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Short Proof of a Cardinal Inequality

involving the Weak Extent

D. Basile and A. Bella (∗)

Summary. - We are presenting a short and self contained proof of

the cardinal inequality |X| ≤ we(X)psw(X), by using the Pol-

Šapirovskĭı’s technique.

1. Introduction

One of the most interesting cardinal inequalities obtained in the last
years is the formula for a T1 space X

|X| ≤ we(X)psw(X) (1)

This inequality was proved by Hodel in 1991 [6] as a consequence of
a combinatorial theorem of Engelking and Karlowicz [3].

Now, it is well known that soon after the discovery of the most
important cardinal inequalities at the end of the sixties, the so-called
“closure method”, proposed by Pol and Šapirovskĭı has become a
unified approach in the proofs of practically all basic cardinal in-
equalities, see e.g. [5] or the comments and references in [6].

The purpose of this short note is to give a self contained and
direct proof of (1), by using only the Pol-Šapirovskĭı’s approach. The
proof presented by Hodel in [6] is at first glance completely different
and heavely based on the theorem of Engelking and Karlowicz. On
the other hand, a proof of this combinatorial result via a closure
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argument has been proposed by Michael in [7]. This, of course,
could have suggested an approach via a closure argument even to (1).
Indeed, our proof follows the ideas developed in [7]. For notations
and undefined notions we refer to [2].

Given a collection of sets V ∪ {A}, the symbol V[A] denotes the
subcollection of all V ∈ V satisfying V ∩ A 6= ∅. When A = {x}, we
simply write V[x].

The weak extent of a topological space X, denoted by we(X), is
the smallest cardinal κ such that for any open cover U of X there
exists a set A ⊆ X such that |A| ≤ κ and U [A] is a cover of X.

A cover V of a set X is separating if
⋂

V[x] = {x} for every
x ∈ X.

The point separating weight of a topological space X, denoted by
psw(X), is the smallest cardinal κ such that there exists a separating
open cover V of X such that |V[x]| ≤ κ for every x ∈ X.

Theorem 1.1. If X is a T1 space, then |X| ≤ we(X)psw(X).

Proof. Let psw(X) = λ and we(X) = κ. Let V be a separating
open cover of X such that |V[x]| ≤ λ for every x ∈ X. We will
construct a family {Xα : α < λ+} of subsets of X of cardinality
not exceeding κλ in the following way. Choose a point x0 ∈ X and
let X0 = {x0}. Then, assume to have already constructed the sets
{Xβ : β < α}. Let Vα = V[

⋃
{Xβ : β < α}] and for any W ⊆ Vα

satisfying
⋂

W 6= ∅, choose a non-empty set SW ⊆
⋂

W in such
a way that, for some W∗ ⊇ W, the family {V[x] : x ∈ SW} is
maximal with respect to the property that V[p] ∩ V[q] = W∗ for
distinct p, q ∈ SW . If

⋂
W = ∅, then we put SW = ∅. Notice that

W ⊆ V[x] for any x ∈ SW . Moreover, if there are distinct p, q ∈ X
satisfying V[p] ∩ V[q] = W, we will choose SW in such a way that
W∗ = W and {p, q} ⊆ SW (this can clearly be done in this case).
Next, let Xα =

⋃
{SW : W ⊆ Vα}. The evaluation of the cardinality

of the set Xα depends on the following observations:
Fact 1: each SW is closed discrete. Indeed, suppose that the point
x ∈ X is an accumulation point of SW . First of all, we cannot
have V[x] ⊆ W∗ as this would imply SW = {x}. So, fix an element
V ∈ V[x] \ W∗. Since x is an accumulation point of SW , we may
take distinct points p, q ∈ V ∩ SW . But then V ∈ V[p] ∩ V[q] = W∗

- a contradiction.
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Fact 2: each SW has cardinality not exceeding κλ. Assume |SW | > 1
and, for any x ∈ SW , select an element Vx ∈ V[x] \ W∗. Observe
that the way we choose Vx guarantees that Vx ∩ SW = {x} for each
x ∈ SW . Then, let U = {Vx : x ∈ SW} ∪ {X \ SW}. By Fact
1, the collection U is an open cover of X and so there exists a set
A ⊆ X such that |A| ≤ κ and U [A] is a cover of X. It is obvious
that |U [A]| ≤ psw(X)|A| ≤ λκ. Now, the fact that the map x 7→ Vx

is injective does the rest.

Fact 3: the set SW is not empty only if |W| ≤ λ and consequently
the cardinality of the family {SW : W ⊆ Vα} does not exceed |Vα|

λ.

By the inductive assumptions, we have |Xβ | ≤ κλ for each β < α
and this in turn implies that |Vα| ≤ λλκλ = κλ. The latter formula,
together with Facts 2 and 3, implies that the set Xα =

⋃
{SW : W ⊆

Vα} has actually cardinality not exceeding κλ(κλ)λ = κλ.

To finish the proof, it is enough to check that X =
⋃
{Xα : α <

λ+}. Assume the contrary, and let p ∈ X \
⋃
{Xα : α < λ+}. Let

W = V[p] ∩ V[
⋃
{Xα : α < λ+}]. Since |W| ≤ λ, there exists some

α < λ+ such that W ⊆ V[
⋃
{Xβ : β < α}] = Vα. Since W ⊆ V[p], it

is clear that the set SW is certainly non-empty. Take any q ∈ SW and
observe that, by construction, we have q ∈ Xα. Taking into account
that W ⊆ V[q], we have W ⊆ V[p] ∩ V[q] ⊆ V[p] ∩ Vα+1 ⊆ W.
This implies V[p] ∩ V[q] = W and consequently the condition we
imposed in the choice of SW gives W∗ = W. Therefore, for any
distinct q, q′ ∈ SW we have V[q] ∩ V[q′] = W. But, we have already
shown that the formula V[p] ∩ V[q] = W holds for any q ∈ SW while
p /∈ SW . This contradicts the maximality of SW and the proof is
then complete.

In connection with formula(1), it seems appropriate here to men-
tion the question whether the inequality |X| ≤ e(X)∆(X) holds, for
every T1 space X. This problem appeared ten years ago in [1] and it
is still unsolved (we warn the interested reader that the other prob-
lems asked in [1] have already been solved). The motivations for the
previous question are described in [1]. Here, e(X) and ∆(X) denote
extent and diagonal degree of X.

It is to be remarked that the possible stronger version of the
above problem involving the weak extent has definitely a negative
answer, at least for Hausdorff spaces. Indeed, in [4] it was pointed
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out that the Katetov’s extension K(N) of the discrete space N is a
separable Hausdorff space with a Gδ-diagonal and cardinality 2c. Be-
ing separable, such a space has countable weak extent and therefore
even the inequality |X| ≤ 2we(X)∆(X) may fail for Hausdorff spaces.
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