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di Trieste are reviewed/indexed by MathSciNet, Zentralblatt Math, Scopus,
OpenStarTs.

Editors-in-chief

Alessandro Fonda
Emilia Mezzetti
Pierpaolo Omari

Editorial Assistant

Andrea Sfecci

Editorial Board

Giovanni Alessandrini (Trieste)
Thomas Bartsch (Giessen, Germany)
Ugo Bruzzo (SISSA, Trieste)
Aldo Conca (Genova)
Pietro Corvaja (Udine)
Gianni Dal Maso (SISSA, Trieste)
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Foreword

Number 52 of our journal Rendiconti dell’Istituto di Matematica dell’Uni-
versità di Trieste is divided in two issues. The first issue contains fifteen articles
dedicated to Professor Julián López-Gómez on the occasion of his 60th birthday.
The second issue is divided into two sections. The first one is a collection of
ten articles dedicated to Professor Bruno Zimmermann on the occasion of his
70th birthday. This section has been edited with the collaboration of our
colleague Mattia Mecchia as guest editor, whose valuable help we acknowledge
with great pleasure. In the second section we publish four more papers which
were normally submitted to the journal and did not enter in the previous two
special sections.

Alessandro Fonda
Emilia Mezzetti
Pierpaolo Omari





Section 1
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Preface

This part of Volume 52 of RIMUT is dedicated to professor Bruno Zim-
mermann on the occasion of his seventieth birthday. This section contains
invited papers from mathematicians who have collaborated with Bruno in var-
ious ways. Mattia Mecchia and Emilia Mezzetti who have taken care of this
part are grateful to all of them for their contributions. Many thanks also to
the referees who helped us in preparing the special issue. Finally, we wish to
warmly thank Bruno’s wife Gisela for sharing with us the beautiful story of
their arrival in Italy.

Bruno Zimmermann was born in Werl (Germany) on September 24, 1950.
In June 1977 he obtained his Ph.D. in Mathematics at the Ruhr-Universität
in Bochum under the supervision of professor Heiner Zieschang. The Ph.D.
advisor of Heiner Zieshang had been the famous knot theorist Kurt Reidemeis-
ter, the father of the famous moves, a basic concept in the study of knots. As
Bruno sometimes says to the students defending a thesis in knot theory, this
makes him the “academic grandson” of Reidemeister.

After obtaining the Habilitation in 1983 he spent a period as visiting profes-
sor at the University of Michigan and then he came back to Bochum as lecturer
(Dozent). In 1986 one of the turning points of his career and life happened: he
won the national competition for a position in Italy as full professor in Alge-
bra. Bruno’s passion for research and teaching led him and his wife Gisela to
embark on one of the greatest adventures of their life and they decided to move
with their five children to Trieste where a full professor position was available.
At first the situation was tricky for Bruno’s family: a new language to learn,
new schools to find for the children, a new culture to understand. But after a
while, the initial problems were solved and the new country became familiar.
Bruno’s family discovered the beauty of the hills surrounding Trieste and, also
thanks to some colleagues, in particular Marco Reni, they began to appreciate
hiking in the Italian Alps.

Bruno has been a professor at the University of Trieste for 33 years. He
taught Algebra and Geometry to hundreds of students, who appreciated his
clarity and his deep insight into mathematics. It is impossible to know the
time when Bruno leaves the classroom after his lessons because he usually stays
for a long time talking with the students about problems and ideas concerning
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the topic of the course. He introduced the study of Algebraic and Geometric
Topology to Trieste. During his career, he has advised several undergraduate
and master theses and has supervised six Ph.D. students. For many years he
also taught a course in the ICTP Postgraduate Diploma Programme; he really
enjoys teaching students from different countries and from different cultures.

Bruno is an outstanding researcher. He has written more than one hundred
papers on low dimensional topology, knot theory, geometric topology, and geo-
metric group theory. He has obtained many significant results and has opened
numerous lines of research. His papers have been cited more than five hundred
times attesting to his influential role in the international research community.
During his career, he was often invited as a speaker at international conferences
where the public could appreciate his continuous effort to reveal the conceptual
ideas behind the results he presented.

He has served as Editor of our journal since 1987 and as Director from 2005
to 2007. We thank him for the all the work done for RIMUT.

Bruno has just retired and we wish him more time for his hobbies such
as music, running and hiking, but we hope he continues to make his valuable
contribution as a researcher and teacher.
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Realizations of certain odd-degree
surface branch data
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Dedicated to my colleague and friend Bruno Zimmermann

Abstract. We consider surface branch data with base surface the
sphere, odd degree d, three branching points, and partitions of d of the
form

(2, . . . , 2, 1) (2, . . . , 2, 2h+ 1) π

with π having length `. This datum satisfies the Riemann-Hurwitz nec-
essary condition for realizability if h − ` is odd and at least −1. For
several small values of h and ` (namely, for h + ` 6 5) we explicitly
compute the number ν of realizations of the datum up to the equivalence
relation given by the action of automorphisms (even unoriented ones)
of both the base and the covering surface. The expression of ν depends
on arithmetic properties of the entries of π. In particular we find that
in the only case where ν is 0 the entries of π have a common divi-
sor, in agreement with a conjecture of Edmonds-Kulkarny-Stong and a
stronger one of Zieve.

Keywords: Surface branched cover, Hurwitz number.
MS Classification 2010: 57M12.

1. Introduction

In this introduction we first review the notion of surface branched cover and
branch datum, and we define the weak Hurwitz number of a branch datum (i.e.,
the number of its realizations up to a certain “weak equivalence” relation). We
then state the new results established in the rest of the paper, concerning the
exact computation of this number for branch data of a specific type, and we
comment on the connections of these results with an old conjecture of Edmonds-
Kulkarny-Stong and a recent stronger one of Zieve.

Surface branched covers. A surface branched cover is a continuous func-
tion f : Σ̃ → Σ where Σ̃ and Σ are closed, orientable and connected surfaces
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and f is locally modeled on maps of the form

(C, 0) 3 z 7→ zm ∈ (C, 0).

If m > 1 the point 0 in the target C is called a branching point, and m is
called the local degree at the point 0 in the source C. There are finitely many
branching points, removing which, together with their pre-images, one gets
a genuine cover of some degree d. If there are n branching points, the local
degrees at the points in the pre-image of the j-th one form a partition πj of d
of some length `j , and the following Riemann-Hurwitz relation holds:

χ
(

Σ̃
)
− (`1 + . . .+ `n) = d (χ (Σ)− n) .

Let us now call branch datum an array of the form(
Σ̃,Σ, d, n, π1, . . . , πn

)
with Σ̃ and Σ orientable surfaces, d and n positive integers, and πj a partition
of d for j = 1, . . . , n. We say that a branch datum is compatible if it satisfies the
Riemann-Hurwitz relation. (Note that Σ̃ and Σ are orientable by assumption;
see [3] for a definition of compatibility in a non-orientable context.)

The Hurwitz problem. The very old Hurwitz problem asks which compat-
ible branch data are realizable (namely, associated to some existing surface
branched cover) and which are exceptional (non-realizable). Several partial
solutions to this problem have been obtained over the time, and we quickly
mention here the fundamental [3], the survey [16], and the more recent [2, 13,
14, 15, 20]. In particular, for an orientable Σ the problem has been shown to
have a positive solution whenever Σ has positive genus. When Σ is the sphere
S, many realizability and exceptionality results have been obtained (some of
experimental nature), but the general pattern of what data are realizable re-
mains elusive. One guiding conjecture [3] in this context is that a compatible
branch datum is always realizable if its degree is a prime number. It was actu-
ally shown in [3] that proving this conjecture in the special case of 3 branching
points would imply the general case. This is why many efforts have been de-
voted in recent years to investigating the realizability of compatible branch
data with base surface Σ the sphere S and having n = 3 branching points. See
in particular [14, 15] for some evidence supporting the conjecture.

Hurwitz numbers. Two branched covers f1 : Σ̃ → Σ and f2 : Σ̃ → Σ are
said to be weakly equivalent if there exist homeomorphisms g̃ : Σ̃→ Σ̃ and g :
Σ→ Σ such that f1 ◦ g̃ = g ◦ f2, and strongly equivalent if the set of branching
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points in Σ is fixed once and forever and one can take g = idΣ. The (weak or
strong) Hurwitz number of a compatible branch datum is the number of (weak
or strong) equivalence classes of branched covers realizing it. So the Hurwitz
problem can be rephrased as the question whether a Hurwitz number is positive
or not (a weak Hurwitz number can be smaller than the corresponding strong
one, but they can only vanish simultaneously). Long ago Mednykh in [10, 11]
gave some formulae for the computation of the strong Hurwitz numbers, but
the actual implementation of these formulae is rather elaborate in general.
Several results were also obtained in more recent years in [4, 7, 8, 9, 12]. Some
remarks on the different ways of counting the realizations of a branch datum
are contained in [19].

Computations. In this paper we consider branch data of the form

(♥)
(

Σ̃, S, 2k + 1, 3, [2, . . . , 2, 1], [2, . . . , 2, 2h+ 1], π = [di]
`
i=1

)
for h > 0. Here we employ square brackets to denote an unordered array
of integers with repetitions. A direct calculation shows that such a datum is
compatible for h − ` = 2g − 1, where g is the genus of Σ̃. So h − ` should be
odd and at least −1, and g = 1

2 (h − ` + 1). We compute the weak Hurwitz
number of the datum for h+ ` 6 5, namely for the following values of (g, h, `):

(0, 0, 1) (0, 1, 2) (1, 2, 1) (0, 2, 3) (1, 3, 2) (2, 4, 1).

Organizing the statements according to g and denoting by T the torus and by
2T the genus-2 surface, these are the results we prove in this article:

Theorem 1.1. • (g = 0, h = 0, ` = 1) The branch datum

(S, S, 2k + 1, 3, [2, . . . , 2, 1], [2, . . . , 2, 1], [2k + 1])

always has a unique realization up to weak equivalence.

• (g = 0, h = 1, ` = 2) The branch datum

(S, S, 2k + 1, 3, [2, . . . , 2, 1], [2, . . . , 2, 3], [p, q])

always has a unique realization up to weak equivalence.

• (g = 0, h = 2, ` = 3) The number ν of weakly inequivalent realizations
of

(S, S, 2k + 1, 3, [2, . . . , 2, 1], [2, . . . , 2, 5], [p, q, r])

is as follows:
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– ν = 0 if p = q = r;

– ν = 1 if two of p, q, r are equal to each other but not all three are;

– ν = 2 if p, q, r are all different from each other and one of them is
greater than k;

– ν = 3 if p, q, r are all different from each other and all less than or
equal to k.

Theorem 1.2. • (g = 1, h = 2, ` = 1) The number of weakly inequiva-
lent realizations of

(T, S, 2k + 1, 3, [2, . . . , 2, 1], [2, . . . , 2, 5], [2k + 1])

is
[(
k
2

)2]
.

• (g = 1, h = 3, ` = 2) The number of weakly inequivalent realizations of

(T, S, 2k + 1, 3, [2, . . . , 2, 1], [2, . . . , 2, 7], [p, q])

with p > q is is always positive and given by[(
1

2

(
k −

[
p+ 1

2

]))2
]

+

[(
1

2

[
p− 1

2

])2
]

+
[p

2

]2
−(p− 1) ·

[p
2

]
+

[(p
2

)2
]

+ k2 − k(p− 1) +
1

2
(p− 1)(p− 4)

except for k = 4 and p = 7 where this formula turns the value 6 but the
correct one is 5.

Theorem 1.3. (g = 2, h = 4, ` = 1) The number of weakly inequivalent
realizations of

(2T, S, 2k + 1, 3, [2, . . . , 2, 1], [2, . . . , 2, 9], [2k + 1])

is 10 for k = 4 and otherwise positive and given by

k

16
(7k3 − 42k2 + 72k − 37) +

5

8
(2k − 3)

[
k

2

]
.

The prime-degree conjecture. As already mentioned, it was conjectured
in [3] that any compatible branch datum with prime degree is actually realiz-
able, and it was shown in the same paper that establishing the conjecture with
n = 3 branching points would suffice to prove the general case. More recently,
Zieve [21] conjectured that an arbitrary compatible branch datum(

Σ̃,Σ, d, n, π1, . . . , πn

)
is realizable provided that
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• GCD(πj) = 1 for j = 1, . . . , n and

•
n∑
j=1

(
1− 1

lcm(πj)

)
6= 2.

As one easily sees, the compatible branch data with
n∑
j=1

(
1− 1

lcm(πj)

)
= 2 are

precisely those whose associated candidate orbifold cover (see [14]) is of Eu-
clidean type. These branch data were fully analyzed in [14], where it was shown
that indeed some are exceptional (even with GCD(πj) = 1 for j = 1, . . . , n in
some cases). So an equivalent way of expressing Zieve’s conjecture is to say
that a branch datum is realizable if GCD(πj) = 1 for j = 1, . . . , n and the
datum is not one of the exceptional ones found in [14]. This would imply the
prime-degree conjecture, because:

• If one of the πi reduces to [d] only then the branch datum is realizable
by [3];

• All the exceptional data of [14] occur when the degree is composite.

We can now remark that our results are in agreement with Zieve’s conjec-
ture, because the only branch datum for which we compute the weak number
Hurwitz number to be 0 comes from the first case in the last item of Theo-
rem 1.1, namely for a branch datum of the form

(S, S, 3p, 3, [2, . . . , 2, 1], [2, . . . , 2, 5], [p, p, p])

for odd p > 3, and d = 3p is composite in this case.

2. Weak Hurwitz numbers and dessins d’enfant

In the previous papers [17, 18] we have carried out the computation of weak
Hurwitz numbers for different (even-degree) branch data, but the machine we
will employ here is the same used in [17, 18]. We quickly recall it to make
the present paper self-contained (but we omit the proofs). Our techniques are
based on the notion of dessin d’enfant, popularized by Grothendieck in [5] (see
also [1]), but actually known before his work and already exploited to give
partial answers to the Hurwitz problem (see [6, 16] and the references quoted
therein). Here we explain how to use dessins d’enfant to compute weak Hurwitz
numbers. Let us fix until further notice a branch datum

(♦)
(

Σ̃, S, d, 3, π1 = [d1i]
`1
i=1 , π2 = [d2i]

`2
i=1 , π3 = [d3i]

`3
i=1

)
.

A graph Γ is bipartite if it has black and white vertices, and each edge joins
black to white. If Γ is embedded in Σ̃ we call region a component R of Σ̃\Γ, and
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length of R the number of white (or black) vertices of Γ to which R is incident
(with multiplicity). A pair (Γ, σ) is called dessin d’enfant representing (♦) if

σ ∈S3 and Γ ⊂ Σ̃ is a bipartite graph such that:

• The black vertices of Γ have valence πσ(1);

• The white vertices of Γ have valence πσ(2);

• The regions of Γ are discs with lengths πσ(3).

We will also say that Γ represents (♦) through σ.

Remark 2.1: Let f : Σ̃ → S be a branched cover matching (♦) and take
σ ∈S3. If α is a segment in S with a black and a white end at the branching
points corresponding to πσ(1) and πσ(2), then

(
f−1(α), σ

)
represents (♦), with

vertex colours of f−1(α) lifted via f .

Reversing the construction described in the previous remark one gets the
following:

Proposition 2.2. To a dessin d’enfant (Γ, σ) representing (♦) one can asso-

ciate a branched cover f : Σ̃→ S realizing (♦), well-defined up to equivalence.

We next define an equivalence relation ∼ on dessins d’enfant as that gen-
erated by:

• (Γ1, σ1) ∼ (Γ2, σ2) if σ1 = σ2 and there is an automorphism g̃ : Σ̃ → Σ̃
such that Γ1 = g̃ (Γ2) matching colours;

• (Γ1, σ1) ∼ (Γ2, σ2) if σ1 = σ2 ◦ (1 2) and Γ1 = Γ2 as a set but with vertex
colours switched;

• (Γ1, σ1) ∼ (Γ2, σ2) if σ1 = σ2 ◦ (2 3) and Γ1 has the same black vertices as
Γ2 and for each region R of Γ2 we have that R∩Γ1 consists of one white
vertex and disjoint edges joining this vertex to the black vertices on the
boundary of R.

Theorem 2.3. The branched covers associated as in Proposition 2.2 to two
dessins d’enfant are equivalent if and only if the dessins are related by ∼.

When the partitions π1, π2, π3 in the branch datum (♦) are pairwise distinct,
to compute the corresponding weak Hurwitz number one can stick to dessins
d’enfant representing the datum through the identity, namely one can list up
to automorphisms of Σ̃ the bipartite graphs with black and white vertices of
valence π1 and π2 and regions of length π3. When the partitions are not distinct,
however, it is essential to take into account the other moves generating ∼. In
any case we will henceforth omit any reference to the permutations in S3.
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Figure 1: The abstract dessin d’enfant Γ.

Relevant data and repeated partitions. We now specialize again to a
branch datum of the form (♥). We will compute its weak Hurwitz number ν

by enumerating up to automorphisms of Σ̃ the dessins d’enfant Γ representing
it through the identity, namely the bipartite graphs Γ with black vertices of
valence [2, . . . , 2, 1], the white vertices of valence [2, . . . , 2, 2h + 1], and the

regions of length π. Ignoring the embedding in Σ̃, such a Γ is abstractly always
as shown in Fig. 1, where x0 stands for x0 alternating black and white 2-valent
vertices, while xi stands for xi + 1 black and xi white alternating 2-valent
vertices for i > 0. Counting the white vertices we get

k − h+ 1 = 1 +

h∑
i=0

xi ⇒
h∑
i=0

xi = k − h

with of course xi > 0 for all i, and no other restriction. Enumerating these Γ’s
up to automorphisms of Σ̃ already gives the right value of ν except if two of
the partitions of d in coincide, and we have:

Proposition 2.4. In a branch datum of the form (♥) with h + ` 6 5 two of
the partitions of d coincide precisely in the following cases:

• (S, S, 2k + 1, 3, [2, . . . , 2, 1], [2, . . . , 2, 1], [2k + 1]);

• (S, S, 5, 3, [2, 2, 1], [2, 3], [2, 3]);

• (S, S, 9, 3, [2, 2, 2, 2, 1], [2, 2, 5], [2, 2, 5]);

• (T, S, 5, 3, [2, 2, 1], [5], [5]);

• (T, S, 9, 3, [2, 2, 2, 2, 1], [2, 7], [2, 7]);

• (2T, S, 9, 3, [2, 2, 2, 2, 1], [9], [9]).
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a a

b

b

c

c

Figure 2: Embeddings of Γ in S for h = 2 and ` = 3.

Proof. The lengths of the partitions π1, π2, π in (♥) are `1 = k+1, `2 = k−h+1
and ` = h+ 1− 2g.

We have π1 = π2 only for h = 0, ` = 1 and g = 0, whence the first listed
item.

We have π1 = π only for k+ 1 = h+ 1− 2g, whence h− k = 2g > 0, but of
course h 6 k, so h = k and the first listed item again.

We have π2 = π only for k−h+1 = `, so k = h+`−1, whence in particular
k 6 4, and listing the relevant cases is straightforward.

While proving our results, for the first four data of the previous statement
we will find that there is a unique Γ up to automorphisms of Σ̃ giving a re-
alization. In these cases, we will not need to consider the second and third
generating moves of ∼, but for the last two data we will have to do this, actu-
ally getting a correction to the computation.

3. Genus 0

In this section we prove Theorem 1.1.

For h = 0 and ` = 1 the graph Γ of Fig. 1 reduces to a segment, so of course
it has a unique embedding in S and the conclusion is obvious.

For h = 1 and ` = 2 the embedding is again unique, and it realizes
[2x0+x1+2, x1+1]. Assuming p > q, namely k+1 6 p 6 2k and q = 2k+1−p,
we get the unique realization of the datum choosing x0 = p − k − 1 and
x1 = 2k − p.

Turning to the case h = 2 and ` = 3, we now have two embeddings of Γ in S,
shown in Fig. 2 and denoted by I(a, b, c) and II(a, b, c) —for the sake of simplicity
we use from now on letters such as a, b, c instead of x0, . . . , xh. These graphs
realize [2a+ b+ c+ 3, b+ 1, c+ 1] and [2a+ b+ 2, b+ c+ 2, c+ 1] respectively.
Moreover I(a, b, c) has a symmetry switching b and c, while II(a, b, c) has no
symmetries. Let us now assume p > q > r.
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Claim I: The number of realizations of [p, q, r] through I(a, b, c) is 1 if p > k
and 0 otherwise.

Proof of Claim I : Since 2a+ b+ c+ 3 is greater than b+ 1 and c+ 1, we can
realize [p, q, r] only with  p = 2a+ b+ c+ 3

q = b+ 1
r = c+ 1

(for q > r we might as well choose q = c + 1 and r = b + 1, but the
b ↔ c symmetry of I(a, b, c) makes this alternative immaterial). Noting that
q + r = 2k + 1− p one sees that the system as unique solution a = p− k − 1

b = q − 1
c = r − 1

which is acceptable precisely for p > k.

Before proceeding with another claim we note that we can split the possi-
bilities for [p, q, r] in 6 mutually exclusive cases IJ/M , where

• I, J ∈ {G,E} with G standing for > and E standing for =

• M ∈ {G,L} with G standing for > and L standing for 6

• IJ/M = {[p, q, r] : p I j J q, pM k}

• EE/G = EG/G = ∅, so we write EE and EG instead of EE/L and
EG/L.

So Claim I states that there is one realization through I(a, b, c) in cases GG/G
and GE/G and none in the other cases.

Claim II: The number of realizations of [p, q, r] through II(a, b, c) is as follows:

0 in cases EE and GE/G;

1 in cases EG, GE/L and GG/G;

3 in case GG/L.

Proof of Claim II: Since b + c + 2 > c + 1 case EE cannot be realized. For
p = q > r (case EG) we can only have p = 2a+ b+ 2

p = b+ c+ 2
r = c+ 1

⇔

 a = k − p
b = p− r − 1
c = r − 1
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and the solution is acceptable because p 6 k. For p > q = r (case GE) we can
only have  p = b+ c+ 2

q = 2a+ b+ 2
q = c+ 1

⇔

 a = k − p
b = p− q − 1
c = q − 1

which is acceptable precisely for p 6 k, so there is no realization in case GE/G
and one in case GE/L. For p > q > r (case GG) there are three possibilities: p = 2a+ b+ 2

q = b+ c+ 2
r = c+ 1

⇔

 a = k − q
b = q − r − 1
c = r − 1

which is always acceptable, and p = b+ c+ 2
q = 2a+ b+ 2
r = c+ 1

⇔

 a = k − p
b = p− r − 1
c = r − 1 p = b+ c+ 2

q = c+ 1
r = 2a+ b+ 2

⇔

 a = k − p
b = p− q − 1
c = q − 1

which are acceptable for p 6 k, whence 1 realization in case GG/G and 3 in
case GG/L.

Conclusion: The number of realizations of [p, q, r] through I + II is 0 + 0 = 0 in
case EE, 1 + 0 = 1 in case GE/G, 0 + 1 = 1 in case GE/L, 0 + 1 = 1 in case
EG, 1 + 1 = 2 in case GG/G and 0 + 3 = 3 in case GG/L.

Note that for the branch datum

(S, S, 9, 3, [2, 2, 2, 2, 1], [2, 2, 5], [2, 2, 5])

from Proposition 2.4 we have found ν = 1 already, so we do not have to worry
about the repetitions in the partitions. The proof is complete.

4. Genus 1

In this section we prove Theorem 1.2.

For h = 2 and ` = 1 the graph Γ of Fig. 1 has a unique embedding in T
with a single disc as a complement, as shown in Fig. 3. This graph is subject to
the symmetry b↔ c, so the number of realizations of the branch datum equals
the number of expressions k−2 as a+b+c with a, b, c > 0 up to b↔ c, namely

k−2∑
a=0

([
k − 2− a

2

]
+ 1

)
=

k−2∑
a=0

[
k − a

2

]
=

k∑
n=2

[n
2

]
=

k∑
n=0

[n
2

]
=

[(
k

2

)2
]
.
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c

a

b

Figure 3: Embedding of Γ in T for h = 2 and ` = 1.

Figure 4: A bouquet of 3 circles in T with 2 discs as regions.

For h = 3 and ` = 2 we first determine the embeddings in T of the bouquet
B of 3 circles with two discs as regions. Of course at least a circle of B is
non-trivial on T , so its complement is an annulus. Then another circle must
join the boundary components of this annulus, so we can assume two circles
of B form a standard meridian-longitude pair on T . Then the possibilities for
B up to automorphisms of T are as in Fig. 4. Note that these embeddings
have respectively a Z/2, a Z/2 × Z/2 and a S3 × Z/2, symmetry. It easily
follows that the relevant embeddings in T of Γ are up to automorphisms those
shown in Fig. 5. Note that we have a symmetry switching c and d in cases
I, IV, V, VII, and no other one. Moreover the different embeddings of Γ realize
the following π’s:

• I(a, b, c, d) −→ (2a+ b+ 2, b+ 2c+ 2d+ 5)

• II(a, b, c, d) −→ (b+ 1, 2a+ b+ 2c+ 2d+ 6)

• III(a, b, c, d) −→ (b+ 1, 2a+ b+ 2c+ 2d+ 6)

• IV(a, b, c, d) −→ (b+ 1, 2a+ b+ 2c+ 2d+ 6)

• V(a, b, c, d) −→ (2a+ c+ d+ 3, 2b+ c+ d+ 4)

• VI(a, b, c, d) −→ (2a+ 2b+ c+ d+ 5, c+ d+ 2)

• VII(a, b, c, d) −→ (2a+ b+ c+ d+ 4, b+ c+ d+ 3).
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Figure 5: Embeddings in T of Γ with 2 discs as regions.

We will count the realizations of π = [p, q] assuming p > q, namely p > k
and q = 2k + 1 − p, and analyzing case after case the contribution of each
of the graphs I to VII. Along the way we will discuss all the cases where the
contribution is null, which will only happen when p is close to its lower bound
k + 1 or upper bound 2k. Occasionally, to be completely precise, we would
need to discuss separately some small values of p (and hence k), for which the
contribution is also null, but as a matter of fact all these cases are included in
the general ones, as the reader can easily check.

Claim I: The number of realizations of [p, q] through I(a, b, c, d) is[(
1

2

(
k −

[
p+ 1

2

]))2
]

+

[(
1

2

[
p− 1

2

])2
]
−

[(
p− k − 1

2

)2
]
. (1)

Proof of Claim I: We first count the non-negative solutions a, b, c, d up to the
symmetry c↔ d of the system{

2a+ b+ 2 = p
b+ 2c+ 2d+ 5 = 2k + 1− p.

To begin, we state that (a, b, c, d) solve the system if and only if they satisfy
the conditions 

c, d > 0

c+ d 6 k − 2−
[
p+1

2

]
a = p− k + 1 + c+ d
b = 2k − 4− p− 2c− 2d.
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In fact, if (a, b, c, d) solve the system then (from the second equation)

c+ d =
1

2
(2k − p− 4− b) = k − 2− 1

2
(p+ b)

⇒ c+ d 6 k − 2− p

2
⇔ c+ d 6 k − 2−

[
p+ 1

2

]
and the expression of a, b in terms of p, k, c, d is readily derived. Conversely we
must show that if c, d > 0 and c+ d 6 k − 2− p

2 then the expressions

a = p− k + 1 + c+ d b = 2k − 4− p− 2c− 2d

turn non-negative values. For a, this is true because p > k (so actually a > 2)
and for b it is true because c + d 6 k − 2 − p

2 . The statement implies that
the number of solutions is 0 for k − 2 − p

2 < 0, namely for p > 2k − 4, while
otherwise it is

k−2−[ p+1
2 ]∑

n=0

([n
2

]
+ 1
)

=

[(
1

2

(
k − 2−

[
p+ 1

2

]))2
]

+ k − 1−
[
p+ 1

2

]
(2)

but a straight-forward argument shows that the expression on the right-hand
side of (2) gives the correct value 0 also for 2k − 4 < p 6 2k. We next count
the non-negative solutions a, b, c, d up to the symmetry c↔ d of the system{

2a+ b+ 2 = 2k + 1− p
b+ 2c+ 2d+ 5 = p

and we state that (a, b, c, d) solve the system if and only if they satisfy the
conditions 

c, d > 0

p− k − 2 6 c+ d 6
[
p−1

2

]
− 2

a = k − p+ 2 + c+ d
b = p− 2c− 2d− 5.

In fact, if (a, b, c, d) solve the system then (from the second equation)

c+ d =
1

2
(p− 5− b) ⇒ c+ d 6

p− 1

2
− 2 ⇔ c+ d 6

[
p− 1

2

]
− 2.

Moreover the expressions of a, b in terms of p, k, c, d are readily obtained, and
that of a implies that c+d > p−k−2. Conversely, for c, d > 0 and p−k−2 6
c+ d 6 p−1

2 − 2 we see that a = k − p+ 2 + c+ d and b = p− 2c− 2d− 5 are
non-negative. Now recall that p > k, so p − k − 2 < 0 only for p = k + 1, in
which case the number of solutions is

[ k
2 ]−2∑
n=0

([n
2

]
+ 1
)

=

[(
1

2

[
k

2

]
− 1

)2
]

+

[
k

2

]
− 1 =

[(
1

2

[
k

2

])2
]
. (3)
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Moreover we have[
p− 1

2

]
− 2 < p− k − 2 ⇔ p− 1

2
< p− k ⇔ p > 2k − 1 ⇔ p = 2k

in which case there are no solutions. For k + 1 < p < 2k we have instead

[ p−1
2 ]−2∑

n=p−k−2

([n
2

]
+ 1
)

=

[(
1

2

[
p− 1

2

]
− 1

)2
]
−

[(
p− k − 3

2

)2
]

+

[
p− 1

2

]
− p+ k + 1

(4)

but the expression on the right-hand side of (4) is seen to coincide with (3) for
p = k + 1 and to vanish for p = 2k. To conclude we must check that the sum
of the two expressions on the right-hand sides of (2) and (4) give the claimed
value (1), which only requires a little manipulation that we omit here.

Before turning to the next case, we note that the number of realizations of
(p, q) through I is always positive except for p = 2k (this follows from the proof
of formula (1) rather than from its expression).

Claim II + III: The number of realizations of [p, q] through each of II(a, b, c, d)
and III(a, b, c, d) is

1

2
(p− k − 1)(p− k − 2). (5)

Proof of Claim II + III: Since 2a+ b+ 2c+ 2d+ 6 > b+ 1 the only realizations
come from the solutions of{

2a+ b+ 2c+ 2d+ 6 = p
b+ 1 = 2k + 1− p

(and, as a matter of fact, there are no solutions if p− (2k+ 1− p) < 5, namely
for p 6 k + 2). The solutions we seek come with

b = 2k − p a+ c+ d = p− k − 3

so there are

p−k−3∑
a=0

(p− k − 3− a+ 1) =
1

2
(p− k − 1)(p− k − 2)

of them, and this expression is correct also for p = k + 1 and p = k + 2 (which
are the only cases where there are no realizations).
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Claim IV: The number of realizations of [p, q] through IV(a, b, c, d) is[(
p− k − 1

2

)2
]
. (6)

Proof of Claim IV: The situation is identical to the previous one, except that
now we have the symmetry c ↔ d to take into account, so the number of
realizations is

p−k−3∑
a=0

[
p− k − 3− a+ 2

2

]
=

p−k−1∑
n=2

[n
2

]
=

p−k−1∑
n=0

[n
2

]
=

[(
p− k − 1

2

)2
]

which again is correct also for p = k+ 1 and p = k+ 2 (only cases where there
are no realizations).

Claim V: The number of realizations of [p, q] through V(a, b, c, d) is[p
2

]2
− (p− 1) ·

[p
2

]
− k(p− k) +

1

2
p(p− 1). (7)

Proof of Claim V: We first count the non-negative integer solutions (a, b, c, d)
up to the c↔ d symmetry of{

2a+ c+ d+ 3 = p
2b+ c+ d+ 4 = 2k + 1− p

noting that there is none if 2k+1−p 6 3, namely for p > 2k−2, so we assume
p 6 2k − 3. We first state that (a, b, c, d) is a solution if and only if p− k 6 a 6

[
p−1

2

]
− 1

c+ d = p− 2a− 3
b = k − p+ a

and 0 6 p − k 6
[
p−1

2

]
− 1. The last assertion is easy since p > k, and p − k

equals
[
p−1

2

]
− 1 precisely for p = 2k− 3 and p = 2k− 4, while it is strictly less

for smaller p. Now if (a, b, c, d) is a solution we have a = p−3−c−d
2 6 p−3

2 ⇒ a 6
[
p−3

2

]
=
[
p−1

2

]
− 1

c+ d = p− 2a− 3

b = 2k+1−p−p+2a+3−4
2 = k − p+ a ⇒ a > p− k.

The sufficiency of these conditions for (a, b, c, d) to be a solution is proved very
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similarly. We then have the count

[ p−1
2 ]−1∑

a=p−k

([
p− 2a− 3

2

]
+ 1

)

=

[ p−1
2 ]−1∑

a=p−k

([
p− 1

2

]
− a− 1 + 1

)

=

[
p− 1

2

]
·
([

p− 1

2

]
− 1− (p− k) + 1

)
−1

2

([
p− 1

2

]
− 1

)
·
[
p− 1

2

]
+

1

2
(p− k − 1)(p− k)

=
1

2

[
p− 1

2

]2

− 1

2

[
p− 1

2

]
(2p− 2k − 1) +

1

2
(p− k − 1)(p− k) (8)

which is readily seen to give the correct value 0 also for 2k − 2 6 p 6 2k. The
argument for the system{

2a+ c+ d+ 3 = 2k + 1− p
2b+ c+ d+ 4 = p

is very similar. There are solutions for p 6 2k − 2 and they correpond to p− k − 1 6 b 6
[
p
2

]
− 2

c+ d = p− 2b− 4
a = k − p+ b+ 1

so there are

[ p
2 ]−2∑

b=p−k−1

([
p− 2b− 4

2

]
+ 1

)

=

[ p
2 ]−2∑

b=p−k−1

([p
2

]
− b− 2 + 1

)
=

([p
2

]
− 1
)
·
([p

2

]
− 2− (p− k − 1) + 1

)
−1

2

([p
2

]
− 2
)
·
([p

2

]
− 1
)

+
1

2
(p− k − 2)(p− k − 1)

=
1

2

[p
2

]2
− 1

2

[p
2

]
(2p− 2k − 1) +

1

2
(p− k − 1)(p− k) (9)

of them, and the formula is correct also for 2k − 1 6 p 6 2k. To conclude we
must now show that summing (8) and (9) we get (7), which is proved with a
little patience noting that

[
p−1

2

]
+
[
p
2

]
= p− 1.
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Claim VI: The number of realizations of [p, q] through VI(a, b, c, d) is

(2k − p)(p− k − 1). (10)

Proof of Claim VI: We must count the solutions of{
2a+ 2b+ c+ d+ 5 = p
c+ d+ 2 = 2k + 1− p.

For p = k+1 and p = 2k there is no solution, otherwise the solutions (a, b, c, d)
are the 4-tuples such that

c+ d = 2k − 1− p a+ b = p− k − 2

so there are (2k − p)(p− k − 1) of them as claimed, and the formula is correct
for p = k + 1 and p = 2k as well.

Claim VII: The number of realizations of [p, q] through VII(a, b, c, d) is[(p
2

)2
]
− k(p− k). (11)

Proof of Claim VII: We must count the solutions of{
2a+ b+ c+ d+ 4 = p
b+ c+ d+ 3 = 2k + 1− p

up to c ↔ d, and there is none for p > 2k − 1. Otherewise the system is
equivalent to

b+ c+ d = 2k − p− 2 a = p− k − 1

so the number of solutions is

2k−p−2∑
b=0

([
2k − p− 2− b

2

]
+ 1

)
=

2k−p−2∑
n=0

([n
2

]
+ 1
)

=

[(
2k − p− 2

2

)2
]

+ 2k − p− 1

=

[(
k − 1− p

2

)2
]

+ 2k − p− 1

= k2 − 2k + 1− (k − 1)p+

[(p
2

)2
]

+ 2k − p− 1

=

[(p
2

)2
]
− k(p− k)

which turns the right value 0 also for p > 2k − 1.
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I

IV

VV II

II III

Figure 6: Graphs in T realizing (T, S, 9, 3, [2, 2, 2, 2, 1], [2, 7], [2, 7]).

Summing the contributions from I to VII the expression in the statement
of Theorem 1.2 is now easily obtained, but we still have to worry about the
penultimate item in Proposition 2.4. The above discussion or a direct inspection
show that this datum is realized by the graphs

I(0, 0, 1, 0) II(0, 1, 0, 0) III(0, 1, 0, 0)
IV(0, 1, 0, 0) VI(1, 0, 0, 0) VI(0, 1, 0, 0)

shown in Fig. 6. Since the second and third partition of the datum coincide,
all we have to do is to check whether any of these graphs are dual to each other
under the last transformation generating the equivalence ∼ of Theorem 2.3.
This is done in Figg. 7 to 11, and the conclusion is that the number of in-
equivalent realizations of the datum is 5 rather than 6, as in the statement of
Theorem 1.2.

5. Genus 2

The proof of Theorem 1.3 employs that of Theorem 0.1 in [17]. In fact, it
readily follows from [17] (see Fig. 12 there) that the embeddings in 2T of the
graph Γ of Fig. 1 are up to symmetry the 13 ones described in Fig. 12. This
figure contains four pictures showing an octagon whose edges should be paired
according to the labels, so that the octagon becomes 2T and its edges become
a bouquet B of 4 circles, which is part of the embedding of Γ in 2T . For each of
the four embeddings I to IV of B in Γ, the extra leg Γ\B of Γ can be embedded
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Figure 7: The dual to I(0, 0, 1, 0) is VI(1, 0, 0, 0). On the left the dotted lines are the edges
of the original graph and the solid lines are the edges of the dual graph; some edges of the
original graph are oriented and numbered from 1 to 5 to encode the way they should be
identified to each other; some edges of the dual graph are also oriented and numbered from 6
to 9; in the center we show the result of cutting along the edges from 6 to 9 and gluing along
those from 1 to 5; on the right we show the same figure as in the center but deleting the
original graph, from which one easily sees the type of the dual graph. Similar explanations
apply to the next four figures.
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Figure 8: II(0, 1, 0, 0) is self-dual.
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Figure 9: III(0, 1, 0, 0) is self-dual.
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Figure 10: IV(0, 1, 0, 0) is self-dual.
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Figure 11: VI(0, 1, 0, 0) is self-dual.
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Figure 12: Inequivalent embeddings of Γ in 2T with a single disc as a complement.
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in several inequivalent ways, namely 3 ways for I, 5 ways for II, 4 ways for III,
and only 1 for IV, whence the 13 possibilities. Let us denote by e the label
of the extra leg. Note that there is a symmetry (a, b, c, d, e) ↔ (b, a, d, c, e) in
case I.1, a (combinatorially equivalent) symmetry (a, b, c, d, e) ↔ (d, c, b, a, e)
in cases I.3, II.2, II.5 and IV, and no other one. It follows that the number ν(k)
of realizations of [2k + 1] is 8 times

• the number of ways of expressing k − 4 as a+ b+ c+ d+ e with integer
a, b, c, d, e > 0

plus 5 times

• the number of ways of expressing k − 4 as a+ b+ c+ d+ e with integer
a, b, c, d, e > 0 up to the symmetry (a, b, c, d, e)↔ (b, a, d, c, e).

Replacing each of these integers with itself plus 1, we see that ν(k) is 8 times

• the number of ways of expressing k + 1 as a+ b+ c+ d+ e with integer
a, b, c, d, e > 1,

namely
(
k
4

)
, plus 5 times

• the number of ways of expressing k + 1 as a+ b+ c+ d+ e with integer
a, b, c, d, e > 0 up to the symmetry (a, b, c, d, e)↔ (b, a, d, c, e).

With this interpretation, in [17] it was shown that ν(k − 1) is given by

k − 1

16
(7k3 − 63k2 + 197k − 208) +

5

8
(5− 2k)

[
k

2

]
.

Replacing k by k+ 1 in this expression and noting that
[
k+1

2

]
= k−

[
k
2

]
we get

ν(k) =
k

16
(7k3 − 42k2 + 72k − 37) +

5

8
(2k − 3)

[
k

2

]
.

This value is correct except for the case k = 4, where we have to take into
account the datum with repeated partitions in the last item of Proposition 2.4,
and we must analyze whether any of these 13 embeddings are dual to each other
under the last transformation generating the equivalence ∼ of Theorem 2.3.
This is done in Figg. 13 to 16, where it is shown that each of the graphs

I.1 I.2 I.3 II.4 III.1 III.3 IV

is self-dual, while we have the following dualities:

II.1↔ II.5 II.2↔ II.3 III.2↔ III.4

Therefore for k = 4 we have ν = 10 rather than ν = 13.
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Figure 13: Duals of the graphs of type I.∗. On the left we show by dashed lines the edges of
the original graph giving a bouquet of 4 circles (so only the free leg of the graph is missing)
and by solid lines those of the dual graph (again, excluding the free leg). The original edges
are oriented and labelled as a, a′, . . . , d, d′ according to the way they must be identified. The
new edges are also oriented and labelled as α, α′, . . . , δ, δ′. On the right we show the result of
cutting along the α, α′, . . . , δ, δ′ and gluing along the a, a′, . . . , d, d′. Since the new pattern
of identifications is identical to the original one (with Latin and Greek letters switched), we
first of all can conclude that the dual to any graph of type I.∗ is also of type I.∗. More
exactly, we see that the original extra leg of the graph I.1 is contained in the quadrilateral
with boundary a′b′−1γ′δ′−1 on the left, hence the extra leg of the dual is contained in the
same quadrilateral on the right, which shows that the dual is also of type I.1 (the position
of the leg is not the same but it is combinatorially equivalent). For I.2 the extra leg is in
the quadrilateral a′bγ′δ, so I.2 is self-dual (different but equivalent position of the extra leg).
Finally, for I.3 it is in aδ−1αd−1, so also I.3 is self-dual (same position of the extra leg).

a

a

a

b

b

b

c

d

c

c

d

d

a

a

b’

b’

b

b

g

g

g’

g’

d

d

a’

b’

a’

a’

b’

b’

c’

d ’

c’

c’

d ’

d ’

d’

d’

a’ a’

a

a’

b

b’

g

g’ d

d’

Figure 14: Duals of the graphs of type II.∗. These two images are explained as in the
previous figure and show that any graph of type II.∗ is dual to another one of type II.∗. More
precisely, the original extra leg of II.1 lies in the quadrilateral aβ−1γd−1, so the dual is II.5.
For II.2 it lies in c′d′−1γ−1δ′−1, so the dual is II.3, while for II.4 it lies in b′dγ′α, so II.4 is
self-dual (after duality the new position of the leg is different but combinatorially equivalent).
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Figure 15: Duals of the graphs of type III.∗. Again these pictures show as above that they
can only be dual to each other. For III.1 the extra leg is in aβ′αb′, so III.1 is self-dual. For III.2
it is in a′dγ′β′−1, so the dual is III.4. Finally, for III.3 it is in cδ−1γ′−1d′, so III.3 is self-dual
(different but equivalent position of the leg).
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Figure 16: The graph IV is self-dual (the position of the extra leg is immaterial).
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Abstract. If an embedding of a 2-orbifold in an orientable spherical
3-orbifold splits the 3-orbifold into two parts such that at least one part
is a handlebody orbifold, then we call it half-unknotted. We will give
different kinds of algebraic conditions on the embedding such that it is
half-unknotted. The results will be applied to questions about extendable
actions on surfaces. As an example, we will show that embeddings
realizing the maximum order of extendable cyclic actions on genus g > 1
surfaces must be unknotted.
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1. Introduction

In this paper we will work in the piecewise linear category (or smooth category),
namely all manifolds, orbifolds, maps will be piecewise linear (or smooth).

Let Σg denote the genus g orientable closed surface and Vg denote the genus
g orientable handlebody. Then, Σ0 is the two-dimensional sphere S2, Σ1 is the
two-dimensional torus T 2, V0 is the three-dimensional ball B3, and V1 is the
solid torus. Let S3 be the three-dimensional sphere. For an embedded Σg in
S3 the following result is well known. It is also called Alexander’s theorem.

Theorem 1.1. Every embedded Σg in S3 splits S3 into two parts. If g = 0,
then each part is homeomorphic to V0; if g = 1, then at least one part is home-
omorphic to V1; if g ≥ 2, then it is possible that neither part is homeomorphic
to Vg.

For a given embedding e : Σg ↪→ S3, if the image of Σg splits S3 into two
handlebodies Vg, then we call e unknotted; if at least one part is homeomorphic
to Vg, then we call e half-unknotted; otherwise, we call e totally-knotted. Then,
Theorem 1.1 can be reformulated as: an embedding from Σg to S3 must be
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unknotted if g = 0, must be half-unknotted if g ≤ 1, and can be totally-knotted
if g ≥ 2.

Remark 1.2: If e is unknotted, then it gives a Heegaard splitting of S3. By a
well known result of Waldhausen (see [7]), any two Heegaard splittings of S3

of the same genus are isotopic. Hence, such e is essentially unique. Generally,
if e is not unknotted, then it is called knotted.

The goal of this paper is to obtain a similar statement in the case of orb-
ifolds. And the results will be applied to questions about extendable actions
on surfaces. The theory of orbifolds has been developed by many authors (see
[1, 2, 6]). And extendable actions on surfaces were defined and studied in [9].

The objects corresponding to Σg, Vg and S3 will be orientable closed 2-
orbifolds, orientable handlebody orbifolds and orientable spherical 3-orbifolds,
which have the forms Σg/G, Vg/G and S3/G, respectively. In each case, G is a
finite group acting on the manifold, and the G-action is orientation-preserving.

In this paper, we always assume that: F is an orientable closed 2-orbifold;
O is an orientable spherical 3-orbifold; p is the orbifold covering map from S3

to O; and ê is an orbifold embedding from F to O. We will identify F with
ê(F).

Definition 1.3. For an embedding ê : F ↪→ O, suppose that F splits O into O1

and O2. If both O1 and O2 are handlebody orbifolds, then we call ê unknotted; if
at least one of O1 and O2 is a handlebody orbifold, then we call ê half-unknotted;
otherwise, we call ê totally-knotted.

It is known that every embedded F in O splits O into two parts (Lemma
2.1). Hence, we can always say if ê is unknotted, or half-unknotted, or totally-
knotted. Note that different from the manifold case, when ê is unknotted, the
two parts O1 and O2 may be non-homeomorphic (in the orbifold meaning).

The underlying space of F is always an orientable closed surface. Let ĝ
denote its genus. Let n denote the number of singular points contained in F .
Compared with Theorem 1.1, we have the following result.

Theorem 1.4. A π1-surjective embedding from F to O must be unknotted if
ĝ = 0, n ≤ 3, must be half-unknotted if ĝ = 0, n ≤ 5 or ĝ = 1, n ≤ 1, and can
be totally-knotted if ĝ = 0, n ≥ 6, or ĝ = 1, n ≥ 2, or ĝ ≥ 2.

In Theorem 1.4, “the embedding F ↪→ O is π1-surjective” is equivalent to
“the pre-image p−1(F) in S3 is connected” (see Lemma 2.10 in [10]). Surely
this should be the most interesting case. Clearly, if F is Σg and O is S3, then
n = 0, and Theorem 1.4 becomes Theorem 1.1.

It is known that every embedded F in O is compressible (Lemma 2.1).
Hence F is compressible in O1 or O2. If F is compressible on each side, then
Theorem 1.4 can be improved, and we have the following result.
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Theorem 1.5. A π1-surjective embedding from F to O such that F is com-
pressible on each side must be unknotted if ĝ = 0, n = 4 or ĝ = 1, n ≤ 1, and
must be half-unknotted if ĝ = 1, n = 2.

Theorem 1.4 and 1.5 can be naturally related to extendable actions on
surfaces. For an embedded Σg in S3, a G-action on Σg is called extendable if
the group G can also act on S3 leaving Σg invariant and its restriction on Σg is
the given action. In [10], the case in Theorem 1.4 when ĝ = 0, n ≤ 4 is given.
It plays a central role in the classification of orientation-preserving extendable
finite group actions on Σg with order |G| > 4g − 4. By Theorem 1.4, it is
hopeful to classify such actions, or at least to get all the relations between |G|
and g, when |G| > 2g − 2.

By [8], for general extendable finite group actions on Σg, where elements
in the group may reverse the orientation of Σg or S3, if the order reaches the
maximum for a given g, then the corresponding embedding must be unknotted.
By [11], the maximum order of extendable finite cyclic group actions on Σg is
4g + 4 when g is even, and 4g − 4 when g is odd. And an action can realize
the maximum order only when its generator reverses the orientation of Σg and
preserves the orientation of S3. By combining Theorem 1.5 with this result,
we have the following result.

Theorem 1.6. Given g > 1, if an extendable cyclic group action on Σg has
order reaching the maximum, then its corresponding embedding must be un-
knotted.

Philosophically, the above results mean that the most symmetric surfaces in
our space should be topologically simple. Note that for orientation-preserving
actions of arbitrary finite groups this is not always the case; in fact, by [9, 10],
if g = 21 or g = 481, then the maximum order in the orientation-preserving
case is reached only for knotted embeddings.

We will prove Theorem 1.4, 1.5 and 1.6 in section 2. In section 3, we will
give various examples of π1-surjective embeddings, which are totally-knotted,
as supplements to the theorems.

2. Conditions on half-unknotted embeddings

In this section, we give several conditions on the embedded F in O which imply
that F is half-unknotted. The underlying space of F and O will be denoted
by |F| and |O|, respectively. For results about discal 3-orbifolds, spherical 3-
orbifolds and handlebody orbifolds, one can see [1, 2, 3, 5], as well as [10, 11].
Part of the following results can also be found in these literatures.

Lemma 2.1. F splits O into two parts and it is compressible in one of them.
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Proof. Since F and O are orientable, |F| is two sided in |O|. Because π1(O) is
a finite group, π1(|O|) is also finite. If F does not split O, then there exists a
simple closed curve C in |O| such that C ∩ |F| is exactly 1 point. Then there
exists a map f : |O| → S1 such that f∗ : π1(|O|) → π1(S1) is surjective. This
is a contradiction. Hence, F must split O into two parts.

Suppose that F splits O into two 3-orbifolds O1 and O2. Then p−1(F)
divides S3 into several components M1,M2, · · · ,Mm. Each p(Mi) will be either
O1 or O2. And if ∂Mi ∩ ∂Mj 6= ∅ and Mi 6= Mj , then p(Mi) 6= p(Mj).

If F is a spherical 2-orbifold, then p−1(F) is a disjoint union of 2-spheres.
By the irreducibility of S3 and B3, there exists a Mi such that Mi

∼= B3. Then
one of O1 and O2 is a discal 3-orbifold. Hence, F is compressible in O1 or O2.

If F is not spherical, then F = p−1(F) is a disjoint union of homeomorphic
closed surfaces of genus g ≥ 1 in S3. Let F1, F2, · · · , Fn be the components
of F . Since F1 is compressible in S3, there exists a compression disk D1 of F1

such that D1 intersects F transversely. Then, D1 ∩ F consists of some circles.
Assume that C1 is an innermost circle in D1 and C1 ⊂ Fi. It bounds a disk D′1
in D1. If D′1 is not a compression disk of Fi, then C1 bounds a disk D′ in Fi.
Then, D1 ∩ D′ and C1 can be removed by surgeries such that D1 becomes a
compression disk D2 of F1, where D2 ∩ F has less components than D1 ∩ F .

Hence, there exists a compression disk D of some Fj such that D∩F = ∂D,
by induction. Suppose that D ⊂Mi. Since π1(O) acts on S3 and preserves F ,
by the equivariant Dehn’s Lemma (see [4]), there is an equivariant compression
disk in Mi, whose orientation is preserved by the action. Then, the image of
the disk in O is a compression disk of F . Hence, F is compressible in O1

or O2.

Lemma 2.2. If |F| ∼= S2 and F contains not more than 3 singular points, then
F is spherical and it bounds a discal 3-orbifold in O.

Proof. Since |F| ∼= S2 and F has not more than 3 singular points, every simple
closed curve in F bounds a discal 2-orbifold in F . Hence, F has no compression
disk. By Lemma 2.1, F is spherical and it bounds a discal 3-orbifold in O.

Lemma 2.3. Let D be a discal 2-orbifold in O such that D ∩ F = ∂D and ∂D
cuts F into F1 and F2. If p−1(F) is connected, |F2| ∼= B2, and F2 ∪ D has
not more than 3 singular points, then F2 ∪D bounds a discal 3-orbifold B with
B ∩ F1 = ∂D.

Proof. By Lemma 2.2, F2∪D bounds a discal 3-orbifold B. Then, B∩F1 = ∂D
or F1 ⊂ B. If F1 ⊂ B, then F ⊂ B. Since p−1(F) is connected, p−1(B) is
connected. Hence, p−1(B) is a 3-ball, and S3 − p−1(B) is also a 3-ball. Then,
B′ = O −B is a discal 3-orbifold bounded by F2 ∪D, and B′ ∩ F1 = ∂D.

Lemma 2.4. If p−1(F) is connected, |F| ∼= S2, and F has precisely 4 singular
points, then F bounds a handlebody orbifold in O.
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Proof. Since F has precisely 4 singular points, F is not spherical. By Lemma
2.1, F has a compression disk D in O. Because |F| ∼= S2, ∂D cuts F into D1

and D2, where |D1| ∼= |D2| ∼= B2 and each of D1 and D2 contains 2 singular
points. Since p−1(F) is connected, by Lemma 2.3, Di ∪ D bounds a discal
3-orbifold Bi in O with Bi ∩ Dj = ∂D, where i, j = 1, 2 and i 6= j. Then,
B1 ∩B2 = D, and B1 ∪B2 is a handlebody orbifold bounded by F .

Lemma 2.5. If |F| ∼= S2, F has precisely 4 singular points and has a com-
pression disk D with 1 singular point, then F bounds a handlebody orbifold
in O.

Proof. Since |F| ∼= S2, ∂D cuts F into D1 and D2, and |D1 ∪D| ∼= |D2 ∪D| ∼=
S2. Because F has precisely 4 singular points and D contains 1 singular point,
each of D1 ∪ D and D2 ∪ D has precisely 3 singular points. By Lemma 2.2,
Di∪D bounds a discal 3-orbifold Bi in O, i = 1, 2. If B1∩B2 = D, then B1∪B2

is a handlebody orbifold bounded by F ; otherwise, D2 ⊂ B1 or D1 ⊂ B2.
If D2 ⊂ B1, then let Υ be the singular set of B1. We can assume that

|B1| = {(x, y, z) | x2 + y2 + z2 ≤ 1},
|D1| = {(x, y, z) | x2 + y2 + z2 = 1, z ≥ 0},
|D| = {(x, y, z) | x2 + y2 + z2 = 1, z ≤ 0},

Υ = {(0, t, |t|) | |t| ≤
√

2/2} ∪ {(0, 0, t) | −1 ≤ t ≤ 0}.

Suppose that D2 intersects the yz-plane transversely, then the intersection
consists of an arc A from (0,−1, 0) to (0, 1, 0) and some circles. Since D2 ∩Υ
consists of 2 points and A∩Υ 6= ∅, any circle cannot intersect Υ. Hence, circles
can be removed by the irreducibility of the 3-ball, and D2 is isotopic to D1.
Hence, F = D1 ∪ D2 bounds a handlebody orbifold in B1. If D1 ⊂ B2, the
proof is similar.

Lemma 2.6. If p−1(F) is connected, |F| ∼= S2, and F has precisely 5 singular
points, then F bounds a handlebody orbifold in O.

Proof. Since F has precisely 5 singular points, F is not spherical. By Lemma
2.1, F has a compression disk D in O. Because |F| ∼= S2, ∂D cuts F into D1

and D2, where |D1| ∼= |D2| ∼= B2. Suppose that D1 contains 2 singular points,
D2 contains 3 singular points. If D does not contain singular points, then by
the same proof of Lemma 2.4, F bounds a handlebody orbifold; otherwise,
D2 ∪D is not spherical, and by Lemma 2.1, it has a compression disk D′ in O.
In what follows, we assume that every compression disk of F contains a singular
point.

We can assume that ∂D′ ⊂ D2 and D′ intersects F transversely. Then,
D′ ∩F consists of some circles. If D′ ∩D1 6= ∅, then there exists an innermost
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circle C1 in D1. If C1 bounds a discal 2-orbifold D′1 in D1, then by Lemma
2.2, D′1 and the discal 2-orbifold in D′ bounded by C1 have the same number
of singular points. So C1 can be removed by surgeries. Hence, we can assume
that all circles in D′ ∩ D1 are parallel to ∂D1 = ∂D. Then, in each case of
D′ ∩D1 = ∅ and D′ ∩D1 6= ∅, we have that D′ contains a singular point.

Then, by Lemma 2.5, D2 ∪ D bounds a handlebody orbifold H. Because
p−1(F) is connected and D1 ∪D has 3 singular points, by Lemma 2.3, D1 ∪D
bounds a discal 3-orbifold B with B ∩D2 = ∂D. Either B ∩H = D or B ⊂ H.
If B ⊂ H, by a similar argument as Lemma 2.5, H −B is a handlebody orbifold
bounded by F ; otherwise, B ∪H is a handlebody orbifold bounded by F .

Lemma 2.7. If p−1(F) is connected, |F| ∼= T 2, and F contains at most 1
singular point, then F bounds a handlebody orbifold in O.

Proof. Because |F| ∼= T 2, F is not spherical. By Lemma 2.1, F has a com-
pression disk D in O. Since F has at most 1 singular point, ∂D is an essential
simple closed curve in |F| ∼= T 2. Let D′ be a compression disk of F which is
parallel to D, then ∂D ∪ ∂D′ cuts F into two parts, denoted by A1 and A2.
Suppose that A1 ∪ D ∪ D′ bounds the discal 3-orbifold B1

∼= D × I. Then,
A2 ∪ D ∪ D′ has not more than 3 singular points and |A2 ∪ D ∪ D′| ∼= S2.
Hence, by Lemma 2.2, A2 ∪ D ∪ D′ bounds a discal 3-orbifold B2. Either
B1 ∩B2 = D ∪D′ or B1 ⊂ B2.

If B1 ∩B2 = D∪D′, then B1 ∪B2 is a handlebody orbifold bounded by F .
If B1 ⊂ B2, then F ⊂ B2. Because p−1(F) is connected, p−1(B2) is con-

nected. Hence, p−1(B2) is a 3-ball. So S3 − p−1(B2) is also a 3-ball and
B′2 = O −B2 is a discal 3-orbifold. Then, B1 ∪ B′2 is a handlebody orbifold
bounded by F .

Lemma 2.8. If |F| ∼= T 2, F has at most 1 singular point and has a compression
disk D with 1 singular point, then F bounds a handlebody orbifold in O.

Proof. Let D, D′, A1, A2, B1, B2 be as in the proof of Lemma 2.7. We only
need to show that if B1 ⊂ B2, then F also bounds a handlebody orbifold. Since
B1 is a regular neighbourhood of a singular arc and B2 is a discal 3-orbifold,
if B1 ⊂ B2, then the singular set of B2 must be the singular arc in B1, and
B2 −B1 is a solid torus, which is bounded by F .

Lemma 2.9. If p−1(F) is connected, |F| ∼= S2, F has precisely 4 singular points
and is compressible on each side, then F bounds a handlebody orbifold on each
side.

Proof. By Lemma 2.4, we can assume that F bounds a handlebody orbifold
O1 in O. Let O2 denote the other side of F , then F has a compression disk
D in O2, by the assumption. Then, by the same proof of Lemma 2.4 we have
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discal 3-orbifolds B1 and B2 in O2. Hence O2 = B1 ∪B2 is also a handlebody
orbifold.

Lemma 2.10. If p−1(F) is connected, |F| ∼= T 2, F has at most 1 singular point
and is compressible on each side, then F bounds a handlebody orbifold on each
side.

Proof. By Lemma 2.7, we can assume that F bounds a handlebody orbifold
O1 in O. Let O2 denote the other side of F , then F has a compression disk
D in O2, by the assumption. Then, by the proof of Lemma 2.7 there exist
discal 3-orbifolds B1 and B2 in O2 such that O2 = B1 ∪ B2 is a handlebody
orbifold.

Lemma 2.11. If p−1(F) is connected, |F| ∼= T 2, F has precisely 2 singular
points and is compressible on each side, then F bounds a handlebody orbifold
in O.

Proof. Because |F| ∼= T 2, F is not spherical. Hence, F has a compression disk
on each side. In what follows, we divide the proof into two cases.

Case 1: There exists a compression disk D of F such that ∂D is an essential
simple closed curve in |F| ∼= T 2. We can further assume that all suchD contains
a singular point, for if D does not have singular points, then by an argument
similar to Lemma 2.7, there will be a handlebody orbifold bounded by F .

Let D′, A1 and A2 be as in the proof of Lemma 2.7. Suppose that A1∪D∪D′
bounds the discal 3-orbifold B ∼= D × I. Then, A2 ∪ D ∪ D′ has 4 singular
points and |A2 ∪ D ∪ D′| ∼= S2. Hence, A2 ∪ D ∪ D′ is not spherical, and by
Lemma 2.1, it has a compression disk D1.

If D1 contains a singular point, then by Lemma 2.5, A2∪D∪D′ will bound
a handlebody orbifold H. Either B∩H = D∪D′ or B ⊂ H. If B∩H = D∪D′,
then B∪H is a handlebody orbifold bounded by F . If B ⊂ H, then the singular
set of H consists of two singular arcs, and B is the regular neighbourhood of
one singular arc. Hence, H −B is a handlebody orbifold bounded by F .

Otherwise, D1 does not contain singular points. We can assume that ∂D1 ⊂
A2 and D1 intersects F transversely. If D1∩A1 6= ∅, then by Lemma 2.2, there
exists a circle in it bounding a disk in A1. All such circles can be removed by
surgeries. Then, D1 becomes a compression disk D′1 of F . Since D′1 does not
contain singular points, ∂D′1 is trivial in |F| ' T 2. Note that D′1 ∩D = ∅.

Assume that ∂D′1 cuts F into S and T such that |S∪D′1| ∼= S2, where S has
2 singular points, and T ∪D′1 is a T 2. Since p−1(F) is connected, by Lemma
2.3, S ∪ D′1 bounds a discal 3-orbifold B1 such that B1 ∩ T = ∂D′1. Since D
contains 1 singular point, by Lemma 2.8, T ∪D′1 bounds a handlebody orbifold
H1, which is a solid torus or a regular neighbourhood of a singular circle.

Either B1 ∩ H1 = D′1 or B1 ⊂ H1. If B1 ∩ H1 = D′1, then B1 ∪ H1 is a
handlebody orbifold bounded by F . Otherwise, F ⊂ H1 and H1 is a regular
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neighbourhood of a singular circle. Since p−1(F) is connected, p−1(H1) is
connected. Hence, p−1(H1) is a solid torus. The pre-image of the singular
circle in H1 is a knot in S3. By the positive solution of the Smith Conjecture,
it must be trivial. Hence, S3 − p−1(H1) is also a solid torus, and H ′1 = O −H1

is a handlebody orbifold. Then, B1 ∪ H ′1 is a handlebody orbifold bounded
by F .

Case 2: For any compression disk D of F , ∂D is trivial in |F| ∼= T 2.

Let D be a compression disk of F . Assume that ∂D cuts F into S and T
such that |S∪D| ∼= S2, where S has 2 singular points, and |T ∪D| ∼= T 2. Since
p−1(F) is connected, by Lemma 2.3, S ∪D bounds a discal 3-orbifold B with
B ∩T = ∂D. Since T ∪D is not spherical, by Lemma 2.1, it has a compression
disk D1.

We can assume that ∂D1 ⊆ T and D1 intersects F transversely. If D1∩S =
∅, then D1 is a compression disk of F such that ∂D1 is essential in |F| ∼= T 2,
which is a contradiction. Hence, D1 ∩ S 6= ∅. Then, by a similar argument as
in the proof of Lemma 2.6, we can assume that all circles in D1∩S are parallel
to ∂S = ∂D. By surgeries, we can further assume that all circles in D1 ∩ S
bound disjoint discal 2-orbifolds in D1, which are all parallel to D in B.

If D1 contains a singular point, then by Lemma 2.8, T ∪D bounds a han-
dlebody orbifold H. Since the compression disk of T ∪D in H has a nontrivial
boundary, it must intersect S. Hence, B ⊂ H and D1 ⊂ H. If D contains a
singular point, by the proof of Lemma 2.7 and 2.8, H contains a singular vertex
of degree 3, and D1 will contain at least 2 singular points; otherwise, H is a
regular neighbourhood of a singular circle, and by previous arguments, O −H
will be a handlebody orbifold which does not contain B. In each case we get a
contradiction.

Hence, D1 does not contain singular points. Then, D does not contain sin-
gular points. By above arguments, T ∩D cannot bound handlebody orbifolds.
Suppose that F cuts O into O1 and O2, and B ⊂ O1. Then, D ⊂ O1 and
D1 ⊂ O2 ∪B. By the assumption, there exists another compression disk D′ of
F in O2. Then, ∂D′ is trivial in |F| ∼= T 2, and D′ does not contain singular
points.

Claim: There exists a compression disk D′1 of T ∪D such that ∂D′1 ⊆ T
and D′1 intersects F transversely, but D′1∩S has less components than D1∩S.

The claim gives a contradiction and finishes the proof. We prove it as below.

Since ∂D′ bounds a disk in |F|, which contains the 2 singular points, it can
be thought as the boundary of a regular neighborhood of an arc joining the
2 points. The circles in D1 ∩ F other than ∂D1 are all parallel to ∂D in S.
Hence, we can assume that D′ intersects D1 transversely in O2 such that any
bi-gon bounded by ∂D′ ∪ (D1 ∩ F) in |F| contains 1 singular point. We can
also assume that D′∩D1 consists of arcs. Otherwise, an innermost circle in D′

can be removed by surgeries, and D1 will become a disk D2 with ∂D2 = ∂D1
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and D2 ∩ S ⊆ D1 ∩ S.

If D′ ∩ D1 = ∅, then we can assume that ∂D′ = ∂D. For p−1(F) is
connected, by Lemma 2.3, S ∪D′ bounds a discal 3-orbifold B′ with B′ ∩ T =
∂D′. Hence, B′ ⊂ O2 and |B′ ∪ B| ∼= B3, which contains a singular circle.
Then, by Lemma 2.2, O −B′ ∪B is a B3. Since D1 ∩ (D ∪D′) = ∅, we have
D1 ∩ S = ∅.

If D′ ∩D1 6= ∅, then consider an outermost arc A0 of D′ ∩D1 in D′. Let
A′ be an arc in ∂D′ such that ∂A′ = ∂A0 = A′ ∩D1. Then, A′ ∪ A0 bounds
a disk D′0 in D′. Note that D1 ∩ O2 is a punctured disk, where D1 ∩ S gives
the punctures and A0 is a proper arc. Let C1 and C2 be the innermost and
outermost circle of D1 ∩ S in S, respectively. According to the position of A′

in F , there are several cases:

Case (A): The two points in ∂A′ belong to the same circle in D1 ∩ F .

(A1): ∂A′ ⊂ ∂D1. Then, we can assume that A′ ⊂ T . Let A be an arc in
∂D1 such that ∂A = ∂A′. Then, A ∪ A0 bounds a disk D0 in D1, and A ∪ A′
bounds the disk D0 ∪D′0. The circle A ∪ A′ is essential in |F|. Otherwise, by
cutting |F| along ∂D1, we will find a bi-gon without singular points. Hence,
D0∪D′0 gives a compression disk D′1 of T ∪D such that D′1∩S ⊆ D1∩S. Note
that there are two choices of A. For one of them we will have D′1∩S ⊂ D1∩S.

(A2): ∂A′ ⊂ C1 and A′ ⊂ S. Let A be an arc in C1 such that ∂A = ∂A′.
Then, A∪A0 bounds a disk D0 in D1, and A∪A′ bounds the disk D0∪D′0. But
on the other hand, A ∪A′ bounds a discal 2-orbifold in S, which has precisely
1 singular point. By Lemma 2.2, this is impossible in a spherical 3-orbifold.

(A3): ∂A′ ⊂ C2 and A′ ∩ ∂D 6= ∅. There exists an arc A in C2 such that
A∪A0 bounds a disk D0 in D1, and D0 does not contain the disk in D1 bounded
by C2. Then, the circle A∪A′ bounds the disk D0∪D′0, and it must be essential
in |F|. Since C2 is parallel to ∂D, we can move A ∪A′ into T . Then, D0 ∪D′0
becomes a compression disk D′1 of T ∪D, and we have D′1 ∩ S ⊂ D1 ∩ S.

Since ∂A′ can not belong to other circles in D1 ∩ F . Case (A) is finished.

Case (B): The two points of ∂A′ belong to different circles in D1 ∩ F .

(B1): The two points belong to different circles in D1 ∩ S. Since A′ ∪ A0

bounds the disk D′0, the arc A0 can be moved to A′ along D′0. Then, it can be
moved into B, and the components of D1 ∩ S can be reduced by surgeries.

(B2): The two points belong to ∂D1 and C2, respectively. Since A′ ∪ A0

bounds the disk D′0, the arc A0 can be moved to A′ along D′0. Then, it can be
moved into O1. After the movement, D1 ∩O1 will be the union of the disks in
D1 ∩B and a regular neighborhood of A0. Remove this neighborhood and the
disk bounded by C2 from D1. Then, we can get a disk D′1. Since C2 is parallel
to ∂D, we can move ∂D′1 into T . Then, D′1 is a compression disk of T ∪D and
D′1 ∩ S ⊂ D1 ∩ S.

Then, Case (B) is finished. And we have finished the proof of Lemma 2.11.
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Proof of Theorems 1.4 and 1.5. The unknotted and half-unknotted parts of
Theorem 1.4 are consequences of Lemma 2.2, 2.4, 2.6, 2.7. The totally-knotted
part of Theorem 1.4 can be obtained from the examples in section 3. Theorem
1.5 is a consequence of Lemma 2.9, 2.10 and 2.11.

Corollary 2.12. Given g > 1, if an extendable G-action on Σg preserves both
the orientations of Σg and S3 and |G| > 2g − 2, then Σg bounds a handlebody
in S3.

Proof. The extendable G-action corresponds to an orbifold pair F ⊂ O, where
F is Σg/G and O is S3/G. Assume that the singular points of F have indices
q1, · · · , qn. Then, by the Riemann-Hurwitz formula, the Euler characteristic of
F satisfies

χ(F) = 2− 2ĝ −
n∑

i=1

(1− 1

qi
) =

2− 2g

|G|
> −1.

Hence, ĝ = 0, n < 6, or ĝ = 1, n = 1. Since O is spherical, by Lemma 2.2, n > 3
when ĝ = 0. Hence, the only possible solutions of (ĝ, n) are (0, 4), (0, 5) and
(1, 1). Then, by Theorem 1.4, F bounds a handlebody orbifold in O. Hence,
Σg bounds a handlebody in S3.

Proof of Theorem 1.6. By results in [11], the maximum order of extendable
cyclic group actions on Σg is 4g + 4 when g is even, and 4g − 4 when g is odd.
Moreover, a generator of the group action that realizes the maximum order
must reverse the orientation of Σg and preserve the orientation of S3. So it
exchanges the two sides of Σg. Suppose that h is such a generator.

Let G be the group generated by h2. Then, the G-action on Σg is extendable
and it preserves both the orientations of Σg and S3. When g is even, |G| =
2g + 2. Then, by Corollary 2.12, Σg bounds a handlebody in S3. Since h
exchanges the two sides of Σg, the embedding of Σg is unknotted.

If g is odd, then |G| = 2g−2. Let F ⊂ O be the orbifold pair corresponding
to G. By the Riemann-Hurwitz formula, χ(F) = −1. Then, ĝ = 0, n ≤ 6, or
ĝ = 1, n = 2. By Lemma 2.2, n > 3 when ĝ = 0. Since G is cyclic, the singular
set of O consists of circles. Hence, the singular points in F can be paired and
n is even. Then, the only possible solutions of (ĝ, n) are (0, 4), (0, 6) and (1, 2).

If (ĝ, n) is (0, 6), then all the singular points have index 2, and the action is
an involution on Σ2. But g is odd, so (ĝ, n) is (0, 4) or (1, 2). Since h exchanges
the two sides of Σg, F is compressible on each side. Then, by Theorem 1.5, F
bounds a handlebody orbifold in O, and Σg bounds a handlebody in S3. Since
h exchanges the two sides of Σg, the embedding of Σg is unknotted.
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3. Examples of totally-knotted embeddings

In this section, we give several examples of the orbifold pairs F ⊂ O, where the
embedding of F in O is π1-surjective and totally-knotted. By these examples,
we can finish the proof of Theorem 1.4.

Example 3.1: There exists a totally-knotted π1-surjective embedding F ⊂ O
such that (ĝ, n) is (0, 6). Figure 1 shows an embedded Σ2 in S3 = R3 ∪ {∞},
obtained as the boundary of a closed 3-ball to which a knotted 1-handle is
added, and from whose interior a regular neighbourhood of a knotted arc is
removed. The dashed line indicates the axis of a π-rotation τ , which keeps the
Σ2 invariant.

Figure 1: An involution of Σ2 with 6 fixed points

Let F = Σ2/τ and O = S3/τ , then |F| ∼= S2 and |O| ∼= S3. The singular
set of O is a circle of index 2. It intersects F at 6 points. Because each side of
Σ2 can be obtained from the closed complement of a nontrivial knot by adding
one handle, it cannot be a handlebody. Hence, F is totally-knotted in O.

Example 3.2: There exists a totally-knotted π1-surjective embedding F ⊂ O
such that (ĝ, n) is (1, 2). Figure 2 gives an embedded Σ2 in S3 = R3∪{∞}. The
dashed line indicates the axis of a π-rotation τ , which keeps the Σ2 invariant.

Let F = Σ2/τ and O = S3/τ , then |F| ∼= T 2 and |O| ∼= S3. The singular
set of O is a circle of index 2. It intersects F at 2 points. One side of Σ2 is a
boundary connected sum of two copies of the closed trefoil knot complement.
The other side of Σ2 is the closed complement of the graph shown in Figure 3.

Let Γ denote this graph. Let M denote the closed complement of Γ in S3.
The fundamental group of M has the following presentation

π1(M) = 〈x, y, z | y−1xyx−1z−1xz〉,

where, up to conjugation, x is a meridian of the arc of Γ while y and z are
meridians of the two circles of Γ, respectively. The map x 7→ (1, 2, 3), y 7→ (1, 2),
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Figure 2: An involution of Σ2 with 2 fixed points

Figure 3: A knotted graph in S3

z 7→ (1, 2) gives an epimorphism from π1(M) to the permutation group S3. So
x is nontrivial in π1(M). Then, the epimorphism from π1(M) to Z∗Z mapping
x to the identity has a nontrivial kernel. Because the free group Z∗Z is hopfian,
π1(M) is not isomorphic to Z ∗ Z. Hence, M is not a handlebody, and F is
totally-knotted in O.

By Lemma 2.11, F cannot be compressible on each side. Hence, F is in-
compressible in M/τ . By the equivariant Dehn’s Lemma, Σ2 is incompressible
in M . Up to isotopy, we see that Σ2 has only one compression disk in S3, which
is the disk of the boundary connected sum. It gives the unique compression
disk of F , whose boundary is trivial in |F|.
Example 3.3: The above two examples can be modified to give totally-knotted
π1-surjective embeddings F ⊂ O such that (ĝ, n) is (0, 7) or (1, 3). Figure 4
shows an embedded Σ4 in S3 = R3 ∪ {∞}. The two dashed lines indicate the
axes of two π-rotations, which keep the Σ4 invariant. They generate a group
G ∼= Z2 ⊕ Z2.

Let F = Σ4/G, O = S3/G, then |F| ∼= T 2 and |O| ∼= S3. The singular set
of O is a θ-curve with all three edges of index 2. It intersects F at 3 points. One
side of Σ4 is a boundary connected sum of four copies of the closed trefoil knot
complement. The other side of Σ4 is a boundary connected sum of two copies of
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Figure 4: A Z2 ⊕ Z2-action on Σ4

the closed complement of Γ in Figure 3. By Example 3.2, F is totally-knotted
in O.

The example when (ĝ, n) is (0, 7) can be obtained similarly from Exam-
ple 3.1.

Example 3.4: There exists a totally-knotted π1-surjective embedding F ⊂ O
such that (ĝ, n) is (2, 1). Figure 5 gives an embedded Σ11 in S3 = R3 ∪ {∞}.
The dashed line and circle indicate the axes of two π-rotations, which keep the
Σ11 invariant.

The group G generated by the rotations is isomorphic to the dihedral group
D4. It contains five π-rotations. In Figure 6, the left picture gives four axes,
where the lines and the circles are in the dual position. There is another π-
rotation τ whose axis passes through the intersections and infinity. The middle
picture shows the axes in S3/τ , and the right picture shows the singular set of
the 3-orbifold S3/G.

Let F = Σ11/G and O = S3/G, then |F| ∼= Σ2 and |O| ∼= S3. The singular
set of O will intersect F at 1 point. One side of Σ11 is a boundary connected
sum of V3 and eight copies of the closed trefoil knot complement. The other
side of Σ11 is a boundary connected sum of V3 and four copies of the closed
complement of Γ in Figure 3. By Example 3.2, F is totally-knotted in O.

Proof of the totally-knotted part of Theorem 1.4. By Theorem 1.1, we can as-
sume that n > 0. Then, the required examples can be obtained from previous
examples by adding handles to one side of the surface in S3 equivariantly. If
the handle does not intersect any rotation axes, then ĝ will increase by 1. If
the handle intersects a rotation axis in an arc, then n will increase by 2 for
each such intersection. Hence, all cases can be obtained. Moreover, F can be
compressible on each side if (ĝ, n) is not (1, 2).
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Figure 5: A D4-action on Σ11

Figure 6: The coverings from S3 to O

Remark 3.5: When (ĝ, n) is (0, 4) or (0, 5) or (1, 2), there exists a half-unknot-
ted π1-surjective embedding F ⊂ O which is knotted, where F can be com-
pressible on each side if (ĝ, n) is not (0, 4). At present, it is not known if F can
be knotted in O when (ĝ, n) is (1, 1). See [9, 10] for more examples.
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Abstract. We consider triangulations of closed surfaces S with a
given set of vertices V ; every triangulation can be branched that is en-
hanced to be a ∆-complex. Branched triangulations are considered up
to the b-transit equivalence generated by b-flips (i.e. branched diagonal
exchanges) and isotopy keeping V pointwise fixed. We extend a well-
known connectivity result for ‘naked’ triangulations; in particular, in
the generic case when χ(S) < 0, we show that each branched triangula-
tion is connected to any other if χ(S) is even, while this holds also for
odd χ(S) possibly after the complete inversion of one of the two branch-
ings. Natural distribution of the b-flips in sub-families gives rise to re-
stricted transit equivalences with nontrivial (even infinite) quotient sets.
We analyze them in terms of certain structures of geometric/topological
nature carried by each branched triangulation, invariant for the given
restricted equivalence.

Keywords: triangulation of surfaces, branching, branched flips.
MS Classification 2010: 57Q15, 57N05, 57M50, 57M27.

1. Introduction

Let (S, V ) be a compact closed connected smooth surface S with a set V of
n marked points, n ≥ 1, and Euler-Poincaré characteristic χ(S), such that
χ(S) − n < 0. It is well-known that (S, V ) carries ideal triangulations, say
T . This means that T is a possibly loose triangulation (self and multiple edge
adjacency being allowed) of S whose set of vertices coincides with V . The
ideal triangulations of (S, V ) share the same numbers of edges and triangles,
3(n − χ(S)) and 2(n − χ(S)) respectively. It is sometimes useful to consider
an ideal triangulation T as a way to realize (S, V ) by assembling 2(n − χ(S))
“abstract” triangles by gluing their “abstract” edges in pairs in such a way that
no edge remains unglued. Ideal triangulations of (S, V ) are considered up to the
ideal transit equivalence which is generated by isotopy fixing V pointwise and
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the elementary diagonal exchange move also called flip. Denote by T id(S, V )
the corresponding quotient set. The following is a well-known connectivity
result (for a proof see, for instance, [10, 12]).

Theorem 1.1. For every (S, V ), T id(S, V ) consists of one point.

This important result is the starting point for the study of the space of ideal
triangulations of (S, V ), optimal geodesic flip paths on it, with application
to the study of coarse geometry of mapping class groups (see, for instance,
the body and the references of the recent papers [6, 7]). On another hand,
different notions of “decorated ideal triangulations” of 3-manifolds considered
up to various transit equivalences naturally arise in the developments of 3-
dimensional quantum hyperbolic geometry and in several other instances of 3D
quantum invariants based on state sums over triangulations. Understanding
the corresponding quotient sets is an interesting and usually non-trivial task.
We refer to [1] for information about such a 3-dimensional case. In particular,
surface ‘branched’ triangulations (see below) emerged within [1], Section 5, in
a “holographic” approach to so-called 3D nonambiguous structures.

Every “naked” triangulation T of (S, V ) carries some branchings (T, b) (see
Lemma 2.10) where, by definition, b is a system of edge orientations which
lifted to every abstract triangle (t, b) of T is induced by a (local) ordering of
the vertices so that each edge goes towards the biggest endpoint. Equivalently,
b promotes T to be a ∆-complex following [9], Chapter 2. It is easy to see
that for every branching (T, b), every naked flip T → T ′ can be enhanced to a
b-flip (T, b) → (T, b′) defined by the property that every “persistent” edge in
both (T, b) and (T ′, b′) keeps the orientation. Isotopy relatively to V as above
and b-flips generate the so-called ideal b-transit equivalence and we denote by
Bid(S, V ) the corresponding quotient set. We define the symmetrized relation
by adding to the generators the complete inversion that is we stipulate that
every (T, b) is equivalent to (T,−b) where −b is obtained by inverting all edge
orientations of b, and we denote by B̃id(S, V ) the corresponding quotient sets.
It is not hard to see that σ([T, b]) = [(T,−b)] defines an involution on Bid(S, V )
and that B̃id(S, V ) ∼ Bid(S, V )/σ. By the topological homogeneity of every
surface, the cardinality of Bid(S, V ) only depends on the topological type of S
and the number n = |V |; sometimes we will write (S, n) instead of (S, V ).

Assuming Theorem 1.1, the following branched version of the connectivity
result is the main result of the present note.

Theorem 1.2. (1) If S is orientable or is nonorientable and χ(S) is even and
strictly negative, then for every (S, V ), Bid(S, V ) consists of one point.

(2) If S is nonorientable and either χ(S) = 0 or χ(S) is odd, then for every
(S, V ), B̃id(S, V ) consists of one point.
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As B̃id(S, V ) is a quotient of Bid(S, V ) by an involution, it follows that in
case (2), |Bid(S, V )| ≤ 2.

Conjecture 1.3. If S is nonorientable and either χ(S) = 0 or χ(S) is odd,
then for every (S, V ), |Bid(S, V )| = 2.

This will be confirmed at least for Bid(P2(R), 2) (Proposition 3.3).
By adding to the b-flips the positive branched 0 → 2 b-bubble moves (see

Section 2.3 below) and their inverse (or equivalently the positive stellar 1→ 3
branched moves and their inverse), we get the completed b-transit equivalence
with quotient set denoted by B(S, V ). ‘Positive’ means that the number of
triangles increases, for example, 1 → 3 means that an initial triangle t is
subdivided by three sharing one vertex internal to t. A positive bubble (stellar)
move produces an ideal triangulation of (S, V ′) where V ′ contains one further
marked point of S; if it is part of a b-transit which connects two ideal branched
triangulations of (S, V ), then it must be compensated later by a negative inverse
move. We will see a quick direct proof of the following weaker connectivity
result (no matter if S is orientable or not).

Proposition 1.4. For every (S, V ), B(S, V ) consists of one point.

We will see in Section 2 that b-flips can be naturally organized in some
sub-families so that restricted transit equivalences can be defined leading to
non-trivial, actually infinite quotient sets. We will study them by pointing
out some structures on (S, V ) of geometric/topological nature, carried by each
branched triangulation (T, b) of (S, V ) that are invariant for the given restricted
equivalence. Theorem 1.2 itself should be enlightened by the mutations of these
structures following an arbitrary ideal b-transit.

Figure 1: A branched triangle with its dual track

The dual viewpoint. Let SV be the surface with n boundary components
(n = |V |) obtained by removing from S a small open disk around each v ∈ V .
For every ideal triangulation T of (S, V ), the 1-skeleton θ = θT of the dual cell
decomposition is a generic (internal) spine of SV . That is, θ is a graph with
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3-valent vertices and SV is a ribbon graph that thickens θ. If (T, b) is branched,
this promotes θ to be a transversely oriented train track (see Remark 2.2) (θ, b)
in the interior of SV ; for simplicity we keep the same notation “b”, see Figure 1.
In such a case, the open 1-cells are called the branches, the 0-cells the switch-
points of (θ, b). If S is oriented, the transverse orientation at each branch can be
expressed by the dual orientation of the branch itself, so that it intersects the
dual b-oriented edge of (T, b) with intersection number equal to 1. In this way
(θ, b) becomes an oriented train track. By definition, (θ, b) is a branched spine
of SV . Viceversa, every ribbon graph, S̄ say, carried by a (possibly branched)
spine θ as above gives rise to a (possibly branched) ideal triangulation T = Tθ
of (S, V ) obtained by filling each boundary component of S̄ with a punctured 2-
disk. Triangulation moves, possibly branched, can be equivalently rephrased in
terms of (possibly branched) spine moves. We will freely adopt both equivalent
dual viewpoints.

Remark 1.5: Although they are equivalent, there is some qualitative difference
between spines and triangulations. A flip is a discrete transition with a cell
decomposition as intermediate “state” which is no longer a triangulation (it
includes one quadrilateral). The corresponding spine transition can be realized
by a continuous deformation passing through a nongeneric spine (with one
4-valent vertex).

2. Generalities on b-transit

An “abstract” b-flip acts on a quadrilateral Q endowed with a branched trian-
gulation (t1 ∪ t2, b) made by two triangles with one common edge e = t1 ∩ t2 (a
diagonal of the quadrilateral). A b-flip produces another branched triangula-
tion (t′1 ∪ t′2, b′) of Q made by two triangles having as common edge e′ = t′1 ∩ t′2
the other diagonal of Q, while b and b′ coincide on the persistent edges which
form the boundary of Q. An abstract b-flip can be applied at every couple
of abstract triangles of any branched ideal triangulation (T, b) of any (S, V ),
(partially) glued in T along a common edge. When we say that a b-flip verifies
a certain property we mean that this holds “universally” for every (S, V ) and
every triangulation (T, b) at which the flip operates.

2.1. A combinatorial classification of b-flips

For every branched triangulation (t1 ∪ t2, b) of Q as above, there are either one
or two ways to enhance the naked flip t1 ∪ t2 → t′1 ∪ t′2 to a b-flip (t1 ∪ t2, b)→
(t′1∪t′2, b′). This last is sometimes denoted by fe,b,b′ while the underlying naked
flip is denoted by fe. Then we can distinguish a few families of b-flips.

Definition 2.1. 1. A b-flip fe,b,b′ is forced if it is the unique branched flip
which enhances fe, starting from (t1 ∪ t2, b).
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Figure 2: Branched flips.

2. A b-flip fe,b,b′ is non-ambiguous if both fe,b,b′ and the inverse b-flip fe′,b′,b
are forced.

3. A b-flip fe,b,b′ is forced ambiguous if it is forced but the inverse b-flip is
not.

4. A b-flip fe,b,b′ is totally ambiguous if no one among fe,b,b′ and fe′,b′,b is
forced.

In Figure 2, we show typical samples of b-flips following the above classi-
fication. Note that it is invariant under the total inversion of the branchings.
We have labelled by 1 the corner of each branched triangle formed by the two
edges that carry the prevalent orientation. Here 1 is just a highlighting label.
For every branched triangulation (T, b) of (S, V ), for every vertex v of T , the
number of corners at v in its star labelled by 1 is even, say 2db(v). For the
branching b induces an orientation on each (abstract) triangle of T ; given the
(abstract) star of v an auxiliary orientation, the 1-labelled corners at v belong
to triangles (t, b) whose b-orientations alternate compared with the reference
one. It is clear that

χ(S) = |V | −
∑
v

db(v) =
∑
v

(1− db(v)) .
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Remark 2.2: Let (T, b) be a branched ideal triangulation of (S, V ) and (θ, b)
the dual (transversely oriented) track. Strictly speaking, to be a train track
in the sense, for instance, of [13], we should require furthermore that for every
vertex v of T , the index 1− db(v) < 0. But this is not relevant for the present
text.

A few remarks:

- A (abstract) b-flip fe,b is totally ambiguous if and only if the two vertices
of (t1 ∪ t2, b) opposite to the edge e are both either a source or a pit.

- A b-flip is not totally ambiguous if and only if it preserves (in the ‘uni-
versal’ sense said above) the vertex numbers db(v).

- Let us consider an oriented surface S. The orientation corresponds to a
unique simplicial fundamental Z-2-cycle

f(T, b) =
∑
t

∗(t,b)(t, b)

where every ∗(t,b) ∈ {±1}. Denote by S± = S±(T, b) the union of trian-
gles such that ∗(t,b) = ±1. Then S decomposes as S = S+ ∪ S−. Denote
by ∂S± the boundary 1-cycle of the simplicial 2-cochain supported by S±.
Then a b-flip fe,b is nonambiguous if and only if it is not totally ambiguous
and for every oriented (S, V ) and every application of the flip on trian-
gulations of (S, V ), (T, b)→ (T ′, b′), we have that S±(T, b) = S±(T ′, b′),
hence also ∂S± is preserved.

In Section 5, we will consider again this classification of b-flips in a more
conceptual way.

2.2. Inversion of an ambiguous edge

Definition 2.3. (1) Let T be a naked ideal triangulation of (S, V ). An edge
e of T is said trapped if it results by the identification of two edges of
one “abstract” triangle. Otherwise, e is said untrapped. A trapped edge
corresponds to a one-vertex loop in the dual spine θ.

(2) Given a branching (T, b), a b-oriented edge e is said ambiguous in (T, b)
if by inverting its orientation we keep a branched triangulation (T, b′).

With the notation of the above point (2), we have:

Lemma 2.4. If e is ambiguous and untrapped in (T, b), then (T, b) and (T, b′)
are connected by two b-flips.
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Proof. Denote by fe,b,b” a b-flip that enhances the naked flip fe with inverse
naked flip fe′ . We easily see that the untrapped edge e is ambiguous if and
only if either fe,b,b” is forced ambiguous or is totally ambiguous. Hence fe,b,b”
followed by fe′,b”,b′ convert (T, b) to (T, b′).

Then we can add the elementary move of inverting any untrapped ambigu-
ous edge without changing the ideal b-transit equivalence.

We have

Lemma 2.5. (1) For every T as above, there is a sequence of flips T ⇒ T ′

such that T ′ does not contain trapped edges.

(2) If T and T ′ do not contain trapped edges then they can be connected by a
sequence of flips through triangulations without trapped edges.

Proof. The vertex of a loop in the spine θ which is dual to a trapped edge of
T is connected by an edge to the rest of the spine. By performing the dual flip
at this edge we remove the loop without introducing new ones. If such a loop
appears in a sequence of flips connecting T and T ′ as in (2), then we can follow
it till it disappears so that we can eventually remove it from the sequence.

2.3. Bad nutshells

A positive naked 0 → 2 bubble produces a so-called nutshell made by two
triangles identified along two common edges. Not every branched nutshell
(N, b) supports a negative 2→ 0 b-bubble.

Definition 2.6. A branched nutshell (N, b) is bad if the two boundary edges
form an oriented circle. Otherwise (N, b) is a good nutshell.

The following Lemma is immediate.

Lemma 2.7. (1) If (N, b) is a bad nutshell, then the central vertex is neces-
sarily either a pit or a source.

(2) (N, b) is good if and only if it supports a negative b-bubble move.

(3) Two different good nutshells (N, b) and (N, b′) sharing the same oriented
boundary edges are connected by either one or two consecutive inversions
of internal (hence untrapped) ambiguous edges.

A positive naked 1→ 3 move produces a so-called triangular star. Similarly
as before, not every branched triangular star, say (S, b), supports a negative
b-(3→ 1) move.

Definition 2.8. A branched triangular star (S, b) is bad if the three boundary
edges form an oriented circle. Otherwise (S, b) is good.
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Easily we have

Lemma 2.9. (1) If (S, b) is bad, then the central vertex is necessarily either
a pit or a source.

(2) (S, b) is good if and only if it supports a negative b-(3→ 1) move.

(3) Two good b-triangular stars (S, b) and (S, b′) sharing the same oriented
boundary edges are connected by a finite sequence of consecutive inver-
sions of internal (hence untrapped) ambiguous edges.

2.4. Existence of branched triangulations

We have

a
b

c
d

e

Figure 3: Existence of branched triangulations.

Lemma 2.10. Every ideal triangulation T of (S, V ) can be branched.

Proof. Thanks to Theorem 1.1 and since for every branched triangulation
(T, b), every naked flip T → T ′ can be enhanced to a b-flip (T, b) → (T ′, b′),
it is enough to show that every (S, V ) admits a branched triangulation. Using
the b-bubbles, we see that if (S, V ) admits such a triangulation, then this holds
for every (S, V ′) such that |V ′| ≥ |V |. Then it is enough to show that for every
S, there exists a branched triangulation (T, b) of (S, V ) such that n = |V | is
the minimum for which χ(S) − n < 0. There are, of course, several ways to
do it. We indicate a way that will be suited for further use. If S is a sphere,
then n = 3 and a branched triangulation is obtained by gluing two copies of a
branched triangle along the common boundary (see Figure 3-a). If S = P2(R)
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a

b

c d

Figure 4: Existence of branched triangulations.

is a projective plane, then n = 2 and we can use the realization of P2(R) by
identifying the two edges of a bigon and triangulating it with one internal ver-
tex (see Figure 3-b). For all other S, n = 1. If S = P2(R)#P2(R) is a Klein
bottle, that is the connected sum of two projective planes, we get a branched
triangulation of (S, V ) using the realization of S which identifies the boundary
of a quadrilateral obtained by gluing two “truncated bigons” (see Figure 3-c).
In Figure 3-d, we show another branched triangulation of the Klein bottle by
identifying in pairs the opposite edges of a quadrilateral; similarly, in Figure
3-e, we suggest a triangulation of the torus S1 × S1. In Figure 4, we show the
elementary bricks to realize all other cases. These bricks are branched triangu-
lations of certain surfaces with boundary. In Figure 4-a, we see a one-pierced
torus, in Figure 4-b, a twice-pierced torus, that is a torus from which we have
removed respectively one or two open 2-disks. They are obtained using respec-
tively a one-truncated or a twice-truncated quadrilateral with opposite edges
identified in pairs. In Figure 4-d, we see a similar realization of a one-pierced
Klein bottle. In Figure 4-c, we see a one-pierced projective plane given by
a truncated bigon with the two possible branchings. The edges without any
indicated orientation are ambiguous so that the orientation can be chosen ar-
bitrarily. If S is orientable of genus g > 1, we can realize it by a chain of g− 2
twice-pierced tori capped by two one-pierced ones. If S is nonorientable and

χ(S) = 2−r < 0 is odd, set g =
r − 1

2
; then we can obtain S by a chain of g−2

twice-pierced tori capped by a one-pierced torus and a one-pierced projective
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plane. If χ(S) − r < 0 is even, set g =
r − 2

2
, then we obtain S by a chain of

g− 2 twice-pierced tori capped by a one-pierced torus and a one-pierced Klein
bottle.

The boundary of every brick as above is the union of loops with one vertex.
The corresponding edge of the triangulation is called a connection edge. For
every triangulation of S obtained so far, the connection edges become separat-
ing loops that decompose S by the bricks; in Figure 4, these edges correspond
to the ambiguous edges on the boundary of the truncated quadrilaterals or to
the nonambiguous edge in the branched truncated bigons.

2.5. A preliminary reduction in studying the b-transit
equivalence

We assume Theorem 1.1. Isotopy relative to V will be understood. At the end
of this section, we will obtain a quick proof of Proposition 1.4.

Lemma 2.11. The following facts are equivalent to each other:

1. Bid(S, V ) consists of one point.

2. For every naked ideal triangulation T of (S, V ), every two branchings
(T, b) and (T, b′) are connected by a chain of b-flips.

3. There exists a naked ideal triangulation T of (S, V ) such that every two
branchings (T, b) and (T, b′) are connected by a chain of b-flips.

Proof. Obviously, (1) ⇒ (2) ⇒ (3). To prove (3) ⇒ (1) we argue similarly to
the proof of Lemma 2.10. Let (T1, b1) and (T2, b2) be ideal triangulations of
(S, V ). By Theorem 1.1, there is a naked ideal transit Tj ⇒ T , j = 1, 2. There
is no obstruction to enhance it to sequences of b-flips (Tj , bj) ⇒ (T, b′j). The
Lemma follows immediately.

Similar statements hold for both the symmetrized and completed b-transit
equivalences. Given (T, b) and (T, b′), denote by δ(b, b′) the set of edges of T at
which b and b′ are opposite. The previous considerations suggest two possible
ways to prove that Bid(S, V ) (or B̃id(S, V ) or B(S, V )) consists of one point.

(A) For a given (S, V ), detect a distinguished naked triangulation T for
which we can check directly that (3) of Lemma 2.11 holds.

(B) Point out a few procedures such that for every naked T and every couple
(T, b) and (T, b′) having non-empty δ(b, b′), we can apply one of them producing
b-transits (T, b)⇒ (T ′, b1) and (T, b′)⇒ (T ′, b2) such that |δ(b1, b2)| < |δ(b, b′)|.

The B-way, suitably adapted, works quickly for B(S, V ).
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Proof of Proposition 1.4. Given (T, b) and (T, b′) as above, perform on both
triangulations a b-(1 → 3) move at each triangle of T in such a way that all
the three new oriented edges point toward the new internal vertex. We get
in this way (T ′, b1) and (T ′, b2) such that δ(b1, b2) = δ(b, b′). We realize that
every e ∈ δ(b, b′) is untrapped and ambiguous in both (T ′, b1) and (T ′, b2). So
we conclude by several applications of Lemma 2.4 (by the way, in the present
situation every inversion of e is obtained by a sequence of two totally ambiguous
b-flips).

In the next section, we will prove Theorem 1.2 by implementing the A-way.

3. A-Proof of the main Theorem

We obtain stronger results. We have:

Theorem 3.1. (1) If S is orientable or is nonorientable and χ(S) is even
and strictly negative, then for every (S, V ), there exists a distinguished
ideal triangulation T such that every (T, b) and (T, b′) can be explicitly
connected by a sequence of inversions of untrapped ambiguous edges.

(2) If S is nonorientable and either χ(S) = 0 or χ(S) is odd, then for every
(S, V ), there exists a distinguished ideal triangulation T such that for
every couple (T, b) and (T, b′), either (T, b) and (T, b′) or (T,−b) and
(T, b′) can be explicitly connected by a sequence of inversions of untrapped
ambiguous edges.

For every (S, V ), let us said inversive any ideal triangulation T which, case
by case, satisfies the conclusions of Theorem 3. Finally, we have:

Theorem 3.2. For every (S, V ), every triangulation T without trapped edges
is inversive.

Proof of Theorem 3.1. For every S there is a minimum nS such that χ(S) −
nS < 0. The proof is by induction on n ≥ nS .

The initial case: (S, nS).
• (P2(R), 2). We use the naked triangulation T of Figure 3-b. Let (T, b)

and (T, b′) be supported by T . By total inversion, we can assume that b and b′

agree on the internal edges so that the internal vertex is a pit. The boundary
edges of the nutshell lift an ambiguous edge of both (T, b) and (T, b′); if b 6= b′

we conclude by inverting it in b. Then B̃id(P2(R), V ) consists of one point.

Proposition 3.3. |Bid(P2(R), 2)| = 2.
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Proof. Let (T, b) and (T, b′) be as above such that δ(b, b′) consists of the two
internal edges. If we flip an internal edge of (T, b) we produce a trapped edge;
to get the same naked configuration we must flip the same edge in (T, b′) and
|δ| is unchanged. If we flip the edge of (T, b) which lifts to the boundary edges
of the nutshell, we get a triangulation (T1, b1) which is abstractly like (T, b′) for
another nutshell, but the two vertices exchange their role, so (T1, b1) cannot be
relatively isotopic to (T, b′).

• (S2, 3). Take T made by two triangles glued along the common boundary
as in Figure 3-a. Every branched (T, b) is determined by a labelling of the
vertices by 0, 1, 2. Fix a (T, b0), then all (T, b) are indexed by the elements σ
of the symmetric group Σ3, so that (T, b0) corresponds to the identity. This
group is generated by the transpositions {(01), (12)}. If b = bσ, write σ as
a product of a minimal number of these generators. Every such a sequence
of transpositions corresponds to a sequence of inversions of ambiguous edges
going from (T, b0) to (T, b).

In all other cases nS = 1.
• S = S1 × S1. Consider T as in Figure 3-e. Every branching of T is

uniquely encoded by a total order of the three vertices of one of the abstract
triangles of T . Then we can manage similarly as for (S2, 3) by checking that
also in this case every transposition in a product of the generators corresponds
to the inversion of an ambiguous edge.

• Let S be a Klein bottle. Refer to Figure 3-c,d. If we use the triangulation
T made by two truncated bigons, it is immediate that it carries exactly two
branchings say (T, b) and (T,−b). If we use as T the other triangulation, we
see that it carries four branchings, distributed into two pairs {(T, b), (T, b′)},
{(T,−b), (T,−b′)} such that (T, b′) is obtained from (T, b) via the inversions of
an ambiguous edge.

Let us face now the remaining generic cases such that χ(S) < 0, following
the two sub-cases in the statement of Theorem 3.1.

Case (1) Let S be either orientable with χ(S) < 0 or nonorientable with
χ(S) < 0 and even. Take the naked triangulation T depicted in the proof of
Lemma 2.10; let (T, b0) be a branched triangulation constructed therein. Let
(T, b) any branched triangulation supported by T . This determines a system
of orientations on the family of connection edges. Every connection edge is
ambiguous in (T, b0) so that up to some inversions, we can assume that (T, b0)
and (T, b) share such a system of connection orientations. Let us cut S at
the connection edges. By restriction, we get a family of pairs of branched
triangulated bricks (B, b0) and (B, b) that coincide at every connection edge.
It is enough to show that every (B, b) is connected to (B, b0) by a sequence
of inversions of ambiguous edges, without touching the connection edges. This
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can be checked case by case. We have three types of B, the one-pierced torus
(Figure 4-a) or Klein bottle (Figure 4-d) and the twice-pierced torus (Figure
4-b). For each one-pierced brick, we have two possible b0-orientations at the
connection edges; for the twice-pierced torus, there are four. For every brick
and every pair of opposite local configurations at the connection edges, we see
using the total inversion that the desired result holds for one if and only if it
holds for the other. Then we are reduced to study one configuration in the
one-pierced cases, two in the twice-pierced case. We organize the discussion as
follows, referring to Figure 4:

• Denote by t the top (abstract) triangle of (B, b0). Encode (t, b0) by la-
belling its vertices by 0, 1, 2, say v0, v1, v2; do the same for the bottom tri-
angle (t′, b0), getting v′0, v

′
1, v
′
2. In the one-pierced bricks, v0 = v′0. Every

(abstract) edge of B has two vertices belonging to {v0, v1, v2, v′0, v′1, v′2}.
For every (B, b), every oriented edge (e, b) will be denoted by its vertices,
e = vw, written in the order so that the orientation emanates from the
initial vertex v toward the final vertex w. For every one-pierced brick, we
stipulate that the connection edge in (B, b0) has v2 as initial vertex. For
the twice-pierced torus we stipulate that in (B, b0) the pairs of connection
edges is either (v2v

′
2, v0v

′
0) or (v2v

′
2, v
′
0v0). Having fixed the orientation of

the connection edges, b0 is completely determined by (t, b0), that is this
propagates in a unique way to a global branching.

• For every permutation σ ∈ Σ3 we consider the corresponding branched
triangulated triangle (t, bσ) and we list all the extensions to a global
branching, generically denoted (B, bσ), if any. (B, b0) corresponds to the
identity.

• By varying σ ∈ Σ3, the so obtained (B, bσ) cover all possible branchings
(B, b) and we have to connect (B, b0) with each (B, bσ). It is convenient
to start with generating transpositions σ = (0, 1), (1, 2), and express all
other σ as a product of three or two generators.

Let us pass now to the actual verifications.

The one-pierced torus.
σ = (0, 1): there a unique extension (B, b(0,1)) which differs from (B, b0) by

the inversion of the ambiguous edge v1v0.

σ = (1, 2): there are several extensions. There is only one containing the
edge v0v2 and this differs from (B, b0) by the inversion of the ambiguous edge
v2v1. Two extensions contain the edge v2v0 and differ from each other by
the inversion of the ambiguous edge v0v

′
2. In the one containing v0v

′
2, v2v0 is

ambiguous, hence by inverting it we are in the first case.

σ = (0, 1, 2) = ((1, 2)(0, 1): there are two extensions which differ from each
other by the inversion of the ambiguous edge v0v

′
2. In the one containing v0v

′
2,
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the edge v0v2 is ambiguous, hence possibly by inverting it we reach the case
(B, b(1,2)).

σ = (0, 2, 1) = (0, 1)(1, 2): the discussion is similar to the one for (0, 1, 2);
up to some inversion of ambiguous edges we reach the case (B, b(0,1)).

σ = (0, 2) = (0, 1)(1, 2)(1, 0): there is only one extension. Here, v0v
′
1 is

ambiguous. By inverting it we reach the case (B, b(0,2,1)).
The first verification is complete.

The one-pierced Klein bottle.
σ = (0, 1): there a unique extension (B, b(0,1)) and it differs from (B, b0) by

the inversion of the ambiguous edge v0v1.

σ = (1, 2): there are no extensions.

σ = (0, 1, 2): there is only one extension (B, b(0,1,2)). The following se-
quence of inversions of ambiguous edges realizes a transit from this extension
to (B, b(0,1)) (we indicate the initial orientation before the inversion): v0v1,
v′2v0, v2v1, v2v0.

σ = (0, 2, 1): there is only one extension. The following sequence of inver-
sions of ambiguous edges realizes a transit to (B, b0): v2v0, v1v0.

σ = (0, 2): there are two extensions which differ to each other by the
ambiguous edge v0v

′
2. In the ones containing the oriented v′2v0, the edge v1v0

is ambiguous. By inverting it we reach (B, b(0,1,2)).

The second verification is complete.

The twice-pierced torus. We have two sub-cases depending on the ori-
entations either (v2v

′
2, v0v

′
0) or (v2v

′
2, v
′
0v0) of the two connection edges.

Sub-case (v2v
′
2, v0v

′
0).

σ = (0, 1): There are two extensions that differ by the ambiguous edge v′0v
′
2.

In the ones containing the oriented edge v′0v
′
2, v1v0 is ambiguous and possibly

inverting it we reach (B, b0).

σ = (1, 2): this is very similar to the case (0, 1).

σ = (0, 1, 2): there are several extensions. There is only one containing
v′2v0 which is ambiguous. In the ones containing v0v

′
2 both v0v2 and v′0v

′
2 are

ambiguous, then after at most two inversions we reach (B, b(1,2)).

σ = (0, 2, 1): this is very similar to the case (0, 1, 2); via a sequence of
inversions we reach now (B, b(0,1)).

σ = (0, 2): there are four extensions that differ by suitable inversions of the
edges v1v2 and v0v

′
2 which are both ambiguous. Then up to such inversions we

reach (B, b(0,1)).

Sub-case (v2v
′
2, v
′
0v0). At this point, the fourth verification is a routine, we

leave it to the reader.
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Case (2) Let S be not orientable such that χ(S) < 0 and odd. We manage
as in Case (1). The only difference is that the capping pierced Klein bottle
is replaced with a pierced projective plane. Again we use the triangulations
depicted in the proof of Lemma 2.10. Up to total inversion, we can assume
that (T, b0) and (T, b) coincide on the capping truncated bigon. The rest of the
proof is unchanged.

The proof of the initial case (S, nS) of our inductive proof of Theorem 3.1
is now complete.

The inductive step. Let us face at first the generic case χ(S) < 0. We
have proved the result for (S, 1), and we want to prove it for every (S, n) by
induction on n ≥ 1. We define the distinguished triangulation for (S, n) by
modifying the one used for (S, 1) as follows:

Figure 5: (B3, b3)

• We modify only the one-pierced torus brick, say B1 triangulated by T1,
used when n = 1, so that Bn carries all further n − 1 vertices. We do
it inductively as follows: the naked triangulation Tn of Bn is obtained
from Tn−1 by performing a 1 → 3 move on the triangle which contains
the connection edge.

• In the treatment for n = 1, we have also indicated a reference branched
brick (B, b0). As already said, this is completely determined by the or-
dered vertices v0, v1, v2 belonging to the top triangle in Figure 4-a, pro-
vided that we have fixed also the orientation of the connection edge, say
v2v
′
2. Set (B1, b1) := (B, b0). We define the reference branching (Bn, bn)

for every n > 1 by stipulating that the new vertex added passing from
Bn−1 to Bn is a source in the triangular star that contains it. In Figure
5 we see (B3, b3).

Consider any (Bn, b). There are two possibilities:

(a) The new vertex introduced passing from Bn−1 to Bn has a good triangu-
lar star in (Bn, b). Then b restricts to a branching (Bn−1, b). By induction, this
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is connected to (Bn−1, bn−1) by a sequence of inversions of ambiguous edges.
Finally, we conclude by applying Lemma 2.9 to the innermost triangular star.

(b) The innermost triangular star as above is bad in (Bn, b). Consider first
(B2, b); we readily see that v1 (resp. v′1) is necessarily either a pit or a source
(either a source or a pit). In any case at least one among v0v2 and v′0v

′
2 is

ambiguous; by inverting it, the triangular star becomes good and we reach the
case (a). In general, we can assume by induction that the innermost triangular
star in Bn−1 is good for the restriction of b to Bn−1, so that we can apply the
above reaisoning to the innermost triangular star in (Bn, b) and reach again
the case (a).

The proof of Theorem 3.1 in the generic cases is now complete.

For the remaining sporadic cases such that χ(S) ≥ 0 we limit ourselves to
some indications.

• (S2, n), n ≥ 3. Denote by T3 the triangulation used above for n = 3.
Select one triangle t and one edge e. For every n > 3, the distinguished trian-
gulation Tn for (S2, n) is obtained by induction on n by performing a 1 → 3
move on the triangle of Tn−1 which is contained in t and contains e. In par-
ticular, T4 corresponds to the triangulation of the boundary of a tetrahedron.
Every (T4, b) is determined by a labelling of the vertices by 0, 1, 2, 3. Fix a
(T, b); then the branchings are indexed by the elements of the symmetric group
Σ4. This is generated by the transpositions (0, 1), (1, 2), (2, 3). Write every σ
as a product of these generators with a minimal number of terms. This cor-
responds to a sequence of inversions of ambiguous edges connecting (T, b) and
(T, bσ). For n > 4 we argue by induction on n.

• (S1 × S1, n) or (P2(R)#P2(R), n), n ≥ 1. In both cases we start with
the triangulation say T1 used for n = 1. Precisely, we refer to Figure 3-e and
to Figure 3-d respectively. Then Tn is obtained from Tn−1 by performing a
1→ 3 move on the triangle contained in the top triangle of T1 and containing
its diagonal edge.

• (P2(R), n), n ≥ 2. We start with T2 used for n = 2. Referring to Figure
3-b, T3 is obtained by performing a bubble move at the internal edge on the
left side. Denote by t the new triangle contained in the top half of T2 and by
e its edge contained in the interior of this top-half. Then, for n > 3, Tn is
obtained from Tn−1 by performing a 1→ 3 move on the triangle of Tn−1 which
contains e.

The proof of Theorem 3.1 is now complete.

Proof of Theorem 3.2. As usual, we have two consider two cases.

Case (a): χ(S) is not strictly negative and odd. The distinguished inversive
triangulations Tn of (S, n) constructed in the proof of Theorem 3.1 have no
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trapped edges. Using Lemma 2.5 , we deduce that for every triangulation
T of (S, V ) without trapped edges, there exists a (possibly varying) inversive
triangulation T ∗ without trapped edges and a sequence of flips T ∗ ⇒ T through
triangulations without trapped edges. Denote by l the number of flips. We
work by induction on l. Let T ′ be obtained by performing the first l − 1 flips.
By induction, the theorem holds for T ′. Hence we are reduced to check the
case l = 1. We fix the notations as follows: e is the flipping edge, that is a
diagonal of a quadrilateral Q = t1 ∪ t2 in T ∗, t1 ∩ t2 = e; e′ denote the other
diagonal of Q, that is the edge of T which replaces e. Let (T ∗, b) and (T ∗, b′) be
connected by a sequence of k inversions of ambiguous edges. Let (T, b̃), (T, b̃′)
be obtained by b-enhancing in some way the flip (T ∗, b)→ T and (T ∗, b′)→ T .
We want to modify the sequence to get one connecting these branchings of
T . If a b-flip is not forced then the two possibilities are related by inverting
an ambiguous edge, so this is essentially immaterial for our discussion. If an
inversion concerns an edge not contained in (Q, b) then it makes sense also
on (T, b̃). By these remarks and working by induction on k, we are reduced
to analyze the inversion of an edge e∗ contained in (Q, b). There are a few
possibilities.

• e∗ = e; then the b-flip is either totally ambiguous or forced ambiguous if
the vertices of (Q, b) opposite to e are either both a pit (resp. source) or one
is a pit and the other a source. So in the first case, we possibly replace the
inversion of e with the inversion of e′.

Assume now that e∗ 6= e.
• e is ambiguous in (Q, b) as above. If the flip is totally ambiguous, there

are two possibilities for e∗. Then the inversion of e∗ can be performed on
(T, b̃), possibly after having inverted the ambiguous edge e′. If the flip is
forced ambiguous, again there are two possibilities for e∗ and in every case the
inversion of e∗ can be performed on (T, b̃).

• e is ambiguous in one of the two triangles of (Q, b) and nonambiguous in
the other. The flip is nonambiguous. There are three possibilities for e∗. We
readily check that in every case, the inversion of e∗ can be performed on (T, b̃).

• e is nonambiguous in both triangles of (Q, b). The flip is not forced. We
check that the inversion of e∗ can be performed on (T, b̃), possibly after having
inverted the ambiguous edge e′.

This completes the proof in Case (a).

Case (b): χ(S) is strictly negative and odd. The distinguished triangula-
tions Tn of (S, n) have one trapped edge carried by the one-pieced projective
plane. Let T ∗n be obtained by flipping its connection edge. T ∗n does not contain
any trapped edge and arguing similarly as above, we see that it is inversive.
Then the proof is like in Case (a).

Theorem 3.2 is achieved.
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4. On a B-proof of the main Theorem

The basic difference between the A- and the B-way is that the first deals with
distinguished triangulations while the second should apply to any couple (T, b),
(T, b′) of branchings on the same arbitrary naked triangulation. Using Lemma
2.5 and Lemma 2.4, it is not restrictive to deal under the assumptions that: (1)
T does not contain trapped edges; (2) Every edge e ∈ δ(b, b′) is nonambiguous
in both (T, b) and (T, b′). Moreover, we specify the B-way requiring that these
conditions are preserved along with the process.

Using Theorem 3.2, it is not hard to build an algorithm that connects
(T, b) with (T, b′). We can construct a (not unique) oriented tree with root at
(T, b), such that every vertex of the tree corresponds to a branching of T , every
branching appears only once, if two vertices b < b′ are connected by an edge
then we pass from b to b′ by inverting one ambiguous edge of (T, b), and every
vertex has one antecedent. Then (T, b′) is a vertex of the tree and the unique
path in the tree connecting the root (T, b) to (T, b′) corresponds to a sequence
of inversions of ambiguous edges connecting the two branchings on T .

On the other hand, genuine implementation of the B-way does not require
that the naked triangulation T is fixed along with the process. Moreover, the
above application of Theorem 3.2 is not really in the spirit of the B-way if
we make explicit the underlying idea that the modifying procedures should
be local, that is ‘universally’ applicable whenever certain local configurations
appear in a pair (T, b), (T, b′). To make concrete these considerations, we will
implement a B-way. For simplicity, we will deal in the generic (χ(S) < 0)
and orientable case. Beyond a different proof of (part of) Theorem 1.2, we
believe that this is useful to have some insight about the mutations of branched
triangulations under b-transit.

At first, we analyze the effects of flipping e ∈ δ(b, b′) in both (T, b) and
(T, b′) looking for a decrease of |δ|, if any. Sometimes, we say that an edge
e ∈ δ(b, b′) is disorientated. Let t1 and t2 be the two triangles of T which share
e. As e is nonambiguous in both triangulations, then e is nonambiguous in at
least one of the branched triangles (tj , b) and similarly for the (tj , b

′)’s. There
are two possibilities:

1. There is at least one triangle, say t1, such that e is nonambiguous in both
(t1, b) and (t1, b

′), so that necessarily (t1, b
′) = (t1,−b).

2. e is nonambiguous (resp. ambiguous) in (t1, b) (resp. (t2, b)) while e is
nonambiguous (resp. ambiguous) in (t2, b

′) (resp. (t1, b
′)).

Let us analyze the first case.

Case (1). Concerning t2, there are three possibilities: it can contain either
k = 0, 1 or 2 further edges belonging to δ(b, b′). Note that k = 2 if and only
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if b′ = −b on the whole of t1 ∪ t2. We say that the disorientated e is (1)bad if
k = 2 and e is ambiguous in (t2, b) (hence in (t2, b

′)). In all other cases, we say
that e is (1)good. We have

Lemma 4.1. Let e ∈ δ(b, b′) be (1)good. Then by flipping e in both (T, b) and
(T, b′) we get (T ′, b1) and (T ′, b2) which still satisfy our assumptions and such
that |δ(b1, b2)| < |δ(b, b′)|.

Proof. First, we note that if fe creates a trapped edge, then necessarily e is
internal to some naked nutshell say N in T . We analyze the situation case by
case, according to the value of k = 0, 1, 2.

t1

t2

Figure 6: Flipping an untrapped edge, Case (1).

1. If k = 0 both fe,b,b1 and fe,b′,b2 are nonambiguous and |δ| decreases by 1.
There are not compatible branched nutshells containing e, hence the flip
does not create any trapped edge (see the first row of Figure 6).

2. If k = 1, we can choose fe,b,b1 and fe,b′,b2 in such a way that |δ| decreases
by 1 and the new edge is ambiguous in one of the triangulations obtained
so far (see Figure 6, second row). We claim that fe does not create
any trapped edge. Otherwise, one of the branched nutshells (N, b) and
(N, b′) would be good with internal vertex which is either a pit or a source.
Then (recall Lemma 2.7 (3)) it would contain an ambiguous internal edge
ẽ belonging to δ(b, b′), against our assumption.
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bad

Figure 7: Flipping an untrapped edge, Case (2).

3. If k = 2 and e is (1)good, then necessarily e is nonambiguous also in (t2, b)
(hence in (t2, b

′)). We can choose fe,b,b1 and fe,b′,b2 in such a way that
|δ| decreases by 1 and the new edge is ambiguous in both triangulations
obtained so far (see the left side of the third row of Figure 6). If e would
belong to a naked nutshell in T , then both (N, b) and (N, b′) are good
with internal vertex which is either a pit or a source, and we can argue
as above. So fe does not create any trapped edge.

The Lemma is proved.

Concerning the (1)bad situation, we readily realize that

Lemma 4.2. If e is (1)bad, then by flipping e we keep the same value of |δ|.
The new edge is nonambiguous in both triangulations obtained so far (see the
right side of the third row of Figure 6). If the flip creates a trapped edge, then
both nutshells (N, b) and (N, b′) are bad and all edges of N belong to δ(b, b′).

Let us turn now to the second case.

Case (2). Necessarily, the boundary of t1 ∪ t2 contains exactly one couple
e1 ⊂ t1, e2 ⊂ t2 of edges which do not belong to δ(b, b′). There are two
possibilities, see Figure:

(i) e1 and e2 are consecutive edges in the (abstract) quadrilateral t1∪ t2 (see
the right side of Figure 7). In this case, we can flip e and |δ| decreases by
1. If this creates a trapped edge, then e is an internal edge of a nutshell
N , and both (N, b) and (N, b′) are bad with the two boundary edges
which do not belong to δ(b, b′).
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(ii) e1 and e2 are opposite edges in the (abstract) quadrilateral t1 ∪ t2 and
their orientations are necessarily compatible, that is they extend to an
orientation of the whole boundary of the quadrilateral (see the left side
of Figure 7). By flipping e, we keep the same value of |δ|. The flip does
not create any trapped edge.

If we are in case (i) and the flip does not create a trapped edge, then we say
that e is (2)good. The other cases are (2)bad. Let us call generically good an
edge e ∈ δ(b, b′) which is either (1)good or (2)good. Otherwise, let us say that
it is bad. We can successively flip good edges until this is possible so that either
δ vanishes and we have done, or δ is nonempty and all disorientated edges are
bad. Summarizing we have:

Lemma 4.3. To prove Theorem 1.2 it is not restrictive to deal under the fol-
lowing all-bad assumptions:

(1) T does not contain trapped edges;

(2) Every edge e ∈ δ(b, b′) is nonambiguous in both (T, b) and (T, b′);

(3) Every edge in δ(b, b′) is bad.

We show now that the all-bad assumptions are quite constraining.

Lemma 4.4. Let (T, b) and (T, b′) satisfy the all-bad assumptions. Then every
e ∈ δ(b, b′) is (2)bad.

Proof. Assume that there exists a (1)bad edge e ∈ δ(b, b′). This propagates
to all edges of T so that b′ = −b and all edges should be (1)bad. We want to
show that this is impossible. We note that there are not adjacent (necessarily
bad) nutshells because a common boundary edge should be ambiguous, hence
good. Let v be a vertex of T which is not the center of a nutshell and analyze
the possible configurations of its (abstract) developed star St(v, b) (T, b) (the
one in (T̃ , b′) is obtained by just reversing the orientations).

Claim: Every such a star St(v, b) has the following qualitative configura-
tion. Every edge in the boundary of the star is ambiguous in the respective
triangle. St(v, b) can contain an even number of bad nutshells sharing the
vertex v (necessarily even because otherwise, the star would contain a good
edge) and the orientations of their boundaries alternate (compared with the
reference orientation of S̃). The edges of the boundary of the star between two
consecutive nutshells have compatible orientations as well as the internal edges
of their respective triangles are all either ingoing or outgoing for the central
vertex v. Moving along the boundary of the star, the boundary orientations
and the “in-out” types switch each time we pass a nutshell. In particular, if
there are no nutshells, then the boundary of St(v, b) is an oriented circle.
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Proof of the Claim. Assume that there is an edge e in the boundary of
St(v, b) which is nonambiguous in the relative triangle. Let us try to complete
the star by moving along its boundary in the direction of the orientation of e.
Possibly after some boundary edges which are oriented like e and are ambiguous
in the respective triangle (with internal edges pointing towards the central
vertex v), we necessarily find either a boundary edge e′ which is nonambiguous
in the respective triangle and has opposite orientation compared with e, or
a bad nutshell (whose boundary orientation is uniquely determined). We see
that in both cases there is an internal edge that is ambiguous in the star, hence
good. The claim is proved.

Now we can conclude by noticing that for every St(v, b) with the properties
stated in the Claim, there is a vertex v′ in the boundary of the star such that the
boundary of St(v′, b) contains an edge which is nonambiguous in the relative
triangle of St(v′, b). Lemma 4.4 is proved.

Remark 4.5: The hypothesis that S is orientable has been already employed
to limit the way a trapped edge can be produced; it will be important also
in the rest of the discussion; the key point is that it prevents that the stars
of the disorientated (2)bad edges (in a all-bad configuration) glue each other
at edges not belonging to δ(b, b′) producing a Möbius strip. For example, the
opposite edges not belonging to δ(b, b′) in a basic (2)bad configuration (t1∪t2, b),
(t1 ∪ t2, b′) cannot be identified.

Definition 4.6. (1) A terminal (2)bad type is either:

– A couple of (2)bad nutshell (N, b), (N, b′) such that |δ(b, b′)| = 2 and
the boundary edges do not belong to δ(b, b′).

– A couple of triangulated annuli (A, b), (A, b′) obtained from a basic
(2)bad configuration (t1∪t2, b), (t1∪t2, b′) by identifying the opposite
boundary edges of the quadrilateral which belong to δ(b, b′). For the
resulting triangulations we have |δ(b, b′)| = 2 and the boundary of
(A, b) (similarly for (A, b′)) is formed by two circles each containing
one vertex and endowed with opposite orientations.

(2) A couple (T, b) (T, b′) is said terminal all-bad if verify the all-bad assump-
tions and every disorientated edge e ∈ δ(b, b′) is contained in a terminal
(2)bad type.

We have

Lemma 4.7. To prove Theorem 1.2 it is not restrictive to deal with terminal
all-bad couples (T, b), (T, b′).
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Figure 8: Terminal move.

Proof. Let (T, b), (T, b′) verify the all-bad assumptions. If (T, b) presents a pat-
tern as in the top of Figure 8 (we stipulate that the dashed edges do not belong
to δ(b, b′)) we can perform the sequence of b-flips suggested by descending the
rows of the picture (the corresponding flips on (T, b′) are understood). We get
(T ′, b1) and (T ′, b2) such that |δ(b1, b2)| = |δ(b, b′)|−1 and the number of (2)bad
t1 ∪ t2 decreases by 1. We stop when we reach a terminal configuration.

We can state now the conclusive lemma.

Lemma 4.8. Let (T, b) and (T, b′) be a terminal all-bad couple. Then we can find
a sequence of inversions of ambiguous edges (T, b) ⇒ (T, b̃), (T, b′) ⇒ (T, b̃′)
such that |δ(b̃, b̃′)| < |δ(b, b′)|.

By iterating all the above procedure starting from (T, b̃), (T, b̃′) we eventu-
ally get |δ| = 0 and the main theorem follows.

Proof of Lemma 4.8. Let e be an edge not belonging to δ(b, b′) and contained
in the star of a disorientated ē ∈ δ(b, b′). If e is ambiguous, let us invert it in
both (T, b) and (T, b′). If e was in the boundary of a bad nutshell, after the
inversion the nutshell becomes good and we can apply Lemma 2.7. If e was in
the boundary of a basic (2)bad configuration (t1 ∪ t2, b), (t1 ∪ t2, b′), then after
the inversion, ē becomes ambiguous (recall Remark 4.5) and we can invert it
in (T, b) to decrease |δ| by 1. So, if e is ambiguous we have done. Assume
that e is not ambiguous. Then e is the edge of a (abstract) triangle which is
entirely formed by edges not belonging to δ(b, b′). Let v be the vertex of this
triangle which does not belong to e. We realize that there is an internal edge
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of St(v, b) which is ambiguous. Then by successive inversions of ambiguous
edges, we eventually make e ambiguous and we can conclude as above.

The B-proof in the generic orientable case is complete.

5. The ideal sliding equivalence

Consider again the classification of b-flips in Definition 2.1. Let us call sliding
flip (s-flip) any b-flip which is not totally ambiguous (sometimes, a totally
ambiguous flip is also said a bump flip).

na

ta

fa fa

Figure 9: Sliding and bump branched spine flips.

The reason for this terminology is more clear if we look at the picture in
terms of dual tracks (Figure 9) corresponding by duality to Figure 2. In the
dual picture, instead of the transverse orientations, we prefer to indicate the
local orientations on the dual tracks, using the counterclockwise planar orien-
tation as reference. If S is oriented, this has a global meaning, as we know
that in this case (θ, b) is an oriented train track. Referring to Remark 1.5,
we see that the continuous deformations of tracks associated with s-flips are
realized by the smooth sliding of track branches. This is not true for bump
flips. The sliding transits have been already considered in Section 5 of [1].
After having extended the notion of sliding move to bubble and 1 → 3 stellar
moves, in [1] we have been mainly concerned with the completed sliding equiv-
alence, more precisely, with branched triangulations of a given compact closed
oriented surface with an arbitrary number of vertices, considered all together.
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Here we focus on the ideal setting, we consider also nonorientable surfaces, and
we introduce some new constructions (the so-called horizontal foliation). The
s-flips together with isotopy relative to V , generate the restricted s-ideal transit
equivalence with quotient sets denoted Sid(S, V ). We pass from Sid(S, V ) to
Bid(S, V ) adding the bump b-flips to the sliding ones. The basic idea is that
every branched triangulation of (S, V ) carries some remarkable structures of
geometric/topological types that are preserved by the ideal sliding while, ac-
cordingly with Theorem 1.2, they can be widely modified by the bump transits.

Remark 5.1: A version of the sliding equivalence has been widely studied
in [13], in a different setting. One considers the set of generic measured train
tracks (τ, µ) on an orientable surface S, χ(S) < 0. The track τ is not necessarily
orientable nor dual to any (naked) triangulation T of S. The measure µ is a
function which assigns to each branch e of τ a nonnegative real number µ(e)
and verifies a suitable 3-terms relation at each switch-point of τ . If we forget
the orientation of the branches for the sliding flips in Figure 9, we get the
generators of the equivalence relation, provided that such (nonoriented) sliding
flips are enhanced with the transit of measures. In this setting, a measured
flip supported by a nonambiguous flip is usually called a shift, a measured
flip supported by a forced ambiguous flip is called a collapse, the inverse of a
collapse is called splitting.

5.1. The transverse foliations carried by a branched
triangulation

Given (S, V ) we recall that SV denotes the surface with boundary obtained by
removing a family of disjoint open 2-disks centred at each v ∈ V . We are going
to consider possibly singular foliations on SV or S. Every such a foliation can
be obtained by integration of some field of tangent direction (a tangent vector
field if the leaves are oriented). We will say that two foliations are homotopic
(isotopic) if they are obtained by the integration of homotopic (isotopic) fields.
Let (T, b) be a branched triangulation of (S, V ). First, we are going to show
that (T, b) carries canonically a pair of regular transverse foliations (V,H) on
SV , called respectively the vertical and the horizontal foliations. V is always
oriented. If S is oriented, then also H can be oriented in such a way that
every intersection point has the intersection number equal to 1. V and H can
be extended to singular foliations v and h defined on the whole of S. They
share the singular set Z which consists of the vertices v ∈ V where the index
1− db(v) 6= 0. The two foliations are transverse on S \Z. If S is oriented, then
both v and h are oriented; if the singularity indices are all non-positive, so that
S is of genus g ≥ 1, then (v, h) looks like the couple of vertical and horizontal
foliations of the square of an Abelian differential on a Riemann surface.
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Figure 10: Whitney field tiles

The vertical foliation. Recall a classical way to prove that the Euler-
Poincaré characteristic χ(S) defined through the sum of indices of zeros of any
tangent vector fields on S with isolated zeros coincides with its combinatorial
definition in terms of any triangulation T of S. Given such a triangulation T , we
take its first barycentric subdivision T (1) endowed with a standard ∆-complex
structure (i.e. a branching) so that, in particular, each vertex of T is a pit.
Then each branched triangle of T (1) carries a so-called Whitney tangent vector
field which can be defined explicitly in terms of the barycentric coordinates
(see [5]). These locally defined vector fields match to define a vector field on
the whole of S, with an isolated zero at the barycenter of each iterated face c
of T of index (−1)dim c, in such a way that the sum of these indices equals the
combinatorial characteristic of T . From this general construction, we retain
that every branched triangle (t, b) carries a tile for such a Whitney field. This
is illustrated in Figure 10; the two tiles are distinguished from each other when
the ambient surface is oriented. Let (T, b) be any branched ideal triangulation
of (S, V ). Up to isotopy, the intersection of SV with every (abstract) triangle
t of T is a “truncated triangle” t̄, i.e. a hexagon with 3 internal “long” edges
(each one contained in an edge of T ) and 3 “short” edges contained in the
boundary ∂SV . The short edges are in bijection with the corners of triangles of
T ; some are labelled by 1 like the associated corners. The union of the hexagons
forms a cell decomposition of SV , by the restriction to the long edges of the
gluing in pairs of the abstract edges of T . The union of the short edges forms
a triangulation of ∂SV . We endow each hexagon t̄ with the oriented foliation
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a
b

c

Figure 11: The vertical foliation on SV .

V(t̄, b) obtained by the integration of the restriction to t̄ of the Whitney field
carried by (t, b). These constitute the tiles of a puzzle that, once assembled,
realizes the so-called vertical foliation V = V(T, b) of SV carried by (T, b). A
tile V(t̄, b) is illustrated in Figure 11-a. In the dual viewpoint, recall that the
spine (θ, b) of SV is an embedded transversely oriented train track in SV ; the
foliation V is positively transverse to it. In Figure 11-b, we see the dual picture
corresponding to the puzzle tile. The foliation V has remarkable properties.

Definition 5.2. A traversing foliation on SV is a foliation with oriented leaves
such that:

1. Every leaf of F is a closed interval that intersects transversely ∂SV at its
endpoints.

2. There is a nonempty finite set of exceptional leaves of F which are simply
tangent to ∂SV at a finite number of points.

3. F is generic if every exceptional leaf is tangent to the boundary at one
point.

Then it is not hard to see that:

Proposition 5.3. (1) The vertical foliation V associated with a branched
spine (T, b) of (S, V ) is a generic traversing foliation on SV . The ex-
ceptional leaves of V are in bijection with the 1-labelled short edges of
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∂SV ; every exceptional leaf is tangent to the interior of the associated
edge. V is uniquely determined up to isotopy.

(2) The dual branched spine (θ, b) of SV intersects transversely all leaves of
V. Every exceptional leaf intersects transversely θ at two points. A leaf
passing through a singular point of θ is generic and intersects θ at one
point. A generic leaf intersects θ at one or two points. In the second
case, it is contained in a quadrilateral in SV vertically bounded by an
exceptional leaf and a leaf passing through a singular point of θ.

(3) Every generic traversing foliation on SV can be realized as the vertical
foliation of some branched spine of (S, V ).

Boundary bicoloring. Given a traversing foliation F of SV , denote by
X = XF ⊂ ∂SV the set of tangency points of the exceptional leaves. F
determines a bicoloring of the components of ∂SV \X, denoted by ∂F ; let us
say that a component c is white (resp. black) if the foliation is ingoing (outgoing)
along c. If S is oriented the color can be encoded by an orientation, in the sense
that a black component keeps the boundary orientation of ∂SV (according to
the usual rule “first the outgoing normal”), while a white component has the
opposite orientation. In Figure 11-c, we see the oriented enhancement of the
V-tile (we stipulate that in the picture the b-orientation of the triangle agrees
with the orientation of SV ; we obtain the picture for the negative branching
−b by just inverting all arrows).

The horizontal foliation. Alike V, we define H as the result of a puzzle.
In Figure 12-a we show the “horizontally” foliated hexagon, in Figure 12-b, the
corresponding dual picture. In general, H is not oriented. If S is oriented then
H is oriented as well; in Figure 12-c, we show the oriented version of the tile.
Now we realize that:

1. V and H are transverse foliations.

2. Let Y be the union of the 1-labelled short edges. Then every component
of ∂SV \Y is contained in a leaf of H, while H is transverse to the interior
of every 1-labelled short edge.

3. If S, hence H, is oriented then every boundary component in a leaf is
oriented like the leaf and is contained in a component of ∂SV \X; these
orientations propagate to the whole components of ∂SV \X and reproduce
the bicoloring orientation. V intersects H with the intersection number
equal to 1 everywhere.

4. The pair (V,H) is uniquely defined up to isotopy.
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a b

c

Figure 12: The horizontal foliation on SV .

If S is oriented, there is another way to realize the foliations (V,H) by using
the 2D case of a result of [8]. This can be described as follows. Take an abstract
(non-embedded) copy θ∗ of the oriented train track (θ, b). Consider the oriented
branched surface F := θ∗ × [−1, 1]; this carries the vertical foliation V∗ with
leaves of the form {x}× [−1, 1] and the horizontal one H∗ with branched leaves
of the form θ∗ × {y}. Then one can find an embedding of SV into F which
preserves the orientation and such that V is just the restriction of V∗ to SV .
This is suggested in Figure 13. H∗ restricts as well to a regular foliation of SV
which becomes our final horizontal foliation H after a suitable homotopy.

Extension to singular foliations. Let (S, V ) be as usual. A function

i : V → {n ∈ Z|n ≤ 1} is said admissible if χ(S) =
∑
v

i(v). For every

admissible function i, a vertical foliation of type i on (S, V ) is an oriented
singular foliation v that verifies by definition the following properties:

1. The singular set Z of v consists of the v ∈ V such that i(v) 6= 0.

2. If i(v) 6= 0, 1, then the local model of v at v is given by the vertical
foliation at 0 of the quadratic differential z−2i(v)dz2. If i(v) = 1, the
local model is given by the integral lines at 0 of the gradient of either the
function |z|2 or −|z|2.
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Figure 13: Another realization of V.

A horizontal foliation of type i on (S, V ) is a nonoriented singular foliation
h that verifies by definition the following properties:

1. The singular set Z of h consists of the v ∈ V such that i(v) 6= 0.

2. If i(v) 6= 0, 1, then the local model of h at v is given by the horizontal
foliation at 0 of the quadratic differential z−2i(v)dz2. If i(v) = 1, the local
model is given by the level curves at 0 of the function |z|2.

A transverse pair of foliations of type i is a pair (v, h) such that

1. v and h are vertical and horizontal foliations of type i respectively.

2. The two foliations are transverse on S \ Z and, case by case, the above
local models at the singular points hold simultaneously for both v and h.

3. If S is oriented, we require furthermore that also h is oriented in such a
way that v and h intersect everywhere with intersection number equal to
1.

Lemma 5.4. For every admissible function i there are transverse pairs of foli-
ations of type i on (S, V ).
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Proof. It is enough to prove that there exists a vertical foliation of type i, for
we can take as transverse horizontal foliation the orthogonal one for a suit-
able auxiliary Riemannian metric on S. Let SZ be the surface with boundary
obtained by removing from S a small 2-disk around every v ∈ Z. Consider
the foliation on a neighbourhood of ∂SZ determined by the i-local model at
singular points. By a simple variation of Hopf index theorem, we realize that
it extends to the whole of SZ without introducing new singularities.

Such transverse pairs of type i are considered up homotopy through trans-
verse pairs of type i which is locally an isotopy at the singular points. We denote
by T P(S, V, i) the so obtained quotient set. Set T P(S, V ) = ∪iT P(S, V, i). Fi-
nally, denote by T(SV ) the quotient set of the set of generic traversing foliations
on SV considered up to homotopy through traversing (not necessarily generic)
foliations.

The following theorem summarizes the main features of the s-transit equiv-
alence.

Theorem 5.5. For every (S, V ):

(1) The correspondence (T, b)→ V(T, b) induces a well-defined bijection

τ : Sid(S, V )→ T(SV ) .

(2) For every (T, b), consider the admissible function ib(v) = 1−db(v). Then
the associated pair of transverse foliations (V(T, b),H(T, b)) on SV ex-
tends to a transverse pair (v(T, b), h(T, b)) of type ib on (S, V ) in such a
way that this induces a well-defined map

p : Sid(S, V )→ T P(S, V ) .

(3) Fix a base point v0 ∈ V . Assume that the set of admissible functions such
that i(v0) = 0 is nonempty and denote by T P0(S, V ) the corresponding
subset of T P(S, V ). Then the set of triangulations (T, b) of (S, V ) such
that ib(v0) = 0 is nonempty and, denoting Sid0 (S, V ) the corresponding
subset of Sid(S, V ), we have that the restricted map p : Sid0 (S, V ) →
T P0(S, V ) is bijective.

Proof. The fact that the map τ in (1) is well defined and onto follows just by
looking at the sliding flips and from (3) of Proposition 5.3.

Once the extension (V(T, b),H(T, b))→ (v(T, b), h(T, b)) will be established
just below, that the map p of (2) is well defined follows from the fact that τ is
well defined.

The fact that τ in (1) is injective as well as item (3) are simpler 2D versions
of results established in [3] and [4] for branched spines of 3-manifolds with
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nonempty boundary. In [3], we essentially considered the case of closed mani-
folds, that is when the boundary consists of one 2-sphere. In [4], we faced the
general case with minor changes. We limit here to illustrate the main points,
referring to the harder proofs in 3D.

The injectivity of τ is the 2D analogous of Theorem 4.3.3 of [3]. By transver-
sality, we can assume that the homotopy is generic, that is, it contains only a
finite number of nongeneric traversing foliations, each one containing one ex-
ceptional leaf which is tangent at two points of ∂SV . Then we analyze how two
generic traversing foliations close to a nongeneric one are related to each other
and we realize that the sliding b-flips cover all possible configurations.

Figure 14: Extendible configurations at ∂SV

As for the extension of (V,H), we look at the configuration of this foliations
at each component C of ∂SV which is also the boundary of a small disk D in
S centred at one of the vertex v ∈ V (see Figure 14). If ib(v) = 0, there
are exactly two exceptional leaves of V tangent to C. Then we can extend V
without singularities through D, respecting the bicoloring of C, and manage
similarly for H. In the other cases, we easily realize that, up to isotopy, the
configuration of (V,H) at C is the restriction of the configuration of the local
models carried by D. The arbitrary choices in implementing the construction
are immaterial as the (v, h) are considered up to kind of homotopy stated above.
Note that the extension of V can be obtained by using the non-truncated tiles
of Figure 10.

Item (3) is more demanding. Notice that if χ(S) = 0, then the hypothesis
can be satisfied also when |V | = 1, in all other cases necessarily |V | ≥ 2. First,
we prove at the same time that Sid0 (S, V ) is nonempty and the restricted map
p : Sid0 (S, V )→ T P0(S, V ) is onto. The key point is to prove that every vertical
foliation v occurring in T P0(S, V ) is realized by a triangulation (T, b) with the
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given distribution of db(v)’s. This is the 2D counterpart of Proposition 5.1.1 of
[3]. The proof is based on Ishii’s notion of flow spines [11]. Let A := V \ {v0}
and define SA as usual, so that SV ⊂ SA. In general, v is not traversing SA. The
idea is to find an embedded 2-disk D in the interior of SA, centred at some point
v′0, such that v becomes traversing SV ′ and generic, where V ′ = {v′0} ∪A, and
such that only two exceptional leaves are tangent to ∂D. This is carried by a
branched triangulation of (S, V ′). Finally, via the homogeneity of S, we get the
desired triangulation (T, b) of SV . The injectivity of the restricted map p is the
counterpart of Theorem 5.2.1 of [3]. We can ‘cover’ any homotopy connecting
v(T, b) with v(T ′, b′) with a chain of flow-spines connecting (T, b) with (T ′, b′) in
such a way that the traversing foliation associated to one is homotopic through
traversing foliation to the traversing foliations of the subsequent.

Remark 5.6: Every T P(S, V, i) is an affine space over H1(SZ ;Z), Z being the
singular set prescribed by i. So in general p : Sid0 (S, V ) → T P0(S, V ) is a
bijection between infinite sets.

5.2. On the nonambiguous transit

The nonambiguous b-flips define, in the usual way, a so-called ideal na-transit
equivalence with associated quotient sets NAid(S, V ), endowed with natural
surjective projections NAid(S, V ) → Sid(S, V ). In 3D, the notion of nonam-
biguous structure (defined indeed through the transit of pre-branchings rather
than of branchings) supports nontrivial examples of intrinsic interest and inter-
esting applications to quantum hyperbolic invariants (see [1], [2]). The intrinsic
content of this 2D na-equivalence is not so evident. We limit to a few remarks
assuming furthermore that S is oriented. We refer to the notations introduced
at the end of Section 2.1.

Example 5.7: Let S be the torus and |V | = 1. Let T be the triangulation of
(S, V ) as in Figure 3-e. We check by direct inspection that for every branching
(T, b), there is not any edge of T supporting a nonambiguous flip. This holds for
every triangulation T ′ of (S, V ) because all these triangulations are equivalent
to each other up to diffeomorphism of (S, V ). Hence, in this case, the na-
transit equivalence is nothing else than the identity relation. On the other
hand, we check that the branchings on T which share the same decomposition
S = S+ ∪ S− are not s-equivalent to each other.

Question 5.8. Are branched triangulations (T, b) and (T ′, b′) of (S, V ) na-
equivalent if and only if they are s-equivalent and share the decomposition
S = S+ ∪ S−?
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1. Introduction

It is well known that, thanks to a bright idea by Mario Pezzana ([28, 29]),
every closed PL n-manifold M can be triangulated by a pseudocomplex K,
whose vertices are exactly n+1 (i.e. the minimum possible). If this is the case,
K and its dual edge-colored graph are called a contracted triangulation and a
crystallization of M respectively.

More recently, the above result was extended to singular n-manifolds, i.e.
triangulated polyhedra, whose vertices may have not only spheres, but also
closed connected (n − 1)-manifolds as links. In this context, some kind of
“minimality” with respect to the number of vertices of the obtained pseudo-
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complex can be considered, too. In particular, if M has only one singular
vertex, then Pezzana’s theorem can be presented exactly in the same form.
Hence, each such singular n-manifold may be combinatorially visualized and
studied by means of regular graphs of degree n+ 1 (still called crystallizations)
whose edges are labelled by n+ 1 colors and such that the subgraph obtained
by deleting all edges of any chosen color is connected ([15, 20]).

Since singular n-manifolds with only one singular vertex are in bijection
with manifolds with connected boundary, crystallizations can be thought of as
a representation for manifolds with connected (non-spherical) boundary, too.
Straightforward generalizations are known for singular n-manifolds with several
singular vertices, i.e. for compact manifolds with several boundary components.

The present paper is devoted to present a unifying survey about some special
classes of crystallizations of compact PL 4-manifolds with empty or connected
boundary, called semi-simple and weak semi-simple crystallizations (see Sec-
tion 4 for details), with a particular attention to their properties of minimizing
interesting combinatorially defined PL-invariants, such as the regular genus,
the Gurau degree and the gem-complexity.

The main achievement is the proof of the following summarizing result,
which is an original contribution of the present paper.

Theorem 1.1 (Main Theorem). Let M4 be a compact 4-manifold with empty

or connected boundary, and let M̂4 be its associated singular manifold; let us
assume rk(π1(M4)) = m ≥ 0 and rk(π1(M̂4)) = m′ ≥ 0. Then:

(a) The regular genus G(M4) of M4 satisfies

G(M4) ≥ 2χ(M̂4) + 5m− 2(m−m′)− 4.

Moreover, equality holds if and only if M4 admits a weak semi-simple
crystallization.

(b) The Gurau degree DG(M4) of M4 satisfies

DG(M4) ≥ 12
[
2χ(M̂4) + 5m− 2(m−m′)− 4

]
.

Moreover, equality holds if and only if M4 admits a semi-simple crystal-
lization.

(c) The gem-complexity k(M4) of M4 satisfies

k(M4) ≥ 3χ(M̂4) + 10m− 4(m−m′)− 6.

Moreover, equality holds if and only if M4 admits a semi-simple crystal-
lization.
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A further original contribution of the paper is Proposition 4.4, yielding a
characterization of compact 4-manifolds admitting semi-simple crystallizations,
via a relationship between gem-complexity and regular genus.

In Section 5 the relevant1 problem of the additivity of regular genus with
respect to connected sum is studied, and it is proved that the additivity holds
for all compact 4-manifolds with empty or connected boundary which admit
weak semi-simple crystallizations: see Proposition 5.2.

Further, Section 6 recalls the notion of gem-induced trisection (due to [10]),
which extends the well-known notion of trisection (introduced in 2016 by Gay
and Kirby: see [24]) to compact orientable 4-manifolds with connected bound-
ary, whose associated singular manifold is simply-connected. Also in this con-
text, as a particular case of results proved in [10], weak semi-simple crystal-
lizations turn out to have a “minimality property”, which enables to directly
relate the so called gem-induced trisection genus with the regular genus and/or
the Betti numbers of the represented manifold: see Propositions 6.5 and 6.6.

2. Basic elements of crystallization theory

In the present section we will briefly review some basic notions of the so called
crystallization theory, as a representation tool for piecewise linear (PL) compact
manifolds; further details may be found in the quoted papers.

From now on, unless otherwise stated, all spaces and maps will be considered
in the PL category, and all manifolds will be assumed to be compact and
connected.

Definition 2.1. An (n + 1)-colored graph (n ≥ 2) is a pair (Γ, γ), where
Γ = (V (Γ), E(Γ)) is a multigraph (i.e. multiple edges are allowed, while loops
are forbidden) which is regular of degree n + 1, and γ is an edge-coloration,
that is a map γ : E(Γ)→ ∆n = {0, . . . , n} which is injective on adjacent edges.

For sake of concision, when the coloration is clearly understood, colored
graphs are often denoted simply by Γ.

For every {c1, . . . , ch} ⊆ ∆n let Γ{c1,...,ch} be the subgraph obtained from
Γ by deleting all the edges that are not colored by the elements of {c1, . . . , ch}.
In this setting, the complementary set of {c} (resp. {c1, . . . , ch}) in ∆n will
be denoted by ĉ (resp. ĉ1 · · · ĉh). The connected components of Γ{c1,...,ch}
are called {c1, . . . , ch}-residues or h-residues of Γ; their number is denoted by
g{c1,...,ch} (or, for short, by gc1,c2 , gc1,c2,c3 and gĉ if h = 2, h = 3 and h = n
respectively).

1In the closed 4-dimensional case, the problem is strictly related to the Smooth Poincaré
Conjecture: see [21] or Section 5.
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Each (n+ 1)-colored graph Γ encodes an associated n-dimensional pseudocom-
plex K(Γ):

• K(Γ) contains an n-simplex for each vertex of Γ, and the vertices of any
n-simplex are (injectively) labelled by the elements of ∆n;

• if two vertices of Γ are c-adjacent (c ∈ ∆n), then the corresponding n-
simplices of K(Γ) are glued along their (n−1)-dimensional faces opposite
to the c-labelled vertices, so that equally labelled vertices are identified.

In general |K(Γ)| is an n-pseudomanifold and Γ is said to represent it.

Via the above construction, it is not difficult to prove that:

- |K(Γ)| is a closed n-manifold iff, for each color c ∈ ∆n, all ĉ-residues of
Γ represent the (n− 1)-sphere;

- |K(Γ)| is a singular 2 n-manifold iff, for each color c ∈ ∆n, all ĉ-residues
of Γ represent closed connected (n− 1)-manifolds.

Remark 2.2: Note that a bijective correspondence exists between singular n-
manifolds and compact n-manifolds with no spherical boundary components.
In fact, if N is a singular n-manifold, then a compact n-manifold Ň is easily ob-
tained by deleting small open neighbourhoods of its singular vertices: Ň turns
out to be either closed (in case N itself is a closed manifold, and hence N = Ň)
or with non-empty boundary, without spherical components. Conversely, given
a compact n-manifold M without spherical boundary components, a singular
n-manifold M̂ can be constructed by capping off each component of ∂M by a
cone over it.

For this reason, throughout the present work, we will restrict our atten-
tion to compact manifolds without spherical boundary components, and an
(n + 1)-colored graph Γ will be said to represent a compact n-manifold M of
this class (or, equivalently, to be a gem of M , where gem means Graph En-
coding Manifold: see [26]) if and only if it represents the associated singular

manifold M̂ .

A restricted class of graphs gives the name to the whole theory:

Definition 2.3. An (n+1)-colored graph Γ representing a compact n-manifold
with empty or connected boundary is said to be a crystallization of M if, for
each color c ∈ ∆n, Γĉ is connected.

2A polyhedron |K| (K being a simplicial complex) is said to be a singular n-manifold if
the links of the vertices of K are closed connected (n − 1)-manifolds. The notion extends
also to polyhedra associated to colored graphs: |K(Γ)| is said to be a singular n-manifold if
the links of vertices of K(Γ) in its first barycentric subdivision are closed connected (n− 1)-
manifolds. In both cases, a vertex whose link is not a (n − 1)-sphere is called a singular
vertex.
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The following theorem extends to the boundary case a well-known result -
originally due to Pezzana ([28, 29]) - founding the combinatorial representation
theory for closed manifolds of arbitrary dimension via colored graphs.

Theorem 2.4 ([15, 9]). Any compact orientable (resp. non orientable) n-
manifold with no spherical boundary components admits a bipartite (resp. non-
bipartite) (n + 1)-colored graph representing it. In particular, any compact
n-manifold with empty or connected boundary admits a crystallization repre-
senting it.

The existence of a particular type of embedding of colored graphs into
surfaces, is the key result in order to define two of the PL-invariants considered
in the present paper.

Proposition 2.5 ([23]). Let Γ be a bipartite (resp. non-bipartite) (n + 1)-
colored graph of order 2p. Then for each cyclic permutation ε = (ε0, . . . , εn)
of ∆n, up to inverse, there exists a cellular embedding of Γ into an orientable
(resp. non-orientable) closed surface Fε(Γ) whose regions are bounded by the
images of the {εj , εj+1}-colored cycles, for each j ∈ Zn+1. Moreover, the genus
(resp. half the genus) ρε(Γ) of Fε(Γ) satisfies

2− 2ρε(Γ) =
∑

j∈Zn+1

gεj ,εj+1 + (1− n)p.

Definition 2.6. Let Γ be an (n + 1)-colored graph. If {ε(1), ε(2), . . . , ε( n!
2 )} is

the set of all cyclic permutations of ∆n (up to inverse), ρε(i)(Γ) (i = 1, . . . , n!
2 )

is called the regular genus of Γ with respect to the permutation ε(i). Then, the
Gurau degree (or G-degree for short) of Γ, denoted by ωG(Γ), is defined as

ωG(Γ) =

n!
2∑
i=1

ρε(i)(Γ)

and the regular genus of Γ, denoted by ρ(Γ), is defined as

ρ(Γ) = min {ρε(i)(Γ) / i = 1, . . . ,
n!

2
}.

As a consequence, focusing on the represented compact n-manifolds, the
following combinatorially defined PL-invariants are introduced:

Definition 2.7. Let M be a compact (PL) n-manifold (n ≥ 2). The (general-
ized) regular genus of M is defined as

G(M) = min{ρ(Γ) | Γ represents M}.

and the Gurau degree (or G-degree) of M is defined as

DG(M) = min{ωG(Γ) | Γ represents M}.
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Remark 2.8: Note that the (generalized) regular genus is a PL-invariant ex-
tending to higher dimension the classical genus of a surface and the Heegaard
genus of a 3-manifold. It succeeds in characterizing spheres in arbitrary dimen-
sion ([21]), and a lot of classifying results via regular genus have been obtained,
especially in dimension 4 and 5 (see [16], [6], [9] and their references). On the
other hand, Gurau degree originally arises, within theoretical physics, from
the theory of random tensors as an approach to quantum gravity in dimen-
sion greater than two ([25]). Also G-degree characterizes spheres in arbitrary
dimension and some classifying results via this invariant have recently been
obtained in dimension 3 and 4: see [15] for the compact 3-dimensional case,
[12] for the closed 4-dimensional case, and [9] for the compact 4-dimensional
case.

A further PL-invariant has been - quite naturally - defined within crystal-
lization theory3:

Definition 2.9. For each compact n-manifold M , its gem-complexity is the
non-negative integer k(M) = p − 1, where 2p is the minimum order of an
(n+ 1)-colored graph representing M .

We point out that, for each compact n-manifold with empty or connected
boundary, both regular genus and G-degree and gem-complexity are actually
realized by a crystallization.

Moreover, if M is a compact n-manifold with empty or connected boundary,
it is always possible to assume - up to a permutation of the color set - that any
gem (and, in particular, any crystallization) of M has color n as its (unique)
possible singular color, i.e. that each ĉ-residue, with c 6= n, represents the
(n− 1)-sphere.

In Section 6 a fourth PL-invariant (called G-trisection genus) will be com-
binatorially defined via colored graphs, in the restricted setting of compact

4-manifolds M4 such that the associated singular manifold M̂4 is simply-
connected.

3. Computing invariants from crystallizations of compact
4-manifolds

In the present section, M4 will be a compact 4-manifold with empty or con-
nected boundary, such that rk(π1(M4)) = m ≥ 0 and rk(π1(M̂4)) = m′ ≥ 0

3Note that a lot of significant classification results have been obtained within crystalliza-
tion theory with respect to gem-complexity, too: as regards the closed case, see, for example,
[1] and [7] for the dimension 3, [8] and [13] for the dimension 4; in the compact case, see
[19] for a classification according to gem-complexity for compact orientable 3-manifolds with
toric boundary.
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(with m′ ≤ m), and Γ will be a 5-colored graph representing M4. As pointed
out in Section 2, we may assume without loss of generality Γ to be a crystal-
lization (i.e. Γĉ is connected for any c ∈ ∆4) and color 4 to be its (unique)
possible singular color (i.e. Γĉ represents S3, for any c 6= 4). Furthermore, let
us denote by P4 the set of all cyclic permutations ε = (ε0, ε1, ε2, ε3, ε4) of ∆4

such that ε4 = 4.

With the notations settled in Section 2 for the number of residues, [3] and [9]
yield, ∀j, k, l ∈ ∆3:

gj,k,l = 1 +m′ + tj,k,l, with tj,k,l ≥ 0 and {r, s} = ∆4 − {j, k, l};

gj,k,4 = 1 +m+ tj,k,4, with tj,k,4 ≥ 0 and {r, s} = ∆3 − {j, k}.

As a consequence:∑
i,j,k∈∆4

gi,j,k = 10 + 10m− 4(m−m′) +
∑

i,j,k∈Z5

ti,j,k (1)

On the other hand, in [9] the following relation is proved to hold for each
i ∈ ∆4 and for each ε ∈ P4:

gε̂i−1,ε̂i+1
= gεi,εi+2,εi+3

= 1 + ρε − ρε
î−1
− ρε̂

i+1
(2)

where εî = (ε0, . . . , εi−1, εi+1, . . . , ε4 = 4) and ρε, ρεî respectively denote ρε(Γ),
ρεî(Γε̂i).

Therefore:

gεi−1,εi+1,εi+3 = 1 + ρε − ρεî − ρε̂i+2
= 1 +m′ + tεi−1,εi+1,εi+3 ∀i ∈ {2, 4} and

gεi−1,εi+1,εi+3
= 1 + ρε − ρεî − ρε̂i+2

= 1 +m+ tεi−1,εi+1,εi+3
∀i ∈ {0, 1, 3},

which trivially imply

ρε − ρεî − ρε̂i+2
−m′ = tεi−1,εi+1,εi+3

∀i ∈ {2, 4} and

ρε − ρεî − ρε̂i+2
−m = tεi−1,εi+1,εi+3 ∀i ∈ {0, 1, 3}

(3)

where all subscripts are taken in Z5.

Computations regarding the regular genus, the G-degree and the order of Γ,
performed in the quoted papers and in [17], allow to prove the following sum-
marizing result, which is an original contribution of the present paper.

Proposition 3.1. Let Γ be an order 2p crystallization of a compact 4-manifold
M4 with empty or connected boundary, with rk(π1(M4)) = m ≥ 0 and

rk(π1(M̂4)) = m′ ≥ 0 (m′ ≤ m). Then:
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(a) ρε(Γ) = 2χ(M̂4) + 5m− 2(m−m′)− 4 +
∑
i∈Z5

tεi,εi+2,εi+4
;

(b) ωG(Γ) = 6
[
4χ(M̂4) + 10m− 4(m−m′)− 8 +

∑
i,j,k∈Z5

ti,j,k

]
;

(c) p− 1 = 3χ(M̂4) + 10m− 4(m−m′)− 6 +
∑

i,j,k∈Z5

ti,j,k.

Proof. In [17], for each cyclic permutation ε = (ε0, ε1, ε2, ε3, ε4) of ∆4, the
associated permutation ε′ has been defined as ε′ = (ε0, ε2, ε4, ε1, ε3).4 Then,
[17, Proposition 7] yields:

χ(N4) =
(
ρε(Γ) + ρε′(Γ)

)
− p+ 3 (4)

for any order 2p crystallization of a singular 4-manifold N4 with one singular
vertex at most.

Moreover, in virtue of [17, Proposition 6(b)],

ρε′(Γ)− ρε(Γ) =
∑
j∈Z5

gεj ,εj+1,εj+2
−
∑
j∈Z5

gεj ,εj+2,εj+4

holds for any 5-colored graph representing a singular 4-manifold N4; hence:

ρε′(Γ)− ρε(Γ) =
∑
i∈Z5

tεi,εi+1,εi+2 −
∑
i∈Z5

tεi,εi+2,εi+4 . (5)

Then, by comparing relations (5) and (4), the following formula follows:

χ(M̂4) = 2ρε(Γ) + 3− p+
∑
i∈Z5

tεi,εi+1,εi+2
−
∑
i∈Z5

tεi,εi+2,εi+4
(6)

On the other hand, an easy computation (making use of [12, Lemma 21])
yields:

χ(M̂4) = 5− 1

3

∑
i,j,k∈∆4

gi,j,k +
1

3
p. (7)

Hence, by comparison with (6) and by using (1):

χ(M̂4) = 2ρε(Γ) + 3− 3χ(M̂4) + 5− 10m+ 4(m−m′)− 2
∑
i∈Z5

tεi,εi+2,εi+4
,

4Note that, if ε ∈ P4 is assumed (i.e. ε4 = 4), we can always consider ε′ =
(ε1, ε3, ε0, ε2, ε4 = 4), i.e. ε′ ∈ P4, too.
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from which

ρε(Γ) = 2χ(M̂4) + 5m− 2(m−m′)− 4 +
∑
i∈Z5

tεi,εi+2,εi+4
(8)

easily follows, as well as

ρε′(Γ) = 2χ(M̂4) + 5m− 2(m−m′)− 4 +
∑
i∈Z5

tεi,εi+1,εi+2 . (9)

This proves statement (a).

In virtue of [17, Proposition 5],

ωG(Γ) = 6
(
ρε(Γ) + ρε′(Γ)

)
holds for each 5-colored graph (Γ, γ), and for each pair (ε, ε′) of associated cyclic
permutations of ∆4. Hence, by summing relations (8) and (9), statement (b)
easily follows:

ωG(Γ) = 6
(

2ρε(Γ) + (ρε′(Γ)− ρε(Γ))
)

= 6
(

4χ(M̂4) + 10m− 4(m−m′)− 8 +
∑

j,k,l∈∆4

tj,k,l

)
.

Finally, in order to prove statement (c), it is sufficient to make use of rela-
tion (7), together with relation (1):

p− 1 = 3χ(M̂4)− 16 +
∑

i,j,k∈∆4

gi,j,k

= 3χ(M̂4)− 16 + 10 + 10m− 4(m−m′) +
∑

j,k,l∈∆4

tj,k,l.

The following statement, extending [12, Corollary 24] to the connected bound-
ary case, is a direct consequence of Proposition 3.1 (b) and (c):

Corollary 3.2. Let M4 be a compact 4-manifold M4 with empty or connected
boundary, Then:

DG(M4) = 6
[
χ(M̂4)− 2 + k(M4)

]
.
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4. Weak semi-simple crystallizations of compact
4-manifolds

In [3] and [2] two particular types of crystallizations are introduced and studied,
by generalizing the notion of simple crystallizations for closed simply-connected
4-manifolds (see [4] and [14]): they are proved to be “minimal” with respect to
regular genus, among all graphs representing the same closed 4-manifold.

In [10] these definitions are extended to compact 4-manifolds with empty
or connected boundary.

Definition 4.1. Let M4 be a compact 4-manifold, with empty or connected
boundary. A 5-colored graph Γ representing M4 is called semi-simple if gj,k,l =
1 +m′ ∀ j, k, l ∈ ∆3 and gj,k,4 = 1 +m ∀ j, k ∈ ∆3, where rk(π1(M4)) =

m ≥ 0 and rk(π1(M̂4)) = m′ ≥ 0 (m′ ≤ m). Γ is called weak semi-simple
with respect to a permutation ε ∈ P4 if gεi,εi+2,εi+4

= 1 + m ∀ i ∈ {0, 2, 4}
and gεi,εi+2,εi+4

= 1 + m′ ∀ i ∈ {1, 3} (where the additions in subscripts are
intended in Z5).

We point out that, as a consequence of the above definition, if Γ is weak semi-
simple, then gĵ = 1, ∀ j ∈ ∆4, i.e. Γ is a crystallization of M4.
In case m = 0 (and, hence, m′ = 0, too), semi-simple (resp. weak semi-simple)
crystallizations are said to be simple (resp. weak simple).

By making use of relations (3), for all i ∈ ∆4, it is not difficult to prove the
following characterization of weak semi-simple crystallizations:

Proposition 4.2. ([10, Corollary 8]) Let Γ be a crystallization of a compact
4-manifold M4 with empty or connected boundary, with rk(π1(M4)) = m ≥ 0,

rk(π1(M̂4)) = m′ ≥ 0 (m′ ≤ m). Then Γ is weak semi-simple with respect to
a cyclic permutation ε ∈ P4 if and only if

ρεî =
1

2
(ρε −m) ∀i ∈ ∆3 and ρε4̂ =

1

2
(ρε −m) + (m−m′).

Example 4.3: As concerns the closed case, S4, CP2, S2 × S2 admit simple
crystallizations, while S1×S3, S1×̃S3 (the orientable and non-orientable sphere
bundles over S1) and RP4 admit semi-simple crystallizations. See Figures 1, 2,
3, 4, 5 respectively. Moreover, in [4] a simple (order 134) crystallization of the
K3-surface is produced.

In the boundary case, examples of simple crystallizations of S2 × D2 and
ξ2 - the D2-bundle over S2 with Euler number 2 , whose boundary is the lens
space L(2, 1) - are constructed in [9]: see Figures 6 and 7.

In the same paper, semi-simple crystallizations of Y4
h and Ỹ4

h, the genus h
orientable and non-orientable 4-dimensional handlebodies, can be found (see
Figures 8 and 9, where the orientable cases h = 1 and h = 2 are depicted), as
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well as a weak simple (but not simple!) crystallization of ξc (c ∈ Z+ − {1, 2}),
the D2-bundle over S2 with Euler number c whose boundary is the lens space
L(c, 1): see Figure 10.

Other examples of weak simple crystallizations may be found in the existing
catalogue of rigid dipole-free bipartite crystallizations of closed orientable 4-
manifolds, up to 20 vertices (see [8]): in particular, all elements with order
16 turn out to be weak simple crystallizations of simply-connected manifolds,
whose simple crystallizations appear with less than 16 vertices.

Figure 1: The (unique) simple crystallization of S4

Figure 2: The (unique) simple crystallization of CP2

We are now able to prove the Main Theorem, stated in Section 1 .

Proof of the Main Theorem. It is a direct consequence of Proposition 3.1, to-
gether with the definitions themselves of semi-simple and weak semi-simple
crystallization. In fact:

Γ weak semi-simple with respect to ε ∈ P4 ⇐⇒
∑
i∈Z5

tεi,εi+2,εi+4
= 0

Γ semi-simple ⇐⇒
∑

i,j,k∈Z5

ti,j,k = 0
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Figure 3: A simple crystallization of S2 × S2

The following statement, characterizing manifolds which admit semi-simple
crystallizations via a relationship between gem-complexity and regular genus,
is an original contribution of the present paper.

Proposition 4.4. Let M4 be a compact 4-manifold with empty or connected
boundary, with rk(π1(M4)) = m ≥ 0, rk(π1(M̂4)) = m′ ≥ 0 (m′ ≤ m). Then:

k(M4) =
3G(M4) + 5m− 2(m−m′)

2
⇐⇒

M4 admits a semi-simple

crystallization.

Proof. Let Γ and Γ′ be two crystallizations of M4 and ε ∈ P4 a permutation,
such that G(M4) = ρ(Γ) = ρε(Γ) and k(M4) = p′ − 1, 2p′ being the order of
Γ′. Statements (a) and (c) of Proposition 3.1 yield:

G(M4) = ρε(Γ) = 2χ(M̂4) + 5m− 2(m−m′)− 4 +
∑
i∈Z5

tεi,εi+2,εi+4

k(M4) = p′ − 1 = 3χ(M̂4) + 10m− 4(m−m′)− 6 +
∑

i,j,k∈Z5

t′i,j,k

where ti,j,k ≥ 0 (resp. t′i,j,k ≥ 0) is the difference between the number of
{i, j, k}-residues in Γ (resp. in Γ′) and either m + 1 (in case 4 ∈ {i, j, k}) or
m′ + 1 (in case 4 /∈ {i, j, k}).

Moreover,∑
i∈Z5

tεi,εi+2,εi+4
≤
∑
i∈Z5

t′ε̄i,ε̄i+2,ε̄i+4
≤
∑
i∈Z5

t′ε̄i,ε̄i+1,ε̄i+2
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Figure 4: Semi-simple crystallizations of S1 × S3 and S1 ×̃ S3

Figure 5: The (unique) semi-simple crystallization of RP4

holds, for any permutation ε̄ ∈ P4 such that ρε̄(Γ
′) ≤ ρε̄′(Γ

′), ε̄′ denoting, as
in the proof of Proposition 3.1, the permutation of P4 which is associated to ε̄.
Hence:

2k(M4)− 3G(M4)− 5m+ 2(m−m′)

= 2
∑

i,j,k∈Z5

t′i,j,k − 3
∑
i∈Z5

tεi,εi+2,εi+4

≥ 2
∑

i,j,k∈Z5

t′i,j,k − 3
∑
i∈Z5

t′ε̄i,ε̄i+2,ε̄i+4

=
∑
i∈Z5

t′ε̄i,ε̄i+1,ε̄i+2
+ (
∑
i∈Z5

t′ε̄i,ε̄i+1,ε̄i+2
−
∑
i∈Z5

t′ε̄i,ε̄i+2,ε̄i+4
) ≥ 0.
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Figure 6: A simple crystallization of S2 × D2

This proves that the equality

2k(M4) = 3G(M4) + 5m− 2(m−m′)

holds if and only if∑
i∈Z5

t′ε̄i,ε̄i+1,ε̄i+2
= 0 and

∑
i∈Z5

t′ε̄i,ε̄i+1,ε̄i+2
−
∑
i∈Z5

t′ε̄i,ε̄i+2,ε̄i+4
= 0

i.e. Γ′ is a semi-simple crystallization of M4.

As a consequence of statement (a) of the Main Theorem, together with
Proposition 4.2, we have:

Corollary 4.5. Let Γ be a crystallization of a compact 4-manifold M4 with
empty or connected boundary, with rk(π1(M4)) = m ≥ 0 and rk(π1(M̂4)) =
m′ ≥ 0 (m′ ≤ m). Then, Γ is weak semi-simple with respect to the cyclic
permutation ε ∈ P4 if and only if

G(M4) = ρ(Γ) = ρε(Γ) = 2χ(M̂4) + 5m− 2(m−m′)− 4

or, equivalently, if and only if

ρεî = χ(M̂4) +m+m′ − 2 ∀i ∈ ∆3 and ρε4̂ = χ(M̂4) + 2m− 2.

Table 1 summarizes the values of the invariants regular genus, G-degree and
gem-complexity for all 4-manifolds considered in Example 4.3, computed via
results of the present Section.
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Figure 7: A simple crystallization of ξ2

existing
M4 G(M4) DG(M4) k(M4) minimal

crystallizations

S4 0 0 0 simple

CP2 2 24 3 simple
S2 × S2 4 48 6 simple
S1 × S3 1 12 4 semi-simple

S1×̃S3 1 12 4 semi-simple

K3 44 528 66 simple

RP4 3 36 7 semi-simple
ξ2 2 24 3 simple

S2 × D2 2 24 3 simple
Y4
h h 12h 3h semi-simple

Ỹ4
h h 12h 3h semi-simple

ξc (c ∈ Z+ − {1, 2}) 2 ≤ 12c ≤ 2c− 1 weak simple

Table 1: invariants for the considered compact 4-manifolds

We conclude the Section by pointing out what it is known about the topo-
logical structure of simply-connected compact PL 4-manifolds admitting simple
or weak simple crystallizations.
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Figure 8: A semi-simple crystallization of Y4
1

Figure 9: A semi-simple crystallization of Y4
2

Recall that the notions of simple and weak simple crystallizations arise from
Definition 4.1, in case of m = 0 (and, as a consequence, m′ = 0, too).

In particular, a simple crystallization (originally defined in [4] only in the
closed case) is a 5-colored graph representing a simply connected compact (PL)
4-manifold with the property that the 1-skeleton of the associated triangulation
equals the 1-skeleton of a 4-simplex.

In [14], any (simply-connected) closed (PL) 4-manifold M admitting a sim-
ple crystallization is proved to admit a special handlebody decomposition, i.e. a
handle decomposition lacking in 1-handles and 3-handles (see [27, Section 3.3]).

Theorem 4.6. [14, Theorem 1.1] Let M4 be a closed (PL) 4-manifold. If
M4 admits a simple crystallization, then M4 admits a handle decomposition
lacking in 1-handles and 3-handles (or, equivalently, M4 is represented by a
(not dotted) framed link with β2(M) components).
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3

2

1 2c

2c -1

2c -2

2c -2

2c -1

2c1

2

3

Figure 10: A weak simple crystallization of ξc (c ≥ 3)

Recently, the same property has been proved to hold also in the compact
connected-boundary case, and also for a large class of 4-manifolds, which com-
prehends those admitting weak simple crystallizations.

Theorem 4.7 ([11]). Let M4 be a compact (PL) 4-manifold, with empty or con-
nected boundary. If M4 admits a weak simple crystallization, then M4 admits
a handle decomposition lacking in 1-handles and 3-handles (or, equivalently,
M4 is represented by a (not dotted) framed link with β2(M) components).

Remark 4.8: Note that - in the closed case - the existence of a special han-
dlebody decomposition is related to Kirby problem n. 50:

“Does every simply-connected closed 4-manifold have a handlebody
decomposition without 1-handles? Without 1- and 3-handles?”

On the other hand, since simple crystallizations of TOP-homeomorphic PL
manifolds must have the same order, the existence of infinitely many differ-
ent PL-structures on the same TOP 4-manifold ensures that not all closed
simply-connected PL 4-manifolds admit simple crystallizations. Moreover, as
a consequence of Theorem 4.6, it may be easily proved that, if an exotic PL-
structure on S4 (resp. CP2) exists, then the corresponding PL 4-manifold does
not admit simple crystallizations ([14, Corollary 3.3]).

Hence, Theorem 4.7 may be useful to investigate Kirby problem n. 50,
via a class of 5-colored graphs (including weak simple crystallizations) which
possibly succeeds in representing all closed simply-connected 4-manifolds.
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5. Invariants additivity and related problems

It is well-known that the regular genus is subadditive with respect to connected
sum of closed n-manifolds ([22]). This can be checked directly via the so called
graph connected sum construction, starting from a pair of graphs representing
two given closed n-manifolds and realizing their regular genera. For each pair
of (n + 1)-colored graphs Γ1, Γ2 and for each choice of vertices v1 ∈ V (Γ1),
v2 ∈ V (Γ2), the graph connected sum of Γ1 and Γ2 with respect to v1 and v2

is the (n+ 1)-colored graph constructed by deleting v1 and v2 from Γ1 and Γ2

and welding the “hanging” edges of the same color. The obtained graph has
regular genus equal to the sum of the regular genera of Γ1 and Γ2, and - in
case of Γ1, Γ2 representing two closed n-manifolds M1, M2 - it is proved to
represent a connected sum of M1 and M2.

On the other hand, the additivity of regular genus under connected sum has
been conjectured5, and the associated (open) problem is significant, at least in
the closed orientable case, and especially in dimension four.

Conjecture 5.1 ([21]). Let Mn
1 , M

n
2 be two closed (orientable) n-manifolds.

Then,
G(Mn

1 #Mn
2 ) = G(Mn

1 ) + G(Mn
2 ).

In fact, it is easy to prove that the 4-dimensional case of Conjecture 5.1
implies the 4-dimensional Smooth Poincaré Conjecture, via the well-known
Wall Theorem on homotopic 4-manifolds.

However, it is obvious that the construction of graph connected sum can
be performed on any pair of (n + 1)-colored graphs representing compact n-
manifolds and, under suitable conditions, it yields an (n + 1)-colored graph
representing either an internal or a boundary connected sum of the given man-
ifolds (see [9, Section 4] for details).

Since the present paper focuses on compact manifolds with empty or con-
nected boundary, in the following we will consider only the connected sum
constructions that are internal to this class of manifolds.

More precisely, given two compact n-manifolds Mn
1 , M

n
2 , with empty or

connected boundary, Mn
1 ]M

n
2 will denote an (internal) connected sum of Mn

1

and Mn
2 if and only if at least one of Mn

1 , M
n
2 is closed; otherwise it will

denote a boundary connected sum of Mn
1 and Mn

2 . Then, by exploiting the
graph connected sum construction, it is not difficult to check that

G(Mn
1 ]M

n
2 ) ≤ G(Mn

1 ) + G(Mn
2 ).

5Obviously, in the 3-dimensional case, regular genus satisfies the additive property with
respect to connected sum, via a classic result on Heegaard genus.
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The definition itself of graph connected sum implies that the class of com-
pact 4-manifolds admitting weak simple/semi-simple crystallizations is closed
under connected sum. This fact has interesting consequences regarding additi-
vity properties of the PL-invariants regular genus, G-degree and gem-complex-
ity.

Proposition 5.2. Let M1 and M2 be two compact 4-manifolds admitting weak
semi-simple (resp. semi-simple) crystallizations. Then, M1]M2 admits weak
semi-simple (resp. semi-simple) crystallizations, too.
As a consequence, additivity of regular genus (resp. of G-degree and gem-
complexity) holds within the class of compact 4-manifolds admitting weak semi-
simple (resp. semi-simple) crystallizations.

Note that, in general, the additivity of gem-complexity (and of G-degree,
too, via Corollary 3.2) cannot hold because of the finiteness of the invariant:
it is sufficient to make use of Wall Theorem, together with the existence of
infinitely many PL-structures on the same TOP 4-manifold.

Notwithstanding this, Proposition 5.2 enables to compute both the regular
genus and the G-degree and the gem-complexity for a large class of compact
4-manifolds, obtained by connected sums of the compact 4-manifolds CP2,
S2 × S2, S1 × S3, S1×̃S3, K3, RP4, ξ2, S2 × D2, Y4

h, Ỹ4
h (which admit semi-

simple crystallizations, as shown in Example 4.3).

The following statement extends to compact 4-manifolds a double inequality
concerning regular genus, obtained in [13, Proposition 6.5].

Proposition 5.3. For each compact 4-manifold M4 with empty or connected
boundary, with rk(π1(M4)) = m ≥ 0 and rk(π1(M̂4)) = m′ ≥ 0 (m′ ≤ m):

2− 2G(M4) ≤ χ(M̂4) ≤ 2 +
G(M4)

2
− 5m− 2(m−m′)

2
.

Proof. It is sufficient to make use of statement (a) of the Main Theorem, to-
gether with the following formula, proved in [9, Proposition 13] for any 5-colored
graph Γ representing a compact 4-manifold M4 and for each cyclic permutation
ε of ∆4:

χ(M̂4) = 2− 2ρε(Γ) +
∑
i∈∆4

ρεî(Γε̂i). (10)

In [13], by means of the double inequality improved by Proposition 5.3,
two classes of closed 4-manifolds were detected, for which additivity of regular
genus holds; while the complete identification of the manifolds belonging to
one class was performed in the same paper, it was also pointed out that the
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problem of completely determining the other class remained open. Now, we
can trivially extend the analysis to the compact setting, obtaining the complete
characterization of both (extended) classes.

Proposition 5.4. Let M1,M2 be two compact 4-manifolds with empty or con-
nected boundary, with rk(π1(Mi)) = mi ≥ 0 and rk(π1(M̂i)) = m′i ≥ 0
(m′i ≤ mi) for each i ∈ {1, 2}.

(a) If G(Mi) = 1− χ(M̂i)
2 for each i ∈ {1, 2}, then:

G(M1]M2) = G(M1) + G(M2) and G(M1]M2) = 1− χ(M̂1]M2)

2
.

(b) If G(Mi) = 2χ(Mi) + 5mi − 2(mi −m′i)− 4 for each i ∈ {1, 2}, then:

G(M1]M2) = G(M1) + G(M2) and

G(M1]M2) = 2χ(M̂1]M2) + 5(m1 +m2)− 2(m1 +m2 −m′1 −m′2)− 4.

Moreover, a compact 4-manifold M4 is involved in case (a) (resp. (b)) if and
only if it is a connected sum of sphere bundles over S1 (resp. if and only if M4

admits a weak semi-simple crystallization).

Proof. Statements (a) and (b) are direct consequences of the double inequality

of Proposition 5.3 by further observing that χ(M̂1]M2) = χ(M̂1) + χ(M̂2)− 2.
As regards the class of compact 4-manifolds involved in statement (a), note
that, in virtue of formula (10), they admit a 5-colored graph, realizing the
regular genus (i.e. G(M4) = ρε(Γ)), such that ρεî(Γε̂i) = 0 for each i ∈ ∆4.
Now, [9, Proposition 15] ensures M4 to be a connected sum of (orientable or
non-orientable) sphere bundles over S1.6

On the other hand, statement (a) of the Main Theorem easily proves that
the class of compact 4-manifolds involved in statement (b) exactly consists in
compact 4-manifolds admitting weak semi-simple crystallizations.

Remark 5.5: We point out that the connected sums of (orientable or non-
orientable) sphere bundles over S1 are the only compact 4-manifolds belonging
to both classes involved in Proposition 5.4: they are characterized by the equa-
lity between the regular genus and the rank of fundamental group (as proved
in [9, Theorem 4]), and hence the double inequality of Proposition 5.3 actually
becomes a double equality.

6Note that the condition ρε
î
(Γε̂i ) = 0, ∀i ∈ ∆4 directly implies M4 to be a closed

4-manifold, since regular genus zero characterizes spheres in any dimension.
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6. B-trisections induced by weak semi-simple
crystallizations

Throughout this section all manifolds are supposed to be orientable.
The notion of trisection of a smooth, oriented closed 4-manifold was intro-

duced in 2016 by Gay and Kirby ([24]), by generalizing the classical idea of
Heegaard splitting in dimension 3: the 4-manifold is decomposed into three
4-dimensional handlebodies, with disjoint interiors and mutually intersecting
in 3-dimensional handlebodies, so that the intersection of all three “pieces” is
a closed orientable surface. The minimum genus of the intersecting surface is
called the trisection genus of the 4-manifold.

Hass, Bell, Rubinstein and Tillmann in [5] performed an approach to the
study of trisections via singular triangulations and their construction was ap-
plied by Spreer and Tillmann ([31]) to the case of triangulations induced by
crystallizations of closed 4-manifolds. In this setting Spreer and Tillmann
succeeded into calculating the trisection genus of all closed standard (PL) 4-
manifolds through their simple crystallizations.

The extension to the connected boundary case and to a wider class of edge-
colored graphs is presented in [10] following a suggestion in [30]; it relies on the
notion of B-trisection.

Definition 6.1. Let M4 be a compact 4-manifold with empty (resp. connected)
boundary. A B-trisection of M4 is a triple T = (H0, H1, H2) of 4-dimensional
submanifolds of M4, such that:

(i) M4 = H0 ∪H1 ∪H2 and H0, H1, H2 have pairwise disjoint interiors;

(ii) H1, H2 are 4-dimensional handlebodies; H0 is a 4-disk (resp. is (PL)
homeomorphic to ∂M4 × [0, 1]);

(iii) H01 = H0 ∩H1, H02 = H0 ∩H2 and H12 = H1 ∩H2 are 3-dimensional
handlebodies;

(iv) Σ(T ) = H0∩H1∩H2 is a closed connected surface (which is called central
surface).

Remark 6.2: Note that the central surface of a B-trisection T = (H0, H1, H2)
of M4 is an Heegaard surface for the 3-manifold ∂Hi = #ki(S1 × S2) (ki ≥ 0),
for each i ∈ {1, 2}, splitting it into the 3-dimensional handlebodies Hij and
Hik, with {j, k} = {0, 1, 2} − {i}. Moreover, in the closed (resp. boundary)
case, (H01, H02,Σ(T )) is an Heegaard splitting of ∂H0 = S3 (resp. of ∂M4,
and more precisely of the boundary component of ∂H0 intersecting H1 ∪H2).
Hence, obviously, we have ki ≤ genus(Σ(T )) for each i ∈ {1, 2}, and, in the
boundary case, the genus of Σ(T ) is an upper bound for the Heegaard genus
of ∂M4.
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Moreover, via Seifert-Van Kampen’s Theorem, it is not difficult to check that,

the simply-connectedness of the singular manifold M̂4 is a necessary condition
for the existence of a B-trisection of M4(see [10]).

In order to construct B-trisections for 4-manifolds with empty or connected

boundary, we consider the set, denoted by G
(4)
s , of all 5-colored graphs having

only one 4̂-residue and such that all î-residues, with i ∈ ∆3, represent the 3-
sphere. Note that any compact 4-manifold with empty or connected boundary

can be represented by an element of this set. Moreover, G
(4)
s properly contains

(up to permutation of the color set) all weak semi-simple crystallizations of
compact 4-manifolds with empty or connected boundary.

The following theorem ensures the existence, for the whole class of compact
4-manifolds with empty or connected boundary, of a triple of submanifolds
satisfying “almost all” conditions required by a B-trisection.

Theorem 6.3 ([10]). Let M4 be a compact 4-manifold with empty or connected

boundary. For each 5-colored graph (Γ, γ) ∈ G(4)
s representing M4 and for each

ε ∈ P4, a triple T (Γ, ε) = (H0, H1, H2) of submanifolds of M4 is obtained,
satisfying properties (i), (ii) and (iv) of Definition 6.1, and such that H01 =
H0 ∩H1 and H02 = H0 ∩H2 are 3-dimensional handlebodies.
Moreover, the central surface Σ(T (Γ, ε)) = H0 ∩H1 ∩H2 is a closed connected
surface of genus ρε4̂(Γε̂4).

The notions of gem-induced trisection and G-trisection genus arise quite
naturally from the above result.

Definition 6.4. Let M4 be a compact 4-manifold M4 with empty or connected
boundary. If the triple T (Γ, ε) = (H0, H1, H2) of M4, associated to a 5-colored

graph Γ ∈ G
(4)
s and a permutation ε ∈ P4, is a B-trisection (i.e. if H12 =

H1 ∩H2 is a 3-dimensional handlebody, too), then it is called a gem-induced
trisection of M4.

The gem-induced trisection genus - or G-trisection genus for short - gGT (M4)
of M4 is the minimum genus of the central surface of any gem-induced trisection
T (Γ, ε) of M4:

gGT (M4) = min{genus(Σ(T (Γ, ε))) / T (Γ, ε) B-trisection of M4}.

As a direct consequence of Theorem 6.3, if Γ is a crystallization of a closed
simply-connected 4-manifold M4 admitting a gem-induced trisection - actually
a trisection -, then the trisection genus of M4 is less or equal to ρε4̂(Γε̂4).

Detecting classes of 5-colored graphs inducing triples T (Γ, ε), and possibly
B-trisections, with minimal genus of their central surface is thus a relevant prob-
lem. The problem is faced in [10], proving in particular that weak semi-simple
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Figure 11: The 2-simplex σ

crystallizations guarantee the minimality of the genus of the central surface of
a gem-induced trisection, if any. For this reason, we will now briefly sketch
the construction of the triple T (Γ, ε) of Theorem 6.3 for the particular case of
a crystallization Γ that is weak semi-simple with respect to the permutation
ε ∈ P4.

Let us denote by σ the standard 2-simplex, by vb, vr, vg its vertices and by
σ′ its first barycentric subdivision. Following [5] and [31], let us consider the
following partition of ∆4 : b = {4}, g = {ε1, ε3}, r = {ε0, ε2}. In the following,
for sake of simplicity, we suppose ε = (0, 1, 2, 3, 4).

Let µ : K(Γ)→ σ be the the simplicial map sending all vertices of K(Γ),
whose colors belong to the same partition class, to one vertex of the standard
2-simplex; then Hb (resp. Hr) (resp. Hg) is the preimage by µ of the star
of vb (resp. vr) (resp. vg) in σ′. Therefore it is easy to see that Hb is a
regular neighbourhood of the (unique) 4-colored vertex of K(Γ) and precisely
it is the cone over its disjoint link. On the other hand Hr (resp. Hg) is a
regular neighbourhood of the 1-dimensional subcomplex K02(Γ) (resp. K13(Γ))
of K(Γ) generated by its i-colored vertices, with i ∈ {0, 2} (resp. i ∈ {1, 3})
and it is not difficult to see that Hr (resp. Hg) is a 4-dimensional handlebody
of genus g1,3,4 − 1 = m (resp. g0,2,4 − 1 = m), where m = rk(π1(M4)).

The bijection between M4 and M̂4 described in Remark 2.2 allows to prove
(see [10] for details) that (Hb, Hr, Hg) defines a triple T (Γ, ε) = (H0, H1, H2)
satisfying Theorem 6.3, by setting H1 = Hr, H2 = Hg and H0 = Hb, if
∂M4 = ∅, or H0 to be a collar of ∂M4 obtained by removing from Hb a
suitable neighbourhood of the singular vertex, if ∂M4 6= ∅.

In fact, Hrb = Hr∩Hb (resp. Hgb = Hg∩Hb) is the preimage under µ of the
edge of σ′ depicted in Figure 11 as the “green” (resp. “red”) edge, and turns
out to be always an handlebody. Moreover, both in the closed and connected
boundary case, the central surface Σ = H0∩H1∩H2 = Hb∩Hr ∩Hg is proved
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to be a closed connected surface of genus ρε4̂(Γε̂4). With regard to Hrg, this
complex is the preimage under µ of the edge of σ′ depicted in Figure 11 as the
“blue” edge.

By Definition 6.4, the triple T (Γ, ε) = (H0, H1, H2) of M4 is a gem-induced
trisection of M4 if Hrg collapses to a graph.

The following proposition states, for weak semi-simple crystallizations, a
“minimality property” regarding the genus of the associated central surface,
which is actually proved in [10, Proposition 14] for a larger class of 5-colored
graphs.

Proposition 6.5 ([10]). Let M4 be a compact 4-manifold with empty or con-
nected boundary and let Γ be a weak semi-simple crystallization of M4 with
respect to ε ∈ P4. Let T (Γ, ε) = (H0, H1, H2) be the triple of submanifolds of
M4 associated to Γ and ε; then

genus(Σ(T (Γ, ε))) ≤ genus(Σ(T (Γ̄, ε̄)))

for all Γ̄ ∈ G(4)
s such that |K(Γ)| ∼= |K(Γ̄)| and for all ε̄ ∈ P4.

It is pointed out in [18] that, if (H0, H1, H2) is a trisection of a closed
4-manifold M4 with central surface Σ, then g(Σ) ≥ β1(M4) + β2(M4).

A more general formula ([10, Proposition 18]) extends the above to a wider
class of compact 4-manifolds with empty or connected boundary. By applying
it to the case of weak semi-simple crystallizations, and by making use also of
Proposition 4.2, we have:

Proposition 6.6 ([10]). Let M4 be a compact 4-manifold with empty or con-
nected boundary which admits a weak semi-simple crystallization Γ giving rise
to a gem-induced trisection T (Γ, ε). Then,

gGT (M4) =
1

2
(ρε(Γ) +m) = β2(M4) + β1(M4) + 2

(
m− β1(M4)

)
,

with m = rk(π1(M4)).

In particular,

gGT (M4) =
1

2
ρε(Γ) = β2(M4)

for each compact (simply-connected) 4-manifold M4, with empty or connected
boundary, which admits a weak simple crystallization Γ giving rise to a gem-
induced trisection T (Γ, ε).

In this case, if M4 is closed, its G-trisection genus (equal to the second
Betti number β2(M4)) coincides with its trisection genus.
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Finally, given a 5-colored graph Γ ∈ G(4)
s representing a compact 4-manifold

M4 with empty or connected boundary, a sufficient condition is known for
T (Γ, ε) to be a B-trisection of M4 for each cyclic permutation ε ∈ P4. It

makes use of the existence of a presentation of π1(M̂4) whose generators are
in bijection with the 4-colored edges of Γ and whose relations are in bijection
with the bicolored cycles of Γ involving color 4: see [9] for details.

Proposition 6.7 ([10]). Let < X,R > be the presentation of π1(M̂4) with
X = {x1, . . . , xp} in bijection with the 4-colored edges of Γ and R = {r1, . . . , rq}
in bijection with the {4, i}-cycles of Γ, for each i ∈ ∆3.

If the presentation < X,R > collapses to the trivial one through a finite
sequence of moves of the following type:

if rj = xs (j ∈ Nq, s ∈ Np), then delete xs from the generator set,

and from each relation containing it, too,

then M4 admits a gem-induced trisection T (Γ, ε), for each ε ∈ P4.

All simple, semi-simple or weak semi-simple crystallizations depicted in Fi-
gures 1–3 and 6–10 turn out to satisfy the sufficient condition of Proposition 6.7;
the same happens with the simple crystallization of the surface K3 presented
in [4]. Therefore, all of them give rise to gem-induced trisections, that, by
Proposition 6.6, realize the G-trisection genus of the represented manifolds

(see Tables 2, where only manifolds M4 such that π1(M̂4) = 0 are taken into
account).

Proposition 6.6 also ensures that, for the closed simply-connected 4-mani-
folds of Tables 1 and 2, the described crystallizations turn out to realize also
the trisection genus.

M4 gGT (M4)

S4 0

CP2 1
S2 × S2 2
K3 22

S2 × D2 1
Y4
h h

ξc (c ≥ 2) 1

Table 2: computation of the G-trisection genus.
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The following proposition shows that the G-trisection genus has the same
behaviour as the regular genus with respect to connected sums (compare with
Proposition 5.2):

Proposition 6.8 ([10]). Let M4
1 ,M

4
2 be two compact 4-manifolds with empty

or connected boundary admitting gem-induced trisections. Then M4
1 ]M

4
2 admits

gem-induced trisections, too, and

gGT (M4
1 ]M

4
2 ) ≤ gGT (M4

1 ) + gGT (M4
2 ).

Furthermore, equality holds if M4
1 and M4

2 admit B-trisections induced by weak
semi-simple crystallizations.

Remark 6.9: As a consequence of the previous proposition, for any compact
4-manifold M4, with empty or connected boundary, that is a connected sum
of the manifolds in Table 2, the equality

gGT (M4) = β2(M4) + β1(M4)

holds. In particular, for all closed simply-connected “standard” 4-manifolds,
Propositions 6.6 and 6.8 ensure that the trisection genus equals the second
Betti number, as proved by Spreer and Tillmann in [31] by using simple crys-
tallizations.
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1. Introduction

In this brief note, building upon techniques and ideas already used in [2], we
construct a hyperbolic 3-manifold that is a branched cover of a link in another
hyperbolic manifold (the mapping torus of a pseudo-Anosov map of the surface
of genus 2) in two different ways. More precisely we show

Theorem 1.1. Given two integers n > m ≥ 2, there are infinitely many pair-
wise distinct pairs (M,L) where M is a closed fibred hyperbolic 3-manifold
and L a five-component link contained in another closed fibred hyperbolic 3-
manifold |O| such that M is a 2mn-sheeted regular branched cover of L in two
non-equivalent ways.

By distinct pairs (M,L) and (M ′, L′) we mean that either the two manifolds
are not homeomorphic (equivalently not isometric as hyperbolic manifolds, by
Mostow’s rigidity [3]) or that the two links L and L′ are not equivalent, i.e. the
pairs (|O|, L) and (|O′|, L′) are not homeomorphic. In our construction, the
link L is transverse to the fibration of the manifold in which it is contained.

As a straightforward consequence of the above result, we obtain

Corollary 1.2. There are infinitely many pairs of non-isometric closed hy-
perbolic 3-orbifolds that have the same topological type and volume.



460 J. LOS ET AL.

Indeed, let M be one of the closed hyperbolic manifolds whose existence
is assured by Theorem 1.1. The two orbifolds of each pair mentioned in the
corollary are obtained as quotients of M by the action of two groups of order
2mn, corresponding to the two deck-transformation groups of the two non
equivalent regular branched coverings. By construction, the two orbifolds have
the same volume and topological type: in both cases, their underlying space,
i.e. the space of orbits of the action, is |O|, and the points with non trivial
stabilisers map precisely onto L. The construction will show that the orders of
ramification are (2, 2, 2m, 2m,n) in one case and (2, 2, 2n, 2n,m) in the other
so that the two orbifolds cannot be isometric. In any case, because of Mostow’s
rigidity [3], one can also conclude by observing that the two orbifolds would
be isometric if and only if the corresponding regular branched coverings were
equivalent.

In order to build our examples, we start by describing certain (branched)
covers of surfaces. As in [2], the 3-manifolds and orbifolds we are looking for
will be then obtained as mapping tori of pseudo-Anosov maps defined on the
surfaces considered. The maps will be chosen so that they “commute” with
the covering projections, indeed all maps will be lifts of a single Anosov map
defined on the common quotient of all surface covers, that is a torus in this
construction.

2. Surface covers

Given two integers n > m ≥ 2 we wish to construct two non-equivalent 2mn-
sheeted covers from the (closed, connected, orientable) surface Sg of genus
g = 6nm−n−m+1 onto the surface of genus 2, branched over five points, with
orders of ramification (2, 2, 2m, 2m,n) for the first cover and (2, 2, 2n, 2n,m)
for the second one. We shall see the bases of the two covers as two 2-orbifolds:
Σ2(2, 2, 2m, 2m,n) and Σ2(2, 2, 2n, 2n,m). Both orbifolds are orbifold double
covers of the torus T (2, 2, 2m, 2n) with four cone points of orders (2, 2, 2m, 2n).

In order to make the construction of the different coverings easier to un-
derstand we will separate it in two different steps. In step one we will con-
struct an mn-sheeted branched cover from Sg to the orbifold Σ5(m,m, n, n)
of genus five with four cone points of orders (m,m, n, n). In step two we will
show that the orbifold Σ5(m,m, n, n) double covers both Σ2(2, 2, 2m, 2m,n)
and Σ2(2, 2,m, 2n, 2n). Using the fact that the deck transformations of the
covering constructed commute, we will also see that Σ2(2, 2, 2m, 2m,n) and
Σ2(2, 2,m, 2n, 2n) have a common quotient, which is the Z/2 × Z/2 quotient
of Σ5(m,m, n, n). This quotient will be T (2, 2, 2m, 2n).

The branched covers just discussed can be summarised in the following
commuting diagram of covers:
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Figure 1: The orbifold Σ5(m,m, n, n).

Sg

Σ5(m,m, n, n)

Σ2(2, 2, 2m, 2m,n) Σ2(2, 2,m, 2n, 2n)

T (2, 2, 2m, 2n)

Note that all covers associated to arrows appearing in the diagram are
regular. The group of deck transformations associated to Sg −→ Σ5(m,m, n, n)
is isomorphic to Z/m×Z/n, the other being double covers, as already observed.

2.1. Step one

In this part we start by constructing a cover of order mn from the surface
of genus (m − 1)(n − 1) onto the 2-sphere with four branch points, two of
order n and two of order m. Having fixed an integer h ≥ 0 we will then
adapt the construction in order to have a cover from the surface of genus
g = hmn+ (m− 1)(n− 1) onto the surface of genus h again with four branch
points, two of order n and two of order m. Observe that for the case we are
interested in we have h = 5 and g = 6nm−n−m+ 1 = 5mn+ (m− 1)(n− 1).

To construct the covering we want, we will find a surface of genus (m −
1)(n − 1) admitting a symmetry of type Z/m × Z/n where the generators of
both cyclic subgroups have fixed points belonging to precisely two orbits of the
Z/m×Z/n-action. A simple way to build a surface having prescribed symmetry
is to use a symmetric graph and see the surface as the boundary of a regular
neighbourhood of a standard embedding of the graph in 3-space (as was done
in [2]).

We will build a graph embedded in the 3-sphere. To make things more
explicit, it is convenient to see the 3-sphere S3 ⊂ C2 as the set of points (z1, z2)
such that |z1|2 + |z2|2 = 1. Note that S3 admits a Z/m×Z/n-action defined on
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the generators as (z1, z2) 7→ (e2iπ/mz1, z2) and (z1, z2) 7→ (z1, e
2iπ/nz2). Con-

sider now the following sets of points in the 3-sphere: A = {pk = (e2ikπ/m, 0) |
k = 0, . . . ,m − 1} and B = {ql = (0, e2ilπ/n) | l = 0, . . . , n − 1}. Observe
that both sets are invariant by the Z/m × Z/n-action by construction. The
graph we are interested in is the complete bipartite graph with sets of vertices
A and B and set of edges {ekl : k = 0, . . . ,m − 1; l = 0, . . . , n − 1} where
ekl = {(cos t pk + sin t ql) | 0 < t < π/2}. It is clear that the graph is embedded
in S3 in a Z/m×Z/n-equivariant way. Figure 2 shows the case n = 3 andm = 4,
where the solid tori {(z1, z2) ∈ S3 | |z2|2 ≤ 1} and {(z1, z2) ∈ S3 | |z2|2 ≥ 1}
have their boundaries identified, and their cores are the components of a Hopf
link. Figure 3 shows the whole graph for n = 2 and m = 3.

Figure 2: A local picture of the (n,m)-complete bipartite graph with vertices
on the Hopf link for n = 3 and m = 4.

We then obtain the desired surface by taking the boundary of a sufficiently
small regular and equivariant neighbourhood of the graph. Note that the Euler
characteristic of our graph is m + n − nm, so it follows immediately that the
genus of the boundary surface is mn−m− n + 1. We wish to stress that the
fixed-point set of the cyclic subgroup of order m acting on the 3-sphere is the
circle of equation z1 = 0 containing the set B and, similarly, the fixed-point set
of the cyclic subgroup of order n is the circle of equation z2 = 0 containing the
set A. As a consequence, nearby each point of A (respectively B) the cyclic
group of order n (respectively m) has two fixed points on the surface. Since
the Z/m × Z/n-action is freely transitive on the edges of the graph, it is not
hard to see that the quotient of this surface by the action is a sphere with two
cone points of order m and two of order n.
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the Hopf link

3 vertices on this 
component

2 vertices on this 
component

Figure 3: A global picture of the (n,m)-complete bipartite graph with vertices
on the Hopf link for n = 2 and m = 3.

Figure 4: A tube and a surface of genus h = 5 that replaces it in the construc-
tion.

To construct a covering with the same type of action from the surface of
genus hmn+(m−1)(n−1) onto a surface of genus h, we start by observing that
the surface we have just built can be decomposed into n m-holed spheres, m n-
holed spheres and mn tubes each attached on one side to some hole of a sphere
of the first type and on the other to some hole of a sphere of the second type.
To generalise the construction it suffices to replace each tube with a surface
of genus h with two holes (see Figure 4): the boundary components of the
surface are attached as the boundary components of the original tubes were. It
is obvious that one can carry out this construction in a Z/m×Z/n-equivariant
way.

2.2. Step two

For the remaining coverings we follow the same strategy: we start by consider-
ing a symmetric graph embedded in R3. Consider the unit circle C0 in the plane
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Figure 5: The circle pattern in the x3 = 0-plane and the position of the cone
points of orders n and m on the genus-5 surface boundary of a regular neigh-
bourhood (not shown in the picture).

of equation x3 = 0. In the same plane, consider four circles Ci, i = 1, 2, 3, 4, of
centres (1, 1, 0), (−1, 1, 0), (−1,−1, 0), and (1,−1, 0) respectively, all of radius√

2 − 1. The set Γ = ∪4i=0Ci is a graph in the plane of equation x3 = 0. By
construction, Γ is invariant by the action of the π-rotations about the x1 and
x2 axes. Once more, consider a small and invariant regular neighbourhood of
Γ: its boundary is clearly a surface of genus 5. We wish to identify this surface
with the quotient Σ5(m,m, n, n) of the cover constructed in Step one. We do
so by imposing that the outermost points of intersection of the surface with
the x1 axis are the two cone points of order m and the outermost points of
intersection of the surface with the x2 axis are two cone points of order n. It
is now straightforward to realise that the quotient of Σ5(m,m, n, n) by the π-
rotation about the x1 (respectively x2) axis is the orbifold Σ2(2, 2, 2m, 2m,n)
(respectively Σ2(2, 2, 2n, 2n,m)). The two π-rotations commute and generate
a Klein group of order four. The quotient of Σ5(m,m, n, n) by its action is
T (2, 2, 2m, 2n).

Remark that, although the two double branched covers from the surface
of genus five to that of genus two are equivalent, the 2mn-sheeted branched
coverings Sg −→ Σ2(2, 2, 2m, 2m,n) and Sg −→ Σ2(2, 2, 2n, 2n,m) are not, for
the orders of ramification are different. Notice that the two double branched
covers are equivalent since the surface of genus five admits a cyclic symmetry of
order four (a π/2-rotation about the x3-axis) which conjugates the two covering
involutions. This symmetry preserves the marked points, although not their
orders and generates, together with the Klein group, a dihedral group of order
eight.
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3. Mapping tori

We wish now to construct 3-manifolds as mapping tori of homeomorphisms
defined on the surfaces built in the previous section. We want, moreover, that
the mapping tori fulfill some extra requirements.

Lemma 3.1. Consider the five surfaces Sg, Σ5(m,m, n, n), Σ2(2, 2, 2m, 2m,n),
Σ2(2, 2, 2n, 2n,m), and T (2, 2, 2m, 2n), and branched coverings constructed in
the previous section. For each homeomorphism φ of the torus fixing four points
(corresponding to the four cone points of T (2, 2, 2m, 2m)), it is possible to
choose a power ψ = φk and a homeomorphism of each of the four remain-
ing surfaces in such a way that each of the constructed branched coverings of
surfaces induces a branched covering of the corresponding mapping torus.

Moreover, there exist infinite order homeomorphisms φ such that the fol-
lowing extra properties hold.

1. The mapping tori associated to the homeomorphisms of Σ2(2, 2, 2m, 2m,n)
and Σ2(2, 2, 2n, 2n,m) are homeomorphic.

2. The cone points of Σ2(2, 2, 2m, 2m,n) and Σ2(2, 2, 2n, 2n,m) are fixed
by the chosen homeomorphisms and they close up to equivalent five-
component links in the mapping tori.

Proof. We start by explaining what it means for a regular (branched) covering
of a surface to induce a regular (branched) covering of a mapping torus of a
homeomorphism of the surface. Observe the following basic fact. If G is a
finite group of homeomorphisms acting on a surface S, the map S −→ S/G is a
regular, possibly branched, cover. G induces an action on the product S× [0, 1]
which is trivial on the interval [0, 1]. Given a homeomorphism of S, this latter
action induces an action on the mapping torus of the homeomorphism (and thus
a regular (branched) covering) provided the homeomorphism centralises G.

Keeping the above in mind, since we are dealing with finite covers there
is a power of φ that lifts to all covers and, up to choosing possibly a further
power ψ = φk, we can even ensure that the fibres of the cone points are fixed
pointwise by the lift. The lifts commute with the actions of the goups of deck
transformations by construction and are the homeomorphisms of the four other
surfaces that we need to choose. Note that if φ is of infinite order, so will be ψ
and all its lifts. If φ is of finite order one can choose ψ, as well as all its lifts,
to be the identity.

To ensure that the two extra conditions hold, we need the lifts of ψ to
Σ2(2, 2, 2m, 2m,n) and Σ2(2, 2,m, 2n, 2n) to be conjugate, and the conjugation
to map the cone points of the first orbifold to those of the second one.

This may not be achieved for any arbitrary infinite order φ. We thus provide
a construction allowing to build suitable homeomorphisms φ. We start by
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taking a further quotient of our surfaces. We point out that this quotient will
not be the base space of an orbifold covering with total space Sg. Consider
T (2, 2, 2m, 2m). If we forget the orders of the cone points we see that the
symmetry of order four of the surface of genus five induces an elliptic involution
of T (2, 2, 2m, 2m) which exchanges the two cone points of order two and those
of orders 2m and 2n. Observe that this elliptic involution is also induced by
any of the two π-rotations about the diagonals x1 = ±x2 in the x3 = 0 plane
of the previous construction (see Figure 5).

Let ϕ be an infinite order homeomorphism ϕ of the 2-sphere quotient of the
torus by the action of the elliptic involution. We require moreover that ϕ fixes
six points: two points a and b corresponding to the orbits of the cone points of
T (2, 2, 2m, 2m) and four others corresponding to the orbits of the fixed-points
of the elliptic involution. Up to passing to a power, we can assume that ϕ lifts
to a homeomorphism φ of the covering torus which fixes each point a1, a2 in the
fibre of a and b1, b2 in the fibre of b. We identify this torus with T (2, 2, 2m, 2n)
in such a way that a1 and a2 are cone points of order 2, b1 of order 2m, and b2
of order 2n. We also require that {ai, bi} are the images of the fixed points of
the π-rotation about the axis xi, i = 1, 2.

With this choice of φ, the mapping tori associated to the lifts of ψ discussed
above satisfy the desired requirements.

The diagram of surface orbifold covers gives thus rise to a diagram of in-
duced 3-dimensional orbifold covers between mapping tori:

M

N(m,m, n, n)

O(2, 2, n, 2m, 2m) O(2, 2,m, 2n, 2n)

Q(2, 2, 2m, 2m)

We stress again that here the orbifolds O(2, 2, n, 2m, 2m) and O(2, 2, 2n, 2n,m)
have the same topological type, that is are homeomorphic as manifolds and
their singular sets are equivalent links.

4. Hyperbolic structures

The mapping tori constructed in Lemma 3.1 satisfy the covering conditions of
the statement of Theorem 1.1. To finish the proof of the theorem we still have
to prove that each of the mapping tori can be chosen to admit a hyperbolic
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structure and that there are infinitely many pairwise non isometric manifolds
with this property.

Thurston’s hyperbolization theorem for manifolds that fibre over the circle
(see [4]) ensures that the mapping tori constructed in Lemma 3.1 are hyperbolic
manifolds if and only if they are mapping tori of pseudo-Anosov maps. In what
follows we show how one can choose the homeomorphisms in Lemma 3.1 to be
pseudo-Anosov.

For this to be the case it suffices to choose the homeomorphism ψ described
in the previous section to be Anosov. This is a standard fact that can be
derived from [1, Exposé 13] as discussed in detail in [2, Section 3.1].

It is possible to exhibit an Anosov map satisfying the desired properties ψ
must have even without considering the quotient by the elliptic involution.
Indeed, each linear Anosov map commutes with the standard elliptic involu-
tion corresponding to minus the identity; in particular, the elliptic involution
preserves the fixed points of the Anosov map. Now, to our purposes it is suf-
ficient that the linear Anosov we choose has at least four fixed points that are
exchanged in pairs by the hyperelliptic involution. Indeed, we only need to
identify these two orbits with the set of cone points of order two, and of order
2m and 2n respectively. Since Anosov maps have periodic orbits of arbitrarily
large orders (see for instance [5]), up to perhaps taking a power, we can assume
that our linear Anosov has at least eight fixed points. Now the standard elliptic
involution has precisely four fixed points, all other points belonging to orbits
with two elements. We can thus conclude that the Anosov map has at least
four fixed points that are exchanged in pairs by the standard elliptic involution.

To finish the proof of Theorem 1.1, it is enough to construct infinitely many
non isometric hyperbolic manifolds obtained as mapping tori of pseudo-Anosov
maps.

Note that all finite groups of deck transformations can be realised as isome-
try groups for the hyperbolic structure of the 3-manifolds or orbifolds on which
they act by Mostow’s rigidity [3], so the quotients are hyperbolic orbifolds.
Now, since the orders of the groups acting are arbitrarily large, we see that we
must have infinitely many non isometric manifolds M having two non equiva-
lent branched covers on the same link.

Also, by taking powers of ψ we obtain infinitely many commensurable ex-
amples and infinitely many links. Indeed, for a fixed choice of n > m ≥ 2,
and for a fixed link L, the set of possible volumes of orbifolds with singular
set L and ramifications orders of the form (2, 2, 2n, 2n,m) or (2, 2, 2m, 2m,n)
must be finite. However, by taking mapping tori associated to powers of ψ the
volume must grow, because they cover each other.

Note that the five-component links in |O| are fibred and hyperbolic. Indeed,
the pseudo-Anosov maps defined over the surface of genus 2 with five cone
points restrict to pseudo-Anosov maps of the five-punctured genus-2 surface
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obtained by removing the cone points.
This ends the proof of Theorem 1.1.
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Abstract. Let X be a finite connected graph, possibly with loops and
multiple edges. An automorphism group of X acts purely harmonically
if it acts freely on the set of directed edges of X and has no invert-
ible edges. Define a genus g of the graph X to be the rank of the first
homology group. A finite group acting purely harmonically on a graph
of genus g is a natural discrete analogue of a finite group of automor-
phisms acting on a Riemann surface of genus g. In the present paper,
we investigate cyclic group Zn acting purely harmonically on a graph
X of genus g with fixed points. Given subgroup Zd < Zn, we find the
signature of orbifold X/Zd through the signature of orbifold X/Zn. As a
result, we obtain formulas for the number of fixed points for generators
of group Zd and for genus of orbifold X/Zd. For Riemann surfaces,
similar results were obtained earlier by M. J. Moore.
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1. Introduction

Let X be a finite connected graph, possibly with loops and multiple edges. We
provide each edge of X (including loops) by two possible orientations. Define
the genus g of the graph X to be the rank of its first homology group. An
automorphism group of a graph is said to act harmonically if it acts freely on
the set of its directed edges and purely harmonically if it also has no invertible
edges. By [2] and [4], a finite group acting harmonically on a graph of genus g
is a natural discrete analogue of a finite group of homeomorphisms acting on a
closed orientable topological surface of genus g. In particular, in papers [4, 5],
a discrete version of the classical 84(g − 1) Hurwitz theorem is established.
Also discrete versions of the Oikawa [15] and the Arakawa [1] theorems which
sharpen the Hurwitz upper bound for various classes of groups where found in
[9, 13].

An automorphism of a graph X is said to be harmonic if it generates a
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cyclic group acting harmonically on X. In paper [12], the authors have found
a discrete analogue of the Wiman theorem by which the order of a harmonic
automorphism of a graph X of genus g ≥ 2 does not exceed 2g + 2 and this
bound is achieved for any even g. However, in contrary to the Riemann surface
case considered by Wiman, an automorphism of maximal order acts without
fixed points. The size of cyclic group acting harmonically on X with given
number of fixed points was estimated from the above in [6].

In the present paper, we investigate cyclic group Zn acting purely harmon-
ically on a graph X of genus g with fixed points. Given subgroup Zd < Zn,
we find the signature of orbifold X/Zd through the signature of X/Zn. To do
this, we use an approach developed by the first named author [10] for the case
of Riemann surfaces. As a result, we obtain formulas for the number of fixed
points for generators of group Zd and for genus of orbifold X/Zd. For Riemann
surfaces, similar results were obtained earlier by M. J. Moore [14].

2. Basic definitions and preliminary facts

In this paper, a graph X is a finite connected multigraph, possibly with loops.
We provide each edge of X including loops, by the two possible orientations.
Denote by V (X) the set of vertices and by E(X) the set of directed edges
of X. Given e ∈ E(X), by ē we denote edge e taking with the opposite
orientation. Let G ≤ Aut(X) be a group of automorphisms of a graph X.
An edge e ∈ E(X) is called invertible if there is ϕ ∈ G such that ϕ(e) = ē.
Let G act without invertible edges. Define the quotient graph X/G so that its
vertices and edges are G-orbits of the vertices and edges of X. Note that if the
endpoints of an edge e ∈ E(X) lie in the same G-orbit then the G-orbit of e is
a loop in the quotient graph X/G. We say that the group G acts harmonically
on a graph X if it acts freely on the set of directed edges E(G) which simply
means that, each element of G that fixes an edge e ∈ E(G) is the identity. If
G acts harmonically and without invertible edges, we say that G acts purely
harmonically on X.

Let G be a finite group acting purely harmonically on a graph X. For every
ṽ ∈ V (X) denote by Gṽ the stabilizer of ṽ in the group G and by |Gṽ| its
order. Next to each vertex v ∈ V (X/G) we prescribe the number mv = |Gṽ|,
where ṽ ∈ ϕ−1(v). Since G acts transitively on each fibre of ϕ, these numbers
are well-defined. The point v, for which mv ≥ 2, will be called branch point
of order mv. Defining the genus of a graph as its cyclomatic number or Betti
number (equivalently, rank of the first homology group) we have the following
version of the Riemann-Hurwitz formula that can be found in [2, 4, 11].

Proposition 2.1. Let G be a finite group acting purely harmonically on a graph
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X of genus g. Denote by γ genus of the factor graph X/G. Then

g − 1 = |G|

γ − 1 +
∑

v∈V (X/G)

(
1− 1

mv

) . (1)

Observe that actually v in the above sum run over the branch points of X/G.

We prefer to look on the quotient graph X/G as on a one-dimensional
orbifold. In this case, the notion of signature is very important. If the group
G acts purely harmonically on X, the signature is defined as the sequence
(γ;m1, . . . ,mr), where γ is the genus of X/G and m1,m2, . . . ,mr are branch
orders used in Proposition 2.1. In the case of repetition, we will use power mark
to indicate the number of equal entries. For example, we write (3; 13, 22, 31)
instead of (3; 1, 1, 1, 2, 2, 3).

3. Finite group acting purely harmonically on a graph

The main technique of the present paper is the uniformization theory of graphs
and their coverings [7, 12, 9].

Let G be a finite group acting purely harmonically on a graph X of genus
g with the factor space X/G of signature (γ;m1, . . . ,mr). In what follows, we
suppose that all vertex stabilizers of G on graph X are cyclic groups.

Let X be a graph of groups with a trivial group assigned to each vertex
and each edge of X. Consider a graph of groups Y obtained by prescribing the
respective group Zmi , i = 1, . . . , r to each of r points of the branch set and
trivial groups to all other vertices and edges of Y . Then the map ϕ : X → Y
can be naturally extended to a covering Φ : X → Y of graph of groups. Denote
by ∆ = π1(X ) and Γ = π1(Y) the fundamental groups and by X̃ and Ỹ the
universal covering trees of graphs of groups X and Y respectively. By the
Bass uniformization theorem [3, Proposition 2.4], there exists a lift of Φ to an

isomorphism Φ̃ : X̃ → Ỹ between covering trees equivariant under the action
of ∆ and Γ on X̃ and Ỹ respectively. We note that X ∼= X̃/∆ and Y ∼= Ỹ/Γ.
Identifying X̃ and Ỹ via isomorphism Φ̃ we replace the covering Φ : X → Y by
the covering X̃/∆→ X̃/Γ induced by a group inclusion H / Γ with Γ/∆ ∼= G.

By [3, p. 7], ∆ is a free group of the rank g and Γ = Z∗γ ∗ Zm1 ∗ . . . ∗Zmr ,

where Z∗γ is a free product of γ copies of Z. Let X̃ be the universal covering
tree of the graph X. Note that X̃ is the underlying graph of the graph of group
X̃ . Following traditions in the Riemann surface theory (see, for example, [8]),
one can refer to Γ as a universal covering group of the orbifold X/G.
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4. Cyclic group action on Riemann surfaces and graphs

First of all, we are going to find a discrete version of the following result es-
tablished earlier in [10]. Then, we will use the obtained result to establish
graph-theoretical versions of two Moore’s theorems proved in [14].

Theorem 4.1 (A. D. Mednykh, 1980). Let S be a compact Riemann sur-
face and Zn be a cyclic group of conformal automorphisms of S. Denote by
(γ;m1, . . . ,mr) the signature of orbifold S/Zn. Let Zd be a subgroup of Zn of
order d. Then the orbifold S/Zd has the signature(

γd; (m1, d)n/[m1,d], . . . , (mr, d)n/[mr,d]
)
,

where (mi, d) = gcd(mi, d), [mi, d] = lcm(mi, d), i = 1, 2, . . . , r, while γ and γd
are genera of the respective orbifolds.

We prove the following theorem.

Theorem 4.2. Let X be a finite connected graph and Zn be a cyclic group
acting purely harmonically on X. Denote by (γ;m1, . . . ,mr) the signature of
orbifold X/Zn. Let Zd be a subgroup of Zn of order d. Then the orbifold X/Zd
has the signature (

γd; (m1, d)n/[m1,d], . . . , (mr, d)n/[mr,d]
)
,

where (mi, d) = gcd(mi, d), [mi, d] = lcm(mi, d), i = 1, 2, . . . , r, while γ and γd
are genera of the respective orbifolds.

Proof. Let X̃ be the universal covering graph of orbifold O = X/Zn. See [12]
for detailed definition. Then there is an action of the group Γ = Z∗γ ∗ Zm1 ∗
. . . ∗ Zmr

on X̃ such that the factor graph X̃/Γ is isomorphic to O. That is, Γ
is the universal covering group of O. Moreover, there exists an order preserving
epimorphism θ : Γ → Zn whose kernel is a free group of rank g, where g is
genus of graph X.

Denote by H preimage θ−1(Zd). Then H is the universal covering group

of orbifold Od = X/Zd. Identifying Od with X̃/H and O with X̃/Γ we have

the sequence of orbifold coverings X̃
p→ Od

q→ O induced by group inclusions
I < H < Γ. Since θ is order preserving we have |Γ : H| = |Zn : Zd| = n/d. This
number coincides with multiplicity of covering q. That is, each edge of O has
exactly n/d preimages in Od. Consider a vertex x ∈ Od. By [12, Example 1],
branch order of x in orbifold Od is equal to the size of stabilizer |Hx̃| of group
H in any preimage x̃ ∈ p−1(x). In the same time, branch order of y = q(x)
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in orbifold O is equal to the size of stabilizer |Γx̃|. Avoiding the points with
trivial stabilizer, we can assume that |Γx̃| = mj for some j = 1, 2. . . . , r and y
is a branch point of orbifold O. Recall [12] that Γx̃ is a cyclic group of order
mj . The stabilizer Hx̃ is formed by those elements of Γx̃ = Zmj whose images
under epimorphism θ belong to Zd. Since θ preserves the order of elements, we
have Hx̃ = Z(mj ,d), where (mj , d) is the greatest common divisor of mj and d.
So, each element in the fiber q−1(y) of the n/d-fold covering q has branch order
(mj , d). Notice there are exactly (n/d) : (mj/(mj , d)) = n(mj , d)/(mjd) =
n/[mj , d] of them. This gives the proof of the theorem.

As a consequence of the above result, we obtain the following version of
the Moore formula for the number of fixed points well known in the Riemann
surface theory [8, 14]. An alternative proof of this result can be obtained by
making use of discrete version of Macbeath’s formula given in [6].

Theorem 4.3 (Moore’s formula for graphs). Let Zn be a cyclic group acting
purely harmonically on a graph X and h be an element of order d, d > 1 in the
group Zn. Denote by (γ;m1, . . . ,mr) the signature of the orbifold X/Zn. Then
the number of fixed points of h is given by the formula∑

d |mi

n

mi
.

Proof. Consider the canonical map ϕ : X → X/Zd, where Zd is a cyclic group
generated by h. By Theorem 4.2, the signature of orbifold Od = X/Zd is equal
to (

γd; (m1, d)n/[m1,d], . . . , (mr, d)n/[mr,d]
)
,

where γd is genus of Od.
Let x ∈ Od and Fx = ϕ−1(x) be the fiber of x. Since the covering ϕ is

regular, the group Zd acts transitively of the set Fx. So, the fiber Fx contains
a fixed point of h if and only if it consists of one element. If x is an ordinary
point of orbifold Od (that is, branch point of order 1), the fiber Fx consists of
d > 1 elements and has no fixed points of h. According to the signature of Od,
for any i = 1, 2, . . . , r we have n/[mi, d] branch points of order (mi, d). The
fiber of such a point has length one if and only if d/(mi, d) = 1. The latter is
equivalent to d|mi. As a result, the number of fixed points of h is given by∑

d |mi

n

[mi, d]
=
∑
d |mi

n

mi
.

As a direct consequence of Theorem 4.3 we have the following statement.
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Corollary 4.4. Let Zn be a cyclic group acting purely harmonically on a graph
X and denote by (γ;m1, . . . ,mr) the signature of the orbifold X/Zn. Then the
number of fixed points of a generator of Zn coincides with the number of entities
mi in the signature which are equal to n.

Now our aim is to obtain Moore’s formula for the genus of X/Zd. The
original result [14, Theorem 4], rewritten in terms of orbifolds, is given by the
theorem below. The proof of this theorem in the paper [14] is quite complicated.
Our approach, based on Theorems 4.1 and 4.2, allows to get the result quickly.

Theorem 4.5. Let G be a cyclic group of automorphisms of order n acting on
a Riemann surface S of genus g at least two. Suppose that the signature of
orbifold S/G has rb periods b, for each b dividing n, and, for d|n, let Gd be the
subgroup of G of order d. Then the orbit space S/Gd has genus γd, given by

γd = 1 +
1

d
(g − 1)− 1

2d

∑
bb′=n

b′rb
(
(b, d)− 1

)
,

where (b, d) denotes the greatest common divisor of b and d.

The following theorem a discrete version of the above Moore’s theorem for
cyclic orbifold Od = X/Zd.

Theorem 4.6. Let X be a finite graph of genus g and Zn be a cyclic group
acting purely harmonically on X. Denote by (γ;m1, . . . ,mr) be the signature of
orbifold X/Zn. Let Zd be a subgroup of Zn of order d. Then genus g of graph
X and genus γd of orbifold Od = X/Zd are related by the formula

g − 1 = d(γd − 1) +

r∑
i=1

n

mi

(
(mi, d)− 1

)
.

where (mi, d) = gcd(mi, d).

Proof. By Theorem 4.2, orbifold Od = X/Zd has the following signature(
γd; (m1, d)n/[m1,d], . . . , (mr, d)n/[mr,d]

)
.

By the Riemann-Hurwitz formula (1) we obtain

g − 1 = d

(
γd − 1 +

r∑
i=1

n

[mi, d]

(
1− 1

(mi, d)

))
. (2)

We note that [mi, d](mi, d) = mi d and
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d

(
n

[mi, d]

(
1− 1

(mi, d)

))
= d

(
n

[mi, d]
− n

[mi, d](mi, d)

)
=

nd

[mi, d]
− nd

mi d

=
n

mi

(
mi d

[mi, d]
− 1

)
=

n

mi

(
(mi, d)− 1

)
.

Hence,

d

r∑
i=1

n

[mi, d]

(
1− 1

(mi, d)

)
=

r∑
i=1

n

mi

(
(mi, d)− 1

)
and the result follows from (2).

Assuming that signature (γ;m1, . . . ,mr) has rb periods mj = b, for each b
dividing n, we restate the main result of Theorem 4.6 in the form

γd = 1 +
1

d
(g − 1)− 1

d

∑
bb′=n

b′rb
(
(b, d)− 1

)
.
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1. Introduction

In [1, Theorem 4.3], Adams proved that a torsion free Kleinian group of cofinite
volume is generated by two parabolic transformations if and only if the quotient
hyperbolic manifold is homeomorphic to the complement of a 2-bridge link
which is not a torus link. This refines the result of Boileau and Zimmermann
[14, Corollary 3.3] that a link in S3 is a 2-bridge link if and only if its link
group is generated by two meridians.

In 2002, Agol [3] announced the following classification theorem of non-free
Kleinian groups generated by two parabolic transformations, which generalises
Adams’ result.

Theorem 1.1. A non-free Kleinian group Γ is generated by two non-commuting
parabolic elements if and only if one of the following holds.

(1) Γ is conjugate to the hyperbolic 2-bridge link group, G(r) ∼= π1(S3−K(r)),
for some rational number r = q/p, where p and q are relatively prime
integers such that q 6≡ ±1 (mod p).
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Figure 1: The black graphs illustrate weighted graphs representing 2-bridge
links and Heckoid orbifolds, where the thick edges with weight ∞ correspond
to parabolic loci and thin edges with integral weights represent the singular set.
The red thin graphs represent the parabolic generating pairs of the hyperbolic
2-bridge link groups and the Heckoid groups.

(2) Γ is conjugate to the Heckoid group, G(r;n), for some r ∈ Q and some
n ∈ 1

2N≥3.

Adams also proved that each hyperbolic 2-bridge link groups has only
finitely many distinct parabolic generating pairs up to equivalence [1, Corol-
lary 4.1] and moreover that the figure-eight knot group has precisely two such
pairs up to equivalence [1, Corollary 4.6]. Here, a parabolic generating pair
of a non-elementary Kleinian group Γ is an unordered pair of two parabolic
transformations that generate Γ. Two parabolic generating pairs {α, β} and
{α′, β′} of Γ are said to be equivalent if {α′, β′} is equal to {αε1 , βε2} for some
ε1, ε2 ∈ {±1} up to simultaneous conjugation.

Agol [3] also announced the following theorem, which generalises the above
results of Adams. (See Figure 1 for intuitive description and Section 2 for
precise description.)

Theorem 1.2. (1) Every hyperbolic 2-bridge link group G(r) has precisely two
parabolic generating pairs up to equivalence.

(2) Every Heckoid group G(r;n) has a unique parabolic generating pair up to
equivalence.

In the last author’s joint paper [7] with Hirotaka Akiyoshi, Ken’ichi Ohshika,
John Parker, and Han Yoshida, a full proof to Theorem 1.1 was given. The main
purpose of this companion paper of [7] is to give an alternative ‘homological’
proof to Theorem 1.2. As an application, we give a complete characterisation
of epimorphims between 2-bridge knot groups (Theorem 8.1 and Remark 8.2)
and a complete characterisation of degree one maps between the exteriors of
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hyperbolic 2-bridge links (Theorem 8.3). Since it is proved by Boileau, Boyer,
Reid, and Wang [10, Corollary 1.3] that a knot group which is a “homomorph”
of a 2-bridge knot group is itself a 2-bridge knot group, Theorem 8.1 gives an
alternative “precise” proof for 2-bridge knot groups to Simon’s conjecture that
a knot group admits epimorphisms onto only finitely many knot groups, which
was established by Agol and Liu [4] in full generality. Theorem 8.1 has been
already used in [31, 45, 46]. We apologise the delay in writing up the result.

In the preceding paper [35] by the second and last authors, a proof to
Theorem 1.2(1) for the genus-one 2-bridge knot groups was given by using the
small cancellation theory. In the first author’s master thesis [5] supervised by
the last author, a proof to the result for all hyperbolic 2-bridge knots was given
by using the Alexander invariants. In this paper, we give a simple proof for
all hyperbolic 2-bridge link groups and for all Heckoid groups, by using the
homology of the double branched coverings.

It should be noted that the parabolicity of the generating pairs is essential in
Theorem 1.2. In fact, Heusener and Porti [30] proved that every hyperbolic knot
admits infinitely many generating pairs up to Nielsen equivalence. Moreover,
the same conclusion for torus knots, which include the non-hyperbolic 2-bridge
knots, had been proved by Zieschang [47].

Our proof of Theorem 1.2 is based on Boileau’s suggestion [9] to use the
well-known fact that, for a parabolic generating pair {α, β} of Γ, there is an
order 2 elliptic element h in the normaliser N(Γ) of Γ in Isom+(H3) such that
(hαh−1, hβh−1) = (α−1, β−1) (see Propositions 3.1 and 3.2). Since we can
determine the isometry groups of the hyperbolic 2-bridge link complements and
the Heckoid orbifolds (Propositions 4.1 and 7.2), Boileau’s suggestion leads us
to a finite list of possible parabolic generating pairs (see Propositions 4.4, 4.5,
and Section 7). For the hyperbolic 2-bridge link groups, we can exclude all
fake parabolic generating pairs through simple calculations on the homology
of the double branched coverings (Sections 5 and 6). For the Heckoid groups,
we can also do so through a simple argument by using the orbifold theorem
and by using natural epimorphisms from Heckoid groups onto the π-orbifold
groups of 2-bridge links (Section 7). This is the strategy of our proof of the
main Theorem 1.2.

At the end of the introduction, we note that Agol [3] obtained Theo-
rem 1.2(1) as a corollary of the following much stronger theorem.

Theorem 1.3. For any hyperbolic 2-bridge link group G(r) and for any merid-
ian pair in G(r) which is not equivalent to the upper nor lower meridian pair,
the subgroup of G(r) generated by the meridian pair is a free group.

He proved this theorem through a beautiful ping-pong argument applied to
the ideal boundary of the universal covering space of the natural local CAT(0)
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cubical complex of the 2-bridge link complement, which is constructed from a
reduced alternating diagram of the 2-bridge link.

This paper is organised as follows. In Section 2, we give a detailed descrip-
tion of Theorem 1.2. In Section 3, we recall Boileau’s key suggestion (Proposi-
tion 3.1) which relates parabolic generating pairs of hyperbolic 2-bridge links
to strong inversions of the links, and present its extension to Heckoid orbifolds
(Proposition 3.2). In Section 4, we classify the strong inversions of hyperbolic
2-bridge links and list all possible parabolic generating pairs of the link groups
(Propositions 4.4 and 4.5). In Sections 5 and 6, we show that all possible
parabolic generating pairs, except for the upper and lower meridian pairs, are
not generating pairs, by using the homology of the double branched coverings
(Propositions 5.2 and 6.1). Thus the proof of the first assertion of Theorem 1.2
is completed in this section. In Section 7, we prove the second assertion of
Theorem 1.2, after determining the orientation-preserving isometry groups of
Heckoid orbifolds (Proposition 7.2) by using [7, Proposition 12.6]. In Section 8,
we give a characterisation of epimorphims between 2-bridge knot groups (The-
orem 8.1) and a characterisation of degree one maps between the exteriors of
hyperbolic 2-bridge links (Theorem 8.3), by using the main Theorem 1.2.

2. Precise description of Theorem 1.2

We first give a precise description of Theorem 1.2(1). For a rational num-
ber r = q/p, let K(r) be the 2-bridge link of slope r. Recall that K(r) is
hyperbolic if and only if q 6≡ ±1 (mod p). When r satisfies this condition,
the hyperbolic 2-bridge link group G(r) is defined to be the Kleinian group,
which is unique up to conjugation, such that H3/G(r) is homeomorphic to
S3 −K(r) as an oriented manifold. Thus G(r) is isomorphic to π1(E(K(r))),
where E(K(r)) = S3− intN(K(r)) is the exterior (the complement of an open
regular neighbourhood) of K(r). The Kleinian group G(r) is generated by
two parabolic transformations, and it is proved by Adams [1, Theorem 4.3]
that any parabolic generating pair of G(r) consists of meridians. Here an el-
ement of G(r) ∼= π1(E(K(r))) is called a meridian if it is freely homotopic to
a meridional loop in ∂E(K(r)), i.e. a simple loop in ∂E(K(r)) that bounds
an essential disc in N(K(r)). This implies that any parabolic generating pair
{α, β} is represented by an arc properly embedded in E(K(r)), together with
a pair of meridional loops on ∂E(K(r)) passing through the endpoints of the
arc. (See [35, Section 2] for more detailed explanation.) It is obvious that
the meridian pair represented by the upper tunnel τ+ (resp. the lower tun-
nel τ−) forms a parabolic generating pair of G(r) ∼= π1(E(K(r))), and it is
called the upper meridian pair (resp. lower meridian pair) of π1(E(K(r))).
See Figure 1(1), where the black bold graph represent a 2-bridge link, and the
two red thin graphs represent the upper and lower meridian pairs, respectively.
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The ‘weight’∞ of the 2-bridge link indicates that we consider the link exterior
and that its boundary tori form the parabolic locus of the hyperbolic struc-
ture. For precise definitions of 2-bridge links and upper/lower tunnels, please
see the companion paper [7, Section 2]. Theorem 1.2(1) says that, for each
hyperbolic 2-bridge link group G(r), (i) the upper meridian pair and the lower
meridian pair are the only parabolic generating pairs of G(r), and (ii) they are
not equivalent.

Remark 2.1: The upper/lower tunnels are actually unknotting tunnels, namely
the complement of an open regular neighbourhood of the tunnel is a genus 2
handlebody. Moreover, the upper (resp. lower) meridian pair is the image of
a free generating pair of the fundamental group of the complementary handle-
body of the lower (resp. upper) tunnel. Note that we do not know a priori that
the tunnel associated to a parabolic generating pair is an unknotting tunnel.

Next, we give a precise description of Theorem 1.2(2). The Heckoid groups
were first introduced by Riley [40] as an analogy of the classical Hecke group,
and it was reformulated by Lee and Sakuma [34] following Agol [3] as the
orbifold fundamental groups of the Heckoid orbifolds illustrated in Figure 1(2)-
(4). (See [12, 13, 18] for basic terminologies and facts concerning orbifolds.)
These figures illustrate weighted graphs (S3,Σ, w) whose explicit descriptions
are given by Definition 7.1. For each weighted graph (S3,Σ, w) in the figure, let
(M0, P ) be the pair of a compact 3-orbifold M0 and a compact 2-suborbifold
P of ∂M0 determined by the rules described below. Let Σ∞ be the subgraph
of Σ consisting of the edges with weight ∞, and let Σs be the subgraph of Σ
consisting of the edges with integral weight.

1. The underlying space |M0| of M0 is the complement of an open regular
neighbourhood of the subgraph Σ∞.

2. The singular set of M0 is Σ0 := Σs ∩ |M0|, where the index of each edge
of the singular set is given by the weight w(e) of the corresponding edge
e of Σs.

3. For an edge e of Σ∞, let P be the 2-suborbifold of ∂M0 defined as follows.

(a) In Figure 1(2), P consists of two annuli in ∂M0 whose cores, respec-
tively, are meridians of the two edges of Σ∞.

(b) In Figure 1(3), P consists of an annulus in ∂M0 whose core is a
meridian of the single edge of Σ∞.

(c) In Figure 1(4), P consists of two copies of the annular orbifold
D2(2, 2) (the 2-orbifold with underlying space the disc and with
two cone points of index 2) in ∂M0 each of which is bounded by a
meridian of an edge of Σ∞.
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By [34, Lemmas 6.3 and 6.6], the orbifold pair (M0, P ) is a Haken pared
orbifold (see [13, Definition 8.3.7]) and admits a unique complete hyperbolic
structure, which is geometrically finite (see [34, Proposition 6.7], [7, Section 3]).
Namely there is a geometrically finite Kleinian group Γ, unique up to conju-
gation, such that M = H3/Γ is homeomorphic to the interior of the compact
orbifold M0, such that P represents to the parabolic locus. To be more precise,
there are positive constants δ and µ, such that

(M0, P ) ∼= (thickµ(Cδ(M)), ∂(thickµ(Cδ(M))) ∩ (thinµ(Cδ(M))), (1)

where Cδ(M) is the closed δ-neighbourhood of the convex core C(M) of M ,
and thickµ(Cδ(M)) and thinµ(Cδ(M)) are the µ-thick part and µ-thin part
(see [13] for terminology). The µ-thin part thinµ(Cδ(M)) consists of only cus-
pidal components and it is isomorphic to P × [0,∞). We denote by Pα and
Pβ the components of P corresponding to the parabolic transformations α and
β, respectively, i.e., Pα (resp. Pβ) is the component of P which is the im-
age of a subsurface of an α-invariant (resp. β-invariant) horosphere. The pair
(M0, P ) is also regarded as a relative compactification of the pair consisting of
a non-cuspidal part of M and its boundary (see [7, Section 5]).

We denote the pared orbifold M := (M0, P ) by M0(r;n), M1(r;m), or
M2(r;m) according as it is described by the weighted graph in Figure 1(2),
(3), or (4). We also denote the Kleinian group Γ that uniformises the pared
orbifoldM by π1(M). (More generally, we use the symbol π1(·) to denote the
orbifold fundamental group.) For r = q/p ∈ Q and n ∈ 1

2N≥3, the Heckoid
group G(r;n) is the Kleinian group that is defined as follows.

G(r;n) ∼=


π1(M0(r;n)) if n ∈ N≥2,

π1(M1(r̂;m)) if n = m/2 for some odd m ≥ 2 and if p is odd,

π1(M2(r̂;m)) if n = m/2 for some odd m ≥ 2 and if p is even,

where r̂ is defined from r = q/p by the following rule.

r̂ =


q/2
p if p is odd and q is even,

(p+q)/2
p if p is odd and q is odd,

q
p/2 if p is even.

For the background of this rather complicated definition, please see [7, 35].
By [1, p.197] (cf. [7, Lemma 7.2]), any parabolic generating pair {α, β} of

the Heckoid group G(r;n) consists of primitive elements. Since the parabolic
locus Pα ∼= Pβ is an annular orbifold S1×I or D2(2, 2), this implies that α and
β are freely homotopic to the unique (up to isotopy) essential simple loop in
Pα and Pβ , respectively. Thus they are freely homotopic to a meridional loop
of the corresponding edge of Σ∞. Since G(r;n) is identified with a quotient
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of the usual fundamental group π1(|M0| − Σ0), it follows that any parabolic
generating pair is represented by a graph embedded in |M0| − Σ0 consisting
of two meridional loops of Σ∞ and an arc joining them. It follows from the
definition of Heckoid groups that the pairs of parabolic elements represented
by the red graphs in Figure 1(2)-(4) are generating pairs (see [34, Section 3], [7,
Proposition 3.3]). Theorem 1.2(2) says that each Heckoid group G(r;n) admits
a unique parabolic generating pair, and it is illustrated by Figure 1 (2), (3) or
(4) according to the type of G(r;n).

In the special case where r ∈ Z, the Heckoid group G(r;n) with n = m
2 ∈

1
2N≥3 is conjugate to G(0;n), and it is a Fuchsian group, which is essentially
equal to the classical Hecke group H(m) ∼= π1(S2(2,m,∞)), generated by the
following matrices ([29]):

Am :=

(
1 2 cos π

m
0 1

)
and Q :=

(
0 1
−1 0

)
To be precise, G(r;n) ∼= G(0;n) is conjugate to the subgroup of H(m), with
n = m

2 , generated by {Am, QAmQ−1}. Thus according to whether (a) n is an
integer ≥ 2 or (b) a half-integer n = m/2 (m: odd ≥ 3), the Heckoid group
G(0;n) is conjugate to (a) the index 2 subgroup of the Hecke group H(m)
isomorphic to π1(S2(n,∞,∞)) or (b) the Hecke group H(m), with m = 2n.
These follow from the following topological observation.

1. For every r ∈ Z and n ∈ N≥2, we have

M0(r;n) ∼=M0(0;n) ∼= S2(n,∞,∞)× I ,

and S2(n,∞,∞) is a double orbifold covering of S2(2,m,∞) with m =
2n.

2. For every r ∈ Z and an odd integer m ∈ N≥3, we have M1(r̂;m) ∼=
M1(0;m) ∼= S2(2,m,∞)× I.

In [32, Proposition 4.2], Knapp completely determined when a given pair
of non-commuting parabolic transformations of the hyperbolic plane generate
a discrete group, by using Poincaré’s theorem on fundamental polyhedra. In
our terminology, it is described as follows, which particularly implies Theo-
rem 1.2(2) for the special case where r ∈ Z.

Proposition 2.2 ([32, Proposition 4.2]). A non-elementary non-free Fuchsian
group is generated by two parabolic transformations, if and only if it is conjugate
to the Fuchsian group G(0;n) for some n ∈ 1

2N≥3. Moreover, {Am, QAmQ−1},
where m = 2n, is the unique parabolic generating pair of G(0;n), up to equiv-
alence.
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3. Inverting elliptic elements for the parabolic generating
pairs

In this section, we recall Boileau’s key suggestion [9], and present its slight ex-
tension. His suggestion is to use the following well-known fact. Let Γ = 〈α, β〉
be a non-elementary Kleinian group generated by two parabolic transforma-
tions α and β, and M = H3/Γ the quotient hyperbolic 3-manifold or orbifold.
Let η be the geodesic joining the parabolic fixed points of α and β, and let h
be the π-rotation around η. Then we have

(hαh−1, hβh−1) = (α−1, β−1). (2)

We call h the inverting elliptic element for the parabolic generating pair {α, β}
of the Kleinian group Γ. If h /∈ Γ, then h induces an isometric involution on
M , whereas if h ∈ Γ, then M is an orbifold with non-empty singular set and
the axis η projects to a ‘geodesic’ contained in the subset of the singular set
consisting of even degree edges. (By a geodesic (arc) in a complete hyperbolic
orbifold, we mean the image of a geodesic (arc) in the universal cover H3 in
the orbifold.)

We first treat the case where Γ is a hyperbolic 2-bridge link group. We
prepare some terminologies. For a link K in S3, a tunnel for K is an arc, τ , in
S3 such that τ∩K = ∂τ . We assume τ intersects a fixed regular neighbourhood
N(K) of K in two arcs, each of which forms a radius of a meridian disc of
N(K). Then the intersection of τ with the exterior E(K) = S3 − intN(K) is
an arc properly embedded in E(K). Thus, as described in the first paragraph
of Section 2 (cf. [35, Section 2]), it determines a pair of meridians in the link
group π1(E(K)), up to equivalence. We call it the meridian pair determined by
the tunnel τ . Here two meridian pairs {m1,m2} and {m′1,m′2} of π1(E(K)) is
said to be equivalent, if {m′1,m′2} is equal to {mε1

1 ,m
ε2
2 } for some ε1, ε2 ∈ {±1}

up to simultaneous conjugation.
A strong inversion of K is an orientation-preserving involution, which we

often denote by the symbol h, of S3 preserving K setwise such that the fixed
point set Fix(h) is a circle intersecting each component of K in two points.
Note that Fix(h) consists of 2µ tunnels, where µ is the number of components
of K. Then the following proposition, which holds a key to the proof of The-
orem 1.2(1), was suggested by Boileau [9] (cf. [33, Proposition 2.1]). (See
[2, 8, 20] for interesting related results.)

Proposition 3.1. Let K(r) be a hyperbolic 2-bridge link, and let {α, β} be
a parabolic generating pair of the link group G(r). Then there is a strong
inversion, h, of K(r) such that {α, β} is a meridian pair represented by a
tunnel contained in Fix(h).

Proof. Though the proof is given in [33], we recall the proof as a warm-up
for the treatment of Heckoid groups. By definition, G(r) is a non-elementary
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Kleinian group generated by the parabolic transformations α and β. Let h be
the inverting elliptic element for the parabolic generating pair {α, β} of G(r).
Since h is an element of the normaliser of G(r) in Isom+(H3) which does not
belong to G(r) (recall that G(r) is torsion free), h descends to an orientation-
preserving involution, h̄, of H3/G(r) ∼= S3 − K(r). Since each component
of ∂E(K(r)) corresponds to one of the parabolic loci Pα and Pβ (which in
turn follows from the fact that α and β generate H1(E(K(r))), it follows that
the restriction of h̄ to each of the components of ∂E(K(r)) is a hyper-elliptic
involution. Hence h̄ extends to an involution of the pair (S3,K(r)), which we
continue to denote by h̄. Then h̄ is a strong inversion of K(r), and Fix(h̄)
contains the image η̄ of the axis η of the inverting elliptic element h. Then,
by [1, Theorem 4.3], {α, β} is the meridian pair represented by the tunnel for
K(r) that is obtained as the closure of η̄ in Fix(h̄). By denoting the strong
inversion h̄ by h, we obtain the desired result.

We next treat the case where Γ is a Heckoid group G(r;n). Let M =
(M0, P ) be the corresponding Heckoid orbifold, and identify M0 and P with a
subspace of the quotient hyperbolic orbifold M = H3/Γ through the isomor-
phism (1) in the introduction. As is noted in the introduction (see [1, p.197], [7,
Lemma 7.2]), any parabolic generating pair {α, β} of G(r;n) consists of primi-
tive elements, and α and β are freely homotopic to the unique (up to isotopy)
essential simple loops in the annular orbifolds Pα and Pβ , respectively. Thus
the equivalence class of {α, β} is uniquely determined by the proper geodesic
arc η̄ ∩M0, where η̄ is the ‘geodesic’ in the orbifold M obtained as the im-
age of the axis η of the inverting elliptic element h. (Note that if η intersects
orthogonally the axis of an even order elliptic transformation in Γ, then the
underlying space of η̄ has an endpoint in an even degree singular locus of the
orbifold M .) If h /∈ Γ, then it induces an isometric involution, h̄, on M , and η̄
is contained in Fix(h̄). If h ∈ Γ then η̄ is a ‘geodesic edge path’ contained in
the subset of the singular set of M consisting of even degree edges. Thus we
have the following analogy of Proposition 3.1, which holds a key to the proof
of Theorem 1.2(2).

Proposition 3.2. Consider the Heckoid group Γ = G(r;n), and let M =
(M0, P ) be the corresponding Heckoid orbifold. Let {α, β} be a parabolic gener-
ating pair of G(r;n), h the inverting elliptic element for the parabolic generating
pair {α, β}, and η the axis of h, and η̄ be the image of η in M = H3/Γ. Then
{α, β} is represented by η̄ ∩M0. Moreover the following holds.

1. If h /∈ Γ, then it descends to an involution, h̄, of M , such that η̄ is
contained in Fix(h̄).

2. If h ∈ Γ, then η̄∩M0 is a geodesic edge path joining Pα and Pβ, contained
in the subset of the singular set of M0 consisting of even degree edges.
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4. Symmetries of 2-bridge links and all possible
generating meridian pairs for 2-bridge link groups

Let K(r) with r = q/p (q 6≡ ±1 (mod p)) be a hyperbolic 2-bridge link, and
let τ+ and τ− be the upper and lower tunnel for K(r) (see [7, Section 2] for
an explicit definition). In this section, we describe all strong inversions of
K(r), up to strong equivalence, and list all possible generating meridian pairs
of the 2-bridge link group G(r) by using Proposition 3.1. Here two strong
inversions of a link K are said to be strongly equivalent if they are conjugate by a
homeomorphism of (S3,K) that is pairwise isotopic to the identity. To this end,
we first describe the orientation-preserving isometry group Isom+(S3 −K(r))
of the hyperbolic manifold S3 −K(r).

Proposition 4.1. For a hyperbolic 2-bridge link K(r) with r = q/p (q 6≡ ±1
(mod p)), the orientation-preserving isometry group Isom+(S3−K(r)) is given
by the following formula.

Isom+(S3−K(r)) ∼=


(Z2)2 if q2 6≡ 1 (mod p)

D4
∼= (Z2)2 o Z2 if p is odd and q2 ≡ 1 (mod p), or

if p is even and q2 ≡ p+1 (mod 2p)

(Z2)3 ∼= (Z2)2×Z2 if p is even and q2 ≡ 1 (mod 2p)

Here D4 denotes the order 8 dihedral group, which is regarded as a semi-direct
product of (Z2)2 and Z2. The subgroups (Z2)2 in the formula consist of those
isometries which preserve both the upper tunnel τ+ and the lower tunnel τ−
setwise: the elements in Isom+(S3 − K(r)) which are not contained in the
characteristic subgroup (Z2)2 interchange τ+ and τ−.

Proof. By the work of Epstein and Penner [19], every cusped hyperbolic mani-
fold M of finite volume admits a canonical decomposition into hyperbolic ideal
polyhedra and the isometry group of M is isomorphic to the combinatorial
automorphism group of the canonical decomposition. In [43], a topological
candidate, D, of the canonical decomposition of the cusped hyperbolic man-
ifold S3 − K(r) was constructed [43, Theorem II.2.5], and the combinatorial
automorphism group Aut(D) of D was calculated [43, Theorem II.3.2]. (As
is noted in [36], there is an error in the proof of Theorem II.3.2, but this
does not affect the conclusion of the theorem.) On the other hand, it was
proved by Guéritaud [25] (cf. [6, 26]) that D is combinatorially equivalent to
the canonical decomposition. Hence Isom+(S3 − K(r)) is isomorphic to the
orientation-preserving subgroup Aut+(D) of Aut(D), which is described in [43,
Theorem II.3.2].

Remark 4.2: The action of Isom+(S3 − K(r)) on S3 − K(r) extends to an
action on (S3,K(r)), and this fact implies that Isom+(S3−K(r)) is isomorphic
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to the orientation-preserving symmetry group, Sym+(S3,K(r)), the group of
diffeomorphisms of the pair (S3,K(r)), up to pairwise isotopy, which preserves
the orientation of S3. (In fact, it is observed by Riley [39, p.124] that this holds
for all hyperbolic knots in S3.) We note that the symmetry groups of 2-bridge
links had been already obtained, as described below. For 2-bridge knots, it
is reported in [24] that Conway calculated the outer-automorphism groups of
their knot groups, which is isomorphic to the full symmetry groups of the knots.
Bonahon and Siebenmann [15] calculated the full symmetry group of every 2-
bridge link, by using the uniqueness of 2-bridge decompositions up to isotopy
established by Schubert [44]. Another calculation is given by [42, Theorems 4.1
and 6.1] by using the orbifold theorem. (As is noted in [7, the paragraph
preceding Proposition 12.5], though there are misprints in the statement [42,
Theorem 4.1], the correct formula can be found in the tables in [42, p.184].)

We now visualise the action of Isom+(S3 − K(r)) ∼= Sym+(S3,K(r)) on
(S3,K(r)) and classify the strong inversions of K(r), up to strong equivalence,
generalising and refining the result for the knot case given by [41, Proposi-
tion 3.6]. To this end, note that, by virtue of Schubert’s classification of 2-
bridge links (cf. [16, Chapter 12]), we may assume that the slope r = q/p of
the hyperbolic 2-bridge link K(r) satisfies the inequality 0 < q ≤ p/2 and the
condition that one of p and q is even. The following lemma is well-known and
can be proved by an argument similar to that in [27, Lemma 2].

Lemma 4.3. Let p and q be relatively prime integers such that 0 < q ≤ p/2 and
that one of p and q is even. Then r = q/p has a unique continued fraction
expansion

r = [2b1, 2b2, · · · , 2bn] =
1

2b1 +
1

2b2 + . . . +
1

2bn

,

where bi is a non-zero integer (1 ≤ i ≤ n). The length n is even or odd
according to whether p is odd or even, i.e., K(r) is a knot or a two-component
link. Moreover the following hold.

1. Suppose p is odd, i.e., n is even. Then q2 ≡ 1 (mod p) if and only if
bi = −bn+1−i (1 ≤ i ≤ n).

2. Suppose p is even, i.e., n is odd. Then q2 ≡ 1 (mod 2p) if and only if
bi = bn+1−i (1 ≤ i ≤ n).

By using Lemma 4.3, we see that every 2-bridge link K(r) admits a (Z2)2-
action generated by the two involutions f and h illustrated in Figure 2(1) or (2)
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Figure 2: The action of the characteristic subgroup (Z2)2 < Sym+(S3,K(r))
for the knot case (1) and for the two component link case (2). In both cases, f
is the π-rotation about the axis which intersects the projection plane perpen-
dicularly at the central point (the intersection of the axes of h and fh).

according to whether K(r) is a knot or a 2-component link. If K(r) is hyper-
bolic, then the (Z2)2-action projects faithfully onto the characteristic subgroup
(Z2)2 of Sym+(S3,K(r)) ∼= Isom+(S3 − K(r)). (This can be seen either by
appealing to the result of Borel (see [17]) that a finite group action on an
aspherical manifold M with centerless fundamental group projects injectively
into Out(π1(M)), or by looking at the action on the canonical decomposition
D of S3 − K(r).) Moreover, any two such (Z2)2-actions on (S3,K(r)) are
conjugate to each other, because (a) the restriction of any such (Z2)2-action
to E(K(r)) is conjugate to the restriction of the action of the characteristic
subgroup (Z2)2 < Isom+(S3 − K(r)) by virtue of the orbifold theorem, and
because (b) the restriction of any such (Z2)2-action to N(K(r)) is determined
by its restriction to ∂N(K(r)) = ∂E(K(r)). Thus we obtain the following
classification of the strong inversions of K(r), up to strong equivalence, whose
image in Sym+(S3,K(r)) is contained in the characteristic subgroup (Z2)2.

1. SupposeK(r) is a hyperbolic 2-bridge knot. Then the involutions h+ := h
and h− := fh in Figure 2(1) are the only strong inversions of K(r)
which projects to an element of the characteristic subgroup (Z2)2 <
Sym+(S3,K(r)). Fix(h+) consists of two tunnels, one of which is the up-
per tunnel τ+. We denote the other tunnel by τ c+, and call the meridian
pair of π1(E(K(r))) ∼= G(r) represented by τ c+ the long upper meridian
pair of G(r). The tunnel τ c− and the long lower meridian pair of G(r) are
defined similarly.

2. Suppose K(r) is a two-component hyperbolic 2-bridge link. Then the
involution h illustrated in Figure 2(2) is the unique strong inversion
of K(r) which projects to an element of the characteristic subgroup
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(Z2)2 < Sym+(S3,K(r)). Fix(h) consists of four tunnels, two of which
are τ+ and τ−. We denote the remaining tunnels by τL and τR, and
call the meridian pair of G(r) represented by one of the two tunnels an
intermediate meridian pair of G(r). It should be noted that the two in-
termediate meridian pairs are equivalent modulo the automorphism f∗ of
G(r) induced by the involution f in Figure 2(2), because the two addi-
tional tunnels are mapped to each other by f .

If q2 6≡ 1 (mod p), then Isom+(S3−K(r)) ∼= (Z2)2 by Proposition 4.1, and
so the above (Z2)2-action projects faithfully onto the full group Isom+(S3 −
K(r)). Thus the list of strong inversions of K(r) in the above give all strong
inversions of K(r). Hence, by Proposition 3.1, the lists of meridian pairs in the
above give all possible parabolic generating pairs of G(r).

If q2 ≡ 1 (mod p), then Isom+(S3 −K(r)) is a Z2-extension of the charac-
teristic subgroup (Z2)2, and (S3,K(r)) admits extra symmetries, which inter-
change τ+ and τ−.

1. Suppose K(r) is a hyperbolic 2-bridge knot (i.e., p is odd) and q2 ≡ 1
(mod p). Then n is even and bi = −bn+1−i (1 ≤ i ≤ n) by Lemma 4.3(1).
Thus (S3,K(r)) admits an extra symmetry g illustrated in Figure 3(1).
Note that g and h defined in the caption generate the oder 8 dihe-
dral group D4 = 〈g, h | g4, h2, hgh−1 = g−1〉 which acts faithfully on
(S3,K(r)). As in the preceding arguments, we see that the D4-action
projects faithfully onto the whole group Sym+(S3,K(r)) and that any
such D4-action on Sym+(S3,K(r)) is conjugate to the D4-action in Fig-
ure 3(1). Hence the involutions gih (0 ≤ i ≤ 3) are the only strong
inversions of K(r) (cf. [41, Section 3]). Thus, in addition to h+ = h
and h− = g2h, we have two extra strong inversions gh and g3h, and each
of them determines two tunnels for K(r). We call the meridian pairs of
G(r) determined by such an extra tunnel an extra meridian pair of G(r).
The four extra meridian pairs are divided into two classes, where each
class consists of two extra meridian pairs which are equivalent modulo the
automorphism g∗ of G(r) induced by g, because gh and g3h = g(gh)g−1

are conjugate in D4.

2. Suppose K(r) is a two-component hyperbolic 2-bridge link (i.e., p is even)
and q2 ≡ 1 (mod 2p). Then n is odd and bi = bn+1−i (1 ≤ i ≤ n) by
Lemma 4.3(2). Thus (S3,K(r)) admits a (Z2)3-action generated by three
involutions f , h and g, as shown in Figure 3(2a) and (2b) according to
whether bn/2 is odd or even. Then h′ := gh or h′ := g is a strong inversion
of K(r) accordingly, and this is the only extra strong inversion of K(r).
We call the meridian pair represented by one of the four arc components
of Fix(h′) ∩ E(K(r)) an extra meridian pair. The four extra meridian
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Figure 3: Additional symmetry of K(r). (1) p : odd, q2 ≡ 1
(mod p). Then Sym+(S3,K(r)) ∼= 〈g, h | g4, h2, (gh)2〉, where g =
(π/2-rotation about κ) ◦ (π-rotation about ξ), h = (π-rotation around η), and
gh = (π-rotation around ζ). In this case, gih (i = 1, 3) are the extra strong
inversions. (2a) p : even, q2 ≡ 1 (mod 2p), bn/2 : odd. In this case, gh is the
extra strong inversion. (2b) p : even, q2 ≡ 1 (mod 2p), bn/2 : even. In this
case, g is the extra strong inversion. (3) p: even, q2 ≡ p+ 1 (mod 2p). In this
case, there are no extra strong inversions.
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pairs are divided into two classes, where each class consists of two extra
meridian pairs which are equivalent modulo the automorphism f∗ of G(r)
induced by f .

3. Suppose K(r) has two components and q2 ≡ p + 1 (mod 2p). In this
case, it is not easy to draw a link diagram in which one can see the
whole symmetry. (A simple conceptual way to understand the whole
symmetry is to use the decomposition of (S3,K(r)) into two rational
tangles, as described in Section 6). However, it is easy to visualise a
single additional symmetry, as described below. By [43, Lemma II.3.3] (cf.
Lemma 6.2(1) in Section 6), the continued fraction expansion of r = q/p
consisting of positive integers is symmetric, and (S3,K(r)) admits an
extra symmetry g which interchanges τ+ and τ−, as shown in Figure 3(3).
The extra involution g preserves each of the two components of K(r), acts
on one component preserving orientation and on the other component
reversing orientation. Since Sym+(S3,K(r)) ∼= D4 is generated by the
characteristic subgroup (Z2)2 and the extra element g, we see that K(r)
does not have an extra strong inversion.

By the above arguments, we obtain the following propositions (cf. [35,
Corollary 2.2]).

Proposition 4.4. For a hyperbolic 2-bridge knot K(r) with r = q/p (p:odd,
q 6≡ ±1 (mod p)), the following hold.

(1) Suppose q2 6≡ 1 (mod p). Then any parabolic generating pair of G(r) is
equivalent to the upper, lower, long upper or long lower meridian pair.

(2) Suppose q2 ≡ 1 (mod p). Then any parabolic generating pair of G(r) is
equivalent to the upper, lower, long upper, long lower meridian pair or one
of the four extra meridian pairs. Moreover, the four extra meridian pairs
are divided into two classes up to automorphisms of G(r).

Proposition 4.5. For a hyperbolic 2-component 2-bridge link K(r) with r =
q/p (p:even, q 6≡ ±1 (mod p)), the following hold.

(1) Suppose q2 6≡ 1 (mod 2p). Then any parabolic generating pair of G(r) is
equivalent to the upper or lower meridian pair, or one of the two interme-
diate meridian pairs. Moreover, the two intermediate meridian pairs are
equivalent up to automorphisms of G(r).

(2) Suppose q2 ≡ 1 (mod 2p). Then any parabolic generating pair of G(r) is
equivalent to the upper or lower meridian pair, one of the two intermediate
meridian pairs, or one of the four extra meridian pairs. Moreover, the
two intermediate meridian pairs are equivalent up to automorphisms of
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G(r), and the four extra meridian pairs are divided into two classes up to
automorphisms of G(r).

By Propositions 4.4 and 4.5, the proof of the assertion in Theorem 1.2(1)
that each hyperbolic 2-bridge link group G(r) admits at most two parabolic
generating pairs (i.e., the upper/lower meridian pairs) is reduced to the proof
of the fact that none of the long upper/lower meridian pairs, intermediate
meridian pairs, and the extra meridian pairs can generate the hyperbolic 2-
bridge link group G(r). The next two sections are devoted to the proof of this
fact.

At the end of this section, we prove the following proposition, which, to-
gether with the above, completes the proof of Theorem 1.2(1).

Proposition 4.6. For each hyperbolic 2-bridge link group G(r), the upper
meridian pair and the lower meridian pair are not equivalent.

Proof. Suppose the upper and lower meridian pairs of a hyperbolic 2-bridge
link group G(r) are equivalent. Then the upper tunnel τ+ and the lower tunnel
τ− are properly homotopic in E(K(r)). This contradicts [37, Example (3.4)],
which implies that τ+ and τ− are not properly homotopic. (Though it is only
claimed that they are not isotopic, the proof actually shows that they are not
properly homotopic.)

5. Long upper/lower meridian pairs and intermediate
peridian pairs

For a link K in S3, let M(K) be the double branched covering of S3 branched
over K. Then its fundamental group is intimately related with the π-orbifold
group O(K) of K, which is defined as the quotient of the link group π1(E(K))
by the normal closure of the squares of meridians (see [14]). In fact, O(K) is
the semidirect product π1(M(K)) o Z2, where the action of Z2 on π1(M(K))
is given by the action of the covering transformation group. If K is a 2-bridge
link K(r) with r = q/p, then O(r) := O(K(r)) is isomorphic to the semidirect
product

π1(M(K(r))) o Z2
∼= H1(M(K(r))) o Z2

∼= Zp o Z2
∼= Dp,

where Dp is the dihedral group of order 2p.
For a meridian pair {m1,m2} in π1(E(K)), let ω(m1,m2) be the element

of O(K) represented by the product m1m2 ∈ π1(E(K)). The following simple
observation is a key tool for the proof of Theorem 1.2(1).

Lemma 5.1. (1) The element ω(m1,m2) ∈ O(K), up to inversion and conjuga-
tion, is uniquely determined by the equivalence class of {m1,m2}. Namely,
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if two meridian pairs {m1,m2} and {m′1,m′2} of π1(E(K)) are equivalent,
then ω(m′1,m

′
2) is conjugate to ω(m1,m2) or its inverse in O(K).

(2) If {m1,m2} is a generating meridian pair of a 2-bridge link group G(r)
with r = q/p, then ω(m1,m2) is a generator of the the index 2 subgroup
H1(M(K(r))) ∼= Zp of O(r) ∼= H1(M(K(r))) o Z2

∼= Dp.

Proof. (1) follows from the fact that m2
1 = m2

2 = 1 in O(K) and the definition
of the equivalence of meridian pairs.

(2) Suppose that {m1,m2} is a generating meridian pair of a 2-bridge link
group G(r) with r = q/p. Then there is an epimorphism from the infinite
dihedral group D∞ = 〈m1,m2 |m2

1, m
2
2〉 generated by the symbols m1 and m2

onto O(r) ∼= Dp which maps the elements m1 and m2 of D∞ to the (images
of the) meridians m1 and m2 in O(r), respectively. Since D∞ is isomorphic to
the semi-direct product 〈m1m2〉oZ2, it follows that O(r) ∼= Dp is the quotient
of D∞ by the infinite cyclic normal subgroup 〈(m1m2)p〉. Hence ω(m1,m2) =
m1m2 generates H1(M(K(r))) ∼= 〈m1m2 | p(m1m2) = 0〉.

Note that the long upper/lower meridian pairs are defined for all 2-bridge
knots and that the intermediate meridian pairs are defined for all 2-component
2-bridge links. The following proposition together with the above lemma shows
that the long upper/lower meridian pairs and the intermediate meridian pairs
are not generating pairs of hyperbolic 2-bridge link groups.

Proposition 5.2. (1) Let K(r) with r = q/p (p: odd) be a 2-bridge knot, and
let {m1,m2} be the long upper (or lower) meridian pair of the knot group
G(r). Then ω(m1,m2) = 0 in H1(M(K(r))) ∼= Zp. In particular, if K(r)
is a nontrivial knot (i.e. p ≥ 3), then ω(m1,m2) is not a generator of
H1(M(K(r))).

(2) Let K(r) with r = q/p (p even) be a nontrivial 2-component 2-bridge link,
and let {m1,m2} be an intermediate meridian pair of the link group G(r).
Then 2ω(m1,m2) = 0 in H1(M(K(r))) ∼= Zp. In particular, if K(r)
is not a Hopf link (i.e. p ≥ 4), then ω(m1,m2) is not a generator of
H1(M(K(r))).

Proof. (1) We prove the assertion for the long lower meridian pair. (The as-
sertion for the long upper meridian pair is a consequence of this, because there
is an isomorphism G(q/p) ∼= G(q′/p), where qq′ ≡ 1 (mod p), which maps the
long upper meridian pair of G(q/p) to the long lower meridian pair of G(q′/p)
(cf. [7, Proposition 2.1])). Recall that the long lower meridian pair {m1,m2} is
represented by the tunnel τ c− ⊂ Fix(h−). Then τ c− is properly embedded in the
checker-board surface, F , illustrated in Figure 4(1), associated with the link
diagram in Figure 2(1), and moreover, τ c− is separating in F . Let MF be the
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Figure 4: Checkerboard surfaces associated with the diagrams in Figure 2
containing τ c− in (1) and τL ∪ τR in (2), respectively, as separating arc systems

3-manifold obtained by cutting S3 along F , and let σ be the involution on ∂MF

such that Fix(σ) is the copy of L in ∂MF and that (MF , ∂MF )/σ ∼= (S3, F ).
(Here the symbol /σ means to identify x with σ(x) for all x ∈ ∂MF .) The dou-
ble branched covering M(K(r)) of S3 branched over K(r) is obtained from two

copies M
(0)
F and M

(1)
F of MF by gluing their boundaries through the homeomor-

phism ∂M
(0)
F → ∂M

(1)
F induced by σ, i.e. the homeomorphism that maps the

copy in M
(0)
F of a point x ∈ ∂MF to its copy in M

(1)
F of the point σ(x) ∈ ∂MF .

Now, let τ̃ c− be the simple loop in ∂MF obtained as the inverse image of the
proper arc τ c− ⊂ F in ∂MF under the projection ∂MF → ∂MF /σ = F . By
using the fact that the long lower meridian pair {m1,m2} is represented by
τ c−, we can see that the element ω(m1,m2) ∈ H1(M(K(r))) < O(r) is rep-
resented by the simple loop τ̃ c−. To be precise, ω(m1,m2) is represented by

the copy of the loop τ̃ c− in ∂M
(0)
F ⊂ M(K(r)) with a suitable orientation.

However, the loop τ̃ c− is separating in ∂MF , because it is the inverse image
of the separating arc τ c− of F . Thus τ̃ c− is null-homologous in MF , and hence
ω(m1,m2) = [τ̃ c−] = 0 ∈ H1(M(K(r))), as desired.

(2) We prove the assertion for the intermediate meridian pair {m1,m2}
represented by the tunnel τL ⊂ Fix(h). (The assertion for that represented by
τR is a consequence of this by Proposition 4.5(1).) Observe that the checker-
board surface, F , for K(r) in Figure 4(2) contains τL ∪ τR as a separating arc
system. Observe also that the involution f of (S3,K(r)) introduced in Figure
2(2) preserves the surface F and interchanges τL and τR. Let MF and σ be as
in the proof of (1), and recall that the double branched covering M2(K(r)) is

obtained by gluing two copies M
(0)
F and M

(1)
F of MF through the homeomor-

phism ∂M
(0)
F → ∂M

(1)
F induced by the involution σ on ∂MF . Now, let τ̃L and

τ̃R be the simple loops in ∂MF obtained as the inverse image of the arcs τL and
τR in F , respectively, under the projection ∂MF → ∂MF /σ = F (i = 1, 2). As
in (1), the element ω(m1,m2) ∈ H1(M(K(r))) < O(r) is represented by the

simple loop τ̃L ⊂ ∂MF
∼= ∂M

(0)
F ⊂ M2(K(r)) with a suitable orientation. We



PARABOLIC GENERATING PAIRS 495

endow τ̃L with this orientation.
Now let f̂ be the orientation-preserving involution on MF induced by the

involution f . Then τ̃R = f̂(τ̃L), and we orient τ̃R as the image by f̂ of the
oriented loop τ̃L. On the other hand, since τL ∪ τR is a separating arc system
in F , τ̃L ∪ τ̃R is a separating loop system in ∂MF (where we forget the orienta-

tion), and f̂ interchanges the two components of ∂MF − (τ̃L ∪ τ̃R). Since (the

restriction to ∂MF of) f̂ is orientation-preserving, this implies that the cycle

τ̃L− f̂(τ̃L) = τ̃L− τ̃R is null homologous in ∂MF . Hence we have [τ̃L] = [f̂(τ̃L)]
in H1(M(K(r))).

Let f̃ be the lift of f to M2(K(r)) = M
(0)
F ∪ M (1)

F that is obtained by

gluing the copies of the involution f̂ on M
(i)
F (i = 1, 2). Note that the double

branched covering M(K(r)) is the union of two solid tori, whose cores are the
circles, τ̃+ and τ̃−, obtained as the inverse images of the upper tunnel τ+ and
the lower tunnel τ−, respectively (cf. the second paragraph of Section 6). Since
Fix(f) intersects τ± transversely in a single point and since τ± ⊂ MF , we see
that Fix(f̃) intersects each of the core circle τ̃± in two points, and so f̃ acts
on the circles τ̃± as an orientation-reversing involution. Since each of [τ̃±] is
a generator of H1(M(K(r))), this implies that f̃∗ acts on H1(M(K(r))) as
multiplication by −1. Hence, we have

[τ̃L] = [f̂(τ̃L)] = f̃∗([τ̃L]) = −[τ̃L] ∈ H1(M(K(r)))

Thus we have 2ω(m1,m2) = 2[τ̃L] = 0 in H1(M(K(r))), as desired.

6. Extra meridian pairs

In this section, we prove the follog proposition, which, together with Lemma
5.1, implies that the extra meridian pairs are not generating pairs of hyperbolic
2-bridge link groups.

Proposition 6.1. Let {m1,m2} be an extra meridian pair of a hyperbolic 2-
bridge link group G(r). Then ω(m1,m2) ∈ H1(M(K(r))) is not a generator of
H1(M(K(r))).

To this end, we regard (S3,K(r)) as the union of two rational tangles
(B3, t(∞)) and (B3, t(r)) of slopes ∞ and r, as in [7, Section 2]. Here the
common boundary ∂(B3, t(∞)) = ∂(B3, t(r)) is identified with the Conway
sphere (S2,P 0) := (R2,Z2)/J , where J is the group of isometries of the Eu-
clidean plane R2 generated by the π-rotations around the points in the lattice
Z2. For each rational number s ∈ Q̂ := Q ∪ {∞}, a line of slope s in R2 − Z2

projects to an essential simple loop, denoted by αs, in the 4-times punctured

sphere Š
2

:= S2 − P 0. Similarly, a line of slope s in R2 passing through a

point Z2 determines an essential simple proper arc in Š
2
. For each s, there are
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exactly two essential simple proper arcs in Š
2

obtained in this way, and the
union of the two arcs is denoted by δs. The rational number s is called the
slope of αs and δs. By the definition of the rational tangles, the loops α∞ and
αr bound discs in B3 − t(∞) and B3 − t(r), respectively.

The double branched covering M(K(r)) of (S3,K(r)) is the union of the
solid tori V∞ and Vr that are obtained as the double branched coverings of
(B3, t(∞)) and (B3, t(r)), respectively. Let α̃0 and α̃∞ be lifts in ∂V∞ of
the simple loops α0 and α∞, respectively. (Here a lift means a connected
component of the inverse image.) Then α̃0 and α̃∞ form the meridian and the
longitude of V∞. Similarly a lift α̃r of αr in ∂Vr is a meridian of Vr. Thus
the loops α̃∞ and α̃r represent the trivial elements of H1(V∞) and H1(Vr),
respectively. Since [α̃r] = p[α̃0] + q[α̃∞] in H1(∂V∞), where r = q/p, we have

H1(M(K(r)) ∼= 〈[α̃0], [α̃∞] | [α̃∞], [α̃r]〉 ∼= 〈α̃0 | p[α̃0]〉 ∼= Zp.

Now recall the following well-known facts (cf. [43, Lemma II.3.3]).

Lemma 6.2. For a rational number r = q/p with 0 < q ≤ p/2, consider the
continued fraction expansion r = [a1, a2, · · · , an] into positive integers ai such
that a1 ≥ 2 and an ≥ 2. Then the following hold.

(1) The following conditions are equivalent.

(a) p is even and q2 ≡ 1 (mod 2p).

(b) n is odd, a(n+1)/2 is even, and (a1, · · · an) is symmetric.

(2) The following conditions are equivalent.

(a) Either (i) p is odd and q2 ≡ 1 (mod p), or (ii) p is even and q2 ≡ p+1
(mod 2p)

(b) n is odd, a(n+1)/2 is odd, and (a1, · · · an) is symmetric.

The symmetry of the continued fraction expansion in the above lemma is
realised by the symmetry of the Farey tessellation, F , as illustrated by Fig-
ure 5. Recall that the Farey tessellation is the tessellation of the upper half
space H2 by ideal triangles that are obtained from the ideal triangle with the
ideal vertices 0, 1,∞ ∈ Q̂ by repeated reflection in the edges. Then Q̂ is iden-
tified with the set of the vertices of F . The automorphism group of the Farey

tessellation is identified with PGL(2,Z) as follows. For a matrix A =

(
a b
c d

)
,

consider its action on R2 by the left multiplication

(
x
y

)
7→ A

(
x
y

)
. Then A

maps a line of a slope s ∈ Q̂ to a line of slope s′ = (c + ds)/(a + bs). The
correspondence s 7→ s′ gives a bijection of the Farey vertices, which extends to
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Figure 5: If r = q/p satisfies one of the conditions in Lemma 6.2, then there is an
orientation-reversing involution of the Farey tessellation F which interchanges
∞ and r.

an automorphism of the Farey tessellation. (When A ∈ SL(2,Z), the transfor-
mation z 7→ (c + dz)/(a + bz) of H̄2 ∪ {∞} gives the desired automorphism.)
Conversely, every automorphism of the Farey tessellation F is obtained in this
way.

Now suppose q2 ≡ 1 (mod p). Then, by Lemma 6.2, there is an orientation-
reversing involution of the Farey tessellation which interchanges ∞ with r (see
Figure 5). Let R be one of the two matrices in GL(2,Z) that realises the
involution. Then the linear action of R on R2 is orientation-reversing and
interchanges the 1-dimensional vector subspace of slope ∞ with that of slope
r. Since R normalizes the subgroup J in the affine transformation group of R2,
it descends to an orientation-reversing involution on (S2,P 0) which swaps δ∞
with δr and α∞ with αr. Hence R induces an orientation-preserving involution,
gR, of (S3,K(r)) which interchanges (B3, t(∞)) with (B3, t(r)). This gives
one of the extra symmetries of (S3,K(r)) described in Section 4. We note that
the generators f and h of the (Z2)2-action on (S3,K(r)) of the characteristic
subgroup come from the π-rotations of R2 about the point (1/2, 0) and (0, 1/2),
respectively. The extra symmetry gR and the (Z2)2-action generate a finite
group action on (S3,K(r)) which gives a realisation of Sym+(S3,K(r)).

Case 1. Suppose that the mutually equivalent conditions in Lemma 6.2(1)
hold, namely, n = 2n0 + 1 is odd, an0+1 = 2a′n0+1 is even, and (a1, · · · an) is
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symmetric. Then the reflection on F in the Farey edge, spanned by the vertices
s1 = q1/p1 and s2 = q2/p2 in Figure 5(1), interchanges ∞ and r. Thus the

matrix ±R is the conjugate of the matrix R0 =

(
1 0
0 −1

)
, which induces the

reflection on F in the Farey edge spanned by 0/1 and 1/0, by the the matrix

A =

(
p1 p2
q1 q2

)
, which maps the vectors

(
1
0

)
and

(
0
1

)
to the vectors

(
p1
q1

)
and

(
p2
q2

)
, respectively. Hence we have

±R = AR0A
−1 =

(
p1q2 + p2q1 −2p1p2

2q1q2 −p1q2 − p2q1

)
.

Thus (
p
q

)
= ±R

(
0
1

)
= ±

(
−2p1p2

−p1q2 − p2q1

)
.

Hence we have p = 2p1p2.
Observe that the involution on (S2,P 0) induced by R0 is the reflection in

the circle that is the union of the four arcs in δ0/1 and δ1/0. Hence the restriction

of the extra involution gR to (S2,P 0) is the the reflection in the circle that is
the union the four arcs in δq1/p1 and δq2/p2 . This confirms that gR is a strong
inversion of the 2-component link K(r), and the four extra meridian pairs that
arise from the strong inversion gR are represented by the four arcs in δq1/p1 and
δq2/p2 , respectively (cf. Figure 3(2a), (2b)). Let {m1,m2} be one of the four

extra meridian pairs. Then it is represented by an arc on Š
2

of slope qi/pi for
i = 1 or 2. This implies that the element ω(m1,m2) ∈ H1(M(K(r))) < O(r)
is represented the simple loop αqi/pi for i = 1 or 2. Hence we have

ω(m1,m2) = [αqi/pi ] = pi[α̃0] + qi[α̃∞] = pi[α̃0] ∈ H1(M(K(r)) ∼= 〈α̃0 | p[α̃0]〉.

If K(r) is hyperbolic, then q 6≡ ±1 (mod p) and so we can see that 1 < pi <
p = 2p1p2 (see Figure 5(1)). So, ω(m1,m2) is not a generator of H1(M(K(r))).
Hence, none of the extra meridian pairs is a generating pair of G(r). This
completes the proof of Proposition 6.1 for the case where the condition (1) in
Lemma 6.2 is satisfied.

Case 2. Suppose that the mutually equivalent conditions in Lemma 6.2(2)
hold, namely, n = 2n0 + 1 is odd, an0+1 = 2a′n0+1 + 1 is odd, and (a1, · · · an)
is symmetric. Then the reflection on F in the geodesic, joining the vertices
s1 = q1/p1 and s2 = q2/p2 in Figure 5(2), interchanges ∞ and r. Thus the

matrix ±R realising the symmetry is conjugate to the matrix R0 =

(
0 1
1 0

)
,

which induces the reflection on F in the geodesic joining the vertices 1/1 and



PARABOLIC GENERATING PAIRS 499

−1/1, by the matrix A that maps the vectors

(
1
1

)
and

(
1
−1

)
to the vectors(

p1
q1

)
and

(
p2
q2

)
, respectively. The matrix A is given by

A =
1

2

(
p1 + p2 p1 − p2
q1 + q2 q1 − q2

)
,

and hence we have

±R = AR0A
−1 =

(−1
2 (p1q2 + p2q1) p1p2
−q1q2 1

2 (p1q2 + p2q1)

)
.

Thus (
p
q

)
= ±R

(
0
1

)
= ±

(
p1p2

1
2 (p1q2 + p2q1)

)
.

Hence we have p = p1p2.
Observe that the involution on (S2,P 0) induced by R0 is the reflection in

the circle that is the union of an arc of slope 1/1 and an arc of slope −1/1.
Hence the restriction of the extra involution gR to (S2,P 0) is the the reflection
in the circle that is the union of an arc of slope q1/p1 and an arc of slope q2/p2.
Hence Fix(gR) is a circle which intersects K(r) in two points. This confirms
that gR is a strong inversion if and only if K(r) is a knot (cf. Figures 3(1)
and (3)). So, we assume K(r) is a knot. Then the two extra meridian pairs
that arise from the strong inversion gR are represented by an arc of slope q1/p1
and an arc of slope q2/p2, respectively.

If an extra meridian pair {m1,m2} corresponds to an arc of slope qi/pi,
then the element ω(m1,m2) ∈ H1(M(K(r))) < O(r) is represented the simple
loop αqi/pi . Hence we have

ω(m1,m2) = [αqi/pi ] = pi[α̃0] + qi[α̃∞] = pi[α̃0] ∈ H1(M(K(r)) ∼= 〈α̃0 | p[α̃0]〉.

We can observe that if K(r) is hyperbolic then 1 < pi < p1p2 (see Figure 5(2)).
So ω(m1,m2) is not a generator of H1(M(K(r)). This completes the proof of
Proposition 6.1 for the case where the condition (2) in Lemma 6.2 is satisfied.

Thus we have proved that all possible parabolic generating pairs listed in
Propositions 4.4 and 4.5, except for the upper/lower meridian pairs, are not
generating pairs. This completes the proof of Theorem 1.2(1).

7. Parabolic generating pairs of Heckoid groups

In this section, we prove Theorem 1.2(2) which asserts that every Heckoid group
has a unique parabolic generating pair up to equivalence.

We first give an explicit description of the weighted graph in Figure 1 rep-
resenting the Heckoid orbifolds (cf. [7, Definition 3.4], [34, Section 5]).
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Definition 7.1. (1) For r ∈ Q and for an integer n ≥ 2,M0(r;n) denotes the
orbifold pair determined by the weighted graph (S3,K(r)∪ τ−, w0), where
w0 is given

w0(K(r)) =∞, w0(τ−) = n.

(2) For r = q/p ∈ Q with p odd and an odd integer m ≥ 3, M1(r;m) denotes
the orbifold pair determined by the weighted graph (S3,K(r) ∪ τ−, w1),
where w1 is given by the following rule. Let J1 and J2 be the edges of the
graph K(r) ∪ τ− distinct from τ−. Then

w1(J1) =∞, w1(J2) = 2, w1(τ−) = m.

(3) For r ∈ Q and an odd integer m ≥ 3, M2(r;m) denotes the orbifold pair
determined by the weighted graph (S3,K(r) ∪ τ+ ∪ τ−, w2), where w2 is
given by the following rule. Let J1 and J2 be unions of two mutually
disjoint edges of the graph K(r)∪ τ+ ∪ τ− distinct from τ±, such that both
J1 and J2 are preserved by the ‘vertical involution’ f of K(r). Then

w2(J1) =∞, w2(J2) = 2, w2(τ+) = 2, w2(τ−) = m.

In Definition 7.1(3), the vertical involution of (S3,K(r)) is an involution of
(S3,K(r)) which preserves both (B3, t(∞)) and (B3, t(r)) and whose restriction
to the common boundary (S2,P 0) is given by the π-rotation of R2 about the
point (1/2, 0) (see [7, Figure 4]).

We first calculate the orientation-preserving isometry group of the Heckoid
orbifolds. To this end, we recall the spherical dihedral orbifold O(r; d+, d−) in-
troduced in [7, Theorem 4.1], that is represented by a weighted graph (S3,K(r)∪
τ+ ∪ τ−, w), where d+ and d− are mutually prime positive integers d+ and d−,
and w is given by the rule.

w(K(r)) = 2, w(τ+) = d+, w(τ−) = d−.

Proposition 7.2. The orientation-preserving isometry group of the Heckoid
orbifolds are given by the following fromula.

Isom+(M0(r;n)) ∼= (Z2)2, Isom+(M1(r;m)) ∼= Z2, Isom+(M2(r;m)) ∼= Z2.

Proof. Let M be a Heckoid orbifold. Then the isometry group Isom+(M) is
finite, because the hyperbolic structure of M is geometrically finite. Let O
be the orbifold obtained from M by the order 2 orbifold surgery, namely the
orbifold represented by the weighted graph obtained from that representing the
Heckoid orbifold M, by replacing the label ∞ with 2 (cf. [7, Definition 6.3]).
Then O is the spherical dihedral orbifold O(r; 1, n), O(r; 1,m) or O(r; 2,m) ac-
cording as M =M0(r;n), M1(r;m), or M2(r;m). The action of Isom+(M)
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Figure 6: The inverting elliptic element for any generating pair induces the
involution h of M0(r;n) in the figure. According to whether p is odd (1)
or even (2), Fix(h) contains two or one geodesic paths joining the parabolic
locus P to itself.

descends faithfully to an orientation-preserving finite group action on the spher-
ical orbifold O. By the orbifold theorem (see [11]), we may assume the action
is an isometric action on the spherical orbifold. Thus Isom+(M) is identified
with the subgroup of the spherical isometry group Isom+(O) consisting of those
isometries which map the union of the edges of the singular set that arise from
the parabolic locus of M. The orientation-preserving isometry groups of the
spherical dihedral orbifolds are given by [7, Proposition 12.6], which together
with the above fact enables us to obtain the desired isomorphisms.

Let M = (M0, P ) be a Heckoid orbifold, and identify (M0, P ) with a sub-
space of the hyperbolic orbifold M = H3/Γ (Γ = π1(M)) by the isomor-
phism (1) in Section 1. Let {α, β} be a parabolic generating pair of the Heckoid
group π1(M), and let h be the inverting elliptic element for {α, β}, i.e., the
π-rotation about the geodesic η joining the parabolic fixed points of α and β.
Let η̄ be the image of η in M . Then, by Proposition 3.2, {α, β} is represented
by η̄ ∩M0.

Case 1. M =M0(r;n) with r = q/p and n ≥ 2. Then Isom+(M) ∼= (Z2)2

is illustrated in Figure 6(1) or (2) according to whether p is odd or even. Since
the singular set of M consists of a single arc of index n which joins the two
components of cl(∂M0 − P ), the inverting elliptic element h does not belong
to Γ, and so it descends to an isometric involution of M, which we continue
to denote by h. Since its fixed point set Fix(h) contains the geodesic path η̄
joining the parabolic loci Pα and Pβ , the involution h onM must be equivalent
to the involution h in Figure 6(1) or (2) according to whether p is odd or even.
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Figure 7: The inverting elliptic element for any generating pair induces the
involution h of the orbifoldM1(r;m) in the figure. Fix(h) contains two geodesic
paths joining the parabolic locus P to itself.

Subcase 1.1. p is odd. By Proposition 2.2, we have only to treat the case
p ≥ 3. Note that Fix(h) of the involution h in Figure 6(1) contains two geodesic
paths which join the parabolic locus P to itself, namely τ+ and τ c+, the images
of the tunnels τ+ and τ c+ for K(r) in M = M0(r;n) (see Figure 6(1)). If
η̄ = τ+, then {α, β} is equivalent to the standard parabolic generating pair
in Figure 1(2). We show that η̄ cannot be τ c+. Suppose on the contrary that
η̄ = τ c+. Then the natural epimorphism from π1(M0(r;n)) onto the 2-bridge
knot group G(r) maps the pair {α, β} to the long upper meridian pair of G(r).
Since p ≥ 3, the long upper meridian pair of G(r) is not a generating pair
by Lemma 5.1 and Proposition 5.2(1). This contradicts the assumption that
{α, β} is a generating pair of π1(M0(r;n)). Hence, π1(M0(q/p;n)) with p odd
has a unique parabolic generating pair.

Subcase 1.2: p is even. Then we can see from Figure 6(2) that τ+ is the
unique geodesic path contained in Fix(h) of the involution h in Figure 6(2)
which joins the parabolic locus P to itself. Hence the pair {α, β} is represented
by τ+, and so it is equivalent to the standard parabolic generating pair in Fig-
ure 1(2). Hence, π1(M0(q/p;n)) with p even has a unique parabolic generating
pair.

Case 2. M = M1(r;m) with r = q/p (p: odd) and m ≥ 3 odd. Then the
singular set ofM contains a unique edge of even index (actually 2) and it joins
the two components of cl(∂M0−P ). Hence the inverting elliptic element h does
not belong to Γ, and so it descends to an isometric involution of M, which we
continue to denote by h. The involution h generates Isom+(M) ∼= Z2 and it
is as illustrated Figure 7. Observe that Fix(h) of the involution h in Figure 7
contains two geodesic paths which joins the parabolic locus P to itself, namely
τ+ and τ c+. If η̄ = τ+, then {α, β} is equivalent to the standard parabolic
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Figure 8: M2(r;m) admits a unique orientation-preserving isometric involu-
tion. Its fixed point set is disjoint from the parabolic locus P . Hence the
inverting elliptic element h must be contained in π1(M2(r;m)).

generating pair in Figure 1(3). We show that η̄ cannot be τ c+. Suppose on the
contrary that η̄ = τ c+. Note that the natural epimorphism from π1(M1(r;m))

onto the π-orbifold group O(r) maps the pair {α, β} to {m1,m2m1m
−1
2 }, where

{m1,m2} is the image in O(r) of the long upper meridian pair of G(r). By
Lemma 5.1 and Proposition 5.2(1), {m1,m2} cannot generate O(r). (Here we
use the fact that the conclusion of Lemma 5.1(2) holds under the weaker condi-
tion that the image of {m1,m2} in O(K) generates O(K).) So {m1,m2m1m

−1
2 }

cannot generate O(r), and hence {α, β} is not a generating pair, a contradic-
tion. Hence, π1(M1(r;m)) has a unique parabolic generating pair.

Case 3. M = M2(r;m) with m ≥ 3 odd. Then Isom+(M) ∼= Z2 is as
illustrated Figure 8(1) or (2) according to whether p is odd or even. Thus the
fixed point set of the unique orientaion-preserving involution ofM2(r;m) does
not contain a geodesic path connecting the parabolic locus P to itself, and so the
inverting elliptic element h must belong to the Heckoid group π1(M2(r;m)).
Since m is odd, η̄ must be the upper tunnel τ+. Hence the pair {α, β} is
equivalent to the standard parabolic generating pair in Figure 1(4). Thus
π1(M2(r;m)) has a unique parabolic generating pair.

8. Applications to epimorphisms between 2-bridge knot
groups and degree one maps between 2-bridge link
exteriors

In [38], Ohtsuki, Riley, and Sakuma gave a systematic construction of epi-
morphisms between 2-bridge link groups. In this section, we show that all
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1

1/2

2/7 = [3, 2]

5/17 = [3, 2, 2]
3/10 = [3, 3]

1/4

1/3

Figure 9: A fundamental domain of Γ̂r in the Farey tessellation (the shaded
domain) for r = 5/17 = [3, 2, 2].

epimorporphisms between 2-bridge knot groups essentially arise from their con-
struction.

We first recall the result of [38]. Let Γr be the group of automorphisms of
the Farey tessellation F generated by the reflections in the Farey edges with
an endpoint r. It should be noted that Γr is isomorphic to the infinite dihedral
group and the region bounded by two adjacent Farey edges with an endpoint r is
a fundamental domain for the action of Γr on H2. Let Γ̂r be the group generated
by Γ∞ and Γr. When r ∈ Q−Z, Γ̂r is equal to the free product Γ∞∗Γr, having
a fundamental domain shown in Figure 9. (Otherwise, Γ̂r is equal to Γ∞ or
the group generated by the reflections in all Farey edges according to whether
r = ∞ or r ∈ Z.) It should be noted that Schubert’s classification theorem
of 2-bridge links says that two 2-bridge links K(r) and K(r′) are equivalent
if and only if there is an automorphism of F which sends {∞, r} to {∞, r′}.
Thus the conjugacy class of the group Γ̂r in the automorphism group of F is
uniquely determined by the link K(r).

The following result is a consequence of [38, Theorem 1.1] and the well-
known fact that there is a upper-meridian-preserving isomorphism G(r) ∼=
G(r + 1) for any r ∈ Q̂ (cf. [7, Proposition 2.1(1.a)]).

(A) There is an epimorphism from a 2-bridge link group G(r̃) to a 2-bridge link
group G(r), if r̃ or r̃+ 1 belongs to the Γ̂r-orbit of r or ∞. Moreover, we
can choose the epimorphism so that it is upper-meridian-pair-preserving,
namely, it sends the upper meridian pair of G(r̃) to that of G(r).

Lee and Sakuma proved the following converse to the above result ([33,
Theorem 2.4]), by solving a certain word problem for the 2-bridge link groups,
using the small cancellation theory.



PARABOLIC GENERATING PAIRS 505

(B) There is an upper-meridian-pair-preserving epimorphism from a 2-bridge
link group G(r̃) to a 2-bridge link group G(r) if and only if r̃ or r̃ + 1
belongs to the Γ̂r-orbit of r or ∞.

On the other hand, it was proved by Boileau, Boyer, Reid, and Wang that
any epimorphism from a hyperbolic 2-bridge knot group G(r̃) onto a non-trivial
knot group G(K) is induced by a non-zero degree map S3−K(r)→ S3−K and
that K is necessarily a two-bridge knot ([10, Corollary 1.3]). This in particular
implies the following.

(C) Any epimorphism from a hyperbolic 2-bridge knot group G(r̃) to a non-
trivial 2-bridge knot group G(r) maps the upper meridian pair of G(r̃)
to a pair consisting of peripheral elements. In particular, if G(r) is also
a hyperbolic 2-bridge knot group, then the image in G(r) of the upper
meridian pair of G(r̃) is a parabolic generating pair of G(r).

Furthermore, Gonzaléz-Acũna and Ramı́nez [21, Theorem 1.2] completely
determined the 2-bridge knot groups that have epimorphisms onto a (2, p) torus
knot group G(1/p). Their result can be reformulated as follows.

(D) There is an epimorphism from a 2-bridge knot group G(r̃) to a (2, p) torus
knot group G(r) with r = 1/p (p > 1 odd) if and only if r̃ or r̃+1 belongs
to the Γ̂r-orbit of r = 1/p or ∞.

In fact, if there is an epimorphism ϕ : G(r̃)→ G(1/p), then the composition
of ϕ with the natural epimorphism G(1/p) → Z2 ∗ Zp determines an epimor-
phism G(r̃)→ Z2 ∗Zp. Thus r̃ satisfies the condition (iii) of [21, Theorem 1.2],
which is equivalent to the condition (v) of the theorem. The latter conidition
in turn is equivalent to the condition that r̃ or r̃+ 1 belongs to the Γ̂r-orbit of
r = 1/p or ∞ by [38, Proposition 5.1].

By using the above results (A)∼(D) and Theorem 1.2(1), we obtain the
following complete characterisation of epimorphisms between 2-bridge knot
groups.

Theorem 8.1. There is an epimorphism from a 2-bridge knot group G(r̃) to
a 2-bridge knot group G(r) with r = q/p, if and only if one of the following
conditions holds.

1. r̃ or r̃ + 1 belongs to the Γ̂r-orbit of r or ∞.

2. r̃ or r̃+1 belongs to the Γ̂r′-orbit of r′ or ∞, where r′ = q′/p with qq′ ≡ 1
(mod p).

Proof. Recall the well-known fact that if r and r′ are as in (2) in the theorem
then there is an isomorphism G(r) → G(r′) which brings the upper meridian
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pair of G(r) to the lower meridian pair of G(r′) (cf. [7, Proposition 2.1(1.b)]).
The if part of the theorem is a consequence of the result (A) and this fact.

So we prove the only if part. If K(r) is a trivial knot, then every r̃ sat-
isfies the condition (1) or (2), and so the result holds trivially. If K(r) is a
nontrivial torus knot, then it is nothing other than the result (D). Thus we
may assume K(r) is a hyperbolic knot. Let ϕ : G(r̃) → G(r) be an epimor-
phism and {α̃, β̃} the upper meridian pair of G(r̃). Set {α, β} := {ϕ(α̃), ϕ(β̃)}.
Then, by the result (C), {α, β} is a parabolic generating pair of G(r). Thus,
by Theorem 1.2(1), it is equivalent to the upper or lower meridian pair of G(r).
If {α, β} is equivalent to the upper-meridian pair, then the result (B) implies
that the condition (1) holds. If {α, β} is equivalent to the lower meridian pair
of G(r), its image in G(r′) by the isomorphism G(r)→ G(r′), described at the
beginning of the proof, is the upper meridian pair of G(r′). Thus the composi-
tion G(r̃) → G(r) ∼= G(r′) is an upper-meridian-pair-preserving epimorphism.
Hence the result (B) implies that r̃ satisfies the condition (2). This completes
the proof of Theorem 8.1.

Remark 8.2: (1) We can describe all epimorphisms between given two hyper-

bolic 2-bridge knot groups as follows. For each r ∈ Q̂, fix a one-relator
presentation G(r) = 〈a, b | ur〉 as in [33, Section 3], where the ordered
pair (a, b) represents the upper-meridian pair. If r̃ belongs to the Γ̂r-
orbit of r or ∞, then the identity map on the free group F (a, b) with free
basis {a, b} descends to an (upper-meridian-pair-preserving) epimorphsim
G(r̃)→ G(r): we call it the ORS epimorphism from G(r̃) to G(r) (cf. [38,
Proof of Theorem 1.1 in p.428]). By the proof of Theorem 8.1 and [33,
Proof of Main Theorem 2.4 in pp.364–365], we can see that any epimor-
phism G(r̃)→ G(r) between given two hyperbolic 2-bridge knot groups is
equal to a composition

G(r̃) ∼= G(r̃∗)→ G(r∗) ∼= G(r)

of two isomorphisms between 2-bridge knot groups and an ORS epimor-
phism G(r̃∗)→ G(r∗).

(2) The above conclusion also holds for any epimorphism between hyperbolic
2-bridge link groups which are induced by a non-zero degree map between
the exteriors of the links, because such an epimorphism maps the upper-
meridian pair to a parabolic generating pair and so we can apply Theo-
rem 1.2(1) as in the proof of Theorem 8.1.

(3) The results of Gonzaléz-Acũna and Ramı́nez [21, 22, 23] imply that the
conclusion in (1) also holds when the target is a non-hyperbolic 2-bridge
knot K(r) with r = 1/p (p > 1 odd). To see this, note that G(1/p) is the
pullback (or the fiber product) of the diagram Z → Z2p ← Z2 ∗ Zp (see
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[28, Example 2]). In fact, this diagram together with the abelianization
ξ : G(1/p) → Z and the natural epimorphism ρ : G(1/p) → Z2 ∗ Zp form
a pullback diagram. Now let ϕ : G(r̃) → G(1/p) be an epimorphism. For
simplicity, we assume that r̃ belongs to the Γ̂r-orbit of r or ∞, and let
ϕ0 : G(r̃) → G(1/p) be the ORS epimorphism. Set ξ̃ = ξ ◦ ϕ, ξ̃0 = ξ ◦ ϕ0,
ρ̃ = ρ ◦ ϕ, ρ̃0 = ρ ◦ ϕ0. Then ϕ and ϕ0 are uniquely determined by the
pairs (ξ̃, ρ̃) and (ξ̃0, ρ̃0), respectively. By the argument in [10, the last part
of the proof of Corollary 1.3] based on [22, Theorem 18], we see either (i)
ξ̃ = ξ̃0 and ρ̃ = ρ̃0 modulo post composition of an inner-automorphism of
Z2 ∗ Zp or (ii) ξ̃ = h1 ◦ ξ̃0 and ρ̃ = h2 ◦ ρ̃0 modulo post composition of an
inner-automorphism of Z2 ∗ Zp, where h1 = −1Z is the automorphism of
Z defined by h1(z) = −z and h2 is the automorphism of Z2 ∗ Zp defined
by h2 = 1Z2

∗ (−1Zp
) = (−1Z2

) ∗ (−1Zp
). In the first case, ϕ = ϕ0 modulo

post composition of an inner-automorphism of G(1/p). In the second case,
ϕ = h ◦ ϕ0 modulo post composition of an inner-automorphism of G(1/p),
where h is the automorphism of G(1/p) induced by the strong inversion of
K(1/p).

We do not know if Theorem 8.1 holds for 2-bridge links, because we do not
know if the result (C) holds for 2-component 2-bridge links. In fact, there are
epimorphisms between 2-bridge link groups which are induced by degree 0 maps
between the link complements (see [38, Remark 6.3 and Proof of Corollary 8.1]),
in contrast to [10, Corollary 1.3]. However, we can obtain a condition for the
existence of a degree one map between hyperbolic 2-bridge link complements.
(We thank the referee for suggesting this to us.) From now on, we work with
link exteriors instead of link complements, and by a degree one map between the
exteriors of two links L1 and L2 in S3, we mean a map f : (E(L1), ∂E(L1))→
(E(L2), ∂E(L2)) such that f∗ : H3(E(L1), ∂E(L1))→ H3(E(L2), ∂E(L2)) car-
ries the fundamental class [E(L1), ∂E(L1)] to ±[E(L2), ∂E(L2)]. To describe
the result, recall that any ORS epimorphism G(r̃)→ G(r) is induced by (the re-
striction to the link exteriors of) a “branched fold map” between 2-bridge links
(see [38, Theorem 6.1]), whose degree, deg(r̃, r), is calculated from continued
fraction expansions of r̃ and r (see [38, Proposition 6.2(2) and Remark 6.3(1)]).

Theorem 8.3. There is a degree one map f : E(K(r̃))→ E(K(r)) with r = q/p
between hyperbolic 2-bridge link exteriors, if and only if one of the following
conditions holds.

1. r̃ or r̃+1 belongs to the Γ̂r-orbit of r or ∞, and deg(r̃, r) or deg(r̃+1, r),
accordingly, is equal to ±1.

2. r̃ or r̃+1 belongs to the Γ̂r′-orbit of r′ or ∞, where r′ = q′/p with qq′ ≡ 1
(mod p), and deg(r̃, r′) or deg(r̃ + 1, r′), accordingly, is equal to ±1.
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Proof. The if part follows from the description above and [38, Theorem 6.1 and
Proposition 6.2]. To prove the only if part, let f : E(K(r̃)) → E(K(r)) be a
degree one map between hyperbolic 2-bridge link exteriors. Then f induces an
epimorphism f∗ : G(r̃)→ G(r), and it maps the upper meridian pair of G(r̃) to
a parabolic generating pair of G(r). Thus, as in the proof of Theorem 8.1, we
see by using Theorem 1.2 that one of the conditions (1) and (2) in Theorem 1.2
holds. Moreover, as noted in Remark 8.2(2), the epimorphism f∗ is equal to an
ORS epimorphism modulo pre/post-compositions of isomorphisms of 2-bridge
link groups. Since E(K(r)) is aspherical and since the peripheral subgroups are
malnormal, the map f is properly homotopic to the branch-fold map given by
[38, Theorem 6.1], modulo pre/post-compositions of homeomorphisms between
2-bridge link exteriors. Hence the degree of f is equal to ± deg(r̃, r), ±deg(r̃+
1, r), ±deg(r̃, r′) or ±deg(r̃+ 1, r′) accordingly. Since deg(f) = ±1, one of the
conditions of Theorem 8.3 holds.
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[21] F. Gonzaléz-Acũna and A. Raḿınez, Two-bridge knots with property Q,
Quart. J. Math. 52 (2001), 447–454.
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1. Introduction

Closed orientable surfaces are one of the most ordinary geometric and physical
subjects to us, since they stay in our 3-dimensional space everywhere in vari-
ous manners. The study of symmetries on closed orientable surfaces is also a
classical topic in mathematics.

Let Σ2 be the orientable closed surface of genus 2. If a finite group action
G on Σ2 can also act on the pair (Σ2, S

3) for some embedding e : Σ2 → S3,
which is to say, for each h ∈ G we have h ◦ e = e ◦ h, then we call such a group
action on Σ2 extendable over S3. Similarly one can define the extendability
over a genus 2 handlebody V2.

There are many papers on such extending problems, for extending over a
handlebody see [3, 7] and over S3 see [2, 5, 6], and the references therein.

We determine extendability for all orientation-preserving finite group ac-
tions on Σ2. To do this, for each finite group G acting on Σ2, we first need
to find geometric generators for G, that is to exhibit each generator as a pri-
mary and explicit symmetry (like rotations, reflections and antipodal maps,
and their compositions), then check if those geometric generators are extend-
able. To find geometric generators itself is an interesting piece in the study of
surfaces symmetries.

We start from the Table 1 below which is copied from [1]. Table 1 gives
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G |G| Σ2/G presentation

Z2 2 (S2; 2, 2, 2, 2, 2, 2) 〈x : x2 = 1〉
Z2 2 (T 2; 2, 2) 〈x : x2 = 1〉
Z3 2 (S2; 3, 3, 3, 3) 〈x : x3 = 1〉
Z2 × Z2 4 (S2; 2, 2, 2, 2, 2) 〈x, y : x2 = y2 = 1 = [x, y] = 1〉
Z4 4 (S2; 2, 2, 4, 4) 〈x : x4 = 1〉
Z5 5 (S2; 5, 5, 5) 〈x : x5 = 1〉
Z6 6 (S2; 3, 6, 6) 〈x : x6 = 1〉
Z6 6 (S2; 2, 2, 3, 3) 〈x : x6 = 1〉
D3 6 (S2; 2, 2, 3, 3) 〈x, y : x2 = y3 = 1, xyx−1 = y−1〉
Z8 8 (S2; 2, 8, 8) 〈x : x8 = 1〉

D̃2 8 (S2; 4, 4, 4) 〈x, y : x4 = y4 = 1, x2 = y2, xyx−1 = y−1〉
D4 8 (S2; 2, 2, 2, 4) 〈x, y : x2 = y4 = 1, xyx−1 = y−1〉
Z10 10 (S2; 2, 5, 10) 〈x : x10 = 1〉
Z2 × Z6 12 (S2; 2, 6, 6) 〈x, y : x2 = y6 = [x, y] = 1〉
D4,3,−1 12 (S2; 3, 4, 4) 〈x, y : x4 = y3 = 1, xyx−1 = y−1〉
D6 12 (S2; 2, 2, 2, 3) 〈x, y : x2 = y6 = 1, xyx−1 = y−1〉
D2,8,3 16 (S2; 2, 4, 8) 〈x, y : x2 = y8 = 1, xyx−1 = y3〉
Z2 n
(Z2 ×
Z2×Z3)

24 (S2; 2, 4, 6)
〈x, y, z, w : x2 = y2 = z2 = w3 = [y, z] =
[y, w] = [z, w] = 1, xyx−1 = y, xzx−1 =
zy, xwx−1 = w−1〉

SL2(3) 24 (S2; 3, 3, 4) 〈x, y : x =
(

1 1
0 1

)
, y =

(
0 1
−1 0

)
〉

GL2(3) 48 (S2; 2, 3, 8) 〈x, y : x =
(

1 1
0 −1

)
, y =

(
0 −1
−1 −1

)
〉

Table 1: Abstract finite group actions on Σ2.

all the orientation-preserving finite group actions on Σ2, including their or-
ders, orbifold information, and group presentations. We remark that in this
classification, two group actions are equivalent if and only if they differ by a
conjugation via some topological homeomorphism of the Σ2.

We need to explain more before we can state our results.

If an action of G is orientation-preserving on Σ2 and is extendable over
V2, then the action of G on V2 must also be orientation-preserving. However,
if it is extendable over S3, then there are two possibilities: (1) all elements
g ∈ G preserve the orientation of S3, or (2) some element g ∈ G reverses the
orientation of S3. We use the symbol “H” to denote an action which extends
over V2, use “+” to denote an action which extends over S3 of type (1), and
use “−” to denote an action which extends over S3 of type (2).
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G Σ2/G generators extendability

Z2 (S2; 2, 2, 2, 2, 2, 2) ρ2,1 H,+

Z2 (T 2; 2, 2) ρ2,2 H,+,−
Z3 (S2; 3, 3, 3, 3) ρ3 H,+

Z2 × Z2 (S2; 2, 2, 2, 2, 2) ρ2,1, ρ2,2 H,+,−
Z4 (S2; 2, 2, 4, 4) ρ4 H,−
Z5 (S2; 5, 5, 5) ρ5 ∅
Z6 (S2; 3, 6, 6) ρ6,2 −
Z6 (S2; 2, 2, 3, 3) ρ6,1 H,+

D3 (S2; 2, 2, 3, 3) ρ2,2, ρ3 H,+

Z8 (S2; 2, 8, 8) ρ8 ∅

D̃2 (S2; 4, 4, 4) ρ4, ρ
′
4 ∅

D4 (S2; 2, 2, 2, 4) ρ4, ρ2,2 H,−
Z10 (S2; 2, 5, 10) ρ10 ∅

Z2 × Z6 (S2; 2, 6, 6) ρ2,1, ρ6,2 −
D4,3,−1 (S2; 3, 4, 4) ρ3, ρ4 −
D6 (S2; 2, 2, 2, 3) ρ2,2, ρ6,1 H,+

D2,8,3 (S2; 2, 4, 8) ρ2,2, ρ8 ∅
Z2 n (Z2 × Z2 × Z3) (S2; 2, 4, 6) ρ2,2, ρ2,1, ρ

′
2,2, ρ3 −

SL2(3) (S2; 3, 3, 4) ρ3, ρ4 ∅
GL2(3) (S2; 2, 3, 8) ρ3, ρ8 ∅

Table 2: Geometric generators and extendability of finite group actions on Σ2.

Our main result is:

Theorem 1.1. For each orientation-preserving finite group action on the sur-
face Σ2,

(1) its geometric generators, whose descriptions will be given in Section 2,
are given in the third column of Table 2;

(2) its extendability is given in the last column of Table 2.

Here are some remarks about the symbols in Table 2:

1. We use ρn to denote a periodic map on Σ2 of order n;

2. If there are more than one periodic maps, which are not conjugate to
each other, then we denote them by ρn,1, ρn,2, ...;



516 C. WANG ET AL.

Figure 1

3. As the generators of D̃2, ρ4 and ρ′4 are two different periodic maps on
Σ2, but they are conjugate to each other. The same for the symbols ρ2,2
and ρ′2,2 as the generators of Z2 n (Z2 × Z2 × Z3).

We finish the introduction by the following very useful fact:
If a group action is extendable of some type then its subgroups are also

extendable, see Figure 1 for some subgroup inclusions. Two groups joined with
an edge indicates that the upper one is a subgroup of the lower one (as group
actions).

2. Examples

Example 2.1: This example is mostly from [2].
Figure 2(a) gives a realization of the actions of ρ2,1 and ρ2,2 on (Σ2, S

3).
This gives the examples of Z2 × Z2(H,+), Z2(ρ2,1)(H,+) and Z2(ρ2,2)(H,+).

Figure 2(b) gives a realization of the ρ2,2-action on (Σ2, S
3). The restriction

of this action on each S2 centered at O is an antipodal map, and if we view
S3 as the union of such S2’s together with O and ∞, then the action gives the
orientation-reversing map of S3 of order 2 with fixed points O and ∞. Here
we view Σ2 as the horizontal plane with two handles. This gives the example
of Z2(ρ2,2)(−).

Figure 3 gives a realization of the ρ3 and ρ2,1-actions on (Σ2, S
3). The two

actions commute and their composition is ρ3ρ2,1 = ρ6,1. This gives the example
of Z3(ρ3)(H,+) and Z6(ρ6,1)(H,+).
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Figure 4(a) gives a realization of the ρ4-action on (Σ2, S
3). This action is the

composition of a π/2-rotation together with a reflection about the horizontal
plane. Here we view Σ2 as the horizontal plane with two handles. This gives
the example of Z4(−).

Figure 4(b) gives a realization of the ρ4-action on the handlebody V2 as a
solid 3-ball with two pairs of opposite disks identified. This gives the example
of Z4(H). This ρ4 together with a ρ2,2 give the example of D4(H).

Figure 5(a) gives a realization of the ρ8-action on Σ2 as an octagon with
opposite sides identified.

Figure 5(b) gives a realization of the ρ10-action on Σ2. This also gives the
ρ5 = ρ210 action.

Example 2.2: This example is mostly form [6]. Let S3 be the unit sphere in
C2:

S3 = {(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1}.
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Let

am = (e
mπ
2 i, 0), m = 0, 1, 2, 3,

bn = (0, e
nπ
3 i), n = 0, 1, · · · , 5.

Connect each a2l to each b2k by the shortest geodesic in S3, and connect each
a2l+1 to each b2k+1 by the shortest geodesic in S3, where l = 0, 1 and k = 0, 1, 2.
Then we get two graphs Γ,Γ′ ∈ S3. Γ contains a2l, b2k, and Γ′ contains a2l+1,
b2k+1. Each graph has 5 vertices (3 of them are of degree 2) and 6 edges. They
are in the dual positions as in Figure 6 where graphs have been projected into
the 3-dimensional Euclidean space E3 = S3 − {(−1, 0)}; the vertex a2 is at
infinity.

Roughly speaking, there is a Σ2 embedded at the “middle position” between
the Γ and Γ′, as a Heegaard surface bounding two handlebodies, so if a group
action keeps Γ ∪ Γ′ invariant, then this group acts on the pair (Σ2, S

3). For
details of such an embedding one can see [6].
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Now we give some actions on S3:

x : (z1, z2) 7→ (z̄1, z̄2)

y : (z1, z2) 7→ (−z1, z2)

z : (z1, z2) 7→ (−iz̄1, z2)

w : (z1, z2) 7→ (z1, e
2
3πiz2)

It is easy to check that all these maps keep Γ ∪ Γ′ invariant, so they all act
on the pair (Σ2, S

3). Furthermore, x, y, w leave both Γ and Γ′ invariant, and
they preserve the orientation of S3; z interchanges Γ and Γ′, and it reverses the
orientation of S3, so we conclude that all these maps preserve the orientation
of Σ2. They generate the group

〈x, y, z, w|x2 = y2 = z2 = w3 = [y, z] = [y, w] = [z, w] = 1,

xyx−1 = y, xzx−1 = zy, xwx−1 = w−1〉
∼= Z2 n (Z2 × Z2 × Z3).

So it gives the example for Z2 n (Z2 × Z2 × Z3)(−).
Note that

(1) Z2×Z2 is the subgroup generated by y and z, so it also gives the example
for Z2 × Z2(−).

(2) Z2 × Z6 is the subgroup generated by y, z, and w, so it also gives the
example for Z2 × Z6(−).

(3) Z6 is the subgroup generated by zw, so it also gives the example for
Z6(−).

(4) D3 is the subgroup generated by x and w, so it also gives the example
for D3(H,+).

(5) D4 is the subgroup generated by x, y and z, so it also gives the example
for D4(−).

(6) D6 is the subgroup generated by x, y and w, so it also gives the example
for D6(H,+).

(7) D4,3,−1 is the subgroup generated by xz and w; we have

D4,3,−1 ∼= 〈xz,w|(xz)4 = w3 = 1, (xz)w(xz)−1 = w−1〉,

so it also gives the example for D4,3,−1(−).
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Figure 6

Figure 7

Example 2.3: In this part, we provide some intuition of some actions on Σ2.
Although these actions are not extendable in any sense, we can see the group
structures more directly.

First let us consider Σ2 as the hyperbolic octagon with opposite sides iden-
tified. This octagon has all eight corners π/4, and can be divided into 16
hyperbolic equilateral triangles, each of which has inner angle π/4.

There is an obvious π/4 rotation around the center point O. Now we
describe another order 3 rotation ρ3. If we lift it to the universal cover of
Σ2, then it is a 2π/3 rotation around the center of the triangle V BA. This
action will permute these triangles as:

V BA 7→ BAV

OCD 7→ DOC

OC ′D′ 7→ D′OC ′

A′V B′ 7→ V B′A′
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ABO 7→ V A′D 7→ B′V C ′ 7→ ABO

AOD′ 7→ V D′C ′ 7→ B′C ′O 7→ AOD′

BCO 7→ A′OD 7→ V DC 7→ BCO

V CB 7→ B′OA′ 7→ AD′V 7→ V CB

If we map each triangle to a letter in {1, 2, 3, 4} as in the left side of the picture,
then this order 3 action induces a permutation

(2, 3, 4) ∈ S4.

Note that the order 8 rotation ρ8 induces a permutation

(1, 2, 3, 4).

Since (2, 3, 4) and (1, 2, 3, 4) generates the whole S4, we have a surjective group
homomorphism:

〈ρ3, ρ8〉 → S4.

Furthermore, if we label the regions in Σ2 with eight non-zero vectors in Z2
3

as in the right side, then we can check that

ρ3((a, b)) = (a, b)

(
0 1
−1 −1

)
,

ρ8((a, b)) = (a, b)

(
0 1
1 1

)
.

So we have an isomorphism

〈ρ3, ρ8〉 ∼= 〈
(

0 1
−1 −1

)
,

(
0 1
1 1

)
〉 = GL2(3),

together with a 2 to 1 surjective homomorphism

p : GL2(3)→ S4.

By take the subgroup 〈ρ3, ρ4〉 = 〈ρ3, ρ28〉, we see another surjective group
homomorphism:

〈ρ3, ρ4〉 → A4

ρ3 7→ (2, 3, 4)

ρ4 7→ (1, 2, 3, 4)2 = (1, 3)(2, 4).

And in fact we have
〈ρ3, ρ4〉 ∼= SL2(3).
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Consider the subgroup of S4

〈(1, 2, 3, 4), (1, 2)(3, 4)〉 ∼= D4,

its preimage under p : GL2(3)→ S4 is the D2,8,3.
Finally consider the subgroup of S4

〈(1, 2)(3, 4), (1, 3)(2, 4)〉 ∼= Z2 × Z2,

its preimage under p is the D̃2, and D̃2 is isomorphic to the unit quaternion
group {±1,±i,±j,±k}.

So this example shows the group actions of GL2(3), SL2(3), D2,8,3 and D̃2

on Σ2.

3. Extendabilities

3.1. Extension to a handlebody

The following lemma follows from results of [7] or [3]; alternatively, it is a
consequence of the equivariant Dehn’s Lemma ([4]).

Lemma 3.1. If a group G acts on some handlebody V orientation-preservingly,
and the orbifold ∂V/G is a sphere with no more than 3 branch points, then
V is in fact the 3 ball. So ∂V/G must be (S2;n, n), (S2; 2, 2, n), (S2; 2, 3, 3),
(S2; 2, 3, 4) or (S2; 2, 3, 5).

Now we proof the handlebody part of the main theorem:
Z2(ρ2,1)(H), Z2(ρ2,2)(H), Z3(H), Z2 × Z2(H), Z4(H), Z6(ρ6,1)(H) and

D4(H) are from Example 2.1.
D3(H) and D6(H) are from Example 2.2.
All the other actions cannot extend to a handlebody by Lemma 3.1.

3.2. Extension to S3

The results for cyclic group actions are proved in [2], and the existence of the
extensions of the cyclic group actions is actually proved also in Section 2. In
the following we consider only the non-cyclic group actions.

By Lemma 2.4 of [5], if some G-action on Σ2 with orbifold Σ2/G a sphere
with no more than 4 singular points, then this action extends to S3 orientation-
preservingly implies that it also extends to some handlebody. So in this case
if we do not have G(H), we can not have G(+).

Z2 × Z2(+) is from Example 2.1. Z2 × Z2(−) is from Example 2.2.
D3(+) is from Example 2.2.
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D3(−) does not extend: otherwise, suppose D3 = 〈ρ2, ρ3〉 acts on S3, where
ρ2 reverse the orientation of S3. Denote by Θ1 and Θ2 the two 3-orbifold
bounded by X = Σ2/Z3 = S2(3, 3, 3, 3), and by {A,B,C,D} the four branched
points onX. By applying Smith theory, we may suppose that two branched arcs
in Θ1 are AB and CD, and two branched arcs in Θ2 are BC andDA , see Figure
8. Note the induced involution ρ̄2 on X is a π-rotation about two ordinary
points and interchanges Θ1 and Θ2. Since ρ̄2(A) 6= A, if ρ̄2 interchanges A
and B, ρ̄2 will keep the singular arc AB invariant; if ρ̄2 interchanges the pairs
(A,B) and (C,D), then ρ̄2 interchanges the singular arcs AB and CD. In
either case we would have ρ̄2(Θ1) = Θ1 which is a contradiction.

A

B C

D

Θ1

Θ2

Figure 8

D̃2(+) does not extend because it does not even extend to a handlebody.

D̃2(−) does not extend: otherwise, suppose D̃2 acts on S3, consider the
orientation-preserving subgoup, which is an index 2 subgroup and must be
isomorphic to Z4, but there is no Z4(+).

So we have D̃2{∅}. Since D̃2 ⊂ SL2(3) ⊂ GL2(3) and D̃2 ⊂ D2,8,3, we also
conclude that SL2(3){∅} , GL2(3){∅} and D2,8,3{∅}.

D4(+) does not extend because there is no Z4(+) as a subgroup.
Z2×Z6(+) and D4,3,−1(+) do not extend because they cannot even extend

to a handlebody.
D6(−) does not extend because an element of order 2 which reverses the

orientation of S3 together with an element of order 3 will form a subgroup of
either Z6(ρ6,1) or D3, but there is no Z6(ρ6,1)(−) or D3(−) as a subgroup.

Z2 n (Z2 × Z2 × Z3)(+) does not extend because it cannot even extend to
a handlebody.
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Abstract. It is well known that, among closed spherical Seifert three-
manifolds, only lens spaces and prism manifolds admit several Seifert
fibrations which are not equivalent up to diffeomorphism. Moreover
the former admit infinitely many fibrations, and the latter exactly two.
In this work, we analyse the non-uniqueness phenomenon for orbifold
Seifert fibrations. For any closed spherical Seifert three-orbifold, we
determine the number of its inequivalent fibrations. When these are in
a finite number (in fact, at most three) we provide a complete list. In
case of infinitely many fibrations, we describe instead an algorithmic
procedure to determine whether two closed spherical Seifert orbifolds
are diffeomorphic.

Keywords: Seifert fibrations, spherical 3-orbifolds, finite subgroups of SO(4).
MS Classification 2010: 57M60, 57M12, 57M50.

1. Introduction

Seifert fibered 3-manifolds were introduced by Seifert [27] and are one of the cor-
nerstones in the study of 3-dimensional manifolds (see for example [1, 22, 26]).
Roughly speaking a Seifert fibered 3-manifold is a fiber bundle whose fibers are
circles, except that some fibers are exceptional, meaning that a tubular neigh-
borhood is a torus which is however not fibered as a product. The presence
of singular fibers is reflected by the fact that the base of the fibration is not
a manifold, but a particular type of 2-dimensional orbifold, namely a surface
containing cone points.

Orbifolds are a generalization of manifolds, which had been introduced in
different contexts by Satake [25], by Thurston [30, Chapter 13] and by Haefliger
[14] – useful references being also [1, 5, 10, 26]. The most standard example
of an orbifold (of dimension n) is the quotient of a manifold Mn by a group Γ
which acts properly discontinuously – but in general not freely – on M . If the
action is not free, singular points appear in the quotient M/Γ, keeping track
of the action of point stabilizers StabΓ(x) on a neighborhood of a fixed point
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x ∈M . More generally, an orbifold is locally the quotient of a manifold by the
action of a finite group.

Bonahon and Siebenmann [3] generalized the definition of Seifert fibration
to 3-orbifolds. This notion is actually more general than its counterpart for 3-
manifolds: here fibers are in general quotients of the circle, and therefore some
exceptional fibers are allowed to be intervals, which corresponds to the fact that
the base of the fibration has singularities which are not of conical type. Seifert
fibered 3-manifolds and 3-orbifolds are classified up to fibration-preserving dif-
feomorphisms by Seifert invariants, but some of them admit more than one
Seifert fibration. The complete topological classification of the Seifert fibered
3-manifolds follows from the work of several authors (see [1, Section 2.4.1]).
In the present paper we give a classification by diffeomorphism type of closed
Seifert fibered spherical 3-orbifolds. Throughout the paper 3-orbifolds and 3-
manifolds are assumed to be orientable; indeed, in the spherical fibered case
this assumption is not a restriction since non-orientable spherical 3-orbifolds
never admit a Seifert fibration, see Corollary 2.8.

Spherical 3-orbifolds are one of the eight classes of geometric 3-orbifolds,
which had a large importance in Thurston’s geometrization program. These
are locally the quotient of one of the eight Thurston’s model geometries by
the properly discontinuous action of a group of isometries. In the case of
manifolds, six of eight Thurston’s geometries give Seifert fibered 3-manifolds
(the exceptions are hyperbolic and Sol geometries). In the orbifold setting
the situation is the same with few exceptions: twelve euclidean 3-orbifolds
and eighteen spherical 3-orbifolds are not fibered, see [10, Theorem 1]. The
eighteen spherical 3-orbifolds not admitting a Seifert fibration are analyzed by
Dunbar [11]. On the other hand each closed Seifert fibered 3-orbifold without
bad 2-suborbifold admits a geometric structure [1, Proposition 2.13]; bad means
that the orbifold is not globally the quotient of a manifold.

The 3-manifolds admitting multiple fibrations are either spherical, euclidean
or covered by the Thurston geometry S2 × R, see [26]. In the euclidean case
there exists a unique 3-manifold admitting several inequivalent fibrations and
in the S2 × R case we find two of these manifolds. The most intriguing case
from this point of view is the spherical one where manifolds belonging to two
important classes (lens spaces and prism manifolds) admit multiple fibrations.
The situation for Seifert fibered 3-orbifolds is similar in the sense that interest-
ing non-uniqueness phenomena mostly appear for spherical geometry; see for
example [1, Theorem 2.15].

In this paper we compute, for each possible closed fibered spherical 3-
orbifolds, the number of fibrations it admits. When the number of the fibrations
is finite we describe explicitly the Seifert invariants of all fibrations of any 3-
orbifold. When infinitely many fibrations occur, we describe an algorithm to
decide if two sets of Seifert invariants give the same 3-orbifold. Hence we ob-
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tain a complete classification of closed Seifert fibered spherical 3-orbifold up
to orientation-preserving diffeomorphism. In fact, for orientable Seifert fibered
3-orbifolds the Seifert invariants are complete invariants of oriented fibered 3-
orbifolds. We also remark that we do not need to assume that the singular
locus is non-empty, hence the results of this paper also hold true when O is
a manifold. As already mentioned, the manifold case is well-known from the
literature.

The presentation of all possibile diffeomorphisms is rather technical and
summarizing it in a single statement seems impossible to us. In the present
introduction we describe the situation in terms of number of fibrations which
are admitted. The complete description of the classification can be found in
Section 5.

Theorem 1.1. Let O be a closed spherical Seifert fibered 3-orbifold with base
orbifold B and b an integer greater than one.

1. If B ∼= S2(2, 2, b), D2(b), RP 2(b), D2(2; b) or D2(; 2, 2, b) then O admits
two inequivalent fibrations with the following exceptions:

•
(
S2(2,2,b); 0

2 ,
0
2 ,±

2
b ;∓ 2

b

)
,
(
S2(2,2,b); 0

2 ,
1
2 ,±

1+b/2
b ;∓ 1

b

)
with b even,(

D2(2; );± b
2 ; ;∓ b

2 ; 0
)
,
(
D2(2; b); 1

2 ; ± 1
b ; ∓ 1

2b ; 1
)

and(
D2(; 2, 2, b); ; 1

2 ,
1
2 ,±

1
b ; ∓ 1

2b ; 1
)

which admit three fibrations;

•
(
S2(2,2,b); 0

2 ,
0
2 ,±

1
b ;∓ 1

b

)
,
(
S2(2,2,b); 0

2 ,
1
2 ,±

(1+b)/2
b ;∓ 1

2b

)
with b odd,(

D2(b; );± 1
b ; ;∓ 1

b ; 0
)
,
(
D2(b; );± (1+b)/2

b ; ;∓ 1
2b ; 1

)
with b odd,(

RP 2(b);± 1
b ;∓ 1

b

)
,
(
D2(2; b); 0

2 ; ± 1
b ; ∓ 1

2b ; 1
)

with b even,(
D2(; 2, 2, b); ; 0

2 ,
0
2 ,±

1
b ; ∓ 1

2b ; 0
)

with b odd and(
D2(; 2, 2, b); ; 0

2 ,
1
2 ,±

(b+1)/2
b ; ∓ 1

4b ; 1
)

with b odd

which admit infinitely many fibrations.

2. If B ∼= S2(2, 3, b) or D2(; 2, 3, b) with b = 3, 4, 5 then O admits a unique
fibration with the following exceptions:

•
(
S2(2, 3, 3) ; 0

2 ,±
2
3 ,±

2
3 ;∓ 1

3

)
,
(
S2(2, 3, 4) ; 0

2 ,±
2
3 ,±

2
4 ;∓ 1

6

)
,(

S2(2, 3, 4) ; 0
2 ,±

1
3 ,±

3
4 ;∓ 1

12

)
,
(
S2(2, 3, 5) ; 0

2 ,±
2
3 ,±

2
5 ;∓ 1

15

)
,(

D2(; 2, 3, 3); ; 1
2 ,±

1
3 ,±

1
3 ;∓ 1

12 ; 1
)
,
(
D2(; 2, 3, 4); ; 1

2 ,±
1
3 ,±

1
4 ;∓ 1

24 ; 1
)

and
(
D2(; 2, 3, 5); ; 1

2 ,±
1
3 ,±

1
5 ;∓ 1

60 ; 1
)

which admit two fibrations.

3. If B is a 2-sphere with at most two cone points or a 2-disk with at most
two corner points, then O admits infinitely many fibrations.
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For the notations for 2-orbifolds and for fibered 3-orbifolds we refer the
reader to Subsection 2.2 and 2.3, respectively. We remark that in Theorem 1.1,
the list of exceptions sometimes contains the Seifert invariants of different fi-
brations of the same 3-orbifold. As already said, in Section 5 we actually
list, for every spherical orbifold admitting multiple inequivalent fibrations as in
Theorem 1.1, all of its other fibrations.

We discuss briefly some topological aspects relating to the theorem. A
Seifert fibered 3-orbifold with base orbifold a 2-sphere with at most two cone
points has a lens space as underlying topological space and the singular set is
a subset of the union of the cores of the two tori giving the lens space; these
orbifolds can be considered as the generalization of lens spaces in the setting
of orbifolds. However, we remark that there are Seifert fibered 3-orbifolds
with base 2-orbifold different than a sphere with at most two cone points,
whose underlying topological space is still a lens space; when this happens, the
singular set does not entirely consist of a union of fibers. For instance, the other
orbifolds in the third case of Theorem 1.1 (whose base 2-orbifold is a 2-disk)
can be obtained as a quotient of an “orbifold lens space” by an involution whose
action is not free; in this case the underlying topological space is always S3,
see also [10].

The case B ∼= S2(2, 2, b) contains the classical family of prism manifolds.
Prism manifolds admit two inequivalent fibrations, the second one with B ∼=
RP 2(b), see [22] or [15, Theorem 2.3]. We recover an explicit description of the
relations between the two fibrations of prism manifolds in Case 1 of Subsec-
tion 5.2.

As a result of our analysis, we also obtain the following statement in analogy
with the situation for spherical Seifert 3-manifolds:

Theorem 1.2. If a closed spherical Seifert fibered 3-orbifold admits several
inequivalent fibrations, then its underlying topological space is either a lens
space or a prism manifold.

However, unlike the manifold case, this is not a complete characterization
of non-uniqueness, since there are 3-orbifolds with underlying manifold a lens
space, whose fibration is unique up to diffeomorphism.

Finally we remark that the presence of one platonic group (tetrahedral,
octahedral or icosahedral) or of one of their binary versions in the fundamental
group of the 3-orbifold assures, with a few exceptions, the uniqueness of the
fibration.

The methods we use in the paper are related to the fact that closed spherical
3-orbifolds are globally the quotient of the 3-sphere S3 by the action of a finite
group G of isometries. In [20, 21] we have analyzed different aspects of the
classification of finite subgroups of SO(4) up to conjugacy. Here we continue
this kind of analysis with an additional difficulty consisting in considering a
classification up to “fibration-preserving conjugacy”.
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Organization of the paper

In Section 2 we give an introduction to orbifolds of dimension 2 and 3, with
special attention to the spherical case, and we recall the definition of Seifert
fibration for orbifolds. In Section 3 we discuss the classification of finite sub-
groups of SO(4). In Section 4 we analyze which groups leave invariant the
Seifert fibrations of the 3-sphere and we explain the approach to the classifi-
cation of finite subgroups of SO(4) we adopt to get a classification of Seifert
fibered spherical 3-orbifolds by diffeomorphism type. In Section 5 we explicitly
present the classification by distinguishing the case of 3-orbifolds admitting
finitely many inequivalent fibrations and the case of 3-orbifolds with infinitely
many ones.

2. Spherical and Seifert fibered three-orbifolds

2.1. Spherical orbifolds

Let us start by recalling some notions on smooth and spherical orbifolds in any
dimension. For details see [1, 5, 23].

Definition 2.1. A smooth orbifold O (without boundary) of dimension n is
a paracomapct Hausdorff topological space X endowed with an atlas ϕi : Ui →
Ũi/Γi, where:

• The Ui form an open covering of O.

• The Ũi are open subsets of Rn on which the finite groups Γi act smoothly
and effectively.

• Each ϕi is a homeomorphism and the compositions ϕj ◦ ϕ−1
i lift to dif-

feomorphisms ϕ̃ij : Ũi → Ũj.

Moreover, the orbifold O is:

• Orientable if the groups Γi and the lifts ϕ̃ij preserve an orientation of Rn
(and the choice of such an orientation makes O oriented).

• Spherical if each Ũi is endowed with a Riemannian metric g̃i of constant
curvature 1 preserved by the action of the groups Γi and such that each
ϕ̃ij is an isometry from (Ũi, g̃i) to (Ũj , g̃j).

The topological space X is called the underlying topological space of the
orbifold. A diffeomorphism between orbifolds O and O′ is a homeomorphism
f : X → X ′ of the underlying topological spaces such that each composition
ϕ′j′ ◦ f |Ui

◦ϕ−1
i , when defined, can be lifted to a diffeomorphism from Ũi to its

image in Ũ ′j′ . If O and O′ are oriented, then f is orientation-preserving if the
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lifts preserve the orientation of the Ũi and Ũ ′j′ . If O and O′ are spherical, f is
an isometry if the lifts are isometric for the Riemannian metrics g̃i and g̃′j′ .

One can define a local group associated to every point x, namely the smallest
possible group Γ which gives a local chart ϕ : U → Ũ/Γ for x. If the local group
is trivial, then x is a regular point of O. Otherwise x is a singular point. The
set of regular points of O is a smooth manifold. Manifolds are thus special
cases of orbifolds, for which the group Γi in Definition 2.1 is always the trivial
group. We do not assume that the singular locus is non-empty here, hence all
the results of this paper also hold when O is a manifold.

One can give more generally the definition of smooth orbifold with boundary
by replacing Rn by a half-space in Rn in Definition 2.1; we will not need such a
notion in this paper, since we only consider closed orbifolds, as in the following
definition.

Definition 2.2. A closed orbifold is a smooth orbifold (without boundary)
whose underlying topological space is compact.

The underlying topological space of a closed orbifold might be a manifold
with boundary (see Section 2.2 below for examples), or also more pathological
topological spaces having non-manifold points. However in Section 2.2 below
we will see that the underlying topological space of closed orientable orbifolds
of dimension three is always a closed manifold and that of closed orbifolds of
dimension two is a compact manifold with possibly non-empty boundary.

The most intuitive examples of orbifolds are produced as quotients O =
M/G, for G a group acting smoothly and properly discontinuously on a man-
ifold M . In this case the local group of a point x in the quotient M/G is the
stabiliser of any of the preimages of x (which is finite). An orbifold is called
good if it is diffeomorphic to a quotient M/G as above. Otherwise it is called
bad.

Theorem 2.3 ([23, Theorem 13.3.10]). Every closed spherical orbifold is good,
and is in fact isometric to a global quotient Sn/G for G < O(n + 1) a finite
group of isometries of Sn.

If the spherical orbifold is orientable, then G is a subgroup of SO(n + 1).
The following theorem of de Rham is a rigidity result for spherical orbifolds:

Theorem 2.4 ([7, 24]). If two closed spherical orbifolds are diffeomorphic, then
they are isometric.

If we consider two closed spherical orbifolds of the form (by Theorem 2.3)
O = Sn/G and O′ = Sn/G′, then O and O′ are isometric if and only if G
and G′ are conjugate in O(n + 1). If moreover O and O′ are orientable (i.e.
G,G′ < SO(n+1)) and endowed with the orientation induced by the orientation
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of Sn, then O and O′ have an orientation-preserving isometry if and only if G
and G′ are conjugate in SO(n+ 1).

Hence the classification of closed spherical orientable 3-orbifolds up to orien-
tation-preserving diffeomorphisms amounts algebraically to the classification of
finite subgroups of SO(4) up to conjugacy, which is the content of Section 3.

2.2. Two and three-dimensional orbifolds

Let us start by considering orbifolds of dimension 2. The underlying topological
space turns out to be a manifold with boundary. In fact a neighborhood of any
point x is modelled on D2/Γ where Γ can be (see Figure 1):

• The trivial group, if x is a regular point;

• A cyclic group of rotations (in this case x is called cone point and is
labelled with the order of Γ);

• A group of order 2 generated by a reflection (x is called mirror reflector
and is a boundary point of the underlying 2-manifold);

• A dihedral group (x is called corner reflector, is still a boundary point
for the underlying manifold and is labelled with the order of the rotation
subgroup of Γ).

n

n

Figure 1: Local models of 2-orbifolds. From left to right, a cone point, a mirror
reflector and a corner reflector.

If O is closed, its diffeomorphism type is denoted by X(n1, . . . , nk;m1, . . . ,mh),
where X is the underlying manifold with boundary, n1, . . . , nk are the labels
of cone points and m1, . . . ,mh are the labels of corner reflectors. (Labels are
also called singularity indices.)

The Euler characteristic of O is then defined as:

χ(O) := χ(X)−
∑
i

(
1− 1

ni

)
− 1

2

∑
j

(
1− 1

mj

)

where χ(X) is the Euler characteristic of the underlying manifold X.
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As a consequence of the discussion of Section 2.1, any closed spherical 2-
orbifold is diffeomorphic to a quotient of S2 by a finite subgroup G of O(3),
and moreover the conjugacy class of G determines both the diffeomorphism
and isometry type of S2/G. Starting with the orientable case, the following
classical result classifies finite subgroups of SO(3):

Lemma 2.5. A finite subgroup of SO(3) is either a cyclic group, a dihedral
group, or the tetrahedral, octahedral or icosahedral group.

It follows that closed orientable spherical 2-orbifolds are (up to diffeomor-
phism):

S2, S2(p, p), S2(2, 2, p), S2(2, 3, 3), S2(2, 3, 4), S2(2, 3, 5) for p ≥ 2 . (1)

For non-orientable spherical orbifolds, it suffices to consider order 2 quotients
of orientable ones, thus getting the list:

D2, D2(p; ), D2(; p, p), D2(2; p), D2(; 2, 2, p), D2(3; 2), D2(; 2, 3, 3),

D2(; 2, 3, 4), D2(; 2, 3, 5), RP 2, RP 2(p) for p ≥ 2 . (2)

These are in fact all good two-dimensional orbifolds of positive Euler charac-
teristic. The additional bad orbifolds with χ(O) > 0 are:

S2(p, q) and D2(p, q) for p 6= q . (3)

Let us now move on to dimension three. In this paper we only consider
orientable 3-orbifolds. By a standard argument, any point x admits a local
chart of the form D3/Γ for Γ a finite subgroup of SO(3), and the local model
is thus the cone over one of the spherical orientable 2-orbifolds, listed in (1). It
follows that the underlying topological space is a manifold and the singular set
is a trivalent graph; the local group is cyclic in the complement of the vertices
of the graph, and the edges are thus labelled with a singularity index which is
the order of the cyclic group.

n

n

2 2

2

3 3

2

3 4

2

3 5

Figure 2: Local models of orientable 3-orbifolds.
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2.3. Seifert fibrations on three-dimensional orbifolds

Let us turn our attention to a topological description of the quotient in terms
of Seifert fibrations for orbifolds, which we now define.

Definition 2.6. Given a three-dimensional orientable orbifold O, a Seifert fi-
bration is a surjective map π : O → B with image a two-dimensional orbifold B,
such that for every point x ∈ B there exist:

• An orbifold chart ϕ : U ∼= Ũ/Γ for B around x;

• An action of Γ on S1;

• An orbifold diffeomorphism φ : π−1(U) → (Ũ × S1)/Γ, where Γ acts

diagonally on Ũ × S1 by preserving the orientation;

such that the following diagram

π−1(U)

π

��

φ // (Ũ × S1)/Γ

��

Ũ × S1oo

��
U

ϕ // Ũ/Γ Ũoo

is commutative, with the obvious maps on unspecified arrows.

Since the action of Γ is required to preserve the orientation (as a consequence
of the assumption that O is supposed orientable) each element of Γ may either

preserve both the orientation of Ũ and S1, or reverse both orientations. Observe
that each fiber π−1(x) is topologically either a simple closed curve or an interval.
A fiber which projects to a regular point of B is called generic; it is called
exceptional otherwise.

Let us now consider the local models for oriented Seifert fibered orbifolds.
More details can be found in [3] or [9].

• If the fiber π−1(x) is generic, one can pick Γ the trivial group in Defini-
tion 2.6, hence π−1(x) has a tubular neighborhood with a trivial fibration.

• If x is a cone point labelled by b, the local group Γ is a cyclic group
of order b acting by rotations on Ũ and thus it needs to act on S1 by
rotations too. Hence π−1(x) has a fibered neighborhood which is a solid
torus, fibered in the usual sense of Seifert fibrations for manifolds, except
that the central fiber might be singular. The local invariant of π−1(x)

is defined as the ratio a/b ∈ Q/Z, where a generator of Γ acts on Ũ by
rotation of an angle 2π/b and on S1 by rotation of −2πa/b. Up to adding
integer multiples of b, one can in fact choose a so that a/b ∈ [0, 1). The
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index of singularity π−1(x) is thus gcd(a, b) (meaning that points with
index of singularity 1 are regular). See Figure 3.

It is worth remarking that three qualitatively different situations may
occur here:

1. If a ≡ 0 mod b, then π−1(x) is a circle in the singular set of the
orbifold O, with local group Zb associated to each point. Forgetting
the singular locus, in the underlying manifold π−1(x) has a tubular
neighborhood endowed with a trivial fibration.

2. If a and b are relatively prime, then the action of the cyclic group
is free: in this case π−1(x) has a neighborhood consisting only of
regular points, fibered (non-trivially) in the usual sense of Seifert
fibrations for manifolds.

3. Finally, if a and b are not relatively prime and a 6≡ 0 mod b, then
π−1(x) is contained in the singular set, with index gcd(a, b) 6= 1, and
at the same time its tubular neighborhood is non-trivially fibered at
the level of underlying Seifert manifold.

Figure 3: The preimage of a cone point in the base orbifold. On the left, the
cyclic action on a solid torus D2 × S1 generated by a simultaneous rotation
of angle 2π/b on D2 and of angle −2πa/b on S1. On the right, the quotient
is identified to a solid cylinder (a fundamental domain for the previous ac-
tion) where top and bottom are glued by a rotation, and the central fibre has
singularity index k = gcd(a, b).

• If x is a mirror reflector, thus with local group Z2 whose generator acts
by reflection on Ũ and thus also on S1, the local model is topologically
a 3-ball. The fiber π−1(x) is an interval. The endpoints of all the fibers
π−1(x), as x varies in the mirror reflector, form two disjoint singular arcs
of index 2. See Figure 4 with k = 1.

• If x is a corner reflector, namely Γ is a dihedral group, by a similar
argument the non-central involutions in Γ act by simultaneous reflection
both on Ũ and on S1. The local model is again a topological 3-ball
(called solid pillow) with some singular set inside. The fiber π−1(x) is
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again an interval and might be singular in this case, while the preimages
of the nearby mirror reflectors are intervals as in the above case. The
local invariant associated to π−1(x) is defined as the local invariant of
the cyclic index two subgroup, and the singularity index is gcd(a, b), see
Figure 4 again.

Figure 4: On the left, the involution acting on a solid torus by a simultaneous
reflection. On the right, a solid pillow, namely the preimage of a neigbourhood
of a mirror reflector (k = 1) or a corner reflector (k = gcd(a, b)) in the base
orbifold.

Together with the base orbifold and the local invariants, to a Seifert fibered
orbifold is associated the Euler class e and an additional invariant ξ ∈ {0, 1}
for each boundary component of the underlying manifold of the base orbifold.
These invariants satisfy the relation:

e+
∑
i

ai
bi

+
1

2

∑
j

a′j
b′j

+
∑
k

ξk

 ≡ 0 mod 1 , (4)

where the first sum involves local invariants associated to all cone points, the
second sum is taken over corner reflectors, and the third sum is taken over
boundary components.

The base orbifold together the local invariants, the Euler class and the
boundary components invariants determine the Seifert fibered orbifold up to
orientation-preserving and fibration-preserving diffeomorphism.

Remark 2.1: Let us observe that changing the orientation of the orbifold
inverts the signs of local invariants and of the Euler number.

To denote a specific fibered Seifert 3-orbifold we use the following compact
notation:

• If the base orbifold is a 2-manifold or a 2-orbifold admitting only cone
points, (X; a1/b1, . . . , an/bn; e) is the Seifert fibered 3-orbifold with base
orbifold X, local invariants of the cone points ai/bi and Euler number e.
When X is a manifold we write simply (X; ; e)
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• If the base orbifold admits also mirror reflectors and possibly corner
points, then the Seifert fibered 3-orbifold (X; a1/b1, . . . , an/bn; a′1/b

′
1, . . . ,

a′m/b
′
m; e; ξ1, . . . ξa) has base orbifold X, local invariants of cone points

ai/bi, local invariants of corner points a′j/b
′
j , Euler number e and bound-

ary components invariants ξk. If the singular set of X does not contain
any cone point (resp. corner reflector) we write (X; ; a′1/b

′
1, . . . , a

′
m/b

′
m;

e; ξ1, . . . ξa), (resp. (X; a1/b1, . . . , an/bn; ; e; ξ1, . . . ξa))

2.4. Comparison with the classification of Seifert
manifolds

As already observed, ifO is a manifold (meaning that the singular set is empty),
then the notion of Seifert fibration according to Definition 2.6 coincides with
the usual notion of Seifert fibration for manifolds. If O is not a manifold but
the base orbifold B is orientable, which means that the only singular points
of B are cone points, then the underlying topological space of O is a Seifert
fibered manifold, whose invariants in the sense of the previous section are sim-
ply obtained by “simplifying the fractions” ai/bi. Namely, by replacing the
invariants ai and bi of each cone point in the base orbifold by ai/ gcd(ai, bi)
and bi/ gcd(ai, bi) respectively.

However, the classifying data for Seifert fibrations of manifolds are more
standardly defined as the following data:

(X;α1/β1, . . . , αn/βn) , (5)

where X is a closed surface (possibly non-orientable) and the pairs (αi, βi)
are relatively prime. Namely, one assumes that the fractions αi/βi cannot be
simplified, but one does not take the class of αi/βi in Q/Z, or in other words,
one cannot assume that αi/βi is in [0, 1) as we did for ai/bi in the previous
section. The representation of a Seifert fibered manifold by the data as in (5)
is not unique: two representations of the same Seifert fibered manifold differ
by replacing each αi/βi by α′i/β

′
i = αi/βi + ki for ki ∈ Z, under the constraint

that
∑
i ki = 0. It is not allowed to have n = 0, that is, no marked point

in X: in this case one needs to introduce an invariant α/β with β = 1. This is
necessary in order to determine the Euler class e, see below. For instance, this
allows to distinguish between S3 and S2 × S1 which both have base surface
X = S2.

For a Seifert fibered manifold M, let us now briefly explain how to go
from the invariants introduced in Section 2.3 (by interpreting M as a Seifert
fibered orbifold O with empty singular set) to the classical invariants of (5),
and viceversa.

Given a representation of M as in (5), the base orbifold B has underly-
ing topological space X and n cone points with indices β1, . . . , βn. The local
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invariants are the classes of the ratios αi/βi in Q/Z. Finally, the Euler class
equals e = −

∑
i(αi/βi). Observe that these data do not change if one changes

the representation of M as explained above.
Conversely, given the Seifert invariants in the sense of orbifolds, clearly X is

the topological surface underlying the base orbifold B. To determine the ratios
αi/βi ∈ Q, it suffices to pick some representatives of the classes of ai/bi in Q/Z
so that −

∑
i(αi/βi) coincides with the Euler class.

2.5. The spherical case

If a Seifert fibered orbifold O is geometric, i.e. it admits a metric locally
modelled on one of Thurston’s eight geometry, then its geometry is detected
by the Euler charactersitic of the base orbifold and by the Euler number of the
fibration (see [10, page 71]). In particular for the spherical case we have:

Proposition 2.7. Let O be a closed spherical orbifold and π : O → B be a
Seifert fibration. Then

χ(B) > 0 and e(π) 6= 0 . (6)

Conversely, every closed Seifert fibered orbifold satisfying the conditions in (6)
is spherical.

For the last part of the statement, see [1, Proposition 2.13] and its proof.
In [3] the definition of Seifert fibration for orbifolds is given for orbifolds

which might be non-orientable, hence in a more general setting with respect
to our Definition 2.6. We omit the complete definition in the non-orientable
case in this paper. However, the following statement, which is a consequence of
Proposition 2.7, shows that in the case of spherical orbifolds we can harmlessly
reduce to the case of orientable orbifolds.

Corollary 2.8. Every closed spherical Seifert fibered orbifold is orientable.

Proof. Let O be a non-orientable orbifold which is Seifert fibered in the sense
of [3]. It was proved in [3] that the Seifert fibration can be lifted to its orien-

tation double cover Õ, which is therefore endowed with a Seifert fibration π.
We claim that the Euler class of π vanishes. To see this, let ϕ be the generator
of the deck transformation group of the orbifold covering Õ → O. That is,
ϕ is an (order-two) orientation-reversing self-diffeomorphism of Õ. In other

words, if we choose an orientaton o on Õ and we denote by o′ the opposite
orientation, then ϕ : (Õ, o) → (Õ, o′) is an orientation-preserving orbifold dif-
feomorphism. Moreover ϕ preserves the Seifert fibration π by construction.
Since the Euler class is an invariant of oriented Seifert fibered orbifolds, we
have eo(π) = eo′(π). (Of course eo(π) denotes the Euler class of π with re-
spect to the orientation o.) But by Remark 2.1, eo(π) = −eo′(π). This implies
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that the Euler class of π vanishes. Therefore a Seifert fibered non-orientable
orbifold O cannot be spherical, for otherwise Õ would also inherit a spherical
structure, and by Proposition 2.7 the Euler class of π should be different from
zero.

In the proof of Corollary 2.8 we have used that, given an orbifold covering
O → O′, any Seifert fibration for O′ can be lifted to O. This fact has a
second important consequence. Namely, in light of Theorem 2.3, we can reduce
our analysis to the study of the fibrations induced on the quotient S3/G by
the Seifert fibrations of S3. Recalling again that, if O is a manifold, then
Definition 2.6 coincides with the usual Seifert fibrations for manifolds, Seifert
fibrations for S3 are well known (see [27] or also [13, Proposition 5.2]): they
have base orbifold S2(u, v) for u, v ≥ 1 two coprime integers, hence only two
non-generic fibers which are non-singular. The local invariants are given by
(the classes modulo 1 of) v̄/u and ū/v where uū+ vv̄ = 1, and the Euler class
is ±1/uv.

If u or v equals 1, we mean that the correponding point in the base orbifold
is regular, and hence there is no local invariant to associate (the above formula
would indeed give 0 as output). In particular, for u = v = 1 we obtain the
Hopf fibration, which is a fiber bundle in the usual sense, since every fiber has
a tubular neighborhood which is fibered as a usual product. A more concrete
description of these fibrations in terms of the geometry of S3 will be provided
in Section 4.

2.6. An example of non-uniqueness

Let us briefly discuss a concrete example of a spherical orbifold with non-empty
singular set which admits multiple fibrations. Let O be the orbifold having
underlying topological space the 3-sphere and singular set the Hopf link with
singularity index 2 for each component. Then O is easily seen to admit a Seifert
fibration which is simply the Hopf fibration of the underlying 3-sphere, and the
singular locus consists of two fibers of the Hopf fibration. Such a fibration has
base orbifold S2(2, 2), local invariants 0/2 over each cone point of the base
orbifold and Euler class e = −1. By Proposition 2.7, O is spherical. For an
illustration of the Hopf fibration, see for instance [12, Chapter 8, Figure 16]
or [18, 31].

One can describe an alternative Seifert fibration ofO as follows. We consider
an annulus, with boundary equal to the union of two singular circles of index 2,
fibered by intervals and a solid torus containing such annulus fibered as in
Figure 5, where the fibers of the complement of the annulus are meridians of the
torus. Then we perform a Dehn twist on such solid torus with singular circles
and we glue along its boundary another solid torus, identifying the meridian of
the former to a longitude of the latter. Taking into account the two singular
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circles in the first torus, the union of the two tori give O; moreover if we equip
the second torus with the trivial fibration, the fibrations of the two tori give a
Seifert fibration of O different from that described in the first paragraph. Such
a Seifert fibration has base orbifold D2 (with no cone and corner points), Euler
class e = −1, and invariant ξ = 0 associated to the only boundary component
of D2.

This example is a special case of three-orbifolds whose underlying topolog-
ical space is S3 and the singular locus is a 2-bridge link with local group of
order two. The possible fibrations of such orbifolds are briefly described in
Example 5.2 at the end of the paper.

2

2

2

2

Figure 5: On the left, a Seifert fibration of a solid torus with two singular
circles in the interior: an annulus connecting the two singular circles is fibered
by intervals, while the complement of such annulus in the solid torus is fibered
by meridional nonsingular circles. Performing a Dehn twist on such solid torus,
one gets a fibered solid neighbourhood of the Hopf link (on the right). Its
complement in the underlying manifold S3 is a trivially fibered solid torus.

3. Finite subgroups of SO(4)

In this section we discuss a classification of closed spherical orientable three-
orbifolds up to orientation-preserving diffeomorphisms, from a group-theoret-
ical point of view. In Section 4 we will then focus on a classification up to
fibration-preserving diffeomorphisms.

3.1. Quaternion algebra and subgroups of S3

As discussed in Section 2.1, two spherical 3-orbifolds O = S3/G and O′ =
S3/G′ are diffeomorphic if and only if they are isometric, and such an isometry
can be lifted to an isometry of S3 which conjugates G to G′. If the isometry
between the orbifolds is orientation-preserving, then the lift to S3 is orientation-
preserving. For this reason, the classification of closed spherical orientable
three-orbifolds S3/G up to orientation-preserving diffeomorphisms corresponds
to the algebraic classification of finite subgroups of SO(4) up to conjugation in
SO(4), originally due to Seifert and Threlfall ([28] and [29]), which we shall now
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briefly recall. For more details, see [8], which we essentially follow although it
must be mentioned that in Du Val’s list of finite subgroups of SO(4) there are
three missing cases, see also [6, 20, 21].

Let us identify R4 with the quaternion algebra H={a+bi+cj+dk | a, b, c, d ∈
R} = {z1 + z2j | z1, z2 ∈ C}. Given q = z1 + z2j ∈ H, its conjugate is
q̄ = z̄1 − z2j. Thus the standard positive definite quadratic form of R4 is
identified to qq̄ = |z1|2 + |z2|2. The three-sphere S3 then corresponds to the
set of unit quaternions:

S3 = {a+ bi+ cj + dk | a2 + b2 + c2 + d2 = 1} = {z1 + z2j | |z1|2 + |z2|2 = 1} .

which is thus endowed with a multiplicative group structure induced from that
of H.

Let us now consider the group homomorphism Φ : S3 × S3 → SO(4) which
associates to (p, q) ∈ S3 × S3 the map Φp,q : H → H defined by Φp,q(h) =
phq−1, which is an isometry of S3. It turns out that Φ is surjective with
kernel Ker(Φ) = {±(1, 1)}, hence Φ induces a 1-1 correspondence between finite
subgroups of SO(4) and finite subgroups of S3×S3 containing {±(1, 1)}. Since
(−1,−1) is central, two subgroups are conjugate in SO(4) if and only if their
preimages are conjugate in S3×S3. To give a classification of finite subgroups
G of SO(4) up to conjugation, it thus suffices to classify the subgroups Ĝ =
Φ−1(G) < S3 × S3 containing {±(1, 1)}, up to conjugation in S3 × S3. The
latter are uniquely determined by the 5-tuple (L,LK , R,RK , φ), where (if πi :
S3 × S3 → S3 denotes the projection to the i-th factor):

• L = π1(Ĝ);

• LK = π1((S3 × {1}) ∩ Ĝ);

• R = π2(Ĝ);

• RK = π2(({1} × S3) ∩ Ĝ);

• φ : L/LK → R/RK is a group isomorphism obtained by composing the

isomorphisms of Ĝ/(LK ×RK) with L/LK and with R/RK , induced by
π1 and π2 respectively.

Based on [21, Proposition 1], two such 5-tuples (L,LK , R,RK , φ) and (L′, L′K ,
R′, R′K , φ

′) correspond to conjugate subgroups if and only if there exist p, q ∈ S3

such that conjugation by p (which we denote by cp) maps L to L′ and LK to
L′K , cq maps R to R′ and RK to R′K , and φ′ = cq ◦ φ ◦ c−1

p .
It only remains to determine finite subgroups of S3 up to conjugation. For

this purpose, observe that the equatorial S2 = {bi+ cj + dk | b2 + c2 + d2 = 1}
in S3 consists of points equidistant from the North and South poles, which are
identified to 1 and −1 in H. Hence an element (p, q) ∈ S3 × S3 preserves S2

if and only if p = q, and this gives a 2-to-1 group epimorphism S3 → SO(3)
by composing the diagonal inclusion of S3 in S3 × S3 with Φ. Together with
Lemma 2.5, one obtains that the finite subgroups of S3 up to conjugation are:
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• The cyclic group Cn = {cos (2απ/n) + i sin (2απ/n) , α = 0, . . . , n − 1}
for n ≥ 1. Observe that Cn contains the center −1 if and only if n is
even.

• The binary dihedral group D∗4n = C2n∪C2nj for n ≥ 2, which is a central
extension of the dihedral group D2n by a group of order 2.

• The binary tetrahedral group T ∗ = ∪2
r=0(1/2+ i/2+j2+k/2)rD∗4 , which

is a central extension of the tetrahedral group.

• The binary octahedral group O∗ = T ∗ ∪ (
√

2/2 +
√

2j/2)T ∗ which is a
central extension of the octahedral group.

• The binary icosahedral group I∗ = ∪4
r=0

(
τ−1/2 + τj/2 + k/2

)r
T ∗ which

is a central extension of the icosahedral group, where τ = (
√

5 + 1)/2).

Observe that for n = 1, D∗4 = {±1,±j} is conjugate to C4 = {±1,±i}. For
this reason, the groups D∗4n are only taken with indices n ≥ 2. The case n = 2,
namely D∗8 = {±1,±i,±j,±k}, is also called quaternion group.

We remark that thoughout the paper, we use the notation Cn for the cyclic
subgroup of S3 defined in the first point of the list above, while we reserve the
symbol Zn for the abstract cyclic group of n elements.

3.2. Listing finite subgroups of SO(4)

The list of finite subgroups of SO(4) up to conjugacy is given, applying the
above procedure and following [8], in Table 1, by means of the data determining

their preimage Ĝ = Φ−1(G). In most cases, the isomorphism φ is uniquely de-
termined up to conjugacy, hence the last entry of the 5-tuple (L,LK , R,RK , φ)
is omitted. In Families 1 and 1′ (resp. 11 and 11′), φ is a isomorphism be-
tween cyclic (resp. dihedral) groups of order r (resp. 2r), thus it is encoded
by a subscript s such that gcd(s, r) = 1, meaning that the canonical generator
of Zr is sent to s times the canonical generator (and the non-central involution
induced by j is sent to itself, in the dihedral case).

There are other cases in which a subscript is necessary. For instance, for
Family 33 the relevant isomorphism f between D∗8m/C2m and D∗8n/C2n, which
are isomorphic to the dihedral group of four elements, is defined by

f [eiπ/m] = [j] and f [j] = [eiπ/n] . (7)

Then the group with data (D∗8m, C2m, D
∗
8n, C2n, f) is not conjugate to Family

11 with r = 2 (in which case the isomorphism between D∗8m/C2m and D∗8n/C2n

is trivial) unless m = 1 or n = 1. Indeed in this latter case one has (L,LK) =
(D∗8 , C2) (or the same for (R,RK)) and the equivalence classes [j] = {±j} and
[i] = {±i} are conjugate in S3 (for instance by (i + j)/

√
2). This explains
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Family 33 in Table 1, which is one of the families missing in the original list
of [8], with the restriction m 6= 1 and n 6= 1

A very similar behaviour appears for Family 33′, which is another additional
missing family in Du Val’s original list, together with Family 34. For more
details we refer to [21, Section 2.1].

It is finally important to remark that several families, which we will call
for instance Families 2bis, 3bis and so on, are to be added to Table 1 for the
following reason. When the pairs (L,LK) and (R,RK) do not coincide, the
groups determined by the 5-tuples (L,LK , R,RK , φ) and (R,RK , L, LK , φ

−1)
are conjugate in O(4) by means of the orientation-reversing isometry of S3,
sending each quaternion to its inverse, but not in SO(4). For example, we
shall call Family 2bis the family of groups with data (D∗4m/D

∗
4m, C2n/C2n); on

the other hand, there is no Family 1bis since for each group in Family 1, its
conjugate by an orientation-reversing isometry is already contained in Family 1
itself; as a final example, there is no Family 20bis as switching the roles of
left and right multiplication gives rise to the same group. This analysis is
developed more carefully in [21, Section 3.2], leading also to the computation
of orientation-reversing self-isometries.

4. Invariant Seifert fibrations

We will now compare the above list of conjugacy classes of finite subgroups
of SO(4) with the classification of subgroups which preserve Seifert fibrations
of S3, up to fibration-preserving conjugacy.

4.1. Seifert fibrations of S3 revisited

We have already introduced the Seifert fibrations of S3 in Section 2.5; let us
now give a more geometric description.

The Hopf fibration can be defined by means of the action of S1 on S3 by
left multiplication: (eiθ, q) 7→ eiθq for q ∈ S3. The fibers of the Hopf fibration
are then the orbits of this (free) action and the projection map can be written
as π : S3 → S2 expressed by

π(z1 + z2j) =
z1

z2

where we are identifying the target S2 with the Riemann sphere in the model
C ∪ {∞}. The subgroup N of SO(4) which preserves the Hopf fibration,
meaning that γ induces a diffeomorphism ρ(γ) of the base S2, coincides with
NormS3×S3(S1 × {1}) = NormS3(S1) × S3, where it is easily checked that an
element w1 + w2j normalizes S1 if and only if w1 = 0 or w2 = 0. Hence
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Ĝ order of G
1. (C2mr/C2m, C2nr/C2n)s 2mnr gcd(s, r) = 1
1′. (Cmr/Cm, Cnr/Cn)s (mnr)/2 gcd(s, r) = 1 gcd(2, n) = 1

gcd(2,m) = 1 gcd(2, r) = 2
2. (C2m/C2m, D

∗
4n/D

∗
4n) 4mn

3. (C4m/C2m, D
∗
4n/C2n) 4mn

4. (C4m/C2m, D
∗
8n/D

∗
4n) 8mn

5. (C2m/C2m, T
∗/T ∗) 24m

6. (C6m/C2m, T
∗/D∗8) 24m

7. (C2m/C2m, O
∗/O∗) 48m

8. (C4m/C2m, O
∗/T ∗) 48m

9. (C2m/C2m, I
∗/I∗) 120m

10. (D∗4m/D
∗
4m, D

∗
4n/D

∗
4n) 8mn

11. (D∗4mr/C2m, D
∗
4nr/C2n)s 4mnr gcd(s, r) = 1

11′. (D∗2mr/Cm, D
∗
2nr/Cn)s mnr gcd(s, r) = 1 gcd(2, n) = 1

gcd(2,m) = 1 gcd(2, r) = 2
12. (D∗8m/D

∗
4m, D

∗
8n/D

∗
4n) 16mn

13. (D∗8m/D
∗
4m, D

∗
4n/C2n) 8mn

14. (D∗4m/D
∗
4m, T

∗/T ∗) 48m
15. (D∗4m/D

∗
4m, O

∗/O∗) 96m
16. (D∗4m/C2m, O

∗/T ∗) 48m
17. (D∗8m/D

∗
4m, O

∗/T ∗) 96m
18. (D∗12m/C2m, O

∗/D∗8) 48m
19. (D∗4m/D

∗
4m, I

∗/I∗) 240m
20. (T ∗/T ∗, T ∗/T ∗) 288
21. (T ∗/C2, T

∗/C2) 24
21′. (T ∗/C1, T

∗/C1) 12
22. (T ∗/D∗8 , T

∗/D∗8) 96
23. (T ∗/T ∗, O∗/O∗) 576
24. (T ∗/T ∗, I∗/I∗) 1440
25. (O∗/O∗, O∗/O∗) 1152
26. (O∗/C2, O

∗/C2) 48
26′. (O∗/C1, O

∗/C1)Id 24
26′′. (O∗/C1, O

∗/C1)f 24
27. (O∗/D∗8 , O

∗/D∗8) 192
28. (O∗/T ∗, O∗/T ∗) 576
29. (O∗/O∗, I∗/I∗) 2880
30. (I∗/I∗, I∗/I∗) 7200
31. (I∗/C2, I

∗/C2)Id 120
31′. (I∗/C1, I

∗/C1)Id 60
32. (I∗/C2, I

∗/C2)f 120
32′. (I∗/C1, I

∗/C1)f 60
33. (D∗8m/C2m, D

∗
8n/C2n)f 8mn m 6= 1 n 6= 1.

33′. (D∗8m/Cm, D
∗
8n/Cn)f 4mn gcd(2, n) = 1 gcd(2,m) = 1

m 6= 1 and n 6= 1.
34. (C4m/Cm, D

∗
4n/Cn) 2mn gcd(2, n) = 1 gcd(2,m) = 1

Table 1: Finite subgroups of SO(4)
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NormS3(S1) = {w1 + w2j |w1 = 0 or w2 = 0} = O(2)∗ and

N = NormS3×S3(S1 × {1}) = O(2)∗ × S3 .

It is also useful for the following to compute the induced action of N on the
base S2 of the fibration. For this purpose, it suffices to observe that elements of
the form (eiθ, 0) ∈ N clearly act trivially on the base; that (j, 0) (and therefore
all elements of the form (eiθj, 0)) acts by the antipodal map of S2; on the other
hand (0, w1 + w2j) induces the action

λ 7→ w1λ+ w2

−w2λ+ w1
(8)

on the base C ∪ {∞}. For instance, elements of the form (0, eiθ) act on S2

by rotations of angle 2θ fixing the poles 0 and ∞ while (0, j) is a rotation of
order two fixing i and −i and switching 0 and ∞. The anti-Hopf fibration is
then obtained by composing π with an orientation-reversing isometry of S3.
Choosing the isometry q → q−1, we obtain the expression (z1 +z2j) 7→ −z1/z2.

In general the Seifert fibrations of S3 introduced in Section 2.5, can be
obtained by the action of S1 defined by (eiθ, z1 + z2j) 7→ (eivθz1, e

iuθz2) or
(eiθ, z1 +z2j) 7→ (e−ivθz1, e

iuθz2), for q ∈ S3 and u, v coprime integers. We call
these fibrations standard and any Seifert fibration of S3 can be mapped by an
orientation-preserving diffeomorphism to a standard one.

The projection of a standard fibration can be written as

π(z1 + z2j) =
zu1
zv2

or π(z1 + z2j) =
zu1
zv2

.

In the first case, the normalizer of the action consists of elements (w1+w2j, u1+
u2j) provided w2 = u2 = 0 or w1 = u1 = 0 (unless u = v = 1). From the
definition of the S1 action, it can be checked directly that the base orbifold
is S2(u, v) where the two cone points are the images of the fibers z1 = 0 and
z2 = 0, with local invariants v̄/u and ū/v where uū+ vv̄ = 1.

If u = v = 1 we recover the Hopf fibration. (Indeed when u = 1 or v = 1
the point is regular and the corresponding fiber generic).

Similarly as before, it is not necessary to repeat the analysis for the fibra-
tions of the second type, as for every pair (u, v) one can pre-compose π with the
orientation-reversing isometry q 7→ q−1 to obtain a new fibration of S3 which
is inequivalent to the previous ones in the category of oriented Seifert fibered
manifolds, but equivalent in the category of (unoriented) Seifert fibered mani-
folds. Observe moreover that these fibrations always have bad base orbifolds,
with the only exceptions of the Hopf and anti-Hopf fibrations.
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4.2. Seifert fibrations from Du Val’s list

In this subsection we analyze which standard fibrations of S3 are left invariant
by the subgroups in the Du Val’s list. Going back to Du Val’s list of subgroups
of SO(4) (Table 1), the groups which preserve the Hopf fibration are those with
L = Cm or L = D∗2m, for some m. That is, by Families 1 to 19, 33, 33′, 34,
and moreover Families 2bis, 3bis, 4bis, 13 bis and 34bis. In [20], the invariants
of the Seifert fibration induced in the quotient by each of these groups was
computed, and we report the results in Table 2. We omitted the results for
Families 1, 1′, 11 and 11′ which have a more complicated expression (see [20,
Tables 2 and 3]).

The other fibrations of type π(z1 + z2j) = zu1 /z
v
2 are left invariant only by

groups in Family 1,1′,11,11′ and the spherical orbifolds obtained as quotients by
these groups have an infinite number of inequivalent fibrations. To get a similar
analysis for the remaining fibrations it suffices to note that the orientation-
reversing isometry q 7→ q−1 maps the fibration π(z1 + z2j) = zu1/z

v
2 to π(z1 +

z2j) = zu1 /z
v
2 , and a group preserves a fibration π(z1 +z2j) = zu1/z

v
2 if and only

if its conjugate by q 7→ q−1 preserves π(z1 + z2j) = zu1 /z
v
2 .

Remark 4.1: The Seifert invariants of the quotient orbifold S3/G induced
by the anti-Hopf fibration can be obtained from those arising from the Hopf
fibration. In fact if a group G with data (L,LK , R,RK , φ) preserves the anti-
Hopf fibration, then the group G′ given by (R,RK , L, LK , φ

−1) preserves the
Hopf fibration: the Seifert fibration induced by the anti-Hopf fibration on S3/G
has the same base orbifold of that induced by the Hopf fibration on S3/G′

while the numerical invariants of S3/G are the opposite of those of S3/G′

(Remark 2.1).

4.3. Spherical orbifolds with multiple fibrations

In the previous sections we discussed which standard Seifert fibrations of S3

are left invariant by the groups in Du Val’s list. If a Seifert fibration of S3 is
left invariant by a group G acting on S3, the Seifert fibration of S3 induces a
Seifert fibration of the quotient orbifold. If two different standard fibrations are
left invariant, the induced fibrations of the quotient orbifold are not equivalent.

Moreover, we remark that finite subgroups in Du Val’s list can leave invari-
ant also fibrations that are not standard, which can induce additional fibrations
in the quotient orbifolds.

In this section we explore this phenomenon; the following lemma proved in
[21, Lemma 5] shows that it can occur only in some specific cases. We call a
non-Hopf fibration a fibration that cannot be mapped neither to the Hopf nor
to the anti-Hopf fibration.
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group e base orbifold invariants case
2. (C2m/C2m, D∗4n/D

∗
4n) −m

n
S2(2, 2, n) m

n
, m

2
, m

2

2bis. (D∗4m/D∗4m, C2n/C2n) −m
n

D2(n; ) m
n

n even
RP 2(n) m

n
n odd

3. (C4m/C2m, D∗4n/C2n) −m
n

S2(2, 2, n) m
n
, m+1

2
, m+1

2

3bis. (D∗4m/C2m, C4n/C2n) −m
n

D2(n; ) m
n

n odd
RP 2(n) m

n
n even

4. (C4m/C2m, D∗8n/D
∗
4n) − m

2n
S2(2, 2, 2n) m+n

2n
, m

2
, m+1

2

4bis. (D∗8m/D∗4m, C4n/C2n) − m
2n

D2(2n; ) m+n
2n

5. (C2m/C2m, T ∗/T ∗) −m
6

S2(2, 3, 3) m
2
, m

3
, m

3

6. (C6m/C2m, T ∗/D∗8) −m
6

S2(2, 3, 3) m
2
, m+1

3
, m+2

3

7. (C2m/C2m, O∗/O∗) −m
12

S2(2, 3, 4) m
2
, m

3
, m

4

8. (C4m/C2m, O∗/T ∗) −m
12

S2(2, 3, 4) m+1
2

, m
3
, m+2

4

9. (C2m/C2m, I∗/I∗) −m
30

S2(2, 3, 5) m
2
, m

3
, m

5

10. (D∗4m/D∗4m, D∗4n/D
∗
4n) − m

2n
D2(; 2, 2, n) m

n
, m

2
, m

2
n even

D2(2;n) m
n
, m

2
n odd

12. (D∗8m/D∗4m, D∗8n/D
∗
4n) − m

4n
D2(; 2, 2, 2n) m+n

2n
, m

2
, m+1

2

13. (D∗8m/D∗4m, D∗4n/C2n) − m
2n

D2(; 2, 2, n) m
n
, m+1

2
, m+1

2
n even

D2(2;n) m
n
, m+1

2
n odd

13bis. (D∗4m/C2m, D∗8n/D
∗
4n) − m

2n
D2(; 2, 2, n) m

n
, m

2
, m

2
n odd

D2(2;n) m
n
, m

2
n even

14. (D∗4m/D∗4m, T ∗/T ∗) −m
12

D2(3; 2) m
2
, m

3

15. (D∗4m/D∗4m, O∗/O∗) −m
24

D2(; 2, 3, 4) m
2
, m

3
, m

4

16. (D∗4m/C2m, O∗/T ∗) −m
12

D2(; 2, 3, 3) m
2
, m

3
, m

3

17. (D∗8m/D∗4m, O∗/T ∗) −m
24

D2(; 2, 3, 4) m+1
2

, m
3
, m+2

4

18. (D∗12m/C2m, O∗/D∗8) −m
12

D2(; 2, 3, 3) m
2
, m+1

3
, m+2

3

19. (D∗4m/D∗4m, I∗/I∗) −m
60

D2(; 2, 3, 5) m
2
, m

3
, m

5

33. (D∗8m/C2m, D∗8n/C2n)f − m
2n

D2(; 2, 2, n) m
n
, m+1

2
, m+1

2
n odd

D2(2;n) m
n
, m+1

2
n even

33′. (D∗8m/Cm, D∗8n/Cn)f − m
4n

D2(; 2, 2, n)
(m+n)/2

n
,m
2
,m+1

2
m,n odd

34. (C4m/Cm, D∗4n/Cn) − m
2n

S2(2, 2, n)
(m+n)/2

n
,m
2
,m+1

2
m,n odd

34bis. (D∗4m/Cm, C4n/Cn) − m
2n

D2(n; )
(m+n)/2

n
m,n odd

Table 2: Computation of local invariants from Du Val’s presentation
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Lemma 4.1. Let G be a finite subgroup of SO(4) leaving invariant a Seifert
fibration π of S3, then one of the two following conditions is satisfied:

1. G is conjugate in SO(4) to a subgroup in Families 1, 1′, 11 or 11′ and π
is a non-Hopf fibration;

2. there exists an orientation-preserving diffeomorphism f : S3 → S3 such
that π ◦ f is the Hopf or the anti-Hopf fibration and f−1Gf is a subgroup
of SO(4).

Lemma 4.1 has many interesting consequences.
First, if L and R are both isomorphic to T ∗, O∗ or I∗, then no fibration

of S3 is preserved by the action of the group (L,LK , R,RK , φ).
Then, if a group G leaves invariant a non-Hopf fibration π, the base orbifold

of the fibration induced on S3/G (which is a bad orbifold) is either a sphere
with at most two cone points or a disk with at most two corner points, since it
is obtained as a quotient of the bad 2-orbifold S2(u, v) with u and v different
coprime integers.

Finally, if G leaves invariant a fibration equivalent to the Hopf fibration
or to the anti-Hopf fibration, we can suppose that the fibration is standard
and G is a subgroup of SO(4). We remark that this does not imply that G is a
subgroup of the Du Val’s list; G is conjugate by an isometry to a group in the
Du Val’s list but this isometry in general does not leave invariant the fibration.

We will focus for a moment on the case of groups of isometries which leave
invariant the Hopf fibration. If G leaves invariant the Hopf fibration, then G
is a subgroup of N = NormS3×S3(S1 × {1}). Moreover, conjugation of G
by elements of N respects the Hopf fibration, and therefore induces in the
quotient orbifold S3/G a fibration-preserving isometry. We remark that some
of the conjugations used in the work of Du Val list do not have this property.
Hence in order to get a classification of Seifert fibered spherical 3-orbifolds up
to orientation-preserving diffeomorphism, we need to classify finite subgroups
of N , up to conjugation in N . This will result in a new list. In the following
remark, we explain the differences with respect to Du Val’s list (Table 1).

Remark 4.2: There are three classes of phenomena which can occur for the
Hopf fibration, marking the difference with Du Val’s list.

1. The groups (L,LK , R,RK , φ) and (R,RK , L, LK , φ
−1) are conjugate by

the orientation reversing isometry q 7→ q−1, which maps the Hopf fibra-
tion to the anti-Hopf fibration. Hence these groups are not to be con-
sidered equivalent for our purposes, although they are equivalent in Du
Val’s list. As already explained in Section 3.2 and done in Table 2, if the
two families obtained by swapping the roles of L and R do not coincide
up to orientation-preserving conjugation, they are distinguished by the
suffix “bis” added to the number used by Du Val’s list. Considering the
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families leaving invariant the Hopf fibration, this phenomenon is relevant
for the families 2, 3, 4, 12 and 34. In these cases the “bis” families do
also preserve the Hopf fibration, but the Seifert invariant of the quotient
orbifolds are obviously given by different formulae, see Table 2.

2. The subgroups generated by i and by j are conjugate in S3, but not
in O(2)∗. In Table 1, the subgroup D∗4 = {±1,±j} < O(2)∗ is not
considered since it gives the same group as when it is replaced with C4 =
{±1,±i} up to conjugation in SO(4). To classify subgroups in N it is
thus necessary to distinguish the two cases for L. Observe moreover that
D∗4 = {±1,±j} < O(2)∗ and C4 = {±1,±i} are not conjugate in the
normalizer of the group D8; this implies that a group with (L,LK) =
(D8, C4) is not conjugate to a group with (L,LK) = (D8, D4).

3. When L = D∗8 and LK = C1 or C2, the groups of Family 33 with m = 1,
namely (D∗8/C2, D

∗
8n/C2n)f (recalling that the isomorphism f is defined

in Subsection 3.2, Equation (7)) is conjugate in S3 to the case r = 2,
m = 1 of Family 11, namely (D∗8/C2, D

∗
8n/C2n) (where the automorphism

between L/LK and R/RK is the identity). But they are not conjugate in
N unless n also equals 1. The same occurs for Family 33′. Although in
Du Val’s list Families 33 and 33′ come with the restriction that m,n 6= 1,
we will thus consider the case m = 1, n 6= 1 as independent.

Of course the considerations of Remark 4.2 can be repeated analogously for the
anti-Hopf fibration, by switching the roles of (L,LK) and (R,RK).

5. Classification by diffeomorphism type

The purpose of this section is to determine a classification of spherical fibered
three-orbifolds up to orientation-preserving diffeomorphism. By Theorem 2.4,
this also turns out to be a classification up to isometry. More concretely, we
will provide a recipe to determine when two fibered spherical orientable three-
orbifolds are diffeomorphic in terms of the invariants of their fibrations. In
fact, recall from the classification theorem that two Seifert fibered orbifolds
have the same base orbifold and numerical invariants if and only if there exists
an orientation-preserving diffeomorphism which preserves the fibration.

5.1. General strategy

By Proposition 2.7, the possible base orbifolds for a Seifert fibration of a closed
spherical orbifold necessarily have positive Euler characteristic. Hence the pos-
sible base orbifolds are listed in (1), (2) and (3).

Spherical orbifolds may admit infinitely many inequivalent fibrations. This
occurs only if the underlying manifold is a lens space. In fact, lens spaces admit
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infinitely many Seifert fibrations in the manifold sense, and the classification
of these Seifert fibrations up to diffeomorphism is well-understood (see Sub-
section 5.3 below). The situation is however more delicate here since orbifolds
with underlying manifold a lens space may admit other fibrations which are
substantially different (i.e. the base orbifold may have mirror reflectors and
corner reflectors). Also, orbifolds which admit infinitely many fibrations do
admit one (infinitely many, in fact) with base orbifold S2(b1, b2) or D2(; b1, b2),
namely, either a sphere with at most two cone points or a disc with at most
two corner reflectors.

We will proceed as follows. We first consider fibrations with base orbifold B
not of the form S2(b1, b2) or D2(; b1, b2). We thus distinguish the various cases
according to the base orbifold of the fibration π : O → B and pointing out
in each case which other fibrations are admitted by O. If O admits more
than one fibration, it will re-appear in different cases, providing in each one
the instructions to obtain the other fibrations of the orbifolds. When O also
admits a fibration with base S2(b1, b2) or D2(; b1, b2), we will point out one of
them (there are in fact infinitely many). In this analysis we use the results
contained in Table 2 (see also Table 4 of [20]), which compute the invariants of
quotients S3/G when G < SO(4) preserves the Hopf fibration (recall also the
discussion of Section 4).

We then deal (Subsection 5.4) with base orbifolds of the form S2(b1, b2) or
D2(; b1, b2). Given such a spherical 3-orbifold O, with underlying space a lens
space, producing a “list” of all the (infinitely many) Seifert fibrations that O
admits is rather complicated and beyond the scope of this paper. For the
manifold case, an algorithm to list all Seifert fibrations on a given lens space,
satisfying a prescribed bound on the “complexity” is described in [13]. Here we
will rather describe a procedure which permits (algorithmically) to determine
whether two Seifert fibered orbifolds with base orbifold a sphere with at most
two cone points are diffeomorphic. Then we do the same for two Seifert orbifolds
with base a disc with at most two corner reflectors, and finally we point out
the (few) cases in which an orbifold admits fibrations of both types. Sometimes
these orbifolds admit additional fibrations with different bases, and these will
have already been pointed out in Subsection 5.2.

5.2. Finitely many fibrations

Let us now exhibit the (orientation-preserving) diffeomorphisms between spher-
ical orbifolds with (finitely many) different fibrations, in terms of their invari-
ants.

Case 1. The base orbifold is S2(2, 2, b).

The families of groups giving S2(2, 2, b) as base orbifold are 2, 3, 4 and 34
with the fibration induced by the Hopf fibration and 2bis, 3bis, 4bis and 34bis
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with the anti-Hopf fibration. By Equation (4) we obtain that the Euler invari-
ant can be represented by a fraction with denominator 2b. (If b is even, also by
a fraction with denominator b.) Let us consider the generic spherical fibered
orbifold with base orbifold S2(2, 2, b):(

S2(2, 2, b);
m1

2
,
m2

2
,
m3

b
;
a

2b

)
.

We remark that if a > 0 the fibration is induced by the anti-Hopf fibration
while if a < 0 it is induced by the Hopf fibration. Indeed each of the groups
considered in this case preserves both and each quotient orbifold admits at
least two inequivalent fibrations. By using Table 2 and Equation (4) we can
compute the Seifert invariants of both fibrations for each quotient orbifold (see
also Remark 4.1).

• If m1 = m2 = 0 then a is even, then necessarily m3 ≡ −a/2 (mod b). By
comparing the quotient fibrations of Families 2 and 2bis, or 3 and 3bis,
we get:(

S2(2, 2, b);
0

2
,

0

2
,−a/2

b
;
a/2

b

)
∼=
(
D2(|a/2|; );

b

a/2
; − b

a/2
; 0

)
• If m1 = m2 = 1 then a is again even, then m3 ≡ −a/2 (mod b) and we

get analogously:(
S2(2, 2, b);

1

2
,

1

2
,−a/2

b
;
a/2

b

)
∼=
(
RP 2(|a/2|); b

a/2
; − b

a/2

)
Note that this family of orbifolds contains the prism manifolds, one of
the families with multiple fibrations in the manifold case, see for instance
[15, Theorem 2.3].

• If m1 6= m2 we can suppose m1 = 0 and m2 = 1; in this case Equation (4)
implies that a and b have the same parity, and m3 ≡ (a + b)/2 (mod b).
From Families 4 and 34 and their bis-versions we get:(

S2(2, 2, b);
0

2
,

1

2
,− (a+ b)/2

b
;
a

2b

)
∼=
(
D2(|a|; );

(a+ b)/2

a
; − b

2a
; 1

)
We remark that, here and in what follows, when the base orbifold has mir-
ror reflectors, the invariant ξ is determined by the other invariants (see [9,
Corollary 2.9]).

Some of these orbifolds admit further inequivalent fibrations because i and j
are not conjugated in O(2)∗ (see Phenomenon 2 described in Remark 4.2).
For example, in Family 2 the groups with m = 2 are conjugate in SO(4) to
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groups with m = 1 in Family 10 but this conjugation cannot be performed
in N = NormS3×S3(S1 × {1}). This implies that an isometric copy of the
Hopf fibration in non-standard position is left invariant by (C4/C4, D

∗
4n/D

∗
4n)

inducing on the quotient orbifold a different Seifert fibration. A very similar
situation holds also for the Family 2bis and the anti Hopf-fibration. If b is even
we finally obtain that:(

S2(2, 2, b);
0

2
,

0

2
,±2

b
; ∓2

b

)
∼=
(
D2(; 2, 2, b); ;

1

2
,

1

2
,±1

b
; ∓ 1

2b
; 1

)
,

and if b is odd we get:(
S2(2, 2, b);

0

2
,

0

2
,±2

b
; ∓2

b

)
∼=
(
D2(2; b);

1

2
; ±1

b
; ∓ 1

2b
; 1

)
.

Hence we can conclude that
(
S2(2, 2, b); 0/2, 0/2,±2/b; ∓2/b

)
admits three

different fibrations for every b.
The analogous situation occurs for groups with m = 1 in Family 4 and

groups of Family 13bis with m = 1. So we consider b even and we obtain that
base of the extra fibration depends on the parity of b/2; in fact if b/2 is odd
we obtain:(

S2(2, 2, b);
0

2
,

1

2
,±1 + b/2

b
; ∓1

b

)
∼=
(
D2(; 2, 2, b/2); ;

1

2
,

1

2
,± 1

b/2
; ∓1

b
; 1

)
while if b/2 is even we get:(

S2(2, 2, b);
0

2
,

1

2
,±1 + b/2

b
; ∓1

b

)
∼=
(
D2(2; b/2);

1

2
; ± 1

b/2
; ∓ 1

b/2
; 1

)
.

Also these orbifolds admit three fibrations.
Finally the groups in Families 3 and 34 with m = 1 are conjugate in SO(4)

(but not in N ) to groups in Family 11 and 11′; the same holds for the groups
in Families 3bis and 34bis with n = 1 and the anti-Hopf fibration. We can
conclude that the orbifolds(

S2(2, 2, b);
0

2
,

0

2
,±1

b
; ∓1

b

)
and

(
S2(2, 2, b);

0

2
,

1

2
,± (1 + b)/2

b
; ∓ 1

2b

)
with b odd

admit infinitely many fibrations with base orbifold a disk with at most two
corner points. These cases are treated in Subsection 5.4 since they need a
different approach; here we only exhibit a single fibration with such base (whose
Seifert invariants are computed by using [20, Tables 2 and 3]):(

S2(2, 2, b);
0

2
,

0

2
,±1

b
; ∓1

b

)
∼=
(
D2(; b, b); ±1

b
,±1

b
;∓1

b
; 0

)
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for the former, and(
S2(2, 2, b);

0

2
,

1

2
,± (1 + b)/2

b
; ∓ 1

2b

)
∼=
(
D2(; b, b); ± (1 + b)/2

b
,± (1 + b)/2

b
;∓ 1

2b
; 1

)
with b odd

for the latter.

Case 2. The base orbifold is either D2(b; ) or RP 2(b).

In these cases the families to be considered are 2, 3, 4 and 34 with the
fibration induced by the anti-Hopf fibration and 2bis, 3bis, 4bis and 34bis with
the Hopf fibration. Again each of these groups preserves both the Hopf and the
anti-Hopf fibration of S3. The relations between the two fibrations induced in
the quotient orbifold can be deduced from the previous case, since one of the
two fibrations has S2(2, 2, b) as base orbifold.

It remains to consider the extra fibrations caused by Phenomenon 2 in Re-
mark 4.2. First, groups of Family 2 with m = 2 are conjugated to groups of
Family 10 with m = 1, but the conjugating elements are not contained in N ;
this implies that the groups of Families 2 with m = 2 leave invariant the stan-
dard Hopf fibration, the standard anti-Hopf fibration and a non-standard Hopf
fibration whose invariants can be obtained considering Family 10 in Table 2.
An analogous situation occurs for Family 2bis when n = 2. This implies that
the orbifolds

(
D2(2; ); b2 ; ;± b

2 ; 0
)

admit three inequivalent Seifert fibrations.
Indeed, the three fibrations has been already described in the previous case:(

D2(2; );
1

2
; ;± b

2
; 0

)
∼=
(
S2(2, 2, b);

0

2
,

0

2
,±2

b
; ∓2

b

)
∼=
(
D2(2; b);

1

2
; ±1

b
; ∓ 1

2b
; 1

)
when b is odd and strictly greater than 1, and(

D2(2; );
0

2
; ;± b

2
; 0

)
∼=
(
S2(2, 2, b);

0

2
,

0

2
,±2

b
; ∓2

b

)
∼=
(
D2(; 2, 2, b); ;

1

2
,

1

2
,±1

b
; ∓ 1

2b
; 1

)
when b is even.

The groups in Families 2, 3 and 34 with n = 1 and the ones in Families
2bis, 3bis and 34bis with m = 1 are conjugate to groups in Families 1 and 1′.
This implies that the following orbifolds admit infinitely many fibrations with
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base orbifold S2 with at most two cone points, see Subsection 5.4; here we only
exhibit a single fibration with such base:(

D2(b; );±1

b
; ;∓1

b
; 0

)
∼=
(
S2(b, b); ±2

b
,±2

b
; ∓4

b

)
with b even,(

D2(b; );±1

b
; ;∓1

b
; 0

)
∼=
(
S2(2b, 2b); ±1+b

2b
,±1+b

2b
; ∓1

b

)
with b odd,(

RP 2(b);±1

b
;∓1

b

)
∼=
(
S2(b, b); ±2

b
,±2

b
; ∓4

b

)
with b odd,(

RP 2(b);±1

b
;∓1

b

)
∼=
(
S2(2b, 2b); ±1+b

2b
,±1+b

2b
; ∓1

b

)
with b even,

(
D2(b; );± (1+b)/2

b
; ;∓ 1

2b
; 1

)
∼=
(
S2(2b, 2b); ± (1+b)/2

2b
,± (1+3b)/2

2b
; ∓ 1

2b

)
with b odd.

Case 3. The base orbifold is D2(; 2, 2, b).

The families we have to consider are 10, 12, 13, 13 bis, 33, 33′. By Equa-
tion (4) the Euler invariant can be represented by a fraction with denominator
4b and here the generic fibered orbifold is:(

D2(; 2, 2, b);
m1

2
,
m2

2
,
m3

b
;
a

4b
; ξ
)
.

Each of these groups preserves both the Hopf and the anti-Hopf fibration,
and by using Table 2 and Remark 4.1 we compute the Seifert invariants induced
by both.

• If m1 = m2 = 0 then a is even, and m3 ≡ a/2 (mod b). This kind
of fibration in the quotient orbifold is induced by the Hopf fibration left
invariant by groups in Family 10 with m and n even, in Family 13 with m
odd and n even, in Family 13bis with m even and n odd and in Family 33
with m and n odd. Considering the anti-Hopf fibration this case occurs
for groups in Families 10 with m and n even, in Family 13 with n odd and
m even, in Family 13bis with n even and m odd and in Family 33 with
m and n odd. If the fibration considered is induced by the Hopf fibration
we compute the invariants of the other fibration induced by the anti-Hopf
fibration and viceversa. Finally we get the following diffeomorphisms:(

D2(; 2, 2, b); ;
0

2
,

0

2
,−a/2

b
;
a/2

2b
; 0

)
∼=
(
D2(; 2, 2, |a/2|); ;

0

2
,

0

2
,
b

a/2
; − b

a
; 0

)
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• If m1 = m2 = 1 then a is again even, and m3 ≡ a/2 (mod b). Carrying
out an analysis similar to the previous case which involves again Families
10, 13, 13bis and 33, we obtain the following diffeomorphisms:(
D2(; 2, 2, b); ;

1

2
,

1

2
,−a/2

b
;
a/2

2b
; 1

)
∼=
(
D2(2; |a/2|); 0

2
;
b

a/2
; − b

a
; 0

)
• If m1 6= m2 we can suppose m1 = 0 and m2 = 1; in this case Equation (4)

implies that a and b have the same parity, and m3 ≡ (a + b)/2 (mod b).
Here the we have to consider Families 12 and 33′. Finally we get:(

D2(; 2, 2, b); ;
0

2
,

1

2
,− (a+ b)/2

b
;
a

4b
; 1

)
∼=
(
D2(; 2, 2, |a|); ;

0

2
,

1

2
,

(a+ b)/2

a
; − b

4a
; 1

)
Let us now consider the extra fibrations given by Phenomena 2 and 3 of

Remark 4.2.
Phenomenon 2 involves the groups in Families 10 and 13bis with m = 1,

which leave invariant a non-standard Hopf fibration, and in Families 10 and 13
with n = 1, which leave invariant a non-standard anti-Hopf fibration. We
obtain the following diffeomorphisms:(

D2(; 2, 2, b); ;
1

2
,

1

2
,±1

b
; ∓ 1

2b
; 1

)
∼=
(
D2(2; );

0

2
; ;± b

2
; 0

)
∼=
(
S2(2, 2, b);

0

2
,

0

2
,±2

b
; ∓2

b

)
when b is even(

D2(; 2, 2, b); ;
1

2
,

1

2
,±1

b
; ∓ 1

2b
; 1

)
∼=
(
D2(2; );

0

2
; ± b

2
; 1

)
∼=
(
S2(2, 2, 2b);

0

2
,

1

2
,±1 + b

2b
; ∓ 1

2b

)
when b is odd. These orbifolds admit three fibrations.

Moreover, by Phenomenon 3 the following orbifolds(
D2(; 2, 2, b); ;

0

2
,

0

2
,±1

b
; ∓ 1

2b
; 0

)
with b odd

and

(
D2(; 2, 2, b); ;

0

2
,

1

2
,± (b+ 1)/2

b
; ∓ 1

4b
; 1

)
with b odd
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given by groups in Family 33 with m = 1 and Family 33′ with m = 1 have
infinitely many fibrations with base orbifold a disk with two corner points (these
groups are conjugate in SO(4) to groups in Families 11 and 11′). As usual we
describe here one of these fibrations and the general analysis can be found in
Subsection 5.4.(

D2(; 2, 2, b); ;
0

2
,

0

2
,±1

b
; ∓ 1

2b
; 0

)
∼=
(
D2(; 2b, 2b); ; ±b+ 1

2b
,±b+ 1

2b
; ∓ 1

2b
; 1

)
(
D2(; 2, 2, b); ;

0

2
,

1

2
,± (b+ 1)/2

b
; ∓ 1

4b
; 1

)
∼=
(
D2(; 2b, 2b); ; ± (3b+ 1)/2

2b
,± (b+ 1)/2

2b
; ∓ 1

4b
; 1

)
where b is an odd integer in both cases.

Case 4. The base orbifold is D2(2; b).

The groups giving fibered quotients with base orbifold D2(2; b) are con-
tained in Families 10, 13, 13bis, 33. Each of these groups leaves invariant both
the Hopf and the anti-Hopf fibration, so the quotient orbifold has at least two
fibrations and the possible base orbifolds are D2(2; b) and D2(; 2, 2, b). The
cases when D2(; 2, 2, b) appears as base orbifold of one of the two fibrations
have been already treated in the previous case. When both fibrations have
D2(2; b) we obtain the following diffeomorphism:(

D2(2; b);
1

2
; −a

b
;
a

2b
; 1

)
∼=
(
D2(2; |a|); 1

2
;
b

a
; − b

2a
; 1

)
.

Phenomena 2 and 3 of Remark 4.2 give extra fibrations to the following orb-
ifolds:

•
(
D2(2; b); 1

2 ; ± 1
b ; ∓ 1

2b ; 1
)

whose fibration is induced by the Hopf fibration
left invariant by groups in Families 10 and 13bis with m = 1, and by
the anti-Hopf fibration left invariant by groups in Families 10 and 13bis
with n = 1; these orbifolds have three fibrations and the extra fibrations
(already described in the previous case) are:(

D2(2; );
1

2
; ;± b

2
; 0

)
∼=
(
S2(2, 2, b);

0

2
,

0

2
,±2

b
; ∓2

b

)
when b is odd and



556 M. MECCHIA AND A. SEPPI

(
D2(2; );

1

2
; ± b

2
; 1

)
∼=
(
S2(2, 2, 2b);

0

2
,

1

2
,±1 + b

2b
; ∓ 1

2b

)
when b is even.

•
(
D2(2; b); 0

2 ; ± 1
b ; ∓ 1

2b ; 1
)

with b even, whose fibration is induced by the
Hopf fibration left invariants by groups in Family 33 with m = 1; these
orbifolds have infinitely many fibrations with base orbifold a disk with
two corner points because the groups are conjugate to groups in Family
11. Here we describe only one of these fibrations:

(
D2(2; b);

0

2
; ±1

b
; ∓ 1

2b
; 1

)
∼=
(
D2(; 2b, 2b); ; ±1 + b

2b
; ±1 + b

2b
; ∓ 1

2b
; 1

)

Case 5. The base orbifold is S2(2, 3, b) or D2(; 2, 3, b) with b = 3, 4, 5.

Fibrations having these base orbifold are induced by the Hopf fibration left
invariant by groups in Families 5, 6, 7, 8, 9, 14, 15, 16, 17, 18, 19 and by
the anti-Hopf fibration left invariant by the bis-versions of the same families.
In this case each group leaves invariant exactly one among the Hopf and the
anti-Hopf fibration. With few exceptions due to Phenomenon 2 of Remark 4.2,
these orbifolds have exactly one fibration.

The sporadic diffeomorphisms are given by the correspondences between
Family 5 (m = 2) and 14 (m = 1), Family 7 (m = 2) and 15 (m = 1), Family 8
and 16 (m = 1), Family 9 (m = 2) and 19 (m = 1), and the analogous cor-
respondence between the bis-versions of the groups. All the quotient orbifolds
thus have 2 inequivalent fibrations. We collect here these diffeomorphisms:(

S2(2, 3, 3) ;
0

2
,±2

3
,±2

3
;∓1

3

)
∼=
(
D2(3; 2) ;±1

3
;±1

2
;∓ 1

12
; 1

)
(
S2(2, 3, 4) ;

0

2
,±2

3
,±2

4
;∓1

6

)
∼=
(
D2(; 2, 3, 4) ; ;

1

2
,±1

3
,±1

4
;∓ 1

24
; 1

)
(
S2(2, 3, 4) ;

0

2
,±1

3
,±3

4
;∓ 1

12

)
∼=
(
D2(; 2, 3, 3) ; ;

1

2
,±1

3
,±1

3
;∓ 1

12
; 1

)
(
S2(2, 3, 5) ;

0

2
,±2

3
,±2

5
;∓ 1

15

)
∼=
(
D2(; 2, 3, 5) ; ;

1

2
,±1

3
,±1

5
;∓ 1

60
; 1

)
.

5.3. Some facts on lens spaces

Let us briefly recall some generalities on lens spaces.
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Definition 5.1. The lens space L(p, q) is defined as the manifold obtained by
gluing two solid tori T1 and T2 by means of an orientation-reversing diffeomor-
phism of their boundaries which maps a meridian µ1 of T1 to pλ2− qµ2, where
µ2 and λ2 are a meridian and a longitude of T2.

Observe that there is no natural choice of longitude λi on ∂Ti, and in fact
if q ≡ q′ mod p, then performing a Dehn twist on T2 gives an orientation-
preserving diffeomorphism L(p, q) ∼= L(p, q′). For the very same reason, the
diffeomorphism type of L(p, q) does not depend on the image of a longitude λ1

by the diffeomorphism ∂T1 → ∂T2.
Suppose M is a Seifert fibered manifold with base surface S2 and at most

two cone points, and associated local invariants α1/β1 and α2/β2 for αi and
βi coprimes (we recall that these are the invariants in the classical notation
for Seifert manifolds, see Subsection 2.4), it is not hard to compute the corre-
sponding lens space. See [17, Theorem 4.4] and [13, Theorem 4.4] for a more
detailed explanation. Let T1 and T2 be the preimages of two discs D1 and D2

on the base S2, where D1 contains the first cone point and D2 the second, with
∂D1 = ∂D2. Then T1 and T2 are fibered solid tori. With some computations,
which are provided in the given references, one finds that M is obtained by
gluing T1 and T2 in such a way that a meridian µ1 of T1 is glued to pλ2 − qµ2,
and is thus diffeomorphic to the lens space L(p, q) according to our definition
above, for

p = −det

(
α1 α2

−β1 β2

)
= −α1β2 − β1α2

and q = −det

(
α1 γ2

β1 δ2

)
= β1γ2 − α1δ2 , (9)

where the pair (γ2, δ2) satisfies

det

(
α2 γ2

−β2 δ2

)
= α2δ2 − β2γ2 = 1 .

The choice of such a pair (γ2, δ2) is not unique, but any two choices differ by
a multiple of (α2, β2), hence giving the same result up to the usual modulo p
ambiguity for q.

Remark 5.1: We remark that the expressions in (9) are slightly different to
those recorded in [17, Theorem 4.4] and [13, Theorem 4.4]: this is because we
are adopting a different convention here for the classification data of a Seifert
fibration, following [3] and [15]. To pass from our convention to that used
in [17] and [13] one should switch the roles of the αi and βi, and there is also
a sign difference.

We shall now explain more precisely necessary and sufficient conditions for
two lens spaces to be (orientation-preserving) diffeomorphic. A fundamental
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fact is the following (proved in [2], see also [19, Theorem 10.1.12] and [15,
Theorem 2.5]):

Proposition 5.2. Any two Heegard surfaces of genus 1 in a lens space are
isotopic.

Proposition 5.2 implies that, given any orientation-preserving diffeomor-
phism between two lens spaces L(p, q) and L(p′, q′), one can modify the diffeo-
morphism so that it maps ∂T1 = ∂T2 to ∂T ′1 = ∂T ′2. The diffeomorphism now
either sends Ti to Ti, or T1 to T ′2 and T ′2 to T1. It is classical to show that the
first case occurs if and only if

p = p′ and q ≡ q′ mod p (10)

whereas the second if and only if

p = p′ and qq′ ≡ 1 mod p . (11)

In light of (10), one checks easily that two equivalent presentations of the same
Seifert manifoldM (as explained in Subsection 2.4) give an equivalent outcome
in Equation (9).

By putting together the two cases (10) and (11) together, one has:

Proposition 5.3. Two lens spaces L(p, q) and L(p′, q′) have an orientation-
preserving diffeomorphism if and only if

p = p′ and q±1 ≡ q′ mod p . (12)

5.4. Infinitely many fibrations

Let us now get back to the diffeomorphism type of spherical orbifolds.

Case 6. The base orbifold is a sphere with at most two cone points.

In this case the underlying topological space of the spherical 3-orbifold is a
lens space and the possible singular set is contained in the union of the cores of
the tori giving the standard Heegard decomposition of the lens space. Conse-
quentely the singular set may be empty, a knot or a link with two components.
Exactly as in the analogous manifold case, if an orbifold S3/G is contained in
this family, then it admits infinitely many fibrations, since (a conjugate of) G
leaves invariant all the non-Hopf fibrations.

Let us consider O and O′ with base orbifolds S2(b1, b2) and S2(b′1, b
′
2),

namely (
S2(b1, b2);

a1

b1
,
a2

b2
; e

) (
S2(b′1, b

′
2);

a′1
b′1
,
a′2
b′2

; e′
)
, (13)

and explain how one can decide whether O and O′ are diffeomorphic.
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The recipe is as follows. First compute the index of singularity of the
preimages of each cone point. These are simply given by ιi = gcd(ai, bi) for O
and ι′i = gcd(a′i, b

′
i), for i = 1, 2, where ai/bi and a′i/b

′
i are the local invariants.

Then the underlying Seifert fibered manifoldsM andM′ are given by the same
expressions as in (13), except that one needs to replace ai by ai/ιi, bi by bi/ιi,
and similarly for a′i and b′i.

Recalling the explanation given in Subsection 2.4, using also the Euler
classes e and e′, one can easily express the underlying manifolds M and M′
in terms of the classical invariants for Seifert manifolds. These will be of the
form:

M∼=
(
S2;α1/β1, α2/β2

)
M′ ∼=

(
S2;α′1/β

′
1, α
′
2/β
′
2

)
, (14)

respectively, where βi = bi/ιi, β
′
i = b′i/ι

′
i, the αi will be integer numbers

relatively prime with βi and satisfying αi/βi ≡ ai/bi mod 1, and similarly for
the α′i.

There are now various possibilities:

• If {ι1, ι2} does not equal {ι′1, ι′2}, then O and O′ are certainly not diffeo-
morphic, since a diffeomorphism should respect the singularity indices.

• If ι1 = ι2 = ι′1 = ι′2, determining whether O and O′ are diffeomorphic
amounts to whether their underlying manifolds M and M′ are diffeo-
morphic. In fact, by the discussion above, a diffeomorphism between lens
spaces always maps a solid torus of the standard Heegard decomposition
of M to a solid torus of the decomposition of M′, and one can arrange
such a diffeomorphism to map the (singular, if the ιi are not 1) cores
of each torus of M to cores of each torus of M′. Therefore, it suffices
to compute the underlying lens spaces of O and O′ (computed in the
first step) by applying (9) to (14), and determine whether they are dif-
feomorphic by checking if the classical formula (12) holds (Proposition
5.3).

• The last possibility is when {ι1, ι2} = {ι′1, ι′2} but ι1 6= ι2 (and thus
ι′1 6= ι′2). In this case one cannot directly apply the standard classification
for the underlying lens spaces, since one has to take into account that the
cores of the two solid tori in each Heegard decomposition have different
singularity index, and the singularity index must be preserved by orbifold
diffeomorphisms. Up to switching the order of cone points, let us assume
ι1 = ι′1 and ι2 = ι′2. In the notation used above in this section, O and O′
are diffeomorphic if and only if there is a diffeomorphism of the underlying
lens spaces which maps Ti to T ′i , for i = 1, 2. According to (10), this is
the case if and only if p = p′ and q, q′ have the same residue modulo p. In
conclusion, one has to use again the formulae (9) to compute p, q, p′, q′,
and check whether they satisfy (10) (instead of (12)).
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Finally we remark that there are two spherical 3-orbifolds, each of which
admits both infinitely many fibrations with base orbifold a 2-sphere with two
cone points and infinitely many fibrations with base orbifold a disk with two
corner points. Fibrations having base orbifold a disk with two corner points
will be considered in Case 7 below.

The first orbifold is the quotient by the group (C4/C2, C4/C2) that can be
conjugate (by an isometry which does not preserve the Hopf fibration) to the
group (D∗4/C2, D

∗
4/C2). The underlying topological space of this 3-orbifold is

the 3-sphere and the singular set is the Hopf link whith local group of order
two. Two possible fibrations are

(
S2(2, 2); 0

2 ,
0
2 ;−1

)
and

(
D2; ; ;−1; 0

)
. Note

that these are the two fibrations described in the example of Section 2.6.
The second orbifold is given by the group (C4/C1, C4/C1) that can be con-

jugate to the group (D∗4/C1, D
∗
4/C1). In this case the underlying topological

space is the 3-sphere and the singular set is the trivial knot whith local group of
order two. Two possible fibrations are

(
S2(2, 2); 0

2 ,
1
2 ;− 1

2

)
and

(
D2; ; ;− 1

2 ; 1
)
.

Case 7. The base orbifold is a disk with at most two corner points.

Also in this case all the orbifolds admit infinitely many fibrations, since all
the non-Hopf fibrations are preserved by the groups involved.

Let O be a fibered orbifold whose base orbifold is D2(n1, n2). In this case
we can consider the 2-fold branched covering O′ of O induced by the 2-fold
orbifold covering S2(n1, n2)→ D2(n1, n2) obtained by doubling the disk along
its boundary. The orbifold O′ has the same local invariants of O. (It is worth
remarking that the preimage of a corner reflector in the base orbifold of O
will be a cone point in the base orbifold of O′, but the associated numerical
invariants will be the same.) The Euler class of O′ is twice as that of O.

Fibrations with base orbifold D2(n1, n2) are admitted by orbifolds given by
groups in Families 11 and 11′. These groups are generalized dihedral groups
Z2 n A where A is an Abelian normal subgroup of rank at most two. The
subgroup A is the unique index two Abelian subgroup with this property (with
the exception of the cases A ∼= Z2 and A ∼= Z2 × Z2).

The subgroup A corresponds to the unique 2-fold branched covering in-
duced by the orbifold covering S2(n1, n2) → D2(n1, n2). Also in the two ex-
ceptional cases all the possible 2-fold branched coverings having S2(n1, n2) as
base orbifold are diffeomorphic. Hence we have a 1-1 correspondence between
the orbifolds of Case 6 and the orbifolds of Case 7. We can reduce to the same
procedure as in the previous case to decide whether two fibered orbifolds with
base orbifolds D2(n1, n2) are diffeomorphic.

Some of these orbifolds admit also a fibration whose base orbifold is not a
disk with at most two corner points. We have already listed these exceptional
fibrations in Cases 1-6.

Example 5.2: Case 7 includes the orbifolds having the 3-sphere as underlying
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topological space and a 2-bridge link with local group of order two as singular
set. The 2-bridge links are a well known class of links which are classified
by their 2-fold branched coverings (see, e.g., [4]). In fact the 2-fold branched
covering of each of these orbifolds along the singular set is a lens space; on
the other hand, each lens space has a unique representation as 2-fold branched
covering of a link [16]. Hence, the classification of 2-bridge links (and of our
3-orbifolds) can be deduced by the classification of lens spaces. We denote by
O(p, q) the 3-orbifold that gives L(p, q) as 2-fold branched covering. We remark
that there exists an orientation-preserving diffeomorphism between O(p, q) and
O(p′, q′) if and only if p = p′ and q±1 ≡ q′ mod p .

A lens space can be obtained as the quotient of S3 by a cyclic group acting
freely; these groups are contained in Family 1 or 1′. Each group (C2mr/C2m,
C2nr/C2n)s in Family 1 is normalized by the involution Φ(j, j) ∈ SO(4) which
has non-empty fixed point set; the group (C2mr/C2m, C2nr/C2n)s and the in-
volution Φ(j, j) generate (D∗4m/D

∗
4m, D

∗
4n/D

∗
4n)s in Family 11. We remark

that the underlying topological space of the quotient of S3 by the group
(D∗4m/D

∗
4m, D

∗
4n/D

∗
4n)s is always the 3-sphere (see [20]) and, if (C2mr/C2m,

C2nr/C2n)s acts freely, the quotient orbifold is of type O(p, q). The same holds
for groups in Familiy 1′ which are contained in groups in Family 11′. This
assures us that each 3-orbifold O(p, q) is the quotient of S3 by a group con-
tained in Families 11 and 11′. Therefore O(p, q) admits infinitely many Seifert
fibrations with base orbifolds a disk with at most two corner points. Given a
group in Family 11 and 11′, by using [20, Tables 2 and 3] we can decide if it
gives an orbifold of type O(p, q) and compute p and q

Some of these orbifolds admit also some fibrations with a different base
orbifold. We can analyze this phenomenon considering the diffeomorphisms
between fibered spherical 3-orbifolds listed in Cases 1-6. We obtain the follow-
ing: O(1, 0), whose singular set is the unknot, and O(2, 1), whose singular set
in the Hopf link, admit infinitely many fibrations with base orbifold a sphere
with at most two cone points (Case 5); for each integer b > 1 the orbifold
O(b,±1) admits a fibration with base orbifold a sphere with three cone points
(Case 1); for each even integer b > 1 the orbifold O(4b,±(1 + 2b)) admits a
fibration with base orbifold a disk with one cone point and one corner reflector
(Case 4).
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are members of the national research group GNSAGA.



562 M. MECCHIA AND A. SEPPI

References

[1] M. Boileau, S. Maillot, and J. Porti, Three-dimensional orbifolds and their
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38610 Gières, France
E-mail: andrea.seppi@univ-grenoble-alpes.fr

Received May 26, 2020
Revised July 24, 2020

Accepted September 29, 2020





Rend. Istit. Mat. Univ. Trieste
Volume 52 (2020), 565–576

DOI: 10.13137/2464-8728/30958

Volume estimates for right-angled
hyperbolic polyhedra

Andrey Egorov and Andrei Vesnin

“To Bruno Zimmermann on his 70-th birthday”

Abstract. By Andreev theorem acute-angled polyhedra of finite vo-
lume in a hyperbolic space H3 are uniquely determined by combinatorics
of their 1-skeletons and dihedral angles. For a class of compact right-
angled polyhedra and a class of ideal right-angled polyhedra estimates
of volumes in terms of the number of vertices were obtained by Atkin-
son in 2009. In the present paper upper estimates for both classes are
improved.
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1. Introduction

In the present paper we consider polyhedra of finite volume in a hyperbolic 3-
space H3. A hyperbolic polyhedron is said to be right-angled if all its dihedral
angles are equal to π/2. Necessary and sufficient conditions for realization in
H3 of a polyhedron with given combinatorial type and dihedral angles were
described by Andreev [1]. Moreover, the realization is unique up to isometry.
A hyperbolic polyhedron is said to be ideal if all its vertices belong to ∂H3.
The smallest 825 compact right-angled hyperbolic polyhedra were determined
by Inoue [6]. In [11] we listed 248 initial volumes of ideal right-angled hyperbolic
polyhedra and formulated a conjecture about smallest volume polyhedra when
number of vertices is fixed.

Right-angled polyhedra (both compact and ideal) are very useful building-
blocks for construction of hyperbolic 3-manifolds with interesting properties [9,
10]. In particular, the right-angled decomposition gives an immersed totally
geodesic surface in the 3-manifold arising from the faces of the polyhedra. Re-
cently nice combinatorial characterization of right-angled hyperbolic 3-orbifolds
was obtained in [7].

It is known that complements of the Whitehead link and of the Borromean
rings admit decompositions into ideal right-angled octahedra. Following [3],
a hyperbolic link in 3-sphere is said to be right-angled if its complement e-
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quipped with the complete hyperbolic structure admits a decomposition into
ideal hyperbolic right-angled polyhedra. Among non-alternating links, the class
of fully augmented links is right-angled (see recent results on augmented links
in [5, 8]). The following conjecture was proposed in [3]: there does not exist
a right-angled knot. In the same paper the conjecture was verified for knots
up to 11 crossings, basing on the tabulation of volumes of ideal right-angled
polyhedra given in [11].

2. Main results

Since right-angled hyperbolic polyhedra are determined by combinatorial struc-
ture, it is natural to expect that their geometrical invariants, e.g. volume, can
be estimated by combinatorial invariants, e.g. number of vertices.

Two-sided volume estimates for ideal right-angled hyperbolic polyhedra in
terms of the number of vertices were obtained by Atkinson [2].

Theorem 2.1 ([2, Theorem 2.2.]). If P is an ideal right-angled hyperbolic poly-
hedron with V vertices, then

(V − 2) · v8
4

6 vol(P ) 6 (V − 4) · v8
2
,

where v8 is the volume of a regular ideal hyperbolic octahedron. Both inequal-
ities are equalities when P is the regular ideal hyperbolic octahedron. There
is a sequence of ideal π/2-equiangular polyhedra Pi with Vi vertices such that
vol(Pi)/Vi approaches v8/2 as i goes to infinity.

Constant v8 has an expression in terms of the Lobachevsky function,

Λ(x) = −
∫ x

0

log |2 sin t|dt,

which dates back to N. I. Lobachevsky’s 1832 paper. Namely, v8 = 8Λ(π/4).
To fifteen decimal places, v8 is 3.663862376708876.

Recall that if P ⊂ H3 is ideal right-angled, then V > 6. The case V = 6
is realized for an octahedron that is an antiprism with a triangular top and
bottom, the case V = 8 is realized for an antiprism with quadrilateral top
and bottom, and there no ideal right-angled hyperbolic polyhedra with V = 7
vertices. The upper bound from Theorem 2.1 can be improved if we exclude
from consideration the two smallest ideal right-angled hyperbolic polyhedra.

Theorem 2.2. If P is an ideal right-angled hyperbolic polyhedron with V > 9
vertices, then

vol(P ) 6 (V − 5) · v8
2
.

The equality holds if and only if V = 9.
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Figure 1: Volumes of ideal right-angled hyperbolic polyhedra and volume esti-
mates from Theorem 2.1 and Theorem 2.2.

Proof of Theorem 2.2 is given in Section 3. In Figure 1 dots present volumes
of ideal right-angled hyperbolic polyhedra with at most 21 vertices, calculated
in [11], and lines present volume estimates from Theorem 2.1 (lower bound)
and Theorem 2.2 (upper bound).

Two-sided volume estimates for compact right-angled polyhedra in terms
of number of vertices were obtained by Atkinson in [2].

Theorem 2.3 ([2, Theorem 2.3]). If P is a compact right-angled hyperbolic
polyhedron with V vertices, then

(V − 8) · v8
32

6 vol(P ) < (V − 10) · 5v3
8
,

where v3 is the volume of a regular ideal hyperbolic tetrahedron. There is a se-
quence of compact polyhedra Pi, with Vi vertices such that vol(Pi)/Vi approaches
5v3/8 as i goes to infinity.

Constant v3 has an expression in terms of the Lobachevsky function, v3 =
2Λ(π/6). To fifteen decimal places, v3 is 1.014941606409653.
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Figure 2: Volumes of compact right-angled hyperbolic polyhedra and volume
estimates from Theorem 2.3 and Theorem 2.4.

Recall that if P ⊂ H3 is compact right-angled, then V > 20 and even.
The case V = 20 is realized for a dodecahedron, and there no compact right-
angled hyperbolic polyhedra with V = 22 vertices. The upper bound from
Theorem 2.3 can be improved if we exclude a dodecahedron from our consid-
erations.

Theorem 2.4. If P is a compact right-angled hyperbolic polyhedron with V > 24
vertices, then

vol(P ) 6 (V − 14) · 5v3
8
.

Proof of Theorem 2.4 is given in Section 4. In Figure 2 dots presents vo-
lumes of compact right-angled hyperbolic polyhedra with at most 46 vertices,
and lines present volume estimates from Theorem 2.3 (lower bound) and The-
orem 2.4 (upper bound). Previously, volumes of the first 825 compact right-
angled hyperbolic polyhedra were calculated in [6] and volumes of compact
right-angled polyhedra with at most 64 vertices having only pentagonal and
hexagonal faces were calculated in [4].
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3. Proof of Theorem 2.2

We recall that 1-skeleton of any ideal right-angled hyperbolic polyhedra is 4-
regular planar graph. Therefore, if P is such a polyhedron with V vertices and
F faces, then by the Euler formula V = F − 2.

The upper estimate from Theorem 2.1 was generalized in [11] as in Propo-
sition 3.1 and Proposition 3.3.

Proposition 3.1 ([11, Theorem 3.2]). Let P be an ideal right-angled hyperbolic
polyhedron with V > 6 vertices, If P has two faces F1 and F2 such that F1 is
n1-gonal, and F2 is n2-gonal, where n1, n2 > 4, then

vol(P ) 6
(
V − n1

2
− n2

2

)
· v8

2
.

Considering n1 > 5 and n2 > 5 in Proposition 3.1, we immediately get the
following result.

Corollary 3.2. If P is an ideal right-angled hyperbolic polyhedron with V
vertices that has two faces such that each of them is at least 5-gonal, then

vol(P ) 6 (V − 5) · v8
2
.

Proposition 3.3 ([11, Theorem 3.3]). If P is an ideal right-angled hyperbolic
polyhedron with V > 15 vertices having only triangular or quadrilateral faces,
then

vol(P ) 6 (V − 5) · v8
2
.

Proposition 3.4. Let P be an ideal right-angled hyperbolic polyhedron with V
vertices. Let F1, F2 and F3 be three faces of P such that F1 is n1-gonal, F2 is
n2-gonal and F3 is n3-gonal. Assume that F2 is adjacent to both F1 and F3.
Then

vol(P ) 6
(
V + 1− n1

2
− n2

2
− n3

2

)
· v8

2
.

Proof. Let us consider union P ′ = P ∪F2P of two copies of P along F2. Polyhe-
dron P ′ is ideal right-angled and has V ′ = 2V −n2 vertices. Its volume is twice
volume of P . Remark that P ′ has a face F11 which is a union of two copies of
F1 along a common edge. Hence F11 is (2n1 − 2)-gonal. Similar, P ′ has a face
F13 which is a union of two copies of F3 along a common edge. Hence F13 is
(2n3 − 2)-gonal. Applying Proposition 3.1 to polyhedron P ′ and its faces F11

and F13, we obtain

2 vol(P ) = vol(P ′) 6

(
(2V − n2)− 2n1 − 2

2
− 2n3 − 2

2

)
· v8

2
.

Dividing both sides of the inequality by 2, we get the result.
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Corollary 3.5. If P is an ideal right-angled hyperbolic polyhedron with V
vertices that has at least one k-gonal face, k > 6, then

vol(P ) 6 (V − 5) · v8
2
.

Proof. Consider three faces F1, F2 and F3 of P , where one of them, say F2, is k-
gonal, k > 6, and F1, F3 are adjacent to F2. Then we can apply Proposition 3.4
for the triple (n1, n2, n3), where n1 > 3, n2 > 6 and n3 > 3. Then

vol(P ) 6
(
V + 1− n1

2
− n2

2
− n3

2

)
· v8

2

6

(
V + 1− 3

2
− 3

2
− 6

2

)
· v8

2
= (V − 5) · v8

2
,

and the statement is proved.

Proposition 3.6. Let P be an ideal right-angled polyhedron with V > 16 ver-
tices. Assume that P has one pentagonal face and all other faces are triangles
or quadrilaterals. Then

vol(P ) 6 (V − 5) · v8
2
.

Proof. Denote by F number of faces and by pk the number of k-gonal faces
(k > 3) of polyhedron P . Then from F = V + 2 we obtain

p3 = 8 +
∑
k≥5

(k − 4)pk.

By the assumption, P has one pentagonal face, and therefore, nine triangular
faces. Hence F = 10 + p4 > 18 and p4 > 8.

Observe that P contains three quadrilateral or pentagonal faces F1, F2, F3

such that F2 is adjacent to F1 and F3 both. By a contradiction, assume that any
quadrilateral or pentagonal face of P has at most one adjacent quadrilateral or
pentagonal face. Hence any quadrilateral face has at least 3 adjacent triangular
faces and the pentagonal face has at least 4 adjacent triangular faces. Therefore,
totally there are at least 4 + 3p4 sides of triangles which are adjacent to sides
of a quadrilateral and pentagonal faces. Since the total number of triangular
faces is 9, we get 4 + 3p4 6 27. Since p4 > 8, the inequality is not satisfied.

This contradiction implies that there is a triple of sequentially adjacent
quadrilateral or pentagonal faces F1, F2, F3, where F2 is adjacent to F1 and F3.
Applying Proposition 3.4 we get

vol(P ) 6
(
V + 1− n1

2
− n2

2
− n3

2

)
· v8

2

6

(
V + 1− 4

2
− 4

2
− 4

2

)
· v8

2
= (V − 5) · v8

2
,

and the statement is proved.



VOLUME ESTIMATES FOR RIGHT-ANGLED POLYHEDRA 571

# of vertices # of polyhedra # of volumes min volume max volume

6 1 1 3.663863 3.663863
7 0 0 - -
8 1 1 6.023046 6.023046
9 1 1 7.327725 7.327725

10 2 2 8.137885 8.612415
11 2 2 9.686908 10.149416
12 9 7 10.149416 12.046092
13 11 7 11.801747 13.350771
14 37 17 12.106298 14.832681
15 79 31 13.813278 16.331571

Table 1: Ideal right-angled hyperbolic polyhedra.

Summarizing Proposition 3.3 (the case if there is no k-gonal faces for k > 5),
Corollary 3.5 (the case if there is at least one k-gonal face, k > 6), Proposi-
tion 3.6 (the case if there is one pentagonal face and other faces are k-gonal,
k 6 4), and Corollary 3.2 (the cases if there are two faces such that each of them
has at least 5 edges) we have the statement for polyhedra with V > 16 vertices.
For polyhedra P with 9 6 V 6 15 vertices the inequality vol(P ) 6 (V − 5) · v82
holds by direct computation [11], see Table 1. Proof of Theorem 2.2 is com-
pleted.

4. Proof of Theorem 2.4

The proof of Theorem 2.4 uses the same method as the proof of Theorem 2.2
presented in previous section. But with the difference that instead of ideal
right-angled polyhedra with 4-regular 1-skeletons we consider compact right-
angled hyperbolic polyhedra with 3-regular 1-skeletons. Therefore, if P is a
compact right-angled hyperbolic polyhedron with V vertices and F faces, then
by the Euler formula 2F = V + 4.

The upper estimate from Theorem 2.2 was generalized in [4] as in Propo-
sition 4.1, Proposition 4.3 and Proposition 4.4 below. For the reader’s conve-
nience we present these statements with proofs.

Proposition 4.1 ([4, Theorem 3.4]). Let P be a compact right-angled hyper-
bolic polyhedron with V vertices. Let F1 and F2 be two faces of P such that F1

is n1-gonal, and F2 is n2-gonal, where n1, n2 > 6. Then

vol(P ) 6 (V − n1 − n2) · 5v3
8
.
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Proof. Case (1). Let us assume that faces F1 and F2 are not adjacent. We
construct a family {Pi} of right-angled polyhedra by induction, attaching on
each step a copy of the polyhedron P . Put P1 = P . Define P2 = P1 ∪F1

P1

by identifying two copies of the polyhedron P1 along the face F1. It has V2 =
2V − 2n1 vertices. Indeed, faces of P1 adjacent to F1 form dihedral angles π/2
with F1, so vertices of F1 aren’t vertices in the glued polyhedron P2 = P1∪F1

P1.
For the volumes we have vol(P2) = 2 vol(P ). The polyhedron P2 has at the
least one face isometric to F2. Attaching the polyhedron P to the polyhedron
P2 along this face we get P3 = P2 ∪F2 P = P ∪F1 P ∪F2 P . Evidently, P3

is a compact right-angled polyhedron with V3 = 3V − 2n1 − 2n2 vertices and
volume vol(P3) = 3 vol(P ). Continuing the process of attaching P alternately
through the faces isometric to F1 and F2, we get the polyhedron P2k+1 =
P2k−1 ∪F1

P ∪F2
P , which is a compact right-angled polyhedron with V2k+1 =

(2k + 1)V − 2kn1 − 2kn2 vertices and volume vol(P2k+1) = (2k + 1) vol(P ).
Now let us apply the upper bound from Theorem 2.3 to polyhedron P2k+1:

(2k + 1) vol(P ) < ((2k + 1)V − 2kn1 − 2kn2 − 10)
5v3
8
.

Dividing both sides of the inequality by (2k + 1) and passing to the limit as
k →∞, we obtain the required inequality.

Case (2). Let us assume that faces F1 and F2 are adjacent. Put P ′ = P ∪F1

P . Then polyhedron P ′ has V ′ = 2V −2n1 vertices and vol(P ′) = 2 vol(P ). By
construction, the polyhedron P ′ has a face F ′2, which is a union of two copies
of F2 along a common edge. Hence, F ′2 is a (2n2 − 4)-gon. Since the face F1

has at least 5 sides, there is a face F3 in P adjacent to F1, but not adjacent
to F2. As a result of attaching P along F1, the face F3 will turn into a face
F ′3 in P ′ that has at least 6 sides. Thus, in P ′ there is a pair of non-adjacent
faces F ′2 and F ′3, each of which has at least 6 sides. Applying case (1) for the
polyhedron P ′ and its non-adjacent faces F ′2 and F ′3 we get:

2 vol(P ) 6 (V ′ − (2n2 − 4)− 6)
5v3
8

= (2V − 2n1 − 2n2 − 2)
5v3
8

and hence, vol(P ) < (V − n1 − n2)
5v3
8

.

Considering n1 > 7 and n2 > 7 in Proposition 4.1 we immediately get the
following result.

Corollary 4.2. If P is a compact right-angled hyperbolic polyhedron with V
vertices having two faces such that each of them is at least 7-gonal. Then

vol(P ) 6 (V − 14) · 5v3
8
.
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Proposition 4.3 ([4, Corollary 3.2]). Let P be a compact right-angled hyper-
bolic polyhedron with V vertices. Let F1, F2 and F3 be three faces of P such
that F1 is n1-gonal, F2 is n2-gonal and F3 is n3-gonal. Assume that F2 is
adjacent to both F1 and F3. Then

vol(P ) 6 (V − n1 − n2 − n3 + 4) · 5v3
8
.

Proof. Let us consider polyhedron P ′ = P ∪F2
P . It has V ′ = 2V −2n2 vertices

and vol(P ′) = 2 vol(P ). Remark that P ′ has a face F ′1 which is a union of two
copies of F1 and has 2n1 − 4 vertices. Similar, P ′ has a face F ′3 which is a
union of two copies of F3 and has 2n3 − 4 vertices. Applying Proposition 4.1
to polyhedron P ′ and its faces F ′1 and F ′3. We get

2 vol(P ) = vol(P ′) 6 (V ′ − (2n1 − 4)− (2n3 − 4)) · 5v3
8
.

Using formula for V ′ and dividing both sides of the inequality by 2 we get the
result.

Proposition 4.4 ([4, Theorem 3.5]). If P is a compact right-angled hyperbolic
polyhedron with V > 46 vertices and with only pentagonal or hexagonal faces,
then

vol(P ) 6 (V − 14) · 5v3
8
.

Proof. Denote by F number of faces and by pk the number of k–gonal faces
(k > 5) of polyhedron P . Then from 2F = V + 4 we obtain

p5 = 12 +
∑
k>7

(k − 6)pk.

By the assumption, P has only pentagonal and hexagonal faces. Hence F =
12+p6 > 25 and p6 > 13. We observe that in the polyhedron P there are three
hexagonal faces F1, F2, F3 such that F2 is adjacent to both F1 and F3. Assume
by contradiction that there is no such triple of faces. Then each hexagonal face
is adjacent to at most one hexagonal face. If a hexagonal face has no adjacent
hexagons (we will say that it is isolated), then it is adjacent to 6 pentagonal
faces. If two hexagons are adjacent to each other and none of them is adjacent
to another hexagon (we will say that the faces form a pair), then their union
is adjacent to 10 pentagonal faces. If we have k1 isolated hexagonal faces and
k2 pairs of hexagonal faces, then they are adjacent to pentagonal faces through
6k1+10k2 sides. Since p5 = 12 we have 6k1+10k2 6 60. But k1+2k2 = p6 > 13
implies 2k2 > 13 − k1, hence 6k1 + 10k2 > 65 + k1 > 60. This contradiction
implies that there is a triple of hexagonal faces F1, F2, F3, where F2 is adjacent
to F1 and F3. By applying Proposition 4.3 we get the result.
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Corollary 4.5. If P is a compact right-angled hyperbolic polyhedron with V
vertices and at least one k-gonal face, k > 8. Then

vol(P ) 6 (V − 14) · 5v3
8
.

Proof. Consider three faces F1, F2 and F3 of P , where one of them, say F2, is k-
gonal, k > 8, and F1, F3 are adjacent to F2. Then we can apply Proposition 4.3
for the triple (n1, n2, n3), where n1 > 5, n2 > 8 and n3 > 5. Then

vol(P ) 6 (V − n1 − n2 − n3 + 4) · 5v3
8

6 (V − 5− 8− 5 + 4) · 5v3
8

= (V − 14) · 5v3
8
,

that gives the result.

Proposition 4.6. Let P be a compact right-angled polyhedron with V > 48 ver-
tices. Assume that P has one heptagonal face and all other faces are pentagons
or hexagons. Then

vol(P ) 6 (V − 14) · 5v3
8
.

Proof. Denote by F number of faces and by pk the number of k–gonal faces
(k > 5) of polyhedron P . Then from 2F = V + 4 we obtain

p5 = 12 +
∑
k>7

(k − 6)pk.

By the assumption, P has one heptagonal face, and therefore, 13 pentagonal
faces. Hence F = 14 + p6 > 26 and p6 > 12.

Observe that P contains three hexagonal or heptagonal faces F1, F2, F3

such that F2 is adjacent to F1 and F3 both. By a contradiction, assume that
any hexagonal or heptagonal face of P has at most one adjacent hexagonal or
heptagonal face. Hence any hexagonal face has at least 5 adjacent pentagonal
faces and the heptagonal face has at least 6 adjacent pentagonal faces. There-
fore, totally there are at least 6 + 5p6 sides of pentagons which are adjacent to
sides of hexagonal and heptagonal faces. Since the total number of pentagonal
faces is 13, we get 6 + 5p6 6 65. Since p6 > 12, the inequality is not satisfied.

This contradiction implies that there is a triple of sequentially adjacent
hexagonal or heptagonal faces F1, F2, F3, where F2 is adjacent to F1 and F3.
Applying Proposition 4.4 we get

vol(P ) 6 (V − n1 − n2 − n3 + 4) · 5v3
8

6 (V − 6− 6− 6 + 4) · 5v3
8

= (V − 14) · 5v3
8
,

that completes the proof.
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# of vertices # of polyhedra # of volumes min volume max volume

20 1 1 4.306208 4.306208
22 0 0 - -
24 1 1 6.023046 6.023046
26 1 1 6.967011 6.967011
28 3 3 7.563249 8.000234
30 4 4 8.612415 8.946606
32 12 12 9.019053 9.977170
34 23 23 9.730847 10.986057
36 71 71 10.416044 12.084191
38 187 187 11.058763 13.138893
40 627 627 11.708462 14.222648
42 1970 1952 12.352835 15.300168
44 6833 6771 12.996118 16.397833
46 23384 23082 13.637792 17.486616

Table 2: Compact right-angled hyperbolic polyhedra.

Summarizing Proposition 4.4 (the case if there is no k-gonal faces for k > 7),
Corollary 4.5 (the case if there is at least one k-gonal face, k > 8), Proposi-
tion 4.6 (the case if there is one heptagonal face and other faces are k-gonal,
k 6 6), and Corollary 4.2 (the cases if there are two faces such that each of
them has at least 7 edges) we have the statement for polyhedra with V > 48
faces. For polyhedra with 24 6 V 6 46 vertices the inequality holds by direct
computation, see Table 2. This completes the proof of Theorem 2.4.
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1. Introduction

Let R = K[x1, ..., xn] be a positively graded polynomial ring over a field K,
where xi is homogeneous of degree gi ∈ N>0, and m = (x1, . . . , xn) denotes
its homogeneous maximal ideal. Also denote the canonical module of R by
ωR = R(−g), where g = g1 + · · ·+ gn.

Definition 1.1. A graded finitely generated R-module M is called canonical
Cohen-Macaulay (CCM for short) if Extn−dimM

R (M,ωR) is Cohen-Macaulay.

This notion was introduced by Schenzel in [9], who proved in the same
paper the following result that contributes to make it interesting: given a
homogeneous prime ideal I ⊂ R, the ring R/I is CCM if and only if it admits a
birational Macaulayfication (that is a birational extension R/I ⊂ A ⊂ Q(R/I)
such that A is a finitely generated Cohen-Macaulay R/I-module, where Q(R/I)
is the fraction field of R/I). In this case, furthermore, A is the endomorphism

ring of Ext
n−dimR/I
R (R/I, ωR).

In this note, we will derive from the recent result obtained by Conca and the
second author in [4] the following: if a homogeneous ideal I ⊂ R has a radical
initial ideal in≺(I) for some monomial order ≺, then R/I is CCM whenever
R/ in≺(I) is CCM. In fact we prove something more general, from which we
can also infer that, in positive characteristic, under the same assumptions the
Lyubeznik numbers of R/I are bounded above from those of R/ in≺(I). As a
consequence of the latter result, we can infer that, also in characteristic 0 by
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reduction to positive characteristic, if in≺(I) is a radical monomial ideal the
following are equivalent:

1. The dual graph (a.k.a. Hochster-Huneke graph) of R/I is connected.

2. The dual graph of R/ in≺(I) is connected.

Motivated by these results, in the last section we study the CCM property
for Stanley-Reisner rings K[∆]. We show that K[∆] is CCM whenever ∆ is a
simply connected 2-dimensional simplicial complex.

2. CCM property and Gröbner deformations

Throughout, let us fix a monomial order ≺ on R. We start with the following
crucial lemma:

Lemma 2.1. Let I be a homogeneous ideal of R such that in≺(I) is radical.
Then, for all i, j, k ∈ Z, we have:

dimK ExtiR(ExtjR(R/I, ωR), ωR)k ≤ dimK ExtiR(ExtjR(R/ in≺(I), ωR), ωR)k

Proof. Let w = (w1, ..., wn) ∈ Nn be a weight such that inw(I) = in≺(I).
Let t be a new indeterminate over R. Set P = R[t] and S = P/ homw(I),
where homw(I) is the w-homogenization of I. By providing P with the graded
structure given by deg(xi) = gi and deg(t) = 0, homw(I) is homogeneous.
If x ∈ {t, t − 1}, apply the functor ExtiP (ExtjP (S, P ),−) to the short exact
sequence

0→ P
·x−→ P → P/xP → 0

getting the short exact sequences

0→ Cokerµi,jx → ExtiP (ExtjP (S, P ), P/xP )→ Kerµi+1,j
x → 0.

where µi,jx is the multiplication by x on ExtiP (ExtjP (S, P ), P ). So, for all k ∈ Z
we have exact sequences of K-vector spaces:

0→ (Cokerµi,jx )k → ExtiP (ExtjP (S, P ), P/xP )k → (Kerµi+1,j
x )k → 0.

Since Ei,jk = ExtiP (ExtjP (S, P ), P )k is a finitely generated graded module over

K[t] (w.r.t. the standard grading on K[t]), we can write Ei,jk = F i,jk + T i,jk

where F i,jk = K[t]f
i,j
k and T i,jk =

⊕gi,jk
r=1K[t]/(tdr ) with dr ≥ 1. Therefore we

have:

dimK(Cokerµi,jt−1)k = f i,jk ≤ f
i,j
k + gi,jk = dimK(Cokerµi,jt )k

and
dimK(Kerµi+1,j

t−1 )k = 0 ≤ gi+1,j
k = dimK(Kerµi+1,j

t )k.
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So dimK ExtiP (ExtjP (S, P ), P/(t− 1)P )k ≤ dimK ExtiP (ExtjP (S, P ), P/tP )k.
Note that, by using [3, Proposition 1.1.5] one can infer the following: if A is

a ring, M and N are A-modules, and a ∈ Ann(N) is A-regular and M -regular,
then

ExtiA(M,N) ∼= ExtiA/aA(M/aM,N) ∀ i ∈ N.

Because in≺(I) is radical, by [4, Proposition 2.4] ExtjP (S, P ) is a flat K[t]-

module, the multiplication by x on it is injective: that is, x is ExtjP (S, P )-
regular. Therefore we have:

ExtiP (ExtjP (S, P ), P/xP ) ∼= ExtiP/xP (ExtjP (S, P )/xExtjP (S, P ), P/xP ).

Again because the multiplication by x is injective on ExtjP (S, P ) and by the
property mentioned above, we have

ExtjP (S, P )/xExtjP (S, P ) ∼= ExtjP (S, P/xP ) ∼= ExtjP/xP (S/xS, P/xP ).

Putting all together we get:

dimK ExtiP/(t−1)P (ExtjP/(t−1)P (S/(t− 1)S, P/(t− 1)P ), P/(t− 1)P )k

≤ dimK ExtiP/tP (ExtjP/tP (S/tS, P/tP ), P/tP )k,

that, because ωR ∼= R(−g), is what we wanted:

dimK ExtiR(ExtjR(R/I,R), R)k ≤ dimK ExtiR(ExtjR(R/ in≺(I), R), R)k.

Corollary 2.2. Let I be a homogeneous ideal of R such that in≺(I) is radical.
Then, R/I is canonical Cohen-Macaulay whenever R/ in≺(I) is so.

Proof. For a homogeneous ideal J ⊂ R, R/J is CCM if and only if

Extn−iR (Ext
n−dimR/J
R (R/J, ωR), ωR) = 0 ∀ i < dimR/J,

so the result follows from Lemma 2.1.

Remark 2.3: Lemma 2.1 and Corollary 2.2 fail without assuming that in≺(I)
is radical. In fact, in characteristic 0, if I is in generic coordinates, by [7, The-
orem 2.2] R/ in≺(I) is sequentially Cohen-Macaulay, thus CCM (for example
see [7, Theorem 1.4]). However, it is plenty of homogeneous ideals I such that
R/I is not CCM.

We do not know whether the implication of Corollary 2.2 can be reversed.
Without assuming that in≺(I) is radical, we already noticed that Corollary 2.2
fails in Remark 2.3. The following example shows that in general R/I CCM
but R/ in≺(I) not CCM can also happen:
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Example 2.4: Let R = K[x1, ..., x9] and

I = (x3
1 + x3

2, x
2
5x9 + x2

4x8, x
3
5x7 + x3

6x9, x
2
7x1 + x2

6x5, x3x9 − x4x8).

Since I is a complete intersection, R/I is CCM. However one can check that,
if ≺ is the lexicographic order extending x1 > . . . > x9, R/ in≺(I) is not CCM.

3. Lyubeznik numbers and connectedness

Let I ⊂ R = K[x1, . . . , xn]. In [8] Lyubeznik introduced the following invari-
ants of A = R/I:

λi,j(A) = dimKExtiR(K,Hn−j
I (R)) ∀ i, j ∈ N.

It turns out that these numbers, later named Lyubeznik numbers, depend
only on A, i and j, in the sense that if A ∼= S/J where J ⊂ S = K[y1, . . . , ym],

λi,j(A) = dimKExtiS(K,Hm−j
J (S)) ∀ i, j ∈ N.

Also, λi,j(A) = 0 whenever i > j or j > dimA, and λd,d(A) is the number of
connected components of the dual graph, also known as the Hochster-Huneke
graph, of A ⊗K K, where K denotes the algebraic closure of K, [18]. For the
convenience of the reader, we recall here that the dual graph of a Noetherian
ring A of dimension d is the graph with the minimal primes of A as vertices
and such that {p, q} is an edge if and only if dimA/(p + q) = d− 1.

We will refer to the upper triangular matrix Λ(A) = (λi,j(A)) of size
(dimA + 1) × (dimA + 1) as the Lyubeznik table of A. By trivial Lyubeznik
table we mean that λdimA,dimA(A) = 1 and λi,j(A) = 0 otherwise.

Corollary 3.1. Let I be a homogeneous ideal of R such that in≺(I) is radical.
If K has positive characteristic,

λi,j(R/I) ≤ λi,j(R/ in≺(I)) ∀ i, j ∈ N.

Proof. By [19, Theorem 1.2], if J ⊂ R is a homogeneous ideal,

λi,j(R/J) = dimK [Extn−iR (Extn−jR (R/J, ωR), ωR)0]s,

where the subscript [−]s stands for the stable part under the natural Frobenius
action. In particular

λi,j(R/J) ≤ dimKExtn−iR (Extn−jR (R/J, ωR), ωR)0.

On the other hand, if J ⊂ R is a radical monomial ideal, Yanagawa proved in
[17, Corollary 3.10] that:

λi,j(R/J) = dimKExtn−iR (Extn−jR (R/J, ωR), ωR)0.

So the result follows from Lemma 2.1.
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The following two examples show that Corolarry 3.1 is false without assum-
ing both that in≺(I) is radical and that K has positive characteristic:

Example 3.2: [12, Example 4.11] Let R = K[x1, ..., x6] and char(K) = 5. Let

I = (x3
4 + x3

5 + x3
6, x

2
4x1 + x2

5x2 + x2
6x3, x

2
1x4 + x2

2x5 + x2
3x6,

x3
1 + x3

2 + x3
3, x5x3 − x6x2, x6x1 − x4x3, x4x2 − x5x1).

Then

Λ(R/I) =


0 0 1 0

0 0 0
0 1

1

 .
If ≺ is the degree reverse lexicographic term order extending x1 > . . . > x6

one has:
in≺(I) = (x3x5, x3x4, x2x4, x

3
4, x1x

2
4, x

2
1x4, x

3
1).

One can check that R/in≺(I) has a trivial Lyubeznik table.

Example 3.3: Let K be a field of characteristic 0 and R = K[X] where X is
a 2× 3 matrix of variables. Let I ⊂ R be the ideal generated by the 2-minors
of X. Since ProjR/I ∼= P1 × P2, by [14, Theorem 1.2], we have:

Λ(R/I) =


0 0 0 1 0

0 0 0 0
0 0 1

0 0
1

 .
If ≺ is a diagonal term order it is easy to check that in≺(I) is a radical monomial
ideal such that R/ in≺(I) is Cohen-Macaulay, so that Λ(R/ in≺(I)) is trivial.

In Corollary 3.1 we have an equality when R/I is generalized Cohen-Mac-
aulay, which means that Hi

m(R/I) has finite length for all i < dimR/I:

Proposition 3.4. Let I be a homogeneous ideal of R such that in≺(I) is radical.
If K has positive characteristic and R/I is generalized Cohen-Macaulay,

λi,j(R/I) = λi,j(R/ in≺(I)) ∀ i, j ∈ N.

Proof. Since R/I is generalized Cohen-Macaulay so is R/in≺(I) by [4, Corol-
lary 2.11]. Therefore it is enough to show that λ0,j(R/I) = λ0,j(R/in≺(I)) for
all j (see [1, Subsection 4.3]). By [4, Proposition 3.3], both R/ in≺(I) and R/I
are cohomologically full. So from [5, Proposition 4.11]:

λ0,j(R/I) = dimKH
j
m(R/I)0,

λ0,j(R/ in≺(I)) = dimKH
j
m(R/ in≺(I))0.

Now by [4, Theorem 1.3] we get the result.
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Remark 3.5: Let I be an ideal of R = K[x1, . . . , xn] such that in≺(I) is
generated by monomials u1, . . . , ur. Suppose that K has characteristic 0. Since
I is finitely generated, there exists a finitely generated Z-algebra A ⊂ K such
that I is defined over A, i.e. I ′R = I if I ′ = I ∩ A[x1, . . . , xn]. Given a prime
number p and a prime ideal p ∈ SpecA minimal over (p), let Q(p) denote
the field of fractions of A/p (note that Q(p) has characteristic p), R(p) =
Q(p)[x1, . . . , xn] and I(p) = I ′R(p). We call the objects R(p), I(p), R(p)/I(p)
reductions mod p of R, I,R/I, and by abusing notation we denote them by
Rp, Ip, Rp/Ip.

Seccia proved in [10, Lemma 2.3] that

in≺(Ip) = in≺(I)p

for any reduction mod p if p is a large enough prime number, i.e. in≺(Ip) is
generated by u1, . . . , ur.

Remark 3.6: Let A be a Noetherian ring of dimension d. The ring A is
said to be connected in codimension 1 if SpecA \ V (a) is connected whenever
dimA/a < d−1 (here V (a) denotes the set of primes containing a). A result of
Hartshorne [6, Proposition 1.1] implies that the dual graph of A is connected
if and only if A is connected in codimension 1.

Proposition 3.7. Let I be a homogeneous ideal of R such that in≺(I) is radical.
Then:

1. ProjR/I is connected if and only if ProjR/ in≺(I) is connected.

2. The dual graph of R/I is connected if and only if the dual graph of
R/ in≺(I) is connected.

Proof. The “only if” parts hold without the assumption that in≺(I) is radical
and they have been proved in [15]. So we will concentrate on the “if” parts.

Since computing initial ideal, as well as the connectedness properties con-
cerning R/ in≺(I), are not affected extending the field, while the connectedness
properties concerning R/I follow from the corresponding connectedness prop-
erties of R/I ⊗K K, it is harmless to assume that K is algebraically closed.
Under this assumption, if J ⊂ R is a homogeneous radical ideal, we have that:

(a) ProjR/J is connected if and only if H1
m(R/J)0 = 0.

(b) The dual graph of R/J is connected if and only if λdimR/J,dimR/J(R/J) =
1 by the main theorem of [18].

Under our hypothesis I is radical, so (1) follows at once from (a) and the fact
that the Hilbert function of the local cohomology modules of R/I is bounded
above by that of the ones of R/ in≺(I) (in this case we even have equality
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by [4]). Concerning the “if-part” of (2), since λdimR/I,dimR/I(R/I) counts the
number of connected components of some graph, it is nonzero in any case;
if K has positive characteristic, hence the conclusion follows from (b) and
Corollary 3.1. So, assume that K has characteristic 0. If, by contradiction,
R/I were not connected in codimension 1, there would be two ideals H ) I
and J ) I such that H ∩ J = I and dimR/(H + J) < dimR/I − 1 (see
[2, Lemma 19.1.15]). By Remark 3.5, it is not difficult to check that we can
choose a prime number p � 0 such that Hp ) Ip and Jp ) Ip, Hp ∩ Jp = Ip,
dimRp/(Hp + Jp) < dimRp/Ip − 1 and in≺(Ip) = in≺(I)p (for instance, to
compute the intersection of two ideals amounts to perform a Gröbner basis
calculation). Clearly the dual graph of a Stanley-Reisner ring does not depend
on the characteristic of the base field. So the dual graph of Rp/ in≺(Ip) would
be connected but that of Rp/Ip would be not, and this contradicts the fact that
we already proved the result in positive characteristic.

4. CCM Simplicial Complexes

Let ∆ be a simplicial complex on the vertex set [n] = {1, ..., n}. We denote the
Stanley-Reisner ring R/I∆ by K[∆]. See [11] for generalities on these objects.
The aim of this section is to examine the CCM property for the Stanley-Reisner
rings K[∆], especially when ∆ has dimension 2.

Recall that a Nn-graded R-module M is squarefree if, for all α = (α1, . . . ,
αn) ∈ Nn, the multiplication by xj from Mα to Mα+ej is bijective whenever

αj 6= 0. It turns out that K[∆], I∆ and ExtiR(K[∆], ωR) are squarefree modules
by [16].

Lemma 4.1. Let M be a nonzero squarefree module.
If M0 = 0, then depthM > 0.

Proof. Assume, by way of contradiction, that depthM = 0. Then m ∈ AssM .
So there exist α = (α1, . . . , αn) ∈ Nn and 0 6= u ∈ Mα such that m = Ann(u).
So for j = 1, ..., n, xj · u = 0. It follows that the multiplication map on Mα by
xj is not injective for all j. So, because M is a squarefree module, α = 0 and
u ∈M0 = 0, a contradiction. Hence depthM > 0.

Lemma 4.2. For any homogeneous ideal I ⊂ R, for all i < 3 the R-module

Extn−iR (Ext
n−dimR/I
R (R/I,R), R) has finite length.

Proof. If (∩ri=1qi) ∩
(
∩sj=1q

′
j

)
is an irredundant primary decomposition of I

with dimR/qi = dimR/I and dimR/q′j > dimR/I, one has

Ext
n−dimR/I
R (R/I,R) ∼= Ext

n−dimR/I
R (R/ ∩ri=1 qi, R).

So we can assume that dimR/p = dimR/I for all p ∈ AssR/I.
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Let p 6= m be a homogeneous prime ideal of R containing I, and set Mi =

Extn−iR (Ext
n−dimR/I
R (R/I,R), R). We have:

(Mi)p = Ext
ht(p)−(i−n+ht(p))
Rp

(Ext
ht(p)−(dimRp/IRp)
Rp

(Rp/IRp, Rp), Rp).

We have (Mi)p = 0, since i − n + ht(p) ≤ 1 by the assumptions and

Ext
ht(p)−(dimRp/IRp)
Rp

(Rp/IRp, Rp) has depth at least 2 by [9, Proposition 2.3].

Corollary 4.3. Let ∆ be a 2-dimensional simplicial complex. Then K[∆] is
CCM if and only if λ2,3(K[∆]) = 0.

Proof. Since Extn−3
R (K[∆], ωR) satisfy Serre’s condition (S2) by [9, Proposi-

tion 2.3], it is enough to show that Extn−2
R (Extn−3

R (K[∆], ωR), ωR) = 0. By
Lemma 4.2 Extn−2

R (Extn−3
R (K[∆], ωR), ωR) has finite length; so, since it is a

squarefree module,

Extn−2
R (Extn−3

R (K[∆], ωR), ωR) = 0

⇐⇒ Extn−2
R (Extn−3

R (K[∆], ωR), ωR)0 = 0.

We conclude because λ2,3(K[∆]) = Extn−2
R (Extn−3

R (K[∆], ωR), ωR)0 by [17,
Corollary 3.10].

Remark 4.4: If ∆ is a (d − 1)-dimensional simplicial complex, it is still true
that if K[∆] is CCM, then λj,d(K[∆]) = 0 for all j < d. The converse, however,
is not true as soon as dim(∆) > 2:

Let R = K[x1, ..., x6] and I be the monomial ideal of R generated by

x1x2x3x4, x1x3x4x5, x1x2x3x6, x1x2x5x6, x1x4x5x6 and x3x4x5x6.

The ring R/I has a trivial Lyubeznik table but it is not CCM. Here I is the
Stanley-Reisner ring of a 3-dimensional simplicial complex.

Proposition 4.5. Assume that ∆ is a 2-dimensional simplicial complex such
that H1(∆;K) vanishes. Then K[∆] is CCM.

Proof. Since H1(∆;K) = 0, by Hochster formula we get Extn−2
R (K[∆], ωR)0 =

0. If Extn−2
R (K[∆], ωR) 6= 0, since it is a squarefree module it has positive

depth by Lemma 4.1.
So, in any case, ExtnR(Extn−2

R (K[∆], ωR), ωR) = 0, and hence

λ0,2(K[∆]) = ExtnR(Extn−2
R (K[∆], ωR)), ωR)0 = 0.

By [1, Remark 2.3], λ2,3(K[∆]) = λ0,2(K[∆]) = 0. Now by Corollary 4.3 K[∆]
is CCM.
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The converse of this corollary does not hold in general:

Example 4.6: Let ∆ be the simplicial complex on 6 vertices with facets
{1, 2, 3}, {1, 4, 5} and {3, 4, 6}. Then K[∆] is CCM but H1(∆;K) 6= 0

Proposition 4.7. Let ∆ be a (d− 1)-dimensional Buchsbaum simplicial com-
plex. The ring K[∆] is CCM if and only if Hi(∆;K) = 0 for all 1 ≤ i < d− 1.

Proof. Let K[∆] be CCM and fix i ∈ {1, . . . , d − 2}. Since ∆ is Buchsbaum,
K[∆] behaves cohomologically like an isolated singularity, hence:

λ0,i+1(K[∆]) = λd−i,d(K[∆])

(see [1, Subsection 4.3]). On the other hand, since the canonical module of
K[∆] is a d-dimensional Cohen-Macaulay module, λd−i,d(K[∆]) = 0 by [17,
Corollary 3.10]. So

λ0,i+1(K[∆]) = dimKExtnR(Extn−i−1
R (K[∆], ωR), ωR)0 = 0.

By local duality H0
m(Extn−i−1

R (K[∆], ωR))0 = 0. Since Extn−i−1
R (K[∆], ωR) is

of finite length

H0
m(Extn−i−1

R (K[∆], ωR))0 = Extn−i−1
R (K[∆], ωR)0 = 0.

Therefore Hochster formula tells us that Hi(∆;K) = 0.
Conversely, assume that Hi(∆;K) = 0 for all 1 ≤ i < d− 1. Then we have

that Extn−i−1
R (K[∆], ωR)0 = 0 by Hochster formula. As ∆ is Buchsbaum,

Extn−i−1
R (K[∆], ωR) is of finite length, so

Extn−i−1
R (K[∆], ωR) = Extn−i−1

R (K[∆], ωR)0 = 0 ∀ 1 ≤ i < d− 1.

Now [13, Theorem 4.9] and local duality imply that for 1 ≤ i < d− 1,

Hi+1
m (Extn−dR (K[∆], ωR) ∼= Extn−d+i

R (K[∆], ωR) = 0.

Thus K[∆] is CCM.

Example 4.8: Propositions 4.5 and 4.7 provide the following situation con-
cerning CCM 2-dimensional simplicial complexes:

(i) H1(∆;K) = 0 =⇒ K[∆] is CCM.

(ii) If ∆ is Buchsbaum, H1(∆;K) = 0 ⇐⇒ K[∆] is CCM.

Item (ii) above yields many examples of Buchsbaum 2-dimensional nonCCM
simplicial complexes. We conclude this note with an example of a 2-dimensional
simplicial complex which is neither Buchsbaum nor CCM:

Let R=K[x1, ..., x8] and ∆ be the simplicial complex with facets {x1,x2,x6},
{x2, x6, x4}, {x2, x4, x5}, {x2, x3, x5}, {x3, x5, x6}, {x1, x3, x6}, {x1, x7, x8}.
One can check that ∆ is not Buchsbaum and K[∆] is not CCM. Accordingly
with Proposition 4.5, H1(∆;K) 6= 0.
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A small collection of open problems

Giovanni Alessandrini

Abstract. This paper collects some problems that I have encountered
during the years, have puzzled me and which, to the best of my knowl-
edge, are still open. Most of them are well–known and have been first
stated by other authors. In this sad season of pandemic, I modestly
try to contribute to scientific interaction at a distance. Therefore all
comments and exchange of information are most welcome.

Keywords: Unique continuation, inverse problems, elliptic equations, parabolic equa-
tions.
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1. Introduction

Here I collect a number of open problems that I have struggled with, and which
I believe maintain some interest. I hope this collection may stimulate younger
minds.

A masterly model, which gave me the inspiration to set up this small col-
lection, has been the monumental Scottish Book [28]. A peculiarity which I
especially liked in the Scottish Book is that often the proposers of the problems
offered prizes for their solutions. I shall imitate this habit here. I promise the
prizes to the solvers, the means of delivery are to be agreed depending on the
occasion.

2. Unique continuation for the p–laplacian

Dedicato a Gisella, unica compagna della mia vita,

vicina e paziente sempre, anche quando “la matematica non funziona”.

Given 1 < p <∞ we consider the so–called p–Laplace equation

div (|∇u|p−2∇u) = 0 (1)

in a connected open set Ω ⊂ Rn, n ≥ 2. The natural space in which we
may search for weak (variational) solutions is W 1,p(Ω). The problem that I
want to address here is whether solutions to (1) satisfy the unique continuation
property. However, this formulation is somewhat vague, because the unique
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continuation property can be expressed in many ways. More precise formula-
tions are the following ones.

Problem 2.1 (Weak unique continuation): Suppose u solves (1) and vanishes
on a nonempty open set U ( Ω, does u ≡ 0 on all of Ω?

Problem 2.2 (Strong unique continuation): Suppose u solves (1) and vanishes
of infinite order at an interior point x0 of Ω, does u ≡ 0 on all of Ω?

If p = 2 then (1) reduces to the classical Laplace’s equation, the solutions
are harmonic functions which are well-known to be real analytic, and hence
the strong unique continuation property holds. If n = 2 the strong unique
continuation property holds true for any p > 1. This was proved by Bojarski
and Iwaniec [14] and by myself [2] by two different methods, a gap in the proof
of Bojarski and Iwaniec was later filled by Manfredi [27].

Thus the problem, in both formulations 2.1 and 2.2, remains open in the
case n ≥ 3, p 6= 2.

I should also mention that this problem was first proposed to me by Gene
Fabes, in 1981, in an even stronger form:

Problem 2.3 (Mukenhoupt): Suppose u solves (1) and is not identically con-
stant, is |∇u| a Mukenhoupt weight?

For a definition of Mukenhoupt weights, and the basics of the theory, I refer
to Coifman and Feffermann [16].

Again, the answer is affirmative if p = 2, this can be viewed within the
general theory of unique continuation for linear elliptic equations, a benchmark
in this respect is due to Nico Garofalo and F.H. Lin [20]. When n = 2, the
positive answer can be found in a joint paper with Daniela Lupo and Edi
Rosset [10].

Prize. One bottle of barriqued Friuli Grappa.

3. Unique continuation along level surfaces

Dedicato a Giuseppe e Francesco Gheradelli, nonno e zio,

il ramo geometrico nel mio albero genealogico.

This is probably the only problem of this collection for which I can claim
some form of paternity. It originates from my work with Emmanuele Di
Benedetto on the inverse problems of cracks [7], and it could be used to extend
some of those results to the case of cracks in inhomogeneous media. It was first
formulated in a paper with Alberto Favaron [9].

Consider an elliptic equation

div (A∇u) = 0 (2)
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in a connected open set Ω ⊂ Rn, n ≥ 2. Here A = A(x) is a symmetric matrix
valued function, satisfying uniform ellipticity

K−1|ξ|2 ≤ A(x)ξ · ξ ≤ K|ξ|2 ,∀x, ξ ∈ Rn , (3)

and Lipschitz continuity

|A(x)−A(y)| ≤ E|x− y| ,∀x, y ∈ Rn , (4)

for some positive constants K,E. These assumptions are stated in order to
guarantee that the standard unique continuation property applies, see again
[20]. I propose the following less standard form of unique continuation.

Problem 3.1 (Unique continuation along level surfaces): Let u, v be two non-
costant solutions to (2), let S ⊂ Ω be a connected (n− 1)–dimensional smooth
hypersurface, and let Σ be an open proper subset of S. Suppose u = 0 on S
and v = 0 on Σ. Is it true that v = 0 on all of S?

If A ≡ I, then u, v are harmonic and in this case, S is an analytic hyper-
surface, see for instance [7, Appendix A], hence the answer is affirmative, by
analytic continuation. Some smoothness on S must be indeed assumed. This
can be easily seen in the harmonic two–dimensional case:

Let Ω = R2, u = xy, v = y. In this case, we may pick S = {x = 0, y ≥
0} ∪ {x ≥ 0, y = 0}, which is a simple curve with a corner point at the origin
and Σ = {x > 0, y = 0} ⊂ S is the positive horizontal semiaxis. Clearly v
vanishes on Σ, but it does not vanish on all of S ⊂ {u = 0}.

From another point of view, it may be noted that a parallel could be drawn
with the issue of unique continuation at fixed time for parabolic equations,
which was treated jointly with Sergio Vessella [13].

Prize. Three Havana cigars.

4. The inclusion problem

Consider a connected open set Ω ⊂ Rn, n ≥ 2, with smooth boundary: Let
k > 0, k 6= 1 be given, and let D be an open set compactly contained in Ω.
Consider the Dirichlet problem{

div ((1 + (k − 1)χD)∇u) = 0, in Ω,

u = ϕ, on ∂Ω.
(5)

This problem models the distribution of an electrostatic potential u in a body Ω
with homogeneous conductivity 1 which contains in its interior an inclusion D
whose conductivity is k 6= 1.
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Such a problem is well–posed in the Sobolev space W 1,2(Ω) for any given

Dirichlet data ϕ in the trace space W
1
2 ,2(∂Ω). As a consequence, the so–called

Dirichlet–to–Neumann map

ΛD : W
1
2 ,2(∂Ω) 3 ϕ→ ∇u · ν ∈W− 1

2 ,2(∂Ω)

is well defined, here ν denotes the outer unit normal to ∂Ω.

A special case of the celebrated Calderón’s inverse conductivity problem [15]
is to determine D, given ΛD. Victor Isakov proved uniqueness [22].

Loosely speaking, the boundary of D is determined by n − 1 parameters,
whereas the Dirichlet–to–Neumann map can be associated to a function de-
pending on 2(n− 1) variables. Therefore the problem of determining D, from
ΛD looks dimensionally overdetermined. It is thus interesting to see if a limited
sample of ΛD might suffice to uniquely determine D. A review of the available
results can be found in [5].

Let us recall here in particular a result by Jin Keun Seo in dimension n =
2 [34]. Assuming a priori that D is a simply connected polygon, given two
cleverly chosen Dirichlet data ϕ1, ϕ2, then the corresponding Neumann data
∇u1 ·ν,∇u2 ·ν uniquely determine D. Here ui denotes the solution to (5) when
ϕ = ϕi, i = 1, 2.

What is a clever choice of ϕ1, ϕ2?

Definition 4.1. We say that the pair of Dirichlet data ϕ1, ϕ2 satisfies Radó’s
condition if the mapping Φ = (ϕ1, ϕ2) : ∂Ω→ Γ is a homeomorphism onto the
boundary Γ of an open convex set G ⊂ R2.

Seo’s uniqueness theorem was originally stated under slightly different con-
ditions, but it can be readily seen that his arguments apply equally well under
the condition just stated. The rationale behind this clever choice of Dirich-
let data, is that under such condition, the mapping U = (u1, u2) becomes a
homeomorphism of Ω onto G, see my joint paper with Enzo Nesi [11]. In fact
such a condition was first devised by Radó in the context of planar harmonic
mappings, see for instance Duren [18].

Problem 4.2 (The inclusion problem with finite data): Let n = 2, let us
assume a priori D be simply connected and with smooth boundary. Let the
pair of Dirichlet data ϕ1, ϕ2 satisfy Radó’s condition, is D uniquely determined
by the Neumann data ∇u1 · ν,∇u2 · ν?

One clue that Radó’s condition might be the appropriate one comes from
the fact that it has shown to be effective in the germane inverse problem of
cracks in dimension 2. The main results, and more references, can be found
in the paper by Alvaro Diaz Valenzuela and myself [6], and in the one by Jin
Keun Seo with Kim [24].
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Of course it would be meaningful to formulate Problem 4.2 also in higher
dimensions. However it is not at all clear what might be a clever choice of
Dirichlet data in such a case.

Prize. Three bottles of Friulano (once known as Tocai).

5. The crack problem

Dedicato a Damien, che mi dà la forza di sperare nel futuro.

Consider, in a bounded and connected open set Ω ⊂ R3 a two–dimensional
orientable smooth surface Σ b Ω having a simple closed curve as boundary. We
view Σ as a fracture in a homogeneous electrically conducting body Ω. If we
prescribe a stationary current density ψ (having zero average) on ∂Ω then the
electrostatic potential u is governed by the following boundary value problem
(suitably interpreted in a weak sense)

∆u = 0, in Ω \ Σ,

∇u · ν = 0, on either side of Σ,

∇u · ν = ψ, on ∂Ω.

(6)

The inverse problem is:

Problem 5.1 (The insulating crack problem): To find appropriately chosen
current profiles ψ1, . . . ψN such that, letting u1, . . . uN be the corresponding
potentials, the boundary measurements u1|∂Ω, . . . uN |∂Ω uniquely determine Σ.

When Σ is a portion of a plane, Kubo [25] found a triple of suitable current
profiles for which uniqueness holds, in [7] suitable pairs were found.

When Σ is allowed to be curved and the full Neumann–to–Dirichlet map

NΣ : ψ → u|∂Ω

is known, uniqueness was proven by Eller [19].

Prize. One bottle of white Friuli Grappa.

6. Payne’s nodal line conjecture

In this Section and in the following one I shall discuss problems arising from
Courant’s Nodal Domain Theorem [17]. A brief introduction may be useful.
Consider, in a bounded and connected open set Ω ⊂ Rn, n ≥ 2, the eigenvalue
problem {

∆u+ λu = 0, in Ω,

u = 0, on ∂Ω.
(7)
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It is well known that there exists a complete set of eigenfunctions {um}, or-
thonormal in L2(Ω), with corresponding eigenvalues {λm}. The eigenvalues
are all positive and can be arranged in a nondecreasing, diverging sequence
0 < λ1 < λ2 ≤ λ3 ≤ . . . ..

Courant’s Nodal Domain Theorem states that every eigenfunction um cor-
responding to the m–th eigenvalue λm has at most m nodal domains, that is
the set {x ∈ Ω|um(x) 6= 0} has at most m connected components.

In particular, u1 has constant sign, and any second eigenfunction u2 (which,
being orthogonal to u1, must change its sign) has exactly two nodal domains.

L. E. Payne [32, Conjecture 5] posed the following conjecture.

Conjecture 6.1 (Payne). Let n = 2, for any second eigenfunction u2 the
nodal line

{x ∈ Ω|u2(x) = 0}
is not a closed curve.

Melas [29] proved the conjecture if Ω is convex and has smooth boundary,
the smoothness assumption was removed in [3]. Hoffmann-Ostenhof, Hoffmann-
Ostenhof and Nadirashvili [21] showed by an example that the conjecture may
fail if Ω is not simply connected.

The following remains an open problem.

Problem 6.2: Assume Ω be simply connected and with smooth boundary.
Prove that the nodal line of any second eigenfunction is a simple open curve
whose endpoints are two distinct points of ∂Ω.

It must be noted that the conjecture also fails if the eigenvalue problem (7)
is slightly modified by replacing the Laplacian ∆ with an operator of the form
∆− q where q is a variable coefficient, see the example by Lin and Ni [26].

Prize. Three bottles of Terrano.

7. Extending Courant’s nodal domain thorem

Let us consider again an elliptic eigenvalue problem, but now we admit variable
coefficients: {

div (A∇u)− qu+ λρu = 0, in Ω,

u = 0, on ∂Ω.
(8)

We shall assume throughout the ellipticity condition (3), and also

q, ρ ∈ L∞(Ω) , ρ ≥ K−1 > 0 .

It is known that Courant’s Nodal Domain Theorem maintains its validity under
one of the following conditions, either n = 2 or A satisfies the Lipschitz condi-
tion (4). See [4] for proofs and bibliography. In fact under such assumptions,



A SMALL COLLECTION OF OPEN PROBLEMS 597

solutions to

div (A∇u)− qu+ λρu = 0 (9)

satisfy the unique continuation property. This is in fact a typical ingredient in
the proof of the Nodal Domain Theorem.

If n ≥ 3 and (4) is relaxed to a Hölder condition

|A(x)−A(y)| ≤ E|x− y|α ,∀x, y ∈ Rn , (10)

for some α ∈ (0, 1) and some positive constant E, then a weaker result is
known: any m–th eigenfunction um has at most 2(m − 1) nodal domains, for
every m ≥ 2. See [4, Theorem 4.5]. Recall that if A is merely Hölder, then
unique continuation may fail [30, 31, 33].

Problem 7.1 (Courant): Let n ≥ 3. Under which conditions on A (not imply-
ing the unique continuation property for (9)) Courant’s Nodal Domain Theorem
remains valid?

Prize. Three bottles of Vitovska.

8. The final problem

Dedicato a Luigi Gherardelli, lo zio Gigi, ingegnere idraulico.

Consider, for a bounded, connected open set Ω ⊂ Rn, the following initial–
boundary value problem for a parabolic equation{

ut − div (a∇u) = f, in Ω× (0, T ),

u = 0, on ∂Ω× (0, T ) ∪ Ω× {0}.
(11)

Here a = a(x) is assumed to be a time independent scalar coefficient, satisfying
uniform ellipticity

K−1 ≤ a(x) ≤ K .

In [12] Sergio Vessella and I formulated the following inverse problem.

Problem 8.1 (Parabolic inverse problem): Let n = 2. Given f on all of
Ω × (0, T ), and given u(x, t) for all x ∈ Ω and for one or more fixed values of
t > 0, is a uniquely determined?

The limitation of the space dimension to n = 2 was motivated by applica-
tions, more specifically: identification of transmissivity a in groundwater flow
by piezometric head measurements u. The origin of the problem should be
searched in the hydrogeology literature, and it might be dated much earlier,
see for instance [36].
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The problem however maintains its interest in any dimension, and is still
open in general. A solution under some special assumptions on boundary data
and when n = 1 was given by Victor Isakov in [23].

Here I propose a variant to Problem 8.1.

Problem 8.2 (Parabolic inverse problem with final data): Consider the fol-
lowing initial–boundary value parabolic problem

ut − div(a∇u) = 0, in Ω× (0, T ),

u = g(x, t), on ∂Ω× (0, T ),

u = h(x), on Ω× {0}.
(12)

Given appropriately chosen functions g and h, and assuming a known on ∂Ω,
does the knowledge of u(·, T ) uniquely determines a?

This problem can be seen as an extension to a non–stationary setting of
an inverse elliptic problem with interior data, for which uniqueness can be
proven [1, 8]. In such an elliptic context, it can be seen that some boundary
information on the coefficient a is needed, that is why I have added that kind
of information also in the parabolic question.

After this paper’s preprint was posted on ArXiv (March 25, 2020) I was
informed by Faouzi Triki that a notable advance towards the solution of Prob-
lem 8.2 has been achieved by him [35].

Prize. Three bottles of Ribolla.
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Tetrahedral Coxeter groups, large
group-actions on 3-manifolds and
equivariant Heegaard splittings
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Abstract. We consider finite group-actions on closed, orientable and
nonorientable 3-manifolds M which preserve the two handlebodies of
a Heegaard splitting of M of some genus g > 1 (maybe interchanging
the two handlebodies). The maximal possible order of a finite group-
action on a handlebody of genus g > 1 is 12(g − 1) in the orientation-
preserving case and 24(g − 1) in general, and the maximal order of a
finite group preserving the Heegaard surface of a Heegaard splitting of
genus g is 48(g−1). This defines a hierarchy for finite group-actions on
3-manifolds which we discuss in the present paper; we present various
manifolds with an action of type 48(g − 1) for small values of g, and
in particular the unique hyperbolic 3-manifold with such an action of
smallest possible genus g = 6 (in strong analogy with the Euclidean case
of the 3-torus which has such actions for g = 3).

Keywords: 3-manifold, finite group-action, equivariant Heegaard splitting, tetrahedron,
tetrahedral Coxeter group.
MS Classification 2010: 57M60, 57S17, 57S25.

1. A hierarchy for large finite group-actions on
3-manifolds

The maximal possible order of a finite group G of orientation-preserving dif-
feomorphisms of an orientable handlebody of genus g > 1 is 12(g− 1) ([11], [7,
Theorem 7.2]); for orientation-reversing finite group-actions on an orientable
handlebody and for actions on a nonorientable handlebody, the maximal pos-
sible order is 24(g − 1); we will always assume g > 1 in the present paper.

Let G be a finite group of diffeomorphisms of a closed, orientable or nonori-
entable 3-manifold M . We consider Heegaard splittings of M into two handle-
bodies of genus g (nonorientable if M is nonorientable) such that each element
of G either preserves both handlebodies or interchanges them. The maximal
possible orders are 12(g − 1), 24(g − 1) or 48(g − 1), and we distinguish four
types of G-actions:
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Definition 1.1. i. The G-action is of type 12(g − 1): M is orientable,
G is orientation-preserving and non-interchanging (i.e., preserves both
handlebodies of the Heegaard splitting), and G is of maximal possible
order 12(g − 1) for such a situation (these actions are called maximally
symmetric in various papers, see [15] and its references).

ii. The G-action is of non-interchanging type 24(g − 1): either M is ori-
entable and G orientation-preserving or M is non-orientable, and G is of
maximal possible order 24(g − 1) for such a situation (these actions are
called strong maximally symmetric in [15]).

iii. The G-action is of interchanging type 24(g − 1): M is orientable, the
subgroup G0 of index 2 preserving both handlebodies is orientation-preser-
ving, and G is of maximal possible order 24(g − 1) for such a situation.

iv. The G-action is of type 48(g − 1): G is interchanging, either M is ori-
entable and the subgroup G0 preserving both handlebodies is orientation-
reversing, or M is non-orientable, and G is of maximal possible order
48(g − 1) for such a situation.

The second largest orders in the four cases are 8(g − 1), 16(g − 1) and
32(g−1), then 20(g−1)/3, 40(g−1)/3 and 80(g−1)/3, next 6(g−1), 12(g−1)
and 24(g − 1) etc.; in the present paper, we consider only the cases of largest
possible orders 12(g − 1), 24(g − 1) and 48(g − 1).

In Section 2, we present examples of 3-manifolds for various of these types,
and in particular the unique hyperbolic 3-manifold of type 48(g−1) of smallest
possible genus g = 6 . The situation for the orientation-preserving actions of
types described in Definitions 1.1-i and 1.1-iii is quite flexible and has been
considered in various papers, so in the present paper we concentrate mainly
on the orientation-reversing actions and actions on non-orientable manifolds of
cases described in Definitions 1.1-ii and 1.1-iv where the situation is more rigid.
We finish this section with a short discussion of 3-manifolds of type 12(g − 1),
for small values of g. The following is proved in [14].

Theorem 1.2. The closed orientable 3-manifolds with a G-action of type 12(g−
1) and of genus g = 2 are exactly the 3-fold cyclic branched coverings of the
2-bridge links, the group G is isomorphic to the dihedral group D6 of order 12
and obtained as the lift of a symmetry group Z2×Z2 of each such 2-bridge link.

Examples of such 3-manifolds are the spherical Poincaré homology sphere
(the 3-fold branched covering of the torus knot of type (2,5)), the Euclidean
Hantzsche-Wendt manifold (the 3-fold branched covering of the figure-8 knot,
see [12]) and the hyperbolic Matveev-Fomenko-Weeks manifold of smallest vol-
ume among all closed hyperbolic 3-manifolds (the 3-fold branched covering of
the 2-bridge knot 52).



TETRAHEDRAL COXETER GROUPS 603

Examples of 3-manifolds of type 12(g−1) and genus 3 are the 3-torus, again
the Euclidean Hantzsche-Wendt manifold, the spherical Poincaré homology 3-
sphere and the hyperbolic Seifert-Weber dodecahedral space, see Propositions
2.3, 2.4 and 2.5.

The finite groups G which admit an action of type 12(g − 1) and genus
g ≤ 6 are D6, S4, D3 × D3, S4 × Z2 and A5 ([13]).

2. Tetrahedral Coxeter groups and large group-actions

2.1. Non-interchanging actions of type 24(g − 1) and
actions of type 48(g − 1)

The following is proved in [15].

Theorem 2.1. i) Let M be a closed, irreducible 3-manifold with a non-
interchanging G-action of type 24(g−1). Then M is spherical, Euclidean
or hyperbolic and obtained as a quotient of the 3-sphere, Euclidean or
hyperbolic 3-space by a normal subgroup K of finite index, acting freely,
in a spherical, Euclidean or hyperbolic Coxeter group C(n,m; 2, 2; 2, 3)
or in a twisted Coxeter group Cτ (n,m; 2, 2; 3, 3); the G-action is the pro-
jection of the Coxeter or twisted Coxeter group C to M , so G ∼= C/K.
Conversely, each such subgroup K gives a G-action of type 24(g − 1) on
the 3-manifold M = S3/K, E3/K or H3/K.

ii) The G-action of type 24(g−1) on M extends to a G-action of type 48(g−1)
if and only n = m and the universal covering group K of M is a normal
subgroup also of the twisted Coxeter group Cµ(n, n; 2, 2; 2, 3) or in the
doubly-twisted Coxeter group Cτµ(n, n; 2, 2; 3, 3).

In Theorem 2.1, we use the notation in [15] which we now explain. A Coxeter
tetrahedron is a tetrahedron in the 3-sphere, Euclidean or hyperbolic 3-space all
of whose dihedral angles are of the form π/n (denoted by a label n of the edge,
for some integer n ≥ 2) and, moreover, such that at each of the four vertices the
three angles of the adjacent edges define a spherical triangle (i.e., 1/n1+1/n2+
1/n3 > 1). We will denote such a Coxeter tetrahedron by C(n,m; a, b; c, d)
where (n,m), (a, b) and (c, d) are the labels of pairs of opposite edges, and
we denote by C(n,m; a, b; c, d) the Coxeter group generated by the reflections
in the four faces of the tetrahedron C(n,m; a, b; c, d), a properly discontinuous
group of isometries of one of the three geometries. In the following, we list the
Coxeter groups of the various types occuring in Theorem 2.1.
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2.1.1. The Coxeter groups C(n,m; 2, 2; 2, 3)

spherical: C(2, 2; 2, 2; 2, 3), C(3, 2; 2, 2; 2, 3), C(4, 2; 2, 2; 2, 3),
C(5, 2; 2, 2; 2, 3), C(3, 3; 2, 2; 2, 3), C(4, 3; 2, 2; 2, 3),
C(5, 3; 2, 2; 2, 3);

Euclidean: C(4, 4; 2, 2; 2, 3);

hyperbolic: C(5, 4; 2, 2; 2, 3), C(5, 5; 2, 2; 2, 3).

A Coxeter tetrahedron C(n,m; 2, 2; 3, 3) has a rotational symmetry τ of
order two (an isometric involution) which exchanges the opposite edges with
labels 2 and 3 and inverts the two edges with lables n and m. The invo-
lution τ can be realized by an isometry and defines a twisted Coxeter group
Cτ (n,m; 2, 2; 3, 3), a group of isometries which contains the Coxeter group
C(n,m; 2, 2; 3, 3) as a subgroup of index two.

2.1.2. The twisted Coxeter groups Cτ (n,m; 2, 2; 3, 3)

spherical: Cτ (2, 2; 2, 2; 3, 3), Cτ (3, 2; 2, 2; 3, 3), Cτ (4, 2; 2, 2; 3, 3);

Euclidean: Cτ (3, 3; 2, 2; 3, 3);

hyperbolic: Cτ (5, 2; 2, 2; 3, 3), Cτ (5, 3; 2, 2; 3, 3), Cτ (5, 4; 2, 2; 3, 3),
Cτ (5, 5; 2, 2; 3, 3), Cτ (4, 3; 2, 2; 3, 3), Cτ (4, 4; 2, 2; 3, 3).

A Coxeter tetrahedron C(n, n; 2, 2; 2, 3) has a rotational symmetry µ of order
two (an isometric involution) which exchanges the opposite edges with labels n
and 2 and inverts the two remaining edges with labels 2 and 3. As before, this
defines a twisted Coxeter group Cµ(n, n; 2, 2; 2, 3) containing C(n, n; 2, 2; 2, 3)
as a subgroup of index 2.

2.1.3. The twisted Coxeter groups Cµ(n, n; 2, 2; 2, 3)

spherical: Cµ(2, 2; 2, 2; 2, 3), Cµ(3, 3; 2, 2; 2, 3);

Euclidean: Cµ(4, 4; 2, 2; 2, 3)

hyperbolic: Cµ(5, 5; 2, 2; 2, 3).

Finally, a Coxeter tetrahedron C(n, n; 2, 2; 3, 3) has a group Z2×Z2 of rota-
tional isometries generated by involutions τ and µ as before, and hence defines
a doubly-twisted Coxeter group Cτµ(n, n; 2, 2; 3, 3) containing C(n, n; 2, 2; 3, 3)
as a subgroup of index 4 (and both Cτ (n, n; 2, 2; 3, 3) and Cµ(n, n; 2, 2; 3, 3) as
subgroups of index 2).
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2.1.4. The doubly-twisted Coxeter groups Cτµ(n, n; 2, 2; 3, 3)

spherical: Cτµ(2, 2; 2, 2; 3, 3)

Euclidean: Cτµ(3, 3; 2, 2; 3, 3)

hyperbolic: Cτµ(4, 4; 2, 2; 3, 3), Cτµ(5, 5; 2, 2; 3, 3).

In the following, we will discuss finite-index normal subgroups of small
index, acting freely (i.e., torsion-free in the Euclidan and hyperbolic cases)
of various Coxeter and tetrahedral groups (their orientation-preserving sub-
groups). Since this requires computational methods, we need presentations of
the various groups.

2.2. Presentations of Coxeter and tetrahedral groups

Denoting by g1, g2, g3 and g4 the reflections in the four faces of a Coxeter poly-
hedron C(n,m; 2, 2; c, 3), the Coxeter group C(n,m; 2, 2; c, 3) has a presentation

< g1, g2, g3, g4 | g21 = g22 = g23 = g24 = 1,

(g1g2)c = (g2g3)2 = (g3g4)3 = (g4g1)2 = (g1g3)n = (g2g4)m = 1 > .

A presentation of the twisted group Cτ (n,m; 2, 2; 3, 3) is obtained by adding
to this presentation a generator τ and the relations

τ2 = 1, τg1τ
−1 = g3, τg2τ

−1 = g4.

If n = m, for a presentation of Cµ(n, n; 2, 2; c, 3) one adds a generator µ and
the relations

µ2 = 1, µg1µ
−1 = g2, µg3µ

−1 = g4,

and for a presentation of Cτµ(n, n; 2, 2; 3, 3) both generators τ and µ with their
relations, and also the relation (τµ)2 = 1.

We consider also the orientation-preserving subgroups of index 2 of the
Coxeter groups. The generators fi in their presentations below denote rotations
now (products of two reflections), see [13] for computations of the orbifold
fundamental groups in some of these cases. Representing the 1-skeleton of a
tetrahedron by a square with its two diagonals, a Wirtinger-type representation
of the orbifold-fundamental group is obtained; here the two horizontal edges of
the square have labels n and m, the two vertical edges labels c and 3 (generators
f1 and f4), the two diagonals labels 2 (generators f2 and f3), and similarly for
the quotients of the 1-skeleton of the tetrahedron by the involutions τ and µ
(represented by rotations around a vertical and a horizontal axis, so one easily
depicts the singular sets of the quotient orbifolds). In this way on obtains the
following presentations:
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the tetrahedral group T (n,m; 2, 2; c, 3) of index 2 in C(n,m; 2, 2; c, 3):

< f1, f2, f3, f4 | f c1 = f22 = f23 = f34 = 1,

f1f2f3f4 = (f1f2)n = (f2f4)m = 1 >;

the twisted tetrahedral group Tτ (n,m; 2, 2; 3, 3) of index 2 in Cτ (n,m; 2, 2; 3, 3):

< f1, f2, f3, f4 | f21 = f22 = f23 = f34 = 1,

f1f2f3f4 = (f1f2)n = (f2f3f2f4)m = 1 >;

the twisted tetrahedral group Tµ(n, n; 2, 2; c, 3) of index 2 in Cµ(n, n; 2, 2; c, 3):

< f1, f2, f3, f4, f5 | f c1 = f22 = f23 = f34 = 1, f1f2f3f4 = (f1f2)n = 1,

f25 = 1, (f1f5)n = (f4f5)n = f3(f4f5)f2(f4f5) = 1 >;

the doubly-twisted tetrahedral group Tτµ(n, n; 2, 2; 3, 3) of index 2 in
Cτµ(n, n; 2, 2; 3, 3):

< f1, f2, f3, f4, f5 | f21 = f22 = f23 = f34 = 1, f1f2f3f4 = (f1f2)n = 1,

f25 = 1, (f1f5)2 = (f4f5)2 = (f2f4f5)2 = 1 > .

As a typical example, we will consider the doubly-twisted Coxeter group
Cτµ(5, 5; 2, 2; 3, 3) in the next section. In the hyperbolic and Euclidean cases,
we call an epimorphism of a Coxeter group or tetrahedral group admissible if
its kernel is torsion-free.

2.3. Manifolds of type 48(g − 1) and 24(g − 1)

By Theorem 2.1, we are interested in torsion-free normal subgroups of finite
index of the Coxeter groups in Sections 2.1.1-2.1.4. Using the presentations
in the previous section, all computations in the following are easily verified
by GAP ([2]) which classifies epimorphisms of a group C to a finite group
G up to isomorphisms of G (using quo:= GQuotients(c,G); AbelianInvari-
ants(Kernel(quo[1])) etc.). As a typical example, we consider the twisted Cox-
eter group Cτ (5, 5; 2, 2; 3, 3).

2.3.1. The Coxeter group C(5, 5; 2, 2; 3, 3)

For this group the following holds:

Theorem 2.2. i) There is a unique torsion-free normal subgroup K0 of
smallest possible index 120 in the twisted Coxeter group Cτ (5, 5; 2, 2; 3, 3)
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which splits as a semidirect product of K0 with the extended dodecahedral
group A5 × Z2. The quotient manifold M0 = H3/K0 is an orientable
hyperbolic 3-manifold of type 48(g− 1) and genus g = 6, for an action of
S5 ×Z2. Since H1(M0) ∼= Z6, also the ordinary Heegaard genus of M0 is
equal to 6.

ii) The manifold M0 is the unique hyperbolic 3-manifold with an action of
type 48(g−1), and also with an action of non-interchanging type 24(g−1),
for genera g ≤ 6.

iii) There is a unique torsion-free normal subgroup K1 of smallest possible
index 120 in the Coxeter group C(5, 5; 2, 2; 3, 3) which splits as a semidi-
rect product of K1 with A5 × Z2. The quotient manifold M1 = H3/K1,
a 2-fold covering of M0, is an orientable hyperbolic 3-manifold of type
48(g − 1) and genus g = 11. Since H1(M1) ∼= Z11, also the ordinary
Heegaard genus of M1 is equal to 11.

Proof. i) Since Cτ (5, 5; 2, 2; 3, 3) has a finite subgroup (a vertex group) isomor-
phic to the extended dodecahedral group Ā5

∼= A5×Z2 of order 120 (isomorphic
to the extended triangle group [2, 3, 5] generated by the reflections in the sides
of a hyperbolic triangle with angles π/2, π/3 and π/5), a torsion-free subgroup
of Cτ (5, 5; 2, 2; 3, 3) has index at least 120. Similarly, Tτ (5, 5; 2, 2; 3, 3) has a
vertex group A5 and a torsion-free subgroup has index at least 60.

Up to isomorphism of the image (this will always be the convention in
the following), there are exactly three epimorphisms of the twisted tetrahedral
group Tτ (5, 5; 2, 2; 3, 3) to its vertex group A5; the abelianizations of the kernels
of the three epimorphisms are Z6 and two times Z4

2×Z4×Z3
5. The three epimor-

phisms are admissible (have torsion-free kernel) since, when killing an element
of finite order in a vertex group of the Coxeter tetrahedron, the twisted tetrahe-
dral group becomes trivial or of order two. The kernel K0 of the unique epimor-
phism with abelianized kernel Z6 is normal also in the twisted Coxeter group
Cτ (5, 5; 2, 2; 3, 3), the doubly-twisted tetrahedral group Tτµ(5, 5; 2, 2; 3, 3), and
hence also in the doubly-twisted Coxeter group Cτµ(5, 5; 2, 2; 3, 3). By Theo-
rem 2.1, the quotient manifold M0 = H3/K0 is a closed orientable hyperbolic
3-manifold of type 48(g − 1) and genus g = 6. Since Cτ (5, 5; 2, 2; 3, 3)/K0

∼=
A5 × Z2 and there is no epimorphism of Cτµ(5, 5; 2, 2; 3, 3) to A5, the only
remaining possibility is Cτµ(5, 5; 2, 2; 3, 3)/K0

∼= S5 × Z2.
There are three epimorphisms of Cτ (5, 5; 2, 2; 3, 3) to its vertex group A5 ×

Z2, with abelianizations Z6, Z12 and Z5 × Z2
2, but only the epimorphism with

kernel Z6 is admissible: since the rank of the other two kernels is larger than
6, they cannot uniformize a 3-manifold with a Heegaard splitting of genus 6.
Hence K1 is the unique torsion-free subgroup of index 120 in Cτ (5, 5; 2, 2; 3, 3).

ii) By the lists in Sections 2.1.3 and 2.1.4 and Theorem 2.1-ii), apart
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from Cτµ(5, 5; 2, 2; 3, 3) the other two Coxeter groups to obtain a hyperbolic
3-manifold of type 48(g − 1) are Cτµ(4, 4; 2, 2; 3, 3) and Cµ(5, 5; 2, 2; 2, 3).

Let K be a torsion-free normal subgroup of Cτ (4, 4; 2, 2; 3, 3), with factor
group of order 24(g − 1). Since the extended octahedral group S4 × Z2 of
order 48 is a vertex group of Cτ (4, 4; 2, 2; 3, 3), the cases g = 2, 4 and 6 are not
possible. Also the case g = 3 is not possible since there is no epimorphism of
Cτ (4, 4; 2, 2; 3, 3) to S4 × Z2.

Considering g = 5, suppose that there is an admissible epimorphism of
Cτ (4, 4; 2, 2; 3, 3) to a group G of order 96; since there are no epimorphisms of
C(4, 4; 2, 2; 3, 3) onto its vertex group S4×Z2, its restriction to C(4, 4; 2, 2; 3, 3)
also surjects onto G. Now G has S4 × Z2 as a subgroup of index 2; dividing
out Z2, it surjects onto S4 × Z2, and then also C(4, 4; 2, 2; 3, 3) surjects onto
S4 × Z2. Since no such epimorphism exists, this excludes also the case g = 5,
and hence g ≤ 6 is not possible.

In the case of Cµ(5, 5; 2, 2; 2, 3), there is no epimorphism of C(5, 5; 2, 2; 2, 3)
to its vertex group A5 × Z2, and again g ≤ 6 is not possible.

This completes the proof of ii) for the case of actions of type 48(g − 1); for
the case of actions of non-interchanging type 24(g − 1) one excludes all other
Coxeter groups in a similar way.

iii) We see that there are exactly three epimorphisms of the tetrahedral
group T (5, 5; 2, 2; 3, 3) to A5, with abelianized kernels Z11 and two times Z2 ×
Z4
3 × Z4

4 × Z3
5. The kernel K1 of the unique epimorphism with abelianized

kernel Z11 is normal also in C(5, 5; 2, 2; 3, 3), Tτ (5, 5; 2, 2; 3, 3), Tµ(5, 5; 2, 2; 3, 3)
and hence also in Cτµ(5, 5; 2, 2; 3, 3). By Theorem 2.1 ii), M1 = H3/K1 is an
orientable 3-manifold to type 48(g − 1).

Since there is just one epimorphism of C(5, 5; 2, 2; 3, 3) to its vertex group
A5 × Z2, the kernel K1 is the unique normal subgroup of index 120 in the
Coxeter group C(5, 5; 2, 2; 3, 3).

This completes the proof of Theorem 2.2.

In the follwing, we consider various other Coxeter groups.

2.3.2. The Coxeter group C(4, 4; 2, 2; 3, 3)

Its subgroup T (4, 4; 2, 2; 3, 3) has a unique epimorphism to PSL(2, 7), its ker-
nel K2 has abelianization Z13 and is normal also in C(4, 4; 2, 2; 3, 3). There
are three epimorphisms of C(4, 4; 2, 2; 3, 3) to PSL(2, 7)×Z2, exactly one with
abelianization Z13, hence its kernel K2 is normal also in the twisted groups
Cτ (4, 4; 2, 2; 3, 3), Cµ(4, 4; 2, 2; 3, 3) and Cτµ(4, 4; 2, 2; 3, 3) and Theorem 2.1 im-
plies:

Proposition 2.3. The quotient manifold M2 = H3/K2 is an orientable hyper-
bolic 3-manifold of type 48(g − 1) and genus g = 29.
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2.3.3. The Coxeter group C(5, 5; 2, 2; 2, 3)

As noted already in the proof of Theorem 2.2, C(5, 5; 2, 2; 2, 3) admits no
epimorphism onto its vertex group A5 × Z2. On the other hand, the tetra-
hedral group T (5, 5; 2, 2; 2, 3) has exactly two admissible surjections onto its
vertex group A5, their kernels are conjugate in C(5, 5; 2, 2; 2, 3), normal in
Tµ(5, 5; 2, 2; 2, 3) with factor group S5, and uniformize the Seifert-Weber hy-
perbolic dodecahedral 3-manifold ([9]). By [6], S5 is in fact the full isometry
group of the Seifert-Weber manifold which has no orientation-reversing isome-
tries.

Proposition 2.4. The Seifert-Weber hyperbolic dodecahedral 3-manifold is a
closed orientable 3-manifold of interchanging type 24(g − 1) and genus g = 6,
for the action of its isometry group S5.

There are three epimorphisms of the tetrahedral group T (5, 5; 2, 2; 2, 3) to
PSL(2, 19), all admissible, and exactly one kernel K3 has infinite abelianization
Z56 and is normal also in the Coxeter group C(5, 5; 2, 2; 2, 3). There is exactly
one epimorphism of C(5, 5; 2, 2; 2, 3) to PSL(2, 19)×Z2, with kernel K3, hence
K3 is normal also in the twisted Coxeter group Cµ(5, 5; 2, 2; 2, 3) and Theorem
2.2 implies:

Proposition 2.5. The quotient manifold M3 = H3/K3 is an orientable hyper-
bolic 3-manifold of type 48(g − 1) and genus g = 286.

In the papers [4] and [8], infinite series of finite quotients of the hyperbolic
Coxeter group C(5, 5; 2, 2; 2, 3) are considered, and these give infinite series of
orientable hyperbolic 3-manifolds with actions of type 48(g − 1).

2.3.4. The Coxeter group T (5, 2; 2, 2; 3, 3)

There is exactly one admissible epimorphism of T (5, 2; 2, 2; 3, 3) to PSL(2, 11),
its kernel K4 has abelianization Z10 and is also the kernel of the unique epimor-
phism of C(5, 2; 2, 2; 3, 3) to PSL(2, 11)×Z2 and of the unique epimorphism of
Tτ (5, 2; 2, 2; 3, 3) to PGL(2, 11)× Z2, hence Theorem 2.2 implies:

Proposition 2.6. The quotient manifold M4 = H3/K4 is an orientable hyper-
bolic 3-manifold of non-interchanging type 24(g− 1) and genus g = 111, for an
action of PGL(2, 11)× Z2.

It is shown in [5] that K4 is the unique torsion-free subgroup of smallest
possible index in the twisted Coxeter group Cτ (5, 2; 2, 2; 3, 3).

2.3.5. The Euclidean Coxeter groups C(3, 3; 2, 2; 3, 3) and
C(4, 4; 2, 2; 2, 3)

There are five epimorphisms of the tetrahedral group T (3, 3; 2, 2; 3, 3) to its ver-
tex group A4, the abelianizations of the kernels are Z3, two times Z2

4 and two
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times Z5
2. The kernel with abelianization Z3 uniformizes the 3-torus and is nor-

mal also in C(3, 3; 2, 2; 3, 3), Tτ (3, 3; 2, 2; 3, 3) and hence Cτµ(3, 3; 2, 2; 3, 3). The
two epimorphisms with abelianized kernel Z2

4 are conjugate in C(3, 3; 2, 2; 3, 3)
and uniformize the Hantzsche-Wendt manifold (the only of the six orientable
Euclidean 3-manifolds with first homology Z2

4, see [10]), and the remaining two
epimorphisms are not admissible.

Proposition 2.7. i) The 3-torus is a 3-manifold of type 48(g−1) and genus
g = 3 which is also its ordinary Heegaard genus.

ii) The Euclidean Hantzsche-Wendt manifold is of interchanging type 24(g−
1) and genus g = 3, for the action of its orientation-preserving isometry
group S4 ×Z2 (by section 1, it is also a 3-manifold of type 12(g− 1) and
genus g = 2, for an action of the dihedral group D6 of order 12).

By [12], the full isometry group of the Hantzsche-Wendt manifold has order
96 but the orientation-reversing elements do not preserve the Heegaard splitting
of genus 3 of Proposition 2.7.

The 3-torus is a manifold of type 48(g − 1) and genus g = 3 in still a
different way. The Euclidean tetrahedral group T (4, 4; 2, 2; 2, 3) has three epi-
morphisms to its vertex group S4, with abelianized kernels Z3 and two times
Z2
2×Z4. The kernel with abelianization Z3 is normal also in the Coxeter group

C(4, 4; 2, 2; 2, 3), the twisted tetrahedral group Tµ(4, 4; 2, 2; 2, 3) and hence in
the twisted Coxeter group Cµ(4, 4; 2, 2; 2, 3), it uniformizes the 3-torus which
is again a 3-manifold of type 48(g− 1) (but for an action not equivalent to the
action arising from T (3, 3; 2, 2; 3, 3)).

2.3.6. The spherical Coxeter group C(5, 3; 2, 2; 2, 3)

There is no epimorphism of C(5, 3; 2, 2; 2, 3) to its vertex group A5 × Z2, and
there are two epimorphisms of the tetrahedral group T (5, 3; 2, 2; 2, 3) to its
vertex group A5; both kernels have trivial abelianization, are conjugate in
C(5, 3; 2, 2; 2, 3) and uniformize the spherical Poincaré homology 3-sphere.

Proposition 2.8. The spherical Poincaré homology 3-sphere is a 3-manifold
of type 12(g − 1) and genus g = 6, for an action of A5.

2.3.7. Non-orientable manifolds

The case of non-orientable manifolds is more elusive. It is shown in [1] that, for
sufficiently large n, the alternating group An is a quotient of Cτ (5, 2; 2, 2; 3, 3)
by a torsion-free normal subgroup, and such a subgroup uniformizes a non-
orientable 3-manifold: since An is simple, the orientation-preserving subgroup
Tτ (5, 2; 2, 2; 3, 3) of index 2 surjects onto An, and hence the kernel contains an
orientation-reversing element.
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Theorem 2.9. For all sufficiently large n, there is a non-orientable hyperbolic
3-manifold of non-interchanging type 24(g−1), for an action of the alternating
group An.

Some other finite simple quotients of the nine hyperbolic Coxeter groups
are listed in [3], and for the Coxeter groups of type C(n,m; 2, 2; 2, 3) these
define non-orientable hyperbolic 3-manifolds of non-interchanging type 24(g −
1). At present, we don’t know explicit examples of small genus of non-orientable
manifolds of non-interchanging type 24(g − 1), and no example of type 48(g −
1). An explicit non-orientable example is as follows. Using a presentation
of the Mathieu group M(12) of order 95040, in [3, Section 8] an admissible
epimorphism of C(4, 4; 2, 2; 3, 3) to M(12) is exhibited, with torsion-free kernel
K5.

Proposition 2.10. The quotient manifold M5 = H3/K5 is a non-orientable
hyperbolic 3-manifold of non-interchanging type 12(g− 1) and genus g = 7921,
for an action of the Mathieu group M(12).

Note that in Proposition 2.10 we are not in the maximal case 24(g − 1)
for a non-interchanging action but in the next largest case 12(g − 1) (for the
maximal case 24(g−1) one should consider the twisted group Cτ (4, 4; 2, 2; 3, 3)
instead of C(4, 4; 2, 2; 3, 3)).
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Abstract. We prove (without exceptions) the existence of irredundant
tensor decompositions with the number of addenda equal to rank +1.
We also discuss the existence of decompositions with more than the
tensor rank terms, which are concise, while the original tensor is not
concise.

Keywords: Segre varieties, tensor decomposition, Veronese variety, Segre-Veronese va-
riety.
MS Classification 2010: 14N07, 14N05, 12E99, 12F99.

1. Introduction

Take k ≥ 2 finite dimensional vector spaces V1, . . . , Vk. A (dimV1) × · · · ×
(dimVk) tensor is an element of V1⊗· · ·⊗Vk. An element T ∈ V1⊗· · ·⊗Vk\{0}
is said to have tensor rank 1 if there are vi ∈ Vi such that T = v1 ⊗ · · · ⊗ vk.
The tensor rank of T ∈ V1 ⊗ · · · ⊗ Vk \ {0} is the minimal integer r such that
T = T1 + · · ·+ Tr with each Ti a rank 1 tensor. Now suppose that T has rank
r. In this paper we prove that there are r+ 1 rank 1 tensors U1, . . . , Ur+1 such
that T = U1 + · · ·+Ur+1, but T is not in the linear span of any r of the tensors
U1, . . . , Ur+1. If c is a non-zero scalar, T and cT have the same tensor rank.
Thus it is natural to work with the projective space associated to V1⊗· · ·⊗Vk.
This projective space is the projective space generated by the Segre embedding
of the multiprojective space P(V1)× · · · ×P(Vk).

Fix q ∈ PN and a finite subset A ⊂ PN . As in [1] and most references we
say that A irredundantly spans q if q ∈ 〈A〉, where 〈 〉 denote the linear span,
and q /∈ 〈A′〉 for any A′ ⊂ A, A′ 6= A.

Now take an integral and non-degenerate variety X ⊂ PN . For any q ∈ PN

the X-rank rX(q) of X is the minimal cardinality of a set A ⊂ X such that
q ∈ 〈A〉. The minimality assumption implies that A irredundantly spans q. Let
S(X, q) be the set of all A ⊂ X such that #(A) = rX(q) and q ∈ 〈A〉. For any
positive integer t let S(X, q, t) denote the set of all A ⊂ X such that #(A) = t
and A irredundantly spans q. Obviously S(X, q, t) = ∅ for all t ≥ N + 2 and,
since X is non-degenerate, S(X, q,N + 1) 6= ∅. Obviously S(X, q, t) = ∅ for
t < rX(q) and S(X, q, rX(q)) = S(X, q) 6= ∅. For many X and q there are gaps,
i.e. there are integers q and t such that rX(q) < t ≤ N and S(X, q, t) = ∅.
This is not pathological, it is well-known that it may occur even when X is a
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Veronese variety (see Remarks 2.2 and 2.3 for explicit examples). One of the
main results of [1] was that “for not too special q” this is not the case when
X is the Segre variety, i.e. [1, Theorem 3.8] may be restated in the following
equivalent way.

Theorem 1.1. Let X ⊂ PN be a Segre variety with dimX > 0. Fix a linearly
independent set S ⊂ X such that #(S) < N . For a general q ∈ 〈S〉 we have
S(X, q, t) 6= ∅ for all integers t such that #(S) < t ≤ N + 1.

Note that for any linearly independent finite set S ⊂ X the set S irredun-
dantly spans a general q ∈ 〈S〉 (we may take any q in the complement of #(S)
hyperplanes of 〈S〉). In this paper when t = rX(q) + 1 we show that there is
no exception. We prove the following result.

Theorem 1.2. Let X ⊂ PN be a Segre variety with dimX > 0. For any
q ∈ PN we have S(X, q, rX(q) + 1) 6= ∅.

We also prove that concision fails at the level of the tensor rank +1, again
with no exceptions on q. We prove the following result.

Theorem 1.3. Fix multiprojective spaces Y ⊂ W , Y 6= W , and let ν : W →
PN be the Segre embedding of W . Fix q ∈ 〈ν(Y )〉. Then there is B ⊂W such
that B ∩ Y 6= B and ν(B) ∈ S(ν(W ), rν(Y )(q) + 1).

Let X ⊂ PN = 〈X〉 be a Segre variety. A tensor q ∈ PN is said to be concise
if there is no smaller Segre variety X ′ ⊂ X such that q ∈ 〈X ′〉. By concision ([3,
Proposition 3.1.3.1]), Theorem 1.3 is false for all tensors q ∈ 〈ν(Y )〉 if we look at
decompositions of the tensor q with at most rν(Y )(q) terms. Note that concision
holds also for Veronese embeddings ([3, Ex. 3.2.2.2]), hence the difference
between Segre varieties (i.e. tensors and tensor decompositions) and Veronese
varieties (i.e. additive decompositions of homogeneous polynomials) comes only
for decompositions with number of components not minimal. Indeed, the result
corresponding to Theorem 1.3 for Veronese varieties fails for all q (Remarks 2.2
and 2.3 and Proposition 2.4).

In Section 3 we look at the following problem.
Suppose you have a Segre variety X ⊂ PN and a smaller Segre variety

X ′ ⊂ X. Take a tensor q ∈ 〈X ′〉 which is concise for X ′. Take any tensor
decomposition A ∈ S(X, q). By concision we have rX(q) = rX(q′) and A ⊂ X ′
([3, Proposition 3.1.3.1]). A finite set S ⊂ X is said to be concise for X if there
is no smaller Segre variety X ′′ ⊂ X such that S ⊂ X ′′. Given any finite set
S ⊂ X it is easy to determine the minimal Segre variety X ′′ ⊆ X containing
S and this Segre variety X ′′ ⊆ X is the only Segre variety X ′ ⊆ X such that
S ⊂ X ′ and S is concise for X ′ (Remark 3.1).

Open Problem 1.4: Let X ⊂ PN be a Segre variety and X ′ ⊂ X a smaller
Segre variety. Fix q ∈ 〈X ′〉 which is concise for X ′. Compute the minimal
integer t such that there is B ∈ S(X, q, t) which is concise for X.
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If X ∼= X ′ × Pm for some m > 0, then this question is the content of
Proposition 3.1.

In Section 4 we give a few remarks on the Segre-Veronese varieties obtained
gluing together ideas and proofs given for the Segre varieties and the Veronese
varieties.

We give the following motivation for the results and problems considered
in this paper. Suppose you have a finite set S ⊂ X ⊂ PN with S linearly
independent. Write PN as a proiectivization of a vector space V . For each
p ∈ S chose some vp ∈ V \ {0}. Call K your algebraically closed base field.
The vector space W ⊂ V corresponding to the projective space 〈S〉 is the set of
all vq =

∑
p∈S cpvp with cp ∈ K. The point q associated to vq is irredundantly

spanned by S if and only if cp 6= 0 for all p ∈ S. Now assume that X is a
Segre variety, so that vq is a tensor and vq =

∑
p∈S cpvp. Having S it is very

easy, effective and cheap to find the minimal Segre X ′ ⊆ X containing S. Is it
possible to measure how far is q from being certified to be concise, i.e. to give
an upper bound on the integer dimX − dimX ′, for instance as a function of
the integer #(S) − rX(q)? If #(S) > rX(q) we show this in some cases (see
Proposition 3.1). We also point out that for a Segre with at least 4 factors
it is very time consuming to insert in a computer all entries in fixed bases.
Thus tensor decompositions may be used to define the tensor in a cheap way,
especially if we need many tensors associated to the same set S. It is sufficient
to precompute each vp and then for each tensor it is sufficient to give #(S)
elements of the field.

2. Proofs of theorems and examples on the Veronese
variety

Proposition 2.1. Let Y = Pn1 × · · · × Pnk , k ≥ 1, ni > 0 for all i, be a
multiprojective space and let ν : Y → PN denote its Segre embedding. Set
X := ν(Y ). Fix i ∈ {1, . . . , k} and oj ∈ Pnj , j 6= i. Let F ⊂ Y be the
multiprojective subspace (isomorphic to Pni) with Pni as its i-th factor and
{oj} as its j-th factor. Fix q ∈ PN and take A ⊂ Y such that ν(A) ∈ S(X, q).

Then, we have #(A ∩ F ) ≤ 1.

Proof. Assume #(A ∩ F ) ≥ 2 and take u, v ∈ F such that u 6= v, say u =
(u1, . . . , uk), v = (v1, . . . , vk) with uj = vj = oj for all j 6= i and vi 6= ui. Set
A′ := A\{u, v}. Let D ⊆ Pni be the line spanned by {ui, vi}. Let L ⊂ Y be the
set of all (x1, . . . , xk) ∈ Y such that xj = oj for all j 6= i and xi ∈ D. The set
ν(L) ⊂ PN is a line containing 2 points of A. Thus 〈ν(L∪A′)〉 = 〈ν(A)〉. Hence
q ∈ 〈ν(L∪A′)〉. Since ν(L) is a line, there is a ∈ L such that q ∈ 〈ν(A′∪{a})〉.
Thus rX(q) < #(A), a contradiction.

In the last proposition we used in an essential way that ν(A) ∈ S(X, q), not
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just that ν(A) irredundantly span q (see for instance the proof of Theorem 1.1).

Proof of Theorem 1.2. Set b := rX(q). Since dimX > 0, we have b ≤ N ([4,
Proposition 5.1]). Fix A ∈ S(X, q) and a ∈ A. Set A′ := A \ {a}. Write
X = ν(Y ) with Y a multiprojective space, say Y = Pn1 × · · · × Pnk with
ni > 0 for all i, and ν the Segre embedding of Y . Write a = (a1, . . . , ak). Set
U := 〈ν(A)〉, E := Pn1 × {a2} × · · · × {ak} and F := ν(E). Note that F is a
linear subspace of PN . By construction we have ν(a) ∈ F . Thus F ∩ U is a
non-empty linear subspace of U . By Proposition 2.1 we have A∩E = {a}, i.e.
{ν(a)} = F ∩ ν(A).

(a) Assume that F is not contained in U . Since A ∩ E = {a}, the
set 〈ν(A′)〉 is a linear subspace of F with codimension at least 2. Take a
general line L ⊆ Pn1 containing a1. Fix a general (u1, v1) ∈ L × L. In
particular #({u1, v1, a1}) = 3. Set u = (u1, . . . , uk) and v = (v1, . . . , vk) with
ui = vi = ai for i = 2, . . . , k. Set B := A′ ∪ {u, v}. Since a1 ∈ 〈{u1, v1}〉
and ν(L) is a line of PN , we have q ∈ 〈ν(B)〉. We may take u1 and v1 with
the additional restriction that none of them is the first coordinate of a point
of A′. With this restriction we have #(B) = b + 1. Since 〈ν(A′)〉 is a linear
subspace of F with codimension at least 2, a /∈ A′ and L is general, we have
dim(〈ν(B)〉 ∩ F ) = dim(〈ν(A′)〉 ∩ F ) + 2. Since #(B) = #(A′) + 2, ν(B)
is linearly independent. Since a1 ∈ 〈{u1, v1}〉 and ν(L) is a line, we have
U ⊆ 〈ν(B)〉 and in particular q ∈ 〈ν(B)〉. To conclude the proof it is sufficient
to prove that ν(B) irredundantly spans q. Assume that this is not true and
take a minimal K ⊂ B, K 6= B, such that q ∈ 〈ν(K)〉. Since rX(q) = b and
#(B) = b+ 1, we have #(K) = b. Thus ν(K) ∈ S(X, q). Proposition 2.1 gives
that {u, v} is not contained in K. Thus #(K ∩ {u, v}) = 1, say K = A′ ∪ {u}.
Since q ∈ U ∩ 〈ν(K)〉, K ∩ A = A′ and q /∈ 〈ν(A′)〉, we have 〈K〉 = U . Since
u ∈ K, we get ν(u) ∈ U , contradicting our choice of u1.

(b) By step (a) we may assume F ⊆ U for any choice of the point a =
(a1, . . . , ak) ∈ A and any choice of the index i ∈ {1, . . . , k} (in step (a) we
chose i = 1). Fix a general o1 ∈ E and write o := (o1, a2, . . . , ak) and A1 :=
A′ ∪ {o}. Since E ∩ A = {a} by Proposition 2.1, we get U = 〈A1〉. Using
i = 2 and o instead of a we get U = 〈ν(A2)〉, where A2 = A′ ∪ {w} with
w = (o1, o2, a3, . . . , k) and o2 a general element of Pn2 . In k − 2 steps using
i = 3, . . . , k we get that U contains a general point of X, contradicting the
inequality b ≤ N .

Proof of Theorem 1.3. Write W = Pn1 ×· · ·×Pnk with ni > 0 for all i. Up to
a permutation of the factors of W we may assume Y = Pm1 × · · · ×Pmk with
0 ≤ mi ≤ ni for all i and that there is an integer s ∈ {1, . . . , k} such that mi = 0
if and only if i > s. Thus dimW−dimY = n1+· · ·+nk−m1−· · ·−ms. Taking
a smaller multiprojective space if necessary we may assume dimW = dimY +1.
Thus either k = s+ 1, nk = 1 and mi = ni for all i or k = s and ni 6= mi for a
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unique i. In the latter case up to permuting the factors of W we may assume
nk = mk − 1. Thus, setting T :=

∏k−1
i=1 Pni , we may unify the cases saying

that in both cases there is a hyperplane H ⊂ Pnk such that Y = T ×H and
W = T ×Pnk . Set b := rν(Y )(q) and take A ⊂ Y such that ν(A) ∈ S(ν(Y ), q).
Concision gives b = rν(W )(q) ([3, Proposition 3.1.3.1]). Set U := 〈ν(A)〉. We
modify the proof of Theorem 1.2 in the following way. Fix a ∈ A and write
a = (a1, . . . , ak) with ak ∈ H. Set A′ := A \ {a}. Since A ⊂ Y , we have
〈ν(A)〉 ⊆ 〈ν(Y )〉 Fix uk, vk ∈ Pnk \H such that uk 6= vk and ak ∈ 〈{uk, vk}〉.
Write u = (u1, . . . , uk) ∈W and v = (v1, . . . , vk) ∈W with ui = vi = ai for all
i < k. Set B := A′∪{u, v}. Since A′∩{u, v} = ∅, we have #(B) = rν(Y )(q)+1.
Note that ν(a) ∈ 〈{ν(u), ν(v)}〉. Set D := {a1} × · · · × {ak−1} × Pnk . Since
A ⊂ Y , we have 〈ν(A)〉 ⊆ 〈ν(Y )〉. Thus 〈ν(A)〉 ∩ ν(D) ⊆ 〈ν(Y )〉 ∩ D =
{a1}× · · ·×{ak−1}×H. Part (a) of the proof of Theorem 1.2 shows that ν(B)
irredundantly spans q. By construction B is not contained in Y .

Remark 2.2: Let X ⊂ PN , N = −1+
(
n+d
n

)
, be a Veronese variety which is an

order d embedding of Pn, n ≥ 1, d ≥ 3. Fix q ∈ PN with rX(q) ≤ b(d+ 1)/2c.
Since any d + 1 points of X are linearly independent, it is easy to check that
S(X, q, t) = ∅ for all t such that rX(q) < t ≤ d+ 1− rX(q).

Remark 2.3: Let X ⊂ PN , N = −1 +
(
n+d
n

)
, be a Veronese variety which is

an order d embedding of Pn, n ≥ 2, d ≥ 5. Fix q ∈ PN with border rank 2
and rX(q) > 2. By [2, Theorem 32] we have rX(q) = d. Using [2, Lemma 34]
it is easy to check that S(X, q, t) = ∅ for all t such that d+ 1 ≤ t ≤ 2d− 2.

Proposition 2.4. Fix integers d > 0 and n > m > 0. Let ν : Pn → PN ,
N =

(
n+d
n

)
− 1, be the order d Veronese embedding. Fix an m-dimensional

linear subspace M ⊂ Pn and q ∈ 〈ν(M)〉. Take any positive t such that there
is S = ν(A) ∈ S(ν(Y ), q, t) such that M = 〈A〉. Then there is E = ν(B) ∈
S(X, q, t+ d(n−m)) such that 〈B〉 = Pn.

Proof. By induction on the integer n −m we reduce to the case n −m = 1.
Fix a ∈ A and take any line L ⊂ Pn such that L ∩M = {a}. Fix a general
G ⊂ L \ {o} such that #(G) = d + 1 and take B := (A \ {a}) ∪ G. We have
#(B) = t + d. Since any D ∈ |IG,Pn(d)| contains L, we have ν(a) ∈ 〈ν(B)〉.
Since A\{a} ⊂ B, we get q ∈ 〈ν(B)〉. Thus to conclude the proof it is sufficient
to prove that ν(B) irredundantly spans q. Assume that is is not the case, i.e.
assume the existence of B′ ⊂ B such that #(B′) = #(B)− 1 and q ∈ 〈ν(B′)〉.
Set {p} := B \B′.

(a) Assume p ∈ G. Let V ⊆ |OL(d)| be the projectivization of the image of
H0(IA\{a}(d)) by the restriction map H0(OPn(d))→ H0(OL(d)).

Claim: V = |OL(d)|.
Proof of the claim. V contains all divisors a+D with D effective of degree

d − 1 (take the image of all degree d forms on Pn with an equation of M as
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one of their forms). Thus V has at most codimension 1 in |OL(d)| and to prove
that V = |OL(d)| it is sufficient to prove that a is not a base point of V. Since
A irredundantly spans q, there is T ∈ |OM (d)| containing A \ {a}, but not
containing a. For any o ∈ Pn \M the cone with vertex o and T as its base
does not contain a, concluding the proof of the claim.

By the claim there is K ∈ |OPn(d)| containing E, but not containing a.
Thus K is not contained in M . Thus K|M vanishes on A \ {a}, but not a.
Since A irredundantly spans q ∈ 〈ν(M)〉, we have 〈ν(A)〉 = 〈ν(A′) ∪ {q}〉.
Thus K|M shows that q /∈ 〈ν(E)〉, a contradiction.

(b) Assume p ∈ A \ {a}. The curve ν(L) is a degree d rational normal
curve in its linear span and 〈ν(L)〉 ∩ 〈ν(M)〉 = {ν(a)}. Since {a} ∪G ⊂ L and
q ∈ 〈ν(M)〉, we get q /∈ 〈ν(E)〉, a contradiction.

3. Concision for tensor decompositions

Let W := Pn1 × · · · × Pnk , ni > 0 for all i, be a multiprojective space and
ν : W → PN , N = (n1+1) · · · (nk+1)−1, its Segre embedding. Set X := ν(W ).
Let πi : W → Pni denote the projection of W onto its i-th factor. Take a finite
set S ⊂ X and write S = ν(A) with A ⊂W . The minimal Segre subvariety of

X containing S is the Segre variety ν(
∏k
i=1〈πi(A)〉). Thus for any finite S it is

easy, quick and very cheap to determine the minimal Segre variety containing S.

Proposition 3.1. Let Y ′ be a multiprojective space. Fix an integer m ≥ 2 and
fix o ∈ Pm. Set W := Y ′ × Pm and Y := Y ′ × {o}. Let ν : W → PN be the
Segre embedding of W . Set X := ν(W ). Take q ∈ 〈ν(Y )〉.

(a) For any integer t ≤ m− 1 + rX(q) no B ∈ S(X, q, t) is concise for X.

(b) If q is concise for ν(Y ), then there is B ∈ S(X, q, rX(q) + m) concise
for X.

Proof. Let π : W → Pm denote the projection onto the last factor of W .
Assume the existence of S ∈ S(X, q, t) which is concise for X and write S =
ν(A) with A ⊂ W . Since S is concise for X, we have 〈π(A)〉 = Pm. Thus
there is a hyperplane H ⊂ Pm such that #(H ∩ π(A)) ≥ m. Set D := π−1(H)
and A′ := A \A ∩D. D is a hypersurface of W isomorphic to Y ′ ×Pm−1 and
#(D ∩A) ≥ m. Thus concision gives #(A′) ≤ t−m < rν(Y )(q).

(a) Set U := 〈ν(D)〉 and let ` : PN \U → Pr, r = N−dimU−1, denote the
linear projection from U . By definition of Segre embedding we have N + 1 =
(m+1)(dim〈ν(Y )〉). SinceH ∼= Y ′×Pm−1, we have dimU+1 = m(dim〈ν(Y )〉).
Hence r = dim〈ν(Y )〉. By concision for rank 1 tensors we have U ∩X = ν(D)
and 〈ν(Y )〉 ∩U = ∅. Thus `|X\ν(D) : X \ ν(D)→ Pr is a morphism. Note that
for each (u, v) ∈ Y ′ × Pm \ D we have `(ν(u, v)) = ν(u, o). Since q ∈ 〈ν(Y )〉
and 〈ν(Y )〉 ∩ U = ∅, we may identify Pr with 〈ν(Y )〉 and say that, up to



TENSOR DECOMPOSITIONS IN RANK +1 619

this identification, we have `(q) = q; alternatively we may say that `(q) and
q have the same ν(Y )-rank and that S(ν(Y ), q, t) = S(ν(Y ), `(q), t) for all t.
Since q /∈ U , `(〈ν(B)〉 \ 〈ν(D)〉) is a linear space spanning `(q). Since 〈ν(B)〉
is spanned by the linearly independent set ν(B), `(〈ν(B)〉 \ 〈ν(D)〉) is spanned
by the set `(ν(B \B ∩D)) with cardinality at most rX(q)− 1, a contradiction.

(b) Take E ⊂ Y such that ν(E) ∈ S(ν(Y ), q). By concision we have
#(E) = rX(q). Write W = Pn1 × · · · × Pnk with nk = m and Y = Pn1 ×
· · · × Pnk−1 × {o}. Fix a = (a1, . . . , ak) ∈ A. Obviously ak = o. Fix m + 1
general points c0, . . . , cm ∈ Pm and set ui = (a1, . . . , ak−1, ci). Set E :=
(A \ {a}) ∪ {u0, . . . , um}. We have #(E) = rX(q) + m and W is the minimal
multiprojective space containing E. Thus to conclude the proof it is sufficient
to prove that ν(E) minimally spans q. Note that 〈ν(A)〉 = 〈ν(A′) ∪ {o}〉.
For general c0, . . . , cm the point o is not contained in the linear span of any
proper subset of {u0, . . . , um}. Thus for any proper subset E′ of E containing
A \ {o} we have q /∈ 〈ν(E′)〉. Note that 〈ν(A)〉 = 〈ν(A′) ∪ {o}〉. Assume
q ∈ 〈ν(J ∪ {u0, . . . , um}〉 with J ⊂ A \ {a}, J 6= A \ {a}. Let H ⊂ Pm be
the hyperplane spanned by c1, . . . , cm. Take ` as in step (a). Since #(J) ≤
rX(q)− 2, we would get that q has rank at most rX(q)− 1.

4. Segre-Veronese varieties

For any multiprojective space Y = Pn1 × · · · × Pnk and all positive integers
d1, . . . , dk let νd1,...,dk : Y → PN , N = −1 +

∏k
i=1

(
di+ki
ni

)
, denote the Segre-

Veronese embedding of Y with multidegree (d1, . . . , dk). Since concision holds
for Segre-Veronese embeddings, it is natural to consider if there are irredun-
dantly spanning sets with cardinality rank +1 or rank +di.

Remark 4.1: Fix integers m > 0, d > 0 and take o ∈ Pm. Set W = Y ×Pm

and use the Segre-Veronese embedding νd1,...,dk,d of W . Fix q ∈ 〈νd1,...,dk,d(Y ×
{o})〉 and call ρ its rank. If d = 1 there is S ⊂ W such that #(S) = ρ + 1
and νd1,...,dk,d(S) irredundantly spans q (just use the proof of Theorem 1.3).
Moreover, if m ≥ 2 there is no concise S irredundantly spanning q until #(S) =
ρ + m. Now assume d > 1. We may repeat the proof of Proposition 2.4 with
M = Y × {o} and get S(νd1,...,dk,m(W ), q, ρ+ dm) 6= ∅.
Remark 4.2: Proposition 2.4 may be extended with minimal modifications
to an inclusion Y ⊂ W of multiprojective spaces with the same number of
non-trivial factors.
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tional Journal of Mathematics - is a no-fee open access journal: all published
articles are freely available on-line and no fee is charged to authors. Authors
also retain the copyright of their work.

Instructions for Authors
Authors are invited to submit their papers by e-mail to the mail address of the
journal rimut@units.it.

The authors may indicate the name of one or more members of the Editorial
Board whose scientific interests are closer to the topic treated in their article.

Papers have to be written in one of the following languages: English, French,
German, or Italian. Abstracts should not exceed ten printed lines, except for
papers written in French, German, or Italian, for which an extended English
summary is required.

After acceptance, manuscripts have to be prepared in LATEX using the specific
templates which can be downloaded from the web page.

Any figure should be recorded in a single PDF file.

EDITORIAL OFFICE ADDRESS
Rendiconti dell’Istituto di Matematica dell’Università di Trieste
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