (and this 
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description of the cornmodity space implies that each good is perfectly divisible and 

perishable and that the supply of goods doesn't grow without bound). The agent's 

preference among consumption processes is expressed by a preference ordering ti and 

at each node there are spot markets on which the cornmodities are traded; in particular, 

p= (p(ç, l), (ç, l) E D x L) denotes the spot price process and p(ç) = (p(ç, l), l E L) is 

the vector of spot prices for the L goods at node ç. In addition, a t each node the good 

l plays the role of numeraire, so that we ha ve p( ç, l) = l V ç E D and all payments are 

denominateci in units of good l. 

The first part of the analysis considers the simplest class of financial assets repre-

sented by the short-lived numeraire securities, that pay dividend only at the immediate 

successors of their nodes of issue and whose dividends are amounts of the numeraire good 

(it is then possible to extend the analysis to a more generai class of securities, as shown 

in the last part of this Chapter). In this case J(ç) is the set of short-lived securities 

issued at node ç and j(ç) < oo is the number of these securities. Fora security j E J(ç) 

we have that A(ç',j) with ç' E ç+ denotes the dividend (in units of good l) at an im-

mediate successor, while A(ç') = (A(ç',j),ç' E ç+,j E J(ç)) is the vector of dividends 

at ç' of the securities issued at node ç, and A= (A(ç'), ç' E ç+, ç E D) is the process of 

security payoffs. We then have that q(ç) = (q(ç,j),j E J(ç)) is the vector of prices of 

the securities issued at node ç and q = (q( ç), ç E D) is the security price process, and 

agenti chooses a portfolio process zi = (zi(ç),ç E D) where zi(ç) = (zi(ç,j),j E J(ç)) 

is the vector of security holdings at node ç. By denoting with t= (t1, t2, ... ,ti) and 

w = ( w1 , w2 , ... , w1 ) the preference orderings and the endowments of the I agents and 

by A the security payoff process, then, the associateci economy over the event-tree D is 

represented by C00 (D, t, w, A). 

With reference to the assumptions imposed on the characteristics of this economy, the 

crucial element ( that is required to establish the existence of an equilibrium in an infinite 

horizon economy) is the choice of a topology in which agents' preferences are continuous. 

To this end it is possible to consider the Mackey topology, following the construction of 
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Bewley (1972). The following assumptions are now introduced: 

Al (event-tree): The branching number b(ç) is finite for each node ç E D. 

A2 (endowments): There exist scalars m and m' with O< m< m' such that 't/(ç, l) E 

D x L, wi(ç, l) >m , 't/i E I and L:iEI wi(ç, l) <m'. 

A3 (preferences): For i E I , ,ti is a transitive, reftexive, complete preference order-

ing o n Xi = l~ (D x L) which is convex and continuous in the M ackey topology {i. e. 

for all xi E Xi , {xi E Xi l xi ,ti xi} is convex and closed in the Mackey topology and 

{xi E Xi l xi >-i xi} is open in the Mackey topology). The preference relation ti is mono-

tone and strictly monotone in good l, in the sense that for each xi E Xi and for each 

y E l"to (D x L) , xi + y ti xi with strict preference if y( ç, l) > O for some ç. 

A4 (uniform lower bound on impatience): There exists f3 < l such that, for alli E I, 

't/xi E F, 't/ç E D 

where F is a bounded set and XXE = (x(ç, l)XE(ç) , (ç, l) E D x L) with: 

and ef is the process which has all components O except for the component of good l at 

n ode ç which is l , i. e. : 

if (ç',l') = (ç,l) 

if (ç', l') =F (ç, l) 

A5 ( securities): Every security is a short-lived numeraire security and a t each node 

ç E D the number of securities j(ç) is finite. 
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A6 (riskless bond): For each ç E D there exists jç E J(ç) such that: 

A(ç',jç) =l 

In particular, Al states that at each node there must be only a finite nurnber of imme-

diate successors, while A2 asserts that the aggregate endowment process w= L::iEI w i is 

bounded above and hence that each individuai endowment process wi is bounded above; 

in addition each agent has an endowment of each good which is uniformly positive across 

all nodes. A3, introduced by Bewley, is an abstract way of formalizing the idea that 

agents prefer early to distant consumption, and therefore that they are impatient. This 

assumption is essential for the existence of an equilibrium, and permits to approximate 

the infinite horizon economy by finite horizon economi es, sin ce consumption in the dis-

tant future is not important. In addition, A3 states that the good l is strictly desired 

by all agents at all nodes and therefore has a positive price at each node. With reference 

to A4, if we consider a feasible consumption plan for agent i, xi E F, and we add one 

unit of commodity l at node ç to this bundle, since commodity l is desired agent i will 

strictly prefer this new consumption plan, i.e. xi+ e! >-i xi. By the Mackey continuity 

of preferences, in addition, there exists /3ç < l such that agenti stili prefers the new con-

sumption plan even if it is reduced by the factor /3ç for all the nodes that strictly succeed 

ç, that is xiXD\D+(ç) + /3çxixn+(ç) + et >-i xi , and this also means that agent i is ready 

to give up the proportion l - /3ç > O of his future consumption plan in order to have one 

more unit of good l at node ç. The value l- /3ç is a measure of impatience that can be 

called the degree of impatience of the agent i at the n ode ç, and the Mackey continuity 

of preferences implies that this degree of impatience can be bounded below by a positive 

number (so that it doesn't vanish asymptotically). The particular requirement present in 

A4 is that the degree of impatience of agenti is bounded away from O uniformly across 

the nodes, so that there is a uniform lower bound on the degree of impatience of agent 

i. The last two assumptions, finally, concern the securities available to agents on the 

37 



financial markets; in particular, since both b(ç) and j(ç) are finite we can have either the 

situation in which j(ç) ~ b(ç) and the payoffs of b(ç) securities are linearly independent 

for ali ç E D (complete markets) or the situation in which j ( ç) < b( ç) for some node 

ç E D (incomplete markets). 

1.4.2 Debt constraints, transversality condition and equilibrium 

In the case of infinite horizon two elements must be considered in the construction of 

the budget set of an agent; the first is the usual condition according to which the next 

expenditure on the spot markets must not exceed the incarne earned on the financial 

markets at each node, while the second is a new element introduced by the sequential 

nature of trade combined with the infinity of the horizon. If zi ( ç) is the portfolio chosen 

by agent i a t no de ç, a t the predecessor ç- ( that is unique) h e has chosen the portfolio 

zi(ç-) which gives the payoff A(ç)zi(ç-) (by considering the normalization p(ç, l) = 1). 

The budget constraint at node ç is therefore (similarly to what has been shown for the 

finite horizon case) : 

(1.3) 

and the consumption-portfolio process (xi, zi) which is chosen must satisfy this constraint 

at every node (we must observe that, since we are considering short-lived securities, in 

the right-hand side of the expression the term q(ç)zi(ç-) doesn't appear because q(ç) in 

this case is equal to O). In order to ha ve a solution to the consumption-portfolio choice 

problem of the agent the prices (p, q) must not offer arbitrage opportunities at any node 

ç E D and, as it has been observed in the previous Section, this is equivalent to the 

existence of a process 1r = ( 1r( ç), ç E D) of positive present value prices such that: 

7r(ç)q(ç) = L 7r(ç')A(ç') VçE D (1.4) 
ç'Eç+ 
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Even if the prices (p, q) don't offer arbitrage opportunities, however, it is not guaranteed 

that the agent's choice problem has a solution if we don't impose a further restriction on 

the portfolio processes, because in the infinite horizon setting the agent can roll over his 

debt ad infinitum; it is therefore necessary to consider some form of borrowing constraint 

which limits the amount of debt of the agent and guarantees the existence of a solution 

to his consumption-portfolio choice problem. 

A first possibility is to consider a debt constraint of the form: 

r;ç E D 

for some positive number M , so that an agent's debt at each date cannot exceed the 

bound M. This leads to a budget se t with explicit debt constraint: 

M i B00 (p,q,w ,A)= 

3zi E Z such that r;ç E D 

q(ç)zi(ç) ~ -M 

p(ç)(xi(ç)- wi(ç)) = 

= A(ç)zi(ç-) - q(ç)zi(ç) 

(where Z is the portfolio space) and in an economy with impatient agents the presence 

of this bound prevents Ponzi schemes. 

Another possibility is to introduce an implicit debt constraint of the form: 

which prevents agents from considering trading strategies that lead to debt which grows 

without bound (in fact the agent's debt must lie in the space of bounded sequences l00 ); 
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this constraint determines a budget set with implicit debt constraint: 

DC i Boo (p, q, w, A)= 

::Jzi E Z with (qzi) E Zoo(D) 

such that r;ç E D 

p(ç)(xi(ç)- wi(ç)) = 

= A(ç)zi(ç-) - q(ç)zi(ç) 

These two types of budget sets allow to introduce a first notion of equilibrium for an 

infinite-horizon sequence economy, we ha ve in fact: 

Definition 28 An equilibrium with explicit ( respectively implicit) debt constraint for the 

economy Eco (D, ~, w, A) is a pair ((x, z), (p, q)) such that: 

(i) (xi, zi) is ~i maximal in B{:J(p,q, wi, A) {respectively in B~0 (p, q, wi, A)) for each 

i El 
(ii) LiE1(T - wi) = O 

(iii) LiEI zi = o 
The other approach which is used to prevent Ponzi schemes is based on the use of a 

transversality condition, that makes it possible to extend the techniques of the Arrow-

Debreu theory to infinite horizon economies. In the case of complete markets the idea is 

that if (p, q) is a no-arbitrage system of prices then there exists a unique vector of present 

value prices 1r such that the relation (1.4) is satisfied at every node. If the trading activity 

(xi, zi) of an agent satisfies the budget equation (1.3) at each node, by multiplying this 

equation by 1r(ç) and summing over ali nodes to date T gives: 

L 7r(ç')p(ç')(xi(ç')- wi(ç')) =- L 7r(()q(ç')zi(ç') 
rEDT~) ~EDT~) 

Here D(ç) is the subtree of nodes with root ç and DT(ç) = {ç' E D(ç) l t(ç) ~ t(ç') ~T} 

and DT(ç) = {ç' E D(ç) l t(ç') =T} (i.e. Dr(ç) is the subset of nodes of the subtree 

D(ç) between dates t(ç) and T and Dr(ç) is the subset of nodes of the subtree D(ç) at 

date T). 
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If we now consider the transversality condition: 

(1.5) 

(which requires that the asymptotic present value of debt be zero) then the consumption 

plan xi of agenti satisfies the Arrow-Debreu budget constraint: 

L 7r(ç')p(ç')(xi(ç')- wi(ç')) =O 
e'ED( e) 

i.e.: 

L P(ç')(xi(ç')- wi(ç')) =O 
e'ED( e) 

where P(ç) = 1r(ç)p(ç) is the vector of Arrow-Debreu present value prices of the goods at 

no de ç. A t this point i t is possible to consider an extension of the transversality condition 

(1.5) to economies with incomplete markets that can be used to piace a bound on the 

rate at which agents accumulate debt. In this case the condition becomes: 

VçED (1.6) 

where the present values 1ri used are those of each agent at the equilibrium (since with in-

complete markets the no-arbitrage equation (1.4) has many solutions and therefore there 

is nota unique present value vector). This condition can be obtained by observing that, 

given an optimal consumption-portfolio plan (xi, zi) for agent i, to which is associated 

a present value vector 1ri = (1ri(ç), ç E D) that must satisfy the relation (1.4), the pair 

(xi, zi) must also satisfy the condition: 
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which means that an optimal portolio doesn't leave value (i.e. it doesn't make agent 

i a lender) a t infinity ( otherwise the agent could find a preferred consumption strearn 

by decreasing his lending and increasing his earlier consumption). On the other hand, 

each agent knows that he cannot find lenders on the rnarkets who finance a portfolio zi 

that perrnits him to be a borrower at infinity (because this would imply that some other 

traders are lenders at infinity), and therefore the relation: 

cannot hold. As a consequence, the transversality condition (1.6) must be satisfied. 

This condition can then be used to define the budget set with transversality condition 

TG i i Boo (p,q,1r ,w ,A)= 

::Jzi E Z such that \::/~E D 

limr-+oo Ee'EDT(ç) 7ri(~')q(~')zi(e) =O 

p(~)(xi(~)- wi(~)) = 

= A(~)zi(~-) - q(~)zi(~) 

and this budget set allows to introduce a second notion of equilibrium for an infinite 

horizon economy, we have in fact: 

Definition 29 An equilibrium with transversality condition for the economy Eoo (D, t 

, w, A) is a pair ((x, z), (p, q, (7F)iEI)) such that: 

(i) (~, zi) is ti maximal in Broc (p, q, 1F, w i, A) for each i E I; 

(ii) for each i E I: 

(a) JF(~) >O,\::/~ E D and P E Zi(D x L) where P = {P(~),~ E D} = 

(7F(~)p(~),~ E D) and h(D x L) is the subspace ojJRDxL consisting of all summable 
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sequences, i.e.: 

h(D X L)= {P E IRDxL l L l P(f., l) l< oo} 
(ç,l)EDxL 

(b)~ is ti maximal in Boo(Pi, wi) = {xi E Zt(D x L) l P\ xi- wi) :::; O} 

(c) ?F(f.)q(f.,j) = Lç'Eç+ ?F(ç')A(f.', j), Vj E J(f.), vç E D 

(iii) LiEI(~ - w i) = O 

(iv) LiEI zi =O 

In this case the condition (ii) characterizes the equilibrium present value vector 7fi 

of agent i and expresses the fact that the first-order conditions for the maximization 

problem of agent i are satisfied at (?, zi) if 7fi(ç) is the multiplier associated with the 

budget constraint at node ç, for each ç E D. 

1.4.3 Existence of equilibrium 

Both the concepts of equilibrium introduced above are important, for different reasons. 

On the one hand, the notion of equilibrium with transversality condition is relevant from 

a theoretical point of view, because i t permits to apply concepts an d techniques of infinite 

dimensionai Arrow-Debreu theory to a model of incomplete markets over infinite horizon. 

On the other hand, the notion of equilibrium with debt constraint is simpler and more 

natural from an economie point of view. A fundamental result that can be shown is 

that, for an economy satisfying the assumptions introduced before, these two concepts 

are equivalent, i.e. every equilibrium with transversality condition is an equilibrium 

with debt constraint and viceversa. As a consequence, if it is possible to show that the 

economy has an equilibrium with transversality condition, this implies that the economy 

has an equilibrium with debt constraint. 

With reference to this aspect, the first result that can be proved is the following: 
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Theorem 30 ( existence) Each economy &00 (D, t, w, A) satisfying. Assumptions A 1-

A 6 has an equilibrium with transversality condition. 

Proof. See Magill-Quinzii (1994). • 

Remark 31 The proof of this theorem is based on the construction introduced by Bewley 

{ 1972). The idea is to start from the infinite horizon economy &oo (D, t, w, A) and t o 

consider the associated T -truncated economy &r(D, t, w, A), that is the economy with 

the same characteristics as &00 but in which agents are constrained to stop trading at 

date T. For this economy an equilibrium exists for all the parameter values, since all 

securities are short-lived numeraire securities ( as shown by Geanakoplos-Polemarchakis 

{1986)); in addition, the truncated equilibrium {the equilibrium ofthe truncated economy) 

satisfies uniform bounds, and therefore by letting T tend to oo it converges. Finally, it is 

possible to show that the limit of the truncated equilibrium is exactly an equilibrium for 

the limit economy, i. e. for the infinite horizon economy &00 • 

We then have the following further result: 

Theorem 32 If&oo(D, t, w, A) is an economy satisfying Assumptions A1-A6, then ((x, z), (p, q)) 

is an equilibrium with implicit debt constraint if and only if there exist present value vec-

tors (7P)iEI such that ((x, z), (p, q, (7P)iEI)) is an equilibrium with transversality condition. 

Proof. See Magill-Quinzii (1994). • 

Finally the following corollary holds: 

Corollary 33 For each economy Eoo(D, t, w, A) satisfying Assumptions A1-A6 there is 

a bound M > O such that the economy has an equilibrium with explicit debt constraint M 

which is never binding. 

Proof. See Magill-Quinzii (1994). • 

44 



The existence of an equilibrium with implicit debt constraint, therefore, implies the 

existence of an equilibrium with explicit debt constraint ( and the fact that this constraint 

is never binding at the equilibrium is important because i t ensures that the debt constraint 

doesn't introduce new imperfections into the model). 

These are the centrai results for the infinite-horizon economy considered: this econ-

omy has an equilibrium with transversality condition, furthermore this equilibrium is 

equivalent to an equilibrium with implicit debt constraint, and this impiies the exis-

tence of an equilibrium with explicit debt constraint, that is the more natural concept of 

equilibrium for an infinite-horizon economy from an economie point of view. 

This is the analysis in the simplest case, the one in which the only type of financiai 

assets that appear in the economy are short-lived numeraire securities; the same analysis 

can then be extended to a more generai class of securities, the infinite-lived securities, 

and this is the object of the Iast part of this Chapter. 

1.4.4 Equilibrium with infinite-lived securities 

To extend the model of the previous Subsections to the case of a generai asset structure 

we must take into account that in this situation a further probiem is represented by the 

possibility of non-existence of equilibrium ( as a consequence of changes in the rank of 

the return matrix when prices vary- a possibility that is excluded if the only assets in 

the economy are the short-lived numeraire securities previously considered, as it will be 

clear in the following pages -). Also in the finite-horizon case this pro blem arises, an d 

the technique used to solve it consists in introducing the concept of pseudo-equilibrium; 

such a pseudo-equilibrium exists for all economies, and for a generic set of economies 

it is also an equilibrium (as it has been discussed in Section 3). The same approach 

can be adopted in the case of an infinite-horizon economy with long-Iived assets. In 

this situation, first of all it is necessary to adjoin to the economy a family of potentialiy 

equivalent short-lived numeraire assets; at this point it is possible to prove that for this 

economy a pseudo-equilibrium exists (by taking limits of pseudo-equilibria of truncated 
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economies, following the technique introduced by Bewley and illustrated, for the case of 

a true equilibrium, in the previous Subsection); finally it can be shown that this pseudo-

equilibrium is a true equilibrium for a dense set of economies ( and therefore the result is 

weaker than for the finite-horizon model, where the same conclusion is true fora generic 

se t of economi es). 

Also when we take into account a general asset structure the economy is described 

exactly as before, with an event-tree. The securities considered are real securities (i.e. 

the return of an asset at each node ç' after its node of issue ç is the value under the 

spot prices at node ç' of a specified bundle of the L goods), an d their set is denoted by 

J, while the set of securities traded at node ç is denoted by J(ç). The generic security 

j issued at node ç promises to deliver a dividend process (p(ç')A(ç',j), ç' > ç) at all 

nodes strictly succeeding its node of issue, and this dividend is the value of a bundle 

A(ç',j) = (A(ç',j, l), l E L) of the L commodities under the spot prices p(ç'). We 

then have that a security is short-lived if it is traded only at its node of issue and pays 

dividends only at the immediate successors of this node ( this is the type of securities 

considered before), otherwhise· i t is long-lived; if i t is traded at every node after its no de 

of issue, in particular, i t is sai d to be infinite-lived. I t is then convenient, in this case, to 

define the price process q of each security j and the portfolio process zi of each agent i 

on the whole event-tree D, by setting q(ç,j) =O if j ~ J(ç) and zi(ç,j) =O if j ~ J(ç), 

i.e. if the security is not traded a t no de ç. Also in this case i t is assumed that for 

each node the number of securities that are traded, j ( ç), is finite. By denoting with 

t= (t l, t2, ... , ti) the preference orderings, with w = ( w1 , w2 , •.• , w1 ) the endowments 

and with A the generic security structure, then, eoo(D, t, w, A) represents (as before) 

the associateci economy over the event-tree D. 

The assumptions satisfied by this economy are those introduced above (i.e. Al-A6), 

with the following slight modifications: 

A3' (preferences): The preference ordering is strictly convex [ and no t only convex} in 
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the M ackey topology. 

A5' (securities): Every security j E J is a real security with bounded commodity payoff 

A(· 1 j) E lr;,o (D x L) and the number of traded securities j ( ~) is finite at each node ç E D. 

A6 1 (short-lived nurneraire bond): At each node ç E D a security ie E J(~) is issued 

which is traded only at this node and has a commodity payoff of one unit of good l at 

each immediate successor: 

' { l A(ç,je,l)= o if ~' E ç+ and l = l 

otherwise 

These assurnptions are therefore essentiaiy the same introduced previousiy in the case 

in which the financiai structure is characterized by the presence of short-Iived nurneraire 

securities only. The main difference, with a generai financiai structure1 is the requirement 

of strict convexity of agents' preferred set. This is due to the fact that the proof of 

existence of an equiiibriurn for the infinite horizon economy is based on taking Iimits 

of equilibria of truncated finite horizon economies; in the case of short-lived numeraire 

securities the existence of an equilibriurn in a finite horizon economy only requires the 

use of a standard Kakutani fixed-point argurnent 1 which can be applied to an economy 

in which agents 1 demands are expressed by correspondences, whiie for a finite horizon 

economy with a generai security structure the existence of a (pseudo-)equiiibrium requires 

the use of a particular theory, the so-called "degree theory" , t ha t is defined for functions 1 

and therefore agents must ha ve well-defined demand functions (an d this is ensured by 

the assurnption of strict convexity). 

Also in this case, three concepts of equilibrium can be introduced; the simplest is 

that of equilibrium with debt constraint ( expiicit or impiicit), but to obtain the existence 

results it is useful to introduce the more abstract concept of equiiibrium with transversal-

ity condition. These equilibrium concepts differ only by the specification of the agents' 
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budget sets, to this end we have first of all the budget set with explicit debt constraint: 

M i B00 (p,q,w ,A)= 

::Jzi E Z such that 'Vç E D 

q(ç)zi(ç) 2:: -M 

p(ç)(xi(ç)- wi(ç)) = 

= V(ç)zi(ç-) - q(ç)zi(ç) 

where V(ç) = p(ç)A(ç) + q(ç) is the vector of returns at the successor ç of the securities 

traded at ç-. The object of this constraint, as it has been outlined previously, is to 

eliminate Ponzi schemes (i. e. the indefinite postponement of debt), an d to a voi d that i t 

introduces itself a new imperfection in the economy i t must not be binding in equilibrium. 

If the bound M is chosen independently of the characteristics of the economy there will 

always be some economies for which M is too small and is binding in equilibriurn. To 

avoid this situation it is possible to consider a second type of budget set, the budget set 

with implicit debt constraint, in which the bound is left unspecified: 

DC i B00 (p,q,w ,A)= 

::Jzi E Z with (qzi) E loo(D) 

such that 'Vç E D 

p(ç)(xi(ç)- wi(ç)) = 

= V(ç)zi(ç-) - q(ç)zi(ç) 

where (qzi) = (q(ç)zi(ç), ç E D). In this way, by proving that an equilibrium with 

implicit debt constraint exists, it is possible to prove that there is an appropriate bound 

M for a given economy such that there exists an equilibriurn with explicit debt constraint 

in which the bound M is never binding. The two budget sets considered lead to the 

following concepts of equilibrium ( the same introduced before): 

Definition 34 An equilibrium with explicit (respectively implicit} debt constraint for the 

economy Eoo(D, t, w, A) is a pair ((x, z), (p, q)) such that: 

(i) (?, zi) is ti maximal in B~ (p, q, w i, A) {respectively in B~0 (p, q, w i, A)) for each 
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i El 

(ii) l:iEI(xi - wi) = Q 

(iii) l:iEI zi = 0 

Finally, we also have the budget set with transversality condition, given by: 

TG i i Boo (p,q,1r ,w ,A)= 

:Jzi E Z such that Vç E D 

limr-4oo l:e'EDT(ç) 7ri(ç')q(ç')zi(ç') = O 

p(ç)(xi(ç)- wi(ç)) = 

= V(ç)zi(ç-) - q(ç)zi(ç) 

where 1ri = (1ri(ç), ç E D) is a process of present value prices. In this case the transver-

sality condition expresses the fact that on every subtree the present value of an agent's 

debt must be asymptotically zero, and again, since with incomplete markets there isn't 

an objective present value vector, it is possible to use agent i's present value vector 7F to 

evaluate the asymptotic value of his debt. The implicit prices ("7ri)iEI must therefore be 

added to the objective market prices (p, q) to define an equilibrium with transversality 

condition, we have in fact (similarly to the case with short-lived numeraire securities): 

Definition 35 An equilibrium with transversality condition for the economy Eoo (D, t 
, w, A) is a pair ((x, z), (p, q, (7F)iEI)) such that: 

(i) (?, zi) is ti maximal in B~c(p, q, 1F, wi, A) for each i E I 

(ii) for each i E 1: 

(a) 7F(ç) > O, Vç E D and P E Zi(D x L) where P = {P(ç),ç E D} 
(~(ç)p(ç),ç E D) 

(b)? is ti maximal in Boo(P, wi) = {xi E l~(D x L) l P(xi- wi) :::; O} 

(c) ~(ç)q(ç,j) = l:eEç+ 7F(ç')(p(ç')A(ç',j) + q(ç',j)), Vj E J(ç), Vç E D 

(iii) LiEI(?- wi) =O 

(iv) LiEI zi =O 
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The concepts of equilibria with debt constraint and with transversality condition are 

used to extend the notion of equilibrium with incomplete markets for a finite horizon 

economy to an infinite horizon economy. When we consider a generai asset structure 

the problem is that, even for a finite horizon economy, such an equilibrium may not 

exist, because at a node ç the dimension of the subspace spanned by the columns of the 

return matrix (the market subspace) can change when prices (p(ç'), q(ç'))ç'Eç+ vary; this 

can create discontinuities in agents' demands which may lead to the non-existence of an 

equilibrium (this is the possibility, mentioned several times in the previous pages, first 

shown by Hart (1975)). The technique used to solve this problem (already discussed 

above) consists in introducing the concept of pseudo-equilibrium and then in showing 

that such a pseudo-equilibrium exists for all econornies and that, for "most" economies, 

i t is an equilibrium. The difference between the finite horizon case and the infinite horizon 

case is that in the former the equivalence between pseudo-equilibrium and equilibrium is 

true for a generic set of economi es ( this has been shown in Section 3), while in the latter 

the equivalence turns out to be true only for a dense set of economies, and therefore in 

this case the existence result is weaker. 

The idea of pseudo-equilibrium is based on the fact that in generai, if at the node 

ç, which has b(ç) successors, j(ç) securities are traded, then the rank of the b(ç) x j(ç) 

return matrix: 

is given by: 

a(ç) = min(b(ç), j (ç)) 

but in some cases, for some prices (p, q), the rank may fall. It is precisely this fact that 

can create discontinuities in agents' demand and therefore non-existence of equilibrium. 

This problem doesn't arise in the case of short-lived numeraire securities, because in this 
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situation the term q(ç',j) doesn't appear, while the price p(f,') can be normalized to l, 

therefore we have: 

rank [V(f,',j)]ç'Eç+ = rank [A(ç',j)]ç'Eç+ = j(f,) ~ b(f,) 
jEJ(ç) jEJ(ç) 

and the matrix doesn't drop rank (since we can assume, without loss of generality, that 

the returns on the securities j E J ( ç) are linear ly independent). For this reason i t is 

not necessary to introduce the notion of pseudo-equilibrium and we can consider directly 

the notion of equilibrium (as it has been shown in the previous Subsection). In the 

generai case (i.e. when we have nota security structure characterized by the presence of 

short-lived numeraire securities only) this is not necessarily true, and we must introduce 

the notion of pseudo-equilibrium; in this context a pseudo-equilibrium is defined as an 

equilibrium of an economy in which agents are given an artificial subspace of income 

transfers of dimension a( ç) a t node ç which contains the subspace of transfers achievable 

with the existing securities, but which is larger when the matrix V(ç+) has rank less 

than a( ç). The artificial subspace, in particular, can be interpreted as originated by an 

artificial financial structure composed by a(ç) short-lived numeraire securities issued at 

node ç, so that i t is possible to use the techniques developed in the previous pages (more 

precisely, it is possible to show the existence of a pseudo-equilibrium for the infinite-

horizon economy by taking limits of pseudo-equilibria of finite-horizon economies). The 

centrai result that can be obtained is the following: 

Theorem 36 (existence of a pseudo-equilibrium) Each economy &00 (D, !:::, w, A) that 

satisfies Assumptions A1-A6 {with A3,A5,A6 replaced by A3',A5',A6'l has a pseudo-

equilibrium. 

Proof. See Magill-Quinzii (1996). • 

Remark 37 Also in this case the idea underlying the proof of the theorem consists in tak-

ing limits of pseudo-equilibria of truncated economies in which trade stops at some finite 
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date. Given the infinite horizon economy &00 (D, t, w, A) the associated T-truncated econ-

omy &T (D, t, w, A) is the economy with the sa me characteristics as Eoc in which agents 

are constrained t o stop trading at date T. For su eh an economy a pseudo-equilibrium 

exists for every finite T (from the analysis described in Section:3 ). In addition, this 

pseudo-equilibrium satisfies uniform bounds, and therefore by letting T tend to oo it con-

verges. Also in this case, finally, it is possible to show that the limit of the truncated 

pseudo-equilibrium is exactly a pseudo-equilibrium for the limit economy, i. e. for the 

infinite horizon economy &00 • 

At this point, the link between a pseudo-equilibrium and an equilibrium is guaranteed 

by the following theorem (where A is the set, opportunely defined, of admissible payoffs 

for the securities): 

Theorem 38 ( existence of an equilibrium) Under Assumptions A1-A6 [with A3,A5,A6 

replaced by A3',A5',A6'l there exists a dense subset A* c A such that ifA E A* then the 

infinite horizon economy &00 (D, t, w, A) has an equilibrium with transversality condition. 

Proof. See Magill-Quinzii (1996). • 

Remark 39 The idea of the proof is to show that if we consider a payoff process A E A 

for which a pseudo-equilibrium of the economy &00 (D, t, w, A) is not an equilibrium with 

transversality condition, then for all c> O there exists a payoff processA E A in the ball 

of radius E around A for which a pseudo-equilibrium of the economy Eoo(D, t, w, A) is 

an equilibrium with transversality condition. 

Also in the case of infinite-lived securities, finally, it can be shown the equivalence 

between the different concepts of equilibrium introduced. A first result is the following: 

Theorem 40 Under Assumptions A1-A6 [with A3,A5,A6 replaced by A3',A5',A6'l ((x, z), (p, q)) 

is an equilibrium with implicit debt constraint of &00 (D, t, w, A) if and only if there ex-

ist present value vectors (7F)iEI such that ((x, z), (p, q, (7F)iEI)) is an equilibrium with 

transversality condition. 
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Proof. See Magill-Quinzii (1996). • 

The following corollary then holds: 

Corollary 41 Under Assumptions A1-A6 [with A3,A5,A6 replaced by A3',A5',A6} there 

exists a dense subset A* c A such that if A E A* , then the infinite horizon economy 

Eoo (D, t, w, A) has an equilibrium with an explicit debt constraint M which is never 

binding. 

Proof. See Magill-Quinzii (1996). • 

Also in this case, therefore, the different concepts of equilibrium introduced are equiv-

alent, an d this permits to retain the advantages of each of them. In particular, the notion 

of equilibrium with transversality condition is more natural for a mathematical analysis, 

while the notion of equilibrium with debt constraint is more plausible from an economie 

point of view. This concludes the analysis in the case of infinite-horizon economy; the 

central result that has been reached is that when we consider a particular asset struc-

ture, composed only by short-lived numeraire securities, then an equilibriurn exists for all 

parameter values that characterize the economy, while when we considera general asset 

structure the existence result remains true only for a dense set of economies. 

The analysis presented in this Chapter has shown the main results in terms of exis-

tence of solutions in general equilibrium models with time and uncertainty. The point 

of departure has been represented by the standard Arrow-Debreu model, that c an be 

extended with the introduction of the notion of contingent commodity and that leads to 

the concept of equilibrium with complete contingent markets, for which existence and op-

timality of equilibrium (for all parameter values that describe the economy) follow from 

the traditional general equilibrium theory. Since this model, even if particularly inter-

esting from a theoretical point of view, is far from the situation that can be observed in 

actual economies, the following step has been the introduction of a model of equilibrium 

with spot and financial markets, that is closer to the real situation. In this case it is 
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no longer true that an equilibriurn exists for every economy; what can be proved (both 

in the two-period framework and in the multi-period framework, with finite horizon) is 

the existence of the equilibrium for a generic set of economies. The last step has been 

represented by the extension of the model to an infinite horizon setting. In this case 

existence of equilibrium can still be proved ( even if in a weaker form, with respect to 

the finite horizon model, when a general asset structure is considered, because in this 

situation the equilibrium exists only for a dense set of economi es). 

In conclusion, the results obtained with reference to the question of existence of 

equilibrium can be summarized as follows: 

• model with contingent markets: existence of equilibrium (both in a two-period 

economy an d in a T-peri od economy); 

• model with spot and financial markets on finite horizon: existence of equìlibrium 

for a generic set of economies (both in a two-period economy and in a T-period 

economy); 

• model with spot and financial markets on infinite horizon: existence of equilibrium 

in the case of short-lived numeraire assets, existence of equilibrium for a dense set. 

of economies in the case of a generai financial structure. 

In the transition from the model with contingent markets to the model with spot 

and financial markets and, in this model, from the finite horizon to the infinite horizon 

case (i.e. by considering situations that are more and more realistic) something is "lost" 

in terms of existence of solutions. Nevertheless, the existence of the equilibrium ( even 

if in a weaker form) is preserved; the model is therefore consistent, and c an be used to 

explain something of the economy under study. In particular, it is possible to obtain 

indications concerning the equilibrium prices of the assets; this is the question addressed 

in the second Chapter. 
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Chapter 2 

Generai equilibrium models, asset 

pricing and speculative bubbles 

2.1 Introduction 

The model with spot and financial markets can be used to investigate the relation between 

the equilibrium price of an asset and the stream of future dividends to which this asset 

represents a claim. Here we recall briefly the results obtained in the first Chapter with 

reference to this aspect. In the finite-horizon case, the conclusion that emerges is that 

the equilibrium price of a security is equal to the present value of its future dividends. 

In fact, in a two-period economy, in which there are S states of nature at date t = l, 

the absence of arbitrage opportunities implies the existence of a vector of present values 

1r = ( 1r o, 1r 1 , ... , 1r s) su eh that: 

s 
7roqj = L 1r s Vj j=l,2, ... ,J 

s=l 

and, since 1r0 can be normalized to l, this in turn means that the price of each asset is 

equal to the present value of its future_ divi d end stream. In the case of a T-peri od economy, 

similarly, the absence of arbitrage opportunities implies the existence of a present value 
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process 1r : D ~ R++ such that: 

7r(ç)q(ç) = L 7r(ç') [p(ç')A(ç') + q(ç')] 'Vç E n-
ç'Eç+ 

and soiving this system of equations recursiveiy with the terminai condition q(ç) =O, 'Vç ~ 

n- (where n- is the set of non-terminai nodes) we get: 

q(ç) = 7r(lç) L 7r(ç')p(ç')A(ç') 
e'>e 

(2.1) 

according to which the current value of each asset at node ç is the present value of its 

future dividend stream over all succeeding nodes ç' > ç. 
These are the results in the finite-horizon case. The present value of the future divi-

dend stream deriving from an asset is the so-called fundamental value, and the conclusion 

obtained in the model with finite horizon is that the equilibrium price of an asset is equal 

to this value. When we extend the analysis to an economy defined over an infinite horizon 

the equality between equiiibrium price and fundamental value doesn't necessarily hold, 

and speculative bubbles may arise; this is precisely the question addressed in the following 

pages. 

In particular, in the first part (Section 2.2) this question is studied by means of the 

infinite-horizon model introduced in the first Chapter. The issue of speculative bubbles 

is then considered more specifically along the lines of a recent contribution that tries to 

give definitive results concerning this question, and the centrai conclusions are derived 

(Section 2.3). The last part of the Chapter uses a different approach, based on Euler 

equations, to confirm these conclusions (Section 2.4). The important aspect is that this 

approach can also be used to construct and to study specific examples in which bubbles 

appear; this is the subject of the third Chapter. 
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2.2 Infinite horizon and speculative bubbles 

In the model with infinite horizon an important phenomenon that can arise in the pricing 

of securities is represented by the so-called speculative bubbles, that can be interpreted 

as equilibria in which asset prices are not equal to the present values of their future 

dividends according to given state prices. In particular, the expression (2.1) remains true 

when we consider an infinite-horizon economy with finitely-lived securities, while for an 

infinite-lived security there is no terminai condition (i.e. the condition q(ç) =O, '\/ç ~ n-) 
that guarantees that the equilibrium price is equal to the fundamental value; when this 

relation is not satisfied the price of the asset is said to involve a hubble component. With 

reference to an infinite-horizon economy, the following definition can be introduced: 

Definition 42 Let ((x, z), (p, q, (?F)iEI)) be an equilibrium with transversality condition 

{ defined in Chapter l) for the economy &00 (D, t, w, A). The security j E J is priced at 

its fundamental value ij, for all agents i E I, we have: 

q(ç) = =i l(C) L 7f(ç')p(ç')A(ç') 
1r '::. e'>e 

'\/ç E D 

If this relation is not satisfied for some agenti E I, the security j has a speculative bubble. 

In this case 1ri denotes the present value vector of agent i. As i t has been outlined 

in the first Chapter, in the case of complete markets ali agents' present value vectors 

coincide, i.e. 1r1 = 1r2 = ... = 1ri = 1r (there is complete agreement about the present 

value of a stream of date-l income), while when asset markets are incomplete the values 

1ri are different. As a consequence, in the case of incomplete markets (and infinite-lived 

securities, because with finitely-lived securities the fundamental value is the same forali 

present value vectors, and it is equal to the equilibrium price of the asset) the fundamental 

value may be different for different values of 1ri. If this happens, we may have a hubble on 

a security for some values 1ri but not for other values, and therefore a particular situation 

arises. This is the kind of hubble that, after the analysis of Santos-Woodford (1997), has 
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been called an ambiguous bubble. 

With reference to the model, introduced in the last p art of the first Chapter, that 

considers an economy extending over an infinite horizon, it is possible to obtain equilibria 

of this economy in which some of the securities have speculative bubbles. This depend.s on 

the type of infinite-lived securities available in the economy, in particular it is necessary 

to distinguish between securities in positive net supply and securities in zero net supply. 

For this reason the model considered, that is restricted to an economy in which securities 

are in zero net supply (in fact the market clearing condition relative to the assets is 

I:iEI zi = O), can be generalized in or der to include securities in positive supply. In this 

case Eoo(D, t, w, 8, A) denotes an economy which is identica! to that considered until 

now except t ha t a subset J0 c J ( ç0 ) of the securities issued a t date O can ha ve positive 

initial supply 8 = (8j,j E J0 ) where Dj = L:iEI8j and 8j is agent i's initial holding of 

security j. An equilibrium with transversality condition ofthe economy Eoo(D, t, w, D, A) 

is now given by Definition 35 of Chapter l with the modifications represented by the fact 

that the new budget set B~0 (p, q, 1ri, w i, Di, A) differs from that defined previously for the 

equation at the initial node, which becomes: 

and by the fact that the market-clearing condition (iv) becomes: 

Lzi(ç,j) = 8j 
iEI 

where Dj= O if j ~ J0 . For this economy the following further assurnption is introduced: 

A7 If Dj > O , then A(·,j) E lt,(D x L) and 8; ~O for alli E I. If 8j =O , then 

8] =O for all i E l. 

This means that the securities in positive supply ha ve non-negative payoffs and agents 

only inherit non-negative initial shares of such assets, while for securities in zero supply 
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agents do not inherit any initial debt or credit. For an economy of this type, that admits 

the presence of securities in positive net supply, it is possible to prove the existence of 

the equilibriurn when the parameters (w, A) belong to a dense set (and this extends the 

result obtained for an economy with securities in zero net supply). With reference to the 

phenomenon of speculative bubbles, then, an interesting result is the following: 

Proposition 43 Under Assumptions A4 an d A 7, if ((x, z), (p, q, ("7fi)iEI)) is an equi-

librium with transversality condition ( defined in Chapter l) of the economy Eco (D, t 
,w,8,A), then the price of every security in positive supply (8i >O) is equal to its fun-

damental value. 

Proof. See Magill-Quinzii (1996). • 

From this result i t follows that securities in positive supply can never ha ve (un der 

the assurnptions of the model) speculative bubbles. For infinite-lived securities in zero 

supply the situation is different and they admit the possibility of bubbles, we have in 

fact: 

Proposition 44 Let Eco (D, t, w, 8, A) be an economy satisfying Assumption A 6 with a t 

least one infinite-lived security in zero net supply {i.e. 8i = O and 8} = O Vi E I). The 

following results hold: 

(i) If ((x, z), (p, q, (rri)iEI)) is an equilibrium with transversality condition of the econ-

omy and if q is defined by: 

q(·,j) = q(·,j) +p(·) 

q(·,j')=q(·,j') j'=f=j 

where p = (p( ç), ç E D) is the bubble component, then q is also an equilibrium security 

price vector, i. e. there exist portfolios z = (zt, z2, ... , z1 ) su eh t ha t ((x, Z) , (p, q, (7F) iEI)) 

is an equilibrium with transversality condition of the economy. 

(ii) Conversely, if ((x, Z), (p, q, (7F)iEI)) is an equilibrium with transversality condition 

of the economy Eco(D, t, w, 8, A) and if the financial markets are complete even without 
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the infinite-lived securities whose prices exhibit a hubble, then there exists a vector of 

portfolios z = (z1 , z2 , ... , z1 ) and a vector of security prices q , under which every security 

is priced at its fundamental value, such that ((x, z), (p, q, ("?ri)iEI)) is an equilibrium with 

transversality condition. 

(iii) If the hypothesis in (ii) is no t satisfied (i. e. if the financial markets are incom-

plete) then the existence of hubble components in the security prices can have real effects, 

i. e. there exist equilibria in which the price of some infinite-lived security has a specula-

tive hubble, such that the same real allocation cannot be supported by a vector of security 

prices under which every security is priced at its fundamental value. 

Proof. See Magill-Quinzii (1996). • 

This proposition shows, first of all, that it is always possible to add a hubble com-

ponent to the equilibrium price of an infinite-live<;l security in zero net supply so that 

the resulting price remains an equilibrium price. However, there is a difference between 

speculative bubbles with complete and incomplete markets. In fact, if at an equilibrium 

the financial markets are complete even without the securities with speculative bubbles, 

then the same equilibrium allocation can be supported by pricing every security at its 

fundamental value, and removing the bubble component doesn't affect the real equi-

librium allocation. On the contrary, if markets are incomplete there exist equilibria in 

which infinite-lived securities have speculative bubbles such that the same equilibrium 

allocation cannot be obtained if securities are priced at their fundamental values, and in 

this case removing the bubble component affects the real equilibrium allocation. 

Securities in positive supply (such as equity contracts) are introduced to model own-

ership rights to the income stream created by productive assets such as firms, land or 

other durable capitai goods, and therefore an economy in which there are securities in 

positive initial supply serves as a model of a production economy in which all the pro-

duction plans are fixed. Since equity contracts represent an important part of the capi tal 

market, the result that on such securities bubbles cannot arise reduces consistently the 
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roie of speculation in this ciass · of modeis, and this is the centrai conclusion emerging 

from the anaiysis of the infinite-horizon model. 

The probiem of bubbies on asset prices can now be studied carefully; to this end, the 

main reference is a recent contribution, due to Santos-Woodford (1997), that examines 

this problem specifically and in great depth, trying to make arder in the field and to 

give a definitive theoretical settlement to this controversia! question. It is along the lines 

suggested by this contribution that the following pages move. 

2.3 Bubbles on asset prices: a generai analysis 

The analysis undertaken by Santos-Woodford provides a systematic study of rational 

asset pricing bubbles in an intertemporal competitive equilibrium framework. More pre-

cisely, this analysis is not concerned with the problem of existence of equilibrium (a 

probiem that has been tackled in the first Chapter, in which it has been shown as such 

an equilibrium, even if with some restrictions, exists), but its goal is to give conditions 

under which speculative bubbles are possible or not in this kind of economies. 

In particular, i t is possible to study under which circumstances the so-cali ed "funda-

mental theorem of asset pricing" mentioned above ( according to which equilibrium asset 

prices are equai to the present value of the streams of future dividends to which each 

asset represents a claim) remains true in the case of economies with trading over an in-

finite horizon. The framework considered is an intertemporal generai equilibrium model 

with spot markets for goods and markets for securities at each of a countably infinite 

sequence of dates (therefore the same framework for which the problem of existence of 

equilibrium has been studi ed in the last p art of the first Chapter), but this model is 

more generai than the one considered until now (in fact it considers assets with a very 

generai structure, it covers both the situation of economies with infinitely lived agents 

and economies with overlapping generations, and it includes also economies that allow 

bubbies as an equilibrium phenomenon, like the type of monetary economy considered 
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by Bewley (1980), that will be treated extensively in the examples presented in the third 

Chapter). The centrai result of the analysis is that, under rather generai circumstances, 

asset pricing bubbles do not exist in the framework considered, and the conditions under 

which they are possible (for exarnple in the case of monetary equilibria) are relatively 

fragile. 

2.3.1 Characteristics of the economy and assumptions 

To investigate specifically the issue of speculative bubbles it is convenient to introduce 

a model that is very close to the one considered in the previous Chapter to study the 

problem of existence but that, in addition, is more specific relatively to the asset structure 

and incorporates both the situation of infinitely lived individuals and that of individuals 

that are finitely lived but are succeeded by their children ( overlapping generations). For 

this reason, this model gives results that are valid for a very generai class of economies. 

The model considers an infinite-horizon economy with sequential trading, that can be 

described by an event-tree D. The economy consists of a discrete sequence of dates 

t = O, l, 2, ... and at each date a finite number of nodes can be reached. Each node ç 
(relative to the generic date t) has a unique immediate predecessor ç- (relative to the 

date t - l) and a finite number of immediate successors ç+ (relative to the date t + l), 

and there is a unique initial node ç0 ( the only one relative t o date O) . Finally, in this 

case the notation ç' 2:: ç indicates that the node ç' belongs to the subtree whose root is 

ç (i. e. either ç' = ç or ç' is a successor - not necessarily immediate - of ç). 

At each node ç there are spot markets for L(ç) consumption goods and J(ç) securities 

(both are finite numbers) and the set of agents which are able to trade in the markets 

at node ç is denoted by J(ç), that is a subset of the (countable) set of individuals I 

that characterise the economy. We then denote with Di the subset of the event-tree D 

consisting of nodes at which individuai i can trade, for any i E I (so that ç E Di if and 

only if i E I ( ç)); with this notation the agent i is infinitely lived if for any date there 

exists some node ç E Di, otherwise he is finitely lived. In this way, within this framework 
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it becomes possible to incorporate both the case of infinitely lived agents ( covered by the 

modei introduced in the first Chapter) and the case of overlapping generations ( nC?t 

covered by t ha t modei). Finally, D i c Di denotes the subset of Di consisting of terminai 

nodes fori, i.e. nodes after which i no Ionger trades, and the following hypothesis hoid: 

(i) Vi E I, if ç E Diand ç ~ Ifthen ç+ E Di 

(ii) vç E D there exists at Ieast one i E I for which ç E Di \ IT 

The first hypothesis states that if ç is a node at which the individuai i trades, and it 

is not a terminai node for that individuai, then the individuai trades at the immediate 

successors of ç ( and therefore an individuai that trades at ç either trades at none of the 

successors of ç - if this is a terminai node for that individuai - or trades at all of the 

immediate successors of ç - if it isn't a terminai node -). The second hypothesis states 

that for every node there is at least one individuai for which that node is not terminai, 

and this guarantees that all the economy is connected. 

The securities traded are defìned by a vector of prices q(ç) and the returns they 

give at future nodes, and in this case these returns are represented by a matrix D(ç) 

of dimension L(ç) x J(ç-), whose components are dividends in terms of goods, and a 

matrix B(ç) of dimension J(ç) x J(ç-), whose components are dividends in terms of 

other securities. As a consequence, an agent that holds a portfoiio z E RJ(t;,-) at the end 

oftrading at node ç-, obtains a vector of goods dividends D(ç)z and a vector of securities 

B(ç)z at node ç. The specifìc character of this framework, therefore, is represented by 

the fact that securities give a dividend represented not oniy by a vector of goods ( as in 

the infinite-horizon modei of the fìrst Chapter), but aiso by a vector of other securities, 

and in this way it is possible to treat multi-period securities. This is the other aspect 

that makes this model more generai with respect to that considered previousiy, and that 

allows to obtain results applicable to a wide class of economies. It is also assumed that 

at each node D(ç), B(ç) 2: O, and hence the dividends in terms of goods and of future 
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securities to which any security represents a claim are non-negative at ali nodes. 

Each individuai has an initial endowment of securities at the initial node ço given by 

zi ( ç0 ) , and the net supply of securities a t each no de can then be defined recursively in 

the following way: 

z(ço) = L ?(ço) 
iEJ({o) 

In particular, if I ( ç0 ) is an infinite set, then initial securities endowments must be such 

that the sum is finite, so that there is a finite net supply of securities in all periods. 

I t is also assumed that z(ç0) 2:: O ( even if single individuals may have negative initial 

endowments), and therefore z(ç) 2:: O at ali nodes, so that all securities are in zero or 

positive net supply (a distinction that, as in the model considered in Section 2.2, will 

result important for the possibility of bubbles on their prices). 

A t this point it is possible to determine the streams of future dividends associateci with 

a given security. For ali ç' 2:: ç we can define the matrix E(ç') of dimension J(ç') x J(ç) 

in the following way: 

E(ç) = IJ(€) 

E(ç') = B(ç')E(ç'-) for all ç' > ç 

and then we can define the matrix A(ç') of dimension L(ç') x J(ç) as: 

A(ç') = D(ç')E(ç'-) for all ç' > ç 

so that the portfolio z held at node ç represents a claim to the stream of goods dividends 

A(ç')z at each node ç' > ç. With this notation, then, a security j traded at node ç is of 

finite maturity (finitely-lived) if there exists a date such that Eij(ç') =O forali i andali 
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~' > ~ from that date on, otherwise the security is of infinite maturity (infinite-lived). 

At each node each individua! has an endowment of consumption goods wi(~) E IR~(ç) 

and we assume that the economy has a finite aggregate endowment: 

w(~) = L wi(ç) 
iEJ(ç) 

that is non-negative. Considering also the goods that are dividends on securities in 

positive net supply, then, the aggregate goods supply of the economy is given by: 

that is non-negative. 

Each individua! has preferences described by an ordering ti defined on the consump-

tion set: 

xi = II JR~(ç) 
çEDi 

i.e. defined for all consumption plans that involve non-negative consumption goods at 

each n ode ~ E Di, an d the consumption sets must be bounded below. 

We can now introduce the following two assumptions, that are essential for the results 

that will be obtained: 

B l (preferences): For each i E I the preference relation ti is non-decreasing on Xi 

and strictly increasing in the consumption of some good traded at each node ~ E Di. 

B2 (uniform impatience): For each i E I , there exists O:::; f3i < l such that: 

for all consumption plans satisfying xi(~') :::; w(ç') at each f E Di and all f3 ~ f3i. 
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In particular, Bl is very close to assumption A3 introduced in the infinite-horizon 

model of Chapter l (in this case is not required the continuity of preferences in the Mackey 

topology because we are not dealing with problems of existence ofthe equilibrium). With 

reference to B2, for any consumption plan xi E Xi and any node ç E Di it is possible 

to write xi = (x~ ( ç), xi ( ç), x~ ( ç)) w h ere x~ ( ç) denotes the consumption at nodes other 

than the subtree with root ç, xi(ç) denotes the consumption at node ç and x~(ç) denotes 

the consumption a t the nodes of the subtree with root ç. Assumption B2 therefore means 

that individuals strictly prefer to xi a consumption plan in which consumption at node 

ç is increased by the arnount w(ç) and consumption at all nodes that strictly succeed ç 
is reduced by the factor {3. This implies that they are impatient, and the value l - {3 

(the proportion of their future consumption plan that they are ready to give up in order 

to consume more at node ç) is a measure of impatience that can be called the degree of 

impatience. Assumption B2 implies that there is a positive lower bound on the degree 

of impatience uniform across the nodes, and therefore that individuals are sufficiently 

impatient. This has the same meaning of Assumption A4 in the infinite-horizon model 

of Chapter l, and as it will be clear in the following pages, this assumption allows to 

strengthen the results concerning non-existence of asset pricing bubbles. 

Given all these elements it is now possible to consider the choice problem faced by 

the agents; at each node ç E Di the individuai i chooses a vector of consumption goods 

xi(ç) (of dimension L(ç)) and a vector of securities zi(ç) (of dimension J(ç)) subject to 

the following budget constraints: 

p(ç)(xi(ç)- wi(ç)) ~ V(ç)zi(ç-)- q(ç)zi(ç) 

(B) xi(ç) ~ O 

q(ç)zi(ç) ~ -Mi(ç) 

where p( ç) is the vector ( of dimension L( ç)) of goods prices in the spot market at node 
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ç, q(ç) is the vector (of dimension J(ç)) of securities prices and: 

V(ç) = p(ç)D(ç) + q(ç)B(ç) 

is the vector ( of dimension J ( ç-)) of one-peri od returns if n ode ç is reached. The first 

constraint is the standard budget constraint for an economy with sequential trading; 

in particular, if agent i doesn't trade a t ç- then the constraint has the same form but 

zi(ç-) =O, while at the initial date t= O this constraint takes the form: 

The second constraint is the lower bound on the consumption set, and the third constraint 

represents the maximum amount t ha t each individuai can borrow a t each no de (in fact 

Mi ( ç) ~ O indicates the borrowing limi t of agent i a t no de ç). If the matrix V ( ç), which 

has o ne row corresponding to V ( ç+) for each of the nodes ç+ t ha t strictly succeed ç, has 

the rank equal to the number of rows (i.e. the number of immediate successor nodes, 

denoted in the previous Chapter by b(ç) - the so-called branching number -) we have 

complete markets a t no de ç ( this requires that the number of securities traded a t ç be a t 

least as large as the number of immediate successor nodes, i.e. J(ç) ~ b(ç)), otherwise 

we have incomplete markets. 

Finally it is possible to introduce, for the economy described, the following definition 

of equilibrium: 

Definition 45 Let an economy with sequential trading be specified by an event tree D, 

a set of agents I, the participation sets {Di}, the securities processes {B(ç), D(ç)}, the 

initial securities endowments {zi}, the endowment processes {w i ( ç)}, the preferences 

t i aver consumption sets Xi and the borrowing limits {Mi ( ç)}, given price processes 

{p(ç),q(ç)}. 

Then the processes {xz(ç), zi(ç),p(ç), q(ç)} describe an equilibrium if: 

(i) for each i E I the processes { XZ ( ç), zi ( ç)} are opti mal under the preferences >-i, 
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subject to the budget constraints (B) and given the prices {p(ç), q(ç)} and the borrowing 

limits {Mi(ç)}; 

(ii) for each ç E D: 

p(ç) ~o q(ç) ~ o 

(iii) for each ç E D: 

L ~(ç) ~ w(ç) L ·zi(ç) :::; z(ç) 
iEI{e) iEI(e) 

(iv) for each ç E D: 

p(ç) [L ~(ç)- w(ç)l =o 
iEJ(ç) 

Given this characterization of the economy i t is now possible to focus the attention on 

the phenomenon of speculative bubbles on asset prices that can occur in this economy. 

2.3.2 Pricing by arbitrage and the value of a dividend stream 

The model introduce above can be used to determine the value of an arbitrary income 

stream by adopting considerations of no-arbitrage on financial markets; in this way the 

relation between the price of a security and the value of the stream of dividends to which 

i t represents a claim can be determined. The existence of an equilibrium in a model of this 

kind requires the absence of arbitrage opportunities, and with the notation introduced 

in the last subsection this means that given the price processes (p, q) there does not exist 

a portfolio z E ~J(e) such that: 

V(ç')z ~O 

q(ç)z :::; O 
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with at least one strict inequality, i.e. there isn't a trading strategy that generates a 

positive return in at least one node and a non-negative return in ali the remaining nodes. 

This in turn implies the existence of positive state prices 1r(ç) and 1r(ç') for all ç' E ç+ 

such that: 

7r(ç)q(ç) = L 7r(ç')V(ç') 't/ç E n- (2.2) 
eEe+ 

that is the relation illustrated a t the beginning of this Chapter. I t is important t o 

observe that this relation restricts only the ratios 1r(ç')/1r(ç), and the existence of such 

state prices for each no de ç allows to define some state-price process { 1r( ç)} for the entire 

event-tree such that this relation holds. In particular, i t is possible to denote the set of 

such processes for the subtree with root ç with the symbol II(ç). If at node ç there are 

complete markets, then the relation (2.2) uniquely determines the ratios 1r(ç')j1r(ç) for 

each ç' E ç+, while if there are incomplete markets there is nota unique solution to this 

equation ( as it has been observed in the previous Section, and this is the reason that can 

determine the presence of a particular kind of bubbles, the so-called ambiguous bubbles ). 

By solving recursively the equation (2.2) it is possible to show that, in the case of infinite 

horizon, the price of an asset is not necessarily equal to its fundamental value; in fact, 

the following result holds: 

Proposition 46 At each node ç E D, for any state-price process 1r E II(ç) the following 

relation is satisfied: 

where f ( ç) is the vector of fundamental values for the securities tra d ed at ç. 
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Proof. The equation (2.2) can be written as: 

7r(ç)q(ç) = L 7r(ç')V(ç') = L 7r(ç') [p(ç')D(ç') + q(ç')B(ç')] = 

= L 7r(ç')p(ç')D(ç') + L 7r(ç')q(ç')B(ç') 

and also: 

7r(ç)q(ç)E(ç) = L 7r(ç')p(ç')D(ç')E(ç) + 

+ L 7r(ç')q(ç')B(ç')E(ç) 
ç'Eç+ 

1.e.: 

(2.3) 

By applying repeatedly this equation we get: 

7r(ç)q(ç) = L 7r(ç')p(ç')A(ç') + L 7r(ç')q(ç')E(ç') 

where Dr(ç) denotes (as in the first Chapter) the nodes between dates t(ç) and T that 

belong to the subtree D(ç) with root ç, and Dr(ç) denotes the nodes at date T that 

belong to the same subtree. Since the second sum in the right-hand side is non-negative 

we have: 

7r(ç)q(ç) ~ L 7r(ç')p(ç')A(ç') 
ç'EDT(ç) 

and, since A(ç') ~O far all ç', the right-hand side is a non-decreasing series in T. This 

series is bounded above, and therefore it must converge to a limit no greater than the 
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left-hand side, i.e. for T ~ oo we get: 

7r(ç)q(ç) ~ L 7r(ç')p(ç')A(ç') ~ o 
e'>e 

from which: 

q(ç) ~ 7r(1C) L 7r(ç')p(ç')A(ç') ~ o 
':, e'>e 

where the central term is the fundamental value of the asset, and therefore: 

o~ j(ç) ~ q(ç) 

that is the result. • 

This conclusion shows the difference that can emerge in the infinite-horizon case with 

respect to the finite-horizon case. In the latter, as shown at the beginning of this Chapter, 

the equilibrium price of an asset must necessarily follow the relation: 

q(ç) = 7r(lc) L 7r(ç')p(ç')A(ç') 
':, ç'>ç 

while in the former we have: 

q(ç) ~ 7r(lc) L 7r(ç')p(ç')A(ç') 
':, e'>e 

and therefore the price of the security can also be larger than its fundamental value. In 

this case it is possible to define the corresponding vector of asset pricing bubbles as: 

b(ç) = q(ç) - j(ç) 
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for any 1r E II(ç) for securities traded at ç; from the result of the last proposition we 

have that this vector satisfies the bounds: 

and therefore we obtain the so-called "impossibility of negative bubbles". If we now use 

the fact that q(ç) = b(ç) + j(ç) and substitute this expression into equation (2.3) we get: 

1r(ç) [b(ç) + j(ç)) = Ì: 1r(ç')p(ç')A(ç') + Ì: 1r(ç') [b(ç') + f(ç')] E(() 

from which: 

+ Ì: 1r(ç')j(ç')E(ç') 
e'Ee+ 

and by susbtituting the definition of fundamental value: 

1r(ç)b(ç) + 1r(ç) 1r(lç) Ì: 1r(ç')p(ç')A(ç') = Ì: 1r(()p(()A(()+ 
e'>e e'Ee+ 

+ Ì: 1r(ç')b(ç')E(ç') + Ì: 1r(ç') 7r(l"') Ì: 1r(ç")p(ç'')A(ç" )E(ç') 
e'Ee+ e'Ee+ ~:, e">e' 

that is: 

+ Ì: 1r(ç')b(ç')E(ç') + Ì: Ì: 1r(ç")p(ç'')A(ç'')E(ç') 
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i. e.: 

7r(ç)b(ç) + L 7r(ç'')p(ç")A(ç") = L 7r(ç')b(ç')E(ç') + L 7r(ç'')p(ç")A(ç") 

and finally: 

7r(ç)b(ç) = L 7r(ç')b(ç')E(ç') 
f.'Ee+ 

Any vector of asset pricing bubbles, therefore, must satisfy a martingale property. In 

particular, the last expression implies that if there exists a bubble on a security at date t, 

there must exist a bubble at every date after t, and if there exists a bubble on a security 

at a node ç, then there must have existed a bubble at every predecessor of the node, and 

in this sense a bubble can "never start". 

As it has been observed, the fundamental value of the asset is defined by the expres-

s1on: 

j(ç) = 7r(lt) L 7r(ç')p(ç')A(ç') 
~ e'>e 

and a situation in which this fundamental value is unambiguously defined ( even with 

incomplete markets) is that of finitely-lived securities; this is evident if we consider the 

expression, o btained before: 

and we observe that in the case of a finitely-lived security there is a date T such that 

from that date on E(ç') =O and A(ç') =O (i.e. after date T the asset doesn't give any 

dividend, either in terms of goods or in terms of other securities); as a consequence we 
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get: 

7r(ç)q(ç) = I: 7r(()p(ç')A(ç') 
€'EDT(ç) 

and finally: 

q(~) = 7!"~~) I: 7r(ç')p(ç')A(ç') 
€'EDT(ç) 

that is: 

q(ç) = j(ç) 

In this case, therefore, the fundamentai vaiue of a security j is the same forali state-price 

processes 1r E II(ç) at it is equal to the price (jj(ç) = qj(ç)), so that there is no pricing 

bub ble for this security. 

In the case of an infinite-lived security in an economy with incompete markets, on 

the contrary, the fundamental value may be different for different state-price processes 

consistent with securities returns. In this case, anyway, it is possible to define bounds 

for the foundamental vaiue; Santos and Woodford (1997) show that for any state-price 

process and any security j traded at node ç the foundamental vaiue satisfies the reiation: 

H ere 'T] . ( ç) is the least upper bound for the amount that can be borrowed at node ç 
-xJ 

by an individuai whose endowment is xj at all subsequent nodes if the individuai must 

hoid non-negative wealth at ali nodes after some finite date, whiie 'fjx3 (ç) is the greatest 

Iower bound for the amount of wealth needed at no de ç in order to be abie to purchase a 

consumption stream equal to the process xj at ali subsequent nodes if the individuai must 

ho l d non-negative weaith a t all nodes from ç onward. These bounds represent therefore a 
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lower and an upper bound, respectively, for the present value of the non-negative stream 

of dividends {xi ( ç'), ç' > ç}, and are also the tightest bounds with this property ( for an 

analytical definition of these terms, see Santos-Woodford ( 1997)). In particular, if: 

then the fundarnental value of the asset is uniquely defined; this is true in the case 

of complete markets but can also occur with incomplete markets. On the other hand, 

with incomplete markets it is also possible that the two bounds do not coincide, and in 

this case the fundamental value may be different for different values of the state-price 

processes. It is in this sense that the existence of a hubble may be ambiguous, and that 

we may have what is called an ambiguous bubble. More precisely, there unambiguously 

exists no bub ble if: 

and similarly there unambiguously exists a hubble if: 

while if: 

then the existence or not of a hubble depends upon the state-price process 1r E TI(ç) 

chosen. It is in this situation that we may have: 

qj(ç) = fj(ç) 

qj(ç) > fj(ç) 
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and therefore an ambiguous hubble may arise. 

2.3.3 Non-existence of asset pricing bubbles 

Given the economy described at the beginning of this Section and given the characteri-

zation of the value of a certain stream of dividends introduced above, it is now possible 

to consider the main results concerning existence and non-existence of bubbles in this 

framework. In particular, these results apply to an economy in which the aggregate 

endowment has a finite value. A first statement is the following: 

Theorem 47 Let preferences satisfy Assumption B1 and consider an equilibrium {x, z,p, q}. 

For any node ç E D, suppose that the present value of the aggregate endowment of the 

economy is finite. 

Then there exists a state-price process 1r E II ( ç) su eh t ha t qi ( ç') = fi ( ç') for all ç' 2:: ç, 
for each security j traded at ç' that is either finitely-lived or in positive n et supply (i. e. 

for which Zj(ç') > 0). 

Proof. See Santos-Woodford (1997). • 

As a consequence, according to this theorem there can be speculative bubbles only 

on securities that are both infinitely-lived and in zero net supply (that is exactly the 

result obtained in the infinite-horizon model considered in Section 2.2). Nevertheless, 

this theorem does not assert that there is an unambiguous fundamental value for any 

security in positive net supply, in fact i t implies that qi ( ç') = 11xi ( ç') for any such security, 

but i t do es not exclude the possibility that qi ( ç') > 'TJ . ( ç'), so that there also exist state-
-xJ 

price processes 1r E II(ç) in terms of which the market price of the security exceeds its 

fundamental value. In this case, an ambiguous hubble arises. 

The assumption concerning the existence of a sufficient degree of impatience (i.e. the 

· Assumption B2) can be used to strengthen the previous result ( as outlined above); we 

have in fact: 
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Theorem 48 Let preferences satisfy Assumptions B 1 and B2 and consider an equilib-

rium {x, z,p, q}. For any node ç E D, suppose that there exists a state-price process 

1r E IT(ç) such that the present value of the aggregate endowment of the economy is finite, 

when it is evaluated with this state-price process. 

Then qj(ç') = fj(e') for all ç' ~ e, for each security j traded at ç' that is either 

finitely-lived or in positive net supply (i. e. for which Zj ( ç') > O). 

Proof. See Santos-Woodford (1997). • 

In this case, therefore, if the hypothesis are satisfied there are no bubbles regardless 

of the state-prices chosen (hence also ambiguous bubbles, that may arise when only 

Assurnption Bl is considered, are now excluded); in addition, for the conclusions to be 

valid it is now sufficient that the present value of the aggregate endowment of the economy 

be finite fora state-price process, rather than for all state-price processes consistent with 

the values of the securities. In this sense Theorem 48 represents a strengthening of 

Theorem 47. 

Given these results, it is worth emphasizing the role of the assurnption concerning 

impatience of agents. In fact, in the infinite-horizon model studied in the first Chapter, 

a sufficient degree of impatience (Assumption A4) is crucial for the existence of the 

equilibrium. On the other hand, in the model presented in this Section, the corresponding 

hypothesis (Assumption B2) turns out to be essential in order to exclude the presence 

of bubbles in very generai situations. This suggests the existence of a link between the 

two aspects (existence of equilibriurn and absence of bubbles) when the agents in the 

economy are suffi.ciently impatient. 

The two theorems presented above apply to a broad class of economies in which the 

equilibrium value of the aggregate supply of goods is bounded, and for this reason the 

results obtained with this analysis are very generai. It is also possible to give some 

restrictions upon economie primitives that guarantee the applicability of these theorems; 

first of all the following corollary holds: 
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Corollary 49 Let preferences satisfy Assumption B 1 an d suppose that there exists a 

portfolio z satisfying A(ç)z ~ w(ç) for all ç ~ ç0 . 

Then for any equilibrium {x, z, p, q} there exists a state-price process 1r E II(ço) such 

that the conclusions of Theorem 47 hold. 

Ij, in addition, preferences satisfy Assumption B2, then these conclusions hold for 

every state-price process 1r E II ( ç0) • 

Proof. See Santos-Woodford ( 1997). • 

Similarly, the following further corollary holds: 

Corollary 50 Let preferences satisfy Assumptions Bi and B2 and suppose that there 

exist an infinitely-lived agent i E I and c > O such that: 

(i) wi(ç) ~ cw(ç) for each ç E D {the agent has at least a fraction E > O of total 

resources at all dates}; 

(ii) the borrowing limit is given by Mi ( ç) = '!lwi ( ç) {the agent is ab le to borro w against 

his future endowment in come). 

Then far any equilibrium {x, z,p, q} there exists a state-price process rr E II(ç0 ) such 

that the conclusions of Theorem 48 hold. 

Proof. See Santos-Woodford (1997). • 

These corollaries imply in particular that well-known examples of models that allow 

for speculative bubbles (for instance the overlapping generations model of Samuelson 

(1958), or the consumption-smoothing model of Bewley (1980) that will be considered in 

the third Chapter) no longer admit such bubbles if the hypothesis of the corollaries are 

satisfied. 

In conclusion, the generai analysis presented in this Section has shown that, under 

quite generai assumptions, speculative bubbles do not exist in an infinite-horizon com-

petitive framework ( also when we introduce imperfections such as incomplete markets, 
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arbitrary borrowing limits and incomplete participation of agents in the sequence of mar-

kets). More specifically, if the aggregate endowment of the economy has a finite value, 

then bubbles do not occur for securities in positive net supply; the presence of bubbles is 

possible only if, in a given equilibrium, the aggregate wealth of the economy is infinite-

valued. In addition, a particular situation that has been illustrated is the possibility that, 

with incomplete markets, the fundamental value of a security be different for different 

state-price processes, giving rise to ambiguous bubbles; anyway, this pathology disap-

pears if agents are sufficiently impatient. As a consequence, known examples of pricing 

bubbles depend upon rather sp_ecial circumstances, and therefore they are quite fragile. 

The same conclusion in favour of a substantial fragility of the phenomenon of bubbles 

can be obtained with a different approach, based on the use of Euler equations and 

inequalities; this is the object of the next Section. The interest of this approach is 

represented mainly by the fact that, by means of i t, it becomes relatively easy to construct 

examples of economies in which bubbles appear, and from which it emerges that the 

presence of such bubbles is linked to the violation of specifi.c conditions; this last aspect 

will be considered in the third Chapter. 

2.4 Bubbles on asset prices: the approach of Euler 

equations 

In the last part of this Chapter the issue of bubbles on asset pricing is analysed by 

means of a different approach, based on the use of Euler equations and inequalities. This 

approach is far more limited than that considered until now ( which has led to very generai 

models, used to deal with the problem of existence of solutions and of speculative bubbles 

in a wide class of intertemporal economies). Nevertheless, it is of some interest because 

it shows how the results on fragility of bubbles obtained above can be confirmed, and 

especially because it provides a method that can be used to build and to study examples 
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in which bubbles appear. 

The starting point of this part is a model with homogeneous agents; this frarnework 

can then be extended to the case of heterogeneous agents, in order to study an economy 

of the same type considered up to now. For this m o del the essenti al results concerning 

non-existence of speculative bubbles are derived in this Section. In Chapter 3, finally, 

a series of examples is provided, in order to show how the presence of such bubbles is 

related to very special conditions, therefore confirming the results obtained by means of 

the generai analysis of the previous Section. 

2.4.1 The model with homogeneous agents 

The first step of the analysis based on the use of Euler equations and inequalities ( for 

details, see Montrucchio-Privileggi (1999)) is a model "à la Lucas" (Lucas (1978)) that 

considers consumers which are identica! in terms of utilities and endowments (hence 

homogeneous agents). At each trading time (t= O, l, 2, ... ) there are spot markets fora 

single non-storable consumption good and for shares in J productive assets, that produce 

random quantities of the good in all periods. The main difference with respect to the 

models introduced above is that it is no longer true that the number of states of nature 

at each date is finite. As a consequence, in order to describe uncertainty in this model it 

is necessary to introduce a probabilistic space (n, F, !-L), where n is the set of the states of 

the world, F is a filtration of CT-algebras of events (F = { :F0 c :F1 c ... C :Ft C ... C :F}, it 

describes the revelation of information, that is uniform across individuals, and expresses 

the idea that this information is revealed gradually and increases over time), and 1-L is a 

probability measure defined over events. Here we assume that :F0 is the trivial algebra; the 

model, however, remains true even if this is not the case (in this situation the expectation 

E must be replaced with Eo =E(· l Fo)). 

Another difference with respect to the models introduced before is that, in this case, 

we considera particular type of preferences; in fact each individuai has preferences given 
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by the separable life-time utility: 

00 

E L Ut [xt(w), w] 
t=O 

defined over the consumption processes x = {X t (w)}. In addition, every agent receives 

an endowrnent of the consumption good described by the process w = { Wt (w)}, while 

the process d = { dt (w)} represents the asset dividends ( where dt E JR~ is the amount of 

the consumption good yielded by one uni t of each asset a t each peri od) an d z = { Zt (w)} 

denotes the asset holding strategy. In addition, the initial endowment of each asset 

is normalized to one, i.e. z0 = e= (1, l, ... , l) E JR1 , and therefore we consider here 

only securities in positive net supply (and in this case bubbles on these securities can 

arise, contrary to the results of the models considered above, because it is violated the 

assumption concerning impatience of agents, on which those results are based). By 

denoting with Qt E R~ the prices of the assets and by taking the single consumption good 

as the numeraire (so that its price is Pt =l) we have that a plan (x, z) = {xt(w), Zt(w)} 
is feasible if it satisfies: 

The assumptions on which the analysis is based are the following: 

Cl O< dt(w) ·e+ Wt(w) < +oo almost surely for all t. 

C2 For each fixed w, Ut ( ·, w) is concave, strictly increasing and differentiable over 

JR++· 

In particular, as a consequence of C2, also unbounded utilities ( for instance, logarith-

mic utility) are allowed in this model. In the economy characterized by these elements 

(in which we also assume that short-selling is prohibited, i.e. individuals cannot borrow -
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in order to avoid the so-called Ponzi scheme-) we have a no-trade equilibrium (as a con-

sequence of the fact that the individuals are identical in preferences and in endowments), 

that is an equilibrium in which agents hold their assets forever and consume all their 

available wealth at each date. By dropping, for simplicity, the argument w of the random 

functions considered it is now possible to characterize this equilibrium. With reference 

to this aspect we have (here x- denotes the negative part of the random variable X): 

Definition 51 A no-trade equilibrium for the economy considered is a pair of allocations 

an d prices ((x, z), q) such that: 

(i) the price process q satisfies: 

almost surely for all t 

(ii) the plan x= {xt} = {dt ·e+ Wt}, z ={e} is (weakly) optimal with respect to all 

feasible plans, i. e. it satisfies the conditions: 

(ii- a) E[Ut(Xt) - ut(Xt)]- < +oo almost surely for all t 

(ii- b) limsupN--++ooE I:~~1 [ut(xt)- Ut(Xt)] ~O almost surely 

Given all these elements it is possible to obtain conditions that must be satisfied at 

the equilibrium. The first relation takes the form of a stochastic Euler inequality and 

represents a necessary condition of optimality in the short-run. The following result 

holds: 

Proposition 52 Under Assumptions Cl and C2, if ((x, z), q) is an equilibrium then: 

for all t~ l (2.4) 

Proof. See Montrucchio-Privileggi (1999). • 

In particular, then, the relation holds as an equality if the following two conditions 
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are satisfied: 

for some scalar M 

and this is true, for instance, when the states of the world are finite a t date t. 

The expression (2.4) can be used to introduce, also in this approach, the distinction 

between the fundamental value of an asset and the bubble component; starting from it 

we can define: 

for t = l, 2, ... , where the vectors St 2:: O measure the deviation from equality in the Euler 

equation. If we now write, for simplicity, u~(xt) = 7rt and we iterate the last equation, we 

get: 

k k-1 

1rtQt = Et L 1rt+rdt+r +Et L St+r + Et[7rt+kQt+k] 
r=l r=O 

and by considering the limit for k that goes to infinity: 

00 00 

1rtQt = Et""""' 1rt+rdt+r +Et""' St+r + lim Et[7rt+kQt+k] L....t L....t k-++oo 
r=l r=O 

(2.5) 

and also: 

The price of the asset can therefore be decomposed into three components: 
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where the first term of the right-hand side is the fundamental value: 

while the other two terms represent the bubble component. In particular, the second 

term is the bub ble component due to the violation of the Euler equation: 

- l 00 

bt = -Et L St+r 
1ft r=O 

while the third term is the asymptotic bubble: 

It is possible to observe that the process of fundamental values f = {ft(w)} satisfi.es the 

Euler equation because we have: 

while the process of asymptotic bub bles b = {bt (w)} follows the martingale: 

and the process of the total bubbles b = { bt (w) = bt (w) + bt (w)} follows the supermartin-

gale: 

Also in this framework we get the result, derived in the generai analysis of the previous 

Section, according to which a bubble "never starts": if there exists a bubble on a security 

a t date t, then there must ha ve existed a bubble at date t - l, and so on. 
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I t can also be shown t ha t this analysis is consistent with the results of the previous 

Section, based on considerations of no-arbitrage. At the beginning of this Chapter it 

has been emphasized as the absence of arbitrage opportunities implies the existence of 

positive state-prices 1r such that the following intertemporal no-arbitrage equation is 

satisfied: 

7r(ç)q(ç) = L 7r(ç') [p(ç')A(ç') + q(ç')] (2.6) 
t,'Eç+ 

In the model based on the use of Euler equations a similar relation can be derived. In 

fact, given an equilibriurn in which the Euler equation is satisfied as an equality, we can 

write: 

for all t~ O (2.7) 

Here the 1r's are not the traditional state-prices considered above, because they are dis-

torted by the probability la w, and for this reason they c an be defined pseudo-state prices. 

However, there is a one-to-one correspondence with the traditional state prices when the 

stochastic process is given through finite information nodes. In this case, in fact, the 

expression (2.7) becomes: 

7r(ç)q(ç) = L J-l(e 1 ç)1r(ç') [a(ç') + q(ç')J 
ç'Eç+ 

where J-L(ç' l ç) is the transition probability and ç, ç' are adjacent nodes (ç' E ç+, that is 

ç' is an immediate successor of ç). By multiplying through J-l( ç) we get: 

J-l(ç)7r(ç)q(ç) = L J-l(ç' l ç)J-l(ç)7r(ç') [d(ç') + q(ç')] 
ç'Eç+ 
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Le.: 

J.L(ç)7r(ç)q(ç) = L J.L(ç')7r(ç') [d(ç') + q(ç')J 
l;' Et;+ 

and finally: 

w(ç)q(ç) = L w(ç') [d(ç') + q(ç')] 
l;' E{+ 

where :n(ç) = J.L(ç)7r(ç) are the traditional state-prices. The last expression is the tradi-

tional intertemporal no-arbitrage equation and corresponds to equation (2.6) (where the 

dividends are given by d(ç') = p(ç')A(ç')). The formulation ofthis no-arbitrage equation 

in the form given by (2.7) is particularly useful when the states of the world are not 

necessarily finite at any date. 

At this point, the final step of the analysis is represented by the determination of 

conditions that guarantee the existence of equilibria and that allow to rule out bubbles. 

A first fundamental result is the following: 

Theorem 53 Under Assumptions Cl and C2 and the condition E[u~(dt·e+wt)wt] < +oo 
for all t 2:: O, a necessary and sufficient condition for an equilibrium t o exist is that: 

00 

E L u~(dt ·e+ Wt)dt < +oo (2.8) 
t=l 

In this case an equilibrium price is given by the fundamental values f = {ft(w)}. 

Proof. See Montrucchio-Privileggi (1999). • 

The next result is a su:fficient condition for the uniqueness of equilibrium (due to 

Kamihigashi ( 1998)): 
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Theorem 54 A sufficient condition for the fundamental price f to be the unique equi-

librium is that for some scalar O < ( < l: 

00 

E L)ut(dt ·e+ Wt)- ut((dt ·e+ Wt)] < +oo 
t= l 

Pro o f. See Montrucchio-Privileggi ( 1999). • 

In addition, a sufficient condition for this reiation to hoid is that: 

00 

E L u~((dt ·e+ Wt)dt < +oo (2.9) 
t= l 

The centrai result of this anaiysis can now be derived. It concernes the fragility of 

bubbles and it can be obtained starting from the observation of the similarity between 

the condition (2.8): 

00 

E L u~(dt ·e+ Wt)dt < +oo 
t= l 

that is necessary for the existence of at least one equilibrium, and the condition (2.9): 

00 

E L u~((dt ·e+ Wt)dt < +oo 
t=l 

that is sufficient for the uniqueness of the equilibrium (in which the prices of the assets are 

equal to their fundamental values, so that bubbies are absent). This similarity suggests 

that price bubbles are a fragile phenomenon and constitute a borderline event, as can be 

proved by considering a siight modification in the amount of assets held by the individuai 

(or in the dividend stream). The conclusion is expressed by the following theorem: 

Theorem 55 If for an initial endowment of the assets z0 = v E IR~+ a price bubble 

occurs, then for each initial endowment v >> v there is only one equilibrium {without 

bubbles), w h ile for each initial endowment 1!. << v there are no equilibria a t all. 
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Similarly, if fora dividend sequence { dt} a bubble arises, then for dividend sequences 

{ çdt} with ç > l there is only one equilibrium (without bubbles), while for dividend 

sequences { ( dt} with ( < l there are no equilibria at all. 

Proof. We consider the case in which the initial supply of the asset is zo = v ; if 

there is a bubble, since condition (2.8) must hold we have: 

00 

E L u~(dt ·v+ Wt)dt < +oo 
t= l 

By taking a vector v such that v>> v, we have (since u' is decreasing): 

00 

E L u~(dt ·v+ Wt)dt < +oo 
t= l 

a?d then there is some (<l for which (v>> v, so that we also have: 

00 

E L u~((dt ·v+ Wt)dt < +oo 
t= l 

This is the sufficient condition (2.9) for the equilibrium with initial endowment v to be 

unique, hence when we consider this initial endowment the bubble component disappears. 

Similarly, if we start from an initial supply of the asset z0 =v (in correspondence of 

which there is a hubble) and then we take a vector 11. <<v, by assuming that equilibria 

do exist we must have, by condition (2.8): 

00 

E L u~(dt ·Jl + Wt)dt < +oo 
t= l 

If we consider ç > l , then, we also ha ve (sin ce u' is decreasing): 

00 

E L u~(çdt ·Q+ Wt)dt < +oo 
t=l 
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and if we choose (<l and ç >l such that: 

Q<< çQ << (v << v 

then it must be: 

00 

E L u~((dt ·v+ Wt)dt < +oo 
t= l 

This is the sufficient condition (2.9) for the equilibrium with initial endowment v to be 

unique (without bubbles), but this contradicts the assumption that for z0 =v a hubble 

exists, and therefore we conclude that for Q<< v there are no equilibria. 

The same reasoning applies if we consider a perturbation of the dividends dt, and this 

completes the proof. • 

This theorem shows in which sense speculative bubbles are a fragile phenomenon: by 

starting from an equilibrium with bubbles, a slight modification of the amounts of assets 

(or that of dividends) has the effect that bubbles disappear. Equivalently, the set of 

initial endowments with bubbles has zero Lebesgue measure in IR~+· 

Another fundamental result in favour of hubble fragility is related to the risk aversion 

of the individuals, in fact the following statement holds: 

Theorem 56 If preferences Ut exhibit uniformly bounded relative risk aversion, i. e.: 

u"(x)x 
_t <R 

ui(x) -

for all x ~ O, t ~ O and for some scalar R, then pricing equilibrium is uniquely deter-

mined. 

Proof. We consider the function: 

f(x) = u~(x + h)xR for x ~ O, h ~ O, t ~ O 
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whose derivative is: 

and since: 

we also have: 

and also: 

f'(x) = u~(x + h)RxR-l + u~(x + h)xR = 

= xR- 1 [u~(x + h)R + u~(x + h)x] 

u"(x)x 
_t <R 

u~(x) -

u~(x + h)R + u~ (x+ h)(x +h) 2:: O 

u~(x + h)R + u~(x + h)x 2:: O 

As a consequence, f' (x) 2:: O an d the function f (x) is non-decreasing, therefore we can 

write, for ( ~ l: 

i. e.: 

u~((x + h)(R ~ u~(x +h) 

and finally: 
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At this point, if condition (2.8) (that is necessary and sufficient for the existence of an 

equilibrium) is satisfied, then from the last inequality we have that also condition (2.9) 

(that is sufficient for the uniqueness of the equilibrium) is satisfied, and therefore if an 

equilibriurn exists it is unique and it is an equilibrium without bubbles on asset prices . 

• 
In conclusion, Theorem 55 states that, generically, either the equilibrium is unique 

or no equilibriurn exists, and Theorem 56 states that standard preferences cannot give 

rise to bubbles. As a consequence, the emergence of such bubbles is possible only in a 

non-generic set of economies, and they represent a very negligible phenomenon. 

All these results have been obtained with reference to a situation characterized by the 

presence of homogeneous agents. Since the generai analysis illustrateci in the previous 

Section covers the more generai case of heterogeneous agents, the last step consists in 

extending the approach based on Euler equations and inequalities to this situation. This 

is the topi c of the last part of this Chapter. 

2.4.2 The model with heterogeneous agents 

The model introduced in the previous Subsection can be generalized in arder to cover 

the situation in which individuals are heterogeneous (sin ce the most important examples 

of economies with bubbles- for instance the consumption-smoothing model of Bewley-

fall in this category). In this extension ( for details, see Montrucchio ( 1999)) we consider 

a finite setI of consumers, each of whom has preferences given by: 

00 

E L u~ [x~(w),w] 
t=O 

defined over a consumption go od x, where the utility function u~ ( ·, w) is concave, strictly 

increasing and differentiable, with i E I and t= O, l, 2, .... There are also J perpetuai 

productive assets ( exactly as in the case of homogeneous agents) that give a dividend 

in each period represented by a certain amount of the single, non-storable consumption 
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good, and the stream of their dividends is denoted by dt E JR.~ ( amount of the consump-

tion good yielded by one uni t of each asset at each peri od), while zt E IR. J denotes the 

asset holding strategy for individuai i a t t ime t. 

At each trading date there are spot markets both for the consumption good and for 

the assets, and in addition each individuai receives an endowment of the consumption 

good w; z O and, at time t= O, a share zb of the total asset supply, that is normalized 

to l (i.e. LiEJ zio= e= (1, l, ... , l) E ffi.J). 

By denoting with qt E JR.~ the prices of the assets and by taking the single consumption 

good as the numeraire (so that its price is Pt = l), each agent i maximizes his utility over 

time facing, in each period t, the traditional budget constraint: 

according to which the expenditure in each period cannot exceed the endowment of the 

same period (and this constraint implies the feasibility of a consumption plan). We 

also have a borrowing constraint, represented by zt z k; . Usually it is kt ::; O and, 

since a negative value of zt represents a short-selling of the assets (in order to obtain 

a borrowing of the corresponding amount), the constraint z: z k; can be interpreted 

as the fact t ha t k; represents a borrowing limi t. In particular, if k; = O short-selling 

is prohibited. Finally, the presence of uncertainty in the model is described through a 

probabilistic space (n, F, J.L), exactly as in the case of homogeneous agents. 

Given all these elements, the following definition of equilibrium can be introduced: 

Definition 57 An equilibrium for the economy considered is a pair of allocations and 

prices ((~, zi), q), i E I, t= O, l, 2, ... such that: 

(i) the price process q satisfies: 

almost surely for all t 

(ii) for every i the consumption plan ~ is (weakly) optimal with respect to all feasible 
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consumption plans, i. e. it satisfies the conditions: 

(ii- a) E[u~(~) - uHxD]- < +oo almost surely 

(ii- b) limsupN-++ooE I:~~1 [uH~)- uHx~)] ~O almost surely 

(iii) I:iEI ~ ~ l and qt (l- I:iEI ~) =O far all t. 

Also in the case of heterogeneous agents it is possible to obtain conditions that must 

be satisfied at the equilibriurn, known as stochastic Euler equations and inequalities, that 

represent therefore necessary conditions of optimality in the short-run. We have first of 

all the following result (here Du~ denotes the derivative of the utility function of agent i 

at time t): 

Proposition 58 Under the assumption ~ > O almost surely far all t, if ((xi, zi), q) is 

an equilibrium then: 

far all t~ l (2.10) 

Proof. See Montrucchio ( 1999). • 

It is also possible to give conditions under which the previous relation holds as an 

equality; in this way we obtain a first-order condition of optimality of the Kuhn-Tucker 

type, we have in fact: 

Proposition 59 Let ((xi, zi), q) be an equilibrium with ~ > O far all t. Under the 

conditions: 

(i) far some scalar Mt: 

(ii) far some ( < l either: 
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or: 

then necessarily one must have: 

Proof. See Montrucchio ( 1999). • 

In particular, a situation in which the conditions (i) and (ii) are satisfied is the one 

in which there are finitely many states of the wor ld a t each trading date. 

The next step is the distinction between the fundamental value of an asset and the 

hubble component. Here we proceed exactly as for the homogeneous agents case: by 

considering the relationship (2.10) we can define: 

(2.11) 

where the vectors St ~ O measure the deviation from the equality in the Euler equation. 

By denoting DuH~) = 1r: and iterating the equation (2.11) we get: 

k k-1 

1r~qt = Et L 1r:+rdt+r +Et L s~+r + Et[1r;+kqt+k] 
r=l r=O 

and for k that goes to infinity: 

00 00 

1r;qt =Et""" 1r:+rdt+r +Et""" s~+r + lim Et[1r;+kqt+k] L L k---++oo 
r=l r=O 

(2.12) 
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and alsa: 

Again, the price af the asset can be decampased inta three campanents: 

where the first term af the right-hand side is the fundamental value, the secand is the 

bubble campanent due ta the vialatian af the Euler equatian and the third is the asymp-

tatic bubble. Finally, the fundamental values satisfy the Euler equatian and the bubble 

campanents fallaw martingale laws, as described for the madel with hamageneaus agents. 

Alsa in the madel with heterageneaus agents the final step is the determinatian af 

canditians that guarantee the existence of equilibria and that allaw to rule aut bubbles. 

A first result is an immediate cansequence af expressian (2.12) (where, fram the definitian 

of equilibrium, we knaw that qt < +oo, therefare the left-hand side af this espression is 

finite, i.e. DuH~)qt < +oo and hence alsa the right-hand side must be finite): 

Proposition 60 A necessary condition for the existence of an equilibrium in the econ-

omy considered is that the following relations hold: 

00 

E L: Du~(~)dt < +oo 
t= l 

A secand result is the extension to the case af heterageneaus agents af the sufficient 

canditian far uniqueness af the equilibrium due ta Kamihigashi. In this case, first af all, 

it is necessary ta introduce the fallawing definitian: 

Definition 61 An equilibrium ((xi, zi), q) is said to be uniformly interior for agenti if 
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there exist two scalars ci, rJi > O such that: 

an d 

for all t 2:: l. 

We then have the following theorem: 

Theorem 62 If an equilibrium is uniformly interior for agent i and the condition: 

00 

E L[u~(~)- u~(~- cdt ·l)]< +oo 
t= l 

is satisfied for some c > O, then qt = Jf for t =O, l, 2, ... , that is pricing bubbles cannot 

anse. 

Furthermore, a sufficient condition for this relation to hold is that: 

00 

E LDu~(~- cdt ·l)dt < +oo 
t= l 

In particular, we can observe that in the case of homogeneous agents the equilibrium is 

of no-trade and thus Zt = l and Xt = dt ·l+ Wt ; in this case, therefore, the allocation 

is always uniformly interior and the last theorem reduces to Kamihigashi's sufficient 

condition of uniqueness introduced in the previous Subsection. 

Another result can be given without resorting to uniform interiority assurnptions; in 

this case we obtain a transversality condition at infinity, that can then be used to rule 

out bubbles. The following statement holds (here x+ denotes the positive part of the 

random variable X): 

Theorem 63 Let ( (~, zi), q) be an equilibrium; if the following conditions are fulfilled: 

(i) E 2::1 Du~(~)(~- wD+ < +oo 
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(ii) agent i exhibits an uniformly bounded relative risk-aversion, 2. e. there is some 

scalar R so that: 

for all x and all t ~ l 

(iii) short-selling is prohibited, i. e. k~ = O 

then we must have: 

Proof. See Montrucchio (1999). • 

(2.13) 

The relation (2.13) is the transversality condition at infinity; it can be used to ob-

tain the following further result, that allows to exclude the presence of bubbles at an 

equilibrium: 

Corollary 64 Under the assumptions of the previous Theorem, if there exists a sequence 

of times tn and some scalar é > O such that: 

then the asymptotic bubble ~ is absent. 

IJ, in addition, we have: 

(i) ~ > O almost surely 

(ii) (dt + qt) · ~ :::; Mt~ for some sequence Mt 

then the bubble component vanishes, and therefore qt = ff. 

Proof. The first part is immediate by observing that the transversality condition, 
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together with the condition ~n ~ c· l, implies: 

and therefore the asymptotic bubble is: 

The second part is based on the fact that, under the assumptions made, Proposition 59. 

holds and it implies that the Euler equation is satisfied as an equality; as a consequence, 

also b~ =O , and the bubble component disappears. • 

These are the centrai results concerning non-existence of speculative bubbles in the 

framework with heterogeneous agents. In this case, an important aspect is also repre-

sented by the fact that the transversality condition (2.13) can be used in order to establish 

sufficient conditions of optimality. We have in fact: 

Proposition 65 Let (~, zi) be an allocation for an economy where short-selling is pro-

hibited, and qt be a price process such that: 

(i) 

for agent i and all t 

(ii) 
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Then the allocation (~, zi) is weakly optimal. 

If the stronger condition: 

is satisfied, then the allocation is strongly optimal. 

Proof. See Montrucchio ( 1999). • 

In this way ( as it will be clear in the examples presented in the third Chapter) i t 

becomes relatively easy to check optimality of solutions when we ha ve bub bles caused by 

the violation of Euler equations. The situation is different when bubbles are of the asymp-

totic kind; in this case, usually, specific arguments are needed to prove the optimality of 

the solutions. 

This concludes the analysis of the phenomenon of speculative bubbles with the method 

based on Euler equations and inequalities. Even if, as outlined above, this approach is 

much more limited t han the generai analysis presented in the first part of this Chapter, 

it is interesting because it confirms the results of the study based on no-arbitrage con- . 

siderations and it also suggests a technique that turns out to be useful in the study of 

specific examples. 

Both the approaches presented reach the conclusion according to which bubbles are 

linked to very special situations, and therefore are fragile. To support this idea of 

marginality of bubbles the last step consists in giving a series of examples in which 

bubbles do appear, and from which it emerges that, in arder to obtain such a result, very 

special conditions are needed. This is the task tackled in the last Chapter. 

99 



Chapter 3 

Examples of bubbles in 

intertemporal economies 

3.1 Introduction 

In the first and second Chapter two important questions concerning sequential economies 

in intertemporal general equilibrium models have been addressed. The first is the issue of 

existence of solutions in this kind of models, and the conclusion that has been reached is 

that such solutions exist ( even if with some restrictions, especially when one considers an 

economy that extends over an infinite horizon). The second is the problem represented 

by the implications of these models in terms of asset pricing, with particular emphasis 

on the appearance of speculative bubbles. In this case the conclusion is that bubbles are 

a fragile phenomenon, andare possible only under special circumstances. 

This last Chapter presents a series of examples in order to confirm this result. In 

all of them bubbles on asset prices appear, and the scope is to show that they are 

related to very special assumptions. All these examples consider a particular asset, 

the so-called fiat money, whose characteristic is that it doesn't give any dividend; as 

a consequence, its fundarnental value is unambiguously defined and it is equal to zero, 

regardless of the state-price process chosen. The first example (Section 3.2) is inspired 
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by a monetary model proposed by Bewley (1980); for this model (that is studied in 

great depth) it is shown (by applying the method proposed in the last part of Chapter 

2) as the presence of bubbles is linked to the violation of the Euler equation and, in 

addition, an interesting new result is derived, represented by the presence of a multipli city 

of equilibrium solutions, all involving hubble components. The same model can then 

be generalized, in the deterministic setting, and this is realized in the second example 

proposed (Section 3.3). In this case, in particular, a new result that can be obtained is a 

condition that allows to ha ve "switching" of the assets (i. e. exchange from one agent to 

the other) in each period. The third example (Section 3.4) is an extension of the previous 

onesto the stochastic setting, and shows as, under opportune conditions, an equilibrium 

exists involving hubble components in the prices of the assets. The economies considered 

in these examples can also be studied with the generai method proposed in the second 

Chapter (based on no-arbitrage considerations). This shows further as the presence of 

bubbles is linked to the violation of the hypothesis required to derive the generai results 

of this approach, and confirms the results obtained with the method based on Euler 

equations. 

The element t ha t is comrnon t o the first three examples is t ha t, in ali of them, 

the occurrence of bubbles is due to the violation of Euler equations. The last example 

(Section 3.5) goes beyond this framework: in this case, in fact, bubbles emerge even if 

Euler equations are always satisfied as equalities, and therefore they are of a different 

nature. 

Even if the conclusions of the theory (in the light of the recent results, presented in the 

previous Chapters) agree on the fact that rational asset pricing bubbles are substantially 

a negligible phenomenon, the real world is often interested by speculative episodes, in 

which bubbles do appear. For this reason, the last part of the Chapter deals with this 

apparent contrast, trying to give an explanation of this fact that allows to reconcile the 

theoretical results with the real situation. 
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3.2 A monetary model 

The first example presented in this Chapter is based on a monetary model introduced by 

Bewley (1980). For this model it is possible to show that an equilibrium exists involving 

a hubble component on the price of the asset, and furthermore that the economy has a 

multiplicity of equilibria, ali characterized by the presence of asset pricing bubbles. The 

economy is deterministic and there is a unique asset, traded at each date, the so-called 

fiat money, which gives no dividend. There are two individuals (i= l, 2) with the same 

preferences given by: 

where (3 is the discount factor with O < (3 < l and u(xD is strictly increasing and 

strictly concave. Since in the Euler equations the functions u~ appear, in this situation 

we therefore have: 

and the problem solved by each single agent is: 

00 

max 2:: (3tu(xD 
t=O 
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The endowments of the good of the two individuals are assumed to be: 

1 { w for t even 
wt= 

w for t odd 
2 { w for t even 

wt= 
w for t odd 

i.e. they are symmetric across time ( with w < w), while the initial endowments of the 

asset (fiat money) are: 

zJ =O z5 =l 

In addition, short-selling is prohibited, so that kj = ki =O for all t , and since there are 

no dividends dt =O 'Vt. 

Heuristically i t is possible to show (see, for instance, Sargent (1987)) that a model of 

this kind has, together with the "autarchie" equilibrium where fiat money is never valued 

(i.e. qt =O) and each agent consumes its own endowment at each trading date, another 

equilibrium in which fiat money has a positive price (that is a monetary equilibrium) and 

the consumption of each individuai is of the form: 

-xl-t- { 

x* 

x** 

for t even 

for t odd 

while the asset holding is of the form: 

z} = {: 
for t even 

for t odd 

-x;= { 
x* 

x** for t even 

for t odd 

_ 2 { m for t even 
Zt = 

O for t odd 

where mis the initial endowment of the asset. 

The same resl.Ùt can be obtained by applying the techniques illustrateci in Chapter 

2. In this case, the strategy followed consists in looking for an equilibrium in which the 

103 



asset holding strategies are of a certain form. The budget constraints, then, give the 

corresponding consumptions values, and at this point the solution candidate to be an 

equilibrium can be determined by means of the Euler equations. Finally, the fact that 

the values found represent a true equilibrium can be checked with the sufficient condition 

of optimality presented a t the end of Chapter 2. 

In particular, in this model it is possible to look for an equilibrium in which the price 

of the asset is constant ( qt = q > O) an d the holding strategies of the two individuals are: 

_ 1 { O for t even 
Zt = 

l for t odd 

_ 2 _ { l for t even 
Zt-

O for t odd 

To find such an equilibrium we consider the budget constraint of agent 1: 

from which, by substituting the corresponding values for z and w, we get: 

_ 1 { w - q for t even 
Xt = 

w+ q for t odd 

while for agent 2 the budget constraint: 

leads to the consumption values: 

w + q for t even 

w- q for t odd 
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In conclusion, at the equilibrium we are looking for we must have: 

_ 1 { w - q for t even 
xt = 

w+ q for t odd 

_ 2 { w + q for t even 
xt = 

w- q for t odd 

_ 1 _ { O for t even 
Zt-

l for t odd 

_ 2 { l for t even 
Zt = 

O for t odd 

The solution candidate to be an equilibrium can now be determined by means of Euler 

equations ( at the end, by using the sufficient condition of optimality, i t will be possible 

to check that the solution found is effectively an equilibrium solution); from Proposition 

59 of Chapter 2, where obviously conditions (i) and (ii) are satisfied (because we are 

considering a deterministic model), we know that for agent l the following relations 

hold: 

and by susbstituting the corresponding values for x and z (together with the fact that 

the price must be constant, equal to q) we get (here we use the fact that Ut ( ·) = {Jtu( ·) , 

and therefore u~ ( ·) = {Jtu' (.)): 

{ 
{Jt-1 u' (w + q) q 2: {Jt u' (w - q) q 

for t even 
[{3t-1u'(w + q)q- {Jtu'(w- q)q] ·O= O 

{ 
{3t-1u'(w- q)q 2: {Jtu'(w + q)q 

for t odd 
[{3t-1u' (w - q)q- {Jtu' (w+ q)q] · l = O 
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from which: 

u'(w +q)~ (3u'(w- q) for t even 

u'(w- q)= (3u'(w +q) for t odd 

By proceding in the same way we get, for agent 2: 

u'(w- q)= (3u'(w +q) for t even 

u'(w +q)~ (3u'(w- q) for t odd 

In conclusion, at an equilibrium the following conditions must hold: 

u'(w- q) = (3u'(w +q) 

u'(w +q) ~ (3u'(w- q) 

By substituting the first expression into the second we get: 

from which: 

(3.1) 

that is always true (in particular, whenever (3 < l we have the strict inequality). In 

order to determine the equilibriurn the condition (3.1) must therefore hold; to check the 

existence of a positive price q that satisfies this relation we can consider the function: 

f(q) = u(w- q)+ (3u(w +q) 

that is defined over the interval [0, w]. This function is strictly concave (because u has 
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this property), therefore the maximum exists and is unique; its derivative is: 

f'(q) = -u'(w- q)+ j3u'(w +q) 

and if the maximum is interior to [0, w] it is characterized by the condition f'(q) = O , 

i. e.: 

u'(w- q)= (3u'(w +q) 

(that is precisely condition (3.1)), together with the conditions f'(O) >O and f'(w) <O, 

that are needed to avoid that the maximum is on the boundary of the interval [O, w]. 

These conditions lead to: 

from which: 

-u'(w) + (3u'(w) >O 

-u'(O) + (3u'(w +w) <O 

u' (w) < (3u' (w) 

(3u'(w +w) < u'(O) 

(3.2) 

where the second is clearly satisfied if we assume u'(O) = +oo. As a consequence, the 

equilibrium value of q we are looking for is the unique value q* that satisfies equations 

(3.1) and (3.2). 

The fact that the value q* is a true equilibrium, finally, can be deduced by the sufficient 

conditions of optimality expressed in Proposition 65 of Chapter 2; we have in fact: 

lim (3tu'(~)q*zi = O 
t~+oo t t+l 

if (3 < l, and therefore (~, zi) is a (strongly) optimal allocation, and ((~, -zi), q*) is an 
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equilibrium. 

The results obtained can be sumrnarized in the following proposition: 

Proposition 66 The model "à la Bewley" considered has an equilibrium with valued 

fiat money ( monetary equilibrium). This equilibrium is characterized by qt = q* for each 

t 2:: O, where q* > O is the unique quantity such that: 

u'(w- q*)= (3u'(w +q*) 

u'(w) < (3u'(w) 

The corresponding equilibrium consumption allocations and portfolio allocations of the 

two individuals are the following: 

_ 1 { w - q* for t even 
Xt = 

w + q* for t odd 

_ 2 { w + q* for t even 
Xt = 

w - q* for t odd 

Zj = { 
O for t even 

l for t odd 

zr = { l for t even 
O for t odd 

In this example the two individuals, at the equilibrium, exchange one another, in 

every period, the unit of fiat money the economy is endowed with. Each agent uses a 

part of his endowment of the consumption go od when i t is high (w) to buy the uni t of 

fiat money, and reduces consequently the consumption of that period, while he sells the 

uni t of fiat money when his endowment of the consumption good is low (w) and in this 

way he increases the consumption of that period. For this reason, this model is known 

as a consumption smoothing model. 

In this case, then, the fundamental value of the asset is zero (because the dividend at 

every date is zero), and the fact that at the equilibrium the price of fiat money is positive 

means that this price involves a hubble component. In particular, in this situation we 
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don't have asymptotic hubble because (by applying the definition of asymptotic hubble 

given in Chapter 2): 

and hence ~ = O ; as a consequence, the hubble is entirely due to the violation of the 

Euler equation, that is b~ > O. In fact, in this model, at each date one of the two 

individuals, alternatively, satisfies the corresponding Euler equation as an equality, but 

the other individuai satisfies it as an inequality; in this way there is violation of this 

equation. A different interpretation of the presence of bubbles in this model can be given 

in terms of the generai analysis presented in the second Chapter. In this case what is 

violated is the assumption (ii) in the Corollary 50; in fact, the agents cannot borrow, 

i.e. Mi = O, while the present value of their future wealth is +oo (for details on this 

point, see Santos-Woodford (1997)), therefore it is not true that they are able to borrow 

against the value of their future wealth. For this reason the Corollary mentioned does 

not hold, and it is not true that the price of the asset is equal to its fundamental value 

(in this case zero). 

The analysis illustrated above has shown that the monetary model considered has, 

together with the "autarchie" equilibrium (in which qt = 0), an equilibrium in which fiat 

money has a positive value ( qt = q* > O). By means of the approach based o n Euler 

equations and inequalities it is possible to show something more, and to find a new result, 

according to which this model, actually, has a multiplicity of equilibria. 

In order to find this result we fix a sequence of prices Qt and we assume that the 

holding strategies of the two individuals are the same as before, i.e.: 

for t even for t even 

for t odd for t odd 
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From the budget constraints we get the consumptions of the two agents, given by: 

_ 1 { w - qt for t even 
xt = 

w + qt for t odd 

_ 2 { w + qt for t even 
xt = 

w- qt for t odd 

and, by proceeding in the same way as before, we obtain the Euler equations that must 

be satisfied at an equilibrium and that are: 

u' (w - qt-1) qt-1 = {3u' (w + q t) qt 

u' (w + q t-I) qt-1 ~ {3u' (w - q t) q t 
(3.3) 

w h ere the first relation holds for i = l a t o dd-numbered dates and for i = 2 at even-

numbered dates, while the second relation holds fori= l at even-numbered dates and for 

i . 2 at odd-numbered dates. These conditions (with the additional restriction qt <w for 

all t) are also sufficient to ha ve an equilibrium, because they satisfy ali the requirements 

of Proposition 65 of Chapter 2. Given an initial value q0 , the first relation determines 

a sequence of prices; this dynamics has the two fix points q = O (corresponding to the 

autarchie equilibrium) and q = q* (corresponding to the equilibrium with valued fiat 

money found before), that represent two possible equilibri a of the m o del. W e can now 

show that there exist sequences of prices which form other equilibria. 

To this end it is possible to analyse, first of all, a specific case. We consider the utility 

function: 

u(xD = logx~ 

and therefore the function u~ is given by: 
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The stationary price equilibrium is determined by the conditions (3.1) and (3.2): 

where the second becomes: 

while the first is: 

from which we get: 

u'(w- q*) = {3u'(w +q*) 

u'(w) < {3u'(w) 

w<(JW 

l {3 
w-q* w+q* 

(.?n;;- w * fJW -
q = 1+{3 

This is the stationary price, while in the generai case of a sequence of prices qt the 

equations (3.3) are: 

l {3 
- qt-1 = qt w- qt-1 w+ qt 

l > {3 
+ qt-1-- qt w qt-1 w- qt 

from which: 

Wqt-1 
qt = -f3w ___ (_l_+_{3_)q-t--1 (3.4) 
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wqt-1 qt<------
- {3w + (1 + f3)qt-1 

In particular, the curve with equation (3.4) is defined when: 

Pw- (1 + f3)qt-1 >o 

Le.: 

(3.5) 

and it is strictly increasing and strictly convex, while the curve with equation (3.5) is 

strictly increasing and strictly concave. Furthermore, the derivative of (3.4) at the origin 

lS: 

while the derivative of (3.5) at the origin is: 

and therefore the curve (3.4) starts below the curve (3.5) and remains below it when the 

condition: 

Yd.qt-1 < wqt-l 
Pw- (1 + f3)qt-1 f3w + (1 + f3)qt-1 
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is satisfied, i. e. ( as can be checked after some computations) when: 

Finally, the intersections of the first curve with the 45° line can be found by considering: 

from which: 

w q 
q=----~-Pw- (1 + f3)q 

q=O 
an..- w * fJW -

q = 1+{3 

that are precisely the two equilibria of the m od el previously determined ( the autarchie 

one and the one with constant positive price of fiat money). This situation is represented 

in the following graphic: 

l+P 

~-~ 
l+P 

N.7. -w p -_vw ___ --(w -w) 
l+P l+.P -

p --w 
l+P 

In addition, i t now turns out t ha t for any initial price q0 E (O, q*) there is a sequence 

of asset prices qt, decreasing to O, which forms an equilibrium. As a consequence, in this 
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situation an indeterminacy of equilibria arises, as the following graphic shows: 

These results can be sumrnarized as follows: 

Proposition 67 The monetary model "à la Bewley" considered, in which the utility 

function takes the specific form: 

u(xD = logx~ 

has, together with the autarchie equilibrium ( qt = O) an d the equilibrium with consta n t 

positive price of fiat money (qt = q* > O), a multiplicity of other equilibria { consisting of 

sequences of asset prices qt decreasing to O), one far each initial value qo E (0, q*). 

The corresponding equilibrium consumption allocations and portfolio allocations of the 

two individuals are the following: 

{ 
w - qt far t even 

Xi = w + qt for t odd 

x; = { w + qt for t even 
w - qt for t odd 
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O far t odd 



This result can then be extended to the generai case ( at least locally, around q = O), 

and to show this we can consider the slope of the curves represented by the equations 

(3.3) at the origin. For the first relation, from the implicit function theorem follows that: 

dqt -u'(w- qt-1) + u"(w- qt-1)qt-1 -
dqt-1 /3 [u'( w+ qt) + u"( w+ qt)qt] 

and then: 

( 
dqt ) _ u' (w) < 1 

dqt-1 0 f3u'( w) . 

(sin ce u' (w) < (3u' (w)), w hile {or the second relation we ha ve: 

dqt -u' (!Y. + qt-1) - u" (!Y. + qt-1)qt-1 -
dqt-1 f3 [u'(w- qt)- u"(w- qt)qt] 

and then: 

( 
dqt ) = u' c~~) > ~ > l 

dqt-1 0 f3u' (w) /32 

(always from the fact that u'(w) < f3u'(w) and thus u'(w) > f3- 1u'(w)). Hence, close to 

the origin the first curve lies below the 45° line, while the second curve lies above the 45° 

line. In additi an, the (positive) intersection of the first curve with this line is given by 

the value q* such that: 

u'(w- q*)q* = f3u'(w + q*)q* 

from which: 

l u' (w+ q*)q* = ~u' (w- q*)q* > f3u' (w- q*)q* 

while the (positive) intersection of the second curve with the 45° line is given by the 
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value q** such that: 

u' (w + q**) q** = j3u' (w - q**) q** 

In conclusion, at the (positive) intersection of the fi.rst curve with the 45° line we have: 

u'(w +q*) > j3u'(w- q*) 

while at the (positive) intersection of the second curve with the same line we ha ve: 

u' (w + q**) = f3u' (w - q**) 

and by comparing the last two expressions we conclude (since u' is decreasing) that 

q* < q** (i.e. the intersection of the fi.rst curve with the 45° line is on the left of the 

intersection of the second curve with the same line). From this fact, and from the 

behaviour of the two curves dose to the origin, we deduce that the first curve is always 

below the second curve in the interval [O, q*]. The situation is therefore of the same type 

illustrateci in the logarithmic case considered above, and if the first curve is monotonically 

increasing we have that, also in the generai case, for any q0 E (0, q*) there is a sequence 

of prices qt, decreasing to O, which forms an equilibrium, and a multiplicity of equilibria 

arises. 

In the generai case, however, there is also a different possibility, i.e. it is possible for 

the first curve to be backward bending. To see this we must consider its derivative at 

q = q*, which is: 

u' (w- q*) - u" (w- q*)q* 
j3 [ u' (w + q*) + u" (w + q*) q*] 

an d a sufficient conditi o n for the curve to be backward bending is t ha t: 

u'( w- q*) - u"( w- q*)q* --:----;..__ _ ___;__ __ ;..___ < o 
{3 [u'(w +q*)+ u"(w + q*)q*] 
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that means ( since the nurnerator is always positive): 

u'(w +q*)+ u"(w + q*)q* <O 

A specific case that can be used to illustrate the different possibilities is the one in 

which the utility function is of the form u(xD = (x~Ct with a < O (isoelastic utilities, for 

a ---+ O we obtain the logarithmic case considered before). In this situation the steady 

state equilibrium price is determined by solving: 

u'(w- q*)= {3u'(w +q*) 

u' (w) < {3u' (w) 

where the second condition leads to: 

while the first condition is: 

from which: 

l 
By denoting f3r=a = J-L we then get: 

l w< w{3l-a 

1Q + q* = {3l!.Ct 
w-_q* 

W +q* = Wf.-L- J-Lq* 
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and finally: 

l 
wu- W wj31-a -W * !"' - -q- -

- l + J.l - l + {31_:a 

At this point the curve with equation described by the first of the relations in (3.3) is 

backward bending if: 

that is: 

that is true when: 

i.e. when: 

that means: 

(w+ q*)o-l +(a- l)( w+ q*)a-2q* <O 

(w+ q*)o-2 [w+ q*+ q*(a- l)]< O 

w + q* + aq* - q* < O 

a< 

w a<-== 
q* 

l 
1Q(l + (31=0) 

l 
w/31-a- w 

(3.6) 

In this case the solutions of the model can be found also with a different approach, that 

consists in considering separately the two sides of the equation: 
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by defining: 

W(Qt-1) = u'(w- qt-1)Qt-1 

~ (Q t) = (3u' (w + Qt) Q t 

If we now consider the explicit expression of u we get: 

w( ) Qt-1 
Qt-1 = (- )1-a w- Qt-1 

that is defined for Qt-1 <w, and then: 

'( ) w- aqt-1 w Qt-1 = (- )2- > o 
W- Qt-1 a 

'T'"( ) _ (1 - a)(2w- aqt-1) O 
':l' Qt-1 - (- )3- > W- Qt-1 a 

. so that the curve W is strictly increasing and strictly convex. Similarly we have: 

for which: 

(3(1- a)(21Q + aqt) 
(w+ Qt)3-a 

and for the curve <P we have: 

n..l( ) >o >o < w 
'±' Qt < {:::} w + aqt < {:::} Qt > --a 

i.e. the curve is first increasing and then decreasing, and also: 

"( ) > ( ) > < > 2w ~ Qt < O {:::} - 2w + aqt < O {:::} 2w + aqt > O {:::} Q t < --== a 

i.e. the curve is first concave and then convex (and we also have that limqt-+oo ~(qt) = 0). 
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The two curves W and Q? are represented in the following graphic: 

W(q,...) 'l' <P(q,) 

/ 
/ 

/ 
/ 

/ 
/ 

/ 
/ / 

/ / 
/ / 

/ 
/ 

/ / 
/ 

<P 

W"-1 - qr-1 -! ;; q, w 
a: a 

In particular, by considering the generi c expressions of the functions W and Q?, we then 

ha ve: 

w' (o) = u' (w) 

an d similar ly: 

Q?' (0)= j1u' (w) 

an d sin ce u' (w) < j1u' (w) i t follows that w' (O) < <I>' (O), so that the slope of the curve w 
a t the origin is less than the slope of the curve <I>. 

The two curves can be considered together, in order to determine a relation between 

the variables qt-1 and qt. As it is shown in the next graphic, if the value of a is sufficiently 

small (in absolute value), the relevant part of the curve <I> is increasing (because we are 

interested only in values of prices less than w, since the curve W is defined only for 

qt-1 < w , and for values of a sufficiently small the value -~ , in correspondence of 

which there is a change in the monotonicity of the function, is on the right of w). In 

this situation, given a value of qt-l there is a corresponding value of qt that derives from 
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the equality w ( qt_1) = cp (q t) an d, sin ce close to the origin the slope of the curve W is 

less than the slope of the curve cp, the value of qt determined in this way is less than 

the value of qt_1; by proceeding in this way we therefore obtain a decreasing sequence 

of prices that converges to O and that represents an equilibrium, exactly as it has been 

obtained explicity above for the logarithmic case: 

./ 

-w 

/ 

/ 
./ 

./ 

/ 
/ 

/ 
/ 

/ 

-w 

For values of a sufficiently large ( the critical value of a is the one expressed by relation 

(3.6)), on the contrary, we have the situation illustrateci in the following graphic: 

./ 

l' 
./ 

./ 
/ 

/ 

/ 

/ 
./ 

/ l 
./ l 

/ 
/ 

----------------r----------r ~-------,------
1 l' l 
l l 

w -= 

In this case, given a value of qt_1 there are two possible values of qt associated to it, 

and this corresponds to the situation in which the curve that represents explicitely the 
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relationship between qt-l and qt is backward bending (as shown in the last graphic). In 

such a situation, what is crucial is the slope of this curve at q = q*. 

w 

/ 
/ 

/ 
/, 

.. q 

/ 
/ 

/ 
/ 

This concludes the analysis of the monetary model "à la Bewley" presented in this Sec-

tion. The results obtained ha ve shown that this model has, apart from an "autarchie" 

equilibrium (that is a no-trade equilibrium, in which the price of fiat money is q = O) 

another stationary equilibrium, in which fiat money is valued ( qt = q* > O). In this case, 

since the fundamental value of fiat money is always zero, this implies the existence of a 

speculative hubble, and as long as the discount factor (3 is less than l this hubble is due to 

the violation of the Euler equation. In addition, in the special case of logarithmic utility 

(but also in the generai case, a t least locally around q = O) a further result has been 

obtained: for every initial value q0 E (0, q*) the model has an equilibrium, represented by 

a decreasing sequence of prices qt, which converges to O. In conclusion, a multiplicity of 

equilibria exists, and this equilibria involve a bubble component (due to the violation of 

the Euler equation), t ha t then vanishes as q t ~ O. 

3.3 A generai deterministic model 

The second example considered is a generalization of the previous one; in this case, in 

particular, an interesting result can be derived, concerning the possibility for the agents 
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to exchange one another in every period the asset available. The economy is deterministic 

and, again, there are two individuals (i = l, 2) with identica! preferences: 

(so that, as before, uHxD = ,etu(xD), but in this case the endowments at the beginning 

of every period are generic, andare given by wl and wl respectively (for instance we can 

assume that wl+ w;= l 'Vt). Also in this example the asset available is fiat money (in 

fixed net supply of o ne uni t a t ali dates), in addition short-selling is prohibited an d we 

assume that the strategies of the two individuals concerning the amounts of the asset 

held in equilibrium are of "bang bang" type, i.e.: 

zi E {o, l} -2 l -1 Zt = - Zt 

If qt is a sequence of equilibrium prices, the budget constraint for the first individuai is: 

and the Euler equations are: 

and similarly for the second individuai the budget constraint is: 
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while the Euler equations that must hold at the equilibrium are: 

Given this generai structure, it is now possible to obtain an interesting result by 

considering a sequence of "times of switching"; first of ali, the following definition holds: 

Definition 68 A sequence of times of switching is a sequence T = {O = To, T1, T2, ... } 

with O < T1 < T2 < . . . that satisfies the following conditions (for i = l, 2): 

(i) Z~n f z~n+l V n 

(ii} z~ is constant Vt E [Tn, Tn+l) Vn 

I t follows that the "times of switching" are the dates a t which the individuals exchange 

one another the unit of fiat money present in the economy. Given the initial values 

(z6, z5) and a "time switching" T, this deterrnines a strategy (zi, z;). With reference to 

this aspect, the following result holds (here i denotes one individuai and i the other one): 

Proposition 69 If (zi, z;) is an optimal strategy and T = {0, T1 , T2 , ••• } the correspond-

ing time switching, then the following relation must hold: 

and furthermore: 

-i l Zt+l = ~+l= o 

Proof. If we consider an interval [T n, T n+ l - 2] f 0 , o n this interval the values zi 
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and zt are constant, i.e.: 

and from the budget constraints of the two individuals we get: 

If i is the individuai for which ~ - l and i the individuai for which ~ = O , the 

corresponding Euler equations are: 

u' ( w;)qt = (Ju' (w;+ l )qt+l 

u'(wl)qt 2:: (3u'(wl+1)qt+l 

from which (by assuming that qt =l= O Vt): 

i. e.: 

and also: 

that completes the proof. • 

This result can be used to obtain a sufficient condition for the existence of a "switch-

ing" in every period, that means T= {0, l, 2, 3, ... }, that is T1 = l, T2 = 2, T3 = 3, ... and 

therefore [Tn, Tn+l- 2] = 0 Vn. The following proposition holds: 
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Proposition 70 If z6 = l and z6 = O , then a sufficient condition for a switching in 

every period {i. e. T= {0, l, 2, 3, ... } ) is given by the relations: 

for t even 

for t odd 

Proof. Given z6 = l and z6 = O , from Proposition 69 it follows that in order to have 

[O, T1 - 2] = 0 (so that T1 = l) it is sufficient that the relation stated in that proposition 

doesn't hold, i.e. it is sufficient to have: 

u'(wi) < u'(wr) 
u'( wJ) u'( w6) 

In this way at time t = l we have zi = O and zi = l ; if we now assume: 

u'(w~) < u'(w~) 
u'(wi) u'(wi) 

then [1, T2 - 2] = 0 (so that T2 = 2) and there is another switching, that is at time 

t = 2 we have z~ = l and z~ = O , and so on. By proceeding in this way we get 

T1 =l, T2 = 2, T3 = 3, ... so that T= {0, l, 2, 3, ... } and the result is proved. • 

In the case of "switching" in every peri od, if z6 = l and z6 = O then the equilibrium 

consumption allocations and portfolio allocations of the two individuals are the following: 

x~= { 

wi + Qt for t even 

wi- Qt for t odd 

wz - Qt for t even 

wz + Qt for t odd 
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zi = { l for t even 
O for t odd 

z~ = { 
O for t even 

l for t odd 



and the Euler equations for agent l are: 

for t even 

for t odd 

while for agent 2 they are: 

for t even 

for t odd 

The results o btained in this Section c an be used in a specific example ( that is a vari an t 

of one of those proposed by Kocherlakota (1992)). In this example the two individuals 

have identica! preferences expressed by the function: 

u( x~) = log x~ 

while their endowrnents are given by: 

wl= { Apt for t even 
~ Bpt for t odd 

w;= { Bpt for t even 
Apt for t odd 

i.e. they grow at the same average rate but fluctuate over time in a deterministic fashion. 

In this case p is the factor of growth and O < A < B. The asset in the economy is fiat 

money, therefore the dividend equals zero in every period and the fundamental value is 

zero. The initial quantities held by the two agents are: 

z6 =l 
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an d thus the agent with the smaller endowment in peri od O ( agent l) has all of the asset. 

In addition, short-selling is prohibited, i.e. the individuals cannot borrow. 

First of all, in this example the sufficient condition expressed in the last proposition 

that guarantees the existence of a "switching" in every period is satisfied; in fact, this 

condition becomes: 

i.e., in both cases: 

that means: 

that is verified since A < B. 

A B 
-<-
B A 

for t even 

for t odd 

As a consequence, in this economy there is "switching" in every period, and the 

portfolio and consumption allocations of equilibrium are: 

for t even 

for t odd 

_ 2 { O for t even 
Zt = 

l for t odd 

_ 1 { Apt + Qt for t even 
xt = 

Ept- qt for t odd 

_ 2 _ { B pt - Qt for t even 
xt-

Apt + qt for t odd 

In order to determine the equilibrium price we now write the Euler equations for the two 
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individuals. For agent l they are: 

for t even 

for t odd 

that is: 

qt f3qt+l --->-----
Apt + qt - Ept+l- qt+l 

for t even 

qt f3qt+l -
Ept- qt Apt+l + qt+l 

for t odd 

and for agent 2: 

for t even 

for t odd 

that is: 

q t -----------Ept- qt Apt+l + qt+l 
for t even 

qt f3qt+l ---->-----
Apt + qt - Ept+l- qt+l 

for t odd 

In conclusion, for every t we must have: 

qt f3qt+l 
-

Ept- qt Apt+l + qt+l 
qt > f3qt+l 

Apt + qt - Ept+l- qt+l 

To sol ve this system with respect to qt we can now try for the price of the asset a solution 
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of the form: 

t qt = cp 

and the first of the two Euler equations becomes: 

from which: 

and finally: 

The Euler inequality then becomes: 

from which: 

and finally: 

l (3 
B-e A+c 

(3B -A 
C=---

1+{3 

l (3 -->--A+c-B-c 

c < _B_-_(3A_ 
- l+ fJ 

Since expressions (3.7) and (3.8) must hold together we must have: 

fJ B - A < _B_-_f3_A 
1+(3 1+(3 
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Le.: 

(3B - A ~ B - (3A 

that is: 

(3(A +B) ~ (A+ B) 

than means: 

/3~1 

and since this is always true, the expression (3.7) represents the value of c that satisfies 

the Euler equations. The equilibrium price of the asset is therefore: 

(3B- A t 
Qt = l+ (3 p 

and the fact that this is a true equilibrium can be checked, also in this case, by means of 

the sufficient condition of optimality introduced in Chapter 2. We have in fact: 

l . (3t '(-i) -:-d o 1m u xt QtZt+l = 
t~+oo 

if (3 < l, and therefore the allocation (~, zi) is ( strongly) optimal an d ( (~, zi), q) is an 

equilibrium. 

The results obtained can be summarized in the following proposition: 

Proposition 71 The model considered has an equilibrium with valued fiat money, char-

acterized by: 

(3B- A t 
qt = l+ (3 p 
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with A< (3B. The corresponding equilibrium consumption allocations and portfolio allo-

cations of the two individuals are the following: 

{ 

,8(A+B) pt far t even 
xl _ 1+/3 

t - A+Bpt 1or t odd 
1+/3 J1 

{ 

A+B pt 1or t even x2 _ 1+/3 J1 

t - ,8(A+B) pt 1or t odd 
1+/3 Ji 

l far t even 

O far t odd 

_ 2 { O far t even 
Zt = 

l far t odd 

As in the first example, also in this generalization the equilibrium price of fiat money 

is positive, while the fundamental value is zero, therefore we have a bubble. In terms of 

the analysis by means of Euler equations it results: 

i.e. the asymptotic hubble is O; this means that the bubble component is due entirely to 

the violation of the Euler equation. 

By using the more generai approach of the previous Chapter we can conclude that, 

again, the origin of this bubble is represented by the short-sales constraint. In fact, in 

even periods agent l is poor because his endowment is relatively low, and he owns ali 

of the asset at the beginning of the period, that he then sells to agent 2 (in order to 

smooth his consumption). The problem is represented by the fact that he would like to 

sell even more of the asset (an d agent 2 would like to buy i t), but he cannot because 

of the short-sales constraint; the same is true for agent 2 in odd periods. In conclusion, 

no agent can permanently reduce his holdings because of the short-sales constraint, and 

furthermore agents' endowments grow as fast as the hubble, so that the individuals can 

always buy the asset when they are wealthy. These elements determine an increase in 

the price of the asset (whose fundamental value, on the other hand, is zero) and turn out 

to be the bub ble producing factors in this economy. 
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3.4 A stochastic model 

The third example presented is an extension of the previous ones ( that are deterministi c 

models) to the stochastic setting, and is a variant of a monetary economy analyzed by 

Kehoe, Levine and Woodford (1992). 

In this economy a t each date t there is realized a random state St E { ç, rJ} , following 

a Markov process with transition probabilities: 

7r(St+l = ç l St = rJ) = 7r(St+l = 'TJ l St = ç) = 1T 

1r( St+l = ç l St = ç) = 7r( St+l = 'TJ l St = 'TJ) = l - 1T 

where O < 1r < l, given an initial condition s0 E { ç, 'TJ}. In this case the state space is 

represented by n = { ç, 'rJ} N , and if we denote with st the generi c node a t time t, with 

st E F (where F is the information structure that is used to describe the uncertainty in 

the model), this no de can be identified with a sequence: 

There is a single consumption good at each node, and a single security is traded, fiat 

money (in fixed net supply of one unit at ali dates). The economy consists of two 

individuals (i= l, 2) with the same preferences given by: 

where {3 is the discount factor ( with O < {3 < l) and u( x D is a strictly increasing an d 

strictly concave utility function. The endowments of the two agents are: 

l t { W if St = ç w (s) = 
W if St = 'TJ 

2 t { W if St = ç w (s) = 
W if St = 'TJ 
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where w < w, an d in addition one of the two individuals is initially edowed with one 

unit of fiat money and the other with zero units (which of them has the asset does not 

matter). Finally, in this economy borrowing is not possible. 

As usual, we look far an equilibrium in which the asset holding strategy of the two 

agents is of " bang bang" type, more precisely: 

_ 1 t { 0 if St = ç z (s) = 
l if St = 'rJ 

l if St = ç 
0 if St = 'rJ 

In this model it is convenient to write the budget constraints in the form: 

x1(st) + q(st)[zl(st) _ z1(8t-l)] = wl(st) 

x2(st) + q(i)[z2(st)- z2(st-1)] = w2(st) 

and with this notation the initial endowments of fiat money are denoted by z1 (s-1) and 

z2 ( s -l). F\rrthermore, in this case we suppose t ha t equilibrium prices are of the form: 

and since l i(st) - zi(st-1) l can assume only the values O and l we have two possible 

pnces: 

Given all these elements we can write, as usual, the Euler equations ( that in this case 
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are true stochastic Euler equations) for the two individuals. For agent l we get: 

u'(xl(st-l))q(st-l) ~ /37r(st = ç lst-l)u'(xl(st-l,ç))q(st-l,ç) + 

+ {37r(St = rJ l st-l)u'(xl(st-l,TJ))q(st-\TJ) 

[u'(x1(i-1))q(st-1)- {37r(St = ç l i-1)u'(x1(st-l,ç))q(st-1,ç)-

-{37r(St = rJ l st-1)u'(xl(st-1,TJ))q(st-1,TJ)]. z1(st-l) =O 

In particular, from the second relation we ha ve that the first expression holds as an 

equality for z1(st-1) = l, i.e. for Bt-l = rJ , and therefore it can be written as: 

u'(x1(8t-2, TJ))q(st-2, TJ) = {31ru'(x1(8t-2, TJ,ç))q(st-2, TJ, ç) + 

+ {3(1 - 7r)u' (xl ( st-2' TJ, rJ) )q( st-2' TJ, rJ) 

i.e. (by using the budget constraint to determine the values of x1 ( ·)): 

u'(x1(st-2, rJ))q(st-2, TJ) = {31ru'(w + q*)q* + /3(1- 1r)u'(w)q** 

from which: 

u'(w- q*)q* = (31ru'(w + q*)q* + ,8(1- 1r)u'(w)q** if St_2 = ~ 
u'(w)q** = ,81ru'(w + q*)q* + /3(1- 1r)u'(w)q** if Bt-2 = 7J 

When z1(st- 1) =O, i.e. for Bt-1 = ç , the first expression becomes: 

i. e.: 

u'(x1(i-2,ç))q(st-2,ç) ~ /3(1-7r)u'(x1(st-2,ç,ç))q(st-2,ç,ç) + 

+ {37ru'(x1(8t-2,ç,TJ))q(st-2,ç,TJ) 
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from which: 

u'(w)q** ~ ,8(1- 1r)u'(w)q** + ,81ru'(w- q*)q* if Bt-2 = ç 

u'(w + q*)q* ~ ,8(1- 1r)u'(w)q** + ,Bnu'(w- q*)q* if Bt-2 = rJ 

Similarly, for agent 2 the Eulèr equations are: 

u'(x2(st-l))q(st-1) ~ ,87r(St = ç l st-1)u'(x2(st-1,ç))q(st-I,ç) + 

+ ,87r( St = rJ l st-1 )u' (x2 ( st-1' 7J) )q( st-t, 7J) 

[u'(x2(st-l))q(i-1)- ,87r(St = ç l st-1)u'(x2(st-I,ç))q(st-1,ç)-

-,87r(St = rJ l st-1)u'(x2(st-t,ry))q(st-1,1J)]. z2(st-1) =O 

(3.10) 

In this case, from the second relation we have that the first expression holds as an equality 

for z2 (st-l) = l, i.e. for St-l = ç , and therefore it can be written as: 

i.e.: 

u'(x2(8 t-2,ç))q(st-2,ç) = ,B(l-7r)u'(x2(8 t-2,ç,ç))q(st-2,ç,ç) + 

+ ,Bnu' ( x2 ( st-2' ç' 7J) )q( st-2' ç' 7J) 

from which: 

u'(w)q** = ,8(1- 1r)u'(w)q** + ,81ru'(w + q*)q* if Bt-2 = ç 
u'(w- q*)q* = ,8(1- 1r)u'(w)q** + ,81ru'(w + q*)q* if Bt-2 = 71 

136 

(3.11) 



When z2 (st-l) =O, i.e. for St-l = 'TJ , the first expression becomes: 

u'(x2(8t-2,ry))q(st-2,'f]) ~ {37ru'(x2(8t-2,ry,f,))q(st-2,'f],f,) + 
+ {3(l-7r)u'(x2(st-2,'fl,'fl))q(st-2,'fl,'fl) 

i. e.: 

from which: 

u'(w + q*)q* ~ {31ru'(w- q*)q* + {3(1- 1r)u'(w)q** if St-2 = ç 
(3.12) 

u' (w )q** ~ {31ru1 (w - q*)q* + {3(1 - 1r )u' (w )q** if St-2 = 'TJ 

By combining the expressions (3.9) - (3.12) we obtain that in every state (st-2 = ç or 

St-2 = 'TJ) the following relations must hold: 

u'(w- q*)q* = {31ru'(w + q*)q* + {3(1- 1r)u'(w)q** 

u' (w )q** = {31ru1 (w+ q*)q* + {3(1 - 1r )u' (w )q** 

u' (w + q*)q* ~ {31ru1 (w - q*)q* + {3(1 - 1r )u' (w )q** 

u'(w)q** ~ {31ru'(w- q*)q* + {3(1- 1r)u'(w)q** 

First of ali we solve the two equations; they can be written as: 

{ 
u' (w - q*)q* = {31ru1 (w + q*)q* + {3(1 - 1r )u' (w )q** 

{31ru'(w + q*)q* + [{3(1- 1r)- l]u'(w)q** =O 

and from the second one we obtain: 

u' (w )q** = {31r u' (w + q*)q* 
l- {3(1- 7r) 

137 

(3.13) 



and by substituting into the first one: 

u'(w- q*)q* = {3nu'(w + q*)q* + /3(1- n) 1 _ ft; _n) u'( w+ q*)q* 

After some computations we get: 

[u'(w- q*)- 1 _ ft; _n) u'(w +q*)] q*= O 

from which, apart from the value q* =O, we obtain that this relation is satisfied by the 

value q* such that: 

u'(w- q*) {31r 
-------:-

u'(w +q*) l- {3(1- 1r) 

and by substituting into (3.13) we get: 

'(- *) ** u w- q * 
q = u'(w) q 

Now we consider the two inequalities; they can be written as: 

{ 
u' (w + q*)q* ~ {31ru' (w - q*)q* + (3(1 - 1r )u' (w )q** 

[l- (3(1- 1r)]u'(w)q** ~ {31ru'(w- q*)q* 

and by susbtituting the expression (3.15): 

from which: 

{ 
u'(w + q*)q* 2:: {3nu~~:- .q*)q* + {3{1- n)u'(w)'"~~~fl q* 
[l- {3(1- 1r)]u'(w) ~~c:)) q* ~ {31ru'(w- q*)q* 

{ 
u'(w + q*)q* ~ [f37r + (3(1- 7r)::~~n u'(w- q*)q* 

[l - (3(1- 7r)] ::~~j ~ {37r 
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and also: 

{ 

[ 
u'(:!Q)] u'(w-q*) . l ?:: ,81r + ,B (l - 1r) u' (w) u' (:!Q+q*) 

[l- ,8(1- 7r)]::i~~ ~ ,B1r 

and by substituting the expression (3.14) in the first inequality we get: 

{ 
l ~ [137r + /3(1 - 7r) ~:~;] 1-lc~-?r) 
[l - ,B( l - 1r)] ::~~~ ?:: ,B1r 

From the second inequality we now have: 

u' (w) l - ,B (l - 1r) -- < _ __; _ _.;... 
u'( w) - ,81r 

while from the first inequality we can write: 

i. e.: 

and finally: 

l- ,B(l- 1r) > a7r a(l _ 1r)u'(w) 
,B1r - ~--' + ~--' u' (w) 

1- ,B + ,B1r- ,B21r2 u'(w) ___ ,8_1r __ ?:: ,B(l -1r)-u'-(w-) 

In conclusion, from the two inequalities that must be satisfied in every state, we get the 

following limitations: 

(3.16) 
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while from the two equalities that must be satisfied in every state we have that the values 

q* and q** we are looking for are those that satisfy the equations: 

u'(w- q*) {31r 
-

u' (w + q*) l - {3 (l - 1r) 
** u'(w- q*) * 

q = u'(w) q 

These values are unique, and to show this we can write the first expression as: 

u'(w- q*)= 8u'(w +q*) . {37r 
Wlth 8 = l_ {3(l _ 1r) 

where O < 8 < l, and then (by using the same technique applied in the first example of 

this Chapter) consider the function: 

f(q) = u(w- q)+ 8u(w +q) 

that is defined over the interval [O, w] and is strictly concave (therefore it has a unique 

maximum). Its derivative is: 

f'(q) = -u'(w- q)+ 8u'(w +q) 

and the maximum (if it is interior to [O, w]) is characterized by the condition f'(q) =,Q, 

Le.: 

u'(w- q)= 8u'(w +q) 

(that is exactly the condition that must be satisfied by the value q* we are looking for), 

together with the conditions f' (O) > O and f' (w) < O , that are necessary to avo id that 
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the maximum is on the boundary of the interval [0, w]. These conditions lead to: 

that is: 

-u'(w) + 8u'(w) >O 

-u'(O) + 8u'(w +w) <O 

u' (w) < 8u' (w) 

8u'(w +w)< u'(O) 

where the second condition is clearly satisfied if we assume u'(O) = +oo. In conclusion, 

the value we are looking for is the unique (positive) value q = q* that satisfies the 

relations: 

'(- ) {37r '( ) u w - q = l - ,8(1 - 7r) u w + q 

u'(w) < 1 _t~_ 1r) u'(w) (3.17) 

As a consequence, also the value q** is unique, and since: 

'(- *) ** u w- q * 
q = u'(w) q 

we have ( as u' is decreasing) q** > q*. From the expression (3.17) we also get a further 

limitation for the ratio ~:~:~, and by combining it with the relation (3.16) we have that 

the limitations that must be satisfied are the following: 

,B21r(l-1r) u'(w) ,81r __ _____;. _ ____;_ __ < -- < ----
1-,8 + ,81r(l- ,81r) - u'(w) 1- ,8(1- 1r) 

Finally, it is possible to determine ali the equilibrium values, and the results can be 
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surnmarized in the following statement: 

Proposition 72 Under the assumption: 

,B21r(l-1r) u'(w) ,B1r 
------'-----'---<--<-------:-l-,B+,B7r(l-,B7r)- u'(w) l-,B(l-1r) 

the stochastic model considered has an equilibrium with valued fiat money given by the 

following processes: 

if St-1 = ç then x1(st) =w :zl(st) =O 

St = ç x2(st) =w :z2(st) = l 

if St-1 = ç then x1(st) =w- q* :zl(st) = l 

St = 'TJ x2(st) =w+ q* :z2(st) =O 

if St-1 = 'fJ then x1(st) =w+ q* :z1(st) =O 

St = ç x2(st) =w- q* :z2(st) = l 

if St-1 = 'fJ then x1(st) =w :z1(st) = l 

St = 'TJ x2(st) =w :z2(st) =O 

where q* and q** are the unique .quantities satisfying the relations: 

and q**> q*. 

u' (w- q*) ,B1r 
-u'(w +q*) l- ,8(1 - 1r) 

** u'(w- q*) * 
q = u'(w) q 

q(st) =q** 

q(st) =q* 

q(st)=q* 

q(st) =q** 

The fact that this is a true equilibrium, once again, can be verified by applying the 
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sufficient condition of optimality;. we have in this situation: 

an d therefore the allocati an found is ( strongly) optimal. In this case a t the equilibri um 

the entire money supply, at the end of trading at each node, is held by the individuai 

that had the higher endowment (w) at that node, while the individuai with the lower 

endowment (w) spends during the peri od any money that he holds a t the beginning of 

the peri od. The exchange value of fiat money, then, · is q* if the agent that holds the entire 

money supply at the beginning of the peri od is the agent with endowment w, while i t is 

q** if the agent with the money has endowment w. Again, we have a hubble, since the 

equilibrium price of fiat money is positive, while its fundamental value is zero. In terms 

of the generai analysis presented in the previous Chapter, this is due to the fact that in 

this example the value of the aggregate endowment of the economy is infinite when it is 

evaluated using any state-price process satisfying the usual no-arbitrage equation. As a 

consequence, it is not possible to apply Theorem 48 of Chapter 2, and it is not true that 

the equilibrium price of fiat money is equal to its fundamental value (i. e. equal to zero). 

In terms of the analysis based on Euler equations, on the other hand, the asymptotic 

hubble is zero: 

and therefore the hubble component, when {3 < l (as it is assumed) is due to the violation 

of the Euler equation. In fact, in every period, one of the two individuals, alternatively, 

satisfies the Euler equation as an equality, but the other individuai satisfies it as an 

inequality, and in this way there is violation of this relation. 
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3.5 An example of asymptotic hubble 

All the previous examples are characterized by the fact that the presence of a speculative 

bubble is linked to the violation of the Euler equation (alternatively, in each period, by 

one of the two agents, as a consequence of the simmetry of these agents that is assumed). 

This last example shows a different situation, in which a bubble arises even if the Euler 

equation is always satisfied as an equality, and hence no violation of this relation occurs. 

For the case of homogeneous agents, an example of bubble even when the Euler 

equation is never violated is given in Montrucchio-Privileggi (1999). For the case of 

heterogeneous agents it is possible to consider a variant of the monetary model examined 

in the first example. We assume that everything is as in that example, except for the 

fact that the two agents don't discount the future, so that {3 = l. In this situation the 

equilibrium is characterized by the conditions: 

from which: 

i. e.: 

u'(w- q*)= u'(w +q*) 

u' (w) < u' (w) 

w- q*= w +q* 

* w-w q=--
2 
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and then: 

- * w+.'!Q * w-q= 
2 

=w+q 

and therefore: 

while the holding strategies are the same as before ( the two agents hold alternatively the 

uni t of the asset in even periods and in od d periods). 

In this case we then bave: 

li .nf '(=i) *~ o m l U X t q Zt+ l = 
t-++oo 

so that, by Proposition 65 of Chapter 2, the allocation (?, zi) is weakly optimal and 

the solution found is an equilibrium. In this example, anyway, these allocation is not 

strongly optimal because: 

lim sup u' (~)q*~+l > O 
t-++oo 

In this case the Euler equations are always satisfied as equalities, in fact since (3 = l we 

ha ve: 

u'(w- q)= u'(w +q) 

u'(w +q)~ u'(w- q) 

and this implies that the two Euler equations reduce to the same relation: 
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and are satisfied as equalities. In this example, therefore, b~ = O, i.e. the hubble com-

ponent due to the violation of the Euler equation is zero, and as a consequence ali the 

bub ble is of asymptotic kind, in fact we ha ve: 

~b· l 1· D i (=i ) * * 
t = D i(=i) !ID Ut+k Xt+k q =q ut xt k-4+oo 

The results obtained can be summarized in the following proposition: 

Proposition 73 The monetary model "à la Bewley" in which agents do not discount 

the future {i. e. f3 = l) has an equilibrium with valued fiat money where the price of the 

asset is: 

* w-w q = Vt 
2 

with w > w. The corresponding equilibrium consumption allocations and portfolio allo-

cations of the two individuals are the following: 

-1 w+ Yl. 
Xt = 2 

_ 2 w+w 
Xt =-2-

\/t 

V t 

O for t even 

l for t odd 

_ 2 { l for t even 
Zt = 

O for t odd 

Furthermore, in this case Euler equations are never violated, and the hubble on the price 

of the asset is entirely of asymptotic kind. 

The result concerning the nature of the hubble term extends to the other examples 

involving fiat money that ha ve been considered in this Chapter, whenever {3 = l. The 

conclusion is that in models with valued fiat money of the types examined, if O < f3 < l 

the hubble component on the price of the asset is due to the violation of the Euler 
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equation, whlle if {3 =l the hubble is of asymptotic kind. 

3.6 Conclusions 

The examples considered in the previous Sections of this Chapter show how the presence 

ofbubbles on asset prices is linked to particular situations. More precisely, in terms 

of the analysis based on Euler equations and inequalities, the appearance of bubbles is 

usually related to the violation of such equations. On the other hand, by considering 

the more generai analysis introduced in Chapter 2, the appearance of bubbies is due to 

the vioiation of some of the hypothesis on which this anaiysis is based (in the exampies 

introduced above, in particular, the impossibility for the individuals to borrow against 

the value of their future weaith - .i.e. the short-sales constraint - ot the fact that the 

aggregate endowment of the economy is infinite, are the cause of bubbies). Since these 

hypothesis are qui te generai, an d are satisfied by a wide class of economi es, this confirms 

that their violation (an d the consequent bubbies) represent a rather special circumstance. 

This is the conclusion of the whole analysis presented in these Chapters, according to 

which speculative bubbies in intertemporai generai equilibrium models are therefore a 

negligible phenomenon. As it emerges from the anaiysis of the modeis discussed, in these 

models it is assumed that individuals use ali the availabie information to make their 

predictions ( and furthermore that these predictions are based o n the correct model of 

the economy), i.e that they have rational expectations. This assumption, hence, implies 

that the price of a security is equal to its fundamentai vaiue ( the present vaiue of its 

future dividend stream), and deviations from this vaiue are oniy occasionai. 

Nevertheiess, the observation of the reai world makes i t clear that there are periods in 

which this is not true, and the prices of some assets far exceed their fundamental values. 

These periods are the so-called speculative booms, in which speculative bubbles on the 

prices of the assets arise. Historicaliy, the most famous exampies of situations of this 

kind are the "Tulipmania" of the middie 1600 in Holland ( when the appearance of new 
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varieties of tulips determined an enormous increase in their price Ievel), the Mississippi 

Company and the South Sea Bubbie in the first half of 1700 (when the prices of the 

shares of these com pani es rose enourmosly an d then collapsed) an d the famous stock 

market boom and crash of 1929 in this century. Less strong versions of such speculative 

manias, then, characterize capitai markets intermittentiy. 

There is thus an evident contrast between these episodes and the conclusions of the 

theory discussed in these Chapters; for this reason it is necessary to find an explanation 

of this situation, in or der to be ab I e to reco n cile theoretical resuits an d real episodes. A 

possible answer is represented by the fact that, during the periods of speculative boom, 

there is a "breakdown" of rational expectations, on which the theory is based. I t is worth 

observing that the crucial characteristic of the asset markets is their liquidity. In fact, 

a long-lived security or capitai good (an asset) can be purchased for two reasons: the 

first is the possibility to receive the future stream of dividends that it offers, the second 

is the possibility to resale it subsequently and to obtain a capitai gain. When an agent 

buys an asset for the first reason, he will never accept to pay more for it than the present 

value of its future dividend stream, but when he buys an asset for the second reason 

what matters in assessing its vaiue is w ha t other agents will be ready to pay for i t Iater. 

If agents can evaluate the future dividends of the asset with reasonable precision, and 

beiieve that all other agents can make a simiiar evaluation, then they have no reason 

to believe that the price of the asset at any future date will differ from the vaiue of its 

remaining dividend stream. As a consequence, they will not accept to pay for the asset 

more than the present value of its future dividends, even when they buy it in arder to 

resale it Iater. The eiement that allows to explain the appearance of speculative bubbles 

is the presence of some new event, for instance an innovation or a new discovery, whose 

consequences may be important but whose probabiiity of success is difficult to evaluate 

(for instance the appearance of new varieties of tulips in the case of the "Tulipmania", or 

significant changes in techniques of production in other situations). In such a situation 

agents don't know how to evaluate the assets, and at the same time the deveiopment of 
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the "fashion" draws new agents into the capitai markets. A t this point individuals ha ve 

not experience to use in assessing future values of the assets and know that other agents 

face the same difficulties, therefore it is no longer rational for them to believe that the 

price of a security should equal its fundamental value; as a consequence, the common 

knowledge of rationality disappears, and the same happens to the hypothesis of rational 

expectations. 

In this context, it often happens that at this moment professional investors enter the 

market (aware of the possibility of the innovation to create gains in the future), and in 

this way begin to give up prices; this confìrms the expectations of these individuals and 

we have an initial phase of rising prices. When this process has continued for a while, the 

information concerning the possibility of consistent gains in the future spreads among 

a broader segment of investors, that in turn enter the market. The more investors are 

attracted to the market, the more the prices rise an d the more expectations of rising 

prices become self-fulfilling. At this point agents' expectations of rising prices begin to 

feed on themselves and cease to be related to the rational valuation made by an agent 

who buys the asset in arder to receive its future dividends stream. It is precisely in this 

moment that the assumption of common knowledge of rationality breaks down, because 

agents recognize that there are other agents in the market who are not pricing the assets 

by their fundamental values, but are basing their valuation on the upward inertia of the 

market. This is the phase in which speculative bubbles reach their maximum level. 

Finally, after this process has continued for a certain period, an increasing number of 

agents begin to have doubts about the possibility of the market to continue this phase 

of rising prices; as a consequence, they start selling the assets, and since the number 

of buyers declines the process of rising prices gradually ends. As soon as there is a 

general perception that the market has lost its upward inertia, no agent has a reason 

to be a buyer, hence they try to get out of the market, the prices decrease and the 

hubble bursts. A t the end of this process, the prices of the assets reach once again a level 

that corresponds approximately with agents' perceptions of their fundarnental values. 
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Outside of the periods in which the rational expectations behaviour of the individuals 

breaks down, therefore, the price of an asset is equal to its fundamental value, and the 

results of the models considered are valid; it is in this way that the conclusions of the 

theory, presented in these Chapters, are consistent with the reality. 
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