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Foreword

Volume 53 of our journal Rendiconti dell’Istituto di Matematica dell’Univer-
sità di Trieste is divided into two sections. The first section consists of nineteen
articles submitted spontaneously to the journal, while the second is a special
section that collects ten articles written by invitation and dedicated to Professor
Eugenio Omodeo on the occasion of his 70th birthday. This latter section has
been edited with the collaboration of our colleague Alberto Casagrande as guest
editor, whose valuable help we acknowledge with great pleasure.

Alessandro Fonda
Emilia Mezzetti
Pierpaolo Omari
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The roundness-measure of a natural
number

Rodolfo Talamo

Abstract. The paper is devoted to the definition and investigation of
arithmetic functions which measure the roundness of a natural number.
Two main results are proved. Furthermore, some results of algebraic
and computational character are provided.

Keywords: Round number, superior highly composite numbers, arithmetic functions
d∗, d∗∗.
MS Classification 2020: 11A25, 11Y70, 11Z05.

1. Introduction

The purpose of the present paper is the definition and the investigation of two
arithmetic functions which measure the roundness of a positive integer and
allow the establishment of an ordering in the set of natural numbers according
to their roundness.

A round number is usually thought of as one having a large number of
divisors compared with its size. We recall that the function d(n) is defined
as the number of divisors of n. The function ω(n) (number of different prime
factors of n) gives an index of its roundness (see [1, p.476 and foll.]).

However, as for every positive integer n there are infinitely many positive
integers N such that d(N) = 2n and ω(N) = n, for a given pair of them it is
not clear which one should be considered the roundest. This means that the
estimate of roundness given by ω is too coarse and needs a refinement. The
functions d∗ and d∗∗, which we are going to define, are closely related to the
class of superior highly composite numbers, introduced by S. Ramanujan in [4].
In Proposition 2.2 we show that a number n is superior highly composite if and
only if, for every m < n, d∗(m) > d∗(n) or, equivalently, d∗∗(m) < d∗∗(n). As
Ramanujan’s numbers are the incarnation of roundness, our characterization
may suggest that round numbers have low d∗ and high d∗∗. Furthermore, it
leads to the investigation, for r > 0, of the set D+

r of all integers n such that
d∗(n) ≥ r. We prove in Theorem 2.4 that for every value (arbitrarily high) of
r almost every integer (in the sense of natural density) belongs to D+

r .

The relationship between d∗ and ω is examined in Theorem 2.6. It is shown

5



(2 of 15) RODOLFO TALAMO

there that, for sufficiently small r, all numbers with d∗ less than r have ω
greater than any prefixed value: sufficiently round numbers are divided by all
primes up to a prefixed P .

In Section 3, among some other miscellaneous results, we prove a theorem
concerning the quotient of two consecutive superior highly composite numbers.
Some matters related to the order of magnitude and the transcendency char-
acter of d∗ are also discussed.

2. Preliminaries and main results

In the above quoted paper, S. Ramanujan gave the following definition: a
positive integer N is said to be superior highly composite (s.h.c.) if there is a
positive real number ϵ such that

d(N)

N ϵ
≥ d(N

′
)

N ′ϵ
for all N

′
< N

and
d(N)

N ϵ
>

d(N
′
)

N ′ϵ
for all N

′
> N,

where d denotes the number of divisors. For fixed ϵ, 0 < ϵ ≤ 1 there is a unique
s.h.c. number associated with it:

Nϵ = 2[(2
ϵ−1)−1] · 3[(3

ϵ−1)−1] · p[(p
ϵ
1−1)−1]

1 ,

where p1 is the greatest prime not exceeding 2
1
ϵ and square brackets designate

the integral part. Nϵ turns out to be the greatest of the integers which maximize

the function d(n)
nϵ .

The first s.h.c. numbers are: 2, 6, 12, 60, 120. A longer list (about 50) is
included in [4]. In the section devoted to miscellaneous results we give an
effective criterium which can be applied to establish whether a given number
is s.h.c.

We make use of the following notation: if m,n are positive integers, m > n,
we pose

⟨m,n⟩ = (log
d(m)

d(n)
) · (log m

n
)−1.

Let N be s.h.c., N > 2, N1 < N < N2, where N1, N2 are respectively the
s.h.c. numbers which precede or follow N (the predecessor and the successor).

By inspection of the functions Fp,ϵ(x), for p prime, ϵ > 0, x real: Fp,ϵ(x) =
x+1
pϵx , which are related to the map d(n)

nϵ for x integer, it can be shown that the

set of all ϵ such that N = Nϵ is the interval ϵ̄N < ϵ ≤ ϵN , where ϵ̄N = ⟨N2, N⟩
and ϵN = ⟨N,N1⟩ while ϵ̄2 = 0, 6309 . . . , ϵ2 = 1.

6



THE ROUNDNESS-MEASURE OF A NATURAL NUMBER (3 of 15)

Proposition 2.1. Let N be a positive integer. Then there is a unique positive
real number d∗(N) such that the following conclusions hold:

1. for every integer n > N and every real number x > d∗(N)

d(N)

Nx
>

d(n)

nx
;

2. there is an integer n̄ > N such that

d(N)

Nd∗(N)
=

d(n̄)

n̄d∗(N)
.

Proof. Let m be an an integer such that m > N and d(m) > d(N). Let

δ = ⟨m,N⟩. Since d(n) = o(n
δ
2 ) (see [1, p.343]), there is an n0 such that

d(n) < n
δ
2 and

1

n
δ
2

<
d(N)

Nδ

for n > n0. Therefore we have

d(N)

Nδ
>

d(n)

nδ
, n > n0 ≥ m > N.

Define d∗(N) = max⟨n,N⟩, N < n ≤ n0. As

d(N)

Nx
>

d(n)

nx

if and only if x > ⟨n,N⟩, if x > d∗(N) ≥ δ and n > N , the condition 1)
is fulfilled. Since d∗(N) = ⟨n̄, N⟩ for an n̄ with N < n̄ ≤ n0, the condition
2) is also satisfied. The uniqueness of d∗(N) follows from this argument: if
r > d∗(N), the condition 2) cannot be satisfied for any n̄ > N ; if r < d∗(N),
then 1) is not satisfied for n = n̄ and r < x < d∗(N). This completes the
proof.

Furthermore, let’s pose

d∗∗(N) =
d(N)

Nd∗(N)
.

From the above proposition it follows that d∗(N) = max⟨n,N⟩, n > N . This
formula holds as an alternative definition for d∗; it is possible to show that n
can be taken less or equal to the smallest s.h.c. number greater than N .

Proposition 2.2. For a positive integer N the following assertions are equiv-
alent:

7



(4 of 15) RODOLFO TALAMO

1. N is s.h.c.;

2. m < N implies d∗(m) > d∗(N);

3. m < N implies d∗∗(m) < d∗∗(N).

Proof. We prove firstly that 1) is equivalent to 2). According to our notation,
remark that, if N1 is s.h.c. and N2 its successor, then d∗(N1) = ϵ̄N1 = ϵN2 .
Therefore d∗(2) = 0, 6309 . . . , d∗(6) = 0, 5849 . . . and so on in a strictly decreas-
ing sequence. Suppose that N verifies 2). If by contradiction it is not s.h.c.,
there are two consecutive s.h.c. numbers N1 and N2 such that N1 < N < N2.
By the definitions, if β = ⟨N2, N⟩ we have d∗(N) ≥ β > ϵN2

= d∗(N1)
against 2). Conversely, suppose that N satisfies 1) and n < N . Let N1 be
the greatest s.h.c. number which does not exceed n. By the previous argu-
ment, d∗(n) ≥ d∗(N1) > d∗(N).

The equivalence between 1) and 3) follows immediately from the preceding
one. This completes the proof.

Highly composite numbers, also introduced in [4], are defined by a maxi-
mality condition on the number d of their divisors; the two Propositions we
have just proved show that s.h.c. numbers can be characterized by means of a
minimality condition on d∗ and a maximality one on d∗∗. Since these numbers
are “round par excellence”, the terms of their characterization suggest that the
rounder a number is, the smaller its d∗ and the bigger its d∗∗. Therefore, the
following order appears to be motivated: given two positive integers m and n,
we say that m is rounder than n if one of the following conditions holds:

1. d∗(m) < d∗(n);

2. d∗(m) = d∗(n) and d∗∗(m) > d∗∗(n);

3. d∗(m) = d∗(n), d∗∗(m) = d∗∗(n) and d(m) > d(n).

It’s clear that these three conditions are exhaustive. Therefore the roundness-
measure defines a total order in the set of positive integers. If p is a prime
number, N a positive integer, the p-adic valuation vp(N) is the greatest integer
h such that ph divides N .

Lemma 2.3. Let N be a positive integer, d∗(N) < r, r integer. If s̄ is a prime,
vs̄(N) = h, there are positive constants A(s̄, h, r) and B(s̄, h, r) depending only
on s̄, h, r such that the following conditions hold:

1. if p is the greatest prime that divides N , then p < A(s̄, h, r);

2. if s is a prime and vs(N) = αs, then αs < B(s̄, h, r).

8



THE ROUNDNESS-MEASURE OF A NATURAL NUMBER (5 of 15)

Proof. Suppose firstly s̄ < p. We can write: N = 2α2 · s̄αs̄ · pαp , where αi ≥ 0
for every prime i < p, αp ≥ 1, αs̄ = h. Let k be the integer such that

s̄k−1 < p < s̄k. Define n as follows: n = N · s̄k

p . Then n
N < s̄ and we have:

d(n)

d(N)
=

(h+ k + 1)αp

(h+ 1)(αp + 1)
≥ (h+ k + 1)

2(h+ 1)
.

If k ≥ (2s̄r − 1)(h+ 1), then

d(n)

d(N)
≥ s̄r > (

n

N
)r

against the hypothesis that d∗(N) < r. Therefore k ≤ (2s̄r − 1)h+2s̄r − 2 and
1) holds with A(s̄, h, r) = s̄(2s̄

r−1)h+2s̄r−2 for s̄ < p. If s̄ > p, then h = 0 and
s̄ ≥ 3 while h ≥ 1 if s̄ = p: in both cases the formula holds. Consequently 1)
is shown. To prove 2), consider any prime s which divides N and its exponent
αs. Define the following quantities Q, ks and ms.

1. Q = p1 · p2 . . . pr where the pi are primes, p1 is the successor of p, pi+1

the successor of pi 1 ≤ i ≤ r − 1. Owing to the so-called Bertrand’s

Postulate, Q < (2
r(r+1)

2 ) · pr;

2. ks is defined as the integer such that sks < (3s+ 1)Q ≤ s(ks+1);

3. ms is the integer satisfying (ms − 1)Q ≤ sks < msQ.

From these inequalities it follows that

msQ

sks
<

4

3
.

We are going to prove that αs < (2r+1 · ks)− 1. Suppose by contradiction that
this is false; then we can write equivalently:

2r(αs − ks + 1) ≥ (2r+1 − 1)

2
(αs + 1).

Define the following number:

n = N · msQ

sks
.

Then
d(n)

d(N)
≥ 2r(αs − ks + 1)

(αs + 1)
≥ (2r+1 − 1)

2
.

As
n

N
<

4

3
,

9
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we have eventually
d(n)

d(N)
>

3(2r+1 − 1)

8
· n

N
.

As the inequality

(2x+1 − 1) > 2 · (4
3
)x

holds for x ≥ 1,

log [(2r+1 − 1) · 3
8
] · (log 4

3
)−1 > r − 1.

Choose y such that

r − 1 < y < log [(2r+1 − 1) · 3
8
] · (log 4

3
)−1.

As
n

N
<

4

3
,

we get
d(n)

d(N)
>

3(2r+1 − 1)

8
· n

N
> (

n

N
)y+1 > (

n

N
)r

against the hypothesis that d∗(N) < r. Therefore αs < (2r+1 ·ks)−1. From the
definition of ks given in b), the majoration of Q in a) and the above inequality,
as 2 ≤ s ≤ p we obtain the required majoration of αs in terms of s̄, h, r; we can
take

B = 2r+1{ log(2
r(r+1)+4

2 )

log s̄
+ (r + 1)[(2s̄r − 1)h+ 2s̄r − 2]} log s̄

log 2
− 1.

This completes the proof of the lemma.

Theorem 2.4. For any r > 0, the set D+
r of all integers N such that d∗(N) ≥ r

has natural density one.

Proof. We can suppose that r is an integer and prove that the set D−
r of the

integers N such that d∗(N) < r has natural density zero. To this purpose, if
A(n) is the number of integers less than n that belong to D−

r , we have to show
that

lim
n→∞

A(n)

n
= 0.

From Lemma 2.3 it follows that for any choice of s̄ prime and h nonnegative
integer, there are at most finitely many N in D−

r such that s̄h+1 does not
divide N . In fact, none of them can be greater than AB·π(A), where π(A) is the
number of primes not exceeding A. If m is any positive integer, applying the

10



THE ROUNDNESS-MEASURE OF A NATURAL NUMBER (7 of 15)

lemma to its prime factors and their exponents it follows that all but finitely
many integers in D−

r are multiple of m. As m can be chosen arbitrarily big, it
follows that the density of D−

r must be zero and that of D+
r is one.

As a direct consequence of this theorem we state here without proof the
following Corollary which shows the preponderance of the numbers with high
d∗.

Corollary 2.5. Let S be a set of positive integers whose natural density is
not zero. Then the arithmetic mean of the d∗ of the first n elements of S tends
to infinity with n.

Theorem 2.6. For any prime P there is an rP > 0 such that every n in D−
rP

is divided by all primes less or equal P . Thus ω(n) ≥ π(P ) if d∗(n) < rP .

Proof. Apply Lemma 2.3 for s̄ = P , h = 0, r = 1. Then there is MP > 0 such
that every n ≥ MP with d∗(n) < 1 is divided by all primes p ≤ P . Let N1

and N2 be consecutive s.h.c. numbers, with N1 < MP ≤ N2, d∗(N1) = ϵ̄1.
We have shown in Proposition 2.2 that d∗(n) < ϵ̄1 implies n ≥ N2 ≥ Mp. As
ϵ̄1 < 1, the theorem is proved taking rP = ϵ̄1.

3. Miscellaneous topics

In the paper [4], at p.392, it is claimed that the quotient of two consecutive s.h.c.
numbers is a prime number. This assertion is supported by a faulty argument,
unless the Four Exponential Conjecture, which we are going to quote together
with the Six Exponential Theorem, is assumed.

Six Exponential Theorem (Lang [2]). Let β1, β2 be a couple of complex
numbers, linearly independent over Q, and z1, z2, z3 a triple, likewise complex
and linearly independent over Q. Then at least one of the six numbers eβizj ,
i ≤ 2, j ≤ 3, is transcendental.

It has been conjectured that the triple can be reduced to a couple (Four
Exponential Conjecture). We prove a (weaker) result which makes use of the
Six Exponential Theorem.

Theorem 3.1. The quotient of two consecutive s.h.c. numbers is either a prime
or the product of two different primes.

Proof. Let N = 2α2 · · · pαp be a s.h.c. number. For well known properties (see
[4]) of these numbers every prime less or equal p divides N , i.e. αq ≥ 1 for
every q ≤ p. Let P be the prime successor of p; we pose αP = 0. Moreover we

know that N = Nϵ′ = 2[(2
ϵ′−1)−1] · p[(pϵ′−1)−1], with ϵ′ arbitrarily chosen in the

interval ]ϵ̄N , ϵN ]. For q prime, q ≤ P , define

ϵq =
log

αq+2
αq+1

log q
.

11
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As αq = [(qϵ
′ − 1)−1] we have for every ϵ such that ϵq < ϵ ≤ ϵ′ the two

equations: [(qϵ − 1)−1] = αq, [(q
ϵq − 1)−1] = αq + 1. Let ϵ̄ = max ϵq. We have

two cases:

1. ϵ̄ = ϵq̄ for a unique q̄ ≤ P . As ϵq < ϵ̄ for q ̸= q̄, we have [(qϵ̄ − 1)−1] = αq

for q ̸= q̄, [(q̄ϵ̄ − 1)−1] = αq̄ + 1. Therefore

Nϵ̄ =
∏
q≤P

q[(q
ϵ̄−1)−1] = (

∏
q ̸=q̄

qαq ) · q̄αq̄+1 = N · q̄ = N̄ .

To prove that N̄ is the s.h.c. successor of N it is enough to show that the
intervals ]ϵ̄N̄ , ϵN̄ ] and ]ϵ̄N , ϵN ] are contiguous. From the above we have,
for every ϵ such that ϵ̄ < ϵ ≤ ϵ′, the equality N = Nϵ while N̄ = Nϵ̄. Thus
ϵ̄ = ϵN̄ = ϵ̄N = d∗(N) and we have proved that N and N̄ are consecutive.

2. ϵ̄ = ϵq1 = ϵq2 for two distinct primes. Arguing like in 1), as ϵq < ϵ̄ for
q ̸= q1, q2, we have that [(qϵ̄ − 1)−1] = αq while [(qϵ̄1 − 1)−1] = αq1 + 1,
[(qϵ̄2 − 1)−1] = αq2 + 1. Therefore

N̄ = Nϵ̄ = (
∏

q ̸=q1,q2

qαq ) · qαq1+1
1 · qαq2+1

2 = N · q1 · q2.

The proof that N, N̄ are consecutive s.h.c. is identical with that at point 1).
In this case their quotient is the product of two distinct primes. We prove
that there are no more cases. Firstly we show that, for fixed ϵ > 0, the
number (pϵ−1)−1, p prime, is an integer for at most two distinct values, q1, q2.
Suppose by contradiction that there are three different primes p, q, r, such that
(pϵ − 1)−1 = l, (qϵ − 1)−1 = m, (rϵ − 1)−1 = n, with m, l, n integers. It is easy
to check that ϵ is irrational. Apply the Six Exponential Theorem with β1 = 1,
β2 = ϵ, z1 = log p, z2 = log q, z3 = log r. The conditions of linear independence
over Q are clearly fulfilled; therefore at least one of the numbers eβizj should
be transcendental, whereas they are either integers or rational numbers. Thus
our claim is proved. Therefore the chain of equalities ϵ̄ = ϵq1 = · · · = ϵqn
holds for n ≤ 2 and there are no more cases to be handled. This completes the
proof.

Remark 3.2. In case 2) there are four numbers (instead of two) which maxi-

mize the map d(n)
nϵ̄ , namely N , N̄ , N1 = N · q1, N2 = N · q2. As N < N1 < N̄ ,

N < N2 < N̄ , N1 and N2 are not s.h.c. since N and N̄ are consecutive. In the
paper [3], Nicolas and Robin introduced a class of numbers which they called
hautement composés supérieurs. They quote Lang’s result and are aware of the
possibility of the occurence of case 2). However, if this case takes place, their
class of numbers turns out to be strictly wider than that of s.h.c.: in fact N1

and N2 are hautement composés supérieurs because they maximize the map
d(n)
nϵ̄ .

12
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Remark 3.3. The reason of Ramanujan’s default in absence of the assumption
of the four exponential conjecture can be explained as follows: in order to
generate the set of s.h.c. numbers, he considers the numbers of the type log p

log m+1
m

,

p prime, m ≥ 1 integer, ordered in an ascending chain

x1 =
log π1

log r1
< · · · < xn =

log πn

log rn
< · · · .

Starting from π1 = 2 (the first s.h.c.) the (n + 1)-th is obtained multiplying
the n-th by πn+1, n ≥ 1. At the end of Par. 36 (see p.392–3) of [4] it is claimed
that “πn is the prime corresponding to xn”. This is true in case 1) of Theorem
3.1; in case 2), instead, xn does not determine πn univocally as

xn =
log q1

log m1+1
m1

=
log q2

log m2+1
m2

, q1 ̸= q2

and the procedure breaks off. For a given positive integer n, the question
whether d∗(n) is algebraic arises. There are examples of integer values of d∗:
for instance d∗(18) = d∗(90) = 1. If N is s.h.c. we can show the transcendency
of d∗(N) and give an assessment of its order of magnitude.

Theorem 3.4. The function d∗(N) for N s.h.c. is asymptotic to log 2
log logN and

its values are transcendental.

Proof. We must show that, for any δ > 0 and N > Nδ, N s.h.c.

(1− δ) log 2

log logN
< d∗(N) <

(1 + δ) log 2

log logN
.

Fix δ > 0. There exists n0 such that for every N > n0, we have:

(1− δ) log 2

log logN
<

log 2

log logN + log 8
log 2

.

Moreover, for 0 < ϵ < ϵ0,

2(
1
ϵ )

δ
2 >

1

2ϵ − 1
.

Furthermore, there is n1 such that, for every N > n1, N s.h.c., ϵN < ϵ0.
Finally, for N > n2:

(1 + δ
2 ) log 2

log logN − log log 3
<

(1 + δ) log 2

log logN
.

Set Nδ = max(n0, n1, n2). Let N be s.h.c. Then

N = 2[(2
ϵ′N −1)−1] · p[(p

ϵ′N −1)−1]
N

13
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with ϵ̄N < ϵ′N ≤ ϵN , pN ≤ 2
1

ϵ′
N < 2pN by Bertrand’s Postulate. Let

θ(x) =
∑
p≤x

log p.

It is known that

x
log 2

4
≤ θ(x) ≤ x log 3

for x ≥ 2. As 2 · · · pN ≤ N , taking the logarithms from the inequalities of the
above we have:

ϵ′N ≥ log 2

log logN + log 8
log 2

.

Since d∗(N) = inf ϵ′N , the same inequality holds for d∗(N). On the other hand,
since

2[(2
ϵ′N −1)−1] · p[(2

ϵ′N −1)−1]
N > N,

we get

2
1

ϵ′
N (2ϵ

′
N − 1)−1 >

1

log 3
logN.

For N > Nδ s.h.c. as ϵ′N ≤ ϵN < ϵ0 we obtain

2
( 1
ϵ′
N

)1+
δ
2

>
1

log 3
logN,

namely

d∗(N) < ϵ′N <
(1 + δ

2 ) log 2

log logN − log log 3
<

(1 + δ) log 2

log logN
.

As Nδ ≥ n0, we find

(1− δ) log 2

log logN
<

log 2

log logN + log 8
log 2

≤ d∗(N).

For the second part, recall Gelfond-Schneider’s Theorem (see [2]): if α, β are
algebraic, α ̸= 0, 1 and β irrational, then αβ is transcendental. By proving
Theorem 3.1 we observed that

d∗(N) = ϵ̄N =
log m+1

m

log p

for suitable p prime and m ≥ 1 integer, ϵ̄N < 1. It’s easily seen that ϵ̄N is
irrational. If by contradiction it were algebraic, setting α = p, β = ϵ̄N in
Gelfond-Schneider’s Theorem, we would get that pϵ̄N is transcendental while
pϵ̄N = m+1

m . Therefore ϵ̄N is transcendental.

14
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In the general case, the question about the maximum order of d∗(n) as well
as the problem of comparing the sizes of n and d∗(n) lead to the

Theorem 3.5. The following assertions hold:

1. for every n ≥ 2, d∗(n) < 2n log n+1
2 ;

2. for every real number M ≥ 1, there are infinitely many integers n such
that d∗(n) > M · n.

Proof.

1. The formula holds for n = 2. If n > 2, from calculus it follows that, for
every k > 1:

log n+k
2

log n+k
n

<
log n+1

2

log n+1
n

;

moreover

log
n+ 1

n
>

1

2n
.

As d(n) ≥ 2, from the definition of d∗(n) we have, for a suitable integer
k ≥ 1:

d∗(n) ≤
log d(n+k)

2

log n+k
n

<
log n+k

2

log n+k
n

≤
log n+1

2

log n+1
n

< 2n log
n+ 1

2
.

2. Take an integer h > 2 · eM . As 2h−1 and 2h−1 − 1 are relatively prime,
for a theorem of Dirichlet, [1, p.16], there are infinitely many primes p
such that p is congruent to 2h−1 − 1 (mod 2h−1). It follows that p+ 1 is
a multiple of 2h−1 and therefore d(p+ 1) ≥ h. Since d(p) = 2 and

log
p+ 1

p
<

1

p
, d∗(p) ≥

log d(p+1)
2

log p+1
p

≥
log h

2

log p+1
p

≥ M · p.

This completes the proof.

Finally, we tackle some computational problems concerning the function
d∗∗. If S is an infinite set of positive integers, nS its smallest element, n0 ≥ nS ,

define S∗∗
n0

=

n≤n0∑
n∈S

d∗∗(n) and S∗∗ = lim
n0→∞

S∗∗
n0
. The value of S∗∗ can be

considered as an index of the occurence in S of numbers with low d∗: if the
series diverges, their effectiveness prevails. Denote respectively by N , O, P the
sets of natural, odd and prime numbers.

15
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Proposition 3.6. The following assertions hold:

1. N∗∗ = +∞;

2. P ∗∗ = 1, 7211 . . . ;

3. there is an N0 such that, for n̄ > N0 the following holds: O∗∗
n̄ < O∗∗ <

O∗∗
n̄ + 5

[
√
n̄]
, where [

√
n̄] denotes the integral part of

√
n̄.

Proof.

1. If N1 and N2 are consecutive s.h.c. numbers, N1 < N2, as we know that
d∗(N1) = ϵ̄N1

= ϵN2
= ⟨N2, N1⟩, then we get the equalities:

d∗∗(N1) =
d(N1)

N
d∗(N1)
1

=
d(N1)

N
ϵ̄N1
1

=
d(N2)

N
ϵN2
2

,

as well as the inequality

d(N2)

N
ϵN2
2

<
d(N2)

N
ϵ̄N2
2

= d∗∗(N2).

Therefore d∗∗(2) < d∗∗(6) < d∗∗(12) · · · and S∗∗ = +∞ for every S which
contains the set of s.h.c. numbers.

2. With the usual technique, it’s possible to check that, for everyN , d∗(N) =
max⟨n,N⟩, N < n ≤ N̄ , where N̄ is the smallest s.h.c. number greater
than N . The proof is left to the reader. As 6 and 12 are s.h.c., d∗(p)
for p = 2, 3, 5, 7, 11 is easily computed. If p is prime, p ≥ 13, since
d(p+ 1) ≥ 4, then d∗(p) ≥ ⟨p+ 1, p⟩ ≥ log 2

log 14
13

≥ 9, 35. Therefore∑
p≥13

d∗∗(p) < 2
∑
n≥13

n−9,35 < (2, 5) · 10−10.

Thus P ∗∗ = d∗∗(2) + d∗∗(3) + d∗∗(5) + d∗∗(7) + d∗∗(11) + ϵ, ϵ < 10−9,
namely P∗∗ = 1, 7211 . . . .

3. Following Lemma 2.3, applied for s̄ = 2, h = 0, r = 2, if N = 3α3 · pαp is
an odd number such that d∗(N) < 2, then p ≤ 61. Moreover, according to
the points 1) and 2) of Lemma 2.3, for s prime, 3 ≤ s ≤ 61, set Q = 67·71
and ks equal to the integral part of

log[(3s+1)Q]
log s . Then αs < 8ks−1. Define

N0 = 3ᾱ3 · · · 61ᾱ61 , where ᾱs = 8ks−1. Thus, for n odd, n > N0 we have

d∗(n) ≥ 2. Now fix an integer n0 > 1 and consider An0 =
∑
n≤n0

n−2. By

comparison with the integral, ζ(2) < An0 + 1
n0

. As 1
n0

< An0 < 1, 645,

16



THE ROUNDNESS-MEASURE OF A NATURAL NUMBER (13 of 15)

it follows that ζ2(2) < A2
n0

+ 5
n0

. Since the series
∑
n

n−2 is absolutely

convergent, the equality ζ2(2) = (
∑
n

n−2)2 =
∑
h,k

(h · k)−2 holds. For a

positive integer n, let k1,n, . . . kd(n),n be its divisors. Then the terms of

the series
∑
h,k

(h · k)−2 which are equal to n−2 are:

(k1,n · n

k1,n
)−2, . . . (kd(n),n · n

kd(n),n
)−2,

namely their number is d(n). Therefore, after an arrangement of the
terms, we get ∑

h,k

(h · k)−2 =
∑
n

d(n)

n2

(see also [1, p.327] for a general treatment of Dirichlet series). Analo-

gously (
∑
n≤n0

n−2)2 =
∑
n≤n2

0

mn

n2
, 0 ≤ mn ≤ d(n). For every n, 1 ≤ n ≤ n2

0,

mn is the number of indices i, 1 ≤ i ≤ d(n) such that both ki,n and n
ki,n

are less or equal n0. Therefore mn = d(n) if and only if n ≤ n0. This
implies the following inequalities:∑

n≤n0

d(n)

n2
< (

∑
n≤n0

n−2)2 <
∑
n≤n2

0

d(n)

n2
< ζ2(2).

Consequently, ∑
n>n2

0

d(n)

n2
<

5

n0
.

Since we have shown that every odd number greater than N0 belongs to
D+

2 , if n̄ > N0, posing n0 = [
√
n̄] we have eventually:

n>n̄∑
n∈O

d∗∗(n) <
∑
n>n̄

d(n)

n2
≤

∑
n>n2

0

d(n)

n2
<

5

n0
=

5

[
√
n̄]
.

The assertion at point 3) follows from the fact that

O∗∗ = O∗∗
n̄ +

n>n̄∑
n∈O

d∗∗(n).

The proof is complete.
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Corollary 3.7. The function d∗(n) tends to infinity over the sequence of odd
integers.

Proof. Arguing as in part 3) of the Proposition 3.6, if Lemma 2.3 is applied
for s̄ = 2, h = 0 and r arbitrarily big, it follows that d∗(n) > r for n odd and
n > N0(r).

The following criterion can be used to detect whether a given number is
s.h.c. We state it without proof.

Criterion. Let N be a positive integer. Define ρ = min⟨N,n⟩, n < N . Then

N is s.h.c. if and only if for every prime p, 2 ≤ p ≤ 2
1
ρ , the p-adic valuation

of N equals [(pρ − 1)−1]. Moreover, N is highly composite if and only if ρ > 0.

Examples. For N = 23 · 32 · 5 · 7 = 2520, a standard computational program
shows that the minimum ρ of the quantities ⟨N,n⟩, n < N is attained for
n = 360, ρ = 0, 3562 . . . .

Besides, 2
1
ρ = 7, (2ρ − 1)−1 = 3, 57 . . . , (3ρ − 1)−1 = 2, 08 . . . , (5ρ − 1)−1 =

1, 29 . . . , (7ρ−1)−1 = 1. Therefore [(pρ−1)−1] = vp(N), p prime and 2 ≤ p ≤ 7.
Thus N turns out to be s.h.c. .
For N = 23 · 33 · 5 · 7 = 7560, the same procedure yields ρ = ⟨7560, 5040⟩ =
0, 159 . . . . As in this case (2ρ − 1)−1 = 8, 58 . . . whereas v2(N) = 3, N is not
s.h.c. .
If we take N = 25 · 32 = 288, since ⟨288, 240⟩ = −0, 57 . . . , the number is not
even highly composite.

4. Concluding remarks

From the above Proposition it follows that the series O∗∗ is convergent. The-
oretically we should be able to compute its sum within any preassigned de-
gree of accuracy by choosing n̄ > N0 sufficiently big. However, since N0 =
371 ·547 ·(7·11)39 ·(13·17·19·23)31 ·(29·31·37·41·43·47·53·59·61)23 > (2, 5)·10663,
the computation of O∗∗

n̄ for n̄ > N0 is far beyond the reach of any existing ma-
chine. In this computational context a main problem is the numerical value of
O∗∗, whose size is completely unknown at the present state of affairs. Another
remark concerns highly composite numbers. In their definition, only the pre-
decessors of a given number are involved while, on the contrary, the function
d∗(n) is defined uniquely in terms of the successors of n. This may account
for the difficulty in proving theorems which relate the two concepts. But the
numerical tests that we have performed show that highly composite numbers
have a d∗ much lower than the average; for instance there is only one highly
composite number n < 1013 whose d∗ is greater than 1 (incidentally, n = 50400
and d∗(n) > 1, 05). In other words, the fact of having more divisors than all

18
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predecessors has an impact on the value of d∗, which is defined by looking
uniquely at the successors.
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Abstract. We generalize the theory of nonlocal constants of motion to
higher-order Lagrangian Dynamics. Novel first integrals are discovered,
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1. Introduction

Within the framework of higher-order Analytical Dynamics in one independent
real variable t, a higher-order Lagrangian of order N ∈ N is a scalar smooth
function of the form

L(t, q, q(1), q(2), . . . , q(N)) , (1)

with q, q(1), . . . , q(N) ∈ Rm depending on time t. In accordance with conven-
tional notation, we use q(n) := dnq/dtn for the n-th derivative of q with respect
to t.

By standard arguments in Calculus of Variations a fixed-endpoint, station-

arizing motion for the action functional Sa,b :=
∫ b
a
Ldt, called a “natural”

motion, is a solution t 7→ q(t) to the Euler-Lagrange equation

N∑
i=0

(−1)i
di

dti
∂L(t, q, . . . , q(N))

∂q(i)
= 0 for all t. (2)

Here ∂/∂q(i) is the partial derivative with respect to the vector q(i).
A first integral for equation (2) is a smooth function of the form

K(t, q, q(1), q(2), . . .) , (3)
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that is constant along the natural motion for all t. The celebrated Noether’s
Theorem establishes a relation between invariance proprieties of a Lagrangian
function and first integrals associated to the related natural motions [2, 6].

A paper by Gorni and Zampieri [9] proposed a rethinking of Noether’s
Theorem for Lagrangians of order N = 1. They revisited Noether’s Theorem
introducing the concept of nonlocal constants of motion, i.e. functions that are
constant along natural motions but whose value at time t also depends on the
past history of the motion itself. Their nonlocal constants of motion look like
this:

Q =
∂L(t, q, q(1))

∂q(1)
· ∂qε
∂ε

∣∣∣∣
ε=0

−
∫ t

t0

∂L(s, qε, q
(1)
ε )

∂ε

∣∣∣∣
ε=0

ds , (4)

with qε perturbed motions. Throughout this work we use the notation a ·
b for the Euclidean scalar product of vectors in Rm, and ‖a‖ for the norm.
The result (4) was applied to some neat standard classical mechanics systems
[10, 11] where well-conceived nonlocal constants of motion gave new results
in dynamics. In particular for: (i) the homogeneous potentials of degree −2,
(ii) the mechanical systems with viscous fluid resistance, (iii) the mechanical
system with hydraulic (quadratic) fluid resistance, and (iv) the conservative
and dissipative Maxwell-Bloch equations of laser dynamics.

With reference to a more general higher-order framework than N = 1, a
question which arises is if the machinery designed in [9] holds for every La-
grangian order N . The issue has not been addressed under this nonlocal per-
spective until now. Since higher-order Lagrangians provide a very large class of
models for modified gravity theories [18], quantum-loop cosmologies [17], and
string theories [13], an in-depth examination is strongly motivated. Further-
more, approaching higher-order mechanics from a new nonlocal point of view
could provide new perspectives to identify novel first integrals without nec-
essarily requiring invariance proprieties on the already difficult to investigate
structure of higher-order Lagrangians.

In the present work we extend the theory of nonlocal constants of motion [9]
to higher-order Lagrangian Dynamics. The main, very simple result of our work
is presented in Section 2, where we deduce the revisited nonlocal Noether’s
Theorem 2.2 for higher-order Lagrangians (1).

Generally, higher-order nonlocal constants of motion are trivial or of no
apparent practical value. However, in Section 3 we exhibit that in particular
cases they can be used to obtain first integrals. In this respect, we derive first
integrals by employing time-shift families (Subsection 3.1), nonlocal space-shift
families (Subsection 3.2), and finite invariances (Subsection 3.3) as perturbed
motions. Standard noetherian results are recovered by Theorem 3.3 and The-
orem 3.7, whereas the first integral of Theorem 3.4 is actually new for La-
grangians such that ∂L/∂q(i)∝ di(∂L/∂q)/dti, for all i = 1, . . . , N . This latter
theorem generalizes the method employed in [9] to get energy conservation for
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the canonical harmonic oscillator.
In the rest of the paper, Section 4, we deal with some neat applications of

our theorems to higher-order Lagrangian systems. In Subsection 4.1 we derive
nonlocal constants of motion and first integrals for the Pais and Uhlenbeck
oscillator [20]. Such system is well-known in many branches of physics like
quantum mechanics and field theory. Theorem 3.3 and Theorem 3.4 result in
two first integrals that, opportunely combined, exactly recover from a nonlocal
perspective the recent results of [14]. Despite this, Theorem 3.7 leads to a new
angular-momentum-like first integral that never seems obtained before.

In Subsection 4.2 we use our new nonlocal theorems to analyze a higher
order generalization of the Pais-Uhlenbeck oscillator [1, 3]. The obtained first
integrals seem completely new, and generalize the results of Subsection 4.1. For
computational convenience, a revisited version of Theorem 3.4 is employed.

Finally, Subsection 4.3 is dedicated to apply our theorems to a simple De-
generate Higher-Order model of Scalar-Tensor (DHOST) theory that, in these
last years, inspired many modified gravity theories [18]. In such case a scalar
particle is coupled to n degrees of freedom. Again, the full consistency of our
machinery is confirmed.

We remark that higher-order nonlocal constants of motion and related first
integrals are a precious instrument also for studying models that, like the Pais
and Uhlenbeck oscillator, easily exhibit a general solution without requiring
a conservation law. Under this sense, as already analyzed in recent works for
Lagrangians of order N = 1 by [11, 15, 14], we believe our results could provide
a valuable tool to give a novel insight into stability proprieties of higher-order
models and boundedness of related solutions. However, the issue seems not
so easy to address as in the N = 1 case. We leave a complete analysis of
these points for future investigation, we now just focus on the definition and
implementation of the nonlocal theory.

2. Nonlocal constants of motion

In this section, we introduce the key concept of perturbed motions and outline
how nonlocal constants of motion in higher-order Lagrangian Dynamics can be
obtained.

Definition 2.1. Given a natural motion t 7→ q(t), a one parameter family of
perturbed motions, or simply a perturbed motion, associated to q(t) will be a
smooth function (ε, t) 7→ qε(t) with ε ∈ R in a neighbourhood of 0, and such
that q0(t) = q(t).

Among all, general perturbed motions are the time-shift family qε(t) =
q(t + εf(t)), and the space-shift family qε(t) = q(t) + εg(t), with f, g free
smooth functions of t.
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The following Theorem 2.2 gives us a simple tool that takes a perturbed
motion and computes the related nonlocal constant.

Theorem 2.2. Let t 7→ q(t) be a natural motion associated to the Lagrangian
(1), and qε(t) a perturbed motion associated to q(t). Then the function Q is
constant along q(t) for all t, with

Q :=

N∑
i=1

i−1∑
k=0

(−1)k
dk

dtk
∂L(t, q, . . . , q(N))

∂q(i)
· ∂q

(i−k−1)
ε

∂ε

∣∣∣∣
ε=0

−

−
∫ t

t0

∂L(s, qε, . . . , q
(N)
ε )

∂ε

∣∣∣∣
ε=0

ds . (5)

Proof. Define Lε := L(t, qε, . . . , q
(N)
ε ) with L0 = L. Take the derivative of Lε

with respect to ε at ε = 0 and use ∂q(i)
ε /∂ε|ε=0 = di(∂qε/∂ε)/dt

i|ε=0:

∂Lε
∂ε

∣∣∣∣
ε=0

=

N∑
i=0

∂L

∂q(i)
· d

i

dti
∂qε
∂ε

∣∣∣∣
ε=0

. (6)

Note that given two vectors A(t) ∈ Rm and B(t) ∈ Rm, the following identity
holds

A · d
iB

dti
=

d

dt

i−1∑
k=0

(−1)k
dkA

dtk
· d

αB

dtα
+ (−1)i

diA

dti
·B , (7)

with α = i− k − 1 and i ≥ 1. The choices A := ∂L/∂q(i) and B := ∂qε/∂ε|ε=0

lead to

∂Lε
∂ε

∣∣∣∣
ε=0

=
d

dt

N∑
i=1

i−1∑
k=0

(−1)k
dk

dtk
∂L

∂q(i)
· ∂q

(α)
ε

∂ε

∣∣∣∣
ε=0

+

+

[
N∑
i=0

(−1)i
di

dti
∂L

∂q(i)

]
· ∂qε
∂ε

∣∣∣∣
ε=0

. (8)

Using equation (2), the second term on the right-hand-side of (8) disappears.
The final result (5) is obtained by integrating, putting the integration constant
to zero.

Following the nomenclature recommended by Gorni and Zampieri [9], ex-
pression (5) will be called nonlocal constant of motion associated to qε, as its
value at t also depends on the past history of the motion. It should be noticed
that when N = 1, expression (5) exactly recovers the result (4) for canonical
Lagrangians.

In Theorem 2.2, the one parameter family of perturbed motions can be
chosen randomly, giving generally trivial or of no apparent practical interest
nonlocal constants of motion. However, there are cases when expression (5)
becomes useful, as we will see in Section 3.
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3. First Integrals

The guiding idea of the following section is to describe particular cases for
which Theorem 2.2 yields a true first integral for equation (2), in the sense of a
point function of t, q, q(1), . . . that is constant along the motions. This purpose
justifies the following terminology:

Definition 3.1. Let qε be a perturbed motion associated to a natural motion
t 7→ q(t). We say that qε satisfies the total derivative condition with the smooth
scalar function ψ(t, q, . . . , q(2N−1)) if

∂L(t, qε, . . . , q
(N)
ε )

∂ε

∣∣∣∣
ε=0

=
dψ(t, q, . . . , q(2N−1))

dt
for all t. (9)

Definition 3.1 is less general than the one introduced by [9], as our focus
are natural motions only. In principle one could define a total derivative condi-
tion considering a general smooth path q(t), whether it solves Euler-Lagrange
equations (2) or not.

The condition (9) becomes interesting when applied to Theorem 2.2.

Theorem 3.2. Let t 7→ q(t) be a natural motion, and let qε be a perturbed
motion associated to q(t) satisfying the total derivative condition (9) for some
ψ(t, q, . . . , q(2N−1)). Then the point function K(t, q, . . . , q(2N−1)) is a first inte-
gral for equation (2), with

K(t, q, . . . , q(2N−1)) :=

N∑
i=1

i−1∑
k=0

(−1)k
dk

dtk
∂L(t, q, . . . , q(N))

∂q(i)
· ∂q

(i−k−1)
ε

∂ε

∣∣∣∣
ε=0

−

− ψ(t, q, . . . , q(2N−1)) . (10)

Proof. Add condition (9) inside expression (5) and compute the integral.

By inspection, Theorem 3.2 works without necessarily requiring a general
invariance theory on the Lagrangian. After having sought a ψ(t, q, . . . , q(2N−1))
satisfying the total derivative condition, we are naturally led by Theorem 3.2
to consider (10) as a first integral. Generally we cannot expect to find such
a ψ(t, q, . . . , q(2N−1)) for a random choice of qε. However there are few and
precious Lagrangians that make the research easier.

3.1. Time-shift families

As already noted in [10, 11], time-independent Lagrangians are a classical and
simple prototype to find first integrals.
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Theorem 3.3. Let t 7→ q(t) be a natural motion for the time-independent La-
grangian L = L(q, . . . , q(N)). Then, the point function

K1(q, . . . , q(2N−1)) =

=

N∑
i=1

i−1∑
k=0

(−1)k
dk

dtk
∂L(q, . . . , q(N))

∂q(i)
· q(i−k) − L(q, . . . , q(N)) , (11)

is a first integral for the equation of motion (2).

Proof. Expression (5) can be written as:

Q =

N∑
i=1

i−1∑
k=0

(−1)k
dk

dtk
∂L

∂q(i)
· ∂q

(i−k−1)
ε

∂ε

∣∣∣∣
ε=0

−
∫ t

t0

N∑
i=0

∂L

∂q(i)
· ∂q

(i)
ε

∂ε

∣∣∣∣
ε=0

ds . (12)

Consider the time-shift perturbed motion qε(t) = q(t + ε). It follows that
∂q(j)
ε /∂ε|ε=0 = q(j+1) for all j ∈ 0, . . . , N , that combined in expression (12)

yields

Q =

N∑
i=1

i−1∑
k=0

(−1)k
dk

dtk
∂L

∂q(i)
· q(i−k) −

∫ t

t0

dL

ds
ds . (13)

Observe that our time-shift qε satisfies the total derivative condition with the
scalar function ψ = L. Computing the integral in expression (13) the final
result (11) is obtained, putting the integration constant to zero.

Interestingly, expression (11) with N = 2 recovers from the nonlocal point
of view the noetherian result employed by [19] for second-order variational
problems. This fact should not surprise, since Theorem 3.3 assumes a time-
shift symmetric Lagrangians.

3.2. Nonlocal space-shift families

Nonlocal noetherian constants of motion starting from nonlocal transforma-
tions were introduced by [12]. We noticed that in [9] the authors proved
energy conservation for the 1-dimensional canonical harmonic oscillator L =
1
2q

(1)2− 1
2q

2 taking inspiration from the nonlocal space-change qε = q+ε
∫
q dτ

and then replacing it with a local one using the equations of motion. In-
spired by this example, we deduce that generally the total derivative condi-
tion seems to be too easy to satisfy starting from nonlocal space-changes if
∂L/∂q(i)∝ di(∂L/∂q)/dti for all i ∈ 1, . . . , N .

Theorem 3.4. Consider a Lagrangian L = L(t, q, . . . , q(N)) such that there
exists a set of constant parameters ρ1 . . . ρN ∈ R such that for all motions,
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whether natural or not,

∂L

∂q(i)
= ρi

di

dti
∂L

∂q
for all i ∈ 1, . . . , N . (14)

Let t 7→ q(t) be a natural motion associated to L, and define the function

F (0) :=

N∑
j=1

(−1)j+1 d
j−1

dtj−1

∂L

∂q(j)
. (15)

Then,

F (`) =
d`−1

dt`−1

∂L

∂q
` ∈ 1, . . . , 2N , (16)

and the point function

K2(t, q, . . . , q(3N−1)) =

=

N∑
i=1

ρi

[
i−1∑
k=0

(−1)kF (i+k+1) · F (i−k−1) − 1

2
‖F (i)‖2

]
− 1

2
‖F (0)‖2, (17)

is a first integral for the equation of motion (2).

Proof. Expression (5) can be written as:

Q =

N∑
i=1

i−1∑
k=0

(−1)k
dk

dtk
∂L

∂q(i)
· ∂q

(i−k−1)
ε

∂ε

∣∣∣∣
ε=0

−
∫ t

t0

N∑
i=0

∂L

∂q(i)
· ∂q

(i)
ε

∂ε

∣∣∣∣
ε=0

ds . (18)

Consider the space-shift perturbed motion qε(t) = q(t) + εF (t), with F a free
function. It follows that ∂q(j)

ε /∂ε|ε=0 = djF/dtj := F (j) for all j ∈ 0, . . . , N ,
that combined in expression (18) yields

Q =

N∑
i=1

i−1∑
k=0

(−1)k
dk

dtk
∂L

∂q(i)
· F (i−k−1) −

∫ t

t0

N∑
i=0

∂L

∂q(i)
· F (i) ds . (19)

Fixing F = F (0) :=
∫ t
t0
∂L/∂q dτ and using condition (14), expression (19)

becomes

Q =

N∑
i=1

ρi

i−1∑
k=0

(−1)kF (k+i+1) · F (i−k−1)−

−
∫ t

t0

[
F (1) · F (0) +

N∑
i=1

ρi F
(i+1) · F (i)

]
ds. (20)
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Clearly, the integrand inside expression (20) can be rewritten:

Q =

N∑
i=1

ρi

i−1∑
k=0

(−1)kF (k+i+1) · F (i−k−1)−

−
∫ t

t0

d

ds

[
1

2
‖F (0)‖2 +

N∑
i=1

ρi
2
‖F (i)‖2

]
ds . (21)

Observe that our space-shift qε satisfies the total derivative condition with
the scalar function ψ = 1

2 (‖F (0)‖2 +
∑N
i=1 ρi‖F (i)‖2). Computing the integral

in expression (21) the final result (17) is obtained, putting the integration
constant to zero. To be precise, the result is not a true first integral since
F (0) =

∫ t
t0
∂L/∂q dτ is nonlocal. To make F (0) a point function, isolate ∂L/∂q

from the equation of motion (2)

∂L

∂q
=

N∑
j=1

(−1)j+1 d
j

dtj
∂L

∂q(j)
, (22)

and replace expression (22) in F (0). Integrating, we obtain definition (15).

From formula (16), notice that the highest order derivative F (2N) formally
depends on q(3N−1), hence also K2 in formula (17) depends on q(3N−1).

We leave it to the reader to verify the energy conservation of the 1-dimen-
sional canonical harmonic oscillator is a trivial consequence of Theorem 3.4,
with q ∈ R and N = 1. Our result (17) is actually new and seems to pro-
vide a powerful perspective to get undiscovered first-integrals, as we show in
Subsection 4.1 and Subsection 4.2.

Remark 3.5. Conditions (14) can be read as functional Partial Differential
Equations which restrict the form of the Lagrangians to which apply Theo-
rem 3.4. In this respect, a relevant class of solutions is L =

∑N
n=0 ρn{a‖q(n)‖2+

b(n)(t) · q(n)} + c(t), with ρ0 = 1, a ∈ R constant, and b ∈ Rm, c ∈ R
free functions of t. The related first integral is expression (17) with F (0) =∑N
n=1(−1)n+1ρnX

(2n−1) and F (`) = X(`−1), where X := 2aq + b(t). We leave
for future investigation an analysis of the prospects and a complete search of
further general solutions.

When k = i − 1, formula (17) is not easily manageable since summation
contains many F (0) terms (15) that, generally, have a long expression for large
values of N . Supposing N ≥ 2, here is an equivalent reformulation of expres-
sion (17) that bypasses the presence of F (0) terms in the summation. Such
result will be useful in Subsection 4.2.
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Lemma 3.6. If N ≥ 2, expression (17) is equivalent to

2K2(t, q, . . . , q(2N−1)) = ‖F (0)‖2 −
N∑
i=1

ρi‖F (i)‖2+

+ 2

N∑
i=2

ρi

i−2∑
k=0

(−1)kF (i+k+1) · F (i−k−1) . (23)

Proof. Let x = i+ k+ 1 and y = i− k− 1. Let us separate in (17) the addends
inside the summation with respect to the k index, and multiply by two:

2K2 = −‖F (0)‖2 −
N∑
i=1

ρi‖F (i)‖2 + 2

N∑
i=1

ρi

i−1∑
k=0

(−1)kF (x) · F (y) . (24)

Notice that, supposing N ≥ 2, the double summation on the right-hand-side
of expression (24) can be rewritten as

N∑
i=1

ρi

i−1∑
k=0

(−1)kF (x) · F (y) =

=

N∑
i=1

ρi(−1)i+1F (2i) · F (0) +

N∑
i=2

ρi

i−2∑
k=0

(−1)kF (x) · F (y) , (25)

where the F (0) contributes have been isolated from the summation.
By simple calculations we see that from (15) and (16) it follows

F (0) =

N∑
i=1

ρi(−1)i+1F (2i) , (26)

that added in (25) yields

N∑
i=1

ρi

i−1∑
k=0

(−1)kF (x) · F (y) = ‖F (0)‖2 +

N∑
i=2

ρi

i−2∑
k=0

(−1)kF (x) · F (y) . (27)

Combined with result (27), expression (24) returns our final expression (23).

3.3. Finite invariances

Another interesting situation generating first integrals arises when the La-
grangian, evaluated on a perturbed motion qε, has constant derivative at ε = 0.
Following the nomenclature of Gorni and Zampieri [9], this condition will be
called finite invariance.

29



(10 of 17) MATTIA SCOMPARIN

Theorem 3.7. Let t 7→ q(t) be a natural motion associated to the Lagrangian
L = L(t, q, . . . , q(N)), and suppose that for a given perturbed motion qε there
exist a constant µ ∈ R such that

∂L(t, qε, . . . , q
(N)
ε )

∂ε

∣∣∣∣
ε=0

= µ . (28)

Then, the point function

K3(t, q, . . . , q(2N−1)) =

=

N∑
i=1

i−1∑
k=0

(−1)k
dk

dtk
∂L(t, q, . . . , q(N))

∂q(i)
· ∂q

(i−k−1)
ε

∂ε

∣∣∣∣
ε=0

− µt , (29)

is a first integral for the equation of motion (2).

Proof. Add condition (28) inside expression (5) and compute the integral. Ob-
serve that our perturbed motion qε satisfies the total derivative condition with
the scalar function ψ = µt.

Standard cases for Theorem 3.7 are Lagrangians such that L(t, qε, . . . , q
(N)
ε )

does not depends on ε, i.e. are invariant under the perturbed motion consid-
ered.

4. Applications

In the present section we deal with some neat applications of our theorems
to higher-order Lagrangian systems, where novel first integrals are discovered,
standard noetherian results are recovered.

4.1. The Pais-Uhlenbeck oscillator

The Pais-Uhlenbeck (P-U) oscillator is one of the simplest higher-order me-
chanical systems to test our formal results. The P-U oscillator has the following
N = 2 order Lagrangian:

L =
1

2
q(2)2 − 1

2
(w2

1 + w2
2) q(1)2 +

1

2
w2

1w
2
2q

2 , (30)

where q ∈ Rm, and w1, w2 ∈ R are positive constants. The Euclidean scalar
product will remain implicit in the entire section, hence q(i)q(j) := q(i)·q(j) with
i, j = 0, 1, 2.

The equation of motion (2) contains terms up to the fourth time derivative:

q(4) + (w2
1 + w2

2)q(2) + w2
1w

2
2q = 0 . (31)

30



NONLOCAL CONSTANTS OF MOTION (11 of 17)

This oscillator was proposed by Pais and Uhlenbeck [20] for solving the
ultraviolet behavior of field theories involving higher derivatives. The P-U os-
cillator has been applied in many branches of physics, e.g. its quantum behavior
was discussed by Simon [13], Smilga [22], Chen et al. [5]. In addition, Pulgar
et al. [21] introduced some scalar-tensor field cosmologies inspired by the P-U
oscillator. In recent time, the P-U oscillator has also attracted much atten-
tion within the context of dynamical realizations of nonrelativistic conformal
groups [8].

Let us try some random perturbed motions for Theorem 2.2. The first
family is qε = q− ε. We can compute ∂qε/∂ε|ε=0 = −1, so the related nonlocal
constant of motion (5) is

Q = q(3) + (w2
1 + w2

2)q(1) + w2
1w

2
2

∫ t

t0

q ds . (32)

Clearly, q can not be a total derivative of some function ψ being the same for
all smooth paths. However, since q is a natural motion, equation (31) leads to

Q = q(3) + (w2
1 + w2

2)q(1) −
∫ t

t0

d

ds

[
q(3) + (w2

1 + w2
2)q(1)

]
ds . (33)

that returns a first integral which is trivially 0.
Let us search for a second nonlocal constant of motion starting from the

space-change family qε = q − εq(2), that gives ∂qε/∂ε|ε=0 = −q(2). Using
Theorem 2.2 we can compute the nonlocal constant of motion

Q = (w2
1 + w2

2)q(2)q(1) +

∫ t

t0

[
w2

1w
2
2q

(2)q − (w2
1 + w2

2)q(3)q(1) + q(4)q(2)

]
ds . (34)

where, even in this case, the integrand never seems satisfying the total deriva-
tive condition. However, multiplying equation (31) by q(2) we get

q(4)q(2) + w2
1w

2
2q

(2)q = −(w2
1 + w2

2) q(2)2 , (35)

that simplifies expression (34) to

Q = (w2
1 + w2

2)

[
q(2)q(1) −

∫ t

t0

d(q(2)q(1))

ds
ds

]
. (36)

The resulting first integral is again trivially 0.
What matters is that Theorem 2.2 is not powerful enough to yield non trivial

first integrals for the P-U oscillator. However, we come to Theorem 3.3, which is
the most natural to consider as our Lagrangian (30) is time-independent. After
a couple of calculations, we finally obtain our first non trivial first integral:

2K1 = q(2)2 − (w2
1 + w2

2) q(1)2 − 2q(3)q(1) − w2
1w

2
2q

2 . (37)
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It is also easy to prove that our Lagrangian (30) also satisfies the hypothesis
of validity of the Theorem 3.4 with

ρ1 = −w
2
1 + w2

2

w2
1w

2
2

ρ2 =
1

w2
1w

2
2

. (38)

Hence, from formulas (15) and (16) we get

F (`) =

{
−(w2

1 + w2
2)q(1) − q(3) if ` = 0

w2
1w

2
2q

(n−1) if ` 6= 0
` = 0, 1, 2 , (39)

which added with (38) in (17) yields our second non trivial first integral

2K2 =
[
w4

1 + w2
1w

2
2 + w4

2

]
q(1)2 + q(3)2 + 2w2

1w
2
2 qq

(2)+

+ (w2
1 + w2

2)
[
2q(3)q(1) + w2

1w
2
2q

2
]
, (40)

Our result (40), opportunely combined with (37), exactly recovers from a non-
local perspective the two first integrals recently proposed by [14]:

Σk = (q(3) + ω2
kq

(1))2 + (ω2
1 + ω2

2 − ω2
k)(q(2) + ω2

kq)
2 k = 1, 2 , (41)

that, again, are constant along the natural motions.
Let q = (q1, q2) ∈ R2 and define the rotation family

qε =

(
cos ε − sin ε
sin ε cos ε

)
q . (42)

It is clear that, when evaluated on the rotation family (42), the P-U Lagrangian
does not depend on ε. Noticing that q(i) · q(j)

ε /∂ε|ε=0 = det
(
q(j), q(i)

)
, our

Theorem 3.7 gives a new angular-momentum-like first integral for P-U natural
motions:

K3 = (w2
1 + w2

2) det
(
q(1), q

)
+ det

(
q(1), q(2)

)
+ det

(
q(3), q

)
. (43)

Generalizations in more than two spatial dimension is straightforward and will
be left for future works, new first integrals are naturally expected.

We leave it to the reader to prove that the time derivatives of K1,2,3 are
identically zero. These first integrals are all independent, and expressed as
linear combinations of quadratic functions of q(i) or their components.

4.2. The higher-order Pais -Uhlenbeck oscillator

The research of higher-derivative theories of quantum gravity motivates the
definition of Lagrangians with an arbitrary number of higher-order derivative
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terms [4, 7]. In this respect, physically viable quantum theories are inspired
by the so-called higher-order Pais -Uhlenbeck (P-U) oscillator, which has the
following Lagrangian [1, 3]:

L =
1

2

N∑
i=0

aiq
(i)2 , (44)

where q ∈ Rm with q(i)2 := q(i) · q(i), and a0, . . . aN ∈ R are constants. In the
N = 2 limit, the specific choices a0 = ω2

1ω
2
2 , a1 = −(ω2

1+ω2
2) and a2 = 1 lead to

the standard P-U oscillator (30) of Subsection 4.1. This makes Lagrangian (44)
a well thought-out model to exhibit how our machinery works for a Lagrangian
with an arbitrary order N .

The equation of motion (2) for (44) reads

N∑
i=0

(−1)iaiq
(2i) = 0 , (45)

and contains up to 2N -order derivative terms. Our contribution in this sub-
section is to deduce three first integrals for equation (45).

For such purpose, let us search for a first result beginning with Theorem 3.3,
since Lagrangian (44) does not explicitly depend on time. Using standard
calculation rules to evaluate time derivatives, expression (11) leads to the first
integral

2K1 =

N∑
i=1

ai

(
2

i−1∑
k=0

(−1)kq(i+k) · q(i−k) − q(i)2

)
− a0q2 . (46)

Notice that the conserved quantity (46) contains up to 2N − 1 order derivative
terms.

As in the previous section, also the higher-order version of the P-U oscillator
satisfies the hypothesis of validity (14) of our Theorem 3.4 with

ρi =
ai
a0

i = 1, . . . , N . (47)

According to formulas (15) and (16), we get

F (`) =


N∑
j=1

(−1)j+1ajq
(2j−1) if ` = 0

a0q
(`−1) if ` 6= 0

` = 0, . . . , N , (48)
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that added into expression (23) enables us to calculate the actually new first
integral

2K2 =

(
N∑
i=1

(−1)i+1aiq
(2i−1)

)2

− a0
N∑
i=1

aiq
(i−1)2+

+ 2a0

N∑
i=2

ai

i−2∑
k=0

(−1)kq(k+i) · q(i−k−2) , (49)

that, again, contains up to 2N − 1 order derivative terms. Assuming N ≥ 2,
we used expression (23) instead of expression (17) to effectively get (49). In
fact, in expression (23) the F (0) terms are already isolated from the F (i6=0)

ones. Thanks to this, we substituted expression (48) without expanding the
summations of (17) to recognize F (0) and F (i6=0) terms one by one.

Let q = (q1, q2) ∈ R2 and define the rotation family

qε =

(
cos ε − sin ε
sin ε cos ε

)
q . (50)

It is evident that, when evaluated on the rotation family (50), the higher-order
P-U Lagrangian (44) does not depend on ε. Remembering as in the previous
section that q(i) · q(j)

ε /∂ε|ε=0 = det
(
q(j), q(i)

)
, our Theorem 3.7 gives a new

angular-momentum-like first integral for all higher order P-U motions:

K3 =

N∑
i=1

ai

i−1∑
k=0

(−1)k det
(
q(i−k−1), q(i+k)

)
. (51)

Also in the case of the higher-order P-U oscillator, the three first integrals
K1,2,3 are all independent and expressed as linear combinations of quadratic
functions of q(i) or their components.

4.3. Degenerate higher-order theories

Higher-Order Scalar-Tensor (HOST) theories of modified gravity have attracted
significant attention in the last years to explain the present cosmic acceleration
and exploring alternative theories of gravitation [16]. Such theories generically
suffer from ghost instabilities. This fate can be avoided by considering degener-
ate Lagrangians, whose kinetic matrix cannot be inverted [23]. In this regard,
an interesting Degenerate HOST (DHOST) model was studied in [18], where
the authors described a point particle φ = φ(t) with higher derivatives, coupled
to i = 1, . . . , n degrees of freedom qi = qi(t). Using Einstein’s convention on
dummy indices, the Lagrangian looks as follows:

L =
1

2
aφ(2)2 +

1

2
k0φ

(1)2 +
1

2
kijq

(1)

i q(1)

j + biφ
(2)q(1)

i + ciφ
(1)q(1)

i − V (φ, q) , (52)
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with degenerate condition
a− bibjk−1

ij = 0 . (53)

Here a, bi, ci, k0, and kij = kji have constant values.
We retain Lagrangian (52) a valid case to exhibit how our results work for

many-particle systems. The equations of motion for (52) with respect to φ
and qi read respectively

aφ(4) − k0φ(2) + biq
(3)

i − ciq
(2)

i − Vφ = 0 , (54)

kijq
(2)

j + biφ
(3) + ciφ

(2) + Vi = 0 i = 1, . . . , n , (55)

where Vi := ∂V/∂qi and Vφ := ∂V/∂φ.
It is worthwhile to note that our Lagrangian is explicitly time-independent,

so Theorem 3.3 yields the first integral

2K1 = k0φ
(1)2 + a

(
aφ(2)2 − 2φ(3)φ(1)

)
+ kijq

(1)

i q(1)

j +

+ 2bi
(
φ(2)q(1)

i − φ
(1)q(2)

i

)
+ 2ciφ

(1)q(1)

i + 2V (φ, q) . (56)

By inspection we see that if V (φ, q) = 0, then our Lagrangian depends on
derivatives only, i.e. it is invariant under the space-changes qi,ε = qi + εϑi and
φε = φ + εψ. Here ϑi and ψ are constants, with i = 1, . . . , n. Being simply
∂qi,ε/∂ε|ε=0 = ϑi and φε/∂ε|ε=0 = ψ, the first integral of Theorem 3.7 takes
the following form

K3 =
(
kijq

(1)

j + biφ
(2) + ciφ

(1)
)
ϑi −

(
aφ(3) − k0φ(1) + biq

(2)

i − ciq
(1)

i

)
ψ . (57)

This result should not surprise, since taking V (φ, q) = 0 both equations (54)
and (55) become total derivatives. Interestingly, in turn, also K3 is a total
derivative, which yields the new first integral

Ξ = (kijqj + biφ
(1) + ciφ)ϑi −

(
aφ(2) − k0φ+ biq

(1)

i − ciqi
)
ψ −K3t . (58)

that contains up to second derivative terms in φ.
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Propagation of perturbations in the
initial value along solutions of linear

ODEs: a componentwise relative error
analysis

Asma Farooq and Stefano Maset

Abstract. This paper addresses how a perturbation in the initial value
propagates along the solution of an n-dimensional linear ordinary dif-
ferential equation, by considering the relative errors in the components
of the solution. We are particularly interested in the long-time behavior
of this propagation.
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1. Introduction

Consider the n-dimensional linear Ordinary Differential Equation (ODE){
y′(t) = Ay(t), t ≥ 0,

y(0) = y0,
(1)

where A ∈ Rn×n and y(t), y0 ∈ Rn. Suppose that the initial value y0 is per-
turbed to ỹ0 and, as a consequence, the solution y is perturbed to ỹ. In this
paper, we are interested in the componentwise relative errors of ỹ with respect
to y. In particular, we are interested in studying how in the long-time the
perturbation in y0 propagates componentwise along y. In other words, for
l = 1, . . . , n, we study the (relative) conditioning of the problem

y0 7→ yl(t) = eTl e
tAy0, (2)

where eTl is the l-th vector of the canonical basis of Rn, with emphasis on the
asymptotic behavior as t → +∞.

The conditioning of the problem A 7→ etA has been widely studied in lit-
erature: see [9], [8], [10], [12], [1], [14], and [5]. Less attention has received
the conditioning of the action of the matrix exponential etA on a vector. The
conditioning of the problem (A, y0) 7→ etAy0 was considered in [2] and [4], but
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these papers were interested in computational aspects. A qualitative analysis
of the conditioning of the problem y0 7→ etAy0, for A normal, was accomplished
in [11], where it was studied how this conditioning depends on t.

The present paper provides a qualitative analysis of the conditioning of the
problem (2).

2. The condition numbers

Suppose that the initial value y0 ̸= 0 of the ODE (1) is perturbed to ỹ0. Due
to this perturbation, the solution y(t) = etAy0, t ≥ 0, of (1) is perturbed to
ỹ(t) = etAỹ0, t ≥ 0. Let

ε =
∥ỹ0 − y0∥

∥y0∥
,

be the normwise relative error on y0, where ∥ · ∥ is a norm on Rn. For l =
1, . . . , n, let

δl(t) =
|ỹl(t)− yl(t)|

|yl(t)|
, t ≥ 0,

be the relative error on the l-th component of y. We study how the error δl(t)
is related to the error ε.

Remark 2.1.

1. Since y0 ̸= 0, the error ε is well-defined. On the other hand, it could
happen to have yl(t1) = 0 for some t1 ≥ 0. In this case, we could consider
δl(t1) not defined, or equal to +∞ and indeterminate for ỹl(t1) ̸= 0 and
ỹl(t1) = 0, respectively. However, we are not interested to δl(t) for t = t1,
because when yl(t) becomes zero the absolute error is more important
than the relative error.

2. The normwise relative error ε on y0 and the componentwise relative errors
on y0 are related, as well as the normwise relative error on y and the
componentwise relative errors δl(t), l = 1, . . . , n, on y. In fact, if ∥ · ∥ is
a p-norm, then

ε ≤ max
l=1,...,n

|ỹ0l − y0l|
|y0l|

and
∥ỹ(t)− y(t)∥

∥y(t)∥
≤ max

l=1,...,n
δl(t), t ≥ 0.

By writing the perturbation in y0 as ỹ0 = y0 + ε ∥y0∥ ẑ0, where ẑ0 ∈ Rn is
a unit vector, i.e. ∥ẑ0∥ = 1, we obtain, for l = 1, . . . , n,

δl(t) = Kl(t, A, y0, ẑ0)ε, t ≥ 0, (3)

where

Kl(t, A, y0, ẑ0) =
|eTl etAẑ0|
|eTl etAŷ0|

(4)
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with ŷ0 = y0

∥y0∥ . We defineKl(t, A, y0, ẑ0) as the condition number with direction

of perturbation ẑ0 of the problem (2). The formula (3) is of theoretical interest.
From a practical point of view, when there is no information about the direction
of perturbation, we can write

δl(t) ≤ Kl(t, A, y0)ε, t ≥ 0,

where

Kl (t, A, y0) := sup
ẑ0∈Rn

∥ẑ0∥=1

Kl (t, A, y0, ẑ0) =

∥∥eTl etA∥∥
|eTl etAŷ0|

, (5)

with
∥∥eTl etA∥∥ the matrix norm of the row vector eTl e

tA relevant to the vector
norm ∥ · ∥. We define Kl (t, A, y0) as the condition number of the problem (2)
(see [3] for the definition of the condition number of a general problem).

In the next section, we analyze the conditions numbers (4) and (5) by
assuming that A is diagonalizable. This is a generic situation for the matrix A.
Here and in the following, a generic situation for A, or y0 or ẑ0, means that A
satisfies a property which is generic according to the measure theory definition
(the complementary property corresponds to a zero measure subset) or the
topological definition (the property corresponds to a dense open subset) given
for example in [7]. Roughly speaking, a generic situation considers “typical”,
not “exceptional”, cases.

3. Analysis of the condition numbers

Let A be diagonalizable. We partition the spectrum Λ = {λ1, . . . , λp} of A,
where λ1, . . . , λp are the distinct complex eigenvalues of A, by decreasing real
parts into the subsets

Λj := {λij−1+1, λij−1+2, . . . , λij}, j = 1, . . . , q,

where

Re(λij−1+1) = Re(λij−1+2) = · · · = Re(λij ) = rj

with r1 > r2 > · · · > rq.
For i = 1, . . . , p, let v(i,1), . . . , v(i,νi) be a basis for the eigenspace of the

eigenvalue λi, where νi is the multiplicity of λi. Let V ∈ Cn×n be the matrix
of columns

v(1,1), . . . , v(1,ν1), . . . , v(p,1), . . . , v(p,νp)

and let W = V −1. We denote the rows of W by

w(1,1), . . . , w(1,ν1), . . . , w(p,1), . . . , w(p,νp),
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correspondly to the columns of V . Observe that the transposed of such rows
are eigenvectors of AT .

For i = 1, . . . , p, the projection Pi ∈ Cn×n on the eigenspace of λi is given
by

Pi = V (i)W (i), (6)

where V (i) ∈ Cn×νi is the matrix of columns v(i,1), . . . , v(i,νi) and W (i) ∈ Cνi×n

is the matrix of rows w(i,1), . . . , w(i,νi).
Finally, for i = 1, . . . , p, let ωi be the imaginary part of the eigenvalue λi.

The next theorem gives expressions for the condition numbersKl(t, A, y0, ẑ0)
and Kl(t, A, y0), l = 1, . . . , p. Here and in the following,

√
−1 denotes the imag-

inary unit.

Theorem 3.1. Assume A diagonalizable. We have

Kl(t, A, y0, ẑ0) =

∣∣∣∣∣ q∑
j=1

e(rj−r1)t
∑

λi∈Λj

e
√
−1ωiteTl Piẑ0

∣∣∣∣∣∣∣∣∣∣ q∑
j=1

e(rj−r1)t
∑

λi∈Λj

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣
, (7)

Kl(t, A, y0) =

∥∥∥∥∥ q∑
j=1

e(rj−r1)t
∑

λi∈Λj

e
√
−1ωiteTl Pi

∥∥∥∥∥∣∣∣∣∣ q∑
j=1

e(rj−r1)t
∑

λi∈Λj

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣
. (8)

Proof. Since A is diagonalizable, we have

etA =
∑
λi∈Λ

eλitPi =

q∑
j=1

erjt
∑

λi∈Λj

e
√
−1ωitPi

and then we obtain

Kl(t, A, y0, ẑ0) =

∣∣∣∣∣ q∑
j=1

erjt
∑

λi∈Λj

e
√
−1ωiteTl Piẑ0

∣∣∣∣∣∣∣∣∣∣ q∑
j=1

erjt
∑

λi∈Λj

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣
=

∣∣∣∣∣ q∑
j=1

e(rj−r1)t
∑

λi∈Λj

e
√
−1ωiteTl Piẑ0

∣∣∣∣∣∣∣∣∣∣ q∑
j=1

e(rj−r1)t
∑

λi∈Λj

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣
.
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Similarly, we obtain (8).

Remark 3.2.

1. In (7) and (8) all the exponentials e(rj−r1)t, j = 2, . . . , q, have rj−r1 < 0.

2. For a pair of complex conjugate eigenvalues λi and λk = λi, we obtain
(since Pk = Pi)

e
√
−1ωiteTl Pi + e

√
−1ωkteTl Pk = e

√
−1ωiteTl Pi + e

√
−1ωiteTl Pi

= 2Re
(
e
√
−1ωiteTl Pi

)
.

Then, in (7) and (8) we have, for j = 1, . . . , q and λi ∈ Λj ,∑
λi∈Λj

e
√
−1ωiteTl Pi =

∑
λi∈Λj

λi∈R

eTl Pi + 2
∑

λi∈Λj

ωi>0

Re
(
e
√
−1ωiteTl Pi

)
.

3.1. Asymptotic behaviour

The next theorem describes the asymptotic behavior, as t → +∞, of the condi-
tion numbers Kl(t, A, y0, ẑ0) and Kl(t, A, y0), l = 1, . . . , p. We use the notation

f(t) ∼ g(t), t → +∞, for lim
t→+∞

f(t)

g(t)
= 1.

Theorem 3.3. Assume A diagonalizable. We have

Kl(t, A, y0, ẑ0) ∼ e(rj∗∗−rj∗)t

∣∣∣∣∣ ∑
λi∈Λj∗∗

e
√
−1ωiteTl Piẑ0

∣∣∣∣∣∣∣∣∣∣ ∑
λi∈Λj∗

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣
, t → +∞, (9)

Kl(t, A, y0) ∼ e(rj∗−rj∗)t

∥∥∥∥∥ ∑
λi∈Λj∗

e
√
−1ωiteTl Pi

∥∥∥∥∥∣∣∣∣∣ ∑
λi∈Λj∗

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣
, t → +∞, (10)

where

j∗ := min
{
j ∈ {1, . . . , q} : eTl Piŷ0 ̸= 0 for some λi ∈ Λj

}
,

j∗∗ := min
{
j ∈ {1, . . . , q} : eTl Piẑ0 ̸= 0 for some λi ∈ Λj

}
,

j
∗
:= min

{
j ∈ {1, . . . , q} : eTl Pi ̸= 0 for some λi ∈ Λj

}
.
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Proof. For the numerator or denominator in (7) we have, with u = ẑ0 and
j(u) = j∗∗ or u = ŷ0 and j(u) = j∗,∣∣∣∣∣∣

q∑
j=1

e(rj−r1)t
∑

λi∈Λj

e
√
−1ωiteTl Piu

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

λi∈Λj(u)

e(rj(u)−r1)te
√
−1ωiteTl Piu

∣∣∣∣∣∣ (1 + E)

with

|E| ≤

∣∣∣∣∣ q∑
j=j(u)+1

e(rj−r1)t
∑

λi∈Λj

e
√
−1ωiteTl Piu

∣∣∣∣∣∣∣∣∣∣e(rj(u)−r1)t ∑
λi∈Λj(u)

e
√
−1ωiteTl Piu

∣∣∣∣∣
=

∣∣∣∣∣ q∑
j=j(u)+1

e(rj−rj(u))t ∑
λi∈Λj

e
√
−1ωiteTl Piu

∣∣∣∣∣∣∣∣∣∣ ∑
λi∈Λj(u)

e
√
−1ωiteTl Piu

∣∣∣∣∣
.

Now, by letting t → +∞ (see point 1 in Remark 3.4 below), we obtain (9).
Similarly, we obtain (10).

Remark 3.4.

1. In (9) we assume there exists σ > 0 such that

Aσ =

t ≥ 0 :

∣∣∣∣∣∣
∑

λi∈Λj∗∗

e
√
−1ωiteTl Piẑ0

∣∣∣∣∣∣ ≥ σ

and

∣∣∣∣∣∣
∑

λi∈Λj∗

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣∣ ≥ σ

 (11)

has +∞ as an accumulation point. In (9), we consider t → +∞ with
t ∈ Aσ. Analogously, in (10) we assume there exists σ > 0 such that

Bσ =

t ≥ 0 :

∣∣∣∣∣∣
∑

λi∈Λj∗

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣∣ ≥ σ

 (12)

has +∞ as an accumulation point. In (10), we consider t → +∞ with
t ∈ Bσ.
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2. We have j
∗ ≤ j∗ and then rj∗ − rj∗ ≥ 0 in the exponential e(rj∗−rj∗)t in

(10).

3. A generic situation for A, y0 and ẑ0 is j∗ = j∗∗ = j
∗
= 1, where we have,

as t → +∞,

Kl(t, A, y0, z0) ∼

∣∣∣∣∣ ∑
λi∈Λ1

e
√
−1ωiteTl Piẑ0

∣∣∣∣∣∣∣∣∣∣ ∑
λi∈Λ1

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣
,

Kl(t, A, y0) ∼

∥∥∥∥∥ ∑
λi∈Λ1

e
√
−1ωiteTl Pi

∥∥∥∥∥∣∣∣∣∣ ∑
λi∈Λ1

e
√
−1ωiteTl Piŷ0

∣∣∣∣∣
.

The next theorem considers the generic situation for A, y0 and ẑ0 described
in point 3 in the previous remark, namely j∗ = j∗∗ = j

∗
= 1.

Theorem 3.5. Suppose that A is diagonalizable and it has a unique real eigen-
value λ1 of multiplicity one, or a unique pair λ1 and λ2 = λ1 of complex
conjugate eigenvalues of multiplicity one, as rightmost eigenvalues. Let v be an
eigenvector of λ1 and let w be the first row of W = V −1, V being the matrix of
the eigenvectors with v as first column (see page 3). Let l = 1, . . . , n such that
vl ̸= 0. If wŷ0 ̸= 0 and wẑ0 ̸= 0, then, as t → +∞,

Kl(t, A, y0, ẑ0) →
|wẑ0|
|wŷ0|

, Kl(t, A, y0) →
∥w∥
|wŷ0|

(13)

when the rightmost eigenvalue is the real eigenvalue and

Kl(t, A, y0, ẑ0) ∼

∣∣∣Re(e√−1ω1tvlw
)
ẑ0

∣∣∣∣∣Re (e√−1ω1tvlw
)
ŷ0
∣∣ , (14)

Kl(t, A, y0) ∼

∥∥∥Re(e√−1ω1tvlw
)∥∥∥∣∣Re (e√−1ω1tvlw

)
ŷ0
∣∣ (15)

when the rightmost eigenvalues are the complex conjugate pair.

Proof. We have (see (6)) P1 = vw and then eTl P1 = vlw ̸= 0, eTl P1ŷ0 = vlwŷ0 ̸=
0 and eTl P1ẑ0 = vlwẑ0 ̸= 0. So j∗ = j∗∗ = j

∗
= 1 and then (see point 3 in
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Remark 3.4), as t → +∞,

Kl(t, A, y0, z0) ∼
∣∣eTl P1ẑ0

∣∣∣∣eTl P1ŷ0
∣∣ = |wẑ0|

|wŷ0|
,

Kl(t, A, y0) ∼
∥∥eTl P1

∥∥∣∣eTl P1ŷ0
∣∣ = ∥w∥

|wŷ0|

when the rightmost eigenvalue is the real eigenvalue and

Kl(t, A, y0, z0) ∼

∣∣∣(e√−1ω1teTl P1 + e
√
−1ω2teTl P2

)
ẑ0

∣∣∣∣∣(e√−1ω1teTl P1 + e
√
−1ω2teTl P2

)
ŷ0
∣∣

=

∣∣∣Re(e√−1ω1tvlw
)
ẑ0

∣∣∣∣∣Re (e√−1ω1tvlw
)
ŷ0
∣∣ ,

Kl(t, A, y0) ∼

∥∥∥e√−1ω1teTl P1 + e
√
−1ω2teTl P2

∥∥∥∣∣(e√−1ω1teTl P1 + e
√
−1ω2teTl P2

)
ŷ0
∣∣

=

∥∥∥Re(e√−1ω1tvlw
)∥∥∥∣∣Re (e√−1ω1tvlw

)
ŷ0
∣∣

when the rightmost eigenvalues are the complex conjugate pair (recall point 2
in Remark 3.2).

Remark 3.6.

1. The assumption that A is diagonalizable and it has a unique real eigen-
value of multiplicity one, or a unique pair of complex conjugate eigenval-
ues of multiplicity one, as rightmost eigenvalues is a generic situation for
A. Moreover, also vl ̸= 0 for any l = 1, . . . , n is a generic situation for A.
Finally, wŷ0 ̸= 0 and wẑ0 ̸= 0 are generic situations for y0 and ẑ0.

2. When the rightmost eigenvalue is the real eigenvalue, there exists σ > 0
such that Aσ = R+ and there exists σ > 0 such that Bσ = R+ (remind
(11) and (12)) . So in (13) we can consider t → +∞ without restrictions
on t. Moreover, observe that the limits in (13) are independent of l
(independent of the particular component).

3. In (14) and (15), by setting

vl = |vl|e
√
−1αl , ŵ =

w

∥w∥
=

(
|ŵk| e

√
−1βk

)
k=1,...,n
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(observe that ŵ is a unit vector and, if ∥ · ∥ is a p-norm, |ŵk| ≤ 1,
k = 1, . . . , n) and

ŵŷ0 = |ŵŷ0| e
√
−1γ(ŷ0), ŵẑ0 = |ŵẑ0|e

√
−1γ(ẑ0),

we can write∣∣∣Re(e√−1ω1tvlw
)
ẑ0

∣∣∣∣∣Re (e√−1ω1tvlw
)
ŷ0
∣∣ =

|cos (ω1t+ αl + γ (ẑ0))|
|cos (ω1t+ αl + γ (ŷ0))|

· |ŵẑ0|
|ŵŷ0|

,

and∥∥∥Re(e√−1ω1tvlw
)∥∥∥∣∣Re (e√−1ω1tvlw

)
ŷ0
∣∣ =

∥∥∥(|ŵk| cos (ω1t+ αl + βk))k=1,...,n

∥∥∥
|cos (ω1t+ αl + γ (ẑ0))|

· 1

|ŵŷ0|
,

So, the long-time oscillations of Kl(t, A, y0, ẑ0) and Kl(t, A, y0) are scaled

by the factors |ŵẑ0|
|ŵŷ0| =

|wẑ0|
|wŷ0| and

1
|ŵŷ0| =

∥w∥
|wŷ0| , respectively, independent

of l (independent of the particular component). Moreover, observe that

Aσ = {t ≥ 0 : | cos (ω1t+ αl + γ (ẑ0)) | · |vl| · |wẑ0| ≥ σ

and | cos (ω1t+ αl + γ (ŷ0)) | · |vl| · |wŷ0| ≥ σ}

and
Bσ = {t ≥ 0 : | cos (ω1t+ αl + γ (ŷ0)) | · |vl| · |wŷ0| ≥ σ}

Thus, there exists σ > 0 such that Aσ and Bσ are countable unions of
intervals (whose lengths are uniformly away from zero) with +∞ as an
accumulation point.

4. Examples

We show two examples with the matrix A in (1) taken from the MATLAB
gallery test. We use the euclidean norm ∥ · ∥ = ∥ · ∥2 for measuring the
relative error of the perturbation of y0.

In the first example, we consider A = gallery(′lesp′, n) with dimension n =
10. The matrix has ten real eigenvalues: the rightmost is −4.5491. In Figures
1 and 2, for two different initial values y0, the graphs of t 7→ Kl(t, A, y0) =
∥eTl etA∥
|eTl etAŷ0|

(blue line), l = 1, 2, 3, 4, are plotted along with the constant value ∥w∥
|wŷ0|

(red line). Just for a comparison, in Figure 3 we see the graph of t 7→
∥∥eTl etA∥∥,

where
∥∥eTl etA∥∥ is the worst magnification factor of the absolute error at the

time t.
In the second example, we consider as A = −gallery(′parter′, n) with di-

mension n = 10. The matrix has five complex conjugate pairs of eigenvalues:

47



(10 of 14) A. FAROOQ AND S. MASET

Figure 1: Kl(t, A, y0) (blue line), l = 1, 2, 3, 4, along with the constant value
∥w∥
|wŷ0| = 1.0143 (red line) for y0 = (1, . . . , 1). The abscissas are the times

t ∈ [0, 3].

the rightmost pair is −0.9066 ±
√
−1 · 2.7709. In Figures 4 and 5, for two

different initial values y0, we see the graphs of t 7→ Kl(t, A, y0) (blue line),

l = 1, 2, 3, 4, along with the graph of t 7→
∥∥∥Re

(
e
√

−1ω1tvlw
)∥∥∥

|Re(e
√

−1ω1tvlw)ŷ0| (red line) and the

constant value ∥w∥
|wŷ0| (yellow line). In Figure 6, we see the graph of t 7→

∥∥eTl etA∥∥
for the absolute error.

In both examples, the asymptotic behavior described in Theorem 3.5 is
confirmed. Observe that the peaks of Kl(t, A, y0) not shown in Figures 2 and
4 are not of interest, because the components of the solution become zero at
the peaks and the important error becomes the absolute error (recall point 1 in
Remark 2.1). As remarked in point 3 of Remark 3.6, the quantity of interest in

Figures 2 and 4 is the scale factor ∥w∥
|wŷ0| of the oscillations (the constant yellow

line).

5. Conclusions

In this paper we have studied the propagation of a perturbation in the initial
value along the solution of a linear ODE. A normwise relative error is used for
the perturbed initial value and componentwise relative errors are used for the
perturbed solution.
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Figure 2: Kl(t, A, y0) (blue line), for l = 1, 2, 3, 4, along with the constant

value ∥w∥
|wŷ0| = 49.3891 (red line) for y0 = ((−1.2)l)l=1,...,10. The abscissas are

the times t ∈ [0, 4].

Figure 3:
∥∥eTl etA∥∥ (blue line) for l = 1, 2, 3, 4. The abscissas are the times

t ∈ [0, 4].
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Figure 4: Kl(t, A, y0) (blue line) for l = 1, 2, 3, 4, along with

∥∥∥Re
(
e
√

−1ω1tvlw
)∥∥∥

|Re(e
√

−1ω1tvlw)ŷ0|
(red line) and the constant value ∥w∥

|wŷ0| = 2.9509 (yellow line) for y0 = (1, . . . , 1).

The abscissas are the times t ∈ [0, 8].

Figure 5: Kl(t, A, y0) (blue line), for l = 1, 2, 3, 4, along with

∥∥∥Re
(
e
√

−1ω1tvlw
)∥∥∥

|Re(e
√

−1ω1tvlw)ŷ0|
(red line) and the constant value ∥w∥

|wŷ0| = 18.4079 (yellow line) for y0 =

(0.9,−1.4, 0.2, 0.2,−0.2, 0.9,−0.4,−0.8, 0.3, 0.5). The abscissas are the times
t ∈ [0, 8].
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Figure 6:
∥∥eTl etA∥∥ (blue line) for l = 1, 2, 3, 4. The abscissas are the times

t ∈ [0, 8].

The main result of the paper says that in the generic situation of a linear
ODE with a diagonalizable matrix having a real eigenvalue of multiplicity one,
or a complex conjugate pair of eigenvalues of multiplicity one, as rightmost
eigenvalues, the error in the initial value is magnified in the components of the

solution, in the worst case, by the factor ∥w∥ ∥y0∥
|wy0| over a long-time, where y0 is

the initial value and w is the first row of the inverse of the eigenvectors matrix
(i.e. wT is an eigenvector of AT relevant to the rightmost real eigenvalue or to
the rightmost complex conjugate pair). The magnification factor is the same
for all the components.
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1. Introduction

The mapping property of the fractional integral operators on Lebesgue spaces
is one of the important topics in harmonic analysis, theory of function spaces
and partial differential equations. It is related to the embedding properties
of Sobolev spaces and homogeneous Sobolev spaces [25]. It is also a major
component in fractional calculus [37]. Furthermore, it is used to establish the
restriction theorem of Fourier transform [41, Chapter VIII, Section 4].

The study of the fractional integral operators (Riesz potential) was ini-
tialized by Riesz in [36]. The mapping properties of the fractional integral
operators were extended to Morrey spaces by Spanne (result published in [35])
and Adams [1]. They show that the fractional integral operator Iα is bounded
from Mp

r to Mq
r when 0 < p < n

α and 0 ≤ r < n satisfy 1
p −

1
q = α

n for the

Spanne’s result and 1
p −

1
q = α

n−r for the Adams’s result. Notice that for both
results of Spanne and Adams, they require p < q.

The mapping properties of the fractional integral operators on Morrey
spaces provide some estimates and inequalities for the studies of partial dif-
ferential equation [17, 30, 34].

Recently, the mapping properties of the fractional integral operators have
been extended to a number of Morrey type spaces such as the generalized Mor-
rey spaces [9, 20, 31], the Orlicz-Morrey spaces [33, 38], the Morrey spaces with
variable exponent [3, 10, 12, 14, 15, 28, 29, 27], the weak Morrey spaces [19]
and local Morrey spaces [5, 4, 11, 18]. Roughly speaking, the above mentioned
results are generalizations of the Spanne and the Adams results in different set-
tings. For instance, for those results on Morrey spaces with variable exponent

M
p(·)
u in [12], we find that Iα : M

p(·)
u → M

q(·)
u is bounded when p(·) and q(·)
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satisfy 1
p(·) −

1
q(·) = α

n and some other conditions. Therefore, we see that we

also have p(·) ≤ q(·).
To obtain a complete description on the mapping properties of the fractional

integral operators on Morrey spaces, it is natural to investigate the mapping
properties for Iα acting from Mp

r to Mq
r when 0 < q ≤ p < n

α .
From the study of the fractional integral operator on Lebesgue spaces, we

find that 1
p−

α
n = 1

q is a necessary condition for the boundedness of Iα : Lp → Lq

[40, Chapter V, Section 1.2]. Hence, the condition p < q is also a necessary
condition.

On the other hand, when we consider Lebesgue space defined on general
Borel measure instead of Lebesgue measure, we have positive results.

The results for the mapping properties of Iα with Lebesgue spaces on
Borel measure as the target function space [25, Section 8] give us direction
for the study on Morrey spaces. In [25], we see that for the case q ≤ p on
Lebesgue spaces, we have positive results when we consider Iα as a mapping
from Lebesgue space to Lebesgue space on a Borel measure when this Borel
measure satisfies some conditions involving capacity.

Therefore, the main theme of this paper is to extend this result to Morrey
spaces. Roughly speaking, when the Borel measure satisfies the requirements
for the boundedness properties of Iα on Lebesgue spaces, then Iα is also a
bounded operator from the Morrey spaces to the Morrey space built on the
given Borel measure. As applications of our main results, we have the Poincaré
and the Sobolev inequalities on Borel-Morrey spaces.

This paper is organized as follows. Some definitions and the mapping prop-
erties for the fractional integral operators on Lebesgue spaces for the case q ≤ p
are presented in Section 2. The boundedness properties for the fractional in-
tegral operators from Morrey spaces to Borel-Morrey spaces are established in
Section 3.

2. Fractional integral operator on Lebesgue spaces

This section aims to present the mapping properties of the fractional integral
operators from Lebesgue spaces Lp to Lebesgue spaces on Borel measure Lq(µ)
with q ≤ p.

For any x ∈ Rn and r > 0, write B(x, r) = {y : |y − x| < r}. Define
B = {B(x, r) : x ∈ Rn, r > 0}.

For any positive locally finite Borel measure ω on Rn and E being a ω
measurable set, we write ω(E) =

∫
E
dω. Let M(ω) be the collection of ω

measurable functions. For any 1 ≤ p <∞, define

Lp(ω) =

{
f ∈M(ω) : ‖f‖Lp(ω) =

(∫
Rn
|f(x)|pdω

)1/p

<∞

}
.
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When ω is the Lebesgue measure, for brevity, we writeM(ω) =M and Lp(ω) =
Lp.

For any 0 < α < n and Lebesgue measurable function f , the fractional
integral operator (Riesz potentials) Iα is defined as

Iαf(x) =

∫
Rn

f(y)

|x− y|n−α
dy.

Let 0 < α < n and ω be a locally finite Borel measure. We define

Iαω(x) =

∫
Rn

dω(y)

|x− y|n−α
.

As the condition that guarantees the mapping properties for the fractional
integral operator involves the notion of capacity, we recall the definition of
capacity from [25, Section 7.2.1].

Let 1 < p < ∞, α > 0 and ∆ be the Laplacian. The Riesz potential space
hαp consists of those Lebesgue measurable function g satisfying

‖g‖hαp = ‖(−∆)α/2g‖Lp <∞.

For any compact set E, the capacity associated with the Riesz potential
space hαp is defined as

capp,α(E) = inf
{
‖g‖phαp : g ∈ C∞0 , g ≥ 1 onE

}
.

Definition 2.1. Let 0 < α < n and 1 ≤ q < p < ∞. For any positive locally
finite Borel measure ω, we write ω ∈ Cp,q,α if there is a constant C > 0 such
that for any collection of open sets {Ek}k∈Z with Ēk+1 ⊂ Ek, k ∈ Z, we have

∞∑
k=−∞

(
ω(Ek)− ω(Ek+1)

capp,α(Ek)q/p

) p
p−q

< C.

A sufficient condition for ω ∈ Cp,q,α is given in [25, Section 8.4.3]. When
q = 1, [25, Section 8.4.4, Theorem 2] assures that ω ∈ Cp,1,α if ‖Tω‖Lp′ < ∞
where T is either the Riesz potential or the Bessel potential.

We now present the mapping properties for the fractional integral operator
on Lebesgue spaces for the case q < p.

Theorem 2.2. Let 0 < α < n, 1 ≤ q < p < n
α and ω be a positive locally finite

Borel measure on Rn. If ω ∈ Cp,q,α, then there exists a constant C > 0 such
that for any f ∈ Lp, we have

‖Iαf‖Lq(ω) ≤ C‖f‖Lp . (1)
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The above result is obtained by Maz’ja [25]. For the case p = q, we have
the following result [2] and [26, Section 11.5, Theorem 2].

Theorem 2.3. Let 0 < α < n, 1 < p < ∞ and ω be a positive locally finite
Borel measure on Rn. There exists a constant C1 > 0 such that for any f ∈ Lp,
we have

‖Iαf‖Lp(ω) ≤ C1‖f‖Lp (2)

if and only if there exists constant C0 > 0 such that

Iα((Iαω)p
′
)(x) ≤ C0Iαω(x), a.e. (3)

The reader is referred to [25, Sections 8.3 and 8.4.2] and [2] for the proofs
of Theorems 2.2 and 2.3, respectively. The result presented in [25, Sections
8.3 and 8.4.2] is in term of the embedding from the Riesz potential spaces to
Lebesgue spaces. In view of the definition of Riesz potential spaces, it is easy to
see that it is equivalent with the boundedness of the fractional integral operator
presented in (1).

The reader is referred to [13, 16, 24, 32] for the mapping properties of the
fractional integral operators on rearrangement-invariant quasi-Banach function
spaces, modular spaces, Herz spaces and some other function spaces appeared
in analysis.

The above theorem gives us the direction and foundation for the study
of the fractional integral operators on Morrey spaces with q < p in the next
section.

3. Main result

The main result of this paper is presented and established in this section. We
begin with the definitions of Morrey spaces.

Definition 3.1. Let 1 < p <∞ and ω be a positive locally finite Borel measure
on Rn. Let u : B → (0,∞). The Borel-Morrey space Mp

u(ω) consists of f ∈
M(ω) satisfying

‖f‖Mp
u(ω) = sup

B∈B

1

u(B)
‖χBf‖Lp(ω) <∞.

In particular, the Morrey space Mp
u consists of all f ∈M satisfying

‖f‖Mp
u

= sup
B∈B

1

u(B)
‖χBf‖Lp <∞.

When 1 ≤ p ≤ r <∞ and u(B) = |B|
1
p−

1
r , Mp

u reduces to the classical Morrey
space introduced by Morrey in [30]. Furthermore, the family of Morrey spaces
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defined in Definition 3.1 also covers the generalized Morrey spaces studied
in [31].

The main result of this paper is presented in the following theorems.

Theorem 3.2. Let 0 < α < n, 1 ≤ q < p < n
α , ω be a positive locally finite

Borel measure on Rn and u : B → (0,∞). If ω ∈ Cp,q,α and there is a constant
C > 0 such that for any x ∈ Rn and r > 0, u satisfies

u(B(x, 2r)) ≤ Cu(B(x, r)) , (4)
∞∑
j=0

(
ω(B(x, r))

ω(B(x, 2j+1r))

)1/q

u(B(x, 2j+1r)) ≤ Cu(B(x, r)), (5)

then there exists a constant K > 0 such that for any f ∈Mp
u , we have

‖Iαf‖Mq
u(ω) ≤ K‖f‖Mp

u
.

We give an example for Theorem 3.2. Since p < n
α , we have α

n + 1
p′ < 1.

Thus (αn + 1
p′ , 1) 6= ∅.

Let ε ∈ (αn + 1
p′ , 1), θ = ε

α
n+ 1

p′
. We have θ > 1 and ε

θ −
1
p′ = α

n . Let

f ∈ Lθ(Rn). Define g = (Mf)ε where M is the Hardy-Littlewood maximal
function on Rn. In view of [8, Theorem 6.1.3], we have

‖Iαg‖Lp′ ≤ C‖g‖Lθ/ε = C‖(Mf)ε‖Lθ/ε = C‖Mf‖εLθ ≤ C‖f‖
ε
Lθ <∞ ,

where we use the boundedness of the Hardy-Littlewood maximal function on
Lθ because θ > 1. Let dω = gdx. According to [25, Section 8.4.4, Theorem 2],
we have ω ∈ Cp,1,α.

In view of [8, Theorem 9.2.8], ω ∈ A1 where A1 is the Muckenhoupt class
of weight functions. For simplicity, we refer the reader to [8, Chapter 9] for the
definition and properties of the Muckenhoupt class of weight functions.

According to [8, (9.3.3) and Theorem 9.3.3 (d)], we have a ε0 > 0 such that
for any r > 0, j ∈ N and x ∈ Rn,

ω(B(x, r))

ω(B(x, 2jr))
≤ C22−jnε0 (6)

for some C2 > 0.
Let s ∈ [0, 1) and u(B) = ω(B)s, B ∈ B. By using (6), we have

∞∑
j=0

ω(B(x, r))

ω(B(x, 2j+1r))

u(B(x, 2j+1r))

u(B(x, r))
=

∞∑
j=0

(
ω(B(x, r))

ω(B(x, 2j+1r))

)1−s

< C

for some C > 0. Thus, (5) is fulfilled for u and ω.
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In view of [8, Proposition 9.1.5 (9)], we have

u(B(x, 2r)) = ω(B(x, 2r))s ≤ Cω(B(x, r))s = Cu(B(x, r)).

Therefore, (4) is satisfied for u.
Theorem 3.2 gives the mapping properties of Iα from Morrey spaces to

Borel-Morrey spaces for the case q < p. The subsequent result gives the corre-
sponding result for the case p = q.

Theorem 3.3. Let 0 < α < n, 1 < p < n
α , ω be a positive locally finite Borel

measure on Rn and u : B → (0,∞). If ω satisfies (3) and there is a constant
C > 0 such that for any x ∈ Rn and r > 0, u satisfies

u(B(x, 2r)) ≤ Cu(B(x, r)) , (7)
∞∑
j=0

(
ω(B(x, r))

ω(B(x, 2j+1r))

)1/p

u(B(x, 2j+1r)) ≤ Cu(B(x, r)), (8)

then there exists a constant C0 > 0 such that for any f ∈Mp
u , we have

‖Iαf‖Mp
u(ω) ≤ C0‖f‖Mp

u
.

Since the proof for Theorem 3.3 follows from the proof of Theorem 3.2, for
brevity, we just present the proof for Theorem 3.2 in the following.

Let v ∈ A∞ where A∞ is the Muckenhoupt class of weight functions. For
any Lebesgue measurable set E, we write v(E) =

∫
E
v(x)dx. In view of [39,

Theorem 2], we find that (2) holds, if there exists a constant C1 > 0 such that
for any B ∈ B

|B|
α
n−

1
p

(∫
B

v(x)dx

)1/p

< C1.

Notice that the conditions given in [39] are presented in terms of cubes while
it is easy to see that the conditions for cubes and conditions for balls are
equivalent. Moreover, [39, Theorem 2] assumes that v belongs to Aβ∞ which
includes A∞ as a special case, see [39, p.817-818].

According to Theorem 2.3, the measure vdx satisfies (3).
In particular, as v ∈ A∞, when 0 < s < 1/p and u(B) = (v(B))s, B ∈ B,

[8, Theorem 9.3.3 (d)] guarantees that (8) is fulfilled with dω = vdx and [8,
Proposition 9.1.5 (9)] shows that (7) is also fulfilled.

Conditions that similar to (5) had been used in [12, 15, 17] for the mapping
properties of the fractional integral operators on some Morrey type spaces.

We now present some applications of Theorems 3.2 and 3.3.
We start with the Poincaré inequality. Let n > 1. For any D ∈ B, if∫

D
f(x)dx = 0 or suppf ⊂ D, then

|f(x)| ≤ CI1(χD|∇f |) = C

∫
D

|∇f(y)|
|x− y|n−1

dy, ∀x ∈ D, (9)
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see [7, (4.3.4) and (4.3.5)].
The above inequality and our main results yield the Poincaré inequality on

the Borel-Morrey spaces.

Theorem 3.4 (The Poincaré inequality). Let n > 1, 1 < q ≤ p < ∞, ω be a
positive locally finite Borel measure on Rn and u : B → (0,∞). If

1. ω ∈ Cp,q,1 and u satisfies (4)-(5) when q < p,

2. ω satisfies (3) with α = 1 and u satisfies (7)-(8) when q = p,

then, for any D ∈ B and for any once continuously differentiable function f , if
either

∫
D
f(x)dx = 0 or suppf ⊂ D, we have

sup
B∈B

1

u(B)

(∫
D∩B

|f(x)|qdω
)1/q

≤ C sup
B∈B

1

u(B)

(∫
B

|∇f(x)|pdx
)1/p

for some C > 0.

For the studies and the use of Poincaré inequality on function spaces, the
reader is referred to [7].

We also have the Sobolev inequality for the Borel-Morrey spaces. Let n > 2
and ∆ denote the Laplacian. Since f = I2(∆f), Theorems 3.2 and 3.3 give the
following Sobolev inequality on the Borel-Morrey spaces.

Theorem 3.5 (The Sobolev inequality). Let n > 2, 1 < q ≤ p < ∞, ω be a
positive locally finite Borel measure on Rn and u : B → (0,∞). If

1. ω ∈ Cp,q,2 and u satisfies (4)-(5) when q < p,

2. ω satisfies (3) with α = 2 and u satisfies (7)-(8) when q = p,

then, for any D ∈ B and for any twice continuously differentiable function f
with suppf ⊆ D, we have

sup
B∈B

1

u(B)

(∫
B∩D

|f(x)|qdω
)1/q

≤ C sup
B∈B

1

u(B)

(∫
B

|∆f(x)|pdx
)1/p

for some C > 0.

The reader is referred to [17] for more results on the Poincaré and the
Sobolev inequalities on Morrey spaces. We now correct two typos in [17]. The
conditions [17, (4.2) and (5.3)] should be

sup
B∈B

1

|B|1−αpn

∫
B

u(y)dy
( 1

|B|

∫
B

v1−p
′
(y)dy

)p−1
<∞

with (v, u) ∈ Fp,p,α and 1

|B|1−
2
n

∫
B
v(y)dy < C, respectively.
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We now going to prove our main results. We need some estimates from the
fractional maximal operator to prove our main result. For any 0 < α < n and
locally integrable function f , the fractional maximal operator is defined as

Mαf(x) = sup
x3B

1

|B|1−αn

∫
B

|f(y)|dy ,

where the supremum is taken over all B ∈ B containing x.
It is well known that for any locally integrable function, we have

Mα(f) ≤ CIα(|f |) (10)

for some C > 0 independent of f and x ∈ Rn. For the proof of (10), the reader
is referred to [23, (3.2.3)-(3.2.4)].

Lemma 3.6. Let 0 < α < n, 1 ≤ q ≤ p < n
α and ω be a positive locally finite

Borel measure on Rn. If Iα : Lp → Lq(ω) is bounded, then there is a constant
C > 0 such that for any B ∈ B

ω(B)
1
q ≤ C|B|

1
p−

α
n . (11)

Proof. For any B ∈ B and locally integrable function g, define

Pα,Bg(x) = χB(x)
1

|B|1−αn

∫
B

g(y)dy.

According to the definition of Mα, there is a constant C > 0 such that

|Pα,Bg(x)| ≤ CMαg(x).

Consequently,
|Pα,Bg(x)| ≤ CMαg(x) ≤ CIα(|g|)(x) .

Since ω ∈ Cp,q,α, Theorem 2.2 assures that Iα : Lp → Lq(ω) is bounded.
Therefore,

‖Pα,Bg‖Lq(ω) ≤ C‖g‖Lp .
Consequently, for any g ∈ Lp with ‖g‖Lp ≤ 1, we have

ω(B)1/q
1

|B|1−αn

∣∣∣∣∫
B

g(y)dy

∣∣∣∣ = ‖Pα,Bg‖Lq(ω) ≤ C‖g‖Lp ≤ C.

That is, ∣∣∣∣∫
B

g(y)dy

∣∣∣∣ ≤ C |B|1−αnω(B)1/q
.

By taking supremum over g ∈ Lp with ‖g‖Lp ≤ 1, the definition of associate
space yields

|B|1/p
′

= ‖χB‖Lp′ ≤ C
|B|1−αn
ω(B)1/q

.

Hence, we have ω(B)1/q ≤ C|B|
1
p−

α
n .
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When ω is the Lebesgue measure, (11) is valid if and only if 1
q = 1

p−
α
n . This

gives p < q which reassures that the Morrey spaces defined on the Lebesgue
measure cannot be used to study the case q ≤ p.

The preceding lemma is crucial for the proof of our main result. Moreover,
it also has its own independent interest. It gives a necessary condition for the
boundedness of the fractional integral operator Iα and the fractional maximal
operator Mα. The reader may consult [44] for more necessary or sufficient
conditions on the boundedness of the fractional maximal operators.

We are now ready to prove Theorem 3.2.

Proof of Theorem 3.2. Let f ∈ Mp
u . For any y ∈ Rn and r > 0, define f0 =

χB(y,2r)f and fj = χB(y,2j+1r)\B(y,2jr)f , j ∈ N\{0}. Thus, we have f =∑∞
j=0 fj .
Theorem 2.2 guarantees that

‖χB(y,r)Iαf0‖Lq(ω) ≤ C‖f0‖Lp = C‖fχB(y,2r)‖Lp . (12)

Consequently, (4) and (12) gives

1

u(y, r)
‖χB(y,r)Iαf0‖Lq(ω) ≤ C

1

u(y, r)
‖fχB(y,2r)‖Lp

≤ C 1

u(y, 2r)
‖fχB(y,2r)‖Lp ≤ C‖f‖Mp

u
. (13)

We consider Iαfj for j ≥ 1. For any x ∈ B(y, r), we have

|Iαfj(x)| ≤ C2−j(n−α)r−n+α
∫
B(y,2j+1r)

|f(z)|dz.

The Hölder inequality yields

χB(y,r)(x)|Iαfj(x)| ≤C2−j(n−α)r−n+αχB(y,r)(x)

× ‖χB(y,2j+1r)f‖Lp‖χB(y,2j+1r)‖Lp′

≤C2−j(n−α)r−n+αχB(y,r)(x)

× ‖χB(y,2j+1r)f‖Lp
|B(y, 2j+1r)|
|B(y, 2j+1r)|

1
p

.

Since ω ∈ Cp,q,α, Theorem 2.2 assures that Iα : Lp → Lq(ω) is bounded.
Consequently, (11) guarantees that

χB(y,r)(x)|Iαfj(x)|

≤ C2−j(n−α)r−n+α|B(y, 2j+1r)|1−αn
‖χB(y,2j+1r)f‖Lp
ω(B(y, 2j+1r))1/q

≤ C
‖χB(y,2j+1r)f‖Lp
ω(B(y, 2j+1r))1/q

.
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As a result of the above inequalities, we obtain

χB(y,r)(x)

∞∑
j=1

|Iαfj(x)| ≤ CχB(y,r)(x)

∞∑
j=1

‖χB(y,2j+1r)f‖Lp
ω(B(y, 2j+1r))1/q

.

By applying the norm ‖ · ‖Lq(ω) on both sides of the above inequality, we
find that∥∥∥∥∥∥χB(y,r)

∞∑
j=1

|Iαfj |

∥∥∥∥∥∥
Lq(ω)

≤ Cω(B(y, r))1/q
∞∑
j=1

‖χB(y,2j+1r)f‖Lp
ω(B(y, 2j+1r))1/q

≤ C
∞∑
j=1

(
ω(B(y, r))

ω(B(y, 2j+1r))

)1/q

u(y, 2j+1r)‖f‖Mp
u
.

In view of (5), we have

1

u(y, r)

∥∥∥∥∥∥χB(y,r)

∞∑
j=1

|Iαfj |

∥∥∥∥∥∥
Lq(ω)

≤ C‖f‖Mp
u
. (14)

Consequently, (13) and (14) yield

1

u(y, r)
‖χB(y,r)(x)Iαf‖Lq(ω)

≤ C

 1

u(y, r)
‖χB(y,r)Iαf0‖Lq(ω) +

1

u(y, r)

∥∥∥∥∥∥χB(y,r)

∞∑
j=1

|Iαfj |

∥∥∥∥∥∥
Lq(ω)


≤ C‖f‖Mp

u

for some C > 0 independent of B(y, r) ∈ B. By taking supremum over B(y, r) ∈
B, we obtain

‖Iαf‖Mq
u(ω) ≤ C‖f‖Mp

u
.

The proof for Theorem 3.3 follows from the proof of Theorem 3.2 with the
modification that we use Theorem 2.3 instead of Theorem 2.2. Therefore, for
brevity, we omit the details.

In view of (10), whenever ω and u satisfy the conditions in Theorems 3.2
and 3.3, we also have

‖Mαf‖Mq
u(ω) ≤ C‖f‖Mp

u
,

‖Mαf‖Mp
u(ω) ≤ C‖f‖Mp

u
,

respectively.
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Some inequalities for the
Riemann zeta function

Horst Alzer and Man Kam Kwong

Abstract. Our main result states that for all real numbers s > 1 we
have

γ < s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
. (∗)

The constant lower bound γ is sharp. This refines an inequality pub-
lished by Delange in 1987. Applications of (∗) lead to a monotonicity
theorem, namely, that

(s− 1)ζ(s)

sα
is strictly increasing on (1,∞) if and only if α ≤ γ,

and to additional inequalities for the zeta function.

Keywords: Riemann zeta function, Euler’s constant, von Mangoldt function, inequali-
ties.
MS Classification 2020: 11A25, 11M35, 26D07.

1. Introduction and statement of the main result

The classical Riemann zeta function, defined by

ζ(s) =

∞∑
k=1

1

ks
=

1

Γ(s)

∫ ∞
0

ts−1

et − 1
dt =

∏
p prime

1

1− p−s
(s > 1),

plays an important role in analytic number theory and also has interesting
applications in probability theory, statistics, mathematical physics and other
branches. In view of its relevance the properties of the zeta function have been
studied intensively by many researchers. Detailed information of this subject
can be found, for instance, in the monographs Apostol [5, chapter 12] and
Ivić [10].

Recently, several authors presented various inequalities involving the zeta
function. We refer to Alzer [2, 3, 4], Cerone et al. [7], Laforgia and Natalini [12],
Neuman [13] and the references cited therein. The work on this paper is inspired
by a remarkable note published by Delange [8] in 1987. He proved the following
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inequality for the logarithmic derivative of ζ,

1

2s2
− 1

s− 1
<
ζ ′(s)

ζ(s)
(s > 1). (1)

Our attempt to improve (1) led us to the problem of finding

inf
s>1

s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
.

It turns out that the solution of this problem provides a new characterization
of Euler’s constant γ. In fact, the following result holds.

Theorem 1.1. For all real numbers s > 1 we have

γ < s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
. (2)

The lower bound γ is sharp.

From (2) we obtain an improvement of Delange’s inequality, namely,

1

2s2
− 1

s− 1
<
γ

s
− 1

s− 1
<
ζ ′(s)

ζ(s)
(s > 1).

The logarithmic derivative of Riemann’s zeta function has a close connection
to number theory:

ζ ′(s)

ζ(s)
= −

∞∑
k=1

Λ(k)

ks
(s > 1), (3)

where Λ denotes the von Mangoldt function which is defined by

Λ(k) =

{
log(p), if k = pm,

0, otherwise.

Here p is a prime number and m ≥ 1 is an integer. Among the interesting
properties of the von Mangoldt function we mention that the asymptotic for-
mula

n∑
k=1

Λ(k) ∼ n (n→∞)

is equivalent to the prime number theorem. From (2) and (3) we obtain the
series inequality

γ

s
<

∞∑
k=1

( 1

sk
− Λ(k)

ks

)
(s > 1).
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Again, the constant γ is best possible. For more information on the Λ-function
we refer to Hardy and Wright [9, chapter 17.7].

In Section 2, we collect some helpful lemmas. The proof of Theorem 1.1
is given in Section 3. Finally, in Section 4, we apply Theorem 1.1 to obtain
a monotonicity result and we present some additional inequalities for the zeta
function.

The numerical computations have been carried out using the computer soft-
ware MAPLE 13.

2. Lemmas

The first two lemmas offer lower bounds for ζ ′(s).

Lemma 2.1. If s ∈ (1, 1.1], then

3

50
− 1

(s− 1)2
< ζ ′(s). (4)

Proof. Since

d

dt

log(t)

ts
=

1− s log(t)

ts+1
< 0 for t > exp(1/s), (5)

we obtain, for s > 1 and integers a > e,

ζ ′(s) +
1

(s− 1)2
− 3

50

= −
a∑
k=2

log(k)

ks
−

∞∑
k=a+1

log(k)

ks
+

1

(s− 1)2
− 3

50
(6)

≥ −
a∑
k=2

log(k)

ks
−
∫ ∞
a

log(t)

ts
dt+

1

(s− 1)2
− 3

50

=
Ua(s)− Va(s)

as−1

with

Ua(s) =
as−1 − 1− (s− 1) log(a)

(s− 1)2

and

Va(s) =
3

50
as−1 +

a∑
k=2

(a
k

)s−1 log(k)

k
.
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From

U ′a(s) =
(s− 1)(1 + as−1) log(a) + 2(1− as−1)

(s− 1)3

=
as−1 + 1

(s− 1)3

∫ as−1

1

(t− 1)2

t(t+ 1)2
dt > 0

and

V ′a(s) =
3 log(a)

50
as−1 +

a∑
k=2

(a
k

)s−1 log(a/k) log(k)

k
> 0,

we conclude that Ua and Va are increasing on (1,∞). Let 1 ≤ r ≤ s ≤ t ≤ 1.1.
Then,

Ua(s)− Va(s) ≥ Ua(r)− Va(t) = Wa(r, t), say.

By direct computation, we find

W500(1, 1 + 1/104) = 0.0026...,

W500

(
1 +

k

104
, 1 +

k + 1

104

)
> 0 for k = 1, 2, ..., 999.

This gives
U500(s)− V500(s) > 0 for s ∈ (1, 1.1]. (7)

From (6) and (7) we obtain that (4) holds for s ∈ (1, 1.1].

Lemma 2.2. If s ≥ 6.1, then

− 2

5(s− 1)2
< ζ ′(s). (8)

Proof. Let s ≥ 6.1. Using (5), we obtain

ζ ′(s) +
2

5(s− 1)2
= − log(2)

2s
−
∞∑
k=3

log(k)

ks
+

2

5(s− 1)2
(9)

> − log(2)

2s
−
∫ ∞
2

log(t)

ts
dt+

2

5(s− 1)2
= G(s),

where

G(s) = − log(2)

2s
− 1 + (s− 1) log(2)

2s−1(s− 1)2
+

2

5(s− 1)2
.

Let
H(s) = 2s(s− 1)2G(s). (10)

Since

H ′′(s) =
2 log(2)

5

(
2s log(2)− 5

)
≥ H ′′(6.1) = 11.796..,
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we obtain
H ′(s) ≥ H ′(6.1) = 10.561....

This leads to
H(s) ≥ H(6.1) = 0.338.... (11)

From (9)–(11) we conclude that (8) is valid for s ≥ 6.1.

Next, we present two functional inequalities for certain classes of functions.

Lemma 2.3. If a function f is strictly increasing on an interval I, then, for
x, y, z ∈ I,

0 ≤ (x− y)f(x) + (y − z)f(y) + (z − x)f(z). (12)

Equality holds if and only if x = y = z.

Proof. Denote the sum in (12) by S(x, y, z). Assume first that max(x, y, z) = x.
Then,

S(x, y, z) = (x− y)
(
f(x)− f(z)

)
+ (y − z)

(
f(y)− f(z)

)
≥ 0. (13)

If equality holds in (13), then

(x− y)
(
f(x)− f(z)

)
= 0 (14)

and
(y − z)

(
f(y)− f(z)

)
= 0. (15)

Since f is strictly monotonic, we conclude from (14) that x = y or x = z, and
from (15) we obtain y = z. Thus, x = y = z.

If max(x, y, z) = y, then

S(x, y, z) = (y − z)
(
f(y)− f(x)

)
+ (z − x)

(
f(z)− f(x)

)
≥ 0,

and if max(x, y, z) = z, then

S(x, y, z) = (z − x)
(
f(z)− f(y)

)
+ (x− y)

(
f(x)− f(y)

)
≥ 0.

As above, we conclude from S(x, y, z) = 0 that x = y = z.

Inequality (12) extends a result of Klamkin [11], who proved the inequality
for the special case f(x) = xλ. The next result is due to Wright [14]. It provides
an interesting generalization of Schur’s inequality.

Lemma 2.4. Let f be a positive function, monotone or convex on an interval
I. Then, for x, y, z ∈ I,

0 ≤ (x− y)(x− z)f(x) + (y − x)(y − z)f(y) + (z − x)(z − y)f(z).

Equality holds if and only if x = y = z.
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Moreover, we need the following mean value inequality.

Lemma 2.5. Let ak ∈ (0, 1/2] (k = 1, ..., n) and pk ∈ (0, 1) (k = 1, ..., n) with∑n
k=1 pk = 1. Then,

Gn
G′n
≤ An
A′n

(16)

with equality if and only if a1 = ... = an. Here,

Gn =

n∏
k=1

apkk , G
′
n =

n∏
k=1

(1− ak)pk , An =

n∑
k=1

pkak, A
′
n =

n∑
k=1

pk(1− ak).

This is Ky Fan’s remarkable counterpart of the arithmetic mean-geometric
mean inequality; see Alzer [1] and Beckenbach and Bellman [6, p. 5].

3. Proof of Theorem 1.1

In order to prove (2) we consider three cases.

Case 1. s ∈ (1, 1.1].

We define

h(s) =
1

s− 1
+ γ +

3

50
(s− 1).

From Lemma 2.1 we conclude that

ζ ′(s)− h′(s) = ζ ′(s) +
1

(s− 1)2
− 3

50
> 0.

Using the limit relation

lim
y→1+

(
ζ(y)− 1

y − 1

)
= γ,

we obtain
ζ(s)− h(s) > lim

y→1+

(
ζ(y)− h(y)

)
= 0.

Thus, we have

0 < −ζ ′(s) < −h′(s) and 0 <
1

ζ(s)
<

1

h(s)
.

This leads to

−ζ
′(s)

ζ(s)
< −h

′(s)

h(s)
.

It follows that

s
(h′(s)
h(s)

+
1

s− 1

)
< s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
. (17)
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Applying (17) and

s
(h′(s)
h(s)

+
1

s− 1

)
= γ +

s− 1

(3/50)(s− 1)2 + γ(s− 1) + 1

(3(2− γ)

50
(s− 1) + γ(1− γ) +

3

25

)
> γ,

we conclude that (2) holds.

Case 2. s ∈ [1.1, 6.1].

Inequality (2) is equivalent to

0 < ζ(s) · 1

s− 1
·
(

1− γ +
γ

s

)
+ ζ ′(s) = P (s), say. (18)

The functions ζ, s 7→ 1/(s− 1), s 7→ 1− γ+ γ/s are positive and decreasing on
(1,∞) and ζ ′ is increasing on (1,∞). Let 1 < u ≤ s ≤ v. Then,

P (s) ≥ ζ(v) · 1

v − 1
·
(

1− γ +
γ

v

)
+ ζ ′(u) = Q(u, v), say.

By direct computation we find

Q
(

1.1 +
k

6000
, 1.1 +

k + 1

6000

)
> 0 for k = 0, 1, ..., 599,

Q
(

1.2 +
k

800
, 1.2 +

k + 1

800

)
> 0 for k = 0, 1, ..., 239,

Q
(

1.5 +
k

60
, 1.5 +

k + 1

60

)
> 0 for k = 0, 1, ..., 29.

Moreover, we have

Q(2, 2.1) = 0.051..., Q(2.1, 2.2) = 0.085..., Q(2.2, 2.4) = 0.021...,

Q(2.4, 2.7) = 0.025..., Q(2.7, 3.1) = 0.052..., Q(3.1, 4.2) = 0.011...,

Q(4.2, 6.1) = 0.045....

This implies that (18) holds for s ∈ [1.1, 6.1].

Case 3. s ≥ 6.1.

Using Lemma 2.2 and

ζ(s) >

∫ ∞
1

1

xs
dx =

1

s− 1
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gives

(s− 1)ζ(s)
(ζ ′(s)
ζ(s)

− γ

s
+

1

s− 1

)
= (s− 1)ζ ′(s) +

(
1− γ +

γ

s

)
ζ(s)

> − 2

5(s− 1)
+
(

1− γ +
γ

s

) 1

s− 1

=
(3

5
− γ +

γ

s

) 1

s− 1
> 0.

This reveals that (18) holds for s ≥ 6.1. The proof of inequality (2) is complete.
It remains to prove that γ is the best possible constant lower bound in (2).

For this it suffices to show that

lim
s→1+

s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
= γ. (19)

Using the functional equation

ζ(1− s) =
2

(2π)s
cos(πs/2)Γ(s)ζ(s),

see Apostol [5, p. 259], yields

−ζ
′(1− s)
ζ(1− s)

= − log(2π)− π

2
tan(πs/2) + ψ(s) +

ζ ′(s)

ζ(s)
,

where ψ = Γ′/Γ. Thus,

ζ ′(s)

ζ(s)
+

1

s− 1
= log(2π)− ψ(s) + Θ(s)− ζ ′(1− s)

ζ(1− s)
(20)

with

Θ(s) =
1

s− 1
+
π

2
tan(πs/2).

Since

ζ(0) = −1

2
, ζ ′(0) = −1

2
log(2π), ψ(1) = −γ, lim

s→1+
Θ(s) = 0,

we conclude from (20) that (19) holds. The proof of Theorem 1.1 is thus
complete.

4. Corollaries

An application of inequality (2) leads to the following monotonicity result.
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Corollary 4.1. Let α ∈ R. The function

φα(s) =
(s− 1)ζ(s)

sα
(s > 1), φα(1) = lim

s→1+
φα(s) = 1 (21)

is strictly increasing on [1,∞) if and only if α ≤ γ.

Proof. Let s > 1. Then,

s
d

ds
log φα(s) = s

(ζ ′(s)
ζ(s)

+
1

s− 1

)
− α. (22)

From (2) we conclude that if α ≤ γ, then

s
d

ds
log φα(s) > 0. (23)

This implies that φα is strictly increasing on [1,∞). Conversely, if φα is strictly
increasing on [1,∞), then (23) with “≥” instead of “>” is valid for s > 1. Using
(19) and (22) reveals that α ≤ γ.

Remark 4.2. From Corollary 4.1, we conclude that the function

Fα(x) =

∫ x

1

log ζ(s)ds+ (x− 1) log(x− 1)− αx log(x) (α ∈ R)

is strictly convex on (1,∞) if and only if α ≤ γ.

In the final part, we show that Corollary 4.1 can be used to prove some
inequalities. The next corollary offers four cyclic inequalities.

Corollary 4.3. Let α ≤ γ. For all real numbers x, y, z > 1 we have

0 ≤ (x− y)(x− 1)
ζ(x)

xα
+ (y − z)(y − 1)

ζ(y)

yα
+ (z − x)(z − 1)

ζ(z)

zα
,

0 ≤ (x− 1)(x− y)(x− z)ζ(x)

xα
+ (y − 1)(y − x)(y − z)ζ(y)

yα

+ (z − 1)(z − x)(z − y)
ζ(z)

zα
,

1 ≤
( (x− 1)ζ(x)

xα

)x−y( (y − 1)ζ(y)

yα

)y−z( (z − 1)ζ(z)

zα

)z−x
,

1 ≤
( (x−1)ζ(x)

xα

)(x−y)(x−z)( (y−1)ζ(y)

yα

)(y−x)(y−z)( (z−1)ζ(z)

zα

)(z−x)(z−y)
.

In each case, equality holds if and only if x = y = z.
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Proof. Let φα be the function defined in (21) with α ≤ γ. We apply Lemmas
2.3 and 2.4 with f1 = φα and f2 = log φα. From Corollary 4.1 we conclude
that the functions f1 and f2 are positive and strictly increasing on (1,∞). This
reveals that the four inequalities are valid for all x, y, z > 1 and that in each
case equality is valid if and only if x = y = z.

We conclude the paper with the following mean value inequality.

Corollary 4.4. Let α ≤ γ. For all real numbers s, t > 1 and λ, µ > 0 with
λ+ µ = 1, we have

λ
(

1 +
sα

(s− 1)ζ(s)

)−1
+ µ

(
1 +

tα

(t− 1)ζ(t)

)−1
≤
[
1 +

( sα

(s− 1)ζ(s)

)λ( tα

(t− 1)ζ(t)

)µ]−1
. (24)

Equality holds if and only if s = t.

Proof. Let x, y ∈ (0, 1). We apply Lemma 2.5 with

n = 2, a1 =
x

1 + x
, a2 =

y

1 + y
, p1 = λ, p2 = µ.

Then, (16) gives
λ

1 + x
+

µ

1 + y
≤ 1

1 + xλyµ
(25)

with equality if and only if x = y. Let α ≤ γ and s, t > 1. Next, we set
x = 1/φα(s) and y = 1/φα(t) in (25). Then, we obtain (24). From Corollary
4.1 we conclude that x = y if and only if s = t.
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Abstract. In this paper we study the linear substitution operator
Sϕ(f) := f ◦ϕ generated by some function ϕ : [0, 1]→ [0, 1], as well as
the nonlinear composition operator Cg(f) := g ◦ f generated by some
function g : R → R. We will show that these operators have a very
different (and sometimes quite surprising) behavior in the space of con-
tinuous functions, Lipschitz functions, functions of bounded variation,
and Baire class one functions. A main emphasis is put on examples
and counterexamples which illustrate this behavior.

Keywords: Substitution operators, composition operators, injectivity, surjectivity, con-
tinuous functions, Lipschitz functions, functions of bounded variation, Baire one func-
tions.
MS Classification 2020: 47B38, 26A16, 26A21, 26A45, 47B33, 47H30.

1. Introduction

By C we denote the linear space of all continuous functions f : [0, 1] → R,
equipped with the usual norm

‖f‖C := max {|f(t)| : 0 ≤ t ≤ 1} (f ∈ C),

by Lip the linear subspace of C of all Lipschitz continuous functions f : [0, 1]→
R with norm

‖f‖Lip := |f(0)|+ lip(f) (f ∈ Lip),

where

lip(f) := sup
s 6=t

|f(s)− f(t)|
|s− t|

,

and by BV the linear space of all functions f : [0, 1]→ R of bounded (Jordan)
variation var(f) with norm

‖f‖BV := |f(0)|+ var(f) (f ∈ BV ).

79



(2 of 25) J. APPELL ET AL.

In the last section we will consider the linear space B1 of all Baire class one
functions, i.e., pointwise limits of sequences of continuous functions. Clearly,
the inclusions

Lip ⊂ C ⊂ B1, Lip ⊂ BV ⊂ B1

hold which are all strict.

It is well-known that all spaces mentioned above are linear spaces and al-
gebras, i.e., closed under addition and multiplication of functions. More com-
plicated, hence interesting, is the problem of compositions, and we will put the
main emphasis on this problem in what follows.

More precisely, in this paper we study two operators in the above mentioned
spaces. The first is the substitution operator

Sϕ(f)(t) := f(ϕ(t)) (1)

generated by some function ϕ : [0, 1] → [0, 1], the second the composition
operator

Cg(f)(x) := g(f(x)) (2)

generated by some function g : R→ R. These operators may be considered
as some kind of “twin brothers”: in (1) the inner function is fixed and the outer
function f varies over some function space, while in (2) the outer function is
fixed and the inner function f varies over some function space. There is one
essential difference, however: the operator Sϕ in (1) is linear, while the oper-
ator Cg in (2) is nonlinear (which makes its study pretty complicated). Thus,
in contrast to Sϕ we have to distinguish between boundedness and continuity
for Cg, because a nonlinear operator may be bounded and discontinuous, or
continuous and unbounded.

If X is some function space over [0, 1], the first problem consists in charac-
terizing all ϕ : [0, 1] → [0, 1] such that Sϕ(X) ⊆ X. In other words, we want
to find the largest possible class of “changes of variable” for which the compo-
sition f ◦ ϕ remains in the space X if we take f from X. Moreover, we will
be interested in elementary mapping properties, like injectivity, surjectivity, or
bijectivity of Sϕ. Here we encounter some surprises, and it turns out that these
properties heavily depend on the function space we are working in.

Interestingly, there is a group of results on mapping properties of the op-
erators (1) and (2) which are basically independent of the space X. We state
them as Propositions 1.1 and 1.2 in this section.

Proposition 1.1. In every function space X, the following is true.

(a) The surjectivity of the function ϕ : [0, 1]→ [0, 1] implies the injectivity of
the operator Sϕ : X → X.

80



SUBSTITUTION AND COMPOSITION OPERATORS (3 of 25)

(b) Conversely, if X contains the set C∞, then the injectivity of the operator
Sϕ : X → X implies the surjectivity of the function ϕ : [0, 1]→ [0, 1].

(c) If X contains at least one injective function, then the surjectivity of the
operator Sϕ : X → X implies the injectivity of the function ϕ : [0, 1] →
[0, 1].

Proof. (a) Suppose that f ∈ X satisfies Sϕ(f)(t) ≡ 0. For fixed t ∈ [0, 1] we
find by assumption an s ∈ [0, 1] such that ϕ(s) = t. It follows that f(t) =
f(ϕ(s)) = Sϕ(f)(s) = 0, hence f(t) ≡ 0, since t was arbitrary.

(b) Assume that Sϕ : X → X is injective, but ϕ : [0, 1] → [0, 1] is not
surjective. Then K := ϕ([0, 1]) ⊂ [0, 1], so the function δK : [0, 1]→ R defined
by

δK(t) := dist (t,K) (3)

is not identically zero on [0, 1], and the same is true for the function f : [0, 1]→
R given by f(0) := 0 and

f(t) := exp
(
−1/δK(t)2

)
(0 < t ≤ 1).

Moreover, f belongs to C∞ and hence also to X. On the other hand, we have

Sϕ(f)(t) = exp
(
−1/δK(ϕ(t))2

)
≡ 0,

because ϕ(t) ∈ K for each t. So the injectivity of Sϕ implies that f(t) ≡ 0, a
contradiction.

(c) Let s, t ∈ [0, 1] be such that ϕ(s) = ϕ(t); we have to show that s = t. By
assumption, we find an injective function g ∈ X, as well as a function f ∈ X
satisfying Sϕ(f) = g. It follows that

g(s) = f(ϕ(s)) = f(ϕ(t)) = g(t),

hence s = t, by the injectivity of g.

The trivial space X = R, containing only constant functions, shows that
we cannot drop the hypothesis on the existence of an injective function in X
in Proposition 1.1 (c). Later we will see that the implication in (c) cannot be
inverted either in sufficiently “rich” spaces like Lip or BV .

We remark that, apart from the condition C∞ ⊆ X in Proposition 1.1 (b),
one may give other conditions on X which ensure that the injectivity of Sϕ
implies the surjectivity of ϕ. A typical such condition is that the space X
contains all characteristic functions of singletons. In fact, if Sϕ : X → X is
injective and t0 ∈ [0, 1] is fixed, then f := χ{t0} ∈ X is not identically zero, and
so Sϕ(f) = χ{ϕ(t0)} is not identically zero either. So we may find s0 ∈ [0, 1]
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such that Sϕ(f)(s0) = f(ϕ(s0)), hence ϕ(s0) = t0. Since t0 was arbitrary, we
conclude that ϕ is surjective.

If X is a function space over [0, 1], the analogous problem for the composi-
tion operator (2) consists in characterizing all g : R→ R such that Cg(X) ⊆ X.
In other words, we want to find the largest possible class of “perturbations” for
which the composition g ◦ f remains in the space X if we take f from X. Also
here the problem of expressing mapping properties of Cg in terms of g exibits
several surprises. The following is parallel to Proposition 1.1.

Proposition 1.2. In every function space X, the following is true.

(a) If X contains for each u ∈ R a function h having u in its range, then
the surjectivity of the operator Cg : X → X implies the surjectivity of the
function g : R→ R.

(b) The injectivity of the function g : R → R implies the injectivity of the
operator Cg : X → X.

(c) Conversely, if X contains all constant functions, then the injectivity of
the operator Cg : X → X implies the injectivity of the function g : R→ R.

Proof. (a) Given u ∈ R, choose a function h ∈ X whose range contains u.
Therefore, there is some t ∈ [0, 1] with h(t) = u. If Cg is surjective, there is
a function f ∈ X with Cg(f) = h. In particular, g(f(t)) = h(t) = u, which
shows that g is surjective.

(b) Assume that Cg is not injective. Then there are functions f, f̃ ∈ X

with Cg(f) = Cg(f̃) and some t ∈ [0, 1] with f(t) 6= f̃(t). It follows that

g(f(t)) = g(f̃(t)) and shows that g is not injective either.

(c) Fix u, v ∈ R with g(u) = g(v). The constant functions fu(t) ≡ u and
fv(t) ≡ v belong to X, by assumption. Moreover, Cg(fu) = Cg(fv) as

Cg(fu)(t) = g(fu(t)) = g(u) = g(v) = g(fv(t)) = Cg(fv)(t) (0 ≤ t ≤ 1).

Since Cg is injective, we must have fu = fv, hence u = v, proving the
injectivity of g.

We point out that the condition on X used in (a), namely, that X contains
for each u ∈ R a function h having u in its range, is clearly satisfied in any
nontrivial linear function space X, and the hypothesis on X in (c) is satisfied
in all spaces considered in this paper. Moreover, note that the results in Propo-
sition 1.2 are symmetric with respect to surjectivity and injectivity, whereas in
Proposition 1.1 they are antisymmetric.

We point out that the converse of (a) is in general not true, even in the
quite well-behaved spaces C and Lip. We will present a counterexample in the
corresponding sections.
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Loosely speaking, our general question may be posed as follows: does ϕ
“feel” the properties of Sϕ, and does g “feel” the properties of Cg? The answer
to this question is sometimes quite easy, sometimes surprisingly difficult, and
sometimes simply unknown.

2. Continuous functions

Given ϕ : [0, 1] → [0, 1], suppose that f ◦ ϕ : [0, 1] → R is continuous for each
continuous function f : [0, 1]→ R. Choosing f(t) = t, it follows trivially that ϕ
then must be continuous. This leads to the following elementary

Theorem 2.1. The following two assertions are equivalent.

(a) Sϕ(C) ⊆ C, i.e., the operator Sϕ maps C into itself.

(b) The function ϕ : [0, 1]→ [0, 1] is continuous.

Note that the operator Sϕ is always bounded in C whenever it maps C
into itself. In fact, we have ‖Sϕ‖C→C ≤ 1 and ‖Sϕe‖C = 1 for e(t) ≡ 1. The
following simple example shows that the injectivity or surjectivity of ϕ does
not imply the injectivity resp. surjectivity of Sϕ in C.

Example 2.2. Let ϕ(t) := t/2. Then ϕ : [0, 1] → [0, 1] is injective, but Sϕ :
C → C is not, because the function defined by f(t) := t for 0 ≤ t ≤ 1/2 is
mapped into the function g(t) = t/2 for 0 ≤ t ≤ 1, no matter how we define f
on (1/2, 1].

On the other hand, let ϕ(t) := 4t(1−t). Then ϕ : [0, 1]→ [0, 1] is surjective,
but Sϕ : C → C is not, because the function g(t) = t is not in the range of Sϕ.

Surprisingly enough, we get the correct result when we interchange the role
of injectivity and surjectivity.

Proposition 2.3. Let ϕ : [0, 1] → [0, 1] be continuous. With Sϕ given by (1),
the following is true.

(a) The operator Sϕ : C → C is surjective if and only if the corresponding
function ϕ : [0, 1]→ [0, 1] is injective.

(b) The following three assertions are equivalent.

(i) The function ϕ : [0, 1]→ [0, 1] is surjective.

(ii) The operator Sϕ : C → C is an isometry, i.e.,

‖Sϕ(f)‖C = ‖f‖C (f ∈ C) (4)

(iii) The operator Sϕ : C → C is injective.
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Proof. (a) If ϕ is injective, then the set K := ϕ([0, 1]) ⊆ [0, 1] is a compact
interval, and the map ϕ : [0, 1] → K is a homeomorphism. Given g ∈ C,
the function g ◦ ϕ−1 : K → R is therefore continuous, and by the Tietze
Extension Theorem [17] we may find a continuous function f : [0, 1]→ R with
f(t) = (g ◦ ϕ−1)(t) for t ∈ K, hence g = Sϕ(f). So we have proved that the
injectivity of ϕ implies the surjectivity of Sϕ in C. The reverse implication
follows from Proposition 1.1 (c).

(b) If ϕ is surjective, we have K := ϕ([0, 1]) = [0, 1], hence

‖Sϕ(f)‖C = max {|f(ϕ(s))| : 0 ≤ s ≤ 1} = max {|f(t)| : 0 ≤ t ≤ 1} = ‖f‖C

for every f ∈ C, which means that Sϕ is an isometry. The fact that (ii)
implies (iii) is of course trivial. The fact that (iii) implies (i) has already been
proved in Proposition 1.1 (b).

Observe that the “crossover” between surjectivity and injectivity in our
proposition is not only perfectly symmetric, but in (b) we even get the isometry
property of Sϕ for free. Also, this proposition shows that it was not accidental
that the first function ϕ in Example 2.2 is not surjective, while the second one
is not injective.

Proposition 2.3 shows that, whenever Sϕ is injective in C, we get as a fringe
benefit that it is even an isometry, which is of course much more. We will see
that in all the other function spaces we are going to consider below, this is not
true.

Concerning the composition operator (2), we have the following result which
is parallel to Theorem 2.1.

Theorem 2.4. The following two assertions are equivalent.

(a) Cg(C) ⊆ C, i.e., the operator Cg maps C into itself.

(b) The function g : R→ R is continuous.

It is easy to see that the operator Cg is, under the hypotheses of Theo-
rem 2.4, always bounded and continuous. Concerning the mapping properties
of Cg : C → C, we state for the sake of completeness the following result which
is an immediate consequence of Proposition 1.2 and therefore does not require
a proof.

Proposition 2.5. Let g ∈ C(R). With Cg given by (2), the following is true.

(a) If the operator Cg : C → C is surjective then the corresponding function
g : R→ R is surjective.

(b) The operator Cg : C → C is injective if and only if the corresponding
function g : R→ R is injective.
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We point out that the converse of Proposition 2.5 (a) is not true; we will
give a corresponding counterexample which simultaneously works for C and
Lip in the next section.

3. Lipschitz continuous functions

Here we can make the same remark as at the beginning of the previous section,
with continuity replaced by Lipschitz continuity. This leads to the following

Theorem 3.1. The following two assertions are equivalent.

(a) Sϕ(Lip) ⊆ Lip, i.e., the operator Sϕ maps Lip into itself.

(b) The function ϕ : [0, 1]→ [0, 1] is Lipschitz continuous.

Proof. The implication (a)⇒ (b) follows from the fact that the function f(t) =
t belongs to Lip, while the implication (b) ⇒ (a) follows from the elementary
estimate lip(f ◦ ϕ) ≤ lip(f)lip(ϕ).

As in the space C, the operator Sϕ is always bounded in Lip whenever
it maps Lip into itself. This also follows from the estimate lip(f ◦ ϕ) ≤
lip(f)lip(ϕ). However, there is a difference: the injectivity of Sϕ this time
does not imply that Sϕ is an isometry.

Example 3.2. The substitution operator Sϕ generated by ϕ(t) := t2 is injective
in Lip. To see this, suppose that Sϕ(f)(t) ≡ 0 for some f ∈ Lip. Given
t ∈ [0, 1], the point s :=

√
t satisfies f(t) = f(s2) = Sϕ(f)(s) = 0, hence

f(t) ≡ 0.

On the other hand, Sϕ is not an isometry, because ‖Sϕ‖Lip→Lip = lip(ϕ) =
2.

Observe that the function ϕ(t) = t2 in the last example also shows that the
injectivity of ϕ does not imply the surjectivity of Sϕ in Lip, since g(t) := t be-
longs to Lip, but not to the range of Sϕ. The explanation for this phenomenon
is given in the following

Proposition 3.3. Let ϕ : [0, 1]→ [0, 1] be Lipschitz continuous. With Sϕ given
by (1) the following is true.

(a) The function ϕ : [0, 1]→ [0, 1] is injective if the operator Sϕ : Lip→ Lip
is surjective.

(b) The operator Sϕ : Lip→ Lip is injective if and only if the corresponding
function ϕ : [0, 1]→ [0, 1] is surjective.

(c) The operator Sϕ : Lip → Lip is an isometry if and only if ϕ(t) ≡ t or
ϕ(t) ≡ 1− t.
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Proof. Part (a) follows from Proposition 1.1 (c), while part (b) follows from
Proposition 1.1 (a) and (b). So it only remains to prove part (c).

The fact that the operator Sϕ generated by ϕ(t) = t or ϕ(t) = 1 − t is an
isometry is trivial. To prove the “only if” part of (c), suppose that Sϕ is an
isometry, hence injective. From (b) it follows then that ϕ is surjective.

From lip(ϕ) = ‖Sϕ‖Lip→Lip = 1 it follows that ϕ is nonexpansive, i.e.,

|ϕ(s)− ϕ(t)| ≤ |s− t| (0 ≤ s, t ≤ 1). (5)

This implies that either ϕ(0) = 0 or ϕ(0) = 1. To see this, suppose that ϕ(s) =
0 and ϕ(t) = 1 for some s, t ∈ (0, 1]. But then 1 = |ϕ(s)− ϕ(t)| ≤ |s− t| < 1,
a contradiction.

Assume first that ϕ(0) = 0. Then it follows from (5) that 0 ≤ ϕ(t) ≤ t for
0 ≤ t ≤ 1, and the surjectivity of ϕ implies that ϕ(1) = 1. Now, if ϕ(τ) < τ
for some τ ∈ (0, 1), we would obtain

1 ≥ ϕ(1)− ϕ(τ)

1− τ
>

1− τ
1− τ

= 1,

a contradiction. Consequently, ϕ(t) = t for all t ∈ [0, 1]. Now assume that

ϕ(0) = 1. Then it follows from (5) that 0 ≤ 1−ϕ(t) ≤ t, hence 1 ≥ ϕ(t) ≥ 1− t
for 0 ≤ t ≤ 1, and the surjectivity of ϕ implies that ϕ(1) = 0. Now, if
ϕ(τ) > 1− τ for some τ ∈ (0, 1), we would obtain

1 ≥ ϕ(τ)− ϕ(1)

1− τ
>

1− τ
1− τ

= 1,

again a contradiction. Consequently, ϕ(t) = 1 − t for all t ∈ [0, 1] in this
case.

Proposition 3.3 perfectly explains our choice of ϕ in Example 3.2: in fact,
any surjective function ϕ ∈ Lip different from ϕ(t) = t or ϕ(t) = 1 − t could
serve as an example.

Concerning the composition operator (2), we have the following result which
is similar to, but not identical with, Theorem 3.1.

Theorem 3.4. The following two assertions are equivalent.

(a) Cg(Lip) ⊆ Lip, i.e., the operator Cg maps Lip into itself.

(b) The function g : R→ R is locally Lipschitz, i.e.

|g(u)− g(v)| ≤ L(r)|u− v| (u, v ∈ R, |u|, |v| ≤ r) (6)

for some L(r) > 0 depending on r > 0.
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The following result on the surjectivity and injectivity of Cg in Lip is parallel
to Proposition 2.5 and follows again readily from Proposition 1.2.

Proposition 3.5. Let g ∈ Liploc(R). With Cg given by (2) the following is
true.

(a) If the operator Cg : Lip→ Lip is surjective then the corresponding func-
tion g : R→ R is surjective.

(b) The operator Cg : Lip→ Lip is injective if and only if the corresponding
function g : R→ R is injective.

Now we give the promised example which shows that part (a) in Proposi-
tion 2.5 and Proposition 3.5 cannot be inverted.

Example 3.6. Define g : R→ R by

g(u) := min {u+ 2, |u|} =


2 + u for u < −1,

−u for −1 ≤ u ≤ 0,

u for u > 0.

Geometrically, the graph of g consists of three linear pieces with corner points
at (−1, 1) and (0, 0). This shows that g is (even globally) Lipschitz continuous
on R with Lipschitz constant 1, so the operator Cg maps C into C and Lip
into Lip. Moreover, g is surjective, but Cg is not, neither in C nor in Lip. To
see this, note that for fixed v ∈ R we have

g−1({v}) =


{v − 2} for v < 0,

{v − 2,−v, v} for 0 ≤ v ≤ 1,

{v} for v > 1.

The function h(t) = 3t − 1 is a Lipschitz continuous homeomorphism be-
tween the intervals [0, 1] and [−1, 2]. If f ∈ C or f ∈ Lip is a function satisfying
Cg(f) = h, then f must be injective. On the other hand, since h(0) = −1 < 0
and h(1) = 2 > 1, we have f(t) = h(t)− 2 for 0 ≤ t ≤ 2/3, but simultaneously
f(t) = h(t) for 1/3 ≤ t ≤ 1, a contradiction.

It is again not hard to see that the operator Cg is, under the hypotheses of
Theorem 3.4, always bounded in Lip. Remarkably, Cg need not be continuous;
this is in contrast to the situation in C.

Example 3.7 ([4]). On the space Lip, consider the composition operator Cg
generated by the function

g(u) := min {|u|, 1}.
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Then Cg is bounded in Lip, but discontinuous at f(t) = t, because for the
sequence (fn)n with fn(t) := t+ 1/n we have

|Cg(fn)(1)− Cg(f)(1)− Cg(fn)(1− 1/n) + Cg(f)(1− 1/n)| = 1

n
,

hence

‖Cg(fn)− Cg(f)‖Lip ≥
1/n

1/n
= 1,

although ‖fn − f‖Lip → 0 as n→∞.

It is interesting to note that the composition operator Cg is continuous in
Lip if and only if g ∈ C1; the proof can be found in [9]. Example 3.7 shows that
a function g which fails to be differentiable at only few points may generate a
discontinuous composition operator in Lip.

4. Functions of bounded variation

It turns out that in the space BV both operators (1) and (2) behave in a
strange way. The first difference with the spaces C and Lip we encounter here
is that the composition of functions in BV need not stay in BV .

Example 4.1. Define ϕ : [0, 1]→ [0, 1] and f : [0, 1]→ R by

ϕ(t) :=


t2 sin2 1

t
for 0 < t ≤ 1,

0 for t = 0,

and f(s) =
√
s, respectively. Being monotone, we have f ∈ BV . Moreover, it is

not hard to see that ϕ ∈ BV , since ϕ′ exists and is bounded on [0, 1]. However,
in every first year calculus course it is taught that Sϕ(f) = f ◦ ϕ 6∈ BV .

The problem of characterizing all functions ϕ for which Sϕ(BV ) ⊆ BV was
completely solved by Josephy in [10] and requires a new definition. Let Jn
(n ∈ N) denote the class of all functions ϕ : [0, 1] → [0, 1] with the property
that the preimage ϕ−1(I) of any interval I ⊂ [0, 1] can be written as union
of exactly n intervals. We call a function ϕ : [0, 1] → [0, 1] pseudomonotone if
ϕ ∈ Jn for some n. Clearly, every monotone function is pseudomonotone, since
it belongs to J1, and every pseudomonotone function has bounded variation.

Theorem 4.2 ([10]). The following two assertions are equivalent.

(a) Sϕ(BV ) ⊆ BV , i.e., the operator Sϕ maps BV into itself.

(b) The function ϕ : [0, 1]→ [0, 1] is pseudomonotone.
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Note that the function ϕ in Example 4.1 belongs to BV , but is not pseu-
domonotone, since

ϕ−1({0}) =
{

0, 1
π ,

1
2π ,

1
3π , . . .

}
.

This explains why the corresponding operator Sϕ does not map the space
BV into itself.

In the following proposition we characterize surjectivity and injectivity of
Sϕ : BV → BV in terms of ϕ.

Proposition 4.3. Let ϕ : [0, 1] → [0, 1] be pseudomonotone. With Sϕ given
by (1), the following is true.

(a) If the operator Sϕ : BV → BV is surjective then the corresponding func-
tion ϕ : [0, 1]→ [0, 1] is injective.

(b) The operator Sϕ : BV → BV is injective if and only if the corresponding
function ϕ : [0, 1]→ [0, 1] is surjective.

(c) The operator Sϕ : BV → BV is an isometry if and only if ϕ : [0, 1] →
[0, 1] is a homeomorphism with ϕ(0) = 0 and ϕ(1) = 1.

Proof. Again, part (a) follows from Proposition 1.1 (c), while part (b) follows
from Proposition 1.1 (a) and (b). So it only remains to prove part (c). It

is clear that a homeomorphism ϕ with ϕ(0) = 0 and ϕ(1) = 1 induces an
isometric substitution operator, since such a substitution is strictly increasing
and can therefore neither destroy nor generate changes in the variation. So
suppose that Sϕ : BV → BV is an isometry, which means that ϕ(0) = 0 and
var(f ◦ ϕ) = var(f) for all f ∈ BV0 = {g ∈ BV | g(0) = 0}}.

For fixed τ ∈ (0, 1], the function fτ := χ{τ} ∈ BV0 satisfies

var(fτ ) =

{
2 if 0 < τ < 1,

1 if τ = 1.

We have fτ ◦ ϕ = χAτ , where Aτ := {t : 0 ≤ t ≤ 1, ϕ(t) = τ}. Since Sϕ is
an isometry, it follows that

var(fτ ) = var(fτ ◦ ϕ) = var(χAτ ) = 2#(Aτ ∩ (0, 1)) + #(Aτ ∩ {1}).

We distinguish the following two cases:

1st case: 0 < τ < 1. In this case we have #(Aτ ∩ (0, 1)) = 1 and #(Aτ ∩
{1}) = 0, which implies that there is precisly one t ∈ (0, 1) with ϕ(t) = τ , and
ϕ(1) 6= τ .

2nd case: τ = 1. In this case we have #(Aτ ∩(0, 1)) = 0 and #(Aτ ∩{1}) =
1, which implies that ϕ(t) = τ precisely for t = 1.
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Our reasoning shows that ϕ : [0, 1]→ [0, 1] is a bijection with ϕ(0) = 0 and
ϕ(1) = 1. Since we cannot expect ϕ to be continuous, we still have to show
that ϕ is increasing. If this is false we find points t and t′ with 0 ≤ t < t′ ≤ 1
and ϕ(t) > ϕ(t′). For the function f(t) = t we obtain

var(ϕ) = var(f ◦ ϕ) = ‖Sϕ(f)‖BV0 = ‖f‖BV0 = var(f) = 1.

On the other hand, for the partition {0, t, t′, 1} we get

var(ϕ) ≥ |ϕ(0)− ϕ(t)|+ |ϕ(t)− ϕ(t′)|+ |ϕ(t′)− ϕ(1)|
≥ ϕ(t) + ϕ(t)− ϕ(t′) + 1− ϕ(t′) > 1.

This contradiction shows that ϕ is increasing and, being injective, even
strictly increasing.

Now we show by means of a counterexample that the implication in Propo-
sition 4.3 (a) cannot be inverted. To this end, we first need a lemma which
shows that there exists a bijective pseudomonotone function whose inverse is
not pseudomonotone.

Lemma 4.4. There exists a bijective pseudomonotone function ϕ : [0, 1]→ [0, 1]
with the property that ϕ−1 : [0, 1]→ [0, 1] has unbounded variation.

Proof. For n ∈ N we put

tn :=
1

n
, In := (tn+1, tn], Jn := [−tn,−tn+1).

We define a piecewise linear zigzag function ψ on each interval In in such
a way that ψ is strictly increasing on I2n−1 with ψ(I2n−1) = In, and strictly
decreasing on I2n with ψ(I2n) = Jn. Moreover, setting ψ(0) := 0, it is not hard
to see that ψ : [0, 1] → [−1, 1] is a bijection. Since the harmonic series is di-
vergent, the function ψ is not of bounded variation, let alone pseudomonotone.

On the other hand, we show now that ψ−1 : [−1, 1]→ [0, 1] is pseudomono-
tone. Let I = (a, b) ⊂ [0, 1] be an arbitrary interval with a < b. Then we can
find m,n ∈ N with a ∈ Im and b ∈ In; in particular, n ≤ m. Writing

I = (a, tm] ∪ Im−1 ∪ . . . ∪ In+1 ∪ (tn+1, b),

we obtain

ψ(I) = ψ((a, tm]) ∪ ψ(Im−1) ∪ . . . ∪ ψ(In+1) ∪ ψ((tn+1, b)). (7)

Suppose without loss of generality that m is odd and n is even, i.e., m =
2k − 1 and n = 2l; the other cases are treated similarly. In this case we have
for the first and the last term in (7)

ψ((a, tm]) = ψ((a, t2k−1]) = (ψ(a), ψ(t2k−1)] = (ψ(a), tk]
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and

ψ((tn+1, b)) = ψ((t2l+1, b)) = (ψ(b),−tl+1),

while the middle terms in (7) become

ψ(Im−1) ∪ . . . ∪ ψ(In+1) = ψ(I2k−2) ∪ . . . ∪ ψ(I2l+1)

=

k−1⋃
j=l+1

(
ψ(I2j−1) ∪ ψ(I2j)

)
=

k−1⋃
j=l+1

Ij ∪
k−1⋃
j=l+1

Jj

=

k−1⋃
j=l+1

(tj+1, tj ] ∪
k−1⋃
j=l+1

[−tj ,−tj+1) = (tk, tl+1] ∪ [−tl+1,−tk).

We conclude that

(ψ−1)−1(I) = ψ(I) = (ψ(a), tk] ∪ (tk, tl+1] ∪ [−tl+1,−tk) ∪ (ψ(b),−tl+1)

= (ψ(a), tl+1) ∪ (ψ(b),−tk)

which shows that the preimage of I under the function ψ−1 is the union of two
intervals. The same is true in case I = (a, b], I = [a, b), or I = [a, b], as a
analogous calculation shows.

Now we define ϕ : [0, 1] → [0, 1] by ϕ(s) := ψ−1(2s − 1). As before, ϕ is
then a pseudomonotone bijection whose inverse is not pseudomonotone, which
proves our claim.

It is interesting to note that the pseudomonotone function ϕ in Lemma 4.4
belongs, by construction, to the class J2, i.e., to the minimal class of pseu-
domonotone functions which are not monotone. For monotone functions such
a construction is not possible. By means of Lemma 4.4 it is now easy to show
that the implication in Proposition 4.3 (a) is not an equivalence.

Example 4.5. The operator Sϕ defined by the injective function ϕ from Lem-
ma 4.4 maps BV into itself, since ϕ is pseudomonotone. However, Sϕ is not
surjective, because the function g(t) := t is not in the range. In fact, any f
with Sϕ(f) = g would satisfy f = g ◦ ϕ−1 = ϕ−1, and this function does not
belong to BV .

Concerning the composition operator (2), we have the following result which
is also due to Josephy.

Theorem 4.6 ([10]). The following two assertions are equivalent.

(a) Cg(BV ) ⊆ BV , i.e., the operator Cg maps BV into itself.

(b) The function g : R→ R is locally Lipschitz.
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Before studying analytical properties of the composition operator (2), let
us study some mapping properties like injectivity, surjectivity, and bijectivity.
It follows from Theorem 4.6 that the operator Cg is bijective in BV if and
only if the function f is bijective and both g and g−1 satisfy the local Lipschitz
condition (6) on R. Indeed, this is a direct consequence of the fact that C−1g (if it
exists!) is the composition operator Cg−1 . The following simple example shows
that we really need the condition g−1 ∈ Liploc(R) to ensure the bijectivity of
Cg : BV → BV .

Example 4.7. The function g : R → R defined by g(u) := u3 is a homeomor-
phism with g ∈ Liploc(R), but g−1 6∈ Liploc(R). Clearly, the corresponding
composition operator Cg is injective in BV . However, Cg is not surjective. To
see this, observe that the function

h(t) :=


1

n3
for t =

1

n
,

0 otherwise

belongs to BV . The only possible preimage f of h is

f(t) =


1

n
for t =

1

n
,

0 otherwise,

which does not belong to BV .

Clearly, Proposition 1.2 also applies to the operator Cg in BV . So we get
without any further effort the following

Proposition 4.8. Let g ∈ Liploc(R). With Cg given by (2), the following is
true.

(a) If the operator Cg : BV → BV is surjective then the corresponding func-
tion g : R→ R is surjective.

(b) The operator Cg : BV → BV is injective if and only if the corresponding
function g : R→ R is injective.

The operator Cg in Example 4.7 is injective, but not surjective in BV .
Conversely, there are composition operators in BV which are surjective, but
not injective.

Example 4.9 ([14]). Define g : R → R as in Example 3.6. Since g is Lip-
schitz continuous on R, the operator Cg maps BV into itself, by Theorem 4.6.
Moreover, Cg is not injective, which follows from Proposition 4.8 (b) or may
be checked directly. However, a somewhat cumbersome calculation shows that
Cg : BV → BV is surjective; for details we refer to [14].
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5. A comparison of spaces

In the following three tables we compare what we know about mapping prop-
erties of substitution operators in the spaces C, Lip, and BV .

Sϕ(C) ⊆ C Sϕ bounded Sϕ surjective Sϕ injective ⇔ Sϕ isometry

m m m m m

ϕ continuous ϕ continuous ϕ injective ϕ surjective ϕ surjective

Table 1: Properties of Sϕ : C → C

Sϕ(Lip) ⊆ Lip Sϕ bounded Sϕ surj. Sϕ inj. ⇐ Sϕ isometry

m m ⇓ m m

ϕ Lipschitz ϕ Lipschitz ϕ inj. ϕ surj. ϕ(t) = t or 1− t

Table 2: Properties of Sϕ : Lip→ Lip

Sϕ(BV ) ⊆ BV Sϕ bounded Sϕ surj. Sϕ inj. ⇐ Sϕ isometry

m m ⇓ m m

ϕ pseudomon. ϕ pseudomon. ϕ inj. ϕ surj. ϕ homeom.

Table 3: Properties of Sϕ : BV → BV

Our tables show that the situation is most satisfactory in the space C, since
all conditions are both necessary and sufficient. The down implication in the
third column and the updown equivalence in the fourth column of every table
is a consequence of Proposition 1.1. The other conditions are in part only suf-
ficient, or only necessary, and our counterexamples show that the implications
are not equivalences.

For the isometry property of Sϕ we also have necessary and sufficient criteria
in terms of ϕ in all spaces. Interestingly, these criteria are all different in the
three tables. To be specific, the function ϕ(t) = t generates an isometric
substitution operator in C, Lip, and BV , the function ϕ(t) = t2 only in C
and BV , and the function ϕ(t) = 4t(1 − t) only in C, see Example 2.2. In

the next three tables we compare what we know about mapping properties of
composition operators in the spaces C, Lip, and BV . We point out again that
for Cg we have to distinguish between boundedness and continuity.
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Cg(C) ⊆ C Cg bounded Cg continuous Cg surjective Cg injective

m m m ⇓ m

g ∈ C g ∈ C g ∈ C g surjective g injective

Table 4: Properties of Cg in C

Cg(C) ⊆ C Cg bounded Cg continuous Cg surjective Cg injective

m m m ⇓ m

g ∈ Liploc g ∈ Liploc g ∈ C1 g surjective g injective

Table 5: Properties of Cg in Lip

Cg(C) ⊆ C Cg bounded Cg continuous Cg surjective Cg injective

m m m ⇓ m

g ∈ Liploc g ∈ Liploc g ∈ Liploc g surjective g injective

Table 6: Properties of Cg in BV

Our tables above show that the nonlinear composition operator behaves in
rather the same way in the three spaces C, Lip, and BV , while the behavior
of the linear substitution operator is quite different in these spaces. The op-
erator Cg has the most interesting properties in the space BV which may be
summarized for g ∈ Liploc(R) and Cg : BV → BV as follows:

• Injectivity of Cg implies injectivity of g, and vice versa.

• Surjectivity of Cg implies surjectivity of g, but not vice versa.

• There are injective composition operators which are not surjective.

• There are surjective composition operators which are not injective.

• Bijectivity of Cg implies bijectivity of g with g−1 ∈ Liploc, and vice versa.

• Bijectivity of g without g−1 ∈ Liploc does not imply bijectivity of Cg.

Note that, as far as surjectivity and injectivity are concerned, for the com-
position operator (2) we do not have the “crossover” between g and Cg, as we
have for the substitution operator (1) between ϕ and Sϕ. We also point out
that, in sharp contrast with the trivial boundedness problem for Cg in BV ,
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the problem of proving the “automatic” continuity of Cg : BV → BV was an
open problem for many years. This problem has been solved affirmatively only
quite recently in [12]; a much simpler elegant proof building on convergence
properties of operator sequences may be found in [15]. Apart from the map-

ping properties of Cg discussed in Table 4 – Table 6, in view of applications it
is important to know also some topological properties of Cg. Thus, to apply
the Banach-Caccioppoli fixed point principle one has to ensure that Cg satisfies
a Lipschitz condition with small Lipschitz constant in the norm of X, while
to apply the Schauder fixed point principle one has to impose a compactness
condition on Cg. Unfortunately, both conditions for Cg lead to a strong de-
generacy of g, as the following table shows. The proofs may be found in the
monograph [3].

Cg : X → X Cg bounded Cg continuous Cg Lipschitz Cg compact

X = C always always g ∈ Lip(R) g constant

X = Lip always not always g affine g constant

X = BV always always g affine g constant

Table 7: Topological properties of Cg

Of course, the degeneracy of g reported in the last two columns is quite
disappointing: it means, roughly speaking, that one may apply the Banach-
Caccioppoli fixed point principle to Cg only if the underlying problem is linear,
and the Schauder fixed point principle only if every solution is constant.

6. Baire class one functions

It is well-known that the composition of two functions is Baire class one if
one of them is Baire class one and the other is continuous. This implies in
our setting that Sϕ(B1) ⊆ B1 for continuous ϕ, as well as Cg(B1) ⊆ B1 for
continuous g. However, it is not clear at all how far these conditions are from
being necessary.

To analyze the situation we show first that the composition of two functions
in B1 need not stay in B1. To this end, we may use the same functions which
is used in every first year calculus course to show that the composition of two
Riemann integrable functions need not be Riemann integrable:
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Example 6.1. Define ϕ : [0, 1]→ [0, 1] and f : [0, 1]→ R by

ϕ(t) :=


1

q
for t =

p

q
∈ [0, 1] ∩Q,

0 otherwise,

and f(s) = χ(0,1](s), respectively. Then both ϕ and f are Baire class one, but
f ◦ ϕ = χ[0,1]∩Q is not.

Our discussion shows that the condition ϕ ∈ C is too strong, and the
condition ϕ ∈ B1 is too weak to ensure that Sϕ(B1) ⊆ B1. The correct class of
functions ϕ has been found in [8] and may be described as follows. A function
ϕ : [0, 1] → [0, 1] is called k-continuous if for every function ε : [0, 1] → (0,∞)
there exists a function δ : [0, 1] → (0,∞) such that |σ − τ | ≤ min {δ(σ), δ(τ)}
for 0 ≤ σ, τ ≤ 1 implies |ϕ(σ)− ϕ(τ)| ≤ min {ε(ϕ(σ)), ε(ϕ(τ))}.

Theorem 6.2 ([8]). The following two assertions are equivalent.

(a) Sϕ(B1) ⊆ B1, i.e., the operator Sϕ maps B1 into itself.

(b) The function ϕ is k-continuous.

Clearly, every continuous function is k-continuous. The converse is not true,
as the following simple example shows.

Example 6.3. Define ϕ : [0, 1]→ [0, 1] by ϕ(t) := χ{0}(t). Obviously, ϕ is not
continuous. On the other hand, ϕ is k-continuous. In fact, it is known that a
characteristic function χA is k-continuous if and only if A is both Fσ and Gδ,
and the set A = {0} has this property.

By Theorem 6.2, Sϕ maps the space B1 into itself, although it does not map
the space C into itself.

We remark that there exist other necessary and sufficient conditions on ϕ
for the inclusion Sϕ(B1) ⊆ B1. We recall one such condition as

Proposition 6.4. The following three assertions are equivalent.

(a) Sϕ(B1) ⊆ B1, i.e., the operator Sϕ maps B1 into itself.

(b) For any Fσ-set F ⊆ [0, 1], the set ϕ−1(F ) is Fσ.

(c) For any closed set F ⊆ [0, 1], the set ϕ−1(F ) is Fσ.

The implication (a) ⇒ (b) is clear: for any Fσ-set F , the function χF
is Baire class one, so also χF ◦ ϕ is Baire class one, and the set ϕ−1(F ) =
(χF ◦ϕ)−1(1/2, 3/2) is Fσ. The implication (b)⇒ (c) is trivial. The implication
(c) ⇒ (a), however, is more difficult to prove.
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Let us check the criterion (c) in Proposition 6.4 for the function ϕ from
Example 6.3. Given a closed set F ⊆ [0, 1], an easy calculation shows that

ϕ−1(F ) =



[0, 1] if 0 ∈ F and 1 ∈ F,

(0, 1] if 0 ∈ F but 1 6∈ F,

{0} if 0 6∈ F but 1 ∈ F,

∅ if 0 6∈ F and 1 6∈ F,

and each of the sets after the curly bracket is an Fσ-set.

Of course, one may also discuss conditions on ϕ : [0, 1]→ [0, 1] under which
the operator Sϕ maps the class B2 of Baire class two functions (i.e., pointwise
limits of Baire class one functions) into itself. Here we have the following result
which is in a certain sense parallel to Proposition 6.4.

Proposition 6.5. The following three assertions are equivalent.

(a) Sϕ(B2) ⊆ B2, i.e., the operator Sϕ maps B2 into itself.

(b) For any Gδσ-set G ⊆ [0, 1], the set ϕ−1(G) is Gδσ.

(c) For any Gδ-set G ⊆ [0, 1], the set ϕ−1(G) is Gδσ.

The implication (a) ⇒ (b) is again simple: for any Gδσ-set G, the function
χG is Baire class two, so also χG ◦ ϕ is Baire class two, and the set ϕ−1(G) =
(χG ◦ ϕ)−1(1/2, 3/2) is Gδσ. As before, the implication (b) ⇒ (c) is trivial.
Also here the implication (c) ⇒ (a) is more difficult to prove.

Since the argument in Proposition 6.4 and Proposition 6.5 are quite similar,
one could think that the same functions ϕ generate substitution operators in B1
and B2. However, the next example shows that this is not true.

Example 6.6. Define ϕ : [0, 1] → [0, 1] by ϕ(t) := χM (t), where M := [0, 1] ∩
(R \ Q). It is well known that M is Gδ, but not Fσ. Since ϕ−1({1}) = M ,
Proposition 6.4 shows that Sϕ(B1) 6⊆ B1.

On the other hand, we apply Proposition 6.5 to show that Sϕ(B2) ⊆ B2.
Given a Gδ-set G ⊆ [0, 1], an easy calculation shows that

ϕ−1(G) =



[0, 1] if 0 ∈ G and 1 ∈ G,

[0, 1] ∩Q if 0 ∈ G but 1 6∈ G,

[0, 1] ∩ (R \Q) if 0 6∈ G but 1 ∈ G,

∅ if 0 6∈ G and 1 6∈ G,

and each of the sets after the curly bracket is a Gδσ-set.

By Proposition 6.5, Sϕ maps the space B2 into itself, although it does not
map the space B1 into itself.
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The following is simply a reformulation of Proposition 1.1 for the space
X = B1.

Proposition 6.7. Let ϕ : [0, 1]→ [0, 1] be k-continuous. With Sϕ given by (1),
the following is true.

(a) The function ϕ : [0, 1]→ [0, 1] is injective if the operator Sϕ : B1 → B1 is
surjective.

(b) The operator Sϕ : B1 → B1 is injective if and only if the corresponding
function ϕ : [0, 1]→ [0, 1] is surjective.

Remarkably, in the space B1 the statement of Proposition 6.7 (a) does not
admit a converse, as we will show in Example 6.9 below. This means that in
this respect the operator Sϕ behaves in B1 similarly as in BV , but not as in C,
although Baire one functions are defined by means of continuous functions. We
start with a technical result which is parallel to Lemma 4.4.

Lemma 6.8. There exists an injective k-continuous function ϕ : [0, 1] → [0, 1]
with the property that ϕ−1 : ϕ([0, 1])→ [0, 1] is not Baire class one.

Proof. Let

D0 := {2−(n+1) : n ∈ N}, D1 := {1− 2−(n+1) : n ∈ N}.

Then both D0 ⊂ [0, 1/4] and D1 ⊂ [3/4, 1] are discrete in [0, 1], so also
D := D0 ∪D1 is discrete in [0, 1]. Furthermore, the sets

A0 :=
{
k
2n : n, k ∈ N, 2

n

2 < k < 2n
}

=
{

3
4 ,

5
8 ,

6
8 ,

7
8 ,

9
16 ,

10
16 ,

11
16 ,

12
16 ,

13
16 ,

14
16 ,

15
16 , . . .

}
and

A1 :=
{
k
3n : n, k ∈ N, 3

n

2 < k < 3n
}

=
{

2
3 ,

5
9 ,

6
9 ,

7
9 ,

8
9 ,

14
27 ,

15
27 ,

16
27 ,

17
27 ,

18
27 ,

19
27 , . . .

}
are dense in the interval (1/2, 1). Since all four sets are countable, we may
find bijective maps ψ0 : D0 → A0 and ψ1 : D1 → A1. Taking in addition
ψ2(x) := x/3, we define ϕ : [0, 1]→ [0, 1] by

ϕ(x) :=


ψ0(x) for x ∈ D0,

ψ1(x) for x ∈ D1,

ψ2(x) for x ∈ [0, 1] \D.

Since ϕ coincides outside the discrete set D with the continuous function
ψ2, we conclude that ϕ is k-continuous [8]. Observe that ϕ : [0, 1] → [0, 1]
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is not surjective, because ϕ([0, 1]) is contained in A0 ∪ A1 ∪ [0, 1/3] and so
omits all irrational numbers in (1/3, 1]. We claim that ϕ is injective, but ϕ−1 :
ϕ([0, 1])→ [0, 1] is not Baire class one. Given x, y ∈ [0, 1] with ϕ(x) = ϕ(y), we

must have either x, y ∈ D0 or x, y ∈ D1 or x, y ∈ [0, 1] \D, because the three
sets ϕ(D0), ϕ(D1) and ϕ−1([0, 1] \D) are mutually disjoint. But all functions
ψ0, ψ1 and ψ2 are injective, so ϕ is injective as well.

A well-known characterization of the class B1 states that a function is Baire
class one if and only if the restriction of this function to any closed subset of
its domain of definition has at least one continuity point. We use this criterion
to show that ϕ−1 6∈ B1, being discontinuous on the whole interval [1/2, 1].

Fix s ∈ [1/2, 1], and suppose first that s ∈ A0 = ψ0(D0), hence ϕ−1(s) ∈
D0. Since D0 is discrete, we find an ε > 0 such that [ϕ−1(s)− ε, ϕ−1(s) + ε] ∩
D0 = {ϕ−1(s)}. Given δ > 0, there exists t ∈ A0, hence ϕ−1(t) ∈ D0, such
that t 6= s and |t− s| ≤ δ, because A0 is dense in [1/2, 1]. But ϕ−1 : A0 → D0

is injective, so ϕ−1(t) 6= ϕ−1(s) and |ϕ−1(t) − ϕ−1(s)| > ε. We have shown
that ϕ−1 is not continuous at s. The argument in case s ∈ A1 = ψ1(D1) is
similar, so it remains to consider the case s ∈ [1/2, 1] \ (A0 ∪A1).

From s ∈ [1/2, 1] \ (A0 ∪ A1) it follows that s 6∈ ϕ([0, 1]). Given δ > 0,
there exists s0 ∈ A0 and s1 ∈ A1, hence ϕ−1(s0) ∈ D0 and ϕ−1(s1) ∈ D1, such
that both |s− s0| ≤ δ and |s− s1| ≤ δ, again because A0 and A1 are dense in
[1/2, 1]. This implies

|ϕ−1(s0)− ϕ−1(s1)| ≥ dist(D0, D1) = inf {t1 − t0 : t0 ∈ D0, t1 ∈ D1} = 1/2,

hence |ϕ−1(s0) − ϕ−1(s)| ≥ 1/4 or |ϕ−1(s1) − ϕ−1(s)| ≥ 1/4. Consequently,
ϕ−1 is again discontinuous at s, and the claim follows.

We may use Lemma 6.8 to construct an injective k-continuous function
ϕ : [0, 1] → [0, 1] with the property that the corresponding operator Sϕ is not
surjective in B1.

Example 6.9. The argument is the same as in Example 4.5. The operator
Sϕ generated by the injective function ϕ constructed in Lemma 6.8 maps B1
into itself, since ϕ is k-continuous. However, Sϕ is not surjective, because the
function g(t) := t is not in the range. In fact, any f with Sϕ(f) = g would
satisfy f = g ◦ϕ−1 = ϕ−1, and this function does not belong to B1, as we have
just shown.

Now we are interested in finding conditions on g, possibly both necessary
and sufficient, which ensure that Cg maps B1 into itself. By what we have
observed above, continuity of g is sufficient, and Example 6.1 shows that even a
harmless function like g(u) = χ(0,∞)(u) with only one discontinuity of first kind
(jump) may destroy the inclusion Cg(B1) ⊆ B1. However, it could be possible
that some function g with a discontinuity of second kind still generates an
operator Cg : B1 → B1. The following theorem shows that this cannot happen.
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Theorem 6.10. The following two assertions are equivalent.

(a) Cg(B1) ⊆ B1, i.e., the operator Cg maps B1 into itself.

(b) The function g : R→ R is continuous.

Proof. We only have to prove that the inclusion Cg(B1) ⊆ B1 implies the
continuity of g. Suppose that g is discontinuous at u0 ∈ R. Then we find a
sequence (un)n converging to u0 and an ε > 0 such that |g(un)− g(u0)| > ε for
all n.

We use a characterization of the class B1 which reads as follows [16, Exer-
cise 11.V]: For n ∈ N, consider the sets

Tn := {(2k − 1)2−n : k ∈ N},

let (an)n be a sequence in R, and let a0 ∈ R. Define a function f : [0, 1] → R
by

f(t) :=


an if t ∈ Tn,

a0 if t ∈ [0, 1] \
∞⋃
n=1

Tn.

Then f is Baire class one if and only if an → a0 as n→∞.

Now the proof is very easy: applying this result to an := un and a0 := u0
shows that f ∈ B1, while applying it to an := g(un) and a0 := g(u0) shows
that Cg(f) 6∈ B1.

7. Concluding remarks

Another space which frequently occurs in applications is the space C1 of all
continuously differentiable functions f : [0, 1]→ R with norm

‖f‖C1 := |f(0)|+ ‖f ′‖C (f ∈ C1),

resp. the space C1
0 of all f ∈ C1 with f(0) = 0 and norm ‖f‖C1

0
= ‖f ′‖C . Here

we have Sϕ(C1) ⊆ C1 if and only if ϕ ∈ C1, and the table for Sϕ looks exactly
like Table 2.

Likewise, the table for Cg in C1 is very similar to that for Cg in Lip, with
the remarkable difference that the operator Cg is not only bounded, but also
continuous whenever it maps C1 into itself.

There is another nonlinear operator which is of utmost importance in non-
linear functional analysis, namely the so-called Nemytskij operator

Ng(f)(t) := g(t, f(t)) (0 ≤ t ≤ 1) (8)
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generated by some function g : [0, 1]×R→ R. Thus, the Nemytskij operator (8)
is the non-autonomous version of the autonomous composition operator (2),
and it is just the “interplay” between the variables t and u of the map (t, u) 7→
g(t, u) which makes the study of Ng extremely difficult. In particular, there
exist many examples which show that the operator Ng behaves in a quite
different way than the operator Cg; we restrict ourselves to enumerating in the
following list some differences with corresponding references. A self-contained
overview of these and many other facts can be found in the monograph [3].

• The condition Cg(Lip) ⊆ Lip holds precisely for locally Lipschitz func-
tions g; the condition Ng(Lip) ⊆ Lip may hold even for discontinuous
functions g [5].

• Whenever the operator Cg maps Lip into itself, it is automatically bound-
ed; this is not true for the operator Ng [5].

• The condition Cg(BV ) ⊆ BV holds precisely for locally Lipschitz func-
tions g; the condition Ng(BV ) ⊆ BV may hold even for discontinuous
functions g [12].

• Whenever the operator Cg maps BV into itself, it is automatically bound-
ed; this is not true for the operator Ng [6].

• Whenever the operator Cg maps BV into itself, it is automatically con-
tinuous; a continuous superposition operator Ng in BV may even be
generated by a discontinuous function [7].

• Whenever the operator Cg maps BV into itself, it is automatically bound-
ed; this is not true for the operator Ng [6].

• Whenever the operator Cg maps BV into itself, it is automatically con-
tinuous; this is not true for the operator Ng, even if g is very regular [12].

• Only affine functions g generate globally Lipschitz continuous operators
Cg in the BV -norm; this is not true for the operator Ng [13].

• Only constant functions g generate compact operators Cg in the BV -
norm; this is not true for the operator Ng [1].

• The condition Cg(C
1) ⊆ C1 holds precisely for continuously differentiable

functions g; the condition Ng(C
1) ⊆ C1 may hold even for discontinuous

functions g [11].

• Whenever the operator Cg maps C1 into itself, it is automatically con-
tinuous; this is not true for the operator Ng [11].
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To the best of our knowledge, the Nemytskij operator Ng has not been studied
in the class B1. To conclude, we give a simple sufficient condition for the
inclusion Ng(B1) ⊆ B1 and show then that this condition is not necessary.

Proposition 7.1. The continuity of g : [0, 1]×R→ R implies that the operator
Ng maps B1 into itself.

Proof. Given f ∈ B1, choose a sequence of continuous function fn : [0, 1]→ R
such that fn(t)→ f(t) for each t ∈ [0, 1]. Then the functions hn := Ng(fn) are
continuous, and hn(t)→ h(t) := g(t, f(t)) for each t ∈ [0, 1] as n→∞.

Example 7.2. Define g : [0, 1] × R → R by g(t, u) := χ{0}×Q(t, u). Then for
each f ∈ B1 we have Ng(f)(t) = χ{0}(t) if f(0) ∈ Q, and Ng(f)(t) ≡ 0 if
f(0) 6∈ Q. In any case, Ng(f) ∈ B1, hence Ng(B1) ⊆ B1. Since the section
g(0, ·) : R→ R is a Dirichlet-type function, g cannot be of Baire class one, let
alone continuous.
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[12] P. Maćkowiak, On the continuity of superposition operators in the space of
functions of bounded variation, Aequationes Math. 91 (2017), no. 4, 759–777.

[13] J. Matkowski and J. Mís, On a characterization of Lipschitzian operators of
substitution in the space BV ([a, b]), Math. Nachr. 117 (1984), 155–159.

[14] S. Reinwand, Functions of Bounded Variation: Theory, Methods, Applications,
PhD thesis, Univ. of Würzburg (Germany), 2020.

[15] S. Reinwand, Types of convergence which preserve continuity, Real Anal. Ex-
change 45 (2020), no. 1, 173–204.

[16] A. C. M. van Rooij and W. H. Schikhof, A Second Course on Real Functions,
Cambridge Univ. Press, Cambridge 1982.
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1. Introduction and Preliminaries

The notion of Pettis integrable multifunction was first considered in [11, Chap-
ter 4] and has been pretty recently studied in [1, 7–10, 16, 18, 23, 24, 29, 30]. In
the last decades was made a great deal of work about measurable and inte-
grable multifunctions. Some pioneering and highly influential ideas and no-
tions around the matter were inspired by problems arising in Control Theory
and Mathematical Economics. We can cite the papers by Aumann [2] and
Debreu [12], the monographs by Castaing and Valadier [11], Klein and Thomp-
son [20], and the survey by Hess [17]. There are beautiful research results for
gauge integrals of multifunctions in the papers [3–7,14,15]. The definitions and
further properties of the integrals of multifunctions are depended on the exis-
tence of measurable selectors. The best results for the existence of measurable
selectors are achieved in the papers [9,10] by Cascales, Kadets, and Rodŕıguez.

In this paper we first prove that indefinite Pettis integral of multifunctions
in locally convex spaces is a µ-continuous strong multimeasure, Theorem 2.8.
Then, we present a full characterization of strong multimeasures in terms of
weak multimeasures, Theorem 2.10.

Throughout this paper X is a complete Hausdorff locally convex space with
the topology τ and P the family of all τ -continuous seminorms. For any p ∈P,
we denote by X̃p the quotient vector space X/p−1(0), by ϕp : X → X̃p the

canonical quotient map, by (X̃p, p̃) the quotient normed space and by (Xp, p)
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the completion of (X̃p, p̃). It is easy to see that

X ′ =
⋃
p∈P

X ′p, (1)

where X ′ is the topological dual of X and X ′p is the topological dual of (X, p)

(p ∈P), and since X ′p = {x̃′p ◦ ϕp : x̃′p ∈ X̃ ′p} it follows that

X ′ =
{
x̃′p ◦ ϕp : x̃′p ∈ X̃ ′p, p ∈P

}
, (2)

where X̃ ′p is the topological dual of (X̃p, p̃) (p ∈ P). Define the continuous
linear maps g̃pq and gpq (p, q ∈ P; p ≤ q) as follows: for each p, q ∈ P such

that p ≤ q, the map g̃pq : X̃q → X̃p is defined by

g̃pq(ϕq(x)) = ϕp(x), for each x ∈ X;

gpq is the continuous linear extension of g̃pq to Xq. We denote by

lim
←−

g̃pq X̃q and lim
←−

gpq Xq

the projective limits of {(X̃p, p̃) : p ∈ P} and
{(
Xp, p

)
: p ∈P

}
with respect

to the mappings (g̃pq) and (gpq) respectively, cf. [26, p.52]. The following lemma
is obtained by [26, II.5.4, p.53].

Lemma 1.1. Let X be a complete Hausdorff locally convex space and let P be
the family of all continuous seminorms. Then,

L = lim←− g̃pq X̃q = lim←− gpq Xq ⊂ X̃P =
∏
p∈P

X̃p ⊂ XP =
∏
p∈P

Xp, (3)

and the function
ϕ : X → L, ϕ(x) = (ϕp(x))p∈P (4)

is an isomorphism of (X, τ) onto (L, τL), where τL is the induced topology in

L by the product topology in XP (or by the product topology in X̃P).

By cwk(X) the family of all nonempty convex weakly compact (or σ(X,X ′)-
compact) subsets of X is denoted; cwk(X) is considered with Minkowski ad-
dition: A ⊕ B = A+B; so, A ⊕ B = A + B whenever A,B ∈ cwk(X).

Since the function ϕp : (X, τ) → (X̃p, p̃) is linear and continuous, we ob-
tain by [25, Proposition II.6.13, p.39] that the function ϕp : (X,σ(X,X ′)) →
(X̃p, σ(X̃p, X̃

′
p)) is also continuous for every p ∈P. Therefore,

ϕp(cwk(X)) ⊂ cwk
(
X̃p

)
, p ∈P,
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and since cwk
(
X̃p

)
⊂ cwk

(
Xp

)
it follows that

ϕp(cwk(X)) ⊂ cwk
(
Xp

)
, p ∈P, (5)

where

ϕp(cwk(X)) = {ϕp(C) : C ∈ cwk(X)} and ϕp(C) =
{
ϕp(c) ∈ X̃p : c ∈ C

}
.

For any C ∈ cwk(X) and x′ ∈ X ′, we write

δ∗(x′, C) = sup {x′(c) : c ∈ C} .

Let (Ω,Σ, µ) be a complete probability space.

Definition 1.2. A function f : Ω→ X is said to be scalarly measurable if, for
each x′ ∈ X ′ the composition x′◦f : Ω→ R is measurable, i.e. (x′◦f)−1(B) ∈ Σ
for all Borel subsets B ⊂ R. f is said to be Pettis integrable if

(i) x′ ◦ f ∈ L1(µ) for every x′ ∈ X ′,

(ii) for each A ∈ Σ there exists a vector
∫
A
fdµ ∈ X such that

x′
(∫

A

fdµ

)
=

∫
A

x′ ◦ fdµ for every x′ ∈ X ′;

the vector
∫
A
fdµ is said to be Pettis integral of f over A; the map

νf : Σ→ X, νf (A) =

∫
A

fdµ

is said to be the indefinite Pettis integral of f ; νf is a countably additive µ-
continuous vector measure, see Corollary 2.9; a vector measure ν : Σ → X
is said to be µ-continuous if for each A ∈ Σ, we have µ(A) = 0 implies that
ν(A) = 0. We refer to [13, 21–24, 27] for the detailed information about Pettis
integral.

A map F : Ω→ cwk(X) is called a multifunction; a function f : Ω→ X is
called a selector of F if f(ω) ∈ F (ω) for every ω ∈ Ω.

Definition 1.3. We say that a multifunction F : Ω → cwk(X) is p-scalarly
measurable if for every x′p ∈ X ′p, the map δ∗(x′p, F (·)) is measurable; F is said to
be scalarly measurable if for every x′ ∈ X ′, the map δ∗(x′, F (·)) is measurable;
by (1), F is scalarly measurable if and only if F is p-scalarly measurable for
every p ∈P.

We say that F is p-scalarly integrable if δ∗(x′p, F (·)) ∈ L1(µ) for every
x′p ∈ X ′p; F is said to be scalarly integrable if δ∗(x′, F (·)) ∈ L1(µ) for every
x′ ∈ X ′; (so, F is scalarly integrable if and only if F is p-scalarly integrable
for every p ∈P).
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Given a multifunction F : Ω→ cwk(X), by virtue of (5) we can define

F̃p : Ω→ cwk
(
Xp

)
, F̃p(ω) = ϕp(F (ω)), ω ∈ Ω, p ∈P,

where ϕp(F (ω)) =
{
ϕp(x) ∈ X̃p : x ∈ F (ω)

}
.

Definition 1.4. We say that a multifunction F : Ω → cwk(X) is the Pettis
integrable if

(i) F is scalarly integrable;

(ii) for every A ∈ Σ there exists IF (A) ∈ cwk(X) such that

δ∗ (x′, IF (A)) =

∫
A

δ∗(x′, F )dµ, for every x′ ∈ X ′.

We set IF (A) =
∫
A
Fdµ and call IF (A) Pettis integral of F over A; the map

IF : Σ→ cwk(X), IF (A) =

∫
A

Fdµ

is said to be the indefinite Pettis integral of F . We will prove that IF (·) is a
µ-continuous strong multimeasure, see Theorem 2.8.

Given a sequence (Bn) in cwk(X), the symbol
∑+∞
n=1Bn denotes a formal

series. The series
∑+∞
n=1Bn is said to be unconditionally convergent in X if for

every choice bn ∈ Bn, n ∈ N, the series
∑+∞
n=1 bn is unconditionally convergent

in X. In this case, we set

+∞∑
n=1

Bn =

{
+∞∑
n=1

bn : bn ∈ Bn for all n ∈ N

}
;

it is easy to see that
∑+∞
n=1Bn is a convex subset of X.

A map M : Σ → cwk(X) is said to be a finitely additive multimeasure if
M(A ∪ B) = M(A) + M(B) whenever A,B ∈ Σ are disjoint; M is said to
be a strong multimeasure (or a countably additive multimeasure), if for every
pairwise disjoint sequence (An) in Σ the series

∑+∞
n=1M(An) is unconditionally

convergent and

M

(
+∞⋃
n=1

An

)
=

+∞∑
n=1

M(An).

The map M is said to be a weak multimeasure if δ∗(x′,M) is countably additive
for every x′ ∈ X ′. We are going to prove that M is a strong multimeasure if
and only if M is a weak multimeasure which is a well-known result in Banach
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spaces, see [9, Theorem 3.4]. The last result can be seen as the set-valued
version of well-known fact that weakly countably additive vector measures are
norm countably additive (Orliz-Pettis theorem, cf. [13, Corollary I.4.4, p.22]).
M is said to be µ-continuous if for each A ∈ Σ, we have that µ(A) = 0 implies
that M(A) = {0}.

2. The Main Results

A series
∑+∞
n=1 cn of elements cn ∈ X, n ∈ N, is said to be unconditionally

convergent if it converges for every rearrangement of its terms, i.e. if the series∑+∞
n=1 cπ(n) converges whenever π is a one-to-one mapping of N onto N.

Lemma 2.1. If series
∑+∞
n=1 cn of elements cn ∈ X, n ∈ N is unconditionally

convergent, then all rearrangements have the same sum.

Proof. Let π : N→ N be a permutation. We write
∑
n cn = a and

∑
n cπ(n) =

aπ. Given x′ ∈ X ′ the series
∑
n x
′(cn) is unconditionally convergent and its

sum is the same for every rearrangement. It follows that x′(a) = x′(aπ) for
every x′ ∈ X ′. Hence, a = aπ and that finished the proof.

Corollary 2.2. If the series
∑+∞
n=1 ϕp(cn) is unconditionally convergent for

every p ∈P, then the series
∑+∞
n=1 cn is also unconditionally convergent.

Proof. Suppose that
∑
n ϕp(cn) is unconditionally convergent for every p ∈P

but there exists a rearrangement (mn)n of N such that
∑
n cmn

is divergent.
Since X is complete, it means that

∑
n cmn

does not satisfy the Cauchy con-
dition, i.e. there exists a sequence (Nk)k of pairwise disjoint sets Nk ⊂ N such
that supNk < inf Nk+1 and the sequence

(∑
n∈Nk

cmn

)
k

does not converge to
zero. Hence, there exists p ∈P such that

lim
k→∞

p̃

(∑
n∈Nk

ϕp(cmn)

)
= lim
k→∞

p

(∑
n∈Nk

cmn

)
6= 0.

The last result contradicts the unconditionally convergence of
∑
n ϕp(cn).

Therefore,
∑
n cn is unconditionally convergent and this ends the proof.

Corollary 2.3. The series
∑+∞
n=1 cn is unconditionally convergent if and only

if the series
∑+∞
n=1 ϕp(cn) is unconditionally convergent for every p ∈ P. In

this case, we have

ϕp

(
+∞∑
n=1

cn

)
=

+∞∑
n=1

ϕp(cn) for every p ∈P.

The next lemma follows immediately from Corollary 2.3.
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Lemma 2.4. The series
∑+∞
n=1Bn is unconditionally convergent in X if and

only if the series
∑+∞
n=1 ϕp(Bn) is unconditionally convergent in the Banach

space Xp for every p ∈P.

Given p ∈P and C ∈ cwk(X) we write

p(C) = sup
c∈C

p(c) and p̃(ϕp(C)) = sup
c∈C

p̃(ϕp(c)).

A series
∑+∞
n=1 ϕp(Bn) is unconditionally convergent in the Banach space Xp

if and only if given ε > 0 there exists npε ∈ N such that

p̃

(∑
i∈S

ϕp(Bi)

)
≤ ε

whenever S is a finite subset of N\{1, . . . , npε}, see [7, p.4]. Hence, by equalities

∑
i∈S

ϕp(Bi) = ϕp

(∑
i∈S

Bi

)
and p̃(ϕp(x)) = p(x) (x ∈ X)

we obtain immediately the following corollary.

Corollary 2.5. The series
∑+∞
n=1Bn is unconditionally convergent if and only

if for each p ∈P and for each ε > 0 there exists npε ∈ N such that

p

(∑
i∈S

Bi

)
≤ ε

whenever S is a finite subset of N \ {1, . . . , npε}.

The next lemma is proved in the same manner as [7, Lemma 2.2].

Lemma 2.6. Let
∑+∞
n=1Bn be an unconditionally convergent series and let B =∑+∞

n=1Bn. Then B ∈ cwk(X).

Proof. Let us consider the mapping

T :

+∞∏
n=1

(Bn, σn)→ (X,σ(X,X ′)), T ((bn)n) =

+∞∑
n=1

bn,

where σn is the induced topology in Bn by the weak topology σ(X,X ′). It is
enough to prove that T is a continuous function, since

∏+∞
n=1(Bn, σn) is a com-

pact topological space with respect to the product topology by [19, Tychonoff’s
Theorem] and, therefore, B is σ(X,X ′)-compact subset of X.
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By βσ(X,X′)(0) a 0-neighborhood base with respect to the weak topology

σ(X,X ′) is denoted. Assume that an arbitrary element b = (bn) ∈
∏+∞
n=1Bn

and an arbitrary neighborhood U ∈ βσ(X,X′)(0) are given. Since the function

f : (X, τ)× (X,σ(X,X ′))→ (X,σ(X,X ′)), f(x, y) = x+ y

is continuous, given U there exists a (0, 0)-neighborhood Up(ε)×V in (X, τ)×
(X,σ(X,X ′)) such that Up(ε) + V ⊂ U , where Up(ε) = {x ∈ X : p(x) ≤ ε}.
Hence, by Corollary 2.5 there exists npε ∈ N such that

p

(∑
i∈S

Bi

)
≤ ε

2
,

whenever S is a finite subset of N \ {1, . . . , npε}. There exist 0-neighborhoods
W1, . . . ,Wpε in βσ(X,X′)(0) such that W1 + . . .+Wpε ⊂ V . Define Cn = Bn ∩
(bn +Wn) for every 1 ≤ n ≤ npε, Cn = Bn for every n > npε and C =

∏
n Cn.

Then C is a neighborhood of b = (bn) such that for each b′ = (b′n) ∈ C, we
have

T (b′) =

+∞∑
n=1

b′n =

npε∑
n=1

b′n +

+∞∑
npε+1

b′n ∈
npε∑
n=1

(bn +Wn) +

+∞∑
npε+1

b′n

=

npε∑
n=1

bn +

+∞∑
npε+1

b′n +

npε∑
n=1

Wn ⊂
+∞∑
n=1

bn +

+∞∑
npε+1

(b′n − bn) + V

⊂ T (b) + Up(ε) + V ⊂ T (b) + U = T (b) + U.

Since b and U were arbitrary, the last result yields that T is continuous and
the proof is finished.

Lemma 2.7. Let F : Ω→ cwk(X) be a multi-function. Then,

(i) F is scalarly measurable if and only if F̃p is scalarly measurable for every
p ∈P,

(ii) F is scalarly integrable if and only if F̃p is scalarly integrable for every
p ∈P,

(iii) if F is Pettis integrable, then each F̃p is Pettis integrable and

ϕp

(∫
A

Fdµ

)
=

∫
A

F̃pdµ, A ∈ Σ, p ∈P. (6)

Proof. Assume that F is scalarly measurable (scalarly integrable) and let p ∈
P. Given x̃′p ∈ X̃ ′p we have δ∗

(
x̃′p, F̃p(·)

)
= δ∗

(
x′p, F (·)

)
where x′p = x̃′p ◦ ϕp.

So, F̃p is scalarly measurable (scalarly integrable).
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Conversely, assume that F̃p is scalarly measurable (scalarly integrable) for
every p ∈P, and let x′ be an arbitrary element of X ′. Then, there exists p ∈P
such that x′ = x′p ∈ X ′p; further there exists x̃′p ∈ X̃ ′p such that x′p = x̃′p ◦ ϕp.
Since

δ∗ (x′, F (·)) = δ∗
(
x′p, F (·)

)
= δ∗

(
x̃′p, F̃p(·)

)
and δ∗

(
x̃′p, F̃p(·)

)
is measurable (integrable) it follows that δ∗ (x′, F (·)) is mea-

surable (integrable). Since x′ was arbitrary we infer that F is scalarly measur-
able (scalarly integrable).

(iii) Assume that F is Pettis integrable and let p ∈P, A ∈ Σ and x̃′p ∈ X̃ ′p.
Then, by Definition 1.4 we have

δ∗
(
x̃′p, ϕp

(∫
A

Fdµ

))
=δ∗

(
x̃′p ◦ ϕp,

∫
A

Fdµ

)
=

∫
A

δ∗
(
x̃′p ◦ ϕp, F (ω)

)
dµ

=

∫
A

δ∗
(
x̃′p ◦ ϕp, F (ω)

)
dµ

=

∫
A

δ∗
(
x̃′p, ϕp[F (ω)]

)
dµ =

∫
A

δ∗
(
x̃′p, F̃p(ω)

)
dµ.

The last result together with (ii) yields that F̃p is Pettis integrable and (6)
holds, and this ends the proof.

We are now ready to present the first main result.

Theorem 2.8. If F : Ω → cwk(X) is a Pettis integrable multifunction, then
the indefinite Pettis integral IF (·) is a µ-continuous strong multimeasure.

Proof. Let (An) be a pairwise disjoint sequence in Σ and let A =
⋃+∞
n=1An.

By Lemma 2.7 we have that each F̃p is Pettis integrable and ϕp
(∫
B
Fdµ

)
=∫

B
F̃pdµ for every B ∈ Σ and p ∈P. Therefore, by [9, Theorem 4.1] we obtain

that the series
∑+∞
n=1

∫
An

F̃pdµ is unconditionally convergent and

+∞∑
n=1

∫
An

F̃pdµ =

∫
A

F̃pdµ, for every p ∈P.

So,

+∞∑
n=1

ϕp

(∫
An

Fdµ

)
= ϕp

(∫
A

Fdµ

)
, for every p ∈P.
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Hence,

0 = lim
k→∞

p̃

(
k∑

n=1

ϕp

(∫
An

Fdµ

)
− ϕp

(∫
A

Fdµ

))

= lim
k→∞

p̃

[
ϕp

(
k∑

n=1

∫
An

Fdµ−
∫
A

Fdµ

)]

= lim
k→∞

p

(
k∑

n=1

∫
An

Fdµ−
∫
A

Fdµ

)

whenever p ∈P. Therefore,

+∞∑
n=1

∫
An

Fdµ =

∫
A

Fdµ.

This means that IF is a strong multimeasure.

It remains to prove that IF is µ-continuous. Let A ∈ Σ be such that
µ(A) = 0 and let xA ∈ IF (A). Then for every x′ ∈ X ′, we have

δ∗(x′, IF (A)) =

∫
A

δ∗(x′, F (ω))dµ = 0

and δ∗(−x′, IF (A)) =
∫
A
δ∗(−x′, F (ω))dµ = 0. It follows that x′(xA) = 0 for

every x′ ∈ X ′. Hence, xA = 0 and, therefore, IF (A) = {0}. This means that
IF is µ-continuous and this ends the proof.

Corollary 2.9. If f : Ω→ X is a Pettis integrable function, then the indefi-
nite Pettis integral νf is a countably additive µ-continuous vector measure.

Given a map M : Σ→ cwk(X), by virtue of (5) we can define

M̃p : Σ→ cwk
(
Xp

)
, M̃p(A) = ϕp(M(A)), A ∈ Σ, p ∈P,

where ϕp(M(A)) =
{
ϕp(x) ∈ X̃p : x ∈M(A)

}
.

Theorem 2.10. Let M : Σ → cwk(X) be a function. Then the following
statements are equivalent:

(i) M is a strong multimeasure,

(ii) M is a weak multimeasure.
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Proof. (i) ⇒ (ii) Assume that M is a strong multimeasure, let (An) be a
pairwise disjoint sequence in Σ with A =

⋃+∞
n=1An and let x′ ∈ X ′. Then,

there exists p ∈ P such that x′ = x′p ∈ X ′p. Hence, there exists x̃′p ∈ X̃ ′p such
that x′p = x̃′p ◦ ϕp. Thus,

δ∗(x′,M(A)) =δ∗(x′p,M(A)) = δ∗(x̃′p ◦ ϕp,M(A)) = δ∗(x̃′p, M̃p(A)). (7)

By Lemma 2.4 and Lemma 2.6 we obtain that M̃p is a countably additive
multimeasure in Xp and

M̃p(A) =

+∞∑
n=1

M̃p(An).

The last result together with [9, Theorem 3.4] yields

δ∗(x̃′p, M̃p(A)) =

+∞∑
n=1

δ∗(x̃′p, M̃p(An)) for every x̃′p ∈ X̃ ′p. (8)

Since for each n ∈ N, δ∗(x̃′p, M̃p(An)) = δ∗(x′p,M(An)), we obtain by (7)
and (8) that

δ∗(x′,M(A)) =δ∗(x′p,M(A)) =

+∞∑
n=1

δ∗(x′p,M(An)) =

+∞∑
n=1

δ∗(x′,M(An)).

This means that δ∗(x′,M) is countably additive.
(ii)⇒ (i) Assume that M is a weak multimeasure. Then, given p ∈P we

have that δ∗(x̃′p, M̃p) is countably additive for every x̃′p ∈ X̃ ′p. Therefore, by [9,

Theorem 3.4], M̃p is a countably additive multimeasure. Hence, by Lemma 2.4
and Lemma 2.6 it follows that M is a countably additive multimeasure and
this ends the proof.
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au sens de Pettis et applications, Ann. Sci. Math. Québec 26 (2002), no. 2,
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Abstract. We correct an error in Part (c) of Proposition 3.3 in
our paper “Some remarks on substitution and composition operators”
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Part (c) of Proposition 3.3 in [1] is not correct as stated. The operator Sϕ :
Lip→ Lip is certainly not an isometry in Lip for ϕ(t) ≡ 1− t which becomes
immediate after computing Sϕ at the identity function. Therefore, this option
in the statement of Proposition 3.3 (c) must be erased. Instead, its correct
formulation is as follows.

Proposition 3.3. Let ϕ : [0, 1] → [0, 1] be Lipschitz continuous. With Sϕ

given by (1.1) the following is true.

(a) The function ϕ : [0, 1]→ [0, 1] is injective if the operator Sϕ : Lip→ Lip
is surjective.

(b) The operator Sϕ : Lip→ Lip is injective if and only if the corresponding
function ϕ : [0, 1]→ [0, 1] is surjective.

(c) The operator Sϕ : Lip→ Lip is an isometry if and only if ϕ(t) ≡ t.
Proof. The proofs for (a) and (b) remain unchanged. For the proof of (c) first
note that ϕ(t) ≡ t generates the identity operator which clearly is an isometry
in Lip.

To prove the “only if” part of (c), suppose that Sϕ is an isometry, hence
injective. From (b) it follows then that ϕ is surjective.

Now, Sϕ being an isometry in Lip implies ϕ(0) + lip(ϕ) = 1 and hence

|ϕ(s)− ϕ(t)| ≤
(
1− ϕ(0)

)
|s− t| (0 ≤ s, t ≤ 1). (5)

This yields on the one hand that ϕ(0) < 1, because otherwise ϕ would be
constant, contradicting its surjectivity. On the other hand, ϕ(0) = 0. Other-
wise, we would find s, t ∈ (0, 1] such that ϕ(s) = 0 and ϕ(t) = 1. But then
1 = |ϕ(s)− ϕ(t)| ≤

(
1− ϕ(0)

)
|s− t| < 1, a contradiction.
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It now follows from (5) that 0 ≤ ϕ(t) ≤ t for 0 ≤ t ≤ 1, and the surjectivity
of ϕ implies that ϕ(1) = 1. Now, if ϕ(τ) < τ for some τ ∈ (0, 1), we would
obtain from (5)

1 ≥ ϕ(1)− ϕ(τ)

1− τ
>

1− τ
1− τ

= 1,

a contradiction. Consequently, ϕ(t) = t for all t ∈ [0, 1].

The error, however, only propagates to a remark following the above critical
proposition and to Table 2 in which the false statement is cited. The correct
equivalence in Table 2 should therefore be “Sϕ isometry ⇔ ϕ(t) ≡ t” in the
space Lip. The error does not affect the rest of the paper.

References
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Octagonal continued fraction and
diagonal changes
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Abstract. In this note we show that the octagon Farey map introduced
by Smillie and Ulcigrai in [9, 10] is an acceleration of the diagonal
changes algorithm introduced by Delecroix and Ulcigrai in [2].
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1. Introduction

The theory of continued fractions is a beautiful page of mathematics which
connects number theory, (hyperbolic) geometry and dynamical systems. Given
a number α ∈ R, its continued fraction expansion is an expression of the form

α = [a0; a1, a2, . . . ] = a0 +
1

a1 +
1

a2 + . . .

,

where a0 ∈ Z and ai ∈ N, for i 6= 0. The rational approximations pn/qn =
[a0; a1, . . . , an] obtained by truncating the continued fraction at level n are
called convergents and are the best approximations to the number α, among
the ones with denominator bounded by qn. Subtracting the integer part of α,
we can assume that α ∈ [0, 1]. The continued fraction of α can then be obtained
from the itinerary of the Gauss map G(x) =

{
1
x

}
on (0, 1] and G(0) = 0, where

{·} denotes the fractional part

ai = n ⇐⇒ Gi−1(x) ∈
(

1

n+ 1
,

1

n

]
.

The continued fraction algorithm can be also realized in a geometric fashion
in the following way, see the introduction of [2] for more details. Having chosen
α ∈ R+ \ Q, we draw the line in direction (α, 1). Then we consider the basis
of Z2 given by the vectors e−2 = (0, 1) and e−1 = (1, 0). Note that the line in
direction (α, 1) is contained in the cone generated by the vectors e−1 and e−2.
At each step n ≥ 0, we are going to replace en−2 with a new vector en obtained
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(α, 1)

e−1

e−2
e0

e1

Figure 1: The geometric construction of the convergents of α ∈ R+.

by adding to the vector en−2 the vector en−1 as many times as we can without
crossing the line in direction (α, 1), see Figure 1. In other words

en = anen−1 + en−2.

This shows that, after the step n = 1 when we have replaced both our starting
vectors, the algorithm is selecting the points in the integer lattice Z2 that are
the closest ones to the line (α, 1) up to their given height. Moreover, it follows
from the construction that at each step en and en−1 form a basis of Z2 and
that the line in direction (α, 1) is contained in the cone generated by them.

One can show that this procedure produces the continued fraction of α =
[a0; a1, . . . ] and that, if en = (pn, qn), then pn/qn is the nth convergent to α.

It is worth to mention that intermediate vectors of the form ien−1 + en−2,
for i = 1, . . . , an − 1 are also of interest. In fact they yield the additive contin-
ued fraction convergents, that is the ones produced by the Farey map, whose
acceleration gives the Gauss map itself. These intermediate convergents are
called approximations of the first kind in the literature, see [4].

It is well-known that the classical continued fraction algorithm acts as a
renormalizing operator on irrational rotations of the unit interval. It is easy
to see that the induced transformation on a Poincaré section of the geodesic
flow in an irrational direction on the flat torus T2 = R2/Z2 is an irrational
rotation. Hence, one can use the Gauss map to renormalize the geodesic flow
on the flat torus. From a different point of view, the continued fraction arises
from a Poincaré section for the geodesic flow on the moduli space of flat tori,
which is (the unit tangle bundle to) a hyperbolic surface, see [7].

Translation surfaces are higher genus analogues of flat tori, defined by gluing
a set of polygons in the plane via translations, see Section 2. Translation
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surfaces carry a Euclidean structure, hence the geodesic flow on any such surface
is given, as in the case of the torus, by a straightline flow in a fixed direction. It
is easy to see that the first return map to a transversal for the straightline flow
is an interval exchange transformation, which are a generalization of rotations.

It is natural to generalize the theory of continued fractions to translation
surfaces. One way to do this is via Rauzy-Veech induction on interval exchange
transformations, see [12, 13]. Another point of view, which is a direct gener-
alization of the flat geometric point of view on continued fraction described at
the beginning of this introduction, has been taken by Delecroix and Ulcigrai
in [2] and their diagonal changes algorithm for translation surfaces living in the
hyperelliptic component. We will recall the basic definitions of diagonal changes
in Section 4 below.

A particular family of translation surface is the one of Veech surfaces (also
called lattice surfaces), originally discovered in [11]. Examples of Veech surfaces
are the surfaces obtained from gluing opposite sides of a regular 2n-gon in the
plane by translation. By definition, the moduli space of affine deformations of
a Veech surface is also (the unit tangle bundle to) a hyperbolic surface. Hence,
one can use methods inspired by hyperbolic geometry, such as the classical ones
by Bowen and Series in [1, 8], to code the geodesic on the moduli space of affine
deformations of a Veech surface and deduce a continued fraction algorithm from
this construction.

Using this point of view Smillie and Ulcigrai have introduced in [9, 10] a
continued fraction algorithm for the translation surface obtained from the reg-
ular octagon (and more generally for all regular 2n-gons). Their algorithm can
be used to study the straightline flow on the regular octagon from a symbolic
point of view, and comes from a particular section of the geodesic flow on the
moduli space of affine deformations of the regular octagon. A nice feature of
their algorithm is that, unlike the ones defined by Bowen and Series, behaves
as a full shift on 7 symbols, apart from the first move.

On the surface obtained by gluing opposite sides of a regular octagon in
the plane by translation, both the diagonal changes algorithm and the Smillie-
Ulcigrai algorithm can be used. Since they are both generalization of the
classical continued fraction algorithm on the torus, it is natural to ask whether
they are related or not. The content of this note is to show that indeed they
are.

Theorem 1.1. The octagon additive continued fraction algorithm defined in
[10] is an acceleration of the diagonal changes algorithm for the octagon itself.

Since, as we remarked above, the continued fraction on the octagon is
morally a full-shift, this result allows, to a great extent, to bypass the combi-
natorial complexity of the diagonal changes algorithm, restricting the analysis
to a family of loops in the graph of the induction corresponding to the basic
moves of the Smillie-Ulcigrai algorithm.
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Before concluding this introduction, let us comment on our main result.
The Smillie-Ulcigrai algorithm can be defined also on the surfaces obtained
by gluing a regular 2n-gon, forn n ≥ 3. On these surfaces, one can perform
diagonal changes as well. The analogue of Theorem 1.1 remains true for regular
2n-gon. Similarly to the treatment given in [10], we decided to focus on the
case of the octagon in the spirit of concreteness and clarity of exposition, since
in this case we can deduce our result by simple geometric considerations. At
the end of this paper we briefly sketch how one can generalize our main result
to the case of general 2n-gons.

We remark that is an open question to characterize the behavior of diagonal
changes on a Veech surface.

Organization of the paper

In Section 2 we recall the definitions we need about translation surfaces. Then
we proceed to describe the additive continued fraction algorithm defined in [9,
10]. In Section 4 we recall the definitions for diagonal changes, and we give
a different combinatorial description for the octagon, which is more suited for
our discussions. Finally in Section 5 we show Theorem 1.1 and in Section 6
we sketch how to generalize this result to the more general situation of regular
2n-gons. The drawings needed are included in an Appendix at the end of the
document.

2. Definitions

We now introduce the basic definitions on translations surfaces which will be
needed in the next sections. General reference on the subject are [3, 6, 13].

A compact translation surfaces is a finite collection of polygons {P1, . . . , Pn}
embedded in the plane R2 ∼= C together with side identifications as follows.
Every side si ∈ Pi is identified with a unique side sj ∈ Pj such that the sides si
and sj are parallel and have the same length. Moreover, the outward pointing
normal vectors with respect to the two sides point in opposite directions. We
then identify the sides si and sj by translations. We denote by X the surface
obtained after performing all the gluing.

We remark that the presentation of a translation surface as a collection
of polygons is not canonical. In fact, two collections that differ by cut and
paste yield the same surface. More precisely, a “cut” operation means cut-
ting some polygon(s) along a straight line connecting two vertices, record-
ing in the new collection of polygons that those sides that have been created
are identified in the quotient; a “paste” operation corresponds to gluing some
polygons along sides that are identified in the quotient. Two translation sur-
faces X = {P1, . . . , Pn} and X ′ = {P ′1, . . . , P ′m} are isomorphic if there exists
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a (finite) sequence of cut and paste operation that transforms the colletion
{P1, . . . , Pn} into {P ′1, . . . , P ′m}, with the appropriate side identifications. Cut
and paste operations are at the heart of the diagonal changes algorithm, which
will be described in Section 4

The surface X inherits the Euclidean structure from R2 everywhere except
in a finite set S , which is contained in the image of the vertices of the polygons.
These points are called conical singularities. Around a point s ∈ S the total
angle is 2π(ks + 1) for ks ∈ N. One has the following Gauss-Bonnet formula
for the flat metric on the surface:

2g − 2 =
∑
s∈S

ks,

where g is the genus of the surface X.

The collection of translation surfaces with the same topology, that is number
of singularities and value of conical angle around each of them (and hence the
same genus), is called a stratum and is denoted H(k1, . . . , kn). One can show
that strata are complex orbifold, not necessarily connected.

Thanks to the Euclidean structure on X, for every angle θ ∈ S1 we have a
well-defined concept of linear flow in direction θ, which is given in charts by
following lines in direction θ on X. The orbit of a point under the linear flow
in direction θ is a geodesic for the flat metric on X. A trajectory of the linear
flow that connects two (not necessarily distinct) singularities and contains no
singularities in its interior is called a saddle connection. To a saddle connec-
tion we can associate a displacement vector (often called holonomy vector), by
developing the saddle connection to the plane R2 and taking the difference of
its endpoints. In the following, for simplicity, we will often identify saddle con-
nections with their respective displacement vector. A separatrix is a trajectory
of the linear flow with only one of its endpoints in a singularity.

There is a natural action by affine diffeomorphisms of GL(2,R) on trans-
lation surfaces, given by acting on the polygons that constitute the surface by
linear transformations. As the action of GL(2,R) preserves parallelism, this
descents to an action on the surface itself. One can show that the action is
continuous on each stratum (with respect to the orbifold topology). The group
of affine diffeomorphisms of a translation surface is called the Veech group of X.
The Veech group is a discrete subgroup of SL±(2,R), the matrices with deter-
minant equal to ±1. A surface is called a Veech surface if its Veech group is
a lattice inside SL±(2,R). We remark that we will allow orientation reversing
affine diffeomorphisms, as this will allow to use the full dihedral group of the
regular octagon in Section 3.
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3. The octagon Farey map

In this section we will recall the definition of the octagon Farey map. Our
presentation will closely follow the one given in [9].

Let O ⊂ C be a regular octagon. We will use X = XO to denote the
translation surface obtained by gluing opposite parallel sides of the octagon.
This surface has genus 2 and a single conical singularity of order 6π, coming
from the image of the vertices of O, hence it belongs to the stratum H(2).

Let D8 ∈ GL(2,R) the dihedral group of O, that is the full group of symme-
tries of the regular octagon. The octagon Farey map will act as a renormaliza-
tion operator on S1, the space of directions of trajectories. Since − id ∈ D8, we
can restrict our analysis to the upper half Σ+ of S1. More precisely Σ+ is the
part corresponding to complex numbers with positive imaginary part. As we
are thinking of S1 as the space of directions, it is more convenient to use angle
coordinates θ ∈ [0, 2π) to parametrize points z = eiθ. In other words the angle
θ corresponds to the unit vector (cos θ, sin θ) in R2. In this coordinates, Σ+

corresponds to θ ∈ [0, π]. Another coordinate we are going to use is the inverse
slope coordinate u on Σ+ given by u = cot(θ). It is natural in this context
to extend u to a map from Σ+ to RP1 = R ∪ {∞} sending the endpoints of
Σ+ to the point at infinity. This coordinate is helpful for us since it allows to
conveniently express the action of GL(2,R) on S1 simply by Möbius maps in
the u coordinate.

We divide Σ+ into 8 sectors Σj =
{
θ ∈ S : jπ

8 ≤ θ ≤
(j+1)π

8

}
, for i =

0, . . . , 7. The sector Σ0 is a fundamental domain for the action of D8 on Σ+.
We denote by νj ∈ D8 the element mapping linearly each sector Σj onto Σ0.
One can check that these elements are

ν0 =

(
1 0
0 1

)
, ν1 =

(
1√
2

1√
2

1√
2
− 1√

2

)
, ν2 =

(
1√
2

1√
2

− 1√
2

1√
2

)
, ν3 =

(
0 1
1 0

)
,

ν4 =

(
0 1
−1 0

)
, ν5 =

(
− 1√

2
1√
2

1√
2

1√
2

)
, ν6 =

(
− 1√

2
1√
2

− 1√
2
− 1√

2

)
, ν7 =

(
−1 0
0 1

)
.

Using these maps, we define a folding map fold : Σ+ → Σ0 that sends a point
θ ∈ Σj to the point νj(θ) with the linear action of νj on the corresponding
unit vector (cos θ, sin θ). The different branches of fold agree on the common
endpoints and hence we see that fold is a continuous, piecewise linear, map.

Consider now the element

γ =

(
−1 2(1 +

√
(2))

0 1

)
.

One can show that γ and D8 generate the whole Veech group of X. We remark
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Figure 2: The octagon Farey map in angle coordinates.

that γ2 = id. If we denote with Σ = Σ1 ∪ · · · ∪ Σ7, we see that γ maps Σ0 to
Σ, and vice versa, reversing the orientation.

Call Fi : Σi → RP1 the map induced by γνi. We define the octagon Farey
map F : RP1 → RP1 to be the map that acts on directions belonging to the
sector Σi as Fi. In other words F = γ ◦ fold, see Figure 2. This, in turn, implies
that F is a continuous map. As we said above, the action of F is expressed in
the inverse slope coordinate u simply by Möbius transformation: if u ∈ Σi we
have

F (u) = γνi ∗ u =
au+ b

cu+ d
, where γνi =

(
a b
c d

)
The action in the angle coordinate is obtained by conjugation with cot. In

the θ coordinate the map F is expanding at every point, except at the endpoints
of each sector, but the amount of expansion is not uniform and tends to one
at the endpoints of each sector. Since all Fi are monotonic, we can define their
inverses F−1i : Σ→ Σi, for i = 0, . . . , 7.

We are now ready to recall the definition of an additive continued fraction
algorithm, exploiting the map F . Take a direction θ ∈ [0, π] and record its
itinerary {sk}k∈N under the map F . In other words, we write sk = j if and
only if F k(θ) ∈ Σj . This itinerary is unique if F k(θ) never coincides with
the endpoint of two sectors. We remark that, as the image of F is contained
in Σ, only s0 can be 0. On the other hand, given a sequence {sk}k∈N of
entries 0, . . . , 7 such that sk = 0 implies k = 0, we consider the intersection
∩k∈NF−1s0 F

−1
s1 . . . F−1sk

[π8 , π]. One can show that the intersection is non empty
and consists of only one point. We hence write

θ = [s0; s1, s2, . . . ]O :=
⋂
k∈N

F−1s0 F
−1
s1 . . . F−1sk

[π
8
, π
]
, (1)

for an octagon Farey expansion of θ.
One direction θ can have at most two expansions. In fact, let us call termi-

nating a direction whose continued fraction entries sk are eventually all 1 or 7.
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Then, all points that are not endpoints of a sector Σj have a unique expansion.
More precisely, the two sequences (. . . , sk, 1, 1, 1, . . .) and (. . . , sk+1, 1, 1, 1, . . .)
correspond to the same direction if sk is even and (. . . , sk, 7, 7, 7, . . .) and
(. . . , sk + 1, 7, 7, 7, . . .) correspond to the same direction if sk is odd. Finally 0
corresponds to [0; 7, 7, 7, . . .]O and π = [7; 7, 7, 7, . . .]O.

Since each γνi maps the corresponding sector Σi onto Σ, we want to think
of the octagon Farey map F as a renormalization scheme acting on directions
θ ∈ [0, π]. To illustrate what we mean by this, let us consider a direction θ and
let us suppose that its first entry in the octagon Farey expansion is not zero.
Then θ belongs to some Σi ⊂ Σ. Apply F to θ hence corresponds to apply the
map Fi = γνi, which opens up the sector Σi onto the union of possible sectors
Σ. By construction, F (θ) still belongs to Σ. Moreover, it is clear from (1)
that F acts on the Farey expansion of θ as a left shift. In other words, if
θ = [s0; s1, s2, . . .]O then F (θ) = [s1; s2, s3, . . .]O.

In the following, given a direction θ = [s0; s1, s2, . . .]O, we will abuse the
notation and continue to call the octagon Farey map the sequence of affine
diffeomorphisms given by the octagon continued fraction expansion of θ.

4. The diagonal changes algorithm

4.1. Basic definitions

We are now going to recall the basic definitions of the diagonal changes algo-
rithm, as defined in [2]. For more details and for applications of this algorithm
we refer the reader to their original paper.

The diagonal changes algorithm produces a sequence of saddle connections
which approximate a given direction θ ∈ S1. These saddle connections from a
wedge, in the following sense.

Definition 4.1 (Wedges). A wedge w on a translation surface X is a pair of
saddle connections w = (wl, wr) such that:

1. wl and wr start from the same conical singularity of X;

2. wl and wr are oriented so that Im(wl), Im(wr) ≥ 0;

3. wl is left-slanted (i.e., Re(wl) < 0) and wr is right-slanted (i.e., Re(wr) >
0);

4. (wl, wr) consist of two edges of an embedded triangle in X.

A quadrilateral q in X is the image of an isometrically embedded quadri-
lateral in C so that the vertices are singularities of X, and q contains no other
singularities.
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Definition 4.2 (Admissible quadrangulation). A quadrilateral q in X is ad-
missible if left-slanted and right-slanted saddle connections alternate while we
turn around the quadrilateral.

A quadrangulation Q of X is a decomposition of X into a union of admis-
sible quadrilaterals.

Given a quadrilateral q ∈ Q, let us call the saddle connections that start
from the same singularity the bottom sides of q and the ones that end on
the same singularities the top sides. We remark that the bottom sides of an
admissible quadrilateral, such as one in a quadrangulation of X, form a wedge
in the sense of the above definition, which we will call the base wedge of q.

Let q be an admissible quadrilateral and w = (wl, wr) its base wedge. We
say that a q is left-slanted if its diagonal is right-slanted. Equivalently, the
outgoing vertical separatrix contained in the base wedge of the quadrilateral
crosses the top left side. Similarly, we say that a q is right-slanted if its diagonal
is left-slanted.

A diagonal change in an admissible quadrilateral q consists in replacing the
base wedge w with a new one. More precisely, if q is left-slanted the new base
wedge will be w′ = (wl, wd), where wd is the diagonal of q itself. Similarly, if q
is right-slanted, the new base wedge will be w′ = (wd, wr). Remark that in both
cases, thanks to our assumption on the slantedness of q the new base wedge
still contains a vertical outgoing separatrix. To coherently combine diagonal
changes in different quadrilaterals, we will need one more geometrical definition.

Definition 4.3 (Staircases). Given a quadrangulation Q of X a left staircase
S for Q (respectively a right staircase S for Q) is a subset S ⊂ X which is the
union of quadrilaterals q1, . . . , qn of Q that are cyclically glued so that the top
left (resp. top right) side of qi is identified with the bottom right (resp. bottom
left) side of qi+1 for 1 ≤ i < n and of q1 for i = n.

A left (respectively right) staircase S is well slanted if all its quadrilaterals
are left (resp. right) slanted.

Definition 4.4 (Staircase move). Given a quadrangulation Q and a well-
slanted left staircase (respectively a well-slanted right staircase) S, the staircase
move in X is the operation which consists in doing simultaneously left (resp.
right) diagonal changes in all the quadrilaterals of X.

Having given the basic definitions of the diagonal changes algorithm, we
now proceed describing the formalism used to encode it.

Definition 4.5 (Combinatorial datum). Let Q be a quadrangulation of k quad-
rilaterals. Let qi denote the quadrilateral labeled by i ∈ {1, . . . , k}. The com-
binatorial datum π = πQ of the labeled quadrangulation Q is a pair (πl, πr) of
permutations of {1, . . . , k} such that:
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1. for each 1 ≤ i ≤ k, the top left side of qi is glued with the bottom right
side of qπl(i);

2. for each 1 ≤ i ≤ k, the top right side of qi is glued with the bottom left
side of qπr(i);

We remark that, since wi,l and wπl(i),r are the left sides of the quadrilateral
qi and wi,r and wπr(i),l are its right sides, we have

wi,l + wπl(i),r = wi,r + wπr(i),l, for 1 ≤ i ≤ k. (2)

These equations are called train-track relations.
Conversely, we can construct a surface with an admissible quadrangulation,

starting with a pair of permutations of k elements π = (πl, πr) and a length
datum

w = ((w1,l, w1,r), . . . , (wk,l, wk,r)) ∈ ((R− × R+)× (R+ × R+))k,

where R− = { t ∈ R : t < 0 } and R+ = { t ∈ R : t ≥ 0 }. If w satisfies the train-
track relations (2) we can build a labeled quadrangulation Q that we denote
(π,w).

We remark that in [2], horizontal vectors are not allowed in a quadrangu-
lation, as this would not allow the definition of a backward diagonal changes
algorithm However, since we will only use the algorithm forward it will be
useful to allow for horizontal saddle connections in the quadrangulation.

4.2. Moves and matrices

Let Q = (π,w) be a labeled quadrangulation. For each quadrilateral qi ∈ Q,
let (wi,l, wi,r) be its base wedge and call wd its diagonal, given by

wi,d = wi,l + wπl(i),r = wi,r + wπr(i),l,

where the equality holds thanks to (2). Given a cycle c of a permutation πr the
corresponding staircase Sc formed by the quadrilaterals labeled by the elements
of c is well-slanted only if Re(wi,d) < 0 for all i ∈ c, and similarly if c is a cycle
of πl.

Starting from a cycle c of πr, if its staircase Sc is well-slanted, we can
perform a staircase diagonal change as in Section 4.4. The new length data w′
is given by

w′i =

{
(wi,d, wi,r), if i ∈ c;
wi, otherwise.
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The new combinatorial datum π′ = (π′l, π
′
r) of the new quadrangulation Q′ is

given by

π′l(i) =

{
πl ◦ πr(i), if i ∈ c;
πl(i), otherwise.

and π′r = πr. (3)

Similarly, if c is a cycle of πl and the corresponding staircase Sc is well-
slanted, the new quadrangulation Q′ = (π′, w′) will be given by

w′i =

{
(wi,l, wi,d), if i ∈ c;
wi, otherwise.

and

π′r(i) =

{
πr ◦ πl(i), if i ∈ c;
πr(i), otherwise.

and π′l = πl. (4)

We remark that the operation on the combinatorial datum does not depend
on the length datum and that the operation on the wedges w is linear. Hence we
can write π′ = c · π, where the action is described above, and we can introduce
matrices to encode the action on the length datum. These matrices will be
denoted by Aπ,c ∈ SL(2k,Z). Let us index the rows and columns of Aπ,c with
(1, l), (1, r), . . . , (k, l), (k, r). Denote I2k the 2k × 2k identity matrix and for
1 ≤ i, j ≤ k, and ε, ν ∈ {l, r} let E(i,ε),(j,ν) be the 2k × 2k matrix whose entry
in row (i, ε) and column (j, ν) is 1 and all the other entries are 0. We set

Aπ,c =

{
I2k +

∑
i∈cE(i,l),(πl(i),r), if c is a cycle of πr;

I2k +
∑
i∈cE(i,r),(πr(i),l), if c is a cycle of πl.

(5)

Let us summarize the previous discussion.

Lemma 4.6 (Staircase move on data). Given a labeled quadrangulation Q =
(π,w) and a cycle c of π, if the staircase Sc is well slanted, when performing
the staircase move in Sc on Q one obtains a new labeled quadrangulation Q′ =
(π′, w′) with

π′ = c · π, w′ = Aπ,cw,

where c · π and Aπ,c are given by Equations (3) to (5).

We can construct a graph describing how the combinatorial datum changes
using the moves of the diagonal changes algorithm. Following [2], we represent
in Figure 3 the graph obtained beginning from πl = (1, 2) and πr = (2, 3). One
can show that this graph represents all the possible moves for a surface in H(2),
see [2] for more details. Let us explain the notation used in it. At every vertex
we represent the permutation πl above πr. Arrows are labeled with words of
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(1, 3)(2)
(1, 3, 2)

(1, 3)(2)
(1, 2)(3)

(1, 2, 3)
(1, 2)(3)

(2, 3)(1)
(1, 3, 2)

(2, 3)(1)
(1, 3)(2)

(1, 2, 3)
(1, 3)(2)

(1, 2)(3)
(1, 3, 2)

(1, 2)(3)
(2, 3)(1)

(1, 2, 3)
(2, 3)(1)

l · l

·l·

rr·

·l·

· · r

· · r

lll·ll

l · ·

r · r

l · ·

·r· ·r·

ll·

· · l

rrr

·rr

· · l

r · · r · ·

Figure 3: The possible moves in H(2).

length k representing cycles c in the following way. If π′ is obtained from π by
a left staircase move, that is if c is a cycle for πl, then the corresponding arrow
is labeled by a word with letters in {l, ·} where the ith letter is equal l if, and
only if, i ∈ c. Similarly, if π′ is obtained from π by a right staircase move, we
use letters in {r, ·}.

4.3. A simpler description of diagonal changes in H(2)
A more convenient description, for our purposes, of diagonal changes in H(2)
is given by the following. Let us introduce a move, called symmetry, which
exchange the left and right vectors in every quadrilateral. Moreover, we allow
to relabel the wedges. The graph we obtain is drawn in Figure 4. In fact,
allowing relabeling collapses the three rows in Figure 3 into one. The symmetry
then identifies the left and right node into a single one which, along with the
central one, gives us our reduced graph.

We have introduced these extra moves for the following reasons. The oc-
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πl = (1, 2)(3)
πr = (2, 3)(1)

πl = (1, 2, 3)
πr = (2, 3)(1)

·rr

·rr

r · ·, lllr · ·, sym

Figure 4: The possible moves in H(2), up to relabeling and symmetry.

tagonal continued fraction constructed in [9] and recalled in Section 3 uses also
orientation reversing affine diffeomorphisms. Hence the symmetry is needed in
order to represent via diagonal changes that algorithm, precisely for the moves
corresponding to even numbered sectors. Moreover, since the moves of the
octagon Farey map act on the unlabeled quadrangulation of the octagon, we
need to forego that extra data, that is we have to allow for relabelings. In fact,
the (combinations of) moves of the diagonal changes that correspond to the
octagon Farey map usually begin at one vertex of the graph of possible moves
in H(2) and end at one which is different from the original one. The starting
vertex and the final one differ precisely by a relabeling. Relabeling the wedges
hence is needed to make sure that the concatenation of diagonal changes agrees
with the action of the octagon Farey map; and also allows us to combine the
moves from one step to the next.

In the basis given by {E(1,l), E(1,r), . . . , E(3,r)}, the moves in Figure 4 are
given by the following matrices.

• ·rr from the left node to the right one;

• ·rr from the right node to the left one;

• r · · (which is the same matrix in both nodes);

• lll plus relabeling;

• the left/right symmetry plus relabeling.

5. The octagon Farey map in terms of diagonal changes

In this section, we show that the octagon Farey expansion is an acceleration
of diagonal changes moves, that is we prove Theorem 1.1. Given a direction
θ = [s0; s1, s2, . . .]O, we have a well-defined sequence of maps (Fsi)si∈N. These
maps act affinely on the surface XO. As we said above, with a slight abuse of
notation, we will refer to this sequence of maps also as the octagon Farey map.

131



(14 of 28) MAURO ARTIGIANI

5.1. Step 0

In the octagon Farey expansion the first entry s0 plays a special role, since it
is the only case in which we can have si = 0. By definition, after the 0 step
of the algorithm we obtain the sector F−1s0 [π/8, π] = Σs0 of amplitude π/8 to
which the direction θ belongs. Thus, s0 dictates the starting quadrangulation
of the surface XO.

Let Q′ be the quadrangulation in Figure 5, formed by wedges in directions
π and π/8. Applying γ to Q′ we obtain a new quadrangulation, Q, shown in
Figure 6, now in the directions π/8 and 0, with inverted orientation. Then the
beginning quadrangulation of XO is Q0 = ν−1s0 Q = F−1s0 Q

′.

5.2. Further steps

We now describe how to translate the induced action of the octagon Farey
expansion in terms of diagonal changes. We remark that, as s0 dictates the
starting quadrangulation, and the other si only take values from 1 to 7, we
only have to translate these seven cases.

Renormalizing, we apply the map Fs0 to the octagon. As the octagon Farey
map acts by a shift, we are now approximating the direction θ(1) = F (θ) =
[s1; s2, . . .]O. By our choice of initial quadrangulation, we have to produce the
wedges bounding the sector Σs1 to which θ(1) belongs, representing them as
linear combinations of the ones in the quadrangulation Fs0Q0 = Q′.

Having done this first step, we now renormalize once again, and apply the
map Fs1 to the surface. Thus, we are back to approximating the direction
θ(2) = Fs1(θ(1)) with respect to the quadrangulation obtained after the diag-
onal changes and having undone them by applying the Farey map. In other
words, we have to approximate a direction in [π/8, π] with respect to the quad-
rangulation Q′, as we just did.
Remark 5.1. Another natural choice for a starting quadrangulation would be
to begin with the quadrangulation Q̃ made by the rectangle in the middle of the
octagon and by the two trapezes at the top and at the bottom. Then we would
apply the map ν−1s0 to it and obtain our starting quadrangulation of the octagon.
Since γ is the composition of a Dehn twist in the horizontal cylinder and the

q2q1

q3

w1,l w2,l

w3,l

w2,r w1,r w2,r

w3,r w3,r

w2,l

w1,l

Figure 5: The quadrangulation Q′ of the regular octagon.
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q2q1

q3

w1,r w2,r

w3,r

w2,l w1,l w2,l

w3,l w3,l

w2,r

w1,r

Figure 6: The quadrangulation Q of the regular octagon.

reflection with respect to vertical line, the renormalized quadrangulation γQ̃ is
wider than Q′. This quadrangulation is a configuration as the one in the right
of Figure 4. Hence, we can apply the moves ·rr and r · · to γQ̃ and go back to
our configuration Q′.

We now proceed to list the sequences of diagonal changes moves which
produce the wedges bounding the sectors Σi starting from the quadrangulation
Q′, thus completing the proof of Theorem 1.1.

In order to perform diagonal changes, we label quadrilaterals in Q′ so that
the combinatorial datum π is given by

πl = (1, 2)(3), and πr = (1)(2, 3).

Let us remark once again that we will use diagonal changes to approximate the
direction θ = [s1; s2, . . .]O and not the vertical one. Figures that represent the
movements can be found at the end of the document, see Appendix A for some
comments about them.

1. First sector
(
π
8 ≤ θ ≤

2π
8

)
: ·rr, r · ·, ·rr, see Figure 8. Hence:

A1 =


1 0 0 1 0 0
0 1 0 0 0 0
0 1 1 0 0 1
0 0 0 1 0 0
0 1 0 0 1 1
0 0 0 0 0 1

 .

2. Second sector
(
2π
8 ≤ θ ≤ 3π

8

)
: ·rr, lll, r · r, ·r·, symmetry, see Figure 9.

Hence:

A2 =


1 1 0 0 0 0
1 0 0 1 1 1
0 1 1 0 0 1
1 1 0 0 1 1
0 0 0 1 1 1
0 2 2 0 0 1

 .

133



(16 of 28) MAURO ARTIGIANI

3. Third sector
(
3π
8 ≤ θ ≤

4π
8

)
: ·rr, lll, lll, ·rr, see Figure 10. Hence:

A3 =


0 0 0 0 1 1
1 1 1 0 0 1
1 1 1 1 1 1
1 1 0 0 1 1
1 2 2 0 0 1
0 1 1 1 1 1

 .

4. Fourth sector
(
4π
8 ≤ θ ≤ 5π

8

)
: · · l, ·rr, ·rr, ll·, ll·, r · ·, symmetry, see

Figure 11.

These moves correspond in the reduced graph to: symmetry, r · ·, sym-
metry, ·rr, ·rr, symmetry ·rr, ·rr, symmetry, r · ·, symmetry. Hence:

A4 =


0 0 1 0 0 1
0 1 1 0 1 1
1 1 1 1 1 1
0 1 2 0 0 1
1 2 1 0 1 1
2 1 1 1 1 1

 .

5. Fifth sector
(
5π
8 ≤ θ ≤

6π
8

)
: · · l, ·rr, lll, r · r, l · ·, see Figure 12.

These moves correspond in the reduced graph to: symmetry, r · ·, sym-
metry, ·rr, lll, ·rr, symmetry, r · ·, symmetry. Hence:

A5 =


0 1 1 0 0 0
0 0 1 1 1 1
1 1 1 0 1 1
0 1 2 0 0 1
1 0 1 1 1 1
2 2 1 0 1 1

 .

6. Sixth sector
(
6π
8 ≤ θ ≤

7π
8

)
: ll·, · · l, rrr, l · l, see Figure 13.

These moves correspond in the reduced graph to: symmetry, ·rr, r · ·, lll,
·rr. Hence:

A6 =


0 0 0 1 1 0
1 1 1 0 0 0
1 1 1 0 1 1
1 0 0 1 1 0
1 1 2 0 0 1
0 0 1 0 1 1

 .
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7. Seventh sector
(
7π
8 ≤ θ ≤ π

)
: ll·, · · l, ll·, · · l, see Figure 14.

These moves correspond in the reduced graph to: symmetry, ·rr, r · ·, ·rr,
r · ·, symmetry. Hence:

A7 =


1 0 0 0 0 0
1 1 0 0 1 0
0 0 1 0 0 0
1 0 0 1 1 0
0 0 0 0 1 0
0 0 2 0 0 1

 .

6. Regular 2n-gons

In the introduction we sketched how diagonal changes are related to the classical
continued fraction algorithm on the torus. The central part of this paper was
devoted to the octagon. In this section we briefly sketch how for regular 2n-gons
for n ≥ 3.

6.1. 2n-gon Farey expansion
We denote with X2n the surface obtained after gluing opposite sides of the
regular 2n-gon. The cases when n = 2k is even and n = 2k + 1 is odd are
slightly different. In the first case, X2n has only one conical singularity of total
angle 2(n − 1)π and hence lies in H(n − 2). If n = 2k + 1, the surface has 2
singularities, resulting after identifications of half the vertices of the 2n-gon.
Each of the singularity is of 2kπ = (n− 1)π, and the corresponding stratum is
H
(
n−3
2 , n−32

)
. An example of this can be seen in Figure 7.

The dihedral group D2n of the regular 2n-gon is generated by the horizontal
reflection α(n) and the reflection β(n) with respect to the line at angle π/2n
with the horizontal line. For i = 0, . . . , n − 1 we can construct 2n angular
sectors of amplitude π

2n :

Σ
(n)

i =

{
θ ∈ S :

iπ

2n
≤ θ ≤ (i+ 1)π

2n

}
.

As before, the sector Σ
(n)

0 is a fundamental domain for the action of D2n on
Σ+. For i = 0, . . . , n, we define ν(n)i to be the element of D2n such that
ν
(n)
i Σ

(n)

i = Σ
(n)

0 . One can check that

ν
(n)
i = (α(n)β(n))i, if i is even, and ν

(n)
i = (α(n)β(n))i β(n), if i is odd.

The regular 2n-gon can be divided into k horizontal cylinders, that is max-
imal subsets foliated by periodic horizontal trajectories for the linear flow
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Figure 7: Horizontal cylinders for the regular decagon and the regular 12-gon.

on X2n, see Figure 7. By definition, the boundary of each cylinder is com-
posed of horizontal saddle connections. A cylinder is isometric to R/wZ×[0, h],
where w is the length of an horizontal trajectory inside the cylinder and h is
the height of the cylinder. The ratio w/h is called the inverse modulus of the
cylinder. If n = 2k + 1, with some simple trigonometry, one can check that
the inverse modulus is equal to µ(n) = 2 cot

(
π
2n

)
for all k cylinders. If n = 2k,

k − 1 horizontal cylinders have inverse modulus equal to µ(n) and the last one
has inverse modulus equal to µ(n)/2. In both cases, there is a globally well
defined affine diffeomorphism, which acts by a Dehn twist simultaneously on
all cylinders in X2n, whose derivative is given by

σ(n) =

(
1 2 cot

(
π
2n

)
0 1

)
.

Following [11] and [10], one can prove that the Veech group of X2n is gen-
erated by D2n and the element γ(n) given by

γ(n) = σ(n)ν(n)n =

(
−1 2 cot

(
π
2n

)
0 1

)
.

Similarly to how we described in Section 3 we can construct a 2n-gon Farey
map defined by

F (n)(θ) = cot−1(γ(n)ν
(n)
i (cot θ))

if θ ∈ Σ
(n)

i for i = 0, . . . , n − 1. Since this map is expanding inside every
sector, we can locally invert it and hence construct an associated 2n-gon Farey
expansion of θ, which is now an infinite sequence sk with s0 ∈ {0, . . . , n − 1}
and sk ∈ {1, . . . , n− 1} if k ≥ 1. This expansion is unique with the exception
of the sequences that are eventually equal to 1 or to n− 1.
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6.2. Diagonal changes for the regular 2n-gons

The regular 2n-gon is fixed by the rotation by 180 degrees with respect to its
center. This induces on the surface X2n an involution, which can be shown to
be the hyperelliptic involution. We recall that strata of translation surfaces are
not necessarily connected and that their connected components have been com-
pletely classified in [5]. Diagonal changes are defined for translation surfaces
living in the so-called hyperelliptic components, which only exists for the strata
H(g − 1, g − 1) and H(2g − 2), where g ≥ 2 is the genus of the corresponding
translation surfaces. The surface X2n always belong to such components.

We can decomposeX2n into n−1 admissible quadrilaterals, on which we can
act via the diagonal changes algorithm. However, the combinatorial complexity
of the algorithm, and with it the graph describing the combinatorial datum
under diagonal changes, similar to the one depicted in Figure 3, grows quite
rapidly. To obtain a more manageably sized graph, we can allow for relabeling
of the quadrilaterals and introduce a symmetry operation, similarly to what we
did to obtain Figure 4. We remark that, if n = 2k the symmetry operation fixes
a combinatorial datum, this is not the case if n = 2k+1. This is a consequence
of the structure of the combinatorial datum, which in turn is caused by the fact
that if k is even the central horizontal cylinder of the 2n-gon has a different
inverse modulus from the remaining ones and hence plays a special role.

One can repeat the procedure we describe in Section 5 to show that also for
a general 2n-gon the 2n-gon Farey algorithm is an acceleration of the diagonal
changes algorithm. Let us comment a bit more on this.

Given a direction θ, its first digit in the 2n-gon Farey expansion s0 dictates
the starting quadrangulation of X2n. We define Q′ the quadrangulation formed
by n− 1 quadrilaterals given by wedges in direction π and π/2n. By applying
γ(n) we obtain a quadrangulation Q formed by wedges in direction 0 and π/2n.
Then the starting quadrangulation of X2n is Q0 = (ν

(n)
s0 )−1Q = (F

(n)
s0 )−1Q′.

This quadrangulation is formed by wedges of amplitude π/2n which bound the
sector Σ

(n)

i to which the direction θ belongs.
In general, we can label Q′ so that the combinatorial datum is given by(

πl = (1, 2)(3, 4) · · · (n− 3, n− 2)(n− 1)
πr = (1)(2, 3) · · · (n− 2, n− 1)

)
, if n = 2k,

and (
πl = (1, 2)(3, 4) · · · (n− 2, n− 1)

πr = (1)(2, 3) · · · (n− 3, n− 2)(n− 1)

)
, if n = 2k + 1.

We can now renormalize by applying the map F (n)
s0 to X2n and approximate

the direction θ′ = F (n)(θ). We are now left to represent the wedges bounding
the sector Σ

(n)

si , to which θ′ belongs, in terms of the ones in Q′. In principle,
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one could repeat the analysis we carried to explicitly find the description in
terms of diagonal changes corresponding to the action on every sector of the
2n-gon Farey expansion. Unfortunately, we were not able to find a closed
combinatorial description for these moves. Nevertheless, playing with the cases
of the hexagon, octagon, decagon and dodecagon, we discovered some patterns,
which could be useful towards this kind of description.

• The moves corresponding to the first sector correspond to applying once
the right diagonal change in the quadrilateral labelled by 1, which forms
a right staircase by itself, and twice the right diagonal changes in all the
remaining right staircases.

• Similarly, but not identically, the moves corresponding to the last sec-
tor correspond to applying twice the left diagonal change in all the left
staircases.

• The moves corresponding to the middle sector Σ
(n)

n has the following
pattern:

– if n = 2k we do one left move in the quadrilateral labelled by n− 1,
we do two right moves in the staircase (n− 3, n− 2), we do two left
moves in the staircase (n − 4, n − 3), we do two right moves in the
staircase (n − 3, n − 2), . . . , we do two left moves in the staircase
(1, 2), and finally we do one right move in the quadrilateral 1.

– if n = 2k+1, the moves are as in the case when n is even, exchanging
the roles of left and right.

• The number of left moves increases by 1 when increasing the sectors, from
the first to the middle one. Similarly the number of right moves decreases
by 1 when decreasing the sectors, from the last to the middle one.

• The pattern of the moves corresponding to the sectors from 1 to n − 1
of a 2n-gon seems to pass on to the pattern of the moves corresponding
sectors for the (2n+2)-gon. Similarly for the sectors from n+1 to 2n−1.

These patterns can be seen in Tables 1 and 2, which we include to help further
investigations on this matter.
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Table 1: The moves for the regular hexagon, octagon and decagon.

Sector Hexagon Octagon Decagon

1 r·, ·r, ·r r · ·, ·rr, ·rr r · ··, ·rr·, ·rr·, · · ·r, · · ·r
2 ·r, ll, rr ·rr, lll, r · r, ·r· ·rr·, · · ·r, llll, r · r·, ·r · r
3 ·r, ll, ll, r· ·rr, lll, lll, rr· ·rr·, · · ·r, llll, llll, r · ·r, ·r · ·
4 ll, rr, l· · · l, ·rr, ·rr, ll·, ll·, r · · · · ·r, · · ll, ·rrr, ll · l, ll · l, rr · ·
5 ll, ll · · l, ·rr, lll, r · r, l · · · · ·r, · · ll, · · ll, ·rr·, ·rr·, ll · ·, ll · ·, r · ··
6 ll·, · · l, rrr, l · l · · ll, ·rrr, ·rrr, lll·, r · r·, l · ··
7 ll·, ll·, · · l, · · l · · ll, ·rrr, ll · l, r · rr, l · l·
8 · · ll, ll · ·, rrrr, l · ·l, · · l·
9 ll · ·, ll · ·, · · ll, · · ll

Table 2: The moves for the regular dodecagon.

Sector Dodecagon

1 r · · · ·, ·rr · ·, ·rr · ·, · · ·rr, · · ·rr
2 ·rr · ·, · · ·rr, lllll, r · r · ·, ·r · ·r, · · ·r·
3 ·rr · ·, · · ·rr, lllll, lllll, r · · · r, ·r · r·
4 · · ·rr, · · lll, · · r · r, ll · ll, ll · ll, r · ·r·, ·r · ··
5 · · ·rr, · · lll, · · lll, ·rrr·, ll · l·, ll · l·, rr · ··
6 · · · · l, · · ·rr, · · ·rr, · · ll·, · · ll·, ·rr · ·, ·rr · ·, ll · ··, ll · ··, r · · · ·
7 · · · · l, · · ·rr, · · lll, ·rr · r, ·rr · r, lll · ·, r · r · ·, l · · · ·
8 · · · · l, · · ll·, ·rrrr, ·rrrr, ll · ·l, r · r · r, l · l · ·
9 · · · · l, · · ll·, ·rrrr, ll · l·, r · rrr, l · · · l, · · l · ·
10 · · · · l, · · ll·, ll · ··, rrrrr, l · ·l·, · · l · l
11 ll · ··, ll · ··, · · ll·, · · ll·, · · · · l, · · · · l

A. Drawings

In the last few pages of this document we present the drawings that describe
the concatenation of diagonal changes moves needed to recover the octagon
Farey map.

Let us comment on the pictures that follows. In every picture we represent
at the top the quadrangulation Q′ together with a line in a generic direction
θ inside the appropriate sector. Then we represent the diagonal changes in
left to right, top to bottom order. In order to keep the pictures as clear as
possible, labels are kept to a minimum and we do not represent the direction
θ in the drawings of the staircases moves. Let us remark once again that we
will use diagonal changes to approximate the direction θ and not the vertical
one. With this caveat, the reader can check that all the moves are admisibles,
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that is, the staircases are slanted in the appropriate direction. Moreover, in
order to save space, we do not represent the final symmetry move in the even
numbered sectors.
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Figure 9: The moves of the diagonal changes algorithm for the second sector.
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Figure 10: The moves of the diagonal changes algorithm for the third sector.
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Figure 11: The moves of the diagonal changes algorithm for the fourth sector.
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Figure 12: The moves of the diagonal changes algorithm for the fifth sector.
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Figure 13: The moves of the diagonal changes algorithm for the sixth sector.

· · l

q′3w3,d w3,d

ll·

q′2 q′1w1,d w1,dw2,d

q2q1

q3

ll·

q′2 q′1
w1,d w1,d

w2,d

· · l

q′3w3,d w3,d

Figure 14: The moves of the diagonal changes algorithm for the seventh sector.
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Abstract. We discuss the correspondence between the symplectic fo-
liation of a Poisson structure on the 3-sphere and the unitary spectrum
of its C∗-algebraic quantization, known as Connes-Landi-Matsumoto 3-
sphere. Quantization is obtained via symplectic groupoid quantization
and this allows to understand various peculiarities of such correspon-
dence. In the last section we discuss how this relates to quantization of
Dirac structures (and foliations) and speculate on how to extend this
correspondence to general locally abelian Poisson manifolds.
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1. Introduction

In the words of David Vogan ([22]: a review of the wide ranging overiew given
in [12]) the orbit method is a kind of damaged treasure map, offering cryptic
hints about where to find some (but certainly not all) of the representations we
seek to understand. It is by now well known that, in a nutshell, orbit method
can be seen as an instance of recognizing geometric data on a Poisson manifold
in terms of algebraic properties of its quantization. The usual case of Lie groups
fits into this framework by considering the universal enveloping algebra as an
algebraic quantization of the linear Poisson structure on the dual Lie algebra
g∗. For this reason the orbit method applied to quantum groups and their
homogeneous spaces, although often labelled as quantum orbit method [17, 19],
should, more correctly, be considered a non linear version of the classical orbit
method.

In [5] we outlined a program to describe a orbit method type correspondence
between symplectic leaves of a Poisson manifolds and the unitary dual of its
quantized C∗-algebra. The quantization procedure to be taken into considera-
tion is the geometric quantization applied to the symplectic groupoid, as first
introduced in [23]; this procedure was further clarified in [11], where the role
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of the choice of a multiplicative Lagrangian polarization was more thoroughly
explained. The purpose of this paper is to show how Connes-Landi-Matsumoto
3-sphere fits nicely into this framework once one takes into account some of its
specific features. Though the Poisson integration and geometric quantization
steps present no big obstacles (despite being often the hardest step in buiding
the correspondence) the resulting groupoid C∗-algebra has a non T0 topology
on its set of orbits and therefore it is not type I, so that the unitary dual and
the space of primitive ideals do not coincide.

We will show how the symplectic foliation on the semiclassical Poisson 3-
sphere is still partly reflected in the primitive ideal structure of its quantization,
establishing a homeomorphism between the leaf space and the primitive ideal
space with its Jacobson topology. To this aim we give a detailed analysis of
closed invariant subsets of the unit space of the quantization groupoid. In the
last section we will indicate how the above results can be understood in the
framework of Dirac quantization and foliation C∗-algebras.

The main motivation to analize in such detail this specific example lies in the
fact that, in a sense, it is of a completely different nature from the one already
considered in [5]. In the language of [13], this 3-sphere is a homogeneous space
of a twisted Poisson structure on a compact group, while the complex projective
space was analyzed referring to standard (Bruhat-Poisson) structure. It thus
strengthen the conjecture that groupoid quantization could provide a unifying
framework to treat all quotient Poisson homogeneous structures associated to
compact Poisson-Lie groups.

2. Abelian Poisson structures on S3

In the paper [8], motivated by a construction of families of non commutative
instantons, a non commutative algebra deforming the usual algebra of functions
on S4 was introduced. This algebra was explicitely described by generators
and relations. In particular, since one of the generators (corresponding to a
coordinate w) is a central one, it is possible to quotient the algebra by w = 0
and obtain a deformation of the algebra of functions on a 3-sphere. This algebra
can be completed to a C∗-algebra and in fact, as C∗-algebra, had been also
earlier considered by [14]. We will refer to this non commutative C∗- algebra
as the Connes-Landi-Matsumoto 3-sphere.

By an easy semiclassical limit on generators and relations one finds that
the Connes-Landi 3-sphere can be seen as deformation of an explicit Poisson
bracket on S3. This Poisson bracket admist an alternative description, better
suited for our purposes.

Let T2 be the 2-dimensional torus endowed with a right invariant Poisson
structure πθ = θ∂φ1 ∧ ∂φ2 where θ ∈ R \ {0}. Let us denote with t its Lie
algebra and with ]θ : t∗ → t the corresponding (bijective) sharp map.
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Let us consider the isometric torus action of T2 on S3 given by considering
so-called Hopf coordinates on the 3-sphere{

x0 = cos ξ1 sin η
x1 = sin ξ1 sin η

{
x2 = cos ξ2 cos η
x3 = sin ξ2 cos η

{
η ∈

[
0, π2

]
ξi ∈ [0, 2π]

(1)

and letting (φ1, φ2) ∈ T2 act on them as:

(φ1, φ2) · (ξ1, ξ2, η) = (φ1 + ξ1, φ2 + ξ2, η) .

When η = 0 (resp. η = π
2 ) we intend that ξ2 = 0 (resp. ξ1 = 0). The union

of this two disconnected circle is called the Hopf link and the action is not free
on them.

We will denote by ρ : t → X(S3) the corresponding infinitesimal action,
letting ρp : t → TpS3 its evaluation at a point P ∈ S3. In the following we
denote ∂ξi = ρ(∂φi

) and remark that the map ρp is injective at all points not
belonging to the Hopf link. The dual map is ρ∗ : T ∗S3 → t∗ can be understood
as the associated moment map of the Hamiltonian lift of this torus action on
T ∗S3. In the following we will also need the map R = ρ ◦ ]θ : t∗ → X(S3) and
the corresponding pull-back map B : T ∗S3 → Diff (S3):

B(p, ωp) = exp[R(ρ∗(ωp)/2)] .

Let us endow the product Poisson manifold S3×T2, with the Poisson struc-
ture πθ ⊕ 0. Due to its invariance properties such structure projects to the
quotient with respect to the diagonal action of the torus:

S3 × T2 → S3 × T2/T2 ' S3

so that the projection is a Poisson map. In Hopf coordinates this Poisson
bivector is simply given by

Πθ = ρ∧2(πθ) = θ(∂ξ1 ∧ ∂ξ2) , (2)

This quotient Poisson bivector is the semiclassical limit of Connes-Landi
3-dimensional sphere (in [8, Section IV], in fact, a 4-dimensional sphere is con-
sidered having one Casimir generator t, our 3-dimensional sphere corresponds
to the equatorial Poisson submanifold t = 1/2). In [26] a more general ver-
sion of this procedure is considered; manifolds obtained through an invariant
Poisson structure on an abelian group are called abelian Poisson manifolds
in [11].

The symplectic foliation of this Poisson bivector is easily computed. The
Hamiltonian distribution is tangent to each Hopf torus η = η0 ∈]0, π2 [ and
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therefore each such torus is a 2-dimensional symplectic leaf. When η = 0, π/2
the rank drops down to zero and therefore all points of the Hopf link{

x2
0 + x2

1 = 1, x2 = x3 = 0
}
t
{
x0 = x1 = 0, x2

2 + x2
3 = 1

}
are 0-dimensional leaves. The symplectic foliation therefore corresponds to the
usual Heegaard decomposition of the 3-sphere, with the singular tori decom-
posed into 0-dimensional leaves. The topology on the quotient space of leaves
is thus equivalent to the topology on a quotient of the closed cylinder [0, π2 ]×S1

by identifying all inner parallel circles through (η0, ϕ) ' (η0, ϕ
′).

3. Groupoid quantization of (S3,Πθ)

The first ingredient needed in groupoid quantization of a Poisson manifold is its
integrating symplectic groupoid ([9]). The symplectic groupoid Σθ integrating
(S3,Πθ) can be explicitely described, as done in [26, 27]. As a symplectic
manifold Σθ is simply the cotangent bundle T ∗S3, endowed with the exact
Liouville symplectic form ω.

For what concerns the groupoid structure, it is linked to the action groupoid
t∗ n S3 where the action of t∗ on S3 is integrating the map R. More precisely,
there is a well defined groupoid morphism over the identity:

Θ : Σθ → t∗ nR S3 ; Θ(p, ωp) = (ρ∗(ωp), p) .

It is important to remember, here, that the R-action groupoid has non trivial
isotropy over points in the Hopf link.

This description of the groupoid structure is often modified to look more
simmetrical; composing with an easy groupoid isomorphism the source and
target maps of T ∗S3 can be determined as:

s(p, ω) = B(−ω)(p), t(p, ξ) = B(ω)(p) (3)

and the partially defined product is then just addition of covectors, after pull-
back, i.e.

(p1, ω1) · (p2, ω2) = B(ω1)∗(ω2) +B(−ω2)∗ω1

where it is assumed that the inverse in this groupoid is then simply (p, ωp)
−1 =

(p,−ωp) and the identity embedding coincides with the zero section.
Let us now describe an example of real Lagrangian multiplicative polar-

ization on this symplectic groupoid. As explained in [11] a real multiplicative
Lagrangian polarization is identified by a choice of a coisotropic subspace F0

in t which is transverse to each isotropy subspace kerρp. The easiest possible
choice, considered in Hawkins’ paper, is the diagonal subspace F0 = (v, v) ⊆ t,
since the choice of the generators of the two components of the torus do not
satisfy the transversality condition, each one of them vanishing on a great circle.
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We will consider a more general case by fixing h(a,b) = 〈(a, b)〉 with ab 6= 0.
We will limit ourselves to rational pairs (a, b) so that h(a,b) integrates to a 1-
dimensional subtorus H(a,b) of T2. Let then pr : t∗ → h∗(a,b) ' t∗/h⊥(a,b) be
the quotient map and let µ(a,b) = ρ∗ ◦ pr. We can then consider the groupoid
morphisms composition

T ∗S3 t∗ nR S3 h∗(a,b) nR S2

S3 S3 S2

Θ Ψ

(4)

where S2 ' S3/H(a,b) is the space of H(a,b)-orbits and the base map in the right
square is the corresponding projection. The action R can be written as:

R(λ,Op) = OR(t,p)

where p ∈ S3, Op is its H(a,b)-orbit and t ∈ t is such that pr(t) = λ. The
term on the right hand side does not depend on any of the choices involved. In
projected Hopf coordinates (ξ, η), where ξ = −bξ1 + aξ2, we have that:

λ · (ξ, η) = (ξ − (a2 + b2)θ, η) (5)

where λ = [adeφ1 + bdeφ2] is a canonical choice of basis in h(a,b)
∗. Therefore,

by choosing a norm one generator in h(a,b) the action is simply an irrational
rotation on equatorial circles η = const. with two fixed points at the poles
η = 0, π/2.

We will denote by Φ = Ψ ◦Θ the composed Lie groupoid morphism at the
level of total spaces. For any (λ,Op) ∈ h∗(a,b) nR S2, then,

Φ−1(λ,Op) =
{

(p′, ωp′) ∈ T ∗S3
∣∣ p′ ∈ Op , µ(a,b)(ωp′) = λ

}
(6)

where µ(a,b)(ωp) = λ if and only if ρ∗(ωp)(ha,b) = λ with h(a,b) equal to a fixed
non trivial generator of h(a,b). It is therefore clear that any such fiber of Ψ has
the form of a twisted conormal bundle N⊥λ to an H(a,b)-orbit (as defined in [2,
Example 3.28]), having Liouville class [π∗Oλ]. Here λ ∈ h∗(a,b) is identified to a
closed 1-form along O. It is worth remarking that the two exceptional fibers
over poles verify:

Φ−1(λ,ON ) = T ∗NS3 ; Φ−1(λ,OS) = T ∗SS3 ,

and are the only contractible ones.
The fibers of this Lagrangian fibration define, as said, a real multiplicative

Lagrangian polarization as in [11] (where the case F0 = h((1,1) is considered).
The image of Φ is the groupoid parametrizing the set of Lagrangian leaves
and is independent of (a, b). In fact, if we use the symmetrized version of the
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symplectic groupoid given in equation (3), and denote by s (resp. t) the source
(resp. target) of the quotient groupoid, then

s(λ,Op) = OB(λ/2)(p) , t(λ,Op) = OB(−λ/2)(p) (7)

and for a pair of composable elements the product is

(λ,Op) · (λ′,OB(λ)(p)) = (λ+ λ′,Op) .

The explicit form of Liouville class given above allows to check immediately
Bohr-Sommerfeld conditions: since every leaf different from the polar ones has
the topology of a cylinder S1×R2 these conditions are non trivial. They select
a subgroupoid on the action side by imposing [π∗Oλ] ∈ 2πZ to be an integer
cohomology class in H1(Φ−1(λ,O)).

Resuming all information thus acquired, symplectic groupoid quantization
tells us that the groupoid quantization of the Poisson manifold (S3;πθ) is the
groupoid C∗-algebra:

C∗θ (S3) = C∗(Z nθ S2) ,

with respect to an irrational rotation action of angle θ on each parallel. In the
next section we will analyze it from a C∗-algebraic point of view.

It has to be remarked that a different approach to groupoid quantization for
a family of toric manifolds, including the one considered here, was developed
by Cadet in [4]. It would be interesting to connect the two approaches in a
rigorous manner.

4. Primitive ideals of C∗θ (S3)

Now that we have obtained a quantization of (S3, πθ) as a groupoid C∗-algebra
we are in a position to understand how orbits and isotropy of this groupoid
are related to its primitive ideals. The bad piece of news is the fact that since
the orbit space is not even a T0 space (a consequence of the fact that irrational
orbits are dense on parallel circles) the corresponding C∗ algebra is not even
postliminal and its unitary dual does not coincide with the topological space of
primitive ideals ([7]). It, hence, will be Prim C∗(Znθ S2) the target of the orbit
correspondence. The good news is that our C∗-algebra is the transformation
group C∗-algebra of an abelian group, Z, acting on a compact Hausdorff space:
and this is a fairly well understood situation.

From general C∗-algebra theory it is known that for any given point γ in
the unit space and any representation (ργ ,Hγ) of the isotropy subgroup Σγγ
it is possible to induce a representation of the whole groupoid on a suitable
Hilbert space completion of Cc(Σγγ)⊗Hγ .

For the specific case of transformation group C∗ algebras, all irreducible
unitary representations are induced by isotropy subgroups: such groupoid C∗
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algebras are sometimes called EH-regular. Furthermore the induction corre-
spondence allows to establish a topological description of the space of primi-
tive ideals. From [25, Theorem 8.39] (see also [24]) one gets that the induction
map is a homeomorphism between a certain quotient space of S2 × S1 and
Prim(Zn S2). On the space S2 × Ẑ ' S2 × S1, with its natural product topol-
ogy, in fact, the following equivalence relation can be considered:

(p, φ) ' (q, ψ) ⇐⇒

{
Z · p = Z · q if Gp = Gq = 0

p = q if Gp 6= 0 6= Gq

where Gp stands for the isotropy group of p. Since all orbits on level sets of S2

are dense, by an easy comparison with the content of Section 2 we can therefore
conclude the following.

Proposition 4.1. The primitive ideal space of C∗(S3
θ) is homeomorphic to the

leaf space of the Poisson manifold (S3; θ).

The same conclusion can also be derived by considering so-called Renault’s
disintegration theorem ([18]) which says that for any closed invariant subset X
of the unit space there exists an exact sequence of C∗-algebras

0→ C∗(Σ
∣∣
Xc)→ C∗(Σ)→ C∗(Σ

∣∣
X

)→ 0

and furthermore any irreducible unitary representation factors through such a
C∗-algebra C∗(Σ

∣∣
X

). By considering, then the closure Xt = Z · p of orbits of
points of height t one immediatly has:

• C∗(Σ
∣∣
Xt

) ' C∗(Z nθ S1) ' C∗(T2
θ) which has one-point primitive ideal

space;

• For every t ∈ [−1, 1] there is a decomposition:

0→ C∗(Σ
∣∣
Xc

t
)→ C∗(Σ)→ C∗(T2

θ)→ 0

• There are two S1 families of characters corresponding to isotropy of North
and South pole X±1 (Hopf link);

• Jacobson topology on Prim(C∗(Z n S2)) is of the form S1 × [−1, 1]/ '
where the equivalence relation is given by

(ϕ, t) ' (ψ, s) ⇐⇒ t = s 6= 0, 1 .
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t = 1 circle of 0-dim. leaves

t = 1/2 toric 2-dim. leaf

t = 0 toric leaf– gluing

t = −1/2 toric 2-dim leaf

t = −1 circle of 0-dim. leaves

Here the interval [−1, 1] just plays the role of the T0-ization of the space of
Z-orbits in S2. This quotient space is immediately identified with the corre-
sponding space of leaves of the underlying Poisson manifold described at the
end of Section 2. The above decomposition of the CLM 3-sphere C∗-algebra
can be considered a non commutative analogue of the Hopf fibration and as
such was earlier introduced in [15].

5. A different point of view: Dirac structures

In this section we will give some ideas on how to generalize results in [20] to
the case of CLM 3-sphere. Details are postponed to future work where we plan
to deal with the more general case of locally abelian Poisson manifolds which
fits into the same scheme.

Let us consider a right invariant Dirac structure Γ on the torus such that
Γ ∩ TT2 = 〈−θ∂φ1

+ ∂φ2
〉. The distribution thus determined, written also as

CΓ in what follows, is also called the characteristic distribution of Γ.
A canonical choice of Dirac structure on the product manifold T2 × S3 is

then Γ ⊕ T ∗S3. Since such subbundle is transversal to all isotropy groups of
the T2-action on S3, it projects to a well defined Dirac structure Γ̂ on S3,
according to [10, Proposition 4]. Explicitely the projected subbundle Γ̂ is the
Dirac structure generated in Hopf coordinates by −θ∂ξ1 + ∂ξ2 , dξ1 + θdξ2 and
dη. Let Cθ be its characteristic distribution.

Let us fix a subalgebra h(a,b), with (a, b) ∈ Q2 \ (0, 0) (and therefore a
Lagrangian multiplicative polarization) as in Section 3. This is equivalent to
the choice of a 1-dimensional rational complement of Cθ inside t2. If H(a,b) is
the subtorus integrating h(a,b) then S2 ' S3/H(a,b) corresponds to the choice

154



QUANTUM ORBIT METHOD (9 of 11)

of a complete transversal to the characteristic foliation on S3. In general the
Dirac structure Γ̂ should induce a Poisson structure on this quotient, but by
dimensional reasons, since the rank of this Poisson structure is bounded above
by dimC(Γ) = 1, it turns out to be trivial.

The action groupoid on the 3-sphere when restricted and projected to S2 is
nothing but the transformation groupoid ZnθS2, with action given by irational
rotations on parallels. From this point of view the crossed product C∗-algebra
can both be seen as the result of groupoid quantization, as explained in Sec-
tion 3, and as the result of Dirac quantization of Γ̂ on S3, as proposed in [20].

Exactly the same proof as in [20], in the easy case in which the transverse
Poisson structure on S2 is zero, allows to conclude that the Morita equivalence
class of the quantization does not depend on the choice of transversal, i.e.
it does not depend on the choice of the Lagrangian polarization, as long as
it is determined by a rational complement of C(Γ) in t2. Furthermore [20,
Theorem 4.1.] still holds in this context, i.e. there is a well defined O(2, 2;Z)
action on the set of (T2-invariant) Dirac structures on S3 leaving the Morita
equivalence class of the quantization unaltered.

6. Conclusions

As briefly mentioned before, Connes-Landi 3-sphere is but a specific example of
a whole class of Poisson manifolds, called locally abelian in [11], which depend
on the choice of an invariant Poisson structure on Tk (determined by an anti-
symmetric matrix θ ∈ so(k;R)) and a torus action Tk×M →M on a manifold
M . The symplectic groupoid quantization for Poisson manifolds of this type is
quite well understood ([11]) and an analysis of the general case, from the point
of view of orbit method, is under preparation.

The discrepancy between the unitary dual and the primitive ideal space,
which holds also in these cases, raises the question of which kind of Poisson
data, richer than the plain symplectic foliation, can detect irreps of the C∗-
algebra. We give indications on how a generalization of the concept of rigged
orbits (see [1] for the classical case) find a natural interpretation in the setting
of groupoid quantization. A more detailed program on how to develop this
approach can be found in [6].

The example we consider here is somewhat complementary to the one in [5];
there the symplectic integration and geometric quantization (with singularities
appearing in the Lagrangian distribution, as explained in [3]) are the main ob-
stacles. Since the resulting groupoid C∗-algebra however has a nicely behaved
T0 orbit space the correspondence between groupoid orbits and unitary dual is
easily understood.

The fact that such different cases both verifies a quantum orbit correspon-
dence is a good indicator that such a correspondence should hold under pretty
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general conditions. Let us remark that the general quantum orbit method as
proved via quantum groups in [17] covers the case of those Poisson homoge-
neous spaces which are quotient by a Poisson subgroup of the standard compact
Poisson-Lie group. Since the Poisson CLM-sphere can be seen as a quotient
of a non standard Poisson-Lie group structure by a coisotropic subgroup [21]
it is tempting to foresee that the class of Poisson manifolds for which such
result can hold should include all coisotropic quotients of Poisson-Lie compact
groups.
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Vector-valued Sobolev multiplier spaces
and their preduals

Keng Hao Ooi

Abstract. We study the properties of the Sobolev Multiplier Spaces of
X-valued functions and their preduals, where X is a Banach space. It
is shown that a necessary and sufficient condition for the duality to be
valid is that X∗ possesses the Radon-Nikodym property. Weak vector-
valued and the projective tensor type spaces regarding of the preduals
will also be taken into account and it is shown that they differ to each
other when X is infinite-dimensional.

Keywords: Sobolev multiplier spaces, preduals, Radon-Nikodym property, projective
tensor products.
MS Classification 2020: 31C15, 46A32, 46B22, 46E35.

1. Introduction

Let α > 0, s > 1 be real numbers and X be a Banach space. We define the
Sobolev Space Wα,s = Wα,s(Rn), n ≥ 1 to be the set of functions u of the type

u = Gα ∗ f

for some f ∈ Ls. Here Gα is the Bessel kernel of order α defined by

Gα(x) := F−1[(1 + | · |2)−α/2](x),

where F−1 is the inverse Fourier transform in Rn. The norm of u = Gα ∗ f ∈
Wα,s is defined to be ‖u‖Wα,s = ‖f‖Ls . Recall also that the Bessel capacity
Capα,s(·) associated to Wα,s is defined to be

Capα,s(E) = inf{‖f‖sLs : f ≥ 0, Gα ∗ f ≥ 1 on E}

for any set E ⊆ Rn.

In this paper we are concerned with the X-valued Sobolev multiplier space
Mα,s
p (Rn, X), 1 < p <∞, which consists of locally p-Bochner-integrable func-

tions f : Rn → X such that the trace inequality(∫
Rn
|u(t)|s‖f(t)‖pXdt

)1/p

≤ C‖u‖s/pWα,s
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holds for all u ∈ C∞0 (Rn). For the sake of simplicity, let us write M(X) for
Mα,s
p (Rn, X). It is proved in [6, Theorem 3.1.4] that the least possible constant

C in the above inequality is equivalent to the quantity

‖f‖M(X) := sup
K

(∫
K
‖f(t)‖pXdt

Capα,s(K)

)1/p

,

where the supremum is taken for all compact sets K ⊆ Rn with non-zero ca-
pacity, and we will equip M(X) with the norm ‖·‖M(X). The characterizations
and preduals of the scalar case M(C) have been greatly studied in [7] while this
paper will deal with the vector-valued counterpart.

The predual that will be discussed later is of the block type space (the
terminology is given in the last paragraph of page 32 in [2]), which we will
label as B(X) := Bα,sq (Rn, X), where 1/p + 1/q = 1. To begin with, by
denoting LqX the space of q-Bochner-integrable functions, let us call a function
a : Rn → X an X-block if

1. There exists a bounded set A of X such that a(x) = 0 a.e. for x ∈ Rn \A.

2. ‖a‖LqX ≤ Capα,s(A)(1−q)/q.

Subsequently, the space B(X) is defined to be the set of all functions f : Rn →
X of the form

f(x) =
∑
j

cjaj(x),

where the convergence is in pointwise a.e. sense, taken under the norm of X,
{cj} is a scalar sequence in `1, and each aj is an X-block. The norm of a
function f ∈ Bα,sq (X) is defined as

‖f‖Bα,sq (X) = inf

∑
j

|cj | : f =
∑
j

cjaj a.e.

 .

A basic fact regarding of the space B(X) is the following, cf. [7, Remark 2.1]:

Lemma 1.1. B(X) ↪→ L1
X in the sense of continuous embedding.

To see that the space M(X∗) is dual to B(X), we first recall the following
general definition of Radon-Nikodym property, cf. [4, Definition 3].

A Banach space X has the Radon-Nikodym property with respect to
a finite measure space (Ω,Σ, µ) if for each µ-continuous vector measure
G : Σ→ X of bounded variation there exists g ∈ L1(X,µ) such that

G(E) =

∫
E

gdµ
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for all E ∈ Σ. A Banach space X has the Radon-Nikodym property if
X has the Radon-Nikodym property with respect to every finite measure
space.

In addition, we recall a standard fact from functional analysis that

(LrX)∗ = Lr
′

X∗ if and only if X∗ possesses the Radon-Nikodym property,
where 1/r + 1/r′ = 1 and 1 ≤ r <∞, cf. [4, Theorem 1].

We also recall a result obtained in [1, Theorem 3] regarding the duality between
the atomic Hardy space H1,∞

X and BMOX∗ that

(H1,∞
X )∗ = BMOX∗ if and only if X∗ possesses the Radon-Nikodym

property.

Hence, the above facts suggest that the duality in our case is also valid:

Theorem 1.2. M(X∗) is isomorphic to B(X)∗ if and only if X∗ possesses the
Radon-Nikodym property.

The following proposition is needed for proving Theorem 1.2, where its
proof can be found in the proof of [7, Theorem 1.6] by simple modification of
the scalar case to the vector-valued case:

Proposition 1.3. M(X∗) ↪→ B(X)∗ in the sense of continuous embedding.

Since we can always consider the weak topology for any dual space X∗,
there should be a weak vector-valued counterpart of the spaces M(X) and
B(X). We define the space wM(X) to be the set of all functions f : Rn → X
such that x∗ ◦ f ∈M(C) for all x∗ ∈ X∗. The norm equipped with wM(X) is
taken to be

‖f‖wM(X) = sup
‖x∗‖≤1

‖x∗ ◦ f‖M(C).

The space wB(X) is then defined in the same fashion as above. Due to the
standard facts of functional analysis, we shall expect that the spaces M(X)
and wM(X), B(X) and wB(X) coincide exactly when X is finite-dimensional:

Proposition 1.4. wM(X) is isomorphic to M(X) if and only if X is finite-
dimensional.

Proposition 1.5. wB(X) is isomorphic to B(X) if and only if X is finite-
dimensional.
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By Lemma 1.1 and the standard functional analysis fact that

L1(Rn)⊗̂πX = L1
X ,

where ⊗̂π denotes the projective tensor product (the definition can be found
in the first paragraph of page 17 in [8]), one may suspect that B(C)⊗̂πX is
isomorphic to B(X). First of all, the following basic claim is valid:

Proposition 1.6. B(C)⊗X is dense in B(X).

Unfortunately, the general projective tensor product B(C)⊗̂πX is not iso-
morphic to B(X) for general infinite dimensional Hilbert space X. More gen-
erally, we have the following theorem:

Theorem 1.7. If X∗ has the Radon-Nikodym property, then the projective
tensor product B(C)⊗̂πX is isomorphic to B(X) if and only if X is finite-
dimensional. In which case, B(C)⊗̂πX, B(X), and wB(X) are all isomorphic.

As a result, we have

Corollary 1.8. B(C)⊗̂π`2 is not isomorphic to B(`2).

We are ready to give the proofs of the aforementioned propositions and
theorems in the next section. In what follows, for any two quantities A and
B, we write A . B to abbreviate A ≤ CB for some constant C, a similar
convention is used for A & B. Meanwhile, the notation A ≈ B will denote
both A . B and A & B.

2. Proofs

Proof of Lemma 1.1. Let f =
∑
j cjaj be such a representation as in the defi-

nition of B(X), then

‖aj‖L1
X
≤ |Aj |1/p‖aj‖LqX ≤ |Aj |

1/pCapα,s(Aj)
(1−q)/q . 1

by the standard Sobolev’s Embedding that |Aj | . Capα,s(Aj). As a result,
‖f‖L1

X
≤
∑
j |cj |‖aj‖L1

X
.
∑
j |cj |.

Proof of Theorem 1.2. We first prove the sufficiency. Let L ∈ B(X)∗ be given.
For any fixed compact setK ⊆ Rn and f ∈ LqX supported inK, then ‖f‖B(X) .
Capα,s(K)1/p‖f‖LqX and hence

|L(f)| ≤ ‖L‖‖f‖B(X) . ‖L‖‖f‖LqX .
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Since X∗ has the Radon-Nikodym property, there exists a gK ∈ LpX∗ supported
in K such that

L(f) =

∫
Rn
〈f(t), gK(t)〉 dt.

Consider a compact exhaustion {K} of Rn and let g = gK locally, one can
argue as in the proof of [7, Theorem 1.3] that g ∈ M(X∗) with the equivalent
norm ‖g‖M(X∗) ≈ ‖L‖, this shows that B(X)∗ ↪→M(X∗).

We now prove the necessity. To show that X∗ possesses the Radon-Nikodym
property, it is equivalent to establish the following assertion, cf. [4, p. 107].

For every bounded measurable set K and bounded linear operator

T ∈ L(L1(K), X∗)

there exists a function g ∈ L∞X∗(K) such that

T (f) =

∫
K

f(t)g(t)dt, f ∈ L1(K).

Let such a T be given. Define T : L1
X(K)→ C as

T

(
N∑
i=1

xiχEi

)
=

N∑
i=1

〈T (χEi), xi〉 ,

where {xi}Ni=1 ⊆ X and {Ei}Ni=1 is a disjoint sequence of measurable subsets
of K, and N ∈ N. It is immediate that∣∣∣∣∣T

(
N∑
i=1

xiχEi

)∣∣∣∣∣ ≤
N∑
i=1

‖xi‖X‖T‖ · |Ei| = ‖T‖ ·

∥∥∥∥∥
N∑
i=1

xiχEi

∥∥∥∥∥
L1
X(K)

,

hence T is extended to (L1
X(K))∗ by density. By Lemma 1.1, T extends to

(B(X))∗ and is given by the integral representation of a function

gK ∈M(X∗)

by the necessity assumption. The final task is to show that gK ∈ L∞X∗(K). Let
Br(t0) be an open ball in Rn with center t0 and radius r. We have∥∥∥∥∥

∫
Br(t0)

gK(t)dt

∥∥∥∥∥
X∗

= sup
‖x‖X≤1

∣∣∣∣∣
∫
Br(t0)

〈x, gK(t)〉 dt

∣∣∣∣∣
= sup
‖x‖X≤1

∣∣T (xχBr(t0)∩K)
∣∣

= sup
‖x‖X≤1

∣∣〈x, T (χBr(t0)∩K)
〉∣∣ ≤ ‖T‖ · |Br(t0)|.
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So, we deduce by the vector-valued Lebesgue’s Differentiation Theorem that
‖g(t)‖X∗ ≤ ‖T‖ a.e. t ∈ Rn, and hence ‖gK‖L∞

X∗ (K) ≤ ‖T‖ < ∞, the proof is
now complete.

Proof of Proposition 1.4. The sufficiency is trivial so we prove for the neces-
sity. Assume that X is infinite-dimensional, then by Dvoretsky’s Theorem [3,
Theorem 19.1], there exist for each N ∈ N an N -dimensional subspace EN of X
and a linear isomorphism JN : `2N → EN such that ‖JN‖ ≤ 2 and ‖J−1N ‖ = 1.

Let e
(N)
k be the kth standard unit vector of `2N and set x

(N)
k = JNe

(N)
k . We

also let {SN} be a disjoint sequence of compact sets such that both |SN | and
Capα,s(SN ) are fixed non-zero constants. Define

fk,N (t) = x
(N)
k χSk(t), t ∈ Rn, k = 1, 2, ..., N.

We compute that

‖fk,N (t)‖X ≥ ‖fk,N (t)‖EN ≥
∥∥∥e(N)
k χSk(t)

∥∥∥
`2N

= χSk(t),

and hence

‖fk,N‖M(X) ≥ (Capα,s(Sk))−1/p
(∫

Sk

‖fk,N (t)‖pXdt
)1/p

& 1.

On the other hand, assuming the equivalence that ‖ · ‖wM(X) ≈ ‖ · ‖M(X), we
choose an x∗ ∈ X∗ such that ‖x∗‖ ≤ 1 and

‖(x∗ ◦ fk,N )‖M(C) & 1.

Let y∗N ∈ E∗N be the restriction of x∗ to EN and J∗Ny
∗
N ∈ (`2N )∗ with

‖J∗Ny∗N‖(`2N )∗ ≤ ‖JN‖‖x∗‖X∗ ≤ 2,

where J∗N is the adjoint of JN . Choose c
(N)
1 , ..., c

(N)
N such that

(J∗Ny
∗
N )(u1, ..., uN ) =

N∑
l=1

c
(N)
l ul.

Hence,

(x∗ ◦ fk,N )(t) = y∗N (fk,N (t)) = (J∗Ny
∗
N )(e

(N)
k )χSk(t) = c

(N)
k χSk(t).

For any compact set K, by the standard Sobolev’s Embedding

|K| . Capα,s(K),
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we have

(Capα,s(K))−1/p
(∫

K

|(x∗ ◦ fk,N )(t)|pdt
)1/p

. |c(N)
k |,

we deduce that ‖(x∗ ◦ fk,N )‖M(C) . |c
(N)
k |. Keep in mind that

‖{c(N)
k }‖`2N = ‖J∗Ny∗N‖(`2N )∗ ,

so

|c(N)
k | ≤

(
N∑
l=1

|c(N)
l |2

)1/2

≤ 2, k = 1, ..., N, N = 1, 2, ...

We extend c
(N)
l = 0 for all l ≥ N+1. By a standard diagonalization argument,

we let cl ≥ 0 and N1 < N2 < · · · be such that limk→∞ |c(Nk)l | = cl for l = 1, 2, ...
As a result, ( ∞∑

l=1

c2l

)1/2

≤ lim inf
k→∞

( ∞∑
l=1

|c(Nk)l |2
)1/2

<∞,

the sequence {cl} tends to zero. Given any arbitrarily small ε > 0, choose an
l such that cl < ε, then we can further pick an Nl such that |cNll | < ε. This

shows that ‖(x∗ ◦ fl,Nl)‖M(C) . |cNll | can be controlled as arbitrarily small,
which contradicts the strictly positive lower bound that ‖(x∗ ◦ fl,Nl)‖ & 1. In
sum, the norms ‖ · ‖wM(X) and ‖ · ‖M(X) are not equivalent.

Proof of Proposition 1.5. We prove the necessity. The construction goes with
Dvoretsky’s Theorem and is similar to that of Proposition 1.4 which we will
retain certain notation. This time we let

fN (t) =

N∑
k=1

x
(N)
k

k
χSk(t),

where {Sk} is disjoint, bounded, both |Sk| and Capα,s(Sk) are fixed constants.

We see at once that ‖fN‖L1
X
≥
∑N
k=1 |Sk| · k−1 ≈

∑N
k=1 k

−1. By Lemma 1.4,

we have supN ‖fN‖B(X) = ∞. However, since |Sk| and Capα,s(Sk) are fixed
non-zero constants, we see that

‖x∗ ◦ fN‖B(C) .
N∑
k=1

|ck|
k
≤ ‖{ck}‖`2N

(
N∑
k=1

1

k2

)1/2

,

therefore supN ‖fN‖wB(X) . 1.
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Proof of Proposition 1.6. We first claim that B(C) ⊗ X ↪→ B(X). Consider
the tensor

N∑
k=1

λkfk ⊗ xk,

fk ∈ B(C) and xk ∈ X and λk a scalar, write fk =
∑
j=1 cj,kaj,k as in the

definition of B(C), then fk ⊗ xk =
∑
j cj,k(aj,k ⊗ xk). As

‖aj,k ⊗ xk‖LqX = ‖aj,k‖Lq‖xk‖X ,

it is easy to see that ‖fk ⊗ xk‖B(X) ≤
∑
j |cj,k|‖xk‖X and hence

‖fk ⊗ xk‖B(X) ≤ ‖fk‖B(C)‖xk‖X .

We deduce that∥∥∥∥∥
N∑
k=1

λkfk ⊗ xk

∥∥∥∥∥
B(X)

≤
N∑
k=1

|λk|‖fk‖B(C)‖xk‖X ,

the claim now follows by the definition of projective tensor norm.

Now the density can be seen as the following way. Let f ∈ B(X) be repre-

sented by f =
∑
j cjaj as in the definition of B(X). The finite sum

∑N
j=1 cjaj

approximates f in B(X). Since one can approximate aj by continuous functions
with compact support in LqX , it is easy to see that the finite linear combina-
tion of tensors fk ⊗ xk ∈ B(C) ⊗ X approximates f in B(X), where fk are
complex-valued continuous functions with compact support, and xk ∈ X, cf.
[5, Corollary 1.6], now the proposition follows.

Proof of Theorem 1.7. The only difficult part is the necessity. Assume the
contrary that X is infinite-dimensional. Suppose that B(C)⊗̂πX is isomorphic
to B(X), one obtains the isomorphism between (B(C)⊗̂πX)∗ and (B(X))∗.
On the other hand, it is standard by the theory of projective tensor products
that (B(C)⊗̂πX)∗ is isometrically isomorphic to L(X∗, (B(C))∗), which in turn
isomorphic to L(X∗,M(C)), see [8, p. 24].

We now observe that wM(X∗) ↪→ L(X∗,M(C)). In fact, this is merely by
definition. Indeed, for f ∈ wM(X∗), it induces the linear map defined by

X∗ →M(C), x∗ → x∗ ◦ f,

and the norm of the induced map is exactly ‖f‖wM(X).

Since X∗ has the Radon-Nikodym property, we obtain by Theorem 1.2
that both B(X)∗ and M(X∗) are isomorphic. Since M(X∗) ↪→ wM(X∗), the
isomorphism between (B(C)⊗̂πX)∗ and (B(X))∗ will imply the isomorphism
between M(X∗) and wM(X∗), this contradicts Proposition 1.4 as X∗ is also
infinite-dimensional.
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Doubling inequality at the boundary

for the Kirchhoff-Love plate’s
equation with supported conditions

Antonino Morassi, Edi Rosset, Eva Sincich,
and Sergio Vessella

Abstract. In this article we derive a doubling inequality at the bound-
ary for solutions to the Kirchhoff-Love isotropic plate’s equation satis-
fying supported boundary conditions. To this end, we combine the use
of a suitable conformal mapping which flattens the boundary and a re-
flection argument which guarantees the needed regularity of the extended
solution. We finally apply inequalities of Carleman type in order to de-
rive the result. The latter implies Strong Unique Continuation Property
at the boundary (SUCPB).

Keywords: Kirchhoff–Love elastic plates, doubling inequality at the boundary, unique
continuation, supported conditions.
MS Classification 2020: 35B60, 35J30, 74K20, 35R25, 35R30.

1. Introduction

In this paper we are mainly concerned with a Strong Unique Continuation
Property at the Boundary for the Kirchhoff-Love isotropic plate’s equation
satisfying the so-called supported conditions. We denote by Ω ⊂ R2 the middle
surface of a thin plate having uniform thickness h. Working in the framework
of linear elasticity for infinitesimal deformations and under the assumptions of
the Kirchhoff-Love theory, the transverse displacement u of the plate satisfies
the following fourth order partial differential equation

div
(
div
(
B(1− ν)∇2u+Bν∆uI2

))
= 0, in Ω, (1)

where B is the bending stiffness and ν is the Poisson’s coefficient. We are
interested in analyzing the case of supported conditions, namely{

u = 0, on Γ,
B(1− ν)∂2

ijuninj +Bν∆u = 0 on Γ,
(2)

(3)
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where n = (n1, n2) denotes the outer unit normal to ∂Ω and Γ is an open
portion of the boundary of Ω. These boundary conditions occur when the
constraint on Γ prevents the transverse displacement of the plate and, simulta-
neously, leaves free the rotation of the transverse material fibers x ×

[
−h2 ,

h
2

]
,

x ∈ Γ, around the direction of the tangent to the boundary of the plate. Situ-
ations of this type are quite common in engineering structures, for example for
slab plates or roof plates [14].

Assuming B, ν ∈ C2(Ω) and Γ of C4,α class, we obtain the following dou-
bling inequality at the boundary for problem (1)–(3)∫

Bs(P )∩Ω

|u|2 ≤ CNk
(s
r

)log2(CNk)
∫
Br(P )∩Ω

|u|2, (4)

for every P ∈ Γ such that Br0(P ) ∩ ∂Ω ⊂ Γ, where C, k > 1, 0 < r < s < r0
C

and N is the frequency of the solution u defined as follows

N =

∫
Br0 (P )∩Ω

|u|2∫
B r0
C

(P )∩Ω
|u|2

.

Inequalities as (4) are classical tools of Strong Unique Continuation at the
Boundary arising in the quantification of the local vanishing rate on the bound-
ary of solutions to PDEs (see, for instance, [1,4,6–8,12]). The quantification of
this property poses significant challenges, in fact one needs to infer quantitative
control on the zero set of u. Moreover, from a more applied side, it has been
proved useful in the context of stability estimates for inverse problems consist-
ing in the determination of unknown coefficients and boundaries [3, 9, 11,13].

While the overall strategy follows the ideas introduced in [12], we empha-
size that the presence of supported boundary conditions displays several new
features and difficulties that we outline below. As first step, following [12], we
flatten the boundary by means of a conformal map which has been introduced
in [4]. Such a change of variables on one hand simplifies the geometry of the
problem and preserves the structure of the equation, but on the other hand
leads to a quite demanding computation in order to achieve the underlying
boundary conditions. A further obstruction in dealing with supported bound-
ary conditions is due to the fact that, in order to apply a reflection argument,
we need to operate another transformation (see (45)–(46) for a precise defi-
nition) that fits our problem into a new one for a solution v satisfying more
elementary boundary conditions, namely

v = ∆v = 0, in (−1, 1)× {0}.
The latter allows us to apply an odd reflection to v, with extended function

v belonging to H4(B1) and satisfying a suitable partial differential equation
in B1.
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Taking advantage of the regularity of the extended solution v, we are now
in position to deal with the following Carleman estimate [12]. For every τ ≥ τ
and for every r ∈ (0, 1) the following inequality holds

τ4r2

∫
ρ−2−2τ |U |2 +

3∑
k=0

τ6−2k

∫
ρ2k+1−2τ |DkU |2 ≤ C

∫
ρ8−2τ (∆2U)2, (5)

for every U ∈ C∞0 (B1 \ Br/4), where ρ(x, y) ∼
√
x2 + y2 as (x, y) → (0, 0)

(see Proposition 4.2 for a precise statement). Indeed we finally apply the es-
timate (5) to U = ηv where η is a cut-off function and we conclude by using
a standard procedure. We also remark that the Carleman estimate (5) for the
bi-laplacian operator is analogous to the estimate (6.32) derived in [10], with
the exception of the presence of the first extra integral on the left hand side
of (5) (see [5] for the first derivation of a doubling inequality in the interior
from a Carleman estimate of the form (5)). It can be shown that this term
plays a crucial role in obtaining the doubling inequality (4).

The outline of the article is as follows. After briefly recalling our notation in
Section 2, in Section 3 we introduce and state our main result, Theorem 3.1. In
Section 4, we recall two main ingredients of our strategy, namely the conformal
mapping in Theorem 4.1 and the Carleman estimate in Proposition 4.2. In
Section 5, which contains the central estimates of the paper, we deduce the
doubling inequality at the boundary. The proof is divided into three steps,
namely the reduction to a flat boundary, the extension by odd reflection and
the application of the Carleman estimate.

2. Notation

We shall generally denote points in R2 by x = (x1, x2) or y = (y1, y2), except
for Sections 4 and 5 where we rename x, y the coordinates in R2.

We shall denote by Br(P ) the disc in R2 of radius r and center P , by Br
the disk of radius r and center O, by B+

r , B−r the hemidiscs in R2 of radius
r and center O contained in the halfplanes R2

+ = {x2 > 0}, R2
− = {x2 < 0}

respectively, and by Ra,b the rectangle (−a, a)× (−b, b).
Given a matrix A = (aij), we shall denote by |A| its Frobenius norm |A| =√∑
i,j a

2
ij .

Definition 2.1 (Ck,α regularity). Let Ω be a bounded domain in R2. Given
k, α, with k ∈ N, 0 < α ≤ 1, we say that a portion S of ∂Ω is of class Ck,α with
constants r0, M0 > 0, if, for any P ∈ S, there exists a rigid transformation of
coordinates under which we have P = 0 and

Ω ∩Rr0,2M0r0 = {x ∈ Rr0,2M0r0 | x2 > g(x1)},
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where g is a Ck,α function on [−r0, r0] satisfying

g(0) = g′(0) = 0,

‖g‖Ck,α([−r0,r0]) ≤M0r0,

where

‖g‖Ck,α([−r0,r0]) =

k∑
i=0

ri0 sup
[−r0,r0]

|g(i)|+ rk+α
0 |g|k,α,

|g|k,α = sup
t,s∈[−r0,r0]

t6=s

{
|g(k)(t)− g(k)(s)|

|t− s|α

}
.

Throughout the paper, summation over repeated indexes is assumed.
The cartesian components of the divergence of a second order tensor field

T (x) are defined, as usual, by

(div T (x))i = Tij,j(x), i = 1, 2.

In places we will use equivalently the symbols D and ∇ to denote the
gradient of a function. Moreover, setting β = (β1, β2) ∈ N2, the multi-index
notation Dβ represents the partial derivative

∂β1+β2

∂xβ1

1 ∂xβ2

2

.

Throughout the paper, C shall denote a positive constant which may change
from line to line, and p2, q2, P2, Q2 shall denote second order differential
operators which may also change from line to line.

3. Main results

In this paper we consider an isotropic thin elastic plate Ω ×
[
−h2 ,

h
2

]
, having

middle plane Ω and thickness h. According to the Kirchhoff-Love theory, the
transverse displacement u of the plate satisfies the following fourth-order partial
differential equation

L(u) := div
(
div
(
B(1− ν)∇2u+Bν∆uI2

))
= 0, in Ω, (6)

where the bending stiffness B is given by

B(x) =
h3

12

(
E(x)

1− ν2(x)

)
, (7)
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with the Young’s modulus E and the Poisson’s coefficient ν given by

E(x) =
µ(x)(2µ(x) + 3λ(x))

µ(x) + λ(x)
, ν(x) =

λ(x)

2(µ(x) + λ(x))
,

where λ and µ are the Lamé moduli. Therefore, we may also rewrite (7) as

B(x) =
h3

3
· µ(x)(µ(x) + λ(x))

2µ(x) + λ(x)
.

We assume that the Lamé moduli satisfy the strong convexity assumptions

µ(x) ≥ α0 > 0, 2µ(x) + 3λ(x) ≥ γ0 > 0, in Ω, (8)

where α0, γ0 are positive constants. Let us notice that the above assumptions
imply that

µ(x) + λ(x) ≥ min
{
α0,

γ0

2

}
, in Ω. (9)

Moreover, we shall assume the following regularity on λ and µ:

‖λ‖C2(Ωr0 ), ‖µ‖C2(Ωr0 ) ≤ Λ0, (10)

with Λ0 a positive constant.
We found it convenient to represent the plate equation L(u) in the compact

form
L(u) = ∂2

ij(cijlk∂
2
lku) = 0 in Ω, (11)

with
cijlk = B(1− ν)δilδjk +Bνδijδlk, in Ω, (12)

so that, by a straightforward computation, equation (6) can be rewritten as

L(u) = B(∆2u+ ã · ∇(∆u) + q̃2(u)) = 0, in Ω, (13)

where

ã = 2
∇B
B

, (14)

q̃2(u) =

2∑
i,j=1

1

B
∂2
ij(B(1− ν) + νBδij)∂

2
iju. (15)

Let us define

Ωr0 = Ω ∩Rr0,2M0r0 = {x ∈ Rr0,2M0r0 | x2 > g(x1)} ,

Γr0 = ∂Ω ∩Rr0,2M0r0 = {(x1, g(x1)) | x1 ∈ (−r0, r0)} ,
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with g as in Section 2 and such that

‖g‖C4,α([−r0,r0]) ≤M0r0, (16)

for some α ∈ (0, 1).

We notice that, by (8)–(10), the coefficient ã and the second order operator
q̃2 =

∑
|α|≤2 cαD

α satisfy

‖ã‖C1(Ωr0 ,R2) ≤ L, ‖cα‖C0(Ωr0 ) ≤ L,

with L > 0 only depending on α0, γ0, Λ0.

We restrict our attention to the set Ωr0 , and we consider the following
boundary conditions on Γr0 :{

u = 0, on Γr0 ,
cijlk∂

2
lkuninj = 0, on Γr0 ,

where n = (n1, n2) denotes the outer unit normal to ∂Ω. By setting

∂2
nnu = ∂2

ijuninj ,

the second boundary condition can be rewritten as

cijlk∂
2
lkuninj = B(1− ν)∂2

nnu+Bν∆u = 0, on Γr0 .

Therefore, we study the following problem L(u) = 0, in Ωr0 ,
u = 0, on Γr0 ,
B(1− ν)∂2

nnu+Bν∆u = 0, on Γr0 .

(17)

(18)

(19)

Let us derive the variational formulation to the problem (17)–(19). Let

H = {v ∈ C∞(Ωr0) | Dαv = 0 on ∂Ωr0 \ Γr0 ,∀α ∈ N2, v = 0 on Γr0} .

A weak solution to problem (17)–(19) is a function u ∈ H2(Ωr0) satisfying{ ∫
Ωr0

cijlk∂
2
lku∂

2
ijv = 0, for every v ∈ H,

u = 0, on Γr0 .

(20)

(21)

We notice that the elliptic and regularity assumptions on the Lamé moduli (8)
and (10), and the regularity condition (16) on g guarantee that u ∈ H4(Ωr0),
see, for instance, [2].
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Hence, by applying the integration by parts we have that, for every v ∈ H,∫
Ωr0

cijlk∂
2
lku∂

2
ijv =

∫
Ωr0

∂i(cijlk∂
2
lku∂jv)− ∂i(cijlk∂2

lku)∂jv =

=

∫
∂Ωr0

cijlk∂
2
lku∂jv ni −

∫
Ωr0

∂i(cijlk∂
2
lku)∂jv =

=

∫
Γr0

cijlk∂
2
lku∂jv ni +

∫
Ωr0

∂2
ij(cijlk∂

2
lku)v.

Moreover, since v ≡ 0 on Γr0 , we have

∇v = (∇v · n)n, on Γr0 ,

∂jv = (∂nv)nj , j = 1, 2, on Γr0 ,

so that∫
Ωr0

cijlk∂
2
lku∂

2
ijv =

∫
Γr0

(cijlk∂
2
lkuninj)∂nv +

∫
Ωr0

∂2
ij(cijlk∂

2
lku)v. (22)

Therefore, given a weak solution u ∈ H2(Ωr0) to problem (17)–(19), by
choosing the test functions in C∞0 (Ωr0) ⊂ H in (20), we get the differential
equation (11) and, consequently, we obtain∫

Γr0

(cijlk∂
2
lkuninj)∂nv = 0, ∀v ∈ H,

which implies the boundary condition (19). Viceversa, a classical solution to
problem (17)–(19), in view of (22), must satisfy the weak formulation (20)–(21).

We are now in position to state the main result of this paper.

Theorem 3.1 (Doubling inequality at the supported boundary). Under the
above notation, let us assume that the Lamé moduli satisfy (8)–(10) and the
boundary Γr0 is of C4,α-class, with g satisfying (16) for some α ∈ (0, 1). Let
u ∈ H2(Ωr0) solve (17)-(19), then there exist k > 1 and C > 1 only depending
on α0, γ0, Λ0, M0, α, such that, for every 0 < r < s < r0

C we have that∫
Bs∩Ωr0

|u|2 ≤ CNk
(s
r

)log2(CNk)
∫
Br∩Ωr0

|u|2, (23)

where

N =

∫
Br0∩Ωr0

|u|2∫
B r0
C
∩Ωr0

|u|2
.
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4. Preliminary results

The following Proposition, obtained in [4], introduces a conformal map which
flattens the boundary Γr0 and preserves the structure of equation (13).

Proposition 4.1 (Conformal mapping [4, Proposition 3.1]). Under the hy-
potheses of Theorem 3.1, there exists an injective sense preserving differentiable
map

Φ = (ϕ,ψ) : [−1, 1]× [0, 1]→ Ωr0

which is conformal and satisfies

Φ((−1, 1)× (0, 1)) ⊃ B r0
K

(0) ∩ Ωr0 ,

Φ(([−1, 1]× {0}) = {(x1, g(x1)) | x1 ∈ [−r1, r1]} ⊂ Γr0 ,

Φ(0, 0) = (0, 0),

c0r0

2C0
≤ |DΦ(y)| ≤ r0

2
, ∀y ∈ [−1, 1]× [0, 1],

4

r0
≤ |DΦ−1(x)| ≤ 4C0

c0r0
, ∀x ∈ Φ([−1, 1]× [0, 1]),

r0

K
|y| ≤ |Φ(y)| ≤ r0

2
|y|, ∀y ∈ [−1, 1]× [0, 1],

with K > 8, 0 < c0 < C0, r1
r0

being constants only depending on M0 and α.

Another basic ingredient for our proof of the doubling inequality at the
supported boundary of the plate is the following Carleman estimate, whose
proof can be found in [12, Proposition 3.5].

Proposition 4.2 (Carleman estimate). Let us define

ρ(x, y) = φ
(√

x2 + y2
)
,

where
φ(s) =

s

(1 +
√
s)

2 .

Then there exist absolute constants τ > 1, C > 1 such that

τ4r2

∫
ρ−2−2τ |U |2 +

3∑
k=0

τ6−2k

∫
ρ2k+1−2τ |DkU |2

≤ C
∫
ρ8−2τ (∆2U)2, (24)

for every τ ≥ τ , for every r ∈ (0, 1) and for every U ∈ C∞0 (B1 \ Br/4).
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5. Proof of the doubling inequality at the boundary

The strategy of the proof consists of several steps. Firstly, we flatten the
boundary Γr0 by means of the conformal mapping defined in Proposition 4.1.
The conformal mapping preserves the structure of the operator and, by the
peculiar supported boundary conditions, the solution can be extended by an
odd reflection with respect to the flattened boundary. Then, the desired dou-
bling inequality (23) follows from the Carleman estimate (24) and a standard
argument.

From now on, we shall simply denote by R the rectangle (−1, 1)× (0, 1).

First step. Reduction to a flat boundary.

Given a weak solution u ∈ H2(Ωr0) to problem (17)–(19), let us denote

w(y) = u(Φ(y)),

where Φ = (Φ1,Φ2) = (ϕ,ψ) is the conformal mapping introduced in Proposi-
tion 4.1.

It is useful to notice that, since Φ is a conformal map,

DΦ =

 ∂y1Φ1 ∂y2Φ1

∂y1Φ2 ∂y2Φ2

 =

 ∂y1ϕ ∂y2ϕ

−∂y2ϕ ∂y1ϕ

 ,

det(DΦ(y)) = |∇ϕ(y)|2,

(DΦ)−1 =
1

|∇ϕ|2

 ϕy1 −ϕy2

ϕy2 ϕy1

 .

For any function z = z(x) defined in Φ(R), we can compute

(∇xz)(Φ(y)) = [(DΦ(y))−1]T∇y(z(Φ(y)). (25)

It follows that

(∆u)(Φ(y)) =
1

|∇ϕ(y)|2
(∆w)(y) (26)

and

(∆2u)(Φ(y)) =
1

|∇ϕ(y)|2
∆

(
1

|∇ϕ(y)|2
∆w(y)

)
=

=
1

|∇ϕ(y)|2

[
1

|∇ϕ(y)|2
∆2w + 2∇

(
1

|∇ϕ(y)|2

)
· ∇(∆w) + q2(w)

]
,

where q2 is a second order differential operator with C1 norm of its coefficients
bounded in terms of α0, γ0, Λ0.
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In order to derive the differential equation satisfied by w in R, let us consider
for the moment test functions having compact support in R. Precisely, given
Ṽ ∈ C∞0 (R), let

ṽ(x) = Ṽ (Φ−1(x)), in Φ(R) ⊂ Ωr0 .

By integrating by parts (20) and recalling (13), we have

0 =

∫
Ωr0

cijlk∂
2
lku∂

2
ij ṽ =

∫
Φ(R)

cijlk∂
2
lku∂

2
ij ṽ =

∫
Φ(R)

∂2
ij(cijlk∂

2
lku)ṽ =

=

∫
Φ(R)

B(∆2u+ ã · ∇(∆u) + q̃2(u))ṽ,

where ã and q̃2(u) are defined in (14) and (15), respectively.
By operating the change of variables x = Φ(y) in the last integral, we have

that, for every Ṽ ∈ C∞0 (R),∫
R

B(Φ(y))
[
(∆2u)(Φ(y)) + ã(Φ(y)) · (∇(∆u))(Φ(y)) + (q̃2(u))(Φ(y))

]
·

· |det(DΦ(y)|Ṽ (y) = 0.

Since det(DΦ(y)) = |∇ϕ(y)|2, by the arbitrariness of the test functions Ṽ ∈
C∞0 (R), we obtain that

(∆2u)(Φ(y)) + ã(Φ(y)) · (∇(∆u))(Φ(y)) + (q̃2(u))(Φ(y)) = 0, in R. (27)

By applying (25) with z = ∆u, and by (26), we compute

(∇x(∆u))(Φ(y)) = [(DΦ(y))−1]T∇y((∆u)(Φ(y)) =

= [(DΦ(y))−1]T∇y
(

1

|∇ϕ|2
∆w(y)

)
=

= [(DΦ(y))−1]T
1

|∇ϕ|2
∇y∆w(y) + q2(w), (28)

where q2 is a second order differential operator with C2-norm of its coefficients
only depending on M0, α, α0, γ0,Λ0.

By (27), (26) and (28), we have

1

|∇ϕ|2
∆2w + 2∇

(
1

|∇ϕ|2

)
· ∇y(∆w)

+ ã(Φ(y)) · [(DΦ(y))−1]T∇y(∆w) + q2(w)

=

(
2∇
(

1

|∇ϕ|2

)
+ [(DΦ(y))−1]ã(Φ(y))

)
· ∇y(∆w)

+
1

|∇ϕ|2
∆2w + q2(w) = 0, in R, (29)
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where q2 is a second order differential operator with C0-norm on R of its
coefficients only depending on M0, α, α0, γ0,Λ0. Therefore the function w sat-
isfies

L(w) = 0, in R,

with

L(w) = ∆2w + b · ∇(∆w) +Q2(w), (30)

where b ∈ C1(R,R2) is a vector field and Q2 =
∑
|α|≤2 CαD

α is a second order

differential operator such that ‖b‖C1(R,R2) and ‖Cα‖C0(R) are bounded in terms
of M0, α, α0, γ0,Λ0.

In order to derive the boundary conditions satisfied by w = u ◦ Φ, with
u ∈ H2(Ωr0) a weak solution to problem (17)–(19), let us define

H̃ = {v ∈ C∞(Φ(R)) | Dαv = 0 on ∂(Φ(R)) \ (Γr0 ∩ Φ(R)),∀α ∈ N2,

v = 0 on Γr0 ∩ Φ(R)}

It follows that ∫
Φ(R)

cijlk∂
2
lku∂

2
ijv = 0,∀v ∈ H̃.

Given v ∈ H̃, let us denote

V (y) = v(Φ(y)).

By operating the change of variables x = Φ(y), we have that, for every v ∈ H̃,

0 =

∫
Φ(R)

cijlk∂
2
lku∂

2
ijv

=

∫
R

cijlk(Φ(y))|det(DΦ(y))|(∂2
lku)(Φ(y))(∂2

ijv)(Φ(y)). (31)

Let us set

M(y) = (DΦ(y))−1

By applying (25) with z = ∂xku, we obtain

(∂2
xlxk

u)(Φ(y)) = {MT (y)∇y[(∂xku)(Φ(y))]}l =

= {MT (y)∇y[MT (y)∇yw]k}l = mhl(y)∂yh(msk(y)∂ysw), l, k = 1, 2.

Similarly, given v ∈ H̃, we have

(∂2
xixjv)(Φ(y)) = mh′i(y)∂yh′ (ms′j(y)∂ys′V ), l, k = 1, 2.
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From (31), for every v ∈ H̃, we have

0 =

∫
Φ(R)

cijlk∂
2
lku∂

2
ijv =

=

∫
R

cijlk(Φ(y))|det(DΦ(y))|mhl∂yh(msk∂ysw)mh′i∂yh′ (ms′j∂ys′V ) =

=

∫
R

c̃h′jhk∂yh(msk∂ysw)∂yh′ (ms′j∂ys′V ), (32)

where
c̃h′jhk(y) = mh′i(y)cijlk(Φ(y))|det(DΦ(y))|mhl(y).

By integrating by parts twice, we obtain∫
∂R

B1 − B2 +

∫
R

∂ys′ [ms′j∂yh′ (c̃h′jhk∂yh(msk∂ysw))]V = 0, (33)

where
B1 = nh′ c̃h′jhk∂yh(msk∂ysw)ms′j∂ys′V,

B2 = ns′ms′j∂yh′ (c̃h′jhk∂yh(msk∂ysw))V.

Next, by the definition of H̃, B2 ≡ 0 on ∂R and∫
∂R

B1 =

∫
[−1,1]×{0}

B1 =

∫
[−1,1]×{0}

−(c̃2jhk∂yh(msk∂ysw)m2j)∂y2V . (34)

Let us compute, by using (12),

c̃2jhk∂yh(msk∂ysw)m2j = |det(DΦ(y))|m2im2jmhlcijlk∂yh(msk∂ysw) =

= |det(DΦ(y))|m2im2jmhl[B(1− ν)δilδjk +Bνδijδlk]∂yh(msk∂ysw) =

= B|det(DΦ(y))|
[
m2lm2kmhl(1− ν)

+m2im2imhkν
]
(msk∂

2
ysyh

w + ∂yh(msk)∂ysw) =

= B|det(DΦ(y))|(A1 +A2),

where
A1 = [(1− ν)m2lm2kmhlmsk + νm2im2imhkmsk]∂2

ysyh
w, (35)

A2 = [(1− ν)m2lm2kmhl∂yh(msk) + νm2im2imhk∂yh(msk)]∂ysw. (36)

In order to evaluate A1, let us notice that

MMT =
1

|∇ϕ|2
I2.
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Therefore,

m2lm2kmhlmsk =
1

|∇ϕ|4
δ2hδ2s, (37)

m2im2imhkmsk =
1

|∇ϕ|4
δhs. (38)

By inserting (37) and (38) in (35), we have

A1 =
1

|∇ϕ|4
[(1− ν)δ2hδ2s + νδhs]∂

2
ysyh

w =
1

|∇ϕ|4
[(1− ν)∂2

y2y2w+ ν∆w]. (39)

On the other hand, since w(y1, 0) ≡ 0, we may rewrite (39) as

A1 =
1

|∇ϕ|4
∆w. (40)

Again by w(y1, 0) ≡ 0, we compute

m2lm2kmhl∂yh(msk)∂ysw = (m2lmhl)m2k∂yh(m2k)∂y2w =

=
1

2

1

|∇ϕ|2
δ2h∂yh(m2km2k)∂y2w =

1

2

1

|∇ϕ|2
∂y2

(
1

|∇ϕ|2

)
∂y2w. (41)

Next, let us notice that

(DΦ)T (DΦ) = |∇ϕ|2I2. (42)

By using again w(y1, 0) ≡ 0, by recalling that Φk are harmonic functions,
k = 1, 2, and by (42), we compute

m2im2imhk∂yh(msk)∂ysw =
1

|∇ϕ|2
mhk∂yh(m2k)∂y2w =

=
1

|∇ϕ|4
∂yh(Φk)∂yh

(
∂y2(Φk)

|∇ϕ|2

)
∂y2w =

=
1

|∇ϕ|4

[
∂yh

(
∂yh(Φk)∂y2(Φk)

|∇ϕ|2

)
− ∆Φk∂y2(Φk)

|∇ϕ|2

]
∂y2w =

=
1

|∇ϕ|4

[
∂yh

(
∂yh(Φk)∂y2(Φk)

|∇ϕ|2

)]
∂y2w =

=
1

|∇ϕ|4
∂yh(δh2)∂y2w = 0. (43)

From (41) and (43), we have

A2 =
1

2
(1− ν)

1

|∇ϕ|2
∂y2

(
1

|∇ϕ|2

)
∂y2w. (44)
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By (34), (40) and (44), we can compute B1 on [−1, 1]× {0}:

B1 = −(c̃2jhk∂yh(msk∂ysw)m2j)∂y2V =

= − B

|∇ϕ|2

[
∆w +

1− ν
2
|∇ϕ|2∂y2

(
1

|∇ϕ|2

)
∂y2w

]
∂y2V.

By (33), we have that∫
R

∂ys′ [ms′j∂yh′ (c̃h′jhk∂yh(msk∂ysw))]V =

=

∫
[−1,1]×{0}

B

|∇ϕ|2

[
∆w +

1− ν
2
|∇ϕ|2∂y2

(
1

|∇ϕ|2

)
∂y2w

]
∂y2V.

for every V = v(Φ(y)) with v ∈ H̃ . By choosing the test functions v ∈
C∞0 (Φ(R)), that is V ∈ C∞0 (R), we obtain that w satisfies the differential
equation

∂ys′ [ms′j∂yh′ (c̃h′jhk∂yh(msk∂ysw))] = 0,

which coincides with the equilibrium equation (29), and therefore∫
[−1,1]×{0}

B

|∇ϕ|2

[
∆w +

1− ν
2
|∇ϕ|2∂y2

(
1

|∇ϕ|2

)
∂y2w

]
∂y2V = 0 ,

for every V ∈ C∞0 (R). By recalling (30) and the boundary condition implied
by the last identity, we have that w = u(Φ(y)) ∈ H4(R) satisfies the following
problem  ∆2w + b · ∇∆w +Q2(w) = 0, in R,

w(y1, 0) = 0, in [−1, 1]× {0},
∆w + γ(y1)∂y2w = 0, in [−1, 1]× {0},

where

γ(y1) =
1− ν

2
|∇ϕ|2∂y2

(
1

|∇ϕ|2

) ∣∣
(y1,0)

. (45)

In order to get a simpler boundary condition, let us introduce the function

v = e
1
2y2γ(y1)w. (46)

Denoting
a = e−

1
2y2γ(y1),

we have

w = av, (47)

∆2w = ∆2(av) = a∆2v + 4∇a · ∇(∆v) + p2(v), (48)

∇(∆w) = a∇(∆v) + p2(v). (49)
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Substituting (47), (48), (49) in equation (30), we obtain

∆2v +

(
4

a
∇a+ b

)
· ∇(∆v) + p2(v) = 0.

Noticing that v(y1, 0) = 0, ∂y1v(y1, 0) = 0 and a(y1, 0) = 1 for every y1 ∈
[−1, 1], we can compute for every (y1, y2) ∈ [−1, 1]× {0},

∆w + γ(y1)∂y2w = ∆(av) + γ(y1)∂y2v = 2∇a · ∇v + ∆v + γ(y1)∂y2v =

= 2∂y2a∂y2v + ∆v + γ(y1)∂y2v = ∆v.

Therefore v satisfies the following problem ∆2v + ( 4
a∇a+ b) · ∇(∆v) + p2(v) = 0, in R,

v(y1, 0) = 0, in [−1, 1]× {0},
∆v(y1, 0) = 0, in [−1, 1]× {0},

with C1 and C0 norm on R of a and of the coefficients of p2 respectively
depending on M0, α, α0, γ0,Λ0 only.

Second step. Extension by odd reflection.

Let us introduce the following extension of v to B1:

v(x, y) =

{
v(x, y), in B+

1 ,
−v(x,−y), in B−1 .

Moreover, let

f = −
(

1

a
(4∇a+ ab) · ∇(∆v) + p2(v)

)
, f ∈ L2(B+

1 ),

and let us define

f(x, y) =

{
f(x, y), in B+

1 ,
−f(x,−y), in B−1 .

Then f ∈ L2(B1), v ∈ H4(B1) and

∆2v = f, in B1. (50)

The proof of (50) can be obtained by adapting the arguments used in the proof
of Proposition 4.1 in [4].

Third step. Application of Carleman’s estimate and conclusion.

Next, by a density argument, we apply the Carleman estimate in Propo-
sition 4.2 to U = η(

√
x2 + y2)v, where η ∈ C∞0 ((0, 1)) is a suitable cut-off
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function; see, for instance, the proof of Lemma 4.1 in [12]. We obtain the
following result: there exists a positive number r0 ∈ (0, 1), only depend-
ing on M0, α, α0, γ0,Λ0, such that, for every r and for every r such that

0 < 2r < r <
r0

2
, we have

r(2r)−2τ

∫
B+

2r

|v|2 + r1−2τ

∫
B+
r

|v|2 ≤

≤ C

((r
4

)−2τ
∫
B+
r

|v|2 +

(
r0

2

)−2τ ∫
B+
r0

|v|2
)
,

for every τ ≥ τ , with τ a positive absolute constant and C a positive constant
depending on M0, α, α0, γ0,Λ0 only.

Finally, by using a standard procedure (see, for instance, the proof of Theo-
rem 2.2 in [12]) and coming back to the original coordinates via Proposition 4.1,
we obtain the desired doubling inequality (23) at the supported boundary of
the plate.
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A remark on the derivation of

an effective model describing the flow
of fluid in a reservoir with small holes

Eduard Marušić-Paloka and Marija Prša

Abstract. We study the flow of the fluid in a reservoir with sev-
eral small holes. The velocities on holes (injection and ejection) are
prescribed and high. As the size of each holes shrinks to one point,
the boundary value degenerates to a Dirac masses concentrated on the
boundary. We prove that the solution of the Stokes system, describ-
ing the original flow, converges to the very-weak solution of the Stokes
system with Dirac measures on the boundary.

Keywords: Stokes problem, very weak solution, concentrated boundary condition, Dirac
measure.
MS Classification 2020: 76D99, 76D07, 35B99.

1. Introduction

The situation when a viscous fluid is injected to a reservoir through a small
hole is common in real life. When the size of the hole is small compared with
the size of the reservoir it is reasonable to model the physical phenomenon by
replacing the hole with one point. However, imposing the boundary value of
the velocity in one point is not feasible in variational setting as the trace of a
function from H1(Ω) is not defined in a single point. Thus we need another
approach. Like in [7] and [8], we choose to work with very-weak setting that
turns out to be convenient due to the fact that it allows irregular boundary
values and the boundary value appears explicitly in the formulation (unlike
in the standard variational formulation). We start with delta-like boundary
values (concentrated near given set of points, with shrinking support and high
magnitude). Using the rigorous asymptotic analysis we prove that, as the
supports of the boundary values shrink to one points (and their magnitudes
tend to infinity), the weak solution of the Stokes system tends to the very-
weak solution of the same system, but with Dirac delta measures concentrated
in those points. The result is based on sharp a priori estimates, very-weak
formulation, elliptic regularity and weak convergence.
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1.1. Mathematical preliminaries

Let Ω be a bounded domain in Rn , n > 1, with smooth boundary Γ = ∂Ω of
class C2,1.

As described before, we study the stationary Stokes problem (1) with Dirich-
let’s boundary condition (2), concentrated near of some boundary points Tk

−∆uε +∇pε = 0 , divuε = 0 , in Ω , (1)

uε = gε , on Γ . (2)

The idea is to choose (in the next section) the boundary value that converges
weak* in the sense of measures to

gε ⇀

m∑
k=1

λk δTk
,

as ε → 0. Here, λk ∈ R are some numbers and δTk
are the Dirac masses

concentrated in points Tk ∈ Γ, defined as the distributions that act as

〈δTk
|φ〉 = φ(Tk) ,

on any continuous test-function φ.

The object of our study is the asymptotic behavior of the solution (uε, pε)
with respect to the small parameter ε. Obviously, since the boundary value
degenerates to a measure, we cannot use the notion of a weak solution. Thus,
our strategy is to use the very-weak solutions. To do so, we first define the
notion of the very-weak solution and its basic properties.

Let gε ∈ W−1/r,r(Γ). We recall that the space W−1/r,r(Γ) is a dual space
of the W 1/r,r′(Γ), where 1

r′ + 1
r = 1. To solve the problem (1)-(2), we usually

assume that compatibility condition holds:∫
Γ

gε · n dS = 0 . (3)

However, that does not quite make sense for our gε, since it is not even a
function.

The notion of the very weak solution for the stationary Stokes system was
introduced by Conca in [2] (using the idea from [5]) and extended by Marušić-
Paloka in [6] for the Navier-Stokes system. The case of boundary conditions
involving the pressure was studied by Conca, Murat and Pirroneau in [3] and
the case of measure boundary condition, that we need here, was studied by
Galdi, Simader and Sohr in [4]. We use their existence and uniqueness result.
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We briefly recall the definition.
We say that (uε, pε) ∈ Lr(Ω)n ×W−1,r(Ω) is the very weak solution to the

Stokes problem (1) with Dirichlet’s boundary condition (2) if

divuε = 0

in the sense of distributions, and if for any (w, π) ∈ (W 2,r′(Ω)n∩W 1,r′

0 (Ω)n)×
W 1,r′(Ω), where 1

r′ + 1
r = 1, the following equation holds∫

Ω

uε · (−∆w +∇π) dΩ =
〈
gε

∣∣∣− ∂w

∂n
+ π n

〉
Γ
.

Here 〈 · | · 〉Γ stands for the duality pairing between W−1/r,r(Γ) and
W 1/r′,r′(Γ).

In this setting the compatibility condition (3) translates as

〈gε |n〉Γ = 0 . (4)

Stationary Stokes (and even Navier-Stokes) system with the boundary value
gε from the dual space W−1/r,r(Γ), was studied in [4] and it was proved that
very weak solution exists and is unique (in case of the Navier-Stokes system,
for small data). Their result states as follows:

Theorem 1.1. Let Ω be a bounded domain in Rn with C2,1 boundary Γ = ∂Ω.
Let gε ∈ W−1/r,r(Γ), with 1 < r < ∞ be such that it satisfies the compatibil-
ity condition (4). Then the problem (1)-(2) has a unique very weak solution
(uε, pε) ∈ Lr(Ω)n ×W−1,r(Ω). Furthermore, the following estimate holds

|uε|Lr(Ω) + |pε|W−1,r(Ω) ≤ C|gε|W− 1
r
,r(Γ)

, (5)

where C = C(Ω, r) > 0.

2. Concentrated boundary condition

In this section we precise the form of the delta-like boundary condition and
prove the convergence.

2.1. The geometry

To define the injection and ejection holes we first pick their central points
Tk = (tk1 , · · · , tkn) ∈ Γ , k = 1, . . . ,m .

For each point Tk we choose the local orthonormal coordinate system{
0k, (ekj )nj=1

}
such that the origin is at point Tk. Next, the n-th coordinate

vector ekn = n equals the unit exterior normal at point Tk = 0k and the rest
of the vectors ekα , α = 1, . . . , n− 1, are tangential to Γ.
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Figure 1: An example of a domain Ω

We proceed by picking the local chart. More precisely, we assume that Γ
can be described by the equation

xkn = φk(xk) , xk = (xk1 , · · · , xkn−1)

in vicinity of Tk for some smooth function φk : Bε = {xk ∈ Rn−1 ;
∣∣xk∣∣ <

ε } → R. Now we define the hole γkε as the set (slightly distorted ball of radius
ε)

γkε = {x = (xk, φk(xk)) ∈ Γ ; xk ∈ Bε } .

•
Tk

ek2

ek1
XXXXXXXXz

�
�
�
�
�
�
�
�
��

Bε

��
��

�
��

�
��
�*

φk

γk
ε

For small ε, since φk is smooth, the surface γkε is almost flat and

φk(xk) = φk(0
k
) +O(ε) , (6)

while the unit exterior normal on γkε

n = ekn +O(ε) . (7)
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For the sake of simplicity, we choose the boundary value gε to be zero outside
each hole γkε (impermeable boundary).

On k-th hole we define the boundary value, using the local chart, as

gε(x
k) = gkε (xk) ≡

{
1

εn−1g
k
(

xk

ε

)
, for |xk| < ε ,

0 , for |xk| > ε ,
(8)

where gk(yk) is continuous function, compactly supported in a unit ball |yk| <
1 and yk = (yk1 , , . . . , y

k
n−1).

Our problem now reads

−∆uε +∇pε = 0 , divuε = 0 , in Ω

uε = gkε , on γkε , k = 1, . . . ,m ,

uε = 0 , on Γ\
m⋃
k=1

γkε .

We turn our attention to the compatibility condition (3). It reads

m∑
k=1

∫
γk
ε

gkε · n dSε = 0 .

Due to (6) and (7) we have∫
γk
ε

gkε · n dSε =
1

εn−1

∫
Bε

gkε · n dS =

∫
B1

gk(yk) · ekn dyk +O(ε) .

Defining

λk =

∫
B1

gk(yk) · ekn dyk

the compatibility condition (since ε� 1 is small ) implies that we must impose
the condition

m∑
k=1

λk = 0 . (9)

2.2. The convergence

Our main result is the following convergence theorem:

Theorem 2.1. Let Ω be a smooth bounded domain in Rn with holes γkε as
described above. Let gε be defined as in (8) and let the compatibility conditions
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(3) and (9) be satisfied. Let (uε, pε) ∈ H1(Ω)n×L2(Ω) be the weak solution to
the problem (1)-(2). Then, for any r, such that 1 < r < n

n−1

uε ⇀ u0 weakly in Lr(Ω)n and pε ⇀ p0 weakly in W−1,r(Ω) ,

where (u0, p0) ∈ Lr(Ω)n ×W−1,r(Ω) is the unique very-weak solution to the
problem

−∆u0 +∇p0 = 0 , divu0 = 0 , in Ω , (10)

u0 =

m∑
k=1

λk δTk
, on Γ . (11)

Proof. Let r′ > n and let (w, π) ∈W 2,r′(Ω)n×W 1,r′(Ω). The Sobolev embed-
ding theorem implies that w ∈ C1(Ω)n and π ∈ C(Ω) (see e.g. [1], for Stokes
system). Next, we need a priori estimates, in order to extract convergent sub-
sequences. By definition

|gε|
W−

1
r
,r(Γ)

= sup
|z|

W
1
r
,r′

(Γ)
=1

∣∣∣∣∫
Γ

gε · z dS
∣∣∣∣ .

Functions from W
1
r ,r
′
(Γ) are the traces of functions from W 1,r′(Ω) which is

embedded in C(Ω). Thus, if |z|
W

1
r
,r′ (Γ)

= 1, then |z|L∞(Γ) ≤ C, and obviously

|z|L∞(γk
ε ) ≤ C for any k = 1, . . . ,m and some C > 0. Furthermore∫

Γ

gε · z dS =

m∑
k=1

∫
γk
ε

gkε · z dSε ,

implying ∣∣∣∣∣
∫
γk
ε

gkε · z dSε

∣∣∣∣∣ ≤ C|gkε |L1(γk
ε ) =

∫
B1

|gk
(
yk
)
| dyk ≤ C .

Thus, adding up the above

|gε|
W−

1
r
,r(Γ)

≤ C . (12)

Now (12) and (5) imply that

|uε|Lr(Ω) + |pε|W−1,r(Ω) ≤ C ,

with C > 0, independent from ε.
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The compactness theorem now implies the existence of (u0, p0) ∈ Lr(Ω)n×
W−1,r(Ω) such that

uε ⇀ u0 in Lr(Ω)n and pε ⇀ p0 in W−1,r(Ω)

as ε→ 0 (after possible extraction of a subsequence). We need to identify that
limit. Due to the continuity of the weak derivative, we have

divu0 = 0

in the sense of distributions. Starting from the very weak formulation we get∫
Ω

uε · (−∆w +∇π) dΩ =

m∑
k=1

∫
γk
ε

gkε

(
−∂w
∂n

+ π n

)
dSε =

=
1

εn−1

m∑
k=1

∫
Bε

gk
(
xk

ε

) (
−∂w
∂n

+ π n

)
(xk, 0) dxk +O(ε) =

=

m∑
k=1

∫
B1

gk
(
yk
) (
−∂w
∂n

+ π n

)
(Tk) dyk +O(ε)→

→
m∑
k=1

(
−∂w
∂n

(Tk) + π(Tk)n

)∫
B1

gk
(
yk
)
dyk =

=

m∑
k=1

λk

(
−∂w
∂n

(Tk) + π(Tk)n

)
.

It proves that the limit u0 satisfies the Stokes system (10) and that it satisfies
the boundary condition (11) (both in the very-weak sense), for some pressure
p0. We still have to prove the convergence of the pressure and show that p0 is
the limit of pε. We obviously have

〈pε|divh〉 = −
∫

Ω

uε ·∆h dΩ , ∀ h ∈ C∞0 (Ω)n .

Passing to the limit implies

〈p0|divh〉 = −
∫

Ω

u0 ·∆h dΩ , ∀ h ∈ C∞0 (Ω)n

proving that (u0, p0) is the very weak solution to the problem (10)-(11). Since
it has a unique solution, the whole sequence (uε, pε) converges to (u0, p0) in
the above weak sense.
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(8 of 8) E. MARUŠIĆ-PALOKA AND M. PRŠA
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Blow-up and uniform decay rates of
solutions for ternary mixtures with

interplay between nonlinear damping
and source terms

Mirelson M. Freitas, Anderson J. A. Ramos,
Mauro L. Santos and Helen C. M. Rodrigues

Abstract. This paper is concerned with the long-time behavior of a
semilinear hyperbolic coupled system with nonlinear damping and source
terms. By using nonlinear semigroups and the theory of monotone op-
erators, we obtain the existence of local and global weak solutions, and
uniqueness of weak solutions. Moreover, we prove that such unique so-
lutions depend continuously on the initial data. Under some restrictions
on the parameters, we also prove that every weak solution to our system
blows up in finite time, provided the initial energy is negative and the
sources are more dominant than the damping in the system. Additional
results are obtained via potential well theory. More precisely, we prove
the existence of a unique global weak solution with initial data coming
from the ”good” part of the potential well. For such a global solution,
we prove that the total energy of the system decays exponentially or al-
gebraically, depending on the behavior of the dissipation in the system
near the origin. Finally, a blow-up result for positive energy is proven.

Keywords: ternary mixtures, nonlinear damping and sources, well-posedness, energy
identity, blow-up, nonlinear semigroups, monotone operators, decay energy.
MS Classification 2020: 35B40, 35L20, 34D35.

1. Introduction

In this work, we investigate the semilinear hyperbolic coupled system with
nonlinear damping and source terms given by

ρ1utt − a11uxx − a12vxx − a13wxx + g1(ut) = f1(u, v, w), in (0, L)×(0, T ),

ρ2vtt − a12uxx − a22vxx − a23wxx + g2(vt) = f2(u, v, w), in (0, L)×(0, T ),

ρ3wtt − a13uxx − a23vxx − a33wxx + g3(wt) = f3(u, v, w), in (0, L)×(0, T ),

(1)

where the unknowns are the functions u, v, w : (0, L) → R. The nonlineari-
ties f1, f2 and f3 are the source terms, g1, g2 and g3 are continuous functions
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responsible for the nonlinear damping effect. Here ρ1, ρ2 and ρ3 are positive
constants and

A :=

 a11 a12 a13
a12 a22 a23
a13 a23 a33


is a positive definite (real) symmetric matrix.

The three equations in (1) are supplemented with the initial conditions
u(x, 0) = u0(x), ut(x, 0) = u1(x), in (0, L),

v(x, 0) = v0(x), vt(x, 0) = v1(x), in (0, L),

w(x, 0) = w0(x), wt(x, 0) = w1(x), in (0, L),

and Dirichlet boundary conditions
u(0, t) = u(L, t) = 0, in (0, T ),

v(0, t) = v(L, t) = 0, in (0, T ),

w(0, t) = w(L, t) = 0, in (0, T ).

(2)

The systems (1) arise in modeling a mixture of three interacting continua
[16]. The theory of mixtures of solids has been widely investigated in the last
decades, see the references [5, 7, 12, 13] for a detailed presentation. In recent
years, an increasing interest has been directed to the study of the qualita-
tive properties of solutions related to mixtures composed by two interacting
continua. In particular, existence, uniqueness and continuous dependence of
solutions, see [3, 4, 25, 30] for details.

In [16], the authors studied the stabilization of a model of ternary mixtures
by taking

f1(u, v, w) = −α(u− v − w), f2(u, v, w) = α(u− v − w),

f2(u, v, w) = −α(u− v − w), α > 0,

and

g1(ut) = d1ut, g2(vt) = d2vt, g3(wt) = d3wt, di > 0, i = 1, 2, 3.

On the other hand, it is worth mentioning that above cited works on mixtures
of solids were concerned with linear problems. Concerning the stability of the
nonlinear system, Santos et al. [39] considered the following binary mixture
problem of solids with nonlinear damping and source terms{

ρ1utt − a11uxx − a12wxx + g1(ut) = f1(u,w), in (0, L)× (0, T ),

ρ2wtt − a12uxx − a22wxx + g2(wt) = f2(u,w), in (0, L)× (0, T ),
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with Dirichlet boundary condition on both u and w. The authors show the
existence of local and global weak solutions, uniqueness of weak solutions,
and continuous dependence of initial data. Under some restrictions on the
parameters, they also proved that every weak solution to the system blows-
up in finite time, provided the initial energy is negative and the sources are
more dominant than the damping in the system. Additional results are ob-
tained via potential well theory. Specifically, they proved the existence of a
unique global weak solution with initial data coming from the ”good” part of
the potential well. Concerning global attractors for binary mixture of solids
with nonlinear damping and source terms, we mention the work of Santos and
Freitas [38] who proved the existence of compact global attractor with finite
fractal dimension and the existence of generalized exponential attractor. The
existence and upper-semicontinuity of global attractors for binary mixtures of
solids with fractional damping been considered by Freitas et al. in [18]. Fi-
nally, Freitas et al. [17] studied the pullback dynamics of a non-autonomous
mixture problem in one dimensional solids with nonlinear damping. Among
numerous works on the subject it is worth mentioning the following references:
[1, 2, 26, 20, 33, 34, 35, 36, 19] for problems with subcritical or critical sources
and [8, 9, 11, 10, 15, 21, 23, 37, 22] for problems with supercritical sources.

The present paper is focused on the asymptotic behavior of solutions of the
nonlinear coupled system of wave equations (1). To the best of our knowledge,
it is the first time in which a mixture composed by three interacting continua
with source terms and nonlinear damping is considered. From the technical
viewpoint, the increasing number of structural coefficients makes the analysis
more challenging, and the study of the stability properties of solutions is highly
non trivial even for the linear case (see [16]). To get around this difficulty, we
use a vector approach inspired by Pei et al. [32, 31]. Yet another complication
arising in this vectorial setting is that the nonlinear sources are coupled in the
sense that each of the three scalar sources depends on the entire state vector,
then no single damping term alone can stabilize any of the sources regardless
of the relation between their exponents. Our results extend very easily to a
higher number of components under the same generic assumptions.

The paper is organized as follows: In the Section 2, we present the no-
tations needed, we list the standing assumptions on the nonlinear terms and
we summarize the main results. In the Section 3, we prove the existence of
local solution. In Section 4 we prove the energy identity for weak solutions. In
Section 5 the continuous dependence of solutions on the initial data is proved.
In Section 6, we show the existence the global solution. In Section 7, blow-up
with negative total initial data is showed. Section 8 is dedicated to proof of
Theorem 2.13. In Section 9, we derives uniform stabilization estimates. The
Section 10 is dedicated to the study of blow-up of potential well solutions.
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2. Preliminaries and main results

In this section, we present preliminaries including notations, assumptions and
main results.

2.1. Notation

Following notations will be used for the rest of the paper

‖u‖p = ‖u‖Lp(0,L), p > 1, (u, v)2 = (u, v)L2(0,L),

and similarly for vector functions y = (u, v, w) and ỹ = (ũ, ṽ, w̃)

‖y‖p =
(
‖u‖pp + ‖v‖pp + ‖w‖pp

)1/p
, (y, ỹ)2 = (u, ũ)2 + (v, ṽ)2 + (w, w̃)2.

Our analysis is given on the Hilbert space

H = V ×H where V = (H1
0 (0, L))3 and H = (L2(0, L))3, (3)

with the inner product: Given Y, Ỹ ∈ H, we can write

Y = (y, y1), Ỹ = (ỹ, ỹ1) ∈ H

with

y = (u, v, w), ỹ = (ũ, ṽ, w̃) ∈ V, y1 = (u1, v1, w1), ỹ1 = (ũ1, ṽ1, w̃1) ∈ H,

then we define
(Y, Ỹ )H = (y, ỹ)V + (y1, ỹ1)H ,

with

(y, ỹ)V =

∫ L

0

Q[(ux, vx, wx), (ṽx, ṽx, w̃x)] dx,

and

(y1, ỹ1)H =

∫ L

0

(ρ1u1ũ1 + ρ2v1ṽ1 + ρ3w1w̃1) dx.

The corresponding norms are then given by

‖Y ‖2H = ‖y‖2V + ‖y1‖2H ,

‖y‖2V =

∫ L

0

q[ux, vx, wx] dx,

and

‖y1‖2H =

∫ L

0

(
ρ1u

2
1 + ρ2v

2
1 + ρ3w

2
1

)
dx,

where Q and q denote the Hermitian and quadratic forms associated to the
matrix A, respectively, that is,

Q[a, b] = aTAb̄ and q[c] = Q[c, c], ∀a, b, c ∈ C3.
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Remark 2.1. Since A is symmetric and positive definite, ‖Y ‖H is equivalent to
the usual norm on the space H. In particular, there exist constants κ1, κ2 > 0
such that

κ1‖y‖2V 6 ‖ux‖22 + ‖vx‖22 + ‖wx‖22 6 κ2‖y‖2V . (4)

Definition 2.2. A function γ : R → R is called linearly bounded near the
origin if there exist positive constants c1 and c2 such that

c1|s| 6 |γ(s)| 6 c2|s|, ∀ |s| < 1.

For nonlinear damping and sources terms, we will use the assumptions
in [32].

Assumption 2.3 (Damping and sources). We assume that

(i) Damping: g1, g2, g3 : R→ R are continuous, monotone increasing func-
tions with g1(0) = g2(0) = g3(0) = 0. Moreover, there exist constants
α, β > 0 such that for all |s| > 1,

α|s|m+1 6 g1(s)s 6 β|s|m+1, m > 1,

α|s|r+1 6 g2(s)s 6 β|s|r+1, r > 1,

α|s|l+1 6 g3(s)s 6 β|s|l+1, l > 1.

(5)

(ii) Sources: fj ∈ C1(R3) and there is a constant C > 0 such that

|∇fj(u, v, w)| 6 C(|u|p−1 + |v|p−1 + |w|p−1 + 1), p > 1. (6)

2.2. Main results for existence and uniqueness

In order to describe the results, we introduce the definition of weak solution to
the problem (1)-(2).

Definition 2.4. A vector function y = (u, v, w) is called a weak solution to
(1)-(2) if

(i) y ∈ C(0, T ;V ), (y(0), yt(0)) = (y0, y1) = (u0, v0, w0, u1, v1, w1) ∈ H;

(ii) yt ∈ C(0, T ;H) ∩ Lm+1((0, L)× (0, T ))× Lr+1((0, L)× (0, T ))
×Ll+1((0, L)× (0, T ));

(iii) y = (u, v, w) satisfies the following identity

(yt(t), ψ(t))H − (yt(0), ψ(0))H

+

∫ t

0

[−(yt(τ), ψt(τ))H + (y(τ), ψ(τ))V ] dτ +

∫ t

0

(G(yt(τ)), ψ(τ))2 dτ

=

∫ t

0

(F(y(τ)), ψ(τ))2 dτ, ∀t ∈ [0, T ], (7)
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for all ψ ∈ T, where

T =
{
ψ = (ψ1, ψ2, ψ3) : ψ ∈ C(0, T ;V ), ψt ∈ L1(0, T ;H)

}
, (8)

and
G(yt) = (g1(ut), g2(vt), g3(wt)),

F(y) = (f1(u, v, w), f2(u, v, w), f3(u, v, w)).

Theorem 2.5 (Local solutions). Suppose that Assumption 2.3 holds. Then
there exist a time T0 = T0(E(0)) > 0 and a weak solution y = (u, v, w) to
(1)-(2) defined on [0, T0], where

E(t) =
1

2

(
‖y(t)‖2V + ‖yt(t)‖2H

)
.

Moreover, the following energy identity holds

E(t) +

∫ t

0

(G(yt), yt)2 dτ = E(0) +

∫ t

0

(F(y), yt)2 dτ, ∀t ∈ [0, T0]. (9)

Theorem 2.6 (Uniqueness and Continuous Dependence). Suppose that As-
sumption 2.3 holds. Then the weak solution given by Theorem 2.5 depend con-
tinuously on their initial data in the space H and, consequently, the solutions
are unique.

Theorem 2.7 (Global solutions). Suppose that Assumption 2.3 holds. Suppose
further that p 6 min{m, r, l}. Then the weak solution given by Theorem 2.5 is
a global solution and we can take T0 =∞.

In sequel, we introduce the assumptions for blow-up result.

Assumption 2.8. We assume that

(i) There exists a positive function F ∈ C2(R3) such that

∇F = F. (10)

(ii) There exist c0 > 0 and c1 > 2 such that

F (y) > c0(|u|p+1 + |v|p+1 + |w|p+1),

uf1(u, v, w) + vf2(u, v, w) + wf3(u, v, w) > c1F (y).

Theorem 2.9 (Blow up in Finite Time). Suppose that Assumptions 2.3 and
2.8 hold. If p > max{m, r, l} and E(0) < 0, then the weak solutions z to (1)-(2)
blows up in finite time. More precisely, there exists a time T < ∞ such that
limt→T− E(t) =∞, where

E(t) = E(t)−
∫ L

0

F (y(t)) dx. (11)
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2.3. On the potential well

In this part, we introduce some definitions and results on the theory of elliptic
problems (see [26, 20] for details).

Assumption 2.10. There exists a nonnegative function F ∈ C2(R3) that sat-
isfies (10) and furthermore is homogeneous of order p+ 1, that is,

F (λy) = λp+1F (y), ∀λ > 0, y ∈ R3.

Since F is homogeneous, by Euler Homogeneous Function Theorem, we
obtain

(p+ 1)F (y) = uf1(y) + vf2(y) + wf3(y). (12)

It follows from (6) that there exists M > 0 such that

F (y) 6M(|u|p+1 + |v|p+1 + |w|p+1 + 1). (13)

Then, by homogeneity, we obtain

F (y) 6M(|u|p+1 + |v|p+1 + |w|p+1). (14)

Observe also that f1, f2 and f3 are homogeneous functions of degree p and that
there exists C > 0 such that

fj(y) 6 C(|u|p + |v|p + |w|p), j = 1, 2, 3. (15)

We recall that V = (H1
0 (0, L))3. Then, we define the functional I : V → R by

I(y) :=
1

2
‖y‖2V −

∫ L

0

F (y) dx.

Consequently,

E(t) =
1

2
‖yt(t)‖2H + I(y(t)).

It is easy verify that I is differentiable in the sense of Fréchet and that

I ′(y)φ = (y, φ)V − (F(y), φ)2. (16)

Therefore the critical points of the functional I are the weak solutions to the
elliptic problem

−a11uxx − a12vxx − a13wxx = f1(u, v, w), in (0, L),

−a12uxx − a22vxx − a23wxx = f2(u, v, w), in (0, L),

−a13uxx − a23vxx − a33wxx = f3(u, v, w), in (0, L).
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We define the well known Nehari manifold of I by

N =
{
y ∈ V \ {0} : I ′(y)y = 0

}
.

By (12) and (16) we see that

N =

{
y ∈ V \ {0} : ‖y‖2V = (p+ 1)

∫ L

0

F (y) dx

}
. (17)

By [22, Lemma 2.7] the functional I satisfies the hypothesis of the Mountain
Pass Theorem and the mountain pass level d satisfies

d := inf
y∈N

I(y) = inf
y∈V \{0}

sup
λ>0

I(λy). (18)

In order to introduce the potential well, we first prove the following lemma.

Lemma 2.11. In addition to Assumptions 2.3 and 2.10, further assume that
p > 1, then

d := inf
y∈N

I(y) > 0.

Proof. Let y ∈ N . Then, by (17) it follows that

I(y) =
1

2
‖y‖2V −

∫ L

0

F (y)dx =
1

2
‖y‖2V −

1

p+ 1
‖y‖2V =

(
1

2
− 1

p+ 1

)
‖y‖2V > 0.

Using that y ∈ N , the embedding H1
0 (0, L) ↪→ Lq(0, L) and (14), we obtain

‖y‖2V = (p+ 1)

∫ L

0

F (y) dx 6 (p+ 1)M‖y‖p+1
p+1 6 C‖y‖p+1

(H1
0 (0,L))

3 6 C‖y‖p+1
V .

Since p > 1, we deduce that ‖y‖V > C−
1
p−1 > 0. Therefore

d >

(
1

2
− 1

p+ 1

)
C−

2
p−1 > 0.

The proof is complete.

Inspired by [2], we consider the following sets

W := {y ∈ V : I(y) < d},

W1 :=

{
y ∈W : ‖y‖2V > (p+ 1)

∫ L

0

F (y) dx

}
∪ {0},

W2 :=

{
z ∈W : ‖y‖2V 6 (p+ 1)

∫ L

0

F (y) dx

}
.

Observe that W1 ∩W2 = ∅ and W1 ∪W2 = W . The set W is called potential
well and d as the depth of the well. The set W1 is considered the “good” part
of the well.
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2.4. Preliminaries on W1

In this part, we prove some properties of the set W1.
We define the function

J(s) =
1

2
s2 −MRsp+1,

where the constant M > 0 is given in (14) and

R := sup
y∈V \{0}

‖y‖p+1
p+1

‖y‖p+1
V

. (19)

Since p > 1 and H1
0 (0, L) ↪→ Lq(0, L), we see that 0 < R < ∞. From (14) we

get

I(y) =
1

2
‖y‖2V −

∫ L

0

F (y) dx

>
1

2
‖y‖2V −M

∫ L

0

(|u|p+1 + |v|p+1 + |w|p+1) dx

>
1

2
‖y‖2V −M(‖u‖p+1

p+1 + ‖v‖p+1
p+1 + ‖w‖p+1

p+1) =
1

2
‖y‖2V −M‖y‖

p+1
p+1

>
1

2
‖y‖2V −M‖y‖

p+1
(H1

0 (0,L))
3

>
1

2
‖y‖2V −MR‖y‖p+1

V = J(‖y‖V ).

(20)

Observe that

s0 − (p+ 1)MRsp0 = J ′(s0) = 0⇔ s1−p0 = MR(p+ 1)

⇔ s0 = (MR(p+ 1))−
1
p−1 .

Thus, J is attained on [0,∞) at the unique critical point

s0 =
(
(p+ 1)MR

)− 1
p−1 .

Then, the maximum value of J is

d̃ := sup
s∈[0,∞)

J(s) = J(s0) =

(
1

2
−MRsp−10

)
s20

=

(
1

2
−MR((p+ 1)MR)−1

)
((p+ 1)MR)−

2
p−1

=
p− 1

2(p+ 1)
((p+ 1)MR)−

2
p−1 .
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Now, we define

W̃1 =
{
y ∈ V : ‖y‖V < s0, I(y) < J(s0)

}
.

It is important to note that W̃1 6= {0}. In fact, for any z ∈ V , there exists a

scalar ε > 0 such that εz ∈ W̃1. Moreover, we have the following result

Proposition 2.12. J(s0) 6 d and W̃1 is a subset of W1.

Proof. Firstly, let us to prove that J(s0) 6 d. Indeed, let y ∈ V \ {0} fixed,
then (20) implies that I(λy) > J(λ‖y‖V ) for all λ > 0. Then

sup
λ>0

I(λy) > J(s0).

Hence, by (18), we deduce that

d = inf
y∈V \{0}

sup
λ>0

I(λy) > J(s0).

Moreover, for all ‖y‖V < s0, by (14) and (19), we have

(p+ 1)

∫ L

0

F (y) dx 6 (p+ 1)M‖y‖p+1
p+1

6 (p+ 1)MR‖y‖p+1
V

= ‖y‖2V ((p+ 1)MR‖y‖p−1V )

< ‖y‖2V ((p+ 1)MRsp−10 )

= ‖y‖2V .

Then, by the definition of W1, we have W̃1 ⊂W1. The proof is complete.

For each δ > 0 small enough, we can define a closed subset of W̃1 by

W̃ δ
1 =

{
y ∈ V : ‖y‖V 6 s0 − δ, I(y) 6 J(s0 − δ)

}
. (21)

From Proposition 2.12 we see that W̃ δ
1 ⊂W1.

2.5. Main results for decay of energy

The results of this subsection is inspired by [20], with the necessary changes
that the problem requires.

Theorem 2.13 (Global solution). Suppose that Assumption 2.3 and Assump-
tion 2.10 hold. Suppose further that y(0) ∈ W1 and E(0) < d. If p > 1, then
the weak solution y of (1)-(2) is a global solution, that is, it can be extended to
[0,∞). Moreover, we have
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(i) I(y(t)) 6 E(t) 6 E(0),

(ii) y(t) ∈W1,

(iii) E(t) 6 dρ,

(iv) 1
ρE(t) 6 E(t) 6 E(t),

for all t > 0, where ρ = p+1
p−1 .

The next result shows that the weak solutions decay as the solutions of a
certain nonlinear ODE.

Theorem 2.14 (Uniform decay rates). Suppose that Assumption 2.3 and As-

sumption 2.10 hold. Suppose further that p > 1, y0 ∈ W̃ δ
1 and E(0) < J(s0− δ)

for some δ > 0. Let φj : [0,∞) → [0,∞) be continuous, strictly increasing,
concave functions vanishing at the origin such that

φj(gj(s)s) > |gj(s)|2 + s2, |s| < 1, j = 1, 2, 3.

Define the function Φ : [0,∞)→ [0,∞) by

Φ(s) = φ1(s) + φ2(s) + φ3(s) + s, s > 0.

Then, for any T > 0 there exists a concave increasing map Q = (I + C̃Φ)−1,
where C̃ = C̃(T, E(0)) such that

1

ρ
E(t) 6 E(t) 6 S

(
1

T
− 1

)
, ∀t > T,

where S satisfies the ODE

S′(t) +Q(S(t)) = 0, S(0) = E(0). (22)

Corollary 2.15 (Exponential decay rate). Under the hypotheses of Theorem
2.14, if g1, g2 and g3 are linearly bounded near the origin, then Q(s) = µs
for some µ dependent on E(0) and T . The total energy E(t) and the quadratic
energy E(t) decay exponentially

1

ρ
E(t) 6 E(t) 6 eµE(0)e−(µ/T )t, ∀t > 0.

Corollary 2.16 (Algebraic decay rate). Under the hypotheses of Theorem
2.14, if at least one of the feedback mappings g1, g2 and g3 is not linearly
bounded (cf. Definition 2.2) near the origin and satisfies

c1|s|m̃ 6 |g1(s)| 6 c2|s|m̃, c3|s|r̃ 6 |g2(s)| 6 c4|s|r̃,

c5|s|l̃ 6 |g3(s)| 6 c6|s|l̃, ∀|s| < 1,
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where m̃, ñ, l̃ > 0 and cj > 0, j = 1 . . . , 6, then the ODE given by (22) can be
approximated by

S̃′(t) + C0S̃
a(t) = 0, S̃(t0) = S(t0), t > t0 > 0, for some t0 > 0,

and the energy decays as follows

1

ρ
E(t) 6 E(t) 6 C(1 + t)−b, ∀t > t0,

where b = (a−1)−1 and a > 1 (specified in (144) and (145)) depend of damping
exponents m̃, ñ, l̃. The constants C0 and C depend of T and E(0).

Assumption 2.17 (For blow-up).

• Damping: Suppose that there exist α, β > 0 such that for all s ∈ R

α|s|m+1 6 g1(s)s 6 β|s|m+1, m > 1,

α|s|r+1 6 g2(s)s 6 β|s|r+1, r > 1,

α|s|l+1 6 g3(s)s 6 β|s|l+1, l > 1.

• Sources: Suppose that

F (z) > α0(|u|p+1 + |v|p+1 + |w|p+1), for some α0 > 0.

Theorem 2.18 (Blow-up in finite time). Suppose that Assumptions 2.3, 2.10
and 2.17 hold. Suppose further that p > max{m, r, l}, 0 6 E(0) < d, and
y(0) ∈ W2, then any weak solution y provided by Theorem 2.5 blows-up in
finite time in the sense that lim supt→T−1 E(t) =∞ for some 0 < T <∞.

3. Local solution

In this section, we obtain the result on the existence of local solution stated in
Theorem 2.5.

3.1. Semigroup formulation

In this part, we show that the problem (1)-(2) is well-posed using nonlinear
semigroup theory and monotone operators.

Let us write the problem (1)-(2) as a Cauchy problem
dY

dt
+AY = 0, t > 0,

Y (0) = Y0 = (u0, v0, w0, u1, v1, w1) ∈ H.
(23)
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where H defined in (3) and A : D(A) ⊂ H → H is the nonlinear operator
defined by

AY =


−y1

1
ρ1
{−(a11u+ a12v + a13w)xx + g1(u1)− f1(y)}

1
ρ2
{−(a12u+ a22v + a23w)xx + g2(v1)− f2(y)}

1
ρ3
{−(a13u+ a23v + a33w)xx + g3(w1)− f3(y)}

 .

The domain of A is given by

D(A) =
{
Y = (u, v, w, u1, v1, w1) ∈ (H1

0 (0, L))6 : AY ∈ (L2(0, L))6
}
.

In order to present the existence of local solutions, we start by considering
the equivalent Cauchy problem (23). Since the damping terms are allowed to
have superlinear growth then we shall apply the theory of monotone operators
and nonlinear semigroups (see [40, 6] for instance). Given a reflexive Banach
space X, an operator A : X → X ′ is called accretive if

〈Az1 −Az2, z1 − z2〉 > 0, ∀z1, z2 ∈ D(A).

In addition, it is called m-accretive if (A + I) : X → X ′ is surjective. An
operator B : X → X ′ is called hemicontinuous if

lim
λ→0
〈B(u+ λw), z〉 = 〈B(u), z〉, ∀u,w, z ∈ X.

Lemma 3.1. Suppose that f1, f2, f3 : V → L2(0, L) are globally Lipschitz con-
tinuous. Then, for any initial data Y0 ∈ D(A), problem (23) has a unique
global strong solution Y ∈W 1,∞(0, T ;H) for all T > 0.

Proof. We split the proof into several steps. Firstly, we recall that H = V ×H,
with V = (H1

0 (0, L))3 and H = (L2(0, L))3. To simplify the notation, let
y = (u, v, w), ỹ = (ũ, ṽ, w̃) ∈ V , y1 = (u1, v1, w1), ỹ1 = (ũ1, ṽ1, w̃1) ∈ H.
Therefore, Y = (y, y1), Ỹ = (ỹ, ỹ1) ∈ H. Using this notation, we can decompose
A as

AY =

(
−y1

B(y) + G(y1)−F(y)

)
,

where B : V → V ′, G : V → V ′ and F : V → H are given by

B(y) =

 − 1
ρ1

(a11u+ a12v + a13w)xx
− 1
ρ2

(a12u+ a22v + a23w)xx
− 1
ρ3

(a13u+ a23v + a33w)xx

 , G(y1) =

 1
ρ1
g1(u1)

1
ρ2
g2(v1)

1
ρ3
g3(w1)

 ,

and

F(y) =

 1
ρ1
f1(y)

1
ρ2
f2(y)

1
ρ3
f3(y)

 .
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Step 1: A+ ωI is accretive for some positive ω > 0. By straightforward
calculations, for all Y = (y, y1), Ỹ = (ỹ, ỹ1) ∈ D(A), we obtain

((A+ ωI)Y − (A+ ωI)Ỹ , Y − Ỹ )H

= (AY −AỸ , Y − Ỹ )H + ω‖Y − Ỹ ‖2H
= −(y1 − ỹ1, y − ỹ)V + (y − ỹ, y1 − ỹ1)V

+ (G(y1)− G(ỹ1), y1 − ỹ1)H − (F(y)−F(ỹ), y1 − ỹ1)H

+ ω‖Y − Ỹ ‖2H.

(24)

Since g1, g2 and g3 are monotones, we have

(G(y1)− G(ỹ1), y1 − ỹ1)H > 0.

By definition of the norm in H,

‖F(y)−F(ỹ)‖2H 6 C

3∑
j=1

‖fj(y)− fj(ỹ)‖22.

Now, using that f1, f2, f3 : V → L2(0, L) are globally Lipschitz, we infer that,
for some constante C1 > 0,

‖fj(y)− fj(ỹ)‖22 6 C1‖y − ỹ‖2V , ∀j = 1, 2, 3.

Therefore, for some constant CF > 0,

‖F(y)−F(ỹ)‖H 6 CF‖y − ỹ‖V .

The last estimate and Young’s inequality, yields

(F(y)−F(ỹ), y1 − ỹ1)H 6 ‖F(y)−F(ỹ)‖H‖y1 − ỹ1‖H
6 CF‖y − ỹ‖V ‖y1 − ỹ1‖H

6
CF
2
‖y − ỹ‖2V +

CF
2
‖y1 − ỹ1‖2H

=
CF
2
‖Y − Ỹ ‖2H.

(25)

Now, combining (24)-(25), we have

(
(A+ ωI)Y − (A+ ωI)Ỹ , Y − Ỹ

)
H >

(
ω − CF

2

)
‖Y − Ỹ ‖2H.

This shows that A+ ωI is accretive when ω > CF
2 .
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Step 2: A+ νI is m-accretive for some positive ν > 0. We need to prove
that R(A+ νI) = H for some ν > 0. Let W = (φ, φ1) ∈ H. We will prove that
there exists Y = (y, y1) ∈ D(A) such that (A + νI)Y = W , for some ν > 0,
that is, {

−y1 + νy = φ,

B(y) + G(y1)−F(y) + νy1 = φ1.
(26)

Observe that (26) is equivalent to

1

ν
B(y1) + G(y1)−F

(
φ+ y1
ν

)
+ νy1 = φ1 −

1

ν
B(φ) ∈ V ′. (27)

Hence, we need only to prove that S : D(S) ⊂ V → V ′ by

S(y1) =
1

ν
B(y1) + G(y1)−F

(
φ+ y1
ν

)
+ νy1.

is surjective. By [6, Corollary 2.2] it suffices to show that S is maximal mono-
tone and coercive.

We split S as two operators G,J : V → V ′:

S(y1) = G(y1) + J (y1),

with

J (y1) =
1

ν
B(y1)−F

(
φ+ y1
ν

)
+ νy1.

Step 3: J is maximal monotone and coercive. Let y = (u, v, w), ỹ =
(ũ, ṽ, w̃) ∈ V , then it is easy to check that

〈J (y)− J (ỹ), y − ỹ〉

=
1

ν
〈B(y − ỹ), y − ỹ〉 −

〈
F
(
φ+ y1
ν

)
−F

(
φ+ ỹ1
ν

)
, y − ỹ

〉
+ ν 〈y − ỹ, y − ỹ〉

=
1

ν
‖y − ỹ‖2V −

(
F
(
φ+ y1
ν

)
−F

(
φ+ ỹ1
ν

)
, y − ỹ

)
H

+ ν‖y − ỹ‖22.

Since f1, f2, f3 : V → (0, L) are globally Lipschitz, we know

〈J (y)− J (ỹ), y − ỹ〉 > 1

ν
‖y − ỹ‖2V − CF

∥∥∥∥y − ỹν
∥∥∥∥
V

‖y − ỹ‖2 + ν‖y − ỹ‖22

=
1

ν
‖y − ỹ‖2V −CF

∥∥∥∥y − ỹν
∥∥∥∥2
V

−CF
2
‖y − ỹ‖22 + ν‖y − ỹ‖22

=

(
1

ν
− CF

ν2

)
‖y − ỹ‖2V +

(
ν − CF

2

)
‖y − ỹ‖22.
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Choosing ν > 2CF , we get

〈J (y)− J (ỹ), y − ỹ〉 > CF
ν2
‖y − ỹ‖2V . (28)

Therefore J is monotone.
Now, we will show that J is hemicontinuous. Let ỹ ∈ V , then

〈J (y + λy1), ỹ〉 − 〈J (y), ỹ〉

=
1

ν
〈B(y + λy1), ỹ〉 − 1

ν
〈B(y), ỹ〉

−
(〈
F
(
φ+ y + λy1

ν

)
, ỹ

〉
−
〈
F
(
φ+ y

ν

)
, ỹ

〉)
+ ν 〈y + λy1, ỹ〉 − ν 〈y, ỹ〉 .

(29)

Observe that∣∣∣∣1ν 〈B(y + λy1), ỹ〉 − 1

ν
〈B(y), ỹ〉

∣∣∣∣ =

∣∣∣∣λν
∣∣∣∣ |(y, ỹ)V |

λ→0−−−→ 0.

Since f1, f2, f3 : V → L2(0, L) are globally Lipschitz, we obtain∣∣∣∣〈F (φ+ y + λy1
ν

)
, ỹ

〉
−
〈
F
(
φ+ y

ν

)
, ỹ

〉∣∣∣∣
=

∣∣∣∣(F (φ+ y + λy1
ν

)
−F

(
φ+ y

ν

)
, ỹ

)
H

∣∣∣∣
6

∥∥∥∥F (φ+ y + λy1
ν

)
−F

(
φ+ y

ν

)∥∥∥∥
H

‖ỹ‖H

6
CF |λ|
|ν|
‖y1‖V ‖ỹ‖H

λ→0−−−→ 0.

Finally, we have

|ν 〈y + λy1, ỹ〉 − ν 〈y, ỹ〉 | = |νλ| | 〈y1, ỹ〉V |

6 |νλ| ‖y1‖V ‖ỹ‖V
λ→0−−−→ 0.

(30)

Therefore, from (29)-(30) it follows that

〈J (y + λy1), ỹ〉 − 〈J (y), ỹ〉 λ→0−−−→ 0,

proving that J : V → V ′ is hemicontinuous. Since we have shown that J is
monotone and hemicontinuous, we can apply the result in [6, Theorem 2.4] to
conclude that J is maximal monotone. The coerciveness of J follows promptly
from (28).
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Step 4: G is maximal monotone. Let y, ỹ ∈ V . Since H1
0 (0, L) ↪→ Lq(0, L)

for q > 1, we have G(y),G(ỹ) ∈ H. Then, by the monotonicity of G, we see
that

〈G(y)− G(ỹ), y − ỹ〉 = (G(y)− G(ỹ), y − ỹ)H > 0.

Now, we will show that G is hemicontinuous.
Given y = (u, v, w), y1 = (u1, v1, w1) ∈ V and ỹ = (ũ, ṽ, w̃) ∈ V , then

〈G(y + λy1), ỹ〉 =

∫ L

0

g1(u+ λu1)ũdx+

∫ L

0

g2(v + λv1)ṽ dx

+

∫ L

0

g3(w + λw1)w̃ dx.

(31)

Since g1 is continuous we have g1(u + λu1)ũ → g1(u)ũ pointwise as λ → 0.
Moreover, by the assumption on the damping, we know |g1(s)| 6 β(|s|m + 1)
for all s. Therefore, if |λ| 6 1, we get

|g1(u+ λu1)ũ| 6 C(‖u‖m∞ + ‖u1‖m∞ + 1)‖ũ‖∞.

Then, by Lebesgue’s dominated convergence theorem, we obtain

lim
λ→0

∫ L

0

g1(u+ λu1)ũdx =

∫ L

0

g1(u)ũdx.

In a similar way, we obtain

lim
λ→0

∫ L

0

g2(v + λv1)ṽ dx =

∫ L

0

g1(v)ṽ dx

and

lim
λ→0

∫ L

0

g3(w + λw1)w̃ dx =

∫ L

0

g3(w)w̃ dx. (32)

From (31)-(32) it follows that

lim
λ→0
〈G(y + λy1), ỹ〉 = 〈G(y), ỹ〉.

and thereby G is hemicontinuous; the maximal monotonicity follows. Now,
since J and G are both maximal monotone and int(D(J )) ∩ D(G) 6= ∅, by
[6, Theorem 2.6], we conclude that S = T + G is maximal monotone. The
coercivity of S follows promptly by (28). Therefore, S is maximal monotone
and coercive, which shows the surjectivity of S, i.e., there exists y1 ∈ D(S) = V
solving (27). Consequently, y = y1+φ

ν ∈ V . Since

B(y) + G(y1)−F(y) = φ1 − νy1 ∈ H,

we conclude that Y = (y, y1) ∈ D(A). This show that A+ νI is m-accretive.
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Step 5: Local solution (conclusion). Since A is m-accretive, by [40, Theo-
rem 4.1] we conclude that for each Y0 ∈ D(A), there exists a unique strong solu-
tion Y for (23), that is, Y ∈W 1,∞(0, T ;H) such that Y (0) = Y0, Y (t) ∈ D(A)
for all t ∈ [0, T ] and equation (23) holds a.e. in [0, T ] for all T > 0. The proof
is complete.

Lemma 3.2. Suppose that p,m, r, l > 1, and p · max
{
m+1
m , r+1

r , l+1
l

}
6 2

2ε−1
for ε ∈

(
1
2 , 1
)
. Suppose further that f1, f2, f3 ∈ C(R3) such that

|∇fj(y)| 6 C
(
|u|p−1 + |v|p−1 + |w|p−1 + 1

)
, ∀u, v, w ∈ R, j = 1, 2, 3. (33)

Then

• fj : (H1−ε(0, L))3 → Lσj (0, L) are locally Lipschitz continuous for

σ1 =
m+ 1

m
, σ2 =

r + 1

r
and σ3 =

l + 1

l
·

• fj : V → L2(0, L) are locally Lipschitz continuous.

Proof. We first prove that f1 : (H1−ε(0, L))3 → Lm̃(0, L) is locally Lipschitz
continuous with m̃ = m+1

m . Let y = (u, v, w), ỹ = (ũ, ṽ, w̃) ∈ Ṽ = (H1−ε(0, L))3

such that ‖y‖Ṽ , ‖ỹ‖Ṽ 6 R, where R > 0. By (33) and the Mean Value Theo-
rem, we have

|f1(y)− f1(ỹ)| 6 C|y − ỹ|
(
|u|p−1 + |ũ|p−1 + |v|p−1

+ |ṽ|p−1 + |w|p−1 + |w̃|p−1 + 1
)
.

(34)

Therefore,

‖f1(y)− f1(ỹ)‖m̃m̃ =

∫ L

0

|f1(y)− f1(ỹ)|m̃ dx

6 C

∫ L

0

(|u− ũ|m̃ + |v − ṽ|m̃ + |w − w̃|m̃ ×
(
|u|(p−1)m̃ + |ũ|(p−1)m̃

+ |v|(p−1)m̃ + |ṽ|(p−1)m̃ + |w|(p−1)m̃ + |w̃|(p−1)m̃ + 1
)

dx.

(35)

Using the Hölder’s inequality the embedding H1−ε(0, L) ↪→ L
2

2ε−1 (0, L), the
fact that pm̃ 6 2

2ε−1 and ‖u‖Hε−1(0,L) 6 R, we obtain

∫ L

0

|u− ũ|m̃|u|(p−1)m̃ dx 6

(∫ L

0

|u− ũ|pm̃ dx

) 1
p
(∫ L

0

|u|pm̃ dx

) p−1
p

6 C‖u− ũ‖m̃H1−ε(0,L)‖u‖
(p−1)m̃
H1−ε(0,L)

6 CR(p−1)m̃‖u− ũ‖m̃H1−ε(0,L).
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The other terms of (35) are estimated analogously. Hence, for some CR > 0,

‖f1(y)− f1(ỹ)‖m̃ 6 CR‖y − ỹ‖(H1−ε(0,L))3 .

Now, let y = (u, v, w), ỹ = (ũ, ṽ, w̃) ∈ V = (H1
0 (0, L))3 be such that

‖y‖V , ‖ỹ‖V 6 R. By (34) if follows that

‖f1(y)− f1(ỹ)‖22 =

∫ L

0

|f1(y)− f1(ỹ)|2 dx

6 C

∫ L

0

(|u− ũ|2 + |v − ṽ|2 + |w − w̃|2)

× (|u|2(p−1) + |ũ|2(p−1) + |v|2(p−1) + |ṽ|2(p−1) + |w|2(p−1) + |w̃|2(p−1) + 1) dx.

By Hölder’s inequality, the embedding H1
0 (0, L) ↪→ Lq(0, L), the fact that p > 1

and ‖u‖H1
0 (0,L)

6 R, we obtain

∫ L

0

|u− ũ|2|u|2(p−1) dx 6

(∫ L

0

|u− ũ|2p dx

) 1
p
(∫ L

0

|u|2p dx

) p−1
p

6 C‖u− ũ‖2H1
0 (0,L)

‖u‖2(p−1)
H1

0 (0,L)

6 CR2(p−1)‖u− ũ‖2H1
0 (0,L)

.

Hence,

‖f1(y)− f1(ỹ)‖2 6 CR‖y − ỹ‖(H1
0 (0,L))

3 .

Using (4), we infer that, for some CR > 0,

‖f1(z)− f1(ẑ)‖2 6 CR‖z − ẑ‖V .

Similarly, we get the result for f2 and f3. The proof is complete.

Lemma 3.3. Suppose that Assumption 2.3 holds. Then for any initial data
Y0 ∈ D(A), there exist a time T0 = T0(E(0)) > 0 such that the system (23) has
a unique strong solution defined in [0, T0].

Proof. We use a standard argument as in [11, 14, 23] that use the truncation
of the sources. Let y = (u, v, w) ∈ V . We define

fKj (y) =

{
fj(y), ‖y‖V 6 K,

fj

(
Ky
‖y‖V

)
, ‖y‖V > K,
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for j = 1, 2, 3, where K is a positive constant such that K2 > 4E(0) + 1. With
the truncated sources above, we consider the following problem:


ρ1utt − a11uxx − a12vxx − a13wxx + g1(ut) = fK1 (y), in (0, L)× (0,∞),

ρ2vtt − a12uxx − a22vxx − a23wxx + g2(vt) = fK2 (y), in (0, L)× (0,∞),

ρ3wtt − a13uxx − a23vxx − a33wxx + g3(wt) = fK3 (y), in (0, L)× (0,∞),

Y (0) = (u0, v0, w0, u1, v1, w1) ∈ H.

(36)

Observe that for each such K, the truncated sources fKj : V → L2(0, L)
are globally Lipschitz continuous (cf. [14, Theorem 7.2]). Then, by Lemma
3.1 the problem (36) has a unique global strong solution YK = (yK , y

′
K) ∈

W 1,∞(0, T ;H) for all T > 0 and Y0 ∈ D(A).

In sequel, we will denote yK(t) = y(t). Since H1
0 (0, L) ↪→ Lq(0, L) for

q > 1 and yt ∈ V , we have g1(ut), g2(vt), g2(wt) ∈ L2(0, L) and thereby we can
multiply (36) by (ut, vt, wt) to get

E(t) +

∫ t

0

∫ L

0

(g1(ut)ut + g2(vt)vt + g3(wt)wt) dxdτ

= E(0) +

∫ t

0

∫ L

0

(fk1 (y)ut + fk2 (y)vt + fk3 (y)wt) dxdτ.

(37)

Since m, r, l > 1, m̃ = m+1
m , r̃ = r+1

r , l̃ = l+1
l 6 2. Consequently, f1 : V →

Lm̃(0, L), f2 : V → Lr̃(0, L) and f3 : V → Ll̃(0, L) are Lipschitz on the ball
{y ∈ V : ‖y‖V 6 K} with some Lipschitz constants Lf1(K), Lf2(K), Lf3(K).
Taking LK = max{Lf1(K), Lf2(K), Lf3(K)} and using calculations as in [14],

we see that fK1 : V → Lm̂(0, L), fK2 : V → Lr̂(0, L) and f3 : V → Ll̃(0, L) are
globally Lipschitz continuous with Lipschitz constant LK .

On the other hand, by Hölder’s and Young’s inequalities, we obtain

∫ t

0

∫ L

0

fk1 (y)ut dxdτ 6
∫ t

0

[(∫ L

0

|fK1 (y)|m̃ dx

) 1
m̃
(∫ L

0

|ut|m+1 dx

) 1
m+1

]
dτ

6
∫ t

0

‖fK1 (y)‖m̃‖ut‖m+1 dτ

6 Cε

∫ t

0

‖fK1 (y)‖m̃m̃ dτ + ε

∫ t

0

‖ut‖m+1
m+1 dτ

6 Cε

∫ t

0

(‖fK1 (y)− fK1 (0)‖m̃m̃+‖fK1 (0)‖m̃m̃) dτ + ε

∫ t

0

‖ut‖m+1
m+1 dτ

6 CεL
m̃
K

∫ t

0

‖y‖m̃V dτ + CεtL|fK1 (0)|m̃ + ε

∫ t

0

‖ut‖m+1
m+1 dτ.

(38)
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Similarly, ∫ t

0

∫ L

0

fk2 (y)vt dxdτ 6 CεL
r̃
K

∫ t

0

‖y‖r̃V dτ + CεtL|fK2 (0)|r̃

+ ε

∫ t

0

‖vt‖r+1
r+1 dτ

and ∫ t

0

∫ L

0

fk3 (y)wt dxdτ 6 CεL
l̃
K

∫ t

0

‖y‖l̃V dτ + CεtL|fK3 (0)|l̃

+ ε

∫ t

0

‖wt‖l+1
l+1 dτ.

It follows from (5) that

g1(s)s > α(|s|m+1 − 1), g2(s)s > α(|s|r+1 − 1),

g3(s)s > α(|s|l+1 − 1), ∀s ∈ R.

Hence, ∫ t

0

∫ L

0

g1(ut)ut dτ > α

∫ t

0

‖ut‖m+1
m+1 dτ − αtL,∫ t

0

∫ L

0

g2(vt)vt dτ > α

∫ t

0

‖vt‖r+1
r+1 dτ − αtL,∫ t

0

∫ L

0

g3(wt)wt dτ > α

∫ t

0

‖wt‖l+1
l+1 dτ − αtL.

(39)

Using the estimates (38)-(39) in (37), we conclude

E(t) + α

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ − 3αtL

6 E(0) + ε

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ + CεL

m̃
K

∫ t

0

‖y‖m̃V dτ

+ CεL
r̃
K

∫ t

0

‖y‖r̃V dτ + CεL
l̃
K

∫ t

0

‖y‖l̃V dτ

+ CεtL(|fK1 (0)|m̃ + |fK2 (0)|r̃ + |fK3 (0)|l̃).

(40)

If ε 6 α, then by (40) we deduce

E(t) 6 E(0) + CεL
m̃
K

∫ t

0

‖y‖m̃V dτ+CεL
r̃
K

∫ t

0

‖y‖r̃V dτ+CεL
l̃
K

∫ t

0

‖y‖l̃V dτ

+ CεtL(|fK1 (0)|m̃ + |fK2 (0)|r̃ + |fK3 (0)|l̃) + 3αtL.

(41)
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Since 1 6 m̃, r̃, l̃ 6 2, then by Young’s inequality∫ t

0

‖y(τ)‖m̃V dτ 6
∫ t

0

(‖y(τ)‖2V + C̃) dτ 6 2

∫ t

0

E(τ) dτ + C̃t.

Similarly∫ t

0

‖y(τ)‖r̃V dτ 6 2

∫ t

0

E(τ)dτ + C̃t,

∫ t

0

‖y(τ)‖l̃V dτ 6 2

∫ t

0

E(τ)dτ + C̃t.

where C̃ > 0 is a constant dependent on the parameters m, r and l. Therefore,

if t 6 T0 and we take C1 = 2Cε(L
m̃
K + Lr̃K + Ll̃K), C2 = E(0) + C0T0 with

C0 = CεL(|fK1 (0)|m̃ + |fK2 (0)|r̃ + |fK3 (0)|l̃) + 3αL+ C̃Cε(L
m̃
K +Lr̃K +Ll̃K), then

by (41), we get

E(t) 6 C2 + C1

∫ t

0

E(τ) dτ, ∀t ∈ [0, T0]. (42)

where T0 > 0 will be determined later. Applying Gronwall’s technique to (42),
we have

E(t) 6 C2e
C1t, ∀t ∈ [0, T0]. (43)

Choosing

T0 = min

{
1

4C0
,

log 2

C1

}
, (44)

and using that K2 > 4E(0) + 1, then (43) implies

E(t) 6 2(E(0) + C0T0) 6 2E(0) +
1

2
6
K2

2
, ∀t ∈ [0, T0]. (45)

This proves that ‖y(t)‖V 6 K, for all t ∈ [0, T0] and thereby fK1 (y(t)) =
f1(y(t)), fK2 (y(t)) = f2(y(t)) and fK3 (y(t)) = f3(y(t)) for all t ∈ [0, T0]. By
uniqueness of solutions of (36), we conclude that the solution to (36) coincides
with the solution to (1) for t ∈ [0, T0]. The proof is complete.

3.2. Approximate solutions and passage to the limit

In this part, we complete the proof of the Theorem 2.5.

Step 1: Approximate system. Clearly, D(A) is dense in H. Then, for each
Y0 = (y0, y1) ∈ H, there exists a sequence Y n0 ∈ D(A) such that Y n0 → Y0
strongly in H. Let Y = (y, yt) = (u, v, w, ut, vt, wt) and consider the approxi-
mate system {

Y nt +AY n = 0,

Y n(0) = Y n0 ∈ D(A).
(46)
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Step 2: Approximate solutions. By Lemma 3.3, for each n, problem
(46) has a strong local solution Y n = (yn, ynt ) = (un, vn, wn, unt , v

n
t , w

n
t ) ∈

W 1,∞(0, T0;H) such that Y n(t) ∈ D(A) for all t ∈ [0, T0]. We denote by En(t)
the energy for the solution Y n.

The parameter T0 in (44) can be taken independent of n. Indeed, T0 de-
pends on the choice of constant K, which in turn only has to be large enough
to dominate

√
4E(0) + 1. Since Un0 → U0 strongly in H, we can choose K

sufficiently large depending on E(0) such that K >
√

4En(0) + 1 for all n.
On the other hand, by (45), we have En(t) 6 K2/2 for all t ∈ [0, T0]. Then

‖Y n(t)‖2H = ‖yn(t)‖2V + ‖ynt (t)‖2H = 2En(t) 6 K2, ∀t ∈ [0, T0]. (47)

We take 0 < ε < α/2 in (40), we use fact m̃, r̃, l̃ 6 2 and the bound (47) to
obtain ∫ T0

0

(‖unt ‖m+1
m+1 + ‖vnt ‖r+1

r+1 + ‖wnt ‖l+1
l+1) dτ 6 CK , (48)

for some C(K) > 0. By the definition of strong solution of the system (46), we
obtain

(ynt (t), ψ(t))H−(ynt (0), ψ(0))H+

∫ t

0

[−(ynt (τ), ψt(τ))H+(yn(τ), ψ(τ))V ]dτ

+

∫ t

0

(G(ynt (τ)), ψ(τ))2 dτ =

∫ t

0

(F(yn(τ)), ψ(τ))2dτ,

(49)

for all t ∈ [0, T0] and ψ ∈ T, where T is the space of test functions defined
in (8).

Step 3: Passage to the limit. First, we observe that (47) indicates that

{Y n} is bounded in L∞(0, T0;H).

Then, there exists a subsequence such that

Y n → Y = (y, yt) weakly∗ in L∞(0, T0;H). (50)

Moreover, (47) also indicates that {yn} is bounded in L∞(0, T0;V ) and thereby
{yn} is bounded in Lq(0, T0;V ) for all q > 1. In addition, by (48), we see that

{ynt } is bounded in Lm+1(0, T0;Lm+1(0, L))× Lr+1(0, T0;Lr+1(0, L))

× Ll+1(0, T0;Ll+1(0, L)),
(51)

and since m, r, l > 1, we conclude that

{ynt } is bounded in Lm̃(0, T0;Lm̃(0, L))× Lr̃(0, T0;Lr̃(0, L))

× Ll̃(0, T0;Ll̃(0, L)).
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We observe that for any 0 < ε < 1, the imbedding H1
0 (0, L) ↪→ H1−ε(0, L) is

compact, and

(H1−ε(0, L))3 ↪→ Lm̃(0, L)× Lr̃(0, L)× Ll̃(0, L).

Then for any q > 1 fixed, by Aubin’s Theorem, there exists a subsequence such
that

yn → y strongly in Lq(0, T0; (H1−ε(0, L))3). (52)

Now, we claim that {Y n} is a Cauchy sequence in C([0, T0];H). Consider
Y n and Y j approximate solutions of (46). To abbreviate the notation, let us
put ỹ = yn − yj . Since Y n, Y j ∈ W 1,∞(0, T0;H) and Y n(t), Y j(t) ∈ D(A), we
know ỹt ∈W 1,∞(0, T0;H) and ỹt ∈ V . Moreover, by (51) we have

ỹt ∈ Lm+1((0, L)×(0, T0))×Lr+1((0, L)×(0, T0))×Ll+1((0, L)×(0, T0)).

Therefore, we can consider the difference of the approximate problems cor-
responding to the parameters n and j, and then use the multiplier by ỹt on
equation (49) to get

1

2
(‖ỹ(t)‖2V + ‖ỹt(t)‖2H) +

∫ t

0

(G(ynt )−G(yjt ), ỹt)2 dτ

=
1

2
(‖ỹ(0)‖2V + ‖ỹt(0)‖2H) +

∫ t

0

(F(yn)− F(yj), ỹt)2 dτ.

(53)

We will prove that each term on the right-hand side of (53) tends to zero when
n, j →∞. First, by assumptions on the initial conditions {yn0 } and {yn1 }

lim
n,j→∞

‖ỹ(0)‖V = lim
n,j→∞

‖yn0 − y
j
0‖V = 0,

lim
n,j→∞

‖ỹt(0)‖H = lim
n,j→∞

‖yn1 − y
j
1‖H = 0.

(54)

It follows that∣∣∣∣∫ t

0

(F(yn)− F(yj), ỹt)2 dτ

∣∣∣∣ 6 ∫ t

0

∫ L

0

|f1(yn)− f1(yj)||ũt| dxdτ

+

∫ t

0

∫ L

0

|f2(yn)− f2(yj)||ṽt| dxdτ

+

∫ t

0

∫ L

0

|f3(yn)− f3(yj)||w̃t| dxdτ.

(55)

We must estimate the terms on the right-hand side of (55). We have∫ t

0

∫ L

0

|f1(yn)− f1(yj)||ũt| dxdτ 6
∫ t

0

∫ L

0

|f1(yn)− f1(y)||ũt| dxdτ

+

∫ t

0

∫ L

0

|f1(y)− f1(yj)||ũt| dxdτ.

(56)
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From Lemma 3.2, (52) and (48), we deduce that∫ t

0

∫ L

0

|f1(yn)− f1(y)||ũt| dxdτ

6

(∫ t

0

∫ L

0

|f1(yn)− f1(y)|m̃ dxdτ

) 1
m̃
(∫ t

0

∫ L

0

|ũt|m+1 dxdτ

) 1
m+1

6

(∫ T0

0

‖f1(yn)− f1(y)‖m̃m̃ dτ

) 1
m̃
(∫ T0

0

‖ũt‖m+1
m+1 dτ

) 1
m+1

6 CK

(∫ T0

0

‖yn − y‖m̃(H1−ε(0,L))3 dτ

) 1
m̃

n→∞−−−−→ 0 uniformly on [0, T0].

(57)

Analogously∫ t

0

∫ L

0

|f1(y)− f1(yj)||ũt| dxdτ
j→∞−→ 0 uniformly on [0, T0]. (58)

Combining (57) and (58) in (56), we obtain that∫ t

0

∫ L

0

∣∣f1(yn)− f1(yj)
∣∣ |ũt|dxdτ

n,j→∞−−−−−→ 0,∫ t

0

∫ L

0

∣∣f2(yn)− f2(yj)
∣∣ |ṽt|dxdτ

n,j→∞−−−−−→ 0,

and ∫ t

0

∫ L

0

∣∣f3(yn)− f3(yj)
∣∣ |w̃t|dxdτ

n,j→∞−−−−−→ 0.

Hence, we obtain∣∣∣∣∫ t

0

(F(yn)− F(yj), ỹt)2 dτ

∣∣∣∣ n,j→∞−→ 0 uniformly on [0, T0]. (59)

Now, using the fact that (G(ynt ) − G(yjt )) · ỹt > 0 , (54) and (59), we can
take limit as n, j →∞ in (53) to conclude that

lim
n,j→∞

‖ỹ(t)‖V = lim
n,j→∞

‖yn(t)− yj(t)‖V = 0 uniformly on [0, T0],

lim
n,j→∞

‖ỹt(t)‖H = lim
n,j→∞

‖ynt (t)− yj(t)‖H = 0 uniformly on [0, T0],

and

lim
n,j→∞

∫ t

0

(G(ynt )−G(yjt ), y
n
t − y

j
t )2 dτ = 0 uniformly on [0, T0]. (60)
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Then
Y n → Y in H uniformly on [0, T0]. (61)

Using the fact that Y n ∈W 1,∞([0, T0];H) and (61), we know

Y = (y, yt) ∈ C([0, T0];H). (62)

It remains to prove that y and yt satisfy (7) in Definition 2.4, that is, we
will pass the limit in (49).

Since ψ ∈ C([0, t];V ) and ψt ∈ L1
(
0, t;H

)
, then by (50) and (61), we obtain

that
lim
n→∞

(ynt (t), ψ(t))H = (yt(t), ψ(t))H ,

lim
n→∞

(ynt (0), ψ(0))H = (yt(0), ψ(0))H ,

lim
n→∞

∫ t

0

(yn(τ), ψ(τ))V dτ =

∫ t

0

(y(τ), ψ(τ))V dτ

lim
n→∞

∫ t

0

(ynt (τ), ψt(τ))H dτ =

∫ t

0

(yt(τ), ψt(τ))H dτ.

(63)

Since |g1(s)| 6 β(|s|m + 1), it follows that∫ T0

0

∫ L

0

|g1(unt )|m̃ dxdτ 6 Cβm̃
∫ T0

0

∫ L

0

(|unt |m+1 + 1) dxdτ

6 Cβm̃
∫ T0

0

(‖unt ‖m+1
m+1 + L)dτ

6 CK .

Therefore, there exists a subsequence such that

g1(unt )→ g∗1 weakly in Lm̃((0, L)× (0, t)). (64)

It follows from (48) that unt → ut weakly in Lm+1((0, L) × (0, T0)). Now, our
goal is to prove that g1(ut) = g∗1 . In light of [6, Lemma 2.3], (60) and (64) it is
sufficient to prove that

g1 : Lm+1((0, L)× (0, T0))→ Lm̃((0, L)× (0, t))

is maximal monotone. To see that g1 is maximal monotone, by [6, Theorem
2.4] we only need to prove that g1 is monotone and hemicontinuous. Since g1
is monotone increasing, it is easy to see g1 is a monotone. Now, we will show
that g1 is hemicontinuous, that is,

lim
λ→0

∫ t

0

∫ L

0

g1(u+ λv)φ dxdτ =

∫ t

0

∫ L

0

g1(u)φ dxdτ, (65)
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for all u, v, φ ∈ Lm+1((0, L) × (0, T0)). Indeed, since g1 is continuous, g1(u +
λv)φ → g1(u)φ pointwise as λ → 0. Moreover, since |g1(s)| 6 β(|s|m + 1) for
all s, we have if |λ| 6 1

|g1(u+ λv)φ| 6 β(|u+ λv|m + 1)|φ|
6 C(|u|m|φ|+ |v|m|φ|+ |φ|) ∈ L1((0, L)× (0, t)),

by Hölder’s inequality. Thus (65) follows from the Dominated Convergence
Theorem, and thereby g1 is maximal monotone. Then g∗1 = g1(ut), that is,

ut∈ Lm+1((0, L)×(0, t)), g1(unt )→ g1(ut) weakly in Lm̃((0, L)×(0, t)). (66)

In a similar way, we get

vt ∈ Lr+1((0, L)×(0, t)), g2(vnt )→ g2(vt) weakly in Lr̃((0, L)×(0, t)),

wt ∈ Ll+1((0, L)×(0, t)), g3(wnt )→ g3(wt) weakly in Ll̃((0, L)×(0, t)).
(67)

It follows that

lim
n→∞

∫ t

0

(G(ynt (τ)), ψ(τ))2 dτ =

∫ t

0

(G(yt(τ)), ψ(τ))2 dτ. (68)

Replacing ỹt by ψ, we have

lim
n→∞

∫ t

0

(F(yn(τ)), ψ(τ))2 dτ =

∫ t

0

(F(y(τ)), ψ(τ))2 dτ. (69)

Finally, using (63), (68) and (69) we can pass to the limit in (49) to obtain
(7). Moreover, by (62), (66) and (67), Y satisfies the regularity as stated in
Definition 2.4, thus the proof is complete.

4. Energy identity

In this section, we prove the energy identity (9) for weak solutions. We divide
the proof in several steps.

4.1. Known results on the difference quotient

In this part, we recall two abstract results on the difference quotient which
will be used in the proof of energy identity (9). Let X be a Banach space,
u ∈ C([0, T ];X) and h > 0. We define the symmetric difference quotient of u
by

Dhu(t) =
ue(t+ h)− ue(t− h)

2h
, (70)
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where ue(t) denotes the extension of u(t) to R given by

ue(t) =


u(0), for t 6 0,

u(t), for t ∈ (0, T ),

u(T ), for t > T.

(71)

The following proposition have been established by Koch and Lasiecka in [26,
Proposition 4.3].

Proposition 4.1. [26] Let u ∈ C([0, T ];X), where X is a Hilbert space with
inner product (·, ·)X and norm ‖ · ‖X . Then

lim
h→0

∫ T

0

(u(t), Dhu(t))X dt =
1

2

(
‖u(T )‖2X − ‖u(0)‖2X

)
. (72)

If, in addition, ut ∈ C([0, T ];X), then∫ T

0

(ut(t), (Dhu(t))t)X dt = 0, for each h > 0, (73)

and,

Dh(t)
h→0−−−→ ut(t) weakly in X for every t ∈ (0, T ),

Dh(0)
h→0−−−→ 1

2
ut(0) and Dh(T )

h→0−−−→ 1

2
ut(T ) weakly in X. (74)

The following proposition by Guo, Mohammad and Rammaha [23, Propo-
sition 3.2] is essential for the proof of (9).

Proposition 4.2. [23] Let X and Y be Banach spaces. Assume u∈C([0, T ];Y )
and ut ∈ L1([0, T ];Y ) ∩ Lp([0, T ];X), where 1 6 p < ∞. Then Dhu ∈
Lp([0, T ];X) and ‖Dhu‖Lp([0,T ];X) 6 ‖ut‖Lp([0,T ];X). Moreover Dhu → ut in
Lp([0, T ];X), as h→ 0.

4.2. Proof of the energy identity

The proof is inspired by the argument of [32, Section 3.2]. Let t ∈ [0, T0]
fixed and let y = (u, v, w) be a weak solution of (1). Then, we have u ∈
C([0, t];H1

0 (0, L)), ut ∈ C([0, t];L2(0, L)) and ut ∈ Lm+1((0, L) × (0, t)) =
Lm+1(0, t;Lm+1(0, L)). Then, we can define the difference quotient Dhu(τ) by

Dhu(τ) =
ue(τ + h)− ue(τ − h)

2h
,

where ue(τ) extends u(τ) from [0, t] to R as in (71). Using the Proposition 4.2,
with X = Lm+1(0, L), Y = L2(0, L) and p = m+ 1, we get

Dhu ∈ Lm+1((0, L)× (0, t)) and Dhu→ ut in Lm+1((0, L)× (0, t)). (75)
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Similarly,

Dhv ∈ Lr+1((0, L)× (0, t)) and Dhv → vt in Lr+1((0, L)× (0, t)),

Dhw ∈ Ll+1((0, L)× (0, t)) and Dhw → wt in Ll+1((0, L)× (0, t)).
(76)

Since y ∈ C([0, t];V ) we know Dhy ∈ C([0, t];V ), where V = (H1
0 (0, L))3.

Now, we claim that
(Dhy)t ∈ L1

(
0, t;H

)
.

Indeed, for 0 < h < t
2 , we observe that

(Dhy)t(τ) =


1
2hyt(τ + h), 0 < τ < h,
1
2h [yt(τ + h)− yt(τ − h)], h < τ < t− h,
− 1

2hyt(τ − h), t− h < τ < t.

and since yt ∈ C
(
[0, t];H

)
we know (Dhy)t ∈ L1

(
0, t;H

)
. Therefore, Dhy ∈ T

with T defined in (8). Hence, making ψ = Dhy in (7), we have

(yt(t), Dhy(t))H − (yt(0), Dhy(0))H

+

∫ t

0

[−(yt(τ), (Dhy)t(τ))H + (y(τ), Dhy(τ))V ] dτ

+

∫ t

0

(G(yt(τ)), Dhy(τ))2 dτ =

∫ t

0

(F(y(τ)), Dhy(τ))2 dτ.

(77)

We will pass to the limit as h → 0 in (77). Since y, yt ∈ C([0, t];H) then by
(74) it follows that

Dhy(0) −→ 1

2
yt(0) and Dhy(t) −→ 1

2
yt(t) weakly in H.

Hence,
lim
h→0

[(yt(t), Dhy(t))H − (yt(0), Dhy(0))H ]

= (yt(t),
1

2
yt(t))H − (yt(0),

1

2
yt(0))H

=
1

2
(‖yt(t)‖2H − ‖yt(0)‖2H).

(78)

By (73) we have∫ t

0

(yt(τ), (Dhy)t(τ))H dτ = 0 for each h > 0.

Also, since y ∈ C([0, t];V ), by (72) we get

lim
h→0

∫ t

0

(y(τ), Dhy(τ))V dτ =
1

2
(‖y(t)‖2V − ‖y(0)‖2V ).
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By (66) and (67), we see that G(yt) ∈ Lm̃((0, L)× (0, t))×Lr̃((0, L)× (0, t))×
Ll̃((0, L) × (0, t)), where m̃ = m+1

m , r̃ = r+1
r and l̃ = l+1

l . Hence, by (75) and
(76) we obtain

lim
h→0

∫ t

0

(G(yt(τ)), Dhy(τ))2 dτ =

∫ t

0

(G(yt(τ)), yt(τ))2 dτ.

On the other hand, since y ∈ C([0, t];V ) and H1
0 (0, L) ↪→ Lq(0, L) for q > 1,

we have F(y) ∈ H = (L2(0, L))3, and by Proposition 4.2 we deduce

lim
h→0

∫ t

0

(F(y(τ)), Dhy(τ))2 dτ =

∫ t

0

(F(y(τ)), yt(τ))2 dτ. (79)

By combining (78)-(79), we can pass to the limit as h→ 0 in (77) to obtain

1

2
(‖y(t)‖2V + ‖yt(t)‖2H) +

∫ t

0

(G(yt), yt)2 dτ

=
1

2
(‖y(0)‖2V + ‖yt(0)‖2H) +

∫ t

0

(F(y), yt)2 dτ.

5. Continuous dependence of solutions on the initial data

This section is dedicated to prove the continuous dependence of solutions stated
in Theorem 2.6. We split the proof in two steps.

Proof. Step 1: Energy identity for a difference of two. Let y = (u, v, w)
and ỹ = (ũ, ṽ, w̃) be two weak solutions in the sense of Definition 2.4. Let us
put

ω = y − ỹ.

and we denote by Ê(t) the energy corresponding to ω, that is,

Ẽ(t) =
1

2
(‖ω(t)‖2V + ‖ωt(t)‖2H), ∀t ∈ [0, T ].

By the regularity imposed on weak solutions in Definition 2.4, there exists
R > 0 such that

‖y(t)‖V , ‖ỹ(t)‖V , ‖yt(t)‖H , ‖ỹt(t)‖H 6 R,∫ T
0
‖ut‖m+1

m+1 ds,
∫ T
0
‖vt‖r+1

r+1 ds,
∫ T
0
‖wt‖l+1

l+1 ds 6 R,∫ T
0
‖ũt‖m+1

m+1 ds,
∫ T
0
‖ṽt‖r+1

r+1 ds,
∫ T
0
‖w̃t‖l+1

l+1 ds 6 R.
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for all t ∈ [0, T ]. By Definition 2.4, ω satisfies

(ωt(t), ψ(t))H+(ωt(0), ψ(0))H+

∫ t

0

[−(ωt(τ), ψt(τ))H+(ω(τ), ψ(τ))V ]dτ

+

∫ t

0

(G(yt(τ))−G(ỹt(τ)), ψ(τ))2 dτ

=

∫ t

0

(F(y(τ))− F(ỹ(τ)), ψ(τ))2 dτ.

(80)

Making ψ(τ) = Dhω(τ) in (80) for τ ∈ [0, t], where the difference quotient
Dhω is defined in (70). Using a similar argument as in obtaining the energy
identity (9), we can pass to the limit as h→ 0 and conclude

Ẽ(t) +

∫ t

0

(G(yt(τ))−G(ỹt(τ)), ωt(τ))2 dτ

= Ẽ(0) +

∫ t

0

(F(y(τ))− F(ỹ(τ)), ωt(τ))2 dτ.

Step 2: Estimates. By monotonicity properties of g1, g2 and g3, we get

Ẽ(t) 6 Ẽ(0) +

∫ t

0

(F(y(τ))− F(ỹ(τ)), ωt(τ))2 dτ. (81)

Using the Hölder’s inequality and fact that f1, f2, f3 : V → L2(0, L) are locally
Lipschitz (cf. Lemma 3.2), we obtain∫ t

0

∫ L

0

(
F(y(τ))− F(ŷ(τ))

)
· ωt(τ) dxdτ

6

(∫ t

0

∫ L

0

∣∣F(y(τ))− F(ŷ(τ))
∣∣2 dxdτ

) 1
2
(∫ t

0

∫ L

0

|ωt(τ)|2 dxdτ

) 1
2

6 CR

(∫ t

0

‖ω(τ)‖2V dτ

) 1
2
(∫ t

0

‖ωt(τ)‖22 dτ

) 1
2

6 CR

∫ t

0

Ê(τ) dτ.

(82)

Therefore, from (81) and (82), we have

Ẽ(t) 6 Ẽ(0) + CR

∫ t

0

Ẽ(τ) dτ.

By Gronwall’s inequality, we obtain

Ẽ(t) 6 Ẽ(0)eCRt, ∀t ∈ [0, T ]. (83)

From definition of Ẽ(t) and (83), we conclude that

‖(ω(t), ωt(t))‖2H 6 ‖(ω(0), ωt(0))‖2HeCRT , ∀t ∈ [0, T ].

The proof is complete.
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6. Global existence

Here, we apply a standard continuation procedure for ODE’s to conclude that
either the weak solution y = (u, v, w) is global or there exists 0 < T <∞ such
that lim supt→T− E1(t) = +∞, where E1(t) is the modified energy defined by

E1(t) := E(t) +
1

p+ 1
‖y‖p+1

p+1, with E(t) =
1

2

(
‖y(t)‖2V + ‖yt(t)‖2H

)
. (84)

Proposition 6.1. Suppose that y = (u, v, w) is a weak solution to (1)-(2) on
[0, T0] given in Theorem 2.5. Then

• If p 6 min{m, r, l}, then for all t ∈ [0, T0], z satisfies

E1(t) +

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ 6 C(T0, E1(0)), (85)

where C(T0, E1(0)) is continuous in T0 and defined for arbitrary T0 > 0.

• If p > max{m, r, l}, then the bound in (85) holds for 0 < t < T ′, for some
T ′ 6 T0, where T ′ is a continuous and decreasing function with respect
to E1(0).

Proof. Using the modified energy (84) and the energy identity (9) we have

E1(t) +

∫ t

0

(G(yt), yt)2 dτ

= E1(0) +

∫ t

0

(F(y), yt)2 dτ +
1

p+ 1

(
‖y(t)‖p+1

p+1 − ‖y(0)‖p+1
p+1

)
= E1(0) +

∫ t

0

(F(y), yt)2 dτ

+

∫ t

0

∫ L

0

(
|u|p−1uut + |v|p−1vvt + |w|p−1wwt

)
dxdτ.

(86)

By assumption, we have |fj(y)| 6 C(|u|p + |v|p + |w|p + 1), j = 1, 2, 3. Then,
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by Hölder’s and Young’s inequalities, we get∣∣∣∣∣
∫ t

0

∫ L

0

f1(y)ut dxdτ

∣∣∣∣∣ 6
∫ t

0

∫ L

0

C(|u|p + |v|p + |w|p + 1)|ut| dxdτ

6 C

∫ t

0

(‖u‖pp+1 + ‖v‖pp+1 + ‖w‖pp+1 + L
p
p+1 )‖ut‖p+1 dτ

6 ε

∫ t

0

‖ut‖p+1
p+1 dτ + Cε

∫ t

0

(‖u‖p+1
p+1 + ‖v‖p+1

p+1 + ‖w‖p+1
p+1 + L) dτ

6 ε

∫ t

0

‖ut‖p+1
p+1 dτ + Cε

∫ t

0

(‖y‖p+1
p+1 + L) dτ

6 ε

∫ t

0

‖ut‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ + CεT0L.

(87)

Analogously∣∣∣∣∣
∫ t

0

∫ L

0

f2(y)vt dxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖vt‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ + CεT0L,

and∣∣∣∣∣
∫ t

0

∫ L

0

f3(y)wt dxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖wt‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ + CεT0L. (88)

By (87)-(88), we get∣∣∣∣∫ t

0

(F(y), yt)2 dτ

∣∣∣∣ 6 ε

∫ t

0

‖yt‖p+1
p+1 dτ + 3Cε

∫ t

0

E1(τ) dτ + 3CεT0L.

Using similar estimates as in (87), we obtain∣∣∣∣∣
∫ t

0

∫ L

0

(|u|p−1uut + |v|p−1vvt + |w|p−1wwt) dxdτ

∣∣∣∣∣
6
∫ t

0

∫ L

0

(|u|p|ut|+ |v|p|vt|+ |w|p|wt|) dxdτ

6 ε

∫ t

0

‖yt‖p+1
p+1 dτ + Cε

∫ t

0

‖y‖p+1
p+1 dτ

6 ε

∫ t

0

‖yt‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ.
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By (39), we get

∫ t

0

∫ L

0

(g1(ut)ut + g2(vt)vt + g3(wt)wt) dxdτ

> α

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ − 3αT0L.

(89)

Therefore, if p 6 min{m, r, l}, it follows from (87)-(89) and energy identity (86)
that, for t ∈ [0, T0],

E1(t) + α

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + 2ε

∫ t

0

‖yt‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ + CT0,ε

6 E1(0) + 2εC

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

+ Cε

∫ t

0

E1(τ) dτ + CT0,ε.

(90)

We choose 0 < 2εC 6 α/2 and we use (90) to obtain

E1(t) +
α

2

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + Cε

∫ t

0

E1(τ) dτ + CT0,ε.

(91)

In particular,

E1(t) 6 E1(0) + Cε

∫ t

0

E1(τ) dτ + CT0,ε. (92)

Applying Gronwall’s technique to (92), we have

E1(t) 6 (E1(0) + CT0,ε)e
CεT0 , ∀t ∈ [0, T0], (93)

where T0 > 0 is arbitrary. Combining (91) and (93), we conclude that (85)
holds.

Now, we assume p > max{m, r, l}, then we slightly modify estimate (87),
by using the Hölder’s inequality with exponents m+ 1 and m̃ = m+1

m followed
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by Young’s inequality yields∣∣∣∣∣
∫ t

0

∫ L

0

f1(y)ut dxdτ

∣∣∣∣∣
6 C

∫ t

0

∫ L

0

(|u|p + |v|p + |w|p + 1)|ut| dxdτ

6 C

∫ t

0

‖ut‖m+1(‖u‖ppm̃ + ‖v‖ppm̃ + ‖w‖ppm̃ + L
1
m̃ ) dτ

6 ε

∫ t

0

‖ut‖m+1
m+1 dτ + Cε

∫ t

0

(‖y‖pm̃pm̃ + L) dτ.

(94)

Since pm̃ > 2 and H1
0 (0, L) ↪→ Lq(0, L) for q > 1, we have∣∣∣∣∣

∫ t

0

∫ L

0

f1(y)ut dxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖ut‖m+1
m+1 dτ + Cε

∫ t

0

Ldτ

+ Cε

∫ t

0

((
‖u‖2H1

0 (0,L)
+ ‖v‖2H1

0 (0,L)
+ ‖w‖2H1

0 (0,L)

) pm̃
2

)
dτ.

As the norm ‖ · ‖V is equivalent to usual norm ‖ · ‖(H1
0 (0,L))

2 , we get∣∣∣∣∣
∫ t

0

∫ L

0

f1(y)ut dxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖ut‖m+1
m+1 dτ + Cε

∫ t

0

‖y‖pm̃V dτ + CεT0L

6 ε

∫ t

0

‖ut‖m+1
m+1 dτ + Cε

∫ t

0

(E1(τ))
pm̃
2 dτ + CεT0L.

Similarly, we conclude that∣∣∣∣∣
∫ t

0

∫ L

0

f2(y)vtdxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖vt‖r+1
r+1dτ+Cε

∫ t

0

(E1(τ))
pr̃
2 dτ+CεT0L,∣∣∣∣∣

∫ t

0

∫ L

0

f3(y)wtdxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖wt‖l+1
l+1dτ+Cε

∫ t

0

(E1(τ))
pl̃
2 dτ+CεT0L.

(95)

Using similar estimates as in (94)-(95), we have∣∣∣∣∣
∫ t

0

∫ L

0

(
|u|p−1uut + |v|p−1vvt + |w|p−1wwt

)
dxdτ

∣∣∣∣∣
6 ε

∫ t

0

(
‖ut‖m+1

m+1 + ‖vt‖r+1
r+1 + ‖wt‖l+1

l+1

)
dτ

+ Cε

∫ t

0

(
(E1(τ))

pm̃
2 + (E1(τ))

pr̃
2 + (E1(τ))

pl̃
2

)
dτ.

(96)
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Using (94)-(96) and (89) in (86), we get

E1(t) + α

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + 2ε

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

+ Cε

∫ t

0

(E1(τ))σ dτ + CT0,ε.

where σ = max{pm̃2 ,
pr̃
2 ,

pl̃
2 } > 1. Choosing 0 < 2ε < α/2, we obtain

E1(t) +
α

2

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + Cε

∫ t

0

(E1(τ))σ dτ + CT0,ε.

(97)

In particular,

E1(t) 6 E1(0) + Cε

∫ t

0

(E1(τ))σ dτ + CT0,ε. (98)

Using a standard comparison theorem (see e.g. [27]) to (98), we see that E1(t) 6

ψ(t), where ψ(t) =
[
(E1(0) + CT0,ε)

1−σ − Cε(1− σ)t
]− 1

σ−1 is the solution of
the Volterra integral equation

ψ(t) = Cε

∫ t

0

ψ(s)σ ds+ E1(0) + CT0,ε.

Since σ > 1, then ψ(t) blows up at T1 = 1
Cε(σ−1) (E1(0) + CT0,ε)

1−σ, that is,

ψ(t) → ∞ as t → T−1 . Observe that T1 depends on the initial energy E1(0)
and the original existence time T0. However, if we choose T ′ = min

{
T0,

T1

2

}
,

then

E1(t) 6 ψ(t) 6 C0 :=
[
(E1(0) + CT0,ε)

1−σ − Cε(1− σ)T ′
]− 1

σ−1 , (99)

for all t ∈ [0, T ′]. Combining (97) and (99) we obtain

E1(t) +
α

2

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + CεT
′Cσ0 + CT0,ε,

for all t ∈ [0, T0]. The proof is complete.
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7. Blow-up with negative total initial data

In this section, we prove the Theorem 2.9. The proof follows the lines of the
proof of [32, Section 6]. Let y = (u, v, w) be a weak solution to (1)-(2) in the
sense of Definition 2.4. We define the life span T of such a solution y = (u, v, w)
to be the supremum of all T ∗ > 0 such that y is a solution to (1)-(2) in the
sense of Definition 2.4 on [0, T ∗]. Our goal is to prove that T is necessarily
finite, and obtain an upper bound for T .

As in [1, 9], for t ∈ [0, T ], we define

G(t) = −E(t), N(t) = ‖y(t)‖2H , S(t) =

∫ L

0

F (y(t)) dx,

where E(t) is the total energy defined in (11). It follows that

G(t) = −1

2

(
‖y‖2V + ‖yt‖22

)
+ S(t), N ′(t) = 2(y(t), yt(t))H . (100)

Moreover, by the Assumption 2.8, we have

S(t) > c0‖y‖p+1
p+1. (101)

Let

0 < ξ < min

{
1

m+ 1
− 1

p+ 1
,

1

r + 1
− 1

p+ 1
,

1

l + 1
− 1

p+ 1
,
p− 1

2(p+ 1)

}
.

In particular, ξ < 1
2 . To simplify the notation we introduce the following

constants

K1 = βL
p−m

(p+1)(m+1) c
− 1
p+1

0 , δ1 =
λ

6
G(0)

1
m+1−

1
p+1 ,

K2 = βL
p−r

(p+1)(r+1) c
− 1
p+1

0 , δ2 =
λ

6
G(0)

1
r+1−

1
p+1 ,

K3 = βL
p−l

(p+1)(l+1) c
− 1
p+1

0 , δ3 =
λ

6
G(0)

1
l+1−

1
p+1 ,

(102)

where λ = c1 − 2 > 0.
Observe that the energy identity (9) is equivalent to

G(t) = G(0) +

∫ t

0

(G(yt), yt)2 dτ.

By Assumption 2.3 and the regularity of the solution y, we conclude that G(t)
is absolutely continuous and

G′(t)=(G(yt), yt)2>α(‖ut‖m+1
m+1+‖vt‖r+1

r+1+‖wt‖l+1
l+1) > 0, a.e. in [0, T ). (103)
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Thus, G(t) is non-decreasing. Since G(0) = −E(0) > 0, we have that

0 < G(0) 6 G(t) 6 S(t) for 0 6 t < T. (104)

We define
U(t) = G(t)1−ξ + εN ′(t),

where 0 < ε 6 G(0). Later in the proof we further adjust the requirements
on ε. We shall show that

U ′(t) = (1− ξ)G(t)−ξG′(t) + εN ′′(t), (105)

where

N ′′(t) = 2‖yt‖2H − 2‖y‖2V − 2(G(yt), y)2 + 2(F(y), y)2 a.e. in [0, T ). (106)

In order to obtain (106), we observe that the regularity of y and the fact
H1

0 (0, L) ↪→ Lq(0, L), for all q > 1 imply

y = (u, v, w) ∈ Lm+1((0, L)× (0, t))× Lr+1((0, L)× (0, t))

× Ll+1((0, L)× (0, t)).

This shows that y satisfies the regularity restrictions on the test function ψ, as
stated in Definition 2.4. Therefore, replacing ψ in (7) by y and using (100), we
obtain

1

2
N ′(t) = (yt(0), y(0))H +

∫ t

0

(‖yt‖2H − ‖y‖2V ) dτ

−
∫ t

0

(G(yt(τ)), y(τ))2dτ +

∫ t

0

(F(y(τ)), y(τ))2dτ, a.e. in [0, T ).

(107)

Using the Assumption 2.3 and the Mean Value Theorem, it is easy to verify
that

|fj(u, v, w)| 6 C(|u|p + |v|p + |w|p + 1), ∀(u, v, w) ∈ R3, j = 1, 2, 3.

Thus,∫ t

0

|(F(y), y)2| dτ 6 C

∫ t

0

∫ L

0

(|u|p+|v|p+|w|p+1)(|u|+ |v|+|w|)dxdτ. (108)

Using the Hölder’s inequality and the embedding H1
0 (0, L) ↪→ Lq(0, L), q > 1,

we obtain∫ t

0

∫ L

0

|u|p|u|dxdτ 6 C

(∫ t

0

‖u‖p
m+1
m

H1
0 (0,L)

dτ

) m
m+1

‖u‖Lm+1((0,L)×(0,t)) <∞,
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where we have used the facts u ∈ C([0, t];H1
0 (0, L)) and u ∈ Lm+1((0, L) ×

(0, t)). The other terms in (108) are estimated analogously. Therefore,

∫ t

0

|(F(y), y)2| dτ <∞, ∀t ∈ [0, T ). (109)

Using the regularity of the weak solution y and the assumptions on the param-
eters of damping, it is easy to verify that

∫ t

0

|(G(yt), y)2| dτ <∞, ∀t ∈ [0, T ). (110)

From (107), (109)-(110) and regularity of y, it follows that N ′(t) is absolutely
continuous. Hence, (106) holds.

We observe that (100) implies

‖y(t)‖2V = 2S(t)− 2G(t)− ‖yt(t)‖2H . (111)

By (105), (106), (111) and assumption F(y) · y > c1F (y), we have

U ′(t) = (1− ξ)G(t)−ξG′(t) + 4ε
(
‖yt‖2H − S(t) +G(t)

)
− 2ε(G(yt), y)2

+ 2ε(F(y), y)2

> (1−ξ)G(t)−ξG′(t) + 4ε‖yt‖2H+4εG(t)−2ε(G(yt), y)2+ 2λεS(t),

(112)

where λ = c1 − 2 > 0.

Now, we estime the terms on the right hand side of (112). Using the as-
sumption g1(s)s 6 β|s|m+1, the fact that p > m and (101), we have

∣∣∣∣∣
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣ 6 β

∫ L

0

|ut(t)|m|u(t)| 6 β‖u(t)‖m+1‖ut(t)‖mm+1

6 βL
p−m

(p+1)(m+1) ‖u(t)‖p+1‖ut(t)‖mm+1

6 K1S(t)
1
p+1 ‖ut(t)‖mm+1,

(113)

where K1 is given in (102). By the definition of ξ, we see that 1
p+1−

1
m+1+ξ < 0.
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Therefore, from (103)-(104), (113) and Young’s inequality, we get∣∣∣∣∣
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣
6 K1S(t)

1
p+1−

1
m+1S(t)

1
m+1 ‖ut(t)‖mm+1

6 G(t)
1
p+1−

1
m+1

(
δ1S(t) + Cδ1K

m+1
m

1 ‖ut‖m+1
m+1

)
6 δ1G(t)

1
p+1−

1
m+1S(t) + Cδ1K

m+1
m

1 α−1G′(t)G(t)−ξG(t)
1
p+1−

1
m+1+ξ

6 δ1G(0)
1
p+1−

1
m+1S(t) + Cδ1K

m+1
m

1 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
m+1+ξ

6
λ

6
S(t) + Cδ1K

m+1
m

1 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
m+1+ξ.

(114)

Analogously, we deduce that∣∣∣∣∣
∫ L

0

g2(vt(t))v(t)dx

∣∣∣∣∣
6
λ

6
S(t) + Cδ2K

r+1
r

2 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
r+1+ξ,∣∣∣∣∣

∫ L

0

g3(wt(t))w(t)dx

∣∣∣∣∣
6
λ

6
S(t) + Cδ3K

l+1
l

3 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
l+1+ξ.

(115)

Hence, by (114) and (115), we obtain

|(G(yt), y)2| 6
λ

2
S(t)Cδ1K

m+1
m

1 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
m+1+ξ

+ Cδ2K
r+1
r

2 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
r+1+ξ

+ Cδ3K
l+1
l

3 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
l+1+ξ.

(116)

Now, since 0 < ξ < 1
2 , we may choose 0 < ε < 1 small enough such that

L := 1− ξ − 2εCδ1K
m+1
m

1 α−1G(0)
1
p+1−

1
m+1+ξ

− 2εCδ2K
r+1
r

2 α−1G(0)
1
p+1−

1
r+1+ξ

− 2εCδ3K
l+1
l

3 α−1G(0)
1
p+1−

1
l+1+ξ > 0.

(117)

Using the estimate (116) in (112) and (103), (104) and (117), we obtain that

U ′(t) > LG′(t)G−ξ(t) + 4ε
(
‖yt‖2H +G(t)

)
+ λεS(t)

> 4ε
(
‖yt‖2H +G(t)

)
+ λεS(t).

(118)
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In particular, the inequality (118) ensures that U(t) is increasing on [0, T ), and
thus

U(t) = G(t)1−ξ + εN ′(t) > G(0)1−ξ + εN ′(0).

If N ′(0) > 0 then no further condition on ε is needed. However, if N ′(0) < 0,

then we further adjust ε so that 0 < ε 6 −G(0)1−ξ

2N ′(0) . In any case, one has

U(t) >
1

2
G(0)1−ξ > 0, t ∈ [0, T ). (119)

Finally, we show that

U ′(t) > Cε1+σU(t)η, t ∈ [0, T ), (120)

where

1 < η =
1

1− ξ
< 2, σ = 1− 2

(1− 2ξ)(p+ 1)
,

and C > 0 is a generic constant independent of ε. Observe that σ > 0 from
assumption ξ < p−1

2(p+1) .

Now, if N ′(t) 6 0 for some t ∈ [0, T ), then for such value of t we have

U(t)η =
[
G(t)1−ξ + εN ′(t)

]η
6 G(t), (121)

and in this case, (118) and (121) yield

U ′(t) > 4εG(t) > 4ε1+σG(t) > 4ε1+σU(t)η.

Hence, (120) holds for all t ∈ [0, T ) for which N ′(t) 6 0. However, if t ∈ [0, T )
is such that N ′(t) > 0, then showing the validity of (120) requires a little more
effort. First, we note that

U(t) = G(t)1−ξ + εN ′(t) 6 G(t)1−ξ +N ′(t).

Hence,

U(t)η 6 2η−1 [G(t) +N ′(t)η] . (122)

Using the Hölder’s and Young’s inequality and the fact that 1 < η < 2. We
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obtain from (100) that

N ′(t)η 6 2η
(
ρ1‖u(t)‖2‖ut(t)‖2 + ρ2‖v(t)‖2‖vt(t)‖2

+ ρ3‖w(t)‖2‖wt(t)‖2
)η

6 Cη,L
(
ρη1‖u(t)‖ηp+1‖ut(t)‖

η
2 + ρη2‖v(t)‖ηp+1‖vt(t)‖

η
2

+ ρη3‖w(t)‖ηp+1‖wt(t)‖
η
2

)
6 Cη,L

(
‖u(t)‖

2η
2−η
p+1 + ρ21‖ut(t)‖22 + ‖v(t)‖

2η
2−η
p+1 + ρ22‖vt(t)‖22

+ ‖w(t)‖
2η

2−η
p+1 + ρ23‖wt(t)‖22

)
6 Cη,L,%

(
‖u(t)‖

2η
2−η
p+1 + ρ1‖ut(t)‖22 + ‖v(t)‖

2η
2−η
p+1 + ρ2‖vt(t)‖22

+ ‖w(t)‖
2η

2−η
p+1 + ρ3‖wt(t)‖22

)
.

(123)

Since η = 1
1−ξ and σ > 0, it is easy to verify that

2η

(2− η)(p+ 1)
− 1 = −

[
1− 2

(1− 2η)(p+ 1)

]
= −σ < 0. (124)

Therefore, by (101), (104), (124) and by 0 < ε 6 G(0), we have

‖u(t)‖
2η

2−η
p+1 =

(
‖u(t)‖p+1

p+1

) 2η
(2−η)(p+1)

6 CS(t)
2η

(2−η)(p+1)

6 CS(t)
2η

(2−η)(p+1)
−1S(t) 6 CG(0)−σS(t) 6 Cε−σS(t).

(125)

Similarly,

‖v(t)‖
2η

2−η
p+1 6 Cε−σS(t) and ‖w(t)‖

2η
2−η
p+1 6 Cε−σS(t). (126)

By (123) and (125)-(126) and noting ε−σ > 1, we obtain that

N ′(t)η 6 C
(
ρ1‖ut(t)‖22 + ρ2‖vt(t)‖22 + ρ3‖wt(t)‖22 + ε−σS(t)

)
6 Cε−σ

(
ρ1‖ut(t)‖22 + ρ2‖vt(t)‖22 + ρ3‖wt(t)‖22 + S(t)

)
= Cε−σ

(
‖yt(t)‖2H + S(t)

)
.

(127)

Using the estimates (118), (122) and (127), we conclude

U ′(t) > Cε[G(t) + ‖yt‖2H + S(t)] > Cε[G(t) + εσN ′(t)η]

> Cεσ+1[G(t) +N ′(t)η] > Cεσ+1U(t)η,

for all values of t ∈ [0, T ) such that N ′(t) > 0. Hence, (120) hold. By simple
calculations, it follows from (119) and (120) that T is necessarily finite and

T < Cε−(1+σ)U(0)−
ξ

1−ξ 6 Cε−(1+σ)G(0)−ξ.

This completes the proof of Theorem 2.9.
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8. Global solutions

This section is devoted to the proof of Theorem 2.13.

Proof. Step 1: We first show the invariance of W1 under the dynamics, that
is, y(t) ∈W1 for all t ∈ [0, T ) where [0, T ) is the maximal interval of existence.

Notice that energy identity (9) is equivalent to

E(t) +

∫ t

0

(G(yt), yt)2 dτ = E(0). (128)

Since g1, g2 and g3 are monotone increasing, then it follows from the regularity
of the solutions y that

E ′(t) = −(G(yt), yt)2 6 0.

Hence,
I(z(t)) 6 E(t) 6 E(0) < d, ∀t ∈ [0, T ), (129)

and thereby property (i) of Theorem 2.13 holds, and y(t) ∈ W for all for all
t ∈ [0, T ).

To prove that y(t) ∈ W1 on [0, T ), we argue by contradiction. Assume
that there exists t1 ∈ (0, T ) such that y(t1) /∈ W1. Since W = W1 ∪W2 and
W1 ∩W2 = ∅, then it must be the case that y(t1) ∈W2.

From the property |∇fj(u, v, w)| 6 C(|u|p−1 + |v|p−1 + |w|p−1 + 1) and the
fact that F is homogeneous of order p + 1, it can be shown that the function

t 7→
∫ L
0
F (y(t)) dx is continuous on [0, T ). Therefore, since y(0) ∈ W1 and

y(t1) ∈ W2, from the definition of W1 and W2 we conclude that there exists
s ∈ (0, t1) such that

‖y(s)‖2V = (p+ 1)

∫ L

0

F (y(s)) dx. (130)

We define t∗ as the supremum over all s ∈ (0, t1) satisfying (130). Clearly
t∗ ∈ (0, t1) satisfies (130) and y(t) ∈W2 for all t ∈ (t∗, t1].

We have two cases to consider:
Case 1: Suppose that y(t∗) 6= 0. Since t∗ satisfies (130), then y(t∗) ∈ N ,

where N is the Nehari manifold given in (17). Thus, by Lemma 2.11, it follows
that I(y(t∗)) > d. Since E(t) > I(y(t)) for all t ∈ [0, T ), we obtain that
E(t∗) > d, which contradicts (129).

Case 2: Suppose that y(t∗) = 0. Since y(t) ∈ W2 for all (t∗, t1], then by
(14) and the definition of W2, we obtain

‖y(t)‖2V < (p+1)M‖y(t)‖p+1
p+1 6 C‖y(t)‖p+1

(H1
0 (0,L))

3

6 C‖y(t)‖p+1
V , ∀t ∈ (t∗, t1].

(131)
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Therefore,

‖y(t)‖V > s1, for all t ∈ (t∗, t1] where s1 = C−
1
p−1 . (132)

Using the continuity of weak solution y ∈ C([0, T );V ), we obtain that
‖y(t∗)‖V > s1 > 0 which contradicts the assumption y(t∗) = 0. Hence, y(t) ∈
W1 for all t ∈ [0, T ), and property (ii) of Theorem 2.13 follows.

Step 2: We will show that the weak solution y is global solution. By (129)
and Step 1, we have I(y(t)) < d and y(t) ∈W1 for all [0, T ), hence

d > I(y(t)) =
1

2
‖y(t)‖2V −

∫ L

0

F (y(t)) dx >
1

2
‖y(t)‖2V −

1

p+ 1
‖y(t)‖2V

=
p− 1

2(p+ 1)
‖y(t)‖2V .

(133)

Therefore, from (133) and definition of W1, it follows that∫ L

0

F (y(t)) dx <
1

p+ 1
‖y(t)‖2V <

2d

p− 1
, ∀t ∈ [0, T ). (134)

Using the estimate (134) in (128), we have that

E(t) +

∫ t

0

(G(yt), yt)2 dτ = E(0) +

∫ L

0

F (y(t)) dx < d+
2d

p− 1
= dρ.

By virtue of the monotonicity of g1, g2 and g3 the property (iii) in Theorem 2.13
follows. Hence, by a standard continuation argument, we conclude that the
weak solution y(t) is indeed a global solutions and it can be extended to [0,∞).

It remains to show the property (iv) of Theorem 2.13. Since F (y) is a non-
negative function, it follows that E(t) < E(t), for all t ∈ [0,∞). On the other
hand, by the fact y(t) ∈W1 for all t ∈ [0,∞) and the definition of E(t), we get

E(t) =
1

2
‖yt(t)‖2H +

1

2
‖y(t)‖2V −

∫ L

0

F (y(t)) dx

> E(t)− 1

p+ 1
‖y(t)‖2V >

1

ρ
E(t).

Thus, the proof of Theorem 2.13 is complete.

Now, we prove that W̃ δ
1 , given in (21), is invariant under the dynamics.

Proposition 8.1. Suppose that δ > 0 is sufficiently small and E(0) 6 J(s0−δ).
If y is the global solution of (1)-(2) given by Theorem 2.13 and y0 ∈ W̃ δ

1 , then

y(t) ∈ W̃ δ
1 for all t > 0.
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Proof. Using the fact that I(z(t)) 6 E(t) 6 E(0) and assumption E(0) 6
J(s0 − δ), we have I(y(t)) 6 J(s0 − δ) for all t > 0. To show that ‖y(t)‖V 6
s0 − δ for all t > 0, argue again by contradiction. Since ‖z0‖V 6 s0 − δ
and z ∈ C(R+;V ), we can assume in contrary that there exists t1 > 0 such
that ‖y(t1)‖V = s0 − δ + ε for ε ∈ (0, δ). Therefore, by (20), we obtain that
I(y(t1)) > J(s0 − δ + ε) > J(s0 − δ) since J(t) is strictly increasing on (0, s0).
However, this contradicts the fact that I(y(t)) 6 J(s0 − δ) for all t > 0.

9. Uniform decay rates of energy

In this section, we investigate the uniform decay rate of the energy for the global
solution given by Theorem 2.13. More precisely, we shall prove Theorem 2.14.

For notational convenience, we define

G(t) =

∫ t

0

(G(yt), yt)2 dτ.

By the monotonicity of g1 and g2, it follows that G(t) > 0, and the energy
identity (128) can be written as

E(t) +G(t) = E(0). (135)

We will prove that E(t) decays as the solution to a monotonic ODE of the form

S′(t) +Q(S(t)) = 0, S(0) = E(0),

with the map Q given by Q = (I + C̃T (1 + CT )Φ)−1 for a certain concave
increasing function Φ that vanishes at 0.

We introduce the functions Q and Φ as follows: Proceed as in [28, 29]. Let
φj : [0,∞) → [0,∞) be continuous, increasing, concave functions vanishing at
the origin, such that

φj(gj(s)s) > |gj(s)|2 + s2, j = 1, 2, 3. (136)

We define Φ : [0,∞)→ [0,∞) by

Φ(s) := φ1(s) + φ2(s) + φ3(s) + s, s > 0. (137)

We observe that the concave functions φ1, φ2 and φ3 with the properties (136)-
(137) can always be constructed (see [31, Examples 4.1 and 4.2]). To see this,
recall the damping g1, g2 and g3 are monotone increasing functions passing
through the origin. If g1, g2 and g3 are bounded above and below by linear or
superlinear functions near the origin, that is,

c1|s|m 6 |g1(s)| 6 c2|s|m, c3|s|r 6 |g2(s)| 6 c4|s|r,
c5|s|l 6 |g3(s)| 6 c6|s|l, ∀|s| < 1,

(138)
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where m, r, l > 1 and cj > 0, j = 1, . . . , 6. We define

φ1(s) = c
− 2
m+1

1 (1 + c22)s
2

m+1 , φ2(s) = c
− 2
r+1

3 (1 + c24)s
2
r+1 ,

φ3(s) = c
− 2
l+1

5 (1 + c26)s
2
l+1 .

(139)

It is straightforward to see the functions in (139) satisfies (136). To see this,
consider φ1 for example:

φ1(g1(s)s) = c
− 2
m+1

1 (1 + c22)(g1(s)s)
2

m+1 > c
− 2
m+1

1 (1 + c22)(c1|s|m+1)
2

m+1

= (1 + c22)|s|2 > s2 + (c2|s|m)2 > s2 + |g1(s)|2, ∀|s| < 1.

In particular, we observe that, if g1, g2 and g3 are all linearly bounded near the
origin (cf. Definition 2.2), then (139) shows that φ1, φ2 and φ3 are all linear
functions.

On the other hand, if the damping are bounded by sublinear functions near
the origin, that is,

c1|s|θ1 6 |g1(s)| 6 c2|s|θ1 , c3|s|θ2 6 |g2(s)| 6 c4|s|θ2 ,
c5|s|θ3 6 |g3(s)| 6 c6|s|θ3 , ∀|s| < 1,

(140)

where 0 < θ1, θ2, θ3 < 1 and cj > 0, j = 1, . . . , 6, then we can select

φ1(s) = c
− 2θ1
θ1+1

1 (1 + c22)s
2θ1
θ1+1 , φ2(s) = c

− 2θ2
θ2+1

3 (1 + c24)s
2θ2
θ2+1 ,

φ3(s) = c
− 2θ3
θ3+1

5 (1 + c26)s
2θ3
θ3+1 .

(141)

In sum, by (139) and (141), there exist constants C1, C2, C3 > 0 such that

φ1(s) = C1s
ξ1 , φ2(s) = C2s

ξ2 , φ3(s) = C3s
ξ3 , (142)

where

ξ1 =
2

m+ 1
or

2θ1
θ1 + 1

, ξ2 =
2

r + 1
or

2θ2
θ2 + 1

, ξ3 =
2

l + 1
or

2θ3
θ3 + 1

, (143)

depending on the growth rates of g1, g2 and g3 near the origin, which are
specified in (138) and (140), respectively.

Now, we define

a = max

{
1

ξ1
,

1

ξ2
,

1

ξ3

}
. (144)

Observe that if at least one of g1, g2 and g3 is not linearly bounded near the
origin, then a > 1 and in this case we define

b :=
1

a− 1
> 0. (145)
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9.1. Perturbed stabilization estimate

We will start with the following proposition.

Proposition 9.1. In addition to Assumption 2.3 and Assumption 2.10, sup-
pose further that p > 1, y0 ∈ W1 and E(0) < d. Then the global solution y of
(1)-(2) given by Theorem 2.13 satisfies

E(T ) 6 C̃T

[
Φ(G(t)) + sup

s∈[0,T ]

‖y(s)‖2H

]
, ∀T > 0, (146)

where Φ is given in (137) and C̃T = Cρ,L,T
(
1 + (E(0))p−1

)
.

Proof. Let T > 0 be fixed. Using the fact that y ∈ C([0, T ];V ) and H1
0 (0, L) ↪→

Lq(0, L) for all q > 1, we see that y possesses the requisite test function regu-
larity as stated in Definition 2.4. Hence, replacing ψ by y in (7), we obtain

(yt(t), y(t))H |T0 +

∫ T

0

(‖y‖2V − ‖yt‖2H)dt+

∫ T

0

(G(yt), y)2dt

=

∫ T

0

(F(y), y)2dt,

(147)

By (12), (13) and (147) it follows that∫ T

0

E(t) dt 6
1

2

∫ T

0

|(F(y), y)2| dt+
1

2

∫ T

0

|(G(yt), y)2| dt

+
1

2

∣∣− (yt(T ), y(T ))H + (yt(0), y(0))H
∣∣+

∫ T

0

‖yt‖2H dt.

(148)

Now, we will estimate each term on the right-hand side of (148).
Estimate for the term:

∣∣− (yt(T ), y(T ))H + (yt(0), y(0))H
∣∣. We have∣∣−(yt(T ), y(T ))H + (yt(0), y(0))H

∣∣
6
ε

2

(
‖yt(T )‖2H + ‖yt(0)‖2H

)
+

1

2ε

(
‖y(T )‖2H + ‖y(0)‖2H

)
6 ε(E(T ) + E(0)) +

1

ε
sup

s∈[0,T ]

‖y(s)‖22.

Using the property (iv) of Theorem 2.13, (135) and last estimate, we obtain∣∣−(yt(T ), y(T ))H + (yt(0), y(0))H
∣∣

6 ερ(E(T ) + E(0)) +
1

ε
sup

s∈[0,T ]

‖y(s)‖2H

6 ερ(2E(T ) +G(T )) +
1

ε
sup

s∈[0,T ]

‖y(s)‖2H .

(149)
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Estimate for the term: ∫ T

0

‖y‖p+1
p+1 dt.

Using the fact that H1
0 (0, L) ↪→ Lq(0, L) and (4), it follows that

‖u‖2p2p 6 C‖u‖2p
H1

0 (0,L)
6 Cρ1‖y‖2pV .

Thus,

‖u‖p+1
p+1 =

∫ L

0

|u|p|u| dx 6 ‖u‖p2p‖u‖2 6 ε0‖u‖2p2p +
1

6ε0
‖u‖22

6 ε0ρ1C‖y‖2pV +
1

6ε0
‖u‖22.

(150)

By Theorem 2.13 (i) and (iv), we conclude that

‖y‖2V 6 2E(t) 6 2ρE(t) 6 2ρE(0). (151)

Therefore, from (150) and (151) it follows that

‖u‖p+1
p+1 6 ε0ρ1C(2E(t))p +

1

6ε0
‖u‖22

6 ε0ρ1C(2E(t))p−1E(t) +
1

6ε0
‖u‖22

6 ε0ρ1C(2ρE(0))p−1E(t) +
1

6ε0
‖u‖22.

(152)

For each ε > 0, if we choose ε0 = ε
3ρ1C(2ρE(0))p−1 , then (152) gives

‖u‖p+1
p+1 6

ε

3
E(t) + Cε,ρ(E(0))p−1ρ1‖u‖22. (153)

Similarly,

‖v‖p+1
p+1 6

ε

3
E(t) + Cε,ρ(E(0))p−1ρ2‖v‖22,

‖w‖p+1
p+1 6

ε

3
E(t) + Cε,ρ(E(0))p−1ρ3‖w‖22.

(154)

Therefore, by (153) and (154) we get∫ T

0

‖y‖p+1
p+1 dt 6 ε

∫ T

0

E(t) dt+

∫ T

0

Cε,ρ(E(0))p−1‖y‖2H dt

6 ε

∫ T

0

E(t) dt+ Cε,ρ(E(0))p−1T sup
s∈[0,T ]

‖y(s)‖2H dt.

(155)
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Estimate for the term: ∫ T

0

‖zt‖2H dt.

We introduce the sets:

A := {(x, t) ∈ (0, L)× (0, T ) : |yt(x, t)| < 1},
B := {(x, t) ∈ (0, L)× (0, T ) : |yt(x, t)| > 1}.

By Assumption 2.3, we have g1(s)s > α|s|m+1 for |s| > 1. Using (136) the fact
that φ1 is concave and increasing and Jensen’s inequality, we obtain∫ T

0

ρ1‖ut‖22 dt = ρ1

∫
A

|ut|2 dxdt+ ρ1

∫
B

|ut|2 dxdt

6
∫
A

ρ1φ1(g1(ut)ut) dxdt+
ρ1
α

∫
B

g1(ut)ut dxdt

6 max{1, TL} ρ1φ1

(∫ T

0

∫ L

0

g1(ut)ut dxdt

)

+
ρ1
α

∫ T

0

∫ L

0

g1(ut)ut dxdt.

(156)

Analogously,∫ T

0

ρ2‖vt‖22 dt 6 max{1, TL} ρ2φ2

(∫ T

0

∫ L

0

g2(vt)vt dxdt

)

+
ρ2
α

∫ T

0

∫ L

0

g2(vt)vt dxdt

and ∫ T

0

ρ3‖wt‖22 dt 6 max{1, TL} ρ3φ3

(∫ T

0

∫ L

0

g3(wt)wt dxdt

)

+
ρ3
α

∫ T

0

∫ L

0

g3(wt)wt dxdt.

(157)

Let C(T, L) = 1+TL+ 1
αC1, where C1 = max{ρ1, ρ2, ρ3}. Then, by (156)-(157)

and definition of Φ, we get∫ T

0

‖yt‖2H dt 6 max{1, TL}Φ(G(T )) +
1

α
C1G(T ) 6 C(T, L)Φ(G(T )). (158)

Estimate for the term: ∫ T

0

|(G(yt), y)2|dt.
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We have∫ T

0

∫ L

0

|g1(ut)u|dxdt

=

∫
A

|g1(ut)u|dxdt+

∫
B

|g1(ut)u|dxdt

6

(∫ T

0

‖u‖22 dt

) 1
2 (∫

A

|g1(ut)|2 dxdt

) 1
2

+

∫
B

|g1(ut)u|dxdt

6 ε

∫ T

0

E(t) dt+ Cε

∫
A

|g1(ut)|2 dxdt+

∫
B

|g1(ut)u|dxdt.

(159)

By (136) and Jensen’s inequality, we have∫
A

|g1(ut)|2 dxdt 6
∫
A

φ1(g1(ut)u) dxdt

6 max{1, TL}φ1

(∫ T

0

∫ L

0

g1(ut)ut dxdt

)
.

(160)

Next, we estimate the last term on the right-hand side of (159). By Assump-
tion 2.3, we have |g1(s)s| 6 β|s|m for |s| > 1. Therefore, by Hölder’s inequality,
we obtain∫

B

|g1(ut)u|dxdt 6

(∫
B

|u|m+1 dxdt

) 1
m+1

(∫
B

|g1(ut)|
m+1
m dxdt

) m
m+1

6 β
1

m+1

(∫ T

0

‖u‖m+1
m+1dxdt

) 1
m+1 (∫

B

|g1(ut)||ut|dxdt

) m
m+1

.

(161)

Using the inequality E(t) 6 dρ for all t > 0 in Theorem 2.13, we see that∫ T

0

‖u‖m+1
m+1 dxdt 6 C

∫ T

0

‖u‖m+1
H1

0 (0,L)
dxdt

6 C

∫ T

0

E(t)
m+1

2 dt 6 C

∫ T

0

E(t) dt.

(162)

Combining (161) and (162) we get

∫
B

|g1(ut)u|dxdt 6 C

(∫ T

0

E(t) dt

) 1
m+1 (∫

B

g1(ut)ut dxdt

) m
m+1

6 ε

∫ T

0

E(t) dt+ Cε

∫
B

g1(ut)ut dxdt.

(163)
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Applying the estimates (160) and (163) to (159) we obtain∫ T

0

∫ L

0

|g1(ut)u|dxdt 6 2ε

∫ T

0

E(t) dt

+ Cε max{1, TL}φ1

(∫ T

0

∫ L

0

g1(ut)ut dxdt

)

+ Cε

∫
B

g1(ut)ut dxdt.

(164)

Similarly,∫ T

0

∫ L

0

|g2(vt)v| dxdt 6 2ε

∫ T

0

E(t) dt

+ Cε max{1, TL}φ2

(∫ T

0

∫ L

0

g2(vt)vt dxdt

)

+ Cε

∫
B

g2(vt)vt dxdt

and∫ T

0

∫ L

0

|g3(wt)w|dxdt 6 2ε

∫ T

0

E(t) dt

+ Cε max{1, TL}φ2

(∫ T

0

∫ L

0

g3(wt)wtdxdt

)

+ Cε

∫
B

g3(wt)wt dxdt.

(165)

Hence, by (164)-(165) and the fact that s 6 Φ(s) for all s > 0, we have that∫ T

0

|(G(yt), y)2|dt 6 6ε

∫ T

0

E(t) dt+ Cε max{1, TL}Φ(G(T )) + CεG(T )

6 6ε

∫ T

0

E(t) dt+ C(ε, L, T )Φ(G(T )).

(166)

Now, applying the estimates (149), (155), (158) and (166) to (148), we conclude∫ T

0

E(t) dt 6 4ε

∫ T

0

E(t) dt+
ρε

2
(2E(T ) +G(T )) + C(ε, L, T )Φ(G(T ))

+

(
1

2ε
+ Cε,ρ(E(0))p−1T

)
sup

s∈[0,T ]

‖y(s)‖2H .
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Therefore, for any fixed T , we choose ε = min
{

1
8 ,

T
4ρ

}
, we get

1

2

∫ T

0

E(t) dt 6
T

8
(2E(T ) +G(T )) + C(ε, L, T )Φ(G(T ))

+ CT,ρ
(
1 + E(0))p−1

)
sup

s∈[0,T ]

‖y(s)‖2H .
(167)

Since E(t) > E(t) for all t > 0 and E(t) is non-increasing, we obtain∫ T

0

E(t) dt >
∫ T

0

E(t) dt > TE(T ). (168)

Thus, from (167) and (168), it follows that

T

2
E(T ) 6

T

4
E(T ) +

T

8
G(T ) + C(ε, L, T )Φ(G(T ))

+ CT,ρ
(
1 + E(0))p−1

)
sup

s∈[0,T ]

‖y(s)‖2H .
(169)

Dividing the inequality (169) by T > 0, we obtain

1

4
E(T ) 6

1

8
G(T ) + C(ε, L, T )Φ(G(T ))

+ CT,ρ
(
1 + E(0))p−1

)
sup

s∈[0,T ]

‖y(s)‖2H .
(170)

Finally, since G(T ) 6 Φ(G(T )), if we put

C̃T = 4

(
1

8
+ C(ε, L, T ) + CT,ρ

(
1 + E(0))p−1

))
,

then (170) implies

E(T ) 6 C̃T

(
Φ(G(T )) + sup

s∈[0,T ]

‖y(s)‖2H

)
, ∀ T > 0.

The proof is complete.

9.2. Absorption of the lower order terms

Proposition 9.2. In addition to Assumption 2.3 and Assumption 2.10 with
p > 1, further assume y0 ∈ W̃ δ

1 and E(0) 6 J(s0 − δ) for some δ > 0. Then
for any T > 0 there exists a constant CT > 0 such that the solution z of the
system (1)-(2) furnished by Theorem 2.13 satisfies the inequality

sup
s∈[0,T ]

‖y(s)‖2H 6 CTΦ(G(T )).
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Proof. We follow the standard compactness-uniqueness approach and argue by
contradiction see, for instance, [24, 28].

Step 1: Limit problem from the contradiction hypothesis. Let us fix
T > 0. Suppose there is a sequence of initial data

{(yn(0), ynt (0))}n∈N ⊂ W̃ δ
1 ×H

such that
En(0) 6 G(s0 − δ) < d, (171)

and the corresponding weak solutions yn = (un, vn, wn) satisfy

sup
s∈[0,T ]

‖yn(s)‖2H > nΦ(Gn(T )), ∀n ∈ N.

Hence,

lim
n→∞

Φ(Gn(T ))

sup
s∈[0,T ]

‖yn(s)‖2H
= 0, (172)

where

Gn(T ) =

∫ T

0

∫ L

0

[g1(unt )unt + g2(vnt )vnt + g3(wnt )wnt ] dxdt.

By Theorem 2.13 and (171), it follows that

sup
s∈[0,T ]

(
‖ynt (s)‖2V + ‖yn(s)‖2H

)
6 2ρEn(0) 6 2ρd. (173)

This proves that {(yn, ynt )} is a bounded sequence in L∞(0, T ;H), where H =
V ×H, with H = (L2(0, L))3 and V = (H1

0 (0, L))3. Therefore, there exists a
subsequence such that

(yn, ynt )→ (y, yt) weakly∗ in L∞(0, T ;H). (174)

We note here that for any 0 < ε < 1, the embedding H1
0 (0, L) ↪→ H1−ε(0, L) is

compact, then by Simon’s compactness theorem [41], there exists a subsequence
such that

yn → y strongly in L∞
(
0, T ; (H1−ε(0, L))3

)
. (175)

Moreover, since yn ∈ C
(
[0, T ]; (H1−ε(0, L))3

)
thus the sequence is Cauchy in

C
(
[0, T ]; (H1−ε(0, L))3

)
and

y ∈ C
(
[0, T ]; (H1−ε(0, L))3

)
. (176)

Now, we will prove that y(t) = 0 on [0, T ].
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First, we will prove that y ∈ N ∪ {0}. Let ψ ∈
(
C((0, L)×(0, t)) ∩

C([0, t];H1
0 (0, L))

)3
such that ψ(0) = ψ(t) = 0, and ψt ∈ (L2((0, L)× (0, t)))3.

Then, by (7) we have∫ t

0

[(yn, ψ)V − (ynt , ψt)H ]dτ +

∫ t

0

(G(ynt ), ψ)2dτ =

∫ t

0

(F(yn), ψ)2dτ. (177)

We will pass to the limit with n to infinity in the equation (177). By (172) and
(173) it follows that

lim
n→∞

Φ(Gn(T )) = 0. (178)

By (158) and (178) we have

lim
n→∞

∫ T

0

‖ynt ‖2H dt = 0. (179)

Hence,

lim
n→∞

∫ t

0

−(ynt , ψt)H dτ = 0, ∀t ∈ [0, T ]. (180)

We introduce the sets

An := {(x, t) ∈ (0, L)× (0, T ) : |unt (x, t)| < 1},
Bn := {(x, t) ∈ (0, L)× (0, T ) : |unt (x, t)| > 1}.

(181)

Since g1 vanishing at the origin, we obtain that∫ T

0

∫ L

0

|g1(unt )|
m+1
m dxdt

=

∫
An

|g1(unt )|
m+1
m dxdt+

∫
Bn

|g1(unt )|
m+1
m dxdt

6 β
m+1
m LT + β

m+1
m

1

α

∫ T

0

∫ L

0

g1(unt )unt dxdt.

(182)

By (178), we see that
∫ T
0

∫ L
0
g1(unt )unt dxdt→ 0 as n→∞, then (182) implies

sup
n∈N

∫ T

0

∫ L

0

|g1(unt )|
m+1
m dxdt <∞. (183)

Observe that (179) implies, on a subsequence, unt → 0 a.e. in (0, L) × (0, T ).
Thus, from the continuity of g1, we have that g1(unt )→ 0 a.e. in (0, L)× (0, T ).
Therefore, by (183) and the fact m+1

m > 1, we conclude

g1(unt )→ 0 weakly in L
m+1
m ((0, L)× (0, T )). (184)
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Similarly,

g2(vnt )→ 0 weakly in L
r+1
r ((0, L)× (0, T ))

and

g3(wnt )→ 0 weakly in L
l+1
l ((0, L)× (0, T )). (185)

By (184)-(185), we get

lim
n→∞

∫ t

0

(G(ynt ), ψ)2 dτ = 0. (186)

Now, using the estimate

|∇fj(y)| 6 C(|u|p−1 + |v|p−1 + |w|p−1 + 1),

we obtain that∫ t

0

(F(yn)− F(y), ψ)2 dτ

=

∫ t

0

∫ 1

0

(DF(syn + (1− s)y)(yn − y), ψ)2 dsdτ

6 C
(
‖y‖p−1(Lp(0,L))3 + ‖yn‖p−1(Lp(0,L))3

)
‖yn − y‖Lp((0,L)×(0,t)),

where DF denotes the Jacobi matrix of F. Therefore,

lim
n→∞

∫ t

0

(F(yn), ψ)2 dτ =

∫ t

0

(F(y), ψ)2 dτ. (187)

Using (174), (180), (186) and (187), we can pass to the limit in (177) to obtain∫ t

0

(y, ψ)V dτ =

∫ t

0

(F(y), ψ)2 dτ. (188)

Now we fix ψ̃ ∈ (H1
0 (0, L)∩C([0, L]))3 and substitute ψ(x, τ) := τ(t−τ)ψ̃(x)

into (188). Differentiating the result twice with respect to t we get

(y, ψ̃)V = (F(y), ψ̃)2. (189)

Let ψ̃n ∈ (H1
0 (0, L) ∩ C([0, L]))3 such that ψ̃n → y(t) for a fixed t. Taking

n→∞ in (189) and using the continuity of F we obtain

lim
n→∞

(y, ψ̃n)V = lim
n→∞

(F(y), ψ̃n)2 ⇔ (y, y)V = (F(y), y)2

⇔ ‖y‖2V = (p+ 1)

∫ L

0

F (y) dx.
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Therefore, y(t) = 0 or y(t) ∈ N for t ∈ [0, T ].

Next, to show that y(t) = 0 on [0, T ], it suffices to show that y(t) ∈ W̃ δ
1 ⊂

W1 on [0, T ], since W1 ∩N = ∅. We recall that {yn} is bounded in C([0, T ];V )

and zn → z strongly C(0, T ; (H1−ε(0, L))3). Since the initial data yn(0) ∈ W̃ δ
1

and En(0) 6 J(s0 − δ), then Proposition 8.1 shows that yn(t) ∈ W̃ δ
1 for all

t > 0. Then, by the definition of W̃ δ
1

‖yn(t)‖V 6 s0 − δ and I(zn(t)) 6 J(s0 − δ), ∀t > 0.

Observe that, for each fixed t in [0, T ], we have

‖y(t)‖V 6 lim inf
n→∞

‖yn(t)‖V 6 s0 − δ. (190)

Moreover, since F is continuous, then by (14) and the Lebesgue dominated
convergence, we obtain

lim
n→∞

∫ L

0

F (yn) dx =

∫ L

0

F (y) dx. (191)

In order to show J(s0 − δ) > I(y(t)) on [0, T ], we note that

J(s0 − δ) > I(yn(t)) =
1

2
‖yn(t)‖2V −

∫ L

0

F (yn) dx. (192)

By (190) and (191), we can take the limit inferior in the inequality (192) to
obtain

J(s0 − δ) > I(z(t)), on [0, T ].

Therefore y(t) ∈ W̃ δ
1 ⊂W1 on [0, T ]. Thus, by definition of W1, necessarily we

have
z(t) = 0, on [0, T ]. (193)

Step 1: Re-normalize the sequence {yn}. We define

Nn := sup
s∈[0,T ]

‖yn(s)‖H .

By (176) and (193), it follows that

lim
n→∞

Nn = 0.

We set zn := yn/Nn, then it is clear that

sup
s∈[0,T ]

‖zn(s)‖2H = 1. (194)
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Each zn satisfies the variational identity∫ t

0

[(zn, ψ)V − (znt , ψt)H ]dτ +

∫ t

0

(
G(ynt )

Nn
, ψ

)
2

dτ =

∫ t

0

(
F(ynt )

Nn
, ψ

)
2

dτ, (195)

where ψ ∈
(
C((0, L)× (0, t)) ∩ C([0, t];H1

0 (0, L))
)3

is such that ψ(0) = ψ(t) =
0, and ψt ∈ (L2((0, L) × (0, t)))3. By the contradiction hypothesis (172), we
have

lim
n→∞

Φ(Gn(T ))

N2
n

= 0, (196)

and along with (158), we obtain

lim
n→∞

∫ T

0

1

N2
n

‖ynt ‖2H dt = 0,

which is equivalent to

lim
n→∞

∫ T

0

‖znt ‖2H dt = 0. (197)

Let En be the total energy corresponding to the solution yn. The inequalities
(iii) and (iv) of Theorem 2.13 show that 0 6 En(t) 6 dρ for all t > 0. Also, by
(146), (194) and (196), we obtain that

lim sup
n→∞

En(T )

N2
n

6 C̃.

The energy identity (135) implies that En(t) +Gn(t) = En(0), and thus En(t)N2
n

6
En(0)
N2
n

. By Theorem 2.13 (iv) we conclude that the sequence{
En(t)

N2
n

=
1

2
‖zn(t)‖2V + ‖znt (t)‖2H

}
,

is uniformly bounded on [0, T ], where En(t) is the quadratic energy corre-
sponding to yn. Therefore, {(zn, znt )} is a bounded sequence in L∞(0, T ;H).
Therefore, on a subsequence,

zn → z weakly∗ in L∞(0, T ;V ). (198)

As in the case with zn, Simon’s compactness result now yields

zn → z strongly in L∞
(
0, T ; (H1−ε(0, L))3

)
. (199)

Observe that (194) and (199) implies that

lim
n→∞

sup
s∈[0,T ]

‖zn(s)‖2H = sup
s∈[0,T ]

‖z(s)‖2H = 1. (200)

251



(58 of 70) M.M. FREITAS ET. AL

Thus, the limiting function z is non-trivial.

We next show

lim
n→∞

∫ t

0

(
G(ynt )

Nn
, ψ

)
2

dτ = 0. (201)

Since ψ ∈
(
C((0, L)× (0, T )))3 it suffices to prove that

gj(u
n
t )

Nn
→ 0 in L1((0, L)×

(0, T )), j = 1, 2, 3. We will prove that

g1(unt )

Nn
→ 0 strongly in L

m+1
m ((0, L)× (0, T )). (202)

Recall the definition of the sets An and Bn in (181). Since Nn → 0 as n→∞,
we can let n be sufficiently large such that Nn < 1. Using Hölder’s inequality
we deduce∫ T

0

∫ L

0

∣∣∣∣g1(unt )

Nn

∣∣∣∣m+1
m

dxdτ

6 C(T, L)

(∫
An

∣∣∣∣g1(unt )

Nn

∣∣∣∣2 dxdτ

)m+1
2m

+
1

N2
n

∫
Bn

|g1(unt )|
m+1
m dxdτ.

By (160), (5) and Jensen’s inequality, we have

∫ T

0

∫ L

0

∣∣∣∣g1(unt )

Nn

∣∣∣∣m+1
m

dxdτ

6 C(T, L)

(
1

N2
n

∫
An

ϕ(g1(unt )unt ) dxdτ

)m+1
2m

+
β
m+1
m

αN2
n

∫
Bn

g1(unt )unt dxdτ

6 C(T, L)

(
Φ(G(T ))

N2
n

)m+1
2m

+
β
m+1
m

α

Φ(G(T ))

N2
n

n→∞−−−−→ 0.

This proves (202). Similarly,

g2(vnt )

Nn
→ 0 strongly in L

r+1
r ((0, L)× (0, T ))

and
g2(wnt )

Nn
→ 0 strongly in L

l+1
l ((0, L)× (0, T )).

Next we show

lim
n→∞

∫ t

0

(
F(yn)

Nn
, ψ

)
2

dτ = 0. (203)
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Using (15), we obtain that∫ t

0

∫ L

0

∣∣∣∣fj(yn)

Nn
ψj

∣∣∣∣ dxdτ

6 C

∫ t

0

∫ L

0

(
|zn1 ||un|p−1 + |zn2 ||vn|p−1 + |zn3 ||wn|p−1

)
dxdτ,

where zn = (zn1 , z
n
2 , z

n
3 ) = (un/Nn, v

n/Nn, w
n/Nn). By Hölder’s inequality,

(175), (193) and (198), it follows that∫ T

0

∫ L

0

|zn1 ||un|p−1 dxdτ

6

(∫ T

0

∫ L

0

|zn1 |p dxdτ

) 1
p
(∫ T

0

∫ L

0

|un|p dxdτ

) p−1
p

6

(∫ T

0

∫ L

0

|zn1 |p dxdτ

) 1
p
(∫ T

0

∫ L

0

|yn|p dxdτ

) p−1
p

n→∞−−−−→ 0.

Similarly, ∫ t

0

∫ L

0

|zn2 ||vn|p−1 dx
n→∞−−−−→ 0

and ∫ T

0

∫ L

0

|yn2 ||wn|p−1 dxdτ
n→∞−−−−→ 0.

Thus, (203) follows.
Using (197), (198), (201) and (203), we can pass to the limit in (195) to

obtain ∫ t

0

(z, ψ)V dτ = 0, ∀t ∈ (0, T ). (204)

Now, fix an arbitrary ψ̃ ∈ (H1
0 (0, L) ∩ C([0, L]))3 and substitute ψ(x, τ) :=

τ(t− τ)ψ̃(x) into (204). Differentiating the result twice yields

(z(t), ϕ)V = 0, ∀t ∈ (0, T ).

which by density implies z = 0 in V for all t ∈ (0, T ). However, this contradicts
the fact (200). Hence, the proof of Proposition 9.2 is complete.

9.3. Proof of Theorem 2.14

In this parte, we complete the proof of Theorem 2.14.
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Proof. Combining Propositions 9.1 and 9.2, we obtain

E(T ) 6 C̃T (1 + CT ) Φ(G(T )), ∀T > 0.

Define ΦT := C̃T (1 + CT ) Φ, then

E(T ) 6 ΦT (G(T )) = ΦT (E(0)− E(T )),

which implies

E(T ) + Φ−1T (E(T )) 6 E(0).

By iterating the estimate on intervals [mT, (m+ 1)T ], m = 0, 1, 2, . . . , we have

E((m+ 1)T ) + Φ−1T (E((m+ 1)T )) 6 E(mT ), m = 0, 1, 2, . . . .

Therefore, by [28, Lemma 3.3], it follows that

E(mT ) 6 S(m), ∀m = 0, 1, 2, . . . , (205)

where S is the solution to the ODE

S′ +
[
I −

(
I + Φ−1T

)−1]
(S) = 0, S(0) = E(0). (206)

where I denotes the identity mapping. It is easy to verify that

I −
(
I + Φ−1T )−1 = (I + ΦT )−1,

thus, the ODE (206) can be reduced to

S′ + (I + ΦT )−1(S) = 0, S(0) = E(0), (207)

where (207) has a unique solutions defined on [0,∞). Since ΦT is increasing
passing through the origin, we have (I+ΦT )−1 is also increasing and vanishing
at zero. So if we write (207) in the form S′ = −(I + ΦT )−1(S), then it follows
that S(t) is decreasing and S(t)→ 0 as t→∞.

For any t > T > 0, there exists m ∈ N such that t = mT+δ with 0 6 δ < T ,
therefore m = t

T −
δ
T > t

T − 1. By (205) and the fact that E(t) and S(t) are
monotone decreasing, we obtain

E(t) = E(mT + δ) 6 E(mT ) 6 S(m) 6 S

(
t

T
− 1

)
, ∀t > T. (208)

Thus, the proof of Theorem 2.14 is complete.
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9.4. Proof of Corollary 2.15

If g1, g2 and g3 are linearly bounded near the origin, then (139) shows that
ϕ1 and ϕ2 are linear, and it follows that ΦT is linear, which implies that
(I + ΦT )−1 is also linear. Therefore, the ODE (207) is of the form S′+ωS = 0
(for some positive constant ω) with the unique solution S(t) = E(0)e−ωt. Thus,
from (208), it follows that

E(t) 6 E(0)e−ω( tT −1) = (eωE(0))e−(ω/T )t.

Thus, the proof of Corollary 2.15 is complete.

9.5. Proof of Corollary 2.16

If at least one of g1, g2 and φ3(s) = C3s
ξ3 are not linearly bounded near

the origin, then by (142) we may choose φ1(s) = C1s
ξ1 , φ2(s) = C2s

ξ2 and
φ3(s) = C3s

ξ3 , where 0 < ξ1, ξ2, ξ3 6 1 are given in (143). Also recall that

a = max
{

1
ξ1
, 1
ξ2
, 1
ξ3

}
> 1, as defined in (144).

Let h = φ1 + φ2 + φ3. It is clear that there exists hb = C0s
min{ξ1,ξ2,ξ3} and

hs such that h = hb + hs satisfies the hypothesis of [29, Corollary 1], where C0

depends on C1, C2 and C3. From [29, Corollary 1], there exists a t0 > 0 such
that

E(t) 6 S̃

(
t

T
− 1

)
, ∀t > t0,

where S̃ is the solution of the ODE

S̃′(t) + C0S̃(t)a = 0, S̃(t0) = S(t0). (209)

Since the solution of (209) is

S̃(t) =
[
C0(a− 1)(t− t0) + S(t0)1−a

]− 1
a−1 , ∀t > t0,

the proof of Corollary 2.16 is complete with b = 1
a−1 .

10. Blow-up of potential well solutions

This section is devoted to prove the Theorem 2.18. We begin by showing W2 is
invariant under the dynamics of (1). The following result is proved in a similar
way as in [31, Lemma 8].

Lemma 10.1. In addition to Assumptions 2.3 and 2.10 with p > 1, further
assume that y(0) ∈ W2 and E(0) < d, then the weak solution y(t) ∈ W2 for all
t ∈ [0, T ), and

‖y(t)‖2V > 2ρd, ∀t ∈ [0, T ), (210)

where ρ := p+1
p−1 and [0, T ) is the maximal interval of existence.
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Proof. Step 1. Let y(0) ∈ W2, we first show that y(t) ∈ W2 for all t ∈ [0, T ).
We proceed by contradiction. Assume there exists t0 ∈ [0, T ) such that y(t0) /∈
W2, which this implies

‖y(t0)‖2V > (p+ 1)

∫ L

0

F (y(t0)) dx.

Using that y ∈ C([0, T );V ) and the assumption y(0) ∈ W0, we conclude that
there exists s ∈ (0, t0] such that

‖y(s)‖2V = (p+ 1)

∫ L

0

F (y(s)) dx. (211)

Now we define t∗ as the infinimum of all s ∈ (0, t0] satisfying (211). By con-
tinuity, one has t∗ ∈ (0, t0] satisfying (211) and z(t) ∈ W2 for all t ∈ [0, t∗).
Thus, we have two cases to consider.
Case 1: Suppose that ‖y(t∗)‖V 6= 0. Since t∗ satisfies (211), then y(t∗) ∈ N ,
and by Lemma 2.11, we know I(y(t∗)) > d. Thus E(t∗) > d, contradicting the
fact that E(t) 6 E(0) < d for all t ∈ [0, T ).
Case 2: Suppose that ‖y(t∗)‖V = 0. Since y(t) ∈W2 for all [0, t∗), utilizing a
similar argument as in (131) and (132) we obtain ‖y(t)‖V > s1, for all [0, t∗)
and some s1 > 0. By the continuity of the weak solution y(t), we obtain that
‖y(t∗)‖V > s1 > 0, contradicting the assumption ‖y(t∗)‖V = 0.

Step 2: It remains to show inequality (210). Let y ∈ W2 be fixed. By
Assumption 2.10, we have

I(λy) = ‖λy‖2V −
∫ L

0

F (λy) dx =
λ2

2
‖y‖2V − λp+1

∫ L

0

F (y) dx, for λ > 0.

Therefore,
d

dλ
I(λy) = λ‖y‖2V − (p+ 1)

∫ L

0

λpF (y) dx.

Hence,the map λ 7→ I(λy) has only one critical point λ0 which satisfies

‖y‖2V = (p+ 1)λp−10

∫ L

0

F (y) dx. (212)

Since y ∈ W2, then λ0 < 1. In addition, since the function λ 7→ I(λz) attains
its absolute maximum over the positive axis at its critical point λ = λ0. Thus,
by (18) and (212), it follows that

d 6 sup
λ>0

I(λy) =
λ20
2
‖y‖2V − λ

p+1
0

∫ L

0

F (y) dx =
λ20
2

(p− 1)

(p+ 1)
‖y‖2V .

Since λ0 < 1, we obtain that ‖y‖2V > 2dp−1p+1 = 2ρd. The proof is complete.
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10.1. Proof of Theorem 2.18

In this part, we prove the blow up result stated in Theorem 2.18.

Proof. In order to show that the maximal existence time T is necessarily finite,
we argue by contradiction. Assume the weak solution y(t) can be extended to
[0,∞), then Lemma 10.1 says y(t) ∈W2 for all t ∈ [0,∞), that is,

‖y(t)‖2V < (p+ 1)

∫ L

0

F (y) dx, ∀t ∈ [0,∞). (213)

Moreover, by the assumption 0 6 E(0) < d, the energy E(t) remains nonnega-
tive

0 6 E(t) 6 E(0) < d, ∀t ∈ [0,∞).

To see this, assume that E(t0) < 0 for some t0 ∈ (0,∞). Then, the blow-
up result in Theorem 2.9 assert that ‖y(t)‖V → ∞ as t → T−1, for some
0 < T < ∞, that is, the weak solution y(t) blow up in finite time, which
contradicts our assumption. Therefore, we conclude that E(t) > 0 for all t > 0.

Now, define

N(t) = ‖y(t)‖2H , S(t) =

∫ L

0

F (y(t)) dx > 0, t ∈ [0,∞). (214)

Step 1: We first show that N(t) has a quadratic growth as t→∞. As in the
proof of the blow-up result in Theorem 2.9, here we also have:

N ′′(t) = 2‖yt‖2H − 2‖y‖2V − 2(G(yt), y)2

+ 2(p+ 1)

∫ L

0

F (y)dx a.e. in [0,∞).
(215)

The assumption |g1(s)| 6 β|s|m for all s ∈ R implies∣∣∣∣∣
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣ 6 β‖u(t)‖m+1‖ut(t)‖mm+1. (216)

Since 1 6 max{m, r, l} < p, and by using a standard interpolation estimate,
we have

‖u(t)‖m+1 6 ‖u(t)‖θ2‖u(t)‖1−θp+1,

where θ satisfies θ
2 + 1−θ

p+1 = 1
m+1 . Using (213), the fact F (y) > α0

(
|u|p+1 +

|v|p+1 + |w|p+1
)

and H1
0 (0, L) ↪→ Lq(0, L) for all q > 1, we obtain

‖u(t)‖22 6 C‖u(t)‖2H1
0 (0,L)

6 C‖y(t)‖2V 6 CS(t),

‖u(t)‖p+1
p+1 6 C‖y(t)‖p+1

p+1 6 CS(t).
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It follows from (216)-(218) that∣∣∣∣∣2
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣ 6 C‖u(t)‖θ2‖u(t)‖1−θp+1‖ut(t)‖mm+1

6 CS(t)
θ
2+

1−θ
p+1 ‖ut(t)‖mm+1

= CS(t)
1

m+1 ‖ut(t)‖mm+1,

(219)

where we used the fact that θ
2 + 1−θ

p+1 = 1
m+1 . Applying Young’s inequality to

(219) we have ∣∣∣∣∣2
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣ 6 εS(t) + Cε‖ut(t)‖m+1
m+1. (220)

Similarly, ∣∣∣∣∣2
∫ L

0

g2(vt(t))v(t) dx

∣∣∣∣∣ 6 εS(t) + Cε‖vt(t)‖r+1
r+1

and ∣∣∣∣∣2
∫ L

0

g2(wt(t))w(t) dx

∣∣∣∣∣ 6 εS(t) + Cε‖wt(t)‖l+1
l+1. (221)

Now we define

K(t) := ‖y(t)‖2V − (p+ 1)

∫ L

0

F (y(t)) dx.

Therefore, from (215) and (220)-(221) it follows that

N ′′(t) > 2‖yt‖2H−2K(t)− 2εS(t)

− Cε(‖ut(t)‖m+1
m+1 + ‖vt(t)‖r+1

r+1 + ‖wt(t)‖l+1
l+1).

(222)

Now, let δ > 0 to be specified below. Since 0 6 E(t) 6 E(0) < d, we have
K(t) 6 K(t) + δ(E(0)− E(t)). Therefore, from (214), we obtain that

K(t) 6 ‖y(t)‖2V − (p+ 1)

∫ L

0

F (y) dx+ δE(0)− δE(t)

= ‖y(t)‖2V − (p+ 1)S(t) + δE(0)

− δ
(

1

2
‖y(t)‖2V +

1

2
‖yt(t)‖2H + S(t)

)
=

(
1− δ

2

)
‖y(t)‖2V + (δ − p− 1)S(t) + δE(0)− δ

2
‖yt(t)‖2H .

(223)
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Applying the estimate (223) to (222), we have

N ′′(t) > (δ + 2)‖yt‖2H + 2(p+ 1− δ − ε)S(t)− 2δE(0)+

+ (δ − 2)‖y(t)‖2V − Cε(‖ut(t)‖m+1
m+1 + ‖vt(t)‖r+1

r+1 + ‖wt(t)‖l+1
l+1).

(224)

We choose δ such that

2 <
2d(p+ 1)

d(p+ 1)− (p− 1)E(0)
< δ < p+ 1.

This choice of δ is possible because of the assumption E(0) < d. By (210) and
by the choice of δ, we have

(δ − 2)‖z(t)‖2V − 2δE(0) > 2d(δ − 2)
p+ 1

p− 1
− 2δE(0)

=
2δ
[
d(p+ 1)− E(0)(p− 1)

]
− 4d(p+ 1)

p− 1
> 0.

(225)

Now, we choose ε > 0 sufficiently small such that

A := 2(p+ 1− δ − ε) > 0.

Hence, it follows from (210), (213), (224) and (225) that

N ′′(t) + Cε(‖ut(t)‖m+1
m+1 + ‖vt(t)‖r+1

r+1 + ‖wt(t)‖l+1
l+1)

> AS(t) >
A

p+ 1
‖y(t)‖2V >

2dA

p− 1
=: 2B > 0.

(226)

Integrating (226) from 0 to t, we obtain

N ′(t) + Cε

∫ t

0

(‖ut(t)‖m+1
m+1 + ‖vt(t)‖r+1

r+1 + ‖wt(t)‖l+1
l+1) dτ

> 2Bt−N ′(0).

(227)

By (128), (129) and Assumption 2.17

Cε

∫ t

0

(
‖ut(t)‖m+1

m+1 + ‖vt(t)‖r+1
r+1 + ‖wt(t)‖l+1

l+1

)
dτ

6 C(E(0)− E(t)) < Cd, ∀t ∈ [0,∞).

(228)

Combining (227) and (228) we get

N ′(t) > 2Bt+N ′(0)− Cd, ∀t ∈ [0,∞). (229)

Integrating (229), we have

N(t) > Bt2 + (N ′(0)− Cd)t+N(0), ∀t ∈ [0,∞).

Therefore, N(t) has a quadratic growth as t→∞.
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Step 2: Now, we estimate N(t) directly. Observe that

‖u(t)‖22 =

∫ L

0

∣∣∣∣u(0) +

∫ t

0

ut(τ)dτ

∣∣∣∣2 dx

6 2‖u(0)‖22 + 2t

∫ t

0

∫ L

0

|ut(τ)|2 dxdτ.

(230)

Similarly,

‖v(t)‖22 =

∫ L

0

∣∣∣∣v(0)−
∫ t

0

vt(t)dτ

∣∣∣∣2 dx

6 2‖v(0)‖22 + 2t

∫ t

0

∫ L

0

|vt(τ)|2 dxdτ.

and

‖w(t)‖22 =

∫ L

0

∣∣∣∣w(0) +

∫ t

0

wt(τ)dτ

∣∣∣∣2 dx

6 2‖w(0)‖22 + 2t

∫ t

0

∫ L

0

|wt(τ)|2dxdτ.

(231)

Therefore, from (230)-(231), it follows that

N(t) = ‖y(t)‖2H = ρ1‖u(t)‖22 + ρ2‖v(t)‖22 + ρ3‖w(t)‖22

6 2
(
ρ1‖u(0)‖22 + ρ2‖v(0)‖22 + ρ3‖w(0)‖22

)
+ 2t

∫ t

0

∫ L

0

(
ρ1|ut(τ)|2 + ρ2|vt(τ)|2 + ρ3|wt(τ)|2

)
dxdτ

= 2‖y(0)‖2H + 2t

∫ t

0

∫ L

0

(
ρ1|ut(τ)|2+ρ2|vt(τ)|2+ρ3|wt(τ)|2

)
dxdτ.

(232)

By Hölder’s inequality and (228), we have

∫ t

0

∫ L

0

|ut(τ)|2 dxdτ 6 (Lt)
m−1
m+1

(∫ t

0

∫ L

0

|ut(τ)|m+1 dxdτ

) 2
m+1

6 Cεd
2

m+1 t
m−1
m+1 .

Similarly, ∫ t

0

∫ L

0

|wt(τ)|2 dxdτ 6 Cεd
2
r+1 t

r−1
r+1 ,
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and ∫ t

0

∫ L

0

|wt(τ)|2 dx dτ 6 Cεd
2
l+1 t

l−1
l+1 . (233)

Making C1 = max{ρ1, ρ2, ρ3} > 0. By (232)-(233), it follows that

N(t) 6 2‖y(0)‖2H + 2CεC1

(
d

2
m+1 t

2m
m+1 + d

2
r+1 t

2r
r+1

+ d
2
l+1 t

2l
l+1

)
, ∀t ∈ [0,∞).

(234)

Since 2m
m+1 ,

2r
r+1 ,

2l
l+1 < 2, then (234) contradicts the quadratic growth of N(t)

as t→∞ as shown in Step 1. Therefore, we conclude that weak solution y(t)
cannot be extended to [0,∞). Hence, the proof of Theorem 2.18 is complete.
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A note on the Nielsen realization
problem for connected sums of S2 × S1

Bruno P. Zimmermann

Abstract. We consider finite group-actions on 3-manifolds Hg ob-
tained as the connected sum of g copies of S2 × S1, with free funda-
mental group Fg of rank g. We prove that, for g > 1, a finite group of
diffeomorphisms of Hg inducing a trivial action on homology is cyclic
and embeds into an S1-action on Hg. As a consequence, no nontrivial
element of the twist subgroup of the mapping class group of Hg (gen-
erated by Dehn twists along embedded 2-spheres) can be realized by a
periodic diffeomorphism of Hg (in the sense of the Nielsen realization
problem). We also discuss when a finite subgroup of the outer automor-
phism group Out(Fg) of the fundamental group of Hg can be realized
by a group of diffeomorphisms of Hg.

Keywords: 3-manifold, connected sums of S2 × S1, finite group action, mapping class
group, outer automorphism group of the fundamental group, Nielsen realization prob-
lem.
MS Classification 2020: 57M60, 57M27, 57S25.

1. Introduction

All finite group-actions in the present paper will be faithful, smooth and orien-
tation-preserving, all manifolds orientable. We are interested in finite group-
actions on connected sums Hg = ]g(S2×S1) of g copies of S2×S1; we will call
Hg a closed handle of genus g in the following. The fundamental group of Hg

is the free group Fg of rank g. Considering induced actions on the fundamental
group and on the first homology H1(Hg) ∼= Zg, there are canonical maps

Diff(Hg)→ Out(Fg)→ GL(g,Z)

where Diff(Hg) denotes the orientation-preserving diffeomorphism group of Hg

and Out(Fg) = Aut(Fg)/Inn(Fg) the outer automorphism group of its funda-
mental group.

Theorem 1.1. Let G be a finite group acting on a closed handle Hg of genus
g > 1 such that the induced action on the first homology of Hg is trivial. Then
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G is cyclic and a subgroup of an S1-action on Hg; in particular, all elements
of G are isotopic to the identity.

For a description and classification of circle-actions on 3-manifolds and
closed handles, see [14].

Denoting by Mod(Hg) the mapping class group of isotopy classes of orien-
tation-preserving diffeomorphisms of Hg, there are induced maps

Mod(Hg)→ Out(Fg)→ GL(g,Z).

Let Twist(Hg) denote the subgroup of Mod(Hg) generated by all Dehn twists
along embedded 2-spheres in Hg (i.e., by cutting along a 2-sphere and regluing
after twisting by one full turn around an axis; since such a twist represents a
generator of π1(SO(3)) ∼= Z2, its square is isotopic to the identity). By classical
results of Laudenbach [6, 7] there is a short exact sequence

1→ Twist(Hg) ↪→ Mod(Hg)→ Out(Fg)→ 1;

moreover Twist(Hg) ∼= (Z2)g is generated by the sphere twists around the core
spheres S2 × ∗ of the g different S2 × S1 summands of Hg (twists around sep-
arating 2-spheres instead are isotopic to the identity). It is proved in [1] that
Mod(Hg) is isomorphic to a semidirect product Twist(Hg) o Out(Fg). Theo-
rem 1.1 has the following consequence (in the sense of the Nielsen realization
problem).

Corollary 1.2. No nontrivial element of the twist group Twist(Hg) can be
realized (represented) by a periodic diffeomorphism of Hg.

For g > 1 this follows from Theorem 1.1 but the methods apply also to
the case g = 1 of H1 = S2 × S1, using the fact that S2 × S1 is a geometric
3-manifold belonging to the (S2 × R)-geometry (one of Thurston’s eight 3-
dimensional geometries, see [15]), and that finite group-actions on S2 × S1 are
geometric ([10, Theorem 8.4]).

For a solution of the Nielsen realization problem for aspherical and Haken 3-
manifolds, see [19] (here finite groups of mapping classes can always be realized,
except for a purely algebraic obstruction in the case of Seifert fiber spaces
where, however, a finite inflation of the group can always be realized).

By [6], homotopic diffeomorphisms of Hg are isotopic but this does not
remain true for arbitrary connected sums of 3-manifolds. By [4], twists around
separating 2-spheres in a 3-manifold may or may not be homotopic to the
identity, moreover by [3] there are sphere-twists which are homotopic but not
isotopic to the identity (see also the discussion in the introduction of [1]). As an
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example, considering a connected sum M = M1]M2 of two closed hyperbolic
3-manifolds M1 and M2, the sphere-twist around the connecting 2-sphere is not
homotopic to the identity; also, it cannot be realized by a periodic map (e.g.,
if M1 or M2 does not admit a nontrivial periodic map then also the connected
sum M = M1]M2 has no periodic maps).

There arises naturally the question of which finite subgroups of Out(Fg)
can be realized by a finite group of diffeomorphisms of Hg. Finite groups G
of diffeomorphisms of Hg which act faithfully on the fundamental group (i.e.,
inject into Out(Fg)) are considered in [17] where, for g ≥ 15, the quadratic
upper bound |G| ≤ 24g(g − 1) for their orders is obtained. Since Out(Fg) has
finite subgroups of larger orders, these subgroups cannot be realized by finite
groups of diffeomorphisms (by [16] the maximal order of a finite subgroup of
Out(Fg) is 2gg!, for g > 2). A precise result is as follows (we refer to [17,
Section 2] for definitions and the proof).

Theorem 1.3. Let G be a finite subgroup of Out(Fg) and 1 → Fg → E →
G → 1 the corresponding group extension associated to G. Then G can be
realized by an isomorphic group of diffeomorphisms of Hg if and only if E is
isomorphic to the fundamental group π1(Γ,G) of a finite graph of finite groups
(Γ,G) in normal form associated to a closed handle-orbifold (in particular, the
vertex groups of (Γ,G) have to be isomorphic to finite subgroups of SO(4) and
the edge groups to finite subgroups of SO(3)).

We note that, for a finite group G acting on a closed handleHg, the quotient
Hg/G has the structure of a closed handle-orbifold (see [17]). Analogous results
on finite group-actions on 3-dimensional handlebodies are obtained in [8, 12]
(and in [9] for finite group-actions on handlebodies in arbitrary dimensions).

The case g = 2 is special. By well-known results,

Out(F2) ∼= Aut(Z2) ∼= GL(2,Z) ∼= D6 ∗D2 D4,

so up to conjugation the maximal finite subgroups of Out(F2) are the dihedral
groups D6 and D4 of orders 12 and 8, and both can be realized by diffeomor-
phisms of the torus with one boundary component (hence, if the realizations of
the amalgamated subgroups D2 coincide, one obtains a realization of the whole
group Out(F2) ∼= D6 ∗D2 D4). Considering the product with a closed interval,
one obtains realizations on the handlebody V2 of genus 2 and also on its double
H2 along the boundary.

Concerning the case g = 3, by [20] there are exactly five maximal finite
subgroups of Out(F3) up to conjugation; by an easy application of Theorem 1.3,
all of these maximal finite subgroups can be realized by diffeomorphisms of the
closed handle H3 of genus 3 (but not of a handlebody V3 of genus 3).
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2. Proof of Theorem 1.1

Let G be a finite group acting faithfully and orientation-preservingly on a
closed handle Hg = ]g(S2×S1) of genus g. By the equivariant sphere theorem
(see [10] for an approach by minimal surface techniques, [2, 5] for topological-
combinatorial proofs), there exists an embedded, homotopically nontrivial 2-
sphere S2 in Hg such that x(S2) = S2 or x(S2)∩S2 = ∅ for all x ∈ G. We cut
Hg along the system of disjoint 2-spheres G(S2), by removing the interiors of
G-equivariant regular neighbourhoods S2 × [−1, 1] of these 2-spheres, and call
each of these regular neighbourhoods S2 × [−1, 1] a 1-handle. The result is a
collection of 3-manifolds with 2-sphere boundaries, with an induced action of
G. We close each of the 2-sphere boundaries by a 3-ball and extend the action
of G by taking the cone over the center of each of these 3-balls, so G permutes
these 3-balls and their centers. The result is a finite collection of closed handles
of lower genus on which G acts (cf. [17]). Applying inductively the procedure
of cutting along 2-spheres, we finally end up with a finite collection of 3-spheres
or 0-handles (closed handles of genus 0). Note that the construction gives a
finite graph Γ on which G acts whose vertices correspond to the 0-handles and
whose edges to the 1-handles. Note that Γ has no free edges, i.e. edges with
one vertex of valence 1.

On each 3-sphere (0-handle) there are finitely many points which are the
centers of the attached 3-balls (their boundaries are the 2-spheres along which
the 1-handles are attached). For each of these 3-spheres, let Gv denote its
stabilizer in G (by the geometrization of finite group-actions on 3-manifolds,
one may assume that the action of a stabilizer Gv on the corresponding 3-
sphere is orthogonal but this is not needed for the following). Denoting by Ge

the stabilizer in G of a 1-handles S2×[−1, 1], we can assume that each stabilizer
Ge preserves the product structure of S2×[−1, 1] of the corresponding 1-handle
(by choosing small equivariant regular neighbourhoods of the 2-spheres). If
some element of a stabilizer Ge acts as a reflection on [-1,1], we split the 1-
handle into two 1-handles by introducing a new 0-handle obtained from a small
regular neighbourhood S2 × [−ε, ε] of S2 × {0} by closing up with two 3-balls.
Hence we can assume that each stabilizer Ge of a 1-handle S2 × [−1, 1] does
not interchange its two boundary 2-spheres; that is, G acts without inversions
on the graph Γ.

Suppose now that g > 1 and that the induced action of G on the first
homology of Hg and hence also of Γ is trivial. As before, G acts without
inversions on Γ and Γ has no free edges. We will prove in next Proposition 2.1
that under these hypotheses the action of G on Γ is trivial, that is each element
of G acts as the identity on Γ. Hence G fixes each vertex and each edge of Γ.
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Since G fixes each 1-handle S2 × [−1, 1], it maps each 2-sphere S2 × {0} to
itself. By construction, G does not interchange the two sides of such a 2-sphere
and acts faithfully on it (otherwise some element of G would act trivially on an
invariant regular neighbourhood of such a 2-sphere and then act trivially also
on all of Hg (well-known in particular for smooth actions)). It follows that G
is isomorphic to a finite subgroup of the orthogonal group SO(3), i.e. cyclic
Zn, dihedral D2n, tetrahedral A4, octahedral S4 or dodecahedral A5. It is easy
to see that an orientation-preserving action of D2n, A4, S4 or A5 on S3 has
at most two global fixed points around which a 1-handle can be attached; but
then the graph Γ would be a segment or a circle, that is g ≤ 1. Since g > 1,
G is a cyclic group which acts by rotations around an axis S1 in each 0-handle
S3. By the positive solution of the Smith-conjecture [13], each of these axes is
a trivial knot in S3, and hence the action of the cyclic group G embeds into an
S1-action on each 0-handle. Since these S1-actions on the 0-handles extend to
the connecting 1-handles S2 × [−1, 1], the cyclic G-action on Hg embeds into
an S1-action.

To complete the proof of Theorem 1.1, it remains to prove the following
proposition (which may be considered as an analogue of Theorem 1.1 for finite
graphs).

Proposition 2.1. Let G be a finite group acting faithfully on a finite connected
graph Γ without free edges and of genus g > 1 (or cycle rank, or rank of its free
fundamental group). Then also the induced action of G on the first homology
H1(Γ) ∼= Zg of Γ is faithful.

Proof. By subdividing edges, we can assume that G acts without inversion of
edges on Γ. Suppose that an element x ∈ G acts trivially on the first homology
of Γ. Then its Lefschetz number is 1− g which, by the Hopf trace formula, is
equal to the Euler characteristic of the fixed point set of x which is a subgraph
Γ′ of Γ (since G acts without inversions of edges). The graph Γ of genus g
has Euler characteristic 1− g; passing from Γ′ to Γ by adding successively the
missing edges, the Euler characteristic remains unchanged (when adding a free
edge) or decreases. Since Γ has no free edges, this implies Γ′ = Γ, and hence x
acts trivially on Γ. This completes the proof of the proposition.

By [18, Proof of Satz 3.1], each finite subgroup of Out(Fg) can be realized
by an action of the group on a finite graph Γ without free edges (this is a
version of the Nielsen realization problem for finite graphs which several years
later was ”rediscovered” by various authors); Proposition 2.1 implies then the
following well-known result.

Corollary 2.2. The canonical projection Out(Fg)→ GL(g,Z) is injective on
finite subgroups of Out(Fg).
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We note that not all finite subgroups of GL(g,Z) are induced in this way
by finite subgroups of Out(Fg); in fact, for g = 2, 4, 6, 7, 8, 9 and 10 there are
finite subgroups of GL(g,Z) of orders larger than 2gg! (which, by [16], is the
maximal order of a finite subgroup of Out(Fg))). On the other hand, there are
also small cyclic subgroups of GL(g,Z) which cannot be realized in this way,
see the discussion in [21, Section 5].
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Abstract. We continue the recent investigation [40] about the quali-
tative properties of the solutions for a class of generalized Liénard sys-
tems of the form ẋ = y − F (x, y), ẏ = −g(x). We present some results
on the existence/non-existence of limit cycles depending on different
growth assumptions of F (·, y). The case of asymmetric conditions at
infinity for g(x) and F (x, ·) is also examined. In the second part of
the article we consider also a bifurcation result for small limit cycles
as well as we discuss the complex dynamics associated to a periodically
perturbed reversible system.

Keywords: Generalized Liénard equations, limit cycles, qualitative theory of planar
dynamical systems, averaging and bifurcation.
MS Classification 2020: 34C25, 34C07, 34C23, 34C29, 34C60.

1. Introduction and “state of art”

In the present work we continue the investigation initiated in the recent
article [40], dealing with a new class of planar dynamical systems of the form

(S)

{
ẋ = y − F (x, y)

ẏ = −g(x).

For this reason, we believe that it may be appropriate to recall some results
recently appeared in [40], because, as far as we know, this is the first case in
which this general class of systems was investigated.

For convenience, throughout the paper, we suppose that F : R × R → R
and g : R→ R are locally Lipschitz continuous functions, in order to guarantee
the uniqueness of the solutions for the associated initial value problems. As it
is well known, for some specific forms of g and F weaker regularity conditions
may be assumed (see, for instance, [1, 32]). We also assume

(g0) g(0) = 0, g(x)x > 0 for x 6= 0
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(2 of 24) G. VILLARI AND F. ZANOLIN

and

(F0) F0(y) := y − F (0, y), vanishes only at y = 0,

therefore the origin is the only singular point of (S) and, moreover, the trajecto-
ries move upward in the half-plane with x < 0 and downward in the half-plane
with x > 0. When F ≡ 0, we have the planar system associated to the Duffing
equation, namely

(D)

{
ẋ = y

ẏ = −g(x),

with is a conservative system (cf. [17, 22]) with first integral (energy) given by

H(x, y) =
1

2
y2 +G(x), for G(x) =

∫ x

0

g(u) du.

Under assumption (g0), the origin is a center for (D) and it is a global center
if and only if G(x) → +∞ as |x| → +∞. Using the same energy function for
system (S), we have

Ḣ(x, y) = −F (x, y)g(x).

Therefore, the sign of F (x, y) determines the direction of the trajectories with
respect to the level lines of H. In the sequel, we will also consider a variant of
(g0), namely

(g1) g(0) = 0, g(x)x > 0 for x 6= 0, G(x)→ +∞ for x→ ±∞.

On the other hand, if F (x, y) = F(x), then system (S) reduces to{
ẋ = y − F(x)

ẏ = −g(x),

which is the usual generalization of the classical planar system

(L)

{
ẋ = y − λF(x)

ẏ = −x,

introduced by A. Liénard in [23] in his pioneering work about the “oscillations
entretenues” motivated by the study of the Van der Pol equation, where

F(x) =
x3

6
− x

(see also [14, 15, 26]). From this point of view, system (S) can be viewed as
a further generalization of the Liénard one (L) and, with this perspective, in
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the recent article [40] we have initiated the investigation of (S), focusing our
attention to the special case in which F splits as

F (x, y) = λB(y)A(x), for λ > 0,

where B(y) > 0 for y 6= 0 and A(x) satisfies the standard assumptions on F(x)
in the classical case. In the particular, we have shown in [40] that the choice
of a significant case study given by

B(y) = |y|p, A(x) = x3 − x,

already exhibits the mean features of this problem that, as far as we know,
have not been investigated before.

In such a framework the following results are proved in [40] for system

(Hp,λ)

{
ẋ = y − λ|y|p(x2 − 1)x

ẏ = −x,

with λ > 0 and p > 0.

Theorem 1.1. (The “sublinear” case [40, Theorem 3]) For every λ > 0 and
0 < p < 1, system (Hp,λ) has exactly one limit cycle.

Notice that for 0 < p < 1 the uniqueness of the solutions for the initial
value problems is still guaranteed, even if the term B(y) = |y|p is not locally
Lipschitz at y = 0.

On the other hand, for p = 1, we obtain:

Theorem 1.2. ([40, Theorem 1]) The system (H1,λ) has a unique limit cycle
for 0 < λ < λ∗ = 3

√
3/2, while, for λ > λ∗ there are no limit cycles.

The study of the case when p > 1 is more delicate due to different struc-
ture of the isoclines. In fact, we have ẋ = 0 in (Hp,λ) if y = 0 or y =(
1/(λ(x3 − x))

)1/(p−1)
(y > 0), as well as y = −

(
1/(λ(x− x3))

)1/(p−1)
(y < 0).

The regions

V1 :=
{

(x, y) : −1 < x < 0, y > 0, |y|p−1 > 1
λ(x3−x)

}
,

V2 :=
{

(x, y) : 0 < x < 1, y < 0, |y|p−1 < − 1
λ(x3−x)

}
,

which are symmetric with respect to the origin, play a crucial role in the dynam-
ics, because they are are positively invariant and therefore all the trajectories
entering such regions become unbounded in the y-component. We also define
the negatively invariant regions

W1 :=
{

(x, y) : x > 1, y > 0, |y|p−1 > 1
λ(x3−x)

}
,

W2 :=
{

(x, y) : x < −1, y < 0, |y|p−1 < − 1
λ(x3−x)

}
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(see Figure 1), where unboundedness in backward time occurs, as well as pos-
sible blow-up in finite negative time. We notice, however, that all the solutions
are globally defined in forward time.

Figure 1: The infinite-isocline and the zero-isocline for system (H2,λ) and the cor-
responding regions Vi and Wi for i = 1, 2. The graph is produced using [42], for a
suitable λ > 0. Different values of λ gives the same qualitative structure; however,
increasing the value of λ moves the regions closer to the x-axis and therefore when
λ is larger than a critical value, all the nontrivial solutions definitively enter V1 ∪ V2
and become unbounded in the future (see [40]).

In this situation, the following result holds.

Theorem 1.3. (The “superlinear” case [40, Theorem 2]) There is λ∗2 > 0 such
that for every λ ∈ ]0, λ∗2[ system (H2,λ) has at least a limit cycle, while for
λ > λ∗2 all the nontrivial trajectories are ultimately unbounded.

The critical constant in Theorem 1.3 is numerically estimated as

1.474 < λ∗2 < 1.475.

The same result holds for the systems (Hp,λ), for all p > 1, providing the
existence of a corresponding critical constant λ∗p (see [40, Remark 3]). We
observe also that (as proved in [40]) Theorem 1.1 and Theorem 1.3, even if
proved for the special case of systems (Hp,λ), hold for more general systems of
the form

(S1λ)

{
ẋ = y − λB(y)A(x)

ẏ = −g(x),

with B(y) positive for y 6= 0 and having sublinear/superlinear growth at infinity
and A(x) a typical cubic-like function as in the classical Liénard system.

The peculiar features exhibited by systems (Hp,λ), especially in the su-
perlinear case, have raised the attention of other researchers in the field. In
[13, Theorem 3.7] Gasull and Giacomini, using the Bendixson-Dulac approach,
estimate that (Hp,λ), has no limit cycles for

λ ≥ 3√
2

(
3

p

)p/2
, (with p ∈ N, p ≥ 2).
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GENERALIZED LIÉNARD SYSTEMS (5 of 24)

As mentioned at the beginning, in the present article, we continue the anal-
ysis of system (S) from different points of views. More in details, in Section 2
we present some preliminary results, together with necessary conditions and
sufficient ones for the intersection with the ∞-isocline. Such conditions will
be used in Section 3 to prove our main result, namely the existence of limit
cycles, for a sub-class of (S) not considered before and including some asym-
metric conditions. Section 4 is devoted to an averaging/bifurcation approach
which complements the results in [40]. Finally, in Section 5 we apply a recent
result in [30] to prove the presence of large subharmonic solutions and chaotic-
like dynamics for periodic perturbations of system (S) when the associated
autonomous system has a mirror symmetry with respect to the y-axis.

2. Preliminary results

We start with some basic facts for the general equation

(S)

{
ẋ = y − F (x, y)

ẏ = −g(x),

assuming the usual regularity conditions for the uniqueness of the solutions of
the initial value problems and with g : R → R satisfying (g0). We split this
section in some parts, depending on the different class of conditions which will
be assumed on F (x, y).

2.1. The case when Fy has a constant sign

Our first result provides a simple criterion of nonexistence of limit cycles
when FY has a constant sign.

Proposition 2.1. Assume (g0), F (0, 0) = 0 and let F be a continuously dif-
ferentiable function with Fy(x, y) > 1, for all x, y ∈ R. Then system (S) has no
limit cycles.

The proof is straightforward. In fact, observing that the function

R(x, y) := y − F (x, y)

has Ry < 0, elementary phase-plane analysis shows that the trajectories start-
ing on the y-axis with y > 0 remain in the second quadrant and, symmetrically,
starting with y < 0 remain in the fourth quadrant. This, together with (g0)
prevents the existence of closed orbits.

We observe that, under the additional assumption that g is strictly mono-
tone increasing, this result is well known in a more general setting from the
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theory of Hirsch about monotone systems. Indeed, in this case, system (S)
turns out to be competitive and [19, Theorem 2.3] applies.

On the other hand, in virtue of Dini’s theorem, the following proposition
holds.

Proposition 2.2. Assume (g0), F (0, 0) = 0 and let F be a continuously differ-
entiable function with Fy(x, y) < 1, for all x, y ∈ R. Then the infinite-isocline
is the graph of a function y = φ(x) and the trajectories are clockwise.

The elementary proof is omitted.
The fact that the infinite isocline is a graph allows to better study the

problem of intersection with the orbits. This could be performed along the
lines of [18, 36, 37]. Another way to attack this problem is given in the next
sections concerning the oscillatoriness of all the solutions, because, clearly any
oscillatory solution must intersects the isoclines. Moreover, from now on, we
assume that

F0(y)y > 0, ∀ y 6= 0,

so that the trajectories of system (S) are clockwise. Notice that this assumption
was automatically satisfied in [40] due to the special form of F (x, y) considered
in the above quoted article.

2.2. Oscillatory solutions

At first we observe that, from

Ḣ(x, y) = −F (x, y)g(x),

we immediately see that, if

F (x, y)x < 0 for xy 6= 0 in a neighborhood of the origin, (1)

then the origin is a source. This assumption will be crucial in the following. In
fact, the following result holds.

Theorem 2.3. Under assumptions (g1), (F0) and (1), if |F (x, y)| is bounded,
then all solutions of system (S) are oscillatory.

Proof. We observe that there exists a constant K > 0 such that |F (x, y)| < K.
Now the proof is divided onto two steps.
If x ≥ 0, consider the nested ovals, defined by the level lines of

H̃(x, y) :=
1

2
(y +K)2 +G(x), (2)

introduced by Ponzo and Wax in [31] and appeared also in [36] and [6]. It is
easy to check that the level curves of H̃ are those of the Duffing system shifted
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by −K and ˙̃H = −g(x)[F (x, y) +K] < 0 for x > 0. Observe that, by (g1), the
origin of the Duffing system (D) is a global center. Hence the level lines of H̃
are ellipsoid-like curves centered at (0,−K) and filling the plane.
Now, consider a point P = (0, yP ) with yP > 0 and a point Q = (0, yQ) with

yQ < 0 and such that P and Q are on the same level line of H̃. Being ˙̃H < 0
for x > 0 and using the fact that the origin is a source, it is easy to check that
the positive semi-trajectory γ+(P ) is guided by the level curve and intersects
the y-axis at a point (0, y1) with yQ < y1 < 0. In the same way, for x ≤ 0,
using the function

Ĥ(x, y) :=
1

2
(y −K)2 +G(x), (3)

where the level curves of H are those of the Duffing system shifted by +K, and
considering two points R = (0, yR) with yR < 0 and S = (0, yS) with yS > 0
which belongs to the same level line of Ĥ, we get that γ+(R) intersects the
y-axis at a point (0, y2) with 0 < y2 < yS . In fact, now we have

˙̂
H = g(x)[K − F (x, y)] < 0 for x < 0. (4)

Therefore, all trajectories are oscillatory.
As a side remark we observe that the existence/nonexistence of limit cycles is
not relevant for the proof. On the other hand, the assumption (1) cannot be
avoided, otherwise we cannot exclude the presence of non-oscillatory solutions
tending to/escaping from the origin, as for instance, in the case in which the
origin is a stable node or a homoclinic point.

2.3. Necessary and sufficient conditions for the
intersection with the ∞-isocline

In order to attack the problem of the existence of a limit cycle, a critical step
is the intersection with the ∞-isocline, namely to prove that the trajectories
intersect the set

y = F (x, y).

In this light, we prove some necessary conditions for the intersection, as well
as some sufficient ones. We consider in detail the case in which x > 0. The
symmetric case x < 0 can be treated in the same way with slight modifications.
We show that a modification of the argument introduced in [36] works also in
this situation.

Theorem 2.4. Assume here exists a continuous function φ1 : [0,+∞) → R
such that

F (x, y) ≤ φ1(x), ∀x ≥ 0 and ∀ y.
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Then, a necessary condition for the intersection with the infinite isocline is that

lim sup
x→+∞

(G(x) + φ1(x)) = +∞. (5)

Notice that in (5) the “lim sup” concerns only the function φ1 as G(+∞)
always exists because G is monotone increasing.

Proof. Assume, by contradiction, that G(x)+φ1(x) is upper bounded on x ≥ 0.
Therefore, there exists two positive constants, L,K such that

G(x) < L, φ1(x) < K, ∀x ≥ 0

and, therefore F (x, y) < K.
Arguing as in [36], consider again the function Ĥ defined in (3). Now we

have
˙̂
H = g(x)[K −F (x, y)] > 0 for x > 0. Compare with (4) and observe that

now g(x) > 0. Therefore, the trajectory starting from any point (0, y0) with
y0 > K +

√
2L is bounded away from the line Ĥ(x, y) = L, which, being above

the line y = K, separates the trajectory from the ∞-isocline.

In the same way, the following result holds.

Theorem 2.5. Assume there exists a continuous function φ2 : (−∞, 0] → R
such that

F (x, y) ≥ φ2(x), ∀x ≤ 0 and ∀ y.

Then, a necessary condition for the intersection with the infinite isocline is that

lim sup
x→−∞

(G(x)− φ2(x)) = +∞. (6)

Now we treat the sufficient conditions and we have the following theorem
for the case x > 0.

Theorem 2.6. Assume

i) G(x)→ +∞ as x→ +∞ and let F (x, y) be bounded below on x ≥ 0,

or, alternatively,

ii) G(x) < L for all x > 0 and there exists φ : [0,+∞) → R continuous
and such that F (x, y) ≥ φ(x),∀x ≥ 0,∀ y with lim sup

x→+∞
φ(x) = +∞ and φ

bounded below.

Then any trajectory starting from a point (0, y0) with y0 > 0 intersects the
∞-isocline.
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Proof. The first case was already treated in Theorem 2.3 of Section 2.2. We
just observe that the proof of Theorem 2.3 clearly works the same if we assume
F (x, y) bounded below for x ≥ 0 and bounded above for x ≤ 0.

For the second case, we need to develop a more detailed analysis of the
vector field of system (S). Arguing as in Section 2.2 we introduce the function H̃

defined in (2), where K is a lower bound for φ. Note that ˙̃H(x, y) < 0, because
g(x) > 0. Therefore, trajectories of system (S) enters the curve H̃(x, y) = L
(see [36] and also [6]). Figure 2 shows the situation.

Figure 2: The figure represents the level lines of H̃ with K = 1 and g(x) = x
1+x8

,

with L = π
√
2

8
. The arrows of the vector field indicate that a trajectory of system

(S) departing from a point P on the level line of H̃ passing through (0,−M) (with
M = K +

√
2L), enters the region H̃ < L and is bounded away from the x-axis in

the backward time. The graphs are produced using [42].

Consider a point (0, y0) with y0 > 0 and therefore above the∞-isocline. The

slope of the trajectory, namely y′ = −g(x)
y−F (x,y) is negative; hence, if the trajectory

does not intersects the∞-isocline, then it is the graph of a decreasing function,
bounded from below by the line y = −M := −K −

√
2L and hence it must

have a horizontal asymptote. This is not possible because if we compare with
the solution of the auxiliary system

ẋ = y − φ(x), ẏ = −g(x),

we have that, according to [36], if lim sup
x→+∞

φ(x) = +∞, then the trajectories of

such system starting from (0, y) with y > 0 intersects the corresponding ∞-
isocline, namely y = φ(x) and thus the possibility of a horizontal asymptote is
prevented. Being F (x, y) ≥ φ(x), a comparison of the respective slopes shows
that the trajectories of system (S) are guided by the ones of the auxiliary
system and this concludes the proof.

In a similar manner, we have also the following result.
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Theorem 2.7. Assume

i) G(x)→ +∞ as x→ −∞ and let F (x, y) be bounded above on x ≤ 0,

or, alternatively,

ii) G(x) < L for all x < 0 and there exists φ : (−∞, 0] → R continuous
and such that F (x, y) ≤ φ(x),∀x ≤ 0,∀ y with lim inf

x→−∞
φ(x) = −∞ and φ

bounded above.

Then any trajectory starting from a point (0, y0) with y0 < 0 intersects the
∞-isocline.

3. The non-symmetric case. Existence of limit cycles

The results proved in the previous sections allow us to obtain theorems on
the existence of limit cycles for system (S). In this light we also consider, like
in [40], the special case in which F splits as F (x, y) = B(y)A(x), namely

(S1)

{
ẋ = y −B(y)A(x)

ẏ = −g(x),

with g satisfying (g0) and A(0) = 0. An example in this context will be pre-
sented in the sequel. On the other hand, differently than in [40], where the
case G(x) → +∞ for x → ±∞ and F (x, y) of positive definite sign outside a
vertical strip was analyzed, here we investigate a situation in which a certain
degree of asymmetry is allowed in the functions G and F.

With this respect, we preliminarily observe that if G(x)→ +∞ as x→ ±∞,
then, as proved in the preceding section, a condition of the form

F (x, y) > −K for x > 0 and F (x, y) < K for x < 0,

is sufficient to have the large solutions to wind/unwind around the origin. This
however is not enough to guarantee the existence of limit cycles, but only to
have the oscillatoriness of the solutions. On the other hand, if we do not assume
the condition of divergence of G(x) from both sides, the situation is completely
different. For sake of simplicity, we consider the case of G(x) such

G(−∞) = +∞, G(+∞) = L, for some L > 0.

The opposite case can be considered in the same manner. As usual, in order
to get the existence of a periodic orbit, via the Poincaré-Bendixson theorem,
we need to introduce a winding trajectory. The idea is the following: we use
Theorem 2.6 in the case ii) to produce a trajectory which does not intersect
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the positive x-axis back in time. For x < 0 we apply Theorem 2.7 in the case i)
(see also Theorem 2.3) in order to prove that such a trajectory intersects the
y-axis at some point y0 > 0. Finally, for x > 0, we apply again Theorem 2.6 in
the case ii). Accordingly, the following conditions are now assumed.

Theorem 3.1. Assume (g0), F0(y)y > 0 for y 6= 0 and

F (x, y)x < 0 for xy 6= 0 in a neighborhood of the origin.

Suppose that

G(−∞) = +∞, G(+∞) = L, for some L > 0

and there is φ : [0,+∞)→ R continuous, with F (x, y) ≥ φ(x),∀x ≥ 0,∀ y such
that lim sup

x→+∞
φ(x) = +∞ and φ bounded below. Finally, assume that F (x, y) is

bounded above on x ≤ 0. Then system (S) has at least a stable limit cycle.

Proof. With reference to Figure 2, consider a point P on the level curve H̃ = L
(with x > 0). As proved above, the negative semi-trajectory passing through P
does not intersect the x-axis, while the the positive semi-trajectory intersects
the negative y-axis at a point (0,−y1) above the point (0,−M) with M := K+√

2L. In view of Theorem 2.7, case −i), such positive trajectory intersects the
negative x-axis and then the positive y-axis. At this point, using Theorem 2.6,
case −ii), the positive trajectory intersects the x-axis and again the negative
y-axis at a point (0,−y2) with 0 < y2 < y1 . Hence we have proved the existence
of a winding trajectory. As observed above, the assumption that F (x, y)x < 0,
for xy 6= 0 in a neighborhood of the origin, implies that the origin is a source.
As usual, the Poincaré-Bendixson theorem ensures the existence of at least a
stable limit cycle.

Remark 3.2. Conversely, if we assume

G(+∞) = +∞, G(−∞) = L, for some L > 0,

we can have, in the same way, a dual result, using Theorem 2.6 and Theorem 2.7
in the reverse order.
In the same light we can treat the case in which G(x) is bounded and F (x, y)
is bounded below on x > 0 and bounded above on x < 0. The proofs require
only obvious modifications and are omitted.

The applicability of the above theorem can be verified by several examples.
As a first case, let us consider system (S1) with

B(y) =
(y + 2√

3
)(y2 + 1)

y2 + 3
, A(x) = x(x2 − 1), g(x) = min

{
x,

1

x2

}
. (7)
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Observe that G(−∞) = +∞ and G(+∞) = 3
2 . Notice that F (x, y) is not

always positive outside the strip [−1, 1]. Therefore, the results in [40] cannot
be applied. On the other hand, we are in the environment of Theorem 3.1
and therefore the existence of a limit cycle is granted. Figure 3 of Pinocchio
1(left panel) illustrates the situation. Moreover, as appears in the figure, the
existence of a separatrix, asymptotic to the line y = − 2√

3
, can be easily proved.

As a second example, we consider the case in which F (x, y) is not split as
B(y)A(x), namely,

F (x, y) =
(y + 2√

3
)(y − cos(10x)(cos(10y) + 2.1)x(x− 1)

y2 + 1.1 + sin(x3)
(8)

and g(x) as in (7). Also in this case, Theorem 3.1 applies. Figure 3 (right
panel) illustrates the situation.

(a) Phase-portrait of the system
(S1) with B(y), A(x) and g(x)
as in (7) exhibiting an unexpected
“Pinocchio” shape.

(b) Phase-portrait of the system (S)
with F (x, y) as in (8) and g(x) as
in (7).

Figure 3: The figures summarize the two examples of application of Theorem 3.1,
considered above. The graphs are produced using [42].

4. The superlinear case: an averaging-bifurcation
approach

In this section, we show the effectiveness of a classical bifurcation technique,
dating back to Poincaré (according to Lefschetz [22, pp. 314–320]) and Liénard

1Pinocchio, is a fictional character and the protagonist of the children’s novel “The Ad-
ventures of Pinocchio” by the Italian writer Carlo Collodi (pen name of Carlo Lorenzini)
from Florence. The novel has been translated in almost all languages and the title of the
figure will be evident to the reader.
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to prove the existence of limit cycles bifurcating form a periodic orbit of a cen-
ter when a parameter multiplying the nonlinear terms is small (see also the
introduction and the references in [7] for more information and historical re-
marks on the averaging-bifurcation method in the qualitative analysis of planar
systems). This approach was successfully applied by Duff and Levinson [12]
(see also [34]) to produce multiple limit cycles bifurcating from circular orbits
of the harmonic oscillator and represents a very useful technique to construct
specific examples of multiplicity results for Liénard or Rayleigh equations. We
refer also to [4, Remark 2.4] for another application of this method. As pointed
out by the Referee, this approach has been used in very many papers, even in
the more general case ẋ = y − λP (x, y), ẏ = −x + λQ(x, y), with |λ| a small
parameter and P and Q arbitrary polynomials. Actually, in [7] the method
is generalized to the small perturbations of a planar Hamiltonian system like
ẋ = −yG(x, y) + εA(x, y), ẏ = xG(x, y) + εB(x, y). Hence, from this point of
view, our application to systems of the form (Hp,λ) could be merely considered
as an exercise. On the other hand, we hope that presenting few examples in this
direction can be of some interest, also as a comparison to the global approach
considered in [40]. We give now some details for the reader’s convenience.

As a first step we introduce some polar coordinates. Consider a general
planar system of the form

(SFε) ẋ = y − εF(x, y), ẏ = −x.

where we suppose that F(x, y) is a locally Lipschitz continuous function with
F(0, 0) = 0. System (SFε) can be seen as a perturbation of the linear equation

(Lin) ẋ = y, ẏ = −x.

which represents a global center with all the orbits being concentric circum-
ferences and having 2π as fundamental period. In this context, it is natural
to express the solutions of (Lin) and (SFε) in polar coordinates. For conve-
nience, due to the fact that the trajectories rotates clockwise around the origin,
we propose a modified (but equivalent) polar coordinates system with the an-
gles counted positively oriented in the clockwise sense starting from the positive
y-axis. In this manner, we have that x = ρ sin θ and y = ρ cos θ and a general
nontrivial solution (x(t), y(t)) of a planar system ẋ = X(x, y), ẏ = Y (x, y)
(having the origin as equilibrium point) will satisfy the equationsρ̇ = xX+yY√

x2+y2
= X(ρ sin θ, ρ cos θ) sin θ + Y (ρ sin θ, ρ cos θ) cos θ

θ̇ = yX−xY
x2+y2 = ρ−1

(
X(ρ sin θ, ρ cos θ) cos θ − Y (ρ sin θ, ρ cos θ) sin θ

)
.

This system, in case of (SFε), reduces to{
ρ̇ = −εF(ρ sin θ, ρ cos θ) sin θ

θ̇ = 1− ερ−1F(ρ sin θ, ρ cos θ) cos θ.
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Now, let B(0, R) be an open disc of center the origin and radius R > 0 (with
R sufficiently large) in the phase-plane containing the origin. For ε > 0 small
enough, say 0 < ε < ε0, we have that for all initial points in B(0, R) \ {0} the
solutions of (SFε) are defined in [0, 4π] with values in the larger disc B(0, 2R)
and satisfy θ̇ > 0 for all t ∈ [0, 4π]. Hence (for ε sufficiently small), we can
express the solutions in the (θ, ρ)-plane, as solutions of the equation

dρ

dθ
= − −εF(ρ sin θ, ρ cos θ) sin θ

1− ερ−1F(ρ sin θ, ρ cos θ) cos θ
.

The general method as described in [22, 34] usually considers nonlinear
terms which are polynomials [34] or analytic functions [22], in order to rep-
resents the solutions as series with respect the parameter ε. In our case, we
just need to introduce the first order terms of the expansion, thus, assuming a
sufficiently smooth function F(x, y) (e.g., of class C1) appears to be sufficient
for our purposes (in any case, in our examples of application the nonlinearities
will be of polynomial type).

Taking the first order expansion of ρ(θ) as a function of ε > 0 (for ε→ 0+)
(cf. [22] for the details) we obtain that ρ(2π) − ρ(0) = −εΨ(ρ) + o(ε, ρ, θ),
where

(P ) Ψ(r) :=

∫ 2π

0

F(r sin θ, r cos θ) sin θ dθ

and with o(ε, ρ, θ)/ε → 0+ as ε → 0+, uniformly with respect (ρ, θ) in a
compact set.

Then, according to [22, Theorem 5.5], we can state the following result 2.

Proposition 4.1. Let r0 > 0 be a simple zero of Ψ such that Ψ′(r0) > 0.
Then there exists ε∗ > 0 such that for each 0 < ε < ε∗ there is an orbitally
asymptotically stable limit cycle Γε in a neighborhood of the circumference
C(r0) := {(x, y) : x2 + y2 = r0}. Moreover, Γε tends to C(r0) as ε→ 0+.

Proof. We give only a sketch of the proof, leaving the details to [22, 34]. As-
suming Ψ(r0) = 0 and −Ψ′(r0) < 0, there exists an open neighborhood U of
r0 such that for ρ ∈ U (and ε > 0 sufficiently small), we have ρ(2π)− ρ(0) > 0
when ρ < r0 and ρ(2π)− ρ(0) < 0 when ρ > r0 . This proves that in a narrow
annular neighborhood of C(r0) of the form

V (r0, δε) := {(x, y) ∈ R2 : r0 − δε < (x2 + y2)1/2 < r0 + δε}

there is a stable limit cycle of system (SFε). Moreover, by construction, δε →
0+ as ε→ 0+ from which we find that Γε tends to C(r0).

2Our presentation is not exactly the same (verbatim) as in [22, Theorem 5.5], but it is
substantially equivalent. Moreover, the sign of our function Ψ is the opposite of the equivalent
function considered in [22].
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To show the consistency of our result with the classical ones, consider for a
moment the Van der Pol equation ẍ+ µ(x2 − 1)ẋ+ x = 0 in the Liénard plane

ẋ = y−µ
(
x3

3 −x
)
, ẏ = −x. In this case, we have ε = µ > 0 and F(x, y) = x3

3 −x.
An elementary computation of the integral in (P ) yields to Ψ(r) = r3π

4 − πr,
and so there is a unique positive zero with positive derivative at r0 = 2. In this
manner, we re-obtain the classical result in [22, p. 320].

We consider now an application of Proposition 4.1 to the superlinear case.
In fact, it seems that the superlinear case is the most interesting one to analyze
from the point of view of the bifurcation with respect to small parameters,
because we have already proved that limit cycles do exist only for small values
of the parameter λ. As a first case, we reconsider the system (H2,λ) for which
we already proved the existence/nonexistence result in Theorem 1.3. An ele-
mentary computation of the integral in (P ) yields to Ψ(r) = r5 π8 − r

3 π
4 . This

function has a unique positive zero with positive derivative at r0 =
√

2. Thus
Proposition 4.1 guarantees that when λ > 0 is small there is a (unique) limit
cycle approximating the circumference of center the origin and radius

√
2.

To show the effectiveness of our approach to other superlinear cases (p > 1),
we consider another system related to (H4,λ), namely

(H ′4,λ) ẋ = y − λy4(x4 − 1)x, ẏ = −x,

which fits in the frame of equation (SFε) with ε = λ and F(x, y) = y4(x4−1)x.
An elementary computation of the integral in (P ) yields to Ψ(r) = r9 3π

128 −
r5 π8 . This function has a unique positive zero with positive derivative at r0 =

(16/3)1/4 ≈ 1.519671371. Figure 4 illustrates this situation. The numerical
simulation is performed for λ = 0.3.

Clearly, the same approach can be extended to system (S1λ) with g(x) = x.
In particular, as suggested by the Referee, it might be interesting to apply
Proposition 4.1 to the case when B(y) = |y|p and A(x) is an arbitrary polyno-
mial, namely to the system

ẋ = y − λ|y|pA(x), ẏ = −x,

with A(x) a polynomial of degree n ≥ 2 such that A(0) = 0, that we represent
as A(x) = xÃ(x), with Ã(x) = a0 + a1x + . . . an−1x

n−1. In this case, the
function Ψ in (P ) takes the form of

Ψ(r) = rp+1

∫ 2π

0

(sin2 θ)| cos θ|pÃ(r sin θ) dθ = rp+1P(r),

for P(r) :=
∑

k=0,...,n−1
k even

akckr
k, where ck :=

∫ 2π

0
| sin θ|2+k| cos θ|p dθ (k even).

Now, if we assume a0 < 0 and ak∗ > 0 with k∗ the larger even integer in
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Ã(x) such that ak 6= 0, we know that there is a first positive zero for Ψ where
Ψ′(r0) ≥ 0 and Ψ changes sign from negative to positive values. Checking
whether Ψ′(r0) > 0, in order to enter in the setting of Proposition 4.1, may be
achieved by a more precise analysis on the coefficients of P(r).

(a) Case of system (H ′4,λ) for λ =
0.3, putting in evidence the circum-
ference C(r0) for r0 = (16/3)1/4 and
the part of the infinite-isocline in
the range [−4, 4]×[−3, 3]. Note that
all the regionsWi and Vi for i = 1, 2
are visible.

(b) The phase-portrait of system
(H ′4,λ) for λ = 0.3, showing the fact
that the solutions tend to a limit cy-
cle close to the circumference C(r0)
for r0 = (16/3)1/4. The circum-
ference partially overlaps with the
limit cycle. We have indicated with
a dot the initial point of the orbits.

Figure 4: The figures summarize the essential information for system (H ′4,λ) with
λ > 0 and small, according to Proposition 4.1. The simulation also suggest the fact
that the critical value λ∗ such that there are limit cycles for 0 < λ < λ∗, must be
larger but near to λ = 0.3, since our external trajectory moves very close to the
escaping region V2. The graphs are produced using [42].

Remark 4.2. We observe that the technique exposed in this Section can also
be applied to a more general system of the form ẋ = y − εG(x, y), ẏ = −g(x)
with g and G sufficiently regular functions and g : R→ R satisfying (g1). In this
case, the change of variables u = z(x) :=

√
2G(x) sign(x), introduced in [9],

leads to the equivalent system u̇ = y − εG(z−1(u), y), ẏ = −u which is of the
form of (SFε).

5. Reversible systems and chaotic dynamics for the
periodically perturbed equation

In this section we consider a class of systems of the form

(S1λ)

{
ẋ = y − λB(y)A(x)

ẏ = −g(x),
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for which the orbits are symmetric with respect to the y-axis. Systems with a
symmetry with respect to a line are important in the study of centers and were
considered by professor Roberto Conti in his seminal article [10] (see also [8]
for previous important work on planar centers). For more recent contributions
to this topic, see [33] and the references therein.

Such equations with a line of symmetry are a particular case of the reversible
systems, also studied by Arnold [2] and Moser [27]. A thorough treatment of
the KAM theory for time-dependent reversible systems is contained in the
monograph of Sevryuk [35]. An application of these results to the problem
of the boundedness of the solutions for a class of Liénard equations can be
found in [24]. Consistently with the observation that “there is a very close
similarity between the behaviour of solutions of reversible systems and that
of Hamiltonian ones” (see [35, p. 3]), we have recently extended in [30] some
approaches for the existence of chaotic-like dynamics for periodically perturbed
Hamiltonian systems [25], to a class of forced Liénard equations

ẋ = y − F (x) + E(t), ẏ = −g(x),

with F even and g odd. See also [16, 28, 29, 38, 39] and the references quoted
therein for other results concerning the forced case.

Our aim now is to further extend this type of approach to the perturbed
system

(S2λ)

{
ẋ = y − λB(y)A(x) + E(t),

ẏ = −g(x),

where E : R → R is a piecewise continuous and T -periodic forcing term. For
other results related to [30], see [20].

As a preliminary analysis, we consider system (S1λ) with B(y), A(x) even
and g(x) odd functions. In this situation, it is immediate to check that the
autonomous system is invariant with respect to the composition of a planar
involution R : (x, y) 7→ (−x, y) (i.e., the symmetry with respect to the y-
axis) and time-reversal. In fact, setting u(t) := −x(−t) and v(t) := y(−t) we
obtain the same system as the original one. Notice that the symmetry of the
trajectories with respect to the y-axis does not depend on our choice of B(y)
as an even function. Any choice of B(y) would be fine, provided that A(x) is
even and g(x) is odd. To make a comparison with the results in [40] we will
focus pour attention to the superlinear case and will take B(y) = |y|p with
p > 1. Moreover, we will concentrate, as in [40] to a “case study”, by taking
for A(x) a function, which is negative for 0 < x < 1 and positive for x > 1. In
this manner, we study the model equation

(Rp,λ)

{
ẋ = y − λ|y|p(x2 − |x|)
ẏ = −x,
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with λ > 0 and p > 1. Analogously as in [40] we introduce now the regions

V1 :=
{

(x, y) : −1 < x < 0, y < 0, |y|p−1 < − 1
λ(x2−|x|)

}
,

V2 :=
{

(x, y) : 0 < x < 1, y < 0, |y|p−1 < − 1
λ(x2−|x|)

}
,

which are symmetric with respect to y-axis and are positively invariant, so
that all the trajectories entering such regions become unbounded in the y-
component. We also define the negatively invariant regions

W1 :=
{

(x, y) : x > 1, y > 0, |y|p−1 > 1
λ(x2−|x|)

}
,

W2 :=
{

(x, y) : x < −1, y > 0, |y|p−1 > 1
λ(x2−|x|)

}
,

which are symmetric with respect to the y-axis, where unboundedness in back-
ward time occurs, as well as possible blow-up in finite negative time. However,
as in case of system (Hp,λ), all the solutions of (Rp,λ) are globally defined in
forward time (see Figure 5).

Figure 5: The infinite-isocline and the zero-isocline for system (R2,λ) and the cor-
responding regions Vi and Wi for i = 1, 2. The graph is produced using [42], for a
suitable λ > 0. Different values of λ gives the same qualitative structure; however,
increasing the value of λ moves the regions closer to the x-axis and therefore when λ
is larger than a critical value, all the nontrivial solutions definitively enter V1∪V2 and
become unbounded in the future. It may be interesting to compare Figure 1 with the
present one. The structure of the regions Vi and Wi for systems (Hp,λ) and (Rp,λ)
(with p > 1), as well as their dynamical properties are the same. The only difference,
due to reversibility of system (Rp,λ) is the symmetry of the orbits with respect to the
y-axis.

System (Rp,λ) has a center at the origin. In fact, for |y| small enough, the
orbits are close to those of the harmonic oscillator ẋ = y, ẏ = −x. Hence,
a trajectory departing from a point P0 = (0, y0) with y0 > 0 small enough,
will traverse the right-half plane and cross the y-axis again at a point P1 =
(0, y1) with y1 < 0. Hence, by the y-axis mirror symmetry of the orbits, such
a trajectory will come bach to P0 after traversing the left-half plane. On the
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other hand, a trajectory departing from a point Q0 = (0, y0) with y0 > 0 large,
will move quickly toward the region W1 (without entering it) and then will hit
the vertical line x = 1 at a point Q1 = (1, y1) with y1 < 0. From now on, either
the orbits enter the region V2 and become ultimately unbounded, or it will
cross again the y-axis at a point Q2 = (0, y2), with y2 < 0 (and avoiding the
region V2). In this latter case, by symmetry, we obtain again a periodic orbit,
typically with a larger period than the small one, if λ > 0 is small enough.
Notice that, as in [40], a condition of the form λ < λ∗p will guarantee that
larger orbits of system (Rp,λ) do not enter the region V2 . An illustration of
this situation is given in Figure 6.

(a) Structure of the center at the
origin for system (R2,λ). The or-
bits are consider for an initial
point P0 = (0, y0), with y0 =
1, 2, 3, 5.

(b) Solutions (t, x(t)) for system
(R2,λ), with x(0) = 0 and ẋ(0)) =
y(0) = y0, with y0 = 1, 2, 3, 5. The
fact that the period increases from
smaller to larger orbits is appar-
ent.

Figure 6: The figure illustrates the dynamics associated to system (R2,λ) for λ = 3/4.
The graph is produced using [42].

The gap in the periods between the smaller and the larger orbits of the
center allows us to enter in a framework considered in [30], for the study of the
chaotic behavior of the solutions to the periodically perturbed system (S2λ).
Indeed, continuing our analysis to the case study (Rp,λ) as a paradigmatic
model of (S1λ), we can produce a topological horseshoe, namely a compact
invariant set Λ for the Poincaré Φ map associated to system

(Sp,λ)

{
ẋ = y − λ|y|p(x2 − |x|) + E(t)

ẏ = −x,

such that Φ on Λ is semi-conjugate to the two-sided Bernoulli shift on m ≥ 2
symbols and such that to any k-periodic sequence of symbols it corresponds
the existence of a k-periodic point P for Φ in Λ, so that the solution of (Sp,λ)
starting at the point P is a kT -periodic solution of the system.
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To enter in the setting described in [30] we need to find two linked annular
regions A1 and A2 for the autonomous systems

(Sip,λ)

{
ẋ = y − λ|y|p(x2 − |x|) + Ei

ẏ = −x,

with i = 1, 2, such that there is a period gap between the inner and the outer
closed orbits which are the boundaries of Ai . The geometric configuration is
illustrated in Figure 7.

Figure 7: Phase-portraits of the systems (Si2,λ) (i = 1, 2) for λ = 3/4. The two lower
closed orbits are obtained for E1 = A = 1 and initial points (0, 0.5) and (0, 1). The
two upper closed orbits are obtained for E2 = −A = −1 and initial points (0, 1.5)
and (0, 2). The analysis of the period shows that there is still a (small) gap between
the periods of the two orbits bounding each of the annular regions A1 and A2. The
graph is produced using [42]. For the presentation, the aspect-ratio of the figure has
been slightly modified (with a compression along the y-axis).

More precisely, if we denote by Ai the annular region in the plane bounded
by two closed orbits of system Ei and we assume that the annuli A1 and A2

are topologically linked as in Figure 7 (see [30, Definition 3.2] for the technical
condition), then a gap for the periods of the bounding orbits allows us to enter
in a variant of the theory of the linked twist maps ([11, 41], as well as [25] and
there references therein) and have the existence of chaotic-like dynamics (in the
sense described above) and infinitely many subharmonics, if we take as E(t)
a T -periodic forcing term which is close to a stepwise function of sufficiently
large period. For our purposes, we will take

E(t) = A tanh(n sin(ωt+ α)), A > 0, n ≥ 1, ω > 0, α ∈ [0, 2π[ , (9)

which is a smooth function, close (in the L1-norm) to a stepwise function of
period T = 2π/ω, and such that E(t) oscillates between the values E1 = A and
E2 = −A.
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(a) Dynamics associ-
ated with the clas-
sical standard map
when the parameter
ε gets close to 1 (from
[5, Fig.1.5, p.14]).

(b) Dynamics asso-
ciated with an area
preserving quadratic
map considered by
Henon (1969) (from [3,
Fig.1.39, p.52]).

(c) Poincaré map (for a
period of the forcing term
T = 4) for the system
(S2,λ) for λ = 3/4 and
E(t) as in (9), with A =
1, α = 0, n = 6, ω =
π/2.. The graph is pro-
duced using [42].

Figure 8: The portrait (Figure (c) at the right) after 800 iterations of the Poincaré
map, for different initial points, suggests the presence of invariant curves and quasi-
periodic solutions, as well as the existence of large subharmonic solutions, librational
curves (according to [5, Fig. 1.5, pag.14] - see Figure (a) at the left), island chains
[3, Fig. 1.39, pag. 52] (see Figure (b) at the center) and more complex solutions,
perhaps of chaotic-type; a situation analogous to that encountered for planar area-
preserving homeomorphisms associated to Hamiltonian systems when the variation of
some parameters moves the system outside the integrability case [5, 27]. The graphs
are produced using [42].
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Abstract. We present and expand some existing results on the Zariski
closure of cyclic groups and semigroups of matrices. We show that,
with the exclusion of isolated points, their irreducible components are
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1. Introduction

In mathematics, as well as in many applied sciences, researchers often face
the problem of describing a complicated behaviour or a sophisticated model.
A common approach is to find invariants: roughly speaking, an invariant is a
property shared by every point of the model or a function that attains the same
value at every state. Invariants appear in a wide range of areas of mathematics,
physics, and computer science. As an example, in the study of dynamical
systems, invariants can determine whether the system will reach a given state.

From an algebraic viewpoint, the most meaningful invariants are polynomial
functions. To compute the polynomials that vanish on a given model or set
means to compute the closure of such set in the Zariski topology. A common
approach in applied algebraic geometry is to take a model coming from biology,
statistics or computer science, and give it the structure of an algebraic variety,
thus allowing the use of powerful geometric techniques. On the other hand,
these classes of models provide examples of families of varieties, whose geometry
is interesting in their own right.

In this paper we are interested in the Zariski closures of subsemigroups of
Matn(C): given a semigroup X ⊆ Matn(C), its Zariski closure is the smallest
algebraic subvariety of Matn(C) containing X. When X is a closed subset of
GLn(C) in the induced topology, one calls X an algebraic group. The study of
algebraic groups has a long history and a rich literature (important references
are [15, 25]), but it is also motivated by concrete applications. For instance,
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groups generated by matrices appear naturally in dynamical systems, where
they are often called automata or affine programs (see for example [14, Sec-
tion 1]).

From a computational viewpoint, the problem becomes to find an algorithm
that, given a finite set of matrices, returns the Zariski closure of the group or
the semigroup that they generate, see for instance [7, Chapter 4]. Some of the
results in the literature address the existence of an algorithm rather than its
implementation or the geometric properties of the closure, see [9, Theorem 9]
and [14, Theorem 16].

The aim of this article is twofold. On the one hand, we present new proofs
of some known results and use geometric techniques to expand and general-
ize them. On the other hand, we hope that this paper will serve as a clear,
accessible reference for researchers working in different areas of mathematics
and computer science, as well as a friendly entrance point for those who are
interested in the subject.

It is natural to start with the simplest situation, i.e. the closure of a cyclic
group or semigroup. In this case we are able to give a detailed description
of the closure: what strikes us as remarkable is that each irreducible compo-
nent turns out to be a toric variety. Roughly speaking, a variety is toric if it
is the image of a monomial map. A toric variety not only has very pleasant
properties - to name a few, it is irreducible, rational and its ideal is generated
by binomials - but it can also be associated to a polytope that completely en-
codes its geometry. This makes toric varieties accessible from a theoretical,
combinatorial, and computational point of view. For instance, there are ef-
fective techniques to determine their degrees and their equations. For more
information on toric varieties we refer to [6]. We conclude by pointing out
that binomial ideals themselves sit in a very fertile ground between geometry,
algebra, and combinatorics [10].

Notation. Here we fix the notation we use in this paper.

1. For a subset X of Matn(C), we denote by X the Zariski closure of X in

Matn(C), regarded as Cn2

. We write irr(X) for the number of irreducible
components of X.

2. Given a matrix M ∈ Matn(C), we denote by E(M) the set of nonzero
eigenvalues of M . If E(M) ̸= ∅, then we write G(M) for the multiplica-
tive subgroup of C∗ generated by E(M).

3. For a finitely generated abelian group G, i.e. a finitely generated Z-module,
we write Gtor for the torsion submodule of G and rkG for the rank of a
free complement of Gtor in G. For a finite group G, we denote by |G| its
order.
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Theorem 1.1. Let M ∈ Matn(C) be a nonzero matrix and let ν be the largest
size of a Jordan block of M associated to 0. Write X = {Mk | k ∈ Z>0} for the
semigroup of Matn(C) generated by M . Then X can be written as a disjoint
union

X = X0 ∪̇ X1

of closed sets, where

1. X0 is a collection of points of cardinality{
ν if E(M) = ∅,

max{0, ν − 1} otherwise.

2. either X1 = E(M) = ∅ or X1 is a union of |G(M)tor| toric varieties of
dimension

dimX1 =

{
rkG(M) if Mmax{1,ν} is diagonalizable,

rkG(M) + 1 otherwise.

Observe that Theorem 1.1 applies not only to semigroups: as we will prove
in Proposition 2.4, when M is invertible the same statement is true for the
group generated by M . In this case, the toric varieties described in point (2)
are the irreducible components of X1, and their intersections with GLn(C) are
the connected components of the group ⟨M⟩ ∩GLn(C). When M is invertible
and diagonalizable, Theorem 1.1 agrees with [7, Proposition 3.9.7]. Let us also
point out that, thanks to [19, Proposition 11], Theorem 1.1 describes not only
the structure of the closure of affine programs, which are discrete dynamical
systems, but also the structure of a much larger class of dynamical systems,
called hybrid automata.

Example 1.2. Let

M =

(
10 −8
6 −4

)
∈ GL2(C)

and let X be the semigroup of GL2(C) generated by M . If we set

D =

(
2 0
0 4

)
and P =

(
1 4
1 3

)
,

then M = PDP−1. It follows that M is diagonalizable, E(M) = {2, 4}, and
G(M) = ⟨2, 4⟩ = ⟨2⟩ ∼= Z. Theorem 1.1 yields that X is an irreducible toric
curve in C4. This example was presented in [14, Section 2] in the setting of
dynamical systems. Here we determine explicit equations describing the closure
of X. Let Y be the semigroup generated by D. Denoting the coordinates
of C4 by (

x w
z y

)
,
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we see that the three polynomials f = z, g = w, and h = x2 − y generate
the ideal of Y . Let ϕ : C4 → C4 be the linear automorphism defined by
A 7→ PAP−1, i.e.(

x w
z y

)
7−→

(
−3x+ 4y + 4z − 3w −12x+ 12y + 16z − 9w

x− y − z + w 4x− 3y − 4z + 3w

)
.

Then ϕ(X) = Y , hence f ◦ ϕ, g ◦ ϕ, and h ◦ ϕ generate the ideal of X. With
this choice of coordinates, the map ϕ is represented by the matrix

−3 4 4 −3
4 −3 4 3
1 −1 −1 1

−12 12 16 −9

 ,

therefore X is described by the equations
x+ w = y + z,

12x+ 9w = 12y + 16z,

(−3x+ 4y + 4z − 3w)2 = 4x− 3y − 4z + 3w.

These provide the tightest polynomial conditions that a point has to satisfy in
order to belong to X.

2. Preliminaries

In the present paper we are concerned with Zariski closures of subsets of
Matn(C). However, when the subsets in play consist of invertible matrices,
the closures are classically taken in GLn(C). Here we show that, when deal-
ing with commutative subgroups, some important geometric properties do not
depend on this choice.

Lemma 2.1. Let X be a subgroup of GLn(C) and let g ∈ GLn(C). Then
gXg−1 = gXg−1 and X is isomorphic to gXg−1 as algebraic subvarieties of
Matn(C).

Proof. Let ϕ : Matn(C) → Matn(C) denote conjugation under g, which is a
homeomorphism restricting to an automorphism of the algebraic group GLn(C).
As a consequence, X and ϕ(X) = gXg−1 are isomorphic varieties. The mor-
phism ϕ being a homeomorphism, we get ϕ(X) = ϕ(X).

Lemma 2.2. Let X be a commutative subgroup of GLn(C). Then the following
hold:
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1. There exists g ∈ GLn(C) such that gXg−1 consists of upper triangular
matrices.

2. The Zariski closure X ∩GLn(C) of X in GLn(C) is dense in X.

Proof. For (1), see [25, Lemma 2.4.2]. To see (2), observe that X ⊆ X ∩
GLn(C) ⊆ X, so taking the closures yields the claim.

Remark 2.3. We will assume in the rest of the paper that any commutative
subgroup of GLn(C) is already given in upper triangular form. Moreover,
thanks to Lemma 2.2(2.), dimension and number of irreducible components of
X are the same, regardless of whether we take them in Matn(C) or GLn(C).

Besides the choice of the ambient space for the closure, i.e. Matn(C) or
GLn(C), there are other variations of the problem in the literature. As we
pointed out in the introduction, given finitely many matrices, it is interesting
to consider both the group and the semigroup they generate. The following
result, already proven in [9, Lemma 2] for orthogonal matrices, shows that, for
our purposes, it is equivalent to deal with groups or semigroups.

Proposition 2.4. Let Y ⊆ GLn(C) be a subsemigroup and let X denote the
smallest subgroup of GLn(C) containing Y , i.e.

X =
⋂

{H ≤ GLn(C) | Y ⊆ H} .

Then the Zariski closures X and Y are the same.

Proof. Let UX = X ∩ GLn(C) and UY = Y ∩ GLn(C) denote respectively
the closures of X and Y in GLn(C). We claim that UY is a subgroup of
UX . Indeed, if this were not the case, there would exist an element g ∈ UY

yielding an infinite chain UY ⊋ gUY ⊋ g2UY ⊋ . . . and thus contradicting
Noetherianity of the Zariski closure. Since UX is the smallest closed subgroup
of GLn(C) containing X, the equality UX = UY holds. We now observe that
X ⊆ UX ⊆ X and so X = UX . An analogous statement holds for UY and so
we conclude that X = Y .

3. Zariski closure of a cyclic group

In the present section, we will prove Theorem 1.1 for invertible matrices. We
conveniently recall the statement in this case.

Theorem 3.1. Let M ∈ GLn(C) and let X be the subgroup of GLn(C) gen-
erated by M . Then irr(X) = |G(M)tor| and the irreducible components are
pairwise isomorphic toric varieties of dimension

dimX =

{
rkG(M) if M is diagonalizable,

rkG(M) + 1 otherwise.
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As we will be dealing with cyclic subgroups of the form X = ⟨M⟩ with
M ∈ GLn(C), throughout the present section we will make implicit use of
Lemma 2.1 by assuming that the matrix M is given in Jordan normal form.

We remark that the content of Theorem 3.1 is not essentially new. Indeed,
in the case of invertible matrices, one ends up working with algebraic groups:
a number of algorithms for the computation of their defining polynomials are
presented in [7] and in many cases rely on Lie algebra techniques. Given the
important role of toric varieties in modern applied mathematics, the results we
present are in the language of algebraic geometry.

3.1. The diagonalizable case

For the convenience of the reader, we collect in the following remark the facts
about toric varieties that we will be needing in this section.

Remark 3.2. Given a finite set A = {α1, . . . , αn} ⊂ Zr, define the map ΦA :
(C∗)r → (C∗)n by

x = (x1, . . . , xr) 7→ (xαi = xαi1
1 · . . . · xαir

r | i ∈ {1, . . . , n}).

The closure of the image of ΦA is the toric variety denoted by YA. The
dimension of YA is the rank of the free group generated by A. In other
words, if A ∈ Matr×n(Z) is the matrix whose columns are α1 . . . , αn, then
dimYA = rkA. Moreover, the ideal of YA is generated by the binomials xβ−xγ

whenever β, γ ∈ (Z≥0)
r satisfy β − γ ∈ kerZ(A). For these facts and more, see

e.g. [6, Section 1.1].

Example 3.3. Let us consider A = {(3,−1), (0, 1), (1, 1)}. Then ΦA : (C∗)2 →
(C∗)3 is given by

(x1, x2) 7→ (x3
1x

−1
2 , x2, x1x2).

In the notation of Remark 3.2, we have

A =

(
3 0 1
−1 1 1

)
and so YA has dimension rk(A) = 2. Since kerZ(A) = Z(1, 4,−3), the toric
variety YA is defined by the equation xy4 = z3.

Let M = diag(a1, . . . , an) ∈ GLn(C). As in the Introduction, we define
X = {Mk | k ∈ Z} to be the group generated by M and G(M) = ⟨a1, . . . , an⟩
be the subgroup of C∗ generated by the eigenvalues of M .

Proposition 3.4. If G(M) is torsionfree, then X is a toric variety of dimen-
sion dimX = rkG(M).
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Proof. Set r = rkG(M). By hypothesis G(M) is a free Z-module of rank r.
Let c1, . . . , cr be a Z-basis of G(M). For every i ∈ {1, . . . , n} and j ∈ {1, . . . , r}
there exists αij ∈ Z such that

a1 = cα11
1 · . . . · cα1r

r , . . . , an = cαn1
1 · . . . · cαnr

r .

We use this data to define the matrix

A =

α11 . . . αn1

...
...

α1r . . . αnr

 ∈ Matr×n(Z).

Let A ⊂ Zr be the set of lattice points corresponding to the columns of A and
let YA be the associated toric variety. By Remark 3.2, a set of generators of
its ideal IYA is given by binomials derived from a generating set of kerZ(A).
Observe that every generator of kerZ(A) gives a binomial vanishing on X, so
IYA ⊂ IX . On the other hand, by [17, Proposition 5], the ideal IX is generated
by binomials with coefficients in {0,±1}. For this reason, every generator of
IX gives a relation in G(M) and therefore an element of kerZ(A). This shows
that IX = IYA , so X = YA is a toric variety. Since dimX = rkA, in order to
conclude it suffices to show that rkA = r.

Up to reordering, we assume that the first t columns of A are a basis for the
Z-module spanned by all of its columns. Since A has r rows, we clearly have
that t ≤ r. On the other hand, for every j > t, the j-th column (αj1, . . . , αjr)

⊤

is a Z-linear combination of (α11, . . . , α1r)
⊤, . . . , (αt1, . . . , αtr)

⊤. Hence there
exist λ1j , . . . , λtj ∈ Z such that

αj1 = λ1jα11 + . . .+ λtjαt1, . . . , αjr = λ1jα1r + . . .+ λtjαtr.

This means that

aj = c
αj1

1 · . . . · cαjr
r = c

λ1jα11+...+λtjαt1

1 · . . . · cλ1jα1r+...+λtjαtr
r

= c
λ1jα11

1 · . . . · cλ1jα1r
r · . . . · cλtjαt1

1 · . . . · cλtjαtr
r

= a
λ1j

1 · . . . · aλtj

t .

Therefore at+1, . . . , an ∈ ⟨a1, . . . , at⟩ and so we conclude that t ≥ r.

The structure of diagonalizable algebraic groups is discussed in [7, Sec-
tion 3.9]. In particular, Proposition 3.9.7 ensures that a diagonalizable alge-
braic subgroup of GLn(C) splits as a direct product of a finite group and an
r-dimensional torus, where r is the rank of its associated lattice (in the lan-
guage of [6], the lattice associated to the toric variety). The arguments we
use in the proof of Proposition 3.4 resemble those from [9, Section 3.3] or [7,
Section 3.9] though in a slightly different language.
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In his PhD Thesis (University of Leipzig, 2020), Görlach presents a refor-
mulation of [7, Proposition 3.9.7] from the point of view of Hadamard product
of algebraic varieties.

Proposition 3.5. The variety X has |G(M)tor| irreducible components. The
components are pairwise isomorphic toric varieties of dimension rkG(M).

Proof. Set q = |G(M)tor|. For every choice of i ∈ {0, . . . , q − 1}, define the set
Yi = {Mkq+i | k ∈ Z}. Then X is the disjoint union of the Yi’s and

X = Y0 ∪ . . . ∪ Yq−1 = Y0 ∪ . . . ∪ Yq−1.

Note that Yi = {M i·(Mq)k | k ∈ Z} is the image of Y0 = {(Mq)k | k ∈ Z} under
a linear automorphism of Matn(C), namely multiplication by M i. Moreover
we have

Mq = diag(aq1, . . . , a
q
n).

By construction, the group ⟨aq1, . . . , aqn⟩ is torsionfree of rank equal to rkG(M).
Proposition 3.4 yields that Yi has dimension rkG(M) and, being toric, Yi is
irreducible.

We remark that, in the induced topology, the connected components of
X ∩GLn(C) are precisely the intersections Yi ∩GLn(C), where Yi is as in the
proof of Proposition 3.5. In particular, Y0 ∩ GLn(C) is the unique irreducible
component of X ∩ GLn(C) that contains the identity matrix. For more on
connectedness, see for example [7, Section 3.2].

With the next example, we would like to hint to how much information toric
geometry carries. We apply results from [6, Chapter 2.4] to check whether X
is normal and to compute its singular locus. Moreover, we apply [6, Theo-
rem 13.4.1] to compute the degree of X. Recall that the normalized volume of
a polytope P ⊆ Rn, denoted by volP , is n! times its Lebesgue measure.

Example 3.6. Let M = diag(1, 2, 3, 4) and let X be the group generated by
M . The eigenvalues of M generate G(M) = ⟨2, 3⟩ ∼= Z2. Following the proof
of Proposition 3.4, we have

A =

(
0 1 0 2
0 0 1 0

)
.

In this case kerZ A = ⟨(1, 0, 0, 0), (0, 2, 0,−1)⟩. Viewed as a subvariety of P3,
the toric variety X is defined by x2

1 = x0x3 and corresponds to the polytope
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which we denote by P . Such polytope is normal of dimension 2, so the projec-
tive variety X is a normal surface. However, P is not smooth, so X is singular.
More precisely, its singular locus is a point. The degree of X is volP = 2.
As shown in [6, Example 2.4.6], the variety X is the weighted projective space
P(1, 1, 2) embedded as a quadric cone in P3.

The next result shows that we can realize every toric variety as the Zariski
closure of a cyclic subgroup of GLn(C).

Proposition 3.7. Let Y ⊆ Cn be an affine toric variety and identify Cn with
the space of diagonal matrices. Then there exists a diagonal matrix M ∈
GLn(C) such that Y = ⟨M⟩ in Cn.

Proof. Let {α1, . . . , αn} ⊆ Zr be a set of lattice points defining Y as a toric
variety. Let

A =

α11 . . . αn1

...
...

α1r . . . αnr

 ∈ Matr×n(Z)

be the matrix with columns α1, . . . , αn. Let c1, . . . , cr be r distinct prime
numbers and set

a1 = cα11
1 · . . . · cα1r

r , . . . , an = cαn1
1 · . . . · cαnr

r .

By defining M = diag(a1, . . . , an) and following the proof of Proposition 3.4
backwards, we find Y = ⟨M⟩.

An immediate consequence of Proposition 3.7 is that we can cook up cyclic
matrix groups whose closure has arbitrary dimension, degree and number of
irriducible components. However, we observe that, in contrast to the case of
toric varieties, not all binomial varieties can be realized as closures of cyclic
subgroups of GLn(C).

The next example shows a way of applying Proposition 3.5 in a simple
non-cyclic setting.

Example 3.8. Define X = ⟨A,B⟩ where

A =

(
2 0
0 1

)
and B =

(
1 0
0 2

)
.

Then, for any d ∈ Z, the group X contains the cyclic subgroup

Yd = ⟨ABd⟩ =
{(

2h 0
0 2hd

)
| h ∈ Z

}
.

Thanks to Proposition 3.4, the closure of each Yd is a curve and so, X containing
infinitely many curves, the dimension of X is 2. In particular, X is a plane
in C4.
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3.2. The unipotent case

In this section we consider the case of unipotent matrices and prove Theo-
rem 3.1. Let M ∈ GLn(C) and let X be the subgroup of GLn(C) generated
by M . Without loss of generality, we assume that M is in Jordan normal form.
Let Ms and Mu be respectively the semisimple and the unipotent part of M ,
which satisfy MsMu = MuMs. In particular, M = MsMu is upper triangular,
Ms is diagonal and Mu is upper unitriangular. We remark that the eigenvalues
of M are the same as the eigenvalues of Ms. We define additionally the sets
Xs = {Mk

s | k ∈ Z} and Xu = {Mk
u | k ∈ Z}.

The proof of the following result is an easy computation.

Lemma 3.9. Let λ ∈ C∗, k ∈ Z≥0, and let J(m,λ) = (bij) ∈ GLm(C) be defined
by

bij =


1 if i = j,

λ if j = i+ 1,

0 otherwise.

Write J(m,λ)k = (aij). Then

aij =

{
0 if i > j,(

k
j−i

)
λj−i otherwise

(1)

and, for each r ∈ {1, . . . ,m− 1}, the following holds:

r!a1,r+1 =

r−1∏
i=0

(a12 − iλ). (2)

Lemma 3.10. Assume that Mu ̸= 1 and let m be the biggest size of a Jordan
block of M . Then Xu is a degree m− 1 rational normal curve.

Proof. Let d denote the number of Jordan blocks of M , arbitrarily ordered.
For each l ∈ {1, . . . , d}, let λl and m(l) denote respectively the eigenvalue and
size corresponding to the l-th Jordan block of M . Set Jl = J(m(l), λ−1

l ) so
that, for every k ∈ Z, we have Mk

u = diag(Jk
1 , . . . , J

k
d ). Fix now k ∈ Z and

write al,ij for the (i, j)-th entry of Jk
l . By Lemma 3.9(1), all entries of Jk

l are
linear functions of entries in the first row of Jk

l and thus, by Lemma 3.9(2),
polynomials in al,12. Furthermore, by Lemma 3.9(1), the blocks Jk

l and Jk
s are

compared via

al,12 = kλ−1
l =

λs

λl
· kλ−1

s =
λs

λl
· as,12.

Fix J ∈ {J1, . . . , Jd} to be an element of maximal size m. Then Xu is contained
in a linear space L of dimension m, with coordinates x1, . . . , xm corresponding
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to the entries of the first row of J . More precisely, Xu is contained in the image
of the map f̃ : C → L defined by

t 7→

1, tλ−1,
t(t− 1)

2
λ−2, . . . ,

1

(m− 1)!

m−2∏
j=0

(t− j)λ−m+1

 .

Since the image of f̃ is an irreducible curve and Xu is infinite, f̃(C) = Xu.
After applying the first linear change of coordinates

(x1, x2, x3, . . . , xm) 7→ (x1, λx2, 2λ
2x3, . . . , (m− 1)!λm−1xm),

Xu is parametrized by the map f : C → L defined by

t 7→

1, t, t(t− 1), . . . ,

m−2∏
j=0

(t− j)

 .

To show that Xu is a degree m − 1 rational normal curve, we recursively
construct linear polynomials l1(x1), l2(x1, x2), . . . , lm(x1, . . . , xm) such that, for
each r ∈ {1, . . . ,m}, the map ϕr : Cm → Cm defined by

ϕr(x1, . . . , xm) = (l1(x1), . . . , lr(x1, . . . , xr), xr+1, . . . , xm)

ensures that the first r entries of f ◦ ϕr(x1, . . . , xm) equal (1, t, t2, . . . , tr−1).
Set l1(x1) = x1 and l2(x1, x2) = x2. Assume now that l1 . . . , lr are given
and let us define lr+1. By the induction hypothesis, the change of coordinates
(x1, . . . , xm) 7→ (l1(x1), . . . , lr(x1, . . . , xr), xr+1, . . . , xm) turns f into

t 7→

1, t, t2, . . . , tr−1,

r−1∏
j=0

(t− j), . . . ,

m−2∏
j=0

(t− j)

 .

Now the (r + 1)-th entry is of the form tr + cr−1t
r−1 + . . .+ c1t+ c0 for some

c0, . . . , cr−1 ∈ C. We conclude by defining

lr+1(x1, . . . , xr+1) = xr+1 − cr−1xr − . . .− c1x2 − c0x1,

which is linear in x1, . . . , xr+1 and satisfies by construction the required induc-
tive property.

Lemma 3.10 is a different instance of [7, Proposition 4.3.10] for algebraic
subgroups of GLn(C), though our proof does not rely on Lie theory. Moreover,
as a consequence of [7, Corollary 4.3.11], the Zariski closure of any unipotent
subgroup is (connected and thus) irreducible in Matn(C). For more about
unipotent algebraic groups in this context, see for example [7, Section 4.3.2].
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Example 3.11. We use the notation from Lemma 3.9. Define

M =


1/5 1 0 0
0 1/5 1 0
0 0 1/5 1
0 0 0 1/5

 ,

which is already in Jordan normal form. In this case

Ms = diag(1/5, 1/5, 1/5, 1/5) and Mu = J(4, 5).

By Lemma 3.9(1), for each k ∈ Z one has

Mk
u = J(4, 5)k =


1 5k 52 · k(k−1)

2 53 · k(k−1)(k−2)
6

0 1 5k 52 · k(k−1)
2

0 0 1 5k
0 0 0 1

 .

Denoting by xij the 16 independent variables corresponding to the entries of
a matrix in Mat4(C), we see that Xu is contained in the 4-dimensional linear
space L defined by the equations

xij = 0 for i < j, x13 = x24,

xii = 1 for i ∈ {1, . . . , 4} , x12 = x23 = x34.

We identify L with the affine space C4, with coordinates x1, x2, x3, x4 corre-
sponding to the entries x11, x12, x13, x14 of the first row of Mk

u . Then Xu is the
image of the map C → L defined by

t 7→
(
1, 5t,

25t(t− 1)

2
,
125t(t− 1)(t− 2)

6

)
.

After the changes of coordinates

(x1, x2, x3, x4) 7→
(
x1,

x2

5
,
2x3

25
+

x2

5
,
6x4

125
+

6x3

25
+

x2

5

)
,

we see that Xu is the image of t 7→ (1, t, t2, t3), so Xu is the twisted cubic curve
in the hyperplane defined by x1 = 1 in L.

Proposition 3.12. The following equalities hold:

dimX = dimXs + dimXu and irr(X) = irr(Xs).

Proof. By Remark 2.3, the dimension and the number of irreducible compo-
nents of X remain invariant when intersecting X with GLn(C). For this proof
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only, we will write X to mean the Zariski closure of X in GLn(C). This applies
also to Xs and Xu. Recall that X, Xs, and Xu are in this case subgroups of
GLn(C), see for example [25, Lemma 2.2.4].

We start by observing that X is abelian. Indeed, the commutator map X×
X → GLn(C) is continuous and trivial on the dense subset X ×X, therefore it
is itself trivial. Now, the group X being abelian, [15, Theorem 15.5] yields that
X ∼= Xs ×Xu. In particular, we get dimX = dimXs + dimXu. Lemma 3.10
ensures that Xu is irreducible and thus we also have that irr(X) = irr(Xs).

We prove here Theorem 3.1. From Proposition 3.12 we know that

dimX = dimXs + dimXu

and irr(X) = irr(Xs). By Proposition 3.5, we have irr(X) = |G(M)tor| and,
combined with Lemma 3.10, that

dimX = rkG(M) + dimXu =

{
rkG(M) if Mu = 1,

rkG(M) + 1 otherwise.

In conclusion, as a consequence of Proposition 3.5 and the fact that X∩GLn(C)
is dense in X, the irreducible components of X are toric varieties.

Corollary 3.13. Let q ∈ Z. If G(M) is torsionfree, then X = ⟨Mq⟩.

Proof. Let a1, . . . , an be the eigenvalues of M and assume that G(M) is tor-
sionfree. Then the eigenvalues of Mq are aq1, . . . , a

q
n and ⟨aq1, . . . , aqn⟩ is a free

Z-submodule ofG(M) of the same rank asG(M). By Theorem 3.1, the varieties
⟨M⟩ and ⟨Mq⟩ are both irreducible of the same dimension. Since ⟨M⟩ ⊇ ⟨Mq⟩,
they are the same.

4. Zariski closure of a cyclic semigroup

The purpose of this section is to prove Theorem 1.1. We start with an example
to illustrate the argument we will use in the proof.

Example 4.1. Let M ∈ Matn(C) be defined by

M =

0 1 0
0 0 0
0 0 2


and let X = {Mk | k ∈ Z>0}. Then M2 = diag(0, 0, 4) and thus we have

X = {M} ∪̇ {diag(0, 0, 2k) | k ≥ 2}.
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We observe that the set {diag(0, 0, 2k) | k ≥ 2} consists of infinitely many
collinear points. In particular, we get that

X = {M} ∪̇ {diag(0, 0, z) | z ∈ C}

and so X is the disjoint union of a point and a line.

Until the end of this section, we will work under the hypotheses of Theo-
rem 1.1. We proceed by considering disjoint cases.

Assume first that E(M) = ∅. In this case the only eigenvalue of M is 0,
which implies that M is nilpotent. Since M ̸= 0 by hypothesis, Mν is the
smallest power of M that is equal to 0 and so X consists of ν points. To
conclude, define X0 = X and X1 = ∅.

Assume now that M is invertible, so ν = 0 and E(M) ̸= ∅. Define X0 = ∅
and X1 = X. We are now done thanks to Theorem 3.1.

To conclude, assume that M is not invertible and E(M) ̸= ∅. In this case,
ν ≥ 1 and there exist positive integers m and p and matrices N ∈ Matm(C)
strictly upper triangular and M1 ∈ GLp(C) upper triangular such that M has
the following block shape:

M =

(
N 0
0 M1

)
.

Fix such matrices N and M1. Then N is nilpotent and ν is the smallest
exponent annihilating N . It follows that

X = {Mk | k ∈ {1, . . . , ν − 1}} ∪̇
{(

0 0
0 Mk

1

)
| k ≥ ν

}
.

Write X0 = {Mk | k ∈ {1, . . . , ν − 1}} and

Y1 =

{(
0 0
0 Mk

1

)
| k ≥ ν

}
.

Then X0 is a closed variety consisting of ν−1 points. Set X1 = Y1. We observe
that the semigroup generated by M1 in GLp(C) is the image of Y1 under a
linear automorphism of Matn(C). It follows from Proposition 2.4 that X1 is
isomorphic to the Zariski closure of ⟨M1⟩ in Matp(C). Thanks to Theorem 3.1,
the proof of Theorem 1.1 is now complete.

5. Computation of closures of matrix groups

We conclude the paper with a sinthetic discussion of the available algorithms
for the computation of Zariski closures of matrix groups.
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We start by remarking that, while C is the most convenient field choice for
algebraic geometry, this is certainly not the case for computer algebra softwares.
For computational purposes, it is indeed necessary to work over a field that is
suitable for symbolic computations, for instance the field of rational numbers.

Ideally, one wishes for an algorithm that takes as input a list of matrices
M1, . . . ,Mt ∈ Matn(Q) and returns as output the ideal of the Zariski closure
of the group or semigroup generated by M1, . . . ,Mt. Such an algorithm would
provide the strongest polynomial invariants of ⟨M1, . . . ,Mt⟩.

When all the matrices are invertible, it makes sense to consider the group
they generate: algorithms computing the closure of such group in GLn(C)
are presented in [9, Section 3] and in [7, Chapter 4.6]. The computation of the
closure in Matn(C) or Matn(R) of the generated semigroup is addressed in [14].
For a number of related problems, see for example [1, 16, 17, 22, 26].

Some of these results concern decidability, i.e. the existence of an algo-
rithmic solution. Among the implementations we mention [17, Algorithm 3],
implemented in Mathematica 5 [28], and various algorithms presented in [7]
and implemented in GAP4 [11], Magma [4], and Singular [8].

To the best of our knowledge, no complexity analysis has been run in
[9, 14, 17]. In the preface to [7], the author writes: “We do not consider
the complexity of algorithms as they very often are bad. Indeed, quite a few
algorithms use Gröbner bases, and the complexity of the algorithms to compute
the latter is known to be doubly exponential”. It is however worth mentioning
that many of these algorithms rely on a polynomial-time algorithm of Ge [12,
Theorem 1.1], dealing with units in number fields. The last result is generalized
in [18, Theorem 1.11] to arbitrary Q-algebras.
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no. 2, 281–298.

[27] The Sage Developers, Sagemath, the Sage Mathematics Software System
(Version 7.4), 2019, https://www.sagemath.org.

[28] Inc. Wolfram Research, Mathematica, version 5.0 ed., 2003.

Authors’ addresses:

Francesco Galuppi
Dipartimento di Matematica e Geoscienze
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1. Introduction

The Perrin sequence {Pn}n≥0 is the ternary recurrent sequence defined as

Pn+3 = Pn+1 + Pn, (1)

with initial terms P0 = 3, P1 = 0, and P2 = 2. This is the sequence A001608 in
the On-Line Encyclopedia of Integer Sequences (OEIS). The Perrin numbers
are closely associated with the Padovan numbers (cf. A000931, OEIS) whose
recurrence relation is same as that of Perrin sequence with different initials
(1, 0, 0). The first few Perrin numbers are

3, 0, 2, 3, 2, 5, 5, 7, 10, 12, 17, 22, 29, . . . .

The closed form of Perrin sequence known as the Binet’s formula is given by

Pn = αn + βn + γn, (2)

where α, β and γ are the roots of the characteristic equation f(x) = x3−x−1 =
0 and they can be expressed in terms of radicals as

α =
r1 + r2

6
, β = γ̄ =

−r1 − r2 + i
√
3(r1 − r2)

12
,

where r1 =
3
√
108+12

√
69 and r2 =

3
√
108−12

√
69. Numerically, the following

estimates hold for α, β and γ :

α ≈ 1.32472, |β| = |γ| ≈ 0.868837.
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One can observe that

|β| = |γ| = α−1/2.

The nth term of the Perrin sequence lies between αn−2 and αn+1 for all n ≥ 2,
that is,

αn−2 ≤ Pn ≤ αn+1. (3)

The above result can easily be shown by using induction.

For an integer b ≥ 2, a natural number N of the form N = a
(

bl−1
b−1

)
for some l ≥ 2 and a ∈ {1, 2, . . . , b − 1} is called a base b repdigit. When
b = 10, N is simply called a repdigit. Recently, many investigations have been
made for searching repdigits in binary as well as ternary recurrent sequences.
For example, Luca [11] proved that 55 and 11 are the largest repdigits in
the Fibonacci and Lucas sequences respectively. Lucas, Pell and Pell-Lucas
numbers as sums of two repdigits have been studied in [1, 2]. Rayaguru and
Panda [13] searched the presence of repdigits in the product of consecutive
balancing or Lucas-balancing numbers. In [14], they found all balancing and
Lucas-balancing numbers which are expressible as sums of two repdigits. Bravo
et al. [3] considered the Narayana’s cows sequence (A000930 in the OEIS) and
obtained all base b repdigits which are sum of two Narayana numbers. Lomeĺi
and Hernández [10] determined all repdigits in Padovan sequence which can be
written as sum of two Padovan numbers. In [7], Ddmulira found all repdigits
which are sum of three Padovan numbers.

In this article we are interested to study Perrin numbers expressible as sums
of two base b repdigits. More precisely, the exponential Diophantine equation

Pn = a1

(
bl1 − 1

b− 1

)
+ a2

(
bl2 − 1

b− 1

)
, (4)

is to be solved in integers 2 ≤ l1 ≤ l2 and a1, a2 ∈ {1, 2, . . . , b − 1}. The
finiteness result can be easily deduced from the S-unit equation theorem, which
was known since long ago. The contribution to the present work lies in the
effectivity, in the sense that, in (4), n can be effectively bounded in terms of
b. This can be achieved using Baker’s method. There exist several different
estimates of Baker-type lower bounds for linear forms in logarithms. In this
study we use the most common Baker-type method due to Matveev ([12] or
[4, Theorem 9.4]). This method also applies to every ternary linear recurrent
sequence under mild assumptions, namely the existence of a dominant root.

Our main result is the following.

Theorem 1.1. Let b ≥ 2 be an integer. Then the Diophantine equation

Pn = a1

(
bl1 − 1

b− 1

)
+ a2

(
bl2 − 1

b− 1

)
,
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has only finitely many solutions in integers (n, a1, a2, l1, l2) with 1 ≤ a1, a2 ≤
b−1 and 2 ≤ l1 ≤ l2. Moreover, n is bounded by 1.35 ·1031 log5 b. In particular,
the only Perrin numbers expressible as sums of two repdigits are P11 = 22 =
11 + 11 and P20 = 277 = 55 + 222.

2. Preliminary results

We need some results from Baker’s theory of linear forms in logarithms of
algebraic numbers for the proof of our main result. To start with, let η be an
algebraic number with minimal polynomial

f (X) = a0(X − η(1)) . . . (X − η(k)) ∈ Z [X],

where a0 > 0, and (η(i))1≤i≤k are the conjugates of η. Then,

h(η) =
1

k

log a0 +

k∑
j=1

max{0, log |η(j)|}

 ,

is called the logarithmic height of η. In particular, if η = a/b is a rational number
with gcd(a, b) = 1 and b > 1, then h(η) = log(max{|a|, b}). The following are
some properties of logarithmic height function stated without special reference:

• h(η + γ) ≤ h(η) + h(γ) + log 2,

• h(ηγ±1) ≤ h(η) + h(γ),

• h(ηk) = |k|h(η).

With these notations, Matveev (see [12] or [4, Theorem 9.4]) proved the
following result.

Theorem 2.1. Let L be an algebraic number field of degree dL.
Let η1, η2, . . . , ηl ∈ L be positive real numbers and b1, b2, . . . , bl be non-zero

integers. If Γ =
∏l

i=1 η
bi
i − 1 is not zero, then

log |Γ| > −1.4 · 30l+3l4.5d2L(1 + log dL)(1 + logD)A1A2 . . . Al,

where D ≥ max{|b1|, |b2|, . . . , |bl|} and A1, A2, . . . , Al are positive integers such
that

Aj ≥ h′ (ηj) = max{dLh (ηj) , | log ηj |, 0.16} for j = 1, . . . , l.

We use the reduction method of Baker-Davenport due to Dujella and Pethő
[8] for bound reduction. The following result will be used for reducing the
bounds of the variables n, l1, l2 of (4).
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Lemma 2.2 ([8]). Let M be a positive integer and p/q be a convergent of the
continued fraction of the irrational number τ such that τ > 6M . Let A, B, µ
be some real numbers with A > 0 and B > 1. Let ε := ∥µq∥ −M∥τq∥, where
∥.∥ denotes the distance from the nearest integer. If ε > 0, then there exists no
solution to the inequality

0 < |uτ − v + µ| < AB−w,

in positive integers u, v, w with

u ≤ M and w ≥ log(Aq/ε)

logB
.

When µ = 0, we get ε < 0. In this case we cannot apply Lemma 2.2. We
use the following lemma due to Legendre.

Lemma 2.3 (Legendre [5, 6]). Let κ be a real number and x, y integers such
that ∣∣∣∣κ− x

y

∣∣∣∣ < 1

2y2
.

Then x/y = pk/qk is a convergent of κ. Further, let M and N be non-negative
integers such that qN > M . Then putting a(M) = max{ai : i = 0, 1, 2, . . . , N},
the inequality ∣∣∣∣κ− x

y

∣∣∣∣ ≥ 1

(a(M) + 2)y2
,

holds for all pairs (x, y) of positive integers with 0 < y < M .

The following result, needed in our proof, appears in [9].

Lemma 2.4. Let r ≥ 1 and H > 0 be such that H > (4r2)r and H > L/(logL)r.
Then L < 2rH(logH)r.

The following result will be useful in proving our main result which gives a
relation between n and l2 of (4).

Lemma 2.5. All solutions of (4) satisfy

(l2 − 1) log b− logα < n logα < l2 log b+ 2.

Proof. From (3), we have αn−2 ≤ Pn < 2 · bl2 . Taking logarithm on both sides,
we get

(n− 2) logα < log 2 + l2 log b,
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which leads to

n logα < l2 log b+ 2.

Similarly, bl2−1 < Pn ≤ αn+1 gives

n logα > (l2 − 1) log b− logα.

This ends the proof.

3. Proof of Theorem 1.1

To start with, we find the upper bounds for the variables n, l1, l2 of (4).
Using (2) in (4), we get

αn + βn + γn = a1

(
bl1 − 1

b− 1

)
+ a2

(
bl2 − 1

b− 1

)
. (5)

We examine (5) in two different steps. Firstly, we write (5) as

αn − a2b
l2

b− 1
=

a1b
l1

b− 1
− a1 + a2

b− 1
− (βn + γn) .

Taking absolute values on both sides, we get∣∣∣∣αn − a2b
l2

b− 1

∣∣∣∣ ≤ ∣∣∣∣a1bl1b− 1

∣∣∣∣+ ∣∣∣∣a1 + a2
b− 1

∣∣∣∣+ |βn + γn| < 3 · bl1 .

Dividing both sides by a2b
l2

b−1 implies∣∣∣∣(b− 1

a2

)
αnb−l2 − 1

∣∣∣∣ < 3

bl2−l1
· b− 1

a2
<

3

bl2−l1−1
. (6)

Put

Γ =

(
b− 1

a2

)
αnb−l2 − 1. (7)

We need to show Γ ̸= 0. Suppose Γ = 0, then

αn =
a2

b− 1
bl2 . (8)

It is easily checked that αn is irrational for every n, since β is not conjugate to
α and |β| ̸= |α|. The irrationality of α immediately implies the non-vanishing
of Γ. To apply Theorem 2.1 in (7), let

η1 =
b− 1

a2
, η2 = α, η3 = b, b1 = 1, b2 = n, b3 = −l2, l = 3,

319



(6 of 11) K. BHOI AND P. K. RAY

where η1, η2, η3 ∈ Q(α) and b1, b2, b3 ∈ Z. The degree dL = [Q(α) : Q] is 3,
where L is Q(α).

Since bl2−1 < Pn < αn+1, we have l2 < n. Therefore, D = max{1, n, l2} =
n. To estimate the parameters A1, A2, A3, we calculate the logarithmic heights
of η1, η2, η3 as follows:

h(η1) = h

(
b− 1

a2

)
≤ h(b− 1) + h(a2) ≤ 2 log(b− 1) < 2 log b,

h(η2) = h(α) =
logα

3
and h(η3) = h(b) = log b.

Thus, one can take

A1 = 6 log b, A2 = logα and A3 = 3 log b.

Then, we apply Theorem 2.1 and find

log |Γ| > −1.4 · 30634.532(1 + log 3)(1 + log n)(6 log b)(logα)(3 log b).

Comparing the above inequality with (6) gives

(l2 − l1 − 1) log b < log 3 + 1.36 · 1013(1 + log n) log2 b

< 1.5 · 1013(1 + log n) log2 b.

Then, we get

(l2 − l1) < 1.6 · 1013(1 + log n) log b. (9)

Secondly, we rewrite (5) as

αn − a1b
l1 + a2b

l2

b− 1
= −a1 + a2

b− 1
− (βn + γn) ,

which implies∣∣∣∣αn − a1b
l1 + a2b

l2

b− 1

∣∣∣∣ ≤ ∣∣∣∣a1 + a2
b− 1

∣∣∣∣+ |βn + γn| < 2.5.

Dividing both sides by αn, we obtain∣∣∣∣1− α−nbl2
(
a1b

l1−l2 + a2
b− 1

)∣∣∣∣ < 2.5

αn
. (10)

Put

Γ′ = 1− α−nbl2
(
a1b

l1−l2 + a2
b− 1

)
.

320



PERRIN NUMBERS AS SUMS OF TWO BASE b REPDIGITS (7 of 11)

Using similar arguments as above we can show that Γ′ ̸= 0. With the notations
of Theorem 2.1, we take

η1 = α, η2 = b, η3 =
a1b

l1−l2 + a2
b− 1

, b1 = −n, b2 = l2, b3 = 1, l = 3,

where η1, η2, η3 ∈ Q(α) and b1, b2, b3 ∈ Z. The degree dL = [Q(α) : Q] is 3,
where L = Q(α).

Since l2 < n, D = n. Computing the logarithmic heights of η1, η2 and η3,
we get

h(η1) =
logα

3
, h(η2) = log b

and

h(η3) ≤ h(a1b
l1−l2 + a2) + h(b− 1)

≤ h(a1) + (l2 − l1)h(b) + h(a2) + h(b− 1) + log 2

< 3 log b+ log 2 + (l2 − l1) log b

≤ 4 log b+ (l2 − l1) log b.

Hence from (9), we get

h(η3) < 4 log b+ 1.6 · 1013(1 + log n) log2 b.

So, we take

A1 = logα, A2 = 3 log b and A3 = 4.9 · 1013(1 + log n) log2 b.

Using all these values in Theorem 2.1, we have

log |Γ′| > −1.4 · 30634.532(1 + log 3)(1 + log n)(logα)(3 log b)

· (4.9 · 1013(1 + log n) log2 b).

Comparing the above inequality with (10) gives

n logα− log 2.5 < 1.12 · 1026(1 + log n)2 log3 b. (11)

Thus, we conclude that

n < 4.33 · 1026(1 + log n)2 log3 b. (12)

With the notation of Lemma 2.4, we take r = 2, L = n andH = 4.33·1026 log3 b.
Applying the lemma, we have

n < 22(4.33 · 1026 log3 b)(log(4.33 · 1026 log3 b))2

< (17.32 · 1026 log3 b)(62 + 3 log log b)2

< (17.32 · 1026 log3 b)(88 log b)2

< 1.35 · 1031 log5 b.
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In the above inequality, we have used the fact that 62 + 3 log log b < 88 log b,
which holds for all b ≥ 2. Hence, we summarize that all the solutions of (4)
satisfy

n < 1.35 · 1031 log5 b.

Hence, the proof of Theorem 1.1 is finished.

Remark 3.1. The above inequality allows one to compute all the solutions
to (4) for every fixed b.

Now, as an illustration, we solve (4) for b = 10. When b = 10, the bound
on n becomes

n < 8.74 · 1032.

Using Lemma 2.5, we get l1 ≤ l2 < 1.07 · 1032.
Next, we reduce these bounds with the help of Lemma 2.2. Put

Λ = n logα− l2 log 10 + log

(
9

a2

)
. (13)

The inequality (6) can be written as∣∣∣∣( 9

a2

)
αn10−l2 − 1

∣∣∣∣ = |eΛ − 1| < 3

10l2−l1−1
.

Observe that Λ ̸= 0 as eΛ − 1 = Γ ̸= 0. Assuming l2 − 11 ≥ 2, the right-hand
side in the above inequality is at most 3

10 < 1
2 . The inequality |ez − 1| < y for

real values of z and y implies z < 2y. Thus, we get

|Λ| < 6

10l2−l1−1
,

which implies that∣∣∣∣n logα− l2 log 10 + log

(
9

a2

)∣∣∣∣ < 6

10l2−l1−1
.

Dividing both sides by log 10 gives∣∣∣∣n( logα

log 10

)
− l2 +

log (9/a2)

log 10

∣∣∣∣ < 3

10l2−l1−1
. (14)

To apply Lemma 2.2 in (14), let

u = n, τ =

(
logα

log 10

)
, v = l2, µ =

log (9/a2)

log 10
,

A = 3, B = 10, w = l2 − 11 − 1.
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Choose M = 8.74 ·1032. We find q74 exceeds 6M with 0.009322 < ε = ∥µq74∥−
M∥τq74∥. Applying Lemma 2.2 for 1 ≤ a2 < 9, we get l2 − l1 ≤ 36.

For the case a2 = 9, we have that µ(a2) = 0. In this case we apply
Lemma 2.3. The inequality (14) can be rewritten as∣∣∣∣ logαlog 10

− l2
n

∣∣∣∣ < 3

n · 10l2−l1−1
<

1

2n2
,

because n < 8.74 ·1032 = M . It follows from Lemma 2.3 that l2
n is a convergent

of κ = logα
log 10 . So

l2
n is of the form pk/qk for some k = 0, 1, 2, . . . , 74. Thus,

1

(a(M) + 2)n2
≤
∣∣∣∣ logαlog 10

− l2
n

∣∣∣∣ < 3

n · 10l2−l1−1
.

Since a(M) = max{ak : k = 0, 1, 2, . . . , 74} = 49, we get

l2 − l1 − 1 ≤ log(3 · (8.74 · 1032) · 51)
log 10

< 35.12.

Thus l2 − l1 ≤ 36 in both cases.

Now for 1 ≤ a1, a2 ≤ 9 and l2 − l1 ≤ 36, put

Λ′ = −n logα+ l2 log 10 + log

(
a110

l1−l2 + a2
9

)
. (15)

From (5), we have

αn
(
1− eΛ

′
)
= −

(
a1 + a2

9

)
− (βn + γn) .

Furthermore, we obtain

a1 + a2
9

+ (βn + γn) > 0.

So eΛ
′ − 1 > 0. Thus, Λ′ > 0 and we have

0 < Λ′ < eΛ
′
− 1 = |Γ′| < 2.5

αn
.

This implies ∣∣∣∣−n logα+ l2 log 10 + log

(
a110

l1−l2 + a2
9

)∣∣∣∣ < 2.5

αn
.
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Dividing both sides by logα gives∣∣∣∣∣l2
(
log 10

logα

)
− n+

(
log
(
(a110

l1−l2 + a2)/9
)

logα

)∣∣∣∣∣ < 9 · α−n. (16)

Now, let

u = l2, τ =

(
log 10

logα

)
, v = n, µ =

(
log
(
(a110

l1−l2 + a2)/9
)

logα

)
,

A = 9, B = α, w = n.

ChooseM = 8.74·1032. We find q83 exceeds 6M with 0.0000315 < ε = ∥µq83∥−
M∥τq83∥. Then we apply Lemma 2.2 to the inequality (16) for 1 ≤ a1, a2 ≤ 9
and l2 − l1 ≤ 36 and get n ≤ 349.

When l1 = l2 and a1 + a2 = 9, µ(a1, a2) = 0. So, in this case we use
Lemma 2.3. The inequality (16) can be rewritten as∣∣∣∣ log 10logα

− n

l2

∣∣∣∣ < 9

l2αn
<

1

2l22
.

Thus, we have

1

(a(M) + 2)l22
≤
∣∣∣∣ log 10logα

− n

l2

∣∣∣∣ < 9

l2αn
.

Since a(M) = max{ak : k = 0, 1, 2, . . . , 83} = 49, we get

n ≤ log(9 · (8.74 · 1032) · 51)
logα

< 292.

Thus n ≤ 349 in both cases.
We compute all the solutions of (4) usingMathematica for the range n ≤ 349

and find the following solutions,

P11 = 22 = 11 + 11 = 102−1
10−1 + 102−1

10−1 ,

P20 = 277 = 55 + 222 = 5
(

102−1
10−1

)
+ 2

(
103−1
10−1

)
.
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A note on the Bieberbach conjecture for
some classes of slice regular functions

Anna Gori and Fabio Vlacci

Abstract. In this note we prove the Bieberbach conjecture for some
classes of quaternionic functions, including quaternionic slice regular
functions with specific geometric properties such as starlike and convex
functions. At the same time, we investigate some interesting properties
related to the concepts of starlikeness for these quaternionic slice regular
functions. Furthermore, we introduce and obtain generalizations and
results for the class of quaternionic Carathéodory functions, such as a
version of Rogosinski’s Theorem over the quaternions.

Keywords: Regular functions of one quaternionic variable, starlike functions, Bieberbach
conjecture.
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1. Introduction

Let H denote the algebra of quaternions. In the quaternionic setting it is
possible (see [6, 7])) to introduce a notion of regularity for functions defined
in any open ball B(0, r) = {q ∈ H : |q| < r} (and, more in general, in
some axially symmetric slice domain1) of H which mostly resemble the one of
analiticity in the complex case. For this class of regular quaternionic functions,
called slice regular, many of the results valid for the holomorphic maps can
be extended, but many other new phenomena may occur. In particular slice
regular functions are characterized to be quaternionic analytic with coefficients
on (say) the right; namely f is slice regular in B(0, r) ⊂ H if and only if

there exists a quaternionic power series
∑
n

qnan with an ∈ H for any n ∈ N

1If we denote by SH the sphere of imaginary units of H, i.e. SH = {q ∈ H : q2 = −1},
then every non real element q can be written in a unique way as q = x + yIq , with Iq ∈ SH
and x, y ∈ R, y > 0. We will refer to x = ℜe(q) as the real part of q and y = Im(q) as the
imaginary part of q.

Definition 1.1. Let Ω ⊆ H be a domain in H; we say that Ω is an axially symmetric domain
if, for all x+ Iy ∈ Ω, the whole sphere x+ SHy = {x+ Jy : J ∈ SH} is contained in Ω.
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converging in B(0, r) and such that

f(q) =
∑
n

qnan.

The notions of derivative (and primitive) can be naturally introduced for slice
regular functions, therefore, this class perfectly fits for the purposes of this
paper. Indeed, we recall the following

Definition 1.2. Let Ω be an axially symmetric slice domain in H and let f :
Ω → H be a slice regular function. For any I ∈ SH and any point q = x + yI
in Ω (with x = ℜeq and y = ℑmq) we define the Cullen derivative of f at q as

∂Cf(x+ yI) = f ′(x+ yI) :=
1

2

(
∂

∂x
− I

∂

∂y

)
fI(x+ yI)

where fI is the restriction of f on Ω∩CI , where CI is the slice {x+ Iy, x, y ∈
R}.

Since in H one can choose different imaginary units, it is also worth consid-
ering the following

Definition 1.3. Let Ω be an axially symmetric slice domain in H and let f :
Ω → H be a slice regular function. We define the spherical derivative of f at
q /∈ R ∩ Ω as

∂Sf(q) := (q − q̄)−1[f(q)− f(q̄)].

If f is a slice regular function on an axially symmetric slice domain Ω, for
each q0 ∈ Ω one can define the function Rq0f : Ω → H which turns out to be
slice regular and such that

f(q) = f(q0) + (q − q0) ∗Rq0f(q); (1)

moreover Rq0f(q0) = ∂Cf(q0) and Rq0f(q̄0) = ∂Sf(q0)
One of the most famous theorems in Complex Analysis which provides

(sharp) estimates of the moduli of the coefficients of an analytic function is
given in the proof of the Bieberbach Conjecture due to De Branges (see [1]).
In the long history of attempts to prove the conjecture in the holomorphic
setting, some important improvements have been obtained when considering
some special subclasses of the class of univalent holomorphic or schlicht func-
tions. In this paper we refer to the usual definitions of the sets of (normalized)
holomorphic schlicht functions S, of starlike functions S∗, of convex C and
Carathéodory functions P as in [2, 10] for complex holomorphic maps.

In the quaternionic setting some results in the direction of solving this
conjecture for the corresponding slice regular subclasses has been done in [5],
for slice regular functions which map each slice into the same slice. We begin
by extending the previous result and proving the following proposition in which
it is required for f to preserve just one slice.
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Proposition 1.4. For a slice regular, univalent function defined on the quater-
nionic unit ball f : B(0, 1) → H (such that f(0) = 0 and f ′(0) = 1) that
preserves one slice and whose power series expansion is

f(q) = q + q2a2 + . . .+ qnan + . . . ,

the following inequalities hold

|an| ≤ n for any n.

These inequalities are sharp.

The proof will follow from the so called “One-Slice-Preserved-Principle”
which is stated and proved in Section 2; notice that the assumptions of Propo-
sition 1.4 can equivalently be formulated as f : B(0, 1) → H such that

f(q) = q + q2a2 + . . .+ qnan + . . . ,

with aj ∈ CI := R+ IR for any j and for a given I ∈ S.
One of the aims of the present note is to give estimates of the moduli of the

coefficients in the power series expansion for slice regular functions which have
suitable properties of starlikeness; this will be the content of the next section,
which contains several result in this direction.

Before continuing, we recall that several attempts to generalize the notion
of starlikeness from the holomorphic case to the class of quaternionic valued
functions have appeared (see [3, 4, 5]).

Since the class of quaternionic maps we investigated can be regarded as
(right) quaternionic analytic functions, the characterization of the geometric
aspects of starlikeness can be provided in terms of inequality conditions (see [9]).
In particular, after considering the regular product ∗ for slice regular functions
(see for instance [6]), we gave two different definitions of starlikeness for slice
regular functions, the geometrical starlikeness and the algebraic starlikeness [9],
these two definitions agree for special subclasses of functions.

Definition 1.5. Assume f is an injective slice regular function in the unit ball
of H such that f(0) = 0. Then we say that f is geometrically starlike with
respect to 0 if and only if, for any real r such that 0 ≤ r < 1, and for any real
t with 0 ≤ t ≤ 1

(1− t)f(B(0, r)) ⊆ f(B(0, r)).

The previous definition has a deep geometrical meaning, and it is proved
to have a nice interpretation in terms of the positivity of the real part of a
suitable (according to the Splitting) standard Hermitian product ⟨·|·⟩ in C2 of
an expression involving the Cullen (∂Cf) and the Spherical (∂Sf) derivatives
of f together with f as stated in [9].
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In complete analogy with the complex holomorphic case we can introduce
the subclass of slice regular functions

SH :=
{
f : B(0, 1) → H, f injective, slice regular

and such that f(0) = 0 and f ′(0) = 1
}
.

With this notation we have proved in [9]

Theorem 1.6. A function f : B(0, 1) → H in SH is geometrically starlike with
respect to 0 if and only if

ℜe
{
q−1 ⟨f(q)|∂Sf(q)⟩

⟨∂Cf(q)|∂Sf(q)⟩

}
≥ 0 (2)

for any q ∈ B(0, 1) \ {0}.

Definition 1.7. Assume f is a slice regular function in the unit ball of H such
that f(0) = 0 and ∂Cf(q) ̸= 0. Then we say that f is algebraically starlike if
and only if

ℜe (q−1f(q) ∗ [∂Cf(q)]−∗) ≥ 0.

Definition 1.8. A slice regular function f is algebraically convex in the unit
ball B(0, 1) of H, if and only if f ∈ SH and

ℜe
(
∂C(q∂Cf)(q) ∗ [∂Cf(q)]−∗) > 0.

We’ll use the following notations

GS∗
H := {f ∈ SH, geometrically starlike with respect to 0} ;

AS∗
H := {f ∈ SH, algebraically starlike} ;

C∗
H := {f ∈ SH, algebraically convex} .

Remark 1.9. One can equivalently formulate the conditions of geometric and
algebraic starlikeness/convexity in terms of real partial derivatives of f since,
as stated in [6, Paragraph 8.4], the following relations hold

∂f

∂x0
(q0) = ∂Cf(q0)

∂f

∂x1
(q0) = I∂Cf(q0)

∂f

∂x2
(q0) = J∂Sf(q0)

∂f

∂x3
(q0) = K∂Sf(q0)

where x0, x1, x2, x3 are the real coordinates corresponding to the frame

(1, I, J, IJ := K) ,
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with I, J ∈ SH such that I ⊥ J as unitary vectors in R3 and q0 ∈ CI .
Notice that, according to these notation, one can actually show that for a

slice regular function f it turns out that the real gradient of f at q0 can be
expressed in the following way

gradRf(q0) = (∂Cf(q0), I∂Cf(q0), J∂Sf(q0),K∂Sf(q0)).

Remark 1.10. It is not difficult to observe that for slice preserving functions
the condition of geometrically starlikeness is equivalent to the one of algebraic
starlikeness. Indeed, the Cullen and Spherical derivatives of a slice preserving
f are also slice preserving functions so that the complex Jacobian of f at q0 is
diagonal. It then turns out that (Dfq0)

−1[f(q0)] = f(q0)·∂Cf(q0)−1
, and there-

fore 0 < ℜe[qf(q) ∗ ∂Cf(q)−∗] = ℜe[qf(q) · ∂Cf(q)−1
], since for slice preserving

functions the ∗–product coincides with the usual one (see [6, Lemma 1.30]).

The previous fact is also valid for slice regular functions that preserve only
one slice and it will follow from the One-Slice Preserved Principle 3.3.

Closely related to the class SH is the class of Carathéodory functions

PH := {f : B(0, 1) → H, f slice regular and such that ℜef > 0; f(0) = 1} .

In this paper we prove several results for the classes of functions just in-
troduced; the results concerning the estimates of the moduli of the coefficients
of the power series expansions are obtained separately but summarized in the
following

Theorem 1.11. If f ∈ PH and f(q) = 1 +
∑
n≥1

qnan, then |an| ≤ 2 for any

n ∈ N.
If f ∈ AS∗

H and f(q) = q +
∑
n≥2

qnan, then |an| ≤ n for any n ∈ N.

If f ∈ C∗
H and f(z) = q +

∑
n≥2

qnan, then |an| ≤ 1 for any n ∈ N.

All the above-given inequalities are sharp.

The first statement of Theorem 1.11 can be found also in [11, Theorem 3].
Some other possibly related results, such as generalizations of One-Quarter
Theorem or Area Theorem from the complex holomorphic to the quaternionic
setting will be investigated in another paper.

First we want to investigate some relations between the different notions of
algebraic and geometric starlikeness.

2. Relation between algebraic starlikeness and geometric
starlikeness

In the particular case in which f preserves one slice we state the following
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Proposition 2.1. Let f ∈ GSH be such that it preserves the slice CI . Then f
is algebraically starlike on the preserved slice CI .

This is trivial since the fact that the slice is preserved implies that the
restriction of the function on the slice is holomorphic and geometrically starlike
and thus algebraically starlike, since these two concepts agree for holomorphic
functions.

We also give the following result again for functions which preserve a slice.
In what follows Ω denotes an axially symmetric domain which contains 0.

Proposition 2.2. Let f : Ω → H be slice regular and such that f(0) = 0. If

ℜe(q−1f(q) ∗ ∂Cf(q)−∗) ≥ 0

for any q in a prescribed slice, say CI , then it turns out

ℜe(q−1f(q) ∗ ∂Cf(q)−∗) ≥ 0

for any q in Ω.

Proof. Since f preserves the slice CI then both ∂Cf and q−1∂Cf(q) ∗ f−∗(q)
preserve the same slice CI . For q = x+ Iy we can write

q−1∂Cf(q) ∗ f−∗(q) =
∑
n

qnbn

where bn ∈ CI . We can write bn as γn + Iδn for all n, with γn and δn ∈ R.
Since q ∈ CI we get that

qn = αn + Iβn; αn, βn ∈ R.

Thus, ∑
n

qnbn =
∑
n

(αn + Iβn)(γn + Iδn).

The real part of q−1∂Cf(q)∗f−∗(q) is then
∑
n

(αnγn−βnδn) and it is positive

since f is algebraically starlike on CI .
We now take q̃ = x̃ + Jỹ, and consider the corresponding q̂ = x̃ + Iỹ in

Sq̃ ∩CI . Now q̃n = (α̃n+Jβ̃n) and
∑

q̃nbn =
∑

(α̃n+Jβ̃n)(γn+ Iδn). Its real
part is given by ∑

(α̃nγn − ⟨J, I⟩Rβ̃nδn),

since, if I and J are considered as unitary vectors in R3, it follows that

JI = −⟨J, I⟩R + J ∧ I.
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From |⟨J, I⟩R| ≤ 1, one concludes∑
(α̃nγn − ⟨J, I⟩Rβ̃nδn) ≥

∑
(α̃nγn − β̃nδn)

which is positive since it is equal to the real part of
∑

q̂nbn.

Combining Propositions 2.1 and 2.2 we then conclude that a geometrically
starlike function f on a preserved slice is algebraically starlike in the entire unit
ball.

Starting from the definition of algebraically starlikeness one observes that,
if f is slice regular, also the function q 7→ q−1f(q) ∗ ∂Cf(q)

−∗ is slice regular
and then the maximum principle on the real part of it ([6, Theorem 7.13]) holds
and implies that for f ∈ AS∗

H necessarily ℜe [q−1f(q) ∗ ∂Cf(q)−∗] > 0.
We can also assert that a function f is in AS∗

H if and only if

ℜe [(q∂Cf(q)) ∗ f(q)−∗] > 0. (3)

Furthermore, if q0 = x0 + I0y0 ∈ Ω, J ⊥ I0 and q ∈ CI0 , thanks to the
Splitting Lemma (see [6, Lemma 1.3]), one can write fI0(q) = F1(q) + F2(q)J ,
∂Cf|I0 (q) = F ′

1(q) + F ′
2(q)J and, similarly, Rq0f|I0 (q) = R1,q0(q) + R2,q0(q)J ,

∂CRq0f|I0 (q) = R′
1,q0(q) +R′

2,q0(q)J . Since

(q − q0) ∗Rq0f(q) = f(q)− f(q0), (4)

if q ∈ CI0 , then
(q − q0)R1,q0(q) = F1(q)− F1(q0) , (5)

(q − q0)R2,q0(q) = F2(q)− F2(q0) , (6)

for the identity principle of holomorphic functions. Once the Leibnitz rule is
applied to (4) (see [6]), it follows that

Rq0f(q) + (q − q0) ∗ ∂CRq0f(q) = ∂Cf(q);

on the other hand, from the above given considerations, it follows that

F ′
1(q) = R1,q0(q) + (q − q0) ·R′

1,q0(q) , (7)

F ′
2(q) = R2,q0(q) + (q − q0) ·R′

2,q0(q) . (8)

Furthermore, using (1.16) and the representation formulae (1.19) and (1.20)
as in [6, Section 1], we get

[(∂Cf(q))
−∗]|I0 = [F ′

1(q)F
′
1(q) + F ′

2(q)F
′
2(q)]

−1
· [F ′

1(q)− F ′
2(q)J ]

and so the real part of
{
[q−1f(q) ∗ ∂Cf(q)−∗]|I0

}
is

ℜe
{
q−1[F ′

1(q)F
′
1(q) + F ′

2(q)F
′
2(q)]

−1 · [F1(q)F ′
1(q) + F2(q)F ′

2(q)]
}
.
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Now, from (5), (6), (7) and (8), one obtains

ℜe
{
q−1[F ′

1(q)F
′
1(q) + F ′

2(q)F
′
2(q)]

−1 · [F1(q)F ′
1(q) + F2(q)F ′

2(q)]
}
=

= ℜe
{
q−1

{
[R1,q0(q) + (q−q0)R

′
1,q0(q)] · [R1,q0(q) + (q−q0)R′

1,q0
(q)]+

+ [R2,q0(q) + (q − q0)R
′
2,q0(q)] · [R2,q0(q) + (q − q0)R′

2,q0
(q)]
}−1

{
[(q − q0)R1,q0(q) + F1(q0)] · [R1,q0(q) + (q − q0)R′

1,q0
(q)]+

+[(q − q0)R2,q0(q) + F2(q0)] · [R2,q0(q) + (q − q0)R′
2,q0

(q)]
}}

.

(9)

When q = q0, the previous computations yield to

ℜe
{
q−1
0

{
R1,q0(q0) · [R1,q0(q0) + (q0 − q0)R′

1,q0
(q0)]+

+R2,q0(q0) · [R2,q0(q0) + (q0 − q0)R′
2,q0

(q0)]
}−1

{
F1(q0) · [R1,q0(q0) + (q0 − q0)R′

1,q0
(q0)]+

+F2(q0) · [R2,q0(q0) + (q0 − q0)R′
2,q0

(q0)]
}}

.

(10)

If, using the Splitting Lemma with respect to the choice of J orthogonal to
CI0 , we call R = (R1,R2) where R1(q0) = (q0 − q0)R

′
1,q0(q0) and R2(q0) =

(q0 − q0)R
′
2,q0(q0), then the previous expression becomes

ℜe(q−1∂Cf ∗ f(q)−∗|q=q0) = ℜe
{
q−1
0

⟨f(q0)|∂Sf(q0)⟩+ ⟨f(q0)|R(q0)⟩
⟨∂Cf(q0)|∂Sf(q0)⟩+ ⟨∂Cf(q0)|R(q0)⟩

}
.

Remark 2.3. Notice that if q0 is real then R1(q0) = R2(q0) = 0. Hence for a
continuity argument applied to the real part of a slice regular function we can
say that an algebraically starlike function is geometrically starlike in an axially
symmetric and slice neighborhood of the real axis.

From (7) and (8) we have that

R(q0) = ∂Cf(q0)− ∂Sf(q0) (11)

and
R(q0) = ∂Cf(q0)− ∂Sf(q0). (12)

We recall the following result proved in [8]
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Proposition 2.4. Given an axially symmetric domain Ω ⊂ H, let f : Ω → H
in SH, then the spherical derivative is constant on any sphere Sq = {x+Jy , J ∈
SH} with q = x+ Iqy.

Notice that, in general, the Cullen derivative is not constant over a sphere
Sq. and thus so is R.

Furthermore, thanks to Proposition 2.4 we have ∂Sf(q0) = ∂Sf(q0), there-
fore, whenever f is in GS∗

H and its Spherical and Cullen derivatives at each
point differ of a sufficiently small amount, then f is also algebraically starlike.

For instance, this is the case when max{||∂Cf(q)||, ||∂Sf(q)||} is controlled
by a sufficiently small but positive ε.

We would like to find a manageable expression for the value of R at q0 (or
q0). From (4) we recall that

f(q)− f(q0) = (q − q0) ∗ [Rq0f(q0) + (q − q0) ∗Rq0Rq0f(q)] =

= (q − q0) ∗Rq0f(q0) + (q − q0)
∗2 ∗Rq0Rq0f(q).

We compute the previous formula in q = q0.

f(q0)− f(q0) = (q0 − q0) ∗Rq0f(q0) + [(q − q0)
∗2 ∗Rq0Rq0f(q)]|q=q0

=

= −2Iℑm(q0)∂Cf(q0)) + [(q − q0)
∗2 ∗Rq0Rq0f(q)]|q=q0

.

Therefore

∂Sf(q0) = ∂Cf(q0)− [2Iℑm(q0)]
−1[(q − q0)

∗2 ∗Rq0Rq0f(q)]|q=q0

and from (11) and (12) we get

−[2Iℑm(q0)]
−1[(q − q0)

∗2 ∗Rq0Rq0f(q)]|q=q0
= R(q0).

Notice that

0 ≤ |(f ∗ g)(x0 + I0y0)| ≤ |f(x0 + I0y0)| ·max
I∈SH

|g(x0 + Iy0)|

and hence

max
I∈SH

|(f ∗ g)(x0 + Iy0)| ≤ max
I∈SH

|f(x0 + Iy0)| ·max
I∈SH

|g(x0 + Iy0)|.

We can find an estimate for |R| and |Rq0Rq0f(q)|, using the Cauchy esti-
mates on the slice CI0 containing q0 (see [6, p. 131]). In the sequel we will
denote any quaternion q = x + I0y ∈ CI0 as the complex number z = x + iy,
in particular q0 will be replaced by z0 and UI0 will be the open ball in CI0
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centered in z0 with a suitable radius r such that UI0 is in B(0, 1). Thus
∂UI0 = {z ∈ CI0 : |z − z0| = r}.

Rz0Rz0f(z) =
1

2πI0

∫
∂UI0

Rz0Rz0f(s)ds

s− z
=

=
1

2πI0

∫
∂UI0

1

s− z

[
f(s)− f(z0)

(s− z0)
2 − Rz0f(z0)

(s− z0)

]
ds =

=
1

2πI0

∫
∂UI0

1

s− z

[
Rz0f(s)−Rz0f(z0)

s− z0

]
ds =

=
1

2πI0

∫
∂UI0

1

s− z

[
Rz0f(s)− f ′(z0)

s− z0

]
ds =

=
1

2πI0

∫
∂UI0

[
f(s)− f(z0)− f ′(z0)(s− z0)

(s− z)(s− z0)2

]
ds.

So if we call f(s) − f(z0) − f ′(z0)(s − z0) = R2 and compute the previous
expression in z0 we get

|R| ≤
rmax∂UI0

|R2|
2|2y0 − r||y0|

,

where y0 = ℑm(z0).
We can find another estimate of |Rq0Rq0f(q)|, using the Cauchy estimates

on the slice CI0 containing q0. With the same notations as above thus we have
that

Rz0Rz0f(z) =
1

2πI0

∫
∂UI0

1

z − z0
·
[

1

(s− z)
− 1

(s− z0)

]
Rz0f(s)ds =

=
1

2πI0

∫
∂UI0

1

z − z0
·
[
ds(f(s)− f(z0))

(s− z)(s− z0)
− ds(f(s)− f(z0))

(s− z0)2

]
=

=
1

2πI0

∫
∂UI0

[
(f(s)− f(z0))ds

(s− z)(s− z0)2

]
.

So if we compute the previous expression in z0 we get

|Rz0Rz0f(z0)| ≤
max∂UI0

2|f |
r|2y0 − r|

,

where y0 = ℑm(z0).
Both these inequalities lead to conclude that in an axially symmetric neigh-

borhood Ω′ of the real axis in Ω one can control the modulus of R and therefore
assert that if f is geometrically starlike in Ω then f is also algebraically starlike
in Ω′.
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3. One-Slice Preserved Principle and related results

For typically real functions, i.e. (not necessarily) injective slice regular func-
tions with real coefficients it is easy to prove that the Bieberbach Conjecture
holds (we refer the interested reader to [2]). More precisely, a typically real
quaternionic function is a slice regular function (in B(0, 1)) such that f(q) ∈ R
if and only if q ∈ R with f(0) = 0 and f ′(0) = 1. We’ll denote this class
of functions with TH. We also observe that for a typically real quaternionic
function

f(q) =
∑
n

qnan

it turns out that f(q) = f(q). We then consider the sets

SR
H :=

{
f ∈ SH : f(q) = f(q)

}
and observe that

SR
H = SH ∩ TH.

Clearly, if f ∈ TH, then ∂Sf(q) is real. Viceversa we can prove

Proposition 3.1. Given an axially symmetric domain Ω ⊂ H, let f : Ω → H
be slice regular and have real spherical derivative. If f preserves one slice CI

and f(0) = 0, then f is typically real.

Proof. From the hypothesis of preserving the slice CI , it follows that the co-
efficients of the power series expansion of f are all in CI ; furthermore, if
q = x+ Iy ∈ CI , f(q)− f(q) ∈ CI and f(q)− f(q) ∈ CI , since ∂Sf(q) ∈ R. In
particular, it turns out that

f(q)− f(q) =
∑
n

(qn − qn)an = 2Iy∂Sf(q) = f(q)− f(q) =
∑
n

an(q
n − qn)

and then an = an for any n ≥ 1. Finally a0 = f(0) = 0, by assumption.

We also have

Proposition 3.2. Let f(q) = q+
∑
n≥2

qnan belong to TH, then |an| ≤ n for any n.

Indeed the proof of the inequalities |an| ≤ n in the case of a slice regular
quaternionic function f ∈ TH can be repeated verbatim as in the holomorphic
case (a first version of this fact for SR

H appeared in [5]). However for this class of
functions the Bieberbach conjecture can be proved true by a direct application
of the following very general One-Slice-Preserved Principle
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Proposition 3.3 (One-Slice-Preserved Principle). Let Ω be a slice domain.
Assume f : Ω → H is a slice regular function with the additional property
of preserving one slice CI , i.e. such that f(CI ∩ Ω) ⊆ CI , with I ∈ SH an
imaginary unit. Then all the properties and results concerning the coefficients
of the power expansion of f are precisely the same as if f is considered a
complex holomorphic function f : CI ∩ Ω → CI .

Proof. This is so since, for the Splitting Lemma (see e.g. [7]), the restriction
of any slice regular function f to CI ∩ Ω can be split as F + GJ with J ⊥ I,
J2 = −1 and F and F,G : CI ∩Ω → CI holomorphic in the variable z = x+Iy.
The assumption f(CI ∩Ω) ⊆ CI then implies that G ≡ 0 and so the restriction
of f along CI ∩Ω can be regarded as the holomorphic function F ; furthermore,
the identity principle and the uniqueness of power expansion of a holomorphic
function, guarantees that the coefficients of f are exactly the same of F .

Remark 3.4. We want to observe here that if a slice regular function f : Ω → H
takes a slice CI ∩ Ω into another slice CJ , then f is necessarily constant, and
thus there exists a K ∈ SH such that f|CK ⊂ CK . Moreover if f preserves two

slices Ω∩CI and Ω∩CJ with I ̸= ±J then f preserves each slice (see e.g. [7])
and therefore it is slice-preserving and all the coefficients of its power expansion
are real.

Similarly to the complex holomorphic case, we introduce the following class
of quaternionic functions

PR
H :=

{
f ∈ PH : f(q) = f(q)

}
and prove the remarkable relation between typically real quaternionic functions
and Carathéodory quaternionic functions, (in the complex holomorphic case
this result is known as Rogosinski’s Theorem)

Lemma 3.5 (Rogosinski). If f ∈ TH, then

φf (q) = (1− q2)q−1f(q)

belongs to PR
H ; conversely if φ ∈ PR

H then

fφ(q) = (1− q2)−∗qφ(q)

belongs to TH.

Proof. Both the functions φf and fφ are slice-preserving thus, along each slice
BI := B(0, 1) ∩ CI , their restrictions are holomorphic and, for the analogous
result in the complex holomorphic case, they are such that respectively φf ∈ TH
and fφ ∈ PR

H .
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We begin with a uniform estimate for the coefficients of the expansions of
any function in PH. This result can be regarded as the natural generalization
and extension of the analogous result in the complex holomorphic case and a
different proof is also given in [12].

Theorem 3.6 (Carathéodory). If φ ∈ PH and

φ(q) = 1 +

+∞∑
n=1

qncn,

then |cn| ≤ 2 for n ≥ 1. The inequality is sharp for each n.

Proof. As in [10], given 0 < r < 1, for φ ∈ PH, if I is in SH consider the integral

In(r) :=
1

2πI

∫
q=reIt

[2− qn − q−n] q−1φ(q)dq .

By the Residue Theorem (see [13] and [6, Proposition 6.10]), we have

In(r) = 2− cn .

On the other hand

lim
r→1−

In(r) = lim
r→1−

2

π

∫ 2π

0

(2− rnenIt − r−ne−nIt)φ(reIt)dt ;

now, combining the fact that

lim
r→1−

(2− rnenIt − r−ne−nIt) = sin2
t

2
and ℜeφ(reIt) > 0

we conclude that ℜe(2− cn) ≥ 0 or ℜe(cn) ≤ 2.

If ℜeφ(q) > 0 we also have that ℜeφ(qeIt) > 0 with 0 ≤ t ≤ 2π and any
I ∈ SH.

Assume that cn=ρne
Icnϑn and take qo∈B(0, 1) in the same slice of cn, hence

ℜeφ(qoeIcn t) > 0 and φ(qoe
Icn t) = 1+

∑
k

qo
keIcnktck so that ℜe(eIcnktck) ≤ 2;

in particular for k = n if t = −ϑn

n
we have that |cn| = ρn ≤ 2 for any n ≥ 1.

The Cayley transformation

φ(q) = (1 + q)(1− q)−1 = 1 + 2q + 2q2 + . . . 2qn + . . .

shows that the estimate is sharp.
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4. Some results for the Bieberbach conjecture in H

The Bieberbach conjecture for complex holomorphic schlicht functions has been
investigated in several ways by many authors until, after almost seventy years,
it has been finally proved by De Branges in 1985. In fact, in 1916 Bieberbach
proved that if f ∈ S with f(z) = 1 +

∑
n≥2

znan then |a2| ≤ 2, and stated the

conjecture that |an| ≤ n (known as the Bieberbach conjecture) with equality if
and only if f is a rotation of the function

κ(z) =
z

(1− z)2
= z + 2z2 + 3z3 + . . .+ nzn + . . .

called Koebe function.

In order to prove the conjecture, some important steps have been done
when considering some special subclasses of the class of schlicht (holomorphic)
functions, such as typically real functions or starlike functions.

We’ll follow similar steps and prove general results in the case of some
classes of quaternionic slice regular functions.

After Bieberbach conjecture was proved for the class of typically real func-
tions, Loewner (1917) and Nevanlinna (1921) independently proved the Bieber-
bach conjecture for starlike functions and our aim in the present section is to
extend the analogous result for starlike slice regular functions as introduced
and studied in [9].

We are now in the position to prove the Bieberbach conjecture for this
class of slice regular functions AS∗

H. A similar result has been obtained in [12,
Theorem 4.3], using different techniques.

Proposition 4.1. Given f ∈ AS∗
H, whose power series expansion is

f(q) = q + q2a2 + . . .+ qnan + . . .

the following inequalities hold

|an| ≤ n for any n.

These inequalities are sharp.

Proof. Assume f ∈ AS∗
H, so we can write f(q) = q + q2a2 + . . . + qnan + . . ..

Then

q∂Cf(q) ∗ f(q)−∗
= 1 + qc1 + q2c2 + . . .+ qncn + . . .
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and |cn| ≤ 2 for n ≥ 1. Hence

q∂Cf(q) =

+∞∑
n=1

nqnan = q∂Cf(q) ∗ f(q)−∗ ∗ f(q) =

=

(
1 +

+∞∑
n=1

qncn

)
∗

(
+∞∑
n=1

qnan

)
=

+∞∑
n=1

qnsn

with sn = an + c1an−1 + . . .+ cn−1. Therefore

(n− 1)|an| = |c1an−1 + . . .+ cn−1| ≤ 2(|an−1|+ . . .+ |a2|+ 1).

For n = 2, this yealds |a2| ≤ 2; so 2|a3| ≤ 2(|a2|+ 1) ≤ 6 or |a3| ≤ 3. Assume
that |ak| ≤ k for 1 ≤ k ≤ m. From

(n− 1)|an| = |c1an−1 + . . .+ cn−1| ≤ 2(|an−1|+ . . .+ |a2|+ 1)

we have

m|am+1| ≤ 2(m+ (m− 1) + . . .+ 2 + 1) = 2m(m+ 1)/2

or |am+1| ≤ m+ 1.

The Koebe function κ(q) = q+2q2+3q3+. . .+nqn+. . . and all its distorted
versions, namely q 7→

∑
n nq

neInθn with In ∈ SH, θn ∈ R for all n, guarantee
the sharpness of the inequalities.

Finally, for algebraically convex functions we have the following

Proposition 4.2. Let g be an algebraically convex function whose power series
expansion at 0 is

∑
n
qnan then

|an| ≤ 1 ∀n ∈ N .

These inequalities are sharp.

Proof. Since q∂Cg(q) =
∑
n
nqnan is algebraically starlike it follows that |nan| ≤

n and so |an| ≤ 1 for any n in N. The function g(q) = q + q2 + · · ·+ qn + · · ·
shows that these estimates are sharp.

For geometrically starlike slice regular functions, that preserve one slice
CI , the Bieberbach conjecture is a particular case of the One-Slice-Preserved
Principle.

341



(16 of 16) A. GORI AND F. VLACCI

References

[1] L. De Branges, A proof of the Bieberbach conjecture, Acta Math. 154 (1985),
137–152.

[2] P. Duren, Univalent functions, Grundlehren Math. Wiss., Vol. 259, Springer,
New York, 1983.

[3] S. Gal, Elements of geometric theory of functions of quaternionic variable, Adv.
Appl. Clifford Algebras 10 (2000), 91–106.

[4] S. Gal, Starlike, convex and alpha-convex functions of hyperbolic complex and
of dual complex variable, Stud. Univ. Babes-Bolyai Math. 46 (2001), 23–40.
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Section 2





Preface

This part of Volume 53 of RIMUT is dedicated to professor Eugenio Omodeo
on the occasion of his seventieth birthday. This section, having Alberto Casa-
grande as guest editor, contains invited papers from mathematicians who have
collaborated with Eugenio in various ways. We are grateful to all of them
for their contributions. Many thanks also to the referees who helped us in
preparing the special issue.

Eugenio Giovanni Omodeo was born in Pisa on February 25th, 1951. The
family environment was steeped in culture. His grandfather Adolfo Omodeo
had been an esteemed historian, rector of the University of Naples and minister
of Education. His father Pietro is a biologist, and his mother Miriam Donadoni

345



was a pianist and musicologist. Eugenio spent much of his youth in Siena and
then moved to Padova where, in 1975, he took his Italian master degree in
Mathematics under the supervision of Aldo Bressan. Successively, he moved
to New York, and he earned a Master of Science degree in 1979 and a Ph.D. in
Computer Science in 1984 from the New York University under the supervision
of Martin Davis. He married Paola Fraticelli and became the father of Pietro
(1979) and Sara (1981).

During his American experience, he was awarded many fellowships from
the C.N.R. (Italian National Research Council). Moreover, he got two re-
search assistantships: the first one at the NYU Department of Economics work-
ing with Andrew Schotter in 1978/79, and the second one in 1979/80 at the
NYU Computer Science Department for collaborating with Jacob Schwartz to
Ætnanova/Referee, an interactive proof verifier implemented by using a high-
level set theory-inspired language, SETL2.

From 1981 to 1989, Eugenio Omodeo was employed by the ENI Group:
the Italian National Energy and Hydrocarbon Group. From 1981 to 1984, he
worked on implementing a computerized system for simulating the dynamics
of large-scale gas networks and computing their stationary solutions. In 1984,
he was appointed coordinator of the ENIData R&D activities in Advanced
Information Processing. He led a team consisting of more than 15 people in
this role. He was involved in many projects funded by the Commission of the
European Communities and by E.N.I. on declarative programming with sets
and its applications in both artificial intelligence and quick prototyping.

Eugenio Omodeo entered the Academic and was appointed associate profes-
sor in Udine in 1989. One year later, he moved to the University “La Sapienza”
in Rome, where he worked for four successive years. In 1994, he became a full
professor at the University of Salerno. After one year, he relocated to the Uni-
versity of L’Aquila, where he was one of the founders of the Department in
Computer Science and held the position of director of the Graduate Studies
in Computer Science and Applications from 2001 to 2004. In that year, he
relocated to the University of Trieste where he also was rector’s delegate for
I.T. services from 2007 to 2009. He remained in Trieste until his retirement in
2020.

Eugenio is a distinguished scientist, with multiple research interests: auto-
mated reasoning, computational logic, proof verification, computable set the-
ory, declarative programming, and algebraic logic. He was often invited as a
speaker at international conferences and, during his career, he wrote four books
and more than one hundred articles. Eugenio has taught dozens of courses and
has followed the theses of numerous students of both Computer Science and
Engineering and Mathematics. Now Eugenio is happily retired, but he is al-
ways active and full of interests. We wish him to continue like this for many
more years.
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Discrete dualities for groupoids
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Abstract. We present discrete dualities for groupoid-based algebras
and their associated frames starting from a plain groupoid and then ex-
panding step by step its signature and/or axioms assuming existence
of a compatible partial ordering, commutativity, associativity, idempo-
tency, existence of the identity element, and existence of left and right
residuals of the groupoid operator. In the final section we present a
brief overview of lattice-ordered groupoids and provide hints how to ob-
tain discrete dualities for these from the dualities established in the
preceding sections and relevant results in the literature.

Keywords: Groupoids, discrete dualities, duality via truth.
MS Classification 2020: 03G10, 03G25, 06B15, 20N2.

1. Introduction

A discrete duality is a duality between a class of algebras and a class of frames
(relational systems). To establish a discrete duality for a class Alg of algebras
and a class Frm of frames we proceed according to the following steps:

S1 For every algebra A in Alg we define its canonical frame XA ⊆ 2A and
prove that it belongs to the class Frm. If f : A → An is an n-ary operator
in the signature of A, then there is an n+ 1-ary relation RA on XA such
that the properties which qualify it as a member of Frm are provable from
the axioms of f in Alg.

S2 For every frame X in Frm we define its complex algebra AX ⊆ 2X and
prove that it belongs to the class Alg. If R is an n + 1-ary relation in
the signature of X, then there is an n-ary operator on AX such that
the properties which qualify it as a member in Alg are provable from the
axioms for R in X.

S3 We prove two representation theorems:
(a) Every algebra A ∈ Alg is embeddable into the complex algebra AXA

of its canonical frame XA.
(b) Every frame X ∈ Frm is embeddable into the canonical frame XAX
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(2 of 19) I. DÜNTSCH AND E. OR LOWSKA

of its complex algebra AX . The embeddings h : A ↪→ AXA
and

k : X ↪→ XAX
are defined by

h(a)
df
= {x ∈ XA : a ∈ x} ⊆ 22

A

, (1)

k(x)
df
= {B ∈ AX : x ∈ B} ⊆ 22

X

. (2)

The tradition to connect n-ary operations on A with n + 1-ary relations
on XA and vice versa goes back to [15] in the context of Boolean algebras
with operators and their ultrafilter frames, a process which led to canonical
extensions of such algebras, see [14] for an overview.

We say that a discrete duality (DD) holds for a class Alg of algebras and a
class Frm of frames whenever the representation theorems are proved.

A discrete duality leads, among others, to what is called duality via truth
(DvT) for a logic whose semantics is determined by the structures for which a
DD holds: For every formula α of the logic, α is true in the algebraic semantics
of the logic if and only if it is true in its frame semantics. To prove DvT we need
a result which says that for every frame X in Frm a formula α is true in X
if and only if it is true in its complex algebra AX . Thus, a discrete duality
contributes to the completeness theorem, once a deduction system for the logic
is given. In this context, a class of algebras and a class of relational structures
(frames) are considered dual, if both provide semantics for the same logic; in
this sense, algebras and frames are considered equally. Details on the process
of DvT and applications can be found in [21, 22].

The algebras for which discrete dualities were established are in most cases
signature extensions of three basic types with their respective axioms: Boolean
algebras, bounded distributive lattices, bounded general lattices. The universes
of the canonical frames are sets of ultrafilters, respectively, prime filters or filter-
ideal pairs. Each of these has ⊆ as a built-in partial order; this order is discrete
in the case of ultrafilters, and thus, it is usually not mentioned. The complex
algebras of the respective frames X are families of subsets of X. Thus, for
the representation of an ordered algebra the order ≤ must be mapped into
the ⊆ relation on the powerset of the universe of its canonical frame. If the
order of the algebra is induced by a lattice operation, this will always be the
case since the order is definable by the operators. In the present paper we
shall explore how far the representation theorems can be carried on groupoids
⟨G, ◦,≤⟩ where the order is compatible with ◦, but not necessarily induced by
a lattice operation.

Groupoid–related structures play an important role in the studies of a large
variety of non-classical logics involving their semantics, proof theory, and appli-
cations. One important family of groupoid-based logics are substructural logics;
for details of such logics and their hierarchy see [24] or [10] and the references
therein. In the present work we restrict ourselves to order based fragments of
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such logics without lattice operations, such as entailment structures and their
relatives.

In studies of substructural logics the frame semantics is usually defined in
terms of ternary relations. It was presented and developed in several papers
[25, 26, 27], see also [7]. There were also attempts to provide a semantics in
terms of binary relations such as [1, 5, 6, 17, 31].

The paper is structured as follows: In Section 3 we discuss if and how a
discrete duality for groupoids without order can be established. In Section 4 a
discrete duality for groupoids with a compatible order is presented; this discrete
duality serves as a basis for discrete dualities established in the sequel. We also
discuss the possible choices for the universes of complex algebras or canonical
frames. Section 5 investigates axiomatic extensions of ordered groupoids such
as commutativity, associativity, and idempotency. In the next two sections
we enrich the signature of ordered groupoids: In Section 6 we augment the
signature of ordered groupoids with a left or a right identity, and in Section 7
we consider ordered groupoids with the left and right residuals of its operator.
Finally, in Section 8 we present a brief overview of existing discrete dualities
for algebras which have a groupoid operator in the signature and are Boolean-
ordered, distributive-lattice-ordered, or general-lattice-ordered.

2. Notation and first definitions

Suppose that ⟨P,≤⟩ is a partially ordered set. If Q ⊆ P , then ↑Q df
= {y ∈

P : (∃x)[x ∈ Q and x ≤ y}; if Q = {x}, we just write ↑x. Q is called down
directed if each {p, q} ⊆ Q has a lower bound in Q. Q is called an order filter,
if Q ̸= ∅ and Q = ↑Q. The set of all order filters of P is denoted by FO

P , the
set of down directed order filters by FD

P , and the set of principal filters by FP
P ;

clearly, FP
P ⊆ FD

P ⊆ FO
P . It may be worth to remark that FO

P is closed under
∪ and ∩, FD

P is closed under ∩, and FP
P is closed under neither.

With some abuse of notation we shall identify an algebra or a frame with
its respective universe, if no confusion can arise. As we shall work on different
levels of sets, we will generally adhere to the following convention: Elements of
an algebra are denoted by letters from the beginning of the alphabet such as
a, b, c, . . ., elements of a frame by letters towards the end of the alphabet such
as . . . , x, y, z, and elements of the complex algebra of a frame by capital letters
from the front of the alphabet such as A,B,C, . . . Quantifier free axioms are
assumed to be universally quantified.

3. Groupoids

In this section we will take a look at unordered groupoids and unordered frames.
A Brandt–groupoid [4], or simply, groupoid – also called binar or magma – is
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an algebra ⟨G, ◦⟩ where ◦ : G×G → G is a binary operator. Since ◦ is binary,
the frame relation we consider will need to be ternary [15].

We shall start with frames. A G-frame is a relational structure ⟨X,R⟩
where X is a nonempty set and R is a nonempty ternary relation on X. Each
G-frame leads to a binary operation ◦X on 2X defined by

A ◦X B
df
= {z ∈ X : (∃x, y)[x ∈ A and y ∈ B and R(x, y, z)]}. (3)

This is the definition given in [15, Theorem 3.3] which paved the way to connect
algebraic and relational semantics of classical modal logic. It was later used
in [19] and [30] in the context of relevant logics and their algebras, see also [9].
In such a way, we proceed from a ternary frame X to a groupoid on 2X . We
shall fix this definition of ◦X for all structures which we consider.

The other ingredient of a complex algebra of X is its universe GX ⊆ 2X .
The choice of GX may depend on signature extensions of G-frames: If we have
no explicit ordering on X, the most general choice of GX is whole power set of X
without explicitly including ⊆ in the signature. If more resources are available,
such as a partial order on X or a topology, then one may choose the collection
of order filters or open or clopen sets in the topology. A structure ⟨GX , ◦X⟩
is called a complex algebra of X if GX ⊆ 2X and GX is closed under ◦X ; note
that the largest complex algebra of X is ⟨2X , ◦X⟩.

Various first order properties of R induce algebraic properties of GX . Con-
sider the following:

F1 R(x, y, z) ⇒ R(y, x, z).
F2 R(x, y, z) and R(z, y′, z′) ⇒ (∃u)[R(y, y′, u) and R(x, u, z′),
F3 R(x, y, z) and R(x′, z, z′) ⇒ (∃u)[R(x′, x, u) and R(u, y, z′)].

Theorem 3.1. 1. If R satisfies F1, then GX is commutative.
2. If R satisfies F2 and F3, then GX is associative.

Proof. This can be shown by an easy adaptation of [20, Proposition 12.4.1]
for 1, and [20, Proposition 5.2.3]. for 2. These proofs have 2X as a universe,
and do not use any order theoretic properties of 2X . Since commutativity and
associativity are universal statements, the claim is true for each subalgebra
of ⟨2X , ◦X⟩.

Starting from a groupoid ⟨G, ◦⟩, we will define a canonical frame ⟨XG, RG⟩
of G as a family of subsets of G and a suitable ternary relation RG on XG. As
an auxiliary tool we shall use the complex extension ◦c of ◦ over 2G, that is,
for all x, y ⊆ G

x ◦c y = {c ∈ G : (∃a, b)[a ∈ x, b ∈ y and a ◦ b = c}. (4)
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The structure ⟨2G, ◦c⟩ is called the full algebra of complexes of G. Each
groupoid can be embedded into its algebra of complexes by the assignment
a 7→ {a}. For the related topic of Boolean groupoids, we refer the reader to [2].

In most, if not all, signature extensions of groupoids, the universe of the
canonical frame XG is not the whole powerset of G; for example, it is the set
of ultrafilters of an underlying Boolean algebra, or the set of prime filters of an
underlying distributive lattice. In both cases, the structures are explicitly or
implicitly ordered by ⊆; more examples can be found in [20]. But even in an
explicitly order free setup, we cannot escape the implicit ordering of subsets
when choosing RG:

Lemma 3.2. Let ⟨G, ◦⟩ be a groupoid, XG ⊆ 2G and h : G ↪→ GXG
be the

canonical embedding, where ◦XG
is defined by (3). Suppose that x, y, z ∈ XG

and RG(x, y, z). Then, x ◦c y ⊆ z.

Proof. Since h is a homomorphism and by (3) we have for all a, b ∈ G,

h(a) ◦XG
h(b)

(3)
= {z ∈ XG : (∃x, y)[a ∈ x, b ∈ y and RG(x, y, z)]}

= h(a ◦ b), (5)

Suppose that x, y, z ∈ XG as well as RG(x, y, z), and assume that x ◦c y ̸⊆ z.
Then, there are a ∈ x, b ∈ y such that a ◦ b ̸∈ z, that is, z ̸∈ h(a ◦ b). By (5),
a ∈ x and b ∈ y imply that ¬RG(x, y, z), contradicting the hypothesis.

Thus,

RG(x, y, z) implies x ◦c y ⊆ z (6)

is a necessary condition for the definition of RG in the setup so far. Since we
do not have ⊆ in the signature of the canonical frame,we are left with

RG(x, y, z)
df⇐⇒ x ◦c y = z. (7)

This is the definition given in [15, Theorem 3.3] for Boolean algebras with
operators. However, it will not work in our context. Suppose that RG is
defined by (7). While it is easily shown that h(a) ◦XG

h(b) ⊆ h(a ◦ b), the
reverse inclusion does not always hold:

Example 3.3. Suppose that |G| ≥ 2 and fix some c ∈ G; for all a, b ∈ G let

a◦b df
= c. Then, x ◦c y = {c} for all x, y ∈ XG, and, therefore, RG = {⟨x, y, {c}⟩ :

x, y ∈ XG}. Let a ̸= c, and consider h(a ◦ c); then, {a, c} ∈ h(a ◦ c) = h(c). On
the other hand, ¬RG(x, y, {a, c}), and therefore, {a, c} ̸∈ h(a) ◦xG

h(c).

We conclude that in our setup with ◦X , respectively h, defined by (3),
respectively, by (1), groupoids without ordering cannot be handled well, if at all.
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4. Ordered groupoids

Thus, we turn to ordered groupoids. An O-groupoid ⟨G, ◦,≤⟩ is a groupoid
endowed with a compatible partial order ≤, i.e for all a, b, c ∈ G,

a ≤ b ⇒ a ◦ c ≤ b ◦ c and c ◦ a ≤ c ◦ b. (8)

According to [19], the ordering may be interpreted as a relation of entailment
which partially orders propositions. The embedding h now need not only pre-
serve ◦, but also the ordering ≤. This restricts the choice of XG:

Lemma 4.1. 1. h preserves ≤ if and only if every element of XG is an order
filter of G.

2. Suppose that XG contains all principal order filters of G. Then, ↑ a is
the smallest element of h(a) in ⟨XG,⊆⟩.

Proof. 1. “⇒”: Let x ∈ XG, a ∈ x, that is, x ∈ h(a). If a ≤ b, then
h(a) ⊆ h(b) by the hypothesis, which implies b ∈ x.

“⇐”: Suppose that a, b ∈ G, a ≤ b. and x ∈ h(a). Then, a ∈ x, and a ≤ b
together with the hypothesis implies that b ∈ x, i.e. x ∈ h(b).

2. Let x ∈ h(a). Then, a ∈ x, and the fact that x is an order filter implies
that ↑ a ⊆ x.

Therefore, we suppose in the sequel that XG ⊆ FO
G. In view of Lemma 3.2,

we fix RG ⊆ X3
G as the smallest relation compatible with both (1) and (3),

namely,

RG(x, y, z)
df⇐⇒ x ◦c y ⊆ z. (9)

The relation RG in (9) originates with [27] in the semantic analysis of relevant
logic,1 and was later used, among others, in [30] and [20].

Based on these considerations we define a canonical frame of G as a triple
⟨XG, RG,⊆⟩ where XG ⊆ FO

G, and RG ⊆ X3
G is defined by (9)

In [30] and [20] the operation ⊙ defined on 2G by

x⊙ y
df
= {c ∈ G : (∃a, b)[a ∈ x, b ∈ y, a ◦ b ≤ c]}, (10)

is used for the definition of RG. It is easy to see that x ⊙ y =
⋃
{↑(a ◦ b) :

a ∈ x, b ∈ y}, and, unlike x ◦c y, it is always an order filter of G. Clearly, ⊙ is
compatible with ⊆ and commutative, respectively, associative if and only if ◦ is
commutative, respectively, associative. Observe that ⟨FO

G,⊙,⊆⟩ is an ordered
groupoid itself. For the definition of RG we may use ◦c or ⊙:

1We thank A. Urquhart for pointing this out to us.
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Lemma 4.2. Suppose that x, y, z ∈ XG.
Then, RG(x, y, z) if and only if x⊙ y ⊆ z.

Proof. “⇒”: Suppose that a ∈ x, b ∈ y and a ◦ b ≤ c. Then, a ◦ b ∈ z, and
therefore, c ∈ z since z is increasing.

“⇐”: This follows immediately from x ◦c y ⊆ x⊙ y.

The following observation which leads to a frame condition follows directly
from Lemma 4.2:

Lemma 4.3. Suppose that XG is closed under ⊙. If x, y ∈ XG, there is a
smallest z ∈ XG with respect to ⊆ such that RG(x, y, z).

Proof. Suppose that x, y ∈ XG. Since XG is closed under ⊙, we have x⊙ y ∈
XG, and clearly, x⊙ y is the smallest z ∈ XG with RG(x, y, z).

We consider several choices for XG: The set FP
G of all principal order filters,

the set FD
G of down directed order filters, and the set FO

G of all order filters.
The next lemma generalizes [30, Lemma 2.1] and shows that each of these is a
valid choice for XG to apply Lemma 4.3:

Lemma 4.4. FP
G,FD

G, and FO
G are closed under ⊙.

Proof. FP
G: Let a, b ∈ G; then

c ∈ ↑ a⊙ ↑ b ⇐⇒ (∃a′, b′)[a ≤ a′, b ≤ b′, a′ ◦ b′ ≤ c],

⇐⇒ a ◦ b ≤ c, by (8),

⇐⇒ c ∈ ↑(a ◦ b).

FD
G: Let x, y ∈ FD

G, and c1, c2 ∈ x ⊙ y; then there are a1, a2 ∈ x, b1, b2 ∈ y
such that a1 ◦ b1 ≤ c1 and a2 ◦ b2 ≤ c2. Since x and y are down directed, there
are d1 ∈ x, d2 ∈ y such that d1 ≤ a1, a2 and d2 ≤ b1, b2. By compatibility,
d1 ◦ d2 ≤ a1 ◦ b1 ≤ c1, and d1 ◦ d2 ≤ a2 ◦ b2 ≤ c2, and thus, d1 ◦ d2 is a lower
bound of {c1, c2} in FD

G.
FO

G: This follows immediately from the definitions.

The choice of XG has some connection to the completion of ordered algebras;
for example, if XG = FP

G, the order of the embedding algebra GXG
of G is

isomorphic to its order ideal completion of ⟨G,≤⟩. We shall not pursue this
further, and invite the reader to consult [12] for an overview.

Conversely, an O-frame is a frame ⟨X,R,≤⟩ where ≤ is a partial order, and
R is a ternary relation on X which satisfies for all x, y, z, x′, y′, z′ the conditions

F4 R(x, y, z), x′ ≤ x, y′ ≤ y, z ≤ z′ ⇒ R(x′, y′, z′), (Monotonicity).
F5 For all x, y ∈ X there is a smallest z ∈ X such that R(x, y, z),

(From Lemma 4.3).

353
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The monotonicity property F4 ensures that ⊆ is compatible with ◦X . As
in Lemma 4.1 it can be easily shown that

Lemma 4.5. k preserves ≤ if and only if every element of GX is an order filter
of ⟨2X ,⊆⟩.

This restricts the choice of GX , and we define a complex algebra of X as an
ordered groupoid ⟨GX , ◦X ,⊆⟩, where

1. GX ⊆ FO
X ,

2. ◦X is defined by (3),
3. GX is closed under ◦X .

In analogy to Lemma 4.4 we exhibit several choices for GX :

Lemma 4.6. FP
X , FD

X , and FO
X are closed under ◦X .

Proof. FP
X : Let x, y ∈ X. By F5 there is smallest z with R(x, y, z). Then,

↑x ◦X ↑ y = ↑ z.
FD

X : Suppose that A ,B ∈ FD
X , x , x′ ∈ A, y , y′ ∈ B, R(x, y, z), and

R(x′, y′, z′). Since A,B are down directed, there are u ∈ A, v ∈ B such that
u ≤ x, x′ and v ≤ y, y′. From F4 we obtain R(u, v, z) and R(u, v, z′), and by
F5 there is some w such that R(u, v, w) and w ≤ z, z′. Thus, w ∈ A ◦G B, and
w is a lower bound of {z, z′}.

FO
X : This follows immediately from F4.

This shows that the largest complex algebra of X is the ordered groupoid
⟨FO

X , ◦X ,⊆⟩, and that FD
X and FP

X are subalgebras of FO
G.

In the rest of the paper, we suppose that ⟨G, ◦,≤⟩ is an O-groupoid, XG

a set of order filters of ⟨G,≤⟩ containing all principal order filters and closed
under ⊙, and that ⟨X,R,≤⟩ is an O-frame and GX is a set of order filters of
⟨X,≤⟩ containing all principal order filters and closed under ◦X .

We now have the tools necessary to prove a discrete duality for O-groupoids
and O-frames. Such theorems have been known for some time for lattice or-
dered structures that have a groupoid reduct, for example, relation algebras or
distributive residuated lattices [20]. These situations differ from ours since we
have only a binary operation and a compatible ordering and no lattice opera-
tion.

Theorem 4.7. 1. h is an embedding of O-groupoids.
2. k is an embedding of O-frames.

Proof. 1. Because XG contains all principal filters, h(a) ̸= ∅ for all a ∈ G,
and h is injective since ≤ is antisymmetric. By Lemma 4.1, h preserves the
ordering ≤. Let a, b ∈ G; we need to show that h(a) ◦XG

h(b) = h(a ◦ b).
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“⊆”: We have

z ∈ h(a) ◦XG
h(b)

⇒ (∃x, y)[x ∈ h(a), y ∈ h(b), RG(x, y, z)], definition of ◦X .

⇒ (∃x, y)[a ∈ x, b ∈ y, x ◦c y ⊆ z], definition of RG,

⇒ a ◦ b ∈ z, as a ∈ x, b ∈ y,

⇒ z ∈ h(a ◦ b). definition of h.

“⊇”: Let z ∈ h(a◦ b), i.e. a◦ b ∈ z. Set x
df
= ↑ a, y df

= ↑ b; then, x ∈ h(a), y ∈
h(b), and all that is left to show is RG(x, y, z), i.e. that ↑ a ◦c ↑ b ⊆ z. Suppose
that c ∈ ↑ a ◦c ↑ b; then, there are a′, b′ such that a ≤ a′, b ≤ b′ and a′ ◦ b′ = c.
By (8), a ◦ b ≤ c, and a ◦ b ∈ z as well as the fact that z is an order filter imply
that c ∈ z.

2. Let x, y, z ∈ X. We need to show that

R(x, y, z) if and only if RGX
(k(x), k(y), k(z)).

Observe that

RGX
(k(x), k(y), k(z)) ⇐⇒ k(x) ◦cX k(y) ⊆ k(z), by (9)

⇐⇒ (∀A,B ∈ GX)[x ∈ A and y ∈ B ⇒ z ∈ A ◦X B],

⇐⇒ (∀A,B ∈ GX)[x ∈ A and y ∈ B ⇒
(∃u, v ∈ X)(u ∈ A, v ∈ B and R(u, v, z))].

If R(x, y, z), then we set u
df
= x and v

df
= y showing that RGX

(k(x), k(y), k(z)).

Conversely, if RGX
(k(x), k(y), k(z)), then setting A

df
= ↑x and B

df
= ↑ y shows

that R(x, y, z). By Lemma 4.5, k preserves the ordering as well.

In the sequel we shall use this result to establish discrete dualities for various
axiomatic and signature extension of G, respectively, of X.

5. Some axiomatic extensions of O-groupoids

In Theorem 3.1 we have shown that certain frame properties imply algebraic
properties of GX . We will use this to establish discrete dualities for these:

Theorem 5.1. 1. There is a discrete duality between commutative O-group-
oids and O-frames that satisfy F1.

2. There is a discrete duality between associative O-groupoids and O-frames
that satisfy F2 and F3.
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Proof. By Theorem 3.1 it is sufficient that XG has the frame property corre-
sponding to the algebraic property.

1. This can be shown by adapting the proof of [20, Proposition 12.4.2] for
commutative residuated lattices, which uses only the definition of RG and holds
for XG ⊆ FP

G.
2. Here, we cannot directly use the corresponding result for composition

of relation algebras given in [20, Proposition 5.2.4], since the universe of the
canonical frame of a relation algebra is the set of the ultrafilters of its Boolean
reduct which we do not have at our disposal. Nevertheless, the proofs for
groupoids follow a similar strategy. For F2, let x, y, y′, z, z′ ∈ XG, and suppose
that RG(x, y, z) and RG(z, y′, z′); then, x ◦c y ⊆ z and z ◦c y′ ⊆ z′ by definition

of RG. Set u
df
= y ◦c y′; then, R(y, y′, u) by definition of RG, and

RG(x, y, z) and RG(z, y′, z′)

⇒ x ◦c y ⊆ z and z ◦c y′ ⊆ z′, by definition of RG

⇒ (x ◦c y) ◦c y′ ⊆ z′,

⇒ x ◦c(y ◦c y′) ⊆ z′, by associativity

⇒ x ◦c u ⊆ z′, by definition of u

⇒ RG(x, u, z′), by definition of RG.

F3 is shown analogously. Note that the ordering was only used for the definition
of RG.

Next, we turn to idempotency. The operation ◦ is called expanding, if
a ≤ a◦a, and contracting, if a◦a ≤ a for all a ∈ G. It is called idempotent, if it
is both expanding and contracting. We shall start with an expanding operator.
The relevant frame condition

F6 R(x, x, x)

was introduced in [19] as part of the semantics for basic relevant logics, and
they state that it is related to modus ponens. The following lemma shows that
it works for all order filters on the frame side:

Lemma 5.2. ◦X is expanding if and only if F6 holds in X.

Proof. “⇒”: Let z ∈ X; then ↑ z ⊆ ↑ z ◦X ↑ z by the hypothesis, in particular,
z ∈ ↑ z ◦X ↑ z. By (3) there are x, y ∈ X such that z ≤ x, y and R(x, y, z).
Now, F4 implies R(z, z, z).

“⇐”: Suppose that A ∈ GX , and x ∈ A. Then, R(x, x, x) and (3) imply
that x ∈ A ◦X A.

The proof which uses only principal filters implies that the result continues
to hold if GX = FP

X or GX = FD
X . On the other hand, the following example
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shows that there is some G such that ◦ is expanding, and F6 does not hold in
XG, if XG is the set of all order filters of G.

Example 5.3. Let G = {a, b, c}, and define ◦ and ≤ as below:

◦ a b c
a a c c
b c b c
c c c c

a b

c

≤

@@

≤

__

Then, ◦ is idempotent and compatible with ≤; indeed, ⟨G, ◦,≤⟩ is a meet

semilattice. Let XG be the set of all order filters of G, and set x
df
= {a, b};

then, x ∈ XG, and x ◦c x = G. Since c ∈ x ◦c x, but c ̸∈ x, it follows that
¬RG(x, x, x).

The reason for the failure of the condition seems to be that by allowing
all order filters in XG, we catch too many elements outside h[G], for which
A ⊆ A ◦X A does not hold, in our example the union of two incomparable
principal filters. Indeed, a necessary and sufficient condition for RG(x, x, x) is
that each x ∈ XG is an increasing subgroupoid of G. If we restrict XG to FD

G,
then F6 holds in XG:

Lemma 5.4. Suppose that XG is the set of down directed order filters of G.
Then, G is contracting if and only if RG(x, x, x) for all x ∈ XG.

Proof. “⇒”: Suppose that a ≤ a ◦a for all a ∈ G. Let x ∈ XG, and c ∈ x ◦c x;
then, there are a, b ∈ x such that a ◦ b = c. Since x is down directed, there
is some d ∈ x such that d ≤ a, b, and d = d ◦ d ≤ a ◦ b ≤ c, and thus, c ∈ x
because x is an order filter.

“⇐”: Suppose that RG(x, x, x), i.e. x ◦c x ⊆ x, and a ∈ G. Then,
↑ a ◦c ↑ a ⊆ ↑ a which implies a ≤ a ◦ a. Note that this direction does not
require x to be down directed.

Thus, if XG is the set of all down directed filters, the frame condition
R(x, x, x) assures that a ≤ a ◦ a holds in G if and only if A ⊆ A ◦XGX

A holds
in GXG

. Together with Lemma 5.4, we have shown

Theorem 5.5. There is a discrete duality between O-groupoids ⟨G, ◦,≤⟩ with
◦ expanding and XG = FD

G, and O-frames with GX = FD
X that satisfy F6.

Next, we consider the case that ◦ is contracting, starting with an example
which shows that the condition F6 has no connection to a ◦ a ≤ a:

Example 5.6. Let G be the set of negative integers with the natural order,

and set a◦b df
= min{a, b}−1. Then, ◦ is compatible to ≤, and satisfies a◦a ⪇ a.

If x is a proper order filter, then x is principal, say, x = ↑ a. Since a−1 ∈ x◦x,
we have x ◦c x ̸⊆ x, therefore, ¬RG(x, x, x).
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Theorem 5.5 shows that choosing XG as the set of down directed order
filters establishes the discrete duality for expanding ◦ and frames satisfying F6.
A similar situation occurs when we consider a contracting ◦. First, we shall
show that A◦XG

A ⊆ A need not hold if XG is closed under unions of principal
filters such as FO

G.

Example 5.7. Let ⟨G, ◦⟩ be the groupoid of Example 5.3, and order G by the
converse order of Example 5.3, that is, a ≤ c, b ≤ c. Then, ◦ is compatible with
≤, and ⟨G, ◦,≤⟩ is a join semilattice. The order filters of G are

u
df
= {a, b, c}, x df

= {a, c}, y df
= {b, c}, z df

= {c}.

Note that {x, y, u} is not down directed, and that {x, y, u} ◦XG
{x, y, u} ̸⊆

{x, y, u}. Hence, ◦XG
is not contracting. If we allow only down directed order

filters in GXG
, then ◦XG

is contracting.

Consider the frame condition

F7 R(x, x, z) ⇒ x ≤ z.

Lemma 5.8. 1. Suppose that GX is the set of all down directed order filters
of X, and that R satisfies F7. Then, ◦X is contracting.

2. If ◦ is contracting on G, then RG satisfies F7.

Proof. 1. Let A ∈ GX and z ∈ A ◦X A; then, there are x, y ∈ A such that
R(x, y, z). Since A is down directed, there is some u ∈ A such that u ≤ x, y.
Now, F4 implies R(u, u, z).

2. Suppose that x, z ∈ XG, and RG(x, x, z). Let a ∈ x. Since RG(x, x, z) it
follows that x ◦c x ⊆ z, in particular, that a ◦ a ∈ x. Now, a ◦ a ≤ a and the
fact that z is an order filter imply that a ∈ z.

The discrete duality is now immediate:

Theorem 5.9. There is a discrete duality between O-groupoids ⟨G, ◦,≤⟩ with
◦ contracting and XG = FD

G, and O-frames for which GX = FD
X and that

satisfy F7.

Theorem 5.5 and Theorem 5.9 lead to the discrete duality of idempotent
O-groupoids.

Table 1 shows the resources required for the discrete dualities. Sadly, we do
not know any logics whose algebraic semantics consists of groupoids discussed
in the previous sections.

6. O-groupoids with identity

In this section we suppose that XG = FO
G and GX = FO

X . As the next step,
let us consider an O-groupoid ⟨G, ◦,≤, e⟩ with a left identity element e. Its
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XG GX Frame condition

Commutative FO
G FO

X R(x, y, z) ⇒ R(y, x, z)

Associative R(x, y, z)&R(z, y′, z′)
⇒ (∃u)[R(y, y′, u) and R(x, u, z′)]

R(x, y, z)&R(x′, z, z′)
⇒ (∃u)[R(x′, x, u) and R(u, y, z′)]

Expanding FD
G FO

X R(x, x, x)

Contracting FO
G FD

X R(x, x, z) ⇒ x ≤ z.

Table 1: Conditions for axiomatic extensions

canonical frame is the structure ⟨XG, RG,⊆, ↑ e⟩. An LO-frame is an O-frame
with an added designated element i satisfying the frame condition

F8 (∀y, z)[y ≤ z ⇐⇒ R(i, y, z))].

This is the condition d1 in [19] and No. 5 in [30], adjusted in the first component
by the monotonicity condition F4.

Lemma 6.1. 1. If ⟨X,R,⊆, i⟩ is an O-frame with designated element i sat-
isfying F8, then ↑ i ◦X A = A for all A ∈ GX .

2. If ⟨G, ◦,≤, e⟩ is an ordered groupoid with left identity, then its canonical
frame satisfies F8 with i = ↑ e.

Proof. 1. Suppose that A ∈ GX ; we need to show that ↑ i ◦X A = A:
“⊆”: Let z ∈ ↑ i ◦X A; there are x ≥ i, y ∈ A such that R(x, y, z) by

definition of ◦X . (F8) implies that y ≤ z, and y ∈ A and the fact that A is
increasing imply z ∈ A.

“⊇”: Let z ∈ A. Setting y = z in (F8), we have R(i, z, z), and thus,
z ∈ ↑ i ◦X A.

2. Let y, z ∈ XG.
“⇒”: Let y ⊆ z, and c ∈ ↑ e ◦c y. Then, there are a, b such that e ≤ a, b ∈ y,

and a◦b = c. Since e ≤ a, the compatibility of ≤ implies that b = e◦b ≤ a◦b = c,
and therefore, c ∈ y because y is an order filter. The hypothesis y ⊆ z now
implies that c ∈ z.

“⇐”: Conversely, suppose that RG(↑ e, y, z) for some y, z ∈ XG; then,
↑ e ◦c y ⊆ z by definition of RG. If a ∈ y, then a = e ◦ a ∈ ↑ e ◦c y, hence,
a ∈ z.

The discrete duality theorem follows immediately:

Theorem 6.2. There is a discrete duality between O-groupoids ⟨G, ◦,≤, e⟩ with
a left identity element e, and LO-frames.
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For the right identity, we consider the frame condition

F9 (∀y, z)[y ≤ z ⇐⇒ R(y, i, z))].

An RO-frame is an O-frame with an added designated element i satisfying the
frame condition F9. The proof of the discrete duality theorem is analogous to
the previous one:

Theorem 6.3. There is a discrete duality between O-groupoids ⟨G, ◦,≤, e⟩ with
a right identity element e, and RO-frames.

7. Residuated O-groupoids

Finally, we enhance an O-groupoid by residuals. For this, we suppose that XG

and GX are the sets of all order filters in the respective orderings. The left
residual with respect to ◦, denoted by �, is a binary operator on G such that

(∀a, b, c)[a ◦ b ≤ c ⇐⇒ a ≤ b� c]. (11)

In the complex algebra of an O-frame we define the corresponding opera-
tion �X by

A�X B
df
= {x : (∀y, z)[(R(x, y, z) and y ∈ A) ⇒ z ∈ B]}. (12)

This is the definition for dual algebras of relevant spaces in [30], for complex
algebras of R-frames given in [20, Chapter 12.2], and also in [19] in a slightly
different form. It also works in our reduced setup:

Theorem 7.1. There is a discrete duality between O-groupoids with a left resid-
ual � and O-frames with �X defined by (12).

Proof. Taking into account our previous results, it is enough to show
1. �X is the left residual of ◦X .
2. h preserves �.
1. Suppose that A,B,C ∈ GX ; we are going to show that (11) holds for ◦X

and �X .
“⇒”: Let A ◦X B ⊆ C, and choose some x ∈ A. Suppose that R(x, y, z)

and y ∈ B. Since x ∈ A, y ∈ B, and R(x, y, z), we have z ∈ A ◦X B. The
hypothesis now implies z ∈ C.

“⇐”: Let z ∈ A ◦X B; then, there are x ∈ A, y ∈ B such that R(x, y, z).
The hypothesis implies that x ∈ B�X C; y ∈ B, R(x, y, z) and the definition
of �X imply that z ∈ C.

2. Let a, b, c ∈ G. We show that h(b)�XG
h(c) = h(b� c). First, note that

by (12)

x ∈ h(b)�XG
h(c) ⇐⇒ (∀y, z ∈ XG)[x ◦c y ⊆ z and b ∈ y ⇒ c ∈ z]. (13)
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“⊆”: Suppose that b� c ̸∈ x; then, c ̸∈ x ◦c ↑ b. Setting y
df
= ↑ b and z

df
= x ◦c ↑ b,

(13) shows that x ̸∈ h(b)�XG
h(c).

“⊇”: Let b� c ∈ x. Suppose that x ◦c y ⊆ z and b ∈ y; then, a ◦ b ∈ z for
all a ∈ x. Assume that c ̸∈ z. Then, a ◦ b ̸≤ c for all a ∈ x since z is increasing
and a ◦ b ∈ z. By (11), a ̸≤ b� c, contradicting b� c ∈ x.

The right residual of ◦ is a binary operator, denoted by �, defined by

(∀a, b, c)[a ◦ b ≤ c ⇐⇒ b ≤ a� c]. (14)

The corresponding complex algebra operation is

A�X B
df
= {x : (∀y, z)[(R(y, x, z) and y ∈ A) ⇒ z ∈ B]}. (15)

Theorem 7.2. There is a discrete duality between O-groupoids with a right
residual � and O-frames with �X defined by (15).

Proof. That �X is the right residual of ◦X was shown in [20, Proposition
12.2.2], the proof of which does not use any resources apart from the ordering
and the definition of ◦X by (3) and of �X by (15). The proof that h preserves �
is analogous to the one for � in Theorem 7.1.

Such signature extensions of ordered groupoids have a place in logical sys-
tems. An Ackermann groupoid is a structure ⟨G, ◦,≤,�, e⟩ where ⟨G, ◦,≤⟩ is
an O-groupoid, e is a left identity, and � is the left residual with respect to ◦.
These were considered in [19] as the “most basic relevant algebra, . . . introduced
for the specific purpose of explicating pure implicational calculi.” A discrete
duality for Ackermann groupoids can be obtained from the discrete dualities
presented in Section 6 and this section.

8. Some remarks on further axiomatic or signature
extensions of groupoids and their discrete dualities

Groupoids are the basic component in semantic structures of a large variety
of non-classical logics. In Sections 3–7 we studied the very basic structures
whose signatures did not include lattice operations. In the present section
we briefly describe groupoids endowed with the lattice operations and their
discrete dualities which play an important role in algebra and logic.

A positive Ackermann groupoid is a signature extension of an Ackermann
groupoid by the operations ∧,∨ such that ⟨G,∧,∨⟩ is a distributive lattice
with ≤ as its natural order. They are reducts of the algebras of relevant logics
which were investigated in [30]. It was shown in [19] that positive Ackermann
groupoids provide algebraic models for the logic B+ which they introduced
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in [25]. It is interesting to note that in their setup the universe of the com-
plex algebras of the ternary frames for the logic are the order filters of the
frame universe. A discrete duality for positive Ackermann groupoids, that is,
distributive-lattice-ordered Ackermann groupoids, can be obtained based the
discrete duality for distributive residuated lattices [20, Chapter 12] and the
discrete dualities from Sections 6 and 7.

A Church monoid, also introduced in [19], is an axiomatic extension of
Ackermann groupoids which, in addition, are commutative and associative,
and ◦ is expanding. A signature extension of a Church monoid with ∧ and ∨
as for positive Ackermann groupoids is called a Dunn monoid.

A discrete duality for Church monoids can be obtained based on discrete
duality for Ackermann groupoids and Theorem 5.1. A discrete duality for Dunn
monoids can be obtained based on discrete dualities for positive Ackermann
groupoids.

A residuated-lattice-ordered monoid is a lattice-ordered monoid endowed
with right and left residuals of its groupoid operator. Algebraic signature
extensions or axiomatic extensions of such lattices provide algebraic semantics
for a number of non-classical logics, in particular substructural logics, multiple-
valued logics, and fuzzy logics, see, for example, [3, 10, 11]. Discrete dualities for
residuated lattices were studied both for distributive lattices and not necessarily
distributive ones. The representation theorem for distributive lattices has been
well known since the fundamental work by Stone [29]; a modern form based
on ordered topological spaces was presented by Priestley [23]. Its topology-free
version, extended to residuals as in Section 7, easily leads to a discrete duality
for residuated distributive-lattice-ordered monoids.

For a number of their axiomatic extensions discrete dualities exist, for ex-
ample: Integral distributive-residuated-lattice-ordered monoids where the unit
element of the lattice coincides with the unit element of the monoid, commuta-
tive distributive-residuated-lattice-ordered monoids, where the operator of the
monoid is commutative, monoidal t-norm fuzzy logic algebras (MTL) which are
both integral and commutative distributive-residuated-lattice-ordered monoids
with the axiom of prelinearity, MTL algebras with a negation. A Tarski rela-
tion algebra is a Boolean-algebra-ordered monoid with some additional axioms
which reflect relationships of Boolean operators with monoid operators. A dis-
crete duality for relation algebras and their frames follows from representation
theorems in [28] and [16] and from developments in [18].

In case of non-distributive lattices, a topology free version of Urquhart’s rep-
resentation [8] or the representation of general lattices in [13] may be a starting
point for developing discrete dualities. Based on Urquhart’s lattice represen-
tation [30] discrete dualities for general-lattice-ordered groupoids exist, among
others, for general-lattice-ordered monoids with left and right residuals of their
operators, residuated general-lattice-ordered monoids with involution, general-
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lattice-ordered relation algebras, the class of FL algebras corresponding to full
Lambek Calculus and its axiomatic extensions FLe, FLc, FLw, FLew, among
others. The class FLew provides a basis for the Esteva-Godo-Ono hierarchy of
substructural and fuzzy logics presented in [10]. Details of the discrete dualities
mentioned above can be found in [20].

9. Conclusion

In this paper discrete dualities for groupoids were studied. For every chosen
class of groupoids the task of proving discrete duality included establishing the
appropriate class of frames and then proceeding as it is described in steps S1, S2,
and S3 in the introduction. It was observed that for the class of plain groupoids
the definition of canonical frame analogous to the definition given in [15] did not
enable us proving preservation of the groupoid operator under the embedding
due to lack of any ordering in the groupoids. Thus in the subsequent sections
ordered groupoids are considered and some of their axiomatic or signature
extensions. For the class of groupoids with a partial ordering compatible with
their operators the class of frames was proposed based on the frame semantics
of relevant logic presented in [27] and discrete dualities were proved for these
classes of structures. In subsequent sections discrete dualities were presented for
several axiomatic extension of the classes of ordered groupoids including classes
of commutative, associative, and idempotent groupoids; signature extensions
of the classes of ordered groupoids included ordered groupoids with identity
and ordered groupoids with residuals of their operators. Finally, in Section 8
further axiomatic or signature extensions of groupoids were mentioned together
with bibliographical information on discrete duality results for these.
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[4] H. Brandt, Über eine Verallgemeinerung des Gruppenbegriffes, Math. Ann. 96
(1927), no. 1, 360–366.

363
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Abstract. Based on possibility theory and multi-valued logic and tak-
ing inspiration from the seminal work in probability theory by A. N.
Kolmogorov, we aim at laying a hopefully equally sound foundation
for fuzzy arithmetic. A possibilistic interpretation of fuzzy arithmetic
has long been known even without taking it to its full consequences:
to achieve this aim, in this paper we stress the basic role of the two
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1. Introduction

In the so-called implicit approach to probabilities due to the English mathe-
matician sir Harry Raymond Pitt (1914-2005), random variables and random
numbers X are not explicitly defined, as happens in the explicit Kolmogorov’s
approach, but are rather operationally described through their probability dis-
tribution PX , i.e. through a 1-normed σ-additive measure on the σ-algebra of
Borel sets on R. In the same way random couples (X,Y ) or more generally ran-
dom k-tuples X = X1 . . . Xk rely on bi-dimensional or k-dimensional 1-normed
measures PX,Y or PX on the Borel sets of R2 or Rk, respectively. Pitt does
not even try to “split” suggestive notations as are e.g. Prob{a ≤ X ≤ b} or
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(2 of 13) A. SGARRO AND L. FRANZOI

Prob{a ≤ X ≤ b, c ≤ Y ≤ d} into their components, but simply sees them
as inspiring synonyms for the measures (for the probabilities) of the corre-
sponding interval A and the corresponding rectangle B, i.e. for PX(A) and
PX,Y (B), respectively. Needless to say, a metatheorem (actually, a quite obvi-
ous metatheorem) proves that a statement is true in the implicit approach if
and only if it is true in the explicit approach: the two approaches, in a way,
are “interchangeable”.

Thinking of the quote of John of Salisbury and Bernard de Chartres, even
if below we find it more convenient and expedient to mimic Pitt’s approach,
it is on the shoulders of the Russian giant Andrej N. Kolmogorov (1903-1987)
that we shall stand to discuss from a vantage position the maxitive possibility
distribution calculus, as opposed to the more traditional and mature additive
probability distribution calculus.

In the final section we shall comment that fuzzy arithmetic has much to
learn from what was done in probability starting from the letters exchanged by
Blaise Pascal and Pierre de Fermat in 1654: possibility distribution calculus as
covered in Sections 2 to 6 should only serve as a smooth transition tool, meant
to cool down polemic reactions on side of the partisans of fuzzy arithmetic in
its more traditional set-theoretic approach. Fair to say, it is precisely to fuzzy
numbers and to a sound mathematical foundation for fuzzy arithmetic that
this paper is devoted, even if we shall take our time and reach the point only
in Section 6. We will go as far as claiming that old set-theoretic approaches to
fuzzy arithmetic should be entirely relinquished in favor of an approach based
directly on possibility theory.

Early interpretations of fuzzy arithmetic in a possibilistic key go back to as
early as the 80’s [3] and have continued following a more and more “radical”
view [1, 2, 6, 7, 8, 9, 10, 11, 12, 13, 14, 19, 20]; based on this, we are now
in a position to present a comprehensive and sound approach to fuzzy arith-
metic and its underlying possibility distribution calculus, without any of the
drawbacks and snags one was used to fight with; cf. Sections 5 and 6.

Even if ours is basically a position paper, the Pitt-like approach to possi-
bilistic arithmetic, and so to fuzzy arithmetic, is here presented for the first
time in a systematic and all-inclusive way, underlying its generality and sim-
plicity: actually, it is precisely trying to speed up computations, as we did in
[6, 8, 9, 10, 11, 19, 20], that we were led to deepen the theoretic approach which
is here presented; cf. the concluding section.

In Sections 2 to 5 terms as are fuzzy number or fuzzy arithmetic will be
avoided. They will be explicitly used only in Section 6, once we possess all the
possibilistic tools which are needed.

368



POSSIBILITY DISTRIBUTION CALCULUS (3 of 13)

2. A Pitt-like approach to possibility numbers

A possibility number X or more compactly a Π-number X is implicitly de-
fined through its possibility distribution ΠX on the subsets of R. In its turn a
possibility distribution Π = ΠX on R is defined by a non-negative possibility
distribution function fX(x) : R → [0, 1] with the single normality constraint
that the equation fX(x) = 1 should have at least one solution (cf. however
Section 3); the more specific notation ΠX is used beside the generic one Π to
stress which Π-number is involved. For any subset A of R one sets

Π(A) = ΠX(A) = Poss{X ∈ A} =̇ sup
x∈A

fX(x) ,

where =̇ means “equal by definition”. Notice that one has fX(x) = Poss{X =
x}, unlike what happens with probability distribution functions.

An observation: we will not discuss the meaning of possibilities, their “phi-
losophy”, for which we refer e.g. to [4, 18, 15], but rather their mathematical
or “technical” maxitive structure. We acknowledge that “possibility” is quite a
committal term, possibility theory being a deep and relevant chapter of multi-
valued logics.

A further observation: the reader might object that our definitions are too
loose and generous: an event is any subset of R and the distribution function
might be quite pathological. The reason is that suprema (generalized maxima),
unlike generalized sums (Radon-Nikodym integrals), are quite user-friendly and
do not bring about any mathematical snag (devoted mathematicians might
add: “unfortunately”). We will be as general as possible, quite conscious that
in practice only very special subsets and very special distributions functions
will be needed, and that relevant theorems might require to impose restrictions
on subsets and on distribution functions.

As an example, we will not rule out the vacuous (uninformative) distri-
bution functions fX(x) = 1, x ∈ R, which is the analogue of the uniform
probability function, with the non-trivial observation that uniform probabil-
ity functions are defined e.g. on intervals, while a uniform probability on the
whole of R breaks the usual σ-additive frame and is allowed only in the very
special finitely additive frame of subjectivist probability theorists as was Bruno
de Finetti (1906-1985). While uniform probability distributions are meant to
code total uncertainty, uniform possibility distributions are meant to code total
ignorance, a distinction which is quite familiar in evidence theory [21] from
which the term “vacuous” is derived.

Further examples, made thinking directly of fuzzy arithmetic, are Π-inter-
vals (u, a, b, v) with u < a < b < v, where the possibility distribution function is
0 outside [u, v], grows linearly from 0 to 1 on [u, a], remains equal to 1 on [a, b]
and decreases linearly from 1 to 0 on [b, v]. Limit cases thereof are Π-triangles
(u, a = b, v) when a = b, and crisp numbers r when u = a = b = v=̇r, f(r) = 1
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(4 of 13) A. SGARRO AND L. FRANZOI

and f(x) = 0 for x ̸= r. Crisp numbers (usual real numbers) are at the other
extreme of the vacuous number, crisp knowledge (no ignorance) versus total
ignorance.

We move to possibilistic k-tuples X and their distribution functions

fX(x1, . . . , xk) : Rk → [0, 1] .

Actually, to make our point, it will be enough to deal with couples (X,Y )
whose distribution functions fX,Y (x, y) have domain R2 and such that for at
least one couple (ξ, ζ) ∈ R2 one has fX,Y (ξ, ζ) = 1. Starting from a joint
(bidimensional) possibility distribution function fX,Y (x, y) one may derive the
two corresponding marginal (1-dimensional) distribution functions fX(x) and
fY (y):

fX(x) = Poss{X = x} = Poss{X = x, Y ∈ R} =̇ sup
y∈R

fX,Y (x, y)

and the analogue for ΠY . These definitions are in accordance with the maxitive
nature of possibilities and remind one of marginalization in probability theory,
additive rather than maxitive.

In the other direction, one might start from the two marginals for X and Y
and “stick” them together to obtain an admissible joint distribution which
would give back the two marginals one had started with. One convenient way
to do this is to use a ⊤-norm (to be read tee-norm), i.e. an “abstract” logical
conjunction (e.g., see [4, 11, 12, 15, 18, 20]) x⊤y, where the two logical values
(x, y) belong to the unit square [0 ≤ x ≤ 1, 0 ≤ y ≤ 1], 0=false, 1= true.

We shortly recall that ⊤-norms are defined by axioms which impose com-
mutativity x⊤y = y⊤x, associativity (x⊤y)⊤z = x⊤(y⊤z) and monotony:
y ≤ z implies x⊤y ≤ x⊤z, with 1 as ⊤-identity element x⊤1 = x; by using
monotony with respect to the ⊤-identity element 1 ≥ x one soon proves that
0 is a nullific for ⊤, i.e., x⊤0 = 0. The negation is simply x=̇1− x. By resort-
ing to one of the two De Morgan rules one can soon derive a dual ⊤-conorm
x⊥y=̇x⊤y, i.e. an abstract disjunction; we recall that the axioms for ⊤-conorms
are the same as for ⊤-norms, save that the ⊤-identity element is 0 and so the
⊥’s nullific is 1, i.e., x⊥1 = 1.

Sticking together two marginals by use of a ⊤-norm, as soon checked, defines
an admissible joint distribution. No doubt, the most popular norms are:

• standard : x⊤y = min[x, y]=̇x ∧ y , x⊥y = max[x, y]=̇x ∨ y ,

•  Lukasiewicz : x⊤y = max[0, x+ y − 1] , x⊥y = min[1, x+ y],

• probabilistic: x⊤y = x · y , x⊥y = x+ y − x · y .

The standard norms are those most used in fuzzy logic as made popular by
Lotfi A. Zadeh (1921-2017).
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Using the definitions of the two marginal distributions ΠX and ΠY derived
from the joint distribution ΠX,Y one soon proves that, whatever the event A,
one has ΠX,Y (A) ≤

[
ΠX ∧ΠY

]
(A), that is, in terms of possibility distribution

functions, whatever the couple (x, y) ∈ R2:

fX,Y (x, y) ≤ fX(x) ∧ fY (y) = min
[
sup
y∈R

fX,Y (x, y) , sup
x∈R

fX,Y (x, y)
]
.

Thus, to maximize joint possibilities one should use the standard ⊤-norm based
on minima. This fact, cf. e.g. [4, 15, 18], has lead possibility theorists to define
non-interactivity, which is meant to be the appropriate possibilistic analogue
of probabilistic independence, precisely by means of the standard ⊤-norm: two
Π-numbers X and Y are non-interactive when fX,Y (x, y) = min[fX(x), fY (y)].
Unsurprisingly, non-interactivity will play a basic role in what follows; observe
that the product of probabilistic independence has been replaced by the mini-
mum of possibilistic non-interactivity.

Another basic way exists to stick together two marginals, limited to the
case when the two Π-numbers X and Y are equidistributed, i.e. when fX(x) =
fY (x) for all x ∈ R. We are thinking of deterministic equality, where one sets
fX,Y (x, x) = fX(x) = fY (x), else fX,Y (x, y) = 0.

We stress that one should carefully distinguish between equidistribution
X ≈ Y i.e. fX(x) = fY (x) and deterministic equality X = Y ; only in the
latter case X and Y are the same Π-number and the two symbols X and Y are
synonyms (one of the two might be disposed of). Two equidistributed numbers
X and Y may be interactive in an infinite variety of ways (unless at least
one of the two is a crisp number), going from deterministic equality, indeed a
tight form of interactivity, to non-interactivity, when there is no “exchange of
information” between them. This observation may sound trivial to probability
theorists, but unfortunately it is not always so in the traditional set-theoretic
approach to fuzzy arithmetic; cf. our comments in Section 6.

3. A detour to incomplete distributions

One might consider also possibility distribution functions which are incomplete
or sub-normal, i.e. for which supx∈R f(x) might be strictly less than 1. Unlike
incomplete probabilities, an odd notion indeed, incomplete possibilities do pop
up in important contexts as is fuzzy control, as based on the fuzzy extension
of the logical syllogism called modus ponens: the reader is referred e.g. to
[4, 15, 18] for an exhaustive discussion; however, to facilitate self-readability,
we have provided the Remark below.

A limit-case of incomplete distributions is the all-0 distribution function;
in fuzzy control, such an unpleasant mathematical object is obtained when
the logical premise and the logical implication are at contradiction with one

371



(6 of 13) A. SGARRO AND L. FRANZOI

another, cf. Remark 3.1. So, while the vacuous (all-1 and so complete) dis-
tribution describes total ignorance, cf. Section 2, one might be tempted to go
as far as claiming that the all-0 distribution is an adequate description of a
totally self-contradictory state of knowledge about the possibilistic quantity X.
Managing contradiction in logic is a hard nut, indeed: once again, however,
we notice that similar situations are found in evidence theory [21], where they
have been amply discussed and commented upon. As for the link between in-
completeness and the representation of logical contradiction in evidence theory,
cf. [22].

Remark 3.1 (Incompleteness). In modus ponens, or rather in its fuzzy exten-
sion which we shall shortly cover “adapting” it to the possibilistic terminol-
ogy used so far in this paper, one has two possibilistic quantities X and Y ,
X ∼ fX(x) which is well-known, the premise of the syllogism, and Y ∼ gY (y)
which is unknown, to be computed in the conclusion (the symbol ∼ refers
here to the respective distribution functions). One has also the inference rule:
“were X ∼ ϕX(x) then one would have Y ∼ ψY (y)” (the two “hypothetical”
distributions ϕX(x) and ψY (y) are known and can be used in calculations):

• premise: X ∼ fX(x)

• inference rule: if X ∼ ϕX(x) then Y ∼ ψY (y)

• conclusion: Y ∼ gY (y) to be computed

The logical operations are those standard in fuzzy logic, maximum for disjunc-
tion x ∨ y, minimum x ∧ y for conjunction and implication (we are using the
so-called Mamdani implication as is standard in fuzzy control, cf. e.g. [4, 15, 18];
x and y are two logical values in the interval [0,1]; as is usual, the symbols ∨
and ∧ are “double-use”, both logical and numerical). Computations show that

gY (y) = ψY (y) ∧ sup
x∈R

[
fX(x) ∧ ϕX(x)

]
Even if the three distributions one starts with are complete, the resulting dis-
tribution gY (y) is not complete unless the supremum is equal to 1, i.e. unless
ξ exists such that fX(ξ) ∧ ϕX(ξ) = 1, a case which fuzzy logicians and fuzzy-
control people consider scarcely interesting and rarely met in applications

(
in

this case one would have gY (y) = ψY (y)
)
. Even more rarely met in appli-

cations is the case when the supremum is 0 because the two X-supports, the
one in the premise and the other in the inference rule, are disjoint : in such
an unfortunate situation of conflicting distributions one would have an all-0
distribution function for Y in the conclusion.
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4. Possibility distribution calculus

We deal with deterministic functions of Π-numbers Z = ϕ(X) and with deter-
ministic functions of a Π-couple, i.e. with binary operations Z = X ◦Y , where ◦
denotes a generic binary function, x ◦ y = Φ(x, y). Below, probability theorists
will readily recognize what one does in probability distribution calculus.

It will be enough to be able to compute the distribution functions fZ =
fϕ(X) and fZ = fX◦Y starting from fX(x) and fY (y). Mimicking what we
already did when marginalizing, one has:

fZ(z) = Poss{Z = z} = Poss{ϕ(X) = z} = sup
x:ϕ(x)=z

fX(x)

and

fZ(z) = Poss{Z = z} = Poss{X ◦ Y = z} = sup
x,y: x◦y=z

fX,Y (x, y) ,

where we set, as it should be, fZ(z) = 0 when the minimization set where one
takes the supremum is void.

Generalizing to the case of a k-argument deterministic function

Z = ϕ(X1, . . . , Xk) , k ≥ 1 ,

where the possibilistic k-tuple (X1, . . . , Xk) is defined by the possibility distri-
bution function fX1,...,Xk

(x1, . . . , xk), one has:

fZ(z) = Poss{Z = z} = sup
x1,...,xk: ϕ(x1,...,xk)=z

fX1,...,Xk
(x1, . . . , xk) ,

with the by now usual convention fZ(z) = 0 when the minimization set is void.
The additive mathematics of measure theory is more complicated than the

often unassuming mathematics of suprema, indeed; actually, convenient tools
could be developed to shorten calculations, the most relevant being possibly
irrelevance first introduced in [19] and then used in [6, 7, 8, 20]. We shall
shortly mention this tool in the last Section, Remark 6.1.

We stress that completeness was never used in this section 4; on the other
hand, as soon checked, if one starts with complete distributions, completeness
of the resulting distributions is ensured.

5. Montecatini lemma

Lemma 5.1 (Montecatini lemma [20]). The equality

f(x1, . . . , xn) = g(x1, . . . , xn)
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is an identity for crisp numbers if and only if the two possibilistic quantities
Z1=̇f(X1, . . . , Xn) and Z2=̇g(X1, . . . , Xn) are deterministically equal whatever
the joint distribution of X1, . . . , Xn.

E.g., since x(y + z) = xy + xz for any crisp numbers x, y and z, one has
X(Y + Z) = XY +XZ for any possibilistic quantities X,Y and Z, whatever
their joint distribution. Since log xy = log x + log y for positive x and y one
has logXY = logX + log Y for any possibilistic quantities X and Y whatever
their joint distribution with positive support.

Proving the lemma is trivial in both directions. To prove the equidistribu-
tion of Z1 and Z2 just observe that one is taking the supremum of the same
function over two sets, {x : f(x) = z} and {x : g(x) = z}, which are however
equal (are the very same set). As for deterministic equality Z1 = Z2, one can-
not have f(x) ̸= g(x), and so the joint distribution of the possibilistic couple
(Z1, Z2) is zero outside the main diagonal z1 = z2.

Remark 5.2. Completeness is never used and so is not requested, but it is
preserved whenever present at the start.

Remark 5.3. The lemma is stated in terms of arbitrary possibilistic distri-
bution functions; if one insists on certain properties, e.g. upper continuity or
unimodality, one should of course check stability, i.e check whether the result
Z = f(X1, . . . , Xn) = g(X1, . . . , Xn) still verifies those properties.

Remark 5.4. The curious name of the lemma (Montecatini is a resort spa
in Tuscany) simply reminds of a lively discussion held at an INdAM-GNCS
meeting held there. However trivial the lemma might be, its consequences on
fuzzy arithmetic, as we shall now argue, are quite remarkable.

6. Does possibility distribution calculus offer
a sound basis for fuzzy arithmetic?

In fuzzy arithmetic a fuzzy number X is once more described through a func-
tion fX(x) : R → [0, 1] but this function is rather seen as the membership
function of a fuzzy set, which explains why we are calling this approach the
set-theoretic approach to fuzzy arithmetic. This different interpretation will be
of no special consequence in the following; what matters is that we are dealing
with a non-negative function fX(x) which takes on the value 1 at least once
(the corresponding fuzzy set must be normal). Usually a lot of restrictions are
imposed on the function fX(x), which has so to be quite “regular”. We shall
come to this moot point later; for the moment being no additional restriction
will be imposed on fX(x) and to stress this fact we find it convenient to replace
the rather ambitious term “number” with the less committal term “quantity”.
Thus a fuzzy quantity is described, at least formally, in exactly the same way
as the Π-numbers of Section 2.
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Nothing like a joint distribution is present, however: in a way, a fuzzy
quantity X is the same as its corresponding function fX(x). In particular,
two equidistributed numbers are the very same number: equidistribution boils
down to strict equality, is indistinguishable from it. Given a binary operation
Z = X ◦ Y fuzzy arithmetic states that

fZ(z) = fX◦Y =̇ sup
x,y: x◦y=z

min
[
fX(x), fY (y) ,

]
with fZ(z) = 0 if the minimization set is void. By the way, the functions in-
volved are usually so regular that the supremum is almost unavoidably a maxi-
mum. Even if the definition is usually justified by means of the so-called exten-
sion principle of fuzzy-set theory (cf. e.g. [4, 18]), the reader will recognize the
corresponding definition for Π-numbers in the special case of non-interactivity,
when fX,Y (x, y) = min

[
fX(x), fY (y)

]
.

In fuzzy arithmetic as built on this basis, several unpleasant facts occur,
which seem to contradict Montecatini lemma, for example:

X(Y + U) ̸= XY +XU , X −X ̸= 0 ,
1

X
̸= X−1 .

In the last case we are of course assuming fX(0) = 0; the first side of 1
X ̸=

X−1 refers to the binary operation of division, while the second side to the
deterministic (1-dimensional) function of inversion; for the crisp number X = 1
seen as a fuzzy number recall that one has fX(1) = 1, else 0.

As a first comment: even in probability theory one would have nasty claims
as the ones above, were one so clumsy as to confuse equidistribution with
deterministic equality. Everything becomes quite clear as soon as one would
write:

even if X and X̃ are equidistributed

X(Y + U) ̸= XY + X̃U , X − X̃ ̸= 0 ,
1

X
̸= X̃−1

as happens also in probability theory, by the way. In accordance with Mon-
tecatini lemma, one has three equalities as soon as X and X̃ are not only
equidistributed but also deterministically equal, and only in this case the sym-
bol X̃ can be disposed of and be replaced by X. This implies that even in
set-theoretic fuzzy arithmetic one should not give up the precious distinction
between equidistribution and deterministic equality, and therefore one should
not use a single symbol X to denote two equidistributed fuzzy number which
are not the same number.

By the way, observe that when dealing with crisp numbers the distinction
between equidistribution and deterministic equality would still make sense

(
the

first and the second co-ordinate of the point (3,3) of the Cartesian plane are
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equal at a certain level of abstraction, but different at another level, proof be
the fact that the first co-ordinate, unlike the second, possesses the qualifica-
tion “abscissa” and can be increased without having to increase the second

)
;

however, in the crisp case the distinction is of no consequence in calculations:
3+3=6 whatever the level of abstraction. We deem that building fuzzy arith-
metic by taking inspiration from crisp arithmetic rather than random arith-
metic has been a sore mistake.

We come to another stumbling block of set-theoretic fuzzy arithmetic: what
should a fuzzy number be, when does a fuzzy quantity deserve to be called a
fuzzy number?

Everybody agrees that (piecewise) linear fuzzy triangles (u, a, v) as in Sec-
tion 2 do qualify for appropriate fuzzy numbers, but the increasing portion on
[u, a] and the decreasing one on [a, v] should be allowed to be non-linear, even
if “regular enough”. Definitions of fuzzy numbers found in the literature are
slightly at divergence from one another, but the following requests appear to
be typical, thinking of a triangular number (u, a, v) as a starting point:

outside [u, v] the function fX(x) is zero, fX(a) = 1, fX(x) is strictly in-
creasing on [u, a] and strictly decreasing on [a, v]; to ensure that the suprema of
marginalizations are also maxima (are actually achieved) one further imposes
upper semicontinuity

We make some critical remarks: definitions like this rule out fuzzy intervals
[u, a, b, v] but then should one be allowed to sum an appropriate fuzzy num-
ber with a fuzzy quantity which is not a number, even if the addition rule is
available and readily usable? More seriously: the support, i.e. the subset of
R where fX(x) ̸= 0, has to be an interval: what about the inverse Y = X−1

of the quite appropriate linear triangle X = (0, 1, 2)? The rule to compute
Y = ϕ(X) = X−1 is available and usable, but it gives back a quantity whose
support is a half-line; the unpleasant consequence would be that the inverse
of a number, be it fuzzy, is not a number, be it fuzzy. All this entails, no
wonder, that the word unstable pops up quite frequently in set-theoretic fuzzy
arithmetic. Unfortunately, unassuming fuzzy quantities, which might work as
a sort of “escape route”, are usually ruled out.

Once more we prefer to mimic probability theory and its authoritative
century-old history. The definition of random variables, both in the explicit
Kolmogorov’s approach and in the implicit Pitt’s approach, are as ample as
the mathematics of σ-additive measures allows it to be, even if this gives obvi-
ously room to “monsters” one will never use in practice. Important theorems
require that the definition be restricted, for example one might require that the
variance of X does exist, or even, as happens in statistics, that X is normal
(gaussian). In our opinion the same should be done in fuzzy arithmetic: the
definition should be as large as the maxitive mathematics of suprema allow it
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to be, precisely as we did in Section 2 with Π-numbers. Needless to say, impor-
tant theorems may require that the fuzzy number is very regular, for example
that it fits the definition with upper semicontinuity given above.

We are strongly convinced that fuzzy arithmetic should be done along the
generous lines that we have settled for possibilistic arithmetic. To resume:

• a fuzzy number X should be defined by a non-negative function fX(x)
without any restriction, save for normality if one is interested only in
complete arithmetic

• one may ignore interactivity, provided one is able to distinguish
at least between equidistribution X ≈ Y , i.e. fX(x) = fY (x), and
deterministic equality X = Y

Remark 6.1 (Irrelevance). A theorem known very early in fuzzy arithmetic,
for which cf. e.g. [3, 4, 7, 8, 18, 20], deals with generalized fuzzy triangles X
and Y whose defining functions fX(x) and fY (x) on the common support [u, v]
are bound to be convex-cup, which certainly is the case in the piecewise linear
situation of an actual triangle. The generalized triangles X and Y are assumed
to be equidistributed, fX(x) = fY (x). Think now of a binary operation X ◦ Y
“regular enough” which might be the sum X + Y or the product X · Y (in
the latter case one has however to assume also u ≥ 0, i.e. a non-negative
support). This is a proto-example of irrelevance, because it can be proven,
using our terminology, that the distribution function fX◦Y (x) of X ◦ Y is the
same both under non-interactivity and under deterministic equality; the choice
of the joint distribution out of these two is irrelevant. This relevant fact, in itself
quite fortunate, has probably had a bad consequence, since it has masqued the
importance of accurately distinguishing between two different ways of sticking
together marginal distributions: irrelevance is not always at hand.

7. Conclusions and future work

We did mathematics rather than philosophy: the discussion remains open
whether a possibilistic number is related or not to a fuzzy number thinking
of the meaning of fuzziness and logical possibilities. Our point is that they
should be tackled in the same way insofar as mathematical calculations are in-
volved: after all, even in probability theory, or rather in probability theories [5],
the same calculations can be interpreted in quite different ways by objectivists
(empiricists, followers of Ludwig von Mises, 1881-1973) versus subjectivists
(neo-Bayesians, followers of Bruno de Finetti, already mentioned, and Leonard
J. Savage, 1917-1971).

The message is: everything works if, beside non-interactivity (which is al-
ways there, even if implicit or even “hidden”), one considers also deterministic
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equality. Crisp arithmetic may ignore the difference, but random and fuzzy
arithmetic cannot.

The theoretic framework which has been presented above is best appreciated
in contexts where heavy computations are needed, a meaningful example being
our coding-theoretic paper [9], to which the reader is referred. As for future
work, one might ask: should a Pitt-like approach to possibilistic and fuzzy
arithmetic be relinquished in favor of an explicit Kolmogorov-like approach? At
present, this remains a moot point: in probability the advantages of the explicit
approach are quite obvious when one moves to complicated stochastic processes,
not even necessarily ergodic, but an analog theory of possibilistic or dynatic
processes is at the moment almost non-existing; cf. however [16, 17] and also [9],
where the possibilistic processes envisaged are actually quite unassuming.
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Abstract. A directed acyclic graph (DAG) is called essential if for
every edge (u, v) it holds that the set of in-neighbors of u is different
than the set of in-neighbors of v minus vertex u. Essential DAGs have
applications in Bayesian networks, where a basic problem is to generate
uniformly at random a labeled essential DAGs with a given number of
vertices. In this paper we prove a new decomposition of essential DAGs,
which entails: (i) a new counting recurrence, and (ii) a new random
generation algorithm, that may be of potential use for their applications
in Bayesian networks.

Keywords: Directed acyclic graph, counting recurrence, sampling.
MS Classification 2020: 05C20, 05C30, 68R10, 05C80.

1. Introduction

Directed acyclic graphs (DAGs) are a most basic class of graphs, with appli-
cations in various areas of Mathematics and Computer Science. For example,
in Set Theory, hereditarily finite well-founded sets correspond to a subclass of
DAGs (extensional DAGs) when one interprets each set as a vertex, and each
membership relation x ∋ y as an edge (x, y), see e.g. [7]. In Computer Science,
a DAG guarantees, e.g. the existence of a topological order among its vertices,
enabling various optimal algorithms on DAGs, for problems that are otherwise
NP-hard on general graphs (e.g. longest path).

A basic combinatorial question about DAGs is: given a natural number n,
how many labeled DAGs with n vertices {1, . . . , n} exist? Here, by “labeled” we
mean that we consider two labeled DAGs to be the same if and only if they have
the same set of edges (see Figure 1 for an example). For general DAGs, the first
counting results date back to [2, 3, 5, 12, 13]. This question has been addressed
for other subclasses of DAGs, for example extensional DAGs [8, 10, 16].
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1 1 2
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Figure 1: Three labeled DAGs with vertex set {1, 2, 3}. The two left-most
DAGs are the same, since their set of edges is the same, namely {(1, 2), (3, 2)}.
The DAG on the right is not the same as the other two ones, since its set of
edges is {(1, 3), (2, 3)}.

In this paper we consider a different subclass of DAGs, namely essential
DAGs. Given a DAG G = (V,E), we denote its vertex set V also by V (G).
Given v ∈ V (G), we denote by N+(v) the set of out-neighbors of v, namely
N+(v) = {w : (v, w) ∈ E}, and by N−(v) the set of in-neighbors of v, namely
N−(v) = {u : (u, v) ∈ E}. We say that G is essential if for any edge (u, v) it
holds that N−(u) ̸= N−(v) \ {u}. See Figures 2 and 3 for examples. Essential
DAGs are used to represent the structure of Bayesian networks [1, 4, 9]. More
specifically, [1] shows that essential DAGs are representatives of the Markov-
equivalence classes of acyclic Bayesian networks (i.e., are Markov-equivalent to
all acyclic networks in its equivalence class). By working only with such repre-
sentatives, [1] claims that various computational problems on acyclic Bayesian
networks are more efficient, or various constraints on prior distributions can be
dropped in model selection algorithms.

1 1 2

1 2 3
1

2 3

2

1 3

3

1 2

1

2

3

1

2

3

Figure 2: All the labeled essential DAGs with one vertex (top left), two vertices
(top right), three vertices (bottom).

Essential DAGs were counted in [14] by inclusion-exclusion, and the asymp-
totic behavior of their number was studied in [15]. We should also note the
similarity between the definition of essential DAGs and that of extensional
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DAGs, the later of which requiring that for any two distinct vertices u and v,
it holds that N+(u) ̸= N+(v) [7].

1 1 2

1 2 3
1

2 3

2

1 3

3

1 2

1

2

3

1

2

3

Figure 3: Two DAGs that are not essential. In the DAG on the left, for the
edge (3, 2) it holds that ∅ = N−(3) = N−(2) \ {3}. In the DAG on the right,
for the edge (2, 1) it holds that {3} = N−(2) = N−(1) \ {2}.

Given their applications in Bayesian networks (e.g., in model selection,
see [1]), a basic problem on essential DAGs is: given a natural number n,
generate uniformly at random (u.a.r.) a labeled essential DAGs with n ver-
tices. This problem can be solved by a result showing that the number of
labeled DAGs with n vertices and the number of labeled essential DAGs on n
vertices are asymptotically the same, up a factor of ≈ 13.65 [15]. This guar-
antees that one can generate u.a.r. an essential DAG by repeatedly generating
u.a.r. a general DAG (using e.g. [6]) until getting one that is essential.

In this paper, we show another, direct approach, using the same recursive
approach used for extensional DAGs from [7, Chapter 7]. For achieving this,
we introduce a new decomposition of essential DAGs, and first show that it
leads to a new counting recurrence for them. Then, we exploit this new insight
in obtaining the direct recursive random generation procedure. This paper
contains results from our preprint [11].

2. Counting

Our decompositions of essential DAGs is symmetric to the one by rank intro-
duced in [10] for extensional DAGs, where the rank of a vertex v of a DAG is
defined as the length of a longest path from v to a sink (i.e. to a vertex with no
out-neighbors). By definition, vertices of maximum rank have their set of out-
neighbors different from the set of out-neighbors of any vertex of smaller rank.
This was a key insight in [10] in decomposing extensional DAGs by vertices of
maximum rank.

Since essential DAGs are defined in terms of in-neighbors, we need the
opposite notion of rank. Define the depth of a vertex x in a DAG as the length
of any longest path from a source (i.e. from a vertex with no in-neighbors)
to x. Note that a vertex of maximum depth in G must be a sink of G, but
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the converse does not necessarily hold. Let us denote by d(n, k) the number
of labeled essential DAGs with n vertices, and in which there are exactly k
vertices of maximum depth. The following theorem, via its proof, explains the
new decomposition of essential DAGs by vertices of maximum depth.

Theorem 2.1. For any n ≥ 1, d(n, n) = 1 holds. Moreover, for any k ∈
{1, . . . , n− 1}, the following recurrence relation holds:

d(n, k) =

(
n

k

) n−k∑
s=1

d(n− k, s)
(
s(2n−k−s − 1) + (2s − (1 + s))2n−k−s

)k

.

Proof. There are
(
n
k

)
ways to choose the k vertices of maximum depth, and by

removing them we obtain an essential DAG with n− k vertices and s vertices
of maximum depth, for some s ∈ {1, . . . , n− k}. Each vertex x of maximum
depth must have an in-neighbor among these s vertices, by definition of depth
and maximality. We distinguish two cases.

First, x has precisely one in-neighbor y among these s vertices. In this case,
any subset of the remaining n−k−s vertices, except for the in-neighborhood of
y, can act as in-neighborhood of x, when restricted to these n− k− s vertices.
Thus, there are s(2n−k−s − 1) ways of choosing the in-neighborhood of x in
this manner, where the −1 term accounts for the fact that x does not have zero
in-neighbors among the s vertices.

Second, x has at least two neighbors among the s vertices. In this case
any, subset of the remaining n − k − s vertices can act as in-neighborhood
of x, restricted to these n − k − s vertices. This holds because no vertex
among the n − k vertices can have an in-neighbor among the s vertices of
maximum depth, by definition of depth, maximality and acyclicity. Thus, there
are (2s − (1 + s))2n−k−s ways of choosing the in-neighborhood of x, where the
term −(1 + s) accounts for the fact that x does not have nor zero, nor exactly
one in-neighbor among the s vertices.

Trivially, the number of labeled essential DAGs with n vertices is obtained
as

∑n
k=1 d(n, k). The values of this number for small n were given in [14]. In

Table 1 we present the values of d(n, 1) and d(n, 2) for small n.
We should note that even if our decomposition uses the notions of source,

sink and rank, and parameterizes the counts based on them, these notions do
not have immediate applications in Bayesian networks: they are technical tools
useful in obtaining the final random generation procedure.

3. Random generation

Thanks to the proof of Theorem 2.1, in order to generate u.a.r. an essential
DAG having V = {1, . . . , n} as vertex set, we can proceed recursively as in the
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n d(n, 1) d(n, 2)
1 1 0
2 0 1
3 3 0
4 52 6
5 2175 430
6 254166 49035
7 72025471 14792841
8 48209379128 9973823300
9 73535410411119 15382053998676
10 251181726578388370 52716754248025365
11 1894237921184995595847 398475905881839278515
12 31226024774696489057711172 6575199987017708418484662

Table 1: Values d(n, 1) and d(n, 2), for small n.

case of extensional DAGs [7, Chapter 7]. This recursive procedure is explained
formally in Algorithm 1, and works as follows.

Before calling Algorithm 1, we choose the number k of vertices of maximum

depth, proportional to d(n,k)∑n
t=1 d(n,t) . Then, we choose u.a.r. the k vertices of

maximum depth {v1, . . . , vk} = Z, and call the recursive algorithm for V \ Z,
with a number s of sources chosen as when choosing k. Suppose this recursive
call returns an essential DAG G. It remains to add edges from the vertices of
G to each vi, such that: (i) each vi has maximum depth in the resulting DAG;
and (ii) the resulting DAG is essential.

For each i ∈ {1, . . . , k}, we must choose whether vi has exactly one in-
neighbor among the vertices of maximum depth in G, or at least two in-
neighbors. As such, we choose b ∈ {0, 1} at random such that:

b =


0, with probability

s(2n−k−s − 1)

(s(2n−k−s − 1) + (2s − s− 1)2n−k−s)
;

1, with complementary probability.

If b = 0, then we choose x u.a.r. among the vertices of maximum depth of G,
and we choose u.a.r. a subset W , different from N−(x), of the other vertices of
G, and set N−(vi) = {x} ∪W . Otherwise, if b = 1, we choose u.a.r. a subset
W1 of at least two elements of the vertices of maximum depth of G, and we
choose u.a.r. a subset W2 of the other vertices of G, and set N−(vi) = W1∪W2.

The correctness of this procedure follows from Theorem 2.1 and the argu-
ments given in its proof. We obtain the following:
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Algorithm 1: Generating u.a.r. an essential DAG with n vertices labeled

by the elements of V , |V | = n, out of which k are vertices of maximum

depth.

1 randomGenerationEssDAG(n, k, V )
2 if k = n then return (V, ∅);
3 choose u.a.r. a k-subset Z ⊆ V ;

4 choose s ∈ {1, . . . , n− k} with probability
d(n− k, s)∑n−k
t=1 d(n− k, t)

;

5 G := randomGenerationEssDAG(n− k, s, V \ Z);

6 X := the set vertices of maximum depth of G;
7 Y := V (G) \X;
8 V (G) := V (G) ∪ Z;
9 foreach z ∈ Z do

10 choose b ∈ {0, 1} at random such that

b =

0, with probability
s(2n−k−s − 1)

(s(2n−k−s − 1) + (2s − s− 1)2n−k−s)
;

1, with complementary probability;

11 if b = 0 then
12 choose u.a.r. x ∈ X;
13 choose u.a.r. a subset W of Y , different from N−(x);
14 in G, set N−(z) := W ∪ {x};
15 else
16 choose u.a.r. a subset W1 of X with at least 2 elements;
17 choose u.a.r. a subset W2 of Y ;
18 in G, set N−(z) := W1 ∪W2;

19 return G.

Theorem 3.1. Algorithm 1 correctly generates u.a.r. a labeled essential DAG
with n vertices, out of which k are vertices of maximum depth.

Corollary 3.2. A labeled essential DAG with n vertices can be generated

u.a.r. by choosing k ∈ {1, . . . , n} with probability proportional to d(n,k)∑n
t=1 d(n,t) ,

and calling randomGenerationEssDAG(n, k, {1, . . . , n}).

4. Conclusions

Notice that even though we counted essential DAGs in a similar manner to ex-
tensional DAGs, we proceeded “bottom-up” by removing sinks (since essential-
ity involves in-neighborhoods), not “top-down” by removing sources, as for ex-
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tensional DAGs (since extensionality involves out-neighborhoods). Since these
two approaches appear hard to combine, we consider as an interesting combi-
natorial problem the one of counting the number of labeled DAGs that are both
extensional and essential. However, if one considers reverse essential DAGs, as
those such that for every edge (u, v) it holds that N+(u) \ {v} ≠ N+(v), then
we believe the top-down approach can apply to count extensional and reverse
essential DAGs, and we leave this for future work.
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{log}: Set formulas as programs

Maximiliano Cristiá and Gianfranco Rossi

Abstract. {log} is a programming language at the intersection of
Constraint Logic Programming, set programming and declarative pro-
gramming. But {log} is also a satisfiability solver for a theory of finite
sets and finite binary relations. With {log} programmers can write ab-
stract programs using all the power of set theory and binary relations.
These programs are not very efficient but they are very close to speci-
fications. Then, their correctness is more evident. Furthermore, {log}
programs are also set formulas. Hence, programmers can use {log}
again to automatically prove their programs verify non trivial proper-
ties. In this paper we show this development methodology by means of
several examples.
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1. Introduction

In 1999 Apt and Bezem [2] proposed a programming paradigm based on the
concept of formulas as programs as an alternative approach to formulas as
types or proofs as programs [3, 7, 33]. In the latter approach, formal proofs of
properties about the correct behavior of a program contain a Lambda calculus
term (i.e., a program) which is a correct implementation of that behavior.
Hence, by proving properties concerning the behavior of a program one gets
in addition correct programs for free. In the ’formulas as programs’ approach,
the formula (specification) is itself a program. No formal proof is needed to
get a program, but the specification might not verify some desired properties
making the program faulty. Clearly, both approaches have their advantages
and disadvantages. For example, in the ’proofs as programs’ approach one
have the first version of the program after performing a formal proof of some
property and extracting the Lambda term (which is not always easy), but this
first version is correct by construction. On the other hand, in the ’formulas as
programs’ approach one quickly have a first version of the program but it can
be wrong, although it can be improved by experimenting with it.

Set theory is deemed as a good vehicle to concisely and accurately describe
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algorithms and software systems. Formal specification languages such as Z [32],
B [29], TLA+ [6] and VDM [26] support this claim. In this paper we show
how set-based specifications can be made to fit in the ‘formulas as programs’
paradigm.

{log} is a constraint logic programming (CLP) language which provides
the fundamental forms of set designation, along with a number of basic op-
erations for manipulating them, as first-class entities. Various new features
have been added to the core part of the language since the initial development
of {log} [20]1. Among them, basic facilities for representing and manipulat-
ing integer expressions (integrating the CLP(FD) and CLP(Q) solvers), binary
relations, partial functions, Cartesian products and restricted intensional sets.
But {log} is also a satisfiability solver. The CLP language and the satisfiability
solver are two sides of the same and only system. That is, {log} is not the
integration of a CLP interpreter with a satisfiability solver; instead, it is based
on mathematical and computational models that produce such a tool.

This means that a piece of {log} code is both a program and a formula.
We call this the program-formula duality. In this context, ‘formula’ refers to a
set formula. That is, a Boolean combination of set constraints. For example,
if p & q is a {log} formula, where & represents logical conjunction, then
q & p is semantically equivalent to the former meaning that a programmer
will get the same from both of them. Therefore, when {log} programmers write
code they are writing both a program and a formula. In other words, they are
writing a program as a formula. When seen as a program, programmers can
execute it; when seen as a formula, they can automatically prove properties true
of it. Hence, a {log} programmer writes some code and execute it to see how
it works. If everything goes right, (s)he can use {log} again to automatically
prove properties of that program. All with the same and only formal text and
with the same and only tool. Once a {log} program is shown to verify some
property, we can be sure that all of its executions are correct with respect to
that property.

However, {log} has some limitations. {log} programs perform poorly com-
pared with logic, functional or imperative programs. We see {log} programs as
functional prototypes or executable specifications. Not every property true of a
{log} program can be automatically proved with {log}. Further, proving some
properties may take too much computing time making the process unpracti-
cal. The capacity of {log} in automatically proving properties depends on the
program-formula fitting inside of the decision procedures implemented by the

1The first version of {log} came to light in the early 90’s with the fundamental contribution
of Eugenio Omodeo. His enthusiasm and incomparable competence for computable set theory
was an essential stimulus in the decision to pursue the idea of combining sets and logic
programming, which was already hypothesized in the far-sighted paper by Ron Sigal [31].
Thus, with the substantial help of two young students from the University of Udine, Agostino
Dovier and Enrico Pontelli, the first version of {log} took shape in 1990.
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tool.

In this paper we will show this program-formula duality through some re-
vealing examples. {log} can be downloaded here: http://people.dmi.unipr.
it/gianfranco.rossi/setlog.Home.html.

2. {log}

{log} is a publicly available satisfiability solver and a set-based, constraint-
based programming language implemented in Prolog [28].

{log} implements a decision procedure for the theory of hereditarily finite
sets (SET ), i.e., finitely nested sets that are finite at each level of nesting [21];
a decision procedure for a very expressive fragment of the theory of finite set
relation algebras (BR) [11, 12]; a decision procedure for the theory of finite
sets with restricted intensional sets (RIS) [10, 14]; a decision procedure for the
theory of hereditarily finite sets extended with cardinality constraints (L|·|) [17];
a decision procedure for the latter extended with integer intervals (L[ ]) [16];
and uses Prolog’s CLP(Q) to provide a decision procedure for the theory of
integer linear arithmetic [24]. All these procedures are integrated into a single
solver, implemented in Prolog, which constitutes the core part of the {log}
tool. Several in-depth empirical evaluations provide evidence that {log} is able
to solve non-trivial problems [10, 11, 12, 19]; in particular as an automated
verifier of security properties [13, 15].

Figure 1 schematically describes the stack of the first-order theories sup-
ported by {log}. The fact that a theory T is over a theory S means that T
extends S . E.g., CARD extends both LIA and SET. Figure 2 shortly describes
the considered theories, showing for each of them the main constant, function
and predicate symbols. The precise definition of the first-order logic languages
on which the theories are based on are given in Appendix A.

The integrated constraint language offered by {log} is a quantifier-free first-
order predicate language with terms of two sorts: terms designating sets and
terms designating ur-elements. Terms of either sort are allowed to enter in
the formation of set terms (in this sense, the designated sets are hybrid), no
nesting restrictions being enforced (in particular, membership chains of any
finite length can be modeled).

Set terms in {log} can be of the following forms:

• A variable is a set term; variable names start with an uppercase letter.

• {} is the term interpreted as the empty set.

• {x/A} is called extensional set and is interpreted as {x} ∪A; A must be
a set term, x can be any term accepted by {log} (basically, any Prolog
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LIA SET

CARD RIS RA

INTERVAL

ARRAY

LIST

Legend

decidable undecidable work in progress

Figure 1: The stack of theories dealt with by {log}

uninterpreted term, integers, ordered pairs, other set terms, etc.).2

As a notational convention, set terms of the form {t1/{t2 / · · · {tn/t} · · · }}
are abbreviated as {t1, t2, . . . , tn/t}, while {t1/{t2 / · · · {tn/{}} · · · }} is
abbreviated as {t1, t2, . . . , tn}.

• ris(X in A, ϕ) is called restricted intensional set (RIS) and is interpreted
as {x : x ∈ A ∧ ϕ} where ϕ is any {log} formula, A must be a set term,
and X is a bound variable local to the RIS. Actually, RIS have a more
complex and expressive structure [10, 14].

• cp(A,B) is interpreted as A × B , i.e., the Cartesian product between A
and B .

• int(A,B) is interpreted as {x ∈ Z | A ≤ x ≤ B}.

Set terms can be combined in several ways: binary relations are hereditarily
finite sets whose elements are ordered pairs and so set operators can take binary
relations as arguments; RIS and integer intervals can be passed as arguments
to set operators and freely combined with extensional sets. {log} is an untyped

2Note that { / } is the concrete syntax for the (abstract) set term { ⊔ } of Figure 2.
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• LIA: Linear Integer Arithmetic (i.e., the theory that allows inequali-
ties over sums of constant multiples of variables).
Symbols: ⟨Z,+, ∗,−,=,≤⟩, where Z is the set of integer constants.
Decidable, see for instance [5].

• SET: Hereditarily finite hybrid untyped extensional sets.
Symbols: ⟨U, {}, {· ⊔ ·},=, ̸=,∈, /∈,∪, ∥⟩, where U is the set of ur-
elements, i.e., non-set objects that are used as set elements, and
{·⊔ ·} is a binary function symbol which serves as the extensional set
constructor.
Decidable, see [21].

• CARD: Hereditarily finite hybrid untyped extensional sets with car-
dinality.
Symbols: ⟨Z,+, ∗,−,=,≤⟩, ⟨U, {}, {· ⊔ ·},=, ̸=,∈, /∈,∪, ∥, | · |⟩.
Decidable, see [34].

• RIS: Hereditarily finite hybrid untyped extensional and intensional
sets.
Symbols: ⟨U, {}, {· ⊔ ·}, {· | · • ·},=, ̸=,∈, /∈,∪, ∥⟩, where {· | · •
·} is a ternary function symbol which serves as the intensional set
constructor.
Decidable fragment, see [14].

• RA: Finite set relation algebras over discrete universe.
Symbols: ⟨U, {}, {· ⊔ ·}, (·, ·),=, ̸=,∈, /∈,∪, ∥, id, o9,⌣⟩
Decidable fragment, see [12].

• INTERVAL: Hereditarily finite hybrid untyped extensional sets and
integer intervals with cardinality.
Symbols: ⟨Z,+, ∗,−,=,≤⟩, ⟨U, {}, {· ⊔ ·}, [·, ·],=, ̸=,∈, /∈,∪, ∥, | · |⟩
Decidable, see [16].

• ARRAY: Arrays encoded as binary relations.
Symbols: ⟨Z,+, ∗,−,=,≤⟩, ⟨U, {}, {· ⊔ ·}, {· | · • ·}, [·, ·], (·, ·),=, ̸=,∈
, /∈,∪, ∥, | · |, id, o9,⌣⟩

• LIST: Lists encoded as binary relations.
Symbols: ⟨Z,+, ∗,−,=,≤⟩, ⟨U, {}, {· ⊔ ·}, {· | · • ·}, [·, ·], (·, ·),=, ̸=,∈
, /∈,∪, ∥, | · |, id, o9,⌣⟩

Figure 2: The theories dealt with by {log}
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formalism; variables are not declared; typing information can be encoded by
means of constraints.3

Set operators are encoded as atomic predicates, and are dealt with as con-
straints. For example: un(A,B ,C ) is a constraint interpreted as C = A ∪ B .
{log} implements a wide range of set and relational operators covering most of
those used in Z. For instance, in is a constraint interpreted as set membership
(i.e., ∈); = is set equality; pfun(F ) constrains F to be a (partial) function;
dom(F ,D) corresponds to domF = D ; subset(A,B) corresponds to A ⊆ B ;
comp(R,S ,T ) is interpreted as T = R o

9 S (i.e., relational composition); and
apply(F ,X ,Y ) is equivalent to pfun(F ) & [X ,Y ] in F .

A number of other set, relational and integer operators (in the form of
predicates) are defined as {log} formulas, thus making it simpler for the user
to write complex formulas. Dovier et al. [21] proved that the collection of pred-
icate symbols {=, ̸=,∈, /∈,∪, ∥} is sufficient to define constraints implementing
the set operators ∩, ⊆ and \. This result has been extended to binary re-
lations [12] by showing that adding to the previous collection the predicate
symbols {id, o9,⌣} is sufficient to define constraints for most of the classical
relational operators, such as dom, ran, ◁, ▷, etc.. Similarly, {=, ̸=,≤} is suf-
ficient to define <, > and ≥. We call predicates defined in this way, derived
constraints.

Remark 2.1. Establishing which predicates can be expressed as derived con-
straints and which, on the contrary, cannot is a critical issue. Primitive con-
straints are processed by possibly recursive ad hoc rewriting procedures, that
allow one to implement a form of universal quantification which is not pro-
vided by the language. Conversely, derived constraints are processed by simply
replacing them by quantifier-free first order formulas.

Choices about primitive vs. derived constraints can be different. For ex-
ample, in [9] we use dom and ran in place of inv (relational converse, i.e. ⌣)
and id (identity relation). However, since the inv predicate for binary relations
appears not to be definable in terms of the other primitive predicates, inv has
been included as a primitive constraint in later work [12], to enlarge the ex-
pressiveness of the constraint language. At the same time, dom and ran are
moved out of the primitive constraints, since they turn out to be definable in
terms of id, comp and inv, thus reducing the number of primitive constraints.

Proving that the selected collection of primitive constraints is the minimal
one, as well as comparing one choice to another in terms of, e.g., expressive
power, completeness, effectiveness, and efficiency, is a challenging issue for
future work.

Negation in {log} is introduced by means of so-called negated constraints.

3Recently, a type system and a type checker have been added to the base language for
those users who feel more comfortable with typed formalisms.
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For example nun(A,B ,C ) is interpreted as C ̸= A ∪ B and nin corresponds
to /∈ – in general, a constraint beginning with ‘n’ identifies a negated con-
straint. Most of these constraints are defined as derived constraints in terms
of the existing primitive constraints; thus their introduction does not really re-
quire extending the constraint language. For formulas to fit inside the decision
procedures implemented in {log}, users must only use this form of negation.

Formulas in {log} are built in the usual way by using conjunctions (&) and
disjunctions (or) of atomic constraints.

Example 2.2. The following are two simple formulas accepted by {log}:

a in A & a nin B & un(A,B,C) & C = {X / D}.

un(A,B,C) & N + K > 5 & size(C,N) & B neq {}.

As concerns constraint solving, the {log} solver repeatedly applies special-
ized rewriting procedures to its input formula Φ and returns either false or a
formula in a simplified form which is guaranteed to be satisfiable with respect
to the intended interpretation. Each rewriting procedure applies a few non-
deterministic rewrite rules which reduce the syntactic complexity of primitive
constraints of one kind. At the core of these procedures is set unification [22].
The execution of the solver is iterated until a fixpoint is reached, i.e., the for-
mula is irreducible.

The disjunction of formulas returned by the solver represent all the concrete
(or ground) solutions of the input formula. Any returned formula is divided
into two parts: the first part is a (possibly empty) list of equalities of the form
X = t , where X is a variable occurring in the input formula and t is a term;
and the second part is a (possibly empty) list of primitive constraints.

3. Uses of {log}

In this section we show examples on how {log} can be used as a programming
language (3.1) and as an automated theorem prover (3.2).

3.1. {log} as a programming language

{log} is primarily a programming language, at the intersection of declarative
programming, set programming [30] and constraint programming. Specifically,
{log} is an instance of the general CLP scheme. As such, {log} programs
are structured as a finite collection of clauses, whose bodies can contain both
atomic constraints and user-defined predicates. The following examples show
the formula-program duality of {log} code along with the notion of clause.

Example 3.1. If we want a program that updates function F in X with value
Y provided X belongs to the domain of F and get an error otherwise, the {log}
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code can be the following:

update(F ,X ,Y ,F ,Error) :-

F = {[X ,V ]/F1} & [X ,V ] nin F1 & F = {[X ,Y ]/F1} &

Error = ok

or

dom(F ,D) & X ninD & Error = err .

That is, update returns the modified F in F and the error code in Error – think
of F as the value of F in the next state. As & and or are logical connectives
and = is logical equality, the order of the ‘instructions’ is irrelevant w.r.t.
the functional result – although it can have an impact on the performance.
Variable F1 is an existentially quantified variable representing the ‘rest’ of F .
If the ordered pair [X ,V ] does not belong to F then the unification between
F and {[X ,V ]/F1} will fail thus making update to execute the other branch.

Now we can call update by providing inputs and waiting for outputs:

update({[setlog , 5], [hello, earth], [tokeneer ,model ]}, hello,world ,G ,E ).

returns:

G = {[hello,world ], [setlog , 5], [tokeneer ,model ]},E = ok

As a programming language, {log} can be used to implement set-based
specifications (e.g., Z specifications). As a matter of fact, many of such speci-
fications can be easily translated into {log} (see [18]). This means that {log}
can serve as a programming language in which a prototype of a set-based spec-
ification can be easily implemented. In a sense, the {log} implementation of a
set-based specification can be seen as an executable specification.

Remark 3.2. A {log} implementation of a set-based specification is easy to get
but usually it will not meet the typical performance requirements demanded by
users. Hence, we see a {log} implementation of a set-based specification more
as a prototype than as a final program. On the other hand, given the similarities
between a specification and the corresponding {log} program, it’s reasonable
to think that the prototype is a correct implementation of the specification4.

For example, in a set-based specification a table (in a database) with a pri-
mary key is usually modeled as a partial function, t : X 7→ Y . Furthermore,
one may specify the update of row r with data d by means of the oplus or
override (⊕) operator: t ′ = t ⊕ {r 7→ d}. All this can be easily and natu-
rally translated into {log}. t is translated as variable T constrained to verify
pfun(T ) and the update specification is translated as oplus(T , {[R,D ]},T ).

4In fact, the translation process can be automated in many cases.
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However, the oplus constraint will perform poorly compared to the update

command of SQL, given that oplus’s implementation comprises the possibil-
ity to operate in a purely logical manner with it (e.g., it allows to compute
oplus(T , {[a,D ]}, {[a, 1], [b, 3]}) while update does not).

Then, we can use these prototypes to make an early validation of the re-
quirements. Validating user requirements by means of prototypes entails ex-
ecuting the prototypes together with the users so they can agree or disagree
with the behavior of the prototypes. This early validation will detect many er-
rors, ambiguities and incompleteness present in the requirements and possible
misunderstandings or misinterpretations generated by the software engineers.
Without this validation many of these issues would be detected in later stages
of the project thus increasing the project costs. Think that if one of these
issues is detected once the product has been delivered it means to correct the
requirements document, the specification, the design, the implementation, the
user documentation, etc.

3.2. {log} as an automated theorem prover

{log} is also a satisfiability solver. This means that {log} is a program that can
decide if formulas of some theory are satisfiable or not. In this case the theory
is the theory of finite sets and binary relations, combined with linear integer
arithmetic.

Being a satisfiability solver, {log} can be used as an automated theorem
prover. To prove that formula ϕ is a theorem, {log} has to be called to prove
that ¬ ϕ is unsatisfiable.

Example 3.3. We can prove that set union is commutative by asking {log} to
prove the following is unsatisfiable:

un(A,B ,C ) & un(B ,A,D) & C neqD .

As there are no sets satisfying this formula {log} answers no. Note that the for-
mula can also be written with the nun constraint: un(A,B ,C ) & nun(B ,A,C ).

Evaluating properties with {log} helps to run correct simulations by check-
ing that the starting state is correctly defined. It also helps to test whether
or not certain properties are true of the specification or not. However, by ex-
ploiting the ability to use {log} as a theorem prover, we can prove that these
properties are true of the specification.

For instance, since update in Example 3.1 is also a formula we can automat-
ically prove properties true of it.

Example 3.4. If Error is equal to err then X does not belong to the domain
of F . In order to prove this property we need to call {log} on its negation:

update(F ,X ,Y ,F , err) & dom(F ,D) & X inD .
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Then, {log} answers no because the formula is unsatisfiable. Further, we can
prove that dom(F ,D) & X ninD is equivalent to comp({[X ,X ]},F , {}), which
allows us to refine update into a version not computing the domain of F . In
fact, comp({[X ,X ]},F , {}) is just a linear iteration over all the elements of F .
Then, we need to discharge the following proof obligation:

dom(F ,D) & X ninD ⇔ comp({[X ,X ]},F , {})

by proving that its negation is unsatisfiable:

dom(F ,D) & X ninD & ncomp({[X ,X ]},F , {}) (⇒)

comp({[X ,X ]},F , {}) & dom(F ,D) & X inD (⇐)

Hence, now we can write update as follows:

update(F ,X ,Y ,F ,Error) :-

F = {[X ,V ]/F1} & [X ,V ] nin F1 & F = {[X ,Y ]/F1} &

Error = ok

or

comp({[X ,X ]},F , {}) & Error = err .

Furthermore, {log} can be used to automatically discharge verification con-
ditions in the form of invariants. Precisely, in order to prove that an operation
T preserves the state invariant I we have to discharge the following proof
obligation:

I ∧ T ⇒ I ′ (1)

If we want to use {log} to discharge (1) we have to ask {log} to check if the
negation of (1) is unsatisfiable. In fact, we need to execute the following {log}
program:

I ∧ T ∧ ¬ I ′ (2)

because ¬ (I ∧ T ⇒ I ′) ≡ ¬ (¬ (I ∧ T ) ∨ I ′) ≡ I ∧ T ∧ ¬ I ′.

Example 3.5. An invariant property of update is that F is a function. For-
mally, we can prove the following:

pfun(F ) & update(F ,X ,Y ,F ,E ) ⇒ pfun(F )

as always by proving that its negation is unsatisfiable:

pfun(F ) & update(F ,X ,Y ,F ,E ) & npfun(F ) (3)

As these examples show, {log} is a programming and proof platform ex-
ploiting the program-formula duality within the theory of finite sets and binary
relations.
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In particular, many Z specifications can be easily translated into {log} (see
the on-line document [18]). This means that {log} can serve as a program-
ming language in which prototypes of those specifications can be immediately
implemented. Then, {log} itself can be used to automatically prove that the
specifications preserve some state invariants.

4. Dealing with Binary Relations and Partial Functions

The relational fragment of {log} is at least as expressive as the class of full set
relation algebras on finite sets [11, 12]. In spite of the inherent undecidability
of this class of relation algebras, {log} is able to automatically reason about
practical problems expressed in relational terms.

Example 4.1. The overriding operator present in the Z formal notation is
defined as follows:

R ⊕ S = ((domS )−◁ R) ∪ S

where R and S are binary relations and−◁ is domain anti-restriction. Given that
the operation that updates a table can be modeled as an overriding operation,
⊕ is frequently used in Z specifications.

Overriding is available in {log} in the form of the (derived) constraint oplus:

oplus(R,S ,T ) ⇔ T = R ⊕ S

Hence, we can specify in {log} the update operation of Example 3.1 as follows:

updateOplus(F ,X ,Y ,F ,Error) :-

oplus(F , {[X ,Y ]},F ) & Error = ok

or

dom(F ,D) & X ninD & Error = err .

Then we can use {log} to prove that update refines updateOplus:

update(F ,X ,Y ,G) ⇒ updateOplus(F ,X ,Y ,G)

by proving the negation to be unsatisfiable. In this way we get a more efficient
code given that oplus is too powerful when one only wants to update a single
point in the relation.

Remark 4.2. Logical negation can be avoided in {log} as long as we work with
primitive constraints, since for each of them {log} implements also its negation.
On the other hand, if the formula to be negated is a compound formula (i.e., a
formula formed by conjunction and disjunction of atomic predicates, such as,
for instance, updateOplus in the above example), then we must distribute “by
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hand” the negation all the way down to the atoms at which point we use the
negations of the primitive constraints.

Automating the generation of such kind of negated formulas is one of the
improvements that are planned as future work.

The decidable fragment of the relational fragment of {log} is still very ex-
pressive. In fact, for a formula to be outside the decision procedure it must
contain an atom such as comp(R,S , {X /R}) or comp(S ,R, {X /R}) or a sub-
formula that in some way hides such atoms, i.e., it must contain a relational
composition where one of the operands shares a variable with the result of the
composition.5 For example, if dom({X /R},A) & ran(R,A) is present in the
formula, chances are that it will lay outside the decision procedure, since dom
and ran constraints are rewritten to formulas based on comp. When a formula
lays outside the decision procedure {log} will enter an infinite loop. This means
that {log} gives correct answers, but it might not give an answer.

The absence of comp constraints of the special form mentioned above is
only a sufficient condition for termination of {log}. In fact, not all formu-
las containing such constraints go into an infinite loop. For example, the for-
mula comp({[X ,Z ]/R}, {[Z ,Y ]/S},R) ∧ id(A,R), where the first and the third
operands share the same variable R, terminates returning a finite number of
solutions. Further investigation on the kind of formulas that makes {log} to
enter an infinite loop is left for future work. For now, we can observe that these
patterns seldom occur in practice. Indeed, an extensive empirical evaluation
of a {log} shows that the solver is able to automatically prove hundreds of
theorems of set theory and relation algebra on finite sets, and to automatically
find solutions to systems of constraints of the same theories, as well [12].

5. Dealing with Set Cardinalities

Some times it is necessary to reason about the size of data structures and not
only about their contents. For example, within the algebra of finite sets one can
partition a given set into two disjoint subsets: C = A∪B ∧ A∩B = ∅. But there
is no way to state that A and B must be of the same cardinality. In practice,
these constraints might appear, for instance, when part of a given data structure
must be put into a cache when its size reaches certain threshold. Specifically,
cardinality constraints appear in the verification of some distributed algorithms
[1, 4] and are at the base of the notions of integer interval, arrays and lists.

{log} implements a decision procedure for the algebra of finite sets with car-
dinality [17]. In this regard {log} combines the rewrite rules of the CLP(SET)
scheme with a decision algorithm for formulas including cardinality developed
by C. Zarba [34]. Zarba proves that a theory of finite sets equipped with the

5The technical details are more complex but this is the essence of the problem [14].
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classic set theoretic operators, including cardinality, combined with linear in-
teger constraints is decidable. The {log} decision procedure first uses all the
power of {log} to produce a simplified, equivalent formula that can be passed
to Zarba’s algorithm which makes a final judgment about its satisfiability, in
case it contains cardinality constraints. At implementation level Zarba’s algo-
rithm is implemented by integrating the Prolog Boolean SAT solver developed
by Howe and King [25] with SWI-Prolog’s implementation of the CLP(Q) sys-
tem [23]. As a result the implementation integrates three Prolog-based systems:
Howe and King’s SAT solver, CLP(Q) and {log}.

Hence, {log} can be used to automatically prove verification conditions
based on the cardinality operator.

Example 5.1. {log} has been tested against +250 verification conditions aris-
ing during the analysis of distributed algorithms [27]. For instance, it can
automatically discharge the following proof obligation.

size(U ,N ) & N > 0 & N > 3 ∗ T &

subset(F ,U ) & size(F ,M ) & M ≤ T &

subset(Cgs,U ) & size(Cgs,K ) & 2 ∗K ≥ N − T + 1 &

subset(Bgr ,U ) & size(Bgr , J ) & 2 ∗ J ≥ N + 3 ∗ T + 1 &

inters(Cgs,Bgr ,L) & size(L, 0)

As a consequence of the fact that the new decision procedure is still based
on set unification, it can deal with set of sets nested at any level. For example,
the decision procedure is able to give all the possible solutions for a goal such
as size({{X }, {Y ,Z}},N ), where X , Y , Z and N are variables.

The formulas returned by {log} represent all the concrete (or ground) solu-
tions of the input formula. If these formulas do not contain any size or integer
constraints, then a concrete solution for such formulas is obtained using the
empty set for all set variables occurring in them (with the exception of the
variables X in atoms of the form X = t). Unfortunately, this is no longer true
when considering also the size and integer constraints. For example the answer
to the following formula:

size(A,M ) & 1 ≤ M & M ≤ 2 & size(B ,N ) & 5 ≤ N &

subset(C ,B) & size(C ,K ) & 7 ≤ K .

is

true

Constraint : size(A,M ),M ≥ 0, 1 ≤ M ,M ≤ 2, size(B ,N ),N ≥ 0,

5 ≤ N , subset(C ,B), size(C ,K ),K ≥ 0, 7 ≤ K
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That is, {log} returns the formula itself. This means the formula is satisfiable
and that all the possible solutions can be obtained by fixing values for the
variables as long as all the constraints are met. However, this answer does not
point out an evident concrete solution for the formula.

For some applications such as model-based testing [19] determining the
satisfiability of a formula is not enough. A more or less concrete solution
is needed. For this reason {log} provides a way in which the solver returns
formulas for which is always easy to find a solution. We call such a solution
a minimal solution because the cardinalities of all the set variables in size
constraints are the smallest as to satisfy the formula. When {log} is executed
in the minimal solution mode, the answer to the above goal is a more concrete
solution:

A = { N 8}, M = 1,

B = { N 7, N 6, N 5, N 4, N 3, N 2, N 1}, N = 7,

C = { N 7, N 6, N 5, N 4, N 3, N 2, N 1}, K = 7

Constraint : N 7 neq N 6, N 7 neq N 5, ..., N 3 neq N 1, N 2 neq N 1

This formula is a finite representation of a subset of the possible solutions for
the input formula from which it is trivial to get concrete solutions.

6. Restricted Intensional Sets

Intensional sets are widely recognized as a key feature to describe complex
problems, possibly leading to more readable and compact programs than those
based on conventional data abstractions. As a matter of fact, various specifi-
cation or modeling languages provide intensional sets as first-class entities.

{log} provides a narrower form of intensional sets, called Restricted Inten-
sional Sets (RIS), that are similar to the set comprehensions available in the
formal specification language Z. The basic form of a RIS term is:

ris(X inA, ϕ, u)

where A is a set, ϕ is a {log} formula, and u is a term containing X . The
intuitive semantics of this RIS is “the set of instances of the term u(X ) such
that X belongs to A and ϕ holds for X ”, i.e., {y : ∃ x (x ∈ A ∧ ϕ ∧ y = u(x )}.

RIS have the restriction that A must be a finite set. This fact, along with
a few restrictions on variables occurring in ϕ and u, guarantees that the RIS
is a finite set, given that it is at most as large as A. It is important to note
that, although RIS are guaranteed to denote finite sets, nonetheless, RIS may
be not completely specified. In particular, as the domain can be a variable or
a partially specified set, RIS are finite but unbounded.
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{log} formulas containing RIS remain decidable if the formulas inside them
are decidable6.

The next example shows the classes of problems RIS are meant to solve.

Example 6.1. First, we can use {log} with RIS as a programming language.
We can think in a program outputting the even numbers (E ) present in a set
of numbers (S ) that is the input to the program7:

E = ris(X in S , 0 is x mod 2,X ) (4)

The RIS term can be written more compactly as ris(X in S , 0 is x mod 2), since
in this case its third argument coincides with its control variable (i.e., the first
argument). Then if S is bound to [−2, 2], {log} will answer E = {−2, 0, 2}.

Second, we can use {log} with RIS as a solver for set formulas. For instance,
we want {log} to find the most general solution for the following formula:

ris(X inA, 0 is X mod 2) = {−2, 0, 2}

Note that, in a sense, we are asking {log} to find the input values that make
program (4) to return a given output. In this case the answer will be:

S = {−2, 0, 2/N }, ris(X inN , 0 is X mod 2} = {}

where N is a new variable (implicitly existentially quantified). Substituting N
by {} yields a ground solution (i.e., S = {−2, 0, 2}).

Third, we can use {log} with RIS to prove properties of {log} formulas. For
instance, to prove that un({x : S | x < m}, {x : S | x > m},B) ⇒ m /∈ B , we
can prove the following {log} formula:

un(ris(X in S ,X < M ), ris(X in S ,X > M ),B) ∧ M in B

which is found to be unsatisfiable.

As LIA is decidable, RIS are a convenient mechanism to model and reason
about programs dealing with integers.

Example 6.2. RIS can be used to get the subset of a set verifying some LIA
formula, which cannot be done rather efficiently in a pure algebraic fragment
of set theory.

ris(X in S , integer(X )) [S ∩ Z]

ris(X in S ,M ≤ X & X ≤ N ) [S ∩ [M ,N ]]

ris(X in S , 0 ≤ X ) [S ∩ N]

ris(X in S , 0 ≤ 3 ∗X + 2 ∗Y )

6Among others, more technical, restrictions [14].

7{log} supports standard Prolog arithmetic operators. In particular, it supports the is
operator which should be used to force the evaluation of arithmetic expressions.
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The same can be done with binary relations. As an example, ris([X ,Y ] in
R,X ≤ Y ) represents the binary relation R ∩ ( ≤ ).

Remark 6.3. The language of RIS, called LRIS , is parametric with respect to
any first-order theory X providing at least equality and a decision procedure for
X -formulas. In practice, however, many interesting theories are undecidable
and only semi-decision procedures exist for them. This is the case, for instance,
for the theory RA of sets and binary relations implemented by {log}. Hence,
the condition on the availability of a decision procedure for all X -formulas can
be often relaxed. Instead, the existence of some algorithm capable of deciding
the satisfiability of a significant fragment of X -formulas can be assumed. If
such an algorithm exists and the user writes formulas inside the corresponding
fragment, all the theoretical results for RIS still apply.

7. Universal Quantification in {log}

Formulas that {log} can deal with are quantifier-free first-order formulas over
finite sets and integer linear arithmetic.

However, {log} provides also some form of universal quantification by means
of RIS. In effect, the introduction of RIS in {log} allows for the definition of
restricted universal quantifiers (RUQ). In general, if A is a set, then a RUQ is
a formula of the following form:

∀ x ∈ A : ϕ

It is easy to prove the following:

(∀ x ∈ A : ϕ) ⇔ A ⊆ {x : x ∈ A ∧ ϕ} (5)

Given that {x : x ∈ A ∧ ϕ} is the interpretation of ris(X in A, ϕ), the r.h.s.
of (5) can be expressed as the {log} formula:

subset(A, ris(X inA, ϕ))

for which {log} provides the derived constraint foreach thus making RUQ easier
to write:

foreach(X inA, ϕ) =̂ subset(A, ris(X inA, ϕ)). (6)

There is also a more powerful form of foreach:

foreach(X inA,V, ϕ, ψ) =̂ subset(A, ris(X inA,V, ϕ, ψ)). (7)

where V is a vector of existentially quantified variables inside the foreach and ψ
is a so-called functional predicate. A predicate ψ(x1, . . . , xn+1) is a functional
predicate iff for any given x1, . . . , xn there exists at most one xn+1 making ψ
true. Functional predicates enjoy a nice property concerning their negation [14],
which considerably extends the class of decidable formulas including foreach
constraints.
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Example 7.1. We use foreach to encode and automatically reason about im-
portant security properties [13]. The Bell-LaPadula (BLP) security model pro-
poses two security properties for secure operating systems. The simplest is
called security condition of which we show a simplified version:

∀(s, o, x ) ∈ b : x = r ⇒ f2(o) ≤ f1(s) ∧ f4(o) ⊆ f3(s) (8)

where b is a ternary relation and fi are functions. In {log} we can encode
a ternary relation with a binary relation where the second components are
ordered pairs. Then (s, o, x ) ∈ b becomes [S , [O ,X ]] in B . Therefore, (8) is
encoded as follows:

seccond(F1,F2,F3,F4,B) :-

foreach([S , [O ,X ]] in B , [No,Co,Ns,Cs],

No ≤ Ns & subset(Co,Cs),

apply(F1,S ,Ns) & apply(F2,O ,No) &

apply(F3,S ,Cs) & apply(F4,O ,Co))

where apply is a derived constraint which is defined as

apply(F ,X ,Y ) =̂ [X ,Y ] in F & pfun(F ) .

Note that all the apply constraints are placed in the last argument given that
they are functional predicates.

Remark 7.2. Example 7.1 brings in the point of when a binary relation can
be applied to an element of its domain. Usually the condition for function
application is, precisely, for the binary relation to be a function. However,
there is a weaker condition in which the binary relation is locally functional;
that is, the binary relation is a function in (at least) one point. Therefore, in
{log} the user can work also with the following derived constraint:

applyTo(F ,X ,Y ) =̂
F = {[X ,Y ]/G} & [X ,Y ] ninG & comp({[X ,X ]},G , {}).

Using apply as in Example 7.1 implies that seccond checks that F1-F4 are
functions every time it is called. In a real implementation this is not the case
because the fact that F1-F4 are functions would be a pre-condition. Hence,
a more realistic specification would use applyTo instead of apply. We can use
{log} to automatically prove that if F is a function then applyTo refines apply

pfun(F ) & applyTo(F ,X ,Y ) ⇒ apply(F ,X ,Y )

This allows to formally replace apply by applyTo in seccond. Moreover, this
results in a more efficient implementation as applyTo is linear in the size of F

405



(18 of 24) M. CRISTIÁ AND G. ROSSI

while apply is quadratic. As a matter of fact, discharging all the verification
conditions of the BLP model using applyTo is almost 10 times faster than when
using apply.

The foreach constraint can be used to model and reason about order. In
fact if F is a function with domain and range in Z, then we can use {log} to
define a predicate stating whether or not F is a strictly increasing injective
function (siif).

Example 7.3. The following formula captures the notion of strictly increasing
function F :

∀(a, c) ∈ F ,∀(x , y) ∈ F : a < x ⇒ c < y

which is immediately rendered in {log} by the following predicate:

siif(F ) :-

pfun(F )

∧ foreach([A,C ] in F ,

foreach([X ,Y ] in F ,A ≥ X or C < Y )))

Although foreach can be defined as a derived constraint based on the con-
straint un, in {log} we introduce a set of specialized rewrite rules to process
this specific kind of predicates more efficiently [14]. As a matter of fact, the
formula foreach(x ∈ {t ⊔ A}, ϕ(x )) can be seen as an iterative program whose
iteration variable is x , the range of iteration is {t ⊔ A}, and the body is ϕ. In
fact, the rewrite rule for this formula basically iterates over {t ⊔A} and evalu-
ates ϕ for each element in that set. If one of these elements does not satisfy ϕ
then the loop terminates immediately, otherwise it continues until the empty
set is found or a variable is found.

8. Finite Integer Intervals

The theory INTERVAL (cf. Figures 1 and 2) deals with hereditarily finite hybrid
untyped extensional sets and integer intervals with cardinality. The bounds of
integer intervals can be either integer constants or variables ranging over integer
numbers, and as such they can be constrained through integer linear arithmetic
constraints.

{log} provides a decision procedure of the theory INTERVAL. Integer in-
tervals in {log} are represented by terms of the form int(A,B), where A and
B are integer constants or variables, which is interpreted as the close interval
[A,B ]. Interval terms can be manipulated as sets through set constraints (e.g.,
int(0,B) = {1, 2/S} or inters(int(3,N ), int(10, 20),A) & A neq {}). Moreover,
interval bounds can be manipulated as integers through integer constraints
(e.g., A = int(M ,N ) & N >= M + 3).
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The decision procedure for the theory INTERVAL allows {log} to be used
to program and automatically reason about problems such as the following.

Example 8.1. Consider two workers who are assigned two disjoint sets of tasks
from a set of N tasks. If A and B are the sets of tasks already performed by
each worker, then we can model the problem as follows.

init(A,B) :-

A = {} & B = {}.
addToA(N ,A,B , J ,A ,B) :-

(J nin int(1,N ) or J inA or J in B) & A = A

or

J in int(1,N ) & J ninA & J nin B & A = {J/A}.
finish(N ,A,B , {}, {}) :-

un(A,B , int(1,N )) & write(′Jobdone′).

% Invariant1 :un(A,B ,C ) & subset(C , int(1,N ))

% Invariant2 :disj(A,B)

For brevity we do not show addToB which would be symmetric to addToA.
Then, we can use {log} to run some simulations:

init(A,B) & addToA(10,A,B , 3,A1,B1) & addToB(10,A1,B1, 7,A2,B2).

Finally we can use {log} to automatically prove the indicated invariants.
If A and B must done N /2 tasks each, then we can add a size-based pre-

condition to addToA and addToB, which would be still inside the decision pro-
cedures implemented by {log}.
Example 8.2. Assume some objects are identified with numbers from 1 up. We
want to write a condition stating that a certain set of these objects, A, contains
objects with consecutive numbers. It can be written with an INTERVAL-based
formula:

A = int(M ,N ) & 1 ≤ M

Moreover, if A does not verify that condition we would like to compute the
missing objects from it:

A = int(M ,N ) & 1 ≤ M
or
nint(A) & min(A,M ) & max(A,N ) & un(A,Miss, int(M ,N ))

where nint is a predicate stating that A is not an integer interval, and min and
max compute the minimum and maximum of A; all of which can be stated as
INTERVAL formulas.
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The key idea for obtaining a decision procedure for the theory INTERVAL
is extending the set unification algorithm of CLP(SET ) [21] with the following
identity:

m ≤ n ⇒ (A = [m,n] ⇔ A ⊆ [m,n] ∧ |A| = n −m + 1)

In fact, it suffices to be able to deal with constraints of the form A ⊆ [m,n] in
a decidable manner to have a decision procedure for integer intervals.

Exploiting extended set unification with intervals {log} allows, for instance,
to reconstruct integer intervals even out of underspecified sets:

un({X ,Y ,Z}, {1, 4}, int(M ,N ))

of which some solutions are:

X = 0,Y = 2,Z = 3,M = 0,N = 4
X = 2,Y = 3,Z = 5,M = 1,N = 5
X = 2,Y = 3,Z = 1,M = 1,N = 4

Remark 8.3. In some cases there are a few different ways of writing the same
term or formula. For instance, the RIS term ris(X in S ,M ≤ X & X ≤ N ) of
Example 6.2 can be written as the INTERVAL formula inters(S , int(M ,N ),A),
in which case we have A = ris(X in S ,M ≤ X & X ≤ N ). Which is the
best language construct to express programs and properties depends on, some
times, contradictory concepts such as efficiency and readability. At least {log}
provides a way to go from one construct to another. That is, if a user writes
a formula containing the RIS in question, (s)he can substitute the RIS by A if
inters(S , int(M ,N ),A) is conjoined to the formula, after using {log} to prove
the substitution is correct.

It is worth noting that a combination between the subset relation and in-
teger intervals is the key to encode forms of universal quantification in {log}
by means of a quantifier-free formula, allowing us to preserve decidability (and
thus full automation in proofs). The following example illustrates this idea.

Example 8.4. If X ,Y ∈ D , Y is the successor of X (in D) if the following
holds:

¬ ∃Z ∈ D : X < Z ∧ Z < Y

which is equivalent to:

∀Z ∈ D : Z ≤ X ∨ Y ≤ Z (9)

In this case we need to quantify over integer numbers. A way to get rid of this
universal quantifier (hence, obtaining a quantifier-free {log} formula) is to use
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a combination between the subset relation and integer intervals as follows:

succ(D ,X ,Y ) :-

D = {X ,Y /E} & un(Inf ,Sup,E ) & disj(Inf ,Sup) &

M isX − 1 & subset(Inf , int( ,M )) &

N isY + 1 & subset(Sup, int(N , )).

To confirm that succ is indeed an encoding of (9) we can execute some tests:

succ({4, 7, 1, 8,−3}, 1,Y ) → Y = 4

succ({4, 7, 1, 8,−3}, 2,Y ) → no [by 2 /∈ D ]

succ({4, 7, 1, 8,−3}, 8,Y ) → no [by max(D) = 8]

succ({4, 7, 1, 8,−3}, 4,Y ) → Y = 7

succ({4, 7, 1, 8,−3},X , 7) → X = 4 (†)
succ({4, 7, 1, 8,−3},X ,Y ) → X = 4,Y = 7; X = 7,Y = 8; . . . (‡)

Note that (†) shows that {log} does not really distinguish between inputs and
outputs; and (‡) shows that {log} is able to return all solutions one after the
other. Furthermore, to collect stronger evidences that succ is correct we can
use {log} to automatically prove some properties true of it:

succ(D ,X ,Y ) ⇒ (∀Z ∈ D : Z ≤ X ∨ Y ≤ Z )

whose negation is:

succ(D ,X ,Y ) & Z inD & X < Z & Z < Y

to which {log} answers no. And further we can prove:

succ(D ,X ,Y ) & succ(D ,Y ,Z ) ⇒ X < Z

whose negation is:

succ(D ,X ,Y ) & succ(D ,Y ,Z ) & Z ≤ X

Finally, integer intervals are a key component in the definition of arrays
and list as sets; hence, to implement the theories ARRAY and LIST in {log} (cf.
Figure 1). In particular, if array(A,n) is a predicate stating that A is an array
of length n whose components take values on some universe U, then it can be
defined as array(A,n) ⇔ A : [1,n] → U, i.e., as a partial function between the
integer interval [1,n] and U. Since {log} supports a broad class of set relation
algebras, including partial functions and the domain operator, then it would be
possible to use {log} to automatically reason about broad classes of programs
with arrays. Lists could be introduced in a similar way.

However, supporting arrays and lists in {log} is a line of future research.
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9. Concluding Remarks

The CLP language {log} provides decision procedures for expressive classes
of extensional and intensional hereditarily finite hybrid sets, including binary
relations, integer intervals and Cartesian products, extended with cardinality
constraints and integer constraints for integer linear arithmetic.

In this paper we have shown how {log}, with its decision procedures, can be
exploited: (i) as a programming language, in which a prototype of a set-based
specification can be immediately implemented; (ii) as a satisfiability solver for
formulas of the different theories, in particular for formulas representing the
implementation of a set-based specification for which {log} can be used to
prove that certain properties are true of the specification. In this paper we
have provided evidence for this claim by showing a number of simple working
examples written in {log}.

Besides the possible future work pointed out throughout the paper, we
are investigating the possibility to add interactive theorem proving capabilities
to {log} [8] in order to make it capable of proving properties outside of the
implemented decision procedures.
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Abstract. Set constraints have been introduced in declarative pro-
gramming languages in the Nineties as a consequence of a broader re-
search on programming with sets and on computable set theory. General
Purpose Graphics Processing Units (GPUs), originally developed for
graphical purposes (e.g., for high definition video games), emerged re-
cently as a powerful and cheap parallel architecture, widely available in
most desktops and laptops computers. This paper presents a constraint
solver on set constraints and its parallel implementation on GPUs.

Keywords: Computable set theory, constraint logic programming, parallelism.
MS Classification 2020: 68T27, 68N17, 68W10.

1. Introduction

There is no doubt that the notations and the concepts underlying set theory
provide powerful instruments to address challenges in computational modeling
and resolution of complex problems. Set notations are common in most mod-
eling languages – e.g., ranging from the “old” Z language [2, 36] to the more
modern constraint-based modeling languages like Minizinc [38]. The concepts
of sets are the foundation of the formal as well as intuitive semantics of many
programming languages—e.g., the operational semantics of Answer Set Pro-
gramming [30, 31] is best intuitively described in terms of constraints over sets
of atoms. This raises the natural question of how one could directly compute
with sets.

During the Eighties, and beyond, we witnessed the development and growth
of a community of researchers, initially originating from the Courant Institute
at New York University, focused on the exploration of theoretical and practi-
cal aspects of computable set theory [25]. These theoretical results provided
the foundations of a wealth of research efforts, many exploring the integra-
tion of different classes of sets as native and first-class citizens of programming
languages. In the area of imperative programming languages, the work on lan-
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guages like SETL [34], and more recently JSetL [32], explored the benefits of
native set data structures to support modeling and embed non-determinism in
the imperative computation. Grounded in seminal work in the field of deduc-
tive databases (e.g., [1, 3]), computable set theory found a natural avenue of
expression within the logic programming paradigm. Initially, these concepts
inspired natural extensions of traditional Horn clause logic, e.g., as in the LPS
proposal [29], the desiderata expressed in [35], and the complex logic language
proposed in [28].

A common thread in these seminal efforts is the work of Eugenio G. Omodeo.
Omodeo represents one of those rare researchers who has been able to link the
theoretical foundations of computable set theory, as in [5], to the practical
aspects of sets in programming languages, as in [15]. His foundational work
represents the inspiration of generations of logic programming researchers and
offers the building blocks for the concepts presented in this paper.

Researchers working on embedding computational aspects of set theory in
programming languages, especially in logic programming, soon realized that
the inherent non-determinism of set operations is better accommodated by
a constraint-based framework, leading to different constraint logic program-
ming frameworks based on sets [15, 19, 26]. Resolution of constraints over
sets leads to complex computational challenges, as explored in the studies on
set unification [24] and disunification [18], and have been parametrically ex-
tended to multisets, hypersets, and other data structures [10, 20, 21]. Research
in constraint solving over sets can be, in broad strokes, separated along two
complementary strands. The efforts described in [14, 15, 16, 17, 19, 22, 23]
offer very general approaches to set constraints, enabling complexities such as
nested sets, partially defined sets, intensional set constructors, and even hyper-
sets. These approaches provide very general modeling instruments, at the price
of high computational costs. Recent efforts, such as those in [7, 8], have taken
advantage of imperative programming features and a wealth of optimizations
to allow the use of such general constructs in solving practical challenges (e.g.,
verification of security properties [6]).

The complementary direction is exemplified by the work on set constraints
by Gervet [26, 33], which restricts the focus on simpler forms of sets (e.g.,
finite, non-nested) with the advantage of enabling more efficient forms of prop-
agation and resolution. In particular, the work by Gervet explores modeling
of problems using intervals of sets, applying propagation on the corresponding
⊆-lattice. The latter approach provides effective modeling capabilities coupled
with efficient computational mechanisms.

Minizinc has emerged over the years as one of the most popular modeling
languages in the area of constraint programming. It is the default language
adopted by the constraint programming community, where it is used in the
international constraint solvers challenge organized yearly since 2008 [37]. A
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Minizinc program is compiled into a flat (unfolded) version called Flatzinc
that the various solvers participating to the competition should be capable
of interpreting. Flatzinc is a sort of Assembly for constraint programming.
Among the constraint domains Minizinc is capable of dealing with there are
finite-domains and sets in the style proposed by Gervet [26].

The overarching goal of this paper is to advance the state of the art in effi-
cient resolution of the set constraints found in Minizinc. We aim to demonstrate
the potential of parallelism to enhance efficiency and scalability of set constraint
resolution. In particular, we propose to explore the use of General Purpose
Graphics Processing Units (GPUs) in managing Minizinc set constraints—i.e.,
finite sets of integers, ranging over clearly defined ⊆-lattices. GPUs support
fine grained parallelism, particularly suitable for the manipulation of regular
data structures (e.g., matrices). GPUs have been demonstrated to be effec-
tive in various relevant areas, such as constraint reasoning, logic programming,
and satisfiability (e.g., [4, 9, 11, 12, 13]). We illustrate how different forms
of propagation for the different set constraints of Minizinc can be mapped
to GPU computations; we provide experimental assessments of the parallel
performance realized in a prototype solver that is available for download at
http://clp.dimi.uniud.it/sw/.

2. The set interval calculus

The set interval calculus [26] deals with subsets of a domain set X. In this
paper, we focus on finite sets.

Let us consider the lattice D = (℘(X ),⊆). The lattice is bounded by the
least element ∅ and by the greatest element X. Given s, t ∈ D with s ⊆ t, the
set interval [s, t] is defined as [s, t] = {z ∈ D : s ⊆ z ∧ z ⊆ t}. 1 Let us observe
that [∅,X ] = D. Moreover, |[s, t]| = 2|t\s|.

A set C ⊆ D is convex if for every pair x, y ∈ C it holds that x∩ y ∈ C and
x∪y ∈ C. The closure on pairs of elements is sufficient to guarantee the closure
on any finite number of elements. Since we are dealing with finite sets only,
this implies that, if C is convex, for any set S ⊆ C it holds that

⋂
s∈S s ∈ C

and
⋃

s∈S s ∈ C.
In Figure 1 we give examples of set intervals and in particular on how

memberhip or not membership of a single element can be used to split the set
intervals into two set intervals.

Lemma 2.1. Let X be a finite set and m ⊆M ⊆ X. Then [m,M ] is convex.

Proof. Let us consider the set interval [m,M ]. Let s, t ∈ [m,M ]. By definition,
m ⊆ s ⊆M and m ⊆ t ⊆M , thus m ⊆ s∩ t ⊆M and m ⊆ s∪ t ⊆M , namely
they belong to the set interval, and this proves that it is convex.

1For simplicity, we denote with x ∈ D an element x ∈ ℘(X ), namely a subset of X .
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{1, 2, 3}

{1, 2} {1, 3} {2, 3}

{1} {2} {3}

∅

{1, 2}

{1} {2}

∅

{1, 2, 3}

{1, 3} {2, 3}

{3}

Figure 1: From left to right, the lattice D = (℘({1, 2, 3}),⊆) and its sublat-
tices consisting of the sets that do not contain the number 3 and of those
containing the number 3. They are all convex and, precisely, the set intervals
[∅, {1, 2, 3}], [∅, {1, 2}], [{3}, {1, 2, 3}].

Let us observe that there are convex sets that cannot be represented as set
intervals; for example, {∅, {1}, {2, 3}, {1, 2, 3}}.

Lemma 2.2. Let D = (℘(X ),⊆) be a lattice, and C ⊆ D be a convex subset
of D. Let x ∈ X . Then C1 = {s ∈ C : x ∈ s} and C2 = {s ∈ C : x /∈ s} are
convex.

Proof. If x belongs to all elements of C then C1 = C and C2 = ∅. Then C1 is
convex by hypothesis, and C2 is trivially convex. Assume this is not the case
and let s, t ∈ C1 and, hence, in C. Since C is convex s ∩ t ∈ C and s ∪ t ∈ C.
By definition of C1, x ∈ s and x ∈ t, thus x ∈ s ∩ t and x ∈ s ∪ t. Then s ∩ t
and s ∪ t are in C1.
If x belongs to no element of C then C1 = ∅ and C2 = C. Then C2 is convex
by hypothesis, and C1 is trivially convex. Assume this is not the case and let
s, t ∈ C2 and, hence, in C. Since C is convex s ∩ t ∈ C and s ∪ t ∈ C. By
definition of C2, x /∈ s and x /∈ t, thus x /∈ s ∩ t and x /∈ s ∪ t. Then s ∩ t and
s ∪ t are in C2.

Corollary 2.3. Given a set interval [m,M ] of D and x ∈ M \ m, then
{s ∈ [m,M ] : x ∈ s} = [m ∪ {x},M ] and {s ∈ [m,M ] : x /∈ s} = [m,M \ {x}].

Definition 2.4. Let us define the following binary operations +, ·,− on set
intervals. Let A = [mA,MA] and B = [mB ,MB ] be two set intervals.

A+B = [mA,MA] + [mB ,MB ] = [mA ∪mB ,MA ∪MB ]
A ·B = [mA,MA] · [mB ,MB ] = [mA ∩mB ,MA ∩MB ]
A−B = [mA,MA]− [mB ,MB ] = [mA \MB ,MA \mB ]
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{1, 2, 3}

{1, 2} {1, 3} {2, 3}

{1} {2} {3}

∅A

{1, 2, 4}

{1, 2} {2, 4}

{2}

B

{1, 2, 3, 4}

{1, 2, 3} {1, 2, 4} {2, 3, 4}

{1, 2} {2, 3} {2, 4}

{2}A+B

{1, 2}

{1} {2}

∅

A ·B

{1, 3}

{1} {3}

∅

A−B

Figure 2: The set intervals A = [∅, {1, 2, 3}] and B = [{2}, {1, 2, 4}] and the
three operations applied to them

In Figure 2 we give examples of the applications of the just defined oper-
ations on set intervals. The operations +, ·,− are not ∪,∩, \, but they will
be used later in the propagation of constraints involving the corresponding
operator.

Lemma 2.5. Let A = [mA,MA] and B = [mB ,MB ] two set intervals.

1. r ∈ A op B if and only if there are s ∈ A and t ∈ B such as r = s ôp t,
where op and ôp are +, ·,−, and ∪,∩, \, respectively.

2. A ∩B = {s : s ∈ A ∧ s ∈ B} = [mA ∪mB ,MA ∩MB ].

3. A ∪B = {s : s ∈ A ∨ s ∈ B} is not guaranteed to be a set interval.

4. A \B = {s : s ∈ A ∧ s /∈ B} is not guaranteed to be a set interval.
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Proof. 1. op = +(←) Let s ∈ A and t ∈ B. Then mA ⊆ s ⊆MA and mB ⊆
t ⊆ MB . By monotonicity, it holds that mA ∪mB ⊆ s ∪ t ⊆ MA ∪MB ,
namely r = s ∪ t ∈ A+B.
(→) If r ∈ A + B then mA ∪ mB ⊆ r ⊆ MA ∪MB . Let s = r ∩MA

and t = r ∩MB . Observe that r = s ∪ t. Then mA ⊆ s ⊆ MA and
mB ⊆ t ⊆MB .

op = ·(←) Let s ∈ A and t ∈ B. Then mA ⊆ s ⊆MA and mB ⊆ t ⊆MB .
By monotonicity, it holds that mA ∩ mB ⊆ s ∩ t ⊆ MA ∩MB , namely
r = s ∩ t ∈ A ·B.
(→) If r ∈ A · B then mA ∩ mB ⊆ r ⊆ MA ∩MB . Let s = r ∩MA

and t = r ∩MB . Observe that r = s ∪ t. Then mA ⊆ s ⊆ MA and
mB ⊆ t ⊆MB .

op = −(←) Let s ∈ A and t ∈ B. Then mA ⊆ s ⊆ MA and mB ⊆ t ⊆
MB . Since t ⊆MB and mA ⊆ s, we have that

mA \MB ⊆ mA \ t ⊆ s \ t

Since mB ⊆ t and s ⊆MA, we have that

s \ t ⊆ s \mB ⊆MA \mB

and thus r = s \ t ∈ A−B.
(→) If r ∈ A−B then mA\MB ⊆ r ⊆MA\mB . Thus, r = (mA\MB)∪u
with u disjoint from mA \MB . Let us observe that, since r ⊆MA \mB ,
we have that u ⊆ MA and it is disjoint from mB . Let s = mA ∪ u and
t = MB \u. Then r = s\ t. Now, mA ⊆ s by definition, and, as observed,
s ⊆ MA, thus s ∈ A. As far as t is concerned, t ⊆ MB by definition.
Since u is disjoint from mB then MB \ u ⊇ mB , thus t ∈ B.

2. If s ∈ A and s ∈ B then mA ⊆ s ⊆ MA and mB ⊆ s ⊆ MB . Thus
mA ∩mB ⊆ s ⊆MA ∩MB .

3. Consider A = [{1}, {1}] and B = [{2}, {2}]. A ∪B = {{1}, {2}} which is
not a set interval.

4. Consider A = [∅, {1, 2}] and B = [{1}, {1}]. A \ B = {∅, {2}, {1, 2}}
which is not a set interval.

3. Syntax

In this section, we review some specific fragments of the syntax of the Minizinc
constraint programming language; in particular, we will focus on two basic
sorts: int and set.
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3.1. The sort int

Constants of sort int are integer numbers in Z. A variable X of sort int is
defined as a finite domain variable ranging on a domain DX . DX is typically
initially expressed as an interval x..y with x, y ∈ Z and x ≤ y. The domain can
can also be defined in an extensional manner by enumerating its elements; for
example, the statement

var {1, 2, 5} : X;

describes a variableX whose domain is {1, 2, 5}. Variables and constants of sort
int can be used to build arithmetic expressions using the common arithmetic
operators +,−, ∗, /, mod.

Given two arithmetic expressions ℓ and r, we can define primitive con-
straints of the form ℓ op r. Predicate symbols that can be used as op are
=, <,≤. Primitive constraints can be combined with Boolean operators to
build complex constraints on finite domains. Their negation can be expressed
in general as not (ℓ op r); however, ℓ ! = r can be used as a syntactic sugar
for not (ℓ = r), r < ℓ for not (ℓ ≤ r), and r ≤ ℓ for not (ℓ < r).

The sort int is sufficiently expressive to allow us to encode NP-complete
problems even using only conjunctions of primitive constraints and without
making use of arithmetic operators. For instance, the instance of the 3-coloring
problem on a graph with:

nodes: {1, 2, 3, 4, 5} and edges: {{1, 2}, {1, 3}, {1, 4}, {2, 5}, {3, 5}}

can be expressed as

X1 ̸= X2 ∧X1 ̸= X3 ∧X1 ̸= X4 ∧X2 ̸= X5 ∧X3 ̸= X5

where all variables have domains {1, 2, 3}, representing the three colors.

3.2. The sort set

The sort set is populated by set terms. The empty set ∅ (denoted by {}) is
a set term. An extensional set {e1, . . . , en}, where each ei is an arithmetic
expression of sort int, is a set term as well. Without loss of generality, we
require ei ∈ Z or ei to be a variable of sort int. In concrete syntax, if the set is
an interval {x, x+1, x+2, . . . , y} it can be represented as x..y. An extensional
set without variables is said to be ground.

A variable S of sort set is assigned a finite domain DS that can be defined
in the same way as the domain for int variables, i.e., either as an interval x..y
or as an enumeration of values. Its value ranges on the subsets of DS . For
instance, the variable defined as var set of {1, 2, 5} : S; is allowed to assume
the eight values ∅, {1}, {2}, {5}, {1, 2}, {1, 5}, {2, 5}, {1, 2, 5}. A variable of sort
set is a set term.
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A predefined ordering on sets based on a lexicographic ordering of the sorted
set form is assumed in Minizinc; for example, {1, 2} is in sorted set form while
{2, 1} is not. However, it holds that {1, 2} = {2, 1}.

Set terms can be used to build set expressions using the common set oper-
ators ∪,∩, \; the concrete syntax used to represent these operators is union,
intersect, and diff.

Given two set expressions ℓ and r, primitive constraints over ℓ and r are
of the form ℓ op r. Predicate symbols that can be used as op are =,⊆—in
concrete syntax: =, subset. Moreover, a primitive constraint X ∈ S, where
X is of sort int and S is a set term, can be used.

Primitive constraints can be combined with Boolean operators to build
complex set constraints. Negation of primitive constraints can be expressed
using not (with the usual syntactic sugar != for the negation of equality). Let
us observe that the sort set is sufficiently expressive to encode NP-complete
problems using only conjunctions of equality constraints. For instance, the
following instance of SAT:

(X1 ∨ ¬X2 ∨X3 ∨ ¬X4) ∧ (X2 ∨ ¬X3 ∨X4) ∧ (¬X1 ∨ ¬X2)

can be encoded as (where Ni takes the role of ¬Xi)

{X1, N1} = {0, 1} ∧ {X2, N2} = {0, 1}∧
{X3, N3} = {0, 1} ∧ {X4, N4} = {0, 1}∧
{X1, N2, X3, X4, 0}={0, 1} ∧ {X2, N3, X4, 0}={0, 1} ∧ {N1, N2, 0}={0, 1}.

This approach was originally presented in [15] for the constraint logic program-
ming language {log}—where the encoding can be captured by a single equation
(thanks to the ability of nesting sets):

{{X1, N1}, {X2, N2}, {X3, N3}, {X4, N4},
{X1, N2, X3, X4, 0}, {X2, N3, X4, 0}, {N1, N2, 0}} = {{0, 1}}.

Note that the nesting of sets is not allowed in Minizinc.
Additional operators that can be used in the set-based constraint language

include cardinality operators (card(s) for a set expression s) and operators
to determine the minimum/maximum element of a set expression (min(s) and
max(s)).

3.3. Set operations in Minizinc

Let us summarize the built-in operations for sets supported by Minizinc. Their
negation can be written by anticipating not.

• set of x..y Returns the set {x, . . . , y}
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• X in S Enforces that X ∈ S

• s subset t (or, equivalently, t superset s) States that s ⊆ t

• s = t Set equality, equivalent to s subset t and t subset s.

• s intersect t Returns the set s ∩ t

• s union t Returns the set s ∪ t

• s diff t Returns the set s \ t. Let us observe that if u is assigned to the
“universe” set, then u diff s defines s̄.

• s symdiff t Returns s△t = (s \ t) ∪ (t \ s)

• array intersect(v) Returns the intersection of the sets in array v (unary
intersection)

• array union(v) Returns the union of the sets in array v (unary union)

• card(s) Returns the cardinality of the set s.

• max(s)/min(s) Returns the maximum/minimum (value of the elements)
of the set s

4. Constraint solving

A constraint satisfaction problem (briefly, a CSP) is a triplet ⟨X ,D, C⟩ where
X is a set of variables, D is a set of domains for the variables. We denote as
DX ∈ D the domain of the variable X ∈ X . Moreover, C is a set of constraints
on subsets of variables of X and a constraint is a relation on Cartesian products
of subsets of D. In other words, a k-ary constraint c over variables X1, . . . , Xk

is a relation c ⊆ DX1 × · · · ×DXk
. For instance, a binary constraint c on the

variables X,Y is a relation c ⊆ DX × DY . All pairs (tuples) in c are said
to satisfy the constraint c. A solution to a CSP is an assignment σ : X −→
∪D∈DD such that for all X ∈ X it holds that σ(X) ∈ DX and all constraints
in C are satisfied by the assignment.

Constraint propagation is a fixpoint procedure that allows us to remove
elements from the domains of variables which cannot appear in any solution
of the CSP. In a typical constraint solving procedure, constraint propagation
alternates with non-deterministic variable assignments, until either a solution
is found (i.e., all the variables have been assigned a value) or one of the domain
becomes empty. The latter case indicates the unsatisfiability of the constraint.
Constraint propagation allows us to prune the search tree, reducing its overall
size, and it is repeated at each node of the tree; thus, any speed-up in its
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implementation immediately impacts the performance of the overall resolution
procedure.

In this paper, we focus on the possible performance improvements that
can be obtained by exploiting the Single Instruction Multiple Threads (SIMT)
parallelism supported by modern General-Purpose Graphical Processing Units
(GPUs) and exploited through the use of programming paradigms like CUDA.
In particular, we are interested in using CUDA to improve performance of
constraint propagation for set constraints.

Let us start with a quick review of some general definitions related to con-
straint propagation. Constraint propagation is primarily based on the no-
tions of arc or bounds consistency for binary constraints, and on generalized
arc/bounds consistency for global constraints dealing with more than two vari-
ables (organized as lists of variables). A binary constraint c on the variables
X and Y is said to be arc consistent if

• for every element x ∈ DX there is an element y ∈ DY such that (x, y) ∈ c,
and

• for every element y ∈ DY there is an element x ∈ DX such that (x, y) ∈ c

Namely, every element of one of the two domains is supported by at least one
element of the other domain. In order to obtain arc consistency, we need
to repeatedly remove elements in the domains which are not supported. In
the worst case, obtaining arc consistency of a single constraint requires time
O(|DX | · |DY |). The process of achieving arc consistency is repeated for each
constraint as part of a fixpoint procedure, until no further additional domain
reductions are possible.

If the domains DX and DY are large, an approximated version of the above
rule is often used, which focuses exclusively on the ‘bounds’ of the domains.
The notion of bound depend on the constraint system considered. In the case
of finite domains, the domains DX and DY could be approximated by the
intervals min(DX)..max(DX) and min(DY )..max(DY ). In the case of sets, by
the lower bound and the upper bound of the set interval. The fact that ⊆ does
not induce a total order makes this approximation, in a sense, weaker than the
one of finite domains.

A binary constraint c on the variablesX and Y wheremX = minDX ,MX =
maxDX ,mY = minDY ,MY = maxDY , is said to be bounds consistent if

1. (∃b ∈ mY ..MY ) ((mX , b) ∈ c) and (∃b ∈ mY ..MY ) ((MX , b) ∈ c),

2. (∃a ∈ mX ..MX) ((a,mY ) ∈ c) and (∃a ∈ mX ..MX) ((a,MY ) ∈ c).

Namely, the bounds of the two domains are supported by at least one point
within the bounds of the other domain.
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Example 4.1. For instance, let us consider the constraint X = 2Y between
the finite-domain variables such that DX = 0..5 and DY = 0..3. By updating
DX into D′

X = 0..4 and DY into D′
Y = 0..2 we reach bounds consistency. Let

us remark that the points 1 and 3 in D′
X are not supported by points in D′

Y

and they should be eliminated if we wish to obtain arc consistency.
Let us consider the constraint S ⊆ T between set variables with set interval

domains DS = [{1}, {1, 2, 3}] and DT = [{0}, {0, 1, 2}]. {1} in DS is supported
by {0, 1, 2} in DT . Similarly, {0, 1, 2} in DT is supported by {1} in DS . The
other two bounds are not supported and bounds consistency can be obtained
by updating D′

S = [{1}, {1, 2}] and DT = [{0, 1}, {0, 1, 2}].
However, in the case of constraints on set variable, the non-linearity of the

order might prevent us in maintaining bounds consistency using set intervals for
representing sets. For instance, consider the constraint X ∈ S where DX = 1..2
and DS = [{0}, {0, 1, 2}]. The two bounds of DX are supported by {0, 1, 2}.
Similarly {0, 1, 2} in DS is supported (either by 1 or by 2). Instead, the bound
{0} of DS is supported by no points of DX . However, by removing {0} from the
set interval we would obtain DS = {{0, 1}, {0, 2}, {0, 1, 2}} which is no longer
a set interval.

Bounds consistency affects only the bounds, it can be implemented faster,
but it reduces the effectiveness of pruning:

• Arc consistency generates a smaller search tree but with a larger compu-
tation time at each node, while

• Bounds consistency generates a larger search tree in a faster manner at
each node.

In practice, removal of unsupported values is delayed in the lower parts of the
search tree. The NP-hardness of solving a CSP on these domains guarantees
that we can find examples in which the first technique performs better and
others in which it performs worse.

In the case of integer domains, one can adopt both bounds consistency
and arc consistency by, e.g., storing domains using bitmaps (see Section 5.1).
As pointed out by Gervet [27], the case of set domains does not allow us to
deal with explicit representation of domains due to the intrinsic combinatorial
explosion in their sizes and thus we are forced to implement a weak form of
bounds consistency. As shown in the example above, even maintaining bounds
consistency would lead us outside set interval representation.

4.1. Arc consistency and Integer constraints

Ensuring arc and bounds consistency of binary constraints on finite domains is
one of the most studied problems in constraint programming and all constraint
solvers implements extremely fast propagators. We will not enter here into
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much details. We just focus on one example that clarifies the effectiveness of
strength of constraint propagation (and the polynomial limits).

Example 4.2. Let us consider this self-contained fragment of Minizinc code,
where a vector of n finite domains variables x with domain [1, n] is constrained
such as to ensure that x[i] < x[i+ 1] for every i.

array [1..n] of var 1..n: x;

constraint forall(i in 1..n-1)( x[i] < x[i+1] );

Enforcing arc consistency deterministically produces the unique answer x[i] = i
for all i. The process starts by a first analys and propagation of all the con-
straints, shrinking progressively one by one all domains. Then the process
iterates considering the constraints involving variables with not singleton do-
mains until the unique solution is obtained. A quadratic time computation
suffices. Just to give a taste, on a common desktop Core i7, 2.30 GHz, Win 10,
for n = 4k, 8k, 12k, 16k, 20k running times are roughly 0.6s, 1.4s, 2.5s, 4.9s, 5.5s
with the default solver of Minizinc 2.5.3.

4.2. Consistency and set constraints

We will make use of the following notation (possibly subscripted):

• Lower case letters x, y, z, . . . to denote integer numbers

• Upper case letters X,Y, Z, . . . to denote integer variables

• Upper case letters A,B,C, S, T, . . . to denote set variables

• Lower case letters a, b, c, s, t, . . . to denote sets.

For a set variable S, we denote with ⊥S =
⋂

s∈DS
s the greatest lower bound

(glb) of S and with ⊤S =
⋃

s∈DS
s the least upper bound (lub) of S. These two

values represent the extremes of the domain if viewed as a set interval. Note
that these values might not be part of the domain of S if it is not convex.

We denote with ′ the new values of the domains. Many rewriting rules can
introduce empty domains: if a domain becomes empty, then propagation ends
with a failure. A set interval [m,M ] is empty when m ̸⊆ M (i.e., when there
is x ∈ m such that x /∈M).

If a constraint is satisfied by all values of the domain, the constraint is
freezed, i.e., it will not be considered in future propagations in the same branch
of the search tree.

For U ∈ {A,B,C} the corresponding set interval domain is denoted as
DU = [mU ,MU ]. We analyze the propagation in general (first) and its fast
encoding if the domains are (set) intervals.
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Set equality and inequality.

• A = B: D′
A = D′

B = DA ∩DB .

Interval case: D′
A = D′

B = DA ∩DB = [mA ∪mB ,MA ∩MB ]

• A ̸= B: if DA ∩DB = ∅ then the constraint is satisfied.

If |DA| = 1 then D′
B = DB \DA and if |DB | = 1 then D′

A = DA\DB . Let
us observe that one (or both) between D′

A or D′
B might become empty.

Otherwise no domain update is applied.

Interval case: If DA ∩ DB = [mA ∪ mB ,MA ∩ MB ] = ∅ (emptyness
can be checked just analyzing the interval bounds) then the constraint
is satisfied. This is the unique test in this case. Let us observe that
the singleton case cannot be implemented in intervals. For instance, if
DA = [{1}, {1}], DB = [∅, {1, 2}] then D′

B = {∅, {2}, {1, 2}} which is not
an interval.

Membership.

• X ∈ A: D′
X = DX ∩ ⊤A, D

′
A = {s ∈ DA : s ∩DX ̸= ∅}.

Interval case: D′
X = DX ∩ MA. If D′

X ⊆ mA then the constraint is
satisfied. IfD′

X∩mA ̸= ∅ thenD′
A = DA (ifX is assigned inmA all sets in

DA will be ok). Otherwise, if D′
X = {x1, . . . , xk} ⊆MA \mA, a complete

propagation could be obtained by setting D′
A = [mA ∪ {x1},MA] ∪ · · · ∪

[mA ∪ {xk},MA], namely a union of intervals. Since we avoid dealing
with collections of intervals, we can restrict this case to k = 1, namely:
If D′

X = {x1} and x1 /∈ mA then D′
A = [mA ∪ {x1},MA] else D′

A = DA

Example: DX = {1, 2, 3}, DA = [{4}, {1, 2, 4}] = {{4}, {1, 4}, {2, 4},
{1, 2, 4}}. D′

X = {1, 2, 3}∩{1, 2, 4} = {1, 2}. Arc consistency will lead us
to D′

A = {{1, 4}, {2, 4}, {1, 2, 4}} = [{1, 4}, {1, 2, 4}] ∪ [{2, 4}, {1, 2, 4}].
However, since D′

A is a non-convex subset domain we prefer keeping
D′

A = DA.

• X /∈ A. D′
X = DX \ ⊥A, D

′
A = {s ∈ DA : DX \ s ̸= ∅}.

Interval case: D′
X = DX \ mA. If D′

X = {x1} and x1 ∈ MA then
D′

A = [mA,MA \ {x1}] else D′
A = DA.

Example: DX = {2, 3, 4}, DA = [{2, 3}, {2, 3, 4, 5}]. D′
X = {2, 3, 4} \

{2, 3} = {4}, D′
A = [{2, 3}, {2, 3, 5}].

Set Inclusion.

• A ⊆ B. D′
A = {s ∈ DA : (∃t ∈ DB) (s ⊆ t)}, D′

B = {t ∈ DB : (∃s ∈
DA)(s ⊆ t)}.
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Interval case: D′
A = [mA,MA ∩MB ] and D′

B = [mA ∪mB ,MB ].
Example: DA = [{2, 3, 4}, {1, 2, 3, 4, 5}], DB = [{2, 3, 5}, {2, 3, 4, 5, 6}].
D′

A = [{2, 3, 4}, {2, 3, 4, 5}], D′
B = [{2, 3, 4, 5}, {2, 3, 4, 5, 6}].

Set operations and extensional sets.

• Union. A = B ∪ C. D′
A = DA ∩ {s ∪ t : s ∈ DB , t ∈ DC}, D′

B =
{s ∈ DB : (∃t ∈ DC)(s ∪ t ∈ DA)}, D′

C = {s ∈ DC : (∃t ∈ DB)(s ∪ t ∈
DA)}.
Interval case: Note that, in order to be satisfiable, we need to have that
mB ⊆MA and mC ⊆MA; D

′
A = [mA ∪mB ∪mC ,MA ∩ (MB ∪MC)]

D′
B = [mB∪(mA\MC),MB∩MA] andD′

C = [mC∪(mA\MB),MC∩MA].
Example: DA= [{1, 2}, {1, 2, 3, 4, 7, 8}], DB= [{1, 3}, {1, 2, 3, 6, 9}], DC=
[{2, 4}, {2, 4, 5, 10}]. D′

A = [{1, 2, 3, 4}, {1, 2, 3, 4}], D′
B = [{1, 3}, {1, 2, 3}],

D′
C = [{2, 4}, {2, 4}].

• Intersection. A = B ∩ C: D′
A = DA ∩ {s ∩ t : s ∈ DB , t ∈ DC}, D′

B =
{s ∈ DB : (∃t ∈ DC)(s ∩ t ∈ DA)}, D′

C = {t ∈ DC : (∃s ∈ DB)(s ∩ t ∈
DA)}.
Interval case: D′

A = [mA ∪ (mB ∩mC),MA ∩MB ∩MC)]
D′

B = [mA ∪mB ,MB ], D
′
C = [mA ∪mC ,MC ]

• Difference. A = B \ C: D′
A = DA ∩ {s \ t : s ∈ DB , t ∈ DC}, D′

B =
{s ∈ DB : (∃t ∈ DC)(s \ t ∈ DA)}, D′

C = {s ∈ DC : (∃t ∈ DB)(s \ t ∈
DA)}.
Interval case: D′

A = [mA ∪ (mB \MC),MA ∩ (MB \mC)]
D′

B = [mB ∪mA,MB ∩ (MA ∪MC)], D
′
C = [mC ∪ (mB \mA),MC ].

Example: DA = [{1, 2}, {1, 2, 3, 4, 5, 7, 8}], DB = [{1, 2, 3, 4}, {1, 2, 3, 4,
5, 6}], DC = [{4}, {4, 6, 9, 10}]. D′

A = [{1, 2, 3}, {1, 2, 3, 5}],
D′

B = [{1, 2, 3, 4}, {1, 2, 3, 4, 5}], D′
C = [{4}, {4, 6, 9, 10}].

• A = {x1, . . . , xm, X1, . . . , Xn} where xi ∈ Z for i = 1, . . . ,m. Let RD =
{x1, . . . , xm}∪DX1 ∪· · ·∪DXn . Then D′

A = DA∩RD. D′
Xi

= DXi ∩DA.
Interval case: D′

A = [mA ∪ {x1, . . . , xn},MA ∩RD], D′
Xi

= DXi
∩M ′

A

Negative constraints. These constraints are handled via pre-processing,
since their explicit handling would lead us to introduce disjunctions.

• A ̸⊆ B. This constraint is replaced by N ∈ A,N /∈ B where N is a fresh
variable and DN = MA.

• A ̸= B opC where op is ∪,∩, \. Write it as A ̸= N,N = B opC where N
is a fresh variable with DN = D.
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• A ̸= {x1, . . . , xm, X1, . . . , Xn} is replaced by A ̸= N,
N = {x1, . . . , xm, X1, . . . , Xn}, where N is a fresh variable with DN = D.

Lemma 4.3. Rewriting rules are sound and complete.

Proof. Rewriting rules for the set representation are exactly the definition of
arc consistency in the domain of sets (i.e., using the definitions of set equality,
membership, inclusion, and of the set operations). Let us focus on the rules
applied to interval domains.

Set equality. If A = B then the two domains should be the same. This is
ensured assigning to both of them their intersection DA ∩DB = [mA ∪
mB ,MA ∩MB ] (Lemma 2.5). In the negative case if the intersection is
empty then the constraint is simply true. Nothing else is implemented.

Membership. X ∈ A, implies that X should be member of any possible
set assigned to A. Thus, we remove from DX values “external” to the
interval: D′

X = DX ∩ MA. If D′
X ⊆ mA, the constraint is trivially

satisfied. If D′
X = {x} and x ∈MA \mA we have to remove from DA all

the sets that do not contain x. This is made setting D′
A = [mA∪{x},MA]

(and then the constraint is satisfied).

X /∈ A, implies that X cannot be a member of mA (hence of all sets of the
interval). Thus D′

X = DX \mA. If D
′
X contain one element outside MA

there is always a solution satisfying the constraint. Instead, if D′
X = {x}

and x ∈MA \mA we can restrict the interval to D′
A = [mA,MA \ {x}]

Set Inclusion. DA = [mA,MA] and DB = [mB ,MB ]. Then D′
A = [mA,MA∩

MB ] and D′
B = [mA ∪mB ,MB ]. (Rule I1 in [26]).

Union. A = B∪C. The domain of A should be intersected with that of B∪C
which is computed with the + operation. D′

A = DA ∩ (DB + DC) =
[mA,MA]∩ [mB ∪mC ,MB ∪MC ] = [mA ∪mB ∪mC ,MA ∩ (MB ∪MC)]
(see Lemma 2.5). For the converse direction, we can safely remove from
DB and DC all sets containing points that are not in MA, thus: D′

B =
[mB ,MB ∩MA], D

′
C = [mC ,MC ∩MA]

Intersection. A = B∩C. The domain of A should be intersected with that of
B ∩C which is computed with the · operation. D′

A = DA ∩ (DB ·DC) =
[mA,MA]∩ [mB ∩mC ,MB ∩MC ] = [mA ∪ (mB ∩mC),MA ∩MB ∩MC)]
(see Lemma 2.5) For the converse direction, we can safely remove from
DB and DC all sets that do not contain the points of mA, thus: D′

B =
[mB ∪mA,MB ], D

′
C = [mC ∪mA,MC ].

Difference. A = B \ C. The possible sets for A should be intersected with
those that can be generated by B \ C. Then, D′

A = DA ∩ (DB −DC) =
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[mA,MA]∩ [mB \MC ,MB \mC ] = [mA ∪ (mB \MC),MA ∩ (MB \mC)]
(see Lemma 2.5). For the converse direction, let us observe that DC can
contain sets of arbitrary size as long as they have elements not in DB

(the semantics of the set difference is rather asymmetric). Therefore, its
upper bound MC is not updated.
Instead, if an element x belongs to all sets in DA (hence, it is in mA)
it must belong to all sets of B. This can be achieved by ‘enlarging’ the
bottom of the set interval: m′

B = mB ∪mA.
If an element x belongs to all sets of B (hence, it is in mB) and it occurs
in no sets of A (hence it is not in MA), then it must be element of all sets
of C and thus it must be in mC : m

′
C = mC ∪ (mB \MA).

If an element x belongs to some sets in DB (hence, it is in MB) and it
does not occur in sets of DA (hence, it is not in MA), then either there
is some set in DC that contains it or it must be removed from MB . This
can be achieved as M ′

B = MB \ ((MB \MA) \MC) = MB ∩ (MA ∪MC).

Extensionally defined set. By the set extensionality principle, x ∈ A if
and only if x ∈ {x1, . . . , xm, X1, . . . , Xn}, namely x = xi for some i ∈
{1, . . . ,m} or x ∈ DXj for some j ∈ {1, . . . , n}. Thus, it is safe to remove
fromDA all elements that are not allowed in the extensionally defined set.
Removing the known elements leaves the domain an interval. Similarly,
we can remove from DXj

all elements that are not in DA.

Negated constraints. The constraint A ̸= Exp is true if and only if there
exists N such that N = Exp and A ̸= N (by equality axioms). This
covers the second and third cases. For the first case, by definition of ⊆,
A ̸⊆ B if and only if there is an element N ∈ A such that A /∈ B. This
justifies the rewriting.

5. Toward a GPU-based CSP-solver

In this section we describe the main traits of a prototypical solver for CSPs
over set constrains of the forms described in Section 4.2.

5.1. Internal representation of CSPs

We restrict integer domains to subsets of 0..k and set-domains to subsets of the
set interval [∅, {0, 1, 2, . . . , k}] for a given k. See for instance Fig. 3, where, for
the sake of simplicity, we set k = 15. Notice that, for practical reasons, in the
concrete implementation it is convenient to choose k = 32 ∗ h − 1, for h > 0.
This because domains of integer variables are represented as bitmaps of k + 1
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1 DX = 0..15 = FF FF

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 01 01 01 01 01 01 01 0 DY = 0..7 = FF 00

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 D′
X = 0..6 = FE 00

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 1 1 1 1 1 1 0 0 0 0 0 0 0 00 D′
Y = 1..7 = 7F 00

Figure 3: The two integer variables X and Y such that there is a constraint
X < Y have initial domains DX and DY and get the new domains D′

X and
D′

Y . Domains are represented as bitmaps (succinctly written in HEX) and as
intervals

bits. Each of such bitmap is stored in memory as a sequence of h unsigned

int. A domain for a variable of sort set is represented as a set interval [m,M ]
where m and M are both represented as a bitmap of k + 1 bits. (The actual
value of h is a parameter that can be set by the user.)

Each integer variable is internally referred as a natural number. In the
current implementation we bound the number of variables in a CSP to be less
that 256, hence each integer variable can be referenced by using a single byte.
The same bound/representation is adopted for set variables (hence, there can
be at most 256 set variables in a CSP).

Each constraint is internally represented as an unsigned int, whose 4 bytes
encode the components of the constraint. For instance, consider a constraint
c of the form AirelAjopAh, where Ai, Aj , Ah are set variables, rel is a relator
(i.e., =,̸=,⊆,...), and op is a set operator (i.e., ∪,∩,...). Then, c is compiled into
a word of 4 bytes. Let r(c) be such a word. The leftmost byte of r(c) contains
a code representing rel and op, while the remaining three bytes, positionally,
encode the three variables (that, as mentioned, are identifiable by single bytes).
Such a representation is also adopted for those constraints involving two vari-
ables (e.g., of the form AirelAj) and integer variables (e.g., Xi ∈ Aj). Also in
these cases, the information on the kind of constraint in encoded in the leftmost
byte (and the rightmost byte is ignored).

A slightly more complex representation is adopted for constraints c of the
form Ai = {x1, . . . , xm, X1, . . . , Xn}, because of the arbitrary number of ele-
ments that may occur in them. An auxiliary array Exts of integers is used to
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Algorithm 1: Host code of the CSP-solver (simplified)

procedure cpcs(⟨X ,D, C⟩: CSP)
1 CSPs = ∅ /* empty collection of CSPs */
2 InputCompilation(X ,D, C,CSPs) /* generate internal representation of the input

CSP */
3 while CSPs is not empty and no solution has been found do
4 select a not empty subset bs of CSPs
5 foreach each b in bs do in parallel /* a CUDA kernel processes bs in parallel */
6 remove b from CSPs
7 Propagation(b) /* update domains of b until fixpoint */
8 CheckSatisfiability(b,Status) /* check outcome of propagation */
9 if Status == SOLVED then StoreSolution() /* solution found */

10 else if Status ̸= UNSAT then /* select a variable and split its domain and
*/

11 DomainSplit(b,CSPs) /* add the generated problems to CSPs */
end

12 if exist solutions then output solutions
13 else return unsatisfiable

store contiguously (the integers representing) x1, . . . , xm,X1, . . . , Xn, for each
constraint of this form. As before the first byte of r(c) encodes the kind of
constraint. The second byte stores i, the index of the variable Ai of the l.h.s.
of the constraint. The third and fourth bytes of r(c) store the initial positions
of x1, . . . , xm and of X1, . . . , Xn in Exts, respectively.

Notice that the set of constraints is accessed at each propagation step (see
below). The fact that each constraint is compactly represented by a single
memory word, makes it possible for parallel CUDA threads to access uniformly
the constraint representations, maximizing the bandwidth in memory trans-
fers. The same advantage is obtained for accesses to domains: thanks to the
uniform way in which they are represented, all threads concurrently accessing
domain extensions, perform essentially the same amount of work. This helps
in optimizing thread occupancy.

5.2. Solving Procedure

As mentioned, to solve a specific instance of a Constraint Satisfaction Problem,
the solver proceeds by alternating constraint propagation and (possibly, non-
deterministic) variable assignment. This process implicitly searches a solution
space that can be thought as tree-shaped. Each node corresponds to a (partially
solved) CSP, while each edge corresponds to the updates in the CSP caused by
a variable assignment (and the consequent propagations).

Before entering into the details of the procedure, we add here a few remarks
on the main features of the parallel architecture employed. GPUs are designed
to execute a very large number of concurrent threads on multiple data (the
parallel model is known as Single-Instruction Multiple-Thread (SIMT)). Each
GPU has a number of computing cores physically grouped in a collection of so-
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called Streaming MultiProcessors (SMs). Concurrent threads are scheduled on
the SMs and executed in sets of 32, called warps. Threads in the same warp are
expected (but not forced) to follow the same program address. If this condition
is guaranteed, parallelism is maximized, otherwise the thread divergence forces
serialization and the overall performance decreases.

Threads are logically grouped in blocks that are organized as a 3D grid
(the built-in 3D access was introduced to support the graphical applications
of GPUs). A typical CUDA program includes parts meant for execution on
the CPU (the host) and parts meant for parallel execution on the GPU (the
device). A kernel is a (C) procedure launched by the CPU and running on GPU
and its parallel execution is organized by setting the number of blocks and the
number of threads per block that will be exploited. The host program contains
instructions for device data initialization, grids/blocks/threads configuration,
kernel launch, and retrieval of results. GPUs also exhibit a hierarchical memory
organization. The threads in the same block share data using high-throughput
on-chip shared memory organized in banks of equal dimension. Threads of
different blocks can only share data through the off-chip global memory.

To take full advantage of GPU architecture, one has to: distribute the
workload among the cores to maximize GPU occupancy (exploit all available
device resources) and minimize thread divergence. Existing serial or parallel
solutions need to be substantially re-engineered to become profitably applicable
in the context of GPUs.

Going back to the implementation we are presenting, our CUDA-based con-
straint solver combines two level of parallelism. First, different CSPs are solved
in parallel by different CUDA blocks of the same CUDA kernel. This consists
in following different paths in the solution space. The paths are guaranteed
to be disjoint by the domain-splitting mechanism (see below). Second, each
CSP is processed by the CUDA threads of a block, operating in parallel on its
constraints and domains.

Algorithm 1 shows the (simplified) code of the solving procedure. After
compiling the input CSP (line 2), a collection of active CSPs is allocated in
the GPU’s global memory and is initialized as a set containing the unique gen-
erated internal representation. A loop (starting in line 3) is performed until
unsatisfiability is detected or a solution is found (actually, a number n of so-
lutions can be required by using a command-line option). This part of the
execution is performed on CPU (host). In line 4 a subset bs of the current
collection of active CSPs is selected. The cardinality of this subset is speci-
fied by a command-line option and determines the number of problems that
are processed concurrently by the CUDA blocks: the set CSPs represents a
“pool of problems” to be solved: each block picks a different problem b from
CSPs in order to solve it. Hence, the inner loop (lines 5–11) is executed in
parallel by each CUDA block (on a different problem b) on the GPU (device).
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Each block performs constraint propagation on b until a fixpoint is reached
(line 7). This procedure requires repeated accesses and updates of variable
domains. To improve performance it is executed by exploiting the fast shared
memory available on chip: initially, the threads of the block perform a coales-
cent access to global memory to retrieve the representations of domains. These
representations are stored in shared memory in order to speed up the subse-
quent accesses/updates performed during the propagation loop. During each
propagation loop constraints are applied to the corresponding variable domains
using the rules described in the previous sections.

Each constraint c is processed by ℓ threads —the simple choice is ℓ = 1,
but any value ℓ = 2i, for 0 ≤ i ≤ 5 is possible (recall that a warp is made of
32 threads). The ℓ threads also access the domains of the variables occurring
in c and, if needed, updates their bitmaps. In performing the set-operations
on bitmaps, the different unsigned int composing the same bitmap to be
updated/accessed are updated/accessed in parallel by the different ℓ threads
of the same warp. This allows a better exploitation of SIMT-parallelism and
reduces thread divergence. To avoid race conditions in concurrent accesses,
updates of bitmaps use atomic operations, that, operating on shared memory,
involve little loss in performance.

Let us observe that since each block is scheduled on a different streaming
multiprocessor (SM) of the GPU, its execution is independent from those of
other blocks. The GPU scheduler is enabled to assign problems/blocks to
different SMs, balancing work load and maximizing GPU usage.

When a fixpoint is reached the threads of a block perform a satisfiability
check (line 8). If the CSP at hand, say b, turns out to be unsatisfiable then
it is removed. If b is in solved form (each variable domain is a singleton) the
solution is stored. Otherwise, b is still active and a decision step has to be
performed in order to “shrink” a variable domain. At this point a variable
X is heuristically chosen, for instance by identifying the most constrained one
(alternative heuristics are possible).

• If X is a variable of sort int with domain DX , then the domain is parti-
tioned in two sets and two problems are put in the pool of active problems
in place of b. This opens two branches in the visit of the solution space.
There may be different ways in which DX is partitioned. For instance,
if DX = {x1, x2, . . . , xn} (x1 < x2 < · · · < xn) the two sub-domains
D′

X = {x1} and D′′
X = {x2, . . . , xn} can be considered. Alternatively,

DX could be split in two disjoint sub-domains of sizes ⌊n/2⌋ and ⌈n/2⌉.

• If X is a variable of sort set with domain DX where ⊤X \ ⊥X =
{x1, x2, . . . , xn} then two new problems will replace b. These new prob-
lems differ on the domain of X, namely, the two domains will be such
that D′

X = {s ∈ DX : x1 ∈ s} and D′′
X = {s ∈ DX : x1 /∈ s}.
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Threads Blocks in Time to Speedup
per block propagation solution

32 1 29.24 1
32 2 14.89 1.96
32 4 8.09 3.61
32 8 3.80 7.70
32 16 1.95 15.02
32 32 1.04 28.23
32 64 0.62 47.05
32 128 0.39 75.40
32 256 0.28 103.54
32 512 0.29 101.36
32 1024 0.27 106.74

64 1 27.57 1
64 2 14.10 1.96
64 4 7.07 3.90
64 8 3.61 7.65
64 16 1.85 14.90
64 32 1.00 27.56
64 64 0.59 46.78
64 128 0.40 69.75
64 256 0.37 73.98
64 512 0.32 85.32
64 1024 0.28 97.60

128 1 26.90 1
128 2 13.71 1.96
128 4 6.91 3.89
128 8 3.50 7.68
128 16 1.82 14.76
128 32 0.95 28.45
128 64 0.57 47.55
128 128 0.54 49.49
128 256 0.46 58.03
128 512 0.41 65.01
128 1024 0.38 70.44

256 1 27.13 1
256 2 13.80 1.97
256 4 6.91 3.92
256 8 3.52 7.72
256 16 1.78 15.21
256 32 0.99 27.50
256 64 0.97 28.05
256 128 0.81 33.47
256 256 0.70 38.99
256 512 0.65 41.60
256 1024 0.64 42.16

Table 1: Performance of the solver for different configuration parameters for the instance

Chain(8,9) of the CSP described in Figure 4

Plainly, in both cases, alternative heuristics are possible, even involving
partitioning in more than two sub-problems. Moreover, a choice must be made
when a decision can be made considering both an integer variable and a set
variable. In the current implementation, we always split in two and give priority
to integer variables.

Once the new problems are generated (working in shared memory) the block
stores them back in global memory, so that other blocks can process them.

Notice that, the way in which a problem b is replaced in CSP by two (or
more) new problems corresponds to performing domain cloning. There is not an
explicit management of a stack of choice points. Moreover there is no imposed
order on the active problems in CSPs. Hence, any strategy can be adopted in
selecting bs and in assigning blocks to active problems in bs (cf., lines 4–5 in
Algorithm 1). This, in combination with the selection of the number of blocks
that are launched at each iteration of the loop (line 5), permits to explore in
parallel different multiple paths in the solution space implementing different
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Threads Blocks Comb(5,3,6) Comb(6,2,5)
per block Solving Problems Speedup Solving Problems Speedup

time per second time per second

32 1 99.90 13437 1.00 96.04 13649 1.00
32 2 54.13 24791 1.84 51.20 25596 1.88
32 4 29.83 44961 3.35 27.20 48158 3.53
32 8 15.64 85648 6.37 14.47 90425 6.63
32 16 8.55 156487 11.65 7.92 164965 12.09
32 32 5.41 246666 18.36 4.73 275110 20.16
32 64 3.26 407085 30.30 2.86 453147 33.20
32 128 2.42 546783 40.69 2.19 590055 43.23
32 256 2.03 650867 48.44 1.87 688423 50.44
32 512 1.74 756059 56.27 1.67 771193 56.50
32 1024 1.52 865939 64.44 2.07 622775 45.63

64 1 89.29 15034 1.00 83.04 15786 1.00
64 2 48.13 27883 1.85 43.68 30004 1.90
64 4 25.67 52241 3.47 22.69 57717 3.66
64 8 14.02 95555 6.36 11.61 112610 7.13
64 16 7.42 180307 11.99 6.24 209142 13.25
64 32 4.28 311362 20.71 3.83 339300 21.49
64 64 2.95 449484 29.90 2.72 477109 30.22
64 128 2.37 560089 37.25 2.10 616241 39.04
64 256 1.96 673715 44.81 1.75 737537 46.72
64 512 1.72 767465 51.05 1.63 791213 50.12
64 1024 1.52 865702 57.58 1.41 910306 57.67

128 1 83.70 16037 1.00 77.38 16942 1.00
128 2 44.55 30123 1.88 40.71 32187 1.90
128 4 23.75 56469 3.52 21.15 61916 3.65
128 8 12.43 107742 6.72 10.80 121075 7.15
128 16 6.86 194859 12.15 5.82 224044 13.22
128 32 4.05 328799 20.50 3.64 357031 21.07
128 64 2.86 464232 28.95 2.56 506638 29.90
128 128 2.91 456052 28.44 2.05 631459 37.27
128 256 1.88 703497 43.87 1.77 729807 43.08
128 512 1.69 781315 48.72 1.58 813127 47.99
128 1024 1.46 900412 56.15 1.42 900697 53.16

256 1 76.42 17563 1.00 71.33 18378 1.00
256 2 40.77 32911 1.87 37.32 35111 1.91
256 4 21.41 62629 3.57 19.20 68200 3.71
256 8 11.07 120935 6.89 10.00 130737 7.11
256 16 6.13 217853 12.40 5.52 236077 12.85
256 32 3.75 355279 20.23 3.53 367977 20.02
256 64 2.69 493805 28.12 2.56 506269 27.55
256 128 2.21 598025 34.05 2.01 643814 35.03
256 256 1.85 712850 40.59 1.70 757656 41.23
256 512 1.63 807943 46.00 1.68 765378 41.65
256 1024 1.48 886061 50.45 1.44 889006 48.37

Table 2: Performance of the solver for different configuration parameters for two instances

of the CSP Comb(m,t,n) described in Figure 5 We report the time spent to find all solutions

for Comb(5,3,6) and to detect unsatisfiability of Comb(6,2,5).

search strategy. For example, on the one hand, always launching a single block
operating on the last generated problem implements a depth-first visit. On the
other hand, launching |CSPs| blocks implements breadth-first search. Clearly,
all intermediate strategies are possible.

5.3. The solver at work

The GPU-based solver described so far is a prototype still under development.
Only simple basic heuristics have been implemented in the decision step, in
domain partitioning, and in the selection of active problems to be processed.
Much work has to be done in fully exploiting computing capabilities supported
by modern GPUs, such as Volta’s new independent thread scheduling, L2 cache
management, warp-level communication, cooperative groups, etc. Neverthe-
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%%% Variables: each x[i] and each delta[j] is a set variable:

array [0..m-1] of var set of 1..n: x;

array [0..m-1] of var set of 1..n: delta;

%%% each reps[i] is an int variable:

array [0..m-1] of var 1..n: repr;

%%% Constraints:

constraint forall(i in 0..m-2)

( x[i] subset x[i+1]);

constraint forall(i in 0..m-2)

( delta[i] = x[i+1] diff x[i] /\ repr[i] in delta[i]);

Figure 4: Encoding of instances Chain(m,n)

less, the current implementation exhibits promising performance and scalabil-
ity properties. As a witness of this claim, we report here the outcome of just
some sets of experiments involving significant example. The first CSP we used
is formulated as in Figure 4, where n and m are integer parameters. (We denote
instances of this problem by Chain(n,m).)

We run experiments selecting different values for n and m and varying both
the number of threads in each block and the number of blocks launched by
the solver. We used different GPU, obtaining comparable results. We report
on the experiments run on a server running Ubuntu 20.04.2 equipped with an
Nvidia GeForce GTX 1060 with 6GB of RAM, 10 SMs, 1280 cores, compute
capability 6.1, CUDA Driver v. 11.2, GPU frequency 1.5 GHz.

Table 1 shows the results obtained for n=8 and m=9. The first column
reports the number of threads composing each block. The second column
reports the number of problems/blocks run in parallel (namely, the cardinality
of the set bs, described earlier). The third column shows the time in seconds
needed by the solver to solve the CSP. Finally, the fourth column reports the
speedup obtained by using different number of blocks w.r.t. the run which uses
a single block. This last set of data shows the impact on performance of visiting
multiple paths of the solution space, in parallel. The best improvement is 106x,
obtained launching 1024 parallel blocks, for the case of 32 threads-per-block.
On the other hand, rising the number of threads-per-block seems to have a
negative impact on performance. The best performance is obtained using a
number of threads close to the number of constraints of the CSP. In this case,
choosing 32 threads-per-block represents the best configuration (notice that a
block must include at least one warp, namely, 32 threads). This is because
each constraint is processed by 1 thread (i.e., the parameter ℓ described earlier
is set to 1 in these experiments) and running more threads than the number
of constraints only introduces overhead in their management. The Gecode
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%%% Variables:

int: m=5; int: t=3; int: n=5;

array [0..m-1] of var set of 0..n-1: sets;

array [0..m-1,0..m-1,0..t-1] of var 0..n-1: witn;

%%% Constraints:

constraint

forall(i,j in 0..m-1 where i < j) (sets[i] != sets[j]);

constraint

forall(i,j in 0..m-1 where i < j)

(sets[i] intersect sets[j] = {witn[i,j,k]|k in 1..t});

constraint

forall(i,j in 0..m-1, k in 0..t-2) (witn[i,j,k] < witn[i,j,k+1]);

constraint

forall(i,j in 0..m-1 where i >= j, k in 0..t-1) (witn[i,j,k]=k);

Figure 5: Encoding of instances Comb(m,t,n)

6.3.0 solver of Minizinc with input order and indomain min search heuristics,
running on a faster Windows 10 Desktop with 3.60 GHz i7 CPU finds the first
solution to the instance of the table in 5.6 s.

Results in line with those obtained for the Chain(m,n) instances, have been
obtained for other CSPs. As an example we report in Table 2 the performance
of the solver for two instances of the CSP Comb(m,t,n) described in Figure 5.
Given the integer values m, t, and n, solving this CSP consists in finding, if
possible, m pairwise distinct subsets of {0, ..., n− 1} such that the intersection
of any pair of them is a set of exactly t elements.

Table 2 also reports the number of intermediate problems (generated by
decision steps, see Section 5.2) processed per second, depending on different
configuration parameters of the solver. The Gecode 6.3.0 solver of Minizinc
with input order and indomain min search heuristics, running on a Windows
10 Desktop with 3.60 GHz i7 CPU computes the two instances of the table in
1.73 s and 0.55 s, respectively.

6. Conclusions

In this paper we have presented a first attempt of exploiting the parallelism of-
fered by the widespread hardware available inside most of our desktop and lap-
top computers, namely GPUs, for the research areas introduced by Eugenio G.
Omodeo et al. of computable set theory and programming with sets. Precisely,
we have revised the set constraints procedure originally proposed in [26] and de-
veloped an implementation in GPU using the CUDA programming paradigm.
Results are interesting and experimentally proved to be scalable. As future
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work we would like, on the one side to include more set operations and opti-
mize the encoding, on the other side to embed the proposal within a complete
solver for the Minizinc modeling language.
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Epistemic logics for modeling group
dynamics of cooperative agents, and

aspects of Theory of Mind

Stefania Costantini

Eugenio has been for me a mentor and a friend. I wish to dedicate to him
some verses by the Italian poet Camillo Sbarbaro, dedicated to his father, that
properly and synthetically express my feelings for Eugenio (though he is not
my father): “Padre, se anche tu non fossi il mio padre, se anche fossi a me

un estraneo, per te stesso egualmente t’amerei.”

Abstract. Logic has been proved useful to model various aspects of the
reasoning process of agents and Multi-Agent Systems (MAS). In this
paper, we report about a line of work carried on in cooperation with
Andrea Formisano (former Eugenio’s Ph.D. student) and Valentina
Pitoni, to explore some social aspects of such systems. The aim is to
formally model (aspects of) the group dynamics of cooperative agents.
We have proposed a particular logical framework (the Logic of “Infer-
able” L-DINF), where a group of cooperative agents can jointly perform
actions. I.e., at least one agent of the group can perform the action,
either with the approval of the group or on behalf of the group. We have
been able to take into consideration actions’ cost, and the preferences
that each agent may have for what concerns performing each action.
Our focus is on: (i) explainability, i.e., the syntax of our logic is es-
pecially devised to make it possible to transpose a proof into a natural
language explanation, in the perspective of trustworthy Artificial In-
telligence (AI); (ii) the capability to construct and execute joint plans
within a group of agents; (iii) the formalization of aspects of the Theory
of Mind, which is an important social-cognitive skill that involves the
ability to attribute mental states, including emotions, desires, beliefs,
and knowledge both one’s own and those of others, and to reason about
the practical consequences of such mental states; this capability is very
relevant when agents have to interact with humans, and in particular in
robotic applications; (iv) connection between theory and practice, so as
to make our logic actually usable by systems’ designers. In this paper,
we summarize our past work and propose some discussions, possible
extensions and considerations.

Keywords: Epistemic logic, agents and multi-agent systems, theory of mind.
MS Classification 2020: 03-02, 03B42, 03B45, 03B70.
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1. Introduction

The metaphor adopted in Artificial Intelligence (AI) to model societies whose
members are to some extent cooperative towards each other is that of agents
and Multi-Agent Systems (MAS). Agents, in fact, can be either cooperative
or competitive. In the cooperative case, the agents pursue common goals,
can share to some extent their private knowledge, and can expect benevolent
intentions from other agents. Agents in a competitive MAS setting have instead
non-aligned goals, and individual agents seek only to maximize their own gains.
In our work we have focused on the former case1. To achieve better results via
cooperation, agents belonging to a MAS must be able to reason about what
a group of agents can do, because it is often the case that a group can fulfil
objectives that are out of reach for the single agent: each participating agent,
in fact, may not in general be able to solve a whole problem or reach an overall
goal by itself, rather, often it can only cope with small subproblems/subgoals,
for which it has the required competences. The overall result/goal is, in general,
accomplished by means of cooperation with other agents. In the course of the
cooperation, an agent may have to bid for solving some aspect of the problem or
perform some action instead of some other one, or to negotiate with other agents
for the distribution of tasks. Several agent-oriented programming languages
and systems exist, many of them based upon computational logic (cf., e.g.,
[3, 4, 19] for recent surveys on such languages), and thus endowed (at least in
principle) with a logical semantics.

Many kinds of logical frameworks can be found in the literature, which try
to emulate cognitive aspects of human beings, also from the cooperative point
of view. In our past work (joint work with Andrea Formisano and Valentina
Pitoni) [10, 11, 13], we defined the new Logic of “Inferable”, called L-DINF, as
an extension of an existing logic by Lorini & Balbiani [2], which considers an
agent in the context of some cooperative group(s). We introduced conditions
for the cooperative executability of physical actions taking into account feasi-
bility, costs and budget, and also preferences of single agents concerning their
willingness to execute actions that they are allowed to do.

A relevant feature of our approach is that the conditions concerning whether
an agent (and thus its group) is allowed to execute some action, and to which
extent it is willing to perform it, are not specified in the logical theory defining
an agent: rather, we envisage separate modules from which the agent’s logical
theory “inputs” the results. Such modules might be specified in some other
logic or also, pragmatically, via pieces of code whenever, e.g., feasibility of
actions should be verified according to agents’ environmental conditions.

1In practice however, agents in a system can show a wide range of behaviors that may
either be cooperative or competitive, depending on their present circumstances.
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The rationale of this approach can be exposed as follows. On the one hand,
logic is a good tool to express the semantics underlying (aspects of) agent-
oriented programming languages, as it allows properties of the behaviour of an
agent or a group of agents to be expressed and proved. To this aim however,
it is important to keep the complexity of the logic low enough to be practi-
cally manageable. Modularity is an important property to ensure, as it allows
programmers to better organize the definition of the application at hand, and
allows an agent-systems’ definition to be more flexible and customizable. As
notable examples, in [14] it is shown how an agent behaviour can significantly
change by leaving its ‘main’ definition unchanged, while modifying only its com-
munication modalities, i.e., which kind of messages, and from/to whom, the
agent is available to manage. In [22], it is shown that a different sequencing and
duration of agent’s activities determines a very different ‘external’ behaviour,
again over the same main program. Moreover, modularity can be an advantage
for explainability, in the sense of making the explanation itself modular.

So, our approach aims to combine the rigour of logic and the flexibility of
modularity. We allow one to define in a separate way which actions are allowed
for each agent to perform at each stage, and with which degree of preference.
A programmer will then be able to define suitable pieces of code specifying
where, when, and why each action is indeed allowed, and, possibly, which is
the ‘rationale’ of a certain degree of preference of an agent in performing an
action. Thus, modular changes to the conditions for actions to be enabled and
to the reasons for an agent’s preference to perform or not an action, may affect
in a relevant way the behaviour of both an agent and the group(s) to which it
belongs.

In the original formulation of L-DINF, we considered the notion of exe-
cutability of agents’ inferential actions (also called mental actions). In our
approach, when an agent belongs to a group, if that agent is not able to per-
form an intended action which in principle it should be able to perform, it may
be supported by its group. The reason for not being able can be that an action
may require resource consumption (and hence, involve a cost). So, in order
to execute an action the agent must possess the necessary budget, or borrow
it from the group. We then extended the logic by introducing further possi-
bilities of solidarity between the members of a cooperative group of agents, in
particular to support each other in performing actions in place of some other
agent who is not enabled or not wishing to do that itself. In this extension,
the reason of not being able to perform an action can be that the agent is not
allowed to perform that action in the present state; moreover, the agent might
be allowed and still not willing to execute that action.

‘Our’ agents are aware of themselves, of the group they belong to, and
possibly of other groups. Since we assume that agents belonging to a group
are cooperative with respect to action execution, an action can be executed
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by the group if at least one agent therein is able and allowed and willing to
execute it, and the group can bear (in some way) the cost. In case more agents
can perform an action, the one who is best willing will be selected, based on a
concept of preference.

In [10], we have thoroughly discussed the relationship of logic L-DINF with
related work, emphasizing that this logic draws inspiration from the concepts
of Theory of Mind [20] and of Social Intelligence [21].

We are also indebted to [18], concerning the point of view that an agent
reaches a certain belief state by performing inferences, and that making infer-
ences takes time. We tackled the issue of time in previous work, discussed in
[9, 12, 23]. Differently from these works however, in L-DINF inferential ac-
tions are represented both at the syntactic level, via dynamic operators in the
DEL style, and at a semantic level as neighborhood-update operations. Also,
L-DINF enables an agent to reason on executability of inferential actions. We
try to introduce (even though the formalization is not complete yet) the con-
cept that an action may take a certain number of steps in order to be enabled
or suitable for execution.

One relevant aim of this work is to take into account the relationship be-
tween the semantic and the practical aspects of agents’ specification and engi-
neering, which is often neglected, thus leading to an undesirable (in our view)
detachment between theory and practice. Therefore, we provide action-related
reserved syntax, specifying explicitly what an agent can do, does, and has done,
or to which degree it is willing to perform the feasible actions. For some of these
expressions we assume a “semantic attachment” to the external environment
in which an agent will be situated, i.e., some kind of sensor/actuator device
which actually performs actions, which is opaque at the logical level but in our
view still needs representation (we were inspired by the discussion, that goes
way back to a long time ago, proposed in [25]). This approach is aimed at
making the formalization more complete and comprehensible for developers,
and intends to improve explainability of an agent’s operation, by being able
to translate logical proofs into natural language expressions that are intelli-
gible to human users, also thanks to the explicit standard representations of
action-related aspects.

A long-term goal is to formalize in our logic aspects of the “Theory of Mind”
(ToM), which is an important social-cognitive skill that involves the ability to
attribute mental states, including emotions, desires, beliefs, and knowledge, to
oneself and to others, and to reason about the practical consequences of such
mental states. Theory of Mind (ToM), developed originally by Philosophers
and Psychologists, is starting to be applied to robotics, and some suitable
logics are being developed [16]. In fact, with the arrival of “service robots”
devised to support users in their everyday tasks (e.g., in eHealth applications,
robots may support on the one hand patients, by reminding them to take their
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medicines and by providing advice and reassurance, and on the other hand
doctors, by constantly monitoring the user’s vital parameters, and by creating
alerts whenever necessary). In order to render these robots acceptable and even
appreciated by users, they will have to be programmed so as to mimic basic
social skills and behave in a socially acceptable manner, which means that their
behaviour is to some extent predictable by the user, as it conforms to social
standards. Theory of Mind is linked to affective computing (which is a set of
techniques able to elicit a human’s emotional states from physical signs), to
enable the system to respond intelligently to human emotional feedback, and
to enhance ToM activities by providing it with perceptions related to the user’s
emotional signs.

The paper is organized as follows. Section 2 introduces syntax and seman-
tics of L-DINF, together with an axiomatization of the proposed logical system.
In Section 3 we present an example of application of the new logic. Canoni-
cal models, and the proof of strong completeness of the logic, are discussed in
Section 4. In Section 5 we introduce interesting possible future developments:
namely, we discuss the possibility of formalizing the fact that a goal is meant
to be reached (or has been reached) within a certain number of steps, and we
outline how to extend our logic so as to model significant aspects of the Theory
of Mind. Finally, in Section 6 we conclude.

2. Logical framework

L-DINF is a logic which consists of a static component and a dynamic one. The
static component, called L-INF, is a logic of explicit beliefs and background
knowledge. The dynamic component, called L-DINF, extends the static one
with dynamic operators capturing the consequences of the agents’ inferential
actions on their explicit beliefs as well as a dynamic operator capturing what
an agent can conclude by performing some inferential action in her repertoire.

2.1. Syntax of L-DINF

Let Atm = {p, q, . . .} be a countable set of atomic propositions. By Prop we
denote the set of all propositional formulas, i.e. the set of all Boolean formulas
built out of the set of atomic propositions Atm. A subset AtmA of the atomic
propositions represent the physical actions that an agent can perform, including
“active sensing” actions (e.g., “let’s check whether it rains”, “let’s measure the
temperature”). Below, let ϕA ∈ AtmA. Let d, dmax ∈ N where 0 ≤ d ≤ dmax.
Moreover, let Agt be a set of agents. The language of L-DINF, denoted by
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LL-DINF, is defined by the following grammar in Backus-Naur form:

φ,ψ ::= p | ¬φ | φ ∧ ψ | Bi φ | Ki φ |
doi(ϕA) | doPi (ϕA) | can doi(ϕA) | pref doi(ϕA, d) |
doG(ϕA) | doPG(ϕA) | can doG(ϕA) | pref doG(i, ϕA) |
intend i(ϕA) | intendG(ϕA) | execi(α) | execG(α) | [G : α]φ

α ::= ⊢(φ,ψ) | ∩(φ,ψ) | ↓(φ,ψ)

where p ranges over Atm and i ∈ Agt . (Other Boolean operators are defined
from ¬ and ∧ in the standard manner.)

The language of inferential actions (or “mental actions”) of type α is de-
noted by LACT. Plainly, the static part L-INF of L-DINF, includes only those
formulas not having sub-formulas of type α, namely, no inferential operation is
admitted.

Notice the expression intend i(ϕA), where it is required that ϕA ∈ AtmA.
This expression indicates the intention of agent i to perform action ϕA in the
sense of the BDI agent model [24]. This intention can be part of an agent’s
knowledge base from the beginning, or it can be derived later. In this paper,
we do not cope with the formalization of BDI, for which the reader may refer,
e.g., to [17]. So, we will treat intentions rather informally, assuming also that
intendG(ϕA) holds whenever all agents in group G intend to perform action ϕA.

The expressions can doi(ϕA) and pref doi(ϕA, d) (where it is required that
ϕA ∈ AtmA) are closely related to doi(ϕA). In fact, can doi(ϕA) is to be seen as
an enabling condition, indicating that agent i is enabled to execute action ϕA,
while instead pref doi(ϕA, d) indicates the level d of preference/willingness of
agent i to perform that action. pref doG(i, ϕA) indicates that agent i exhibits
the maximum level of preference on performing action ϕA within all group
members. Notice that, if a group of agents intends to perform an action ϕA,
this will entail that the entire group intends to do ϕA, that will be enabled to
be actually executed only if at least one agent i ∈ G can do it, i.e., it can derive
can doi(ϕA).

doi(ϕA), where again it is required that ϕA ∈ AtmA, indicates actual execu-
tion of action ϕA by agent i, automatically recorded by the new belief doPi (ϕA)
(postfix “P” standing for “past” action). In fact, do and doP (and similarly
doG and doP

G) are not axiomatized, as they are realized by what has been called
in [25] a semantic attachment, i.e., a procedure which connects an agent with
its external environment in a way that is unknown at the logical level. The
axiomatization concerns only the relationship between doing and being enabled
to do.

Unlike explicit beliefs, an agent’s background knowledge is assumed to
satisfy omniscience principles, such as closure under conjunction and known
implication, and closure under logical consequence, and introspection. More
specifically, Ki is nothing but the well-known S5 modal operator often used
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to model/represent knowledge. The assumption that background knowledge is
closed under logical consequence is justified because we conceive it as a kind
of stable reliable knowledge base. The background knowledge, in our view,
includes facts (formulas) known by the agent from the beginning, plus facts
the agent decided to store in her long-term memory (by means of some deci-
sion mechanism not treated here, after having processed them in her working
memory), as well their logical consequences. To our present aims however, we
assume background knowledge to be irrevocable, in the sense of being stable
over time.

A formula of the form [G : α]φ, with G ∈ 2Agt , and where α must be an
inferential action, states that “φ holds after action α has been performed by
at least one of the agents in G, and all agents in G have common knowledge
about this fact”.

Remark 2.1. If an inferential action is performed by an agent i ∈ G, the other
agents belonging to the same group G have full visibility of this action and,
therefore, as we suppose agents to be cooperative, it is as if they had performed
the action themselves.

Borrowing from [1], we distinguish four types of mental actions α which
allow us to capture some of the dynamic properties of explicit beliefs and
background knowledge: ⊢(φ,ψ), ∩(φ,ψ) and ↓(φ,ψ). These actions characterize
the basic operations of forming explicit beliefs via inference:

• ↓(φ,ψ) is the inferential action which consists in inferring ψ from φ in
case φ is believed and, according to agent’s background knowledge, ψ is
a logical consequence of φ. In other words, by performing this inferential
action, an agent tries to retrieve from her background knowledge in long-
term memory the information that φ implies ψ and, if she succeeds, she
starts believing ψ;

• ∩(φ,ψ) is the inferential action which closes the explicit belief φ and the
explicit belief ψ under conjunction. In other words, ∩(φ,ψ) characterizes
the inferential action of deducing φ∧ψ from the explicit belief φ and the
explicit belief ψ;

• ⊣(φ,ψ) is the inferential action that performs a simple form of “belief revi-
sion”, i.e., removes ψ from the working memory in case φ is believed and,
according to agent’s background knowledge, ¬ψ is logical consequence of
φ. Both ψ and φ are required to be ground atoms.

• ⊢ (φ,ψ) is the inferential action which adds ψ to the working memory
in case φ is believed and, according to agent’s working memory, ψ is
logical consequence of φ. This last action operates directly on the working
memory without retrieving anything from the background knowledge.
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Formulas of the forms execi(α) and execG(α) express executability of infer-
ential actions either by agent i, or by group G of agents (which is a consequence
of any of the group members being able to execute the action). It has to be
read as: “α is an inferential action that agent i (resp. an agent in G) can
perform”.

Remark 2.2. In the mental actions ⊢(φ,ψ) and ↓(φ,ψ), the formula ψ which
is inferred and asserted as a new belief can be can doi(ϕA) or doi(ϕA), which
denotes the actual [possibility of] execution of physical action ϕA. In fact, we
assume that when inferring doi(ϕA) (from can doi(ϕA) and possibly other con-
ditions) the action is actually executed (and the corresponding belief doPi (ϕA)
is asserted, possibly augmented with a time-stamp). Actions are supposed
to succeed by default, in case of failure a corresponding failure event will be
perceived by the agent. The doPi beliefs constitute a history of the agent’s
operation, so they might be useful for the agent to reason about its own past
behavior, and/or, importantly, they may be useful to provide explanations to
human users.

Remark 2.3. Explainability in our approach can be directly obtained from
proofs. Let us assume for simplicity that inferential actions can be represented
in infix form as φn OP φn+1. Also, execi(α) means that the mental action α is
executable by agent i and is indeed executed. If, for instance, the user wants an
explanation of why the action ϕA has been performed, the system can respond
by exhibiting the proof that has lead to ϕA, put in the explicit form:
(execi(φ1OP1 φ2) ∧ . . . ∧ (execi(φn−1OPn φn)∧
(execi(φnOPn can doi(ϕA)) ∧ (execi(intendi(ϕA) ∧ can doi(ϕA) ⊢ doi(ϕA))
where each OPi is one of the (mental) actions discussed above. The proof can
possibly be translated into natural language, and declined either top-down or
bottom-up.

As said in the Introduction, we model agents which, to execute an action,
may have to pay a cost, so they must have a consistent budget available. Our
agents, moreover, are entitled to perform only those physical actions that they
conclude they can do. In our approach, agents belong to groups (where the
smallest possible group is the single agent), where agents belonging to a group
are by definition cooperative. With respect to action execution, an action can
be executed by the group if at least one agent in the group is able to execute it,
and the group has the necessary budget available, sharing the cost according
to some policy. The cooperative nature of our agents manifests itself also
in selecting, among the agents that are able to do some physical action, the
one(s) which best prefer to perform that action. We do not have introduced
costs and budget, feasibility of actions and willingness to perform them in the
language for two reasons: to keep the complexity of the logic reasonable, and
to make such features customizable in a modular way. In fact, we intend to use
this logic in practice, to formalize memory in DALI agents, where DALI is a
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logic-based agent-oriented programming language [5, 6, 15]. So, computational
effectiveness and modularity are crucial. Assuming that agents share the cost
is reasonable when agents share resources, or cooperate to a common goal,
as discussed, e.g., in [7, 8]. In fact, by making the assumption that agents
are cooperative, we also assume that they are aware of and agree with the
cost-sharing policy. So, as seen below, costs and budget are coped with at
the semantic level. Variants of the logic can be easily worked out, where the
modalities of cost sharing are different from the one shown here, where the
group members share an action cost in equal parts. Below we indicate which are
the points that should be modified to change the cost-sharing policy. Moreover,
for brevity we introduce a single budget function, and thus, implicitly, a single
resource to be spent. Several budget functions, each one concerning a different
resource, might be plainly defined.

2.2. Semantics

Definition 2.4 introduces the notion of L-INF model, which is then used to
introduce semantics of the static fragment of the logic. As before let Agt be
the set of agents.

Definition 2.4. A model is a tuple M = (W,N,R, E,B,C,A, P, V ) where:

• W is a set of worlds (or situations);

• R = {Ri}i∈Agt is a collection of equivalence relations onW : Ri ⊆W×W
for each i ∈ Agt;

• N : Agt × W −→ 22
W

is a neighborhood function such that, for each
i ∈ Agt, each w, v ∈W , and each X ⊆W these conditions hold:

(C1) if X ∈ N(i, w) then X ⊆ {v ∈W | wRiv},
(C2) if wRiv then N(i, w) = N(i, v);

• E : Agt×W −→ 2LACT is an executability function of mental actions such
that, for each i ∈ Agt and w, v ∈W , it holds that:

(D1) if wRiv then E(i, w) = E(i, v);

• B : Agt ×W −→ N is a budget function such that, for each i ∈ Agt and
w, v ∈W , the following holds

(E1) if wRiv then B(i, w) = B(i, v);

• C : Agt ×LACT ×W −→ N is a cost function such that, for each i ∈ Agt,
α ∈ LACT, and w, v ∈W , it holds that:
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(F1) if wRiv then C(i, α, w) = C(i, α, v);

• A : Agt ×W −→ 2AtmA is an executability function for physical actions,
such that, for each i ∈ Agt and w, v ∈W , it holds that:

(G1) if wRiv then A(i, w) = A(i, v);

• P : Agt×W×AtmA −→ Int is a preference function for physical actions
α such that, for each i ∈ Agt and w, v ∈W , it holds that:

(H1) if wRiv then P (i, w, α) = P (i, v, α);

• V :W −→ 2Atm is a valuation function.

To simplify the notation, let Ri(w) denote the set {v ∈ W | wRiv}, for
w ∈ W . The set Ri(w) identifies the situations that agent i considers possible
at world w: i.e., it represents the epistemic state of agent i at w. In cognitive
terms, Ri(w) can be conceived as the set of all situations that agent i can
retrieve from her long-term memory and reason about.

While Ri(w) concerns background knowledge, N(i, w) is the set of all facts
that agent i explicitly believes at world w, a fact being identified with a set of
worlds. Hence, if X ∈ N(i, w) then, the agent i has fact X under the focus of
her attention and believes it. We say that N(i, w) is the explicit belief set of
agent i at world w.

The executability of inferential actions is determined by function E. For
an agent i, E(i, w) is the set of inferential actions that agent i can execute at
world w. The value B(i, w) is the budget the agent has available to perform
inferential actions. Similarly, the value C(i, α, w) is the cost to be paid by
agent i to execute the inferential action α in the world w.

The executability of physical actions is determined by function A. For
an agent i, A(i, w) is the set of physical actions that agent i can execute at
world w.

The agent’s preference on executability of physical actions is determined by
function P . For an agent i, and a physical action α, P (i, w, α) is an integer
value d indicating the degree of willingness of agent i to execute such action at
world w.

Constraint (C1) imposes that agent i can have explicit in her mind only
facts which are compatible with her current epistemic state. Moreover, accord-
ing to constraint (C2), if a world v is compatible with the epistemic state of
agent i at world w, then agent i should have the same explicit beliefs at w and v.
In other words, if two situations are equivalent as concerns background knowl-
edge, then they cannot be distinguished through the explicit belief set. This
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aspect of the semantics can be extended in future work to allow agents to make
plausible assumptions. Analogous properties are imposed by constraints (D1),
(E1), and (F1). Namely, (D1) imposes that agent i always knows which in-
ferential actions she can perform and those she cannot. (E1) states that agent
i always knows the available budget in a world (potentially needed to perform
actions). (F1) determines that agent i always knows how much it costs to per-
form an inferential action. (G1) and (H1) determine that an agent i always
knows which physical actions she can perform and those she cannot, and with
which degree of willingness.

Truth values for formulas of L-DINF are inductively defined as follows.
Given a model M = (W,N,R, E,B,C,A, P, V ), i ∈ Agt , G ⊆ Agt , w ∈ W ,
and a formula φ ∈ LL-INF, we introduce the following shorthand notation:

∥φ∥Mi,w = {v ∈W : wRiv and M,v |= φ}

whenever M, v |= φ is well-defined (see below). Then, we set:

• M,w |= p iff p ∈ V (w)

• M,w |= execi(α) iff α ∈ E(i, w)

• M,w |= execG(α) iff there exists i ∈ G with α ∈ E(i, w)

• M,w |= can doi(ϕA) iff α ∈ A(i, w)

• M,w |= can doG(ϕA) iff there exists i ∈ G with α ∈ A(i, w)

• M,w |= pref doi(ϕA, d) iff ϕA ∈ A(i, w) and P (i, w, ϕA) = d

• M,w |= pref doG(i, ϕA) iff M,w |= pref doi(ϕA, d) and
d = max{P (j, w, ϕA)|j ∈ G ∧ ϕA ∈ A(j, w)}

• M,w |= ¬φ iff M,w ̸|= φ

• M,w |= φ ∧ ψ iff M,w |= φ and M,w |= ψ

• M,w |= Bi φ iff ||φ||Mi,w ∈ N(i, w)

• M,w |= Ki φ iff M,v |= φ for all v ∈ Ri(w)

As seen above, a physical action can be performed by a group of agents if at
least one agent of the group can do it, and the level of preference for performing
this action is set to the maximum among those of the agents enabled to do this
action. For any inferential action α performed by any agent i, we set:

• M,w |= [G : α]φ iff M [G:α], w |= φ
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where we put M [G:α] = ⟨W ;N [G:α],R, E,B[G:α], C,A, P, V ⟩, representing the
fact that the execution of an inferential action α affects the sets of beliefs of
agent i and modifies the available budget. Such operation can add new beliefs
by direct perception, by means of one inference step, or as a conjunction of
previous beliefs. Hence, when introducing new beliefs (i.e., performing mental
actions), the neighborhood must be extended accordingly.

A key aspect in the definition of the logic is the following, which states
under which conditions, and by which agent(s), an action may be performed.

enabledw(G,α) ↔ ∃j ∈ G (α ∈ E(j, w) ∧ C(j,α,w)
|G| ≤ minh∈GB(h,w)).

This condition, as defined above, expresses the fact that an an inferential
action is enabled when: at least one agent can perform it; and the “payment”
due by each agent, obtained by dividing the action’s cost equally among all
agents of the group, is within each agent’s available budget. In case more than
one agent in G can execute an action, we implicitly assume that the agent
j performing the action is the one corresponding to the lowest possible cost.
Namely, j is such that C(j, α, w) = minh∈G C(h, α,w). This definition reflects
a parsimony criterion reasonably adoptable by cooperative agents sharing a
crucial resource such as, e.g., energy or money. Other choices might be vi-
able, so variations of this logic can be easily defined simply by devising some
other enabling condition and, possibly, introducing differences in neighborhood
update. Notice that the definition of the enabling function basically specifies
the “role” that agents take while concurring with their own resources to ac-
tions’ execution. Also, in case of specification of different resources, different
corresponding enabling functions should be defined.

Our contribution to modularity is that functions A and P , i.e., executability
of physical actions and preference level of an agent concerning physical action
execution are not meant to be built-in. Rather they can be defined via separate
sub-theories, possibly defined using different logics, or, in a practical approach,
via pieces of code. This approach can be extended to function C, i.e., the cost
of mental actions instead of being fixed (like in our previous work) may vary
and computed upon need.

2.3. Belief Update

In this kind of logic, updating an agent’s beliefs accounts to modify the neigh-
borhood of the present world. The updated neighborhood N [G:α] resulting from
execution of a mental action α by a group of agents is as follows. A key point
is that of the update of each agent’s budget, which decreases when part of it
is spent to perform α.
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N [G:↓(ψ,χ)](i, w) =


N(i, w) ∪ {||χ||Mi,w} if i ∈ G and enabledw(G, ↓(ψ, χ))

and M,w |= Biψ ∧Ki(ψ → χ)

N(i, w) otherwise

N [G:∩(ψ,χ)](i, w) =


N(i, w) ∪ {||ψ ∧ χ||Mi,w} if i ∈ G and enabledw(G,∩(ψ,χ))

and M,w |= Biψ ∧Biχ

N(i, w) otherwise

N [G:⊣(ψ,χ)](i, w) =


N(i, w) \ {||χ||Mi,w} if i ∈ G and enabledw(G,⊢ (ψ,χ))

and M,w |= Biψ ∧Ki(ψ → ¬χ)
N(i, w) otherwise

N [G:⊢(ψ,χ)](i, w) =


N(i, w) ∪ {||χ||Mi,w} if i ∈ G and enabledw(G,⊢ (ψ,χ))

and M,w |= Biψ ∧Bi(ψ → χ)

N(i, w) otherwise

Notice that after an inferential action α has been performed by an agent
j ∈ G, all agents i ∈ G see the same update in the neighborhood. Conversely,
for any agent h ̸∈ G the neighborhood remains unchanged (i.e., N [G:α](h,w) =
N(h,w)). However, even for agents in G, the neighborhood remains unchanged
if the required preconditions, on explicit beliefs, knowledge, and budget, do not
hold (and hence the action is not executed). Notice also that we might devise
variations of the logic by making different decisions about neighborhood update
to implement, for instance, partial visibility within a group.

Since each agent in G has to contribute to cover the costs of execution by
consuming part of its available budget, an update of the budget function is
needed. We assume however that only inferential actions that add new beliefs
have a cost. I.e., forming conjunction and performing belief revision are actions
with no cost. As before, for an action α, we require enabledw(G,α) to hold
and assume that j ∈ G executes α. Then, depending on α, we have:

B[G:↓(ψ,χ)](i, w) =


B(i, w)− C(j,↓(ψ,χ),w)

|G| if i ∈ G and enabledw(G, ↓(ψ, χ)) and
M,w |= Biψ ∧Ki(ψ → χ)

B(i, w) otherwise

B[G:⊢(ψ,χ)](i, w) =


B(i, w)− C(j,⊢(ψ,χ),w)

|G| if i ∈ G and enabledw(G,⊢ (ψ,χ)) and

M,w |= Biψ ∧Bi(ψ → χ)

B(i, w) otherwise

We write |=L-DINF φ to denote that M,w |= φ holds for all worlds w of
every model M .

We introduce below relevant consequences of our formalization. For lack of
space we omit the proof, that can be developed analogously to what done in
previous work [10].
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Property As consequence of previous definitions, for any set of agents G and
each i ∈ G, we have the following:

• |=L-INF (Ki(φ→ ψ)) ∧Bi φ) → [G : ↓(φ,ψ)]Bi ψ.

Namely, if an agent has φ among beliefs andKi(φ→ ψ) in its background
knowledge, then as a consequence of the action ↓(φ,ψ) the agent and any
group G to which it belongs start believing ψ.

• |=L-INF (Ki(φ→ ¬ψ)) ∧Bi φ) → [G : ⊣(φ,ψ)]¬Bi ψ.

Namely, if an agent has φ among beliefs andKi(φ→ ψ) in its background
knowledge, then as a consequence of the action ↓(φ,ψ) the agent and any
group G to which it belongs stop believing ψ.

• |=L-INF (Biφ ∧Biψ) → [G : ∩(φ,ψ)]Bi(φ ∧ ψ).
Namely, if an agent has φ and ψ as beliefs, then as a consequence of
the action ∩(φ,ψ) the agent and any group G to which it belongs starts
believing φ ∧ ψ.

• |=L-INF (Bi(φ→ ψ)) ∧Bi φ) → [G : ⊢(φ,ψ)]Bi, ψ.

Namely, if an agent has φ among its beliefs and Bi(φ→ ψ) in its working
memory, then as a consequence of the action ⊢(φ,ψ) the agent and any
group G to which it belongs starts believing ψ.

2.4. Axiomatization

Below we introduce the axiomatization of our logic.
The L-INF and L-DINF axioms and inference rules are the following:

1. (Ki φ ∧Ki(φ→ ψ)) → Ki ψ;

2. Ki φ→ φ;

3. ¬Ki(φ ∧ ¬φ);
4. Ki φ→ KiKi φ;

5. ¬Ki φ→ Ki ¬Ki φ;

6. Bi φ ∧Ki (φ↔ ψ) → Bi ψ;

7. Bi φ→ KiBi φ;

8.
φ

Ki φ
;

9. [G : α]p↔ p;

10. [G : α]¬φ↔ ¬[G : α]φ;

11. execG(α) → Ki (execG(α));

12. [G : α](φ ∧ ψ) ↔ [G : α]φ ∧ [G : α]ψ;
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13. [G : α]Ki φ↔ Ki ([G : α]φ);

14. [G : ↓(φ,ψ)]Bi χ↔ Bi ([G : ↓(φ,ψ)]χ) ∨
(
(Bi φ ∧Ki (φ→ ψ))

∧Ki ([G : ↓(φ,ψ)]χ↔ ψ)
)
;

15. [G : ∩(φ,ψ)]Bi χ↔ Bi ([G : ∩(φ,ψ)]χ) ∨
(
(Bi φ ∧Bi ψ)

∧Ki [G : ∩(φ,ψ)]χ↔ (φ ∧ ψ)
)
;

16. [G : ⊢(φ,ψ)]Bi χ↔ Bi ([G : ⊢(φ,ψ)]χ) ∨
(
(Bi φ ∧Bi (φ→ ψ))

∧Bi ([G : ⊢(φ,ψ)]χ↔ ψ)
)
;

17. intendG(ϕA) ↔ ∀i ∈ G intendi(ϕA) ;

18. doG(ϕA) → can doG(ϕA) ;

19. doi(ϕA) → can doi(ϕA) ;

20.
ψ↔χ

φ↔φ[ψ/χ]
.

We write L-DINF⊢φ to denote that φ is a theorem of L-DINF.
It is easy to verify that the above axiomatization is sound for the class

of L-INF models, namely, all axioms are valid and inference rules preserve
validity. In particular, soundness of axioms 14–16 immediately follows from
the semantics of [G : α]φ, for each inferential action α, as previously defined.

Notice that, by abuse of notation, we have axiomatized the special predi-
cates concerning intention and action enabling. Axioms 17–19 concern in fact
physical actions, stating that: what is intended by a group of agents is intended
by them all; and, neither an agent nor a group of agents can do what they are
not enabled to do. Such axioms are not enforced by the semantics, but are
supposed to be enforced by a designer’s/programmer’s encoding of parts of an
agent’s behaviour. In fact, axiom 17 enforces agents in a group to be cooper-
ative. Axioms 18 and 19 ensure that agents will attempt to perform actions
only of their preconditions are satisfied, i.e., if they can do them. We do not
handle such properties in the semantics as done, e.g., in dynamic logic, because
we want agents’ definition to be independent of the practical aspect, and vice
versa we intend to introduce flexibility in the definition of such parts.

3. Problem Specification and Inference: an Example

In this section we propose an example of problem specification and inference in
L-DINF. Consider a group of n agents, e.g., three, who are siblings or friends,
who decide to act together in order to renovate some property, e.g., a cot-
tage where to spend weekends. In order to save money and time they aim
to contribute at practical work, to the extent of their capabilities. Prior to
starting the activities, they agree upon sustaining costs in equal parts. They
know that one of them is able to repair the roof, while the other two are both
able to redecorate the walls and replace the carpet, but one of the two would
clearly prefer the former task. Below we show how our logic is able to represent
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the situation, and the proceedings of this work. For the sake of simplicity of
illustration and of brevity, the example is in “skeletal” form.

Each agent will initially have the factKi(intendG(renovate)) (implicitly, the
cottage) in its knowledge base. The physical actions that agents can perform
are the following:

buy-material , redecorate-walls, repair -roof , replace-carpet . (1)

Assume that the knowledge base of each agent i contains the following rule,
that specifies how to reach the intended goal in terms of actions to perform:

Ki(intendG(renovate) → intendG(buy-material) ∧ intendG(repair -roof )∧
intendG(replace-carpet) ∧ intendG(redecorate-walls))

By axiom 17 listed in previous section, every agent will also have the specialized
rule

Ki(intendi(renovate) → intendi(buy-material) ∧ intendi(repair -roof )∧
intendi(replace-carpet) ∧ intendi(redecorate-walls))

Therefore, the following is entailed for each of the agents (1 ≤ i ≤ 3):

Ki(intendi(renovate) → intendi(buy-material))
Ki(intendi(renovate) → intendi(repair -roof ))
Ki(intendi(renovate) → intendi(replace-carpet))
Ki(intendi(renovate) → intendi(redecorate-walls))

Assume now that the knowledge base of each agent i contains also the
following general rules, stating that the group is available to perform each of
the necessary actions.

Ki(intendG(buy-material) ∧ can doG(buy-material)∧
pref doG(i , buy-material) → doG(buy-material))

Ki(intendG(repair -roof ) ∧ can doG(repair -roof )∧
pref doG(i , repair -roof ) → doG(repair -roof ))

Ki(intendG(replace-carpet) ∧ can doG(replace-carpet)∧
pref doG(i , replace-carpet) → doG(replace-carpet))

Ki(intendG(redecorate-walls) ∧ can doG(redecorate-walls)∧
pref doG(i , redecorate-walls) → doG(redecorate-walls))

As before, by axiom 17 such rules can be specialized to each single agent 1, 2, 3.

Ki(intendi(buy-material) ∧ can doi(buy-material)∧
pref doG(i , buy-material) → doi(buy-material))

Ki(intendi(repair -roof ) ∧ can doi(repair -roof )∧
pref doG(i , repair -roof ) → doi(repair -roof ))

Ki(intendi(replace-carpet) ∧ can doi(replace-carpet)∧
pref doG(i , replace-carpet) → doi(replace-carpet))

Ki(intendi(redecorate-walls) ∧ can doi(redecorate-walls)∧
pref doG(i , redecorate-walls) → doi(redecorate-walls))
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As previously stated, whenever an agent derives doi(ϕA) for any physical
action ϕA, the action is supposed to have been performed via some kind of
semantic attachment which links the agent to the external environment. How-
ever, doi(ϕA) will be derived by means of a mental action based upon the
available rules. Such mental action can have a cost, that can be payed either
by the agent itself or by the group (according to the adopted policy of cost-
sharing for this group). The reason to attribute the cost to the mental action
is exactly to avoid that some agent tries to execute physical actions that it
cannot support. According to the above rules, an agent can execute an action
ϕA if it is allowed to performed that action (can doi(ϕA)) and if it is the one
most willing to do it (pref doG(i, ϕA)). In our approach, such conclusion will
be drawn on the basis of the assessment performed in external modules. Such
modules will provide the decision according to some kind of reasoning process
in some formalism, with respect to which our logic is completely agnostic, and
they will add the corresponding facts to each agent’s knowledge base.

In order to have our agents do the actions listed in (1) (note that one agent
will have to perform two of them, as there are three agents and four actions),
four sequences of mental actions will have to be executed, yielding, respectively,
conclusions of the forms

doG(buy-material), doG(repair -roof ),
doG(replace-carpet), doG(redecorate-walls).

and causing their addition to agents’ working memory. Such reasoning would
consist in mental actions of kind ∩ to form conjunctions from single facts, and
mental actions of kind ↓ to apply knowledge rule, i.e., given their preconditions,
draw the conclusions. In particular, given the initial general intention by the
group, it will be possible to derive the practical goal, in terms of the conjunction
of actions to be performed by the group. From its own specialized rules and
from the available facts about enabling and willingness, the execution of each
action by some agent i will be hopefully derived. Note that, there can be the
unlucky situation where no agent is enabled to perform some action, or that
the one allowed is not willing, or that there is not enough budget. In this case,
the goal fails.

Let α1–α4 be the last mental actions performed at the end of the mentioned
four sequences of mental inferences (that lead to derive the doi(ϕA), for some
i ≤ 3 and for ϕA among the actions in 1), respectively. Assume, moreover,
that the costs of α1–α4 are the following (and, for simplicity, assume all other
mental actions to have no cost):

C(i, α1, w) = 18, C(i, α2, w) = 15, C(i, α3, w) = 3, C(i, α4, w) = 20.

and that αj ∈ E(i, w), j ≤ 3 holds, for each world w, each agent i, and each
action αj .
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Assume that in world w1 the three agents have the following budgets to
perform mental actions:

B(1, w1) = 11, B(2, w1) = 21, B(3, w1) = 20

Assume, e.g., that all agents are enabled in w1 to go and buy material.
Suppose that agent 1 is the best wishing to go to buy, i.e., under the current
model (which remains implicit)

w1 |= can do1 (buy-material) ∧ pref doG(1, buy-material) .

However, (s)he alone cannot perform the action, because (s)he does not have
enough budget. But, using the inferential action [G : α1], with G = {1, 2, 3},
the other agents can devote part of their budgets to share the cost, so the group

can perform α1, because
C(1,α1,w1)

|G| ≤ minh∈GB(h,w1).

Hence, Bi(doG(buy-material)) can be inferred by each agent i (in conse-
quence, the past event Bi(do

P
G(buy-material)) will also be asserted). Indeed,

the inferential action is considered as performed by the whole group G, so each
agent of G updates its neighborhood. After the execution of the action the
budget of each agent is updated as well (cf., Section 2.2). The new budgets,
given that we are assuming the policy to divide expenses into equal parts, are:

B(1, w2) = 5, B(2, w2) = 15, B(3, w2) = 14

where we name w2 the situation reached after executing the action.
Assume that only agent 3 is enabled in w2 to repair the roof. Suppose that

agent 3 is the best wishing to go to repair, i.e., under the current model (which
remains implicit) w2 |= can do3 (repair -roof ) ∧ pref doG(3, repair -roof ). (S)he
alone however cannot perform the action, because (s)he does not have enough
budget. But, using the inferential action [G : α2], with G = {1, 2, 3}, the other
agents can devote part of their budgets to share the cost, so the group can per-

form α2, because
C(3,α2,w2)

|G| ≤ minh∈GB(h,w2). Hence, Bi(doG(repair -roof ))

can be inferred by each agent i (in consequence, also Bi(do
P
G(repair -roof )) will

be asserted). Again, after the execution of the action the budget of each agent
is updated. The new budgets, given that we are assuming the policy to divide
expenses into equal parts, are:

B(1, w3) = 0, B(2, w3) = 10, B(3, w3) = 9

where we name w3 the situation reached after executing the action.
Assume that only agent 2 is enabled in w3 to replace the carpet. (S)he

can perform the action alone because (s)he has enough budget. So, (s)he
can perform [G : α3], with G = {1, 2, 3} obtaining Bi(doG(replace-carpet))
(and, in consequence, Bi(do

P
G(replace-carpet))). Indeed, the inferential action
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is considered as performed by the whole group G so each agent of G updates
its neighborhood. After the execution of the action only the budget of agent 2
is updated: B(2, w4) = 7. Summing up budgets:

B(1, w4) = 0, B(2, w4) = 7, B(3, w1) = 9

where we name w4 the situation reached after executing the action.
There would be the last goal (intendG(redecorate-walls)) but no agent has

the necessary budget, so they cannot perform α4 and the last goal cannot
be achieved, and so the overall goal fails. Only some injection of new budget
(maybe a loan from another group) might save the situation. Interaction among
groups is a subject of future work.

It is relevant to comment about the role of past events. If the set of past
events, which is a part of an agent’s short-term memory, is made available to
the external modules defining actions enabling and degree of willingness, past
events might be used, for instance, to define constraints concerning actions
execution. Referring to our example, it would be reasonable, e.g., to state that
no repair can take place if the material has not been bought yet, and then, e.g.,
that repairing the roof should be performed as first thing.

4. Canonical Model and Strong Completeness

In this section we introduce the notion of canonical model of our logic, and we
outline the proof of strong completeness w.r.t. the proposed class of models (by
means of a standard canonical-model argument). As before, let Agt be a set of
agents.

Definition 4.1. The canonical L-INF model is a tuple

Mc = ⟨Wc, Nc,Rc, Ec, Bc, Cc, Ac, Pc, Vc⟩

where:

• Wc is the set of all maximal consistent subsets of LL-INF;

• For w ∈ Wc, φ ∈ LL-INF let Aφ(i, w) = {v ∈ Rc,i(w) | φ ∈ v}. Then, we put
Nc(i, w) = {Aφ(i, w) | Bi φ ∈ w}.

• Rc = {Rc,i}i∈Agt is a collection of equivalence relations on Wc such that, for every
i ∈ Agt and w, v ∈Wc, wRc,iv if and only if (for all φ, Ki φ ∈ w implies φ ∈ v)

• Ec : Agt ×Wc −→ 2LACT is such that, for each i∈Agt and w, v∈Wc, if wRc,iv then
Ec(i, w) = Ec(i, v);

• Bc : Agt ×Wc −→ N is such that, for each i ∈ Agt and w, v ∈Wc, if wRc,iv then
Bc(i, w) = Bc(i, v);

• Cc : Agt × LACT × Wc −→ N is such that, for each i ∈ Agt, α ∈ LACT, and
w, v ∈Wc, if wRc,iv then Cc(i, α, w) = Cc(i, α, v);

• Ac : Agt ×Wc −→ 2AtmA is such that, for each i ∈ Agt and w, v ∈ Wc, if wRc,iv
then Ac(i, w) = Ac(i, v);
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• Pc : Agt ×Wc × AtmA −→ Int is such that, for each i ∈ Agt and w, v ∈ W , if
wRc,iv then Pc(i, w, α) = Pc(i, v, α);

• Vc :Wc −→ 2Atm is such that Vc(w) = Atm ∩ w.

Note that, analogously to what done before, Rc,i(w) denotes the set {v ∈Wc |
wRc,iv}, for each i ∈ Agt . It is easy to verify that Mc is an L-INF model as
defined in Definition 2.4, since, it satisfies conditions (C1), (C2), (D1), (E1),
(F1), (G1), (H1). Hence, it models the axioms and the inference rules 1–16
and 20 introduced before (while, as mentioned in Section 2.4, axioms 17–19 are
assumed to be enforced by an external specification of some aspects of agents’
behaviour). Consequently, the following properties hold too. Let w ∈Wc, then

• given φ ∈ LL-INF, it holds that Ki φ ∈ w if and only if ∀v ∈ Wc such
that wRc,iv, we have φ ∈ v;

• for φ ∈ LL-INF, if Bi φ ∈ w and wRc,iv then Bi φ ∈ v;

Thus, Rc,i-related worlds have the same knowledge and Nc-related worlds
have the same beliefs, i.e. there can be Rc,i-related worlds with different beliefs.

By proceeding similarly to what done in [1] we obtain the proof of strong
completeness. We list the main theorems but omit lemmas and proofs, that we
have however developed analogously to what done in previous work [10].

Theorem 4.2. L-INF is strongly complete for the class of L-INF models.

Theorem 4.3. L-DINF is strongly complete for the class of L-INF models.

5. Future Extensions

We intend in future work to enhance our language by introducing the expression
3φ, which has to be read “the agent can ensure φ by executing some (inferential
and/or physical) action in her repertoire”. Specifically, we intend to inductively
define: 30φ = φ, 3k+1 = 33kφ. The formula 3kB φ represents the fact that
the agent is capable of inferring φ in k steps. We might easily extend our
semantics by stating

M,w |= 3φ↔ ∃α ∈ E(w) s.t. Mα, w |= φ

(where we are denoting by E(w) the executability function for the single agent
under consideration).
A tentative axiomatization could be

- exec(α) ∧ [α]φ→ 3φ;

- p→ 3p;

- 3(φ ∧ ψ) → 3φ ∧3ψ;

- 3φ→ 33φ;
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- 3B φ→ B3φ;

- 3K φ→ K 3φ.

- ([α]φ) → 31φ.

- ([α1]([α2]φ)) → 32φ.

- ([α1]([α2]([α3]φ))) → 33φ
. . .

So far in fact, we have been able to consider only a limited number of iterations
of the 3 operator, in a specific (though analogous) way for each case.

Yet, even in the bounded form such operator would allow us to better
formalize many practical situations, including the one in the example discussed
in Section 3. There, one could take into account the expected duration of each
action. For instance, the rule expressing the goal of our group of agents could
be reformulated as follows, where 3vϕA means that we expect action ϕA to
take (at most) v steps for its completion:

Ki(intendG(renovate) → intendG(31 buy material) ∧ intendG(35 repair roof )∧
intendG(34 replace carpet) ∧ intendG(34 redecorate walls))

Intelligent software agents are usually modelled and programmed (via avail-
able agent-oriented programming languages) in terms of the BDI (Belief, De-
sire, Intention) modal logic [24], that however is limited to the representation
of the mental state of the agent itself, but is too weak to represent Theory
of Mind (ToM), which is understood as the ability to attribute mental states
not only to oneself but also to others. I.e., it is the intuitive theory, developed
during childhood, by which people understand others’ actions in terms of their
beliefs, desires, emotions, and supposed intentions. Such ability is crucial to in-
terpret and predict other persons’ behavioural responses. Recent research [16]
has claimed that epistemic logic could be a suitable formalism for representing
essential aspects of ToM for an autonomous agent. In our logic, the capability
of agents in a group to be aware of other agents’ (of the group) beliefs and
intentions is already an embryonic form of ToM.

However, in developmental psychology, one of the standard methods to test
the capabilities of a human child’s ToM is “false-belief tasks”. It is a class of
tests in which the child is told a story involving multiple characters, where one
or more of the characters necessarily develop, under the circumstances, some
false belief. The child should then answer questions indicating whether she has
correctly modelled the mental states (beliefs) of the characters, identifying the
false beliefs and their motivation.

A common false belief task is the “Sally-Anne” task in which the child is
shown a story about two girls, Sally and Anne, who are in a room with a basket
and a box. Sally puts the marble into the basket, leaves the room, and then
Anne moves the marble to the box in her absence. The child is then asked:
“where does Sally believe the marble to be?”. To pass the test, the child must
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answer “in the basket”, since Sally did not see Anne moving the marble, and
therefore Sally has the false belief that the marble is still in the basket.

In our logic it is easy to model the consequences of actions, i.e., if moving
an object from a container to another one, the mental operations ↓ or ⊢ allow
an agent to conclude that the marble is in the second container, and the mental
operation ⊣ can remove the (no longer valid) belief that the marble is in the
original container.

As we have seen before, what is inferred or removed from the working
memory via a mental action is common knowledge of all agents of any group to
which the agent which does the action belongs. So, the Sally-Ann task might be
solved in our logic by reconfiguring the group. I.e., Sally, Ann and the observer
child can be assumed to belong to the group called, e.g., “Room1”. So, all of
them observe the action of Sally putting the marble into the basket. However,
when Sally leaves the room she can be assumed to leave the group “Room1”.
Thus, she cannot “observe” the action where Anne moves the marble to the
box, and in consequence she still retains the belief that the marble is in the
basket. Since all past beliefs are common knowledge in a group, the child (that
we consider as an agent in the group) can answer the question correctly.

Therefore, what is to be extended in our logic is to model explicitly that
there are actions that lead an agent to leave or join a group. For Sally, leaving
the room leads to leave the group, and re-entering the room leads to re-joining.
So, all new beliefs formed or removed by the group in the meanwhile are not
known to her. Reasonably enough, to suitably cope with these aspects a concept
of time and time intervals might be needed, that we have already treated in
past work [9, 23] and might be suitably exploited in this context.

6. Conclusions

In this paper, we have reported about a line of work concerning how to exploit
a logical formulation for providing the semantics of MAS, covering not only
single agents, but also groups of cooperative agents. We aimed to consider
to some extent practical aspects concerning actions’ executability. So, we in-
troduced beliefs about physical actions concerning whether they could, are, or
have been executed. These beliefs can be potentially useful for explainability,
but also to model complex group dynamics. We introduced costs of actions,
and agents’ preferences in performing actions. We introduced single agent’s
and group’s intentions so that, as shown by means of an example, a group of
agent can devise a joint plan to reach a goal step by step taking into account
composing agents’ capabilities and preferences, and the available resources. We
tried to make our semantics modular, thus allowing engineers to encode some
customizable aspects separately from the ‘main’ agent code. To model these
aspects we have extended our previously-proposed epistemic logic L-DINF. We
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have introduced dedicated syntax to represent actions’ feasibility and prefer-
ences, aiming to introduce a connection among the ‘abstract’ agents and the
external environment in which they will be situated, and we have shown that
the new syntax facilitates (at least in principle) the explainability of an agent’s
internal logical processes, since a natural-language explanation can in principle
be directly extracted from proofs.

We have proved some useful properties of the extended logic, among which
strong completeness. We have provided a significant example, and we have
outlined further extensions to the logic to better represent this and other ex-
amples.

The complexity of the extended logic needs by no means be higher than that
of the original L-DINF, which is the same as that of other similar logics. So,
we can safely claim that, in the proposed new logic, the satisfiability problem
is PSPACE-complete in the multi-agent case for L-INF, and is decidable for
L-DINF (though there are conjectures that it might be PSPACE-complete as
well).

In future work, we mean to extend our logic so as to represent the number
of steps needed to reach a goal, and relevant aspects of Theory of Mind, so as to
define agents able to cope with “false-belief tasks”, i.e., capable of attributing
correct mental states to other agents also in presence of ambiguous situations.
To this aim, we intend to integrate temporal aspects, i.e., in which instant or
time interval an action has been or should be performed, and how this may
affect resource usage, and agent’s and group’s functioning.
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Squeezing multisets into real numbers

Domenico Cantone and Alberto Policriti

to Eugenio.

Writing a paper for a special issue dedicated to our lifelong friend and colleague
Eugenio Omodeo is, for the two of us, both a honour and a pleasure. We have
known and worked with Eugenio for such a long time that our first thought,
when we started thinking about the topic for this paper, was how to write some-
thing that not only gave him some pleasure reading it, but was also suitable
to get him directly involved in subsequent developments. Given Eugenio’s in-
terest in decidability themes for Diophantine equations and set theory, we do
hope that he will react positively. Actually, we are sure he will take this further
chance to collaborate with us with the usual enthusiasm, the incredible breadth
of knowledge, and the unique style that he has always been able to contribute
in every single project we undertook together.

Abstract. In this paper we study the encoding

RApxq “
ÿ

yPx

2´RApyq,

mapping hereditarily finite sets and hypersets – hereditarily finite sets
admitting circular chains of memberships – into real numbers. The
map RA somewhat generalizes the well-known Ackermann’s encoding
NApxq “

ř

yPx 2
NApyq, whose co-domain is N, to nonnegative real num-

bers.
In this work we define and study the further natural extension of the
map RA to the so-called multisets. Such an extension is simply obtained
by multiplying by k the code of each element having multiplicity equal
to k.
We prove that, under a rather natural injectivity assumption of RA on
the universe of multisets, the map RA sends almost all multisets into
transcendental numbers.

Keywords: Encodings, Ackermann’s numbering, multisets, transcendental numbers.
MS Classification 2020: 03D45, 11U05.
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1. Introduction

In 1937, W. Ackermann proposed the following encoding of hereditarily finite
sets by natural numbers:

NApxq “
ÿ

yPx

2NApyq

(see [1]).
In this paper we study a very simple variation of NA that turns out to be

much more powerful. Our proposed variant is obtained by simply adding a
minus sign to each of the exponents of 2 in the definition of NApxq. That is:

RApxq “
ÿ

yPx

2´RApyq.

If, on the one hand, the original encoding NA was perfect to prove a strict
correspondence between hereditarily finite sets – the cumulative hierarchy HF
of finite sets whose elements are themselves hereditarily finite sets, see Defi-
nition 2.1 – and the collection N of natural numbers, on the other hand the
function RA can be used to establish a much more ductile link between sets
and (real) numbers. The ductility of the link consists in the fact that RA can
be used to map much larger, albeit still finitary, collections of objects strictly
related to sets.

Any object dubbed “set” we consider here is going to be a hereditary set.
Quoting Halmos in his celebrated Naive Set Theory ([10]):

Sets, as they are usually conceived, have elements or members. An
element of a set may be a wolf, a grape, or a pidgeon. It is important
to know that a set itself may also be an element of some other set.
[...] What may be surprising is not so much that sets may occur
as elements, but that for mathematical purposes no other elements
need ever be considered.

P. Halmos

The fact that it is not restrictive to play with pure sets (i.e., sets whose only
elements are sets themselves) is important and often overlooked. Especially so
when, as in our case, we are mainly interested in encoding sets by numbers.

Hence, given a set h P HF, we are entitled to apply both the mapping NA

and RA to h, as well as to any of its members h1 P h.
As far as NA is concerned, a number of elementary observations and, in our

opinion, basic and natural questions arise. Consider, for example, the following
simple facts – already proved in [5] and reported below in Section 2 for the sake
of completeness:
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• NA is a bijection from HF to N;

• the binary expansion of NAphq, for h P HF, fully describes the membership
relation of h with any other element of HF: h1 P h if and only if there is
a 1 at position NAph1q of the binary expansion of NAphq;

• the mapping NA allows one to cast a (natural) total order on HF.

The first of the above points, namely the fact that NA is bijective, is a strong
limitation for an encoding. Unless significantly modified, NA is unsuitable to
deal with any extension of HF: NA leaves simply “no space” in its range to
map collections extending HF that can, in any reasonable sense, be called sets.
This limitation was considered in [14] and was the main motivation for the
introduction of RA, which can be used to map (the full class of) hereditarily
finite cyclic sets – the so-called hypersets – to real numbers.1 As a matter
of fact, RA is not the only possible encoding for hypersets. Indeed, in [6] a
number of other alternatives has been considered and studied. However, the
coding map RA turns out to be the natural variant of the Ackermann encoding
NA, and it is definitely more elegant than its alternatives.

The fact that RA can be used to encode a richer cumulative hierarchy of
sets stems from the simple fact that its range is R. Consider, for example, the
set-theoretic equation ζ “ tζu, which is satisfied by the sole hyperset having
itself as its only member. The corresponding code is the unique real num-
ber satisfying the equation x “ 2´x, a fact easily seen to be true and briefly
discussed in Section 2.3.

The “extra space” provided by having RA ranging over R suggests other
simple and natural questions. For instance, we can easily observe that the
codes of the first four sets in the HF-hierarchy (namely H, tHu, ttHuu, and
ttHu,Hu) are rational numbers, the codes of the twelve sets of rank 3 in HF
are quadratic irrationals, and – as is easily seen in some specific cases – some
codes are even non-algebraic:

RApHq “ 0, RAptHuq “ 1, RAptHu2q “
1

2
, RAptHu3q “

1
?
2
,

RAptHu4q “ 2
´ 1?

2 , RA

`␣

tHu3,H
(˘

“ 2
´ 1?

2 ` 1, etc.,

where, for the n-th iterated singleton t¨ ¨ ¨ t
loomoon

n

H u ¨ ¨ ¨ u
loomoon

n

of H, we are using the

shorthand tHun. So, tHu2 “ ttHuu, tHu3 “ tttHuuu, etc.

The main result of this paper is that, apart from the codes of the first
sixteen sets of HF in the Ackermann encoding NA, the codes RAphq for h P HF

1To the best of the authors’ knowledge, the term “hyperset” has been first introduced by
Jon Barwise and John Etchemendy in [3, page 38].
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are all non-algebraic real numbers, under a conjecture on the injectivity of the
extension of RA to the multi -sets, to be discussed in Section 4, over a large
portion of the multisets.

Multisets live between sets and numbers, as they are genuine sets but do
use multiplicities to provide the possibility to express the fact that membership
can be numerically qualified.

This “intermediate nature” is an example of a situation in which useful and
syntactically well-defined objects take naturally the scene, while their semantics
still poses some problem. The following quotation from [15] clearly illustrate
the situation:

The case of mathematical logic, where the syntax was developed be-
fore the semantics, is exceptional because of the unusual history of
the subject. An instance of a semantics without syntax is the theory
of multisets. A multiset of a set S is a generalization of a subset
of S, where elements are allowed to occur with multiplicities. Mul-
tisets can be added and multiplied; however, a characterization by
algebraic operations of the family of multisets of a set S – an analog
of what Boolean algebra is for sets – is not known at present.

G.C. Rota

We hope that our suggested usage of RA on multisets – together with the
consequences we will be able to prove here – will contribute to a clarification
and a deeper understanding of their semantics.

2. Basics and Ackermann encoding NA.

In the following, we will extensively use the collection of hereditarily finite sets
as domain of our encodings. Such collection is built using the classic powerset
operator Pp¨q, which, in due time, will be adapted to our needs to build the
cumulative hierarchy of multisets.

Let us begin by fixing some standard notation and notions.
Throughout the paper, we denote by N the set of natural numbers and by

N˚ the set of positive integers.
By recursion, the collection HF of the hereditarily finite sets is defined as

follows.

Definition 2.1. Let

HF0 “ H,
HFn`1 “ PpHFnq, for n P N.

Then
HF “

ď

nPN
HFn
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is the cumulative hierarchy of the hereditarily finite sets.

For every h P HF, the rank of h – denoted rkphq – is the least integer r such
that h P HFr`1.

Remark 2.2. The first four layers of the hierarchy HF are the following ones:

HF0 “ H

HF1 “ t H u

HF2 “
␣

H, t H u
(

HF3 “

!

H, t H u,
␣

t H u
(

,
␣

H, t H u
(

)

.

Hence,

rkpHq “ 0, rkpt H uq “ 1, rkp
␣

t H u
(

q “ rkp
␣

H, t H u
(

q “ 2, etc.

The Ackermann encoding NA, introduced in [1], is so defined.

Definition 2.3. For h P HF, by recursion on rkphq we put:

NAphq “
ÿ

xPh

2NApxq,

where, conventionally, the empty sum is evalutated to 0.

A number of very natural and elegant properties of NA can be proved. To
begin with, it is easy to see that the map NA is a bijection between HF and N,
inducing an order over HF that we will call Ackermann order. Thus, we will
henceforth denote by hi the i-th element of HF in the Ackermann ordering;
that is,

NAphiq “ i, for i P N.

We will denote by ă the Ackermann order on HF induced by NA, namely

hi ă hj iff i ă j, for i, j P N.

Plainly, for all hereditarily finite sets hi and hj , we have:

hi P hj ùñ i ă j. (1)

Indeed, if hi P hj then

i ă 2i “ 2NAphiq ď
ÿ

xPhj

2NApxq “ NAphjq “ j.

The following proposition can be read as a restating of the bitwise compar-
ison among natural numbers in set-theoretic terms.
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Proposition 2.4. For hi, hj P HF, we have:

hi ă hj iff max
ă

phizhjq ă max
ă

phjzhiq,

where we agree that maxă H ă maxă h, for any nonnull hereditarily finite set
h.

Proof. Since hi ă hj is equivalent to saying that i ă j, it is sufficient to
compare the base-two expansions of i and j in light of Definition 2.3 and the
definition of Ackermann order.

An immediate consequence of Proposition 2.4 is stated next.

Corollary 2.5. For hi, hj P HF, if hi Ĺ hj then i ă j.

2.1. The real-valued map RA.

The map RA is defined by recursion on rank as follows.

Definition 2.6. For h P HF, we put:

RAphq “
ÿ

xPh

2´RApxq.

The above definition bears a strong formal similarity with NA, as it is
obtained from NA by simply prefixing a minus sign to each of the exponents
of 2 in NApxq, but calls into play real numbers.

Plainly, RAphq ě 0, for every h P HF. In addition, we immediately have:

Lemma 2.7. For h P HF,

RAphq “ 0 iff h “ H.

From the principle of inclusion and exclusion, the following additional prop-
erty for the map RA can also be easily proved.

Lemma 2.8. For h, h1 P HF,

RAph Y h1q “ RAphq ` RAph1q ´ RAph X h1q.

Hence, if h X h1 “ H, we have

RAph Y h1q “ RAphq ` RAph1q.

Table 1 reports the first 16 hereditarily finite sets and their RA-codes.
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Table 1: The first 16 hereditarily finite sets and their RA-codes

i hi RAphiq

0 H 0

1 t H u 1

2 t H u2 1
2

3
␣

t H u,H
(

3
2

4 t H u3 1?
2

5
␣

t H u2,H
(

1?
2

` 1

6
␣

t H u2, t H u
(

1?
2

` 1
2

7
␣

t H u2, t H u,H
(

1?
2

` 3
2

8
␣ ␣

t H u,H
( (

1
2

?
2

9
␣ ␣

t H u,H
(

,H
(

1
2

?
2

` 1

10
␣ ␣

t H u,H
(

, t H u
(

1
2

?
2

` 1
2

11
␣ ␣

t H u,H
(

, t H u,H
(

1
2

?
2

` 3
2

12
␣ ␣

t H u,H
(

, t H u2
(

3
2

?
2

13
␣ ␣

t H u,H
(

, t H u2,H
(

3
2

?
2

` 1

14
␣ ␣

t H u,H
(

, t H u2, t H u
(

3
2

?
2

` 1
2

15
␣ ␣

t H u,H
(

, t H u2, t H u,H
(

3
2

?
2

` 3
2
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2.2. Algebraic and transcendental RA-codes

We recall that a real number is algebraic if it is a root of a non-zero polynomial
in one variable with integer coefficients. Algebraic real numbers are closed
under sum, difference, product, and quotient (with a non-zero denominator).

A real number that is not algebraic is transcendental.
By inspecting Table 1, it turns out that the RA-codes of the first sixteen

h.f. sets have the form

1

2

´

a `
b

?
2

¯

, for 0 ď a, b ď 3.

In particular, the first four h.f. sets have rational RA-codes of the form a
2 (for

0 ď a ď 3), while the subsequent twelve sets in HF have quadratic irrational

RA-codes of the form 1
2

´

a ` b?
2

¯

(for 0 ď a ď 3 and 1 ď b ď 3).

As an application of the Gelfond-Schneider-theorem (whose variant for real
numbers is recalled below), we can prove that all the sets in HF of the form
thi u Y hj , where 4 ď i ď 15 and 0 ď j ď 15, have a transcendental RA-code.

Gelfond-Schneider theorem (for real numbers) ([9, 16]). If a and b
are algebraic real numbers (where a ą 0, a ‰ 1, and b is irrational), then ab is
transcendental.2

Lemma 2.9. For all i and j such that 4 ď i ď 15 and 0 ď j ď 15, the code
RApthiu Y hjq is transcendental.

Proof. It is enough to observe that RAphiq is an irrational algebraic number for
every i such that 4 ď i ď 15 , so that RApthiuq “ 2´RAphiq is transcendental by
the Gelfond-Schneider theorem, and that RAphjq is algebraic for every j such
that 0 ď j ď 15 (see Table 1). Thus, RApthiu Y hjq “ RApthiuq ` RAphjq is
transcendental for 4 ď i ď 15 and 0 ď j ď 15.

In fact, we conjecture that all hi’s in HF such that i ě 16 have a tran-
scendental RA code. This will be shown to be a consequence of an injectivity
conjecture for the extension Rµ

A of RA to multisets, to be stated in Section 4.2.

2.3. RA on Hereditarily Finite Hypersets

Following [5], it can be seen that the domain of RA can be expanded so as
to include also the non-well-founded hereditarily finite sets, namely, the sets

2We recall that the Gelfond-Schneider theorem, obtained independently in 1934 by A. O.
Gelfond and Th. Schneider, solves completely the seventh in a well-celebrated list of twenty-
three problems posed by David Hilbert at the International Congress of Mathematicians
held in Paris, 1900 (see [11]).
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defined by (finite) systems of equations of the following form

$

’

’

&

’

’

%

ς1 “ tς1,1, . . . , ς1,m1
u

...

ςn “ tςn,1, . . . , ςn,mn
u,

(2)

with bisimilarity as equality criterion (see [2] and [4], where the term hyperset
is also used). For instance, the special case of the single set equation ς “ tςu

results into the equation (in real numbers)

x “ 2´x, (3)

which provides the code of the unique (under bisimilarity) hyperset Ω “ tΩu.
Systems of set-theoretic equations of the form (2) are intended to fully

specify the entire transitive closure of a collection of sets. To express this fact
it is customary to require that any ςi,j is chosen among ς1, . . . , ςn, a choice that
also underlines the hereditary finiteness of the objects under study.

Going back to Ω, it is easy to see that the equation (3) has a unique so-
lution in R, since the functions x and 2´x are, respectively, strictly increasing
and strictly decreasing, so that the function x ´ 2´x is strictly increasing. In
addition, we have:

x ´ 2´x|x“ 1
2

“
1

2
´

1
?
2

ă 0 ă 1 ´
1

2
“ x ´ 2´x|x“1.

Thus, the solution Ω of (3) over R, namely, the code of the hyperset defined by
the set equation ζ “ tζu, satisfies 1

2 ă Ω ă 1. Furthermore, much by the same

argument used by the Pythagoreans to prove the irrationality of
?
2, it can

easily be shown that Ω is irrational. In fact, Ω is transcendental. Indeed, if Ω
were algebraic, so would be ´Ω and therefore, by the Gelfond-Schneider theo-
rem, 2´Ω “ Ω would be transcendental, contradicting the assumed algebraicity
of Ω. Thus, Ω must be transcendental after all.

It is interesting to notice that the solution to the equation x “ e´x is the
so-called omega constant, introduced by Lambert in [12] and studied also by
Euler in [8].

While the encoding NA is defined inductively (and this is perfectly in line
with our intuition of the very basic properties of the collections of natural
numbers N and of hereditarily finite sets HF – called HF0 in [4]), the definition
of RA, instead, is not inductive when extended to non-well-founded sets, and
thus it requires a more careful analysis, as it must be proved that it univocally
(and possibly injectively) associates (real) numbers to sets.

The injectivity of RA on the collection of well-founded and non-well-founded
hereditarily finite sets – henceforth, to be referred to as HF1{2, see [4] – was

475
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conjectured in [14] and is still an open problem. In [5] we proved that, given any

finite collection ℏ1, . . . , ℏn of pairwise distinct sets in HF1{2 satisfying a system
of set-theoretic equations of the form (2) in n unknowns, one can univocally
determine real numbers RApℏ1q, . . . ,RApℏnq satisfying the following system of
equations:

$

’

’

&

’

’

%

RApℏ1q “
řm1

k“1 2
´RApℏ1,kq

...

RApℏnq “
řmn

k“1 2
´RApℏn,kq.

A consequence of the results in [5] is the fact that the definition of RA is
well-given, as it associates a unique (real) number to each hereditarily finite

hyperset in HF1{2. This extends to HF1{2 the first of the properties that the
encoding NA enjoys with respect to HF. Should RA also enjoy the injectivity
property, the proposed adaptation of NA would be completely satisfactory, and
RA could be coherently dubbed an encoding for HF1{2.

The proof of the above result was given by defining a procedure operating
by computing successive approximations of the final RA-codes. These approx-
imations – infinitely many of them were necessary when the code involved
hypersets – turned out to be real values that were naturally interpreted as the
encodings of particular multisets. Elements with multiplicities greater than one
resulted as (equal) approximations of different codes that were not yet being
separated by the ongoing precision refinement of their final RA-value.

In [5] a full-fledged extension of RA to the realm of multisets was not un-
dertaken. This is done here, in the following section.

3. A gentle introduction to multisets

Given n distinct objects O1, O2, . . . , On and n positive integersm1,m2, . . . ,mn,
we denote by

“

O1, . . . , O1
looooomooooon

m1

, O2, . . . , O2
looooomooooon

m2

, . . . , On, . . . , On
looooomooooon

mn

‰

, (4)

or any permutation of it, the multiset containing extacly mi copies of Oi, for
i “ 1, . . . , n, and no additional members. Hence, the cardinality of (4) is
m1 `m2 ` ¨ ¨ ¨ `mn. The integer mi, for i “ 1, . . . ,m, is the multiplicity of Oi

in (4).

We refer to the list notation (4) as the multiset-builder square-bracket no-
tation. Thus, with the square-bracket notation element repetitions do count,
whereas the order of elements is still irrelevant.
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The multiset (4) is also denoted by the expression

tm1O1,
m2O2, . . . ,

mnOnu,

where the mi’s are usually omitted if they are equal to 1. the multiset M whose
elements are O1, . . . , On with multiplicities m1, . . . ,mn, respectively.

3

Given a multiset M , an object O, and a multiplicity m P N˚, as a handy
notation we write

O Pm M (5)

to mean that the object O belongs to M with a multiplicity exactly equal to m.
In the context of multisets, we will also write O P M , when O Pm M for some
m P N˚. We conveniently extend the notation (5) also to the case when m “ 0.
Hence, we write O P0 M to mean that O R M , namely O Rm M for any m P N˚.

Following [13, p. 128], in this paper we define the multiset subset relation
M1 Ď M2 by

p@OqpO P M1 ùñ O P M2q,

namely p@Oq
`

pDm ě 1qO Pm M1 ùñ pDn ě 1qO Pn M2

˘

. This is to be
contrasted with the more common semantics

p@Oq
`

pDm ě 1qO Pm M1 ùñ pDn ě mqO Pn M2

˘

,

which enjoys antisymmetry.
Every multiset M can be conveniently described by its multiplicity map

µM , where µM pOq is the multiplicity, possibly 0, of O in M . Hence, we have

O Pm M ðñ µM pOq “ m,

for all M,O, and m P N.
Multisets can be handily described by means of the following square-brack-

ets comprehension schema:

M “ repx⃗q| φpx⃗qs, (6)

where epx⃗q is a multiset expression over the variables x⃗ and φpx⃗q is a predicate
over x⃗. Specifically, for the multiset M defined by (6), J Pm M if and only if
there are exactly m distinct ways to instantiate the variables x⃗ in (6) in such a
way that epx⃗q “ J and φpx⃗q is true.

We will also make use of the following curly-brackets comprehension schema

M “ tepx⃗q| φpx⃗qu

to define a multiset M such that:

3We have chosen to depart from the more conventional notation for multisets in which
multiplicities are indicated as right-upper indices, since right-upper indices will be used later
as exponents to denote powers of multisets.
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‚ J P M if and only if x⃗ can be instantiated in such a way that epx⃗q “ J
and φpx⃗q is true, and

‚ all the members of M have multiplicity equal to 1.

We refer the reader also to [7] for formal theory of multisets.

3.1. Hereditarily finite multisets

When all the members of a given finite multiset M are finite multisets them-
selves, and this is true at any nesting depth, namely for members of members,
for members of members of members, and so on, we say that M is a hereditarily
finite multiset.

To formally define the collection HFµ of hereditarily finite (h.f., for short)
multisets, we will make use of the finitary µ-power-set operator Pµ (a variant of
the ordinary power-set operator P). Specifically, for each multiset X, PµpXq

is the collection of all the multisets of the form
␣

m1x1, . . . ,
mnxn

(

, each with
multiplicity equal to 1, where x1, . . . , xn stand for distinct members of X and
m1, . . . ,mn P N˚, with n P N. In symbols:

PµpXq “
␣

tm1x1, . . . ,
mnxnu | x1, . . . , xn P X (pairwise distinct) ,

m1, . . . ,mn P N˚, n P N
(

.

We are now ready to define the cumulative hierarchy HFµ of the hereditarily
finite multisets.

Definition 3.1. Let

HFµ
0 “ H,

HFµ
n`1 “ PµpHFµ

nq, for n P N.

Then

HFµ
“

ď

nPN
HFµ

n

is the cumulative hierarchy of the hereditarily finite multisets.

HFµ
“
Ť

nPN HFµ
n is the collection of the hereditarily finite multi-sets, where:

HFµ
0 “ H,

HFµ
n`1 “ PµpHFµ

nq.
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Remark 3.2. The first four layers of the hierarchy HFµ are:

HFµ
0 “ H

HFµ
1 “ t H u

HFµ
2 “

!

␣

0H
(

,
␣

1H
(

,
␣

2H
(

, . . .
)

(where t 0H u stands for H)

HFµ
3 “

!

␣

m1
␣

n1H
(

,m2
␣

n2H
(

, . . . ,mk
␣

nkH
( (

| n1 ă n2 ă ¨ ¨ ¨ ă nk,

m1,m2, . . . ,mk P N˚, k P N
)

.

On the grounds of the above definition, we can introduce a natural extension
of the rank function to h.f. multisets.

Definition 3.3. The rank rkpHq of a multiset H P HFµ is the least integer r
such that H P HFµ

r`1.

Thus, for instance,

rkpHq “ 0

rk
`

t H u
˘

“ rk
`

t 2H u
˘

“ rk
`

t 3H u
˘

“ . . . “ 1

rk
´

␣

m1
␣

n1H
(

,m2
␣

n2H
(

, . . . ,mk
␣

nkH
( (

¯

“ 2,

for all pairwise distinct n1, n2, . . . , nk P N such that n1 ` ¨ ¨ ¨ ` nk ě 1 and all
m1, . . . ,mk P N˚, with k ě 1.

As is the case for sets in HF, for all multisets H,H 1 P HFµ such that H P H 1,
we plainly have rkpHq ă rkpH 1q.

However, contrary to the case of ordinary sets, there are infinitely many
multisets for any given rank k ě 1, that is HFµ

k`1 is infinite for all k ě 1.
The cardinality operator can be extended to multisets in the most natural

way, by putting
|H| “

ÿ

JPH

µHpJq,

for all H P HFµ.

3.2. Set-theoretic operations on multisets

Given H,K P HFµ, the Boolean combinations H Y K, H X K, and HzK of H
and K, and the multiset

Ť

H are defined in such a way that their multiplicity
maps µHYK , µHXK , µHzK , and µŤ

H satisfy pointwise the following identities:

µHYK “ max pµH , µKq,

µHXK “ min pµH , µKq,

µHzK “ µH ´ µHXK ,

µŤ

H “ max tµJ| J P Hu.
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Plainly, when H and K are ordinary sets, the above definitions just yield
the standard operators of union, intersection, set difference, and unary union,
respectively.

From the very definition of
Ť

H, for every multiset H we have

Ť

H “
Ť

tK|K P Hu.

In addition, much as with ordinary sets, for all H,J P HFµ, we have:

J P
ď

H ðñ J P H 1, for some H 1 P H.

Indeed,

J P
ď

H ðñ µŤ

HpJq ě 1

ðñ µH1 pJq ě 1, for some H 1 P H

ðñ J P H 1, for some H 1 P H.

The operators of sum and product, which we define next, are specific to
multisets

For H,K P HFµ, we denote by H ` K the multiset whose multiplicity map
is µH`K “ µH ` µK , so that

H ` K “

!

µHpJq`µKpJqJ| J P H Y K
)

.

Accordingly, for H1, . . . ,Hn P HFµ, we denote by
řn

i“1 Hi the multiset whose
multiplicity map is

řn
i“1 µHi . Thus, we have:

n
ÿ

i“1

Hi “

!

řn
i“1 µHi

pJqJ | J P

n
ď

i“1

Hi

)

,

and therefore for all J we have

J P

n
ÿ

i“1

Hi ðñ J P

n
ď

i“1

Hi, (7)

though in general
řn

i“1 Hi ‰
Ťn

i“1 Hi.
4

Plainly, for all H1, . . . ,Hn P HFµ we have

ˇ

ˇ

ˇ

n
ÿ

i“1

Hi

ˇ

ˇ

ˇ
“

n
ÿ

i“1

|Hi|.

4In fact,
řn

i“1 Hi “
Ťn

i“1 Hi holds true if and only if the multisetsH1, . . . , Hn are pairwise
disjoint.
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SQUEEZING MULTISETS INTO REAL NUMBERS (15 of 32)

Indeed,

ˇ

ˇ

ˇ

n
ÿ

i“1

Hi

ˇ

ˇ

ˇ
“

ÿ

JP
Ťn

i“1Hi

n
ÿ

i“1

µHi
pJq “

n
ÿ

i“1

ÿ

JP
Ťn

i“1Hi

µHi
pJq

“

n
ÿ

i“1

ÿ

JPHi

µHipJq “

n
ÿ

i“1

|Hi|.

Next, for H P HFµ and a P N, we denote by aH the multiset H ` ¨ ¨ ¨ ` H
loooooomoooooon

a times

,

namely the multiset whose multiplicity map is aµH . Thus, we have:

aH “
␣

aµHpJqJ| J P H
(

,

and when a “ 0 we have aH “ H.
Notice that, for H,J P HFµ and a P N˚, we have:

J P aH ðñ J P H, (8)

and |aH| “ a|H|.
Finally, the product H ¨ K of two multisets H and K is defined as

H ¨ K “

”

µHpH1
qµKpK1

q
`

H 1 ` K 1
˘

|H 1 P H, K 1 P K
ı

. (9)

Plainly, we have:
|H ¨ K| “ |H| ¨ |K|.

Indeed,

|H ¨ K| “
ÿ

H1
PH

K1
PK

µHpH 1qµKpK 1q “
ÿ

K1PK

´

µKpK 1q ¨
ÿ

H1PH

µHpH 1q

¯

“
ÿ

K1PK

`

µKpK 1q ¨ |H|
˘

“ |H| ¨
ÿ

K1PK

µKpK 1q “ |H| ¨ |K|.

By iterating the operation of multisets product, we can define powers of mul-
tisets with positive integer exponents. Specifically, for H P HFµ, we put
pHq1 “ H, and recursively, for n P N˚, we put pHqn`1 “ pHqn ¨H. Plainly, by
induction it can be proved that |pHqn| “ |H|n. Moreover, we have:

pHqn “

„

śn
i“1 µHpHiq

´

n
ÿ

i“1

Hi

¯

|H1, . . . ,Hn P H

ȷ

, (10)

for all n P N˚.
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Indeed, (10) clearly holds for n “ 1. In addition, by assuming that (10)
holds for a given n P N˚, we have:

pHqn`1 “ pHqn ¨ H

“

„

śn
i“1 µHpHiq

´

n
ÿ

i“1

Hi

¯

|H1, . . . ,Hn P H

ȷ

¨ H

“

„

`

śn
i“1 µHpHiq

˘

¨µHpHn`1q

ˆ

´

n
ÿ

i“1

Hi

¯

` Hn`1

˙

|H1, . . . ,Hn P H ^ Hn`1 P H

ȷ

“

„

śn`1
i“1 µHpHiq

ˆ n`1
ÿ

i“1

Hi

˙

|H1, . . . ,Hn, Hn`1 P H

ȷ

,

proving that (10) holds for n ` 1 too. Thus, by induction, we get (10) for all
n P N˚.

From (10), it follows immediately that

J P pHqn ðñ J “

n
ÿ

i“1

Hi, for some H1, . . . ,Hn P H, (11)

for all H,J P HFµ and n P N˚.
Finally, we mention that the direct image of a multiset H under a map

f : HFµ
Ñ HFµ can be expressed as follows

f rHs “
ÿ

JPH

␣

µHpJqfpJq
(

.

Direct images distribute over multiset sums, namely for all H,K P HFµ we
have:

f rH ` Ks “ f rHs ` f rKs. (12)

Indeed,

f rH ` Ks “
ÿ

JPH`K

␣

µH`KpJqfpJq
(

“
ÿ

JPH`K

␣

µHpJq`µKpJqfpJq
(

“
ÿ

JPH`K

`␣

µHpJqfpJq
(

`
␣

µKpJqfpJq
(˘

“
ÿ

JPH`K

␣

µHpJqfpJq
(

`
ÿ

JPH`K

␣

µKpJqfpJq
(

“ f rHs ` f rKs.
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Then, by induction, we have

f rnHs “ nf rHs, (13)

for all H P HFµ and n P N.
Remark 3.4. It is easy to check that the multiset operators of union, inter-
section, sum, and product defined above are commutative and associative.

3.3. Embedding HF into HFµ

Ordinary sets can just be regarded as multisets in which all multiplicities are
equal to 1, at any nesting depth. More precisely, the collection HF can be
embedded into HFµ in a very simple and natural manner, via the following
recursively defined canonical embedding E : HF Ñ HFµ, where

Ephq “
␣

Eph1q | h1 P h
(

, for every h P HF.

It is not hard to prove that the canonical embedding E is an injective homo-
morphism from HF into HFµ, which, among many others, satisfies the following
basic properties, for all h, h1 P HF:

(a) rkpEphqq “ rkphq;

(b) |Ephq| “ |h|;

(c) Eph Y h1q “ Ephq Y Eph1q;

(d) Eph X h1q “ Ephq X Eph1q;

(e) Ep
Ť

hq “
Ť

Ephq;

(f) h1 P h ðñ Eph1q P Ephq;

(g) h1 Ď h ðñ Eph1q Ď Ephq.

In the multiset context, in what follows we will freely identify a h.f. set h
with its multiset image Ephq, but this should generate no confusion.

3.4. Multiset polynomial expressions

Let Nrxs be the collection of all polynomials in a single indeterminate x with
coefficients in N.

For every multiset H P HFµ and every polynomial P “ anx
n ` an´1x

n´1 `

. . . ` a1x ` a0 in Nrxs with an ą 0, we can define the multiset P pHq by
recursion on the degree n “ degpP q of P , where we put degpP0q “ 0 for the
null polynomial P0 “ 0.

483



(18 of 32) D. CANTONE AND A. POLICRITI

For the base case, if degpP q “ 0 and P “ a0 ą 0, we put P pHq “
␣

a0H
(

,
whereas if P “ 0 we put P pHq “ H. Then, for n ě 1, by assuming that
P “ anx

n ` Q (with an ě 1 and degpQq ă n), we recursively set P pHq “

anpHqn ` QpHq.
The following property holds.

Lemma 3.5. Let P P Nrxs be any polynomial of positive degree with a null

constant term. Then, for all H P HFµ and J P P pHq, we have J “
řℓ

i“1 Hi,
for some H1, . . . ,Hℓ P H and 1 ď ℓ ď degpP q.

Proof. Let P “ anx
n `an´1x

n´1 ` . . .`a1x, with n, an ě 1, and let H P HFµ.
Then we have:

J P P pHq ðñ J P

n
ÿ

ℓ“1

aℓpHqℓ

ðñ J P

n
ď

ℓ“1

pHqℓ (by (7) and (8))

ðñ

n
ł

ℓ“1

J P pHqℓ

ðñ

n
ł

ℓ“1

´

J “

ℓ
ÿ

i“1

Hi

¯

, for some H1, . . . ,Hn P H (by (11))

ðñ J “

ℓ
ÿ

i“1

Hi, for some H1, . . . ,Hℓ P H

and 1 ď ℓ ď n “ degpP q,

proving the lemma.

Next, we intend to prove that for any two polynomials P,Q P Nrxs with
distinct degrees and any set h P HF of rank at least 2, the multisets P phq and
Qphq are distinct. Later, we will strengthen this fact to prove the main result
of the paper, namely the transcendentality of the RA-codes of all the h.f. sets
of rank at least 4 under the conjectured hypothesis that the coding map Rµ

A is
injective over a certain portion of HFµ.

For every nonempty multiset H P HFµ, we denote by HJ the multiset
comprising the members of H of maximum rank with the same multiplicities
as in H, namely

HJ “ rJ| J P H ^ rkpJq ` 1 “ rkpHqs,

and we write J 9P H as a shorthand for J P HJ.
We now define a basic operator over multisets, which will play a key role in

our proof of transcendentality.
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Definition 3.6. For every nonempty multiset H P HFµ, we define MpHq as
the largest multiplicity in H of any member of maximum rank in H, namely

MpHq “ maxµH rHJs.

It is convenient to extend the map M also to H, by conventionally setting
MpHq “ 0.

Notice that MpHq ě 1, for every nonempty multiset H, and that Mphq “ 1,
for every nonempty hereditarily finite set h.

The following lemma collects some basic properties of the operator M.

Lemma 3.7. For all H,K P HFµ and h P HF such that rkphq ě 4, the following
equalities hold true:

(a) MpH ` Kq ď MpHq ` MpKq, and therefore M
`
řn

i“1 Hi

˘

ď
řn

i“1 MpHiq

for all H1, . . . ,Hn P HFµ;

(b) if
Ť

H ‰ H, then M
`
Ť

H
˘

“ max tMpJq| J 9P Hu;

(c) M
`
Ť

pH ` Kq
˘

“ max
`

Mp
Ť

Hq,Mp
Ť

Kq
˘

;

(d) M
`
Ť

paHq
˘

“ Mp
Ť

Hq, for every a P N˚;

(e) M
`
Ť

phqn
˘

“ n;

(f) M
`
Ť

P phq
˘

“ degpP q.

Proof. Concerning (a), if either one of H and K is empty, say H, then

MpH ` Kq “ MpKq “ MpHq ` MpKq.

On the other hand, if H ‰ H and K ‰ H, then we have

MpH ` Kq “ maxµH`KrH ` Ks

“ max tµHpJq ` µKpJq| J P H ` Ku

“ max tµHpJq ` µKpJq| J P H Y Ku

ď MpHq ` MpKq,

since µHpJq ď MpHq and µKpJq ď MpKq for all J P H Y K. In addition, by
induction on n P N˚, it is immediate to prove that M

`
řn

i“1 Hi

˘

ď
řn

i“1 MpHiq,
for all H1, . . . ,Hn P HFµ.
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Next, as for (b), if
Ť

H ‰ H we have:

M
`
Ť

H
˘

“ max µŤ

H r
Ť

Hs

“ max tµŤ

HpH2q|H2 P
Ť

Hu

“ max
␣

max tµH1 pH2q|H 1 P Hu|H2 P
Ť

H
(

“ max
␣

max
`

tµH1 pH2q|H2 P H 1 P Hu Y t0u
˘

|H2 P
Ť

H
(

“ max
␣

max tµH1 pH2q|H2 P H 1u|H ‰ H 1 P H
(

“ max tmax µH1 rH 1s|H ‰ H 1 P Hu

“ max tMpH 1q|H ‰ H 1 P Hu.

Regarding (c), if
Ť

H “ H, then
Ť

pH ` Kq “
Ť

K and Mp
Ť

Hq “ 0.
Therefore M

`
Ť

pH ` Kq
˘

“ M
`
Ť

K
˘

“ max
`

Mp
Ť

Hq,Mp
Ť

Kq
˘

. Likewise, if
Ť

K “ H, then M
`
Ť

pH ` Kq
˘

“ max
`

Mp
Ť

Hq,Mp
Ť

Kq
˘

.
On the other hand, if

Ť

H ‰ H and
Ť

K ‰ H, then we have:

M
`
Ť

pH ` Kq
˘

“ max tMpJq| J 9P H ` Ku (by (b))

“ max
`

tMpJq| J 9P Hu Y tMpJq| J 9P Ku
˘

“ max
`

max tMpJq| J 9P Hu,max tMpJq| J 9P Ku
˘

“ max
`

Mp
Ť

Hq,Mp
Ť

Kq
˘

(by (b)).

Next, concerning (d), let a P N˚. If
Ť

H “ H then
Ť

paHq “ H, and
therefore M

`
Ť

paHq
˘

“ 0 “ Mp
Ť

Hq. On the other hand, if
Ť

H ‰ H, then by
two applications of (b)) we have:

M
`
Ť

paHq
˘

“ max tMpJq| J 9P aHuu

“ max tMpJq| H ‰ J 9P Huu

“ Mp
Ť

Hq.

Concerning (e), we plainly have

Mp
Ť

phqnq “ max
!

M
´

n
ÿ

i“1

h1
i

¯

|H ‰

n
ÿ

i“1

h1
i ^ h1

1, . . . , h
1
n P h

)

. (14)

Indeed,

Mp
Ť

phqnq “ max tMpH 1q|H ‰ H 1 P phqnu (by (b))

“ max
!

M
´

n
ÿ

i“1

h1
i

¯

|H ‰

n
ÿ

i“1

h1
i ^ h1

1, . . . , h
1
n P h

)

(by (10)).
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Hence, we have

Mp
Ť

phqnq ď n, (15)

since, by (a),

M
´

n
ÿ

i“1

h1
i

¯

ď

n
ÿ

i“1

Mph1
iq ď n,

for all h1
1, . . . , h

1
n P h.

In addition, letting ¯̄h P h̄ P h (since
Ť

h ‰ H), then by (14) and (15) we
have

n “ µnh̄

`¯̄h
˘

ď Mpnh̄q ď Mp
Ť

phqnq ď n,

and therefore Mp
Ť

phqnq “ n.

Finally, as for (f), we proceed by induction on n “ degpP q. If degpP q “ 0,
then

Ť

P phq “ H, and therefore Mp
Ť

P phqq “ 0 “ degpP q. For the inductive
step, if n “ degpP q ě 1, then P “ an ¨ xn ` Q, for some an ě 1 and Q P Nrxs

such that degpQq ă n, so that

Mp
Ť

P phqq “ M
`
Ť

pan ¨ phqn ` Qphqq
˘

“ max
´

M
`
Ť

pan ¨ phqnq
˘

,M
`
Ť

Qphq
˘

¯

(by (c))

“ max
´

M
`
Ť

phqn
˘

,M
`
Ť

Qphq
˘

¯

(by (d))

“ max
´

n,M
`
Ť

Qphq
˘

¯

(by (e)).

Since, by inductive hypothesis, M
`
Ť

Qphq
˘

“ degpQq ă n, then we have
maxpn,Mp

Ť

Qphqqq “ n, so that Mp
Ť

P phqq “ n “ degpP q. Thus, by in-
duction, property (f) follows.

Later we will prove that properties (e) and (f) of the preceding lemma can
be generalized with a certain reduction map to be defined in due course (see
Definition 4.6 and Lemma 4.10(b),(c)).

The preceding lemma yields readily the following interesting injectivity re-
sult.

Corollary 3.8. Let h P HF be such that rkphq ě 2, and let P,Q P Nrxs be
polynomials with distinct degrees. Then P phq ‰ Qphq.

Proof. From Lemma 3.7(f), we have

M
`
Ť

P phq
˘

“ degpP q ‰ degpQq “ M
`
Ť

Qphq
˘

.

Hence, it follows immediately that P phq ‰ Qphq.
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4. Rµ
A on Hereditarily Finite Multisets

The map RA can be extended in a very natural manner to a map Rµ
A over the

collection HFµ of the h.f. multisets.

Definition 4.1. For every multiset H P HFµ, we put recursively:

Rµ
ApHq “

ÿ

KPH

µHpKq ¨ 2´Rµ
ApKq.

It can easily be proved that for each h P HF, we have Rµ
A

`

Ephq
˘

“ RAphq,
where E is the canonical embedding of HF into HFµ defined in Section 3.3.
Often we will freely write Rµ

Aphq in place of Rµ
A

`

Ephq
˘

, for h P HF, but this will
cause no confusion.

Remark 4.2. It should be readily observed that there are cases in which the
injectivity of Rµ

A does not hold, e.g.,

Rµ
AprtHu, tHusq “ 2 ¨ 2´1 “ 1 “ 2´0 “ Rµ

AprHsq.

An analogous – rather annoying – feature would occur even if we modified (RA

and) Rµ
A replacing the base 2 with any integer. Moreover, this fact will force

us to state our conjecture (Conjecture 4.11) on the injectivity of Rµ
A over just a

portion of the universe of hereditarily finite multisets. Under Conjecture 4.11
we will prove the transcendence of RA-codes (Theorem 4.12).

We suspect that by replacing the base 2 of the exponent in the definition
of (RA and) Rµ

A with non integral positive numbers greater than 1, say with e,
we can solve this local problem and obtain the transcendence of the (modified)
RA-codes under the assumption of the injectivity of Rµ

A over the full HFµ.
However, we did not pursue this path here since the current definition of Rµ

A is
perfectly in line with RA (and, ultimately, with NA) and, moreover, since we
believe the base 2 could ease the proof of injectivity of RA.

Finally, we observe that, had we used a transcendental base for RA, the
application of Gelfond-Schneider theorem, giving us some initial insight on the
status of the collection of codes, would not have been possible.

4.1. Some basic identities of Rµ
A

We prove some basic identities related to the coding map Rµ
A.

Lemma 4.3. For every n P N˚ and H,H1, . . . ,Hn P HFµ, the following identi-
ties hold true:

(a) Rµ
A

´

řn
i“1 Hi

¯

“
řn

i“1 R
µ
ApHiq,

(b) Rµ
ApnHq “ n ¨ Rµ

ApHq, and
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(c) Rµ
ApH1 ¨ H2q “ Rµ

ApH1q ¨ Rµ
ApH2q.

Proof. As for (a), letting H̄ “
řn

i“1 Hi we have:

Rµ
A

´

n
ÿ

i“1

Hi

¯

“
ÿ

KPH̄

µH̄pKq ¨ 2´Rµ
ApKq “

ÿ

KPH̄

´

n
ÿ

i“1

µHi
pKq

¯

¨ 2´Rµ
ApKq

“

n
ÿ

i“1

ÿ

KPH̄

µHipKq ¨ 2´Rµ
ApKq

“

n
ÿ

i“1

ÿ

KPHi

µHi
pKq ¨ 2´Rµ

ApKq “

n
ÿ

i“1

Rµ
ApHiq.

Next, concerning (b) we have:

Rµ
ApnHq “

ÿ

KPnH

µnHpKq ¨ 2´Rµ
ApKq “ n

ÿ

KPH

µHpKq ¨ 2´Rµ
ApKq “ n ¨ Rµ

Aphq.

Finally, as regards (c) we have:

Rµ
ApH1 ¨ H2q “

ÿ

KPH1¨H2

µH1¨H2pKq ¨ 2´Rµ
ApKq

“
ÿ

K1PH1
K2PH2

µH1
pK1q ¨ µH2

pK2q ¨ 2´Rµ
ApK1`K2q

“
ÿ

K1PH1
K2PH2

µH1pK1q ¨ µH2pK2q ¨ 2´pRµ
ApK1q`Rµ

ApK2qq (by (a))

“
ÿ

K1PH1

µH1
pK1q2´Rµ

ApK1q ¨
ÿ

K2PH2

µH2
pK2q2´Rµ

ApK2q

“ Rµ
ApH1q ¨ Rµ

ApH2q.

Lemma 4.4. For h P HF and P P NrXs, we have

Rµ
A

`

P phq
˘

“ P
`

RAphq
˘

.

Proof. If P “ 0, then P phq “ H and P pRAphqq “ 0. Hence, Rµ
ApP phqq “

Rµ
ApHq “ 0 “ P pRAphqq.
If P “ a0 ą 0, then P phq “

␣

a0H
(

and P pRAphqq “ a0. Hence,

Rµ
A

`␣

a0H
(˘

“ µta0HupHq ¨ 2´Rµ
ApHq “ a0 “ P pRAphqq.

For n “ degpP q ą 0, we proceed inductively. In this case, we have P phq “

anphqn ` Qphq, for some an P N˚ and some polynomial Q P Nrxs of degree
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strictly less than n. Hence, we have:

Rµ
ApP phqq “ Rµ

Apanphqn ` Qphqq

“ Rµ
Apanphqnq ` Rµ

ApQphqq (by Lemma 4.3(a))

“ an ¨
`

RAphq
˘n

` QpRAphqq (by Lemma 4.3(b) and

by inductive hypothesis)

“ P pRAphqq.

4.2. A conjecture and some consequences

We say that a multiset J occurs in (the transitive closure of) a multiset K at
nesting depth n ě 0, when there exist multisets H1, H2, . . . ,Hn such that

J P H1 P H2 P ¨ ¨ ¨ P Hn P K

(hence, J occurs in a multiset K at nesting depth 0 just when J P K holds).

The following construction will allow us to single out a maximal portion
of HFµ on which it is reasonable to expect Rµ

A to be injective, in view of
Remark 4.2. The steps we take below are based on the observation that, in
order to obtain injectivity, it is necessary to enforce a restriction that allow us to
uniquely retrieve m and n from any equation of the form Rµ

AptmH, ntHuuq “ a
2 ,

where a P N˚. The simplest restriction takes the form n ď 1, namely n P t0, 1u,
which amounts to forbidding multiple occurrences of tHu at any level of depth
in multisets.

For n P N, we let Hn
1 be the collection of h.f. multisets that, at any nesting

depth at most n, contain no occurrence of the set tHu with a multiplicity
larger than 1. Similarly, we let H8

1 be the collection of h.f. multisets that, at
any nesting depth, contain no occurrence of the set tHu with a multiplicity
larger than 1. More formally, we put:

H0
1 “ tH P HFµ

| µHptHuq ď 1u,

and recursively, for n P N,
Hn`1

1 “
␣

H P H0
1|H Ď Hn

1

(

. (16)

Then we set

H8

1 “

8
č

n“0

Hn
1 .

Lemma 4.5. The following properties hold:

(a) if H P H0
1 and H Ď H8

1 , then H P H8

1 ;
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(b) if H P H1
1 and

Ť

H Ď H8

1 , then H P H8

1 ;

(c) HF Ď H8

1 .5

Proof. Concerning (a), let H be such that H P H0
1 and H Ď H8

1 . Hence,

by (16), we have H P Hn`1
1 for every n P N, as H Ď H8

1 Ď Hn
1 . Thus, by

induction, H P
Ş8

n“0H
n
1 “ H8

1 .

Next, as regards (b), let H be such that H P H1
1 and

Ť

H Ď H8

1 , and
assume that H P Hn

1 for some n ě 1. We prove that H Ď Hn
1 . Thus, let J P H,

so that
J Ď

Ť

H Ď H8

1 . (17)

Since H P H1
1, then H Ď H0

1, and therefore J P H0
1. From (a), the latter

membership relation, together with (17), implies J P H8

1 . By the arbitrariness

of J P H, we have H Ď H8

1 Ď Hn
1 . Hence, H P Hn`1

1 , and so by induction
H P

Ş8

n“0H
n
1 “ H8

1 .

Finally, as for (c), we preliminarily observe that we plainly have HF Ď H0
1.

Next, assuming that HF Ď Hn
1 for some n P N, for every h P HF we have

h Ď Hn
1 and h P H0

1, so that (16) yields h P Hn`1
1 . Hence, HF Ď Hn`1

1 holds.
Thus, by induction, we have:

HF Ď

8
č

n“0

Hn
1 “ H8

1 .

We define a reduction operator, which will be of basic relevance in the proof
of transcendentality in Section 4.2.

Definition 4.6 (Reduction operator). The reduction operator ρ : HFµ
Ñ HFµ

is defined by putting

ρpHq “

´

Hz

!

2t k
2 utHu

)¯

`

!

t k
2 uH

)

,

for H P HFµ, where k “ µHptHuq.

In plain terms, the reduction operator ρ replaces each pair of occurrences
of tHu in its argument by a single occurrence of H. Thus, µρpHqptHuq ď 1,

for every H P HFµ, and therefore ρpHq P H0
1.

Lemma 4.7. For every H P HFµ, we have

Rµ
ApρpHqq “ Rµ

ApHq.

5Here and throughout the lemma, we are freely identifying each h.f. set h with its image
Ephq under the canonical embedding E of HF into HFµ.
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Proof. Notice that Rµ
ApρpHqq “ Rµ

ApHq. Indeed, putting again k “ µHptHuq,
we have:

Rµ
ApρpHqq “ Rµ

A

´́

Hz

!

2t k
2 utHu

)¯

`

!

t k
2 uH

)¯

“ Rµ
ApHq ´ Rµ

A

´!

2t k
2 utHu

)¯

` Rµ
A

´!

t k
2 uH

)¯

“ Rµ
ApHq ´ 2

Z

k

2

^

¨ Rµ
A

`␣

tHu
(˘

`

Z

k

2

^

¨ Rµ
A

`

tHu
˘

“ Rµ
ApHq ´ 2

Z

k

2

^

¨
1

2
`

Z

k

2

^

“ Rµ
ApHq.

The preceding lemma yields readily the following result.

Corollary 4.8. For each H P HFµ, we have Rµ
ApρrHsq “ Rµ

ApHq.

Proof. Indeed, by Lemma 4.7:

Rµ
ApρrHsq “ Rµ

A

´

ÿ

JPH

␣

µHpJqρpJq
(

¯

“
ÿ

JPH

Rµ
A

´

␣

µHpJqρpJq
(

¯

“
ÿ

JPH

µHpJq ¨ 2´Rµ
ApρpJqq

“
ÿ

JPH

µHpJq ¨ 2´Rµ
ApJq

“ Rµ
ApHq.

Lemma 4.9. Let h P HF be such that tHu R h and let P P Nrxs be any polyno-
mial with a null constant term. Then ρrP phqs P H8

1 .

Proof. Since P has a null constant term, by Lemma 3.5 all members of P phq

have the form
h1
1 ` ¨ ¨ ¨ ` h1

ℓ, (18)

for some h1
1, . . . , h

1
ℓ P h (with 1 ď ℓ ď degpP q).

In consideration that tHu R h, no element of the form (18) can equal tHu.

Thus, tHu R P phq and therefore tHu R ρrP phqs as well, so that ρrP phqs P H0
1.

In addition, for every K P ρrP phqs, we have K “ ρpHq, for some H P P phq,

and therefore K P H0
1. Hence, ρrP phqs Ď H0

1 and so ρrP phqs P H1
1.

Plainly,
Ť

ρrP phqs Ď HF. Indeed, if J P
Ť

ρrP phqs, then J is a member
of some member of ρrP phqs and so J P ρpHq, for some H P P phq. Hence,
either J “ H or J is a member of a multiset of the form (18). In either
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case, J P HF, and therefore
Ť

ρrP phqs Ď HF. Thus, from Lemma 4.5(c), we
have

Ť

ρrP phqs Ď H8

1 , and therefore Lemma 4.5(b) yields
Ť

ρrP phqs P H8

1 , as
Ť

ρrP phqs P H1
1.

Lemma 4.10. For every H P HFµ such that rkpHq ě 3 and every h P HF such
that rkphq ě 4, the following equalities hold true:

(a) MpρpHqq “ MpHq;

(b) M
`
Ť

ρrphqns
˘

“ n, for every n P N;

(c) M
`
Ť

ρrP phqs
˘

“ degpP q, for every P P Nrxs.

Proof. Concerning (a), let H P HFµ be such that rkpHq ě 3. Hence, ρpHqJ “

HJ, so that

MpρpHqq “ maxµρpHqrρpHqJs “ maxµH rHJs “ MpHq.

Next, as for (b), let n P N. Then we have:

Mp
Ť

ρrphqnsq “ maxtMpHq|H 9P ρrphqnsu (by (10))

“ max
!

M
´

ρ
´

n
ÿ

i“1

h1
i

¯¯

| h1
1 9P h, h1

2, . . . , h
1
n P h

)

.

But,

M
´

ρ
´

n
ÿ

i“1

h1
i

¯¯

“ M
´

n
ÿ

i“1

h1
i

¯

(by (a))

ď

n
ÿ

i“1

Mph1
iq (by Lemma 3.7(a))

ď n,

for all h1
1 9P h, h1

2, . . . , h
1
n P h. Hence,

Mp
Ť

ρrphqnsq ď n (19)

holds.
In addition, letting h̄ 9P h and ¯̄h 9P h̄, we have

n “ µnh̄

`¯̄h
˘

ď Mpnh̄q

ď Mp
Ť

phqnq (since nh̄ Ď
Ť

phqn)

ď Mpρr
Ť

phqnsq (by (a)).

Thus, in view of (19), we get Mpρr
Ť

phqnsq “ n, proving (b).
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Finally, concerning (c), we proceed by induction on degpP q. If degpP q “ 0,
then

Ť

P phq “ H, and so
Ť

ρrP phqs “ H. Hence, Mp
Ť

ρrP phqsq “ 0 “ degpP q.
For the inductive step, if n “ degpP q ě 1, then P “ anx

n ` Q, for some
an ě 1 and some polynomial Q P Nrxs of degree less than n. Hence, we have:

Mp
Ť

ρrP phqsq “ M
`
Ť

ρranphqn ` Qphqs
˘

“ M
´

Ť
`

ρranphqns ` ρrQphqs
˘

¯

(by (12))

“ max
´

M
`
Ť

ρranphqns
˘

,M
`
Ť

ρrQphqs
˘

¯

(by Lemma 3.7(c))

“ max
´

M
`
Ť

panρrphqnsq
˘

,M
`
Ť

ρrQphqs
˘

¯

(by (13))

“ max
´

M
`
Ť

ρrphqns
˘

,M
`
Ť

ρrQphqs
˘

¯

(by Lemma 3.7(d))

“ max
´

n,M
`
Ť

ρrQphqs
˘

¯

(by (b)).

Since, by inductive hypothesis,

M
`
Ť

ρrQphqs
˘

“ degpQq ă n , maxpn,Mp
Ť

ρrQphqsqq “ n ,

and therefore Mp
Ť

ρrP phqsq “ n “ degpP q. Thus, by induction, property (c)
follows.

Conjecture 4.11. The coding map Rµ
A is injective over the collection H8

1 .

Theorem 4.12. Under Conjecture 4.11, every hereditarily finite set of rank at
least 4 has a transcendental RA-code.

Proof. Let us assume that Conjecture 4.11 holds and that, for contradiction,
there exists a set h P HF of rank at least 4 and such that its code RAphq is
algebraic.

Without loss of generality, we may assume that h X HF3 “ H, namely
that all members of h have rank at least 3. Indeed, letting h̄ “ hzHF3, then
h “ h̄ Y ph X HF3q and therefore, by Lemma 2.8,

RAph̄q “ RAphq ´ RAph X HF3q,

since h̄XphXHF3q “ H. Thus the code RAph̄q is algebraic, as it is the difference
of two algebraic numbers.6 In addition, just by construction we have

rkph̄q “ rkphq ě 4 and h̄ X HF3 “ H.

Let P P Zrxs be any non-null polynomial with a null constant term for which
P pRAphqq “ 0 holds. Let us gather all the positive terms of P in the polynomial

6Indeed, RAph X HF3q P

!

1
2

´

a ` b?
2

¯

| 0 ď a, b ď 3
)

; see Table 1.
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P` P Nrxs and set P´ “ P` ´ P , so that P´ P Nrxs and P “ P` ´ P´.
Given that P pRAphqq “ 0, then P`pRµ

Aphqq “ P´pRµ
Aphqq and therefore, by

Lemma 4.4, we have

Rµ
ApP`phqq “ Rµ

ApP´phqq. (20)

Since both P` and P´ have a null constant term, Lemma 3.5 implies that both
P`phq and P´phq are multisets whose members all have the form h1

1 ` h1
2 `

. . . ` h1
ℓ, with h1

1, h
1
2, . . . , h

1
ℓ P h (for some ℓ P t1, . . . ,degpP qu). Thus, recalling

that H, tHu R h, we get H, tHu R P`phq, P´phq, so that P`phq, P´phq P H0
1.

Given that rkphq ě 4 and that, just by construction, degpP`q ‰ degpP´q,
Corollary 3.8 yields P`phq ‰ P´phq.

If P`phq, P´phq P H8

1 , in view of Conjecture 4.11, we would readily have

Rµ
ApP`phqq ‰ Rµ

ApP´phqq,

contradicting (20).

However, P`phq and/or P´phq may fail to belong to H8

1 , since – as already
observed – all the members of P`phq and P´phq have the form h1

1 ` ¨ ¨ ¨ ` h1
ℓ,

with h1
1, . . . , h

1
ℓ P h, and therefore some of them may contain the set tHu with

a multiplicity strictly greater than 1. If this were the case, we will need to
follow an alternate route, which makes use of the reduction operator ρ.

Specifically, in place of P`phq and P´phq, we will consider their direct
images ρrP`phqs and ρrP´phqs under the reduction operator ρ.

In view of Corollary 4.8, by (20) we have

Rµ
ApρrP`phqsq “ Rµ

ApρrP´phqsq. (21)

On the other hand, by two applications of Lemma 4.10(c), we have

M
`
Ť

ρrP`phqs
˘

“ degpP`q ‰ degpP´q “ M
`
Ť

ρrP´phqs
˘

.

Hence,

ρrP`phqs ‰ ρrP´phqs. (22)

Since ρrP`phqs,ρrP´phqs P H8

1 (by Lemma 4.9), in the light of Conjec-
ture 4.11, (22) yields

Rµ
ApρrP`phqsq ‰ Rµ

ApρrP´phqsq.

However, the latter inequality is in blatant contradiction with (21). Thus, our
initial assumption that (under Conjecture 4.11) there may exist a set h P HF
of rank at least 4 and such that RAphq is algebraic is untenable, proving the
theorem.
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5. Conclusions and Open Problems

The theme we explored in this paper concerns the interplay between sets and
numbers, more specifically, the interplay between hereditarily finite multi-sets
and real numbers. Our initial motivation was the study of a numerical map
RAphq “

ř

h1Ph 2
´RAph1

q sending well-founded hereditarily finite sets into real
numbers, a map that is structured in complete analogy to the celebrated Ack-
ermann bijection NAphq “

ř

h1Ph 2
NAph1

q.
The main characteristic of NA is the fact that it is a recursively defined

bijection. The range of NA (and its surjectivity) impose strict limitations to NA:
it cannot be directly adapted to more extended notions of sets (e.g., non well-
founded structures such hypersets) and it cannot be used to map the “middle-
earth” of multisets into numbers. Both these limitations are overcome when
the range of the map is extended. This move “gives space” for mapping objects
defined by modifying the very notion of set.

The basic feature of a set is that it is fully understood when its elements are
listed. While sets do not change when their elements are listed in a different
order or when some of their elements are listed more than once, multisets are
defined by dropping the latter assumption and keeping into account multiplic-
ities of elements, intended to count the number of times any single element
occurs in them. In this sense, multisets represent a middle-earth between pure
sets and numbers.

Mapping multisets into real numbers is therefore possible and doing it with
Rµ

A – defined in complete analogy to RA,NA – allowed us to use multiplicities
to express the product of codes by integers as an iterated sum of them (see
Section 3.2). Here we proved that the injectivity of Rµ

A on a large portion
of the family of hereditarily finite multisets implies that its range is almost
everywhere non-algebraic. That is, mapping multisets into numbers – in a
manner coherent with NA – calls into play a rather complex numerical field.

The main problem we leave open is, clearly, the injectivity of Rµ
A (on H8

1 ).
We conjecture that Rµ

A is injective – with the limitations discussed above –
and this is a reinforcement of our previous conjecture on the injectivity of RA

(see [14, 5]).

Under the validity of our previous conjecture(s), codes are irrational num-
bers and do not necessarily admit finite representations. Hence, any finite
computation of Rµ

A (respectively, RA) on a given finite collection of multisets
(respectively, sets), must be stopped at some predetermined level of approxi-
mation. A further direction we consider worth exploring is the level of approx-
imation (e.g., the number of digits) that is sufficient to compute in order to
distinguish the codes of an input collection of multisets (respectively, sets).

Finally, we hope that the tools we have developed for the proof of our
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main result here will represent a simple and concrete operational link between
the fields of (multi-)set theories and Diophantine equations. Computational
problems and results written in one of the two mathematical languages can
now be easily rewritten and reconsidered in the other. We hope that studying
and exploring the potential of this transfer can be a source of new ideas and
techniques.
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Università degli Studi di Catania
Viale Andrea Doria, 6, 95125 Catania, Italy
E-mail: domenico.cantone@unict.it

Alberto Policriti
Dipartimento di Scienze Matematiche, Informatiche e Fisiche
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Congruences for stochastic automata

Ernst-Erich Doberkat

Abstract. Congruences for stochastic automata are defined, the
corresponding factor automata are constructed and investigated for au-
tomata over analytic spaces. We study the behavior under finite and
infinite streams. Congruences consist of multiple parts, it is shown that
factoring can be undertaken in multiple steps, guided by these parts.

Keywords: Stochastic automata,Giry functor,congruences,factoring,stepwise reduction.
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1. Introduction

Stochastic automata [1, 6] are the natural generalization to non-deterministic
Mealy automata; they take an input while being in an internal state, change
their state and return an output. Both the new state and the output are
distributed according to the automaton’s transition law. The basic scenario
may be finite or infinite, in the infinite case one may deal with countable or
uncountable carrier sets for input, outputs, and states, resp. The finite and the
countably infinite case is usually delt with through methods from linear algebra,
since matrices with a finite or countable number of entries are manipulated,
the uncountable case required methods from measure theory. This is so since
the events an automata is assumed to handle are not all possible subsets of the
contributing spaces. They rather come from Boolean σ-algebras of events; this
is so because using all possible events, i.e., defining the probabilities on the
respective power sets, will lead to foundational problems, see [19, p. 125–127].

This kind of automata – without the bells and whistles one finds in later
extensions – has been used, e.g., for modelling simple learning processes along
a behavioral taxonomy from psychology [6, 20, 26]. In such a scenario, in
which the automaton models a learner. The automaton receives inputs from
the environment while being in a specific state, it makes a state transition
and responds with an output. This happens in a sequential fashion. We are
interested mainly in the single-step behavior. Typical for a learning situation is
the observation that equivalent inputs may lead to equivalent outputs, and that
there may be equivalent states as well; note that the set of states represents
an abstraction obtained through a modelling process, hence is not accessible
from the outside. For conceptual clarity, and for minimizing the machine at
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least conceptually, one is interested in these equivalences, i.e., one wants to
form equivalence classes and have the transition law respect these classes. This
leads to the notion of a congruence, well known in (universal) algebra. But
we must not ignore a slightly inconvenient fact: while a congruence, say, on a
group, relates group elements to each other, an automaton congruence relates
pairs of inputs and states to pairs of states and outputs, so we have a slightly
heterogeneous situation at hand. One might be reminded of bisimilarity, where
carrier sets of two possibly different transition systems are related to each other.

The latter problem is resolved by introducing the notion of friendship for
two equivalence relations, comparing their probabilistic behavior in a straight-
forward manner. This yields a notion of congruence for automata, which is
exploited here by relating it to morphisms and their kernels and constructing
factor automata. For comparison we provide a contrasting view from this van-
tage point to the corresponding developments for discrete systems. We estab-
lish that the discrete approach is contained in the present one, albeit somewhat
disguised, but still recognizable with some effort.

An automaton works sequentially, so we study also the automaton’s behav-
ior for finite and for infinite input sequences. Here we adopt a black box point of
view, hiding state changes from the outside world. This is studied first for finite
sequences, then we construct a limit which permits us also to specify behavior
under an infinite input stream. Using the powerful Kolmogorov Consistency
Theorem, it turns out that friendship is a surprisingly stable relationship which
can be maintained also for infinite streams.

Finally we want to know whether we can form longer chains of reduced au-
tomata, and it turns out that this is not possible: factoring a factored automa-
ton yields an automaton which can be obtained through one-step factoring by
means of a suitably modified congruence. The result also enables us to reduce
automata in a stepwise fashion along its components.

Most of the material depends heavily on what we know about Markov tran-
sition systems over measurable spaces, i.e., on the coalgebraic approach to
stochastic relations [8, 10, 11, 22]. The present paper illustrates the well-
known fact that the very old problem of reducing an automaton may be solved
in a more general fashion without much effort making use of tools from coal-
gebras [10, 18]. The setting is much more general than the one for discrete
stochastic automata. We widen the scope from state equivalence to friendship,
thus considering equivalence relations on the inputs, the outputs, and on the
states, rather than on the states only, which would be much more involved to
treat in the discrete case by conventional means. In this way the coalgebraic
contexts permits harvesting more general results, but at the cost of not pos-
ing questions pertaining to computability or complexity, let alone producing
answers.
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Notation and all that

A measurable space (F,F) is a set F together with a Boolean σ-algebra F of
subsets of F . Measurable spaces form a category, taking measurable maps as
morphism. A map f : F → H for the measurable spaces (F,F) and (H,H)
is said to be F-H measurable iff f−1 [H] ⊆ F , i.e., iff f−1 [Q] ∈ F holds for
every Q ∈ H; we will omit the σ-algebras from the notation of maps whenever
possible.

This category is closed under finite products: (X,A)⊗(Y,B) has the Carte-
sian product X × Y as a carrier set and σ({A×B | A ∈ A, B ∈ B}) =: A⊗ B
as a σ-algebra. In Section 5 we will also need that this category is closed
under countably infinite products. So let

(
(Fi,Fi)

)
i∈N be a countable fam-

ily of measurable spaces, then their product has
∏
i∈N Fi as a carrier set, and

σ
(
{
∏
i∈NAi | Ai ∈ Fi, Aj = Fj except for a finite number of indices j}

)
as the

σ-algebra. The generators
∏
i∈NAi are called cylinder sets. This category is

also closed under coproducts.
We will frequently apply the principle of good sets, viz., we will have a look

at the set of all sets which satisfy a property, and we want to show that this
set comprises the σ-algebra we are interested in. The famous π-λ-Theorem of
Dynkin is helpful in implementing this principle; we quote the theorem here
for the reader’s convenience and refer to [10, Theorem 1.6.30, p. 85–87] for a
discussion. Denote to this end by σ({. . . }) the smallest σ-algebra on the carrier
containing the generator {. . . }.
Theorem 1.1 (Dynkin’s π-λ-Theorem). Let P be a family of subsets of F that
is closed under finite intersections (this is called a π-class). Then σ(P) is the
smallest λ-class containing P (where a family of subsets of F is called a λ-class
iff it is closed under complements and countable disjoint unions).

We will not use the terms π-class or λ-class below. They are mentioned
here because they illustrate nicely the name of this important theorem.

The Giry functor G acts as an endofunctor on this category. It assigns
to each measurable space (F,F) the set G (F,F) of all subprobabilities on F
equipped with the smallest σ-algebra rendering the evaluations µ 7→ µ(Q) for
all Q ∈ F measurable. To complete the definition of the functor G, map the
measurable map f : F → H to the measurable map G (f) which assigns each
subprobability µ on F its image λP.µ(f−1 [P ]) on H, so that we have

G (f) (µ)(P ) = µ(f−1 [P ]) (1)

for all P ∈ H.
For a finite or countable set F we simply omit the power set P (F ) as the

trivial σ-algebra and write

G(F ) = {p : F → [0, 1] |
∑
x∈F

p(x) ≤ 1}
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of all subprobability vectors on F . A map f : F → H for another countable
set H is mapped to

G(f)(p)(y) =
∑

{p(x) | f(x) = y}

through the Giry functor G.
Assume an equivalence relation ξ on the measurable space (F,F). The map

ηξ : x 7→ [x]ξ sends an element to its ξ-class. Denote as usual the set of ξ-classes
by F/ξ. This set will be furnished with the σ-algebra F/ξ which is the final
σ-algebra on F/ξ with respect to F and ηξ, thus V ∈ F/ξ iff η−1

ξ [V ] ∈ F . We

denote the measurable space
(
F/ξ,F/ξ

)
by (F,F)/ξ. 1F denotes the identity

relation on F .

2. Stochastic Automata

A stochastic relation K : (X,A) ⇒ (Y,B) is a measurable map K : X →
G (Y,B), thus K(x) is a subprobability measure on (Y,B) for each x ∈ X,
and the map x 7→ K(x)(B) is A-measurable for each B ∈ B. Actually –
but inconsequentially for the present note – a stochastic relation is a Kleisli
morphism for the Giry monad, the functorial part of which is the Giry functor
G [10, 23].

A σ-algebra is countably generated iff it has a countable generator, and it
separates points iff given two distinct points there is a measurable set containing
exactly one of them. It is well known that countably generated, point separating
σ-algebras are precisely the Borel sets for second countable metric spaces [27].

Definition 2.1. A stochastic automaton K =
(
(X,A), (Y,B), (Z, C),K

)
is a

stochastic relation K : (X × Z,A⊗ C) ⇒ (Z × Y, C ⊗ B).

Thus the new state and the output of K is a member of the measurable
set D ∈ C ⊗ B with probability K(x, z)(D) upon input x ∈ X in state z ∈ Z.
Because we work in the realm of subprobabilities, mass may get lost, so that we
cannot always reckon with K(x, z)(Z × Y ) = 1. This suggests the possibility
that events cannot be accounted for.

Example 2.2. Before we loose ourselves in the jungle of measurable spaces,
let us have a look at the finite situation. Assume that X,Y and Z are finite
sets, then a finite stochastic automaton (X,Y, Z, p) is characterized by the
probability p(x, z)(z′, y) with which the automaton reacts with an output y ∈ Y
and goes into a new state z′ ∈ Z upon receiving an input x ∈ X in state z ∈ Z.
Again, we assume that mass may get lost, so p(x, z) is a subprobability on
Z × Y rather than a probability. We model such an automaton also in the
finite case through a map p : X × Z → G (Z × Y ).
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The machine is assumed to work sequentially, so p is extended to a map
p∗ : X∗ × Z → G (Z × Y ∗) with e.g., X∗ denoting the set of all finite words
over X such that

∀x ∈ X∀z ∈ Z : p∗(x, z) = p(x, z)

and

p∗(vv′, z)(z′, ww′) :=
∑
z′′∈Z

p∗(v, z)(z′′, w) · p∗(v′, z′′)(z′, w′) (2)

always hold. The map p∗ will be used later on.

Sometimes the automaton is assumed to start in an initial state, or, more
general, that the initial state follows some initial distribution. We will pursue
this idea further when we have the automaton process finite or infinite input
words, see Eq. (8).

The automata may work in different environments, so different input and
output spaces have to be taken into account. Morphisms are used for re-
lating automata. Assume that we have another stochastic automaton K′ =(
(X ′,A′), (Y ′,B′), (Z ′, C′),K ′). A morphism f : K → K′ is a triplet f = (f, g, h)
of surjective measurable map f : X → X ′, g : Y → Y ′ and h : Z → Z ′ render-
ing this diagram commutative (with, e.g., f × h : ⟨x, z⟩ 7→ ⟨f(x), h(z)⟩):

X × Z
K //

f×h
��

G ((Z × Y, C ⊗ B))

G(h×g)
��

X ′ × Z ′
K′
// G ((Z ′ × Y ′, C′ ⊗ B′))

Thus

K ′(f(x), h(z))(E) =
(
K ′ ◦ (f × h)

)
(x, z)(E) =(

G (h× g) ◦K
)
(x, z)(E) = K(x, z)((h× g)−1 [E])

whenever E ∈ C′ ⊗ B′ indicates the operation of automaton K′.

Example 2.3. Continuing Example 2.2, let (X,Y, Z ′, p′) be another automaton
over the same alphabets X abd Y . Then a map h : Z → Z ′ induces a morphism
(1X , 1Y , h) : (X,Y, Z, p) → (X,Y, Z ′, p′) iff

p′(x, h(z)) =
∑

{p(x, z′) | h(z′) = h(z)}

holds for each x ∈ X, z ∈ Z. Traditionally input and output alphabets are left
untouched, on the assumption that both are provided by the environment, and
that merely the set of states is subject to modelling.
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3. Congruences

Before we define congruences for stochastic automata, we need to talk about
friendly relations, i.e., relations on different states which behave nevertheless
like congruences. To be specific: Given a stochastic relation K : (F,F) ⇒
(H,H) and equivalence relations ξ and ϑ on F resp. H, call ξ friendly to ϑ
iff there exists a stochastic relation Kξ,ϑ : (F,F)/ξ ⇒ (H,H)/ϑ rendering this
diagram commutative:

F
K //

ηξ

��

G (H,H)

G(ηϑ)
��

F/ξ
Kξ,ϑ

// G ((H,H)/ϑ)

(3)

We observe for friendly ξ, ϑ that

Kξ,ϑ([x]ξ)(T ) =
(
G (ηϑ) ◦K

)
(x)(T ) = K(x)(η−1

ϑ [T ])

so that ξ and ϑ indeed cooperate in a congruential manner.

We will also need the concept of a small equivalence relation, given that
equivalence is a very broad notion. It needs to be restricted somewhat for
being useful in our context.

Again, assume an equivalence relation ξ on the measurable space (F,F).
Call the measurable set Q ∈ F ξ-invariant iff Q is the union of equivalence
classes, thus iff x ∈ Q and x ξ x′ entails x′ ∈ Q. It is not difficult to see that

[F , ξ] := {Q ∈ F | Q is ξ-invariant} (4)

is a σ-algebra, the σ-algebra of ξ-invariant sets. Observe that ηξ [U ] ∈ F/ξ for
U ∈ [F , ξ], because η−1

ξ [ηξ [U ]] = U .

Example 3.1. Let us have a look at the finite situation again, so we look at the
measurable space (F,P (F )) with the powerset P (F ) of the finite set F as the
σ-algebra. Then the σ-algebra [P (F ) , ξ] of ξ-invariant sets can be described
explicitly as

[P (F ) , ξ] = {
⋃
x∈A

[x]ξ | A ⊆ F},

because the equivalence classes for ξ form a partition of F .

A measurable map mξ : (F,P (F )) →
(
F, [P (F ) , ξ]

)
is induced by the

identity x 7→ x. Just for fun, let us have a look at what the Giry func-
tor does to this map. By additivity is apparently enough to compute for
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q ∈ G (F ) = G (F,P (F )) the value G (mξ) (q)([x]ξ) on a class [x]ξ. We ob-
tain from Eq. (1)

G (mξ) (q)([x]ξ) = q({x′ ∈ F | x′ ∈ [x]ξ})

=
∑

{q(x′) | x′ ξ x}.

So G (mξ) (q) collects the q-probabilities for the elements of an equivalence
class, and assigns this as the probability for that class.

Call the equivalence relation ξ on the measurable space (F,F) small iff
there exists a countable family

(
Un

)
n∈N ⊆ F such that

x ξ x′ iff ∀n ∈ N : x ∈ Un ⇔ x′ ∈ Un.(
Un

)
n∈N is said to create relation ξ. Then [F , ξ] = σ({Un | n ∈ N}) is countably

generated, so is F/ξ, which also separates points.

Example 3.2. Let f : (F,F) → (H,H) be measurable, and assume that H is
countably generated and separates points. Then the kernel relation

ker (f) := {⟨x, x′⟩ | f(x) = f(x′)}

is small. In fact, let (Un)n∈N be the generator for H, then we show that
{Un | n ∈ N} separates points. Take y, y′ ∈ H such that y ∈ Un iff y′ ∈ Un for
all n ∈ N. Since {U ⊆ H | ∀n ∈ N : y ∈ U ⇔ y′ ∈ U} is a σ-algebra which
contains the generator, it contains H. From this we conclude that y = y′. But
this means that

(
f−1 [Un]

)
n∈N creates ker (f).

The following observation helps characterizing friendly equivalence rela-
tions.

Lemma 3.3. Let K : (F,F) ⇒ (H,H) be a stochastic relation and assume
equivalence relations ξ and ϑ on F resp. H, are given. Then these conditions
are equivalent:

1. ξ is friendly to ϑ.

2. G (mϑ) ◦K : (F, [F , ξ]) ⇒ (H, [H, ϑ]) with mϑ : (H,H) → (H, [H, ϑ]) as
the identity.

3. ker (G (mϑ) ◦K) ⊇ ξ.

Proof. Abbreviate the map G (mϑ) ◦ K by L, and note that G (mϑ) restricts
measures on H to its sub σ-algebra [H, ϑ].

1 ⇒ 2: It is clear that L : (F,F) ⇒ (H, [H, ϑ]), because G (mϑ) acts
as restriction to [H, ϑ]. So it has to be shown that x 7→ L(x)(G) is [F , ξ]-
measurable for each G ∈ [H, ϑ]. Let G0 := ηϑ [G] ∈ H/ϑ, then L(x,G) =
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L(x, η−1
ϑ [G0]) = (G (ηϑ) ◦K)(x)(G0), thus L(x)(G) < r iff Kξ,ϑ([x]ξ)(G0) < r,

which implies measurability of x 7→ L(x)(G).
2 ⇒ 3: The assumption that there exists T ∈ [H, ϑ] such that K(x)(T ) <

r < K(x′)(T ) for some x, x′ with x ξ x gives immediately a contradiction.
3 ⇒ 1: Define Kξ,ϑ([x]ξ) := (G (ηϑ) ◦ K)(x), then Kξ,ϑ is well-defined,

satisfies the measurability conditions and renders diagram (3) commutative.

This useful characterization permits testing friendship without actually con-
structing the factors. It extends to bounded, measurable functions:

Corollary 3.4. Under the assumptions of Lemma 3.3, these statements are
equivalent

1. ξ is friendly to ϑ.

2. For each bounded and [H, ϑ]-measurable f : H → R

x ξ x′ ⇒
∫
H

f dK(x) =

∫
H

f dK(x′).

Proof. The implication 1 ⇒ 2 follows from part 3 in Lemma 3.3 together
with the observation that a bounded measurable function is the pointwise limit
of a sequence of step functions, and Lebesgue’s Convergence Theorem. The
converse implication observes that the indicator function of a measurable set is
a bounded measurable function. An application of part 3 in Lemma 3.3 yields
the result.

An interesting example for friendship is given by kernels of morphisms for
stochastic relations. Recall that finality of a measurable map f : (F,F) →
(H,H) may be characterized by the property that H = {R ⊆ H | f−1 [R] ∈ F}.
Thus we may conclude from f−1 [R] ∈ F that R ∈ H, provided f is final and
onto.

Example 3.5. Let Ki : (Fi,Fi) ⇒ (Hi,Hi) be stochastic relations for i = 1, 2,
and assume that (f, g) : K1 → K2 is a morphism, which means K2 ◦ f =
G (g) ◦K1 for the surjective measurable maps f : F1 → F2 and g : H1 → H2.
We claim that ker (f) is friendly to ker (g), provided g is final and onto.

In fact, let f(x) = f(x′), then we have to show that K1(x)(G) = K1(x
′)(G)

for all G ∈ [H1, ker (g)]. Fix such a set G; we know that G = η−1
ker(g)

[
ηker(g) [G]

]
with ηker(g) [G] ∈ H1/ker (g). Factoring g = g• ◦ ηker(g) with g• : H1/ker (g) →
H2 measurable, final and injective yields the surjective map g−1

• between pow-
ersets. We find therefore H0 ⊆ H2 with g−1

• [H0] = ηker(g) [G]. Because

g−1 [H0] = η−1
ker(g)

[
g−1
• [H0]

]
= η−1

ker(g)

[
ηker(g) [G]

]
= G ∈ [H1, ker (g)] ⊆ H1
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we conclude from finality of g• that H0 ∈ H2, so that

K1(x)(G) = K1(x)(g
−1 [H0]) =

(G (g) ◦K1)(x)(H0) = K2(f(x))(H0) =

K2(f(x
′))(H0) = K1(x

′)(G).

This gives the assertion.

After these somewhat lenghty preparations we are in a position to define
congruences for stochastic automata.

Definition 3.6. Let K =
(
(X,A), (Y,B), (Z, C),K

)
be a stochastic automaton,

then a triplet c = (α, β, γ) of equivalence relations on X,Y resp. Z is called a
congruence for K iff α× γ is friendly to γ × β.

A congruence c for stochastic automaton K is characterized by the existence
of a stochastic relation

Kc :
(
(X,A)⊗ (Z, C)

)
/(α× γ) ⇒

(
(Z, C)⊗ (Y,B)

)
/(γ × β) (5)

which renders this diagram commutative:

(X,A)⊗ (Z, C)

ηα×γ

��

K // G ((Z, C)⊗ (Y,B))

G(ηγ×β)

��(
(X,A)⊗ (Z, C)

)
/(α× γ)

Kc

// G
((
(Z, C)⊗ (Y,B)

)
/(γ × β)

)
This is an immediate consequence:

Proposition 3.7. In the notation of Definition 3.6, (ηα, ηβ , ηγ) : K → Kc is
a morphism. ⊣

The classic case of state reduction, studied originally for finite automata, by
a relation γ for automaton K =

(
(X,A), (Y,B), (Z, C),K

)
is captured through

the triplet s = (1X , 1Y , γ); that s is a congruence for K is characterized through

∀B ∈ B : K(x, z)(E ×B) = K(x, z′)(E ×B),

whenever z γ z′, and E ∈ [C, γ] is a γ-invariant measurable subset of Z. This
is quite close to the intuition of a (state-) congruence for an automaton: equiv-
alent states behave in the same way on those measurable sets which cannot
separate equivalent states.

On the other hand, one probably wants to leave the states alone and cater
only for inputs and outputs. Here one would work with t = (α, β, 1Z), and t is
a congruence iff

∀C ∈ C : K(x, z)(C ×B) = K(x′, z)(C ×B),
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whenever x α x′ and B ∈ [B, β], so the behavior of K on inputs which are iden-
tified through α is the same on those sets which cannot separate β-equivalent
outputs. Certainly other combinations are possible.

It is noted that the behavior of an automaton is completely characterized
by its assigning values to sets of the form C ×B. This is so because these sets
determine the respective product σ-algebras uniquely, and their collection is
closed under intersections and, by the very definition of a finite measure, under
countable disjoint unions as well as complements [10, Lemma 1.6.31].

Example 3.8. Let us have a look at what happens in the case of a finite
automaton (X,Y, Z, p). Extend p : X × Z → G (Z × Y ) to p∗ : X∗ × Z →
G (Z × Y ∗) as in Example 2.2. Call states z and z′ equivalent iff

∀v ∈ X∗∀w ∈ Y ∗ :
∑
z′′∈Z

p∗(v, z)(z′′, w) =
∑
z′′∈Z

p∗(v, z′)(z′′, w),

see [5, p. 24] or [4, p. 13], and denote this equivalence relation by Γ.
We fit this definition into the framework considered here. Curry p∗ :

X∗ × Z → G (Z × Y ∗) to a map p̂∗ : Z → X∗ → G (Z × Y ∗) and define
M : G (Z × Y ∗) → G (Y ∗) by

M(q) : w 7→
∑
z∈Z

q(z, w).

Probabilistically speaking,M(q) is the marginal distribution of q on Y ∗. Then1

Γ = ker
(
M ◦ p̂∗

)
,

because (
M ◦ p̂∗

)
(z)(v)(w) =

∑
z′∈Z

p∗(v, z)(z′, w)

by expanding definitions.
We claim that 1X ×Γ is friendly to Γ× 1Y . We know from [5, Satz 1] or [4,

Theorem 4.2] that

P
(
x, [z]Γ

)(
[z′]Γ , y

)
:=

∑
z′′ Γ z′

p(x, z)(z′′, y)

(x ∈ X, y ∈ Y, z, z′ ∈ Z) defines the factor automaton (X,Y, Z/Γ, P ). Trans-
lating this into our scenario, we see that this exactly what is stated in part 2
of Lemma 3.3.

1The reader is invited to reflect on J. W. v. Goethe’ quote: Die Mathematiker sind eine
Art Franzosen: redet man zu ihnen, so übersetzen sie es in ihre Sprache und dann ist es
alsbald ganz etwas Anderes. [24, p. 5]
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4. Factoring

We will restrict the class of measurable spaces to analytic spaces now, and we
will deal only with small equivalence relations.

Recall that an analytic space is the measurable image of a Polish space, i.e.,
of a second countable, completely metrizable topological space. Analytic spaces
are topological spaces in their own right with a countable and point separating
base for their topology. As topological spaces they carry the σ-algebra of Borel
sets. For the rest of the paper we will assume that analytic spaces are equipped
with just these Borel sets. This will render notation lighter as well, because
it will permit us to omit the σ-algebra for an analytic space from notation.
Measurability refers to the Borel sets, unless otherwise noted.

Analytic spaces have a number of desirable technical properties [10, 27],
among them the closure under countable products; we note also that B(F ×
H) = B(F ) ⊗B(H) for analytic spaces F and H, B(. . . ) denoting the Borel
sets. Alas, that the product of Borel sets equals the Borel sets of a product
is far from being common among topological spaces. In general this requires
some additional assumptions. Just to emphasize this property, we have for the
analytic spaces F and H

B(F ×H)
(∗)
= σ

(
{W |W ⊆ F ×H is open}

)
(+)
= σ

(
{U × V | U ∈ B(F ), V ∈ B(H)}

)
= B(F )⊗B(H)

Here equation (∗) derives from the definition of the Borel sets as the smallest σ-
algebra containing the open sets, and equation (+) derives from the definition of
the product σ-algebra. Analytic spaces are also closed under factoring through
small equivalence relations ([27, Exercise 5.1.14], [10, Proposition 4.4.22]).

A first witness to usefulness is given by the following observation (cp. [9,
Corollary 2.11]).

Lemma 4.1. Assume that ξ and ζ are small equivalence relations on the analytic
spaces F esp. H. Then

1. [B(F ×H), ξ × ζ] = [B(F ), ξ]⊗ [B(H), ζ].

2. The measurable spaces (F ×H)/(ξ × ζ) and F/ξ ×H/ζ are isomorphic.

The second assertion, in its full beauty, means that the factor space
(
F×H,

B(F ×H)
)
/(ξ × ζ) is isomorphic to

(
F,B(F )

)
/ξ ⊗

(
H,B(H)

)
/ζ.

Proof. 1. Assume that ξ and ζ have the respective generators (Un)n∈N and
(Vm)m∈N. Since ⟨x, y⟩ (ξ × ζ) ⟨x′, y′⟩ iff

∀n ∈ N∀m ∈ N :
[
x ∈ Un ⇔ x′ ∈ Un

]
∧
[
z ∈ Vm ⇔ z′ ∈ Vm

]
,
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we see that

[B(F ×H), ξ × ζ] = σ({Un × Vm | n,m ∈ N})
= σ({Un | n ∈ N})⊗ σ({Vm | m ∈ N})
= [B(F ), ξ]⊗ [B(H), ζ]

2. It is not difficult to see that [⟨x, y⟩]ξ×ζ 7→ ⟨[x]ξ , [y]ζ⟩ is a bijection and

measurable. Now look a the inverse ℓ. We want to show that ℓ−1 [E] ∈(
F,B(F )

)
/ξ⊗

(
H,B(H)

)
/ζ for each E ∈

(
F ×H,B(F ×H)

)
/(ξ × ζ). By the

observation following (4) it is sufficient to show that ℓ−1 [ηξ×ζ [D]] ∈ B(F/ξ)⊗
B(H/ζ) for every D ∈ [B(F ×H), ξ × ζ]. Now the principle of good sets kicks
in helpfully: The set

D :=
{
D ∈ [B(F ×H), ξ × ζ] | ℓ−1 [ηξ×ζ [D]] ∈ B(F/ξ)⊗B(H/ζ)

}
certainly contains all rectangles P ×Q with P ∈ [B(F ), ξ] and Q ∈ [B(H), ζ]
and, because the complement of an invariant set is invariant again, it is closed
under complementation. Also, D is closed under disjoint countable unions.
Since the set of rectangles with invariant sides is closed under intersection,
Dynkin’s celebrated π-λ-Theorem together with part 1 tells us that D = [B(F×
H), ξ × ζ].

This result is not only of structural importance, as we will see in a moment.
It will also permit us to use, e.g., ⟨[x]ξ , [y]ζ⟩ and [⟨x, y⟩]ξ×ζ interchangeably,
similarly with maps. This will simplify notation somewhat and thus make life
a bit easier.

From now on all automata are working over analytic spaces.
A decent morphism generates a congruence via its kernel [3, 13]. The follow-

ing counterpart to Proposition 3.7 shows that this is also the case for stochastic
automata.

Proposition 4.2. Given the stochastic automata K and K′ with (f, g, h) :
K → K′ an automata morphism. Then (ker (f) , ker (g) , ker (h)) is a congru-
ence for K, provided g and h are final.

Proof. 1. Write K =
(
X,Y, Z,K

)
and K′ =

(
X ′, Y ′, Z ′,K ′). We establish

first that we find for V ∈ [B(Z), ker (h)] a Borel set V0 ∈ B(Z ′) such that
V = h−1 [V0], and for W ∈ [B(Y ), ker (g)] another Borel set W0 ∈ B(Y ′) with
W = g−1 [W0]. This is done exactly as in Example 3.5 using finality of the
respective maps.

2. Assume f(x) = f(x′) and h(z) = h(z′), and take G ∈ [B(Z×Y ), ker (h)×
ker (g)]. We want to show that K(x, z)(G) = K(x′, z′)(G) holds. Assume
first that G = V ×W with V ∈ [B(Z), ker (h)] and W ∈ [B(Y ), ker (g)] and
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determine V0,W0 as above, so that G = (h× g)−1 [V0 ×W0]. But now

K(x, z)(G) = K(x, z)
(
(h× g)−1 [V0 ×W0]

)
= K ′(f(x), h(z))

(
V0 ×W0

)
= K(x′, z′)(G).

This argument shows that

D :=
{
G ∈ [B(Z × Y ), ker (h)× ker (g)] | K(x, z)(G) = K(x′, z′)(G)

}
contains all rectangles V ×W with V ∈ [B(Z), ker (h)] andW ∈ [B(Y ), ker (g)].
The set of these rectangles is closed under finite intersections, and D is closed
under complementation as well as under countable disjoint unions. By Dynkin’s
π-λ-Theorem, D equals [B(Z), ker (h)]⊗ [B(Y ), ker (g)], which in turn is equal
to [B(Z × Y ), ker (h)× ker (g)] by the first part of Lemma 4.1.

3. We have shown that ker (f) × ker (h) ⊆ ker
(
G
(
mker(h)×ker(g)

)
◦K

)
,

which establishes the claim by Lemma 3.3.

Recall that a map f : F → H has an em-factorization f = f• ◦ ηker(f).
If f is measurable, so are the components (but this does not entail the em-
factorization living in the category of measurable spaces!). We obtain a sim-
ilar decomposition for stochastic automata: Let f = (f, g, h) : K → K′ be a
morphism, and put ηker(f) := (ηker(f), ηker(g), ηker(h)) and f• := (f•, g•, h•) for
conciseness.

This is an immediate consequence of Proposition 4.2:

Corollary 4.3. In the notation of Proposition 4.2, ηker(f) : K → Kker(f) and
f• : Kker(f) → K′ are morphisms, and f = f• ◦ ηker(f).

Proof. The first part follows from Proposition 4.2 together with Proposition 3.7.
As for the second part, a somewhat lengthy but straightforward computa-
tion shows that

(
G (h• × g•)◦Kker(f)

)
([x]ker(f) , [z]ker(h))(E

′) equals
(
K ′ ◦ (f•×

h•)
)
([x]ker(f) , [z]ker(h) (E

′) whenever E′ ∈ B(Z ′ × Y ′). The asserted equality
is obvious.

5. Sequential Work

A stochastic automaton works sequentially and synchronously: input is fed into
it, in each step an output is produced, then a new input is given, a new output
is produced, etc. Of course, state changes occur as part of these operations.
For the finite case, this was already anticipated in Example 2.2, see Eq. (2).

Formally, suppose the automatonK = (X,Y, Z,K) is in state z and receives
first x1, then x2 as the input. Quite apart from the salient state changes, an

511



(14 of 25) ERNST-ERICH DOBERKAT

output of length two is produced, and the probability K(x1x2, z)(E) for the
measurable set E ⊆ Z × Y × Y is computed as∫

Z×Y
K(x2, z

′)({⟨z′′, y2⟩ | ⟨z′′, y1y2⟩ ∈ E}) dK(x1, z)(⟨z′, y1⟩). (6)

After input x1 in state z the automaton makes a transition to state z′ and
gives an output y1 with probability dK(x1, z)(⟨z′, y1⟩). The new input x2 is
met in state z′ and produces a new state z′′ as well as an output y2 so that
⟨z′′, y1y2⟩ ∈ E with probability K(x2, z

′)({⟨z′′, y2⟩ | ⟨z′′, y1y2⟩ ∈ E}). We have
to average over z′ and y1. Standard arguments [6] show that we have extended
the transition law to a stochastic relation K : X2 ×Z ⇒ Z × Y 2 (we could use
indices showing the length of the automaton’s work so far, but there is already
enough notation around).

Let v ∈ Xn be an input word of length n, and assume that we have extended
the transition law already to a stochastic relation K : Xn × Z ⇒ Z × Y n,
all products carrying the corresponding product σ-algebras. Define for input
x ∈ X, and state z the probability for the Borel set E ⊆ Z × Y n+1 as

K(vx, z)(E) :=

∫
Z×Y

K(x, z′)({⟨z′′, y⟩ | ⟨z′′, wy⟩ ∈ E}) dK(v, z)(⟨z′, w⟩). (7)

Then it is shown in [6] that K : Xn+1×Z ⇒ Z×Y n+1 is a stochastic relation.
In this way we extend the probabilistic transition law to finite input sequences
in a natural manner. It is readily seen that Eq. (2) is the discrete version of
Eq. (7).

Now assume that c = (α, β, γ) is a congruence for K. We will show now
that friendship is not lost during the automata’s sequential work as outlined
above. Define for the equivalence relation α on X and for n ∈ N the extension
αn of α to Xn in the obvious manner

⟨x1, . . . , xn⟩ αn ⟨x′1, . . . , x′n⟩ ⇔ xi α x′i for i = 1, . . . , n,

similarly for the other equivalence relations, and for, e.g., α∞ when dealing
with infinite sequences. We claim that αn × γ is friendly to γ × βn for each
n ∈ N, so that congruence c induces an infinite sequence of friendships. This
will be demonstrated for n = 2 now, the general case is shown exactly in the
same way using induction and Eq. (7).

We do these steps:

Step 1: The set {⟨z, y′⟩ | ⟨z′, y, y′⟩ ∈ E} is a member of [B(Z)⊗B(Y ), γ× β]
for each E ∈ [B(Z) ⊗ B(Y 2), γ × β2] and for each y ∈ Y . It is easy to
see that the set in question is a Borel set. Because E is γ × β2 invariant,
and β is a reflexive relation, the set is also γ × β-invariant.
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Step 2: Let E ∈ [B(Z)⊗B(Y 2), γ × β2] and fix x̄ ∈ X, ȳ ∈ Y , then the map

⟨z, y⟩ 7→ K(x̄, z)
(
{⟨z′′, ȳ⟩ | ⟨z′′, y, ȳ⟩ ∈ E}

)
is [B(Z)⊗B(Y ), γ × β]-measurable.

Assume first that E is a measurable rectangle, say, E = C1 × B1 × B2,
then

K(x̄, z)
(
{⟨z′′, ȳ⟩ | ⟨z′′, y, ȳ⟩ ∈ E}

)
= K(x̄, z)(C1 ×B2) · IB1(x)

with IB1
the indicator function of the set B1. This constitutes certainly a

[B(Z)⊗B(Y ), γ×β]-measurable function by Lemma 3.3. Applying next
the principle of good sets, Dynkin’s π-λ-Theorem shows that the set of
all E for which the claim is true is all of [B(Z)⊗B(Y 2), γ×β2], because
the latter σ-algebra is generated by these rectangles, and because of the
first part of Lemma 4.1.

Now we are poised to show that α2 × γ and γ × β2 are friends. For this,
take E ∈ [B(Z) ⊗B(Y 2), γ × β2] and assume that ⟨x1x2, z⟩ α2 × γ ⟨x̄1x̄2, z̄⟩,
then we have according to Eq. (6)

K(x1x2, z)(E)

=

∫
Z×Y

K(x2, z
′)
(
{⟨z′′, y2⟩ | ⟨z′′, y1y2⟩ ∈ E}

)
dK(x1, z)(⟨z′, y1⟩)

=

∫
Z×Y

K(x2, z
′)
(
{. . . }

)
dK(x̄1, z̄)(⟨z′, y1⟩)

(Corollary 3.4, since the integrand

is [B(Z)⊗B(Y ), γ × β]-measurable)

=

∫
Z×Y

K(x2, z
′)
(
{. . . }

)
dK(x̄1, z̄)(⟨z′, y1⟩)

(by Step 1, because {. . . } is in [B(Z)⊗B(Y ), γ × β])

= K(x̄1x̄2, z̄)(E) .

Now the claim is established by Lemma 3.3.

Summarizing, we obtain

Proposition 5.1. Let (α, β, γ) be a countably generated congruence for the
stochastic automaton K over analytic spaces. Then αn×γ is friendly to γ×βn
for every n ∈ N.⊣

In what follows, we will deal with finite or infinite sequences of inputs resp.
outputs. Denote as usual for a set M by M+ the set of all finite non-empty
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words with letters taken from M , |v| denotes the length of word v ∈M+. M∞

is the set of all infinite sequences, and M≤∞ := M+ ∪M∞ are all non-empty
finite or infinite sequences over M . For τ ∈M∞ the first n letters are denotes
by τn. If M carries a σ-algebra M, Mn carries for n ≤ ∞ the n-fold product
Mn, and M+ the coproduct M+ of (Mn)n∈N, finally M

≤∞ has the coproduct
of M+ and M∞.

Having thus fixed notation, we turn to automata again. Viewed from the
outside, a learning system, or a reactive one, receives an input and responds
through an output, the internal states being hidden from the observer. They
are usually assumed to follow some initial distribution µ ∈ G (Z). So we put

K |v|
µ (v)(G) :=

∫
Z

K(v, z)(Z ×G) dµ(z) (8)

with v ∈ X+, G ∈ B(Y |v|), thus Kn
µ (v) specifies the probability distribution

of outputs of length n given input v with |v| = n, provided the initial states
are distributed according to µ. If µ is concentrated on the point z0 ∈ Z, we
adopt z0 as an initial state for the automaton. Note that the state changes
after each input are recorded through K, but are kept hidden behind a kind of
smoke screen (indicated by computing the probability K(v, z)(Z × G), hence
not betraying which new state is specifically adopted). Finally, define

K+
µ (v)(G) := K |v|

µ (v)(G ∩ Y |v|)

(with G ∈ B(Y +)) as the black box associated with the stochastic automa-
ton K.

We note for later use

Lemma 5.2. For every µ ∈ G (Z), K+
µ : X+ ⇒ Y +; given a countably generated

congruence (α, β, γ) on K, αn is a friend to βn with respect to Kn
µ for each

n ∈ N.

Proof. It is shown first that Kn
µ : Xn ⇒ Y n is a stochastic relation for each

µ ∈ G (Z) [10, Example 2.4.8, Exercise 4.14]. Since X+ is the coproduct of
the measurable spaces (Xn)n∈N, the first assertion follows. For the second one,
fix G ∈ [B(Y n), βn], and assume v αn v′. We observe ⟨v, z⟩ αn × γ ⟨v′, z⟩
for all z ∈ Z, so in particular K(v, z)(Z × G) = K(v′, z)(Z × G), because
αn × γ is friendly to γ × βn by Proposition 5.1. Integrating with respect to
µ ∈ G (Z) yields Kn

µ (v)(G) = Kn
µ (v

′)(G). So the second assertion follows from
Lemma 3.3.

In fact, we may educate our black box to work on infinite sequences in such
a way that the finite initial parts are respected. To be specific, we claim that we
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find a stochastic relation K∞
µ between X∞ and Y∞ such that for the cylinder

set G = Gn ×
∏
m>n Y with Gn ∈ B(Y n)

K∞
µ (τ)(G) = Kn

µ (τn)(Gn)

holds. Consequently, we intend to find K∞
µ : X∞ ⇒ Y∞ with Kn

µ ◦ πXn =

G
(
πYn

)
◦ K∞

µ for all n, with π•
n : τ 7→ τn as the projection of an infinite

sequence to its first n letters. Thus we want to close the gap in this diagram

X∞

πX
n

��

// G (Y∞)

G(πY
n )

��
Xn

Kn
µ

// G (Y n)

Evidently this requires the automaton to be fully probabilistic, i.e., that we
have always K(x, z)(Z × Y ) = 1. For measure-theoretic reasons, we need also
a topological assumption.

Proposition 5.3. Let K = (X,Y, Z,K) be a stochastic automaton such that X
and Y are Polish spaces, and Z is an analytic space. Then there exists for each
initial distribution µ ∈ G (Z) with µ(Z) = 1 a uniquely determined stochastic
relation K∞

µ : X∞ ⇒ Y∞ such that Kn
µ ◦ πn = G (πn) ◦ K∞

µ for all n ∈ N,
provided K(x, z)(Z × Y ) = 1 for all x ∈ X, z ∈ Z.

Proof. Fix µ ∈ G (Z) with µ(Z) = 1. Define πm,n : y1 . . . ym 7→ y1 . . . yn as the
projection Y m → Y n for m > n, and put for τ ∈ X∞

Lk(τ)(G) := Kk
µ(τk)(G),

whenever k ∈ N and G ∈ B(Y k). Then Lk : X∞ ⇒ Y k with Lk(τ)(Y
k) = 1

for all τ , and
Ln(τ) = G (πm,n)

(
Lm(τ)

)
holds for m > n. Thus

(
Ln(τ)

)
n∈N is a projective system in the sense of [10,

Definition 4.9.18] for every τ ∈ X∞. The assertion now follows from [10,
Corollary 4.9.21], a mild variant of the famous Kolmogorov Consistency The-
orem.

Because of its genesis, the stochastic relation K∞
µ might be called the pro-

jective limit associated with automaton K and distribution µ. It comes in
usefully, e.g., when interpreting continuous time stochastic logics, see [7].

Example 5.4. Let (X,Y, Z, p) be a finite stochastic automaton such that
p(x, z) is always a probability on Z × Y , and let µ be a distribution of initial
states. Topologically speaking, finite sets with their power sets are compact
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metric spaces, thus they are Polish, hence analytic spaces. Proposition 5.3
states in this case that there exists a unique map p∞µ : X∞ → G (Y∞) such
that

∀κ ∈ X∞ : p∗µ(v)(w) =
∑

{p∞µ (vκ)(wλ) | λ ∈ Y∞}.
Thus, fixing the distribution of the initial state, for any finite word v over X
and any finite word over Y the probability that the response of the automaton
to v is w can be obtained from projecting all those probabilities over infinite
sequences the initial pieces of which are v resp. w.

Our black box works also for an infinite sequence of inputs, responding to
it with a uniquely determined distribution on the set of output sequences. The
price to pay for this is on one hand the full probabilistic nature of the underlying
stochastic relation (given the requirement, this is only too obvious), and on the
other hand the assumption of working in Polish rather in the considerably
more general analytic spaces. This topological assumption, however, cannot be
relaxed, as [2, Example 7.7.3] shows.

The distribution on infinite output sequences is consistent with its initial
pieces. Suppose you stop the input sequence at point n, then you obtain the
corresponding distribution on the outputs of length n. This observation permits
us to decorate trees. Call a subset T of X≤∞ a tree iff it is prefix free (so if
p ∈ T and q is a prefix of p, then q = p). We interpret the elements of T and
their prefixes as paths, and we associate to each path in the tree a probability:
If x⃗ = x1 . . . xn is a path of length n, then there is some p ∈ T such that x⃗ is
the prefix of length n to p. So assign to x⃗ the distribution

T (x⃗) := G
(
πYn

)
(K |p|

µ )(p)

(with |p| = ∞, if p is infinitely long). This is well defined: if x⃗ is the prefix

of q ∈ T as well, we have by construction G
(
πYn

)
(K

|p|
µ )(p) = G

(
πYn

)
(K

|q|
µ )(q).

In fact, being the prefix of more than one path may occur in case the tree
branches out at some node later on.

The so constructed T (v)(G) is the probability that the output is a member
of G ∈ B(G|v|) after input of the finite sequence v into the tree. If the finite
path associated with v ends in the leaf x (so that v = wx for some w, and v is
not a prefix of another word in T ), then the probability that the final output
is a member of G0 ∈ B(Y ) is just T (v)

(
Y |v|−1 ×G0

)
.

Friendship is maintained also for infinite sequences. We first show that the
extension ξ∞ of a small equivalence relation ξ on the measurable space (F,F)
is small again. Assume that ξ is created by the countable set U := {Un | n ∈
N} ⊆ F , which we may assume to be closed under finite intersections (otherwise
take {

⋂
i∈S Ui | ∅ ≠ S ⊆ N finite} as a countable creator). Put

DU,ξ :=

{
k∏
i=1

Uni ×
∏
m>k

F | ni ∈ N for 1 ≤ i ≤ k, k ∈ N

}
,
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then it is easy to see that this countable set creates ξ∞. Note that DU,ξ is
also closed under finite intersections. Now let V be a countable creator for
β. Assume that τ α∞ τ ′, fix µ ∈ G (Z) with µ(Z) = 1 as before, and let

G ∈ DV,β , then G =
∏k
i=1 Vi ×

∏
m>k Y for some V1, . . . , Vk ∈ V. Hence

G0 :=
∏k
i=1 Vi ∈ [B(Y k), βk], and τk α

k τ ′k, so that we have

K∞
µ (τ)(G) = Kk

µ(τk)(G0)
(‡)
= Kk

µ(τ
′
k)(G0) = K∞

µ (τ ′)(G).

Equality (‡) is implied by the friendship of αk to βk (Lemma 5.2). Thus
Kµ(τ) agrees with Kµ(τ

′) on DV,β , so these measures agree on [B(Y∞), β∞] =
σ(DV,β) by Dynkin’s π-λ-Theorem (see [10, Lemma 1.6.31]).

We have shown

Proposition 5.5. Let K = (X,Y, Z,K) be a stochastic automaton such that
K(x, z)(Z × Y ) = 1 for all x ∈ X, z ∈ Z. Assume that X and Y are Polish
spaces, Z is an analytic space and that µ ∈ G (Z) with µ(Z) = 1 is the initial
distribution. If (α, β, γ) is a countably generated congruence on K, then αn is
friendly to βn with respect to Kn

µ for every n ∈ N ∪ {∞}.⊣

So friendship turns out to be a surprisingly stable relationship, maintained
even through finite and infinite streams.

6. Play it again, Sam

Assume that we want to factor a factored automaton. It will turn out that
the resulting automaton may be obtained by factoring once the automaton
from which we started, albeit with a modified congruence. This result will also
enable us to do the reduction iteratively along the multiple components.

Given an equivalence relation ξ on a set F , and an equivalence relation ζ
on the set F/ξ, define

x (ξ ∗ ζ) x′ iff [x]ξ ζ [x′]ξ ,

hence x is related to x′ through the new relation ξ ∗ ζ iff the class [x]ξ of x is
related to the class [x′]ξ through relation ζ. We may think of ξ ∗ ζ as a lifting
operation (visually, a ζ-class may be seen as a sea in which ξ-classes swim; the
∗ operator lifts these classes to the level of the base space). It is clear that ξ ∗ ζ
is countably generated if both ξ and ζ are.

Define the bijections

φξ,ζ :

F/(ξ ∗ ζ) → (F/ξ)/ζ

[x]ξ∗ζ 7→
[
[x]ξ

]
ζ

and ψξ,ζ :

(F/ξ)/ζ → F/(ξ ∗ ζ)[
[x]ξ

]
ζ

7→ [x]ξ∗ζ
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We obtain this diagram

F
ηξ //

ηξ∗ζ

��

F/ξ

ηζ

��
F/(ξ ∗ ζ)

φξ,ζ //
(F/ξ)/ζ

ψξ,ζ

oo

with

φξ,ζ ◦ η(ξ∗ζ) = ηζ ◦ ηξ and ηξ∗ζ = ψξ,ζ ◦ ηζ ◦ ηξ (9)

Assume our stage is a measurable space, then we obtain

Lemma 6.1. Let (F,F) be a measurable space, then the measurable spaces
(F,F)/(ξ ∗ ζ) and

(
(F,F)/ξ

)
/ζ are isomorphic. Moreover ηξ [G] ∈ [F/ξ, ζ],

provided G ∈ [F , ξ ∗ ζ].

Proof. 1. We show that the bijections φξ,ζ and ψξ,ζ from above are measurable.
From φξ,ζ ◦ ηξ∗ζ = ηζ ◦ ηξ we see that φξ,ζ ◦ ηξ∗ζ is measurable, and since ηξ∗ζ
is final, we conclude measurability of φξ,ζ . Similarly, since the composition
of final morphisms is final again, measurability of ψξ,ζ ◦ ηζ ◦ ηξ by (9) implies
measurability of ψξ,ζ .

2. For establishing the second part, we have to show that ηξ [G] is ζ-
invariant, since clearly ηξ [G] ∈ F/ξ on account of G ∈ F being ξ-invariant.
Given t ∈ ηξ [G] and t′ with t ζ t′, we find x ∈ G′ and some x′ ∈ F with

t = [x]ξ and t′ = [x′]ξ. Is x′ ∈ G? Well, t ζ t′ translates to
[
[x]ξ

]
ζ
=

[
[x′]ξ

]
ζ
,

equivalently [x]ξ∗ζ = [x′]ξ∗ζ . Since x ∈ G, and because G is ξ ∗ ζ-invariant by
assumption, we find that x′ ∈ G holds indeed, which means t′ ∈ ηξ [G], so that
the latter set is ζ-invariant.

Thus we may and do identify ξ with 1F ∗ ξ, and with ξ ∗ 1F/ξ.
Given a congruence on a factor automaton, each equivalence relation on

a factored component space individually generates a new equivalence on the
component proper through lifting, as we have seen above. These new equiva-
lences are countably generated, if their components are. Combining all these
lifted equivalences will yield a congruence, as will be shown now.

In a slight abuse of terminology, call a congruence countably generated (ab-
breviated cg) iff all its components are.

Proposition 6.2. Let c = (α, β, γ) be a cg congruence on the stochastic au-
tomaton K, and c′ = (α′, β′, γ′) a cg congruence on the factor automaton Kc.
Then c ∗ c′ := (α ∗ α′, β ∗ β′, γ ∗ γ′) is a cg congruence on K.
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Proof. 1. Write K =
(
X,Y, Z,K

)
. We know already that c ∗ c′ is countably

generated, so we have to show that α ∗ α′ × γ ∗ γ′ is friendly to γ ∗ γ′ × β ∗ β′

(∗ binds stronger than ×). This is done through Lemma 3.3.
2. Let ⟨x, z⟩ (α ∗ α′ × γ ∗ γ′) ⟨x′, z′⟩, we want to show K(x, z)(G) =

K(x′, z′)(G) for all G ∈ [B(Z × Y ), γ ∗ γ′ × β ∗ β′]. Fix such a set G. Be-
cause α′ × γ′ is friendly to γ′ × β′, we know that

Kc

(
[x]α , [z]γ

)
(H) = Kc

(
[x′]α , [z

′]γ
)
(H) (10)

for all H ∈ [B(Z/γ) ⊗ B(Z/β), γ′ × β′]. From the second part of Lemma 6.1
we see that ηγ×β [G] ∈ [B(Z/γ)⊗B(Y/β), γ′ × β′]. Thus

K(x, z)(G) = K(x, z)
(
η−1
γ×β [ηγ×β [G]]

)
= Kc

(
[x]α , [z]γ

)(
ηγ×β [G]

)
(10)
= Kc

(
[x′]α , [z

′]γ
)(
ηγ×β [G]

)
= K(x′, z′)(G),

and we are done.

Factoring twice, each time with a countably generated congruence, has – up
to isomorphism – the same effect as factoring once through a suitably con-
structed congruence. This observation is similar to the Third Isomorphism
Theorem in Group Theory [17, Corollary 5.10], which tells us what happens
when factoring a group iteratively through normal subgroups.

Proposition 6.3. Let K be a stochastic automaton with a countably generated
congruence c, and c′ a countably generated congruence on the factor automa-
ton Kc. The factor automaton of K for the congruence c ∗ c′, and the factor
automaton of Kc for the congruence c′ are isomorphic.

We could write
(
K/c

)
/c′ more suggestively as K/(c ∗ c′).

Proof. 0. We assume that the automaton K is defined over the analytic spaces
X, Y , and Z, and that the congruences are c = (α, β, γ) resp. c′ = (α′, β′, γ′).
Denote by K1 the factor automaton of K for the congruence c ∗ c′, and by K2

the factor automaton of Kc for the congruence c′. K is assumed to be the
transition law for automaton K, Ki the one for Ki, i = 1, 2.

1. The candidates for the isomorphism are the suspects already indicated
in the equations (9), specifically

a♯ : [x]α∗α′ 7→ [[x]α]α′ ,

b♯ : [y]β∗β′ 7→
[
[y]β

]
β′
,

c♯ : [z]γ∗γ′ 7→
[
[x]γ

]
γ′
,

and

a♭ : [[x]α]α′ 7→ [x]α∗α′ ,

b♭ :
[
[y]β

]
β′

7→ [y]β∗β′ ,

c♭ :
[
[x]γ

]
γ′

7→ [z]γ∗γ′ .
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2. We show that this diagram commutes

X/(α ∗ α′)× Z/(γ ∗ γ′) K1 //

a♯×c♯

��

G (Z/(γ ∗ γ′)× y/(β ∗ β′))

G(c♯×b♯)
��

(X/α)/α′ × (Z/γ)/γ′
K2

// G ((Z/γ)/γ′ × (y/β)/β′)

For this, fix J ∈ B((Z/γ)/γ′ × (y/β)/β′). A not particularly exciting manipu-
lation shows that

(ηγ∗γ′ × ηβ∗β′)−1
[
(c♯ × b♯)−1 [J ]

]
= (ηγ × ηβ)

−1
[
(ηγ′ × ηβ′)−1 [J ]

]
. (11)

But now we obtain

K(a♯([x]α∗α′), c
♯([z]γ∗γ′)(J) = K2(x, z)

(
(ηγ × ηβ)

−1
[
(ηγ′ × ηβ′)−1 [J ]

])
(11)
= K(x, z)

(
(ηγ∗γ′ × ηβ∗β′)−1

[
(c♯ × b♯)−1 [J ]

])
= K1([x]α∗α′ , [z]γ∗γ′)

(
(c♯ × b♯)−1 [J ]

)
.

So the diagram in question commutes indeed. A similar diagram for (a♭, b♭, c♭)
is shown to commute in exactly the same manner. Because all contributing
maps are bijective and measurable by the remarks at the beginning of this
section, we have found the desired isomorphisms.

This result indicates that a stepwise reduction is possible. Suppose that we
want to first reduce states according to γ, and then reduce inputs and outputs
through α resp. β. We observe that up to isomorphism

(α, β, γ) = (1X , 1Y , γ) ∗ (α, β, 1Z/γ)

holds. Reducing inputs and outputs first and then dealing with states gives
rise to a similar isomorphism:

(α, β, γ) = (α, β, 1Z) ∗ (1X/α, 1Y/β , γ).

7. Conclusion and Discussion

The notion of a congruence for stochastic automata is defined and investigated,
the interplay of congruences with the kernels of morphisms is briefly shed light
on. The central notion is the friendship of equivalence relations with respect
to stochastic relations, which is studied extensively. We investigate also the
behavior of an automaton when the input comes from a finite or infinite stream;
this permits the automaton to work on trees with possibly infinite paths. Some
topological assumptions had to be made in order to face measure theoretic
problems adequately. Finally an isomorphism result is stated which permits
the reduction of an automaton in a stepwise fashion.
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A historic digression. The results here generalize among others well know
constructions from discrete stochastic automata. This is akin to the situation
when discussing bisimulations for Markov transition systems. There is a well
established approach to constructing bisimulations for discrete Markov tran-
sition systems, see, e.g., the seminal paper [21] by Larsen and Skou. Panan-
gaden’s careful analysis [22, 23], however, pointed at some difficulties when
trying to transplant this approach to non-discrete Markov transition systems,
i.e., to probabilistic systems which work over general measurable spaces. Here
one asks for methods based on coalgebras, and Azcel’s Theorem [25] rapidly
became the gateway, because it permitted expressing bisimilarity in terms of
coalgebra morphisms. This opened the toolbox of categories including the re-
sults on the intriguing Giry monad, which captures probabilistic arguments
through a categorical framework.

If the reader is not yet fully convinced that the generalization from finite
stochastic systems to infinite ones does not entail a simple extension of well-
proven established methods, it may be worthwhile having a look at stochastic
dynamic programming [12, 16]. Optimization in a finite scenario usually ap-
plies techniques from convex optimization, which in turn are based on the
geometrically appealing realm of convex polytopes in Euclidean, hence finite
dimensional, spaces. Migrating to non-discrete measurable spaces, however,
necessitates the employment of other tools, since finite dimensional solution
spaces are no longer available. Here measurable selections [14, 15, 27] play a
fundamental rôle as an important tool for investigating solutions. While convex
polytopes live on compact convex sets in a finite dimensional space, measur-
able selections thrive on measurable relations with closed values in a Polish
space. Clearly, the continuous case is no straighforward generalization of the
discrete one.

What could be done next. An extension to these ideas lets equivalence
relations act on subprobabilities by the well-known technique of randomization
(see, e.g., [8, Chapter 3]). To be specific, let (F,F) be a measurable space, ξ an
equivalence relation on F with the σ-algebra [F , ξ] of ξ-equivalent sets. Define
for µ, ν ∈ G (F,F)

µ ξ⋄ ν iff ∀E ∈ [F , ξ] : µ(E) = ν(E).

This is the randomization of ξ [8]; note that x ξ x′ iff δx ξ
⋄ δx′ with δx ∈ G (F,F)

the point mass on x. Furthermore, extend the stochastic relation K : (F,F) ⇒
(H,H) to a measurable map K∗ : G (F,F) → G (H,H) upon setting

K∗(µ)(E) :=

∫
F

K(x)(E)µ(dx)

for E ∈ H (remember, stochastic relation K is really a Kleisli morphism for the
Giry monad, K∗ is its Kleisli extension). Call then the equivalence relation ξ a
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random friend2 to the equivalence relation ζ iff we have K∗(µ) ζ⋄ K∗(ν) pro-
vided µ ξ⋄ ν with µ, ν ∈ G (F,F) . An equivalent formulation without explicit
randomization reads

ker (G (mξ)) ⊆ (K∗ ×K∗)−1 [ker (G (mζ))] ,

where m is defined in Lemma 3.3. Transporting these ideas to automata, one
would have to decide whether one wants friendship of the level of, say, (α× γ)

⋄
,

or of α⋄ × γ⋄; the latter one indicates a much tighter pairing than the former
one (recall that a finite measure on a product space in not necessarily a product
measure).
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Abstract. If the quaternary quartic equation

9 ·
(
u2 + 7 v2

)2 − 7 ·
(
r2 + 7 s2

)2
= 2 (*)

which M. Davis put forward in 1968 has only finitely many solutions
in integers, then — it was observed by M. Davis, Yu. V. Matiyasevich,
and J. Robinson in 1976 — every listable set would turn out to admit
a single-fold Diophantine representation.
In 1995, D. Shanks and S. S. Wagstaff conjectured that (*) has
infinitely many solutions; while in doubt, it seemed wise to us to sin-
gle out new candidates for the role of “rule-them-all equation”. We
offer three new quaternary quartic equations, each obtained by much
the same recipe which led to (*). The significance of those can be sup-
ported by arguments analogous to the ones found in Davis’s original
paper; moreover, they might play a key role in settling the conjecture
that every listable set has a single-fold (or, at least, a finite-fold) rep-
resentation.
Directly from the unproven assertion that any of the novel equations
has only finitely many solutions in integers, one can construct a Dio-
phantine relation of exponential growth, as we show in detail for one,
namely

3 ·
(
r2 + 3 s2

)2 − (
u2 + 3 v2

)2
= 2 ,

of the new candidate rule-them-all equations.
An account of Julia Robinson’s earliest Diophantine reduction of expo-
nentiation to any relation of exponential growth is also included, for
the sake of self-containedness.

Keywords: Hilbert’s 10th problem, exponential-growth relation, single/finite-fold Dio-
phantine representation, Pell’s equation.
MS Classification 2020: 03D25, 11D25.
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Introduction

In his paper [3], Martin Davis derived from the unproven assertion∥∥∥∥∥∥
the equation

9 ·
(
u2 + 7 v2

)2 − 7 ·
(
r2 + 7 s2

)2
= 2 (*)

has no solution in non-negative integers save the trivial u = r = 1, v = s = 0

that∥∥∥∥ there is no uniform algorithm for testing polynomial Diophantine equations
for solvability in positive integers, i.e., Hilbert’s tenth problem is unsolvable.

Yuri Matiyasevich did establish, short afterwards [13], the algorithmic un-
solvability of Hilbert’s 10th problem, but along a different pattern. Also, Davis’s
expectation that his quaternary quartic had no non-trivial solutions came to
an end in the early 1970s, when new solutions where discovered (see [7] and
[22, p. 68]).

Davis’s equation still retains, notwithstanding, part of its original fascina-
tion (cf. [15, pp. 43–44]). For, on the one hand, it would suffice that (*) had
only finitely many solutions in integers in order that it can be exploited in
the manner originally proposed by Davis — namely, to show that some Dio-
phantine relation has exponential growth. On the other hand, if the number
of solutions to (*) is finite, then — according to [4] — it can be shown that
a single-fold Diophantine representation of the dyadic relation 2n = c can be
constructed. More generally, every partial recursive function F — mapping a
subset of Nm into N = {0, 1, . . . }, for some m — could be represented as

F(a1, . . . ,am) = b ⇐⇒ the equation P (a1, . . . ,am, x0, . . . , xk) = b
has a solution in non-negative integers,

where P (a1, . . . , am, x0, . . . , xκ) is a polynomial with integer coefficients in the
variables a1 , . . . , am, x0 , . . . , xκ such that the following implication holds all
over N:1

(∀ a1 , . . . , am , b , x0 , . . . , xκ , y0 , . . . , yκ )
[

P (a1, . . . , am, x0, . . . , xκ) = b = P (a1, . . . , am, y0, . . . , yκ) =⇒
κ∧

i=0

(
xi = yi

)]
.

1It should be clear that the variables a1 , . . . , am , b and x0, . . . , xκ play different roles: b
and the ai’s act as parameters, whereas the xj ’s act as unknowns.
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It is conjectured in [23, p. 1720] that (*) has infinitely many solutions in
integers; while in doubt, it hence seemed wise to us to single out additional
candidates for the role of “rule-them-all equation”, in the hope that one would
prove easier to analyze than the others. One of three alternatives which we put
forward in this paper is the novel quaternary quartic equation

3 ·
(
r2 + 3 s2

)2 − (
u2 + 3 v2

)2
= 2 , (

∗
∗)

which emerged from private discussions with Martin Davis.
We shall argue on the significance of this equation by paralleling the argu-

ments found in [3] very closely — even verbatim at various places. Directly

from the unproven assertion, H, that (
∗
∗) has only finitely many solutions in

integers, we shall show how to construct a Diophantine relation ϱ of exponen-
tial growth. The same task can be carried out, likewise, with either one of two
more quaternary quartic equations which will be presented without detailed
treatment.

Davis’ original equation as well as the ones that will be considered in the
ongoing are of the following type: given a positive non-square integer δ, the
solutions to the equation correspond to the representations of a certain integer
c by a quadratic form f(x, y) of discriminant δ (up to squares), where x, y are in
their turn representable by a quadratic form of discriminant −d (for a number
d simply related to δ, often coinciding with it). The key point is Lemma 3.4,
which refers to the discriminant −3 but can be generalized to an arbitrary
discriminant −δ , as by Corollary 3.2.

An ending proposition of this paper, namely Theorem 6.10, shows that our
relation ϱ enjoys a property which, after Matiyasevich [12], we expect to play a
crucial role in the hoped-for finite-fold representability of all partial recursive
functions, whichH would yield if true. (Finite-fold-ness is a weaker requirement
than single-fold-ness, as we are about to explain.)

For the sake of self-containedness, in Appendix A we offer a slightly re-
touched account of Julia Robinson’s earliest Diophantine reduction of expo-
nentiation, bn = c, to any exponential-growth dyadic relation.

1. The finite-fold-ness issue

As was anticipated in [5] and then conclusively shown in 1961 [6], every partial
recursive function F from a subset of Nm into N can be specified in the form

F(a1, . . . , am) = b ⇐⇒ (∃x0 · · · ∃xκ) φ(

pairwise distinct variables︷ ︸︸ ︷
a1, . . . , am, b︸ ︷︷ ︸
parameters

, x0, . . . , xκ︸ ︷︷ ︸
unknowns

) , (†)

for some formula φ that only involves:
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• individual variables, including (as free variables) the shown ones,

• positive integer constants,

• addition, multiplication, exponentiation (namely the predicate xy = z),

• the logical connectives & , ∨, ∃ ν, = .

This result, known as the Davis-Putnam-Robinson (or ‘DPR’) theorem,
was later improved by Yu. Matiyasevich in two respects: in [13] he showed
how to ban use of exponentiation, altogether, from (†); in [14], while retaining
exponentiation, he achieved single-fold -ness of the representation, in the sense
explained below.2

A representation (∃x0, . . . , xκ) φ of F in the above form (†) is said to be
single-fold if

(∀ a1 , . . . , am , b) (∃ y0 , . . . , yκ) (∀x0 , . . . , xκ)
[
φ =⇒

κ∧
i=0

(
xi = yi

) ]
(
i.e., the constraint φ( a1, . . . , am, b , x0, . . . , xκ ) never has multiple solutions

)
.

The definition of finite-fold -ness is akin: the overall number of solutions
(in the x’s) that correspond to each (m + 1)-tuple ⟨a1, . . . ,am, b⟩ of actual
parameters must be finite; or, to state this formally:

(∀ a1 , . . . , am , b) (∃ s) (∀x0 , . . . , xκ)
[

φ =⇒ s ⩾ x0 + · · · + xκ

]
.

In [12], Matiyasevich argues on the significance of combining his two im-
provements to DPR, and on the difficulty — as yet unsolved — of this rec-
onciliation. Full elimination of exponentiation from (†) is generally achieved
in two phases: one first gets the polynomial Diophantine representation of a
relation of exponential growth (see [18, 19]), and then integrates this represen-
tation with additional constraints in order to represent the predicate xy = z
polynomially. Unfortunately, though, the solutions to the equations introduced
in the first phase have a periodic behavior, causing the equations that specify
exponentiation to have infinitely many solutions.

One way out of this difficulty was indicated in [4], and has been recently
recalled in [12, 15]: If one managed to prove that there are only a finite number
of solutions to a certain quaternary quartic equation, which M. Davis put

2A virtue of the representation proposed in [14] is that exponentiation occurs in it only
once; the author was in fact able to ensure single-fold-ness while reducing (†) to the elegant
format
F(a1, . . . , am) = b ⇐⇒ (∃x0 , x1 , . . . , xκ) Q(a1, . . . , am, b, x1 , . . . , xκ) = 4x0 + x0 ,

where Q is a polynomial with coefficients in Z, devoid of occurrences of x0 .
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forward in his “One equation to rule them all” [3], then a relation of exponential
growth could be represented by a single-fold Diophantine polynomial equation.

Skepticism concerning the finitude of the set of solutions to Davis’s equation
began to circulate among number theorists after D. Shanks and S. S. Wagstaff
[23] discovered some fifty elements of this set. This is why we sought new
candidates to the role of ‘rule-them-all’ equation, by resorting to much the
same recipe which enabled Davis to obtain his own.

2. Davis’ quaternary equation and its siblings

As of today, there are four competitors for the role of ‘rule-them-all’ equation:

−2: 2 ·
(
r2 + 2 s2

)2 − (
u2 + 2 v2

)2
= 1 ;

−3: 3 ·
(
r2 + 3 s2

)2 − (
u2 + 3 v2

)2
= 2 ;

−7: 7 ·
(
r2 + 7 s2

)2 − 32 ·
(
u2 + 7 v2

)2
= −2 (the one of [3]);

−11: 11 ·
(
r2 + r s + 3 s2

)2 − (
v2 + v u+ 3u2

)2
= 2 .

Each one of these equations stems from a square-free rational integer d > 0
such that the integers of the imaginary quadratic field Q(

√
−d) form a unique-

factorization domain.3 The numbers in question — detected by Carl Friedrich
Gauss — are known to be 1, 2, 3, 7, 11, 19, 43, 67, 163, and no others. Con-
sider, for each such d save d = 1, also the equation d y2 + 1 = 2 (meaning:
‘d y2+1 is a perfect square’). As is well known, this is a Pell equation endowed
with infinitely many solutions in N. The equations we have listed are associ-
ated — in a manner which will emerge from the discussion in this paper —
with the discriminants −2,−3,−7,−11 of the corresponding Pell equations; in
principle we could have associated a rule-them-all equation also with each one
of −19,−43,−67,−163.4

Trivial solutions (in Z): We shall regard as being trivial, for each one of
the rule-them-all equations shown above, the following four solutions:

r, u ∈ {−1, 1} , s = v = 0 .

3The ring of integers of an algebraic number field K is the ring of all elements of K which
are roots of monic polynomials xn + cn−1 xn−1 + · · · + c0 with rational integer coefficients
ci .

4Note added in proof. After the writing of this paper was completed, in Dec 2020 and in
March 2021, Luca Cuzziol found two more candidate rule-them-all equations, which are:

−19: 19 · 32 ·
(
r2 + r s + 5 s2

)2 − 132 ·
(
v2 + v u+ 5u2

)2
= 2 ;

−43: 43 ·
(
s2 + s r + 11 r2

)2 −
(
v2 + v u+ 11u2

)2
= 2 .
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When the discriminant is −11, two more solutions must be regarded as
trivial:

r = ±1 , u = 1 , s = 0 , v = −1 .

Presently, for the discriminant −2, we only know trivial solutions.

Non-trivial solutions (in N): As mentioned at the end of Sec. 1, over 50
solutions were found for the rule-them-all equation with discriminant −7.

Two non-trivial solutions for the discriminant −3 and two for the discrimi-
nant −11 were also detected; they will be shown later (see Fact 3).

Relative to each one of our discriminants −2,−3,−7,−11, we have a notion
of representable number ; to wit, a positive integer which can be written in
the corresponding quadratic form (with u , v ∈ Z ):

−2: u2 + 2 v2 ,

−3: u2 + 3 v2 ,

−7: u2 + u v + 2 v2
(
note the special case u2 + 7 v2 =

(u− v)2 + (u− v) (2 v) + 2 (2 v)2
)
,

−11: u2 + u v + 3 v2
(
note the special case u2 + 11 v2 =

(u− v)2 + (u− v) (2 v) + 3 (2 v)2
)
.

Clue: Things are so because the integers of Q(
√
−d) form the ring:{

Z
[√

−d
]

if d ≡ 1, 2 ( mod 4) ,

Z
[
(1 +

√
−d) / 2

]
if d ≡ 3 ( mod 4) .

Rather than discussing at length each of the four candidate rule-them-all
equations, in the ongoing we shall only examine how to assemble the one,
(
∗
∗), that corresponds to the discriminant −3, and how to construct, directly

from the unproven assertion that (
∗
∗) has only finitely many integer solutions,

a finite-fold Diophantine representation of a relation of exponential growth.

3. Some properties of solutions to the Pell equation
x2 − 3 y2 = 1

Let us recall a most basic fact about the Pell equation (cf. [9, pp. 216–217]):
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Lemma 3.1. The successive non-negative integer solutions to any equation of
type x2 − δ y2 = 1, with δ > 0 a non-square integer, are given (for n ⩾ 0) by

xn + yn
√
δ =

(
x1 + y1

√
δ
)n

,

where x1, y1 may be calculated from the fact that y1 is the least y > 0 for which
1 + δ y2 is a square and x1 =

√
1 + δ y21 .

It hence follows that x2ℓ + y2ℓ
√
δ =

(
xℓ + yℓ

√
δ
)2

and, consequently:

Corollary 3.2. The solutions to the said equation satisfy the identity5

x2ℓ + y2ℓ
√
δ =

(
x2
ℓ + δ y2ℓ

)
+ 2 xℓ yℓ

√
δ .

Henceforth we shall mainly focus on the treatment of the discriminant −δ =
−3, occasionally indicating where differences lie with the numbers −2 and −11.
In the case at hand, we readily have y1 = 1 and x1 = 2.

Lemma 3.3. gcd(xn, yn) = 1.

Proof. t | xn and t | yn implies t | (x2
n − 3 y2n), i.e., t | 1.

Lemma 3.4. Both of the sequences ⟨xn⟩n∈N, ⟨yn⟩n∈N are solutions to the second-
order recurrence equation

Un+2 = 4 Un+1 − Un .

(Thus, ⟨xn⟩n∈N=⟨1, 2, 7, 26, 97, 362, . . .⟩ and ⟨yn⟩n∈N=⟨0, 1, 4, 15, 56, 209, . . .⟩.)

Proof. Let θ = 2 +
√
3, θ′ = 2 −

√
3. Then, θ + θ′ = 4, θθ′ = 1, so that

θ2 − 4 θ + 1 = 0. Hence θn+2 − 4 θn+1 + θn = 0, for n ⩾ 0. That is,

xn+2 + yn+2

√
3 = 4

(
xn+1 + yn+1

√
3
)
−

(
xn + yn

√
3
)
.

Lemma 3.5. For n odd, xn is even and yn is odd. For n even, xn is odd and
yn is even.

Proof. The result is clear by inspection for n = 0, 1. It follows, in general,
since Lemma 3.4 implies that xn+2 ≡ xn (mod 2), yn+2 ≡ yn (mod 2).

Lemma 3.6. For ℓ ⩾ 0,

x2ℓ = x2
ℓ + 3 y2ℓ , y2ℓ = 2 xℓ yℓ.

5As stressed in the Introduction, this identity is a cornerstone in the construction of each
candidate rule-them-all equation: it shows that x2ℓ — entering in a representation of 1 in
the form x2 − δ y2 — is, in its turn, represented by the quadratic form x2 + δ y2.
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Proof. Immediate from Corollary 3.2.

Lemma 3.7. Let h,m > 0. Then,

y2m·h = 2m xh yh ·
∏

0<i<m x2i·h .

Proof. For m = 1, the result is given by Lemma 3.6. Proceeding by induction
(and using Lemma 3.6),

y2m+1·h = 2 x2m·h y2m·h = 2m+1 xh yh ·
∏

0<i⩽m x2i·h .

Corollary 3.8. Let m > 0. Then

y2m = 2m+1 ·
∏

0<i<m x2i .

Proof. Take h = 1 in Lemma 3.7.

Lemma 3.9. Let ℓ ⩾ 0. Then

y2 ℓ+1 = (xℓ + 3 yℓ) (xℓ + yℓ) .

Proof. Lemma 3.1 yields

x2 ℓ+1 + y2 ℓ+1

√
3 =

(
xℓ + yℓ

√
3
)2 (

2 +
√
3
)

=
((
x2
ℓ + 3 y2ℓ

)
+ 2 xℓ yℓ

√
3
) (

2 +
√
3
)
.

Hence,
y2 ℓ+1 = x2

ℓ + 4 xℓ yℓ + 3 y2ℓ = (xℓ + 3 yℓ) (xℓ + yℓ).

Lemma 3.10. Let ℓ ⩾ 0. Then

gcd(xℓ + 3 yℓ, xℓ + yℓ) = 1 .

Proof. Suppose that there is a prime number p such that p | xℓ + yℓ and
p | xℓ +3 yℓ . Then, since 3 (xℓ + yℓ)− (xℓ +3 yℓ) = 2xℓ , either p = 2 or p | xℓ .
But, by Lemma 3.5, xℓ and yℓ have opposite parity, so p ̸= 2. Hence p | xℓ,
and therefore p |

(
(xℓ+ yℓ)−xℓ

)
, i.e., p | yℓ, which contradicts Lemma 3.3.

4. Representable numbers

In the case under study, namely when the discriminant has value −3, a posi-
tive integer x is called representable6 if there are non-negative integers u, v
such that x = u2 + 3 v2. If, in addition, u and v are coprime, x will be called

6Equivalently (cf. [1]), the positive integers x which interest us here can be characterized
as the ones writable in the form x = s2 + s t+ t2, with s, t ∈ Z.
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coprimely representable. For instance, 3 = 02 + 3 · 12 is coprimely repre-
sentable, as gcd(0, 1) = 1, whereas 9 = 32 + 3 · 02 is representable but not
coprimely representable. Observe that any prime p is representable if and only
if it is coprimely representable.

Every perfect square is, trivially, representable. In addition, the product of
representable numbers is representable. The latter remark follows readily from
the identity(

u2 + 3 v2
) (

r2 + 3 s2
)
= (u r − 3 v s)2 + 3 (u s+ v r)2 . (1)

We shall call a prime p inert7 if p ≡ 2 (mod 3). Note that 3 is the only
prime number q such that q ≡ 0 (mod 3); every other prime number either
is inert (e.g. 2, 5, 11, 17, 23, 29, . . . ) or satisfies the congruence q ≡ 1 (mod 3)
(e.g. 7, 13, 19, 31, 37, . . . ).

Lemma 4.1. For an odd prime p,

p is not inert ⇐⇒
(
−3
p

)
̸= −1,

where
(
−3
p

)
is a Legendre symbol.8

Proof. For p = 3, the lemma holds, since 3 is not inert and
(−3

3

)
= 0. Hence, we

may assume that p > 3. By the quadratic reciprocity law and the multiplicative
property of Legendre symbols, we have

(−1)
p−1
2 =

(
3
p

)(
p

3

)
=

(
−3
p

)(
−1
p

)(
p

3

)
,

so that
(
−3
p

)
= (−1)

p−1
2

(
−1
p

)(
p

3

)
. Thus, by applying Euler’s criterion to

(
−1
p

)
,

we have (
−3
p

)
≡ (−1)

p−1
2

(
−1
p

)(
p

3

)
(mod p)

≡ (−1)
p−1
2 (−1)

p−1
2

(
p

3

)
(mod p)

≡
(
p

3

)
(mod p) .

7In [3], Davis dubs ‘poison primes’ the numbers which play an analogous role relative to
the discriminant −7. For any discriminant −d that we consider, we regard as ‘inert’ those
primes which remain prime in the enlarged ring Z

[√
−d

]
, the only exception being p = 2

relative to the discriminant −3 (that p remains irreducible, but no longer prime, in Z
[√

−3
]
;

however, it becomes prime in the ring of integers of Q
(√

−3
)
, which is larger than Z

[√
−3

]
).

8See Appendix B for a definition of Legendre symbols and the statements of some of their
main properties.
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By applying Euler’s criterion to
(
p

3

)
and recalling that p > 3, the latter implies

that (
−3
p

)
= 1 ⇐⇒

(
p

3

)
= 1 ⇐⇒ p ≡ 1 (mod 3) ⇐⇒ p is not inert ,

concluding the proof of the lemma.

In view of the preceding lemma, since, for an odd prime p,
(
−3
p

)
̸= −1 if

and only if p | z2 + 3 for some z, we have also the following corollary.

Corollary 4.2. For an odd prime p,

p is not inert ⇐⇒ p | z2 + 3 for some z.

Fact 1. An immediate consequence of the preceding corollary is that any non-
inert prime divides some coprimely representable number (of the form z2 +
3). In fact, as we shall see later, any non-inert prime is representable (cf.
Lemma 4.5).

We now undertake proving that the representable positive integers are pre-
cisely the ones in whose factorization no inert prime number appears with an
odd exponent.

We begin with a couple of simple facts:

Lemma 4.3. For a coprimely representable integer x, the following properties
hold:

(a) if 2 | x, then 22 | x, but 23 ∤ x; in addition, x/4 is representable;9

(b) if 3 | x, then 32 ∤ x.

Proof. Let x = r2 + 3 s2, with r, s coprime integers.
(a) Let us assume that 2 | x. Plainly, 2 ∤ r and 2 ∤ s. Thus, we can write

r = 2k + 1 and s = 2ℓ+ 1, for some integers k and ℓ. Hence

x = (2k + 1)2 + 3 (2ℓ+ 1)2

= 4 (k2 + k + 3ℓ2 + 3ℓ+ 1) ,

so that 22 | x plainly holds; and since (k2 + k+3ℓ2 +3ℓ+1) is clearly odd, we
have also that 23 ∤ x.

Next, to prove that x/4 is representable, we shall make use of the following
identity:

r2 + 3s2

4
=

(
r ± 3s

4

)2

+ 3

(
r ∓ s

4

)2

. (2)

9In fact, it can be shown that x/4 is coprimely representable.
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Since r and s are odd, then (r mod 4), (s mod 4) ∈ {1,−1}. Thus, either
r+s ≡ 0 (mod 4) or r−s ≡ 0 (mod 4). In the former case, we have r−3s ≡ 0
(mod 4), whereas in the latter case r + 3s ≡ 0 (mod 4) holds. In other words,
either both r−3s

4 and r+s
4 are integers or so are both r+3s

4 and r−s
4 . In any

case, (2) implies that x
4 = r2+3s2

4 is representable.

(b) Let us now assume that 3 | x. Hence, 3 | r2 so that 3 | r and 32 | r.
But then if 32 | x, we would have 32 | 3s and therefore 3 | s, contradicting the
coprimality of r and s. Thus, 32 ∤ x.

Lemma 4.4. If there is an inert prime dividing x to an odd power, then x is
not representable.

Proof. Let p be an inert prime dividing x to an odd power, but assume, by way
of contradiction, that x is representable, i.e., x = ū2 + 3 v̄2 for some integers
ū, v̄. Let d = gcd(ū, v̄), so that ū = d u and v̄ = d v for some coprime integers
u, v. Thus, we have

x = d2 (u2 + 3 v2) , (3)

and therefore the prime p must divide u2 + 3 v2, i.e.,

u2 + 3 v2 ≡ 0 (mod p) . (4)

We can easily rule out the possibility p = 2, since, by (3) and Lemma 4.3,
2 divides x to an even power. Hence p must be an odd prime.

The co-primality of u, v entails that p ∤ v, i.e., v ∈ Z∗
p, so that there exists

an integer z such that v z ≡ 1 (mod p). Hence, by (3),

(u z)2 + 3 ≡ u2 z2 + 3 v2 z2 ≡ (u2 + 3 v2) z2 ≡ 0 (mod p)

and therefore p | (u z)2 + 3. It follows from Corollary 4.2 that p is not inert, a
contradiction. Hence x is not representable.

Lemma 4.5. Every non-inert prime p is representable.

Proof. For p = 3 the thesis is obvious. For a non-inert prime p > 3, we follow
a proof due to Euler, as outlined in [2, p. 11 and pp. 19–20]; its argument, for
a prime q, consists of two basic steps:

Reciprocity Step: if q ≡ 1 (mod 3) (i.e., q is a non-inert prime other than
3), then q divides some coprimely representable integer;

Descent Step: if q > 3 divides some coprimely representable integer, then q
is representable.
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Plainly, an application of the Reciprocity Step followed by a Descent Step
yields the thesis at once.

The correctness of the Reciprocity Step is an immediate consequence of
Corollary 4.2, whereas the correctness of the Descent Step is proved in Ap-
pendix C.

The following lemma inverts Lemma 4.4, thereby yielding a characterization
of representable integers as just the non-negative integers which are divided to
an odd power by no inert prime.

Lemma 4.6. If x ⩾ 0 is not representable, then some inert prime divides x to
an odd power.

Proof. Let x be a non-representable positive integer. By way of contradiction,
let us assume that every inert prime divides x to an even power. Then we have
x = NP 2, where N is a (possibly empty) product of non-inert primes and P
is a (possibly empty) product of inert primes. Plainly, P 2 is representable. In
addition, N is representable too, since it is the product of non-inert primes
and all of them, by Lemma 4.5, are representable. But then x would be rep-
resentable, as it is the product of the representable numbers N and P 2, which
is a contradiction. Thus, there must be an inert prime dividing x to an odd
power.

Fact 2. Let us momentarily shift focus back to the various discriminants in-
troduced in Sec. 2. Each of those has — relative to the associated notion of
representability as given in Sec. 2 — a corresponding suitable notion of inert-
ness. In the respective cases, inert primes are:

−2: prime numbers p such that p ≡ 5, 7 (mod 8) ;

−3: prime numbers p such that p ≡ 2 (mod 3) ;

−7: prime numbers p such that p ≡ 3, 5, 6 (mod 7) ;

−11: prime numbers p such that p ≡ 2, 6, 7, 8, 10 (mod 11) .

It can always be proved, as we have discussed only for the discriminant −3,
that the representable numbers are precisely those positive integers in whose
factorization no inert prime appears with an odd exponent. (In particular, a
prime number is representable if and only if it is not inert.)

Next, returning to our main case-study, we prove some representability
properties of the xi’s and yi’s defined in Lemma 3.1.

Lemma 4.7. For all m > 0, y2m is representable if and only if m is odd.
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Proof. Let m > 0. By Corollary 3.8, we have

y2m = 2m+1 ·
∏

0<i<m x2i . (5)

Let us first assume that m is odd. Then 2m+1 is representable, since it is a per-
fect square. In addition, by Lemma 3.6, each factor x2i in (5) is representable.
Thus y2m is representable, inasmuch as the product of representable numbers.

On the other hand, if m is even, the inert prime 2 divides y2m to the odd
power m+1, since all factors x2i in (5) are odd numbers. Thus, by Lemma 4.4,
y2m is not representable.

Lemma 4.8. Let n = 2m · k, with k > 0 an odd number and m > 0. If yn is
representable, then so is yk.

Proof. Suppose that yn is representable, whereas yk is not. By Lemmas 3.5 and
4.6, there is an odd inert prime p which divides yk to an odd power. We prove
that the inert prime p must also divide yn to an odd power, thereby yielding a
contradiction by Lemma 4.4. From Lemma 3.7, we have

yn = 2m xk yk
∏

0<i<m x2i·k . (6)

Since by Lemma 3.6 each factor x2i·k in yn is representable, Lemma 4.4 implies
that p divides each of these numbers to an even (perhaps 0) power. Moreover
p ∤ 2m (since p is odd) and p ∤ xk (since, by Lemma 3.3, xk and yk are coprime).
So, by (6), p divides yn to an odd power, which by Lemma 4.4 contradicts the
hypothesis.

Lemma 4.9. Let ℓ ⩾ 0. If y2ℓ+1 is representable, so are xℓ + 3 yℓ and xℓ + yℓ .

Proof. Let y2ℓ+1 be representable. From Lemma 3.9, y2 ℓ+1 = (xℓ+3yℓ)(xℓ+yℓ).
In addition, by Lemma 3.10, xℓ + 3 yℓ and xℓ + yℓ are coprime. Therefore no
inert prime can possibly divide either xℓ+3 yℓ or xℓ+yℓ to an odd power, since
otherwise it would divide y2ℓ+1 to the same odd power. Thus, by Lemma 4.6,
both xℓ + 3 yℓ and xℓ + yℓ are representable.

Finally, we obtain:

Theorem 4.10. Let n = 2m · (2h + 1), with m ⩾ 0 and h > 0. If yn is
representable, then the equation

3 ·
(
r2 + 3 s2

)2 − (
u2 + 3 v2

)2
= 2 (7)

has a non-trivial integer solution ⟨u, v, r, s⟩ such that (u2+3 v2)(r2+3 s2) | yn,
a solution being dubbed trivial when it satisfies r = ±1 & s = 0.
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Proof. Let n = 2m · (2h + 1), with m ⩾ 0 and h > 0, be such that yn is
representable. Then, by Lemma 4.8, y2h+1 is representable and therefore, by
Lemma 4.9, so are xh + 3 yh and xh + yh. Thus, there are integers u, v, r, s
such that {

xh + 3 yh = u2 + 3 v2

xh + yh = r2 + 3 s2 .
(8)

Thus,

3
(
r2 + 3 s2

)2 − (
u2 + 3 v2

)2
= 3 (xh + yh)

2 − (xh + 3 yh)
2

= 3 x2
h + 6 xh yh + 3 y2h − x2

h − 6 xh yh − 9 y2h

= 2 (x2
h − 3 y2h ) = 2 ,

proving that ⟨u, v, r, s⟩ is an integer solution to (7). In addition, ⟨u, v, r, s⟩ is
non-trivial, else (8) would become

xh + 3 yh = 1
xh + yh = 1 ,

yielding yh = 0, a contradiction, since h > 0.
Finally, by (8) and Lemma 3.9,

(u2 + 3 v2) (r2 + 3 s2) = (xh + 3 yh) (xh + yh) = y2h+1 ,

and therefore, by Lemma 3.7, we have

(u2 + 3 v2) (r2 + 3 s2) | yn .

Fact 3. The following (relatively) small non-trivial solution to (7) was found,
and kindly communicated to us on June 26, 2017, by B. Z. Moroz:

r = 16 , s = 25 , u = 4 , v = 35 .

On August 20, 2017, Dr. Moroz informed us that another non-trivial solu-
tion to (7) had been detected by Carsten Roschinski.

On October 27, 2017, Alessandro Logar communicated to us the following
non-trivial solution to (7):

r = 124088 , s = 7307 , u = 134788 , v = 54097 .

On November 19, 2020, Luca Cuzziol communicated to us two non-trivial
solutions to the candidate rule-them-all equation associated with −11 (see Sec-
tion 2); they are:

r = 8 , s = 9 , v = 30 , u = 7 , and
r = 8 , s = 9 , v = 13 , u = 17.
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Before closing this section, we state and prove some very elementary nec-
essary conditions that any non-trivial solution to (7) must satisfy. To this
purpose, we first prove some simple inequalities which hold for every solution
to the Pell-type equation

3x2 − y2 = 2

related to (7).

Lemma 4.11. Let a, b ⩾ 0 be integers such that 3 a2−b2 = 2. Then a ⩽ b < 2 a.
In addition, a = b holds if and only if a = b = 1.

Proof. Let a, b be as stated and assume by way of contradiction that 2 a ⩽ b,
so that b = 2 a + k holds for some non-negative integer k. It follows that
b2 = (2 a + k)2, whence 3 a2 = (2 a + k)2 + 2, yielding the untenable equality
− a2 = k2 + 4 ak + 2. Hence, b < 2 a must hold.

Similarly, one can show that the inequality a ⩽ b holds. In addition, if
a = b, then 2 a2 = 2, yielding immediately a = b = 1.

Then we have

Corollary 4.12. Let ⟨u, v, r, s⟩ be a non-trivial solution to (7) in N. Then

r2 + 3 s2 < u2 + 3 v2 < 3
(
r2 + 3 s2

)
.

Proof. Let (u, v, r, s) be a non-trivial solution to (7) in N. Since 3
(
r2 + 3 s2

)2−(
u2 + 3 v2

)2
= 2, from Lemma 4.11 we have at once

r2 + 3 s2 ⩽ u2 + 3 v2 < 3
(
r2 + 3 s2

)
.

In addition, if r2+3 s2 = u2+3 v2, then r2+3 s2 = u2+3 v2 = 1 and therefore
r = u = 1 and s = v = 0, which contradicts the non-triviality of ⟨u, v, r, s⟩.

5. Is { y22 ℓ+1 : ℓ = 0, 1, 2, . . . } a Diophantine set?

Let H stand for the assertion:

∥ The equation (7) admits, altogether, finitely many solutions in integers.

Then, by combining Theorem 4.10 with Lemma 4.7, we get:

Lemma 5.1. H implies that { y22ℓ+1 : ℓ ⩾ 0 } is a Diophantine set.
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Proof. As seen in Lemma 4.7, y22 ℓ+1 is representable for every ℓ ⩾ 0. In
addition, by Theorem 4.10, it follows that if yn is representable for some n ⩾ 1
not a power of 2, hence of the form n = 2m (2h + 1) with m ⩾ 0 and h > 0,
then the equation (7) has a solution ⟨u, v, r, s⟩ in N that differs from ⟨1, 0, 1, 0⟩
and is such that

(u2 + 3 v2) (r2 + 3 s2) | yn .

The above considerations yield the following sufficient conditions in order
for the relationship

y ∈ {y22 ℓ+1 : ℓ ⩾ 0} (9)

to hold:

(i) y = yn, for some n ⩾ 0;

(ii) y is representable;

(iii) (u2 + 3 v2) (r2 + 3 s2) ∤ y, for any non-trivial solution ⟨u, v, r, s⟩ to (7).

Notice that (i)–(ii) are immediately expressible by existential Diophantine
equations:

• y = yn, for some n ⩾ 0 ⇐⇒ (∃x)(x2 − 3 y2 = 1);

• y is representable ⇐⇒ (∃u, v)(y = u2 + 3 v2).

Moreover, if (7) admits only finitely many solutions, then also (iii) is express-
ible by an existential Diophantine equation. Indeed, let ⟨u0, v0, r0, s0⟩ , . . . ,
⟨um, vm, rm, sm⟩ be the non-trivial solutions to (7). Then (iii) is easily seen to
be equivalent to

(∃w0, . . . , wm, z0, . . . , zm, q0, . . . , qm)
[ m∧
i=0

(
y = (u2

i +3 v2i ) (r
2
i +3 s2i ) qi+wi+1

& wi + zi + 2 = (u2
i + 3 v2i ) (r

2
i + 3 s2i )

)]
.

In order to complete the proof that the membership relation (9) is Diophan-
tine when (7) admits only finitely many solutions, it only remains to show that
the conditions (i)–(iii) are also necessary for (9) to hold. This will result in a
Diophantine specification of the property y ∈ { y22ℓ+1 : ℓ ⩾ 0 } if the number
of solutions to the novel quaternary quartic, (7), is finite !

Let, hence, y = y22 ℓ+1 hold for some ℓ ⩾ 0. Plainly, y > 0 and (i) hold and,
by Lemma 4.7, (ii) holds as well.

Towards a contradiction, let us assume that we have

(u2 + 3 v2) (r2 + 3 s2) | y22 ℓ+1 (10)
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for some non-trivial solution (u, v, r, s) of (7), thus such that

3
(
r2 + 3 s2

)2 − (
u2 + 3 v2

)2
= 2 . (11)

Let us consider the system{
X + 3Y = u2 + 3 v2

X + Y = r2 + 3 s2
(12)

whose solution is {
X = 1

2

(
3 (r2 + 3 s2)− (u2 + 3 v2)

)
Y = 1

2

(
(u2 + 3 v2)− (r2 + 3 s2)

)
.

From (11), (r2 + 3 s2) and (u2 + 3 v2) have the same parity. Thus, by
Corollary 4.12, X and Y are positive integers.

From (12) and (11) we get 3 (X+Y )2−(X+3Y )2 = 2, which simplifies into
X2 − 3Y 2 = 1. Since Y ̸= 0, the latter equation yields X = xg and Y = yg,
for some g ⩾ 1. Hence, by (12) and (10),

(
xḡ + 3 yḡ

)(
xḡ + yḡ

)
| y22 ℓ+1 . By

Lemma 3.9, the latter implies y2 ḡ+1 | y22 ℓ+1 , which in its turn yields 2 g + 1 |
22 ℓ+1, a contradiction.10

Fact 4. Let us momentarily shift focus back to the various discriminants −d
introduced in Sec. 2. In close analogy with what we have seen in this section and
under assumption that the corresponding quaternary quartic equation admits at
most finitely many solutions in rational integers, one proves that

{ y2ℓ : ℓ ⩾ 0 } is a Diophantine set, when either d = 2 or d = 7 holds;

{ y22ℓ+1 : ℓ ⩾ 0 } is a Diophantine set, when either d = 3 or d = 11 holds

(where, of course, the sequence yn of non-negative integer solutions shall be
attuned to the corresponding Pell equation d y2 + 1 = 2).

To the conditions (i)–(iii), one must add the requirement y > 0 in the case
when no non-trivial solutions are known, namely d = 2; for, in that case,
condition (iii) might hold vacuously.

Notice that, among the Diophantine conditions which we are considering,
the only potential source of multiple solutions is (ii); it may well happen, in
fact, that two or more pairs ⟨u, v⟩ ∈ N2 represent the same positive integer y.
E.g., with d = 3, we have 28 = 12 + 3 · 32 = 42 + 3 · 22 = 52 + 3 · 12. Anyhow,
condition (ii) turns out to be finite-fold, even in the special case d = 11 when
it reads

∃ v ∃u
(
y = v2 ± v u+ 3u2

)
.

10As is well known from the study of Pell equations, yh | yℓ ⇐⇒ h | ℓ, for h, ℓ ⩾ 0.
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6. A Diophantine set of exponential growth

We begin by deriving some inequalities which show that yn grows exponentially
with n.

Lemma 6.1. yn+1 = xn + 2 yn .

Proof. Lemma 3.1 yields

xn+1 + yn+1

√
3 =

(
xn + yn

√
3
) (

2 +
√
3
)

= (2xn + 3 yn) + (xn + 2 yn)
√
3 ,

which readily gives us the result.

Lemma 6.2. For n ⩾ 1, 2 yn < yn+1 ⩽ 4 yn .

Proof. Use Lemmas 6.1 and 3.4.

Lemma 6.3. For n ⩾ 1, 2n−1 ⩽ yn ⩽ 4n−1 .

Proof. The claim follows by induction from Lemma 6.2.

In what follows we write

ϱ(v, u) := (∃ ℓ)
[
v = y22 ℓ+1 & 22 ℓ+2 | u & u | v

]
.

(Notice the implication

ϱ(v, u) =⇒ (v ⩾ 4 & u ⩾ 4) ,

holding for all v and u.)

Lemma 6.4. For each h ⩾ 0, there are u, v such that ϱ(v, u) and v > uh.

Proof. Given h ⩾ 0, choose N > 0 such that r ⩾ N implies 2r−1 > (2 r)h . Let
n := 22 ℓ+1 be any odd power of 2 such that than n ⩾ N and put u := 2n(=
22 ℓ+2) , v := yn. Then, by Corollary 3.8, ϱ(v, u) is true; moreover,

v = yn
⩾ 2n−1 [by Lemma 6.3]
> (2n)h

= uh .

Lemma 6.5. ϱ(v, u) implies v < uu.

Proof. ϱ(v, u) implies u ⩾ 4 and, therefore, for some ℓ such that u ⩾ 22ℓ+2 :

v = y22 ℓ+1

< yu
⩽ 4u−1 [by Lemma 6.3]
< uu .
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Finally, we note the relationship:

Lemma 6.6. ϱ(v, u) ⇐⇒ v ∈ {y22 ℓ+1 : ℓ ⩾ 0} & OD(u, v) , where OD is the
following Diophantine relation (to be read “a oddly divides b”):11

OD(a, b) := (∃x) [ (2x+ 1) a = b ] .

Proof. Clearly OD(a, b) holds — provided b ̸= 0 — if and only if a | b and a is
divisible by any power of 2 that divides b. E.g.: OD(a, 5) holds if and only if
a ∈ {1, 5}; and OD(a, 60) holds if and only if a ∈ {4, 12, 20, 60}.

Hence it is enough to observe that, by Corollary 3.8 and Lemma 3.5, 22 ℓ+2

is the largest power of 2 that divides y22 ℓ+1 .

The truth of H must be left open; however, we have:

Theorem 6.7. H implies that there is a Diophantine relation ϱ(v, u) such that

1. ϱ(v, u) implies v < uu ;

2. for each ℓ ⩾ 0, there are u and v such that ϱ(v, u) and uℓ < v .

Proof. We get this at once, with our previously defined ϱ, from Lemma 6.6
together with Lemmas 5.1, 6.5, and 6.4.

As will be further clarified in Appendix A:

Corollary 6.8. H implies that every listable set — namely, the domain of a
partial recursive function — is Diophantine, and therefore that Hilbert’s tenth
problem is algorithmically unsolvable.

Proof. For, our Theorem 6.7 yields that ϱ’s converse J (u, v) := ϱ(v, u) meets
precisely the well-known conditions of Julia Robinson [18].12

The finiteness point is just that if the proof that exponentiation is Dio-
phantine is carried out using my equation or yours, assuming it is known
to have finitely many solutions, then the corresponding Diophantine def-
inition of an arbitrary r.e. set will inherit this property: When it has a
solution it has only finitely many. This would avoid the situation when
the Pell equation is used because it has infinitely many solutions.

( Martin Davis, personal letter of August 29, 2018 )

11Here we are departing from [3] which, in place of our OD(a, b), made use of the predicate
(∃x , y) [ (2x+1) y = b&a ⩾ y ]. Our slight change ensures, for every value of v, that ϱ(v, u)
holds only for finitely many u’s. It is also clear, for every value of u, that ϱ(v, u) holds only
for finitely many v’s.

12In particular, see [16, pp. 35–36, Exercise 8].
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Detecting an exponential-growth Diophantine relation was a big challenge
in 1968, when [3] was published; but our interest in potential rule-them-all
equations rests, today, on the finite-fold-ness issue discussed in Sec. 1. The
existence of a finite-fold Diophantine representation of exponentiation calls for
the proof of a variant of the condition 2. of Theorem 6.7. Such a variant is
presented in [12, p. 749]: we will check, below, that our ϱ meets it, by figuring
out integers α, β, γ, δ exceeding 1 such that to each suitably large w ∈ N there
correspond u, v such that ϱ(v, u), u < γ wβ , and v > δ αw hold.

Preliminary to Theorem 6.10, which will precisely state this, we prove a
simple technical fact:

Lemma 6.9. For every real number x ⩾ 1, some positive even integer lies in
the open interval Ix := ] 1 + log2(1 + x) , 5 + 2 log2 x [ .

Proof. Since 1 + log2(1 + x) > 1 holds when x ⩾ 1, it is enough to prove that
the width of Ix exceeds 2, for every x ⩾ 1. This amounts to showing that
the real-valued function f(x) := 2 + 2 log2 x − log2(1 + x) only assumes, all
over the open-ended interval [1,+∞[, positive values. But this follows at once,
considering that its derivative f ′ satisfies the inequality

f ′(x) = 1
ln 2

x+2
x2+x > 0

(implying that f(x) is increasing), and that f(1) = 1.

Theorem 6.10. Let α = 34 , β = 2 , γ = 27 , and δ = 33 . Then, to every w ⩾ 1
there correspond non-negative integers u, v such that

ϱ(v, u) & u < γ wβ & v > δ αw .

Proof. Recalling that

ϱ(v, u) := (∃ ℓ)
[
v = y22 ℓ+1 & 22 ℓ+2 | u & u | v

]
,

in order to prove the claim it is enough to show that, for every w ⩾ 1, there is
an ℓ ∈ N such that

22 ℓ+2 < γ wβ & y22 ℓ+1 > δ αw .

Note that since yi+1 ⩾ 3i holds13 for every i, we get y22 ℓ+1 ⩾ 32
2 ℓ+1−1 for

every ℓ ∈ N. Our task hence further reduces to proving that, for every w ⩾ 1,
there is an ℓ ∈ N such that

22 ℓ+2 < γ wβ & 32
2 ℓ+1−1 > δ αw ,

13See entry 1. of the list of facts preceding Lemma A.1 in Appendix A.
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namely

22 ℓ+2 < 27 w2 & 32
2 ℓ+1−1 > 33 · 34w ,

i.e.,

22 ℓ < 25 w2 & 32
2 ℓ+1

> 34 · 34w . (13)

Plainly, (13) is equivalent, for w ⩾ 1, to

2 ℓ < 5 + 2 log2 w & 22 ℓ+1 > 4 + 4w . (14)

Since 22 ℓ+1 > 4 + 4w is equivalent to

2 ℓ > 1 + log2(1 + w) ,

it turns out that (14) is equivalent, for w ⩾ 1, to

1 + log2(1 + w) < 2 ℓ < 5 + 2 log2 w . (15)

Hence, summing up, to get the desired claim it suffices to show that, for every
w ⩾ 1, there is an ℓ ∈ N satisfying (15). But this is an immediate consequence
of the preceding lemma.

Fact 5. Pietro Corvaja (University of Udine) pointed out to us that the issue
as to whether our quaternary quartic equation

3 ·
(
r2 + 3 s2

)2 − (
u2 + 3 v2

)2
= 2 (†)

has only finitely many solutions in N can be recast as the analogous problem
concerning the system {

3 ξ2 − η2 = 2
ξ η = ϑ2 + 3 ν2

(‡)

over Z.
In order to transform the solutions to (‡) into solutions to (†), notice that

ξ and η turn out to be coprime numbers; consequently, the representability of
their product implies the representability of both of them.

The existence of finite-fold Diophantine representations for all listable sets
thus reduces to the finitude of the set of integer points lying on a specific surface.

A. A conditional Diophantine representation of
exponentiation

Following [18, pp. 442–443] rather faithfully, we shall now provide an exis-
tential definition,14 in terms of the predicate ϱ(v, u) introduced right before

14We refer here to the notion of existential definability as found in [6, p. 426], more general
than the one originally provided in [18].
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Lemma 6.4, of the triadic relation bn = c. Specifically, we shall construct a
formula

φ( b , n , c , z1 , . . . , z16 )

that involves the shown variables, positive integer constants, addition, multi-
plication, the logical connectives & ,∨, ∃ ν, =, and the predicate ϱ, so that the
following biimplication holds all over N, for b ⩾ 1 and c ⩾ 1:

bn = c ⇐⇒ (∃ z1 , . . . , z16) φ( b , n , c , z1 , . . . , z16 ) .

Accordingly,

bn = c ⇐⇒

(∃ z0 , . . . , z17)
[(

b = z0 + 1 & c = z17 + 1 & φ( b , n , c , z1 , . . . , z16 )

)
∨ (c− 1)2 + b+ n = 0 ∨ c+ b+ (n− z0 − 1)2 = 0

]
will be the sought existential definition of exponentiation in terms of ϱ,15

whence ϱ can be eliminated (in terms of polynomial constructs) if H is true.16

If this is the case, then it directly follows from the main result in [6] that every
listable set is Diophantine.

We shall consider the sequence
〈
⟨xi(a) , yi(a)⟩

〉
i∈N — of which we have

treated so far the instance
〈
⟨xi, yi⟩

〉
i∈N =

〈
⟨xi(2) , yi(2)⟩

〉
i∈N — such that

x = xi(a) , y = yi(a) is the (i+ 1)-st non-negative integer solution to the Pell
equation

x2 − (a2 − 1) y2 = 1 with a > 1 .

Well-known facts about this sequence which we shall exploit are:

0. y0(a) = 0 , x0(a) = y1(a) = 1 , x1(a) = a ,
yi+2(a) = 2 ayi+1(a)− yi(a), and xi+2(a) = 2 axi+1(a)− xi(a) ;

1. (2 a)i ⩾ yi+1(a) > yi+1(a)/a > yi(a) ⩾ i and, moreover,

yi+1(a) ⩾ (2 a− 1)i;

2. xi+1(a) > xi+1(a)/a ⩾ xi(a) ⩾ ai > i and, moreover,

a2 i+2 ⩾ (2 a)i+1 > xi+1(a), xi+2(a) > ai+2;

15An alternative technique, expounded in [19, p.112], enables one to express exponentiation
in terms of ϱ by making use of 13 outer existential variables instead of 18.

16One way of combining the second and third disjunct in the above specification of bn = c
into a single-fold equation is: b+

(
(c− 1)2 + z0

)
c+ (n+ c− z0 − 1)2 +

∑17
i=1 zi = 0.
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3. xi(a)− (a− b) yi(a) ≡ bi (mod 2 a b− b2 − 1);

4. yi(a) ≡ i (mod a− 1);

5. (b ⩾ 1 & a > bn) =⇒ [ bn = c ⇐⇒ c xn(a) ⩽ xn(a b) < (c+ 1) xn(a) ];

6. (b ⩾ 1 & a > bn) =⇒
[

xn(a) ⩽ xm(a b) < a xn(a) ⇐⇒ m = n
]

(see, e.g., [18, pp. 439–440] and [11, pp. 527–528]).

The last two facts just recalled, namely 5. and 6., easily yield:

Lemma A.1.

(b ⩾ 1& a > bn) =⇒

 xn(a b) = u ⇐⇒ (∃ v)
(
u2 − (a2 b2 − 1) v2 = 1 &

xn(a) ⩽ u < a xn(a)

)
 ;

(1 ⩽ c < a& b ⩾ 1& a > bn)=⇒

 bn = c ⇐⇒ (∃u , v)

(
u2 − (a2 b2 − 1) v2 = 1

& c xn(a) ⩽ u < (c+ 1) xn(a)

)
 .

In preparation for the existential definition of bn = c in terms of our ϱ, we
also need the following:

Lemma A.2. Suppose that a > 1, a > n, and xa(a) > ℓ . Then,

ℓ = xn(a) ⇐⇒ (∃ s)
[
ℓ2 − (a2 − 1)

(
n + (a − 1) s

)2
= 1

]
.

Proof. (‘=⇒’) Under the premises of the claim, if ℓ = xn(a) then we have

ℓ2− (a2−1)
(
yn(a)

)2
= 1, where yn(a) ≡ n (mod a− 1) and yn(a) ⩾ n,

so that yn(a) = n+ (a− 1) s must hold for some s.

(‘⇐=’) If ℓ ⩽ 1, then ℓ2 − (a2 − 1)
(
n + (a − 1) s

)2
= 1 holds only for ℓ = 1

and n = s = 0, in which case xn(a) = x0(a) = 1 = ℓ.

If ℓ > 1(= x0(a)) and the premise of the claim is true, then the existence

of an s satisfying ℓ2−(a2−1)
(
n+(a−1) s

)2
= 1 yields that the equation

x2 − (a2 − 1) y2 = 1 has a solution x = ℓ = xi(a), y = r = yi(a),
where i satisfies 1 ⩽ i < a and yi(a) ≡ n (mod a− 1). Observe that
y1(a), . . . ,ya−1(a) belong to different equivalence classes modulo a − 1
because yj(a) ≡ j (mod a− 1) holds for j = 1, . . . , a− 1. Each of them
satisfies yj(a) ⩾ j, and hence yj(a) = j+(a−1)sj for some sj ⩾ 0. Thus
the requirement r = n+(a−1) s identifies the r of interest uniquely: i = n
and, accordingly, ℓ = xn(a).

547



(24 of 32) D. CANTONE AND E.G. OMODEO

Another key ingredient in our specification will be a special polynomial,
which we get easily from [11, pp. 530–531]:17

Lemma A.3. There is a polynomial Q with integer coefficients such that
(using τ = 2 as a short for ∃ q ( τ = q2 ) ):

• Q(w, h) = 2 =⇒ h > ww;

• to every w, there correspond h’s such that Q(w, h) = 2.

Proof. Consider any t > 2. Since (t2 − 1) (t − 1)2 is not a perfect square, the
Pell equation

q2 − (t2 − 1) (t− 1)2 z2 = 1

in the unknowns q and z has infinitely many solutions

q = xi(t), (t− 1) z = yi(t) ,

each identified by a different value (divisible by t− 1) of the subscript i.
In other words, for each z > 0 satisfying the equation

(t2 − 1) (t− 1)2 z2 + 1 = 2 , (16)

(t − 1) z = yi(t) holds for some i > 0 such that t − 1 | i. Hence t − 1 ⩽ i, so
that yi(t) ⩾ yt−1(t) and therefore (since t > 2)

(t− 1) z ⩾ (2 t− 1)t−2 . (17)

Let us show that (16) yields

z − 1 > (t− 3)t−3 . (18)

In fact, if t = 3, then by (17) we have 2 z ⩾ 5 and therefore z ⩾ 3, which
readily yields (18). On the other hand, if t > 3, then (17) implies

z > (2 t− 1)t−3 > (t− 3)t−3 ,

again yielding (18).
Let w and h be such that t = w + 3 and z = h+ 1; thus (16) becomes

(w + 2)3 (w + 4) (h+ 1)2 + 1 = 2

and (18) implies h > ww. In order to meet the conditions of the claim, it will
hence suffice to put

Q(w, h) := (w + 2)3 (w + 4) (h+ 1)2 + 1 .

(Notice that solving the equation Q(w, h) = q2 amounts to solving the Pell
equation q2 − [(w + 3)2 − 1] (w + 2)2 (h+ 1)2 = 1.)

17The predicate Q(w, h) = 2 which we shall now bring into play supersedes the one,
(∃x , y)

[
x2 − (w2 − 1) (w − 1)2 y2 = 1& x > 1& w > 1& h = wx

]
,

originally adopted in [18].
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Corollary A.4. Let Q be as in Lemma A.3. For every n, b, and c, with b ⩾ 1
and c ⩾ 1, the conditions

w > b & w > n & Q(w , h) = 2 & a ⩾ h & a > c

are satisfied by suitable positive integers w, h, a and they imply

bn = c ⇐⇒ (∃u , v)
[

u2 = (a2 b2 − 1) v2 + 1 &

c xn(a) ⩽ u < (c+ 1) xn(a)

]
.

Proof. To see that the stated conditions can be satisfied, pick arbitrarily a
w > bmaxn, then (exploiting Lemma A.3) take an h such that Q(w, h) = 2

holds, and then take an a ⩾ hmax (c+ 1). Thus a ⩾ h > ww ⩾ bn will follow
from the first condition in the claim of Lemma A.3, and we can exploit the
second part of Lemma A.1.

In view of what precedes, we can state that the following biimplication holds
for b ⩾ 1 and c ⩾ 1 :

bn = c ⇐⇒ (∃w, h, a, ℓ, u, v, q)
(
ℓ = xn(a) &

w > b max n & Q(w , h) = q2 &

a ⩾ h max (c+ 1) & u2 = (a2 b2 − 1) v2 + 1 &

c ℓ ⩽ u < (c+ 1) ℓ

)
.

In light of it, if we now provided a Diophantine representation of the relation
ℓ = xn(a), we would readily get that the relation bn = c is also Diophantine.
However, as stated at the beginning of this section, we shall content ourselves
with an existential definition of bn = c in terms of our ϱ.

As a matter of fact, ϱ enables us to limit the size of ℓ as requested by
Lemma A.2, by virtue of the implication[

ℓ ⩽ d & ϱ(d, a)
]

=⇒ ℓ < aa < xa(a) .

(Here we are exploiting the implication ϱ(d, a) =⇒ d < aa proved in Theo-
rem 6.7; we are also instantiating the inequality ai+2 < xi+2(a) — see entry 2.
of the list of facts appearing before Lemma A.1 —, with i = a− 2 .)

There are infinitely many values of a to which there corresponds a d satis-
fying the condition ϱ(d, a)& d > xn(a); and, in order to specify exponentiation
as is our aim here, we just need to define xn(a) for a suitably large value of a.
We hence get:
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Lemma A.5. When b ⩾ 1 and c ⩾ 1, the following biimplication holds:

bn = c ⇐⇒ (∃w, h, a, d, ℓ, s, u, v, q)
[

ℓ ⩽ d & ϱ(d, a) &

ℓ2 = (a2 − 1)
(
n+ (a− 1) s

)2
+ 1 &

w > bmaxn & Q(w , h) = q2 & a ⩾ hmax (c+ 1) &

u2 = (a2 b2 − 1) v2 + 1 &

c ℓ ⩽ u < (c+ 1) ℓ

]
.

Proof. Let b ⩾ 1 and c ⩾ 1.

(‘⇐=’) Suppose that w, h, a, d, ℓ, s, u, v, q satisfy all constraints appearing on
the right-hand side of the biimplication in the claim. Then it follows
from w > bmaxn that w ⩾ 2; and, therefore, a ⩾ h > ww > 2n > n and
a > 1 hold. Moreover, ℓ ⩽ d < aa < xa(a); hence, by Lemma A.2, we
get ℓ = xn(a). Then, by means of the claim which follows Corollary A.4,
we get bn = c.

(‘=⇒’) Suppose that bn = c. Choose w and h so that w > bmaxn and
Q(w, h) = 2 hold. To every k ⩾ n there correspond a, d such that
ϱ(d, a) & a2 k < d < aa; thus, clearly, a ̸= 0 and a ̸= 1, and hence
a > 2 k ⩾ 2n ⩾ n and xn(a) < xa(a), hold. Moreover, xn(a) ⩽ xk(a) ⩽
(2 a)k ⩽ a2 k < d; provided that k ⩾ hmax c, we also get a > hmax c.

Put ℓ = xn(a); then, by Lemma A.2, there is an s such that ℓ2 = (a2 −
1)

(
n+ (a− 1) s

)2
+ 1; moreover, by Corollary A.4, there exist u, v such

that u2 = (a2 b2 − 1) v2 + 1 and c is the quotient of the integer division
of u by ℓ.

Summing up, we have:

bn = c ⇐⇒ (∃w , h , a , d , ℓ , s , u , v)

[
(c− 1)2 + b+ n = 0 ∨

(c+ b = 0 & n ⩾ 1) ∨(
b ⩾ 1 & c ⩾ 1 & ℓ ⩽ d & ϱ(d, a) &

ℓ2 = (a2 − 1)
(
n+ (a− 1) s

)2
+ 1 &

w > bmaxn & Q(w , h) = 2 & a ⩾ hmax (c+ 1) &

u2 = (a2 b2 − 1) v2 + 1 & c = ⌊u/ℓ⌋
) ]

.
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To conclude, let us suppose that the assertion H stated in Sec. 5 is true.
Theorem 6.7 then tells us that ϱ(v, u) admits a polynomial Diophantine repre-
sentation. As we have just ended reporting, a general scheme drawn from [18]
enables us to get from that representation of ϱ — which our supposition ensures
to be finite-fold, see Fact 4 — a polynomial Diophantine representation of ex-
ponentiation: will this representation be finite-fold as well? Unfortunately not;
in order to achieve finite-fold-ness, we should somewhat refine Julia Robinson’s
technique, so as to take advantage of specific features of our ϱ. Such features
are the ones elicited in [12], which motivated us in developing Theorem 6.10
(and also footnote 11). We could not find in the literature any explicit instruc-
tions on how to exploit them, but a clue on how to proceed might come from
a classical, concrete example of single-fold reduction of exponentiation to the
triadic relation y = yi(a), cf. [14, p.308] and [11, p.534ff.]: after [16, pp.31–32],
we can cast that reduction as the biimplication

bn = c ⇐⇒ c =

⌊
yn+1( 8 b (n+ 1) yn+1(b+ 1) + 2 )

yn+1( 8 (n+ 1) yn+1(b+ 1) )

⌋
.

B. Legendre symbols and their key properties

For an odd prime number q and integer a, the Legendre symbol
(
a
q

)
is defined

as

(
a

q

)
:=


0 if q | a ,

1 if q ∤ a and a is a quadratic residue modulo q ,

−1 if q ∤ a and a is not a quadratic residue modulo q.

Using Euler’s criterion (
a

q

)
≡ a

q−1
2 (mod q)

one can easily compute Legendre symbols, since
(
a
q

)
∈ {0, 1,−1}.

Legendre symbols exhibit a multiplicative behavior:(
ab

q

)
=

(
a

q

)(
b

q

)
,

for all integers a, b.
Finally, we mention the quadratic reciprocity law :(

q

p

)(
p

q

)
= (−1)

q−1
2 · p−1

2 ,
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with q, p distinct odd primes.
For further information on Legendre symbols and their properties, the

reader may refer to any introductory textbook on number theory (see, for
instance, [8]).

C. Correctness of the Descent Step

To prove the correctness of the Descent Step, we shall resort to the following
result.

Lemma C.1. If n is coprimely representable and q > 3 is a representable prime
dividing n, then n/q is coprimely representable.

Proof. From the hypotheses, we have

n = r2 + 3 s2

q = u2 + 3 v2 ,

for pairs of coprime integers r, s and u, v. Thus q divides

u2n− r2q = u2(r2 + 3 s2)− r2(u2 + 3 v2)

= 3 (s2u2 − r2v2)

= 3 (su+ rv)(su− rv) ,

so that q divides either (su+ rv) or (su− rv), as q > 3. Let

t := if q | su− rv then r else − r endif . (19)

Then q | su− tv, and therefore su− tv = dq, for some integer d.
Let us show next that u | t + 3 dv. This amounts to proving that u |

(t+ 3 dv)v, as u, v are coprime integers. We have:

(t+ 3 dv)v = tv + 3 dv2

= su− dq + 3 dv2

= su− d (u2 + 3 v2) + 3 dv2

= su− du2 .

(20)

From u | t+ 3 dv, it follows
t = cu− 3 dv , (21)

for some integer c. In addition, by (20), cuv = su−du2 holds. Thus cv = s−du
(as u ̸= 0), i.e.,

s = cv + du . (22)
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Using the identity (1), we then have:

n = r2 + 3 s2 = t2 + 3 s2 = (cu− 3 dv)2 + 3 (cv + du)2

= (u2 + 3 v2) (c2 + 3 d2)

= (c2 + 3 d2) q .

Hence, n/q = c2 + 3 d2 so it is representable. It only remains to show that c, d
are coprime. But this follows immediately from (21) and (22), since r, s are
coprime, and so, by (19), are t, s. Thus, n/q is coprimely representable.

Lemma C.2 (Descent Step). For a prime p > 3, if p divides some coprimely
representable integer, then p is representable.

Proof. Towards a contradiction, let us assume that the lemma does not hold
and let p be the smallest non-representable prime greater than 3 dividing some
coprimely representable integer. Also, let n = r2 + 3 s2 be the smallest co-
primely representable integer divided by p, with r, s coprime positive integers.
We plainly have

p ∤ r and p ∤ s, (23)

otherwise p would divide both r and s. In addition, we have

r < p/2 and s < p/2 , (24)

so that n < p2 holds. Indeed, if r > p/2, then putting

r′ := |r − p| , d := gcd(r′, s) , r̄ :=
r′

d
, s̄ :=

s

d
,

we would have

- 0 < r̄ < r and 0 < s̄ ⩽ s, so that r̄2 + 3 s̄2 < n;

- r̄ and s̄ are coprime, so r̄2 + 3 s̄2 is coprimely representable;

- p | r̄2 + 3 s̄2 (else p | d and (23) would be contradicted).

But then the minimality of n would be contradicted. Hence, r < p/2 must
hold. Much in the same way, it can be shown that s < p/2 must hold as well.

From (24) and our assumption that p is not representable (while n is), it
follows that

p < n = r2 + 3 s2 <
p2

4
+ 3 · p

2

4
= p2 .

Hence, 1 < n/p < p, and therefore all prime divisors of n/p must be less than p.
We first rule out the possibility that n/p has some prime divisor q > 3.

Indeed, if this were the case, then, by the minimality of p, the prime q would
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be representable and therefore, by Lemma C.1, n/q would be coprimely repre-
sentable. But since p | n

q , the minimality of n would be contradicted.

Likewise, we can show that n must be odd. Indeed, if 2 | n then, by
Lemma 4.3(a), n/4 would be representable and since p | n

4 , the minimality of
n would again be contradicted.

Hence, by Lemma 4.3(b), the only possibility would be n = 3 p. But then
3 | r, so that r = 3 r0, for some integer r0. Thus,

p =
n

3
=

(3 r0)
2 + 3 s2

3
=

9 r20 + 3 s2

3
= 3 r20 + s2 ,

contradicting our initial assumption that p is not representable.
Since in all cases we get a contradiction, the lemma is proved.
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Università degli Studi di Catania
Viale Andrea Doria 6, 95125 Catania, Italy
E-mail: domenico.cantone@unict.it

Eugenio G. Omodeo
Dipartimento di Matematica e Geoscienze
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Archimedean Mathematics and Nonstandard Analysis.
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1. Introduction

In this paper, we introduce a mathematical structure called Euclidean Universe.
This structure provides a basic framework for Non-Archimedean Mathematics,
namely the Mathematics based on infinite and infinitesimal numbers.

The Euclidean Universe is defined by three axioms which have been chosen
in such a way to appear absolutely natural. The first axiom introduce the
infinite numbers as the numerosities of infinite sets in such a way that the V
Euclidean common notion

the whole is larger than the part

be preserved. In the second axiom we introduce the Euclidean line with the
following peculiarity: if any magnitude can be ”represented” by a point on
the Euclidean line, then also the infinite (and consequently the infinitesimal)
magnitudes have this right. Then the Euclidean line must be larger than the
real line. The last axiom is more technical and it is necessary to make the
Euclidean line to include (a copy of) the real numbers.

Actually, this paper can be considered a new introduction to the Non-
Archimedean Mathematics in the spirit of Veronese [20, 21] and Levi-Civita
[18]. Moreover, these axioms are sufficiently strong to include the basic princi-
ples of Nonstandard Analysis such as the Leibniz Principle and the Saturation
Principle. In particular the Euclidean line incudes, as subfields, infinitely many
copies of the hyperreal numbers of any saturation less or equal to the first in-
accessible number (see Definition 2.1).
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Then, the Euclidean Universe includes many results of Non-Archimedean
Mathematics obtained in the last 30 years.

For a recent historical and foundational analysis of the underlying ideas, we
refer to [11] and the references therein.

2. The three Axioms

2.1. The Numerosity axiom

The first axiom defines the notion of numerosity. The notion of numerosity
was introduced in [2, 6, 9] as a generalization of finite cardinality that also
applies to infinite sets. The main feature of numerosities is that they preserve
the spirit of the ancient Euclidean principle that the whole is larger than the
part ; indeed, the numerosity of a proper subset is strictly smaller than the
numerosity of the whole set.

In principle it would be desirable to define the numerosity for the class
of all sets; however, in order to develop the theory, it is convenient to work
in a ”universe” which is a set closed with respect to the main set operations
provided that it is very large. In order to do this we recall a well known notion
in set theory:

Definition 2.1. A cardinal number χ is inaccessible if it is not a sum of fewer
than χ cardinals that are less than χ and ζ < χ implies 2ζ < χ.

χ is strongly inaccessible if it is inaccessible and uncountable.

The first inaccessible cardinal number is ℵ0. The first strongly inaccessi-
ble cardinal number will be denoted by κ. The existence of sets of strongly
inaccessible cardinality is established by the Axiom of Inaccessibility which is
independent from ZFC. We will assume this axiom and in particular we will
assume that there exists a set of atoms1 A having cardinality κ. Then we can
define a ”universe” Λ defined as follows:

Λ = {X ∈ V (A) | |X| < κ} (1)

where for any set A, V (A) denotes the superstructure over A namely

V (A) =
⋃
n∈N

Vn(A)

with V0(A) = A and, for every n ∈ N,

Vn+1(A) = Vn(A) ∪ ℘ (Vn(A)) . (2)

1In set theory, an atom a is any entity that is not a set, namely a is an atom if and only
if

∀x, x /∈ a
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We will refer to Λ as to the accessible universe since its sets have strongly
accessible cardinality (and finite rank2). Λ can be split as follows

Λ = ΛS ∪ A

where ΛS is a family of sets. Notice that A /∈ Λ since |A| = κ.
Now we are ready to state our first axiom:

Axiom 2.2 (Numerosity axiom). The numerosity is a surjective map

num : ΛS → N, N ⊂ A

which satisfies the following properties: if a, b ∈ Λ and A,B,A′,B′ ∈ ΛS ,

1. num ({a}) = num ({b}),

2. if A ⊂ B strictly, then

num (A) < num (B) ,

3. if A ∩B = ∅, num (A) = num (A′) , num (B) = num (B′) , then

num (A ∪B) = num (A′ ∪B′) ,

4. if num (A) = num (A′) , num (B) = num (B′) , then

num (A×B) = num (A′ ×B′) ,

5. if A ∈ ΛS and b ∈ Λ, then num (A× {b}) = num (A) .

If F and F ′ are finite sets of the same cardinality, by 2.2.1 and 2.2.3, it
follows that num (F ) = num (F ′) ; then, by 2.2.5, the numerosities of finite sets
can be identified with the natural numbers N. By 2.2.3, N can be equipped
with an ”addition” by setting

σ + τ = num (A ∪B) ,

where σ = num (A) , τ = num (B) and A ∩ B = ∅; similarly, by 2.2.4, we can
define a ”multiplication”:

σ · τ = num (A×B) .

Clearly 0 = num (∅) is the neutral element with respect to the addition and, by
2.2.5, num ({b}) = 1 is the neutral element with respect to the multiplication
for any b ∈ Λ.

2The rank of ∅ is 0. The rank of a set E ̸= 0 is the least ordinal number greater than
the rank of any element of the set.
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2.2. The Euclidean Field Axiom

Our second axioms identifies the Euclidean (straight) line with a field Eκ ⊆ A.
Usually the Euclidean line is identified with the real line, however we think that
this point of view is too restrictive. In fact, the main intuitive peculiarities of
the Euclidean line are the following:

• two oriented segments of the Euclidean line can be added or subtracted;

• if we choose a unitary segment of the Euclidean line, two segments can
be multiplied or divided;

• once we have chosen two distinguish points O and U on the line, every
magnitude can be posed in a biunivocal correspondence with a point
(provided that the unitary magnitude has been defined).

Then, if we take 0 = O and 1 = U, the Euclidean line gets the stucture
of ordered field and its points can be identified with numbers. Since the nu-
merosities can be considered magnitudes, the Euclidean line should be richer
than the real line. We can formalize these intuitive remarks by the following
axiom:

Axiom 2.3 (Euclidean Field Axiom). There is an ordered field Eκ ⊂ A such
that

• Eκ contains the set numerosities N and the field operations +, · coincide
with the numerosity operations;

• for every ξ ∈ Eκ, there exists E ∈ Λ, such that

|ξ| < num (E) . (3)

We will refer to Eκ as the Euclidean line or the Euclidean field and its
elements will be called Euclidean numbers. Eκ contains infinite numbers, then
it is a non-Archimedean field. Now let us recall some basic definitions relative
to non-Archimedean fields. Since N ⊂ Eκ, the following definition makes sense:

Definition 2.4. Let ξ ∈ Eκ. We say that:

• ξ is infinitesimal if ∀n ∈ N, |ξ| < 1
n ;

• ξ is finite (or bounded) if ∃n ∈ N such as |ξ| < n;

• ξ is infinite (or unbounded) if ∀n ∈ N, |ξ| > n.

The following proposition establishes some relations among Euclidean num-
bers:
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Proposition 2.5. We have the following relations:

(i) If ε e δ are infinitesimal, also ε+ δ , ε− δ and ε · δ are infinitesimal.

(ii) If ξ e σ are bounded also ξ + σ , ξ − σ e ξ · σ are bounded.

(iii) If θ e τ are infinite, also θ · τ is infinite; moreover if θ and τ are postive
infinite (or negative), also ω + τ is postive infinite (or negative).

(iv) If ε is infinitesimal and ξ is bouded ε ·ξ is infinitesimal; moreover if ε ̸= 0
and ξ is not infinitesimal, ξ/ε is infinite.

Proof. The proof of this proposition is easy and it is left to the reder.

Definition 2.6. We say that two numbers ξ, ζ ∈ Eκ are infinitely close if ξ−ζ
is infinitesimal. In this case, we write ξ ∼ ζ.

Clearly, the relation ”∼” of infinite closeness is an equivalence relation.
Then the following definition comes naturally

Definition 2.7. If ξ ∈ Eκ, the monad of ξ is the set of all numbers that are
infinitely close to it:

mon(ξ) = {ζ ∈ Eκ | ξ ∼ ζ},
The galaxy of ξ is the set of all numbers that are finitely close to it:

gal(ξ) = {ζ ∈ Eκ | ξ − ζ is a finite number}.

2.3. The Center Axiom

The notion of monad allows to state our last axiom:

Axiom 2.8. Every monad µ has a distinguished point called center of µ and
denoted by Ctr(µ); the set C of all the centers is an additive subgroup of Eκ

containing N.

For every ξ ∈ Eκ, we will use the notation

ctr (ξ) = Ctr(mon (ξ));

so, every number ξ ∈ Eκ can be decomposed as follows:

ξ = x+ ε (4)

where x = ctr (ξ) and ε ∼ 0. Then Eκ can be decomposed as follows:

Eκ = C×mon (0)

and
ctr : Eκ → C

is a projection.
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3. Structure of the Euclidean numbers

In this section we will examine some peculiarities of Eκ. In particular, we will
see that Eκ contains the ordinal numbers of accessible cardinalities and the real
numbers. Moreover we will introduce the notion Λ-limit which, in this context,
is a very basic tool.

3.1. The ordinal numerosities

In this subsection we introduce a set Ord ⊂ N that is isomorphic (in a sense
specified below) to the initial segment of length κ of ordinal numbers.

Definition 3.1. The set Ord ⊂ N of ordinal numerosities is defined as follows:
τ ∈ Ord if and only if

τ = num (Ωτ ) ,

where
Ωτ = {x ∈ Ord | x < τ} .

It is easy to see by transfinite induction that this is a good recursive defi-
nition. In fact, it is immediate to check that

• 0 ∈ Ord;

• if τ ∈ Ord, then τ + 1 = num (Ωτ ∪ {τ}) ∈ Ord (and hence N ⊂ Ord).

• if τk = num (Ωk) , k ∈ K, (|K| < κ) are ordinal numerosities, then

τ := num

( ⋃
k∈K

Ωk

)
∈ Ord.

In particular, ω = num (N) is an ordinal. This construction of the ordinal
numbers is similar to the construction of Von Neumann. However, whilst a
Von Neumann ordinal τ is the set of all the Von Neumann ordinals contained
in τ , in our construction an ordinal τ is the numerosity of the set of ordinals
smaller than τ . Hence, here, an ordinal number, as any other numerosity, is an
atom in Eκ.

It is easy to see that Ord is well ordered and hence it is isomorphic to the
initial segment of length κ of the full class of the ordinals. Obviously, not all
numerosities are ordinals: for example, ω − 1 = num (N+) = num (N\ {0}) is
not an ordinal.

The most remarkable thing in this theory is that the numerosity operations
+ and · , correspond to the natural (or Hessenberg) operations between ordinals.
We refer to [13] for an in-depth analysis of this topic.

Remark 3.2. Notice that the existence of Ord depends only on Axiom 1.
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3.2. The Λ-limit theorem

We set
L = {λ ∈ Λ | λ is a finite set}

and
F (L,Eκ) =

{
φ ∈ EL

κ | ∃A ∈ Λ,∀λ ∈ L, φ(λ) = φ(λ ∩A)
}
.

Since (L,⊆) is a directed sets, the elements of F (L,Eκ) are nets. The set
F (L,Eκ) is a partially ordered commutative algebra over Eκ with the operations

(φ+ ψ) (λ) = φ(λ) + ψ(λ) ,

(φ · ψ) (λ) = φ(λ) · ψ(λ) .

Theorem 3.3 (Λ-limit theorem). There is a unique ring homomorphism

J : F (L,Eκ) → Eκ

such that,
∀A ∈ Λ, J(ψA) = num (A) ,

where
ψA (λ) = |A ∩ λ| . (5)

Proof. Let Fq (L,Eκ) be the Eκ-subalgebra of F (L,Eκ) generated by {ψA |A∈
Λ} namely the subset of the elements φ of F (L,Eκ) which can be written as
follows:

φ(λ) =

∑
A∈A aAψA(λ)∑
B∈B bAψB(λ)

,

where A,B are finite subsets of Λ, aA, bA ∈ Eκ, ψA, ψB are defined by (5) and
∀λ ∈ L,

∑
B∈B bAψB(λ) ̸= 0. We define a field homomorphism

Jq : Fq (L,Eκ) → Eκ

as follows:

Jq(φ) =

∑
A∈A aA · num (A)∑
B∈B bA · num (B)

.

Since Im (Jq) = Eκ is a field, ker (Jq) is a maximal ideal in Fq (L,Eκ) ; hence,
the set

U0 =
{
Q ∈ L | ∃ψ ∈ ker (Jq) , Q = ψ−1(0)

}
is a filter over L. We denote by U an ultrafilter such that U0 ⊆ U . Then also

I := {ψ ∈ F (L,Eκ) | ∃Q ∈ U , ∀λ ∈ Q, ψ(λ) = 0}

is a maximal ideal in F (L,Eκ) and hence

F := F (L,Eκ) /I
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is a field. We will see that F is isomorphic to Eκ. We denote by [φ] a generic
element of F and we claim that

∀ [φ] ∈ F, ∃µ̄ ∈ L, ∃Q ∈ U , ∀λ ∈ Q, φ (λ) = φ (µ̄) , (6)

namely
[φ] =

[
Cφ(µ̄)

]
, (7)

where λ 7→ Cξ (λ) denotes the net identically equal to ξ. In order to prove (7)
we set

R− :=
{
µ ∈ L |

[
Cφ(µ)

]
< [φ]

}
, (8)

R0 :=
{
µ ∈ L |

[
Cφ(µ)

]
= [φ]

}
, (9)

R+ :=
{
µ ∈ L |

[
Cφ(µ)

]
> [φ]

}
. (10)

By (8), if R− ̸= ∅, ∀µ ∈ R−, ∃Q−
µ ∈ U such that

∀λ ∈ Q−
µ , Cφ(µ) (λ) < φ (λ)

then,
µ ∈ R− ∩Q−

µ ⇒ Cφ(µ) (µ) < φ (µ)

and since, by definition Cφ(µ) (µ) = φ(µ), it follows that

∀µ ∈ R−, R− ∩Q−
µ = ∅

and hence,
R− /∈ U .

By (10), arguing in the same way, we have that

R+ /∈ U .

Since (R− ∪R+) ∪R0 = L, it follows that R0 ∈ U and hence R0 ̸= ∅. Now, if
you take µ̄ in R0, there is Q0 ∈ U such that

∀λ ∈ Q0, φ (λ) = Cφ(µ̄) (λ) = φ(µ̄) ,

namely (7) is satisfied. Now, we can extend Jq to F (L,Eκ) ; given φ ∈ F (L,Eκ),
using (6) we set

J (φ) =
[
Cφ(µ̄)

]
.

So every function φ in F (L,Eκ) is eventually constant in the sense that

∃ξ ∈ Eκ,∃Q ∈ U ,∀λ ∈ Q, φ (λ) = ξ.

Then F is isomorphic to Eκ.
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It remains to prove the uniqueness of J. Let us assume that J1 and J2
extend Jq to all F (L,Eκ) . We have to prove that for every φ ∈ F (L,Eκ)

J1 (φ) = J2 (φ) .

We set c1 = J1 (φ) ; c2 = J2 (φ),

Aφ = {Jq (ψ) | ψ ∈ Fq (L,Eκ) , ∃Q ∈ U0, ∀λ ∈ Q, ψ(λ), ψ ≤ φ} ;
Bφ = {Jq (ψ) |ψ ∈ Fq (L,Eκ) ∃Q ∈ U0, ∀λ ∈ Q, ψ(λ), ψ > φ} .

Clearly ∀a ∈ Aφ, ∀b ∈ Bφ,

a ≤ c1 ≤ b and a ≤ c2 ≤ b. (11)

and hence, assuming that c1 ≤ c2

∀a ∈ Aφ, ∀b ∈ Bφ, 0 ≤ c2 − c1 ≤ b− a .

Since Aφ ∪Bφ = Fq (L,Eκ) contains
1

num(E) for any set E ∈ ΛS\ {0}, we have

that

0 ≤ c2 − c1 ≤ 1

num (E)

and so, by (3), c2 = c1.

Definition 3.4. The number J (φ) is called Λ-limit of the net φ and will be
denoted by

J (φ) = lim
λ↑Λ

φ(λ).

The reason of this name and notation is that the operation

φ 7→ lim
λ↑Λ

φ(λ)

satisfies some of the properties of the usual limit over a net:

• If eventually φ(λ) ≥ ψ(λ), then

lim
λ↑Λ

φ(λ) ≥ lim
λ↑Λ

ψ(λ).

• If ∀q ∈ Q, Cq (λ) = q, then

lim
λ↑Λ

Cq(λ) = q.

• For all φ,ψ ∈ F (L,Eκ)

lim
λ↑Λ

φ(λ) + lim
λ↑Λ

ψ(λ) = lim
λ↑Λ

(φ(λ) + ψ(λ)) ,

lim
λ↑Λ

φ(λ) · lim
λ↑Λ

ψ(λ) = lim
λ↑Λ

(φ(λ) · ψ(λ)) .
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In this framework, Λ can be regarded as the ”point at infinity” of L. The Λ-
limit is not a limit in a topological sense, in fact there are also strong differences
with a topological limit; we list some of them:

• Every net φ ∈ F (L,Eκ) has a limit L ∈ Eκ.

• If ∀λ ∈ L, φ(λ) ̸= 0, then limλ↑Λ φ(λ) ̸= 0; in fact,

lim
λ↑Λ

φ(λ) · lim
λ↑Λ

1

φ(λ)
= 1

and hence limλ↑Λ φ(λ) ̸= 0.

• If, ξ ∈ Eκ\R,
lim
λ↑Λ

Cξ (λ) ̸= ξ .

For example, take
ω := lim

λ↑Λ
|λ ∩ N| ;

then ∀λ ∈ L, |λ ∩ N| < ω, so

0 > lim
λ↑Λ

(|λ ∩ N| − ω) = lim
λ↑Λ

|λ ∩ N| − lim
λ↑Λ

ω = ω − lim
λ↑Λ

ω

and hence
ω < lim

λ↑Λ
ω.

The last statement suggests the following notation: for any ξ ∈ Eκ, we set

ξ∗ = lim
λ↑Λ

ξ. (12)

3.3. The real numbers

We remark that the notion and the first properties of the Λ-limit do not depend
on Axiom 2.8. In this section we will see that also Axiom 2.8 is very relevant.

Definition 3.5. An Euclidean number is called standard if it is finite and it is
the center of a monad. The set of standard points will be denoted by R, namely

R := C ∩ gal(0).

If ξ is a finite number, then ctr(ξ) is called standard part of x and will be
denoted also by st (ξ) .

First let us examine some (obvious) properties of the function st(·).

Proposition 3.6. Let ξ and ζ be finite numbers, then
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1. ξ ∈ R ⇔ st (ξ) = ξ;

2. ξ ≤ ζ ⇒ st (ξ) ≤ st (ζ) ;

3. st (ξ + ζ) = st (ξ) + st (ζ) ;

4. st (ξ · ζ) = st (ξ) · st (ζ) ;

5. if st (ζ) ̸= 0, then st
(

ξ
ζ

)
= st(ξ)

st(ζ) .

Proof. The first four statements trivially descend from (4) and Proposition 2.5.
In order to prove 3.6.4, we put

ξ = r + ε , ζ = s+ θ ,

where r, s ∈ R, ε ∼ θ ∼ 0. Then,

st (ξ · ζ) = st [(r + ε) (s+ θ)] = st [rs+ (εs+ θr + εθ)] .

Since εs+ θr+ εθ ∼ 0, we have that st (ξ · ζ) = rs = st (ξ) · st (ζ) . Let us prove
3.6.5; by 3.6.4 we have that

st (ζ) · st
(
ξ

ζ

)
= st

(
ζ · ξ

ζ

)
= st (ξ) ;

hence

st

(
ξ

ζ

)
=
st (ξ)

st (ζ)
.

Theorem 3.7. The set of standard numbers R is isomorphic to the set of real
numbers.

Proof. We will prove that every Cauchy sequence of rationals is convergent to
some L ∈ R with respect to the metric topology. Let xn be a Cauchy sequence
in Q. We set

φ(λ) := x|N∩λ|

and

L = st

(
lim
λ↑Λ

φ (λ)

)
.

Then, by Proposition 3.6.1, L ∈ R. We have to prove that L is the Cauchy
limit of xn. We choose a number ε ∈ Q+; then, there exists n0 such that
∀n,m ≥ n0,

|xn − xm| < ε .

Now take λ0 ∈ L such that |N ∩ λ0| ≥ n0; thus, ∀λ ⊃ λ0, we have that |N ∩ λ| ≥
n0. Then

|φ(λ)− xm| =
∣∣x|N∩λ| − xm

∣∣ < ε
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and taking the Λ-limit, we get the conclusion:

ε > lim
λ↑Λ

|φ(λ)− xm| =
∣∣∣∣limλ↑Λ

φ(λ)− xm

∣∣∣∣ = |L− xm| .

From now on, the set R of standard numbers will be identified with the set
of real numbers, namely the real number will be considered ”special” points on
the Euclidean line.

Given a net φ : Λ → R, since Λ is a directed set, also the Cauchy limit is
well defined:

L = lim
λ→Λ

φ(λ) ⇔ ∀ε ∈ R+,∃λ0 ∈ L,∀λ ⊃ λ0, |φ(λ)− L| ≤ ε . (13)

Notice that in order to distinguish the Cauchy limit (13) from the Λ-limit,
we have used the symbols ”λ→ Λ” and ”λ ↑ Λ” respectively.

The standard part of a number is related to the Cauchy notion of limit. If
a real net xλ admits the Cauchy limit, the relation with the Λ-limit is given by
the following identity:

lim
λ→Λ

xλ = st

(
lim
λ↑Λ

xλ

)
. (14)

Another important relation between the two limits is the following:

Proposition 3.8. If
lim
λ↑Λ

xλ = ξ ∈ Eκ

and ξ is bounded, then there exist a sequence λn ∈ L such that

lim
n→∞

xλn = st(ξ).

Proof. Set x0 = st(ξ) and for every n ∈ N, take λn such that xλn
∈ [x0 −

1/n, x0 + 1/n].

Remark 3.9. As we have remarked in the intruduction, the Centrum Axiom
is necessary to prove Theorem 3.7. Actually it is not difficult to prove that the
Centrum Axiom is equivalent to the following:

Eκ contains a subfield isomorphic to the field of real numbers.

The notion of ”standard entity” can be extended from numbers (i.e. the
real numbers) to other elements of the universe by the following definition:

Definition 3.10. An element E ∈ V (R) is called standard and V (R) is called
standard universe; V (Eκ) is called Euclidean universe.

Notice that
V (R) ⊂ Λ ⊂ V (Eκ).

Also the second inclusion is strict since V (Eκ) contains sets of inaccessible
cardinality such as Eκ.
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4. The Euclidean universe

In this section we will inestigate the structure of the Euclidean universe V (Eκ).

4.1. Λ-limit of sets

By Definition 3.4, the Λ-limit has been defined for every net φ ∈ F (L,Eκ) ;
next we will extend this notion to the nets of sets in

F (L, Vn(Eκ)) =
{
Φ ∈ Vn (Eκ)

L | ∃A ∈ Λ,∀λ ∈ L, Φ(λ) = Φ(λ ∩A)
}

for every n ∈ N. In the following, in order to simplify the notation, a net of
sets Φ ∈ F (L, Vn(Eκ)) will be denoted by {Eλ} where Eλ = Φ(λ) .

We define the Λ-limit of sets by induction over n. If n = 0, limλ↑Λ Φ (λ) is
a net of numbers defined by Definition 3.4; if n > 0, we set

EΛ=lim
λ↑Λ

Eλ :=

{
lim
λ↑Λ

Ψ(λ) | Ψ ∈ F (L, Vn−1(Eκ)) ,∀λ∈L : Ψ(λ)∈Eλ

}
. (15)

Clearly, by (1), EΛ ∈ V (Eκ).

Definition 4.1. A set E obtained as Λ-limit of a net of sets

{Eλ} ∈ F (L, Vn(Eκ))

is called internal. If not it, is called external.

For example the set R is external.

If CA (λ) = A ∈ ΛS is a constant net, we set

A∗ := lim
λ↑Λ

CA (λ)=

{
lim
λ↑Λ

Ψ(λ) |Ψ∈F (L, Vn−1(Eκ)) ,∀λ∈L : Ψ(λ)∈A
}
; (16)

then, if A ∈ Vn(Eκ), also A
∗ ∈ Vn(Eκ). This definition extends (12) to all the

elements of Λ = ΛS ∪ Eκ. A
∗ will be called the ∗-transform of A.

The ∗-transform allows to build a family {Ej}j∈Ord of subsets of Eκ as
follows:

• E0 = R;

• Ej+1 = E∗
j ;

• if j ≤ κ is a limit ordinal, then Ej =
⋃
k<j

Ek.
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4.2. Λ-limit of functions

Since in set theory a function f can be identified with its graph Γf ,

fΛ := lim
λ↑Λ

fλ

is well defined. However, it is not immediate to see that fΛ is function. For
this reason, we will analyze this situation explicitly.

Theorem 4.2. Given a net of functions {fλ}

fλ : Aλ → Bλ, Aλ, Bλ ∈ Vn(Eκ),

then fΛ : AΛ → BΛ defined by

fΛ

(
lim
λ↑Λ

xλ

)
= lim

λ↑Λ
fλ (xλ) ; (17)

is a function and we have that

ΓfΛ = (Γf )Λ .

Proof. First, we will prove that (17) is a good definition, namely that fΛ(ξ)
does not depend on the net xλ which defines ξ. We set

ξ = lim
λ↑Λ

xλ = lim
λ↑Λ

yλ

and we have to prove that

lim
λ↑Λ

f (xλ) = lim
λ↑Λ

f (yλ) .

We take

χ (λ) =

{
1 if xλ = yλ
0 if xλ ̸= yλ

.

Hence ∀λ, χ (λ) + (xλ − yλ) ̸= 0 and so

lim
λ↑Λ

[χ (λ) + (xλ − yλ)] ̸= 0,

then,

lim
λ↑Λ

χ (λ) = lim
λ↑Λ

χ (λ) + lim
λ↑Λ

xλ − lim
λ↑Λ

yλ

= lim
λ↑Λ

[χ (λ) + (xλ − yλ)] ̸= 0.

Moreover, we have that

∀λ, χ (λ) · [fλ (xλ)− fλ (yλ)] = 0;
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then

0 = lim
λ↑Λ

(χ (λ) · [f (xλ)− f (yλ)]) = lim
λ↑Λ

χ (λ) · lim
λ↑Λ

[fλ (xλ)− fλ (yλ)] .

Since limλ↑Λ χ (λ) ̸= 0, we have that

0 = lim
λ↑Λ

[fλ (xλ)− fλ (yλ)] = lim
λ↑Λ

fλ (xλ)− lim
λ↑Λ

fλ (yλ) .

Finally, it is immediate to check that f∗ is the graph of the function (17), in
fact

(Γf )Λ =

{
lim
λ↑Λ

(xλ, fλ (xλ)) | ∀λ, (xλ, fλ (xλ)) ∈ Γfλ

}
=

{(
lim
λ↑Λ

xλ, lim
λ↑Λ

fλ (xλ)

)
| ∀λ, xλ = fλ (xλ)

}
= {(ξ, fΛ (ξ)) | ξ = fΛ (ξ)} = ΓfΛ .

Definition 4.3. A function f obtained as Λ-limit of a net of functions fλ is
called internal. Otherwise is called external.

If {f} is a constant net, we set

f∗ = lim
λ↑Λ

f ; (18)

then, if f : A → B, then f∗ : A∗ → B∗ and f∗ will be called the ∗-transform
of f .

4.3. Hyperfinite sets

Another fundamental notion in Euclidean calculus is the following:

Definition 4.4. We say that a set F ∈ V (Eκ) is hyperfinite if there is a net
{Fλ}λ∈Λ of finite sets such that

F = lim
λ↑Λ

Fλ =

{
lim
λ↑Λ

xλ | xλ ∈ Fλ

}
.

The hyperfinite sets share many properties of finite sets. For example, a
hyperfinite set F ⊂ Eκ has a maximum xM and a minimum xm respectively
given by

xM = lim
λ↑Λ

maxFλ; xm = lim
λ↑Λ

minFλ .
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Moreover, it is possible to ”add” the elements of an hyperfinite set of num-
bers. If F is an hyperfinite set of numbers, the hyperfinite sum of the elements
of F is defined as follows: ∑

x∈F

x = lim
λ↑Λ

∑
x∈Fλ

x.

One peculiarity of Euclidean analysis the possibility to associate a unique
hyperfinite set E⊚ to any set E ∈ V (Eκ) according to the following definition:

Definition 4.5. Given a set E ∈ ΛS , the set

E⊚ := lim
λ↑Λ

(E ∩ λ)

is called hyperfinite extension of E.

If F = limλ↑Λ Fλ is a hyperfinite set, its hypercardinality is given by

|F |∗ = lim
λ↑Λ

|Fλ| ,

where |·|∗ is the ∗-tranform of the fuction ”cardinality” defined on finite sets.
Notice that, by vitue of (5), the hypercardinality of E⊚, given by∣∣E⊚

∣∣∗ = lim
λ↑Λ

|E ∩ λ| ,

is the numerosity of E as it has been defined by Axiom 2.2.
If we put

Eσ = {x∗ | x ∈ E} ,

we can associate the sets Eσ, E⊚ and E∗ to any set E ∈ Λ. They are ordered
as follows:

Eσ ⊆ E⊚ ⊆ E∗;

in particular, if E ⊆ R, Eσ = E. The hyperfinite analysis is very relevant in
the applications and the operator ”⊚” plays a special role. You can see some
examples of this fact in Section 6.3.

5. Nonstandard Analysis

Even if some notions and definitions of Nonstandard Analysis have already been
introduced in the previous sections, now we will treat this topic in details. In
this section, we assume that the reader is familiar with the basic notions on
NSA.
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5.1. Nonstandard theories

In this subsection, we recall the basic notion of Nonstandard Analysis how have
been developed in the superstructure approach. Following Keisler (see [17]), we
give the following definition:

Definition 5.1. A nonstandard theory is a triple (V (R) , V (R•) , •) such that3

• V (R) is a superstructure over R called standard universe;

• R• is a set such that R ⊂ R• which is called field of the (•)-hyperreal
numbers;

• V (R•) is a superstructure over R• called nonstandard universe;

• the map
• : V (R) → V (R•)

satisfies the Leibniz principle and

∀r ∈ R, r = r•. (19)

We recall the notion of Leibniz (or transfer) Principle. It is well known that
the map • transforms any elementary sentence P (a1, a2, ..., an) to a elementary
sentence P (a•1, a

•
2, ..., a

•
n) in V (R•) where a1, a2, ..., an are constants in V (R) .

The adjective elementary refers to the fact that the quantifiers in elementary
sentences are of the form (∀x ∈ y) or (∃x ∈ y) where x is a variable and y is
a constant or a variable. The Leibniz principle states that P (a1, a2, ..., an) is
true if an only if P (a•1, a

•
2, ..., a

•
n) is true. For details, see e.g. [8] or [17].

Definition 5.2. Given two sets A and S, a superstructure embedding is a triple
(V (A) , V (S) , •) where • : V (A) → V (S) is a injective map such that

A• = S ,

∀x, y ∈ V (A) , x ∈ y ⇔ x• ∈ y• .

The following fact is well known:

Theorem 5.3. If (V (A) , V (S) , •) is superstructure embedding then the map •
satisfies the Leibniz principle.

Proof. This result can be proved by induction over the complexity of the sen-
tences; see e.g. [8] Th. 5.8. or [17].

3To be precise, Keisler calls (V (R) , V (R•) , •) nonstandard universe while we use the
espression nonstandard universe to denote the set V (R•).
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By the above theorem, we get the following result:

Corollary 5.4. If (V (R) , V (S) , •) is a superstructure embedding such that
R ̸= S, then, (V (R) , V (R•) , •) is a nonstandard theory with R• = S.

An isomorphism beetwen nonstandard theories is defined as follows:

Definition 5.5. Two nonstandard theories

(V (R) , V (R•) , •) and (V (R) , V (R⋆) , ⋆)

are isomorphic if there is a map

h : V (R•) → V (R⋆)

such that

1. ∀r ∈ R, h(r) = r;

2. h maps R• one to one onto R⋆;

3. for each A ∈ V (R•) \R•,

h(A) = {h(a) | a ∈ A} ,

4. for each A ∈ V (R) , h(A•) = A⋆.

Definition 5.6. A nonstandard theory (V (R) , V (R•) , •) is called saturated
if any family of sets S ∈ Vn (R)• with cardinality smaller than R• and with the
finite intersection property has non empty intersection; namely if

S1 ∩ ... ∩ Sn ̸= ∅, Si ∈ S; |S| < |R•| ,

then ⋂
S ̸= ∅.

Among all the nonstandard theories there is a privileged one which is unique
up to isomorphisms.

Theorem 5.7. A saturated nonstandard theory (V (R) , V (R•) , •) with

|R•| = κ

is unique up to isomorphism. In this case, V (R•) will be called Keisler uni-
verse.

Proof. See [17].
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5.2. The Normal Universe

According to the theory of the previous section we give following

Definition 5.8. If ”∗” is the map defined by (16), V (R∗) will be called normal
universe; R∗ will be called normal Euclidean field and from now on, it will be
simply denoted by E.

Theorem 5.9. The triple (V (R) , V (E) , ∗) is a nonstandard theory and V (E)
is a Keisler universe.

Proof. By the definition of V (E) , it follows that (V (R) , V (E) , ∗) is a super-
structure embedding. Then by Cor. 5.4, we have to prove that |E| = κ and
that (V (R) , V (E) , ∗) is saturated. Since

E = R∗ =

{
lim
λ→Λ

xλ | xλ ∈ F (L,R)
}

we have that

|E| ≤ |F (L,R)| .

Moreover

F (L,R) =
{
φ ∈ RL | ∃A ∈ Λ,∀λ ∈ L, φ(λ) = φ(λ ∩A)

}
and hence

|F (L,R)| =

∣∣∣∣∣ ⋃
A∈Λ

RA

∣∣∣∣∣
and since

∣∣RA
∣∣ < κ and |Λ| = κ, we have that

|E| ≤

∣∣∣∣∣ ⋃
A∈Λ

RA

∣∣∣∣∣ = κ .

Also we have that

|E| ≥ |N| ≥ |Ord| = κ.

Then |E| = κ. It remains to prove that it is saturated.
If S ∈ Vn (R)∗ , then

S = {Eµ | µ ∈ H} ,

where H is a set of indices with |H| < κ. Since |H| < κ, it is not restrictive to
assume that H ⊂ L. For every µ ∈ H, let φµ(λ) be a net such that

lim
λ↑Λ

φµ(λ) = Eµ .
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For any fixed λ, pick an element

ψ(λ) ∈
⋂
µ⊆λ

φµ(λ)

if this intersection is nonempty. Otherwise, pick

ψ(λ) ∈
⋂

µ⊆λ\{x1}

φµ(λ); x1 ∈ λ

if this intersection is nonempty, and continue in this manner until the element
ψ(λ) is defined. In case that this intersection is always empty, we set ψ(λ) = ∅.
As a consequence of this definition, the following property holds:⋂

µ⊆τ

φµ(λ) ̸= ∅ ⇒ ∀λ ⊇ τ, ψ(λ) ∈
⋂
µ⊆τ

φµ(λ) (20)

Now let τ ∈ H be fixed. By the finite intersection property,

∅ ̸=
⋂
µ⊆τ

Eµ =
⋂
µ⊆τ

lim
λ↑Λ

φµ(λ) = lim
λ↑Λ

⋂
µ⊆τ

φµ(λ)

 .

Then, there exists a set Q ∈ U (U is defined in the proof of Th. 3.3) such that,

∀λ ∈ Q,
⋂
µ⊆τ

φµ(λ) ̸= ∅;

and hence, by (20), it follows that

∀λ ∈ Q, ψ(λ) ∈
⋂
µ⊆τ

φµ(λ) ̸= ∅

and taking the Λ-limit

lim
λ↑Λ

ψ(λ) ∈
⋂
µ⊆τ

lim
λ↑Λ

φµ(λ) =
⋂
µ⊆τ

Eµ

and in particular,

lim
λ↑Λ

ψ(λ) ∈ Eτ .

As this holds for every τ ∈ H, we conclude that

lim
λ↑Λ

ψ(λ) ∈
⋂
τ∈H

Eτ =
⋂

S.
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V (E) is not the only Keisler universe contained in V (Eκ). For example,
using the notations at the end of Section 4.1, we have that also

(V (R) , V (E2) , ∗∗) , (V (R) , V (E3) , ∗ ∗ ∗) , etc.

are saturated nonstandard theories and hence we have infinite Keisler universes
included in V (Eκ). More in general, for 0 < j ≤ κ, it is possible to define a
Keisler universe (

V (R) , V (Ej) , ∗j
)

where the map ∗j is defined ∀A ∈ V (R) as follows:

• if j = 1, A∗1

= A∗ ⊂ E1(= E),

• if j = k + 1, A∗j+1

=
(
A∗j

)∗
⊂ Ej+1,

• if k is a limit ordinal, and A ∈ V (Ek) , then A ∈ V (Ej) for some j < k

and hence A∗k

= A∗j

.

In particular we have that all the fields Ej , j ≤ κ are isomorphic; for j < κ,
the map

∗ : Ej → Ej+1

is a field homomorphism and if k is a limit ordinal, the map

∗ : Ek → Ek

is a field isomorphism. In any case, the only fixed points of ∗ are the real
numbers. The spaces Ej ’s differ from each other by the way they are embedded
in A.

Moreover in a Euclidean universe there are other interesting superstructure
embeddings which can be useful in some application. For example,

(V (Ej) , V (Ej+1) , ∗)

is a superstructure embedding; however is not a nonstandard theory, since
Ej ̸= R; moreover (V (Ej) , V (Ej+1) , ∗) violates an other important request of
Definition 5.1, namely

∃ξ ∈ Ej , ξ ̸= ξ∗

in contrast with (19). Nevertheless, by Th. 5.3, (V (Ej) , V (Ej+1) , ∗) satisfies
the Leibniz principle. Then the following fact follows straightforwardly:

Theorem 5.10. (V (Eκ) , V (Eκ) , ∗) is a superstructure embedding that satisfies
the Leibniz principle.
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5.3. The α-theory

The α-theory has been introduced in [7] and it represents an elementary ap-
proach to nonstandard analysis particularly suitable for some application; see
e.g [5, 8, 12] and references. Actually, the Euclidean universe contains many
non-standard universes which can be easily defined and, therefore, are more
suitable for the elementary applications of practitioners. The α-theory is one of
them and it can be constructed using the notion of α-limit where α = num (N+),
N+ = N\ {0}.

Definition 5.11. Given a sequence φ : N → Vn(Eκ), we set

lim
n↑α

φ(n) := lim
λ↑Λ

φ
(∣∣λ ∩ N+

∣∣) .
If Cb(n) is the constant sequence with value b ∈ V (Eκ), we set

b∗α = lim
n↑α

Cb(n) .

Then, by Th. 5.3, it follows that

(V (R) , V (R∗α) , ∗α)

is a nonstandard theory.

Definition 5.12. The nonstandard theory (V (R) , V (R∗α) , ∗α) is called α-
theory.

If
i : N → Eκ; i(n) = n

then taking the α-limit we get that

lim
n↑α

i(n) = lim
λ↑Λ

i
(∣∣λ ∩ N+

∣∣) = num(N+) = α .

Hence, the set of (∗α)-hyperreal numbers R∗α can be characterized as follows:

R∗α =

{
lim
n↑α

φ(n) | φ : N → R
}

namely, every (∗α)-hyperreal numbers is the α-limit of real sequence. For
example, we have that ω is a (∗α)-hyperreal number since

ω = num(N) = num(N+) + num({0})
= α+ 1 = lim

n↑α
(n+ 1).

As we will see in Section 7.1, the construction of a model of the theory,
there is an ultrafilter U which plays a central role (see definition (23)). By
choosing U in a suitable way, then we get the following result:
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Theorem 5.13. It is compatible with axioms 1-3 that the number α satisfies
the following properties:

• Divisibility Property : For every k ∈ N, the number α is a multiple
of k and the numerosity of the set of multiples of k:

num({k, 2k, 3k, ..., nk, ...}) = α

k

• Root Property: For every k ∈ N, the number α is a k-th power and
the numerosity of the set of k-th powers:

num({1k, 2k, 3k, ..., nk, ...}) = k
√
α

• Power Property: If we set ℘fin(A) = {F ∈ ℘(A) | F is a finite set},
then

num(℘fin(N+)) = 2α

• Integer numbers Property:

num(Z) = 2α+ 1

• Rational numbers Property: For every q ∈ Q,

num((q, q + 1] ∩Q) = num((0, 1] ∩Q) = α

and
num(Q) = 2α2 + 1.

Proof. See [8, Sections 16.6 and 16.7].

5.4. About the idea of continuum

The idea of (linear) continuum is described or modeled by the geometric line.
In classical Euclidean geometry, lines and segments are not considered sets of
points; on the contrary, in the last two centuries the reductionist attitude of
modern mathematics has described Euclidean geometry through a set interpre-
tation. In the last century, the geometric continuum has been identified with
the Dedekind continuum and the geometric line has been identified with the
set of real numbers (once the origin O and a unitary segment OU have been
fixed). Even is this identification, today, is almost universally accepted, we
have seen that also the Euclidean line, as defined by Axiom 2.3, has some right
to represent the geometric continuum. In this section we will compare R and
E (∼= Eκ) with respect to the idea of geometric continuum.
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In our naive intuition, we think of a linear continuum as a linearly ordered
set without interruptions, that is, without holes between one part and the
other. Let’s make this definition rigorous. Contrary to our intuition, a set X
satisfying the following property

∀a, b ∈ X, a < b, ∃c ∈ X, a ≤ c ≤ b

it cannot be considered a continuum: this notion, satisfied for example by the
set of rational numbers, is not a good candidate for a continuum as the set of
rationals is full of holes represented by irrational numbers.

So we are led to discuss the notion of κ-saturation and to the Eudoxus
Principle:

Definition 5.14. A linearly ordered set X is called κ-saturated if it satisfies
following property: given two sets A,B ⊂ X, such that

|A| , |B| < κ , (21)

∀a ∈ A, ∀b ∈ B, a < b ,

then ∃c ∈ X,
∀a ∈ A, ∀b ∈ B, a ≤ c ≤ b.

Definition 5.15 (Eudoxus Principle). A linearly ordered Abelian group F sat-
isfies the Eudoxus Principle if given two sets A,B ⊂ F such that

∀a ∈ A, ∀b ∈ B, a < b ,

∀ε ∈ F+, ∃a ∈ A, ∃b ∈ B, b− a < ε.

then ∃c ∈ X,
∀a ∈ A, ∀b ∈ B, a ≤ c ≤ b.

Using these notions, we can characterize R and E as follows:

Theorem 5.16. The field of the real numbers R is the only field F such that:

(i) satisfies the Eudoxus Principle,

(ii) satisfies the Archimedes’ Axiom, namely :

∀a, b ∈ F+, ∃n ∈ N, na > b .

Proof. Well known.

The request (ii) is necessary; in fact, for example, the field of rational
functions with a suitable order structure4 satisfy (i) but not (ii).

4For example the field of rational fuction F can be equipped with an order structure by
setting

F+ =

{
rnxn + rn−1xn−1 + ....+ r0

wmxm + wm−1xm−1 + ....+ w0
|

rn

wm
> 0

}
.
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Theorem 5.17. The field of the Euclidean numbers E is the smallest field that:

(i) is κ-saturated,

(ii) is a real closed field, namely every polynomial of odd degree has at least
one root.

Proof. By Theorem 5.9, it is easy to check that E is κ-saturated according to
Definition 5.14. Moreover, since E is hyperreal, it is real closed. All the real
closed fields of cardinality κ are isomorphic and |E| = κ; hence E is the smallest
of such fields .

Notice that the request (ii) is necessary; in fact Q∗ is a κ-saturated field,
but it does not satisfy (i) since the equation x3 = 2 does not have any solution
in Q∗. We observe that the request (ii) fits well the idea of continuity, in fact,
a polynomial of odd degree must take positive and negative values and hence,
by continuity, it must have some 0’s.

The above discussion suggests the following definitions of continuum:

Definition 5.18. A linearly ordered Abelian group F is a Dedekind continuum
if it satisfies the following property: given two sets A,B ⊂ X such that

A,B ̸= ∅ , (22)

∀a ∈ A, ∀b ∈ B, a < b ,

then ∃c ∈ X,
∀a ∈ A, ∀b ∈ B, a ≤ c ≤ b;

A linearly ordered ordered field F is an absolute continuum5 if it is saturated
and real closed.

With these notions of continuity R and E have the following characteri-
zation: R is the only Dedekind continuum field; E is the smallest absolutely
continuum field.

6. Euclidean Calculus

In this section we pretend to not know the classical calculus and we will define
the basic notion of calculus, derivative and integral, in the most natural way
provided that you are equipped with infinitesimal and infinite numbers. Hence,
these definitions are very similar to those of the XVIII century. With these
definitions, we will discover that every function is both integrable and it has a

5This notion of absolute contiuum has been introduced by Ehrlich in [15]. However in his
definition F is a class in the sense of Von Neumann–Bernays–Gödel set theory.
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left and right derivative. Of course, if a function is differentiable, the Euclidean
derivative corresponds to the usual derivative and if it is Lebesgue-integrable,
the Euclidean integral corresponds to the usual Lebesgue integral. We limit
this game to the normal functions as defined below.

Of course this game could be extended to other notions and to a larger
class of functions and it might have some interest for the foundations and the
philosophy of Mathematics.

The idea to work directly in a nonstandard unverse is not new; we recall
[1, 16, 19]. This section can be considered an other experiment in that direction.

6.1. Normal functions and sets

In most application, the space Eκ and the Euclidean universe V (Eκ) are too
large and hence might imply useless technicalities. It is more convenient to
work in the normal Euclidean field E = R∗ and in the normal universe V (E).
So we are lead to the following definition:

Definition 6.1. A function f : E → E is called normal if

f = h∗

where h is a standard real function, i.e. f ∈ RE , E ⊆ R.

If f is normal then ∀x ∈ R, f (x) ∈ R.

Definition 6.2. A subset N ⊂ E is called normal if N = A∗ for some set
A ⊂ R.

Remark 6.3. In the nonstandard analysis community there is the habit to call
standard both functions and sets of the form f∗, A∗ and functions and sets in
V (R). Here we call standard the elements of V (R) and normal their counterpart
defined as above.

The usual functions used in the applications of mathematics can be regarded
as normal functions and not as standard functions. The advantadge of this
point of view is that the main notions of infinitesimal analysis can be defined
using the ”actual infinitesimal” in a natural way and hence they assume a
different meaning.

6.2. The notion of derivative

Since the normal functions are in a biunivocal correspondence with the real
functions, sometimes we will denote both with the same symbol. The same we
will do with the intervals.
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Now let us introduce some notions of Euclidean calculus. In order to in-
toduce a ”Euclidean derivative”, we will take the advantage to have a distin-
guished infinite number, namely α; then we can define a distinguished infinites-
imal number as follows:

η :=
1

α
.

Definition 6.4. The right derivative of a normal function f : (a, b) → E in
a standard point x0 ∈ (a, b), in the sense of Euclidean Calculus, is defined as
follows:

D+f(x0) = ctr

(
f(x0 + η)− f(x0)

η

)
;

similarly the left E-derivative is defined as follows:

D−f(x0) = ctr

(
f(x0)− f(x0 − η)

η

)
;

the mean E-derivative is defined as follows:

Df(x0) =
1

2

[
D+f(x0) +D−f(x0)

]
= ctr

(
f(x0 + η)− f(x0 − η)

2η

)
.

We say that a function is derivable in a point x0 ∈ (a, b) if Df(x0) = D+f(x0)
and Df(x0) ∈ R. In this case,

Df(x0) = st

(
f(x0 + η)− f(x0)

η

)
is called generalized derivative in the sense of Euclidean Calculus or simply
E-derivative.

It is easy to check that given a real function f differentiable in a point
x0 ∈ (a, b) ∩ R, then

Df(x0) = f ′(x0)

but the converse is not true; for example the function f(x) = x sin 1
x2 is not

differentiable for x = 0, but

D+f(0) = ctr

(
sin

1

η2

)
= ctr

(
sin

1

(−η)2

)
= D−f(0)

and hence the E-derivative, given by[
D

(
x sin

1

x2

)]
x=0

= st

(
sin

1

η2

)
,
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is well defined.
The notion of E-derivative is more general and consequently the fact that

if f is E-derivable does not imply that f (resticted to R) is continuous. For
example the Dirichlet function

fD(x) :=

1 if x ∈ Q∗

0 if x ∈ R∗\Q∗

is E-derivable in every point with DfD = 0 (remember that by Th. 5.13,
η ∈ Q∗), but it is not continuous.

As far, we have defined the derivative of a normal function in a standard
point. The following definition extends the notion of derivative to every Eu-
clidean point, namely it defines the function ”derivative” in all the points of
(a, b) while Definition 6.4 defines it only for x ∈ (a, b) ∩ R.

Definition 6.5. The E-derivative of a normal derivable function f : (a, b) → E
is defined by

Df :=
(
Df |(a,b)∩R

)∗
.

Example 6.6. Take f(x) = x sin 1
x2 ; then

D

(
x sin

1

x2

)
=

sin 1
x2 − 2

x2 cos
1
x2 if x ∈ E\ {0}

st
(
sin 1

η2

)
if x = 0 .

Obviously, the E-derivability does not imply the differentiability defined as
follows:

Definition 6.7. A normal function f : (a, b) → E is said to be differentiable
in a point x0 ∈ (a, b) if there exists a linear function t 7→ df (x0) [t] such that,
for every infinitesimal ε,

f(x0 + ε) = f(x0) + df (x0) [ε] + εε1

where ε1 is an infinitesimal (which might depend on ε).

It is immediate to check that a function is differentiable in x0 if and and
only if

∀ε ∈ mon (0) \ {0} , Df (x0) = st

(
f(x0 + ε)− f(x0)

ε

)
.

Then, if a function is differentiable in x0 ∈ (a, b)∩R, it has the E-derivative
in that point and

df (x0) [t] = Df(x0) · t.
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but the converse is not true. The derivability of a function does not coin-
cide with the differentiability; it is well known that in ”classic calculus” this
phenomenon occurs only in dimension ≥ 2.

Remark 6.8. With the above definitions, the two classical problems of the
”istantaneous velocity” and of the ”tangent” get different solutions given by the
E-derivative and the differential respectively. They coincide only for continuous
functions.

Even if the E-derivative is weaker than the usual one, it is quite surprising
that the main theorems of calculus remain true. For example, let us consider
the Fermat theorem:

Theorem 6.9 (Fermat theorem). If a normal function f : (a, b) → E achieves
a local maximum (or minimum) in a point x0 ∈ (a + η, b − η) and it has the
E-derivative in that point, then

Df(x0) = 0 .

Proof. We have that D+f(x0) ≤ 0, and D−f(x0) ≥ 0. Since D+f(x0) =
D−f(x0), it follows that

Df(x0) = D+f(x0) = 0.

Following the usual procedure, we can prove Rolle theorem, the Lagrange
intermediate value theorem and most of the theorems of real calculus for a
class of function that are not necessarely differentiable, but have only the E-
derivative. We will sketch this fact (see [3] for details). First of all we recall
some well known fact in NSA:

Definition 6.10. A function f : D → E, D ⊂ E is called continuous in a
point ξ ∈ D iff

ξ ∼ x⇒ f (ξ) ∼ f (x) ;

It is called continuous in D if it is normal and it is continuous in every point
ξ ∈ D ∩ R. It is called uniformly continuous in D if it is normal and it is
continuous in every point ξ ∈ D.

Theorem 6.11 (Weierstrass). Let f be a continuous fuction on an interval
[a, b] . Then f has a maximum point in [a, b] and it is a standard point.

Proof. Since the set [a, b] ∩ R⊚ is hyperfinite, f restricted to [a, b] ∩ R⊚ has a
maximum point ξ. We calim that c = st (ξ) is the maximum in [a, b] ; in fact,
since [a, b] ∩ R ⊂ [a, b] ∩ R⊚, ∀x ∈ [a, b] ∩ R

f (ξ) ≥ f (x)
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and hence by the continuity of f, ∀x ∈ [a, b] ∩ R

f (c) = st [f (ξ)] ≥ st [f (x)] = f(x).

The inequality above, can be extended to every ζ = limλ↑Λ xλ ∈ [a, b] , xλ ∈
[a, b] ∩ R. In fact, since f (c) ≥ f(xλ),

f (c) = lim
λ↑Λ

f (c) = lim
λ↑Λ

f (xλ) = f (ζ) .

So we have the following result involving the E-derivative:

Lemma 6.12 (Rolle). Let f be a continuous fuction on an interval [a, b] such
that f(a) = f(b); then if f is E-derivable in (a, b), there is a point c ∈ (a, b)
such that

Df (c) = 0 .

Proof. By Fermat’s and Weierstrass’ theorems, the proof is equal to the usual
one.

Theorem 6.13 (Lagrange). Let f be a continuous fuction on an interval [a, b]
and E-derivable in (a, b), there is a point c ∈ (a, b) such that

Df (c) =
f(b)− f(a)

b− a
.

Proof. By Rolle’s lemma, the proof is equal to the usual one.

These results show that even if a E-derivable function can be quite wild
(think of the Dirichlet function), the continuous E-derivable functions behave
quite well. For example, the space of the solutions of the equation

Df = 0

in general, is not finite-dimensional. However, by the Lagrange theorem it
follows that the only continuous functions which solve the above equations are
the constants. Among the other consequences of the Lagrange’s teorem, we get
the following result:

Theorem 6.14. A sufficient condition for a function f to be differentiable in
x0 ∈ (a, b) ∩ R is that both f and Df be continuous in x0.

Proof. See [3].

This discussion shows that the notion of E-derivability, even if it is essen-
tially irrelevant for the applications, it seems interesting for the foundation of
the notion of derivative and its relation with the differentiability.
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Remark 6.15. In the framework of Euclidean calculus there are several other
notions of ”generalzed derivative” which make sense. For example we can define
the right grid derivative as follows:

D+f(x0) = ctr

(
f(x+)− f(x)

x+ − x

)
where

x+ = min
{
y ∈ R⊚ | y > x

}
and similarly the left grid derivative etc. An other notion of generalized deriva-
tive useful for the applications can be found in [4]. In this paper the notion
of grid derivative is combined with the notion of weak derivative in such a
way to include the derivative of distributions (identified with suitable internal
functions).

6.3. The integral

Also the definition of the integral takes advantage of a peculiarity of Euclidean
analysis, namely of the operator ”⊚” introduced by Definition 4.5.

Definition 6.16. Given a normal function f : [a, b] → E, we define the E-
integral as follows:∫ b

a

f(x)dx := ctr

 ∑
x∈[a,b]⊚

f(x)
(
x+ − x

)
where

x+ = min
{
y ∈ R⊚ | y > x

}
.

Clearly, if f is Riemann integrable, the E-integral coincides with the Rie-
mann integral. Moreover the E-integral is well defined for every normal function
even when [a, b] = R or/and f is unbounded. However, the most interesting
property of the E-integral is given by the following theorem:

Theorem 6.17. Let f be a bounded Lebesgue integrable function, then the E-
integral is equal to the Lebesgue integral.

Proof. Assume that f is a bounded Lebesgue integrable function in [a, b] and
set

fλ(x) :=
∑

z∈[a,b]∩λ

f(z)χ[z,z+
λ )

(x)

where χ[z,z+
λ )

is the characteristic function of
[
z, z+λ

)
and

z+λ = min {y ∈ λ | y > z} .
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Now let us denote by
∫
L
the Lebesgue integral; then∫

L

fλ(x)dx =

∫
fλ(x)dx .

The net of functions {fλ} converges to f in every point x ∈ [a, b] ∩ R since
[a, b] ∩ R ⊂ [a, b]

⊚
; in fact, eventually we have that ∀x ∈ [a, b] ∩ R

fλ(x) = f(x)

and hence by (14), ∀x ∈ [a, b] ∩ R,

lim
λ→Λ

fλ(x) = st [f(x)] = f(x)

where limλ→Λ is the usual Cauchy limit. By the Dominated Convergence The-
orem,

lim
λ→Λ

∫
L

fλ(x)dx =

∫
L

lim
λ→Λ

fλ(x)dx =

∫
L

f(x)dx .

On the other hand,

lim
λ↑Λ

∫
fλ(x)dx = lim

λ↑Λ

 ∑
z∈[a,b]∩λ

f(z)χ[z,z+
λ )

(x)


=

∑
x∈[a,b]⊚

f(x)
(
x+ − x

)
.

Then, by (14), ∫
L

f(x)dx ∼
∑

x∈[a,b]⊚

f(x)
(
x+ − x

)
and hence ∫

L

f(x)dx = st

 ∑
x∈[a,b]⊚

f(x)
(
x+ − x

) =

∫
f(x)dx.

Remark 6.18. All the normal functions are E-integrable; however the func-
tions which are not Lebesgue-integrable might have a pathological behavior;
for example their integral is not invariant for translations. Nevertheless L1,
the space of the Lebesgue-integrable functions, can be easily characterized as
the closure of the continuous functions with compact support with respect to
the norm

∥f∥ =

∫
|f(x)| dx.
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7. Consistency of the axioms

In this sections, we will prove the consistency of the three axioms introduced
in Section 2 by building a model in ZFC+{Axiom of Inaccessibility}.
Remark 7.1. In many models on nonstandard analysis, the axiom of regularity
of ZFC may fail for external sets (see e.g. [14, 10]). However, in this paper,
both, the standard universe V (R) and the Euclidean universe V (Eκ) contain
only sets of finite rank and this peculiarity allows to have a model in ZFC. We
are forced to work with sets of finite rank by axiom 2.2. In fact, assuming that
Λ contains a set A of infinite rank, we would get a contradiction. Take for
instance a set a defined as follows:

A = {bn | n ∈ N}

where b0 = a and
bn+1 = (bn, a)

namely
A = {a, (a, a) , (a, a, a) , (a, a, a, a) , , ....} .

Then, setting

B = A× {a} = {(a, a) , (a, a, a) , (a, a, a, a) , ....} =
{
bn | n ∈ N+

}
we have that B ⊂ A and hence, by Axiom 2.2.2

num (B) < num (A) ,

while, by Axiom 2.2.5

num (B) = num (A× {a}) = num (A) · num ({a}) = num (A) · 1 = num (A) .

Contradiction!

7.1. The construction of the field E
We assume that A is a set of atoms having cardinality |A| = κ and that it
contains a set R isomorphic to the real numbers. Moreover, we assume that
ΛS , Λ and L be sets as defined in Section 2.1.

If n0 ∈ N, and λ0 ∈ L, we set

Q (n0, λ0) = {Vn (λ) ∈ L | n ∈ N, n ≥ n0; λ ∈ L, λ ⊇ λ0} .

We have that Q (n0, λ0) ⊂ L and

Q (n0, λ0) ∩Q (m0, µ0) = Q (max {n0,m0} , λ0 ∪ µ0) .
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Hence there exists an ultrafilter U over L such that ∀n ∈ N, ∀λ ∈ L,

Q (n, λ) ∈ U . (23)

Now, for any j < κ, we define by transfinite induction a sequence of ordered
fields Kj ⊂ A such that |Kj | < κ and

Kj ⊂ Kk if j < k.

For j = 0, we set
K0 = R

and for every ordinal j < κ, we set

Fj+1 := F (L,Kj) /Ij , (24)

where
Fj (L,Kj) =

{
φ ∈ (Kj)

L | ∀λ ∈ L, φ(λ) = φ(λ ∩Kj)
}

and Ij ⊂ Fj (L,Kj) is the maximal ideal defined as follows:

Ij := {φ ∈ Fj (L,Kj) | ∃Q ∈ U , ∀λ ∈ Q, φ(λ) = 0} .

Then Fj+1 is a field and the projection

Πj : Fj (L,Kj) → Fj+1

defined by
Πj (φ) = [φ]U := φ+ Ij

is a surjective ring homomorphism. Now, since |Kj | < κ, also |Fj+1| < κ; then
we can define an injetive map

Θj : Fj+1 → A

such that ∀ξ ∈ Kj ,
Θj

(
[Cξ]U

)
= ξ ,

where ∀λ ∈ L, Cξ (λ) := ξ ∈ Kj . The set Kj+1 := ImΘj can be equipped with
the structure of ordered field by setting, ∀ξ, ζ ∈ Kj+1

ξ + ζ = Θj

(
Θ−1

j (ξ) + Θ−1
j (ζ)

)
,

ξ · ζ = Θj

(
Θ−1

j (ξ) ·Θ−1
j (ζ)

)
.

Then Kj+1 is a field which contains the real numbers. Now set

Jj = Θj ◦Πj : F (L,Kj) → Kj+1 .
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By this construction, Jj is a surjective ring homomorphism.
If k ≤ κ is a limit ordinal, we set

Kk =
⋃
j<k

Kj

and
Jk = lim

−→
Jj ,

namely, Jk (φ) = Jj (φ) for every j such that φ ∈ F (L,Kj) . Then, also

Jk : F (L,Kk) → Kk

is a surjective ring homomorphism.
In particular, if j = κ, we have that

J := Jκ : F (L,Kκ) → Kκ ⊂ A (25)

is a surjective ring homomorphism and |Eκ| = κ.
If A ∈ Λ, by the definition of Λ (see (1)), we have that |A| < κ, then the

net {λ 7→ |λ ∩A|} ∈ F (L,Kκ) . Then, we can define the numerosity of A as
follows:

num (A) = J (|λ ∩A|) , (26)

where, with some abuse of notation, |λ ∩A| denotes the net {λ 7→ |λ ∩A|} .

7.2. Proof of the consistency of Axioms 1-3

Now we can prove the consistency of our axioms.

Theorem 7.2. The numerosity function defined by (26) satisfies the request of
Axiom 2.2.

Proof. 2.2.1 and 2.2.2 follows directly by the definition (26) of num.
2.2.3 - We have that

num (A ∪B) = J (|λ ∩ (A ∪B)|) = J (|(λ ∩A) ∪ (λ ∩B)|)
= J (|(λ ∩A)|+ |(λ ∩B)|) = J (|(λ ∩A)|) + J (|(λ ∩A)|)
= num (A) + num (B) .

2.2.4 - Let n0 be so large that A,B ∈ Vn0
(Eκ) , then A× B ∈ Vn0+2 (Eκ) ;

if we take Vn (λ) ∈ Q (n0 + 2, λ) , we have that

|Vn (λ) ∩ (A×B)| = |(Vn (λ) ∩A)× (Vn (λ) ∩B)|
= |Vn (λ) ∩A| · |Vn (λ) ∩B| . (27)
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If we set
φE (λ) = |Vn (λ) ∩ E|

by (27), we have that ∀λ ∈ Q (n0 + 2, λ0) ,

φA×B (λ) = φA (λ) · φB (λ)

and since Q (n0 + 2, λ0) ∈ U ,

J (φA×B) = J (φA) · J (φB) .

Then

num (A×B) = J (φA×B) = J (φA) · J (φB) = num (A) · num (B) . (28)

2.2.5 - It follows immediately from (28).

Theorem 7.3. The set Eκ satisfies the request of Axiom 2.3.

Proof. Trivial by our construction.

We define the set of the Euclidean integers as follows:

Z :=
⋃
j<κ

Zj ,

where
Z0 = Z

and, for j < κ

Zj := J

( ⋃
k<j

Zk

)
. (29)

Before proceeding we need the following

Lemma 7.4. Every number ξ ∈ Eκ can be decomposed as follows:

ξ = ζ + µ (30)

where ζ ∈ Z and 0 ≤ µ < 1.

Proof. Let ξ ∈ Ej .We argue by transfinite induction over j. If j = 0, (30) holds
with ζ ∈ Z. If j > 0, then,

ξ := J ({ξλ})
with ξλ ∈ Ek for some k < j. By our inductive assumption,

ξλ = ζλ + µλ, ζλ ∈ Z and 0 ≤ µλ < 1.

Then
ξ := J ({ζλ + µλ}) = J ({ζλ}) + J ({µλ})

By (29), ζ := J ({ζλ}) ∈ Z and if we set µ := J ({µλ}) , we have that 0 ≤ µ <
1. Then (30) is satisfied.
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We now set
C := {ζ + r | ζ ∈ Z, r ∈ R} . (31)

Clearly Z and R are additive subgroups of Eκ and hence also C is an additive
group. C is the set of the centers.

Theorem 7.5. The set C defined by (31) satisfies the requests of Axiom 2.8.

Proof. Since Eκ contains the real numbers, if θ ∈ Eκ is bounded, st(θ) is well
defined. If ξ ∈ Eκ, by Lemma 7.4, we can write ξ = ζ + µ, with ζ ∈ Z and
0 ≤ µ < 1; then we set

ctr(ζ + µ) = ζ + st(µ).

Then ctr(ζ + µ) ∈ C.
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Schöller

Corrigendum to “Some remarks on substitution and composition operators” 117

Mauro Artigiani

Octagonal continued fraction and diagonal changes . . . . . . . . . . . . . . . . . . . . . . . . 119

Nicola Ciccoli

Quantum orbit method for the Connes-Landi-Matsumoto 3-sphere . . . . . . . . . 147

Keng Hao Ooi

Vector-valued Sobolev multiplier spaces and their preduals . . . . . . . . . . . . . . . . 159

Antonino Morassi, Edi Rosset, Eva Sincich, and Sergio Vessella

Doubling inequality at the boundary for the Kirchhoff-Love plate’s equation
with supported conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169

Eduard Marušić-Paloka and Marija Prša
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