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Theory of the (m, o)-general functions
over infinite-dimensional Banach spaces

CLAUDIO AscCI

ABSTRACT. In this paper, we introduce some functions, called (m,o)-
general, that generalize the (m, o)-standard functions and are defined in
the infinite-dimensional Banach space E; of the bounded real sequences
{@n}, e, for some subset I of N*. Moreover, we recall the main results
about the differentiation theory over Ey, and we expose some properties
of the (m,o)-general functions. Finally, we study the linear (m,o)-
general functions, by introducing a theory that generalizes the standard
theory of the m x m matrices.
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1. Introduction

In this paper, we generalize the results of the articles [3] and [4], where, for
any subset I of N*, we define the Banach space E; C R’ of the bounded real
sequences {7y}, ., the o-algebra Br given by the restriction to £ of B (de-
fined as the product indexed by I of the same Borel o-algebra B on R), and a
class of functions over an open subset of Er, with values on Ej, called (m,o)-
standard. The properties of these functions generalize the analogous ones of
the standard finite-dimensional diffeomorphisms; moreover, these functions are
introduced in order to provide a change of variables’ formula for the integra-
tion of the measurable real functions on (RI, BUJ). For any strictly positive
integer k, this integration is obtained by using an infinite-dimensional measure
Ag\ljc”i?v, over the measurable space (RI,B(I))7 that in the case I = {1,....k}
coincides with the k-dimensional Lebesgue measure on R*.

In the mathematical literature, some articles introduced infinite-dimen-
sional measures analogue of the Lebesgue one (see for example the paper of
Léandre [8], in the context of the noncommutative geometry, that one of Tsile-
vich et al. [10], which studies a family of o-finite measures on R*, and that
one of Baker [5], which defines a measure on RN that is not o-finite).
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In the paper [3], we define the linear (m, o)-standard functions. The motiva-
tion of this paper follows from the natural extension to the infinite-dimensional
case of the results of the article [2], where we estimate the rate of convergence
of some Markov chains in [0,p)* to a uniform random vector. In order to
consider the analogue random elements in [0, p)N*, it is necessary to overcome
some difficulties: for example, the lack of a change of variables formula for
the integration in the subsets of RN". A related problem is studied in the
paper of Accardi et al [1], where the authors describe the transformations of
generalized measures on locally convex spaces under smooth transformations of
these spaces. In the paper [4], we expose a differentiation theory for the func-
tions over an open subset of Ej, and in particular we define the functions C*
and the diffeomorphisms; moreover, we remove the assumption of linearity for
the (m,o)-standard functions, and we present a change of variables’ formula
for the integration of the measurable real functions on (R, B)); this change
of variables is defined by the (m,o)-standard diffeomorphisms, with further
properties. This result agrees with the analogous finite-dimensional result.

In this paper, we introduce a class of functions, called (m,o)-general, that
generalizes the set of the (m,o)-standard functions given in [4]. In Section 2,
we recall the main results about the differentiation theory over the infinite-
dimensional Banach space F;. Moreover, we expose some properties of the
(m, o)-general functions. In Section 3, we study the linear (m, o)-general func-
tions and we expose a theory that generalizes the standard theory of the m xm
matrices and the results about the linear (m, o)-standard functions, given in [3].
The main result is the definition of the determinant of a linear (m, o)-general
function, as the limit of a sequence of the determinants of some standard ma-
trices (Theorem 3.6 and Definition 3.7). Moreover, we study some properties
of this determinant, and we provide an example (Example 3.19). In Section 4,
we expose some ideas for further study in the probability theory.

2. Theory of the (m,o)-general functions

Let T # () be a set and let k& € N*; indicate by 7, by 7, by 7(D, by B,
by B, by B and by Leb, respectively, the euclidean topology on R, the
euclidean topology on RF, the topology ®T, the Borel o-algebra on R, the
i€l
Borel o-algebra on R¥, the o-algebra ®B, and the Lebesgue measure on R.
iel
Moreover, for any set A C R, indicate by B(A) the o-algebra induced by B on A,
and by 7(A) the topology induced by 7 on A; analogously, for any set A C R,
define the o-algebra BU)(A) and the topology 7(1)(A). Finally, if S = HSi is
iel
a Cartesian product, for any (z;:4 € I) € S and for any §) # H C I, define



THEORY OF THE (m,0)-GENERAL FUNCTIONS 3

xg = (x; ;i€ H) € HSi, and define the projection 7 on HSi as the
icH icH
function 7y gy : S — HSi given by 7 g (x5) = zg.
ieH
Henceforth, we will suppose that I,J are sets such that ) # I,J C N*;
moreover, for any k € N*, we will indicate by Ij the set of the first k elements
of I (with the natural order and with the convention I, = I if |I| < k);
furthermore, for any ¢ € I, set |i| = |[I N (0,4]|. Analogously, define Jj and |j],
for any k € N* and for any j € J.

DEFINITION 2.1. For any set I # 0, define the function ||-||; : RT — [0, +o0]
by
|||, = suplai|, Vo = (z;:i € I) € R,
iel

and define the vector space
Er={z eR': ||z]|; < +oo}.

Moreover, indicate by By the o-algebra B (Ey), by ; the topology 71 (Ey),
and by 7|, the topology induced on Ey by the the distance d : Ef x Ef —
[0, +00) defined by d(z,y) = ||z —yll;, Yo,y € Er; furthermore, for any set
A C Ey, indicate by 7)., (A) the topology induced by 7, on A. Finally,
for any xo € E; and for any § > 0, indicate by B(xo,0) the set {x € Ep :
& — o, < o}

REMARK 2.2: For any A C Ey, one has 7)(A) C 7, (A); moreover, Ey is a
Banach space, with the norm ||-||,.

Proof. The proof that 7()(A) C 7)., (A), VA C Ej, follows from the defini-

tions of 7(0) and 7||.||,; moreover, the proof that E7 is a Banach space can be
found, for example, in [3] (Remark 2). O

The following concept generalizes the definition 6 in [3] (see also the theory
in the Lang’s book [7] and that in the Weidmann’s book [11]).

DEFINITION 2.3. Let A = (a;;) be a real matriz I x J (eventually infi-

icl,jeg
nite); then, define the linear function A = (aij),¢, jes tEr— R!, and write
x — Ax, in the following manner:
(Aa:)i:Zaija:j,VweEJ,ViEI, (1)

jeJ

on condition that, for any i € I, the sum in (1) converges to a real number. In
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particular, if |I| = |J|, indicate by Iy ; = (Sij) the real matriz defined

by

i€l jeg

{3 U=l

0 otherwise

and call g,;j generalized Kronecker symbol. Moreover, indicate by AN the
real matriz (aij)ieL,jeN7 for any L C I, for any N C J, and indicate by
tA = (bj')jeJ,ieI : B — RY the linear function defined by bj; = a;;, for any
j € J and for any i € I. Furthermore, if I = J and A = 'A, we say that A
is a symmetric function. Finally, if B = (bjk)je,l,keK is a real matriz J x K,
define the I x K real matriv AB = ((AB););c1 rex bY

(AB)y = Y aijbj, (2)
jeJ
on condition that, for any i € I and for any k € K, the sum in (2) converges
to a real number.

PROPOSITION 2.4. Let A = (a;j) be a real matriz I x J; then:

iel,jet
1. The linear function A = (aij);c; e, By — R given by (1) is defined
if and only if, for any i € I, Z la;j| < 4o0.
jed
2. One has A(Ey) C Ep if and only if A is continuous and if and only if
supZ laij| < +oo0; moreover, ||A|l = supz lasj]-
€l jes el
3. If B= (bjk’)jeJkeK : Ex — FEj is a linear function, then the linear
function Ao B : Ex — R is defined by the real matriz AB.

Proof. The proofs of points 1 and 2 are analogous to the proof of Proposition 7
in [3]. Moreover, the proof of point 3 is analogous to that one true in the
particular case |I|,|J|,|K| < +o0o (see, e.g., the Lang’s book [7]). O

The following definitions and results (from Definition 2.5 to Proposition
2.19) can be found in [4] and generalize the differentiation theory in the finite
case (see, e.g., the Lang’s book [6]).

DEFINITION 2.5. Let U € 7y, a function ¢ : U C E; — Ey is called
differentiable in xo € U if there exists a linear and continuous function A :
E; — E; defined by a real matriz A = (aij)ieljeJ’ and one has

lim llo(xo + h) — @(xo) — A,

=0. (3)
h—0 IRl ;




THEORY OF THE (m,0)-GENERAL FUNCTIONS 5

If ¢ is differentiable in xo for any xg € U, ¢ is called differentiable in U. The
function A is called differential of the function ¢ in xq, and it is indicated by
the symbol dp(xg).

REMARK 2.6: Let U € 7, and let ¢,¢ : U C E; — Ej be differentiable
functions in zo € U; then, for any «a, 8 € R, the function ap + B is differen-
tiable in zg, and d(ap + Bv)(zo) = adp(xo) + Bdip(xo).

REMARK 2.7: A linear and continuous function A = (a;;)
defined by

ierjes By — Er,
(Ax), = Zaijwj7 Vee Ej,Viel,
jeJ

is differentiable and dp(z¢) = A, for any zo € E.

REMARK 2.8: Let U € 7, and let ¢ : U C E; — Ej be a function dif-
ferentiable in z¢y € U; then, for any ¢ € I, the component ¢; : U — R
is differentiable in xg, and dp;(xo) is the matrix A; given by the i-th row of
A = dp(xg). Moreover, if |I| < 400 and p; : U C E; — R is differentiable in
xg, for any i € I, then ¢ : U C E; — Ej is differentiable in z.

REMARK 2.9: Let U € T, and let ¢ : U C E; — Ej be a function differen-
tiable in x¢ € U; then, ¢ is continuous in xg.

DEFINITION 2.10. Let U € 7., let v € Ej such that ||[v||; =1 and let a func-
tion ¢ : U C E; — RI; for any i € I, the function @; is called differentiable
in g € U in the direction v if there exists the limit

lim @iz + tv) — %’(xo)’
t—0 t

This limit is indicated by %‘ff (z0), and it is called derivative of p; in xo in the

direction v. If, for some j € J, one has v = e;, where (e;)i = 0;i, for any k €
J, indicate 85;:;- (zo) by ggi (z0), and call it partial derivative of p; in g, with

J
respect to xj. Moreover, if there exists the linear function defined by the matriz

‘]t/’(x(]) = ((J&O(‘TO))Z‘]'),GI J B — R], where (Jw(l"o)),-j = %(550)7 for
iel,j ’
anyi €1, j € J, then J,(x0) is called Jacobian matriz of the function ¢ in x.

REMARK 2.11: Let U € 7, and suppose that a function ¢ : U C E; — Ey
is differentiable in 2y € U; then, for any v € E; such that ||v||; = 1 and for any
1 € I, the function ¢; : U C E; — R is differentiable in x( in the direction v,
and one has
dpi
ov

(zo) = dpi(zo)v.
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COROLLARY 2.12. Let U € 7, and let ¢ : U C E; — Ey be a function

differentiable in xo € U; then, there exists the function J,(xo) : By — R!,
and it is continuous; moreover, for any h € Ej, one has do(xo)(h) = Ju(xo)h.

THEOREM 2.13. Let U € 7, let ¢ : U C E; — Ey be a function differen-
tiable in xo € U, let V € 7y, such that V > @(U), and let : V C Er — Eg
a function differentiable in yo = @(x0). Then, the function oy is differentiable
in xg, and one has d(1 o v)(xo) = dip(yo) o de(xg).

DEFINITION 2.14. Let U € 7)., let i,j € J and let ¢ : U C E; — R be a

function differentiable in xq € U with respect to x;, such that the function g—;
ox;

and call it second partial derivative of ¢ in xo with respect to x; and x;. If

is differentiable in xq with respect to x;. Indicate 52 (a—“’) (x0) by %(mo)
J 50T

i = j, it is indicated by ?;Tf(ﬂﬁo)- Analogously, for any k € N* and for any

J1yeeer Ji € J, define %(mo) and call it k-th partial derivative of ¢ in xg
Gg O35

with respect to xz;,, ...z, .

DEFINITION 2.15. Let U € 7)), and let k € N*; a function ¢ : U C Ey — Ej
is called C* in x9 € U if, in a neighbourhood V € 7).y, (U) of wo, for any
1€ kI and for any ji,...,jr € J, there ezists the function defined by x —
for any xog € U, ¢ is C* in xog. Moreover, ¢ is called strongly C" in xo € U
if, in a neighbourhood V € T”,”J(U) of xo, there exists the function defined by
x — Jo(x), this function is continuous in xg, and one has ||J,(xo)|| < +oo.
Finally, o is called strongly C* in U if, for any xo € U, @ is strongly C' in xq.

x), and this function is continuous in xo; @ is called C* in U if,
¥

DEFINITION 2.16. Let U € T, and let V e ).; a function ¢ : U C Ej —

V C Ej is called diffeomorphism if o is bijective and C' in U, and the function
()0_1:VCEI*>UCEJ isCtin V.

REMARK 2.17: Let U € T, and let ¢ : U ¢ E; — Ey be a function C! in
ro € U, where |I| < +o0o0, |J| < +00, then ¢ is strongly C* in z.

THEOREM 2.18. Let U € 7, let ¢ : U C E; — R be a function CF in
xog € U, let i1,....1x € J, and let jy,..., 5k € J be a permutation of ii,...,1x.
Then, one has
0% 0%
81“8% (xO) N 8zj1...8xjk (CU())
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PropoSITION 2.19. Let U = HAj NEy €7, where Aj € 7, for any

jeJ
j€J,andlet ¢ : U C Ey — E; be a function C' in xo € U, such that
@i(x):Zgoij(xj), Ve=(zj:jed)eU,Viel, (4)

jeJ

where @;; + Aj — R, for any i € I and for any j € J; moreover, suppose

that, in a neighbourhood V € T”,HJ(U) of xg, there exists the function defined

by & — J,(x) and one has sup ||J,(z)| < +oo. Then, ¢ is continuous in xo;
zeV

in particular, if o is strongly C in xg and |I| < +o00, ¢ is differentiable in x.

DEFINITION 2.20. Let m € N* and let U = | U™ x H Aj | NE; ey,
FE€IN\Im

where U™ ¢ 7(m), Aj e, for any j € J\Jp. A function ¢ : U C Ej — Ej

is called m-general if, for any i € I and for any j € J\J,,, there exist some

functions <p§1’m) U™ — R and pij : Aj — R such that

Im
pi(x) =" (@s )+ Y ilag), Ve el
J€IN\Im

Moreover, for any O # L C I and for any J,, C N C J, indicate by o=N) the
function FN) 7wy N (U) — RE defined by

o EM an) = o @)+ Y (@), Yan € myn(U), Vi€ L. (5)
JEN\Tm

Furthermore, for any 0 # L C I and for any 0 # N C J\J, indicate by
o N the function BN -y N (U) — RE given by

oM (@n) = Y pi(ay), Yoy € myin(U), Vi€ L. (6)
JEN

In particular, suppose that m = 1; then, let j € J such that {j} = J
and indicate UM by Aj and <p(1’1) by ij, for any ¢ € I; moreover, for any

0 # L C I and for any O # N C J, indicate by o= the function oEN)
7wyn(U) — R defined by formula (6).
Furthermore, for any l,n € N*, indicate oIoN) by o(BN) - o(Lan) pey (L)

and pTIn) by obn)
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DEFINITION 2.21. Let m € N*, let U = [ U™ x H Aj | NE; €Ty,
FEINTm

where U™ e 7(m) Aj e, forany j € J\Jp,, and let o : I\I,, — J\Jy, be

an increasing function; a function ¢ : U C EFy — E; m-general and such that

|J| = |I| is called (m,o)-general if:

1. Vie I\, Vj e J\(JnU{o(@)}), Vt € Aj, one has p;;(t) = 0; more-
over
(p(I\InmJ\Jvn) (WJ,J\JM(U)) c EI\Im~
2. Vie I\L,, Yo € U, there exists J,,(z) : E; — R; moreover, Vs, €
U™ one has Z HJ(pgmm (x;m)H < +o0.
i€I\ Iy,
3. Vi € I\, the function @; ;) : Asiiy — R is constant or injective;
moreover, V Ty(1\1,,) € H Aj, one has sup
jea(I\ ) S\

90;70(1') (xa(i))‘ >0, where T, = {i € I\Iy, : ; o(;) is injective}.

Soz a(z) Lo (i) ' < +00

and 1nf
1€L,

4. 1If, for some h € N, h > m, one has |o(i)] = |i|, Vi € I\I, then,

VZo(\1,) € H Aj, there exists H @5 (i) g(z)) e R*.
jeo(I\Im) €L,

Moreover, set
A=A(p)={heN, h>m:|o(@)| =i, Vie I\I}.

If the sequence {qu,m) (xjm)} \ converges uniformly on U™ to the
i i€\,

matriz (0 ... 0) and there exists a € R such that, for any € > 0, there exists
iog € N, ig > m, such that, for any i € T, N (I\I;,) and for any t € A,(;), one

has |@; ;) (t) = a‘ < g, then @ is called strongly (m,o)-general.

Furthermore, for any I, C L C I and for any J,, C N C J, define the
function 35N . U ¢ E; — R in the following manner:
o oM (ey) Vieln,, VeelU
p (@) =4 wi(z) Vi€ I\, Vo €U
@i,a(i)(xa(i)) Vie I\L, VeeU

Finally, for any l,n € N, I,n > m, indicate 310N) by N gEaTn) py
o, i) by B, and ) by .
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DEFINITION 2.22. A function ¢ : U C Ej — Ef (m,o)-general is called
(m, o)-standard (or (m, o) of the first type) if, for any i € I\L,, and for any
xy, € U™ one has gpgl’m)(a:,]m) = 0. Moreover, a function ¢ : U C Ej —
E; (m,o)-standard and strongly (m,o)-general is called strongly (m,o)-stand-
ard (see also Definition 28 in [4]).

REMARK 2.23: Let ¢ : U C E; — E5 be a m-general function; then:

1.

Let ) # L C I and let J,, C N C J such that &N (7; 5(U)) C Er;
then, for any n € N, n > m, the function <p(L’N) cmgn(U) — Ep is
n-general.

Let ) # L C I and let ) # N C J\J,,, such that =N (7, 5 (U)) C Er;
then, for any n € N*, the function "N (1, 5 (U)) — E, is n-general.

Ifm=11et)#LCTIandlet ) #N C J such that =N (7 5(U)) C
Epr; then, for any n € N*, the function @(XN) : myn({U) — Ep is
n-general.

Proof. The proof follows from the definition of p(%N). O

PROPOSITION 2.24. Let ¢ : U C E; — Ef be a (m, 0)-general function; then:

1.

2.

. For any x € U, there exists the function J,u\1,m.0(z) : Ey — Epg

o is bijective if and only if |o(i)| = |i|, Vi € I\I.

H A; C Ejpy, if and only if there exist a € RY and my € N,
JEINIm
mo > m, such that, for any j € J\Jpm,, one has A; C (—a,a).

. Let I, C L C I and let J,, C N C J; then, one has o'“N) (77 x(U)) C

Ep, and gN)(U) € Er; moreover, the function gN) U ¢ E; — E;
is (m,o)-general.

m’

and it is continuous.

. f, for any j € J\Jp, and for any t € A;, one has ) |<p§,j (t)| < 400,

i€N\Im
then, for any n € N, n > m, ¢ is (n,§)-general, where the increasing
function & : I\I,, — J\J,, is defined by:

ho L o) ifo()e NIy .
£(i) = { min (J\.J,) if o(i) ¢ J\J, Vi e I\L,. (7)
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6. Suppose that o is injective; moreover, for any I,, C L C I such that
|L| < +o0 and for any Jn, C N C J, let m = |max L| € N\{0,...m — 1};

then, for anyn € N, n > m, the function &N is (n, O'|I\In) -standard.
Proof.
1. The proof follows from the fact that o is increasing.
2. The proof follows from the definition of £\ ;,,-
3. Vo € myn(U), let y € U such that yy = =; then, Vi € L\I,,, we have
(L,m) o o ) d
Pi (me> - SOz(y) Pi,o(3) (ycr(z)>a and so

o™ (2 )‘S sup @iy + sup |@iog) (Wo))| < +oo;
J€LN I 4€LNIm

sup
i€L\I

then, we obtain

L,N L

sup ‘w( ( )’ < sup o} ’m)(me)’Jr sup [ 0i0(i) (Yo(iy)| < +o0,
i€L\ I, i€INT 32V
from which (&N (7, v(U)) C Er. Moreover, ¥z € U, Vi € I\I,,, we
have )

@) < [ )| + i) (o)
and so sup ’EEL’N)(Z)‘ < +oo; then, N)(U) € E;. Finally, from
SN

the definition of F»N) | the function ) : U ¢ E; — Ej is (m,0)-
general.

4. Vx € U, Vi€ I\I,, we have

1o @) = [ 1. )] | +

<P::,a(i) (fca(i))’ B

furthermore, since HJ (Im) me)H < 400, we have
ST AV S

sup HJ (1,m) (xjm)H < 00,
i€INI, 1| P

and so

sup || Jy, ()|l
i€\I,

S sup HJ (1=m)(me,)‘ + sup (p;,a'(i) (wa(z))’ < +OO7

i€I\Im i€\ I,

then, from Proposition 2.4, there exists the function J, 1.0 (z): E; —
Enr,,, and it is continuous.
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5.VneN,n>m,and Va,, €ny, (U), we have

> | @)

i€INI,

= H%gw(wm)h Do DDl @] | < oo

i€I\I, JE€EI\Im \i€I\I,

then, by Definition 2.21 and by definition of &, ¢ is (n,&)-general.

6. From points 3 and 5 and since o is injective, Vn € N, n > m, E(L"N)
is (n, 0|I\In)—general; moreover, since o is increasing, Vi € I\I, and

(In)

Vay, €myg, (U), we have ¢;

i (x7,) =0; then, we have the statement.

O

REMARK 2.25: Let ¢ : U C E; — Ef be a (m, o)-general function such that
Utm = H A;, where A; € 7, for any j € J,, and
JETm

A @a,) = 3 eules), Vag, €U, Viel,
J€Im

where ¢;; : A; — R, for any i € I and for any j € J,,; moreover, suppose
that, for any j € Jy,, for any ¢ € A;, one has sup |g;; (t)| < +o0, and, for
i€\I
any j € J\Jp, for any t € A;, one has ) ]gog,j (t)‘ < +oo; furthermore, let
i€\Im,
L cIandlet ) #£ N C Jsuch that [I\L| = |J\N| < +00. Then, for any
n € N, n > m, the function (=N : 7; v(U) — RF is (n, p)-general, where
the function p : L\L,, — N\N,, is defined by

y={ o0 ifo(i) € N\N, .
pli) = { min {j > o(i) : j € N\N,,} if o(i) ¢ N\N, , Vi € L\Ly,.

Proof. We have |L| = |N|; moreover, Vn € N, n > m, Vi € L\L,, and Vz €
myn(U), let y € U such that yy = z; we have

lpi (x)] < Z lpi g (25)] + M,a(i) (ya(i))|
JENNI .,

= HSD(:L')HL\Ln < Z sup i j (w;)| + sup |<Pi,a(i) (ya(i))} < 00,
jeN, €L\ i€L\I,
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from which ¢ (7 n(U)) C Er. Analogously, Vn € N, n > m, and Vzy, €
7N, (U), we have

Z HJWEL,Nn)(an)
= Z "Jng,NnﬁJm)(l'Nmme)“i‘ Z Z @i ()] | < 4o0;

i€L\L,
i€L\ L, JENR\JIm \I€EL\Ly,

then, by definition of p, &™) is (n, p)-general. O

PROPOSITION 2.26. Let ¢ : U C Ey — Ep be a (m,o0)-general function such
that there exists mg € N, mg > m, such that, for any j € J\Jm,, A; is
bounded; moreover, suppose that o (I\I,)N(J\JIm,) # 0 and, for any i € I\I,,,
wgl’m) is bounded; then, there exists m1 € N, my > m, such that, for any
i € I\Ip,,, @i is bounded. In particular, if |I| = 400, ¢ is not surjective.

Proof. Let jo = min (o (I\L,) N (J\Jpm,)), let ig = min (07! (jo)) € I, let m =

lig] — 1 and let H = {z € I\l : ¢;,4(;) is not bounded}; we have |H| < 4o00;

indeed, Vi € H, the set A,(;) is bounded, and so there exists t; € A,(;) such that

99;70_(1)(@) > |Z‘, then, Vwa(I\Im) S H Aj such that (ma(i) 11 € 7‘[) =
Jj€o(I\Im)

(t; : © € H), by supposing by contradiction |H| = 400, we would obtain

= 400

sup
i€\,

wi,g(i) (%(i))‘ > félg %02,0(1') (%(i))‘ = zsélg ¢§,a(i) (t:)
(a contradiction). Then, there exists m1 € N, my > m, such that, Vi € I\ L,,,
®4,0(i) is bounded, and so ¢; is bounded. In particular, Vi € I\I,,,, ; is not

surjective; then, if |I| = 400, @ is not surjective. O
PROPOSITION 2.27. Let ¢ : U C Ey — Ep be a (m,o0)-general function such
that v;;(x;) = 0, for any i € Ly, for any j € J\Jn and for any x; € A;; then:

1. If the functions ©; 5(;), for any i € I\I,,, and ©m™) are injective, and
o is surjective, then ¢ is injective.

2. If the functions p; oy, for any i € I\I,, and ©(m™) gre surjective, and
o is injective, then @ is surjective.

Proof.
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1. Let @, y € U be such that p(z) = ¢(y); we have ™™ (z; ) =
(p(x);,. = (o), = &"™™ (ys,); then, if (™™ is injective, we

have xj,, = y,,; moreover, Vi € I\Ly:
U™ (25.) + @io(i) (To()
=pi(x) = @i(y) = oM™ (Y1) + Cio ) Woi)),
from which ©; o) (Zo(1)) = Pi.o()(Yo(s)); then, if @; o) is injective, we

have x,(;y = yYo(i); finally, if o is surjective, we obtain zj\ ;. = Yy J,.»
and so z = y; then, ¢ is injective.
2. Let y € Er; moreover, if the functions @; ;(;), for any i € I\I,,, and

(™™ are surjective, and o is injective, define z € U™ x H Aj in

FE€NIm
the following manner:
—1
zy = (@(m,m) (yr.) € U™,

vy =0 by, (5) € A3,V €0 (I\Ln),

z; =0,Vje J\o(I\In),
where

2i =Y — <p§1’m) (zg,),YVi € I\In. (8)

Let g = (z0,; : j € J) € U; Vi € I\L,,, we have

20| = ‘P;;(i)('zi) — T0,0(i) T Z0,0()

< |Pioi (7)) — @Z;(i)(%,a(i)(xo,a(i)))‘ + [zoom|; (9

moreover, the function cp;;(i) : R — A, (; is derivable, and

! 1
-1 % .
(k) O =~ €R"Vie \[,,VteR;  (10)
o @} o) Loy (1) "
then, the Lagrange theorem implies that, for some

i € (miﬂ{%<Pz‘,a(i)(330,a(i))}7maX{Zia Pi,o(4) (xO,a(i)}> )
we have

-1 -1
@iy () = 9y io((@0.00))|

(‘PZ;(Z'))I (fz)

|2 = ¢io() (T0.00)] ;
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thus, from (9) and (10), we obtain

|Zi — Pi,o (i) (xO,U(i))’
@;,g(i)(S@Z;(i)(gi))’

o] < + |0,0()] - (11)

Furthermore, from point 3 of Proposition 2.24, we have (™) (U(™))
E;, and so, from (8), we have

I.m
12, < Iyl + sw o™ @s,)| <400, (12)
i€\,
and analogously

Piro(i)(Zo,0()) = @i (T0) — o™ ((x0); ), Yie I\l

= sup ‘Qoi,a(i)(xo,o(i)”
i€\,

o™ ((@0),,)| < +oc. (13)

<lle(zo)llp\s, + sup
iel

m

Moreover, we have inf
i€Z,

90§7a(i)(‘)0¢_;(z‘) (&)| > 0; furthermore, since, Vi €
NI, @;,0(:) is surjective, then ¢; ,(;) is injective too, and so Z, = I\I,,;
-1
then, there exists ¢ € R™ such that sup < ¢, and
i€NIm

so formulas (11), (12) and (13) imply

-1
@ o0) Pirmio (6))]

sup |$a(i)’ <c <|Z|1\[m + sup |‘Pi,a(z‘)(l’o,g(i))’> + |lzol; < 4005
i€I\Inm, 1€I\Ln,
then, we have x € F;, from which x € U. Finally, it is easy to prove that
o(z) =y, and so @ is surjective.

O

PROPOSITION 2.28. Let m € N*, let ) # L C I, let J,, C N C J and let
¢ :U C Ey — Ep be a function m-general and C* in xg = (xo;: j € J) € U;
then:

1. If N (n; §(U)) C Ey, then the function BN 15 n(U) — Ep is
C' in (z9,:j € N).

2. If ¢ is (m, 0)-general and I,, C L, then the function 3'“N) : U ¢ E; —
E; is C in xy.
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3. If v is (m,o0)-general, I, C L and |[N| < 400, then there exists the
function Jycr.n) (zo) : E; — Ep, and it is continuous.

4. If @ is strongly (m,o)-general, I, C L and |[N| < +oo, then N s
differentiable in xq.

5. If ¢ is strongly C' in xy and strongly (m, o)-general, then ¢ is differen-
tiable in xg.

Proof.

1. By assumption, there exists a neighbourhood V = HVJ € 7.y, (U) of
jeJ

xo such that, Vi € I, Vj € J, there exists the function x — 9¢i(2)

8.72]'

V', and this function is continuous in zq; then, Vz € H Vi, let T = (z; :
JEN

j € J) € V such that (z; : j € N) = x; since ¢ is a m-general function,

Vie L,Vje N, we have

dp" M (@) 0pi(@)

a.Z'j Ga:j ’

on

from which (&) is C1 in (20 : j € N).
2. Let V € 7, (U) be the neighbourhood of zq defined in the proof of point
1; if ¢ is (m, o)-general and I,, C L, Vz € V, we have

O M) [ 28 g (i) ¢ (L x (J\N)) U ((I\L) X Jin)
or; |0 if (i,7) € (Im x (J\N))U ((I\L) x Jp)

and so XN is C in .

3. If ¢ is C' in 2y and (m,o)-general, I, C L and |N| < +oo, then,

from point 2, Vi € I,,, the function ¢(-L’N) U Cc E;j — Ris C!

in o and depends only on a finite number of variables; then, we have

‘Ja(L,N)(fEO)H < +00; moreover, Vi € I\I,,, we have

[ 7100 @) | < 1 o)
then, from point 4 of Proposition 2.24:

sup “J¢<L,N)(m0)" < sup ||Jg, (z0)|| < 4005
i€I\Ip, v i€\

then, from Proposition 2.4, there exists the function J v (z0) : By —
Er, and it is continuous.
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o)-general, there exists a € R such that, Ve > 0,
> m, such that

m,
7

(m
there exists i € N,

HJLP(I,m.) (IEJW)H < Z, Vie I\I’{, V$Jm € U(m);

Crot () = a| < 5, ¥i € T, NI\, Vi € Aggy. (14)
Moreover, if I, C L and |N| < +oo, Vi € I, the function gp(L MU
E; —RisC 1 in xg and depends only on a finite number of variables;

then, ap(L M) is differentiable in xg, and so there exists a neighbourhood

D= HD]- € 7)., (U) of zg, where D; is an open interval, V j € J, such
JjeJ
that, Vo = (z; : j € J) € D\{zo}, we have

(2) =" (o) = e (w0) (x — o)
sup s

iel; [l — zoll;

<e. (15)

Observe that, Vi € (INE)\L, Vy=(y; : j € J) € U, we have 5" () =
©i,o(i) (Yo(i)); MOTEOVET, ©; 5(;) 1S derlvable in A, ;) and so, from the La-
grange theorem, V& € D\{xo}, there exists 0; € (rnin{ﬂnovg(i),cL“(,(i)}7
max{Zo ,(;), To(;)}) such that

Pi,o (i) (-’Ucr(i)) — Pi,o(i) (-’Uo,o(i)) = @;,g(i) (6) (370(1') - -’Uo,cr(i)) s

from which

B0 (1) B (20) = gt (o) & — 0)|
HI - xOHJ

¢uou>(xaa>)—-waoa>(fmauﬁ'—wéa@)(xmau>)(mauy—$0au>ﬂ

[ = ol ;

90;,0(1‘) (0:) — <p;,a(i) (xo,a(i))’ }xo(i) - xO,o(i)‘
| — ol ;

Conversely, Vi € (I\E) N L,Vy = (y; : j € J) € U, we have y) =
©i(y); moreover, from point 3 of Proposition 2.24 and from point 1,
e"™ s O in (m), and so "™ is C! in a neighbourhood M =

H M; € 7, (UM) of (wo), such that M; is an open interval,
JE€Im

. 15
Pi oty (T0.0()) — CLD 17, (i) < 3 (16)

IN

@2,0(1') (0:) — a‘ +

(LN)(



THEORY OF THE (m,0)-GENERAL FUNCTIONS 17

Vj € Jm, and M C H Dj; then, from the Taylor theorem, Va €
JE€Im

M x H D; | \{zo}, there exists £;,, € (M\{(z0),,,}) such that

JEI\Im
o™ (@1,) = " (@0)5,,) = Ty (€0,) (@, = (0) )
and so
SOEL N)( ) EEL,N)(xO) _ J@ﬁL'N) (mo)(fc - .To)
wafﬂJ
_ lpi(z) = pi(xo) = Jp, (x0) (= 20)|
[l — 960||J
o™ (me)—@EI’m)((Io)Jm)—Jwgrnn) ((z0)u, ) (24, —(IO)Jm))’
- [ = oll

P (T0() ~ 2 ) (T0,00) =P oty (B0.0)) (B0t — To09)|
[z —oll;
e €)= Ty () | W = @)l

[l = ol

@ oti) (00 = €005y (@0.00)| [20(6) = T0.000]
= —zoll

< H‘]wil’"” (me)—J@g“"? ((z0).1,.)
< HJ am) (€, H + HJ am (o) )H

+ ( Pi (i) (zo,0(1)) — a)) 17, (i) <e. (17)

Then, from (15), (16) and (17), Vz € | M x H D; | \{zo}, we have
FEINTm

|+

Ci o) 00) =% 0y (T0.0())

@za(z)( L _a"+

[t (@) = B (20) = Jwm (wo) (@ — w0

[ = ol ;

< & (18)

thus, aN) is differentiable in z.

5. If ¢ is strongly C! in 29 and (m, o)-general, the function 1) = p— pm
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U C Ey — Ej given by

Z (p”({EJ) Viel,, VeeU
Yi(z) = q jeNIm (19)
0 Vie N, Vo e U

is strongly C! in zg, and so it is differentiable in zo from Proposition
2.19, since |I,,,| < +00; then, if ¢ is strongly (m, o)-general, from point 4
7™ s differentiable in xo, and so this is true for ¢ = 1 + 3™ too,
from Remark 2.6.

O

PROPOSITION 2.29. Let ¢ : U C E; — Ej be a function C' and m-general;
then, ¢ : (U,BY)(U)) — (R!, BY)) is measurable.

Proof. From point 1 of Proposition 2.28, Vi € I and Vn € N, n > m, the func-
tion b)) ;5 (U) — R is C; thus, VO € 7, we have ((p({i}"”))_l (C) e
7™ 1y 5. (U)) € B™(ny 5, (U)); then, since o(t) = B, VC € B, we obtain
(ap({i}’"))i1 (C) € B™(ny ;. (U)). Moreover, Vi € I, consider the function
gibn) . U — R defined by

U () = QUM (2, ) Vo € U;

VC € B, we have

and so a1 s (B(

n—-—+oo

, ~1 , ~1
(2m) (@) = () (€) x T, (1) € BOW),
B
the function ¢; is (B(J 0), B)-measurable too. Furthermore, let

D), )—measurable; then, since lim @) = o,
)

z(I)Z{B:HBi:BieB,VieI};

i€l

VB = [[B; € £(I), we have
iel

e '(B) = (1) (Bi) € B(U).

i€l

Finally, since o (X(I)) = BD, ¥V B € BU), we obtain ¢~ (B) € BY)(U). O
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3. Linear (m,o)-general functions

DEFINITION 3.1. Let A = (aij);c; jc; * Es — Ep be a linear (m, o)-general
function; Vi € I\I,,, set \j = \i(A) = a; ()

REMARK 3.2: For any m € N*, a linear function A = (aij)ielje.] By — By
is m-general; moreover, if |J| = |I| and o : I\I,, — J\J,, is an increasing
function, A is (m, o)-general if and only if:

1. Vie I\I,,,Yj e J\(JnU{o(i)}), one has a;; = 0.

2. Vj € Jm, Z la;j| < 4o00; moreover, one has sup |\;] < +oo and
i€N\Im i€\l
inf A > 0.
I€T\ Iy : Xi £0
3. If A # (), there exists H A € R
1E€I\ L A £0

Furthermore, A is strongly (m, o)-general if and only if A is (m, o)-general
and there exists a € R such that the sequence {/\i}iel\lm:Aﬁéo converges to a.

Finally, A is (m, o)-standard if and only if A is (m, 0)-general and a;; = 0,
for any i € I\I,,, for any j € Jy,.

COROLLARY 3.3. Let A = (aij);¢; jer Ej; — Ey be a linear function; then,
A:(E;,By) — (RI,B(I)) is measurable.
Proof. The statement follows from Remark 3.2 and Proposition 2.29. O

PROPOSITION 3.4. Let A = (aij)ieljeJ : E; — Eyp be a linear (m, o)-general
function. Then:

1. A is continuous.

2. Let C = {h EN,Ah>m: U\I\Ih 18 mjective}; if C # 0, by setting m =

minC, let iz € I such that |imz| = m and let

= { min{m, |o (iz)|} zfrlz >m ; (20)
m ifm=m

then, for any n € N, n > 7%, the linear function ‘A : By — RY is

(n, T)-general, where 7 : J\J,, — I\, is the increasing function defined

by

7(j) = min{ o k) k>3, keo(I\],) }, Vi€ J\Jn. (21)
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Proof.
1. Since A(Ejy) C Ej, the statement follows from Proposition 2.4.
2. We have

]EJ

= sup { sup Z |aU| sup Z laij] sup Z |aw|} (22)
J J,

mael mzel J m miel

Moreover, from point 2 of Remark 3.2, we have sup Z lasj| < 4005

J€Im'iey
furthermore, by definition of m and m, Vj € Jz\Jyn, we have Z la;;| =
=
Z |ai;| < +oo; finally, observe that
1€ 41
sup Z la;;] < Z ( sup |a”|>
JENIF eT iel \J€\I5
= Z sup |ag;;| | + Z sup |ag;]
e \JeN\J= ient~ \JEN5
<> sup el )+ sup (N[ (23)
el \ie\J= i€\,

From Proposition 2.4, Vi € I=, we have sup |a;| < 3 |ai| <

JENT= JEINI=
+o00; moreover, we have sup |\;| < +oo; then, from (23), we obtain
i€I\Im
sup Z |a;;| < 400, from which supZ‘ (*A);;| < +oo, from formula
JENI=eT jeJs

(22), and so *A(E;) C E; from Propos1t10n 2.4. Finally, from Remark
3.2,¥n € N, n > m, the function A : E; — E; is (n, 7)-general, where
7 : J\J, — I\, is the increasing function defined by

7(j) = min{ o Y k) k>4, keo(I\l,) },Vj € JN\Jn.

Henceforth, we will suppose that |I| = +oo.
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DEFINITION 3.5. Let A = (aij);c; jc; * E5 — Ep be a linear (m, 0)-general
function; indicate by N(A) € {0,1,...,m} the number of zero columns of the
matriz AUNmTm)

THEOREM 3.6. Let A = (aij),c; jest Ej;— Ep be a linear (m, o)-general func-
tion; then, the sequence {det Almn) }n>m converges to a real number. Moreover,
if A0, by setting T = min A, we have

ngnioo det A1) — Z H Ay Z ap.j (COfA(Ipl,Ip\))

pENIm \a€Nlp ) §€Tm P
+det AT TT A |- (24)

g€\ I
Conversely, if A= 0, we have lim det A(™™) =0,
n—>—+00

Proof. Y1 € Z, set Dy =Di(A) ={h e N, h>m:|o(i)| = |i| +1,Vie I\I};

moreover, if D; # 0, set Ty = min Dy; furthermore, set D = D(A) = U D;. If
I€Z

there exists | € N such that D; # (), we will prove the statement by recursion

on N(A) = k € {0,1,...,m}. Suppose that N(A) = 0 and observe that, if

A # (), we have my = m, since Dy = A; then, Vn € N, n > m;, we have

det AW TT Mg | if1=0

g€\ I

det A™™) =
if l € N*
from which
det A | T A ] €R if1=0

lim det A™™ = ;
n—s—+o00 q€I\ I
ifl e N*

then, since we have ap; = 0, Vp € I\Im, Vj € J,,, the statement is true.
Suppose that the statement is true for N(A) = k, where 0 < k < m — 1, and
suppose that N(A) = k+1; Vn € N, n > 7, let i,, € I such that |i,| = n; we

have
det A7) = Z ai,, j (cofA("’")) 5 (25)

j€Tn tnod

moreover, let {ji, ..., je+1} C Jm such that a;, ; =0, Vj € Ju\ {j1, .- Jrt+1}-
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If I = 0, from (25), we have

k+1
det A = Za,;mjh (cofA("’”)) + A;, det Aln=1n=1),
he1 in,Jh
then, by induction on n, we obtain
det A™™ = q,, + det AT H Ag |, Vn>m, (26)
g€\ I
where
k+1
w= 2 [ TT M) e (coration) (27)
pEI\Imr \gE€In\I|p| h=1 PIn
Moreover, Vh =1,....k + 1, Vp € I\ Iz, we have
j —1,|p|—1
(COfA(IpMpD)p,j,,, — ’det A(I‘,,‘,l,l‘ﬂ\{wl})‘ _ ‘det B](szlp Ip| )" (28)

where Bj, , : E; — Ef is the linear function obtained by exchanging the
|7n|-th column of A for the |p|-th column of A; furthermore

> aig (cos BYTHTY),

i,
i€l "

<> Jaiy| |det (A(I\{i}J\{jh,}))(‘p

i€l

(Ipl—LIpl-1)| _
’det Bl ‘ -

[=2,p|—2)

(29)

Observe that, Vi € I,,,, AU\ R Engny — By is alinear (m—1,0)-
general function such that Dy (A(I\{i}”’\{jh})) #+ 0, N (A(I\{i}“’\{jh})) = k;
then, from the recursive assumption, there exists

lim det (A(I\{z'},J\{jh}))(Ipl—z,\m,g) -

[p|—4o00
and so
X . (Ipl=2,Ip|—2)
lim Z la; | |det (Am{z},J\{]h})) pl-2,p P Y
IzJIHJrOOZ.GIm

consequently, from (28) and (29), there exists b € Rt such that

sup {

the {1,...,k+1},pe[\[m} <b. (30)

(COfA<|p|,|p\>)

DJn
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Moreover, since H Aq € R*, we have H Xq =c € RT, where

GEINT i1 #0 g€\l
1 ifA =0
A = ﬁ o< |A] <1
gl [A] > 1
and so
[[X| <eVHC I\ (31)
qeH

Observe that

im det AT T A | =det AT | T A | €Re (32)

9€In\ I g€\ I
moreover, set
k+1
a= > I] M| > (COfA(IpMpD) N (33)
pEINIm \q€I\I}p h=1 D
then, Vn > m, we have
k+1
a—a,= Y. I 2> e (COfA<\p|,|p|>) _
pEI\I, qEI\I|,,| h=1 DyJh
k+1
+ Z H )\q H )\r —1 Zath (cofA(lp‘a‘PD) . (34)
PEIN\Irw \q€In\I|p| re\In =1 Piin

If there exists ng € N, ng > m, such that Ay # 0 V¢ € I\I,,, we have
H Ay € R*; then Ve € R™, there exists n; € N, ny > ng, such that,
q€I\In,

Vn € N, n > nq, we have H Ar | — 1| < g; thus, from formulas (34),
rel\I,
(30) and (31), we obtain

k+1 k+1

la —ap| < be Z Z|ap7jh|+bcs Z Z|ap,jh|,Vn>n1. (35)

peI\I,h=1 pel, \Imh=1
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k+1
Finally, there exists d € R such that Z Z lap ;.| < d, and so there exists
pEI\Frrh=1
k+1
ne € N, ny > nq, such that, Vn € N, n > nsy, we have Z Z lap.jn| < €
peI\I,h=1
then, from formula (35), we obtain
la — an| < bce +bede =be (14 d)e, Vn > na.
Then, from (26) and (32), we have
lim  det A"
n——+oo
k+1 L
= I M) S (cora®i) pgeramm (T »,
pel\Im \q€l\}y, h=1 Pan g€\ I
=5 [ T ) e (corain) waeamm (] A, | er
pENIm \a€NL| ) 5€Tm P a€\Im

Moreover, suppose that o is bijective and there exists a subsequence {Ag,}ren
C { A} yen rmr,—oi then, from formulas (27) and (33), V¢ € N, Vn > |q, we
mriAg=
obtain

k+1

a—a,= Y. I 2> e (CofAumpl)) _
pEI\I, qu\I“,‘ h=1 PyJh
k+1
-3 I x> . (COfA<\p|,|p|>) _
pEI N\ \q€ln\I|p| h=1 DsJh
kE+1
= 2 IT Ao ] D awi (coraletied) . (36)
PE€In\I g -1 \aE€EI\I|p| h=1 PiJn
Thus, from formulas (30), (31) and (36):
k+1
la — a,| < be Z Z|ap,jh|,VteN,Vn2\qt|_ (37)
pEIn\I|q,|—1h=1
k+1

Finally, Ve € R™T, there exists ¢ € N such that Z Z|ap,jh‘ < e,
pEIn\I g, —1h=1
Vn > |ql; then, from (37), we obtain

la — an| < bce, Vn > |q.
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Thus, from (26) and (32), we have formula (24).
Moreover, if | € N*, from (25) we have

k+1
det A™™) = Zaimjh (cofA(”’”)) , V' > Ty (38)
h=1

insJh

moreover, Vh=1,....k + 1, we have

det (A<I,J\{jh}))("‘l’"‘1) .

(39)
Observe that ALNID + By o — By is a linear (m, 7)-general function,
where 7 : I\I,, — J\Jyn41 is the function defined by 7(i) = o (i), Vi € I\L;
moreover, D;_q (A(I’J\{j"})) #0,1—-1e€N, N (A(I"J\{j’b})) = k; then, from

the recursive assumption, there exists lim det (A(I’J\{jh}))(nil’nfl) € R,
n—-4oo

(cofA("’n)) = ‘det A(I"*’I"\{jh})‘ =

insJh

and so

det (A(LJ\{jh}))(nfl,nfl)

ngnioo |aimjh |

=0,Vh=1,...,k+1;

consequently, from (38) and (39), we obtain lim det A™™ = 0.
n—>-—+oo
Furthermore, suppose that there exists [ € Z~ such that D; # {); since
the function o] N\ is injective, from Proposition 3.4, the linear function A4 :
my
E; — Ej is (my, 7)-general, where 7 : J\Jm, — I\Im, is the increasing
function defined by 7(j) = o~1(j), V4 € J\Jm,; moreover, we have D_; (*A) #
(), —1 € N*; then, from the previous arguments, we obtain
lim detA™™ = lim 'A™M =0.

n—> -+oo n—>—4oo

Finally, if D = ), we have
{i € I\I,, : 0(i) = o(h), fore some h € I\I,,,h < i}| = +oo

or |(J\Jm) \o(I\I,;,)| = 400; then, the rows or the columns of the matrix A"
are linearly dependent, for n sufficiently large, and so we have det A™) = 0,
from which lim det A" = 0. O

n—>+o00
DEFINITION 3.7. Let A = (aij);c; et E5 — Eyp be a linear (m, 0)-general
function; define the determinant of A, and call it det A, the real number

det A= lim det A(™™),

n—>—+oo
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COROLLARY 3.8. Let A = (aij);c; jey * Eg — Er be a linear (m, o)-general
function such that a;; = 0, Vi € I, Vj € J\Jy, or A is (m,o)-standard.
Then, if o is bijective, we have

det A = det A™™) H A
i€N\I

Conversely, if o is not bijective, we have det A = 0. In particular, if A =11 ;,
we have det A = 1.

Proof. If o is bijective, Vi € I\I,;,, we have |o(i)| = |i|; then, Vn € N, n > m,
we have
det AT = det AT T A,

1€l \Im

from which

det A= lim det A™™ = det A(™™) H A

n—>-+oo
i€I\Ip,

Moreover, suppose that A # () but o is not bijective, and set T = min A; by
definition of 777, we have 7@ > m and the matrix A ™) is not invertible; then,
Vn € N, n > m, we obtain

det AT = det AT T A, =0,
pEIl\Im

and so det A = lim det A" = 0. Finally, if A = @, from Theorem 3.6

n—>-+oo
we have det A = 0 again. In particular, if A =1y ;, then A is (1, 0)-standard,
where ALY = (1), \; = 1, Vi € I\I;, and ¢ is bijective; then, det A=1. [

PROPOSITION 3.9. Let A = (aij);cr jes : By — Ep be a linear (m,o)-general
function such that a;; = 0, Vi € I, Vj € J\Jm, or A is (m,o)-standard;
then:

1. One has det A # 0 if and only if AU™™) is invertible, \; # 0, for any
1 € I\I,,, and o is bijective.

2. Ifa;; =0,Vi€ Iy, Vj€ J\Jy, and det A # 0, then A is bijective.

3. If A is (m,o)-standard, then one has det A # 0 if and only if A is bijec-
tive.

Proof.
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1. If o is bijective, from Corollary 3.8, we have

det A = det A TT M.
STAVES
Moreover, if A™™) is invertible and \; # 0, Vi € I\I,, we have
det A(mm) oL (), H Ai = H A € R*, and so det A # 0.
i€\, 1€\ I : A £0
Conversely, if det A # 0, from Corollary 3.8, o is bijective, and so

det Al TT A = det A # 0;
1€\,

then, A(™™) is invertible and \; # 0, Vi € I\I,,.
2. If a;; = 0, Vi € Iy, Vj € J\Jp, and det A # 0, from point 1 and
Proposition 2.27, we obtain that A is bijective.

3. The statement follows from Proposition 10 and Remark 14 in [3].
O

PROPOSITION 3.10. Let A = (aij);cr je s+ E1 — Er be a linear (m, o)-general
function such that {h EN,h>m: 0'|I\Ih is injective} #+ (; then, det A =

det tA.
Proof. Since {h EN,h>m: O'|I\]h is injective} # (), from Proposition 3.4,

the function A : E; — Ej is 7%,7 -general, where m € N* is defined by
formula (20), and the function 7 : J\Jz — I\Ix is given by

m(j) =min{ o7} (k) :k>j, keo(I\Iz) },Vje J\Jz.
Then, we have

det A= lim det A™™

n—-—+oo

— dimdet ! (AC) = Tim det (*4)"" = det A,

n—-+oo n—-+4oo

O

PROPOSITION 3.11. Let A = (a;j);¢, jes i By — Ep be alinear (m, o)-general
function such that " la; ;| < 400, for any j € J\Jy,; moreover, let s,t €
i€\ I

N*, s <t, let p=max{t,m} and let iy € I such that |iy| =t; then:
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1. If there exist u = (uj:j€J) € Ej,v= (v;:j€J) € Ej, c1,c20 € R

such that Z|u1| < 00, Z|vj| < +00, aj,j = ciu; + cov4, for any
jeJ jeJ

j € J, by indicating by U = (uij)ieI,jeJ and V = (Uij)iel.,jeJ the linear

functions obtained by substituting the t-th row of A for u and v, respec-

tively, then U and V are (p,§)-general, where the increasing function

& INI, — J\J, is defined by

N[ () ifo(i) €N . .
5(1) - { min (J\Jp) Zfa(z) ¢ J\Jp ,Vie I\]'p7 (40)

moreover, one has det A = ¢y detU + codet V.

. If B = (bij)z'el,jeJ : By — Eg is the linear function obtained by ex-

changing the s-th row of A for the t-th row of A, then B is (p,£)-general
and one has det B = — det A.

L IfC = (cij) e jes + By — Ej is the linear function obtained by substi-

tuting the t-th row of A for the s-th row of A, or the s-th one for the t-th
one, then C is (p,£)-general and one has det C = 0.

Proof.

1. Since > Ja;j| < 4oo, Vj € J\Jn, we have Z luij| < oo,

i€I\I, i€\
Z |vij] < 400, Vj € J\Jp; then, from point 5 of Proposition 2.24,
i€\ I
the functions U and V are (p, £)-general. Moreover, Vn € N*, we have
det A™™) = ¢1 det U™™) 4 ¢o det V™) from which

det A= lim detA™™ = lim (01 det U™ co det V("’”))

n—-+4oo n—-+oo

=c1detU + codet V.

. By proceeding as in the proof of point 1, we can prove that B is (p,&)-

general; moreover, Yn € N, n > p, B"™™ is the matrix obtained by
exchanging the s-th row of A(™™) for the ¢-th row of A"™): then, one
has det B(™™) = — det A(™™) from which

detB= lim detB™™ =— lim det A™™ = —det A.

n—-+4oo n—s-+oo

. By proceeding as in the proof of point 1, we can prove that C is (p,&)-

general; moreover, since the s-th row of C' and the t-th row of C' are
equals, by exchanging these rows among themselves we obtain again the
matrix C; then, from point 2, we have det C' = —detC, from which
det C' = 0.
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PROPOSITION 3.12. Let A = (a;j);¢; jes i By — Ep be alinear (m, o)-general

function such that " la; ;| < 400, for any j € J\Jy,; moreover, let s,t €
i€\,

N*, s < t, let p = max{t,m}, let j: € J such that |j:| = t, and let the function

& I\I, — J\J, defined by (40); then:

1. If there existu= (u; ;i € I) € B, v=(v;: 1 €1I) € Er, c1,c2 € R such

that Z |u;| < 400, Z lv;| < 400, a;;, = cru; + cov;, for any i € I, by
icl i€l

indicating by U = (uij);c; iy and V = (vij),cr ;e s the linear functions
obtained by substituting the t-th column of A for u and v, respectively,
then U and V are (p,§)-general and one has det A = ¢y det U + co det V.

2. If B = (b’ij)z‘el,jeJ : E; — FEy is the linear function obtained by exchang-
ing the s-th column of A for the t-th column of A, then B is (p,&)-general
and one has det B = — det A.

3 1f C = (cij)er jes By — Ey is the linear function obtained by substi-
tuting the t-th column of A for the s-th column of A, or the s-th one for
the t-th one, then C is (p,&)-general and one has det C' = 0.

Proof. The proof is analogous to that one of Proposition 3.11. O

PROPOSITION 3.13. Let A = (aij),¢, jes By — Ep be a linear (m, o)-general

function such that Y l|a;;| < +oo, for any j € J\Jm. If the dimension
i€\,

of the wvector space generated by the rows or the columns of A is finite, then

det A =0.

Proof. Suppose that the dimension of the vector space generated by the rows of
A is finite; then, there exist n rows v(1) .. v of A, where v(*) = (vj(-k) 1j € J),
Vk e {l,...,n},such that,ifv = (v, : j € J) is as row of A, there exist ¢1,...,c;, €
R such that v = ¢;v™) + ... + ¢,v("™). From Proposition 3.11, by indicating by
Vie, Vk € {1,...,n}, the linear function obtained by substituting the row v of A
for v(k), by recursion we have det A = ¢; det V; + ... + ¢, det V},; moreover, Vi
has two rows equals to v(*), and so det V;, = 0, Vk € {1,...,n}; then, det A = 0.
Analogously, if the dimension of the vector space generated by the columns of
A is finite, from Proposition 3.12 we obtain det A = 0. O
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REMARK 3.14: Let A = (aij);cr je; * Es — Er be a linear (m, o)-general

function such that " |a; ;| < 400, for any j € J\J,. Then, for any
i€ I

n € N, n>m, forany ) # L C I and for any ) # N C J such that

|I\L| = |J\N| < 400, the linear function AZ&N) : Ex — Ey is (n, p)-general,

where the function p : L\L,, — N\N,, is defined by

, o(i) if o(i) € N\N, .
P = { min {j > o(i) : j € N\N,} if oi) ¢ N\N, "0 € P\

Proof. The proof follows from Remark 2.25. O

DEFINITION 3.15. Let A = (aij);¢; jert E; — Eg be a linear (m,o)-general

function such that >~ |a;;| < +oo, for any j € J\Jp; define the I x J
i€1\Im
matriz cof A by

(cofA)yj = (—1)l1H+17l det (AU\{Z'}J\UD)  Yiel, Ve lJ.

PROPOSITION 3.16. Let A = (aij);c; ic;

function such that % |a; ;| < 400, for any j € J\J,; moreover, suppose
i€
that a;j =0, Vi € I, Vj € J\Jp, or A is (m,o)-standard; then, one has:

: Ey — Ey be a linear (m, 0)-general

det A = Zait(cofA)it, Viel; (41)
teJ

det A = Zasj(cofA)sj, Vijeld (42)
sel

Proof. Suppose that A # () and set m = minA; Vie I,Vj € Jand Vn € N,
n > max{|i|, |j|,m}, we have

det A =det A TT A (43)
peIN\I,

from which

det A = Zait(cofA(”’"))it H Ap = Zait(cofA)m

te€Jn peI\I, ted,

then
det A = nirrioo Z ait(cofA)ir = Zan(cofA)it.

tedn teJ
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Analogously, from formula (43), we have

det A = Zasj(cofA(”’”))sj H Ap = Zasj(COfA)sja

sely, peI\I, s€ly

and so
det A = Zasj(cofA)sj.
sel
Conversely, if A = 0, Vs € I, Vt € J, we have A (AUNMHEAED) = ¢
then, from Theorem 3.6, we obtain det A = det (A(I\{S}=I\{t})) = 0, and so
(cofA)st = 0; then:

det A=0= Zait(cofA)it, Viel,

teJ
det A=0= Zasj(cofA)sj7 Vjeld.

sel
O
COROLLARY 3.17. Let A = (aij)ieljeJ : E; — Er be a linear (m,0)-general
function such that % |a; ;| < +oo, for any j € J\Jn,; moreover, suppose

i€ NI
that a;j =0, Vi € I, Vj € J\Jp, or A is (m,o)-standard; then:
1. One has

At (cofA) = (det A)I; ; (44)

moreover, if A is bijective, the linear functions A™' : E; — E; and
t(cofA) : Ef — Ej are continuous.

2. If A is bijective, then one has det A # 0 if and only if cof A # 0; moreover,
in this case

1
A7t = ——"(cofA) . 4
o (eof A) (45)

3. If A is (m,o0)-standard and bijective, then A" is (m,o_l)—standard.
Proof.

1. From formula (41), we have

Zait(cofA)it =det A, Viel.

tedJ
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Moreover, we have

> ai(cofA)je =0, Vi, j €1, i # j; (46)

teJ

in fact, from formula (41) and Proposition 3.11, the left side of (46) is
equal to det C, where C' is the (p, £)-general function obtained by substi-
tuting the j-th row of A for the i-th row of A, p = max{|i|, |j|,m}, and
the increasing function £ : I\I, — J\J, is defined by (40); then, from
Proposition 3.11, we have det C' = 0. This implies that

Zait(cofA)jt = (det A)(SLJ, Vi, jel,
teJ

where ;5 is the Kronecker symbol, and so formula (44) follows, since the
functions §;; and Sij coincide on I x I. Moreover, suppose that A is bijec-
tive; since A is continuous from Proposition 3.4, then the linear function
A1 E; — Ej is continuous (see, e.g., the theory in Weidmann’s book
[11]); furthermore, from formula (44), we have

t(cofA) = (det A)A™1,

and so the linear function * (cofA) : Ef — E; is continuous too.

. If A is bijective, from formula (44) we have det A = 0 if and only if

cofA =0, and so det A # 0 if and only if cof A # 0; moreover, in this
case, from formula (44) we obtain formula (45).

. If A is (m,o)-standard and bijective, from Proposition 3.9, we have

det A # 0, \; # 0, Vi € I\I,,, and o is bijective; moreover, Vy € E, we
have A (A_ly) =y, from which

(Aly), = % Vi€ I\ (47)

i

furthermore, we have {z €Ny : (N) " # O} = I\I,,, from which

—1 -1
H ()\z')il = H Ai = H A eR";
GE€I\ I :(Ng) 150 i€I\Im P€I\ L2 \i #0
then, we obtain sup ‘(Ai)_ll < 400 and inf ‘(/\i)_l‘ > 0.

i€\, 1€\ Im:(Xs) ' #£0
Finally, from formula (47) and since the linear function A= : E; — E;
is given by formula (45), then A= is (m,o~!)-standard, with \; (A7) =
(M) 7Y Vi€ INLy,.
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PROPOSITION 3.18. Let ¢ : U C E; — Ej be a (m, 0)-general function and let
xo = (20,5 : j € J) € U such that there exists the function J, (xo) : Ey — Ep;
then, J, (z9) is a linear (m,o)-general function; moreover, for any n € N,
n > m, there exists the linear (m,o)-general function J5tnm) (x0) : E; — Ey,
and one has

det Jy, (zo) = ngToo det Jnm (20) -

Proof. Since ¢ is (m, o)-general, from Remark 3.2, the linear function J, (o)
is (m, o)-general; moreover, Vn € N, n > m, from Proposition 2.4, there exists
the linear function Jomn (7o) @ By — Ey, and it is (m, 0)-general, from
Remark 3.2; furthermore, we have A (J, (20)) = A (J50.m (20)).

If A(J, (z0)) # 0, set m = min A (J, (z0)); Vn > %, we have

det Jnm) (20) = det Sy (0,5 1§ € Jn) H 4,0;10(1-) (20,0()) ; (48)
i€\,

if |(I\I;m) \Zy| < 400, set 49 = max ((I\In) \Z,) and m = max{m, |io|}; since

ot (T00) € R, wehave I o) (T0.0()) = 1 then, f
ie;\[]ﬂ‘»@z,a(z) (Io, ()) we have "HHEOOZ-EII_\[I;D“J(Z) (xo, ()) en. from

(48) and Theorem 3.6, we obtain

lim det Je,n) (o) = lim_det Jymm (zo;:J € Jn) = det J, (z0);

n—-+oo n—-+oo

conversely, suppose that |(I\I) \Z,| = +oo; for n sufficiently large, we have
det J,n.m (20,5 j € Jn) = 0, from which

det J,, (zo) = nll)l}_loo det J,nm (2o, J € Jn) =0
= TLEI_,I_IOO det Jw(f,,,n,) (.%()’j 1] € Jn) H 902,0(1‘) (1'070(,;))
i€I\I,,

= ngr}rloo det Ja(n,n) (xo) .

Moreover, if A (J, (z0)) = 0, Vn € N, n > m, we have A (Jyw.n (20)) = 0,
and so

det J<p (1‘0) =0= nEIqILloo det Ja(n,n) (ZE()) .



34 CLAUDIO ASCI

ExXAMPLE 3.19: Consider the linear function A = (a;;) : En — BN~

i EN-
given by "
> 279w, ifi=1
JEN* _
(Al’)Z: T+ 21\:127]1'] ifi =2 ’qu:(gjj]eN*)eE’N*
jEN*
2 ipy 4227 if i € N*\{1,2}

Then, A is a strongly (m,o)-general function, where I = J = N*, m = 2,
I, = Jn = {1,2}, o is the function given by o(i) = i, Vi € N*\{1,2}, and
A = N*\{1} # 0; moreover, we have \; = 22 ", Vi € N*\{1,2}.

In order to calculate det A, observe that AG2ENY) — 4 + ¢ where v =
AQENY ¢ By, and v = (vj 17 € N*) € En~, where v; = 0;1, Vj €
N*. Then, from Proposition 3.11, we have det A = detU + detV, where
U = (uij); jen+ and V' = (vij), ;on- are the linear functions obtained by
substituting the second row of A by u and v, respectively; moreover, since
UUNY) — 25N e have det U = 0, from which

det A=detV = lim detV™™, (49)

n—>-+oo

Finally, Vn € N*\{1,2}, we have

det V(n,n) _ (_1)n+127n det V(nfl,{Z,...,n}) + 22*" det V(nfl,nfl)
= 227" det V(ntn=1), (50)

since the second row of V(»=1:{Zn}) ig zero, and so det V(= 1:{Z-n}) —
Then, by recursion, from (50) we obtain

det V) = det VI []22 7",

j=3
and so formula (49) implies
+oo
n . Z 9—n 1 .
det A= lim detVEP][2* " =det V2= = -V
n—>-+oo 4

Jj=3

4. Problems for further study

A natural extension of this paper and of the paper [4] is the generalization
of the change of variables’ formula for the integration of the measurable real
functions on (R!, BU)), by substituting the (m, o)-standard functions for the
(m, o)-general functions.
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Moreover, a natural application of this paper, in the probabilistic frame-
work, is the development of the theory of the infinite-dimensional continuous
random elements, defined in the paper [3]. In particular, we can prove the for-
mula of the density of such random elements composed with the (m, o)-general
functions, with further properties. Consequently, it is possible to introduce
many random elements that generalize the well known continuous random vec-
tors in R™ (for example, the Beta random elements in F; defined by the
(m, o)-general matrices), and to develop some theoretical results and some ap-
plications in the statistical inference. It is possible also to define a convolution
between the laws of two independent and infinite-dimensional continuous ran-
dom elements, as in the finite case.

Furthermore, we can generalize the paper [2] by considering the recursion
{Xn}pen on [0,p)N defined by

Xn+1 =AX, + B, (mOd p)a

where Xo = 29 € E;, A is a bijective, linear, integer and (m, o)-general func-
tion, p € RT, and {By}, . is a sequence of independent and identically dis-
tributed random elements on Ej. Our target is to prove that, with some as-
sumptions on the law of B,,, the sequence {Xn}neN converges with geometric

rate to a random element with law ® (%Leb
ieN*
to quantify the rate of convergence ineterms of A, p, m, and the law of B,,.
Finally, in the statistical mechanics, it is possible to describe the systems of
smooth hard particles, by using the Boltzmann equation or the more general
Master kinetic equation, described for example in the paper [9]. In order to
study the evolution of these systems, we can consider the model of countable
particles, such that their joint infinite-dimensional density can be determined
by composing a particular random element with a (m, o)-general function.

). Moreover, we wish
B([0,p))
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ABSTRACT. Let G be a group with identity e. Let R be a G-graded
commutative ring and M a graded R-module. In this paper, we will in-
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1. Introduction and Preliminaries

Throughout this paper all rings are commutative with identity and all modules
are unitary. Badawi in [8] introduced the concept of 2-absorbing ideals of
commutative rings. We recall from [8] that a proper ideal I of R is called a
2-absorbing ideal of R if whenever r,s,t € R and rst € I implies rs € I or
rt € I or st € I. Later on, Anderson and Badawi in [7] generalized the concept
of 2-absorbing ideals of commutative rings to the concept of n-absorbing ideals
of commutative rings for every positive integer n > 2. We recall from [7] that a
proper ideal I of R is called an n-absorbing ideal if whenever x; - - - x,41 € I for
Z1,...,Tne1 € R, then there are n of the z;’s whose product is in I. In light of
[8] and [7], many authors studied the concept of 2-absorbing submodules and
n-absorbing submodules. Recently, H. Mostafanasab, U. Tekir and K.H. Oral
in [12] studied classical 2-absorbing submodules of modules over commutative
rings. Let M be an R-module. A proper submodule NV of M is called classical
2-absorbing submodule, if whenever a, b, ¢ € R and m € M with abem € N,
then abm € N or acm € N bem € N.

The scope of this paper is devoted to the theory of graded modules over
graded commutative rings. One use of rings and modules with gradings is in de-
scribing certain topics in algebraic geometry. Here, in particular, we are dealing
with graded classical 2-absorbing submodules of graded modules over graded
commutative rings. The notion of graded 2-absorbing ideals as a generalization
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of graded prime ideals was introduced and studied in [3, 13]. The notion of
graded 2-absorbing ideals was extended to graded 2-absorbing submodules in
[2, 11]. The notion of graded classical prime submodules as a generalization
of graded prime submodules was introduced in [9] and studied in [1, 4, 5].
The purpose of this paper is to introduced the concept of graded classical 2-
absorbing submodules as a generalization of graded classical prime submodules
and give a number of its properties (see sec. 2).

First, we recall some basic properties of graded rings and modules which
will be used in the sequel. We refer to [10, 14, 15, 16] for these basic properties
and more information on graded rings and modules.

Let G be a group with identity e and R be a commutative ring with iden-
tity 1g. Then R is a G-graded ring if there exist additive subgroups R, of
R such that R = @gEG R, and RyRy, C Ry, for all g,h € G. The elements
of R, are called to be homogeneous of degree g where the R,’s are additive
subgroups of R indexed by the elements g € G. If x € R, then x can be writ-
ten uniquely as > geG Tg> where z, is the component of z in R;. Moreover,
h(R) = U eq Ry Let I be an ideal of R. Then I is called a graded ideal of
(R,G) it I =@ ccUNRy). Thus, if x € I, then z =3 ;x4 with z, € I.
An ideal of a G-graded ring need not be G-graded.

Let R be a G-graded ring and M an R-module. We say that M is a G-
graded R-module (or graded R-module) if there exists a family of subgroups
{Mgy},. of M such that M = @ M, (as abelian groups) and R, M) C Mgy,

€G
for all g,h € G. Here, R,My di}notes the additive subgroup of M consisting
of all finite sums of elements rys;, with r, € Ry and s, € Mj,. Also, we write
h(M) = |J M, and the elements of h(M) are called to be homogeneous. Let

geG

geG
M = @ My be a graded R-module and N a submodule of M. Then N is
geG
called a graded submodule of M if N = @@ Ny where Ny = N N M, for g € G.

geG
In this case, Ny is called the g-component of N. Moreover, M/N becomes a
G-graded R-module with g-component (M/N)y, = (My+ N)/N for g€ G.
Let R be a G-graded ring and S C h(R) be a multiplicatively closed sub-
set of R. Then the ring of fraction S™!'R is a graded ring which is called the
graded ring of fractions. Indeed, S™'R = ?G(SflR)g where (S7'R), = {r/s:
g

re Rse€S and g = (degs) 1(degr)}. Let M be a graded module over a

G-graded ring R and S C h(R) be a multiplicatively closed subset of R. The

module of fraction S™'M over a graded ring ST R is a graded module which is

called module of fractions, if S™'M = @& (S™'M), where (S™'M), = {m/s :
o 4 .

mée M,s €S and g = (degs)~!(degm)}. We write h(S™IR) = UG(S_lR)g
ge

and h(S™1M) = UG(S*IM)Q. Consider the graded homomorphism 7 : M —
S ’
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S~IM defined by n(m) = m/1. For any graded submodule N of M, the sub-
module of S~1M generated by n(N) is denoted by S~!N. Similar to non graded
case, one can prove that S_lN:{ﬁ €S 'M:B=m/sform & N and s € S}
and that ST!N # S~'M if and only if SN (N :g M) = ¢. If K is a graded
submodule of S~!R-module S™!M, then K N M will denote the graded sub-
module 7 (K) of M. Moreover, similar to the non graded case one can prove
that S"H(K N M) = K.

Let R be a G-graded ring and M a graded R-module.

A proper graded ideal P of R is said to be a graded prime ideal if whenever
rs € P, we have r € P or s € P, where 1, s € h(R) (see [18].) It is shown in [6,
Lemma 2.1] that if N is a graded submodule of M, then (N :g M)={re R:
rN C M} is a graded ideal of R.

A proper graded submodule P of M is said to be a graded prime submodule
if whenever r € h(R) and m € h(M) with rm € P, then either r € (P :p M)
orm € P (see [6, 17].)

A proper graded ideal I of R is said to be a graded 2-absorbing ideal of R
if whenever r,s,t € h(R) with rst € I, then rs € I or rt € I or st € I (see
(3, 13].)

A proper graded submodule N of M is called a graded 2-absorbing submod-
ule of M if whenever r,s € h(R) and m € h(M) with rsm € N, then either
rs € (N :g M) orrm & N or sm € N (see [2].)

A proper graded submodule N of M is called a graded classical prime sub-
module if whenever r,s € h(R) and m € h(M) with rsm € N, then either
rm € N or sm € N (see [4, 9].)

2. Results

DEFINITION 2.1. Let R be a G-graded ring, M a graded R-module, C' a graded
submodule of M and let g € G.

(i) We say that Cy is a classical g-2-absorbing submodule of R.-module M,
if Cy # Myg; and whenever r,s,t € R, and m € My with rstm € Cy, then
either rsm € Cy or rtm € Cy or stm € C,.

(ii) We say that C' is a graded classical 2-absorbing submodule of M if C # M ;
and whenever r,s,t € h(R) and m € h(M) with rsm € C, then either
rsm € C orrtm € C or stm € C.

THEOREM 2.2. Let R be a G-graded ring, M a graded R-module and C' a graded
submodule of M. If C is a graded classical 2-absorbing submodule of M, then
Cy is a classical g-2-absorbing R.-submodule of My for every g € G.

Proof. Suppose that C is a graded classical 2-absorbing submodule of M. For
g € G assume that rstm € Cy C C where r,5,t € R, and m € My. Since C'
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is a graded classical 2-absorbing submodule of M, we have either rsm € C or
rtm € C or stm € C. Since M; C M and C, = C' N M, we conclude that
either rsm € Cy or rtm € Cy or stm € Cy. So Cy is classical g-2-absorbing
R-submodule of M,. O

THEOREM 2.3. Let R be a G-graded ring, M a graded R-module and C a proper
graded submodule of M. Then the following statements hold:

(i) If C is a graded 2-absorbing submodule of M, then C is a graded classical
2-absorbing submodule of M.

(ii) C is a graded classical prime submodule of M if and only if C is a graded
2-absorbing submodule of M and (C :r M) is a graded prime ideal of R.

Proof. (i) Assume that C is a graded 2-absorbing submodule of M. Let r, s,
t € h(R) and m € h(M) such that rstm € C,rtm ¢ C and stm ¢ C. Since C
is a graded 2-absorbing submodule of M, we conclude that rs € (C :r M) and
hence rsm € C. Thus C' is a graded classical 2-absorbing submodule of M.
(7)) Assume that C' is a graded classical prime submodule of M. It is clear
that C is a graded 2-absorbing submodule of M. Also by [4, Lemma 3.1.],
(C:r M) is a graded prime ideal of R. Conversely, assume that C' is a graded
2-absorbing submodule of M and (C :g M) is a graded prime ideal of R. Let
r, s € h(R) and m € h(M) such that rsm € C, rm ¢ C and sm ¢ C. Since C
is a graded 2-absorbing submodule of M, rs € (C :gp M). It follows that either
r € (C:g M)orsée€ (C:gp M)and hence rm € C or sm € C, which is a
contradiction. Thus C is a graded classical prime submodule of M. O

The following example shows that the converse of theorem 2.3(i) is not true.
EXAMPLE 2.4: Let G = (Z,+) and R = (Z,+,.). Define

R, = OZ otllfergwi_seo . Then R is a G-graded ring. Let M = Zjy x
Z3 x Q. Then M is a G-graded R-module with
{0} xZsgxQ ifg=0
Mo— Zox {0} xQ ifg=1
g ZQXZgX{O} lfg:2
{0} x {0} x {0} otherwise
Now consider a graded submodule C' = {(0,0,0)}. One can easily see that C'
is a graded classical 2-absorbing submodule of M. Since 2.3.(1,1,0) = (0,0, 0),
but 3.(1,1,0) ¢ C, 2.(1,1,0) ¢ C and 2.3.(1,1,1) ¢ C, we get C is not a graded
2-absorbing submodule. Also, part (i7) of theorem 2.3(ii) shows that C' is note
a graded classical prime submodule. Hence the two concepts of graded classical
prime submodules and of graded classical 2-absorbing submodules are different
in general.
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Recall that a graded zero-divisor on a graded R-module M is an element
r € h(R) for which there exists m € h(M) such that m # 0 but rm = 0. The
set of all graded zero-divisors on M is denoted by G-Zdvg(M) (see [2].)

The following result studies the behavior of graded 2-absorbing submodules
under localization.

THEOREM 2.5. Let R be a G-graded ring, M a graded R-module and S C h(R)
a multiplication closed subset of R. Then the following hold:

(i) If C is a graded classical 2-absorbing submodule of M such that (C :g
M)NS = ¢, then S~C is a graded classical 2-absorbing submodule of
S—1M.

(ii) If S7IC is a graded classical 2-absorbing submodule of S™*M and SN
G-Zdvr(M/C) = ¢, then C is a graded classical 2-absorbing submodule
of M.

Proof. (i) Let C be a graded classical 2-absorbing submodule of M and (C :g

M)NS = ¢. Suppose that {22 :3 o EST LC for some 2,2, Z—z € h(S7'R) and
for some * € h( S~1M). Hence there exists k € S such that rirar3(km) € C.
Since C 1s a graded classical 2-absorbing submodule of M, we conclude that

either rira(km) € C or rirs(km) € C or rorg(km) € C. Thus rira(km) _

3152S4k
T T2 M 1 T]T.S(km) 1 T3 M 1 T2T3(k’m) ro T3 M 1
S1 S2 S4 6 S C or 51835419 S1 83 S84 6 S C or 52535416 S2 83 S4 6 S C

Therefore S™1C is a graded classical 2-absorbing submodule of S~ M.

(i1) Assume that S7!C is a graded classical 2-absorbing submodule of
S=IM and SN G-Zdvr(M/C) = ¢. Let r1ror3m € C for some rq,72,73 € h(R)
and for some m € h(M). Then Dralsm — n2zism ¢ §-1C. Since S~!C is
a graded classical 2-absorbing submodule of S™'M, we conclude that either
QQ@ = mrm o - IC or mLram _ r1r3m c S 1C or rzTsm _ Tarsm o

111 111 1
S 1C’ If 2= e 5~ LC, then there ex1sts s € S such that srirem € C and

since SN G-Zdvg(M/C) = ¢, we have ryrom € C. With a same argument,
we can show that if 257 € S~ LC, then rirsm € C and also we can show if
r21sm ¢ §=1C then rorgm € C. Therefore C is a graded classical 2-absorbing
submodule of M. O

LEMMA 2.6. Let R be a G-graded ring, M a graded R-module and C a graded
classical 2-absorbing submodule of M. Let I = @QEG I, be a graded ideal of
R. Then for every r,s € h(R), m € h(M) and g € G with rslygm C C, either
rsm € C orrlgm C C or sIym C C.

Proof. Let r,s € h(R), m € h(M) and g € G such that rsI;m C C, rsm ¢ C,
rI;m ¢ C and sIy;m ¢ C. Then there exist i14, iog € I, such that ri;,;m ¢ C
and siggm ¢ C. Since C is a graded classical 2-absorbing submodule, 7si1qm €
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C, rsm ¢ C and riygm ¢ C, we have sijzgm € C. Also rsiggm € C implies
that riogm € C, since C is a graded classical 2-absorbing submodule. Since
r5(i14 + d2g)m € C, we conclude that r(i14 + iog)m € C or s(iyg + izg)m € C
or rsm € C and hence either rsm € C or rijgm € C or siggm € C, which is a
contradiction. O

THEOREM 2.7. Let R be a G-graded ring, M a graded R-module and C' a graded
classical 2-absorbing submodule of M. Let I = @,cq 1y and J = @ cq Jy be
a graded ideals of R. Then for every r € h(R), m € h(M) and g,h € G with
rlgJym C C, either rigm C C or rJym C C or I,J,m C C.

Proof. Let r € h(R), m € h(M) and g, h € G such that rI,J,m C C,rI;m ¢ C
and rJ,m ,@ C. We have to show that I,J,m C C. Assume that i, € I, and
Jn € Jn. By assumption there exist i, € I, and j;, € Jj such that rigm ¢ C
and rj,m ¢ C. Since rigJym C C, rigm ¢ C and rJpm ¢ C, by Lemma 2.6,
we have 4y Jym C C. Also since rj,I; m € C, rjym ¢ C and rIgm ¢ C, by
Lemma 26 we have j,I, m C C. By (ig +iy) € I, and (jp +jh) € Jp it
follows that r (i, +1})(jn —l—jh)m € C. Since C'is a gradcd classical 2-absorbing
submodule, either r( +ig)m € Cor r(jp+j,)m € Cor (ig+iy)(jn+7,)m € C.
If r(ig—}—i;)m = m'gm—i—ri’gm € C, then rigm ¢ C which implies that igjpm € C
by Lemma 2.6. Similarly, by r(j, + j;,)m € C, we conclude that igj,m € C.
If (ig +iy)(jn + gp)m € C, then igjpm + izjym + igjpm +igjym € C and so
tgjnm € C Thus I,Jp,m C C. O

THEOREM 2.8. Let R be a G-graded ring, M a graded R-module and C a proper
graded submodule of M. Let I = @ 1y, J = DByeqJy and K = @ e K,y
be a graded ideals of R. Then the following statement are equivalent:

(i) C is a graded classical 2-absorbing submodule of M ;

(ii) For every g,h, A € G and m € h(M) with I,J, Kxm C C, either I;Jym C
CorlgKym CC or J,KymCC

Proof. (i) = (ii) Assume that C is a graded classical 2-absorbing submodule of
M. Let g, h, A € G and m € h(M) such that I,J,Kxm C C and I;J,m ¢ C.
Then by Theorem 2.7, for all ry € K either Iyram C C or Jyrym C C. If
Iyram C C, for all vy € Ky we are done. Similarly if Jrym C C, for all
rx € K we are done. Suppose that 7,7} € Ky are such that I;rym ¢ C and
Jyrim ¢ C. Tt follows that I;rim C C and Jurym C C. Since Iy Jp(rx +
ry)m C C, by Theorem 2.7, we have either I (ry+ry)m C C or Jy(ry+ry)m C
C. By I4(ry+ri)m C C it follows that I,rym C C which is a contradiction.
Similarly by Jy(rx +14)m C C we get a contradiction. Therefore I;Kyxm C C
or J,K,ym C C.

(73) = (i)Assume that (ii) holds. Let rg,sp,tx € h(R) and m € h(M)
such that rysptam € C. Let I = rgR, J = s, R and K = tyR be a graded
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ideals of R generated by 74, s, and ty, respectively. Then I,J, Kym C C. By
our assumption we obtain IyJym C C or I;Kym C C or J,Kym C C. Hence
rgspm € C or rgtaxm € C or sptam € C. Therefore C is a graded classical
2-absorbing submodule of M. O

Let M and M’ be two graded R-modules. A homomorphism of graded
R-modules ¢ : M — M’ is a homomorphism of R-modules verifying p(M,) C
M, for every g € G.

THEOREM 2.9. Let R be a G-graded ring and M, M’ be two graded R-modules
and @ : M — M’ be an epimorphism of graded modules.

(i) If C is a graded classical 2-absorbing submodule of M containing Kerep,
then ©(C) is a graded classical 2-absorbing submodule submodule of M'.

(ii) If C" is a graded classical 2-absorbing submodule of M’, then »=*(C")
s a graded classical 2-absorbing submodule of M.

Proof. (i) Suppose that C is a graded classical 2-absorbing submodule of M
and let 7, s,t € h(R) and m' € h(M') such that rstm’ € o(C), rsm’ ¢ ¢(C)
and rtm’ ¢ o(C). Since rstm’ € ¢(C), there exists ¢ € C N h(M) such
that p(c) = rstm’. Since m’ € h(M') and ¢ is an epimorphism, there exists
m € h(M) such that p(m) = m'. Then ¢(c) = rstp(m) and so p(c—rstm) = 0.
Hence ¢ — rstm € Kerep C C and so rstm € C. Since C is a graded classical
2-absorbing submodule of M, rsm ¢ C and rtm ¢ C, we have stm € C. Hence
stm’ € o(C). Thus p(C) is a graded classical 2-absorbing submodule of M’.
(#4) Suppose that C’ is a graded classical 2-absorbing submodule of M’ and
let 7,5, € h(R) and m € h(M) such that rstm € p=1(C’), rsm ¢ ¢~ 1(C’) and
rtm ¢ ¢~ 1(C’). Since ¢ is an epimorphism, ¢(rstm) = rsto(m) € C'. Since C’
is a graded classical 2-absorbing submodule of M’, rsp(m) = p(rsm) ¢ C’and
rtp(m) = p(rim) ¢ C’, we have sto(m) = p(stm) € C’ and hence stm €
@ H(C"). Thus p~1(C") is a graded classical 2-absorbing submodule of M. O

As an immediate consequence of Theorem 2.9 we have the following corol-
lary.

COROLLARY 2.10. Let R be a G-graded ring, M a graded R-module and K C C'
a graded submodules of M. Then C is a graded classical 2-absorbing submodule
of M if and only if C/K is a graded classical 2-absorbing submodule of M /K.

LEMMA 2.11. Let R be a G-graded ring, M a graded R-module and C' a graded
submodule of M. If C is an intersection of two graded classical prime submod-
ules of M, then C' is a graded classical 2-absorbing submodule of M.
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Proof. Suppose that C' = C, N C,, where C, and C; are graded classical prime
submodules of M. Let r, s, t € h(R) and m € h(M) with rstm € C. Since
C, is a graded classical prime submodules of M, we have either rm € C| or
sm € C, or tm € C,. Since (s is a graded classical prime submodules of M,
we have either rm € Cy or sm € Cy or tm € Cs. It follows that rsm € C, NC,
orrtm € C,NC, or stm € C, NC,. Thus C'is a a graded classical 2-absorbing
submodule of M. O

Let R; be a graded commutative ring with identity and M; be a graded
R;-module, for i = 1,2. Let R = R; X Ry. Then M = M; x M, is a graded
R-module and each graded submodule of M is of the form C' = Cy x Cy for
some graded submodules C; of My and Cs of M.

THEOREM 2.12. Let R = R1 X R3 be a graded ring and M = M x M, be a graded
R-module where M is a graded Ri-module and Ms is a graded Rs-module. Let
C1 and Cy be a proper graded submodules of My and Ms, respectively.

(i) Cy is a graded classical 2-absorbing submodule of Myif and only if C =
Cy x Cy is a graded classical 2-absorbing submodule of M.

(ii) Cy is a graded classical 2-absorbing submodule of Mz if and only if C =
My x Cy is a graded classical 2-absorbing submodule of M.

(iii) C = Cy x Cy is a graded classical 2-absorbing submodule of M if and
only if C1 and Cy are graded classical prime submodules of My and Ms,
respectively.

Proof. (i) Suppose that C' = Cy x M> is a graded classical 2-absorbing submod-
ule of M. From our hypothesis, C; is proper, So C; # M. Set M’ = {0}%.
Hence C' = {O}%MQ is a graded classical 2-absorbing submodule of M by
Corollary 2.10. Also observe that M’ = M; and C’ = C;. Thus C is a graded
classical 2-absorbing submodule of M;. Conversely, if C; is a graded classical
2-absorbing submodule of M;, then it is clear that C' = C x M3 is a graded
classical 2-absorbing submodule of M.

(#4) It can be easily verified similar to (7).

(7i7) Assume that C' = C x Cs is a graded classical 2-absorbing submodule
of M. We show that C} is a graded classical prime submodules of M;. Since
Cy # My, there exists mo € M\Cs. Let rsmy € Cy for r, s € h(R;) and
my € h(My). Then (r,1)(s,1)(1,0)(mq, mg) = (rsmq,0) € C = C; x Cs. Since
C = (1 x Cy is a graded classical 2-absorbing submodule of M and mgy ¢ Cs,
either (r,1)(1,0)(m1,m2) = (rm1,0) € C = Cy x Cy or (s,1)(1,0)(mq, m2) =
(smy,0) € C = Cy x Cy. Hence either rm; € Cy or smy € C; which shows
that Cy is a graded classical prime submodule of M;. Similarly, one can show
that C5 is a graded classical prime submodule of Ms. Conversely, assume that
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Ciand (5 are graded classical prime submodules of M; and My, respectively.
One can easily see that (Cy x Ms) and (M; x Cq) are graded classical prime
submodules of M. Hence (C; x Ma) N (M x Cy) = Cy x Cy = C'is a graded
classical 2-absorbing submodule of M by Lemma 2.11.
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1. Introduction

In this paper we carry on the study of some additive decompositions of matrices,
started in [2] and in [1] with applications to the image of a matrix through a
power series (see for instance also [3]). We work in a fixed algebraic closure K
of a fixed field K of characteristic 0.

In §2 we define a projection, ¢ : K — K, whose image is K and which allows
to decompose K as direct sum K@ Ker(7x) (see Remark 2.1). As a consequence,
we get the K-trace decomposition of a semisimple matrix M € M, (K), i.e. we
write (in a unique way) M = T+F, where T, F € M, (K) are mutually commut-
ing, T' diagonalizable over K and F' semisimple, with all eigenvalues in Ker(7x)
(see Proposition 2.10). Finally, we obtain the fine K-trace decomposition of any
semisimple matrix M € M, (K) (see Proposition 2.11 and Remark 2.13), which
decomposes each summand of the K-trace decomposition in simpler summands.

In §3, starting from the fine K-trace decomposition of a semisimple matrix
M, we get a formula for the image f(M) through a power series under the
further conditions that K is a valued field and that M is K-quadratic, i.e. its
eigenvalues have degree at most 2 over K (see Proposition 3.5 and in particular
Examples 3.6).

In §4, we normalize the fine K-trace decomposition of a semisimple K-
quadratic matrix M, when the field K is ordered quadratically closed and we
write its image through a power series as above (see Proposition 4.10). When
K is real closed too, this formula holds for every semisimple matrix in the
domain of convergence of the series and it can be viewed as a generalization of
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the classical Rodrigues’ formula for the exponential of a real skew symmetric
matrix (see Examples 4.11).

2. Fine K-trace decomposition

In this paper K is a fixed field of characteristic 0 and K one of its algebraic
closures.

REMARK 2.1 (K-decomposition): Let L C K be any finite extension of K and
A € L be of degree d with minimal polynomial over K:

ma(X) =X +aq 1 X+ a1 X +ag.

The multiplication by A is a K-linear mapping from L into L., whose character-
istic polynomial is m (X)E€M] and whose trace is:

[L: K] [L: K]
t =—[L:K\)]ag—1 = ————=0a4-1 = — _
rL/k(A) [ (Mad—1 KO : K] adg—1 g a1
(see for instance [6, Ch. VI, Proposition 5.6]).
t A _
Hence the expression: E:/ K]I(ﬁ]) _ pi ! depends only on A and K and
not on the finite extension L. C K of K, containing .
Therefore, for each A € K, we call 1x()\) := fadd71 the normalized K-trace
of . - -
It is easy to check that 7k is a K-linear mapping from K onto K C K with

2 = 7 (i.e. Tk is a projection as a K-linear endomorphism of K) and therefore

we get a canonical decomposition as K-vector spaces: K = K @ Ker(mg), (see
for instance [4, p. 211]), i.e. every element A € K has a unique decomposition
A =Tk(A) + er(A) with 7x(A) € K and ¢r(N) € Ker(mk).

We call this decomposition, 7k (A) and ¢k () respectively, the K-decompo-
sition, the K-part and the K-trace-free part of \. We will write 7(A\) and ¢())
in absence of ambiguity about the field K.

REMARK 2.2 (K-trace-free polynomial): Recall that two elements A\, M’ € K are
said to be conjugate over K, if they have the same minimal polynomial over
K or, equivalently, if they are in the same orbit under Aut(K/K): the group
of all automorphisms of the field K fixing each element of K. Hence A, ) € K
are conjugate over K if and only if 7(A) = 7(X) and p(\), p(\') are conjugate
over K.

For every A € K we denote vg(A\) = v()\) the normalized norm of X over K
as v(A) = (=1)%ag = Mz ... \g, where d = degk (), ag is the constant term of
the minimal polynomial of A over K and {\ = A1, A2, ..., \q} is the conjugacy
class of A over K.
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If my(X) is the minimal polynomial of A over K, then we call K-trace-free
polynomial of X to be the polynomial my(X) = mx(X + 7(X)) — mx(7(N)).

Note that my(X + 7())) is the minimal polynomial of p(\) over K and so
ma(T(N) = (=1 (p(N)), thus mx(X) = ma(X + 7(N)) + (=D u(p(N)).
Moreover m(X) is monic of degree d, its coeflicient of the term of degree d — 1
and its constant term are both zero. In particular, if d = 2, then m(X) = X2
for every A.

REMARK 2.3 (K-linear involution): The mapping A = A = 7(A) +p()\) =
T(A) — ¢()) is called the K-linear involution of K. The K-linear involution is
an automorphism of K as K-vector space, but in general not as field; K is the
set of fixed points of the K-linear involution.

LEMMA 2.4.  a) If A =7(X)+¢()) € K has degree 2 over K, then o(A)? € K
and the unique conjugate of X\, distinct from X, is \.

b) If L C K is an extension of K of degree 2, then the K-linear involution
restricted to L is an element of Aut(L/K).

c) If B, 8" € Ker(r) have degree 2 over K, then 83" € K if and only if 8 and
B’ are linearly dependent over K, otherwise 33" € Ker(r) and its degree
over K is 2.

d) If X € K has degree 2 over K, then A € Ker(7) if and only if \? € K.

Proof. a) Since () has degree 2 over K and its normalized K-trace is zero, its
minimal polynomial has the form X2 — ())2, hence ¢(A\)? € K and ¢()\) and
—()) are conjugate over K and also A and \ are conjugate over K (remember
Remark 2.2).

b) Choose an element A € L of degree 2 over K, having normalized K-trace
equal to zero. Hence the elements of L. are of the form ki + koA with k1, ks € K.
We conclude by standard computations, because A2 € K by (a).

c) If 8 and B’ are as in (c), then, from (a), 3%, 3" are both in K. Hence
BB is root of X2 — B2B'% K[X] and so the degree of 33’ is at most 2. The
degree of 35" is 1 if and only if 33’ =t € K, i. e. if and only if 8 = % = %B’
and so if and only if 38,3’ are linearly dependent over K, because 72 e K.
Otherwise the degree of 3 is 2; thus X2 — 824’ is its minimal polynomial
and so: 7(B88’) = 0.

Finally, one implication of (d) follows directly from (a), since 7(\) = 0.
For the other implication it suffices to note that, if A has degree 2 over K
and A2 € K, then the minimal polynomial of A over K is X2 — A? and so:
7(A) = 0. O
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REMARK 2.5 (minimal polinomial): From now on M is a fixed semisimple ma-
trix in the set M, (K) of the square matrices of order n > 2 with entries in K and
with minimal polynomial m(X) = (X —v1) - - (X =) m1(X) - - - my(X), where
Y1, ,7s are mutually distinct elements of K and mq(X), -, m:(X) are mu-
tually distinct irreducible monic polynomials in K[X] of degrees dy,- -+ ,ds > 2
respectively. We denote by Ap1,---, Anag, the dj distinct roots of the factor
mp(X) and by F C K the splitting field of m(X). By conciseness we put
Ap = Ap1 forevery h=1,--- | t.

DEFINITION 2.6. With the notations of Remark 2.5 we say that the semisimple
matric M € M, (K) is K-quadratic if every factor mp(X) has degree 2 (or if

m(X) = (X —m) - (X =)

REMARK 2.7 (Frobenius decomposition): The semisimple matrix M has a
unique decomposition:

s t dp
M= Z%Ai + Z Z)\hjchg‘ )
i=1

h=1j=1

where {v1}U- - {75 }UL _; {\n1, -+, Ang, } is the set of all distinct eigenvalues of
M (arranged in conjugacy classes) and the matrices A;’s, Cj;’s are idempotent
and satisfying the conditions: A; Ay = 0 (if ¢ # ), A;Cph; = Ch;A; = 0 (for
every i, h), CingChrgr = 0 (Gf (h,3) # (W,37)), Siy Ai+- oy S0, Cog = I
(the identity matrix of order n).

The above decomposition is called Frobenius decomposition of M and the
matrices A;’s and Ch;’s, called Frobenius covariants of M, are uniquely deter-
mined by M (and by the previous conditions) and are polynomial expressions
of M of degree strictly less than deg(m(X)); finally the matrices A;’s have
coefficients in K and the matrices Cp;’s in IF (see [1, § 1]).

DEFINITION 2.8. A K-trace decomposition of M is an additive decomposition:
M =T+ F where T, F € M,(K) are mutually commuting, T is diagonalizable
over K and F is semisimple with eigenvalues in Ker(rx). We say that T and
F' respectively are a K-part and a K-trace-free part of M.

REMARK 2.9: If A is a matrix in M, (K) such that all eigenvalues of A are in
Ker(t), then its usual trace is zero.

Indeed if A is an eigenvalue of A of degree d over K, then every conjugate
of A over K is again an eigenvalue of A, moreover the sum of the eigenvalues
of the whole conjugacy class of A over K is d-7(\) = 0 and so the trace of A is
zZero.

Therefore, if the matrix M € M,,(K) has a K-trace decomposition, then the
trace of its K-trace-free part is zero.
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PROPOSITION 2.10. The semisimple matriz M € M, (K) has a unique K-trace
decomposition: M = T (M) + F(M), where, with the notations of Remark 2.5
and Remark 2.7,

dp, t dn

T(M) =) %A+ Y 7Ow)Y Cuy and F(M) =3 > o(My)Ch; -
i=1 h=1 Jj

=1 h=1j=1
In particular T(M), F(M) are polynomial expressions of M.

Proof. By Remark 2.2, 7(Ap;) = 7(Ag) for every j and, for every h, the set
{e(An1), - ,©(Ang, )} is a conjugacy class over K.

Now let M = >0 | v A; + 22:1 Z;lil AnjChj be the Frobenius decom-
position of M. By decomposing each Ap; as 7(Ap) + @(Anj), we get: M =
T(M)+ F(M), with T(M) and F(M) as in the statement and therefore poly-
nomial expressions of M. Arguing as in the proof of [1, Theorem 1.6], T (M)
and F'(M) are matrices with coefficients in K i.e. in the fixed field of Aut(F/K).
Standard computations show that T'(M) and F(M) are respectively diagonal-
izable over K and over F with eigenvalues {v;, 7(Ax)} and {¢(An;)} (see also
Remark 2.7 and [1, Proposition 1.9]). This allows to conclude about the exis-
tence of a K-trace decomposition in terms of polynomial expressions of M.

Now let M = T’ + F' be any other K-trace decomposition of M. This
implies T(M) — T = F/ — F(M). Now T’, F' commute with M and so with
T (M), F(M); moreover the four matrices are semisimple, hence, by simultane-
ous diagonalizability, every eigenvalue o’ of F' can be written as o’ =§—¢' +o
with §,¢’, o eigenvalues of T(M), T', F(M) respectively. From the uniqueness
of the K-decomposition § — ¢’ = 0 and o = ¢’. Therefore T/ = T(M) and
F' = F(M). O

PROPOSITION 2.11. Let M € M,,(K) be semisimple with eigenvalues: v1,- -+ ,7s
distinct and belonging to K and the remaining (not in K) {A\n = An1,- -+, Andy, I
h=1,---t, arranged in distinct conjugacy classes. We have the decomposition

IR (—1)““7(%)% :
M_;%Al—i—};—y(w()\h)) h(8h>+h§z3h (1)

with By, = Bp(M) = Z?ll ©(Anj) Crj (h = 1,---,t) matriz in M, (K) and
mp(X) (h=1,---,t) the K-trace free polynomial of Ay,.
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Proof. By Proposition 2.10, we have:

t
M = Z’YZA +Z >\h Zch]+zz<p )\h] Ch]_

h=1j=1
dp t
= Z’Yi.Ai-FZT()\h)ZChj +ZBh
i1 h=1 j=1 h=1

As in [1, Proposition 1.5, it is easy to check that o(Bj) = By for every
o € Aut(F/K), hence B, € M, (K). Thus it suffices to prove that, for every
h=1, b i (Br) = (~1)" T u(p(n) 5, Cng.

Since mp(X) has constant term zero, from the properties of the matrices
Ch;’s, we obtain mp(B) = ;1 1 M (@(Ap;))Chrj and so, by Remark 2.2, we
can conclude that my,(By) = (=1)% v (p(A\y)) Zj’;l Ch;. O

REMARK 2.12: The matrices A;’s and By,’s in Proposition 2.11 are polynomial
functions of M satisfying the following properties:

1) A; Ay = b; Ay, for every i,7;

2) A;B, = B, A; =0, for every i, h;

3) BuBu = 0, provided h # I;

4) By mp(By) = (1) w(p(An)) By, for every h.

Some of the previous properties have been already noted in Remark 2.7 and
the others are easy to get by standard computations.

REMARK 2.13 (fine K-trace decomposition): It is easy to note that in Propo-
sition 2.11, formula (1), every By, is K-trace free, while the K-part and the
K-trace free part of M are respectively:

dh+1

Z%A +Z S o0w) h)mh(Bh)

h=1

with eigenvalues v; and 7(Ap);

1) =3B,
h=1

with eigenvalues ¢(Ap;) and possibly 0
Therefore we call the decomposition (1) in Proposition 2.11, the fine K-trace
decomposition of the semisimple matrix M € M, (K).



SOME ADDITIVE DECOMPOSITIONS 53

REMARK 2.14: By Lemma 2.4-(a) and Remark 2.2, if the matrix M € M, (K)
is semisimple and K-quadratic, then the fine K-trace decomposition of M be-
comes:

M= Z%A +Z ()/\\h)QB;QL+ZBh7 (2)

h=1
while the property (4) in Remark 2.12 becomes
4) B} = p(A)? By, for every h.

Moreover, from the properties of the Frobenius covariants of M and from
Lemma 2.4-(a), we get:

s t

=y Ay g
i=1 h=1

P(A

3. A formula for power series of matrices over a valued
field.

REMARK 3.1: In this section we assume that K (of characteristic 0) is endowed
with an absolute value | -|. We call such a pair (K, |-|) a valued field. We refer
for instance to [5, Ch. 9], to [10, Ch. III], to [6, Ch. XII] and to [7, Ch. 23] for
more information.

Let (K, |-]) be a valued field. The absolute value over K extends in a unique
way to its completion K¢ this one extends in a unique way to an absolute
value over a fixed algebraic closure K¢ of K¢ and finally the last one extends
in a unique way to the completion (K¢) (see for instance [7] Theorem 2 p. 48,
Ostrowski’s Theorem p. 55 and Theorem 4’ p. 60). We denote all extensions
always by the same symbol | - |.

Note that the field {o« € K¢ / « is algebraic over K} is the unique algebraic
closure of K contained in K¢ and therefore it can be identified with K.

By restriction, we get an absolute value over K, extending the absolute
value of K.

LEMMA 3.2. Let (K, |-|) be a valued field.

a) IfK is algebraically closed, then its completion K¢ (with respect to |-|) is
algebraically closed too.

b) (K°)¢ is algebraically closed and complete with respect to the unique ex-
tension to it of | - |.
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Proof. The proof of (a) follows easily from Ostrowski’s Theorem in archimedean
case (see [7, p. 55]), while for the non-archimedean case we refer to [7, Ap-

pendix 24.15, p. 316]. Part (b) follows directly from (a). O
DEFINITION 3.3. Let f(X) = 3% a,n X™ be a series with coefficients in the

valued field (K,|-|) and Ry € RU {+o0} be the radius of convergence of the
associated real series Y, %) |am| X™.

We denote by Ay the subset of the matrices A € My (K) such that all of
their eigenvalues A = 7(\) + @(X) (with their K-decompositions) satisfy:

i) |T(N)| + |e(X)| < Ry, if the absolute value of K is archimedean,
it) maz(|T(N)], |¢(N)|) < Ry, if the absolute value of K is non-archimedean.

For every eigenvalue A of a matriz A € Ay with K-decomposition A = 7(\) +
©(N), denoted by |x] the integer part of the real number x, we introduce the
formal series:

+00 [m/2] m
TIN =3 an 3 () e 2o,
m=0 h=0

+oo [(m+1)/2]

FIN=2 an > <2hwi1)7()\)7”_%“80()\)2”‘_1.

m=1 h=1

REMARK 3.4:  a) If A € Apk, then f(A) € M, (K°) (see [1, Remark-Defin-
ition 3.1(c)]).

b) If \ is an eigenvalue of a matrix in Ay x, then f()), T f(A), F f(A) converge
in (K)¢ € (K)® and f(A) = Tf(A) + Ff(N).

The previous assertions follow from the definitions, by standard compu-
tations.

c) Assume that A is an eigenvalue of degree 2 over K of a matrix in Ay k.

Then: Tf(A) € K¢, Ff(N), f(A) € K°(A). Moreover, if A ¢ K¢, then
F) =Tf(N) + Ff(N) is the Ké-decomposition of f(A).
Indeed if A ¢ K° has degree 2 over K and A = 7(\) + ¢()) is its K-
decomposition, then p()\) ¢ K¢ and ¢(\)? € K. Hence, looking at the
partial sums and at their limits, we get that 7 f()\) € K¢, while F f()) is
a multiple of ¢(\) with coefficient in K¢ and so it belongs to Ker(rke).
We can conclude by uniqueness of K¢-decomposition.

PROPOSITION 3.5. Let f(X) = Z:;,Ojo amX™ be a series with coefficients in
the valued field (K, |-|) and M € Ay be a semisimple K-quadratic matric with
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fine K-trace decomposition:

t

M = Z"/ZA +Z TK ZBh

h= 1 h=1

as in Remark 2.14. Then

Tf(An) Ff(n)
Kk (An)? B+ P (An)

€ K¢ for every i, h;

o) FOM) = S5y FO) A+ [

TfOw) Ffwn)
er(An)?” pr(An)

b) furthermore, if no eigenvalue Ay, of degree 2 over K is in K¢,

Bhi| ;

> " e (F(An)) ke (f(An
)= 3 A+ 33 [P 00RP o+ 200

¢) in general f(M) is semisimple, K¢-quadratic and its K°-trace decomposi-

tion 1is

fF(M) =T(f(M)) + F(f(M)),
S BQ

where T(f(M)) = Z (vi)Ai + ZTf (An) PRGWER

i=1 h=1

whose (possibly repeated) eigenvalues are f(v;) and T f(An) for every i, h

and

= FfOw)
F(f(M)) = ; SO B

whose (possibly repeated) eigenvalues are =F f(Ap) for every h and pos-

sibly 0.

Proof. Parts (b) and (c) follow from part (a) via Remark 3.4 and ordinary

computations.

For (a), we denote a; = T(\;), nj = —pr(A;)?, so that we can write the

K-decomposition of \; as \j = a;j + /=n;. From B} = —n;B; we get:
EJ’?’c = (_nj)k716? and B?kil = (—ny)*7'B; for every k > 1.

Therefore, for every m > 1, standard computations allow to get:

95
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m m/2] (m\ m—2h
TK(AJ) B]2+BJ:| _ Z (Zh)a (Vinj)2h BJQ

ex(A)) = (=n;)

[(m+1)/2) ( }m )Oér_n—2h+1(\/_7nj)2h71
Z 2h—1) "

+ B;.
h=1 VT ’
We have:
m
FM) = apl, +Zam Z%A +Z 2+ 8)| .
m=1
thus, remembering the properties of the various matrices on the right:
m
£ = aot +zamzm A +zamz{ 2+ 5]

m=1 m=1

s BQ S

=ag In_ZAi"i'Z# +Zf(%)u4i
i=1 j=1 " i=1
t +oo [m/2] m—2h 2h
a0 @m 2ot (50) 0 M 2
23 Nk
et (—ny)
m—+1)/2 2h—1
: ey Z}LL(II 2 (" 1>O‘m g
+ B;.
=1 vV

Now, remembering Remark 2.14 and the definitions of the various matrices,
we get the expression of f(M) in the statement. Note that the expressions

s
Tf( ) and of FI) are invariant under exchanging A; with its conju-
<P11g(>\ )? px(As)
gate Aj. O

ExAMPLES 3.6: Assume that (K, |- |) is a valued field. Then the restriction to
fundamental field Q of | - | is equivalent either to the usual euclidean absolute
value (archimedean case), or to the trivial absolute value, or to a p-adic absolute
value for some prime number p (see for instance [7, Ch. 23, Theorem 1, p. 44]).
Hence, if the absolute value is non-archimedean, we say that the valued field
(K,| - |) has trivial fundamental restriction or p-adic fundamental restriction
respectively. In all cases we can define as power series, as in ordinary real
case, the exponential function, the sine, the cosine, the hyperbolic sine and the
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hyperbolic cosine. These series have the same radius of convergence: R = 400
if the absolute value is archimedean, R = 1 if the absolute value has trivial
1
p—1

fundamental restriction, and R = | — if the absolute value has p-adic
p

fundamental restriction (see for instance [9, pp. 70-72]).

We put Ax = Aegp x (remember Definition 3.3). If M € Ag and A = 7 (A\)+
vk (A) is an eigenvalue of M with its K-decomposition, then, for f(\) = exp(A),
we have:

Tf(A) = exp(mx(N)) cosh(px (N)) and Ff(N) = exp(7x(N)) sinh(pg(N)) .

Now if M € Ak is a semisimple K-quadratic matrix, then from Proposition 3.5
we get:

exp(M) = Zcxp vi)Ai + Z exp(7k (X)) cosh(pr (A, ))B]'

- P Pr(Nj)?
exp(7i () sinh(ex (A)))
* ; Pr(Af) B

Analogously we can get the formulas for other power series; for instance if
M € Ak is semisimple and K-quadratic, then

cos(M Zcos (vi)A; + Z cos(m(A ic_);ng()\ ))BJQ
j

' sin (TR (N;)) sin(er(A;)) _
X on B

j=1

4. Matrices over an ordered quadratically closed field.

REMARK 4.1: In this section we assume that K is an ordered quadratically
closed field, i.e. K is an ordered field such that all of its positive elements have
square root in K (for this notion we follow [6, Ch. XI, p. 462] rather than other
definitions of quadratically closed field in literature).

For every a € K, a > 0, we denote by +/a its unique positive square root
in K. Moreover we fix a square root of —1 in K \ K, denoted by /—1.

REMARK 4.2: It is known that an ordered quadratically closed field has char-
acteristic 0 and it has a unique order as field (see for instance [6, Ch. XI,
p. 462]).
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DEFINITION 4.3. The field K is said to be a real closed field, if it can be endowed
with a structure of ordered field such that its positive elements have a square
root in K and every polynomial of odd degree of K[ X]| has a root in K.

REMARK 4.4: It follows directly from the definitions that every real closed
field is an ordered quadratically closed field. It is known that, for every or-
dered field K, there exists an algebraic extension, contained in K, which is
real closed and whose order extends the order of K and, moreover, that any
two such extensions are K-isomorphic (see for instance [5, Theorem 11.4] or [8,
Theorem 15.9]). We call any such extension L a real closure of the ordered
field K in K. Note that K is the algebraic closure of L too.

For more information, further characterizations and properties of real closed
fields we refer for instance to [6, Ch. XI.2] and to [8, Ch. 15]. In particular it
is known that K is a real closed field if and only if v/—1 ¢ K and K(v/—1) is
algebraically closed (see for instance [8, characterization (1), p. 221]).

In Proposition 4.12 we point out other simple characterizations of real closed
fields.

PROPOSITION 4.5. Assume that K is an ordered quadratically closed field and
choose one of its real closures, I in K.

a) For every z € K there exist x,y € L such that z = x + /—1y; such
elements are uniquely determined by L. and by /—1,.

We denote x = Re(z) and y = Im(z): the real and the imaginary part
of z.

b) For every z € K of degree 2 over K, Re(z) and Im(z) are both elements
of K and moreover 7x(z) = Re(z) and px(z) = v—1Im(2); hence, in
this case, Re(z) and Im(z) are independent of L.

Proof. Part (a) follows from Remark 4.4 since K = L(y/—1).

Let z € K as in (b) and write 2 = 7x(2) + ¢k(2), where the minimal
polynomial of g (z) is g(X) = X? — o (z)? (remember Lemma 2.4-(d)); thus
—¢r(2)? > 0, being g(X) irreducible; so +1/—¢xk(z)? are both elements of the
ordered quadratically closed field K. Now ¢ (2) = v/—1 [£+/—pK(2)?] and we

conclude (b) by uniqueness of the decomposition in (a). O

LEMMA 4.6. Let (K, |.|) be a valued field and A € K C K¢,
Then (K(X))¢ =Ke(N).

Proof. The element A is algebraic over K¢ too. Hence, by [6, Ch. XII, Propo-
sition 2.5], we get that K¢(\) is complete. Since it contains K(\), it contains
also its completion and this gives the first inclusion.

Now let ¥ € K¢(\) and denote by ! the degree of A over K¢. Therefore
Y = Zi;(l) hiA* with hg,--- ,hj—1 € K¢ Since K is dense in K¢, there exist
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some sequences in K, {k,(,?}meN, 0 <i<1[l—1, such that each k:,(é) converges to
h;. Since the topology over K¢(\) is the product topology (see the proof of [6,
Ch. XII, Proposition 2.2]), we have that: kﬁg) + ky(%))\ 4+ o+ kﬁ,lfl))\lfl is a
sequence in K(\), which converges to ¢. Thus ¢ € (K(X))°. O

PROPOSITION 4.7. Let (K, |.|) be a real closed valued field and denote by K€ its
completion.

If V=1 € K¢, then K€ is algebraically closed.

If V=1 ¢ K¢, then K€ is real closed.

Proof. By Lemma 4.6, we have: (K)¢ = (K(v/—1))¢ = K°(y/—1). Since the
completion of an algebraically closed field is algebraically closed too (remember
Lemma 3.2-(a)), K¢(y/—1) is algebraically closed. Hence, if /—1 € K¢, then K¢
is algebraically closed. Otherwise K¢ is real closed by the characterization
recalled in Remark 4.4. 0

CoROLLARY 4.8. If (K,|.]) is a real closed valued field with p-adic fundamental
restriction for some prime p, then its completion K¢ is algebraically closed.

Proof. Let us consider the sequence {xy, }n>1, n = /p™ — L. Since K is real
closed (hence ordered and quadratically closed), z,, € K. Now 22 +1=p" — 0
in (K,|.]).
If there exists a subsequence {z,,} such that (x,, + v/—1) — 0, then
+/-1 € K.
Otherwise there exists a real number § > 0 such that |z, ++/—1| > § > 0 for
o + 11 < i+ 11 —0. S0z, = v/—1
|zn + \/j1| N 0 . "
and again v/—1 € K¢. Hence, by the previous Proposition, K¢ is algebraically
closed. O

every n. In this case |z, —v/—1| =

REMARK 4.9 (normalized fine K-trace decomposition): Let K be an ordered
quadratically closed field and M € M,,(K) be a semisimple K-quadratic matrix.
As remarked in Proposition 4.5 (after choosing v/—1 € K), for every eigenvalue
X of M, the decomposition A = Re(A\)++/—1Im()\) is independent of the choice
of a real closure of K into K, being Re()\) = 7x()\) and v/—1Im(\) = ¢x(N).
Remembering Remark 2.12, we choose Aq, ..., A, the eigenvalues of M not in
K, so that Im();) > 0 for every j, and we define the matrices:

A, =A; foreveryi=1,---,s,,

B;

Bj:mforeveryj::l,"' ,t.

and
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They are in M,,(K) \ {0} and are polynomial expressions of M. Moreover

A"LA'] = 5”A7 for every 27‘]7
A;B; =B;A; =0 for every 4, ;
B,B; =0 for every i # j and
B? = —B, for every j.

Then by Remark 2.14 we get

M = Zv A; — ZRe(Aj) B2 + ZIm(Aj) B; (with Im()\;) >0). (3)

j=1
We call the above decomposition normalized fine K-trace decomposition of M.

PROPOSITION 4.10. Assume that (K,|-|) is an ordered quadratically closed val-
ued field, that f(X) is a power series with coefficients in K and that M € Ajx
is a semisimple K-quadratic matriz with normalized fine K-trace decomposition:

S t t
M=Y"7A;~Y Re(\)B2+> Im(\;)B,, withIm()\;) > 0.
i=1 j=1 j=1

Then
a) fF(M) =30, f(r)Ai = X5 THOG) B + 30, G (\)By,
where f(v;), Tf(A\;) and Gf(N;) == % belong to K for every i,j;

b) if K¢ is ordered quadratically closed too , then

FOM) = fi)Ai = 3 Re(f(0)) Bf + > Tm(f(A)))B;,

j=1
where f(vi), Re(f(X;)), Im(f(X;)) € K® for every i, j.

Proof. Part (a) follows from Proposition 3.5-(a). Indeed it suffices to remark
that

GfopB, = 21 _Bi  FI)

VT Im(y) — pe(yy)
From the expression of F f()\;) it follows that G f(A;) € K°.

Part (b) follows from part (a), from Remark 3.4-(c) and from Proposi-
tion 4.5-(b), since, for every j, f(};) has degree at most 2 over K® and A; ¢ K¢
(because ¢k (A;)? < 0 and K¢ is an ordered field). O
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ExAMPLES 4.11: Assume that (K, |-|) is an ordered quadratically closed valued
field. If M € Ak is semisimple and K-quadratic, then, by Proposition 4.10
and remarking that 7 exp(\;) = exp(Re();)) cos(Im(};)) and Gexp();) =
exp(Re();)) sin(Im(};)), we have:

exp(M) = Zexp (vi)A; — Zexp Re(A cos(Im(A]))B?

+ Zexp Re();)) sin(Im();))By,

j=1

and, analogously,

cos( Zcos vi)A; — Zcos (Re(A;)) cosh(Im(A; ))

— Z sin(Re(};)) sinh(Im(};))B;,

Jj=1

where the \;’s are the eigenvalues of M not in K, having positive imaginary
part.

The previous formulas point out the analogous formulas in Examples 3.6.
Moreover the expression of exp(M) extends the classical Rodrigues’ formula
for the exponential of a real skew symmetric matrix (see for instance [3, The-
orem 2.2]).

PROPOSITION 4.12. If char(K) = 0, the following assertions are equivalent:
a) K is real closed;

b) K is not algebraically closed and the irreducible polynomials of K[X] have
degree at most 2;

c) the K-linear involution of K is an element of Aut(K/K) different from
the identity;

d) Ker(g) is the K-vector space generated by «/—1;

e) K is not algebraically closed and every semisimple matriz with entries in
K is K-quadratic.

Proof. The implication (a) = (b) follows from Remark 4.4. For the converse
it suffices to prove that K = K(y/—1), since K is not algebraically closed. Let
t € K\ K, thus it has degree 2. We decompose t = « + ( as sum of an
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element o € K and of an element 3 € Ker(7x) \ {0}. By Lemma 2.4-(a) the
conjugate of t is t = a — 8 and 32 € K. Now we consider the polynomial of
K[X: q(X) = X* — 82 = (X — VB)(X + VB)(X — V=B)(X + v—B) with its
factorization in K[X] (note that its roots are not in K). Since ¢(X) has degree
4, it is reducible over K, so it is product of two irreducible polynomials of K[X].
Since 8 ¢ K, one of the two factors must have the form (X —+/8)(X £+/—3) and
therefore /—32 € K\ {0}. Hence 8 = +1/—32y/—1 € K(v/—1). This implies
that t = a + B € K(y/—1), therefore K\ K C K(v/—1) and so K = K(y/-1).
By Lemma 2.4-(b), (a) implies (¢). Now assume (c), so that K is not alge-

braically closed. Let A = a+ § € K with its K-decomposition. In particular
K(\) = K(B). From (c) we have: 52 = BQ = (=B)? = B2 Hence, by Re-
mark 2.3, we get that 32 € K and so both 8 and A have degree at most 2
over K. This gives (b).

Next we prove the equivalence between (a) and (d). Assume first (d).
By Remark 2.1, K = K@ Ker(mx) = K ® Span(v/—1), thus v/~1 ¢ K and
K(yv/—1) = K is algebraically closed. For the converse, every element in K \ K
is algebraic of order 2 over K. Since K is ordered quadratically closed too, by
Lemma 2.4-(d), 8 € Ker(rx) if and only if 8 = +v/t with t € K and ¢ < 0, i.e.
if and only if 8 = +v/—t+/—1 with v/—t € K and this allows to conclude.

Now (b) implies (e) by obvious reasons. For the converse, we note that every
monic irreducible polynomial ¢(X) € K[X] with deg(¢(X)) > 2 is the minimal
polynomial of its companion matriz, which is therefore semisimple and so K-
quadratic, by (e). Since ¢(X) is irreducible, we get that deg(q(X)) = 2. O

REMARK 4.13: Assume that (K, |-]|) is a real closed valued field and that f(X)
is a power series with coefficients in K, then (see Proposition 4.12-(e)) the
formula of Proposition 4.10-(a) (and possibly of Proposition 4.10-(b)) holds
for every semisimple matrix M € Ayg. In particular, the same formulas of
Examples 4.11 hold for every semisimple matrix M € Ag.
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Veronesean almost binomial
almost complete intersections

THOMAS KAHLE AND ANDRE WAGNER

ABSTRACT. The second Veronese ideal I,, contains a natural complete
intersection J, of the same height, generated by the principal 2-minors
of a symmetric (n X n)-matriz. We determine subintersections of
the primary decomposition of J, where one intersectand is omitted.
If I, is omitted, the result is a direct link in the sense of complete
intersection liaison. These subintersections also yield interesting insights
into binomial ideals and multigraded algebra. For example, if n is even,
I, is a Gorenstein ideal and the intersection of the remaining primary
components of Jy, equals Jp+{f) for an explicit polynomial f constructed
from the fibers of the Veronese grading map.

Keywords: Veronese, complete intersection, binomial ideal, multigrading.
MS Classification 2010: 05E40, 13A02, 13H10, 14M25, 52B20.

1. Introduction

Ideals generated by minors of matrices are a mainstay of commutative algebra.
Here we are concerned with ideals generated by 2-minors of symmetric matrices.
Ideals generated by arbitrary minors of symmetric matrices have been studied by
Kutz [18] who proved, in the context of invariant theory, that the quotient rings
are Cohen—Macaulay. Results of Goto show that the quotient ring is normal
with divisor class group Zy and Gorenstein if the format of the symmetric matrix
has the same parity as the size of the minors [11, 12]. Conca extended these
results to more general sets of minors of symmetric matrices [4] and determined
Grobner bases and multiplicity [5].

Here we are concerned only with the binomial ideal I,, generated by the
2-minors of a symmetric (n x n)-matrix. This ideal cuts out the second Veronese
variety and was studied classically, for example by Grobner [15]. It contains a
complete intersection J,, generated by the principal 2-minors (Definition 2.2).
Both ideals are of height (g) Coming from liaison theory one may ask for the
ideal K,, = J,, : I, on the other side of the complete intersection link via .J,.
In this paper we determine K.
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EXAMPLE 1.1: Consider the ideal J3 = {(ad—b?, af—c?, df —e?) CQla, b, ¢, d, ¢, f]
bc
bd %) The ideal
c e
Js is a complete intersection because it has an initial ideal with this property.

Using, for example, MACAULAY2 [14], one finds the prime decomposition
J3 = 13 N K3 where

generated by the principal 2-minors of the symmetric matrix (

I3 = Js + {(ae — be, ed — be, ce — bf)
is the second Veronese ideal, generated by all 2-minors, and
K3 = J3 + (ae + be, cd + be, ce + bf)

is the image of I3 under the automorphism of QJa, ..., f] that maps b, ¢, and e
to their negatives and the remaining indeterminates to themselves. As predicted
by Theorem 2.11, the generator ae+bc is the sum of monomials whose exponents
are the lattice points of the fiber

21 1000 2
wueN:|l0 1 0 2 1 0)]-u={1

001 0 1 2 1
of the Z-linear map V3 that defines the fine grading of Qla, ..., f]/I3. We call
this the generating function of the fiber. For n > 4 the extra generators are
not binomials anymore and K, is an intersection of ideals obtained from I,, by

twisting automorphisms (Definition 2.7). In Example 2.12, for n = 4, we find
K, = Jy + (p) for one quartic polynomial p with eight terms.

Results on Gorenstein biliaison of ideals of minors of symmetric matrices
have been obtained by Gorla [9, 10] but here we study direct complete inter-
section links. Our methods rely on the combinatorics of binomial ideals and
since K, is not binomial and we do not know of a natural binomial complete
intersection contained in K,, we cannot explore the linkage class more with
the present method. Instead we are motivated by general questions about
binomial ideals and their intersections. For example, [17, Problem 17.1] asks,
when the intersection of binomial ideals is binomial. From the primary (in
fact, prime) decomposition of .J,, we remove I,, and intersect the remaining
binomial prime ideals. The result is not binomial. If n is even, K,, = J,, + (p)
for one additional polynomial p. In the terminology of [1], K, is thus an almost
complete intersection. It is also almost binomial, as it is principal modulo
its binomial part—the binomial ideal spanned over k by all binomials in the
ideal [16, Definition 2.1]. If n is odd, then there are n additional polynomials
(Theorem 2.11). While these numbers can be predicted from general liaison
theory, our explicit formulas reveal interesting structures at the boundary of
binomiality and are thus a first step towards [17, Problem 17.1]
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We determine K,, with methods from combinatorial commutative algebra,
multigradings in particular (see [19, Chapters 7 and 8]). The principal obser-
vation that drives the proofs in Section 2 is that the Veronese-graded Hilbert
function of the quotient k[x]/J,, becomes eventually constant (Remark 2.14).
The eventual value of the Hilbert function bounds the number of terms that a
graded polynomial can have. The extra generators of K, are the lowest degree
polynomials that realize the bound. We envision that this structure could be
explored independently and brought to unification with the theory of toral
modules from [7]. Our results also have possible extensions to higher Veronese
ideals as we outline in Section 3.

Denote by ¢, := (g) the entries of the second diagonal in Pascal’s triangle.
Throughout, let [n] := {1,...,n} be the set of the first n integers. The second
Veronese ideal lives in the polynomial ring k[N°»+1] in ¢,,41 indeterminates over
a field k. For polynomial rings and quotients modulo binomial ideals we use
monoid algebra notation (see, for instance, [17, Definition 2.15]). We make
no a-priori assumptions on k regarding its characteristic or algebraic closure,
although care is necessary in characteristic two. The variables of k[N°+1] are
denoted z;j, for ¢,j € [n] with the implicit convention that z;; = z;;. For
brevity we avoid a comma between ¢ and j. We usually think about upper
triangular matrices, that is ¢ < 5. The Veronese ideal I,, is the toric ideal of the
Veronese multigrading NV,,, defined by the (n X ¢,1)-matrix V,, with entries

2 ifi=j5=k,
(Vi)ige =41 ifi=j, or i =k, but not both,
0 otherwise.

That is, the columns of V,, are the non-negative integer vectors of length n
and weight two. For b € NV,,, the fiber is V., ![b] = {u € N°»+1 : V,u = b}.
Computing the V,,-degree of a monomial is easy: just count how often each
row or column index appears in the monomial. For example, deg(z12Znn) =
(1,1,0,...,0,2). We do not distinguish row and column vectors notationally,
in particular we write columns as rows when convenient. Grobner bases for a
large class of toric ideals including I,, have been determined by Sturmfels [20,
Theorem 14.2]. The Veronese lattice L,, C Z°"+! is the kernel of V,,. The rank
of L, is ¢, since the rank of V,, is n and ¢,41 —n = ¢,. Lemma 2.1 gives
a lattice basis. With {e;;,i < j € [n]} a standard basis of Z°+1, we use the
following notation

[ij]kl] == e + eji — e — e € LY.

Then [ij|kl] is the exponent vector of the minor x;,x;; — Ty k.

ExXAMPLE 1.2: The Veronese lattice Ly C Z% is of rank 3 = (4

2) —3 and minimally
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generated by the following elements

10 —2 01 —1 00 0
[13]13] = 0 0], [1323 = 0 —1]|, [23[23] = 1 -2
1 1 1
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2. Decomposing and Recomposing

LEMMA 2.1. The set
B = {[in|jn] : 4,5 € [n — 1]}

s a lattice basis of the Veronese lattice Ly,.

Proof. Write the elements of B as the columns of a (¢,41 X ¢p)-matrix B.
Deleting the rows corresponding to indices (i,n) for ¢ € [n] yields the identity
matrix I.,. Thus B spans a lattice of the correct rank and that lattice is
saturated. Indeed, the Smith normal form of B must equal the identity matrix
I, concatenated with a zero matrix. Thus the quotient by the lattice spanned
by B is free. O

The Veronese ideal contains a codimension ¢, complete intersection .J,
generated by the principal 2-minors.

DEFINITION 2.2. The principal minor ideal J,, is generated by all principal
2-minors TyuT; — xfy of a generic symmetric matriz. The principal minor
lattice L., is the lattice generated by the corresponding exponent vectors [ijlij],
i,j € [n].

It can be seen that the principal minor lattice is minimally generated by
[ij]ij]. Tt is an unsaturated lattice meaning that it cannot be written as the
kernel of an integer matrix, or equivalently, that the quotient Z¢»+'/L! has
torsion. Since there are no non-trivial coefficients on the binomials in .J,,
Proposition 2.5 below says that it is a lattice ideal with lattice L!,. Its torsion
subgroup is given in the following proposition.
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PROPOSITION 2.3. The principal minor lattice is minimally generated by
B = {2[in|jn] :i #j € [n— 1]} U{[in|in] : i € [n — 1]}.
Furthermore the group L, /L), is (isomorphic to) (Z/2Z)° .

Proof. Tt holds that 2[in|jn] = [in|in] + [jn|jn] — [ij]ij] and the map which
includes the span of the elements [ij|ij] into L], is unimodular. A presentation
of the group can be read off the Smith normal form of the matrix whose columns
are a lattice basis. Since B’ is a basis of L/, the columns and rows can be
arranged so that the diagonal matrix diag(2,...,2,1,...,1) with ¢,_; entries
2 is the top (¢, X ¢;)-matrix of the Smith normal form. Any entry below a
two is divisible by two and thus row operations can be used to zero out the the
bottom part of the matrix. This yields the Smith normal form. 0

EXAMPLE 2.4: For n = 3, the basis B’ is given in matrix notation as

0 2 -2 10 -2 00 0
0o -2, 0o o], 1 -2
2 1 1

The advantage of B’ over the basis in Definition 2.2 is that the transition
matrix from B to B’ is diagonal. This makes it easy to understand the quotient
of the Veronese lattice modulo the principal minor lattice.

If char(k) = 2, then J, is primary over I,,. In all other characteristics one
can see that the Veronese ideal I,, is a minimal prime and in fact a primary
component of .J,,. These statements follow from [8] and are summarized in
Proposition 2.10 below. Towards this observation, the next proposition says that
J, is a mesoprime ideal, that is, it equals the kernel of a monomial k-algebra
homorphism from k[N¢"+1] to a twisted group algebra [17, Definition 10.4]. The
adjective twisted implements the general coefficients on the binomials in [17].
Here all coefficients are equal to 1i. The ideal J,, is a lattice ideal as a kernel
of a monomial homomorphism onto an ordinary group algebra.

PROPOSITION 2.5. J,, is a mesoprime binomial ideal and its associated lattice
is LI,.
Proof. We show that .J, = (z*" — 2% :u € L), since the quotient by this
ideal is the group algebra k[Z+1/L!]. By the correspondence between non-
negative lattice walks and binomial ideals [6, Theorem 1.1] we prove that for
any u =u" —u~ € L], the parts u™,u™ € N°+1 can be connected using moves
[i7]i7] without leaving N¢n+1,

The vectors u™,u~ can be represented by upper triangular non-negative
integer matrices. From Definition 2.2 it is obvious that all off-diagonal entries
of ut — u~ are divisible by two. Since

@ =2 tuell)imy =" —2* :uell)
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for any variable z;;, we can assume that vt and u™ have disjoint supports and
thus individually have off-diagonal entries divisible by two. Consequently the
moves [i7]ij] allow to reduce all off-diagonal entries to zero, while increasing the
diagonal entries. As visible from its basis, the lattice L], contains no nonzero
diagonal matrices and thus u+ and 4~ have been connected to the same diagonal
matrix. O

REMARK 2.6: From Proposition 2.3 it follows immediately that the group
algebra k[Z¢+1]/J, k[Z"+!] is isomorphic to k[Z™ & (Z/2Z)°~~*]. In particular
k[Nen+1]/J,, is finely graded by the monoid NV,, & (Z/2Z)~.

DEFINITION 2.7. A Zo-twisting is a ring automorphism of a (Laurent) polyno-
mial ring that maps the indeterminates either to themselves or to their negatives.

A fundamental parallelepiped of the lattice L), is the quotient Q¢+t /L! .
embedded as a half-open polytope in Q¢»+1. The lattice points in it play
an important role in the following developments. The most succinct way to
encode them is using their generating function, a Laurent polynomial in the
ring k[Z"+1]. Its explicit form depends on the chosen coordinates. The next
lemma is immediate from the definition of B’.

LEMMA 2.8. Let M = {[in|jn] : i # j € [n — 1]}. The generating function of
the fundamental parallelepiped of B’ is

pn:H:U +1)= H(m o)

meM meM

It is useful for the further development to pick the second representation of
prn in Lemma 2.8 as a representative of p,, in polynomial ring k[N°+1]. Its image
in the quotient k[N°»+1]/.J,, also has a natural representation. The terms of p,
can be identified with upper triangular integer matrices which arise as sums of
positive and negative parts of elements of M. A positive part of [in|jn] € M
has entries 1 at positions (i, j) and (n,n) while a negative part has two entries
1 in the last column, but not at (n,n). Modulo the moves B’, any exponent
matrix of a monomial of p,, can be reduced to have only entries 0 or 1 in its
off-diagonal positions.

REMARK 2.9: A simple count yields that p, has V,-degree (n —2,...,n —
2,2¢,—1). In the natural representation of monomials of p,, as integer matrices
with entries 0/1 off the diagonal, there is a lower bound for the value of the (n,n)
entry. To achieve the lowest value, one would fill the last column with entries
1 using negative parts of elements of M, and then use positive parts (which
increase (n,n)). For example, if n is even, there is one term of p,, whose last
column arises from the negative parts of [1n|2n], [3n|4n], ..., [(n — 3)n|(n — 2)n]
and then positive parts of the remaining elements of M. If n is odd, then there
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is one term of p,, whose n-th column is (1,...,1,0,—1) for some value o;,_1.
In fact, since |M| = ¢,—1, the lowest possible value of the (n,n) entry is
On—1=Cp—-1— L%J

The primary decomposition of J,, is given by [8, Theorem 2.1 and Corol-
lary 2.2].

ProrosITION 2.10. If char(k) = 2, the J, is primary over I,. In all other
characteristics, there exist Zo-twistings ¢; for i = 1,...,2°=* such that the
complete intersection J, has prime decomposition

THEOREM 2.11. If n is odd, intersecting all but one of the components in (1)
yields

(¢i(In) = Ju + (&u(p) < i € [n)),

i#l
where p;i € k[N®+1] are homogeneous polynomials of degree (n—21)2 that are
given as generating functions of the fibers V. ' [(n —2,...,n —2) +&;]. Ifn is
even, then the same holds for a single polynomial p; of degree n("2_2) , given as
the generating function of V, 1 [(n —2,...,n — 2)].

The proof of Theorem 2.11 occupies the remainder of the section after the
following example.

ExAMPLE 2.12: The complete intersection Jy4 is a lattice ideal for the lattice L.
In the basis B’, it is generated by the six elements

{2[i4]44] : ¢ < j € [3]} U {[i4]|i4] : i € [3]}.
Three of the six elements correspond to principal minors
T11T44 — 56%4, L2244 — $§4,$339€44 - $§4~
The other elements give the binomials
95%2%214 - x%ﬁ%m 93%3174214 - 517%493347 95%35174214 - 5173495%4-

These six binomials do not generate Jy, but Jy equals the saturation with
respect to the product of the variables [19, Lemma 7.6]. The 23 = 8 minimal
prime components of .J,, are obtained by all possible twist combinations of the
monomials +x142T24, +X14234, Tx24234. Consider the mysterious polynomial

Pa = (T12T44 + T14%24) (T13Ta4 + T14034) (T23%a4 + T24T34),
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which is the generating function of the fundamental parallelepiped of L/ in the
basis B" and of Vy-degree (2,2,2,6). In the Laurent polynomial ring k[Z°], the
desired ideal Jy : Iy equals Jy 4 (p4). To do the computation in the polynomial
ring, we need to saturate with respect to []; j Tig- If n is even, this saturation
generates one polynomial, if n is odd, it generates n polynomials. Here, where
n = 4, the ideal Jy : I is generated by Jy and the single polynomial

+ _
Py = T11X22%33%T44 + T11T23T24X34 + T13214022T34 + £12T14T24X33

+ X13214%23%24 + T12214T23%34 + T12213T24T34 + T12T1323T44.-

Modulo the binomials in Jy, the polynomial p} equals ps/z%, (Lemma 2.18).

As a first step towards the proof of Theorem 2.11 we compute the monoid
@ under which k[N¢+1]/J,, is finely graded, meaning that its Q-graded Hilbert
function takes values only zero or one. That is, we make Remark 2.6 explicit.

LEMMA 2.13. Fiz b € cone(V,,) for some n. The equivalence classes of lattice
points in the fiber V."1[b], modulo the moves B', are in bijection with set of
symmetric 0/1 matrices u € {0,1}"*™ of the following form

o u; =0, for all i € [n]
o u;, =0, for alli € [n]
e b—V,ueN",

Proof. Each equivalence class of upper triangular matrices has a representative
whose off-diagonal entries are all either zero or one. The bijection maps such
an equivalence class to the ¢, 1 entries that are off-diagonal and off the last
column. To prove that this is a bijection it suffices to construct the inverse
map. To this end, let u satisfy the properties in the statement. In each row
i=1,...,n, there are two values unspecified: the diagonal entry and the entry
in the last column. Given b;, using the representative modulo B’ whose last
column entries are either 0 or 1 fixes the diagonal entry by linearity. Therefore
the map is a bijection. O

REMARK 2.14: If b; > (n — 2) for all ¢ € [n], then any 0/1 upper triangular
(n — 2)-matrix is a possible choice for the off-diagonal off-last column entries
of u in Lemma 2.13. An upper triangular (n — 2)-matrix has ¢,_; entries.
Thus all those fibers have equivalence classes modulo B’ that are in bijection
with {0,1}°-1. In particular, each of those fibers, has the same number of
equivalence classes.

REMARK 2.15: Remark 2.14 implies that in the V,-grading, k[N+1]/J, is
toral as in [7, Definition 4.3]: its V,,-graded Hilbert function is globally bounded
by 2¢n—1.
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If n is odd, then (n — 2,...,n —2) ¢ NV,,. Therefore the minimal (with
respect to addition in the semigroup cone(V,,)) fibers that satisfy Remark 2.14
are(m—1,n—2,...,n—=2),...,(n—=2,...,n—2,n—1). If n is even, there is
only one minimal fiber.

For the proof of Theorem 2.11 it is convenient to work in the quotient ring
k[N¢n+1]/J,. Since I, D J, and I, is finely graded by NV,,, each equivalence
class is contained in a single fiber V,1[b] and each fiber breaks into equivalence
classes. The following definition sums the monomials corresponding to these
classes for specific fibers.

DEFINITION 2.16. The minimal saturated fibers are the minimal fibers that
satisfy Remark 2.14. The generating function of the equivalence class in a
minimal saturated fiber is denoted by p;i. That is

pri= Y. x*ek[NTT]/,.

acV, [b;]/L’,

where b, :=(n—2,....,n—2)+e; ifnis odd and b, = (n—2,...,n—2) ifn
18 even.

If n is even, Definition 2.16 postulates only one polynomial which is simply
denoted p;” when convenient. Sometimes, however, it can be convenient to keep
the indices.

REMARK 2.17: The construction of a generating function of equivalence classes
of elements of the fiber in Definition 2.16 can be carried out for any fiber of
V. For the fiber V7 1[(n —2,...,n — 2,2¢,_1)] we get the polynomial p,, from
Lemma 2.8.

n—2 _ (n—2)*?
2 2

and ¢,_1 — ”T’l = w for odd n) appeared in Remark 2.9 and shows up
again in the next lemma: it almost gives the saturation exponent when passing
from the Laurent polynomial ring to the polynomial ring.

The quantity 0,1 = ¢p_1 — L"T’lj (that is ¢p—1 — for even n,

LEMMA 2.18. As elements of k[Nen+1]/J,,, if n is even then, $g7flpz,i = Pn;

. 11
and if n is odd, then, xon " Pl = Tinbn-

Proof. If n is even, the product xZ?’flp;r,i has V,,-degree (n—2,...,m—2,2¢,_1).
n—1+1_+4

If n is odd, the degree of zpp pyequals (n—2,...,n—2,2c, 1 +1) +e.
Now these products equal p,, if n is even and z;,p,, if n is odd by Remarks 2.14
and 2.17. O

LEMMA 2.19. If n is odd, then for any triple of distinct indices i,j,k € [n], in
k[Ner+1]/.J,, we have xijp:;’k = :rjkp:;i.
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Proof. Since in a group algebra all monomials are invertible, Proposition 2.5
implies in particular that the variables are nonzerodivisors on k[N +1]/.J,,.
The multidegree of p:; i satisfies the conditions of Remark 2.14, thus there are
bijections between the monomials of :cijp: , and mjkp;’;i. Since all relations in
Jp, are equalities of monomials, multiplicaﬁon with a variable does not touch
coefficients. O

The following lemma captures an essential feature of our situation. Since the
Vi-graded Hilbert function of k[N°+1] is globally bounded, there is a notion
of longest homogeneous polynomial as one that uses all monomials in a given
V,,-degree. For any multidegree b that satisfied b; > (n — 2), by Remark 2.14,
if a longest polynomial of multidegree b is multiplied by a term, then it remains
a longest polynomial.

LEMMA 2.20. The V,,-graded Hilbert functions of the k[N°n+1]/.J,,-modules, (p,)
and <p;i>, t=1,...,n take only zero and one as their values.

Proof. We only prove the statement for (p,) since the same argument applies
also to (p;i} The claim is equivalent to the statement that any f € (p,) is
a term (that is, a monomial times a scalar) times p,. Let f = gp, with a
V,-homogeneous g. Let t1,...,ts be the terms of g. Since p,, is the sum of all
monomials of degree deg(p,, ), and multiplication by a term does not produce
any cancellation, the number of terms of ¢;p,, equals that of p,,. By Remark 2.14,
the monomials in degree deg(¢;p,) are in bijection with the monomials in degree
deg(py), and therefore all ¢;p,, are scalar multiples of the generating function
of the fiber for deg(t;p,,) and this generating function is equal to mp,, for any
monomial m of multidegree deg(gp,) — deg(pr). O

LEMMA 2.21. For any i € [n], (p},) : (Hw l’ij) = (p} Kk en).

Proof. If n is odd, the containment of p; i in the left hand side follows immedi-
ately from Lemma 2.19. If n is even, it is trivial. For the other containment,
let f be a V,-homogeneous polynomial that satisfies mf € (pL) for some
monomial m. We want f € (p,}, : k € [n]). By Lemma 2.20, mf = tp;\ ; for
some term ¢. Since mf has the same number of terms as f and also the same
number of terms as tp;f_i, this number must be 2°»-1. By Remark 2.14, the only
V,,-homogeneous polynomials with 2¢»~1 terms are monomial multiples of the

p:;k for k € [n]. O

PROPOSITION 2.22. (Jy, + (pn)) : (Hij xj) = Ju + (P .5 € [n)).
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Proof. Throughout we work in the quotient ring S := k[N¢»+1]/.J,, and want to

show
o0

(pn) HIzg = (p;} ;.7 €[nl).

Lemma 2.18 gives the inclusion D, since it shows that, modulo J,, a monomial
multiple of p;l"l is equal to either p,, or x;,p, and thus lies in (p,). For the

other containment let -

felon): [z |
ij

that is mf € (p,) for some monomial m in S. This implies mf = gp, for
some polynomial g € S. By Lemma 2.18, z;,mf = g’p;i for some ¢’ € S.

So, zimf € <PI1> and thus f € (p;tz) : Zipm. Lemma 2.21 shows that
f € Pk k €n). O

Having identified the minimal saturated fibers, the longest polynomials, and
computed the saturation with respect to the variables x;;, we are now ready to
prove Theorem 2.11.

Proof of Theorem 2.11. After a potential renumbering, assume ¢, is the identity.
It suffices to prove the theorem for the omission of the Veronese ideal ¢ = 1
from the intersection. The remaining cases follow by application of ¢; to the
ambient ring.

Consider the extensions J,k[Z+'] and I, k[Z"+!] to the Laurent polyno-
mial ring. By the general Theorem 2.23

(M) $iLKIZE+]) = T KIZ] + (py).
i#1

Pulling back to the polynomial ring, we have

(N 6iln) = (Ju + (p)) « ([T i)™

i#l Tij
Contingent on Theorem 2.23, the result now follows from Proposition 2.22. [

We have reduced the proof of Theorem 2.11 to a general result on intersection
in the Laurent polynomial ring. It is a variation of [8, Theorem 2.1]. According
to [8, Section 2], any binomial ideal in the Laurent polynomial ring k[Z"] is
defined by its lattice L C Z™ of exponents and a partial character p: L — k*.
Such an ideal is denoted I(p) where the lattice L is part of the definition
of p. Let now L be a saturated lattice, p : L — k* a partial character, and
1: L — k* the trivial character that maps all of L to 1 € k. The ideal I(p)
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can be constructed by appropriately twisting the ideal I(1). Specifically, if k is
algebraically closed, there exists an automorphism ¢, of k[Z"] that maps each
variable to a scalar multiple of the same variable and such that ¢,(I(1)) = I(p).
Suitable coefficients a1, . . ., a,, of the variables that define such an automorphism
can be computed by solving the equations a=™ = p(m;) for any lattice basis
my,...,m, of L. These equations are solvable over an algebraically closed field
and the resulting automorphisms generalize the Zo-twistings from Definition 2.7.

THEOREM 2.23. Let k be a field such that char(k) is either zero or does not
divide the order of the torsion part of 2"/ L and I(p) C K[Z"] be the binomial
ideal for some partial character p: L — Xk*. Let I(p) = I(py) N...N1(p},) be a

primary decomposition of I(p) over the algebraic closure k of k. Omitting one
component I(pl.) yields

() I(p}) = I(p) + &1 (Pr)
iki

where py, is the generating function of a fundamental parallelepiped of the
lattice L.

Proof. A linear change of coordinates in Z™ corresponds to a multiplicative
change of coordinates in k[Z"]. Since the inclusion of L C Z" can be diagonalized
using the Smith normal form, one can reduce to the case that I(p) is generated by
binomials 2" —¢; for some coefficients ¢; € k. This case follows by multiplication
of the results in the univariate case. In the univariate case, the factors of ™ — ¢
are the n-th roots ¢1,...,(, of ¢. Then p is defined by n — ¢ and p} by 1+ ;.

One has
[[@-¢) =on(@ —1)/(x-1)),
iki*
where ¢;- is the automorphism of k[Z] defined by = + (. . O

The assumption on char(k) in Theorem 2.23 can be relaxed at the cost of a
case distinction similar to that in [8, Theorem 2.1].

The explicit form of p;, depends on a choice of lattice basis. Because the
notions lattice basis ideal and lattice ideal are not the same in the polynomial
ring (they are in the Laurent polynomial ring), one needs to pull back using
colon ideals to get a result in the polynomial ring. Even if in the Laurent
polynomial ring the subintersection in Theorem 2.23 is principal modulo I(p),
it need not be principal in the polynomial ring (as visible in Theorem 2.11). Tt
would be very nice to find more effective methods for binomial subintersections
in the polynomial ring, but at the moment the following remark is all we have.

REMARK 2.24: Under the field assumptions in Theorem 2.23, let I C k[N"] be
a lattice ideal in a polynomial ring with indeterminates x1, ..., x,. There exists
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a partial character p : L — k* such that I = I(p) N k[N"]. The intersection of
all but one minimal primary components of I is

(L(p) + &p(pL)) NEIN"] = (I + ¢, (p)m) : (H w) ~

where py, is the generating function of a fundamental parallelepiped of L, and
m is any monomial such that ¢,(pr)m € k[N"].

3. Extensions

The broadest possible generalization of the results in Section 2 may start from
an arbitrary toric ideal I C k[N"], corresponding to a grading matrix V € N4x",
and a subideal J C I, for example a lattice basis ideal. One can then ask when
the quotient k[N"]/J is toral in the grading V. The techniques in Section 2
depend heavily on this property and the very controllable stabilization of the
Hilbert function. One can get the feeling that this happens if J C I is a lattice
ideal for some lattice that is of finite index in the saturated lattice kerz (V).
However, such a J cannot always be found: by a result of Cattani, Curran, and
Dickenstein, there exist toric ideals that do not contain a binomial complete
intersection of the same dimension [3].

A more direct generalization of the results of Section 2 was suggested
to us by Aldo Conca. The d-th Veronese grading Vj, has as its columns
all vectors of length n and weight d. The corresponding toric ideal is the
d-th Veronese ideal I;, C S = k[N"] and it contains a natural complete
intersection Jg , defined as follows. The set of columns of Vj ,, includes the
multiples of the unit vectors D := {de;,i = 1,...,n}. For any column v ¢ D,
let f, = xd — IL xZ’;l Then J = (f, : v ¢ D) C I;,, is a complete intersection
with codim(Jg,,) = codim(l4,). It is natural to conjecture that a statement
similar to Proposition 2.5 is true. In this case, however, the group L/L’
(cf. Proposition 2.3) has higher torsion. This implies that the binomial primary
decomposition of J exists only if k has corresponding roots of unity. By
results of Goto and Watanabe [13, Chapter 3] on the canonical module (cf. [2,
Exercise 3.6.21]) the ring S/I is Gorenstein if and only if d|n, so that J : I is
equal to J + (p) for some polynomial p exactly in this situation.

In Section 2, the notation can be kept in check because there is a nice
representation of monomials as upper triangular matrices (Proposition 2.5,
Lemma 2.13, etc.). To manage the generalization, it will be an important task to
find a similarly nice representation. It is entirely possible that something akin to
the string notation of [20, Section 14] does the job. Additionally, experimentation
with MACAULAY2—which has informed the authors of this paper—will be
hard. For example, for d = 3,n = 4, the group L/L’ from Proposition 2.3 is
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isomorphic to (Z/3Z)'® which means that a prime decomposition of J; 4 has
1594323 components. Computing subintersections of it is out of reach. It may
be possible to compute a colon ideal like (J3 4 : I3 4) directly, but off-the-shelf
methods failed for us.
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ABSTRACT. In this survey we collect and revisit some notions and re-
sults regarding the theory of cones and matrices admitting an invariant
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1. Introduction

In the framework of Linear Algebra, the description of the eigenvalues of an
endomorphism of a vector space is one of the most classical problems.

A sufficient condition for the existence of a leading eigenvalue equal to the
spectral radius was determined in 1907, in the real and finite dimensional case,
by the mile-stone Theorem of Perron [11, 12], giving an affirmative answer as
far as a positive matrix (associated to the endomorphism) is concerned.

In 1912, Frobenius [5] extended this result to irreducible nonnegative matri-
ces. From then, the so called Perron—Frobenius Theory played a very important
role within matrix theory, leading to several applications in Probability, Dy-
namical Systems, Economics, etc.

In the subsequent decades, this theory admitted a wide development, to-
gether with several generalizations which, in turn, have been applied to other
branches of Mathematics and to applied sciences such as Physics, Social Sci-
ences, Biology, etc.

The observation that a real positive d X d matrix corresponds to an endo-
morphism of R? mapping the positive orthant into itself has naturally led to
investigate endomorphisms admitting an invariant cone (the natural general-
ization of the orthant). In this context we mention, in particular, the general-
ization of the Perron-Frobenius Theorem due to Birkhoff [1] and the work by
Vandergraft [17], where necessary and sufficient conditions on a matrix to have
an invariant cone are given.
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In this survey we collect some known notions and revisit several results
regarding the theory of cones and matrices admitting an invariant cone.

The aim is to provide a convenient background to our papers [3, 2].

In doing this, on the one hand we introduce some new intermediate concepts.
On the other hand, in order to provide a self-contained treatment, we fill in
some gaps and, hence, we propose several new proofs.

2. Notation

We refer to R? as a real vector space endowed with the Euclidean scalar product,
denoted by 2Ty for any z,y € R The metric and topological structures of
this Euclidean space are induced by this pairing.

In this framework, if U is a nonempty subset of R%, we denote by cl(U)
its closure, by conv(U) its convez hull, by int(U) its interior and by OU its
boundary as a subset of R%. We also denote by span(U) the smallest vector
subspace containing U. Finally, we set

R+U::{a9:‘a20ander}

and
Ut :={heR!|hTz=0forallz e U}

denotes the orthogonal set of U.

In particular, if H is a (vector) hyperplane of R? (i.e., a linear subspace of
R? of dimension d — 1), then H = {h}* for a suitable vector h € R%\ {0},
unique up to a scalar.

The hyperplane H splits R? into two parts, say the positive and the negative
semi-space

Sti={zeR?| KTz >0} and S":={zeR?|nrTz<0},
respectively. Clearly,

int (S%) = {z e R? | 'z >0} and int(S")={zeR?|r"z <0},

RY=int (S})UH Uint (S") and 0S} =0S" = H.

3. Cones and duality

The notion of proper cone is standard enough in the literature (see, e.g.,
Tam [16], Schneider and Tam [14] and Rodman, Seyalioglu and Spitkovsky [13]).
The more general notion of cone is, instead, not universally shared: accordingly
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to the various authors, it involves a variable subset (or even all, see Schneider
and Vidyasagar [15]) of the requirements for proper cones.

In this survey we shall deal with proper cones, as defined in the standard
way, and with cones that verify a particular subset of the possible properties.
We shall also find it useful to consider a weaker instance of our definition of
cone, that we refer to as quasi-cone.

DEFINITION 3.1. Let K be a nonempty closed and convez set of R and con-
sider the following conditions:

cl) Ry K C K (i.e., K is positively homogeneous );
c2) KN—K ={0} (i.e., K is pointed or salient);
¢3) span(K) =R? (i.e., K is full or solid).

We say that K is a quasi-cone if it satisfies (c1). If, in addition, it satisfies
(c2), we say that K is a cone. Finally, if it satisfies all the above properties,
we say that K is a proper cone.

If a quasi-cone K is not solid, we also say that it is a degenerate quasi-cone.

The most known example of proper cone is the positive orthant
R ={zeR?|z;>0,i=1,...,d}.

In this section we recall some of the basic properties of quasi-cones. Most
is well known and we refer the reader, e.g., to Fenchel [4], Schneider and
Vidyasagar [15] and Tam [16].

The following invariants of a quasi-cone measure, in some sense, how far it
is from being either pointed or full, respectively.

DEFINITION 3.2. For any quasi-cone K, we denote by L(K) the largest vec-
tor subspace included in K, called the lineality space of K, and by [(K) the
dimension of L(K).

Moreover, we denote by d(K) the dimension of span(K), called the (linear)
dimension of K.

REMARK 3.3: If K is a quasi-cone, it is clear that:
(i) L(K)=Kn-K;
(if) K is pointed if and only if I(K) = 0;

(iii) K is solid if and only if d(K) = d or, equivalently, if and only if int(K) #
0.
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If K is degenerate, then it is solid in the linear space span(K) = R4X), So
we can give the following definition.

DEFINITION 3.4. If K is a quasi-cone, its interior as a subset of span(K) is
called the relative interior of K and is denoted by intye;(K).

Note that, if K is a quasi-cone, then [(K) < d(K) and the equality holds if
and only if one of the following equivalent conditions is satisfied:

(i) L(K) = K;
(ii) K = span(K);
(iii) K is a linear subspace;
(iv) intye(K) =K.
The next notion is well known.

DEFINITION 3.5. Given a hyperplane H, we say that a nonempty positively
homogeneous set U C R? is supported by H (or, briefly, H-supported ) if

UQS’Q or UCSh.

Moreover, we say that U is strictly supported by H (or, briefly, strictly H-
supported ) if

U\ {0} Cint(S") or U\{0}Cint(S").

REMARK 3.6: Let K be a cone and H be a hyperplane. Then K is strictly
H-supported if and only if K N H = {0}.

PROPOSITION 3.7. If K # span(K) is a quasi-cone of R?, then there exists a
hyperplane H which supports K and

HnN intrel(K) = 0.

Proof. First assume that K is solid. In this case, there exists a hyperplane H
which supports K. (see Fenchel [4] (Corollary 1)).

If there exists v € H N int(K), then we can consider a d-dimensional ball
Uy, centered in v and contained in int(K). Clearly, U, meets both int(S") and
int(S"), against the fact that K is H-supported .

Otherwise, if K is degenerate, let S := span(K), s := d(K) its dimension
and let T be a (d — s)-dimensional subspace such that S @ T = R¢. Clearly,



CONES AND MATRIX INVARIANCE 85

K is solid in S and, so, from the previous case, we obtain the existence of
a hyperplane V' of S which supports K and V Nint,(K) = 0. Now set
H: =V &T,sothat K is clearly H-supported and

HNintre(K) = HN S Ninte; (K) = V Nint,o (K) = 0,
as required. O

DEFINITION 3.8. Given a nonempty set U C R?, the intersection of all the
quasi-cones containing U (i.e., the smallest quasi-cone containing U) is called
the quasi-cone generated by U and we denote it by qcone(U).

Note that, while qcone(U) is defined for any set U, the smallest cone con-
taining U may well not exist. Anyway, if it does exist, then it coincides with
qcone(U).

DEFINITION 3.9. Consider a nonempty set U C R and assume that qcone(U)
is a cone. Then we denote it by cone(U) and call it the cone generated by U.

The quasi-cone generated by U can be represented explicitly in formula by
the aid of the following properties, whose proofs are straightforward.

PROPOSITION 3.10. Let U C R? be a nonempty set. Then
(1) conv (RyU) = Ryconv (U);
(i1) cl(RLU) D Rycl(U) and, consequently, cl (RyU) = Rycl (RLU);

(#1) cl(conv (U)) 2 conv (cl (U)) and, consequently,
cl (conv (U)) = conv (cl (conv(U))).

COROLLARY 3.11. For any nonempty set U C R?, we have

qeone(U) = cl (conv (R4.U)) = cl (Ryconv (U)). (1)

Proof. The second equality in (1) is obtained just by taking the closure of both
sides of (i) in Proposition 3.10.

Concerning the first equality, note that cl (conv (R4 U)) contains U, is con-
vex (by (iii) in Proposition 3.10) and positively homogeneous (by (i) and (ii)
in Proposition 3.10). Thus, by Definitions 3.1 and 3.8, we obtain qcone(U) C
cl (conv (R4 T)).

Conversely, since qcone(U) is positively homogeneous, qcone(U) 2 R, U.
Moreover, it is convex and, hence, qcone(U) D conv (R;U). The fact that
qcone(U) is also closed completes the proof. |
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PROPOSITION 3.12. A nonempty set U C R? is contained in a closed semispace
S if and only if qcone(U) # R%.

Proof. Tt is clear that U C S’i if and only if qcone(U) C Sﬁr. On the other
hand, by Proposition 3.7, this condition is equivalent to qcone(U) # R O

The notion of duality is essential in the study of cones. Now we summarize
a few basic definitions and properties.

DEFINITION 3.13. Let U be a nonempty set of R:. Then
U ={heR? | KTz >0 VzeU}
is called the dual set of U. By convention, we also define * := R,
REMARK 3.14: If U is a subset of R?, then it is clear that U C S_’}_ if and only
if he U*\ {0}.
The proofs of the following relationships are straightforward.
PROPOSITION 3.15. Let U and V be nonempty sets of R?. Then we have:
(i) U CU*;
(ii) U CV implies U* D V*;
(i) (UUV)* =U*NV*
(iv) (UNV)* DU*UV*,
REMARK 3.16: Note that {0}* = RY, (R?)* = {0} and, if 2 € R?\ {0}, then
{a} ={heR?| Tz >0} =57
is the positive semi-space determined by x. Consequently, if U is a nonempty

subset of R%, then
U= () st.

zelU

Hence, U* is closed, convex and positively homogeneous, i.e., U* is a quasi-
cone.

The above observation shows that the notion of dual of a set is deeply
related to that of quasi-cone, as is evident also from the following fact.

PROPOSITION 3.17. Let U be a subset of R and U* be its dual set. Then

U* = (qcone(U))*.
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Proof. Since for any V' C R? we easily have V* = (cl(V))
1

*, V* = (conv(V))*
and V* = (R, V)*, the claim follows immediately from (1).

O
DEFINITION 3.18. If K is a quasi-cone of R?, the set

K*={heR| Tz >0 VzeK}
is called the dual quasi-cone of K.

As we saw in Proposition 3.15, * is not completely a “geometric duality”
on the subsets of R%. Namely, even if it is compatible with the union and
contravariant with respect to the inclusion, a generic subset is not reflexive.
Besides the category of vector subspaces of R?, that of quasi-cones fulfils the
reflexivity, too. To this purpose, we recall that, for any quasi-cone K, we have

K" =K 2)

(see [4], Corollary to Theorem 3). Consequently, using the general implication
in Proposition 3.15-(ii), we obtain

KO CcK® — (K(l))* > (K(2))* (3)
for any pair K and K@ of quasi-cones.

REMARK 3.19: Let K # R? be a quasi-cone. Then, thanks to Proposition 3.7,
it is supported by some hyperplane H. As observed in Remark 3.14, this fact
is equivalent to K* # {0}.

The following key-fact can be found in Fenchel [4] (Theorem 5 and its
Corollary).

PROPOSITION 3.20. Let K be a quasi-cone of R®. Then

AK)+U(K*)=d and d(K*)+1(K)=d. (4)

Remark 3.3 and Proposition 3.20 immediate yield the next consequence.

COROLLARY 3.21. Let K be a quasi-cone. Then K is pointed if and only if K*
is solid and, dually, K* is pointed if and only if K is solid. In particular, K
is a proper cone if and only if K* is a proper cone.

Moreover, K = span(K) if and only if K* = span(K™*).

This observation allows us to describe the lineality space of a quasi-cone in
terms of its dual quasi-cone.
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LEMMA 3.22. Let K be a quasi-cone. Then

L(K) = (K*)*. (5)

Proof. Let us first show that L(K) C (K*)*. To this purpose, let h € K*.
Since L(K) C K, for each z € L(K) we have hTz > 0. Since L(K) is a vector
space, it also contains —z and, hence, hT(—z) > 0. Therefore, h7z = 0 for
each z € L(K) and, so, L(K) C {h}*.

To prove the equality, it is enough to observe that (K*)* = (span(K*))*.
Hence, dim((K*)*) = d — d(K*) = I(K), where the second equality follows
from (4). O

PRrROPOSITION 3.23. If K # span(K) is a quasi-cone, then

L(K) Nintye (K) = 0.

Proof. On one hand, by Proposition 3.7, there exists a hyperplane H supporting
K such that H Nint.o(K) = (). On the other hand, by Lemma 3.22 and
Remark 3.19, we have that L(K) C H. O

LEMMA 3.24 ([4], Theorem 12). If K is a quasi-cone and h € K*\ {0}, then

h € int,(K*) <= Kn{h}*t = L(K). (6)

Note that, if K = span(K), then it is clear that K* = K+ and Lemma 3.24
just says that K N {h}+ = K for each h € K*\ {0}.
Now we are in a position to prove a stronger version of Proposition 3.7.

ProproSITION 3.25. Let K be a quasi-cone. Then it is a cone if and only if it
1s strictly supported by some hyperplane H.

Proof. Assume that K is a cone. So, by Corollary 3.21, its dual K™ is solid.
Then just take h € int(K*) and set H = {h}*. By Lemma 3.24, we have
K N H = {0} and, hence, by Remark 3.6, K is strictly H-supported .
Conversely, if K is strictly H-supported for some H, then K N H = {0}.
Thus, K N —K = {0} and, by Remark 3.3, K is pointed. |

The above discussion allows us to show the inclusions opposite to (iz) and
(i47) of Proposition 3.10 hold in some particular cases.
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LEMMA 3.26. Let X be a bounded subset of RY. Then conv (cl (X)) is closed
and, hence,
cl(conv(X)) = conv(cl(X)). (7)

In addition, if 0 ¢ cl(X), then also Rycl(X) is closed and, hence,

A (RyX) =Rycl(X). (8)

Proof. The first claim is well known. Hence, since conv(X) C conv(cl(X)),
we have that cl(conv(X)) C conv(cl(X)). Therefore, equality (7) follows from
Proposition 3.10-(iii).

Now let Y := cl(X) and let z € 9(R.Y)\ {0}. Then there exists a sequence
(Zn)n C RLY converging to « and, so, there exists M > 0 such that definitively

| @n <M.
On the other hand, we can write
Tpn = )\nan

where \, € R} and a, € Y for all n.

Since Y is compact, the sequence (a, ), (or a suitable subsequence) con-
verges to a point, say a, of Y. Necessarily, a # 0 because 0 ¢ Y. Thus, there
exists p > 0 such that definitively

I an | p> 0.
Since || zp, [|= |An] || an ||, we then obtain definitively
An < M/p.

Therefore, the sequence (), (or a suitable subsequence) converges to a certain
AeR,.

Finally, we obtain that (a suitable subsequence of) (z,), converges to Aa.
This implies that x = Aa € R4 Y. SoR.Y is closed. By using Proposition 3.10-
(ii), similarly as before (8) follows. O

PROPOSITION 3.27. Let X C R? be positively homogeneous and such that cl(X)
is strictly supported by some hyperplane H. Then

cl(conv(X)) = conv(cl(X)).
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Proof. Denote by S the unit d-sphere of R and consider the compact set
cl(X) N S. Therefore, by Lemma 3.26, conv(cl(X) N S) is closed.

Moreover, observe that 0 ¢ conv(cl(X) N S) since cl(X) is strictly H-
supported by assumption. Thus, by the second part of Lemma 3.26, we obtain
that Ry conv(cl(X) N S) is closed.

On the other hand, cl(X) is positively homogeneous. Therefore, as is easy
to see, Ry (cl(X)NS) = cl(X). Hence,

conv(R (cl(X) N S)) = conv(cl(X))
and, so, Proposition 3.10-(i) yields
R conv(cl(X) N S) = conv(cl(X)).

Therefore, conv(cl(X)) is closed and, using Proposition 3.10-(iii), like in the
first part of Lemma 3.26 we get the thesis. O

COROLLARY 3.28. Consider a nonempty set U C R? and assume that qcone(U)
is a cone. Then

cone(U) = conv (cl (RLU)) = cl(conv (RyU)) = cl (Ryconv (U)).  (9)

Proof. Note first that
cl(RyU) Ccl(conv (R1U)) = cone(U),

where the equality follows from Corollary 3.11. Therefore, cl (R4 U) is strictly
supported by some hyperplane H by Proposition 3.25.

Consequently, R,U satisfies the assumptions on the set X of Proposi-
tion 3.27 which, in turn, gives the second equality in (9).

Finally, (1) gives the third equality. O

A more detailed study of the notion of dual of a quasi-cone leads us to the
forthcoming Proposition 3.30.

LEMMA 3.29. If K # span(K) is a quasi-cone and h € R\ {0}, then the
following conditions are equivalent:

(i) h € K* and K N {h}*+ = L(K);

(ii) hTz >0 for all z € K \ L(K).



CONES AND MATRIX INVARIANCE 91

Proof. (i) = (ii) Since h € K*, then hTz > 0 for all x € K. Now, if z €
K\ L(K), then (i) implies that = ¢ {h}*, i.e., hTz # 0.

(1) = (i) By Proposition 3.23 we have that K \ L(K) D int,¢(K) and,
hence, the assumption implies that ATz > 0 for all z € int,o(K). Therefore,
the continuity of the scalar product proves that hT2 > 0 for all z € K, i.e.,
h € K*. In turn, this fact implies that KN{h}* D L(K) holds (see (5)). So we
are left to show that KN{h}*+ C L(K). Ifz € K and h”x = 0, then necessarily
x € K\ L(K) by assumption, and this proves the requested inclusion. |

PROPOSITION 3.30. Let K be a quasi-cone of R®. Then we have:

(i) int,..;(K*) = {h € R? ’ hfz >0 Voe K\ LK)}
and, if K is a cone, then

int(K*) ={heR? | h"z >0 Vze K\{0}}.
(i) K*\L(K*)={heR?| hTz >0 Vz € int,(K)}
and, if K is solid, then
K*\{0} ={heR?| "z >0 Vzeint(K)}.

Proof. (i) The first equality follows immediately from Lemmas 3.24 and 3.29.
In particular, if K is a cone, then L(K) = 0 and the second equality is also
proved.

(1) Tt is clear that (i) implies

K\L(K)C{z eR | hT2 >0 Vh € int,(K*)}.

Conversely, let 2 € R? be such that A7z > 0 for all A € int,.;(K*). Then
x & {h}* and, hence, z & L(K) by (5). Moreover, still by the continuity of
the scalar product, we also get hTx > 0 for all h € K*. This means that
x € K™ = K. In this way we have shown that

K\L(K)={zeR? | hT2 >0 Vh € int,(K*)}.

Exchanging the role of K and K* and applying the reflexivity of the quasi-cones
(see (2)), we obtain the requested equality.
Finally, if K is solid, then L(K*) = {0}. O

A straightforward consequence of the above proposition follows.
COROLLARY 3.31. If KV and K® are quasi-cones, then

KO\NLKD) Cintpg(K?®) = intpg((KM)*) 2 (K@) \ L((K®)*).
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The last part of this section is devoted to some properties concerning the
quasi-cone generated by a finite union of quasi-cones.

LEMMA 3.32. Let KU ... K" be quasi-cones of R and U = |J;_, K.
Then .
(qeone (U))" =U* = ﬂ (K(i)) .
i=1
Moreover, the above set, which is a quasi-cone, is # {0} if and only if U 1is
supported by some hyperplane H.

Proof. The first equality follows from Proposition 3.17 and the second from
Proposition 3.15-(iii). Moreover,

(qeone (U))* # {0} <= qcone(U) #RY,
and this is equivalent to U being H-supported (see Proposition 3.12). O
DEFINITION 3.33. Let K, ...  K") be quasi-cones. Their sum is defined as

KO 4 v KO ={z+- 4 |z, e K9 i=1,...,r}

LEMMA 3.34. Let KW, ... K" be quasi-cones. Then
KU 4. 4 KM = conv(KM U-..uKM) (10)

and
A(EW 4.+ KMy = qeone(KD U...u KM). (11)

Proof. Equality (10) proved in Kusraev and Kutateladze [9], 1.1.8.

Equality (11) immediately follows from (10). In fact, since the quasi-cones
K@ are positively homogeneous, equality (1) implies that qcone(K™ U--- U
K®) = cl(conv(KMD U--- U KM)). O

We recall that the notion of separatedness of two closed convex subsets of
R? has to be slightly modified (e.g., following Klee [7]) to adapt it to the case
of cones.

DEFINITION 3.35. Two cones K and K of R? are said to be separated if
there exists a hyperplane H = {h}* such that

KW\ {0} Cint (S}) and K@\ {0} Cint(S").

Moreover, we say that such an H is a separating hyperplane for K and K2,
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Let us mention two well know results, the first of which is the “cone version”
of a “separation-type” theorem, obtained directly from Klee [7], Theorem 2.7
(see also Holmes [6]).

THEOREM 3.36. Two cones KW and K® of R are separated if and only if
KWnK® ={0}.

In other words, K(Y) N —K® = {0} if and only if K U K® is strictly
supported by some hyperplane H. So the next statement immediately comes
from Klee [7], Proposition 2.1.

PROPOSITION 3.37. Let KW and K@ be two cones of RE. If KW U K® s
strictly supported by some hyperplane H, then K& + K@ s closed.

Let U c R Clearly, if K = qcone(U) is strictly H-supported , then
U\ {0} C int(S"). The converse is false as long as U is a generic set. For
instance, let U C R? be the unit open ball centered in the point (0, 1). Clearly,
U = U \ {0} is contained in int(S"), where h = (0,1), but, at the same time,
qeone(U) = S%.

Nevertheless, the converse is true whenever U is a finite union of cones.

PROPOSITION 3.38. Let KW, ... K" be cones of R?, H a hyperplane and
K :=qcone(KMW U...UK™M),
Then the following statements are equivalent:
(i) K is strictly H-supported ;
(ii) KO ... 4 K s strictly H-supported and, hence, closed;
(iii) KW U... UK is strictly H-supported .
In this case, K = KM + ... + K 4s q cone, too.

Proof. With reference to (ii), we begin by observing that, if KM + ... + K
is strictly H-supported , then it is closed. In fact, this can be easily proved by
induction on r using Proposition 3.37.

(1) = (i) By (11).

(ii) = (iii) By (10).

(iii) = (ii) From the assumption, there exists h such that {h}* = H and
hTz>0forall ze KM U...UK®, z+#0. Hence, h"(z, 4+ --- + z.) > 0 for
all z; € KW i=1,...,r such that z, 4+ -+ 2, # 0.

(i1) = (i) Since KM + ...+ K is closed, then it coincides with K by (11)
and, hence, K is strictly H-supported as well. O
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4. Matrices with invariant cones

Let F denote either the real field R or the complex field C. Throughout this
paper we denote by F?*? the space of the d x d matrices on F.
If A € F¢¥¢ we identify it with the corresponding endomorphism

fa :Fé—F?

defined by fa(x) = Az. Hence, the kernel and the image of f4 will be simply
denoted by ker(A) and range(A), respectively, and, if U is a subset of F?, its
image will be denoted by A(U).

Nevertheless, the preimage of a subset V of F? will be explicitly denoted by

fat(v).

DEFINITION 4.1. A subset U of R?® is said to be invariant under the action of
the matrix A on R? (in short, invariant for A) if A(U) C U.

ASSUMPTION 4.1. In order to avoid trivial cases, from now on we assume that
A is a nonzero matriz.

If A € F and a nonzero vector v € F? are such that Av = \v, then they are
called eigenvalue and eigenvector of A, respectively.

The set V) (A), or simply Vj, consisting of such eigenvectors and of the zero
vector, is a linear subspace called the eigenspace corresponding to A. Obviously,
Vy is invariant under the action of A.

Denoting by pa(A) the algebraic multiplicity of A (as root of the character-
istic polynomial det(A — AI)) and by f14()) the geometric multiplicity of A (i.e.,
dimp(Vy)), it is also well known that p14(A) < e (N). If the equality holds, then
A is called mondefective. Otherwise, it is called defective.

DEFINITION 4.2. Let A be an eigenvalue of A and k = pa(\). Then the linear
space

Wi(A) := ker((A — XI)¥) C F?

is called generalized eigenspace corresponding to A and each of its nonzero
elements which does not belong to Vy is called generalized eigenvector.
If no misunderstanding occurs, we shall simply write W, instead of W (A).

It is clear that W) is a linear subspace invariant for A and it is well known
that dimp(W)) = pa(N) (see, e.g., Lax [10], Theorem 11). Therefore, V) = Wy
if and only if A is nondefective.

In this paper we shall deal with real matrices only. Clearly, if A is a real
matrix, we can take F =R or F = C.

If A € R, then W, is a linear subspace of R? and dimg(Wy) = pa()).
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Otherwise, if A € C\ R, take F = C and consider W) C C4. Since the
conjugate of \ is an eigenvalue as well, set Uc(\, \) := Wy @ Wy C C%. With
k == pa(\) = dime(Wy), it is clear that dimc(Uc(A,\)) = 2k. Setting also
Ur(A\, A) := Uc(A\, ) NRY, it turns out that dimg(Ur(\, A)) = 2k and that this
linear space is spanned by the real and the imaginary parts of the vectors of
W. Clearly, Ur(), A) is invariant for A.

Therefore, if A1,..., A € R and pq, fi1, ..., ps, is € C\ R are the distinct
roots of the characteristic polynomial, then

RY = Wx, @ Unlui, m)- (12)
i=1 i=1

Finally, recall that the set o(A) of the (real or complex) eigenvalues is called

the spectrum of A and the nonnegative real number
p(A) = nax, Al
is called the spectral radius of A.

It is well known that either p(A) > 0 or A4 = 0.

The eigenvalues whose modulus is p(A) are called leading eigenvalues and
the corresponding eigenvectors are called leading eigenvectors. (For the con-
venience of the reader, we recall that, in the literature, these objects are also
known as principal eigenvalues and principal eigenvectors).

The remaining eigenvalues and eigenvectors are called secondary eigenvalues
and secondary eigenvectors, respectively.

REMARK 4.3: If the matrix A admits a real leading eigenvalue A1, we can write

Rd = WA (&) HA7
where . .
Wa=Wy, and Ha:=ED Wy, &P Ualpi, m). (13)
=2 =1

Observe that both W4 and H 4 are linear subspaces invariant for A.

PROPOSITION 4.4. Let A be a matriz admitting a real leading eigenvalue Ay > 0
and let x € R?. Then
Are Hy — x € Hy.

Proof. Using (13), we can write x = v + u for suitable v € W4 and v € Hy
and thus Az = Av + Au. Clearly, Ax € H, by assumption and Au € Ha
since Hy is invariant for A. Therefore, Av € W4 N Hy = {0} and, hence,
v € ker(A) = Wy. But W4 N Wy = {0} since A; > 0. Therefore, v = 0 and the
proof is complete. O
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It is clear that, if A > 0 is a real eigenvalue and dim(V)) = 1, both the two
half-lines which constitute V) are invariant for A. Therefore, it makes sense to
extend the search of invariant sets from linear subspaces to cones.

In the case of cones the notion of invariance is the general one (see Defini-
tion 4.1), but it is useful to recall the following refinement.

DEFINITION 4.5. We say that a quasi-cone K s strictly invariant under the
action of the matrix A on R? (in short, strictly invariant for A) if

A(K \ L(K)) C intye ().

In particular, if K is a cone, the above inclusion reads A(K \{0}) C intye;(K).

For example, the positive orthant Ri is invariant for a real matrix with
nonnegative entries, whereas it is strictly invariant for a matrix with all strictly
positive entries.

We recall that A and the transpose matriz AT have the same eigenvalues
with the same multiplicities. More precisely, for any eigenvalue A € C it holds
that dim(Vy(4)) = dim(Vy(AT)) and dim(Wy(4)) = dim (W, (AT)).

The following result is well known in the case of proper cones.

PROPOSITION 4.6. A quasi-cone K is invariant (respectively, strictly invariant)
for a matriz A if and only if the dual quasi-cone K* is invariant (respectively,
strictly invariant) for the transpose matriz AT .

We recall the following well-known Perron-Frobenius theorems, which may
be found, for instance, in Vandergraft [17].

THEOREM 4.7. Let a proper cone K be invariant for a nonzero matrix A. Then
the following facts hold:

(i) the spectral radius p(A) is an eigenvalue of A;

(ii) the cone K contains an eigenvector v corresponding to p(A).

THEOREM 4.8. Let a proper cone K be strictly invariant for a nonzero matrizc
A. Then the following facts hold:

(i) the spectral radius p(A) is a simple positive eigenvalue of A and || < p(A)
for any other eigenvalue A of A;

(i) int(K) contains the unique leading eigenvector v (corresponding to p(A));

(iii) the secondary eigenvectors and generalized eigenvectors of A do not belong
to K.
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Under the hypotheses of Theorem 4.7, in the next Theorem 4.10 we prove a
stronger version of the analogous counterpart of Theorem 4.8-(iii). Moreover,
following the same line, in Theorem 4.12 we then easily obtain a stronger version
of Theorem 4.8-(iii) itself.

LEMMA 4.9. Let A be a matriz having a real leading eigenvalue p(A). Then
Wyr = (Ha)t.

Proof. Set B := (A—p(A)I)* and recall that W4 = ker(B) (see Definition 4.2).
Moreover, H 4 is invariant for B since it is invariant for A.

From Remark 4.3 we then obtain that range(B) = B(H4) = Ha, where the
second equality holds since the matrix B is nonsingular on H4.

Recalling that range(B) = (ker(BT))*, we get Hy = (ker(BT))t and,
finally, the equality W r = ker(BT) concludes the proof. O

Note that, if A is a matrix having an invariant proper cone K, then A\; =
p(A) is a real leading eigenvalue by Theorem 4.7. So, keeping the notation of
Remark 4.3, we have the following result.

THEOREM 4.10. Let A be a matrix having an invariant proper cone K. Then

int(K)N Ha = 0.

Proof. Let us consider y € int(K) N Ha. Then, by Proposition 3.30-(i) applied
to K*, we have that yTw > 0 for all w € K*\ {0}.

Let us observe that p(A) = p(AT) and that K* is a proper cone invariant
for AT (see Proposition 4.6). Therefore, by Theorem 4.7, there exists a leading
eigenvector w of AT which belongs to K*, i.e., @ € Wyr N K*.

Since, by Lemma 4.9, Wyr = (H4)*, we have yTw = 0, which gives a
contradiction. O

COROLLARY 4.11. If p(A) > 0, in the assumptions of the previous theorem, we
have
int(K) Nker(A4) = 0.

Proof. 1If 0 is not an eigenvalue, the equality trivially holds. Otherwise, 0 is a
secondary eigenvalue and, so, Wy C H 4. On the other hand, ker(4) = Vo C Wy
and, thus, Theorem 4.10 concludes the proof. (I

THEOREM 4.12. If K is a strictly invariant proper cone for a matriz A, then

KQHA:{O}.
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Proof. Let us consider y € K N H,. Then, by Proposition 3.30-(ii) applied to
K*, we have that yTw > 0 for all w € int(K*).

The result is easily obtained by reasoning as in the proof of Theorem 4.10
by using Theorem 4.8 in place of Theorem 4.7. (I

The previous result may be also found, for example, in Krasnosel’skﬁ, Lif-
shits and Sobolev [8] with a different proof.
The analogue of Corollary 4.11 clearly holds.

COROLLARY 4.13. In the assumptions of the previous theorem we also have

K Nker(A) = {0}.

We conclude this survey by considering a particular class of matrices, which
turns out to be the only one we can meet in the strictly invariant case.

DEFINITION 4.14. A matriz A is said to be asymptotically rank-one if the fol-
lowing conditions hold:

(i) p(A) >0;

(i1) exactly one between p(A) and —p(A) is an eigenvalue of A and, moreover,
it is a simple eigenvalue;

(iii) |A| < p(A) for any other eigenvalue \ of A.
The unique leading eigenvalue of A will be denoted by 4.

REMARK 4.15: A matrix A is asymptotically rank-one if and only if A7 is so.

The term “asymptotically rank-one” is inspired by the following known fact.

PROPOSITION 4.16. If A is an asymptotically rank-one matriz, then there exists
A® = khﬁrrolo AF/\R
and such a limit is the rank-one matrix
A% = (v ha) oah,

where va and ha are the (unique) leading eigenvectors of A and AT, respec-
tively.
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Proof. We need to observe that the Jordan canonical form J of the normalized
matrix A := A/Xa may be assumed to be block diagonal. More precisely, the
first block is 1 x 1 and consists in the maximum simple eigenvalue A ; = 1.
The second one is a (d — 1) x (d — 1)-block, upper bidiagonal, whose diagonal
entries are the secondary eigenvalues of A, all with modulus < 1, and the upper
diagonal entries are equal to 1 or to 0. Therefore, when we take the kth power
of J, the first block remains unchanged, while the second clearly goes to zero.
Hence, we obtain the rank-one limit matrix J° with only one nonzero entry
equal to 1 in the left upper corner.

Finally, the form of the limit A is easily determined by taking into account
that it has the leading eigenvector v related to the eigenvalue 1 and that,
analogously, its transpose (AOO)T has the leading eigenvector h 4. (I

The following characterization rephrases Theorem 4.4 in Vandergraft [17].

THEOREM 4.17. A matriz A is asymptotically rank-one if and only if A or —A
admits a strictly invariant proper cone.
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Chevalley-Weil formula
for hypersurfaces in P"-bundles

over curves and Mordell-Weil ranks
in function field towers
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ABSTRACT. Let X be a complex hypersurface in a P™-bundle over a
curve C. Let C' — C be a Galois cover with group G. In this paper we
describe the C|G]-structure of HP9(X x ¢ C") provided that X x¢ C' is
either smooth or n = 3 and X X C" has at most ADE singularities. As
an application we obtain a geometric proof for an upper bound by Pdl
for the Mordell-Weil rank of an elliptic surface obtained by a Galois
base change of another elliptic surface.

Keywords: Elliptic surfaces, Mordell-Weil rank under base change.
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1. Introduction

Let k be a field of characteristic zero, C'/k a smooth, geometrically integral
curve, and let f : C' — C be a (ramified) Galois cover with Galois group G.
Let E/k(C) be a non-isotrivial elliptic curve, i.e., with j(E) € k(C) \ k and let
7 : X — C be the associated relatively minimal elliptic surface with section.
Let R C C be the set of points over which f is ramified and let s be the number
of points in R. Let e be the Euler characteristic of C'\ R, i.e., e = 2—2¢(C) —s.

Assume that the discriminant of 7 does not vanish at any point in R. Let
cg and dg be the degree of the conductor of E/k(C) and the degree of the
minimal discriminant of F, respectively. P4l showed in [12] using equivariant
Grothendieck—Ogg—Shafarevich theory that

rank E(k(C")) < ¢(G, ) (cE - %E - e) (1)
where €(G, k) is the Ellenberg constant of (G, k), for a definition see [3]. This

constant depends only on the group G and the field k, but not on E. In this
paper we will give an alternative proof for this bound.
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As noted in [12] it suffices to prove that E(k(C’)) ®z C is a quotient of
a free k[G]-module of rank cg — dg/6 — e, and by the Lefschetz principle it
suffices to prove this slightly stronger statement only in the case k¥ = C.

Let X’ = X x¢ C’ be the elliptic surface associated with E/C(C”). Our
starting point is that the following ingredients would lead to a proof for the
fact that E(C(C")) is a quotient of C[G]®cr+dr/6—c,

1. E(C(C") ® C is a quotient of H(X', C).

2. Let p be the total Milnor number of X. Then the kernel of the natural
map HY (X', C) — E(C(C")) ® C contains C? @ C[G]*.

3. H'(Kc)®? is a quotient of C[G]~°.
4. n = dE — CE.
5. The C[G]-structure of HY(X’, C) is C[G]®89" ¢ HO(Kor)®2.,

The first point is part of the standard proofs for the Shioda—Tate formula for
the Mordell-Weil rank of an elliptic surface and the Lefschetz (1, 1)-theorem.
The second point follows similarly, but here we need to use our assumptions
on the ramification of f. The third point is straightforward (Lemma 3.3), the
fourth point is not difficult (Corollary 4.15). Hence the crucial point is to
determine the C[G]-structure of H (X', C).

If C” is rational and all singular fibers of X’ are irreducible then the C[G]-
structure of H'!(X”) can be determined as follows: Since C” is rational we have
that X’ is birational to a surface W’ C P(2k, 3k, 1, 1) of degree 6k, for some k.
The surface W’ is not unique, but if we take k minimal then is it unique. The
surface W’ is called the Weierstrass model of X’. From our assumptions that
all fibers of X’ are irreducible it follows that all singularities of W’ along the
singular locus of P(2k, 3k, 1,1). Moreover, in this case W’ is quasismooth: its
affine quasi-cone is smooth away from the vertex.

From the fact that W’ is quasismooth it follows that the co-kernel of the
injective map HY' (W) rim — HY1(X') is two-dimensional, and G acts triv-
ially on this co-kernel. Steenbrink [15] presented a method to find an explicit
basis for HY1 (W) rim in terms of the Jacobian ideal of W/, extending Griffiths’
method for hypersurfaces in P™. A straightforward calculation then yields the
C|[G]-structure of HLL(W).

If ¢’ is rational, but X’ has reducible fibers then there are two possible
ways to generalize this result. The first approach uses a deformation argu-
ment to show that X’ is the limit for ¢ = 0 of a family X] of elliptic surfaces
admitting a G-action, such that all for ¢ # 0 the elliptic fibration on X has
only irreducible fibers. The second approach uses a result of Steenbrink [16]
where he extends his method to describe HP*7(W')prim to the case where, very
roughly, the sheaves of Du Bois differentials and of Barlet differentials on W’
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coincide (this condition holds for Weierstrass models of elliptic surfaces, the
precise condition on W’ is formulated in [16]).

This paper grew out of an attempt to generalize the latter approach to
the case where g(C’) > 0. However, in this case some additional technical
complications occur. Let 7 : X — C be an elliptic surface, and let S C X be
the image of the zero section. Let Ng/x be the normal bundle of S. Then one
can find a Weierstrass model W of X in P(£) where £ = O @ L2 @ L3, with
L = (m.Ng/x)*. Similarly the Weierstrass model of the base changed elliptic
surface is a surface W’ in P(f*€) =: P. The Griffiths-Steenbrink approach
yields two injective maps

H°(Kp(2W"))
HO(Kp (W) & dHO(Q2(2W"))

= HY' (W) — HYH(X).

Using our assumptions on f we can easily describe the C[G]-action on the
left hand side. The cokernel of the second map is isomorphic to C[G]*. The
dimension of the cokernel of the first map is 2+ h'(f*L£). The 2 corresponds to
two copies of the trivial representation, however, it is not that easy to describe
the C[G]-action on the vector space of dimension h'(f*£). From this it follows
that the Griffiths—Steenbrink approach works as long as h!(f*£) vanishes. This
happens only if the degree of the ramification divisor C’ — C' is small compared
to deg(f) and deg(L).

To avoid this restriction on h'(£) we work with equivariant Euler char-
acteristic: Let K(C[G]) be the Grothendieck group of all finitely generated
C[G]-modules. For a coherent sheaf F on a scheme with a G-action one defines

Xa(F) =D (=) [H'(X, F)].
We use the ideas behind the Griffiths—Steenbrink approach to prove that the
class of HYL(W') in K(C[G]) equals

2[C] — xa (B (W) + xc (Kp(2W") = xa(H*(T)) = xc(Kp(W)).

Here T is a skyscraper sheaf supported on the singular locus of W', such that
its stalk is isomorphic to the Tjurina algebra of the singularity, and Q%Cl is the
sheaf of closed 2-forms. The remaining Euler characteristics can be calculated
by fairly standard techniques and thereby yielding a proof of the point (5)
mentioned above.

One can easily describe H*!(X') (as C[G]-module) in terms of the regular
representation C[G] and H!(W’). The C[G]-structure on the other HP9(X")
can be determined by standard techniques. In the sequel we show:

PROPOSITION 1.1. Let w: X — C be an elliptic surface and set L = (m.Ng/x)*.
Let f : C" — C be a ramified Galois cover with group G and let X' — C’ be
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the smooth minimal elliptic surface birational to X xX¢ C'. Suppose that over
each branch point of f the fiber of ™ is smooth or semistable. Then we have
the following identities in K(C[G]):

[H*(X',C)] = [H"(X',C)]=[H(C" Kc)l;
[H*(X',C)] = [H°(C",Kc»)] — [C] + deg(L)[CIG]];
[HY (X', C)] = 2[H"(C',Kcr)] + 10deg(L)[CIG]).

Since X’ is smooth we can use Poincaré duality to describe the C[G]-
structure of HP4(X’) for all other p,q. As argued above, this Proposition
is sufficient to prove the bound (1), see Corollary 4.15.

We would like to make one remark concerning this bound of P&al: From the
Shioda—Tate formula it follows that

rank E(k(C")) < #G (cE - C%dp;) +29(C") — 2.

If each of the elements of G is defined over k, then the Ellenberg constant
equals the number of elements of G. Hence P&l’s bound reads

B(k(C")) < #G <cE - ‘16E> A£G (29(C) — 2+ 5)

in this case. From Riemman-Hurwitz it follows that 2¢g(C’) — 2 is at most
#G(29(C) — 2 + s) (and equality holds if and only if s = 0). Hence the
bound (1) is weaker than the bound from the Shioda-Tate formula in this case.
However, if the absolute Galois group of k£ acts highly non-trivially on G then
the Ellenberg constant is small and therefore this bound is very useful.

Our approach to determine the C[G]-structure of H?*? works for a larger
class of varieties. To formulate this result we need to introduce a skyscraper
sheaf T, which can be defined for a hypersurface X’ with isolated singularities
in a smooth ambient space, its support is the singular locus of X’ and the stalk
at a point 2 € X’ is the Tjurina algebra of X’ at x.

THEOREM 1.2. Let C be a smooth projective curve and € a rank r vector bundle
over C, which is a direct sum of line bundles. Let X C P(E) be a hypersurface.
Let f : C" — C be a Galois cover and let X' = X x¢ C'. Assume that either
X' is smooth or r = 3 and X' is a surface with at most ADE singularities.
Moreover, assume H'(X') = H{(P(f*E)) fori <r—2.
Then we have the following identity in K (C[G])

[H?9(X")] = a[C[G]] + bxc(Oc) + ¢[C] + d[H"(T))]

for some integers a, b, c,d, which can be determined explicitly and depend on p,
q, the degrees of the direct summands of £ and the fiber degree of X.
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There are many other results on the behaviour of the Mordell-Weil rank
under base change. Most of these results assume that the fibers over the critical
values are very singular, e.g., the results by Fastenberg [4, 5, 6] and by Heijne
[8]. Bounds in the case where the fibers over the critical values are smooth and
where the base change map is étale, are obtained by Silverman [14]. Ellenberg
proved a slightly weaker bound in a much more general setting, namely he
showed that

rank E(k(C")) < (G, k)(cg — 2¢)

without imposing any condition on G, and assuming only that 6 is invertible
in k.

The C[G]-structure of the cohomology of a ramified cover X — Y has been
studied in general, but we could not find any result that was sufficiently precise
to prove (1). The first result in this direction was by Chevalley—Weil [1] in the
curve case. There are several results by Nakajima in the higher-dimensional
case [10].

In Section 2 we discuss the construction of Weierstrass models associated
with elliptic surfaces. In Section 3 we prove Theorem 1.2. In Section 4 we
determine the constants a, b, c,d for the case of Weierstrass models of elliptic
surfaces and give a proof for (1).

2. Weierstrass models and Projective bundles

In this section let C' be a smooth projective curve and £ a line bundle on a
curve C, of positive degree. We recall the construction of Weierstrass models
of elliptic surfaces with fundamental line bundle £. Most of the results of this
section are also present in [9, Chapter II and III], but we included them for the
reader’s convenience.

Let £ = O® L2 L3, let P(£) be the associated projective bundle,
parametrizing one-dimensional quotients of £. Let ¢ : P — C’ be the projec-
tion map. Then ¢,(Op(1)) = &. Let

X = (0,1,0)€ H(p*L*(1)) = H*(£*) ® H*(Oc) ® H(L™Y),
Y = (0,0,1) € H(p*£3(1)) = H*(£®) @ H°(L) ® H(O¢),
Z = (1,0,0) € H(Op(1)) = H(O)® H* (L) @ H°(L™?)

be the standard coordinates.
DEFINITION 2.1. A (minimal) Weierstrass model W is an element
Fi=-Y?Z —a1XYZ —a3YZ? + X3 4+ a2 X?Z + au X Z*% + ag Z°>

in |L5® Opg)(3)], such that V(F) C P(E) has at most isolated ADE singular-
ties.
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REMARK 2.2: The restriction of ¢ to a Weierstrass model W is a morphism
with only irreducible fibers, and the generic fiber is a genus one curve. For a
fixed Weierstrass model W denote with X its minimal resolution of singularities
and with 7 : X — C the induced fibration.

LEMMA 2.3. The minimal resolution of singularities of a Weierstrass model is
an elliptic surface m: X — C. The section oo : C' — W, which maps a point p
to the point [0 : 1 : 0] in the fiber over p, extends to a section C' — X.

Proof. The first statement is straightforward. From the shape of the polyno-
mial F it follows that Wing is contained in V(Y'). Recall that 0o(C) = V (X, Z).
Hence 0o(C) does not intersect Wying and we can extend oo : C — X. U

REMARK 2.4: Conversely, every elliptic surface over C' admits a minimal Weier-
strass model for a proper choice of line bundle £, namely £ is the inverse of
the push forward of the normal bundle of the zero section. The line bundle
L is of non-negative degree. If the degree of L is zero then the fibration has
no singular fibers and after a finite étale base change the elliptic surface is a
product. See [9, Section IIL.3].

REMARK 2.5: Since we work in characteristic zero we may, after applying an
automorphism of P(£)/C if necessary, assume that aj,as and az vanish. In
the sequel we work with a short Weierstrass equation

—-Y?Z+ X3+ AXZ?+ BZ?

with A € H°(£*) and B € H°(LS).
This is the equation of a minimal Weierstrass model if and only if for each
point p € C' we have either v,(A4) < 3 or v,(B) < 5.

LEMMA 2.6. The Weierstrass model W is smooth if and only if all singular
fibers of w are of type I and I1I.

Proof. The Weierstrass model W is smooth if and only if X = W. Since all
fibers of W — C are irreducible, this is equivalent to the fact that all singular
fibers of 7 are irreducible. Hence these fibers are of type I; or I1. O

LEMMA 2.7. Let W be a Weierstrass model with associated line bundle L. Let
f:C" = C be a finite morphism of curves. Suppose that over the branch points
of f the fiber of m is either smooth or semi-stable.

Then W' :=W x¢ C" is a Weierstrass model (with associated line bundle

f*(£)).
Proof. Consider the induced map P(f*(£)) — P. Then W' is the zero set of

~Y2Z 4+ X3+ fF(A)XZ? + f1(B)Z3.
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If W’ is not a Weierstrass model then there is a point p € C’ such that
0,(f7(4)) > 4 and v,(f*(B)) > 6.

Since W is Weierstrass model we have vy(A) < 3 or vy(B) < 5 for all
g € C. Let e, be the ramification index of p then v,(f*A) = e,v,(A) and
vp(f*B) = epv,(B) for ¢ = f(p). Hence if v,(f*A) > 4 and v,(f*B) > 6 then
ep > 1, 1.e. f is ramified at p. However, in this case the fiber of f(p) is either
smooth or multiplicative. This implies that at least one of A(g) or B(q) is
nonzero. Hence at least one v,(f*A) or v,(f*B) vanishes and therefore W' is
a minimal Weierstrass model. O

Since W has only ADE singularities we have that the cohomology of W and
X are closely related:

PRrROPOSITION 2.8. Let W be a Weierstrass model and w : X — C' the elliptic
fibration on the minimal resolution of singularities of W. Let u be the total
number of fiber-components of m which do mot intersect the image of the zero-
section. Then u equals the total Milnor number of the singularities of X.

Moreover, the natural mized Hodge structure on H*(W) is pure for all i and
we have hP4(X) = hP4(W) for (p,q) # (1,1) and h*1(X) = K2 (W) + p.

Proof. All fibers of W — C' are irreducible by construction. Hence the number
of fiber components not intersecting the image of the zerosection equals the
number of irreducible components of the exceptional divisor X — W.

The resolutions of ADE surfaces singularities are well-known, and the num-
ber of irreducible components of the exceptional divisor equals the Milnor num-
ber, proving the first claim.

The intersection graph of the exceptional divisor of a resolution of an ADE
singularity is also well-known and from this it follows that the exceptional
divisors are simply connected complex curves. Hence if we have s singular
points with total Milnor number p and E' is the total exceptional divisor then
H°(E) = C* and H?(E) = C(—1)* and all other cohomology groups vanish.

Let ¥ = Wging. From [13, Corollary-Definition 5.37] it follows that we have
a long exact sequence of MHS

e HY(W) — H(X)® H(X) - H(E) — HTY (W) — ... (2)

Note that h*(X) = 0 for i # 0. Moreover, the map H°(X) — HO(E) is clearly
an isomorphism, combining this with the fact that H*(E) = 0 for i # 0,2 we
obtain that H*(X) = HY(W) for i # 2,3.

To prove the proposition it suffices to show that the map H?(E) — H3(W)
is zero. As H?(E) = C(—1)* has a pure Hodge structure of weight 2 it suffices
to show that all the nontrival Hodge weights of H3(W) are at least 3. If W is
smooth then this is trivially true, so suppose that W is singular.

Consider the long exact sequence of the pair (W, Wymeotn)- Since W has only
ADE singularities and the dimension of W is even it follows that HL(W) =
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0 for i # 4, and Hg(W) = C(-2)°. The long exact sequence of the pair
(W', W! o) now yields isomorphisms H* (W) = H*(Wgmootn) for i # 3,4 and

an exact sequence
0 — H3(W) = H?*(Wamootn) — C(=2)#= — H*(W') = 0 = H*(Wamooth)-

Since Wymootn 18 smooth we have that the Hodge weights of H 3(quooth) are
at least 3, and hence the same statement holds true for H3(W). O

LEMMA 2.9. Consider the inclusion i : W — P. Then i* : H*(P) — H*(W)
is an isomorphism for k = 0,1,3, is injective for k = 2 and is surjective for
k=4

Proof. For k = 0 the statement is trivial. The case k = 1 can be shown as
follows: Consider o : C' = W and iogg : C — P. Combining these morphisms
with 7 : W — C| respectively ¢ : P — C, yield the identity on C'. This implies
that m* ooy and ¢* o (iodg)* are isomorphisms and that of : H*(C) — H*(W)
is injective.

From [9, Lemma IV.1.1] it follows that h'(C) = h'(X) and by the pre-
vious proposition we have h!(W) = h'(X). In particular o} and (igg)* are
isomorphisms and therefore i* is an isomorphism.

For k = 2 note that H?(P) is generated by the first Chern classes of a fiber
of ¢ and Op(1). Their images in H?(X) are clearly independent, hence the
composition H2(P) — H?(W) — H?(X) is injective. For k = 4 note that the
selfintersection of ¢1(Op(1)) € H*(P) is mapped to a nonzero element in the
one-dimensional vector space H*(X). Hence H*(P) — H*(W) — H*(X) is
surjective. Since H*(W) = H*(X) this case follows also.

The case k = 3 is slightly more complicated. By successively blowing up
points in P we find a variety P such that the strict transform of W is isomorphic
with X. Now let H be an ample class of P and Hy its restriction to X. From
the hard Lefschtez theorem it follows that the cupproduct with the class of
H|x induces an isomorphism H'(X) — H3(X). Since i* : H*(P) — HY (W) is
an isomorphism it follows that H 1(P) — H'(X) is an isomorphism. Therefore
we find a morphsim H'(P) — H3(X). We can factor this morphism also as
first taking the cupproduct with H, and then applying i. Hence i* : H 3(f’) —
H3(X) is surjective. Since we blow up only smooth points in P we find H3(P) =
H3(P) and we showed before that H3(X) = H3(W). Hence H?(P) — H3(X)
is surjective, and is an isomorphism because both vector spaces are of the same
dimension. O

3. The C|G]-structure of H”(X')

Let £ be a rank n + 1 vector bundle on a smooth curve C. Let X C P(£)
be a hypersurface such that either X is smooth or X is a surface with ADE
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singularities.

Let f: C' — C be a Galois cover with group G, such that X’ := X xo C’
is smooth or X’ is a surface with ADE singularities.

We now want to describe the C[G]-module structure of H?9(X’). For this
we prove first four easy lemmas concerning identities between representations.

DEFINITION 3.1. For a scheme Z with a G-action and a sheaf F, denote with
Xc(F) the equivariant Euler characteristic

> (1) [H (2, F)]

in K(C[G]), the Grothendieck group of all finitely generated C[G]-modules.

In the sequel we use the following lemma, which can be proven by “the
usual devissage argument” and Serre duality:

LEMMA 3.2 ([11, Lemma 5.6]). Let f : C' — C be a ramified Galois cover with
group G. If M is a line bundle on C, then

xG(f*M) = deg(M)CIG] + xc(Ocr)

and

X6 (f*M @ Keor) = deg(M)CIG] — xc(Ocr).

Let R be the set over which f is ramified. If R is non-empty then let Z be
the zero-dimensional scheme on C’ such that

0— Ko = ffKo(R) — Oz =0 (3)
is exact. Let s be the number of points in R.

LEMMA 3.3. Let f : C'" — C be a Galois cover of curves, with group G. If [ is
unramified then

[HY(Kcn)] = [H(f"Ke)] = [C] + (9(C) = D[C[G]].
If f is ramified then
2[H"(Kcn)] + [H°(02)] = 2[C] + (29(C) — 2+ 5)[C[G]].
Proof. If f is ramified then the degree of f*Kc(R) is strictly larger than
2g(C") — 2, hence its first cohomology group vanishes and we obtain from

Lemma 3.2 that

[H(f*Kc(R))] = [C] — [H*(Kc)] + (29(C) = 2 + )[C[G]].
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From the exact sequence (3) we obtain that

[H(Kcr)] = C = [H(Ke)] = [H (Ken)] = [HY(f*Kc(R))] — [HY(O2)].
Combining this yields

2[H"(Kc)] + [H°(02)] = 2[C] + (29(C) — 2+ 5)[C[G]].
If f is unramified then f*K¢ = K{. Lemma 3.2 implies now
xXc(Kcr) = deg(Kc)[C[G]] + xa(Oc).
From ya(Ocr) = —ya(Ker) we obtain
2xa(Ker) = (29(C) - 2)[C[G]).

The result now follows from ye (Kev) = [HO(Kor)] — [C]. 0

LEMMA 3.4. Let f : C' — C be a Galois cover of curves, with group G. Then
HO(K¢)®? is a quotient of C®? @ C[G]®29(C)—2+s,

Proof. This follows directly from the previous lemma. O

REMARK 3.5: The Chevalley—Weil formula gives a precise description of the
C|[G]-structure of H°(Kc), see [1].

We will now go back to our hypersurface X’ C P(f*(£)). Denote with
¢ :P(f*€) = C" and ¢ : P(£) — C the natural projection maps.

We will now prove a structure theorem for the C[G]-module H9(X").

PROPOSITION 3.6. Suppose that £ is a direct sum of line bundles. Let X C P(E)
be a hypersurface, and X' = X xc C'. Then for i > 0,k > 0 we have that
Xg(Qi)(f*g)(kX’)) is a direct sum of copies of C|G| and xa(Oc¢).

Proof. Let ¢ : P(f*(€)) — C’ be the natural projection map. Consider the
short exact sequence

0= @"Ker = Qp(pegy = QL = 0.

On Qp(;.¢ there is a filtration such that Gr” = APo*(Kcr) @ QC7P [7, Exer.
I1.5.16]. From APp*Kecr = 0 for p > 1 it follows that at most two of the GrPs
are nonzero and they fit in the exact sequence

Similarly, consider the Euler sequence

0= Q) — (9" fE)(—1) = Op(s+g) — 0.
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By using the filtration constructed in [7, Exer. IL.5.16] again we obtain the
following exact sequence

0— QL = A" f*E)(-1) = QT — 0. (5)

Let £ € Pic(C) and d > 0 be such that Ops«(e))(kX") = (¢*f*(£))(d). A
straightforward exercise using the exact sequence (4) tensored with O(kX’), the
exact sequence (5) tensored with O(kX’) respectively with O(kX’) ® o*(K¢r)
and induction on ¢ yields that Xg(QiP(f*S)(cp*f*E)(d)) equals

t t—1
S (=D xa (M @ 9" L)) + ) (1) xa (A @ " (f L @ Kev))(d))
=0 =0
with
Ay = A" FRE)(-1).

Using that Rip,(O(k)) = 0 for i > 0,k > —1 (see [17]) and the projection
formula again we obtain that xg(F) = xg(¢«F) where F is one of

(N (" [*E)(d = 1)) @ ¢"(f* (L)), (N (" [TE)(d = 1)) ® ¢ (Ker ® [*(L))- (6)
Since £ is a sum of line bundles, we obtain that
(N fE)
is a direct sum of line bundles pulled back from C. Similarly we obtain that
R, O(k) = Sym"(f*€)

is a direct sum of line bundles pulled back from C' and by using the projection
formula we have that ¢, F is the direct sum of line bundles pulled back from C,
for F as in (6).

We can therefore calculate the relevant equivariant Euler characteristic by
Lemma 3.2, and we obtain that yg(p«(F)) is a sum of copies xg(K¢) and
C[G] for F as in (6). The multiplicity of C[G] depends on the sum of degrees of
the direct summands and the multiplicity of xo(K¢) on the rank of . Hence
the multiplicity of yg(K¢) and C[G] in xq(Q¢(kX")) depend only on i, k, the
fiberdegree of X’ and the degrees of the direct summand of £. 0

REMARK 3.7: Note that the proof of the theorem also yields a method to
determine the number of copies of C[G], respectively, xc(O) which occur.
In the next section we make this precise for the case &€ = O & L2 @ L3,
X € [(¢*f*£5)(3)| and (i, k) = (2,1),(3,1),(3,2).
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PROPOSITION 3.8. Let n > 2. Let X C P be a n-dimensional smooth hyper-
surface. Assume that for i : X C P we have that i* : H*(P,C) — H*(X,C)
is an isomorphism for k < m and that for k = n this map is injective. Let
U=P\X. Then H(U) = 0 for i # 0,1,2,n + 1 Moreover, we have iso-
morphisms H*(U) 2 C, H'(U) 2 H*(C), H*(X) = C(—1) and H"(U)(1) =
coker H*~}(P) — H"1(X).

Proof. Consider the Gysin exact sequence for cohomology with compact sup-
port

o> HYNU) - HYP) —» HN(X) - HMYU) — ...

Our assumption on i* now yields H*(U) = 0 for k < n.
Let M be an ample line bundle on P, and M’ be its restriction to X. Then
by the hard Lefschetz theorem we get that the k-fold cupproduct with ¢q (M)
yields an isomorphism H*(X,C) — H" *(X, C). For 0 < k < n we obtain an
isomorphism
H*P,C) - H*(X,C) - H" *(X,C).

We can factor this isomorphism as first taking the k-fold cupproduct with
c1(M) and then applying i*. In particular the map H" *(P) — H" *(X)
is surjective. The Betti numbers of P are well-known, namely h°(P) and
h2"*2(P) equal 1,

R (P)=2for k=1,...,n and h**** = p1(C) for k=0,...,n.

These facts yield that H(P) & H(X) for i = 0,...,n — 1 and i = n +
1,...,2n — 1. Hence H:(U) =0 for i #n+ 1,2n,2n + 1,2n + 2. Moreover we
have two exact sequences

0— H"(P) » H"(X) — H'"Y(U) - 0
and
0— H*™(U) = H*(P) — H*™(X) =0

and isomoprhisms H:(U) = H.(P) for i = 2n + 1,2n + 2.
Applying Poincaré duality now gives the result. O

Denote with Q%C] or QP! the sheaf of closed p-forms on P. Recall that for
a hypersurface X C P we have QP</(X) = QP (log X).

PRrROPOSITION 3.9. Let X C P be a n-dimensional smooth hypersurface. Sup-
pose n > 2. Let G C Aut(P, X) be a subgroup. Assume that fori: X C P we
have that i* : H*(P,C) — H*(X, C) is an isomorphism for k < n and that for
k = n this map is injective.
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Then for p > 1 we have (—1)""P([HP"""P(X)] — [HP""P(P)]) equals

n—p+1 n—p
Y DEXG@TERX) + D (=1 X (PR (RX)).
k=1 k=1

and for p =0 we find that

[H°(Ken)] = [C] + (=1)"[H*"(X)]

equals
n+1 n
S =DM xa(@F(RX) + (1) Fxa (! (kX))
k=1 k=1

Proof. Let U be the complement of X in P. From the previous proposition it
follows that

[HP"7P(X)] — [HP"P(P)] = [Gi}™ H™H(U)].

Hence we will focus on determining the C[G] structure of Gri' H»+1(1)).
From Deligne’s construction of the Hodge filtration on the cohomology of U
we get

FPH*(U,C) = Im(Hk(Q§€S)(log X)) = H¥ (2 ¢ (log X))).
The map is injective by the degeneracy of the Frohlicher spectral sequence
at F1. Recall that QP°(X) is the kernel of d : QP(X) — QPF1(2X). For

p > 1 we have that the filtered de Rham complex is a resolution of QP°!(X).
Combining these fact we obtain for p > 1 that

FPHPT(U,C) = HY(X, Q" (X)).

For p > 1 we have Grh, HP14(U, C) = 0 except possibly for g =n+1—p
In particular, H9(QPY(X)) =0 for g #n+1—p, p > 2. Hence for p > 2 we
obtain that xg(27(X)) equals

(71)”+1_p[Hn+1_p(X, Qp,c(X))] _ (71)7L+1—PFPHTL+1(U7 C)
The exact sequence
0 — Qp,cl(tX) N Qp(tX) N QP+1,CI((t —+ 1)(X)) —0

then yields

n+1—p

X EX) = Y (=1 xe (@ ((t + k)X)).

k=0
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From this we obtain that for p > 1 we have that
Grl. coker(H"(P) — H™(X)) = Gy H™HL(U)

equals (—1)""P times

n—p+1 n—p
D DEXa(@TERX) + Y (- ) xa (@R (RX))).
k=1 k=1

For p = 0 we find

Xa (X)) [F'HY(U,C)] - [F*H*(U, C)] + (-1)"[F*H" (U, C)]

[HO(QP(X))] = [HH QY] + (1) [H" (Q4(X))].
From Proposition 3.8 it follows that
[F'H'(U,C)] = [H*(Kcv))] and [F'H*(U,C)] = [C]
holds. As above we find that
[HO(Kcr)] = [C] + (=1)"[Gr}y coker (H™(P) — H™ (X))

equals
n+1 n

DD (8 (EX) + D (1) xa (2 (X)),
k=1 k=1
O

Let P be a smooth compact Kéhler manifold. Steenbrink [16] extended
Deligne’s approach to the class of hypersurfaces X C P, such that the sheaf of
Du Bois differentials of X and the sheaf of Barlet differentials of X coincide.
This happens only for few classes of singularities. The only known singular
varieties for which this property holds are surfaces. Streenbrink [16] gave three
classes of examples, one of which are surfaces with ADE singularities [16, Sec-
tion 3].

To explain Steenbrink’s results, let X C P be a hypersurface, with at most
isolated singularities. Let 7 be the skyscraper sheaf supported on the singular
locus, such that at each point p the stalk 7, is the Tjurina algebra of the
singularity (X, p).

The following proposition summarizes Steenbrink’s method in the case of a
three-dimensional ambient space P: Note that if X is a surface with at most
ADE singularities then the mixed Hodge structure on H*(X) is pure of weight .
Hence it makes sense to define H?9(X) := Grh, HP1(X).
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PRrROPOSITION 3.10. Let P be a smooth compact three-dimensional Kdhler man-
ifold, and let X C P be a surface with at most ADE singularities. For all
G C Aut(P, X) we have [H®?(X)] = [H*(Kp(X))] and that [HY'(X)] equals
[H>O(P)] + [H*2(P)] + [H"(X)] + [H"*(X)] - [H*'(P)] — [H**(P)]
— xc(p(X)) + xa(Kp(2X)) — xa(Kp(X)) = xa(T)
in K(C[G]).
Proof. Since ADE singularities are rational we get that
HY*(X) = H(Kp(X))

(see, e.g., [16, Introduction]).
The second equality follows from [16]:

Let Q2% (log X) be the kernel of Q2(X) 4 Kp(2X)/Kp(X). Since X has
ADE singularities we have that the cokernel of d is T [16, Section 2]. Define
w = Q% (log X)/Q% to be the sheaf of Barlet 1-forms on X.

Consider now the filtered de Rham complex Qk on X, as introduced by Du
Bois [2].

Since X has ADE singularities it follows from [16, Section 4] that Gr}, QB( is
concentrated in degree one, and in this degree it is isomorphic to Qﬁ( Moreover,
in the same section Steenbrink shows that for a surface with ADE singularities
we have QY = wk. This implies H?(wk) = Gry H'™(X) and hence

xe(wx) = [HY(X)] = [H1(X)] + [H*(X)].
The definition of w yields the equality
xa(wx) = xa(Qp(log X)) — xa(Qp).
Since P is a smooth threefold we find that
xa(Qp) = [H*O(P)] — [H*}(P)] + [H**(P)] — [H**(P)].
Using the definition of Q% (log X) we find
X6 (Qp(log X)) = xa(Qb(X)) — xc (Kp(2X)) + xa (Kp(X)) + x6(T)-

REMARK 3.11: If HY(X) = H*(P) holds for s = 1 and i = 3 then
[HYO(X)] + [HY*(X)] = [H*'(P)] + [H*®(P)].

If, moreover, H>?(P) = 0 we have further simplifications in the formula from
Proposition 3.10.

In case P=P(O @ f*L72® f*L£73) and X a Weierstrass model all these
cancellations happen, and, moreover, [H??2(P)] = 2[C] in K(C[G]).
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COROLLARY 3.12. Let € be a direct sum of at least three line bundles on a
smooth projective curve C. Let X C P(E) be a hypersurface. Let f : C' — C be
a Galois cover. Let X' = X xc C" C P(f*E) be the base-changed hypersurface.
Assume that the natural map H'(P(f*(€))) — HY(X') is an isomorphism for
0 <i<dim X’ and for i = dim X’ this map is injective.

If X' is smooth then for each p,q € Z there exist integers a,b,c, depending
on p, q, the degrees of the direct summands of £ and the fiber degree of X, such
that [H?9(X")] = a[C] 4 bxc(0) + ¢[C[G]].

If X' is surface with at most ADE singularities for each p,q € Z there exist
integers a, b, c, depending on p, q, the degrees of the direct summand of £ and
the fiber degree of X, such that [HP9(X')] = aC+bxg(O)+c|[C[G]]+d[H°(T)],
where § =0 for (p,q) # (1,1) and 6 =1 for (p,q) = (1,1).

COROLLARY 3.13. Let € be a direct sum of three line bundles. Let W C P (&)
be a surface. Let C' — C be a Galois base change such that W' := W x¢o C’
is a surface with at most ADE singularities and such that H*(W') = H(P).
Let X' be the desingularization of W'. Then [HYY(W")] equals

2[C] = xa (2 (W) + xa(Kp(s+6)(2W") — xa(Kp(s+e) (W) = xa(T)
and
[HY (X)) = 2[C] = xa(Q*(W')) + xa (Kp(p-5) 2W")) — xa(Kp(-g)(W)).

Proof. The formula for [H1(W’)] follows directly from Proposition 3.10. The
quotient H11(X")/HY'(W’) is generated by the irreducible components of the
resolution X’ — W' and one easily checks that the representation induced by
G-action on these irreducible components equlas 7. O

REMARK 3.14: Note that [H!(X’)] depends only on the linear equivalence
class of W/, and not on the singularities of W’. If |IV] is base point free then
there is a different approach to obtain this statement. In this case W' is the
limit of a family of smooth surfaces, all of which are pulled back from P(£),
and W' has at most ADE singularities. In particular there is a simultaneous
resolution of singularities of this family. The central fiber of this resolution is
X', and this implies the C[G]-structure of HP4(X’) is the same as the one on
the general member of this family.

4. The C[G]-structure of the cohomology of Weierstrass
models

We want to apply the results of the previous section to the special case of
Weierstrass models. In the first part of the section we only assume that £ is
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a direct sum of three line bundles. Let C,C’, X, X' /Py, P, ¢, o be as in the
previous section. Assume that dim X = 2.

We want to determine the C[G]-structure of H1(X) and of H*°(X). By
Corollary 3.13 it suffices to determine the C[G]-structure of

xa (5 (X)), xa(Kp(X)) and xo(Kp(2X))

and the C[G]-structure on HO(T).

We will determine the structure on H°(T) below. A strategy to calculate
the three equivariant Euler characteristics is given in the proof of Proposi-
tion 3.6. The main ingredients are

1. Q% = p* det(f*€ @ Ko )(—3) (adjunction).
2. Q2 = p*(det(f*E))(—3).
3. 00— Q}p — @*f*€(—1) — Op — 0 (Euler sequence).
4. 02 0L @Ko — Q% = Q2 = 0.
The points (2)-(4) easily yield
LEMMA 4.1. Let X C P(&) be a hypersurface in |(p* f*L)(d)|, fixred under G.
Then xc(2(X)) equals
Xa (@ [ (L@det £)(d—=3)) +xa (" fH(LRE)(d—1)) = xa(e"(fTLO Kor)(d)).

It turns out that if £ is a direct sum of line bundles then we can express
all of the above equivariant Euler characteristics in terms of equivariant Euler
characteristics of sheaves of the form (¢* f*F)(k) and o*(f*F @ K¢ )(k), where
F is a direct sum of line bundles on C. The following lemmas are helpful in
calculating xa of such sheaves.

LEMMA 4.2. Suppose € = Ocr & L & M, with deg(L),deg(M) < 0. Then
©+Op(g)(t) is the pullback under f* of a direct sum of k 2) line bundles, such
that the sum of the degrees equals

2

%t(t + 1)(t + 2)(deg(L) + deg(M)).

Proof. Since £ = O¢ ® L & M we can pick canonical sections X,Y,Z in
H(p*£71(1)), H(p*M~1(1)) and H°(Op(1)) (cf. Section 2). Note that

@ O(t) = Bo<itj<t (L @ M) XYI 27

Hence the sum of the degrees equals

S (deg(L)i + deg(M)j) = ét(t 1)t + 2)(deg(L) + deg(M)).

0<i+j<t
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LEMMA 4.3. Suppose € = Ocr @ f*L & f*M, with deg(L),deg(M) < 0. Let
N be a line bundle on C. Lett > 0 be an integer. Set

d= (t + 2) (deg(L) + deg(M)) + (t : 2) deg(N).

3
Then t1o
xa((@* [*N)(t)) = dC[G] + —5xa(O0c)
and
xa(#* (Ko ® f*A)(0) = dC[G] - 5 2 xa(Oc).

Proof. Since Rip,O(t) = 0 for i > 0 we find that
HE (X, (0" P N)(1) = H (X, 0. ((¢" [ N)(1)))-
Combining this with the projection formula yields
X (" FN)) = xc((f*N) @ 9. 0(1)).

Since ¢, O(t) is a direct sum of line bundles pulled back from C, the same holds
for f*N ® ¢,O(t). The sum of the degree of the line bundles on C' equals d.
It follows now from Lemma 3.2 that

t+2

Xa((f'N) ® ¢.0(t)) = dC[G] + ——xa(Oc).
The Euler characteristic xg(p* (Ko @ f*N)(t)) can be calculated similarly, by
using Serre duality on C”. O

From here on we assume that &€ = O @ f*L72 @ f*L73 and that W €
los£8(3)| and hence that X = W' € |¢* f*L£5(3)].

We will now repeatedly apply Lemma 4.3 to determine all the relevant Euler
characteristics:

LEMMA 4.4. In K(CI|G]) we have
Xa(Kp(W')) = deg(L)[C[G]] - xa(Oc)

and
xXa(Kp(2W')) = 20 deg(L)[C[G]] — 10xc(Oc).

Proof. Note that
Kp = ¢"(det(£) @ Kor(=3)) = 9" (f"L7° @ Kcr)(=3).

Hence Kp(W') = ¢*f*(£L ® K¢r). From Lemma 4.3 it now follows that
xXa(Kp(W')) = deg(£)[C[C]] = xa(Oc).
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Similarly Kp(W') = ¢* f*(L7 ® K¢r)(3). From Lemma 4.3 it follows now
that

Xa(Kp(2W')) = 20 deg(L)[C[G]] — 10x(Oc).-

LEMMA 4.5. In K(C[G]) we have
Xa(Q (W) = deg(L)[CIG]] + xa(Oc).
Proof. Note that Q2(W') = (¢*f*L7°)(=3) ® L%(3) = ¢*f*(£). Lemma 4.3

now yields

X (QL(W')) = deg(£)[C[G)] + xa(Ocr).-

LEMMA 4.6. In K(CI|G]) we have
Yalg* (Ko (W) = 10deg(£)[CIG] — 10x6(Oc).
Proof. Using ¢* (Ko )(W') = ¢* (Ko ® f*£5)(3) we obtain from Lemma 4.3

xa (" (Ke (W) = 10deg(L)[C[G]] — 10xa(Oc).

LEMMA 4.7. In K(C|G]) we have
xa (@ (€ ® Ker)(W')(—1)) = 18 deg(L)[C[G]] — 18xc(Ocv).
Proof. Note that ¢*(€ @ Ko )(W')(—=1) = ¢*(£ ® Ko ® £*£5)(2). Hence
P ERKw @ fL2) =" (f" Lo L' ® [ L%) @ Ko)(2).
From Lemma 4.3 it follows that its Euler characteristic equals

18 deg(L)[C[G]] — 18x(Oc).

LEMMA 4.8. In K(C[G]) we have

Xc (W) = 9deg(L)[CIG]] - Txa(Oc).
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Proof. From
0= QL@@ Ko/ (W) = Q*(W') = Q2(W') =0
and
0= Q@ Ko (W') = E@ " Ko(W)(-1) = ¢*Ka(W') — 0.

It follows that xg(Q22(W’)) equals

Xa(QE (W) + xa(€ @ " Ke(W')(-1)) — xa(¢ Ke(W'))
= 9deg(£L)[C[G]] — Txa(Oc).

O

Collecting everything we find:
PROPOSITION 4.9. We have the following identities in K(C[G]):

[H2OW)] = [H*(X')] = deg(£)CG] + [H*(Ke)] - [C],

[H"H(W)] = 10deg(£L)[CIG]] + 2[H° (Kcr)] — [H(T)]

and
[H"'(X")] = 10deg(L)[C[G]] + 2[H (K]

REMARK 4.10: A different proof for the formula for H2°(X’) can be found in
[12, Theorem 2.5].

The C[G] action on H°(T) is hard to describe in general. However, if we
make some assumption on the ramification locus then it simplifies a lot:

LEMMA 4.11. Suppose the ramification locus of W' — W does not intersect
WL . Then

sing "

[H(T)] = u[C[G]]
where p is the total Milnor number of W.

Proof. Let Ty and Ty be the sheaves on W, resp. on W’, such that at each
point p the stalk is isomorphic to the Tjurina algebra at p. The length of Ty
is the total Tjurina number of W, which equals the total Milnor number of W.

Since Ty is supported outside the ramification locus, we find that Ty is
the pull back of Ty and it consists of #G copies of Ty. In particular the G
action on H°(Tyy) consists of u copies of the regular representation. O

To obtain Pal’s upper bound for the Mordell-Weil rank we need the follow-
ing result, which directly implies the Shioda—Tate formula for the Mordell-Weil
rank of an elliptic surface.
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PROPOSITION 4.12. We have a short exact sequence of C[G]-modules
0— C?g HY(T) — NS(X') = E(C(C")) — 0.

Proof. Let T C NS(X’) be the trivial sub-lattice, the lattice generated by the
class of a fiber, the image of the zero-section and the classes of irreducible
components of reducible fibers. Shioda and Tate both showed that E(C(C"))
is isomorphic to NS(X’)/T as abelian groups.

The group G acts on T', NS(X’) and E(C’), and from the construction of
this map it follows directly that this isomorphism is G-equivariant. Moreover
the fiber components which do not intersect the zero-section are precisely the
exceptional divisors of X’ — W', i.e., they span a subspace isomorphic to
H°(T). Since G maps a fiber to a fiber, and fixes the zero section, we find

0— C>® H(T) — NS(X') = E(C(C") =0
is exact. M

THEOREM 4.13. Let X — C be an elliptic surface and let f : C' — C be a

Galois cover such that the fibers of m over the branch points of f are smooth.

Let E be the general fiber of w. Let p be the number of fiber-components not

intersecting the zero-section, which equals the total Milnor number of W.
Then E(C(C")) ®z C is a quotient of a C[G]-module M such that

[M] = (10 deg(£) — w)[C[G]] + 2[H"(Kc)] - 2[C].

Proof. From Proposition 4.12 it follows E(C(C”)) equals NS(X’)/T(X"'). Now
NS(X")®zC (as C[G]-module) is a quotient of H'!(X"). Hence E(k(C"))®zC
is a quotient of HLL(X')/T(X").

Note that the Weierstrass model of W’ is the pullback of the Weierstrass
model of W. In particular the minimal discriminant of X’ — C’ is the pullback
of the minimal discriminant of X — C'. Our assumption on the singular fibers
of X — C imply that the singular fibers are outside the ramification locus of
X —-X. Ifqe VVS'ing then ¢ is a point on a singular fiber, hence ¢ is outside
the ramification locus of W’ — W. Hence we may apply Lemma 4.11 and
obtain that [T(X")] = p[C[G]] + 2[C].

From the previous section it follows that [H>'(X")] = 10deg £L|C[G]] +
2[H°(K¢r)], which yields the theorem. O

REMARK 4.14: If we allow the fibers over the branch points of f to be semi-
stable then the C[G]-structure of T is harder to describe. E.g., suppose we
have a I; fiber over a branch point, with ramification index 2 and G = Z/2Z.
Then X’ — C’ has a I fiber and this contributes a one dimensional vector
space to T', on which G acts via a non-trivial character.
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COROLLARY 4.15. Let X — C be an elliptic surface over a field k of charac-
teristic zero. Let C' — C be a Galois cover such that the fibers of m over the
branch points of f are smooth. Let E be the general fiber of w. Then

rank E(k(C")) < e(G, k) (cE + % +29—2+ s) .

Proof. As explained in [12, Section 1] we may assume that k& = C. Moreover,
in the same section it is shown that it suffices to prove that EF(C(C")) ®z C is
a quotient of C[G]CE+dTE+2g*2+S.

From the Tate algorithm it follows that the number of fiber components in
a singular fiber equals v, (A) —1 if the reduction is multiplicative and v, (A) —2
if the reduction is additive. Denote with a the number of additive fibers and
with m the number of multiplicative fibers. Hence y = dg — m — 2a. Now
cg = m+ 2a and dg = 12deg(L). It follows from the previous theorem that
E(k(C") ®z C is a quotient of the C[G]-module M, with

d
[M] = <cE + 6E> [C[G]] + 2[H°(K{)] — 2[C].

If C" — C is unramified that H(K[) = C[G]9(“). If C' — C is ramified
then H°(Oyz) is a quotient of C[G]*, where s is the number of critical values
and we find 2H°(K(,) is a quotient of C%% & C[G]®29-2+s

In both cases E(C(C")) ®z C is a quotient of C[G]@CEMTE“Q*Q*S, O
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A note on finite group-actions on
surfaces containing a hyperelliptic
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ABSTRACT. By topological methods using the language of orbifolds,
we giwe a short and efficient classification of the finite diffeomorphism
groups of closed orientable surfaces of genus g > 2 which contain a
hyperelliptic involution; in particular, for each g > 2 we determine the
mazimal possible order of such a group.
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1. Introduction

Every finite group occurs as the isometry group of a closed hyperbolic 3-
manifold [7]; on the other hand, the class of isometry groups ofhyperbolic, hy-
perelliptic 3-manifolds (i.e., hyperbolic 3-manifolds which are 2-fold branched
coverings of S%, branched along a knot or link) is quite restricted but a com-
plete classification turns out to be difficult (see [9]). More generally one can
ask: what are the finite groups which act on a closed 3-manifold and contain
a hyperelliptic involution, i.e. an involution with quotient space S3? Due to
classical results for hyperelliptic Riemann surfaces, the situation is much better
understood in dimension 2; motivated by the 3-dimensional case, in the present
note we discuss the situation for surfaces. All surfaces in the present paper will
be orientable, and all finite group-actions orientation-preserving.

Let F, be a closed orientable surface of genus g > 2; we call a finite group
G of diffeomorphisms of Fy; hyperelliptic if G contains a hyperelliptic invo-
lution, i.e. an involution with quotient space S?. The quotient F,/G is a
2-orbifold (a closed surface with a finite number of branch points), and such a
2-orbifold can be given the structure of a hyperbolic 2-orbifold by uniformizing
it by a Fuchsian group (see [12, Chapter 6]). Lifting the hyperbolic struc-
ture to Fy, this becomes a hyperbolic surface such that the group G acts by
isometries. In particular, G acts as a group of conformal automorphisms of
the underlying Riemann surface Fy; if G' contains a hyperelliptic involution,
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Fy is a hyperelliptic Riemann surface. A hyperelliptic Riemann surface has a
unique hyperelliptic involution, with 2g + 2 fixed points, which is central in its
automorphism group (see [4, Section IIL.7] for basic facts about hyperelliptic
Riemann surfaces, and [10, Chapter 13] for the language of orbifolds). In par-
ticular, a hyperelliptic involution A in a finite group of diffeomorphisms G of
F, is unique and central, and the factor group G'= G/(h) acts on the quotient-
orbifold F,/(h) = §2(229+2), which denotes the 2-sphere with 2g+2 hyperellip-
tic branch points of order 2, and G permutes the set B of the 2¢g+2 hyperelliptic
branch points. Note that any two hyperelliptic involutions of a surface Fy are
conjugate by a diffeomorphism (since they have the same quotient S2(229%2))
and, if distinct, generate an infinite dihedral group of diffeomorphisms.

Conversely, if G is a finite group acting on the orbifold S2(229%2) (in partic-
ular, mapping the set B of hyperelliptic branch points to itself), then the set of
all lifts of elements of G to F, defines a group G with G/(h) 2 G and F,/G =
S2(229%2) /G. The finite groups G which admit an orientation-preserving action
on the 2-sphere S? are cyclic Z,, with quotient-orbifold S?(n, n), dihedral Ds,,
of order 2n with quotient S?(2,2,n), tetrahedral A4 of order 12 with quotient
82%(2,3,3), octahedral Sy of order 24 with quotient S?(2,3,4), or dodecahedral
Ag of order 60 with quotient S2(2,3,5).

In the following theorem we classify large hyperelliptic group-actions; how-
ever, the methods apply easily also to arbitrary actions, see Remark 2.3.

THEOREM 1.1. Let G be a finite group of diffeomorphisms of a closed orientable
surface Fy of genus g > 2 containing a hyperelliptic involution; suppose that
|G| > 4g and that G is mazimal, i.e. not contained in a strictly larger finite
group of diffeomorphisms of Fy,. Then G belongs to one of the following cases
(see 2.1 for the definitions of the groups Agg41y and Bgg):

G= Ag(g+1), ég]])4(g+1), Fg/G 282(2,4, 2g+2),

G = Bs,, G 2 Dy, F,/G = 8%(2,4,49);

G = Zagto2, GEZQQ+1, FQ/G:SZ(2,2g+1,4g+2);
|G| = 120, G = As, g=>5,9,14, 15,20, 24,29, 30;
|G| = 48, G = Sy, g=2,3,5,6,89,11,12;

|G| = 24, G = Ay, g=4.

In each of the cases, up to conjugation by diffeomorphisms of Fy there is
a unique group G for each genus g (see Sections 2.3 and 2.4 for the quotient
orbifolds in the last three cases).

COROLLARY 1.2. Let my(g) denote the maximal order of a hyperelliptic group
of diffeomorphisms of a closed orientable surface of genus g > 2; then my(g) =
8(g + 1), with the exceptions my(2) = my(3) = 48 and my,(5) = mp(9) = 120.
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The maximal order m(g) of a finite group of diffeomorphisms of closed
surface of genus g > 2 is not known in general; there is the classical Hurwitz
bound m(g) < 84(g—1) [6] which is both optimal and non-optimal for infinitely
many values of g. Considering hyperelliptic groups as in Theorem 1.1 one has
m(g) > 8(g + 1), and Accola and Maclachlan proved that m(g) = 8(¢g + 1) for
infinitely many values of g, see Remark 2.2 in Section 2.

The group G = Z4g442 in Theorem 1.1 realizes the unique action of a cyclic
group of maximal possible order 4g + 2 on a surface of genus g > 2, see Re-
mark 2.1.

2. Proof of Theorem 1.1

2.1. Dihedral groups

Let G = Dy, be a dihedral group of order 2n acting on the orbifold S?(229+2),
The action of Dy, on the 2-sphere has one orbit O, consisting of the two fixed
points of the cyclic subgroup Z, of Da,, two orbits O, and O, each of n
elements whose union is the set of 2n fixed point of the n reflections in the
dihedral group Ds,, and regular orbits Oy, with 2n elements. We consider
various choices for the set B of 2g + 2 hyperelliptic branch points in $2(229+2),

)B=0,, n=2¢+2, &2(229%2)/G =52%(2,4,29+2).

We define Ag(y41y as the group G of order 8(g + 1) of all lifts of elements
of G to the 2-fold branched covering F, of S?(229%2). It is easy to find a
presentation of Ag(gy1): considering the central extension 1 — Zg = (h) —
As(g+1) = Dagg1) — 1 and the presentation Dyyq1) = < Z,7 | 22 = §* =
(zy)?0t1) = 1 >, one obtains the presentation Agg+1) = < m,y,h | h? =
1, [z,h] = [y, h] =1, y> = h, 22 = y* = (xy)?9+D) =1 >.

i) B=0,U0y, n=2geven, S&%(229%2)/G = S5?(2,4,4g).

The lift G of G to F, defines a group Bg, of order 8g, with presentation
Bsy = < w,y,h | B* =1, [z,h] = [y,h] = 1, y* = (2y)*) = h, 2* = y* =
(xy)*9 =1 >.

i) B=0,U0,, n=g+1, &8%(229%%)/G =S8%(4,4,9+1).

This orbifold has an involution with quotient S?(2,4,2(g + 1)) which lifts
to §2(229%2), hence G is a subgroup of index 2 in Ag(y11).

iv) B=0s,, n=g+1, S&8%(2%%2)/G=S8%2,2,2,9+1).
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This orbifold has an involution with quotient $%(4,2,2(g + 1)) which lifts
to $2(229%2), and G is a subgroup of index 2 in Ag(g+1)-

V) B=0,U0,U0,, n=g, S*2%+2)/G =52(4,4,2).

Again there is an involution, with quotient S2?(2,4,4g), hence G is a sub-
group of index 2 of Bg,.

vi) B=02,U02, n=g, S82(229%2)/G = 52%(2,2,2,29).

Dividing out a further involution one obtains S?(4,2,4g), and G is a sub-
group of index 2 in Bgy.

Note that for any other choice of B one obtains groups G of order less
than 4g.

REMARK 2.1: Incidentally, by results of Accola [1] and Maclachlan [8], for
infinitely many values of g the groups Ag(y41) in i) realize the maximal possible
order of a group acting on a surface of genus g > 2. Moreover, the group Ag(y41)
has an abelian subgroup Zsg12 x Z3 of index two which realizes the maximal
possible order of an abelian group acting on a surface of genus g > 2 (see [12,
4.14.27)).

2.2. Cyclic groups

Next we consider the case of a cyclic group G = Z,,. There are two orbits with
exactly one point, the fixed points of Z,, all other orbits have n points (regular
orbits).

If B consists of a regular orbit and exactly one of the two fixed points of Z,,,
withn+1=2g+2, n =2g+1 odd and §?(22972) /G = §%(2,29+1,2(29+1)),
then the 2-fold branched covering of §%(22972) is a surface of genus g on which
a cyclic group G = Zyg42 acts.

If B consists of one regular orbit, then n = 2g+2, §%(22972) /G = §%(2, 29+
2,29 + 2) which is a 2-fold branched covering of §%(2,4,2g + 2), hence G =
Ziagy 2 X Lo is a subgroup of index 2 in Agg41).

If B consists of a regular orbit and the two fixed points of Z,, then n +
2 =2g+2,n =29 S*2%*%)/G = S%*(2,49,4g) which is a 2-fold cover of
82(2,4,4g), and G = Zy, is a subgroup of index 2 in Bs,.

REMARK 2.2: By aresult of Wiman [11], 4942 is the maximal possible order of
a cyclic group-action on a surface of genus g > 2, and the action of G = Zyg9
above is the unique action of a cyclic group realizing this maximal order (see [5],
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(12, 4.14.27]). The group G = Zyg42 X Zy instead realizes the maximum order
of an abelian group-action on a surface of genus g > 2, see Remark 2.1.

2.3. Dodecahedral groups

Now let G = Ay be the dodecahedral group acting on S2. The orbits of the
action are 015 consisting of the 12 fixed points of the 6 subgroups Zs of A5 (the
centers of the 12 faces of a regular dodecahedron), Oy consisting of the twenty
fixed points of the 10 subgroups Z3 (the 20 vertices of a regular dodecahedron),
O30 consisting of the 30 fixed points of the 15 involutions (the centers of the
30 edges of a regular dodecahedron), and regular orbits Ogo. The list of the
different choices of B, the genera g and the corresponding quotient-orbifolds
are as follows:

B=0: g =75, S5%(21%)/G = 52%(2,3,10);
B =0y : g=29, S2(220) /G = 82(2,6,5);
B =03 : g =14, S§2(2%0) /G = 82(4,3,5);
B = 0O : g =29, S2(209) /G = §%(2,2,3,5);
B=013U0y: g =15, S5%(23%)/G = §2%(2,6,10);
B=013U03: g =20, S2%(24%)/G = §2%(4,3,10);
B = 09 U O3 : g =24, S2(2°0)/G = §%(4,6,5);
B=013U03U0O3: g=30, S§2(292)/G = 82(4,6,10).

These are exactly the genera in the Theorem for the case G = As. For
g = 5,9, 15 and 29, the group G is isomorphic to A5 X Zs, for g = 14, 20,
24 and 30 to the binary dodecahedral group A} (these are the two central
extensions of Ajz).

REMARK 2.3: For each of the finite groups G acting on S? one can easily
produce a complete list of the possible quotient orbifolds F, /G = §2(229+2) /G
(i.e., without the restriction |G| > 4¢ in the Theorem). For the case of G = Aj,
the possible quotient-orbifolds are as follows (where m > 0 denotes the number
of regular orbits Ogg in the set B of hyperelliptic branch points).

8%(2m,2,3,5), S2%(2™,2,3,10), S2(2™,2,6,5), S2(2™,4,3,5),
S%(2m,2,6,10), S2(2™,4,3,10), S2(2™,4,6,5), S2(2™,4,6,10).
Each of these orbifolds defines a unique action of G = Ay on an orbifold

8§?(2%2972) and of G = A5 x Zs or A} on a surface F, and this gives the complete
classification of the actions of the groups G of type G = A5, up to conjugation.
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2.4. Octahedral and tetrahedral groups

Finally, playing the same game for the groups S4 and Ay, one produces similar
lists also for these cases. This gives the list of genera for the groups G of type
S4 in the Theorem; the groups G of type Ay are all subgroups of index 2 in
groups G of type Sy except for g = 4 (with B = O4 U Og and quotient-orbifold
S52%(3,4,6)). The groups G are isomorphic to one of the two central extensions
Ay X Zy and A} of Ay, or to one of four central extensions of Sy.

Note added for the revised version. The referee provided the two addi-
tional references [2] and [3] in which similar results are obtained, in an algebraic
language and by different algebraic methods. The main point of the present
note is a short, topological approach to the classification: After the preliminary
fact from complex analysis that a hyperelliptic involution of a Riemann surface
is unique and central in its automorphism group, the methods in the present
note are purely topological, offering a short and efficient topological approach
to the classification.
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and plane oriented recursive trees

HELMUT PRODINGER

ABSTRACT. Phylogenetic trees are binary non-plane trees with labelled
leaves, and plane oriented recursive trees are planar trees with an in-
creasing labelling. Both families are enumerated by double factorials.
A bijection is constructed, using the respective representations as 2-
partitions and trapezoidal words.
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1. Introduction
There are many occurrences of the double factorials
2n-1)N'=1-3---(2n—-1)

in the combinatorial literature. A nice survey is by Callan [2].

Two manifestations of them deal with trees, and it is our objective to es-
tablish a bijection between them.

The phylogenetic trees are binary non-plane trees with the leaves labelled
by the numbers 1,2,...,n 4+ 1. Their number is given by (2n — 1)!!. Stanley
describes (codes) them by set partitions of {1,2,...,2n} into n sets of 2 ele-
ments each. These are easily )e'numerated by the double factorials: Just note

that they are counted by (2271

~r, Where we start with all permutations of 2n
elements, but divide by n!, since the order of the blocks does not count, and by
2™ since in each block the order of the 2 elements is immaterial. We call these
set partitions 2-partitions. Stanley’s coding will be reviewed in a later section.

Plane oriented recursive trees (PORTS) [3], also known as heap ordered
trees, are planar trees, where the nodes are labelled by the integers 1,...,n+1,
and the labels are increasing towards the leaves. They are also enumerated by
(2n — 1)!I. They are also coded by simple objects called trapezoidal words,
which are reviewed in the next section.

Our bijection will in fact be between the two codings, i.e., between 2-
partitions and trapezoidal words.
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2. Trapezoidal words and Plane oriented recursive trees

One of the easiest manifestations of double factorials is by words z1x5 ... 2y,
where 1 < z; < 2i — 1; they were called trapezoidal words by Riordan [4]; see
also [2].

Plane oriented recursive trees (PORTS) are rooted planar trees, where the
n nodes are labelled by the numbers 1,...,n in an increasing way from the
root to the leaves.

If one has already such a PORT with n nodes, there are 2n — 1 positions
where a new node labelled n + 1 can be attached, whence the enumeration by
double factorials: The number of PORTs with n+1 nodes is given by (2n—1)!!,
and the trees are in obvious bijection with trapezoidal words of length n, simply
by recording the position where one node after the other was inserted. PORT's
were also called heap ordered trees, but we adopted the notation from [3].

Figure 1: A PORT with 5 nodes and the 9 positions where node labelled 6
could be inserted.

3. 2-partitions and Phylogenetic trees

Phylogenetic trees are non-plane binary trees, with the leaves labelled by the
numbers 1,...,n + 1 in an arbitrary way. Stanley [5] describes the procedure
in Figure 2 to label the remaining nodes as well (except for the root): The
numbers n + 2,...,2n are used as labels in this order as follows: among the
pairs of children that are both labelled, but the parent isn’t, find the smallest
label of a child; it is the parent who gets the current label. The procedure can
be seen from Figure 2. At the end, the labels of each pair of 2 children form
a subset of 2 elements, leading to n such pairs and thus to a 2-partition. See
also [1] for more results and references about phylogenetic trees.

Although Stanley leaves it to the reader to figure out why this works, we
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Figure 2: Left: A non-plane binary tree with leaves labelled by 1,...,7.
Right: The remaining nodes (except for the root) are now labelled
by 8§,...,12. The two children of each node form the 2-partition:

{1,4},{2,9},{5,7},{6,8},{3,10}, {11,12}.

sketch a possible answer by showing how a phylogenetic tree can be recon-
structed from a 2-partition:

We use the consecutive labels n + 1,...,2n to work as a parent. For that,
we look at the block, such that both entries are smaller than the current new
label, and among them at the one in which the smallest number occurs. After
that, the pair is discarded, and the process continues until all pairs have been
processed. The final root may be thought of having the label co.

Thus, in the running example, the number 8 is the current new parent, and
{1,4},{5,7} are such that both members are smaller than 8. The block {1,4}
is chosen. Then we move to number 9. Candidates are {5, 7}, {6, 8}; the block
containing the number 5 is used, then discarded, and so on.

4. The bijection between 2-partitions and trapezoidal
words

Our strategy of proof is to grow a 2-partition of 2n — 2 elements to one of 2n
elements (hereby establishing once again the (2n—1)!! formula), and describing
how the corresponding trapezoidal word of length n — 1 grows to one of length
n. The correspondence is bijective at each step. Our argument is essentially
by induction. It should be noted that the way a 2-partition (and a trazoidal
word) grows towards a final partition/word is unique.

Two new elements 2n — 1,2n can form a class of their own, and this can
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happen in (2n — 3)!! ways. Otherwise, 2n matches with an element 1 < b <
2n—2 (in 2n—2 ways), and 2n—1 matches with the former partner a of b. So, the
set {a, b} is replaced by the sets {a,2n — 1}, {b,2n}. Such an operation is often
called a rotation. Thus, we get altogether (14 (2n—2))-(2n—3)!! = (2n—1)!!
2-partitions, as to be expected.

Then we augment the corresponding trapezoidal word xy ...z,_1, by z,,
defined a follows: if the second case happened and 2n matches with an element
1 <b<2n—2, then we set x,, := b, otherwise, if 2n — 1,2n form a class of
their own we set x,, := 2n — 1. It is easy to see that this operation is reversible.

As an example, let us see how the trapezoidal word 1,2,5,5,2,4 lets the
2-partition grow. The first 1 translates into the starting partition {1,2}.

(1,2} 2 {1,3}2,4} 2 {1,3}{2,4}{5,6} > {1,3}{2,4}{6,7}{5,8}
2 {1,342, 10}{4, 9}{6, T}{5, 8}
24 {1,312,10}{4,12}{9,11}{6, 7}{5, 8}.

And here is how the PORT develops:

|
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1. Introduction

Macaulay’s theorem and Froberg’s conjecture deal with the Hilbert function of
homogeneous ideals in polynomial rings S over a field K. In this short note we
present some questions related to variants of Macaulay’s theorem and Froberg’s
conjecture for K-subalgebras of polynomial rings. In details, given a subspace V'
of forms of degree d we consider the K-subalgebra K[V] of S generated by V.
What can be said about Hilbert function of K[V]? The analogy with the ideal
case suggests several questions. To state them we start by recalling Macaulay’s
theorem, Froberg’s conjecture and Gotzmann’s persistence theorem for ideals.
Then we presents the variants for K-subalgebras along with some partial results
and examples.

2. Macaulay’s theorem and Froberg’s conjecture for ideals

Let K be a field and S = K[x1,...,2,] be the polynomial ring equipped
with its standard grading, i.e., with degz; = 1 for i = 1,...,n. Then S =
@;‘io S; where S; denotes the K-vector space of homogeneous polynomials
of degree j. Given positive integers d,u such that v < dim Sy let G(u, Sq)
be the Grassmannian of all u-dimensional K-subspaces of S3. For a given
subspace V' € G(u, Sq), the homogeneous components of the ideal I = (V') of
S generated by V are the vector spaces S;V, i.e., the vector spaces generated
by the elements fg with f € S; and g € V.
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QUESTION 2.1. What can be said about the dimension of S;V in terms of u =
dim V' ¢

2.1. Lower bound

Macaulay’s theorem on Hilbert functions, see [10], provides a lower bound for
dim S;V given dim V. It asserts that there exists a subspace L € G(u, S4) such
that

dim S; L < dim S;V

for every j and every V € G(u, Sq). Furthermore dim S;L can be expressed
combinatorially in terms of d and u by means of the so-called Macaulay expan-
sion, see [2, 13] for details. The vector space L can be taken to be generated
by the largest © monomials of degree d with respect to the lexicographic order.
Such an L is called the lez-segment (vector space) associated to the pair d and
u and it is denoted by Lex(u, Sg).

2.2. Persistence

A vector space L € G(u,Sy) is called Gotzmann if it satisfies
dim $1 L = dim S; Lex(u, Sq),

ie., if
dim S;L < dim S,V

for all V- € G(u, S4). Gotzmann’s persistence theorem [8] asserts that if L €
G(u,Sq) is Gotzmann then S;L is Gotzmann as well. In particular if L is
Gotzmann one has

for all j and all V € G(u, Sq).

2.3. Upper bound

Clearly, the upper bound for dim S;V is given by the dim S;W for a “general”
W in G(u, Sg). More precisely, there exists a non-empty Zariski open subset U
of G(u, Sq) such that for every V € G(u, Sq), for every j € N and every W € U
one has

dim S,V < dim S;W.

Froberg’s conjecture predicts the values of the upper bound dim S;W. For
a formal power series f(z) = Y o, fiz' € Z[z] one denotes [f(z)]+ the series
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Yico giz', where g; = f; if f; > 0 for all j < i and g; = 0 otherwise. Given
n,u and d one considers the formal power series:

and then Froberg’s conjecture asserts that dim S;W = dim Sj44 — cq4; for all
7. It is known to be true in these cases:

(1) n <3 and any u,d, j, [1, 7],
(2) u<n+1andany d,j, [12],
(3) 7 =1 and any n,u,d, [9]

and it remains open in general. See [11] for some recent contributions.

3. Macaulay’s theorem and Froberg’s conjecture for
subalgebras

For any subspace V € G(u, S4) we can consider the K-subalgebra K[V] C S
generated by V. Indeed, K[V] is the coordinate ring of the closure of the image
of the rational map P"~! --» P¥~1 agsociated to V.

The homogeneous component of degree j of K[V] is the vector space V7,
i.e., the K-subspace of S;q generated by the elements of the form f; --- f; with

fl,...,ijV.

QUESTION 3.1. What can be said about the dimension of V3?2 In other words,
what can be said about the Hilbert function of the K-algebra K[V]?

DEFINITION 3.2. For positive integers, n, d, v and j, define
L(n,d,u,j) = min{dim V7 : V € G(u, Sq)}

and
M(n,d,u,j) = max{dim V7 : V € G(u, Sq)}.

3.1. Lower bound

Recall that a monomial vector space W is said to be strongly stable if mz;/z; €
W for every monomial m € W and ¢ < j such that x;|m. Intersections,
sums and products of strongly stable vector spaces are strongly stable. Given
monomials mq, ..., m. € Sg the smallest strongly stable vector space containing
them is denoted by St(msq,...,m.) and it is called the strongly stable vector
space generated by mq, ..., m..
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PROPOSITION 3.3. Given n,d,u and j there exists a strongly stable vector space
W e G(u, Sq) such that

independently of the field K.

Proof. Given a term order < on S for every V € G(u, Sq) one has in(V)? C
in(V7) for every j. Hence one has dim Vj < dim V7 where V = in(V'). There-
fore the lower bound L(n, d, u, j) is achieved by a monomial vector space. Com-
paring the vector space dimension of monomial algebras is a combinatorial
problem and hence we may assume the base field has characteristic 0. Apply-
ing a general change of coordinates, we may put V in “generic coordinates”
and hence in(V') is the generic initial vector space of V' with respect to some
term order. Being such it is Borel fixed. Since the base field has characteristic
0, we have that in(V) is strongly stable. Therefore the lower bound L(n, d, u, )
is achieved by a strongly stable vector space. O

EXAMPLE 3.4: Forn = 3,d = 4,u = 7 there are 3 strongly stable vector spaces:

1) St{xySaIQZQ} = (:I:yg,xQZQ,$2yz,m2y2,1’3z,x3y7$4>

— the Lex Segment
2) St{zy’z} = (wy?z, 2y 2yz,2%y?, 232, 23y, a*)
3) St{y*,a?yz} = (Yt ay? aPyz, a?y? 2z, 2y, at)

— the RevLex Segment

In this case 2) and 3) turns out to give rational normal scrolls of type (3,2)
and (4, 1) respectively and they give the minimal possible Hilbert function in
all values.

EXAMPLE 3.5: For n = 3, d = 5 and v = 12, there are five strongly stable
subspaces of Sy:

Wy = St{x?22, 232} = (2% 2ty, 2z, 2392, J:yzx3z2xy z2y2z,
22yz?, 2223 xyt, vyt

Wy = St{zy?22} = (2°, 2%y, vz, 23y2, :ryzx3z2xy ,x2y%z,
22y2?, oyt 2Pz, xy?2?),

W3 = St{x223,9°} = (2, aty, a2z, 23y> xyzx322xy 222z,

x2yz2? 2223 ayt ),
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Wy = St{z222y, 29°2, 4%} = (25, 2y, xtz, 2392, 23yz, 2322, 2293, 2922,
22y2? ayt, 2Pz, 0,
Wy = St{322, y*2} = (2%, 2y, 2*2, 2392, 23y 2z, 2322, 2293, 2%y%2,
oyt xydz,y°, ytz).
In this case, neither the Lex segment, W7, nor the RevLex segment, Wj, achieve
the minimum Hilbert function. The Hilbert series are given by

1492+ 322
HS gy (2) = HS e (2) = =P
149z + 222
WS () = HSrcwy (2) = —— 55—
1492+ 522
HSkwe(2) = -2

and the minimum turns out to be L(3,5,12,5) = dim W2J = dimW{ = 652 +
5j +1, for j > 1.

QUESTIONS 3.6. (1) Does there exist a (strongly stable) subspace We G(u, Sg)
such that L(n,d,u, j) = dim W7 for every j?

(2) Given n,d,u,j can one characterize combinatorially the strongly stable
subspace(s) W with the property L(n,d,u,j) = dim W7 ?

(3) Persistence: Assume W € G(u, Sq) satisfies L(n,d,u,2) = dim W2. Does
it satisfy also L(n,d,u,j) = dim W7 for all j#

REMARK 3.7: For n = 2 there exists only one strongly stable vector space in
G(u, Sq), ie. (z? 2?1y, ... a¢~v+lyu=1) (which is both the Lex and RevLev
segment) and the questions in 3.6 have all straightforward answers.

REMARK 3.8: It is proved in [5] that Lex-segments, RevLex-segments and prin-
cipal strongly stable vector spaces define normal and Koszul toric rings (in
particular Cohen-Macaulay). Furthermore in [6] it is proved that a strongly
stable vector space with two strongly stable generators define a Koszul toric
ring. On the other hand, there are examples of strongly stable vector spaces
with a non-Cohen-Macaulay and non-quadratic toric ring, see [3, Example 1.3].

3.2. Upper bound

As in the ideal case, the upper bound is achieved by a general subspace W,
i.e., for W in a non-empty Zariski open subset of G(u, Sq).

QUESTION 3.9. What can be said about the value M(n,d,u,j)?
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Obviously,

M(n,d,u,j) < min {dimsjd’ (u— 1 Jlry)} Q)
u—

and the naive expectation is that equality holds in (1), i.e., if f1,..., f, are
general forms of degree d, then the monomials of degree j in the f;’s are either
linearly independent or they span Sj4. It turns out that in nature things are
more complex than expected at first. First of all, if u > n then equality in
(1) would imply that for a generic W one would have W7 = S;4 for large j.
This fact can be stated in terms of projections of the d-th Veronese variety:
the projection associated to W is an isomorphism. Recall that a generic linear
projection of a smooth projective variety of dimension m from some projective
space where its embedded, into a projective space of dimension ¢ is an isomor-
phism if ¢ > 2m + 1. Hence we have that if u > 2n then equality in (1) holds
at least for large j. On the other hand, for n + 1 < u < 2n equality in (1)
should not be expected unless one knows that the corresponding projection of
the Veronese variety behaves in an unexpected way.
Summing up, the most natural question turns out to be:

QUESTION 3.10. Assume that u > 2n. Is it true that

M(n,d,u,j) = min {dim S, (“ + ]) }

u—1
holds for all 52
The answer turns out to be negative as the following example shows:

PROPOSITION 3.11. For any space W generated by eight quadrics in four vari-
ables the dimension of W2 is at most 34 independently of the base field K.
That is:

REMARK 3.12: This assertion was proven in [4, Theorem 2.4] using a computer
algebra calculation. Here we present a more conceptual argument.

Proof. Firstly we may assume that K has characteristic 0 and is algebraically
closed. Secondly we may assume that W is generic. The 8-dimension space
of quadrics W is apolar to a 2-dimension space of quadrics, call it V. A pair
of generic quadrics can be put simultaneously in diagonal form, i.e., that V'
is generated by 22 + 22 + 22 + 23 and a12? + @223 + azz? + asx?. See for
example [14]. Indeed, it is sufficient that V' contains a quadric of rank 4 since
that can be put into the form 22 + 23+ 22 + 22 and the other form can then be
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diagonalized preserving the first. As a consequence, after a change of coordi-
nates W contains z;xz; with 1 <i < j <4. Since (z124)(z2z3) = (x122)(T324)
and (z123)(x2x4) = (x122)(x324) We have at least two independent relations
among the 36 generators of W2. Therefore dim W? < 34. O

More precisely one has:
PROPOSITION 3.13. One has M(4,2,8,2)=34 independently of the base field K .

Proof. We have already argued that M (4,2,8,2) < 34.
Therefore it is enough to describe an 8-dimension space of quadrics W in 4
variables such that dim W2 = 34. We set

Wo=(zizj:1<i<j<4)
and
F = a12? + apa? + azz? + ayx? and G = bya? + boxl + byas + byas .
Then we set W7 = (F, G) and then
W =W, + W;.
We consider two conditions on the coefficients aq, as, ..., by:

CONDITIONS 3.14. (1) All the 2-minors of

a1 a2 asz a4
by by by by
are non-zero.

(2) The matriz

2 2 2 2
ORI S B
b 1 b2 b3 b4

a1b1 a2b2 a3b3 a4b4
has rank 3.

We observe that WZ is generated by the 19 monomials of degree 4 and
largest exponent < 2. Then we note that if W; contains a quadric ¢ sup-

ported on 22, wJQ and z7 with 4, j, h distinct and k & {4, j, h} then zy2:q = zp2}
mod (W) and similarly for j and h. This implies that if Condition (1) holds
then W§ + WoW; is generated by the 31 monomials different from z7,. .., z].

Assuming that Condition (1) holds, we have that the matrix representing
F?2,G? FG in S4/WZ + WoW; is exactly the one appearing in Condition (2).
Then F?,G?, FG are linearly independent mod W¢ + WyW if and only if Con-
dition (2) holds. Summing up, if Conditions (1) and (2) hold then dim W?2 = 34.
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Finally we observe that for F' = z?+2%+23 and G = z3+az%+23 the conditions
(1) and (2) are satisfied provided « # 0 and « # 1. Hence this (conceptual)
argument works for any field but Z/2Z. Over Z /27 one can consider the space
W generated by 22,23, 23, 2173, Tox4, 324, T2T3 + T124, T122 + 25 and check
with the help of a computer algebra system that dim W? = 34. O

As far as we know the case discussed in Proposition 3.11 is the only known
case where u > 2n and the actual value of M (n,d,u, ) is smaller than

min{dimsjd, (u -1 +]> }
u—1
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Tannakian categories, fundamental
groups and Higgs bundles

UGco Bruzzo

ABSTRACT. After recalling the basic notions concerning profinite and
proalgebraic group completions and Tannakian categories, we review
how the latter can be used to define generalizations of the motion of
fundamental group of a space, such as the Nori and Langer fundamental
groups, and the algebraic fundamental group introduced by Simpson.
Then we discuss how one can define a Tannakian category whose objects
are Higgs bundles on a complex projective variety that are “numerically
flat” in a suitable sense, and show how the Higgs fundamental group is
related to a conjecture about semistable Higgs bundles.

Keywords: Fundamental groups, Tannakian categories, Higgs bundles, curve semista-
bility.
MS Classification 2010: 14F05, 14F35, 14H60, 14J60, 18D35.

1. Introduction

Tannakian categories are abelian tensor categories that satisfy some additional
properties and are equipped with a functor to the category of vector spaces.
They all turn out to be equivalent to categories of representations of proalge-
braic affine group schemes, so that there is natural duality between Tannakian
categories and such group schemes. This “Tannaka duality” has been used to
devise generalizations of the notion of fundamental group, with the purpose
of better capturing the geometry of such geometric structures as schemes and
algebraic varieties. A classical example is the Nori fundamental group [21, 22],
and more recently, the S-fundamental group introduced by Langer [16, 17].
The latter is the Tannaka dual of the category of numerically flat vector bun-
dles, i.e., vector bundles that are numerically effective together with their duals
(this group was introduced in the case of curves also in [5]). C. Simpson con-
sidered the category of semi-harmonic bundles on a smooth projective variety
over C, i.e., semistable Higgs vector bundles with vanishing rational Chern
classes [24, 25]. The resulting fundamental group scheme is a proalgebraic
completion of the topological fundamental group. Since flat (Higgs) bundles
are essentially finite, numerically flat, and semi-harmonic, and the topological
fundamental group represents the category of flat bundles, there is a natural
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morphism from the usual fundamental group to each of these groups.

Notions of numerical effectiveness and numerical flatness for Higgs bundles
were introduced in [6, 7] , motivated by the remark that the universal quotient
bundles over the Grassmann bundles Gry(E) of a numerically effective vector
bundle are numerically effective. Given a Higgs vector bundle & = (FE,¢),
we consider closed subschemes &ty (€) C Gry(E) that parameterize locally
free Higgs quotients on €. Then € is said to be H-numerically effective if the
universal Higgs quotients on &ty (€¢) are H-numerically effective, according to
a definition which is recursive on the rank. Finally, a Higgs bundle is said
to be H-numerically flat if & and its dual Higgs bundle &* are H-numerically
effective. H-numerically flat Higgs bundles make up again a neutral Tannakian
category; the corresponding group scheme is denoted 7 (X, z) [4].

Numerically flat vector bundles equipped with the zero Higgs field are
H-numerically flat, hence there is a faitfhfully flat morphism =f (X,z) —
77(X,x). The relation of 7 (X, ) with Simpson’s proalgebraic fundamen-
tal group m}"*(X, ) is more subtle: semi-harmonic bundles are H-numerically
flat, so that there is faitfhfully flat morphism 7# (X, z) — 7}"*(X, ). The fact
that the groups may be isomorphic is related with a conjecture about the so-
called curve semistable Higgs bundles — i.e., Higgs bundles that are semistable
after pullback to any smooth projective curve [7, 11, 18] (Conjecture 4.7 in
the text). This conjecture states that if a Higgs bundle (E, ¢) on a projective
variety is semistable after pullback to any projective curve, then its rational
characteristic class

r—

1
2r @ (E)2

A(E) = 2(E) —

vanishes (here r = 1k ).

2. Completions

Generalized fundamental groups are defined in terms of, or are related to,
completions of discrete groups. In this section we briefly review the definitions
of profinite and proalgebraic completion of a discrete group.

DEFINITION 2.1. A profinite group is a topological group which is the inverse
limit of an inverse system of discrete finite groups. The profinite completion G
of a group G is the inverse limit of the system formed by the quotients groups
G/N of G, where N are normal subgroups of G of finite index, ordered by
inclusion.

For instance, the profinite completion of Z is

z=1zw),
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where p runs over the prime numbers, and Z(p) is the ring of p-adic integers [19].
An interesting geometric example of a profinite completion is Grothendieck’s
fundamental group [14]. The idea for its introduction may be regarded as a
generalization of the usual fundamental group, recalling that for X a topological
space, m1(X) is the group of deck transformations of the universal covering of
X. To get a suitable replacement for schemes, one substitutes covering spaces
with étale covers. So, if X a connected and locally noetherian scheme over a
field k, let  be a geometric point in X, i.e., a morphism Speck — X, where k
is a separable closure of k. Let I be the set of pairs (p,y), where p: ¥ — X isa
finite étale cover, and y € Y is a geometric point such that p(y) = x, partially
ordered by the relation (p,y) > (p/,y’) if there is a commutative diagram

Y4f>Y’

b

X
with with 3’ = f(y). Then one sets

ﬂ_?()g .CIJ) — @AUtX (pi; yl)
el

If X is a scheme of finite type over C, the étale fundamental group m$*(X, x) is
a profinite completion of the topological fundamental group m (X, x) [14].

In spite of the naturalness of its definition, the étale fundamental group, for
a field of positive characteristic, fails to enjoy some quite reasonable properties;
for instance, it is not a birational invariant, and is not necessarily zero for ratio-
nal varieties [21, 22]. Nori’s fundamental group solves some of these problems.
It is defined in terms of Tannaka duality (see next Section) and involves the
notion of proalgebraic completion of a discrete group [3].

A proalgebraic group over k is the inverse limite of a system of algebraic
groups over k.

DEFINITION 2.2. Let T be a discrete group. A proalgebraic completion of I' over
k is a proalgebraic group A(T") over k with a homomorphism p : T — A(T) such
that every morphism I' — H, where H is a proalgebraic group over k, uniquely
filters through A(T) via p

e
AT) =1

A proalgebraic completion for I' is unique up to unique isomorphism. The
image of p is Zariski dense in A(T"). A proalgebraic completion can be built via
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Tannaka duality, as the group of tensor product preserving automorphisms of
the forgetful functor from the category of finite dimensional I'-modules to the
category of finite dimensional k-vector spaces.

3. Tannakian categories

In this section we recall the main notions and establish the basic notation about
Tannakian categories. For a detailed introduction the reader may refer to [12].
A category € is additive if

e the Hom classes are abelian groups and the composition of morphisms is
bilinear;

e ¢ has finite direct sums and direct products;

e it has a zero object.

An additive category is abelian if

e cvery morphism has both a kernel and a cokernel (the notion of kernel
and cokernel are defined in terms of suitable universal properties);

e every monomorphism is a kernel of some morphism, and every epimor-
phism is a cokernel of some morphism.

An additive category is k-linear over a field k if the Hom groups are k-vector
spaces, and the composition of morphisms is k-linear. A tensor category is an
abelian category with a biproduct satisfying the usual properties of the tensor
product (including the existence of a unit object 1 for the tensor product).

A tensor category is rigid if

e Hom and ® satisfy the natural distributive property over finite families;

e all objects are reflexive, i.e., the natural maps to their double duals are
isomorphisms (the dual AY of an object A of € is the object Hom(4,1)).

DEFINITION 3.1. A neutral Tannakian category over a field k is a rigid Abelian
k-linear tensor category ¥ together with an exact faithful k-linear tensor functor
w: T — Vecty, called the fiber functor.

The archetypical Tannakian category is the category Rep(G) of representa-
tions (on vector spaces over k) of an affine group scheme G over k. The fiber
functor is defined as the forgetful functor

wp, V)=V if p: G — Aut(V).

Categories of representations of affine group schemes are much more than
just examples: it turns out that every neutral Tannakian category is equivalent
to one of them [12].
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THEOREM 3.2 (Tannaka duality). For every neutral Tannakian category (T,w)
there is a proalgebraic affine group scheme G such that ¥ ~ Rep(G).

The group G is recovered as the group of automorphisms of the fiber functor
that are compatible with the tensor product, G = Aut®(w). If T ~ Rep(G),
one also writes G = m1(%).

EXAMPLES 3.3: e The category Vecty of vector spaces over k with the
identity as fiber functor is a neutral Tannakian category. Its correspond-
ing affine group scheme is the trivial group G = {e}, i.e., m(Vecty) =

{e}.

e The category of modules over a commutative ring with unit R is an
abelian tensor category. It may fail to be rigid as there are R-modules
that are not reflexive.

e If g is a semisimple Lie algebra over a field k, the category Rep(g) of
representations of g, with the fiber functor given by the forgetful functor
that only keeps the vector space structure of g, is a neutral Tannakian
category, and 71 (Rep(g)) = G, where G is the unique connected simply
connected Lie group whose Lie algebra is g.

e If X is a smooth projective variety over C, the category of vector bundles
on X with a flat connection (a.k.a. local systems), with a functor which
to a bundle E associates its fiber at x € X, is Tannakian, and is equiv-
alent to the category Rep(m (X, x)) of representations of the topological
fundamental group of X. The dual group via Tannaka duality, i.e. the
group 1 (Rep(m1 (X, z))), is the proalgebraic completion of m (X, z).

4. Tannakian categories and fundamental groups

The basic idea for using Tannaka duality to define fundamental groups is to
single out a class of geometric objects on a scheme X that make up a neutral
Tannakian category, and take the associated group scheme. We briefly review
two examples, Nori’s and Langer’s fundamental groups. Next we shall introduce
the Higgs fundamental group and discuss its relation with Simpson’s proalge-
braic fundamental group; this will be related to a conjecture about semistable
Higgs bundles on projective varieties.

Nori’s fundamental group

The first example of such a fundamental group was provided by Nori [21, 22].
A vector bundle E over a scheme X is essentialy finite if there exists a principal
bundle 7: P — X, with a finite structure group, such that 7*F is trivial. Es-
sentially finite vector bundles make up a neutral Tannakian category, where the
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fiber functor maps FE to the fiber over a fixed point € X (some assumptions
on the scheme X have to be made). The affine group scheme representing this
Tannakian category is the Nori fundamental group scheme w¥ (X, ). It turns
out that there is a faithfully flat (i.e., flat and surjective) morphism

(X, z) - 75 (X, )

which is an isomorphism when chark = 0.

A related notion, that of F-fundamental group, was introduced in [2], and
some properties of it were studied in [1]. Another generalization was proposed
in [23].

Langer’s fundamental group

Let X be a smooth projective variety over an algebraically closed field. We can
define intersections between divisors D and curves C in X by letting

C-D =deg f*Ox(D)

where f: C — C is a normalization of C. In the same way, we can define
the intersection product between a line bundle and a curve. Then we have the
usual notion of numerical effectiveness.

DEFINITION 4.1. L is numerically effective (nef) if L-C > 0 for all irreducible
curves C' in X. A wvector bundle E on X is numerically effective if its hyper-
plane line bundle Op(g)(1) on the projectivization P(E) is. E is numerically
flat if both E and its dual bundle EV are nef.

As proved by Langer [16, 17], numerically flat vector bundles make up a
neutral Tannakian category, so that one can define a “fundamental group”
77 (X, x) as its dual (this group was introduced in the case of curves also
in [5]). Essentially finite vector bundles are numerically flat, so that there is a
morphism

(X, z) - 7 (X, z)

which is again faithfully flat, and is an isomorphism when chark = 0. Some
properties of this fundamental group, e.g. its birational invariance, were proved
in [15].

Higgs fundamental group

We follow this pattern to introduce a fundamental group which “feels” the
behavior of Higgs bundles on a projective variety. To do that we restrict to
varieties over the complex numbers, and start by considering ordinary bundles.
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So, let X be a smooth projective variety over C, and E a vector bundle on X
of rank . We shall consider the characteristic class (the discriminant of F)

r—
2r

A(E) = es(B) — "—Lei(B)? € HY(X,R).

Moreover, after equipping X with an ample line bundle L, and denoting by H
it first Chern class (a polarization on X), we define the degree of E as

degE = ¢ (E)- H" !

where n = dim X. If X is a smooth irreducible projective curve, it has a
canonical polarization, given by the class of a closed point of X. Whenever X
is such a curve, one implicitly assumes this choice of a polarization.

DEFINITION 4.2. E is semistable (with respect to the chosen polarization) if for
every coherent subsheaf F' C E, with 0 <tk F < r, one has
deg F' < deg B
tkF = r

E is curve semistable if for all morphisms f: C — X, where C is a smooth
projective irreducible curve, the pullback bundle f*(E) is semistable.

The following theorem was proved in a slightly weaker form by Nakayama
[20] and strengthened into its present form by Herndndez Ruipérez and the
author [9].

THEOREM 4.3. The following conditions are equivalent:
e FE is curve semistable;

e E is semistable with respect to a polarization, and A(E) = 0.

The following corollary is not hard to prove [9].

COROLLARY 4.4. E is numerically flat if and only if it is curve semistable and
C1 (E) =0.

It is quite natural to ask if a result such as Theorem 4.3 also works for Higgs
bundles. A Higgs sheaf is a pair (E, ¢) where F is a coherent sheaf and

¢: E— E®Q%, OdNp=0.

A Higgs bundle is a locally free Higgs sheaf. A notion of semistability is given
as for ordinary vector bundles, but the inequality is required to hold only for ¢-
invariant subsheaves. There is a notion of nefness/numerical flatness for Higgs
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bundles [9, 7], which we briefly review here. If E is a vector bundle of rank r
on X, and s < r is a positive integer, we can consider the Grassmann bundle
Grs(E) on X. Denote by ps : Grgs(E) — X the natural projection. There is
a universal short exact sequence

0— S—s.E -+, piE -5 Qs,e — 0 (1)

of vector bundles on Gr,(E), with S,_ g the universal subbundle of rank r — s
and Qs g the universal quotient of rank s [13]. The Grassmannian Gry(E)
parameterizes locally free rank s quotients of E, in the sense that if f: Y — X
is a morphism, and G is a quotient bundle of f*(FE), there is a morphism
g: Y — Grs(E) such that G ~ ¢*Q, g, and the diagram

commutes [13].

Given a Higgs bundle € = (E, ¢), we define closed subschemes &ts(€) C
Gr;(F) parameterizing rank s locally free Higgs quotients, i.e., locally free quo-
tients of ¥ whose corresponding kernels are ¢-invariant. The Grassmannian of
locally free rank s Higgs quotients of €, denoted Gt (&), is the closed subscheme
of Gry(E) defined by the vanishing of the composition of morphisms

(@ Id)opi(p) oth: Sr—sp — Qs @ piQk. (2)

Let ps := pslee, () : Ot5(€) — X be the induced projection. The restriction
of (1) to Gry(€) yields a universal exact sequence

0— 67’—5,@ l’ P;e — Qs,@ — 0, (3)

where Q¢ = Qs|er, (¢) is endowed with the quotient Higgs field induced by
the Higgs field pf¢. A morphism of k-varieties f : 7' — X factors through
Bt (€) if and only if the pullback f*(E) admits a Higgs quotient of rank s.
The pullback of the above universal sequence on &t (E) gives a quotient of

fH(E).

DEFINITION 4.5. A Higgs bundle & of rank one is said to be Higgs-numerically
effective (H-nef for short) if it is numerically effective in the usual sense. If
rk € > 2, we inductively define H-nefness by requiring that

1. all Higgs bundles Qg ¢ are Higgs-nef, and
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2. the determinant line bundle det(E) is nef.

If both & and &* are Higgs-numerically effective, € is said to be Higgs-nume-
rically flat (H-nflat).

Definition 4.5 immediately implies that the first Chern class of an H-nume-
rically flat Higgs bundle is numerically equivalent to zero.

It was proved in [4] that numerically flat Higgs bundles make up a neutral
Tannakian category. Therefore, after fixing a point z € X, we can define the
Higgs fundamental group 7H (X, x) as the group which is Tannaka dual to that
category. A numerically flat vector bundle, equipped with the zero Higgs field,
is a numerically flat Higgs vector bundle, so that there is a morphism

i (X, 2) - 77 (X, z)

which is again faithfully flat.
The nature of this fundamental group is related to the validity of Theo-
rem 4.3 for Higgs bundles. The following theorem was proved in [7].

THEOREM 4.6. If € = (FE, @) is semistable, and A(E) = 0, then € is curve
semistable.

The question whether the opposite result holds true is an open problem.
CONJECTURE 4.7. If the Higgs bundle € is curve semistable, then A(E) = 0.

Conjecture 4.7 is known to hold for certain classes of varieties (varieties
whose tangent bundle is numerically effective [11] and K3 surfaces [10], and
varieties obtained from these two classes by some simple geometric construc-
tions [11]).

The category of semistable Higgs bundles on X having vanishing Chern
classes (semi-harmonic Higgs bundles) is Tannakian (the definition of this cat-
egory does not require the specification of a polarization since such bundles
are semistable with respect to all polarizations). Its Tannaka dual is iso-
morphic to the proalgebraic completion of the topological fundamental group
71¥(X, z) [24]. Since such semi-harmonic Higgs bundles are Higgs numerically
effective, there is a morphism (again, a faithfully flat morphism)

(X, x) — 7%(X, z). (4)

THEOREM 4.8. The morphism (4) is an isomorphism if and only the Conjec-
ture 4.7 holds.

Proof. If the morphism (4) is an isomorphism, the categories of numerically flat
Higgs bundles and semi-harmonic bundles are equivalent. Then a numerically
flat Higgs bundle has vanishing Chern classes, which implies the conjecture.
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Vice versa, if the conjecture holds, and € = (E, ¢) is a numerically flat Higgs
bundle, then € is curve semistable, and since the Conjecture is assumed to hold,
A(FE) = 0; moreover, € is semistable and ¢;(E) = 0 [7], so that by Theorem 2
n [24], all Chern classes of E vanish, and € is semi-harmonic. Thus the two
above mentioned categories are isomorphic, and (4) is an isomorphism. O
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