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Introduction

Understanding the collective behavior of many-body interacting systems, is
one of the most challenging problems of modern and contemporary science.
The theory developed mainly by Boltzmann and Gibbs between the last
part of nineteenth century and the begin of twentieth century allows one
to predict the state that a many-body system, isolated or in contact with
a thermal bath, will reach at late times. This is called “thermodynamic
equilibrium”, and corresponds to the “most likely” state, according to the
constraints imposed by the dynamics (conserved macroscopic quantities), the
influence of the environment (i.e., whether the system is isolated or not), and
the properties of the microscopic system components (which may be classical
or quantum objects).

However, the relaxation to equilibrium occurs on temporal scales which
strongly depend on the system properties, and in many cases the equilibrium
is attained only for exceedingly long times. As a result, in these cases, the
physically relevant state may be the one away from equilibrium. For example,
a gas of non-interacting particles, or a droplet of liquid on a substrate, will
reach soon a state that can be described by ordinary thermodynamics, while
a self-gravitating system as a galaxy, or some phase-separating alloys, show a
relaxation so slow that the out-of-equilibrium regime will be the relevant one.

In the case of systems away from equilibrium, there is not a general sta-
tistical theory like the one developed for systems at equilibrium, which could
be used to describe their most likely state. Our aim is to give a contribu-
tion to the understanding of the dynamical and thermodynamical behavior
of out-of-equilibrium systems. In particular, we will concentrate on classical
many-body systems evolving with Hamiltonian microscopic dynamics. The
latter is the dynamics followed by particles belonging to a perfectly isolated
system. Even though it is not possible to find in nature such a systems, the
study of isolated systems is important because Hamiltonian dynamics gives
often an excellent description of reality also when the system under scrutiny
is weakly coupled to its environment. In fact most of the phenomena isolated
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systems show are robust, and will persist also when the system is slightly per-
turbed. This statement applies in particular to those quasi-periodic motions
whose robustness is proved by the KAM theory [1, 2, 3].

At the same time is important to compare many-body systems evolving
with Hamiltonian dynamics, with the same systems modeled with different
dynamics, and checking the equivalence of the macroscopic behavior of the
systems. The reason is that in most cases solving the Hamilton’s equations
is an hopeless task, and one have recourse to simplified (easier to implement)
dynamics, which neglects the system’s microscopic details and only concen-
trates on the behavior of some macroscopic quantities. During our work, we
addressed this problem, reaching some interesting conclusions on the “equiv-
alence” between the different possible dynamics that can be used to model a
many-body system, either at equilibrium or out of equilibrium.

Even more interesting is the fact that, between the many interdisciplinary
applications of statistical physics in the field of physics of complex-systems,
it is not uncommon to find systems which follow different dynamics: for
example the agents in a stock market or a group of pedestrians will follow
a dynamics which is not given by the Hamiltonian equations of motion. So
understanding if phenomena emerging in systems with Hamiltonian dynamics
are found also elsewhere become of crucial importance. For example one
knows that at thermodynamic equilibrium all dynamics which satisfy the
ergodic hypothesis induce the same macroscopic behavior in a given system,
while for the out-of-equilibrium case this is not every time the case and it is
possible to provide examples of phenomena strictly connected to Hamiltonian
dynamics. For some other cases, instead, it is believed that the relaxation to
equilibrium show a sort of dynamical universality [4] which implies that the
basic ingredients for the determination of the macroscopic behavior are, for
instance, the symmetries, the conservation laws and the spatial dimensions,
instead of the microscopic dynamics.

The behavior of many-body systems is strongly influenced by the range of
interaction among system’s components, with an abrupt transition between
long-range and short-range interacting systems. The first are characterized
by a slow rate of decay of the inter-body potential with the distance, in
contrast with short-range systems which show a fast decay of the potential,
and which are characterized by the extensivity and additivity of thermody-
namic parameters. For system where the interaction potential decays with
the inter-particle distance r as:

1

rd+σ
,
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where d is the dimensionality of the system, we are in the short range case
for positive σ and in the long-range case for negative σ. In chapter 1, after
reviewing briefly some general results of dynamics and thermodynamics of
many-body systems, we will define better these two classes, and we will
introduce their equilibrium behavior, with a special attention to long-range
interacting systems.

For what concerns the out-of-equilibrium behavior of short-range interact-
ing systems, we concentrate on “coarsening” [5]. This is a phenomenon which
has been deeply studied during last decades, and its interest derives from its
experimental relevance, since it is simple to reproduce it in a laboratory, and
from the fact that it represents a general case of out-of-equilibrium dynamics.
Coarsening, also named “phase ordering kinetics”, is encountered in the evo-
lution of a many-body system initially prepared in a disordered configuration,
which eventually relaxes towards an ordered equilibrium state. The ordering
develops locally, bringing to the formation of regions where the system is lo-
cally ordered (domains), but which are differently ordered between them, so
that the system is still globally disordered. Domains will evolve merging one
with another, creating configurations in which their number decreases with
time, and their size increases, until the system reaches the equilibrium. The
latter is formed by just one, or two domains. This is the case, for example,
of cast iron: when molten, it has some carbon dissolved in it and, when it
solidifies it separates at molecular level from carbon. Since this last does not
have the time to float to the top, separating definitely from iron (two-domain
state), it remains trapped in it, forming domains whose size depends on the
velocity of cooling, and which influence the mechanical properties of cast
iron. After presenting some general properties and already known results,
we will expose in chapter 2 our contribution in this subject, which consisted
mainly in investigating with numerical simulations, the macroscopic behavior
induced by different microscopic dynamics. We focused on Hamiltonian and
Langevin ones. The latter models the evolution of a system in contact with
a thermal bath, and in spite of the quite extensive literature available on the
coarsening, the differences between different microscopic dynamics has been
poorly investigated and some results are subject of debate. In particular a
large community claims that these two dynamics should induce the same laws
of growth of the domain size although they conserve different macroscopic
quantities: energy for Hamiltonian dynamics, and temperature for Langevin.
Our numerical results [6] allowed also to compare these laws with those cal-
culated analytically for the dynamics of the domain walls. These are the
interfaces between two domains, and considering their dynamics leads to a
great simplification on the equations for the dynamics of the system. We
checked that the laws of coarsening, at least for Langevin dynamics, are in
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good agreement with those calculated with this approximation.

In long-range interacting systems, instead, we will concentrate on “Quasi-
stationary states” (QSSs) [7]. These are out-of-equilibrium steady states
which emerge at short times, and in which the system may be trapped be-
fore relaxing to the thermodynamical equilibrium. Due to its recent discov-
ery [8], the physics of QSS is being investigated since only few years. In
fact, QSSs concern a wide class of physical systems: from those encountered
in astrophysics (gravitating systems) to those in plasma physics (unscreened
plasmas), from hydrodynamics to systems with wave-particle interaction. A
special focus will be reserved to this last class of systems, since it includes
new generation light sources, like “Free-electron laser” (FEL) and “Collective
atomic recoil laser” (CARL) which could allow a direct experimental test for
the theories. In particular a FEL is under commissioning in Trieste, in the
framework of the FERMI@Elettra project [9].

The efforts of the scientific community are currently directed towards the
construction of a statistical theory of long-range interacting systems, which
could predict and describe QSSs. At present, a complete theory is missing.
The most famous theories developed so far are those by Lynden-Bell [10] and
Tsallis [11]. The first one is based on a coarse-graining of the one-particle dis-
tribution function, which is a smoothing obtained by a local (done in a small
neighborhood of every point of phase-space) average of the distribution. This
allows one to neglect what happens at small scales, focusing just on the large
scales behavior. Assuming that the dynamics induces an “efficient mixing”
(ergodicity) at the levels of the neglected microscopic scales, this gives the
possibility to treat QSSs with methods analogous to those used in “ordinary
statistical mechanics”, and allows to predict the value of some macroscopic
quantities. The strong limitation of this theory is that the assumption of
“efficient mixing” is not always fulfilled. As a consequence, the theory does
not always provide satisfactory results. Nor it exists a criterion to establish
in which cases the ergodic assumption is justified. Tsallis theory is instead
based on the introduction of a new entropy, which is a generalization of
the standard Boltzmann-Gibbs one. Entropy maximization is supposed to
provide the distribution function of particles in a QSS. The theory indeed
provides distributions which fit quite well to experimental/numerical data.
However, it does not have any predictive power, since it just provides a large
class of distributions, among which one can normally find the one which fits
the best with empirical data.

At the moment the most reliable description of QSSs is obtained using
the Vlasov equation (from which also Lynden-Bell theory is derived). It is a
kinetic-like equation without the collision term, whose employment is justi-
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fied by the fact that the long-range nature of the interactions prevents the
two-body collisions between particles, and make the collective effects domi-
nate. This describes exactly, in the infinite size limit, the behavior of systems
where the particle interaction do not decays with the distance, anyway it can
be used, in first approximation, for all long-range interacting systems. In
this equation the effects of the interactions are modeled by an average field,
which influences the evolution of the distribution function. This field de-
pends on the distribution itself, which makes the Vlasov equation nonlinear.
In this context, QSSs can be defined as linearly stable solutions of the Vlasov
equation. Our contribution in this field consisted in the study of the linear
stability of a class of non-uniform particle distributions with respect to the
Vlasov equation transforming it into action-angle variables [12]. This is an
interesting contribution since most of the studies in this context are done
for distributions which are uniform in space, and we also checked our re-
sults with molecular dynamics simulations, finding a fairly good agreement.
Chapter 3 is dedicated to the exposition of these results after a comprehen-
sive introduction on QSSs where we derive the Vlasov equation. In addition
we will introduce the Lynden-Bell theory which has been used for the study
of the QSSs of the “Hamiltonian mean field” model (HMF) [13]. This is a
XY model with a kinetic term and the interaction strength that does not
decay with the distance, and is considered as a paradigmatic model for long-
range interacting systems since it has been often used to carry out many
fundamental studies in this field. We explored the out-of-equilibrium phase
diagram of this model running a set of simulations, which gave a confirma-
tion [14] of the predictions of Lynden-Bell theory. Our study allowed to give
evidence to a phenomenon of phase re-entrance. Such a phenomenon usually
occurs in complex materials as glassy systems, colloids and polymers: when
heating the system, the latter may undergo an “unusual” transition from
the disordered to the ordered phase, in addition to the “usual” one, found
when providing a further quantity of heat, from the ordered to the disordered
phase. Still for the case of the out-of-equilibrium HMF, we performed a de-
tailed study of the caloric curves and on the metastable states [15], and we
also performed an analysis on the equivalence of statistical ensembles [16].
This consists in checking if the thermodynamic behavior of a given isolated
system (which is said to be in the “microcanonical ensemble”, and has fixed
energy), coincide with that of a system with at fixed temperature (“canon-
ical ensemble”). This the so called “ensemble equivalence”, which always
holds for short-range interacting systems, while does not hold, in general, in
long-range systems. We confirmed that, in the framework of “Lynden-Bell”
theory, this equivalence holds in almost all the phase diagram (except in a
small region) for the out-of-equilibrium HMF model in a QSS. In addition to
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this we showed, analytically and numerically, the presence of negative spe-
cific heat for a wide set of parameters in the microcanonical ensemble which,
because of the ensemble equivalence, results in the paradoxical conclusion of
the presence of negative specific heat in the canonical ensemble, which is for-
bidden for systems at equilibrium. The paradox is solved realizing that, for
systems in a QSS, the temperature provided by Lynden-Bell theory does not
coincide with the usual parameter for equilibrium systems, proportional to
the kinetic energy. In the context of Lynden-Bell theory, which uses methods
from equilibrium statistical mechanics, the specific heat is always positive,
while calculating the specfic heat from the “kinetic temperature” one ob-
tains, instead, this new behavior. One could expect to exploit this result it
in some applications since one knows how to access experimentally to the
“kinetic temperature”. All these results are the body of chapter 4 which is
dedicated entirely to the HMF model.

The last chapter (5) is dedicated to the discussion of the applications of
the theory of long range interacting systems to light sources as Free-electron
laser and Collective atomic recoil laser [17]. This is an ideal playground for
testing the theories and observing phenomena peculiar to long-range inter-
actions as QSSs. Here, we give evidence of the strong connections between
the HMF model and the dynamics of the two mentioned devices, and we dis-
cuss the perspectives to observe some specific QSS features experimentally.
In particular, a dynamical analog of the phase transition is present in the
FEL and in the CARL in its conservative regime. Regarding the dissipative
CARL, a formal link is established with the HMF model.

The conclusions are dedicated to the perspectives of our work.
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Chapter 1

Statistical mechanics and
Dynamics of many-body
systems at equilibrium

1.1 General results

Equilibrium statistical mechanics describes the macroscopic properties of
many-body systems on the basis of their average microscopic properties. The
transition from a mechanical microscopic description to a thermodynamical
macroscopic one is done taking the average of the relevant quantities over
the phase space region accessible to the system. The phase space is the
set of all possible states of a dynamical system and, for Hamiltonian systems
with N degrees of freedom characterized by the generalized coordinate vector
q ∈ R

N , by the generalized momentum vector p ∈ R
N , and by the Hamilto-

nian function H(q,p), a point ω in phase space is determined by ω = (q,p).
In this case it is possible to derive the equations of motion of the system
from the Hamiltonian function:

ṗi ≡
dpi
dt

= −∂H

∂qi
q̇i ≡

dqi
dt

=
∂H

∂pi
(i = 1, . . . , N). (1.1)

The fact that the value of macroscopically observable quantities, such as
temperature, magnetization, specific heat or susceptivity, can be calculated
from an average over all the states accessible to the system, relies on the “er-
godic hypothesis”, which states that the temporal average of any dynamical
variable φ(ω), in a large enough time interval, is equal to its average over the
phase space region accessible to the system. One can formalize the concept
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of ergodicity through the following formula:

〈φ〉 ≡ C

∫

µ(dω) φ(ω) =
1

τ

∫ t0+τ

t0

dt φ(ω(t)) (1.2)

where C = 1/
∫

µ(dω) is a normalization constant and µ(dω) = ρ(ω)dω,
where ρ(ω) is the density of probability of finding the system in the state ω.
In the case of a perfectly isolated system, the set of points in phase-space
which are accessible to the dynamics is called “microcanonical ensemble”
and corresponds to the constant energy shell to which the initial conditions
of the dynamics belong. This follows the fact that, in an isolated system, the
energy E is conserved. In statistical mechanics one postulates that any state
accessible to the dynamics of an isolated system is equally likely. This results
in the fact that the probability distribution of the points in phase space is
ρ(ω) = δ(H(ω)− E).

In the case of systems in contact with a thermal bath, as stated by the ze-
roth principle of thermodynamics, the system under scrutiny will equilibrate
to the same temperature of the bath, allowing to the energy small fluctuations
around an average value. So in this case the dynamics will not be constrained
to the “constant energy shell”, and the set of points of phase space acces-
sible to the dynamics will be called “canonical ensemble”. In this case the
relevant parameter will not be the energy, but the inverse temperature β,
connected to the temperature T , which for classical systems at equilibrium
is proportional to the average kinetic energy of the particles, by the relation
β ≡ 1/(kBT ). Here kB is the Boltzmann constant (kB = 1.38 · 1023J/K),
and for the sake of simplicity we will set, from now on, in an unity system
in which we can consider kB = 1. In the canonical ensemble it is possible
to show [18] that the distribution function is the well known “Boltzmann
distribution”: ρ(ω) = exp(−βH(ω)).

The mean square fluctuation, around its average, of a macroscopic quan-
tity φ, which can be, for instance, energy, pressure or the concentrations of
different constituents of a systems, depends on the system size as:

〈φ2〉 − 〈φ〉2
〈φ〉2 ∼ 1

N
. (1.3)

For this reason is useful to define the thermodynamic limit as the limit for
N → ∞, E → ∞ and, for systems where the volume V is a defined quantity
V → ∞, with N/V → n and E/N → ǫ. In this limit the average value of
φ will be equal to the most probable value. So to calculate it one can intro-
duce the thermodynamic potentials, and show that the equilibrium values of
the macroscopic quantities correspond to those which maximize the relevant
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potential. In the microcanonical ensemble it is the entropy, defined for a set
of macroscopic variables φ1, . . . , φn as:

S(φ1, . . . , φn) = −
∫

φ1,...,φn

dω ρ(ω) ln ρ(ω), (1.4)

where the integral is done in the region of phase space where ω satisfies the
conditions: φ1(ω) = φ1, . . . , φn(ω) = φn. In particular in the microcanonical
ensemble, using the expression for ρ(ω) given, one can derive the following
form for the entropy in function of energy:

S(E) = lnΩ(E), (1.5)

where Ω(E) is the volume of phase space corresponding to a given value of
E. If we assume that the energy can be expressed as a function of some
macroscopic variables E = E(φ1, . . . , φn), S(E) can be obtained integrating
S(φ1, . . . , φn) over all possible values of φ1, . . . , φn for which the energy is the
given one. Or alternatively one can find it taking the value of the entropy
obtained by the maximization of (1.4) with the constraint of the conservation
of the energy:

S(E) = max
φ1,...,φn

[S(φ1, . . . , φn) | E(φ1, . . . , φn) = E] . (1.6)

Here the values of φ1, . . . , φn obtained from the maximization will be their
equilibrium values. If one defines β as the Lagrange multiplier associated
to the conservation of energy, obtains from the maximization problem that
β = ∂S/∂E. This is the formal definition of inverse temperature and it is
possible to show that it is proportional to the inverse of the average kinetic
energy. To do it we start from the average of:

〈

xi
∂H

∂xj

〉

=
1

Ω(E)

∫

H=E

dqN dpN xi
∂H

∂xj

=
1

Ω(E)

∂

∂E

∫

H<E

dqN dpN xi
∂H

∂xj

, (1.7)

where xi and xj are generic generalized coordinates. For the last integral one
can write:

∫

H<E

dqN dpN xi
∂H

∂xj

=

∫

H<E

dqN dpN xi
∂

∂xj

(H − E)

=

∫

H<E

dqN dpN
∂

∂xj

[xi(H − E)]− δij

∫

H<E

dqN dpN (H − E), (1.8)
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where the first integral vanishes because it reduces to a surface integral over
the boundary region defined by H < E, where H −E = 0. Substituting into
equation 1.7 and defining

∫

H<E
dqN dpN ≡ Σ(E):

〈

xi
∂H

∂xj

〉

=
δij

Ω(E)

∂

∂E

∫

H<E

dqN dpN (E −H)

=
δij

Ω(E)

∫

H<E

dqN dpN =
δij

Ω(E)
Σ(E)

= δij
Σ(E)

∂Σ(E)/∂E
= δij

[

∂

∂E
log Σ(E)

]−1

= δij

(

∂S

∂E

)−1

, (1.9)

where we used the fact that Σ(E) ≃ Ω(E) for large sizes, since the value of the
integral corresponds to the value Ω in the region which gives the maximum
contribution. So in the case of i = j and xi = pi:

〈

pi
∂H

∂pi

〉

=
〈

p2i
〉

= T , (1.10)

which relies the kinetic energy Ekin =
∑

i p
2
i /2 of the system to the temper-

ature through the relation Ekin = NT/2. In the case of i = j and xi = qi,
instead:

〈

qi
∂H

∂qi

〉

= T , (1.11)

which, using the first of (1.1), implies the virial theorem:

〈

N
∑

i=1

qiṗi

〉

= −NT . (1.12)

If we move to the canonical ensemble, the relevant thermodynamic po-
tential is the free-energy, defined as

F (β, φ1, . . . , φn) = E(φ1, . . . , φn)− S(φ1, . . . , φn)/β. (1.13)

Its minimization or equivalently the maximization of the Massieu function
Jm(β) ≡ −βF (β):

Jm(β) = max
φ1,...,φn

[S(φ1, . . . , φn)− βE(φ1, . . . , φn)] , (1.14)

gives the same problem as in the microcanonical ensemble, with the difference
that in this case β is not a free parameter anymore, but is fixed, and that
there is no constraint on the energy. Here, defining the partition function
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as Z(β, φ) = exp[Jm(β, φ)] = exp[−βF (β, φ)] =
∫

dω exp(−βH(ω)), we can
obtain the average value of the energy from the Boltzmann distribution by
the relation:

U ≡ 〈H〉 = 1

Z(β)

∫

dω H exp(−βH(ω)), (1.15)

and for the temperature:

〈p2〉 = 1

Z(β)

∫

dω p2 exp(−βH(ω)) = β−1. (1.16)

In particular, starting from this last equation and using the definition of heat
capacity:

Cv = (∂E/∂T )N,V , (1.17)

which is related to the specific heat cv by the equality cv = Cv/N , is possible
to prove the following relations:

U = −
(

∂Jm
∂β

)

N,V

(1.18)

Cv = −β2

(

∂U

∂β

)

N,V

= −β2

(

∂2Jm
∂β2

)

N,V

= β2
(

〈H2〉 − 〈H〉2
)

. (1.19)

This implies that the canonical specific heat, being the variance of the energy
times some positive quantity, is always a positive quantity for Boltzmannian
systems.

1.1.1 Dynamics at thermodynamic equilibrium

Being the equilibrium value of some macroscopic quantity given by the av-
erage (1.2), in every ergodic system in the microcanonical ensemble, if one
models the evolution of the system in phase space by a dynamics different
from the Hamiltonian one, obtains the same averages as the Hamiltonian
case, provided that the new dynamics samples uniformly the constant en-
ergy surface. As an example one can mention the Creutz dynamics [19]
which is used for spin-systems, which are models for a magnetic material
with discrete variables (spins), where it is not possible to write Hamilton’s
equations. This is a Monte-Carlo algorithm where one introduce a small en-
ergy reservoir which can store a maximum amount of energy, and then visits
the spins changing their configuration if it is possible to store the energy
gained in the reservoir. One then obtains temperature of the system through
the histogram of the energies of the reservoirs since they should follow a
Boltzmann distribution.
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Among all dynamics which allow to sample the canonical ensemble, in-
stead, one of the most important is Langevin dynamics [20]. It was originally
developed for the study of Brownian motion, which is the motion of a tagged
macroscopic particle moving through an equilibrated molecular medium, and
now is one of the most used method to simulate the canonical ensemble. One
obtains the Langevin equation by perturbing the Hamiltonian equations of
motion by means of a fluctuating force and a viscous drag. The fluctuating
term η(t) is used to model the jostles received by the thermal motions of
the medium molecules, while the viscous drag, which depends linearly on the
particle velocity −γdq/dt has the same form as in macroscopic hydrodynam-
ics, where γ is the friction coefficient. This procedure leads to the following
equations of motion for the “i-th” particle of the system:

m
d2qi
dt2

= −γ
dqi
dt

+
∂H

∂qi
+ ηi(t). (1.20)

The effects of the fluctuating force can be summarized by giving its first and
second moments, as time averages over an infinitesimal time interval [21]:

η(t) = 0 (1.21)

η(t)η(t′) = 2Dδ(t− t′). (1.22)

D is a measure of the strength of the fluctuating force and the delta function
in time indicates that there is no correlation between impacts in any distinct
time intervals dt and dt′. The remaining mathematical specification of this
dynamical model is that the fluctuating force has a Gaussian distribution de-
termined by these moments. This is quite reasonable for a Brownian particle
having a mass much larger than the colliding molecules, because then its mo-
tion is a result of a great number of successive collisions, which is a condition
for the central limit theorem to work. This situation also justifies the as-
sumption of uncorrelation, because correlations between successive impacts
remains only for the time of such molecular motion, which is short compared
with the time scale of the Brownian motion. The strength of the random force
is related to the friction coefficient γ by the fluctuation-dissipation theorem
[22] which states that:

D = γT , (1.23)

so the interplay between the noise, which provide energy to the system, and
the dissipation, which contribute to decrease it, fixes the temperature T
of the system. In the large dissipation case (γ ≫ 1) one can neglect the
acceleration, and the equations become:

γq̇i +
∂H

∂qi
= η(t). (1.24)
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This is called the “over-damped” case. To simulate the evolution of spin
systems in the canonical ensemble, one often has recourse to Monte-Carlo
methods, which are used mainly because they allow to sample the Boltzmann
distribution in a simple way. The most used are the Metropolis [23] and
Glauber [24] algorithms, which give rise to a stochastic dynamics in the space
of the configurations of the system. In these dynamics, at each iteration, a
new configuration (n) is generated randomly from the previous state (o), and
the system is moved to this new configuration with probability Wo→n which
depends on the difference between the energies of the initial (Eo) and final
(En) states (∆E = En − Eo), and is given by:

Wo→n =

{

exp(−β∆E) if ∆E > 0
1 if ∆E < 0

(1.25)

for Metropolis dynamics, and by:

Wo→n = [1 + tanh(β∆E)] /2 (1.26)

for Glauber dynamics. The first one is the most used but has the limita-
tion that, at high temperatures, will flip spins on every attempt because the
transition probability will approach 1 for ∆E > 0, and this will result in a
non-ergodic evolution [25]. With the Glauber algorithm, instead, the tran-
sition probability in the high temperatures case approaches 1/2 and in this
instance and the process remains ergodic.

1.1.2 Equivalence between the statistical ensembles

We explained that for any given system, all dynamics which satisfy the er-
godic hypothesis, so which sample the phase space according to the distribu-
tions previously given, will induce the same macroscopic behavior. In addi-
tion to this equivalence, it is possible to prove that for many-body systems at
thermodynamic equilibrium, even systems in different statistical ensembles,
can behave in the same way. So, even systems evolving with dynamics with
different conserved quantities, like for instance Hamiltonian and Langevin
ones, can have the same macroscopic behavior. This is the so called “en-
semble equivalence” and means that a macroscopic physical state that is
realizable in one ensemble is realizable also in the other: an isolated system
with a fixed energy will have an average temperature, if one considers a sys-
tem in contact with a thermal bath at that temperature, the average energy
will be the same as that of the isolated system. Therefore there is a one-to-
one correspondence between the energy values and temperature values. This
statement has to be refined in the presence of a phase transition, which are
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global rearrangements of the configuration of the microscopic components of
a thermodynamic system, resulting in a change of its macroscopic proper-
ties. These are described by the order parameter: a macroscopic quantity
whose value allow to distinguish in which phase the system is; for instance
for magnetic transition it corresponds to the total magnetization (and is zero
in the unmagnetized phase and non-zero in the magnetized phase), while for
a gas-liquid transition corresponds to the difference between the volumes of
the two phases. The transition are signalled by a singularity in the ther-
modynamic potentials, and can be separated in two classes: the first-order
phase transitions, which are characterized by a discontinuity in one or more
of the first derivatives of the appropriate thermodynamic potential, and the
second-order phase transitions, which are characterized by the continuity of
first derivatives of the thermodynamic potential, and by the discontinuity, or
by the divergence, of second-order derivatives. The points, in the space of
thermodynamic variables, where the second-order derivatives occur, called
critical points, are characterized by strong fluctuations of thermodynamic
parameters, divergence of the specific heat, and power-law decay of corre-
lations. Since there the thermodynamic parameters are not well defined,
it is not possible to speak of ensemble equivalence. In the case of a first
order phase transition, the discontinuity of the first derivative of the ther-
modynamic potential, implies the discontinuity of the caloric curve β(E):
the curve done by the equilibrium values of the energy in function of the
temperature in the canonical ensemble, or by the temperature in function of
the energy in the microcanonical ensemble. Here the system can show the
two phases at the same time, for a mechanism of phase separation that will
be introduced later. This will imply a possible many-to-one correspondence
and in this case one talks of “partial equivalence”. It is possible to give a
condition for the ensemble equivalence starting from the maximum entropy
principle. As we already stated the equilibrium value of a macroscopic quan-
tities in the microcanonical ensemble, is that which maximizes entropy with
the constraint of the conservation of the energy (1.6). Now it is possible to
show that the free-energy density, j(β, φ), defined as:

j(β) = lim
N→∞

1

N
Jm(β,N), (1.27)

is the Legendre-Fenchel transform of entropy density s (which is defined in
the same way, as well as the energy density ǫ) since one can write, for the
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partition function:

exp [Nj(β)] = Z(β)

=

∫

dE

∫

dω δ(H(q, p)− E) exp(−βH(ω))

=

∫

dE exp(−N [βǫ− s(ǫ)]) (1.28)

and using the saddle point method one can prove the previous statement:

j(β) = max
ǫ

[s(ǫ)− βǫ] ≡ s∗(β). (1.29)

The last passage defines the Legendre-Fenchel transform, and this implies,
from the properties of the transform, that j(β, φ) is a concave function of β.
Since the double Legendre-Fenchel transform s∗∗(ǫ), which is the Legendre
transform of the Legendre transform of a given function, is equal to the
originary function just in the cases where this is concave, we obtain that the
entropy is the Legendre-Fenchel transform of free-energy just in the cases
of concave entropy, while in the case of non-concave entropy, the Legendre-
Fenchel transform of free-energy will be the concave envelope of the energy.

So for all the systems which show non convex entropy, the two ensembles
are equivalent and there is a correspondence between the equilibria of the
canonical ensemble and those of the microcanonical ensemble. As we will
see later in this chapter, a large class of systems show the equivalence of en-
sembles, and also for those which do not, the in-equivalence will be normally
limitated to a small set of parameters. In particular there is a strong dif-
ference between long-range interacting systems, and short-range interacting
system, two classes of many body systems which will be defined in the next
section and whose study will be at the center of this thesis.

1.2 Long-range vs Short-range interacting sys-

tems

Long-range many-body interacting systems [7, 26, 27] are systems where the
evolution of a particle is sensibly influenced by all the other particles of
the system, and not only by its neighbors, as it happens for systems with
short-range interactions. They are characterized by a two-body interaction
potential V (r) which decays slowly with the distance r, and are defined
as those in which the total energy is, in the large size limit, a non-additive
quantity. This means that, if one divides the system in two sub-parts, labelled
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by 1 and 2 the total energy of the system cannot be expressed as the sum of
subsystems’ energies, as it happens in the case of systems with short-range
interactions. This is due to the fact that the interaction energy of the two
parts, E1,2, is not-negligible with respect to that of the two isolated sub-
systems (E1 + E2). As a consequence, short-range interacting systems are
defined as those where, for large sizes, E ≃ E1 + E2. Note that for small
sizes, even systems with short-range interactions are non-additive, and have
similar properties to long-range ones [28, 29, 30, 31]. In order to provide a
more rigorous definition of interaction range, let’s focus on systems where
the potential decays algebraically (∼ 1/rα) at large distances. Suppose that
the particles are homogeneously distributed in a sphere with density ρ and
radius R, in a d-dimensional space. Then, the energy of a particle ǫ will scale
with the size of the system as:

ǫ ≃
∫ R

δ

ddrρ
g

rα
∼ gρRd−α, if α 6= d (1.30)

where δ is a small parameter used to regularize the divergence of the po-
tential at small distances, and g is a coupling constant. So, increasing R,
ǫ converge to a finite value just for α > d, and the total energy E ∼ gV ǫ
is an extensive quantity: it increases linearly with the size of the system,
which is proportional to the volume V in this case. In the case of α ≤ d the
energy grows super-linearly E ∼ gV 2−α/d (with a logarithmic correction in
the marginal case α = d), since V ∼ Rd. However one can make extensive
such systems rescaling the coupling constant by an opportune power of the
system size g → gV α/d−1. This is the generalization of the so called Kac’s
prescription [32], from system with α = 0 to systems with any range of in-
teraction. Anyway it is possible to show, with arguments similar to those
used for (1.30) that, systems which are non-extensive without the rescaling of
the coupling constant, are non-additive even when one rescales the coupling
constant. At the same time systems that are extensive without the rescal-
ing of the coupling constant, are every-time additive. This means that, for
systems with algebraically decaying interactions, the threshold between long
and short-range is located at α = d. To distinguish better between these
two classes of systems one can define σ ≡ α − d. Using this parameter, the
interaction potential can be written as:

V (r) ∼ 1

rd+σ
, (1.31)

which implies the case of long-range interactions for σ < 0, and in that of
short-range interactions for σ > 0.

18



Short-range interactions characterize systems like gases of neutral parti-
cles, or systems where the interaction between the components is screened,
and they have been widely studied in the last century [18]. Long-range
interactions, instead, are a less studied subject, although they are met in
many different contexts: in astrophysics [33, 34] since the potential of the
gravitational interaction decays as 1/r, in plasma physics [35] in absence of
screening effects, since the potential of the Coulombian interaction decays
as 1/r, in hydrodynamics [36, 37], atomic [38] and nuclear [28] physics. The
case of infinite-range interaction (σ = −d), is called mean-field and is used
as a paradigmatic case for the whole class of long-range interacting systems.
Nevertheless it is possible to find in nature systems where the coupling of the
components does not feel, in first approximation, the effects of the distance.
These are systems with wave-particle interaction, and are characterized by an
electromagnetic wave interacting with some charged particles. The radiation
emitted by a relativistic particles in the presence of the electromagnetic field,
is felt by all others, forming a system where all the particles interact with
an electromagnetic wave, which is a macroscopic degree of freedom which
has the same effect of a long-range interaction. This interaction is found in
plasma physics and in some light-sources [39, 40, 41, 42], and their study will
be addressed in the last chapter of this thesis.

Systems with σ = 0 are a peculiar case since they are at the threshold
between the two classes. Nevertheless it is possible to find in nature examples
of systems with σ = 0 as dipolar interaction (V ∼ 1/r3) in three-dimensional
environment.

1.2.1 Thermodynamics of short-range interacting sys-
tems

An important characteristic of short-range interacting systems, is that the
entropy is every-time a concave function of energy. It is possible to show this
result exploiting the additivity of the energy: if one separates a short-range
system of size N in two sub-parts of sizes aN and (1−a)N where 0 < a < 1,
the value of the energy, and of any other additive quantity, will be expressed
in terms of the fractions of components of the two sub-parts, by the formula
E = aE1 + (1− a)E2, or using the energies densities: ǫ = aǫ1 + (1− a)ǫ2. A
system with a non-concave entropy, as the one in figure 1.1, will have that the
states represented by the curve in the “convex intruder” region (ǫ1 < ǫ < ǫ2)
will be unstable, since the system can increase the entropy by separating in
the two subsystems with energies densities corresponding to ǫ1 and ǫ2, keeping
the total energy fixed. The average energy and entropy, in this region, will
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Figure 1.1: Example of an entropy density as a function of energy density
(solid line). The curve shows a “convex-intruder” for ǫ1 < ǫ < ǫ2. The
dashed line corresponds to the part of the concave envelope of the entropy
curve which do not coincide with it.

be given by the weighted average of the corresponding densities in the two
coexisting systems, a and 1 − a. Thus the correct entropy curve, in this
region is given by the common tangent line (dashed), resulting in an overall
concave curve. This curve coincide with the concave envelope of s(ǫ), which
is the double Legendre-Fenchel transform, s∗∗(ǫ). According to what derived
previously for the equivalence of the statistical ensembles, this result implies
that microcanonical and canonical ensemble are equivalent for short-range
interacting systems.

Up to now we used the expression “short-range interacting system” to
classify those systems with additive energy. Nevertheless it is possible to use
a different definition for a subclass of these systems. This contains systems
characterized by a decay of the interaction potential with an exponent σ
which ranges from 0 to σc(d), where σc(d) is equal to d/2 for d < 4 and to
2 for d ≥ 4. This distinction is done because, at the critical point, the first
class of systems behaves in a way similar to long-range interacting systems
and for this reason they are called sometimes “weak long-range” interacting
systems. For behavior at the critical point, we mean the way in which some
thermodynamic quantities approach the singularity located at the point of
the second-order phase transition. At this point the thermodynamic param-
eters will show a power-law dependence on the distance from the critical
temperature (in the canonical ensemble) or energy (in the microcanonical),
and the exponents which characterize these functions are called “critical ex-
ponents”. Some of these exponents are those which chacterize the divergence
of the specific heat cv, of the correlation length ξ and of the susceptibility
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χ = ∂m/∂h, which is the response of the order parameter to an external
field (e.g. an external magnetic field). The other exponents are those which
characterize the decay to zero of the order parameter m, in function of the
distance from the critical point, and in function of the external field h, and
which characterize the power-law decay of the correlation function at the
critical point. These exponents do not depends on the details of the systems
but just on some general features such as the dimension of the system, its
symmetry, and the range of interaction. They show the so called “univer-
sality” which means that systems which can be, in principle, very different
from each other can share the same set of critical exponents, and one can
therefore hope to assign all systems to classes each of them being identified
by a set of critical indices.

The range of interaction can modify the universality class of a system,
leading to critical exponents which depend on σ. For instance it is well known
that the critical exponents become the same as those calculated with mean-
field theory [43] (mean-field critical exponents) when the dimensionality of
the systems depasses the “critical dimension” dc, which is equal to 4 for
systems with nearest neighbor interactions. Anyway one can find mean-field
critical exponents at every d, increasing the range interaction. As an example
one can mention the one-dimensional Dyson model, which is a model where
N spin variable (i = 1, . . . , N), assuming the values Si = ±1, interact trough
the Hamiltonian:

H = −g
N
∑

i,j=1

SiSi+j

j1+σ
(1.32)

with g > 0 (ferromagnetic interactions). It has been shown [44, 45] for this
model that, for σ > 1 there is no phase transition and the system is every-
time in a disordered configuration. For 0 < σ < 1, instead, there is a phase
transition. Here the critical exponents are those given by mean field theory
for 0 < σ < 1/2, while they are different for σ > 1/2 [46, 47, 48].

1.2.2 Thermodynamics of long-range interacting sys-
tems

Long-range interacting systems at thermodynamic equilibrium show a behav-
ior which in some cases is unusual for an equilibrium system, and most of the
exotic behaviors found are directly reliable to the non-additivity of thermo-
dynamic parameters. The most straightforward implication of non-additivity
is that the system cannot separate in two subsystems in such a way that the
energy density ǫ is the average of the energy densities of the two subsystems
wheigthed by the fraction of components they have. As a result, the system
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can show a region where the curve s(e) is non-concave, and in principle the
“convex intruder” of Fig. 1.1 can represent some stable equilibrium of the
system. Using the relation (1.17) for the specific heat it is possible to show
that the presence of a convex intruder implies that the system can have neg-
ative specific heat [49, 50]. This is a counter-intuitive phenomenon since one
expects that providing energy to a physical system should induce heating,
that is an increase of the system temperature, but between the astronomers
it is well known, since the late 1800, that adding energy to a star or a star
cluster would make it expand and cool down [51, 52]. It is possible to show
that this result holds for an isolated system using the virial theorem (1.12),
and (1.10). For systems interacting with the gravitational potential, straight-
forward calculations bring to the relation 2〈Ekin〉+ 〈Epot〉 = 0 which implies
E = −〈Ekin〉. Being the temperature proportional to the kinetic energy 1

Cv =
E

T
∝ E

Ekin

< 0. (1.33)

Anyway this result is restricted to isolated systems, while for systems in con-
tact with a thermal bath, equation (1.18) proves that the canonical specific
heat is a positive quantity. This opens the path to another exoticity of long-
range interacting systems: the ensemble inequivalence. This result has been
discussed previously in this chapter showing that systems with non-concave
entropy, show a non-correspondence between the equilibria of the canonical
ensemble and that of the microcanonical ensemble.

To better illustrate this phenomenon we introduce the one-dimensional
Ising model with long and short-range interactions [53]. This is a model
where N spin variable (i = 1, . . . , N), assuming the values Si = ±1, interact
with a nearest neighbors interaction, as the standard Ising model, in addition
to a mean field coupling. The Hamiltonian reads:

H = −K

2

N
∑

i=1

(SiSi+1 − 1)− g

2N

(

N
∑

i=1

Si

)2

(1.34)

were the nearest neighbor coupling can be both ferromagnetic (K > 0),
favourating energetically states with parallel spins, and anti-ferromagnetic
(K < 0), favourating energetically states with anti-parallel nearest neighbors,

1Note that this derivation is done for the system at equilibrium. This is hardly a
physical state for gravitating system which, as we will show later, in most cases remain
trapped in out-of-equilibrium states. Anyway this derivation gives an clear example of a
system showing this counter-intuitive phenomenon.
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Figure 1.2: Schematic representation of the phase diagram of the Ising
model with long and short-range interactions, expanded around the canon-
ical (CTP) and microcanonical (MTP) tricritical points. The dotted line
refers to the common second order curve, while the solid line represents the
canonical first order curve. The dashed lines correspond to the microcanon-
ical ensemble (the bold one represents a continuous transition). The figure
is taken from [53].

and the mean-field coupling is every-time ferromagnetic (g > 0). The order
parameter of the system is the magnetization defined as:

M =
1

N

N
∑

i=1

Si. (1.35)

The canonical phase diagram, has been studied in [54, 55, 56], while in the
microcanonical ensemble the problem has been solved in [53]. In both en-
sembles the model displays a phase transition which can be both of first
and second order. The interesting thing is that the transition curves in the
phase diagrams obtained within the two ensemble are different, as shown in
Fig. 1.2. The position of the tricritical points, which are the points that con-
nect the curve of the first order transitions to the curve of the second order
transition, is not the same, thus implying that there is a region in which
the canonical phase transition is first order and the microcanonical one is
second order. It is in this region that negative specific heat appears. In the
microcanonical ensemble, beyond the tricritical point the temperature has
a jump at the transition energy. The two lines emerging on the right side
from the microcanonical tricritical point (MTP) correspond to the two limit-
ing temperatures which are reached when approaching the transition energy
from below and from above. These results are common to many systems,
for instance the spin-1 Blume-Emery-Griffiths model [57, 58], the continu-
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ous spin models such as the XY model with two- and four-spin mean-field
like ferromagnetic interaction terms [59], and in an XY model with long and
short range, mean-field type, interactions [60].

In this same model, microcanonical dynamics simulations done with the
Creutz Monte-Carlo algorithm show [53] another new phenomenon: the break
of ergodicity. This means that the accessible magnetization states, at a given
energy, can be disconnected, and starting from some initial condition, the
system is unable to move to a different regions of the configuration space.
Also this phenomenon is due to the non-additivity of thermodynamic pa-
rameters, since in systems with additive thermodynamic parameters, given
two equilibria specified for instance by the energy and the magnetization:
(ǫ1,M1) and (ǫ2,M2), every state on the line in the parameter space joining
these points is a physical state of the system. These are obtainable com-
bining two subsystems in the two states, and obtaining a state of energy
ǫ = aǫ1 + (1− a)ǫ2 and magnetization M = aM1 + (1− a)M2. On the other
side non-additive systems can have a set of accessible macro-states which is
not connected and the dynamics is constrained in a region of the space. This
is what happens in the Ising model with long and short-range interactions for
which, in Fig. 1.3, we plotted the set of accessible macro-states. Here the fact
that microcanonical dynamics conserves energy, makes that the system can-
not explore two accessible regions with different magnetization at low energy
since some intermediate magnetization values are forbidden. Thus ergodicity
is broken in the microcanonical ensemble. An example of the dynamics of
this model is illustrated in Fig. 1.4 which compares a situation where differ-
ent regions of the states are accessible in a microcanonical simulation (panel
(a)) to another where a magnetization gap forbids transitions between dif-
ferent states (panel (b)). This feature is characteristic of the microcanonical
dynamics. Using canonical dynamics, e.g. Metropolis algorithm, would allow
the system to cross the forbidden region (by moving to higher energy), and
restoring ergodicity. Ergodicity breaking has been explicitly demonstrated in
a number of models such as a class of anisotropic XY models [61, 62], mean-
field ϕ4 models [63, 64] and isotropic XY models with four-spin interactions
[65].

All these results can make raise some doubt on the validity of the equi-
librium statistical mechanics for long-range interacting systems, since some
of the hypothesis done for systems at equilibrium as the ergodic hypothesis,
are not every-time fulfilled, as also some basic results as the zero-th principle
of thermodynamics [66] and the ensemble equivalence. Nonetheless simula-
tions show that after a long relaxation, long-range interacting systems reach
state of equilibrium which, in many cases, can be described with equilibrium
thermodynamics. Anyway for most systems the problem of the equilibrium
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Figure 1.3: Set of accessible macro-states (in grey) in the (M, ǫ) plane for
the Ising model with long and short-range interactions. The points (M1, ǫ1)
and (M2, ǫ2) represent two macro-states and if one takes ǫ1 = ǫ2, for some
energies, the line connecting the points (dashed line) passes through the
forbidden region. The figure is taken from [53].
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Figure 1.4: Time evolution of the magnetization for two cases: one in which
there is a single accessible magnetization interval, where one sees that the
magnetization switches between the metastable M = 0 state and the two
stable magnetized states. In the other case the metastable M = 0 state is
disconnected from the stable ones, making the system unable to switch from
one state to the other. The figure is taken from [53].
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does not raise since the relaxation is too slow and the system will remain out
of equilibrium for any physically accessible time. This is the regime that will
be explored in the second part of this thesis.
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Chapter 2

Out-of-equilibrium short-range
interacting systems: relaxation
through coarsening

2.1 Dynamics and thermodynamics of out-of-

equilibrium short-range systems

In short-range interacting systems, the dynamics of the particles is strongly
influenced by neighbors, and the effects of far away particles is negligible.
This justifies that, during a phase-transition, one observes the new equilib-
rium phase developing first locally, and then expanding to the whole system.
This what happens, for instance, during nucleation and phase ordering kinet-
ics. The first phenomenon occurs in super-heated and super-cooled systems,
i.e. in systems that are in a metastable thermodynamic state. In such a state,
new phase droplets are created by thermal fluctuations, and if they reach
some critical radius, become thermodynamically stable and start growing.
Phase ordering kinetics (for a review see [5]) develops instead when a sys-
tem is initially in a disordered phase, which is thermodynamically unstable,
and relaxes towards an ordered equilibrium. These conditions are normally
obtained trough a process called “quenching”, which consists in changing
suddenly the external conditions (e.g., the temperature of a thermal bath) in
order to make unstable the initially stable disordered phase. Phase-ordering
kinetics, also called domain coarsening, consists in the relaxation towards
the ordered equilibrium through the formation of regions where the system
is “locally” ordered, but which are differently ordered between them (so that
the system results globally disordered). During the relaxation, the size of the
ordered regions increases with time, until the system reaches the equilibrium,
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which corresponds to a single ordered region or in two separated ordered re-
gions. In the thermodynamic limit the system size diverges and the process
of growth of the ordered regions go on forever without reaching the equilib-
rium configuration. A convenient description of the process is obtained using
a “coarse-grained” field φ(x, t), which is obtained by averaging locally (i.e.,
in a small neighborhood of the space x) the order parameter. The field has
the same dimensionality, n, of the order parameter: φ ∈ R

n, and is defined
on a d-dimensional space since x ∈ R

d, where d is the dimensionality of the
system. In this representation the relaxation is characterized by the forma-
tion of different kind of topological defects, located where the coarse-grained
order parameter field vanishes. The requirement that all n components of
the field φ vanish implies that defects define a surface of dimension d − n.
Examples of defects are domain walls (found for systems with n = 1), vor-
texes (d = n = 2), strings (d = 3, n = 2) and monopoles (d = n = 3).
In spin systems with scalar order parameter (n = 1) coarsening consists in
the formation of many domains in which the spins are oriented in the same
direction, and the domains are differently oriented between them. Those
are separated by the defects, which in this case are called domain walls. As
an example one can consider the Ising model, which is a spin model whose
Hamiltonian is the same as (1.34) without mean-field term (g = 0). It can be
considered a particular case of the Dyson model (1.32) obtained for σ → ∞,
and its order parameter is the one-dimensional magnetization (1.35). Its
evolution is given in Fig. 2.1, where are shown some configurations, at differ-
ent times, of the two-dimensional (d = 2) system evolving with Monte-Carlo
dynamics. The domains relax to equilibrium increasing in size and decreas-
ing in total number, showing a dynamics in which defects disappear, until
only one domain, as large as the whole system, remains. The reached state
corresponds to the thermodynamic equilibrium. If the quench is done at
the critical point, which is the point where there is a change of stability of
the homogeneous phase, one talks of “critical dynamics”. Analytical studies
of dynamical critical phenomena are usually carried using a coupled set of
Langevin-type stochastic equations, describing the evolution of the coarse-
grained order parameter and of other relevant slowly-evolving variables, i.e.,
the hydrodynamic modes associated with conservation laws [68]. Those sys-
tems can be subdivided in “universality” classes, characterized on the basis
of the following criteria:

1. whether the order parameter represents or not a conserved quantity;

2. absence or presence of a conservation law apart from that of the order
parameter;
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Figure 2.1: Coarsening in a d = 2 Ising model at T = 0, taken from [67].
The systems size is 256× 256 and the snapshots correspond to 5, 15, 60 and
200 Monte Carlo steps per spin. The black/white color scale corresponds to
±1 spins.

3. the way the order parameter couples to the conserved densities.

The first criterion makes a difference between systems where the order pa-
rameter can assume any value (like, e.g., in the Ising model), and those where
the values of the order parameter can change only locally, but remains glob-
ally the same. An example is a binary alloy, which, at equilibrium, can be
mapped into the Ising model representing the two components a and b, by
up spins and down spins, but during phase-separation (phase ordering) they
behave differently. More precisely, while in the Ising model, during the re-
laxation, any up and down spin can flip in any moment, in a binary alloy it
is not possible to convert an a atom into a b atom (or vice versa). In this
case, the dynamics consists in a re-organization of the configuration, which
globally preserves the order parameter (given by the difference between the
densities of the a and b species), but allows it to change locally. The sec-
ond criterion distinguishes between systems which present some conservation
quantity different form the order parameter (e.g., Hamiltonian systems which
conserves energy) from those that do not (e.g., systems with Langevin dy-
namics). The third is about the the way in which the slow modes (called
hydrodynamic modes) couple: if they couple statically and/or dynamically,
e.g., via irreversible and/or mode coupling terms.

According to this classification, a system with non-conserved order pa-
rameter and no other conserved quantity, e.g., Ising-like systems evolving
with Langevin dynamics, belong to the so-called universality class of “model
A”, while a system with conserved order parameter and no other conserved
quantity as a binary alloy evolving with Langevin dynamics will instead be-
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long to the “model B” class. Ising-like systems evolving with Hamiltonian
dynamics belong to the “model C” universality class, since they show a con-
served conserved quantity: the energy. Since the scaling behavior, typical of
the critical point, can be observed also far away form it, this classification
has been extended to systems far from the critical point.

In this chapter we analyze the equivalence of different the microscopic
dynamics for the laws governing the macroscopic behavior in (non-critical)
coarsening, studying the ϕ4 model (that will be introduced in the following
section). The motivation comes from the fact that, in many systems, even if
the equilibrium behavior is the same for different dynamics, the relaxation
to equilibrium can show different macroscopic behaviors. For example, it
is known that the critical dynamics of the cellular automata rule Q2R [69],
which is a non-ergodic dynamics used for the Ising model and consists in
flipping, at each iteration, only those spins which have an equal number of
neighbors in the two possible configurations (so that their flip will not change
the total energy of the system), in two dimensions appears to be consistent
with the behavior of the Ising model in the model A universality class, but in
three dimensions the behaviors appear to be different [70]. We will concen-
trate on different cases of short-range interactions (σ > 0), which will allow
to derive empirical laws for the system’s behavior in function of the interac-
tion range. This will provide a description more reliable than that obtained
from a single system and will be useful since the equivalence of different mi-
croscopic dynamics in coarsening is a topic at the center of a debate in the
scientific community [71, 72, 73]. Although it is believed that coarsening
dynamics shows a sort of universal behavior, which entails the equivalence
of different ergodic dynamics, no proof of this fact exists at the moment. As
we will see, the main result of our analysis is the demonstration that there
is a short-time regime where this equivalence does not hold. Indeed, in such
a regime, the Hamiltonian and Langevin dynamics give a different rate of
growth of domain sizes. In the late-time behavior instead, our simulations
do not give a clear result and the problem of the equivalence remains open.
This issue will be exposed in the conclusions of this chapter. In the following
we show a comparison of the macroscopic behavior of ϕ4 model with short-
range interactions, when the latter is modelled using Hamiltonian, Langevin
and the defect dynamics. The first two have already been introduced in the
previous chapter, while the defect dynamics consists in considering that the
system evolution is driven just by the defects, and writing an effective Hamil-
tonian one can derive the equations for their evolution. This is very useful
since it allow an analytical treatment of the problem which is not possible in
the other cases.
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2.2 General properties of coarsening: the scal-

ing hypothesis

As shown in Fig. 2.1, during coarsening the domains display different sizes.
A statistical analysis show that their size distribution follows a power-law
(see for instance [74]), which reflects on the fact that the domain pattern is
characterized by an absence of a characteristic length for the domain size,
since it diverges for power-law distributions. It has been hypothesized that,
for late times, the domains structure is, in a statistical sense, time invari-
ant if all lengths are rescaled by a time-dependent factor L(t). This is the
so-called “dynamic scaling hypothesis” [5]. This hypothesis has been analyti-
cally demonstrated only for some simple models, such as the one dimensional
Glauber model [75, 76, 77], and the n-vector model with n = ∞ [78]. How-
ever, numerical and experimental studies [79, 80, 81, 82] show that it applies
to the large majority of systems displaying coarsening. In most cases, a nu-
merical confirmation of the scaling hypothesis has been obtained for systems
evolving with Metropolis or Glauber dynamics, and there exist few studies
on systems with Hamiltonian dynamics [71, 83].

The scaling hypothesis relies on the fact that the relaxation is similar for
all initial conditions that do not present long-range order between particles.
This similarity develops because the ordering process tends to lose memory
of the details of the initial condition. One can thus argue that the scaling
hypothesis is valid for “late times”, i.e., after the system has “forgot” the
details of the initial condition. On the other hand, since the invariance of
the rescaled domain structure is assumed to be valid in a statistical sense,
the scaling hypothesis makes sense only in a regime where there are many
domains, that is far from equilibrium. As a result, one may expect that, for a
finite-size system, the scaling hypothesis is valid on a time interval which does
not include neither too short times (when the dynamics is influenced of the
initial conditions), nor too long ones (when the reduced number of domains
does not allow a statistical approach). In practice, the scaling hypothesis can
be expressed in terms of the following condition on the correlation function,
which for a system on a lattice is defined by the equivalence:

g(r, t) ≡ 〈qx(t)qx+r(t)〉 ≃ f

(

r

L(t)

)

, (2.1)

where 〈. . . 〉 represents an average over an ensemble of initial conditions, x
and x+r are the positions on the lattice and the q are the dynamical variable
of the system (the equivalent of the S of the Ising model). Concerning the
dependence on space, the scaling limit, for which one expects the hypothesis
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to hold is defined for L(t) ≫ ξ and r ≫ ξ, where ξ is the equilibrium corre-
lation length. The condition (2.1) is justified by the fact that, according to
the hypothesis, the time-dependence of the system should enter only through
the scaling factor L(t), and this reflects on every time-dependent quantity
which is obtained from an ensemble average. In most cases, L(t) grows as
power of time [5]:

L(t) ∼ t1/z (2.2)

where z is called “dynamic scaling exponent”. For instance, for the Ising
model, which belongs to the universality class of model A, z is 2, while for
the binary alloy model with nearest-neighbor interactions, which belongs to
the universality class of model B, z = 3.

2.3 Coarsening in ϕ4 model

We consider the one-dimensional ϕ4 model (n = 1, d = 1), a lattice model
which can be considered as a generalization to continuum of the Ising model
or, since we will take into account the case of algebraically decaying interac-
tions, a generalization of the Dyson model. The system Hamiltonian is:

H =
N
∑

i=1

[

p2i
2

− (1− ϑ)
q2i
2
+

q4i
4

]

− ϑ

2N∗

N
∑

i,j=1

qiqjA|i−j|, (2.3)

where the position on the lattice is labeled by the indexes i and j and the
strength of the interaction decreases with some power of the distance of the
lattice |i− j|:

A|i−j| =
1

[min(|i− j|, N − |i− j|)]1+σ
. (2.4)

Taking the minimum between | i − j | and N− | i − j | in 2.4 corresponds
to imposing periodic boundary conditions. In this model, pi is the conjugate
momentum of the variable qi, which defines the position of the i-th particle
and plays the role of spin Si in the generalized Ising/Dyson model. The
normalization factor in front of the interaction term N∗ is defined as:

N∗ =
N
∑

j=1

A|i−j|. (2.5)

Positive (resp. negative) values of the parameter ϑ correspond to ferromag-
netic (resp. anti-ferromagnetic) interactions, and the term−(1−ϑ)q2i /2+q4i /4
of the Hamiltonian is a local potential acting on particles. For ϑ < 1 it dis-
plays a double well (as in Fig. 2.2), otherwise a single well. In the following
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Figure 2.2: Double well local potential.

we will concentrate on the case ϑ = 1/2. The ground state of the hamilto-
nian (2.3) is characterized by an energy per particle ǫ0 = 0, corresponding
to all the particles in the same minimum of the local potential, i.e. qi = ±1,
and pi = 0 for all i.

2.3.1 Equilibrium behavior of ϕ4 model

The order parameter is, as for the Ising model, the magnetization, defined
here as M = 〈q〉 =

∑N
i=1 qi/N and the system, being one-dimensional, is

characterized by weak long-range interactions for 0 < σ < 1/2. This means
that one expects a change of the critical behavior at σ = 1/2, as shown in
[47, 48] for the Dyson model in the canonical ensemble. The micro-canonical
equilibrium of the system has been studied in the mean-field microcanoni-
cal case (σ = −1) [84], finding a second-order phase transition between a
homogeneous and non-homogeneous phase at the critical energy per particle
ec ≃ 1.132.

To extend the results to the σ ≥ −1 case we ran a set of N -body simu-
lations in which we integrate the Hamiltonian equations of motions derived
from (2.3). For σ < 1 there exists a magnetized region, separated from the
unmagnetized one by a second order phase transition; for σ > 1 the system
is instead non-magnetized for all energies, while in the case σ = 1 is expected
a Kosterlitz-Thouless phase transition [85, 86]. For σ < 0, the transition is
located at the same energy as in the mean field case, while for 0 < σ < 1
the critical energy ǫc decreases while increasing σ. These results, which are
shown in Fig. 2.3(a), are consistent with those found for the Dyson model
[44, 45]. In Fig. 2.3(b) are shown the caloric curves.
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Figure 2.3: Average magnetization as a function of the energy per particle ǫ
(a), and caloric curves (b), at equilibrium for systems of 8192 particles. The
different lines represent different values of σ.

2.3.2 Coarsening in ϕ4 model with defects dynamics

If one prepares the ϕ4 model with σ > 0 in a disordered (un-magnetized)
initial configuration, with an energy or temperature lower than the critical
ones, the relaxation to the ordered equilibrium will be chacterized by coars-
ening. For this model, as for the Ising model, the defects are the domain
walls and, since n = d = 1, their dimensionality will be d − n = 0: the
domain walls are points on a one-dimensional space. Since the system is not
integrable, analytical approaches have recourse on the coarse-grained order
parameter φ(x) which, in this case is the local magnetization: φ = m. The
space position is that on the lattice x = i/N , which become a continuum
index in the large N limit. The coarse-grained field has been used in [74] and
[87], where Authors studied coarsening for, respectively, ϕ4 and Ising models
(still in one dimension, and for σ > 0). In these cases, it has been done the
assumption that the coarse-grained order parameter field φ is constant in a
given domain and that domain walls are sharp, so that φ can assume only
two values φ = ±1, as shown in Fig. 2.4. With this assumption, coarsening
can be modeled through the defect dynamics. This can be obtained from
an effective Hamiltonian for the defects Heff , which is the system’s energy
written as a function of the defect positions:

Heff =
∑

i<j

(−1)i+jUd(xi − xj). (2.6)

Here Ud is:

Ud(r) =

{

|r|1−σ

σ(1−σ)
for σ 6= 1

− ln |r| for σ = 1
(2.7)
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Figure 2.4: Example of a configuration of the coarse-grained order parameter
φ(x), for ϕ4 or Ising model, with the assumption φ = ±1 and sharp domain
walls.

and the xi are the positions of defects. The defect dynamics is obtained from
a Langevin-type equation without the noise term which reads:

dxi

dt
= −Γ

∂Heff

∂xi

, (2.8)

with Γ which is a kinetic coefficient. The alternate sign in eq. (2.6) makes
that in this dynamics two subsequent defects attract each other, while two
defects separated by another one repulse each other, two defects separated
by two other ones attract each other, and so on. Furthermore one adds an
additional rule which consists in annihilating two defects when they come
close enough, to model the annihilation of domains during the relaxation
to equilibrium. Equation 2.8 is equivalent to using Glauber dynamics for
0 < σ ≤ 1 and low temperatures. The reason is explained in the following:
if β∆E of eq. 1.26 is small, Wo→n will be almost equal to Wn→o which for
simplicity we can call α. If one considers an isolated pair of domain walls
separated by distance l, a domain wall can move either if a spin up, located
on one side of the domain wall, flips down, or if a spin down, located on the
other side of the domain wall, flips up. If one assumes that, the rates of spin
flip are equal on both sides of the domain wall, the motion of the wall will
be a random walk with a superimposed drift of velocity

vd = a[W− −W+] = aW−[1− e−β∆E] = aαβ∆E +O((β∆E)2), (2.9)

where a is the lattice spacing. The energy difference will be: ∆E ∝ [Ud(l +
a) − Ud(l)] ∼ a(dUd/dl) if l ≫ a, which will imply equation (2.8), since
(dx/dl = −1) with Γ ∝ a2βα. Here we neglected the possibility of domain
pair creation, which happens even at low energies, however this is justified by
the fact that the energy required to create a pair separated at a macroscopic
distance is quite high. So with Glauber dynamics the domain walls experience
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a random walk and a deterministic drift. The characteristic length of the
random walk at time t is lRW = [(number of steps) × a]1/2 = (αat)1/2 ∼
(Tt)1/2, while the length scale of the drift velocity goes with time as ld ∼
t1/(1+σ) [74, 87]. So for σ > 1, lRW > ld which implies that a pair of defects can
escape annihilation via a random walk, while for σ ≤ 1 the drift dominates
the dynamics at low temperatures (T < Tc) but for T > Tc screening effects of
the defects pair creations come into play and renormalizes the coupling factor
causing that the random walk dominates the dynamics also in this case. So
the dropping the noise term in (2.8), which is equivalent to neglecting the
effects of temperature considering it an “irrelevant variable”, is justified only
for σ ≤ 1 and T < Tc [87].

Using two different approaches, the Authors of [74] and [87] found the
following scaling law for the domains size: L(t) ∼ t1/(1+σ), which means that,
from eq. (2.2) z = 1+σ. In [74] Authors used energy-dissipation arguments,
while in [87] such a law has been derived using a renormalization group ap-
proach. When studying the domain dynamics, an important parameter is
the number of domain walls nd(t), which decreases in time, since the size
of domains increases according to the above specified law. The size of the
system being fixed, this suggests that the number of domains should scale as:
nd(t) ∼ t−1/(1+σ). In both previously cited works, theory has been checked
with simulations, carried out for the dynamics of the domain walls given by
eq. (2.8). In [87] predictions have been confirmed for σ ≥ 1, but not for
σ < 1, where simulations show a dependence on size and do not match with
theory. In [74] simulations are performed using a larger number of particles
and numerical results confirm the theory for all σ’s. Since both theory and
simulations refer to the dynamics of defects, considering the results reported,
one may raise the problem of the validity of the modelization of the N-body
dynamics through the defects dynamics. On the same basis, one may argue
about the equivalence between dissipative and energy-conserving dynamics.
This is what is investigated in next sections reporting about extensive nu-
merical simulations on the growth laws of the domain size for ϕ4 model with
Hamiltonian and Langevin dynamics.

2.3.3 Coarsening in ϕ4 model with Hamiltonian dy-
namics

Hamiltonian dynamics simulations of the one-dimensional ϕ4 model show, as
expected, the emergence of coarsening for 0 < σ ≤ 1 and energies lower than
ǫc. Some examples are provided in Fig. 2.5, where are plotted the system evo-
lutions for different σ’s and energy values. The figures illustrate clearly the
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(a) σ = 0.4, ǫ = −0.02

(b) σ = 0.6, ǫ = −0.02

(c) σ = 0.6, ǫ = +0.02

Figure 2.5: Evolution of the particle position profiles, for different σ’s and
energies per particle ǫ, of ϕ4 model with Hamiltonian dynamics. On the
horizontal axis is plotted the position of the i-th particle in the lattice, while
on the vertical axis is reported the value of qi. The four panels show the
configuration at t = 10 (higher-left), 102 (higher-right), 103 (lower-left) and
the equilibrium configuration (lower-right). The system size is N = 65536.
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formation of small domains of opposed magnetization, whose size increases
with time and grows faster for lower σ values. At the same time one can
see that there is a fraction of particles that are randomly distributed (noise),
and which do not contribute to the formation of the domains. This means
that in the same domain, there is a part of particles that is not in the same
well of the majority. The number of these randomly distributed particles
increases with the energy, see for instance Fig. 2.5(b) and Fig. 2.5(c). This
phenomenon is due to the fact that the two wells (Fig. 2.2) of the potential
have a finite depth and particles which have enough kinetic energy can sur-
mount the energy barrier and explore the other well of the potential. This
same phenomenon may be observed at equilibrium. Because of this thermal
noise, it is not possible to find sharp domain walls for this model, differently
from other systems in which coarsening has been studied, as for instance spin
systems [88], and when simulating the microscopic dynamics induced by the
equations of motion derived from the Hamiltonian (2.3) it is not possible to
locate the positions of the domain walls, neither to calculate the number of
domains, as done when simulating the defect dynamics. On the other hand,
one can calculate quantities depending on the particle positions, like the cor-
relation function and, using (2.1), it is possible to check the validity of the
scaling hypothesis, and to calculate the dynamic exponent z. All data shown
in this section are calculated integrating the Hamiltonian equations of motion
obtained from (2.3) with a fourth order symplectic algorithm (leap-frog) [89].
Simulations have been done for different system sizes (up to N = 217) and
the results averaged over at least 200 different realizations of the same initial
distribution. All data have been obtained starting from a two-level distribu-
tion, a class of distributions which are uniform inside a given region of phase
space and zero outside. Anyway, we have also checked that different kind
of initial conditions without long-range correlations and with a sub-critical
energy, bring to the formation of domains during the relaxation.

As we have already mentioned, the system evolution is characterized by
a transient regime, during which the system loses memory of the details of
initial conditions. After this transient, the system enters the scaling regime,
which has finite duration because of finite-size effects. The definition of the
scaling regime given in section 2.2 does not give insights for a quantitative
estimate of its duration. Therefore, one has to rely on an empirical estimate of
this temporal range which strongly depends on the value of σ: the relaxation
to equilibrium is slower for higher σ’s, as shown in Fig. 2.6 which means
that the scaling regime holds for times increasing with σ. For smaller σ’s
the temporal scale over which the system relaxes is very short and, as a
consequence, the scaling regime is much less evident. Nevertheless, it is
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Figure 2.6: Evolution of the magnetization at short times, for systems with
the same energy (ǫ = −0.03) and different ranges of interaction.

generally possible, also at low σ’s, to identify a temporal window in which
the scaling regime holds.

If the scaling hypothesis holds true, the correlation function defined in
(2.1) should be time-invariant, if space is rescaled by L(t). Indeed, if one
chooses a time-window in the scaling regime, and a suitable power z, the
correlation functions do superpose. This confirms the validity of the scaling
hypothesis. The value of z has been calculated by fitting L(t) with the
function c · t1/z in the region of power-law like growth. L(t) has been defined
as the width at one fifth of the height of the correlation function1. The
evolution of L(t) is shown in Fig. 2.7, where one can see that the relaxation
is characterized by two regimes of power-law growth. The plot is done in a
log-log scale, and the intervals where one can see a straight line, correspond
to a power law growth of L(t). Once calculated the exponent z, it is possible
to check the scaling hypothesis by plotting the correlation functions at times
belonging to the region in which the fit has been done, with the space rescaled
by L(t) as shown in Fig. 2.8. The results show that the scaling hypothesis
holds just in the first regime, while in the second regime, the system is out of
the time window in which one can make the correlations functions collapse
exactly. Plotting L(t) for the same system with and many different sizes
(Fig. 2.9), one can also see that the duration of the first regime increases
with the system size. The dynamic exponent is size-dependent only when

1Note that in other works, e.g., [72], it has been defined as the width at one half of the
height. Here we did it so, since the correlation function drops to zero faster that in the
cited case and this creates problems at short times. Being L(t) a scale factor it does not
make any difference.
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Figure 2.7: Factor L as function of time in a log-log scale, for different
energies and the same σ (= 0.4). The temporal window where the scaling
regime holds is indicated in the figure. We show these value of σ = 0.4 since
the difference between the slope in the scaling regime, and that of the late-
time regime is more evident. Anyway the same behavior is found for every
σ. We fitted the curve with the lowest energy per particle (ǫ = −0.06), since
the noise effects are smaller, in the first interval of power-law growth, with
the function c · t1/z, finding z ≃ 0.80.

the system is small, while at large sizes (N ∼ 216, 217) it reaches a constant
value. These data show that the law relating the exponent z to σ for systems
with Hamiltonian dynamics is not in agreement with that found for the defect
dynamics, i.e. z = 1 + σ. The empirical law to which our results obey is:

z ≃ 2σ. (2.10)

The results of simulations, for ǫ = −0.06, are shown in table 2.1 and in
Fig. 2.10 where they are compared with the law (2.10). The data of the
table 2.1 are calculated for energies close to the lowest accessible energy for
a disordered initial condition (it is not possible to decrease it further without
setting the magnetization to a non-zero value, which means to create some
in order the system). When increasing energy, for every σ, one finds that
the change of the dynamic exponent is very small: in Fig. 2.7, looking at
the slope of the curves, one can see that they are very similar in the scaling
regime.
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the lattice for σ = 0.6, ǫ = −0.06. In the first one (a) the curves are plotted
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of this figure is shown an enlargement of the plot to show how close they
come.
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σ z

1.0 2.08
0.8 1.58
0.6 1.22
0.5 1.07
0.4 0.80
0.2 ∼ 0.5

Table 2.1: Value of the dynamic exponent z, calculated by fitting L(t) with a
power-law function, vs. the exponent of the range of interaction (σ). These
data correspond to energy per particle ǫ = −0.06 and size N = 216. The
error in the fit is on the fourth digit.
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2.3.4 Coarsening in phi4 model with Langevin dynam-
ics

In Langevin dynamics simulations one models the effects of a thermostat
by coupling the Hamiltonian equations of motion to a noise and a damping
term, obtaining a set of equations of the kind of (1.20). We report in this
section about simulations of the ϕ4 model with Langevin dynamics for the
system with two-level initial distribution, showing results for different system
sizes (up to N = 217) with the ensemble averages done over at least 200
different realizations of the same initial distribution. Simulations are run
using a fourth-order Runge-Kutta algorithm, both in the cases of small (eq.
1.20) and large (eq. 1.24) damping. They confirm the presence of domains
during the relaxation to equilibrium (Fig. 2.11) and also show that, as for
the Hamiltonian case, systems with smaller σ’s relax faster, and that systems
with higher temperature are more noisy. In Fig. 2.12 we show the collapse
of the correlation functions at T = 0.05, confirming the existence of the
scaling regime even for Langevin dynamics. In Fig. 2.13, instead, is plotted
L(t) for different temperatures, with a fit with a power-law function, in the
scaling regime, for T = 0.05. This allow to calculate the exponent z. In the
Langevin dynamics case the law for the growth of the domains size is close
to that obtained for the defects dynamics (z = 1 + σ). The agreement is
not exact and the results of simulations show a small systematic error which
brings to slightly larger z values. The plot z vs σ is shown in Fig. 2.14.
The dynamic exponent do not show a strong dependence on the damping γ,
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(a) σ = 0.4, T = 0.05

(b) σ = 0.4, T = 0.12

(c) σ = 0.6, T = 0.05

Figure 2.11: Evolution of the particles position profile, for different σ’s and
temperatures T , of ϕ4 model with Langevin dynamics. On the horizontal axis
is plotted the position of the i-th particle in the lattice, while on the vertical
axis is reported the value of qi. The four panels show the configuration at
t = 10 (higher-left), 102 (higher-right), 103 (lower-left) and the equilibrium
configuration(lower-right). The system size is N = 65536 and the damping
γ = 0.5. Here the temperature plays the same role of the energy in the
Hamiltonian case, having a direct effect of the noisy background.
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whose variation has mainly the effect of accelerate/decelerate the relaxation
to equilibrium.

The weak dependence on the temperature, of the dynamic exponent, is
shown in Fig. 2.13, where the functions L(t), corresponding to simulations
done at different temperatures, display a region where are parallel, which
means that they grow with the same power of time. Here one can see that
the time at which the system starts displaying the 1 + σ scaling (parallel
to the straight line) shift forward increasing T . For too high temperatures
(∼ 0.16) this arrive too late and the system does not show that scaling
(see the T = 1.6 curve), since at that time it is already outside the region
where the scaling regime holds (one expects to see it in a larger system).
One can also see that at high temperatures a regime of power-low growth
starts developing at short times. This scaling do no presents the exponent
of any of the previous laws, but new ones which have a strong dependence
on temperature.

2.4 Conclusions

In Fig. 2.3(b), where are shown the caloric curves, is given evidence that
the temperatures for which, during coarsening, one cannot see anymore the
scaling z = 1 + σ (see Fig. 2.13) correspond, at equilibrium, to that ener-
gies for which the simulations for coarsening with Hamiltonian dynamics are
run. So in principle one may want to lower energy further in Hamiltonian
simulations, to see if the scaling z = 1 + σ emerges. The problem is that, as
already stated, it is not possible to run Hamiltonian simulations with lower
energies if one wants to preserve the disordered initial conditions. So Hamil-
tonian simulations will show always quite large temperatures. This happens
because even if one starts with a (kinetic) temperature close to zero, during
the relaxation, the system will lower its potential energy, since the main con-
tribution to the interaction energy comes from the defects, which disappear
with time. Since for Hamiltonian systems the total energy is conserved, the
lower of the potential energy will result in an increase of the kinetic energy,
which will reach very soon a value close to that of the equilibrium. Being
the temperature is connected to the noise intensity, one can see this effect
even in the figures of the particles profile: in Fig. 2.5 done for Hamiltonian
dynamics the profile is much more noisy than in Fig. 2.11 done for Langevin
dynamics. In the latter case, differently from Hamiltonian dynamics, the
thermostat fixes the temperature and the kinetic energy.

So one could not exclude that simulating a larger Hamiltonian system,
for which the scaling regime would be longer, one could find, at late times, a
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Figure 2.12: Correlations at different times as a function of the distance on
the lattice for σ = 0.4, T = 0.05 and γ = 0.2. In the first one (a) the curves
are plotted in a normal scale, while in the second one (b) we plotted the same

curves with the space coordinates rescaled by L(t) = t
1

z , with z ∼ 1.45. Here
for every σ, z is a bit larger than the expected value (1 + σ). In the inset of
this figure is shown an enlargement of the plot to show how close they come.

46



 1

 10

 100

 1000

 10000

 1  10  100  1000

L(
t)

t

σ= 0.4

T = 0.05
T = 0.07
T = 0.09
T = 0.12
T = 0.16

9.5 x1/1.55

Figure 2.13: L vs time in a log-log scale, for different temperatures, γ = 0.5
and σ = 0.4. We fitted the curve with the lowest temperature (T = 0.05), in
the scaling regime, with the function c · t1/z.

1

1.2

1.4

1.6

1.8

2

2.2

0 0.2 0.4 0.6 0.8 1

z

�

numerics

z = 1 + �

Figure 2.14: Dynamic exponent z vs range of interaction σ, for T = 0.05,
γ = 0.5 and N = 216, compared with the law z = 1 + σ.

47



different scaling. This is indeed what is believed by a large part of scientific
community which expect that, in most cases systems in the universality class
of “model A”, as ϕ4 model in the Langevin dynamics case, would behave as
those in the universality class of “model C”, as ϕ4 model in the Hamiltonian
dynamics case. A situation similar to the one shown, was pointed out in [71],
for the two-dimensional ϕ4 model with nearest neighbor interactions. There,
the authors claimed that, in the case of Hamiltonian dynamics (model C
universality class), z ≃ 2.6, instead of 2, found in the canonical ensemble
(model A universality class). This result has been at the center of a contro-
versy [72, 73] since the authors of [72] claimed that the “anomalous scaling”
observed in [71] regarded just a transitory regime and Hamiltonian dynam-
ics simulations give instead the same exponent as Langevin ones (model A).
This is in principle not in contradiction with what was shown in this chapter,
even if here is shown that z is larger in the Langevin case, while in [71] z
is larger in the Hamiltonian case. Nevertheless, even if the scaling z = 2σ
would exists just for a short-time regime, this would still imply a difference of
the macroscopic behavior for systems with different microscopic dynamics.
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Chapter 3

Out-of-equilibrium long-range
interacting systems:
Quasi-Stationary-States and
Vlasov equation

3.1 Introduction

The temporal evolution of long-range interacting systems is characterized
by the formation of “coherent structures” which correspond for instance to
stars, galaxies and clusters of galaxies, in astrophysics [33, 34], to jets and
vortices, in two-dimensional geophysical turbulence [36, 37], to clumps and
filaments in chemotaxis of biological populations [90]. These are the effects
of a relaxation which is not characterized by binary collisions, as happens
in short-range interacting systems, but where the “collective effects” domi-
nate. Considering systems for which one can take the thermodynamic limit,
thanks to the rescaling of the coupling constant described in the section 1.2,
one finds that generically the relaxation is characterized by two successive
stages: a violent collisionless relaxation, driven by collective effects, and a
slow collisional relaxation, due mainly to finite size effects. The first one
brings to the formation of quasi-stationary states (QSSs), out-of-equilibrium
steady states which can be significantly different from Boltzmann-Gibbs equi-
librium, and whose lifetime diverges algebraically with the system size. The
second one instead slowly destroys these structures bringing the system to the
thermodynamic equilibrium. This two-stage relaxation is shown in fig. 3.1
where is plotted the relaxation of the order parameter (magnetization) of
the HMF model [13, 91, 92], a paradigmatic toy-model for the study of long
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Figure 3.1: Relaxation of the HMF model to equilibrium for systems with dif-
ferent sizes N . It is clear that the duration of the QSS regime increases with
N . The horizontal line represents the thermodynamic equilibrium, reached
at late times.

range interacting systems, which will be introduced later. At small times one
can see the violent relaxation which brings to the QSS, from where the sys-
tem slowly relaxes to thermodynamic equilibrium. One can see clearly that
the larger the system, the longer the intermediate phase where it remains
confined before reaching the final equilibrium. The focus of this chapter,
as well as the rest of this thesis, will be on these out-of-equilibrium states.
Apart from the fact that they are shown by many systems in nature, their
study is interesting at a conceptual level because it obliges to go back to the
foundations of statistical mechanics and kinetic theory. As a reference on
the topic one can mention the following publications [7, 26, 27, 34, 93, 94].
The description of this out-of-equilibrium phenomenon, given in this chap-
ter, will be using methods from “kinetic theory” [95], which means deriving
the equation which determines the temporal evolution of the one-particle
distribution function f(q, p, t), where q ∈ R

d and p ∈ R
d, label the position

in space and the momentum. The first kinetic equation for a Hamiltonian
N -body system has been derived by Boltzmann [96], considering just the bi-
nary collisions between particles. This is a fair way to model dilute systems
with short-range interactions, and it has been modified by Landau [97] and
Chandrasekhar [98] in order to take into account the collisions determined by
gravitational and Colulmbian interactions. Vlasov [99] has been the first in
considering mean-field collective effects. A treatment of the collisions in this
context has been developed by Lenard and by Balescu [100, 101]. The hy-
pothesis done is that the first stage of the relaxation, the violent relaxation,
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which brings to the formation of QSSs, can be described in the context of
Vlasov equation, so taking into account only the collective effects, and QSSs
can be interpreted as stable stationary states of the Vlasov equation in the
N → ∞ limit. The collisional relaxation occurs on much longer time scales,
compared to those of violent relaxation, and it has been observed to di-
verge either algebraically [102] or logarithmically [103] with N , depending
on whether the “quasi-stationary” state corresponds to a stable or an unsta-
ble stationary state of the Vlasov equation. Although we call it “collisional”,
the relaxation to equilibrium is not due to two-body collisions but to finite-N
effects (also called “granularity”), which can be modeled with the collisional
terms introduced in the Lenard-Balescu and Landau equations [7, 95, 104].
Stable stationary states of the Vlasov equation are therefore of paramount
importance in order to understand the dynamics of long-range systems. It
is therefore crucial to determine the general conditions for stationarity and
stability, for both homogeneous and inhomogeneous states. The former are
characterized by a single-particle distribution function which is independent
of the spatial variable, while the latter show a spatial dependence.

In this chapter we will derive first the Vlasov equation and show that
QSSs can be described in with this formalism. Then the Vlasov equation
will be rewritten in action-angle variables [105, 106, 107] and we will focus
on those inhomogeneous stationary states whose single-particle distribution
function does not depend on the angle variable, i.e. those that are homo-
geneous in angle. We will derive a general stability criterion which, besides
giving the value of the threshold energy (action) at which these stationary
states destabilize, will allow us to obtain the growth-rate of the instability.
We shall apply the general method to some simple models deriving explicit
analytical expressions for the stability threshold and for the growth rate of
the instability. These theoretical predictions will be then compared with
numerical simulations performed with N -body Hamiltonians.

3.2 The Vlasov equation

To derive the Vlasov equation one can use two main approaches: the first
one begins with the Liouville equation and, either by the BBGKY expansion
[95] or by some projector operator formalism [108, 109] obtains the kinetic
equation. The other method is based on the Klimontovich equation and we
will briefly review it in the following. For a system described by the generic
Hamiltonian:

H =
N
∑

i=1

p2i
2

+
N
∑

i<j

V (qi − qj). (3.1)
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one can introduce the so called empirical measure, defined as:

fd(q, p, t) =
1

N

N
∑

i=1

δ(q − qi(t)) δ(p− pi(t)), (3.2)

where δ is the Dirac function. Differentiating with respect to time the equa-
tion (3.2) and substituting the Hamilton equations (1.1) in it we obtain the
Klimontovich equation:

∂fd
∂t

+ p
∂fd
∂q

− ∂v

∂q

∂fd
∂p

= 0, (3.3)

where

v(q, p) = N

∫

dq′ dp′ V (q − q′)fd(q
′, p′, t). (3.4)

Determining the evolution of fd(q, p, t) is the same problem as solving the
equations of motion, which is in most cases impossible. So one can think to
average fd over an ensemble of different realizations prepared according to
the same macroscopic state. Defining the density of such macroscopic state
as fin({Qi(0)}, {Pi(0)}), the averaged one-particle distribution f is obtained
from:

f(q, p, t) ≡ 〈fd(q, p, t)〉 =
∫

∏

dQi(0)dPi(0)fin({Qi(0)}, {Pi(0)})fd(q, p, t) ,
(3.5)

where the dependence of fd on ({Qi(0)}, {Pi(0)}) comes from the solution of
the equations of motion that enter the definition of fd (3.2). The equation for
the time-evolution of the smoothed distribution f is obtained again averaging
over fin, but before doing it we define the fluctuations around the smooth
distribution δf from:

fd(q, p, t) = f(q, p, t) +
δf(q, p, t)√

N
. (3.6)

The reason of the factor 1/
√
N is that if one averages in a region around

the point (q, p), small compared to the available volume, but large enough to
contain many particles, then the difference of the two distributions fd and f
is of the order 1/

√
N . This means that for (3.4):

v(q, t) = 〈v〉(q, t) +
δv(q, t)√

N
(3.7)

where:

〈v〉(q, t) = N

∫

dq′ dp′ V (q − q′)f(q′, p′, t). (3.8)
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Inserting (3.6) and (3.7) in (3.3), and taking the average over fin one obtains:

∂f

∂t
+ p

∂f

∂q
− ∂〈v〉

∂q

∂f

∂p
=

1

N

〈

∂δv

∂q

∂δf

∂p

〉

, (3.9)

which is an exact result (no approximation has been done until now). For
short-range interactions the right hand side would originate the leading con-
tribution to the collision term of the Boltzmann equation, while the third
term of the left side term would be negligible. For long range systems in-
stead the right hand side term will be of order 1/N . So in the limit N → ∞
one obtains the Vlasov equation:

∂f

∂t
+ p

∂f

∂q
− ∂〈v〉

∂q

∂f

∂p
= 0, (3.10)

which describes exactly the kinetics of models with N particles and only
mean-field interactions, in the infinite N limit [110, 111]. If one wants to
take into account finite-size effects one can approximate the right-hand side
of (3.9) at the level 1/N using the solutions of δv and δf determined by the
collisionless dynamics of the linearized Vlasov equation, which will be derived
later. In this way one obtains the so-called Lenard-Balescu equation. As for
Hamilton equations, the dynamics of the Vlasov equation conserves energy,
expressed in terms of f as:

ǫ[f ] =

∫

dq dp
p2

2
f(q, p) +

∫∫

dq dp dq′ dp′ V (q − q′)f(q, p)f(q′, p′) . (3.11)

At the same time it conserves other quantities as:

M[f ] =

∫

dq dp f(q, p) , (3.12)

which corresponds to impose a constant number N of particles in the discrete
model, and an infinite set of other quantities generally referred to as Casimirs:

Cn[f ] =

∫

dq dp fn(q, p) , (3.13)

for every n integer.
The description of QSSs in this context consists in studying if Vlasov

equation can predict the particle distribution f of the system in a QSS. Since
Vlasov equation exhibits an infinity of stationary solutions, and its dynamical
evolution starting from a generic initial state can be extremely complex one
normally limits to checking if some simple distributions which are its solu-
tions (stationary states) are stable with respect to small perturbations. The
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stability of stationary states has been studied using different methods, but
mainly by restricting the analysis to homogeneous stationary states. These
states are of major interest in kinetic theory, because they often constitute
the “supposed” physical equilibrium state. For instance a globally neutral
plasma has an equilibrium which is also locally neutral, giving a homoge-
neous charge distribution. If perturbed, this state is expected to be stable,
showing a relaxation back to the homogeneous state ruled by Landau damp-
ing [112, 104, 95]. This phenomenology is also observed in the HMF model
[102] (on which we will focus later), for which the homogeneous state is sta-
ble above a given energy threshold, which depends on the initial momentum
distribution. However, below this energy, the homogeneous state is unsta-
ble and one observes a dynamical evolution towards inhomogeneous states,
whose stability properties are much more difficult to determine. Inhomoge-
neous states appear for example in gravitational dynamics [113], because of
the attractive nature of the Newton force. Their stability has been studied
in the context of the Vlasov equation, yet the necessity to resort to action-
angle variables makes the problem analytically tricky: apart from numerical
approaches (see e.g. [114]), one can project the dynamics along a Fourier
basis, yet at a cost of infinite sums [115, 116]; then, only a truncation can
yield tractable results. Such technique was also used in the context of plas-
mas, where the waves often generate inhomogeneous states; expanding the
dynamics along modes, such as Hermite polynomials [117], requires anyhow a
truncation in the sums. Analytical results were also obtained on BGK modes,
whose stability properties were connected, in the small-inhomogeneity limit,
to those of homogeneous states [118, 119]. Later, the unstable nature of pe-
riodic BGK modes were demonstrated rigorously [120, 121]. More recently,
some general criteria were proposed to derive the stability of inhomogeneous
states [122, 123].

3.3 The Vlasov equation for systems with an

external potential

Here we consider a generic mean-field system where in addition to the two-
body (symmetric) potential V (qi, qj), each particle is trapped into the exter-
nal potential W (qj), so that the Hamiltonian is:

H =
∑

j

(

p2j
2

+W (qj) +
1

2
V [{qk}] (qj)

)

, (3.14)
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where V [{qk}] (qj) = (1/N)
∑

k v(qj, qk) stands for the mean-field potential
acting on particle j. The Vlasov equation for this system is:

∂tf + p∂qf − (∂qW (q) + ∂qV [f ](q)) ∂pf = 0 , (3.15)

where

V [f ](q, t) =

∫∫

dq′dp′ f(q′, p′, t)v(q, q′) , (3.16)

is the averaged mean-field potential. One can also show that the N -body
dynamics is well described by the Vlasov equation over times that are at
least of order lnN [111]. This makes the Vlasov framework a natural one to
study such systems when a large number of particles is involved.

The Vlasov equation can also be written in Hamiltonian form using the
following functional

H[f ] =

∫∫

dqdp f(q, p, t)

(

p2

2
+W (q) +

1

2
V [f ](q)

)

. (3.17)

After having introduced the appropriate Poisson brackets for the functionals
A[f ] and B[f ]

{A,B} =

∫∫

dqdp f(q, p, t)

(

∂

∂p

δA

δf

∂

∂q

δB

δf
− ∂

∂q

δA

δf

∂

∂p

δB

δf

)

, (3.18)

the dynamics of A[f ] is given by

∂tA = {H,A}. (3.19)

If one rewrites the single particle distribution function in the functional form
f(q, p, t) =

∫∫

dq′dp′ f(q′, p′, t)δ(q − q′)δ(p − p′), one obtains the evolution
equation

∂tf(q, p, t) +
∂h

∂p

∂f(q, p, t)

∂q
− ∂h

∂q

∂f(q, p, t)

∂p

= ∂tf(q, p, t) + {h[f ](q, p), f(q, p, t)} = 0 (3.20)

where h[f ](q, p) = p2/2 + W (q) + V [f ](q) and the brackets are now the
standard Poisson brackets. This equation is nothing but the Vlasov equa-
tion (3.15).

It is straightforward to check that the Boltzmann-Gibbs equilibrium dis-
tribution fBG(q, p) = Z−1 exp(−βh(q, p)), with β an arbitrary constant and
Z a normalization constant, is a stationary solution of this equation (i.e.
∂tfBG = 0). In fact, all distributions that depend on (q, p) only through h
are stationary.
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3.4 The Vlasov equation in action-angle vari-

ables and the stability relations

Let us consider the stationary state f0(q, p). If one focuses on the trajectory
of a single particle, one immediately realizes that it is a constant energy
trajectory of the energy functional

h[f0](q, p) =
p2

2
+W (q) + V [f0](q), (3.21)

which is a straightforward consequence of the Hamilton equations of motion.
Hence, it is convenient to cast the dynamics into the appropriate variables
associated with this trajectory, namely the “action-angle” variables

J(h) =
1

2π

∮

p(h, q′)dq′ =
1

2π

∮

√

2 (h−W (q′)− V [f0](q′))dq
′(3.22)

θ = ωt

∫ q

0

dq′
√

2 (h−W (q′)− V [f0](q′))
, (3.23)

where the frequency ωt is given by

ωt =

(

1

2π

∮

dq′
√

2 (h−W (q′)− V [f0](q′))

)−1

=
∂h

∂J
. (3.24)

It is important to note that the conjugate variables (J, θ) are not action-
angle stricto sensu: Since Vlasov dynamics is infinite dimensional and only a
specific set of conserved quantities can be typically identified (e.g. the Hamil-
tonian, the Casimirs), its integrability is not generic [124]. The term action-
angle variables comes from the fact that the dynamics of a test-particle is
integrable if the single-particle distribution function is stationary. Indeed, for
a stationary distribution f0, the potential V [f0] is constant in time. There-
fore, the dynamics of the test-particle is that of a one–degree–of–freedom
system with the associated conserved quantity h[f0], hence integrable. A
dependence of the potential on time caused by a non-stationary distribu-
tion f(q, p, t) would introduce an extra 1/2 degree of freedom, thus breaking
integrability a priori.

In this single particle framework and for stationary distributions, the
energy h depends only on the action J , so that a particle evolves on a trajec-
tory of constant “action” J at the constant action-dependent angular speed
θ̇ = ∂Jh(J) = ωt(J). The change of variables (q, p) → (θ, J) being canon-
ical, the corresponding Poisson brackets, which apply to functions of the
phase-space, are equivalent

{a, b}q,p = ∂pa∂qb− ∂qa∂pb = {a, b}θ,J = ∂Ja∂θb− ∂θa∂Jb. (3.25)
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Using this equivalence and the condition ∂θh = 0, the Vlasov equation
(3.15) for f0 can be recast in the following form

∂Jh(J)∂θf0 = ωt(J)∂θf0 = 0 . (3.26)

Hence, the stationarity condition, ∂tf0 = 0, leads to f0 = f0(J). This means
in particular that the stationary distributions are those that are homoge-
neous in angle, with any distribution in action J . Such a result highlights
the relevance of action-angle variables for the analysis of Vlasov stationary
dynamics, but also for the study of QSS.

We shall now consider a perturbation δf around f0, that is f(θ, J) =
f0(J) + δf(θ, J). The linearity of the potential V with respect to the dis-
tribution, as emphasized by its definition in Eq. (3.16), implies that V [f ] =
V [f0] +V [δf ]. Using property (3.25) for the Vlasov equation (3.15,3.20) and
neglecting second-order terms in δf leads to the linearized Vlasov equation

∂tδf + ωt(J)∂θδf − (∂pf0)V
′[δf ](θ, J) = 0 , (3.27)

where the factor ∂pf0 should be expressed in terms of (θ, J) and the deriva-
tive of V is with respect to q and then it is also expressed in terms of (θ, J).
The study of this equation in full generality would imply the solution of an
initial value problem using a Laplace-Fourier transform and then a transfor-
mation back to action-angle variables using a Bromwich contour [104, 95].
We will be here less ambitious and we will focus on the study of an eigen-
mode δf(θ, J ; t) = eλtf̄(θ, J) with the eigenvalue λ determining the stability
properties. Inserting this ansatz solution in Eq. (3.27) one gets

(λ+ ωt(J)∂θ)f − (∂pf0)V
′
[

f
]

(θ, J) = 0. (3.28)

Assuming a non-zero ωt (the frequency ωt typically only vanishes on the
separatrices of the single particle phase-space), the above equation turns
into

∂θ
(

eλθ/ωt(J)f̄
)

− eλθ/ωt(J)

ωt(J)
(∂pf0)V

′
[

f
]

(θ, J) = 0. (3.29)

After integration over the angle θ, and assuming that the integration constant
vanishes, one gets

f̄ − e−λθ/ωt(J)

ωt(J)

∫ θ

0

dθ′eλθ
′/ωt(J)(∂pf0)(θ

′, J)V ′
[

f
]

(θ′, J) = 0. (3.30)

This equation can be fully cast into action-angle variables using the following
relation

∂f0
∂p

(q, p) =
∂J

∂p

∂f0(J)

∂J
=

∂h

∂p

∂J

∂h
f ′
0(J) =

p

ωt

f ′
0(J) , (3.31)
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which, inserted into Eq. (3.30), results in the following dispersion relation

f̄ − f ′
0(J)

e−λθ/ωt(J)

ω2
t (J)

∫ θ

0

dθ′p(θ′, J) eλθ
′/ωt(J) V ′

[

f
]

(θ′, J) = 0. (3.32)

It is convenient to express the integral in this latter equation in terms of
the position variable q′. Indeed, using Eq. (3.23), the differential dθ′ can
be calculated as a function of q′ at constant action J , which means along a
single-particle trajectory. One gets

dθ′ =
ωtdq

′

√

2 (h−W (q′)− V [f0](q′))
=

ωt

p
dq′ , (3.33)

which allows one to put Eq. (3.32) into the following form

f̄ − f ′
0(J)

e−λθ/ωt(J)

ωt(J)

∫ q

0

eλθ
′/ωt(J) V ′

[

f
]

(q′)dq′ = 0, (3.34)

in which the integral is performed at constant action J . The interest of
this alternative formula is that it may be easier to solve in some cases. In
particular, if one focuses on the stability threshold, given by taking λ = 0,
the integral over q′ can be solved straightforwardly and Eq. (3.34) can be
rewritten as

f̄ =
f ′
0(J)

ωt(J)
V
[

f
]

(q), (3.35)

where q is, in general, a function of both action and angle.
Since all functions in angle are 2π-periodic, it is common to project the

dispersion relation in a Fourier base [105, 107]. However, since in Eq. (3.32)
both the p term and the potential V [f̄ ] have generically a non trivial depen-
dence on the angles, one ends up with expressions where all Fourier modes
are coupled. The modes are decoupled only when momentum does not de-
pend on angle, which is the case of homogeneous states, for which momentum
coincide with action (modulo a sign).

In what follows we will discuss a method which allows us to compute
the stability threshold and the growth rate λ without resorting to a Fourier
expansion. The method is, however, not generic and its application depends
on the specific form of the interaction potential. We will therefore discuss
separately two examples.

3.5 The HMF model

In this section we derive the stability threshold and the growth rate λ for the
HMF model [91, 92, 13], a paradigmatic model for the study of long-range

58



interacting systems, and to its generalization, the HMFmodel with additional
cosine on-site potential is a generalization introduced in Ref. [103]. Here
besides the mean-field term v(qj, qk) = − cos (qj − qk), an external potential
W (qj) = K cos2 qj of amplitude K is present, so that the system Hamiltonian
is:

H =
N
∑

j=1

[

p2j
2

+K cos2 qj

]

+
1

2N

N
∑

i,j=1

[1− cos(qj − qi)] , (3.36)

while the HMF Hamiltonian is obtained when K = 0. The Hamiltonian
functional (3.17) reads

H[f ] =

∫∫

dqdp f(q, p)

[

p2

2
+K cos2 q − 1

2

∫∫

dq′dp′ f(q′, p′) cos (q − q′)

]

.

(3.37)
At variance with the HMF model, in the HMF model with additional po-
tential the spatially-homogeneous state is no longer a stationary state of the
Vlasov equation. Using formula (3.32), one easily gets the dispersion relation
for this model

f̄ − f ′
0(J)

e−λθ/ωt(J)

ω2
t (J)

∫ θ

0

dθ′ p(θ′, J) eλθ
′/ωt(J)

[

Mx[f̄ ] sin(q(θ
′, J))−My[f̄ ] cos(q(θ

′, J))
]

= 0, (3.38)

where

M[f ] = Mx[f ] + iMy[f ] =

∫∫

dqdpf(q, p) cos q + i

∫∫

dqdpf(q, p) sin q

(3.39)
stands for the magnetization. For the sake of simplicity, q, q′ and p′ will
respectively refer to q(θ, J), q(θ′, J) and p(θ′, J) in the remaining of this
section. Equation (3.38) can be solved by multiplying each term by either
cos q or sin q, and then integrating over phase-space. One gets the following
equations

Mx[f̄ ]
(

1− IλX,Y [f0]
)

+My[f̄ ]I
λ
X,X [f0] = 0, (3.40)

−Mx[f̄ ]I
λ
Y,Y [f0] +My[f̄ ]

(

1 + IλY,X [f0]
)

= 0, (3.41)

where

IλX,Y [f0] =

∫

dJ
f ′
0(J)

ωt(J)

∮

dθ e−λθ/ωt(J) X(q)

∫ q

0

dq′ eλθ
′/ωt(J) Y (q′), (3.42)

and the label X (resp. Y ) stands for the cos (resp. sin) function. The
integral

∮

is performed over a single-particle trajectory.
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Inhomogeneous stationary states of the Vlasov equation correspond to
solutions of the linear system of equations (3.40-3.41) with non vanishing
(Mx,My). They can be found only when the determinant vanishes. This
condition allows to rewrite the dispersion relation in the form

(

1− IλX,Y [f0]
) (

1 + IλY,X [f0]
)

+ IλY,Y [f0]I
λ
X,X [f0] = 0. (3.43)

The numerical resolution of this equation can be performed by using the
explicit expressions of the action-angle coordinates [125], for a particle of
energy h and position q

Jin(h) =
2
√
2K

π

[

E

(

h

K

)

−
(

1− h

K

)

K

(

h

K

)]

(3.44)

θin(q, h) =
π

2

√

K

h

F (q, h/K)

K (h/K)

Jout(h) =
2
√
2h

π
E

(

K

h

)

(3.45)

θout(q, h) =
π

2

F (q,K/h)

K (K/h)
,

where the label in/out stands for inside/outside of the separatrix of the
potential K cos2 q, while E , K and F are elliptic integrals of the first kind.

In order to compute the growth rate Re(λ) from Eq. (3.43) it is necessary
to choose a specific unperturbed stationary distribution f0(J). We here con-
sider “waterbag” distributions in action-angle space that are homogeneous in
angle: these are two-level distributions, which are nonzero and homogeneous
between two lines of constant action J = J1 and J = J2

f0(J) =
1

2π(J2 − J1)
(Θ(J − J1)−Θ(J − J2)) , (3.46)

where the first factor guarantees the normalization of the density f0, while
Θ is the Heaviside step function. Moreover, we here focus on waterbags
delimited by a given energy ǫ, i.e. we consider all trajectories with energies
h ≤ ǫ (so that J2 = J2(ǫ) and J1 = 0), such as those represented in Fig. 3.2(a)
and (b). It is interesting to remark that, since the change of variables (q, p) ↔
(θ, J) is canonical, f0(q, p) is also a two-step distribution with the boundary
given by the curve h(q, p) = ǫ. It should be pointed out that, although
the action fixes the energy univocally, a trajectory of given energy is always
splitted in two: those with positive and negative momentum p for ǫ > ǫs =
0.3, the separatrix energy, and the ones with 0 < q < π and π < q < 2π for
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Figure 3.2: Waterbags in action-angle (a) and in (q, p) space (b). The wa-
terbags have increasing boundary energies ǫ = 0.2, 0.4 and 0.55 and they
are represented by filled contours of lighter and lighter grey as the energy is
increased. The dashed line corresponds to the separatrix, which has energy
ǫs = 0.3 and action Js = 0.5.
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Figure 3.3: Growth rate Re(λ) (full line) of the instability of the inhomo-
geneous waterbag states obtained by solving Eq. (3.43) for waterbags with
boundary energy ǫ. The crosses are the results of numerical simulations of
the N -body Hamiltonian. The agreement between theory (which decribes
the N → ∞ limit) and numerics (which is performed at N = 3× 105) is rea-
sonably good apart from the region near the separatrix energy ǫs = 0.3 and
the one near the critical energy ǫc = 0.498, which is theoretically determined
by solving Eq. (3.52).

ǫ < ǫs. This has the consequence that, when performing integrations over the
action-angle space, the two trajectories give separate contributions. Related
to this remark is for example the evaluation of the normalization of f0: the
total area of the waterbag is indeed 2× 2π(J(ǫ)− J(0)) = 4πJ(ǫ).

For the waterbag initial conditions, the integral in Eq. (3.42) reads

IλX,Y [f0] =
1

2π(J2−J1)

[

1
ωt(J1)

∮

dθ e−λθ/ωt(J1)X(q)
∫ q

0
dq′ eλθ

′/ωt(J1)Y (q′)

− 1
ωt(J2)

∮

dθ e−λθ/ωt(J2)X(q)
∫ q

0
dq′ eλθ

′/ωt(J2)Y (q′)

]

.(3.47)

The numerical solution of Eq. (3.43), using Eq. (3.47), are then compared
with the result of simulations performed with the N -body Hamiltonian using
a sixth-order integration scheme [89] with time step 0.1. Figure 3.3 shows
the growth rate Re(λ) obtained theoretically (full line) as a function of the
boundary energy ǫ. The growth rate is determined numerically by fitting an
exponential to the short-time increase of the magnetization. One notices the
existence of a threshold energy ǫc = 0.498 (determined more precisely in the
following), which separates a region where the waterbag is stable (ǫ > ǫc)
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from one where the waterbag is unstable (ǫ < ǫc, Re(λ) > 0). When the
waterbag is stable, the N -body dynamics shows a QSS regime with zero
magnetization but with an inhomogeneous distribution of particles in the
q spatial coordinate. Let us remark that the theoretical results shows a
divergence of Re(λ) at the separatrix energy ǫ = ǫs = 0.3 where the frequency
ωt(Js) = 0: this divergence is not reproduced by the N -body dynamics.
Moreover, in the N -body dynamics, the threshold energy is found to be
around ǫ ≈ 0.44, well below the theoretical value. Indeed, in the energy
region 0.44 < ǫ < ǫc the growth of the magnetization is spoiled by finite-N
effects, and its exponential character is not clear any more. However, the
energy ǫc is really the one where we numerically observe a destabilization of
the zero magnetization state.

The critical energy ǫc beyond which the waterbags become stable can
be explicitly derived using Eq. (3.43) and by imposing λ = 0. Let us first
note that, in this equation, the last term vanishes, since both I0X,X [f0] and
I0Y,Y [f0] yield an integral of sin q cos q over a trajectory. Consequently, the
product (1 − I0X,Y [f0])(1 + I0Y,X [f0]) should be zero. Then, considering that

|p| =
√
2ǫc
√

1− (K/ǫc) cos2 q, integrating over q′, and using Eq. (3.33) and
then Eq. (3.22), we finally get

I0X,Y [f0] =
2

4πωtJc

∮

dθ cos2 q (3.48)

=
1

2πJc

∮

dq
cos2 q

p
(3.49)

=
1

2

∮

|dq| cos2 q√
ǫc−K cos2 q

∮

|dq|
√

ǫc −K cos2 q
, (3.50)

I0Y,X [f0] = −1

2

∮

|dq| sin2 q√
ǫc−K cos2 q

∮

|dq|
√

ǫc −K cos2 q
. (3.51)

Let us explain the meaning of the uncommon notation |dq|. When integrating
over segments of the single-particle trajectory where p is negative, q decreases.
Thus, both dq and p are negative, so that their ratio or product is positive.
The use of the differential |dq| allows us to unify notation for both the cases
in which p and dq are positive or negative. The coefficient 2 in front of
the first integral originates from the double boundary of the waterbag, be it
inside or outside the separatrix. It can be shown that both expressions (3.50)
and (3.51) are strictly decreasing functions of ǫc. Moreover, integral (3.50)
tends to one in the ǫc → K limit, so that 1− I0X,Y [f0] is always positive. The
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threshold of stability is thus given by solving the implicit equation

∮

|dq| sin2 q
√

ǫc −K cos2 q
= 2

∮

|dq|
√

ǫc −K cos2 q. (3.52)

The numerical resolution of the above equation for K = 0.3 yields the value
ǫc ≈ 0.498, in excellent agreement with the energy value at which Re(λ)
vanishes (see Fig. 3.3).

We note that the above derivation of the threshold energy ǫc corroborates
with the result derived in Ref. [103], where the same result was obtained by
developing the single-particle distribution as a sum of derivatives of Dirac
distributions. The truncation of the expansion to the very first term allowed
the authors of Ref. [103] to obtain the same implicit equation (3.52). The
approach presented here is more general, since it provides a dispersion re-
lation for any stationary distribution, and allows us to derive the stability
condition without any additional hypothesis.

We devote the final part of this Section to the derivation of the growth
rate of the instability and of the threshold energy for the HMF model, in
the limit where the on-site potential is turned off (K = 0). This derivation
has been obtained in [91, 126], but we show it in a new context which allows
us to point out the connection between action-angle variables (θ, J) and the
canonical ones (q, p). In fact, when only the mean-field potential couples
the particles, the non-magnetized inhomogeneous stationary states become
homogeneous in q and, in correspondence, the action-angle variables reduce,
modulo a sign, to the canonical coordinates

J =
1

2π

∮

p(h, q) dq = |p|, (3.53)

ωt =
∂h

∂J
= |p|, (3.54)

θ = ωt

∫ q dq′

p
= sign(p) q. (3.55)

The presence of absolute values is due to the fact that the action-angle vari-
ables take into account the direction of the motion along the trajectories,
which are now ballistic. Then, inserting the following relations

∫ q

eλq
′/p sin q′dq′ =

eλq/p

1 + λ2/p2

(

λ

p
sin q − cos q

)

, (3.56)

∫ q

eλq
′/p cos q′dq′ =

eλq/p

1 + λ2/p2

(

sin q +
λ

p
cos q

)

, (3.57)
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into Eq. (3.42), one can explicitly write the dispersion relation (3.43) as



1 + π

∫

dp
f ′
0(p)

p
(

1 + λ2

p2

)





2

+



λπ

∫

dp
f ′
0(p)

p2
(

1 + λ2

p2

)





2

= 0. (3.58)

The waterbag distribution is now homogeneous in q and symmetric in p

f0(p) =
1

2π

1

2∆p
(Θ(p+∆p)−Θ(p−∆p)) , (3.59)

and its derivative is given by

f ′
0(p) =

1

2π

1

2∆p
(δ(p+∆p)− δ(p−∆p)) . (3.60)

The second quadratic term in Eq. (3.58) vanishes, and one obtains

0 = 1 + π

∫

dp
f ′
0(p)

p
(

1 + λ2

p2

) = 1− 1

2∆p2
(

1 + λ2

∆p2

) . (3.61)

We finally obtain the complex growth rate

λ = ±
√

1

2
−∆p2 , (3.62)

which shows that the waterbag is stable beyond the threshold energy ǫc =
1/12, since the energy of the system is given by ǫ = ∆p2

6
.

Fig. 3.4 shows the comparison of this analytical prediction with the nu-
merical results obtained for the N -body simulations of the HMF model: the
agreement is excellent.

3.6 The mean-field ϕ4 model

The second example that we consider is the mean-field ϕ4 model [127]. This
the system introduced in chapter 2 with infinite-range interaction (σ = −d).
The Hamiltonian functional for this system is:

H[f ] =

∫∫

dqdp f(q, p)

[

p2

2
+

(

q4

4
− (1− ϑ)

q2

2

)

− ϑ

2
q

∫∫

dq′dp′f(q′, p′) q′
]

.

(3.63)
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Figure 3.4: Growth rate Re(λ) of the instability (full line) as a function of
the energy ǫ for the HMF model (model (3.37) with K = 0), as obtained
analytically in formula (3.62). The crosses are the results of exponential
fits of the short-time evolution of the magnetization for the N -body HMF
Hamiltonian.

The magnetization M is now defined as M [f ] =
∫∫

dqdp f(q, p) q, so that the
mean-field potential is given by V [f ](q) = −(ϑ/2)qM [f ], whereas the exter-
nal potential is W (q) = q4/4 − (1 − ϑ)q2/2. For this system, the dispersion
relation (3.34) takes the following form

f̄ + ϑM [f̄ ]f ′
0(J)

e−λθ/ωt(J)

ωt(J)
q

∫ q

0

eλθ
′/ωt(J)dq′ = 0. (3.64)

The magnetization M [f̄ ] can be factored out by multiplying this latter ex-
pression by q and by integrating it over the phase-space. One gets

1 + ϑ

∫

dJf ′
0(J)

∮

dθ
e−λθ/ωt(J)

ωt(J)
q2
∫ q

0

eλθ
′/ωt(J)dq′ = 0. (3.65)

Before proceeding to the numerical solution of the above dispersion relation,
let us derive explicitly the expression that allows us to obtain the stability
threshold by setting λ = 0 in the previous formula. The last integral in
Eq. (3.65) gives trivially q, while dθ/ωt can be rewritten as dq/p thanks to
Eq. (3.33). One finally gets

1 + ϑ

∫

dJf ′
0(J)

∮

q2

p
dq = 0. (3.66)

Let us now restrict to those stationary distributions for which the mean-field
vanishes, i.e. M [f0] = 0. This case includes those distributions that are
symmetric with respect to q = 0. For clarity purposes, we shall also restrict
to waterbag distributions that have a boundary energy ǫ > 0, i.e. f0(J) is
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constant for all actions 0 < J < J(ǫ) and zero for J > J(ǫ). Waterbags with
both positive and negative boundary energy ǫ are shown in Fig. 3.5.

By introducing the following set of variables

q = xq̄, (3.67)

q̄ =

√

√

4h+ (1− ϑ)2 − (1− ϑ), (3.68)

ρ =

√

√

4h+ (1− ϑ)2 + (1− ϑ)
√

4h+ (1− ϑ)2 − (1− ϑ)
, (3.69)

the momentum of a particle with positive energy h can be written as

p = ±
√

2(h−W (q)) = ± q̄2√
2

√

(ρ2 − x2)(1 + x2) . (3.70)

Note that x varies in the range [−ρ; ρ], so that the maximum position along
a trajectory is ρq̄. Now, the action-angles variables (3.22,3.23) assume the
following form

J =
q̄3

2
√
2π

∮

√

(ρ2 − x2)(1 + x2) dx (3.71)

=
q̄3
√
2

3π

[

(ρ2 − 1)E (−ρ2) + (ρ2 + 1)K (−ρ2)
]

, (3.72)

ω−1
t =

√
2

2πq̄

∮

dx
√

(ρ2 − x2)(1 + x2)
=

2
√
2

πq̄
K (−ρ2), (3.73)

θ = ωt

∫ q

0

dx
√

(ρ2 − x2)(1 + x2)
= ωtF

(

x

ρ
,−ρ2

)

. (3.74)

Using the following relation
∮

q2
√

2(h−W (q))
|dq| =

√
2q̄

∮

x2dx
√

(ρ2 − x2)(1 + x2)
(3.75)

= 4
√
2q̄
[

E (−ρ2)− K (−ρ2)
]

, (3.76)

one can show, taking also Eqs. (3.72) and (3.73) into account, that
∮

q2
√

2(h−W (q))
|dq| = 12πJ

q̄2(ρ2 − 1)
− 4πq̄2ρ2

(ρ2 − 1)ωt

. (3.77)

Considering that q̄2(ρ2 − 1) = 2(1 − ϑ) and q̄2ρ2/(ρ2 − 1) = 2h/(1 − ϑ), we
eventually get the following expression for the stability threshold

1 +
2πϑ

1− ϑ

∫ ∞

J0

f ′
0(J)

(

3J − 4
h(J)

ωt(J)

)

dJ = 0. (3.78)
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Let us now consider the case of the waterbag defined by Eq. (3.46) with
J1 = 0 and J2 = J(ǫ). The dispersion relation for this waterbag reads

1− ϑ

1− ϑ

(

3− 4
ǫ

ωt(ǫ)J(ǫ)

)

= 0. (3.79)

Solving numerically this latter equation for ϑ = 1/2 gives the threshold
energy ǫc ≃ 0.144, which turns out to be pretty close to the value of the
statistical transition energy ǫ∗c found in Ref. [128]. We can also solve numer-
ically the dispersion relation (3.65) and obtain the growth rate Re(λ). In
Fig. 3.5 this growth rate is compared to a fit of the short-time exponential
growth of the magnetization obtained by integrating numerically the N -body
Hamiltonian. Unfortunately the agreement is only qualitative, although the
stability threshold is correctly reproduced.

3.7 Conclusions

Systems with mean-field interactions are well described by the Vlasov equa-
tion in the N → ∞ limit. An infinity of stationary states exists for such
equation and the study of their stability is a subject of paramount impor-
tance. Most of the results appeared in the literature are about homoge-
neous stationary states, to which several stability criteria have been applied
[7, 102]. For homogeneous states, the single particle distribution function
does not depend explicitly on the spatial variable. Far less studied is the
stability problem for inhomogeneous states, although a few results begin to
appear [122, 123, 103, 105, 106, 107]. Understanding the stability of sta-
tionary solutions of the Vlasov equation will have an impact also on the
characterization of the slow convergence to equilibrium observed in systems
with long-range interactions [7, 26, 27, 93, 94, 34], in particular on the study
of Quasi-Stationary-States (QSS), which are ubiquitous long-lived states in
the N -body dynamics of long-range systems. It has been shown that the
lifetime of QSS diverges algebraically with N in some simple models and it
has been conjectured that this can happen only when the QSS corresponds
to a stable stationary state of the Vlasov equation [7] (see also Ref. [129] for
an interesting mathematical result along this direction). Again, most of the
studies on QSS are for the homogeneous case. In this context our study pro-
vides a new and general criterion (see in particular Eqs. (3.34) and (3.35))
to calculate the stability of non-homogeneous stationary states of the Vlasov
equation.
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Figure 3.5: (a): Representation in the (q, p) plane of the waterbags in action-
angle. The boundary energies are ǫ = −0.035, 0.05 and 0.2 for lighter and
lighter grey levels. The dashed line corresponds to the separatrix, which has
energy h = 0. (b): Growth rate Re(λ) (full line) computed by numerically
solving Eq. (3.65). The crosses represent the short-time exponential rate of
growth of the magnetization obtained in numerical simulations of theN -body
Hamiltonian with N = 106.
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Chapter 4

Lynden-Bell theory for QSSs
and the Hamiltonian Mean
Field model

In the previous chapter we showed that QSSs can be described in the context
of Vlasov equation. Anyway with the methods provided there, it is generally
not possible to predict the state that a systems will reach, if set with an
initial distribution unstable with respect to the Vlasov equation. So in this
section we address this problem, introducing the Lynden-Bell theory and ap-
plying it to the Hamiltonian Mean Field (HMF) model [13, 91, 92]. This is
a paradigmatic model for the study of long-range interacting systems since
many important studies have been carried for this model [8, 130, 131], and
throughout this chapter we will deeply analyze its behavior both at ther-
modynamic equilibrium and in the QSS. The model has been introduced in
section 3.5, where we studied the stability of some of its stationary distribu-
tions with respect to the Vlasov equation, both for the original model, and
for its generalization to the case with an external potential. In this section
we will concentrate on the case without external potential. This Hamiltonian
model describes the motion of N rotators, coupled through a cosine interac-
tion, and can be viewed as a set of N point particles, constrained to move
on a ring, which interact only through a mean-field potential. At short dis-
tances, we can either think that particles cross each other or that they collide
elastically, since they share the same mass. Figure 4.1 shows an example of
a configuration of this model. This can also be seen as a simplification of the
gravitational sheets model [132], when considering only the first harmonic in
the Fourier expansion of the potential. Anyway the most convenient way to
see it, because of the analogy with many models used in statistical physics,
is as a XY-model with a kinetic term and a mean field potential. The XY
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Figure 4.1: Example of a configuration of the HMF model. The black points
represent the particles which are constrained to move on the ring, and q is
the particle position.

model is a lattice model for classical two-dimensional spins (n = 2 according
to the classification given in chapter 2). In this case the dimensionality of
the lattice (d) does not play any role, since the spins are all equally coupled.
The Hamiltonian of the HMF reads:

H =
1

2

N
∑

j=1

p2j +
1

2N

N
∑

i,j=1

[1− cos(qj − qi)], (4.1)

where qj ∈ [0, 2π[ are angular variables which represents the orientation
of the j-th rotator and pj stands for its conjugated momentum (angular
momentum). To monitor the evolution of the systems it is customary to
introduce the magnetization, an order parameter defined as

M =
|∑i Mi|

N
where Mi = (cos θi, sin θi). (4.2)

The infinite-range coupling between rotators, provides the system with all
typical characteristics of a long-range system, and its relaxation, as clearly
displayed in Fig. 3.1, is characterized by the formation of QSSs. This model
shows a ferromagnetic coupling between spins, anyway some studies have
been performed also for antiferromagnetic interactions [133, 134]. The 1/N
factor before the interaction potential is the usual Kac’s rescaling term [32].
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4.1 Equilibrium behavior

The HMF is exactly solvable both in the canonical and microcanonical en-
sembles, leading in this case to equivalent results, and displays a second order
phase transitions from unmagnetized to magnetized distributions. To show
it one writes down the canonical partition function:

Z =

∫ N
∏

i=1

dq dp exp(−βH) . (4.3)

The integration over momenta gives:

Z =

(

2π

β

)N/2

exp

(

−βN

2

)

Y , (4.4)

where:

Y =

∫ 2π

0

N
∏

i=1

dqi exp

[

−βN

2

N
∑

i,j=1

cos(qi − qj)

]

=

∫ 2π

0

N
∏

i=1

dqi exp



−βN

2

(

N
∑

i

Mi

)2


 . (4.5)

In order to evaluate the integral we introduce the Hubbard-Stratonovich
transformation in the µ > 0 case:

exp
[µ

2
x2
]

=
1

π

∫ ∞

−∞

∫ ∞

−∞

dy exp[y2 +
√

2µ x y] (4.6)

where x and y are two-dimensional vectors. So Eq. (4.5) becomes:

Y =
1

π

∫ 2π

0

N
∏

i=1

dqi

∫ ∞

−∞

∫ ∞

−∞

dy exp[y2 +
√

2µ x y] (4.7)

with µ = β/N . We can now exchange the order of the integrals and factorize
the integration over the coordinates of the N particles. Introducing then the
rescaled variable y → y

√

N/2β, one obtains:

Y =
N

2πβ

∫ ∞

−∞

∫ ∞

−∞

dy exp

[

−N

(

y2

2β
− ln(2πI0(y))

)]

(4.8)
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where y is the modulus of y and I0 the Bessel function of order 0. This
latter integral can be evaluated by employing the saddle point technique in
the mean-field limit (N → ∞). In this limit, the free energy density j reads:

j = lim
N→∞

1

N
lnZ = β

1

2
ln

(

2π

β

)

− β2

2
−max

y

(

y2

2
− β ln(2πI0(y))

)

. (4.9)

The maximization of the last term results in the equation:

y

β
=

I1(y)

I0(y)
. (4.10)

This equation has, for β < 2, the solution ȳ = 0, which corresponds to the
homogeneous minimum of free-energy, while for β > 2 the solution ȳ is finite,
which implies that the equilibrium magnetization is:

M =
I1(ȳ)

I0(ȳ)
(4.11)

So the system displays a second order phase transition at the critical temper-
ature β = 2. The solution of the same problem in the microcanonical [135]
ensemble brings to the same results, since the ensembles are equivalent.

4.2 Out-of-equilibrium behavior

In a recent series of papers [14, 15, 130, 136, 137, 138] it is has been derived an
approximate analytical theory, based on the Vlasov equation and on Lynden-
Bell theory, for describing the HMFmodel in the QSS regime. The philosophy
of the proposed approach is briefly exposed in this section, after reviewing
the Lynden-Bell theory.

4.2.1 The Lynden-Bell theory

Lynden-Bell theory, developed in the seminal work [139] in the context of
3D stellar systems, is based on the observation that the evolution of an
unstable initial distribution, during the violent relaxation, is characterized
by an extremely complicated dynamics, in which the distribution stretches
and stirs in the (q,p)-space, becoming more and more intermingled with
time. In this process, the distribution f will continue evolving with time,
never reaching a stationary state and showing a mixing which will occur on
scales smaller and smaller. In this context is it possible to show that the
conservation of Casimirs (3.13) implies that the volumes of (q,p)-space a(η),
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of the regions for which the distribution function f(q, p, t) has a given value
η:

a(η) =

∫

dq dp δ(f(q, p, t)− η) (4.12)

are conserved quantities. So one can introduce ρLB(q, p, η), which is the prob-
ability density of finding the level of phase density η in a small neighborhood
of the position (q,p). This probability density can be viewed as the local
area portion occupied by the phase level η in the neighborhood of (q,p), and
satisfies at each point the normalization condition:

∫

ρLB(q, p, η)dη = 1 . (4.13)

Using the fact that the evolution go on on scales smaller and smaller, Lynden-
Bell proposed to introduce a locally averaged (coarse-grained) distribution
function, expressed in terms of ρLB as:

f̄(q, p) =

∫

ρLB(q, p, η)ηdη . (4.14)

This quantity, according to what stated previously, will reach an equilibrium
on a finite time, so Lynden-Bell idea is to assume that the dynamics on the
neglected scales is ergodic (efficient mixing), so that one can treat the problem
with methods of equilibrium statistical mechanics. That is writing down an
entropy functional in which what happens at small scales is neglected, and
calculating the equilibrium distribution maximizing it with the constraints
given by the dynamics. This will provide the distribution function in the
QSS, and the thermodynamic quantities. Since the QSSs remembers of the
initial conditions, also the results obtained with this approach are dependent
on the initial distribution. If we take a two-level initial distribution, as for
instance that in (3.46), we will have that ρ(q, p, η) will be non-zero just for
two values of η: η1 = 0 and η2 = f0, and this property will be conserved
in time. To derive the entropy functional we divide the (q,p)-space in Dmac

macrocells (in which we will do the coarse-graining), divide each macrocell
into ν microcells and consider a microscopic configuration in which each
i-th macrocell is occupied by ni microcells with level f0 and ν − ni with
level zero. The total number of occupied microcells is Noc, such that the
conserved quantity M[f ] is equal to Nocamf0, where am is the volume of a
microcell. There are Noc!/

∏

i ni! ways to place the Noc occupied microcells
into the macrocells. In the i-th macrocell one can distribute the first of the
ni microcells in ν ways, the second in ν − 1 ways and so on. So the number
of ways of assign ni occupied microcells in a macrocell is ν!/(ν − ni)! . So
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the total number of microstates compatible with the macrostate where ni

microcells are occupied in the macrocell i is the product of these factors:

W ({ni}) =
Noc
∏

i ni!
×
∏

i

ν!

(ν − ni)!
. (4.15)

The efficient mixing assumption means that the microcells are free to dis-
tribute between the different macrocells, and the only constraint is that the
microcells cannot be occupied more than once. Using Stirling’s approxima-
tion and expressing ni in terms of the average probability to find the level f0
in the cell i, ρi(f0) = ni/ν, one obtains:

lnW = ν
∑

i

ρi ln ρi + (1− ρi) ln(1− ρi), (4.16)

which can be rewritten in terms of the coarse grained distribution function
ρi = f/f0. Taking the continuum limit

∑

i →
∫

dqdp/(amν), we obtain:

sLB[f ] = −
∫

dqdp

am

[

f

f0
ln

f

f0
+

(

1− f

f0

)

ln

(

1− f

f0

)]

. (4.17)

So the maximization of the Lynden-Bell entropy, with the constraint of the
conservation of energy, of M[f ] and eventually other macroscopic conserved
quantities (e.g. the global momentum) allow to calculate the coarse-grained
one-particle distribution for a system in a QSS. Unfortunately the efficient
mixing hypothesis is not every time fulfilled, and Lynden-Bell theory does
not give the right prediction everytime. Anyway in the case we will take into
account, theory shows a good agreement with simulations.

4.2.2 Lynden-Bell theory for the Hamiltonian mean
field model

The Vlasov equation for HMF model which, for this system and for every
mean-field model, describes formally, in the limit of N → ∞, the evolution
of one-body microscopic distribution function f(q, p, t) is:

∂f

∂t
+ p

∂f

∂q
− (Mx[f ] sin q −My[f ] cos q)

∂f

∂p
= 0. (4.18)

The two components of the magnetization are Mx and My, respectively given
by:

Mx[f ] =

∫

f cos q dq dp, (4.19)

My[f ] =

∫

f sin q dq dp,
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and the mean field energy density can be expressed as

ǫ =
1

2

∫

fp2dqdp−
M2

x +M2
y

2
+

1

2
. (4.20)

We will consider systems starting with a two-level distributions, which as-
sume a constant value f0 inside a phase-space domain of volume 1/f0, and is
zero elsewhere. Here the Lynden-Bell entropy is explicitly constructed from
the coarse-grained distribution function f̄ and has the form of (4.17). To
calculate the meta-equilibrium state of the QSS, we have thus to solve the
constrained maximization problem:

max
f

{sLB[f ] | ǫ[f ] = ǫ,M[f ] = 1}. (4.21)

This maximization problem assures that the distribution function obtained
f̄ is thermodynamically stable (most probable macrostate) in the sense of
Lynden-Bell [139]. From Eq. (4.17), we write the first order variations as:

δsLB − βδǫ− αδM = 0, (4.22)

where the inverse temperature β and the “chemical potential” α are Lagrange
multipliers associated to the conservation of energy and mass. Requiring that
this functional is stationary, one obtains the following distribution [137, 138]:

f̄(q, p) =
f0

1 + ef0β(p
2/2−Mx[f̄QSS] cos q −My[f̄QSS] sin q) + f0α

. (4.23)

Notice also that the magnetization is related self-consistently to the distri-
bution function by Eq. (4.19), and the problem hence amounts to solving
an integro-differential equation. In doing so, we have also to make sure that
the stationary point corresponds to an entropy maximum, not to a mini-
mum or a saddle point. Let us now insert expression (4.23) into the energy
and normalization constraints and use the definition of magnetization (4.19).
Further, defining λ = eα and m = (cos q, sin q) yields:

f0

√

2

β

∫

dq I−1/2

(

λe−βM·m
)

= 1, (4.24)

f0
1

2

(

2

β

)3/2 ∫

dq I1/2
(

λe−βM·m
)

= ǫ+
M2 − 1

2
,

f0

√

2

β

∫

dq cos q I−1/2

(

λe−βM·m
)

= Mx,

f0

√

2

β

∫

dq sin q I−1/2

(

λe−βM·m
)

= My,
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where we have defined the Fermi integrals

In(t) =

∫ +∞

0

xn

1 + tex
dx. (4.25)

So the maximization problem (4.21), which corresponds to the solution of
the system (4.24), allow to find the microcanonical equilibrium. Since the
Lynden-Bell theory is based on the Vlasov equation that describes an isolated
system, the microcanonical ensemble is the relevant ensemble to consider (the
energy is fixed). We can, however, formally define a canonical ensemble. We
introduce the free energy functional jLB[f ] = sLB[f ]−βǫ[f ] and consider the
maximization problem

max
f

{

jLB[f ] |M[f ] = 1
}

, (4.26)

for a given value of f0. The maximization problems (4.21) and (4.26) have
the same stationary points since the variational principle

δjLB − αδM = 0 (4.27)

returns Eq. (4.22). In addition, we know that a solution of the canonical
problem (4.26) is always a solution of the more constrained dual microcanon-
ical problem (4.21), but that the reciprocal is wrong in case of ensemble in-
equivalence. Therefore the canonical ensemble provides a sufficient condition
of microcanonical thermodynamical stability. In addition, it is interesting on
a conceptual point of view to study possible inequivalence between micro-
canonical and canonical ensembles. Therefore, we shall study the two max-
imization problems (4.21) and (4.26), while emphasis and illustrations will
be given for the more physical microcanonical case.

The derivation of the Lynden-Bell equilibrium distribution passes through
the solution of Eqs. (4.24), which is hard to treat analitycally for spatially in-
homogeneous configurations (M 6= 0). So considering spatially homogeneous
configurations (M = 0), the Lynden-Bell distribution becomes

f̄(p) =
f0

1 + λef0βp2/2
. (4.28)

If we make use of Eqs. (4.24), we get the following condition of existence for
the homogeneous Lynden-Bell distribution (with fixed value of f0) [138]:

ǫ ≥ ǫmin(f0) ≡
1

96π2f 2
0

+
1

2
. (4.29)
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Let us now address the problem of stability of the homogeneous Lynden-Bell
distribution. In [138] it has been shown that the critical curve ǫc(f0) sepa-
rating stable and unstable homogeneous Lynden-Bell distributions is given
by the parametric equations:

I−1/2(λ)λ|I ′−1/2(λ)| =
1

(2πf0)2
, (4.30)

ǫ− 1

2
=

1

8π2f 2
0

I1/2(λ)

I−1/2(λ)3
,

where λ goes from 0 to +∞. So they correspond to a curve which separates
the region where f is a local or global entropy maximum, at fixed mass and
energy, from that where it is minimum or a saddle point. Anyway this is
not the phase-transition curve because, if several local entropy maxima are
found, one must compare their entropies to determine the stable state (global
entropy maximum) and the metastable states (secondary entropy maxima).
For systems with long-range interactions, metastable states have in general
very long lifetimes, scaling like eN , so that they are stable in practice and
must absolutely be taken into account [140, 141].

4.3 Lynden-Bell out-of-equilibrium phase di-

agrams

In Lynden-Bell theory for the two-level initial distributions, the dependence
on the initial conditions enters just from the quantity f0. So in this context
this term is like a thermodynamic parameter, and this justifies the study of
the problem in the (f0, ǫ) and (f0, β) space. The phase diagram in the (f0, ǫ)
plane is shown in Fig. 4.2. In Fig. 4.3 instead, we enlarge this diagram close
to the turning point of energy, ((f0)∗, ǫ∗) ≃ (0.10947, 0.608). We plotted the

stability curve ǫc(f0) of the homogeneous phase (split in two parts, ǫ
(1)
c (f0)

and ǫ
(2)
c (f0)) defined by Eqs. (4.30) and parameterized by λ. On the left of

this curve, the homogeneous phase is stable (maximum entropy state) and on
the right of this curve it is unstable (saddle point of entropy). For f0 → +∞,
it can be shown (see [138]) that the homogeneous Lynden-Bell distribution
is stable only if ǫ ≥ ǫc = 3/4. On the line of the minimum energy accessible
for the homogeneous phase ǫ = ǫmin(f0), given by (4.29), we are in the limit
λ → 0. The minimum energy curve ǫmin(f0) crosses the stability curve ǫc(f0)
at ((f0)c, ǫc) ≃ (0.1125, 0.5833).

If we now take into account Lynden-Bell’s inhomogeneous states, solving
numerically Eqs. (4.24), we find that the phase diagram displays first-order
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Figure 4.2: Phase diagram in the (f0, ǫ) plane. The homogeneous phase only
exists above the line ǫmin(f0). The stability curve ǫc(f0) is parameterized by
λ. For λ → 0 (completely degenerate limit), we get f0 = (f0)c = 1/(2π

√
2)

and ǫc = 7/12. The stability curve is divided in two parts, i.e. ǫ
(1)
c (f0) and

ǫ
(2)
c (f0), by the tricritical point (full round dot) located at ((f0)1, ǫ1). The
continuous line corresponds to the second-order transition line while the dot-
ted lines correspond to the borders of the metastable region. The thick line
represents the first-order transition line. All these lines divide the diagram
in four regions. In region (a), the homogeneous phase is stable and the in-
homogeneous phase does not exist; in (b), the homogeneous phase is stable
and the inhomogeneous phase metastable; in (c), the homogeneous phase
is metastable and the inhomogeneous phase stable; in (d) the homogeneous
phase is unstable and the inhomogeneous phase stable. The square dot is
((f0)c, ǫc((f0)c)), the empty round dot is ((f0)r, ǫr((f0)r)), and the diamond
((f0)m, ǫm((f0)m)). For f0 ∈ [(f0)∗, (f0)c] there is a re-entrant phase.
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Figure 4.3: Enlargement of the phase diagram of Fig. 4.2 around the tricrit-
ical point.

and second-order phase transitions. The curve ǫc(f0) splits in two curves

ǫ
(1)
c (f0) and ǫ

(2)
c (f0). In the case of a second-order phase transition, the sta-

bility threshold corresponds to the transition between a homogeneous and an
inhomogeneous distribution. The second-order phase transition corresponds
to the branch ǫ

(1)
c (f0). On the other hand, for a first-order phase transition,

as we have the coexistence of two entropy maxima, the stability condition
of the homogeneous phase is no more sufficient to find the transition line,
which has to be calculated by making a comparison between the two entropy
maxima. This is the procedure followed to calculate ǫt(f0). This line of
first-order phase transition is reached when the homogeneous and inhomo-
geneous phases have the same entropy. The line ǫt(f0) (first order) and the

line ǫ
(2)
c (f0) (second order) merge together at a tricritical point, located at

((f0)1, ǫ1) ≃ (0.109497, 0.6059). We have also plotted the curves ǫ
(1)
c (f0) and

ǫm(f0) giving the lateral edges of the meta-stability regions for the homoge-
neous and inhomogeneous phases.

In conclusion, the second order phase transition occurs for a range of
values of ǫ(f0) bounded by the tricritical point (ǫ1, (f0)1), and by ǫc = 3/4,
reached for f0 → +∞. For ǫ > ǫc = 3/4, the Lynden-Bell theory always
predicts a homogeneous phase (for any value of f0). For f0 < (f0)∗, the
homogeneous phase is always stable (for any ǫ ≥ ǫmin(f0)). For f0 > (f0)c,

the homogeneous phase is unstable for ǫmin(f0) ≤ ǫ < ǫ
(1)
c (f0) and stable

for ǫ > ǫ
(1)
c (f0). The first order phase transition occurs for a range of ǫc(f0)

bounded by the tricritical point (ǫ1, (f0)1) and by the point ((f0)t, ǫt((f0)t)) ≃
(0.1098, 0.5875).

As can be seen in Figs. 4.2 and 4.3, the theory predicts a phase re-
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entrance, for a set of values of f0 ∈ [(f0)∗, (f0)c]. This is a quite typical
phenomenon occurring in statistical physics, and it develops in complex ma-
terial, such as glassy-systems, colloids and polymers, in which there is a
competition between different entropic terms. This is associated with in-
verse melting, a counterintuitive phenomenon in which isobaric addition of
heat causes a disordered (e.g., liquid) phase to crystallize, the reverse of the
usual situation. Phase re-entrance occurs when, providing additional heat-
ing to the system, the latter undergoes a new transition, from the ordered to
the disordered phase. The phenomenon of phase re-entrance has been widely
studied at thermodynamic equilibrium in systems whose constituents interact
through short-range forces [142, 143, 144, 145, 146, 147]. Here we find it for
an out-of-equilibrium long-range interacting system where increasing ǫ in the
diagram at fixed f0 ∈ [(f0)∗, (f0)c], the homogeneous phase is (meta)stable for

ǫmin(f0) < ǫ < ǫ
(2)
c (f0), unstable for ǫ

(2)
c (f0) < ǫ < ǫ

(1)
c (f0), and stable again

for ǫ > ǫ
(1)
c (f0). Note that in the metastability region ǫmin(f0) < ǫ < ǫ′c(f0),

the system can be found either in the homogeneous or inhomogeneous phase
depending on how it has been prepared initially (recall that metastable states
are highly robust for systems with long-range interactions). By contrast, for

ǫ
(2)
c (f0) < ǫ < ǫ

(1)
c (f0), the theory predicts an inhomogeneous phase and for

ǫ > ǫ
(1)
c (f0) a homogeneous phase. In the following we will give evidence

to the existence of the phase re-entrance predicted by Lynden-Bell theory
showing the results of a set of simulations.

The phase diagram in the canonical ensemble show the same phenomenol-
ogy as those of the microcanonical. We plot it in Fig. 4.4 and in Fig. 4.5 we
show its enlargement close to the turning point of temperature ((f0)∗, β∗) ≃
(0.10947, 118).

4.3.1 The phase diagram in the plane (M0,ǫ)

All the results shown in this section are valid for any initial condition with
two phase levels f = 0 and f = f0, whatever the number of patches and their
shape. This means in the case of two-level initial distribution, the relevant
control parameters are (f0, ǫ) [138] since they fully specify the Lynden-Bell
equilibrium state from the initial condition. Now, many numerical simu-
lations of the N -body system [136], or of the Vlasov equation [137], have
been performed starting from a family of rectangular waterbag distributions.
The latter correspond to assuming a constant value f0 inside the phase-space
domain D:

D = {(q, p) ∈ [−π, π]× [−∞,+∞] | |q| < ∆q, |p| < ∆p} (4.31)
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and zero outside, and 0 ≤ ∆q ≤ π and ∆p ≥ 0. The normalization condition
results in

f0 =
1

4∆q∆p
. (4.32)

Notice that, for this specific choice, the initial magnetization M0 and the
energy density ǫ can be expressed as functions of ∆q and ∆p as

ǫ =
(∆p)2

6
+

1− (M0)
2

2
, (4.33)

M0 =
sin(∆q)

∆q
. (4.34)

The initial configuration is completely specified by the variables (∆q,∆p) or,
equivalently, by the variables (M0, ǫ). On the other hand, for the determina-
tion of the Lynden-Bell equilibrium state, only the variables (f0, ǫ) matter.
Now, we note that different values of (M0, ǫ) can correspond to the same
(f0, ǫ) and, consequently, to the same Lynden-Bell equilibrium. Therefore,
the use of these variables leads to some redundancies. Nevertheless, their
advantage is that they are more directly related to physically accessible pa-
rameters. Anyway, the phase diagrams in (f0, ǫ) and (M0, ǫ) planes are fully
consistent (see [14] for more details) and both display first and second phase
transitions. The correctness of the above analysis is assessed in [136] where
numerical simulations are performed for different values of the system size
N . Note, however, that the physics is different whether we vary the energy
at fixed f0 or at fixed M0. In particular, there is a “re-entrant” phase when
we vary the energy at fixed f0 [14, 138] but there is no “re-entrant” phase
when we vary the energy at fixed M0 [136].

4.3.2 Caloric Curves

To understand better the out-of-equilibrium phase diagrams of Fig. 4.2 and
4.4 and investigate the equivalence of statistical ensembles, we give a careful
analysis of these out-of-equilibrium phase diagrams. In this section we will
give a careful analysis of the HMF phase diagram predicted with Lynden-
Bell theory. We will do it by showing, for some values of f0, the series of
equilibria is the curve β(ǫ) containing all the stationary points of (4.21) or
(4.26) (as we have seen, they are the same). The stable part of this curve, in
each ensemble, gives the corresponding caloric curve. In the microcanonical
ensemble (MCE), the control parameter is the energy and the stable states
are maxima of entropy s at fixed energy and normalization (for the sake of
simplicity, from now on we will call s and j the Lynden-Bell entropy and free-
energy instead of sLB and jLB). This defines the microcanonical caloric curve
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β(ǫ). In the canonical ensemble (CE), the control parameter is the inverse
temperature and the stable states are maxima of free energy j at fixed nor-
malization. This defines the canonical caloric curve ǫ(β). The strict caloric
curve contains only fully stable states (S) that are global entropy maxima
at fixed energy and normalization in MCE or global free energy maxima at
fixed normalization in CE. The physical caloric curve contains fully stable
and metastable states (M), that are local entropy maxima at fixed energy and
normalization in MCE or local free energy maxima at fixed normalization in
CE. The unstable states (U), that are minima or saddle points of the thermo-
dynamical potential, must be rejected. By studying the caloric curve β(ǫ) for
a given value of f0, we can describe phase transitions. Microcanonical first
order phase transition are marked by the discontinuity of the inverse tem-
perature β(ǫ) at some energy ǫt. This corresponds to a discontinuity of the
first derivative of entropy s′(ǫ) = β(ǫ) at ǫt in the energy vs entropy curve.
There can exist metastable branches around ǫt that possibly end at micro-
canonical spinodal points. Microcanonical second order phase transitions are
marked by the discontinuity of β′(ǫ) at some energy ǫc. This corresponds
to a discontinuity of the second derivative of entropy s′′(ǫ) = β′(ǫ) at ǫc.
Similarly, canonical first order phase transitions are marked by the discon-
tinuity of energy ǫ(β) at some inverse temperature βt. This corresponds to
a discontinuity of the first derivative of free energy j′(ǫ) = −ǫ(β) at βt in
the inverse temperature vs free energy curve. There can exist metastable
branches around βt that possibly end at canonical spinodal points. Canoni-
cal second order phase transitions are marked by the discontinuity of ǫ′(β) at
some inverse temperature βc. This corresponds to a discontinuity of the sec-
ond derivatives of free energy j′′(β) = −ǫ′(β) at βc. Finally, by varying the
external parameter f0, we can describe changes from different kinds of phase
transitions at some critical values of f0 and plot the corresponding phase
diagrams (f0, ǫ) and (f0, β) in microcanonical and canonical ensembles.

We emphasize that these general results are valid for the caloric curve β(ǫ)
where β is the inverse thermodynamical temperature, not the inverse kinetic
temperature. In particular, the thermodynamical specific heat cv = dǫ/dT
is always positive in the canonical ensemble while the kinetic specific heat
ckin = dǫ/dTkin can be positive or negative in the canonical ensemble. This
will be illustrated in sec. 4.5.

In the following sub-sections, we plot the series of equilibria β(ǫ) in seven
characteristic regions of the phase diagrams (Fig. 4.2 and 4.4) and describe
the corresponding phase transitions. The branches (S) correspond to fully
stable states, the branches (M) correspond to metastable states and the
branches (U) correspond to unstable states. At the end of each subsection,
we summarize the nature of phase transitions in the corresponding region
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Figure 4.6: Series of equilibria in Region 5 displaying microcanonical and
canonical second order phase transitions at ǫc and βc respectively.

by considering only fully stable states. We will find that the microcanonical
and canonical phase transitions are very similar. In fact, the ensembles differ
only in a very small range of parameters. Therefore, we will essentially focus
on the microcanonical ensemble and only mention the canonical ensemble in
case of ensembles inequivalence.

4.3.3 Region 5

In Figs. 4.6-4.8 we plot the series of equilibria in Region 5 corresponding to
f0 > (f0)c where (f0)c = 1/(2π

√
2) ≃ 0.11253954 (see Fig. 4.2). Specifically,

we consider f0 = 0.1130.
The homogeneous phase exists at any accessible energy. It is fully stable

for ǫ > ǫc and unstable for ǫ < ǫc. The inhomogeneous phase exists for
ǫ < ǫc. It has a higher entropy (see Fig. 4.7) than the homogeneous phase
and it is fully stable. Therefore, the microcanonical caloric curve displays
a second order phase transition between homogeneous and inhomogeneous
states marked by the discontinuity of β′(ǫ) at ǫ = ǫc. In the entropic curve of
Fig. 4.7, this corresponds to a discontinuity of the second derivative s′′(ǫ) =
β′(ǫ) at ǫ = ǫc. The magnetization passes from M = 0 for ǫ > ǫc to M 6= 0 for
ǫ < ǫc but remains continuous at the transition (see Fig. 4.8). The discussion
is similar in the canonical ensemble.

Region 5: (i) in the MCE, there exists a second order phase transition at
ǫc. (ii) In the CE, there exists a second order phase transition at βc. The
ensembles are equivalent.
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homogeneous phase becomes metastable.

4.3.4 Region 4

In Figs. 4.9-4.11 we plot the series of equilibria in Region 4 corresponding
to (f0)t < f0 < (f0)c where (f0)t ≃ 0.10965 and (f0)c ≃ 0.11253954 (see Fig.
4.2). Specifically, we consider f0 = 0.1110.

The homogeneous phase exists at any accessible energy. It is fully stable
for ǫ > ǫ

(1)
c , unstable for ǫ

(2)
c < ǫ < ǫ

(1)
c and metastable for ǫ < ǫ

(2)
c . A

first inhomogeneous phase exists for ǫ < ǫ
(1)
c . It has a higher entropy than

the homogeneous phase and it is fully stable (see Fig. 4.10). Therefore,
the microcanonical caloric curve displays a second order phase transition
between homogeneous and inhomogeneous states marked by the discontinuity
of s′′(ǫ) = β′(ǫ) at ǫ = ǫ

(1)
c . The magnetization passes from M = 0 for ǫ > ǫ

(1)
c

toM 6= 0 for ǫ < ǫ
(1)
c but remains continuous at the transition (see Fig. 4.11).

A second inhomogeneous phase exists for ǫ < ǫ
(2)
c . It appears precisely at

the energy ǫ
(2)
c at which the homogeneous phase becomes metastable. It has

a lower entropy s than the homogeneous phase and the first inhomogeneous
phase (see Fig. 4.10) and it is unstable. This branch is clearly visible on
the magnetization curve (see Fig. 4.11). The discussion is similar in the
canonical ensemble.

Region 4: (i) in the MCE, there exists a second order phase transition at

ǫ
(1)
c . (ii) In the CE, there exists a second order phase transition at β

(1)
c . The

ensembles are equivalent.
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Figure 4.10: Entropy versus energy in Region 4.
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4.3.5 Region 3-c

In Figs. 4.12-4.17, we plot the series of equilibria in Region 3-c corresponding
to (f0)2 < f0 < (f0)t where (f0)2 ≃ 0.109519 and (f0)t ≃ 0.10965 (see Fig.
4.3). Specifically, we consider f0 = 0.10963.

The homogeneous phase exists at any accessible energy. It is fully stable
for ǫ > ǫ

(1)
c , unstable for ǫ

(2)
c < ǫ < ǫ

(1)
c , metastable for ǫt < ǫ < ǫ

(2)
c and fully

stable for ǫ < ǫt. A first inhomogeneous phase exists for ǫ < ǫ
(1)
c . It is fully

stable for ǫt < ǫ < ǫ
(1)
c and metastable for ǫ < ǫt. Indeed, it has a higher

entropy than the homogeneous phase for ǫt < ǫ < ǫ
(1)
c and a lower entropy for

ǫ < ǫt. Therefore, the microcanonical caloric curve displays a second order
phase transition between homogeneous and inhomogeneous states marked by
the discontinuity of β′(ǫ) = s′′(ǫ) at ǫ = ǫ

(1)
c (see Fig. 4.13) and a first order

phase transition between homogeneous and inhomogeneous states marked by
the discontinuity of β(ǫ) = s′(ǫ) at ǫ = ǫt (see Fig. 4.15). The magnetization

of the fully stable branch passes from M = 0 to M 6= 0 at ǫ = ǫ
(1)
c but

remains continuous, and it passes from M 6= 0 to M = 0 at ǫ = ǫt by being
discontinuous (see Fig. 4.17). We note that the first order phase transition
is hardly visible on the caloric curve β(ǫ) whereas it is clearly visible on
the magnetization curve M(ǫ). A second inhomogeneous phase exists for

ǫ < ǫ
(2)
c . It appears precisely at the energy ǫ

(2)
c at which the homogeneous

phase becomes metastable. It has a lower entropy s than the homogeneous
phase and the first inhomogeneous phase and it is unstable. This branch is
clearly visible on the magnetization curve of Fig. 4.17. The discussion is
similar in the canonical ensemble.

Region 3-c: (i) In MCE, there exists a second order phase transition at

ǫ
(1)
c and a first order phase transition at ǫt. (ii) In CE, there exists a second

order phase transition at β
(1)
c and a first order phase transition at βt. For

0.595477 ≤ ǫ ≤ 0.595629, the ensembles are inequivalent (see Fig. 4.16).
However, this concerns a strikingly narrow range of energies.

4.3.6 Region 3-b

In Figs. 4.18-4.22, we plot the series of equilibria in Region 3-b corresponding
to (f0)1 < f0 < (f0)2 where (f0)1 ≃ 0.109497 and (f0)2 ≃ 0.109519 (see Fig.
4.3). Specifically, we consider f0 = 0.10950.

The homogeneous phase exists at any accessible energy. It is fully stable
for ǫ > ǫ

(1)
c , unstable for ǫ

(2)
c < ǫ < ǫ

(1)
c , metastable for ǫt < ǫ < ǫ

(2)
c and

fully stable for ǫ < ǫt. A first inhomogeneous phase exists for ǫ
(1)
m < ǫ < ǫ

(1)
c

and ǫ < ǫ
(2)
m (it does not exist between ǫ

(2)
m and ǫ

(1)
m ). It is fully stable for

ǫt < ǫ < ǫ
(1)
c and metastable for ǫ

(1)
m < ǫ < ǫt and for ǫ < ǫ

(2)
m . Therefore,
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Figure 4.18: Series of equilibria in Region 3-b near the point of second order
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the microcanonical caloric curve displays a second order phase transition be-
tween homogeneous and inhomogeneous states marked by the discontinuity
of β′(ǫ) = s′′(ǫ) at ǫ = ǫ

(1)
c and a first order phase transition between homoge-

neous and inhomogeneous states marked by the discontinuity of β(ǫ) = s′(ǫ)

at ǫ = ǫt. A second inhomogeneous phase exists for ǫ
(1)
m < ǫ < ǫ

(2)
c and

for ǫ < ǫ
(2)
m (it does not exist between ǫ

(2)
m and ǫ

(1)
m ). It appears precisely at

the energy ǫ
(2)
c at which the homogeneous phase becomes metastable. This

second inhomogeneous phase is always unstable. The first and second order
phase transitions are better visible on the magnetization curves of Figs. 4.21
and 4.22. The discussion is similar in the canonical ensemble.

Region 3-b: (i) In MCE, there exists a second order phase transition at

ǫ
(1)
c and a first order phase transition at ǫt. (ii) In CE, there exists a second

order phase transition at β
(1)
c and a first order phase transition at βt. As in

region 3-c, there exists a tiny region of ensembles inequivalence.

4.3.7 Region 3-a

In Figs. 4.23-4.25, we plot the series of equilibria in Region 3-a corresponding
to (f0)∗ < f0 < (f0)1 where (f0)∗ ≃ 0.10947 and (f0)1 ≃ 0.109497 (see Fig.
4.3). Specifically, we consider f0 = 0.109480.

The homogeneous phase exists at any accessible energy. It is fully stable
for ǫ > ǫ

(1)
c , unstable for ǫ

(2)
c < ǫ < ǫ

(1)
c , and fully stable for ǫ < ǫ

(2)
c . A

first inhomogeneous phase exists for ǫ
(2)
c < ǫ < ǫ

(1)
c and for ǫ < ǫ

(2)
m (it

does not exist for ǫ
(2)
m < ǫ < ǫ

(2)
c ). It is fully stable for ǫ

(2)
c < ǫ < ǫ

(1)
c and

metastable for ǫ < ǫ
(2)
m . Therefore, the microcanonical caloric curve displays

93



0.6054 0.6055 0.6056 0.6057 0.6058 0.6059

ε

125.2

125.6

126

126.4

126.8

127.2

�

M = 0

M = 0

M = 0

M ≠��

M ≠��

M ≠��

(U)

(S)

(U)

(M)

(M)

(S)

f
0
= 0.10950

First
order

ε
c

(2)

ε
t

ε
m

(1)

Figure 4.19: Series of equilibria in Region 3-b near the point of first order
phase transition. We also see the disappearance of the inhomogeneous phases
for ǫ < ǫ

(1)
m . In particular, the energy ǫ

(1)
m can be interpreted as a spinodal

point at which the inhomogeneous metastable branch disappears.

0.59 0.595 0.6 0.605

ε

ε
first

0.0.61

second

100

200

300

400

�

M = 0

M ≠��

M ≠��

(S)

(U)

(M)

f
0
= 0.10950

order

   m

(2)

order

Figure 4.20: Series of equilibria in Region 3-b. We see the re-appearance of
the inhomogeneous phases for ǫ < ǫ

(2)
m . The energy ǫ

(2)
m can also be interpreted

as a spinodal point.

94



0.59 0.6 0.61

ε

0

0.1

0.2

0.3

0.4

0.5

M

(S)

(S)

(M)

(U)

(U)

f
0
= 0.10950

First
order

ε
t

ε
c

(1)

ε
m

(2)

(S)

Second

 order

Figure 4.21: Magnetization versus energy in Region 3-b.

0.605 0.6055 0.606 0.6065 0.607

ε

0

0.02

0.04

0.06

0.08

0.1

0.12

M

(M)(S)

(S)

(M)

(U)

(U)

f
0
= 0.10950

First
order

ε
c

(2)

ε
m

(1)

ε
t

Figure 4.22: Enlargement of Fig. 4.21 in the region of first order phase
transition.

95



0.606 0.6065 0.607 0.6075 0.608 0.6085
ε

ε

110

115

120

125

130

�

Second

Second
order

order

f
0
= 0.109480

M = 0

M ≠ 0

M = 0

(U)

(S)

(S)

  c

(2)

M = 0

   (S)

0.609

ε
(1)  
c

Figure 4.23: Series of equilibria in Region 3-a. It displays two microcanonical
and canonical second order phase transitions at ǫ

(1)
c , ǫ

(2)
c and at β

(1)
c , β

(2)
c

respectively.

two second order phase transitions between homogeneous and inhomogeneous
states marked by the discontinuity of β′(ǫ) = s′′(ǫ) at ǫ = ǫ

(1)
c and ǫ = ǫ

(2)
c .

The magnetization of the fully stable branch passes from M = 0 to M 6= 0 at
ǫ = ǫ

(1)
c and from M 6= 0 to M = 0 at ǫ = ǫ

(2)
c , but remains continuous at the

transition (see Fig. 4.24). We note that the second order phase transitions
are hardly visible on the caloric curve β(ǫ) whereas they are clearly visible
on the magnetization curve M(ǫ). A second inhomogeneous phase exists

for ǫ < ǫ
(2)
m and it is unstable. The discussion is similar in the canonical

ensemble.
Region 3-a: (i) In MCE, there exists two second order phase transitions

at ǫ
(1)
c and ǫ

(2)
c ; (ii) in CE, there exists two second order phase transitions at

β
(1)
c and β

(2)
c . The ensembles are equivalent.

4.3.8 Region 2

In Figs. 4.26-4.28, we plot the series of equilibria in Region 2 corresponding
to (f0)m < f0 < (f0)∗ where (f0)m ≃ 0.1075 and (f0)∗ ≃ 0.10947 (see Fig.
4.2). Specifically, we consider f0 = 0.10900.

The homogeneous phase exists at any accessible energy and it is fully
stable. Therefore, the microcanonical caloric curve does not display any
phase transition and is made of homogeneous states. Two inhomogeneous
phases appear for ǫ < ǫm, one being metastable and the other unstable.
The metastable phase has a lower entropy than the homogeneous phase and
the unstable phase has a lower entropy than the metastable phase (see Fig.
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Figure 4.26: Series of equilibria in Region 2. There is no phase transition but
the sudden appearance of a metastable inhomogeneous branch, accompanied
by an unstable inhomogeneous branch, at ǫ = ǫm.

4.27). These different phases can also be seen on the magnetization (order
parameter) curve of Fig. 4.28. The discussion is similar in the canonical
ensemble.

Region 2: There is no phase transition and the ensembles are equivalent.

4.3.9 Region 1

In Figs. 4.29 and 4.30, we plot the series of equilibria in Region 1 corre-
sponding to f0 < (f0)m where (f0)m ≃ 0.1075 (see Fig. 4.2). Specifically, we
consider f0 = 0.10600.

The homogeneous phase exists at any accessible energy and it is fully
stable. There is no inhomogeneous phase. Therefore, the microcanonical
caloric curve does not display any phase transition and is made of homo-
geneous states (see Figs. 4.29 and 4.30). The discussion is similar in the
canonical ensemble.

Region 1: There is no phase transition and the ensembles are equivalent.

4.3.10 Discussion

Let us summarize the different results obtained in the previous analysis:
(i) Decreasing f0, the system successively exhibits one second order phase

transition (Regions 5 and 4), one second order and one first order phase
transition (Regions 3-c and 3-b), two second order phase transitions (Region
3-a), and no phase transition (Regions 2 and 1).
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Figure 4.27: Entropy versus energy in Region 2.
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(ii) There exists a tricritical point corresponding to the passage from a
first order phase transition to a second order phase transition. It is located
at ((f0)1, ǫ1, β1) ≃ (0.109497, 0.6059, 125).

(iii) The sudden appearance of two second order phase transitions at the
turning point ((f0)∗, ǫ∗, β∗) ≃ (0.10947, 0.608, 118) is sometimes called second
order azeotropy [148].

(iv) For (f0)∗ < f0 < (f0)c, there is a phenomenon of phase reentrance con-
cerning the homogeneous phase. As we reduce the energy, the homogeneous
phase is successively stable, unstable and stable (or metastable) again. This
phenomenon is basically due to the turning point of the energy curve ǫc(f0)
at f0 = (f0)∗. It is therefore associated with the second order azeotropy.

(v) For (f0)∗ < f0 < (f0)2, there is a phenomenon of phase reentrance
concerning the inhomogeneous phase. As we reduce the energy, the inho-
mogeneous phase is stable (or metastable), then it disappears, and it finally
reappears as a metastable state. This phenomenon is basically due to the
turning point of the energy curve ǫm(f0) at f0 = (f0)2. It is located at
((f0)2, ǫ2, β2) ≃ (0.109519, 0.603, 137).

(vi) The tricritical point ((f0)1, ǫ1) separating first and second order phase
transitions is located between the turning points of the ǫc(f0) and ǫm(f0)
curves.

(vii) In Regions 3-c and 3-b, there is a very small zone of ensembles
inequivalence associated with the first order phase transitions.

In conclusion, the out-of-equilibrium phase transitions of the HMF model
predicted by the Lynden-Bell theory lead to a rich and interesting phase
diagram. It is striking that everything happens in a very narrow range of
parameters (f0)m ≃ 0.1075 < f0 < (f0)c ≃ 0.11253954, although f0 can
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Figure 4.31: Magnetization value at QSS, M , versus energy for f0 = 0.1096.
Comparison between theory (continuous line) and simulations (dashed line).

For this f0, ǫmin = 0.5878, ǫt = 0.5955, ǫ
(2)
c = 0.6026 and ǫ

(1)
c = 0.6131. The

systems size is N = 106.

take in principle all positive values. A similar observation has been made
previously in other studies of phase transitions in systems with long-range
interactions [57, 149, 150, 122]. The branches corresponding to the different
phases are very close to each other in the series of equilibria β(ǫ) and in the
entropic curves s(ǫ). This shows in particular that all the phases have almost
the same entropy, even the unstable ones. However, the branches appear to
be well separated in the kinetic caloric curve βkin(ǫ) and in the magnetization
curve M(ǫ).

4.4 Numerical results

To assess the correctness of the above theoretical prediction about the ex-
istence of a phase re-entrance, we show direct numerical simulations of the
HMF model (4.1) for finite N . For that, it has been chosen f0 in the inter-
val (f0)∗ < f0 < (f0)c and ran simulations at different energies. Simulations
shown in this section have been performed using a fourth-order symplectic in-
tegration algorithm [89], and averaging the thermodynamic parameters over
the time window 40 < t < 140, and over 50 different realizations. Results,
for f0 = 0.1096, are shown in Fig. 4.31, where both the theoretical and
numerical values of magnetization at the QSS are plotted as a function of
energy.

Simulations (dashed line) confirm the existence of a regime of phase re-
entrance. However, the agreement with theory (continuous line) is mainly

101



0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.58 0.59 0.6 0.61 0.62 0.63 0.64 0.65

M

ε

Figure 4.32: Magnetization value at QSS, versus energy for f0 = 0.1100. For
this f0, ǫmin = 0.5872, ǫ

(2)
c = 0.5980 and ǫ

(1)
c = 0.6177. We plotted it for

different sizes of the system: the continuous line correspond to N = 106, the
dashed to N = 5 · 105 and the dotted to N = 105.

qualitative, as there is a systematic shift between the two curves, although the
magnetization value of the main bump is consistent with the one predicted
from Lynden-Bell’s approach. Moreover, simulations show the existence of
two zones of magnetization revival at both sides of the central magnetized
region. If we move at f0 = 0.1100 (Fig. 4.32), we find that one of the two
bumps has grown; this confirms that the structure of the phase diagram is
more complex than predicted by the theory, as we find the existence of ad-
ditional phase re-entrances. Simulations performed using different numbers
of particles show that the magnetization values of the central magnetized
region and of the two bumps do not depend on the system size. Instead, as
expected, the curve offset goes to zero when the system size is increased, see
Fig. 4.32.

We also compared theory and simulations for higher f0 (> (f0)c). As
shown in Fig. 4.33, here theoretical and numerical results are close. In
Fig. 4.34 we plotted our numerical results for a f0 lower than (f0)∗. For
f0 = 0.1085, close to the critical line ǫc(f0), we observe a magnetized phase
although Lynden-Bell’s approach predicts a non-magnetized phase. For lower
values of f0, homogeneous QSS are observed in agreement with the theoretical
prediction (data not shown).

To provide a complete picture of the whole phase diagram, we carried
out simulations on a grid in the (f0, ǫ) plane and plotted the numerically
obtained values of M in color scale, see Fig. 4.35. At first order, we observe
a fair agreement between theory and simulations. In particular, the predicted
re-entrant phase phenomenon is clearly observed. This can be considered as
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Figure 4.33: Magnetization value, M , versus energy for f0 = 0.1130 > (f0)c.
Comparison between theory (continuous line) and simulations (dotted line).
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Figure 4.34: Magnetization value, M , versus energy for f0 = 0.1085 < (f0)∗.
For f0 < (f0)∗, the Lynden-Bell approach predicts that the QSS should be
non-magnetized so there is a disagreement with theory when f0 is close to
the tricritical point.
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Figure 4.35: Stability diagram in the f0-ǫ space with numerically calculated
mean magnetizations. The dashed line is the stability curve. The theoretical
re-entrant phase is clearly visible as well as the second (unexpected) re-
entrant phase. In addition to this interesting new re-entrance phase, the
other main discrepancy is the persisting magnetized phase for low f0.

a success of the Lynden-Bell theory, considering also that these simulations
are done in a region of parameters very close to the tricritical point, where
equilibrium statistical mechanics predicts strong fluctuations, and that the
mean field results cease to be valid in its vicinity [151]. In the present case,
we are studying out-of-equilibrium phase transitions and it is not clear if
we can directly extend equilibrium results to that situation. Nevertheless,
it is not unreasonable to expect that the theoretical results may be altered
close to the critical line and this is indeed what we observe numerically.
Further away from the critical line (i.e. for larger or smaller values of f0),
is found a very good agreement with the Lynden-Bell prediction (see also
[130, 136, 152]). Simulations show also some unpredicted phenomenon, as
the additional phase re-entrance, for ǫ ≃ 0.605 (see also Fig. 4.32) and a
persisting magnetized phase for low f0 (also Fig. 4.34).

We also note that the region c of the phase diagram (Fig. 4.2) appears
to be non-magnetized. It corresponds therefore to a local Lynden-Bell en-
tropy maximum. This confirms our claim about the robustness of metastable
states. Note, however, that starting from different initial conditions (with
identical values of ǫ and f0), one could have found that the QSSs in this
region are magnetized. Indeed, in the metastability region, the selection be-
tween between local (metastable) or global (state) entropy maxima depends
on a complicated notion of basin of attraction. Now, we show that, in the
region of metastability (according to Lynden-Bell’s theory, so close to the
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Figure 4.36: Magnetization as a function of time for a system of N = 20000
particles at energy ǫ = 0.5901. The four curves are different realizations of
the same initial distribution with f0 = 0.1097. The initial condition is a
rectangular waterbag distribution.

regions c and b Fig. 4.2), the system displays the usual dynamical behavior
of systems in a metastable state: a “lethargic” evolution during which the
system is trapped in a given macrostate (metastable), followed by a sudden
jump in a different macrostate (fully stable). For the chosen parameters
(f0, ǫ) = (0.1097, 0.5901), the homogeneous phase is metastable and the in-
homogeneous phase is fully stable. Following the temporal evolution of the
magnetization (see Fig. 4.36), one first observes the spontaneous relaxation
of the system in the unmagnetized phase (metastable), followed by a sudden
jump in the magnetized state (fully stable).

Indeed different runs with the same initial distribution show that the jump
occurs at random times. This is in agreement with the ordinary behavior of
metastable states, where the time of the jump depends on the particular
“realization”. The average time at which the jump occurs depends on the
size of the system and increases with N (data not shown). This indicates
that “collisions” (finite N effects) play some role in the dynamics. This is
relatively unexpected since the regime that we are exploring corresponds to
the QSS regime where the Vlasov equation should be applicable. In all the
numerical simulations that we have run, the system spontaneously relaxes
towards the metastable state; it never directly reaches the fully stable state.
Our initial condition consists in a rectangular waterbag distribution which
has a very small initial magnetization M0 ≃ 0.01744 since the chosen energy
is close to the minimum energy state ǫmin(f0) ≃ 0.58766 which is a waterbag
distribution with vanishing magnetization. It is likely that this initial condi-
tion belongs to the basin of attraction of the homogeneous metastable state.
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It is possible that changing the initial condition (still with two levels and
with the same f0 and ǫ but no more waterbag) so as to increase the mag-
netization M0 may help the system to access directly to the inhomogeneous
(fully stable) state. On the other hand, on the other side of the first order
transition line (i.e. for smaller values of f0), the homogeneous state becomes
fully stable while the inhomogeneous state is metastable. In that case, start-
ing from a rectangular waterbag initial condition, the system relaxes towards
the homogeneous state (since it belongs to its basin of attraction) and stays
there during the whole QSS regime since it is now fully stable (numerical
simulations not shown). Additional numerical simulations are necessary to
get a more general picture of the QSS metastability for different values of the
control parameters (f0, ǫ) and different types of initial conditions. In equi-
librium statistcial mechanics, metastable states are found in the proximity
of a first-order phase transition which is indeed predicted by Lynden-Bell
theory. Here we show numerical results which give evidence of the fact that
this transition is of first order, while the one find at high ǫ is of second order.
We do it by plotting the probability histogram of M sampled with 300 dif-
ferent realizations. We show the results for two of the transitions occurring
in Fig. 4.32 (f0 = 0.1100). In Fig. 4.37, one can see that for the low energy
transition (at ǫ ≃ 0.5980), the distributions are characterized by a double
peak, which is a clear signature of a first-order phase transition. For the one
at high energy (ǫ ≃ 0.6230), see Fig. 4.38, the distributions are instead char-
acterized by a single peak, which validates the prediction of a second-order
phase transition. The two transitions at the boundaries of the smaller phase
re-entrance, occurring around ǫ ∼ 0.605, not predicted by the theory, are
found to be of first (at low energy) and second (at high energy) order (data
not shown).

Finally, we compare the analytical and numerical caloric curves T (ǫ) for
a given value of f0. In the simulations, the temperature has been calculated
from the usual expression

Tkin =
1

β kin

=< p2 >=

∫

dθ dp f̄(θ, p) p2 . (4.35)

We note that the “kinetic” temperature defined by Eq. (4.35) does not coin-
cide with the Lagrange multiplier β associated to the energy conservation in
the Lynden-Bell distribution (4.23). This is due to the non-Boltzmannian na-
ture of this distribution. Therefore, in order to make the comparison between
simulations and theory relevant, we have calculated the theoretical tempera-
ture from the mean square momentum (4.35) averaged with the Lynden-Bell
distribution given by Eq. (4.23). The results are reported in Fig. 4.39.
In continuity with the results of Fig. 4.31, the range of energies where the
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Figure 4.37: Probability distributions of M for different ǫ values at f0 =
0.1100. Here in (a) ǫ = 0.5970, in (b) ǫ = 0.5980, (c) ǫ = 0.5990, in (d)
ǫ = 0.6000.

Figure 4.38: Probability distributions of M for different ǫ values at f0 =
0.1100. Here in (a) ǫ = 0.6150, in (b) ǫ = 0.6190, (c) ǫ = 0.6230, in (d)
ǫ = 0.6270.
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Figure 4.39: Comparison between theoretical (continuous line) and numer-
ical (dashed line) caloric curves, for f0 = 0.1096. The region where 1/Tkin

increases with ǫ corresponds to the region of negative (kinetic) specific heat.

inhomogeneous phase appears is shifted with respect to the theoretical pre-
diction. As a further point, we also notice the presence of a region with
negative specific heat, both in the numerical and analytical curves. Surpris-
ingly, this phenomenon is here observed large region of the parameter space
and not just in the vicinity of the first-order phase transition.

4.5 Negative specific heat in the canonical

ensemble

In previous section we reported about the presence of negative specific heat in
a large region of the parameter space of the out-of-equilibrium microcanonical
HMF. On the other hand, it is a generally shared opinion that one can not
measure negative specific heat in a system in contact with a thermal bath.
Indeed in the canonical ensemble, the specific heat obtained from (1.19), is
always positive since the free-energy j is, according to what found in sec.
1.2, always a concave function of β.

Anyway such a result relies on the assumption that the thermodynamic
temperature 1/β, coincides with the kinetic temperature, Tkin, defined in
terms of the average of the system kinetic energy (per particle), but we
showed in sec. 1.1 that this is true only for classical systems at thermody-
namic equilibrium, where particles follow the Boltzmann-Gibbs statistics.

Here we demonstrate that negative specific heat in the statistical canoni-
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cal ensemble can be measured in non-Boltzmannian and/or out-of-equilibrium
systems. Moreover, the common opinion according to which measuring a neg-
ative specific heat (in the microcanonical ensemble) is to be considered as a
signature of ensemble inequivalence should be revised: we show that ensem-
ble equivalence may still hold when negative specific heat is measured (in
both ensembles).

To do it we start from the expression for the specific heat in the micro-
canonical ensemble:

∂2s

∂ǫ2
=

∂β

∂ǫ
=

∂β

∂T

1

cmic
v

, (4.36)

so:

cmic
v =

∂ǫ

∂T
=

1
(

∂2s

∂ǫ2

)(

∂T

∂β

) (4.37)

where T is either the thermodynamic (Tth = 1/β) or the kinetic (Tkin) system
temperature. Making use of the Legendre-Fenchel transform, the specific
heat can be also calculated in the canonical ensemble and expressed in terms
of the rescaled free energy:

ccanv =

(

− ∂2j

∂β2

)

(

∂T

∂β

) . (4.38)

As we have already showed, the sign of
(

cmic
v

)

th
depends on that of (∂2s/∂ǫ2):

for concave entropies (short-range systems), i.e. ∂2s/∂ǫ2 < 0,
(

cmic
v

)

th
> 0;

if the entropy has a “convex intruder”, i.e. ∂2s/∂ǫ2 > 0 in some energy
range,

(

cmic
v

)

th
< 0. The latter may be the case of long-range interacting

systems. In the canonical ensemble instead, (ccanv )th = − 1
T 2

th

(

∂2j
∂β2

)

, and since

j(β) is always concave, (ccanv )th is always positive. Consider now the kinetic
temperature (4.35), which is the one accessible in real experiments when the
system under scrutiny is out-of-equilibrium [95]. Eq. (4.35) furnishes the
link between Tkin and the thermodynamical temperature Tth = 1/β, since
the Lynden-Bell distribution f̄ depends on β. The results of Sec. 4.3.2
show that in a large region of the space of thermodynamic variables the
ensembles are equivalent. Eq. (4.35), gives a formal relation between the
kinetic temperature, Tkin, and the Lynden-Bell Lagrange multiplier β = 1/Tth

(inverse thermodynamic temperature).
Reconsidering now equations (4.37) and (4.38), with T = Tkin, one is led

to the surprising conclusion that the measured specific heat can be negative
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Figure 4.40: (a): Kinetic temperature, Tkin, as a function of the Lynden-Bell
Lagrange multiplier β, calculated for the initial condition f0 = 0.1096. (b):
Kinetic caloric curve, 1/Tkin vs. ǫ (continuous line), and thermodynamic
caloric curve, 1/Tth = β vs. ǫ (dotted line), calculated at f0 = 0.1096.

both in the microcanonical and in the canonical ensembles, no matter the
convexity of the entropy and of the free energy functions. In fact, in both
cases the sign of the specific heat also depends on that of the derivative of the
function Tkin = Tkin(β). The curve Tkin = Tkin(β) is shown in Fig. 4.40(a).
As it can be seen, one gets ∂Tkin/(∂β) > 0 and, thus negative kinetic specific
heat, (cv)kin < 0, in both ensembles, in the magnetized region. The change of
sign occurs in correspondence of phase transitions: from positive to negative
when the transition is second order (smaller β values), and vice-versa for a
first order one (larger β), where the curve displays a discontinuity. Note that
this behavior is fundamentally different from that displayed by Boltzmannian
long-range systems. Indeed, as already mentioned, in that case the change
from positive to negative (thermodynamical) specific heat may occur only
in correspondence of a first-order phase transition [57]. The presence of a
negative kinetic specific heat in the magnetized region can be also noticed
by looking at the kinetic caloric curve shown in Fig. 4.40(b) (continuous
line). The thermodynamic caloric curve (dotted line in Fig. 4.40(b)) is
instead characterized by a negative derivative over the whole energy range,
corresponding to (cv)th > 0 in both ensembles. It is worth stressing that the
occurrence of negative kinetic specific heat in the microcanonical ensemble
when the system is magnetized is confirmed by the results of direct N -body
simulations (Fig. 4.35).

As we anticipated, a further surprising result is that the presence of nega-
tive specific heat is associated to equivalent statistical ensembles. A clear in-
dication of ensemble equivalence can be obtained by inspection of the figures
plotted in sec. 4.3.2, showing a concave entropic curve, and of Fig. 4.40(a),
showing the occurrence of positive and negative canonical and microcanoni-
cal specific heats in the same interval of β values. The same indication can
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be drawn by the thermodynamical caloric curve shown in Fig. 4.40(b).
As we argued above, this conclusion does not contradict any fundamental

law of thermodynamics but ultimately originates from the non-Boltzmannian
features that are possibly associated to non-equilibrium, as well as equilib-
rium, dynamics. With reference to the case at hand, and for a specific window
of the parameter space that we traced back to magnetized QSS, the particles
gain in kinetic energy when an energy quota is passed from the system to the
heat reservoir. This surprising effect arises spontaneously and it is driven by
the inherent ability of the system to self-organize at the microscopic level.
The average particle velocity is enhanced at the detriment of the potential
energy, and this yields in turn to an increase of the experimentally measur-
able kinetic temperature. The opposite holds if the energy flows towards the
system: the particles cool down, while the potential contribution grows so as
to guarantee for the needed energy balance. This phenomenon, that we have
here demonstrated with reference to the HMF model, is in principle general
and can potentially extend to all those settings where non-Boltzmannian ef-
fects play a role. It is particularly attractive to speculate on the possibility
of realizing efficient thermal devices, working with a non-Boltzmannian fluid.
Can one improve over current implementation by exploiting the aforemen-
tioned tendency to concentrate the residual energy amount into a kinetic
quota that supports and enhances the particle motion? As a final comment,
let us emphasize that, by invoking the above mentioned analogy with the
HMF model, dedicated CARL experiments should allow for a direct verifi-
cation of the predictions here elaborated and so contribute to shed light on
the proposed scenario. This will be the topic of next section.
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Chapter 5

Experimental evidences of
Quasi-stationary states

5.1 Introduction

Long-range interactions have now been shown to be central in a wide range
of scientific contexts, however the possibilities of investigating the long-range
features via dedicated experiments are more restricted: Non-neutral plas-
mas [153], cold atom and wave-particle systems [40, 41, 42] are among the
most serious candidates. The purpose of this section is to investigate the
possibility of using existing set-ups based on the wave-particle interactions
to probe long-range features of the dynamics, in particular out-of-equilibrium
transitions.

The dynamical evolution of the Vlasov equation departs from that of a
system sampling the equilibrium microcanonical ensemble, giving rise to dif-
ferent predictions which reflect the out-of-equilibrium nature of the problem.
The application of the above predictive strategy to the study of the QSS
dynamics of respectively the HMF model [130], free-electron lasers [154] and
gravitational systems [155] has confirmed its adequacy.

The Lynden-Bell approach also brought some new insights into the HMF
phenomenology. For example, the abrupt change in the QSS magnetization
when smoothly tuning the initial state of the system was interpreted as an
out-of-equilibrium phase transition, which not only depends on the energy
of the system - as it happens at equilibrium - but also on the precise way
the system is prepared. This memory effect makes the QSS dynamics signif-
icantly richer than the equilibrium one. For example, as regards the HMF
model, we showed an out-of-equilibrium tricritical point, which does not exist
at equilibrium.
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The purpose of this section is to determine whether some of the QSS
features predicted for the HMF model can be observed in experiments run
for a dedicated class of devices. Motivated by this working hypothesis, we
shall turn to considering the wide field of wave-particle interaction and focus
in particular onto two different experiments, namely the Free-Electron Laser
(FEL) and the Collective Atomic Recoil Laser (CARL). In both cases the
dynamics reflects the long-range nature of the interaction, along the lines
depicted above with reference to the simplified HMF setting. Operating in
this framework, we will show that some features of the QSS dynamics, as
those previously outlined, may be observed in direct experiments. Moreover,
such properties though peculiar to the considered wave-particle dynamics,
bear some reminiscent traits of the HMF model, to which both FEL and
CARL are intimately connected. Eventually, the associated experimental set-
ups are briefly detailed, based on existing machines and current technology.

Section 5.2 is devoted to FELs. The aim of such devices is to produce
high-power short-wavelength light pulses by exploiting the radiation emitted
by ultra-relativistic electrons when passing through the static and periodic
magnetic field generated by an undulator. Starting from generic initial con-
ditions, the wave power grows to a maximum, and then starts oscillating,
keeping a lively exchange of energy with the particles, over times diverg-
ing with the number of particles, a characteristics of the QSS. As for the
case of HMF, the QSS of a FEL depends not only on the energy of the sys-
tem, but also on the details of its initial state. Thus, after presenting the
FERMI@Elettra FEL, we discuss how to manipulate the electron beam to
produce the sought different initial states. Finally, the dynamical transition
present in the system is described.

Section 5.3 is dedicated to discussing the Collective Atomic Recoil Laser
(CARL), an experiment where a probe wave is amplified thanks to a grating
of cold atoms (back)scattering photons of an incident pump laser beam. As
for the FEL, its dynamics is dominated by long-range effects in the one-
dimensional limit, an approximation which holds for the CARL experiment
based at the European Laboratory for Non-linear Spectroscopy (LENS). We
then focus on the conservative regime, when the dynamics formally reduces
to that of the FEL: The possibilities to observe for the CARL the QSS
phenomenology as depicted for the FEL is investigated. On the other hand,
when the wave amplification takes place in a cavity, a damping has to be
accommodated for: A formal link between this operational regime of CARL
and the HMF dynamics is drawn, as well as the experimental perspectives
to detect the associated out-of-equilibrium transitions.

Finally, in Section 5.4, we discuss the measurements that could be per-
formed for both CARL and FEL in order to unravel the imprint of QSS that
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Figure 5.1: Left: Electron phase-space in the QSS regime (at t̄ = 50). Right:
Normalized laser intensity versus normalized time t̄. Simulations performed
with N = 8000 particles, starting with a waterbag with b0 = 0, ∆p = 0.05,
and a negligible intensity I0 = 10−6.

indirectly materializes in the existence of distinct out-of-equilibrium regimes.

5.2 The Free-Electron Laser as a long-range

interacting system

FELs are powerful light sources able to deliver coherent pulses of photons
over a large and tunable wavelength range. To that aim, ultra-relativistic
electrons of energy γ are injected into the periodic magnetic field (of period
λw and deflection parameter K) produced by an undulator, where they start
to wiggle and emit synchrotron radiation around the following wavelength:

λ =
λw

2γ2

(

1 +K2
)

. (5.1)

The light produced by the electrons traps the electrons themselves, re-
sulting in a periodic modulation of the electrons’ density (see Fig.5.1) called
bunching: This bunching is the source of the coherent emission. Eventually,
under a resonant condition between the electrons and the wave, the strong
interplay between coherent emission and particle trapping inside the wave
potential leads to the nonlinear growth of the wave (see Fig.5.1) and to the
emission of a powerful light pulse. Due to the high energy of the electrons
(of order 1 GeV typically), the system can be in first approximation consid-
ered as one-dimensional, since the angle of the cone of light radiated goes as
the inverse of the electrons energy. As for the radiation, it can generally be

114



described by a mean-field wave, leading to the set of equations [156, 157]:

dqj
dt̄

= pj,
dpj
dt̄

= − (Aeiqj + A∗e−iqj) ,
dA
dt̄

= 1
N

∑

j e
−iqj + iδA.

(5.2)

where qj is the phase of electron j with respect to the ponderomotive po-
tential, pj its normalized energy, whereas A stands for the complex am-
plitude of the synchrotron radiation. The normalized variables are defined
as qj = (k + kw)zj − ω̄t − δt̄, with zj the position of particle j along the
propagation axis, pj = (γj − γ0)/ργ0, γ0 the average electron energy, k
and ω̄ the radiation wavenumber and frequency, δ = (γ0 − γR)/ργ0 the
detuning parameter and γR the resonant energy defined by Eq.(5.1). ρ =
(I/IA)

1/3(λwaw/2πσ)
2/3/2γ0 is the so-called Pierce parameter, aw =

√
2K,

I = ne2πσ
2ec the electron current, ne the electron density and IA = 17kA the

Alfven current. A corresponds to the normalized electric field of the wave,
according to A = E

√

ǫ0/(mc2γ0neǫ0ρ), while the rescaled time t̄ is given by
t̄ = 2kwρz, with z the position along the propagation axis.

Following the HMF approach, we focus on the waterbag initial conditions
(Sec. 4.3.1), since they are a good description of the electron bunch as a first
approximation [154]: the initial wave is initially of zero amplitude, while
the particles are bunched into an homogeneous rectangle in the (q, p) phase-
space, i.e. spread between −∆q and +∆q in phases, and between −∆p and
+∆p in momenta, where the initial bunching is the equivalent as the initial
magnetization M0 for the HMF. Experimentally, shaping the initial electron
bunch is part of the High Gain Harmonic Generation (HGHG) scheme [158],
where use is made of two distinct stages of interaction (see Fig. 5.2): In the
first undulator sections, called the “modulator”, electrons interact with an
external coherent light source, e.g., a high-power laser (called the “seed”).
Such an interaction induces the electron bunching at the seed wavelength,
λseed, and at the harmonics of the latter. In a second undulator section,
tuned at one of the seed harmonics wavelength and called the “radiator”,
electrons emit coherently. In general, the wave grows, first quadratically,
then exponentially, until it reaches a maximum and starts oscillating around
an average value Ī. As for the electrons, they bunch together, thus allowing
the coherent emission; the transfer of energy to the wave leads to a decrease in
the electrons energy, spoiling the resonant condition (5.1). The amplification
process stops when the particles are not any more in resonance with the
wave (saturation). Note however that when the energy spread ∆p is too
large (typically ∆p ≥ 1.5), the interplay between the wave and the electrons
will not even trigger, and the wave amplification will not happen.
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Figure 5.2: Schematic layout of the HGHG scheme: The electron beam is
synchronized with the seed laser, which creates an energy modulation in the
former inside the modulator. In the dispersive section, the energy modulation
is converted into a spatial one, called micro-bunching. In the radiator, the
micro-bunched electron beam emits coherently.

The FERMI@ELETTRA is a new FEL, presently under construction at
the Sincrotrone Trieste laboratory. It aims at producing GW optical pulses
in the 10−100nm range, thanks to the HGHG process: In this scheme, when
considering a jump from λseed in the modulator to its nth harmonic (λrad =
λmod/n, with n an integer) in the radiator,the bunching at the entrance of
the radiator, is given by [158]:

|bn| = | < einq > | = e−
1

2
n2σ2

γd
2

Jn(nd∆γ), (5.3)

where < · · · > is the average over the particles, Jn the n-th Bessel function
of the first kind, σγ the initial energy spread of the electron beam, and ∆γ
the “coherent” energy spread generated by the modulation (see [159] for
details, and Tab.5.1 for the FERMI parameters). Here, d is the strength of
the dispersive section, whose role is to convert the energy modulation into a
spatial one.

From now on, let us consider a HGHG configuration where the seed wave
is λmod = 200nm, associated to an harmonic jump of n = 2 (λrad = 100nm),
with electron injected at γ0 = 1760 into a z = 18.4m-long radiator (see
Tab.5.1 for the FERMI FEL parameters). Then, the maximum bunching is
reached when the Bessel function J2 is maximized, that is for nd∆γ ≈ 3.05,
and setting the n2σ2

γd
2 term close to zero. Thus, a dispersive section strength

of d = 0.63/(nσγ) leads to a decrease of 20% in |bn| for the exponential term,
and corresponds to a ∆γ ≈ 3.5σγ . The initial and coherent energy spreads

accumulating as σγ,tot =
√

σ2
γ + (∆γ)2/2, we get σγ,tot ≈ 0.12, whereas the

bunching factor created is |bn| ≈ 0.4.
As for the detuning, it is induced by shifting the resonant energy in the
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Table 5.1: Main parameters of FERMI modulator and radiator sections.

Section Lw K γ0 ρ λ σγ

Modulator 3m 1-5 1760-2940 ∼ 3.10−3 800-100nm 0.035
Radiator 13.8-18.4m 1-5 1760-2940 ∼ 3.10−3 100-20 nm 0.035-0.5

radiator from the average electron energy γ0, according to the relation:

δ =
γ0 − γR
ργ0

. (5.4)

The Ī > 0 saturated regime of the FEL was shown to be accurately
described by the Lynden-Bell approach [154]: The intensity and bunching
reached by the laser are in good agreement with those determined by the
maximization of entropy principle. It seems however not to apply to the
non-lasing regime, when the resonance between the wave and the electrons
is not satisfied anymore. A recent work [160] reported that regarding the
Lynden-Bell principle, two solutions of the maximization problem exist: the
one associated to a positive laser intensity is always entropically favored,
but the system dynamics can actually be trapped in the vicinity of a zero-
intensity solution, where the electrons stay unbunched.

This dynamical trapping exhibits striking similarities with the phase tran-
sition encountered in HMF. Indeed, when monitoring control parameters such
as the initial bunching b0 or the energy spread ∆p, a transition from a Ī > 0
regime to a Ī ≈ 0 one occurs, which can be sharp or smooth (see [160]). Let
us focus on the parameters b0 and detuning δ: Fig.5.3 shows how the Ī > 0
regime may abruptly end for b0 = 0.1 or values of the detuning δ = 2 (top
panels), whereas the transition to low-Ī regimes is smooth for b0 = 0.5 or
δ = 2.6 (bottom panels). It is worth noting that working at finite undulator
length does not modify substantially the transition characteristics (dashed
lines of Fig.5.3). The regions of parameters where each transition will oc-
cur is summarized in Fig.5.4 (left panel), where the diagram of saturated
intensity is depicted as a function of both parameters: It reveals that for
b0 below some bc ≈ 0.3, as well as for δ below δc ≈ 2.3 (top panels), the
transition is sharp, whereas beyond these values, it turns out to be smooth.
Thus, (bc, δc) represents the critical values of parameters beyond which the
transition from lasing to non-lasing turns into a smooth one: Although it
is in no way supported by an entropic approach as it was for HMF, it can
be seen as a dynamical version of the tricritical point present in the latter

117



1.8 1.9 2 2.1 2.2
0

0.5

1

1.5

2

2.5

δ

|A
|2

 

 

CARL [LENS]
FEL [FERMI]
QSS regime

b
0
=0.1

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

b
0

|A
|2

δ=2

2 2.5 3 3.5
0

0.5

1

1.5

2

2.5

δ

|A
|2

b
0
=0.5

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

b
0

|A
|2

 

 

δ=2.6

      × 3

Figure 5.3: Intensity radiated versus control parameter (δ on the left [at
fixed b0], and b0 on the right [at fixed δ]). The intensity for the FEL (dashed
lines) are simulated using the FERMI parameters (γ0 = 1760, λ = 100nm,
ρ = 4.35.10−3, z = 18.4m, σγ,tot = 0.12); for the CARL (plain lines), the
LENS parameters have been used (ρC = 1000, t = 1µs and energy spread
σp = 20~k). The saturated intensity Ī of the QSS regime (dotted lines) is
calculated as the average of the intensity between t = 50 and 100. Simula-
tions performed with N = 10000, and no initial wave. In the last picture,
the CARL curve is represented three times larger.

118



toy-model.

b
0

δ

0 0.2 0.4 0.6 0.8 1
1.8

2

2.2

2.4

2.6

2.8

3
wave−particle QSS regime

b
0

δ
0 0.2 0.4 0.6 0.8 1

1.8

2

2.2

2.4

2.6

2.8

3
FERMI  FEL

b
0

δ

0 0.2 0.4 0.6 0.8 1
1.8

2

2.2

2.4

2.6

2.8

3
LENS CARL

Figure 5.4: Intensity as a function of (b0, δ) in the QSS regime (left),
and at the exit of the FERMI@Elettra FEL (center) and CARL of LENS
(right). Bright areas correspond to high intensities, dark ones to low-intensity
regimes. The white lines represent the transition between the Ī > 0 regime
and the Ī ≈ 0 one, with a transition either sharp (plain line) or smooth
(dashed line). The white dot stands for the tricritical point (bc, δc), when the
transition in the intensity goes from sharp to smooth. Simulations performed
in the same conditions as Fig.5.3.

Regarding the possibilities to observe this peculiar phenomenology on the
FERMI@Elettra FEL, a similar phase diagram has been plotted on Fig.5.4
(middle panel), which accounts for the finite interaction length of the ma-
chine. It reveals that, despite the deep saturation may not be well established
within the undulator length available, the two areas where a sharp vs. smooth
transitions could be observed are quite well separated.

5.3 The Collective Atomic Recoil Laser

CARL consists of a collection of cold two-level atoms driven by a far-detuned
laser pump of frequency ω̄p which radiates at the frequency ω̄ ∼ ω̄p in the
direction opposite to the pump [161, 162]. In both the FEL and CARL sys-
tems the radiation process arises from a collective instability which originates
from a symmetry breaking in the spatial distribution, i.e. a self-bunching of
particles which group in regions smaller than the wavelength. In the limit in
which the radiation pressure due to the pump laser can be neglected (for in-
stance by largely detuning the pump frequency from the atomic resonance),

119



the CARL is described by the same dimensionless FEL equations (5.2)

dqj
dt̄

= pj (5.5)

dpj
dt̄

= −
(

Aeiqj + A∗e−iqj
)

(5.6)

dA

dt̄
=

1

N

N
∑

i=1

e−iqj + iδA− κA, (5.7)

however with the presence of a damping term −κA in the field equation,
accounting for radiation losses from a ring cavity surrounding the atoms.
Note that in this section, for the damping, will be used the variable κ to
avoid confusions with the energy γ. Although CARL and FELs evolve with
a similar dynamics, the dimensionless variables of the two systems, and con-
sequently also the typical timescales, are very different. In CARL, the phase
and the normalized momentum of the atoms j are qj = 2k(zj(t)−〈vz〉0t) and
pj = m(vzj(t) − 〈vz〉0)/(2~kρC) (where zj(t) and vzj(t) are the position and
velocity of the jth atom along the direction of the scattered field and 〈vz〉0
is the average initial velocity), whereas A stands for the normalized com-
plex amplitude of the radiation field, A = (ǫ0/~ω̄naρC)

1/2E0, where na is the
atomic density. The scaled time is t̄ = (8ω̄recρC)t, where ω̄rec = ~k2/2m is the
recoil frequency, δ = (ω̄−ω̄p−2k〈vz〉0)/(8ω̄recρC) is the pump-probe detuning,
κ = κc/(8ω̄recρC) is the scaled loss of a ring cavity with length Lcav, transmis-
sion T and κc = cT/Lcav, and finally ρC = (Γ/8)(cσ0na/∆

2ω̄2
rec)

1/3(I/Isat)
1/3,

where Γ is the natural decay rate if the excited state, σ0 = 3λ2/2π is the
scattering cross section, ∆ = ω̄0 − ω̄p is the pump-atom detuning, I is the
pump intensity and Isat = ~ω̄Γ/2σ2

0 is the saturation intensity.
There have been different experiments that have observed the CARL

effect in room temperature gases [163], cold atomic samples from Magneto-
Optical traps (MOT) [164, 165] or Bose-Einstein condensates (BEC) [166,
167, 168]. CARL experiments were performed either in high-finesse optical
cavities [164] or in free space [167], where the effect was originally interpreted
as Superradiant Rayleigh Scattering [166]. However, it has later been em-
phasized that these experiments in free space can be seen as a CARL process
in the superradiant regime [169, 170].

At LENS, the CARL experiment [171] is realized with a cigar-shaped BEC
of 87Rb produced in a Ioffe-Pritchard magnetic trap by means of RF-induced
evaporative cooling. After 2 ms of free expansion, when the magnetic trap
field is completely switched off and the atomic cloud still has an elongated
shape (at this time the radial and axial sizes of the condensate are typically
10 and 70 µm, respectively), a square pulse of light is applied along the z -

120



p
0

p  + 2 kÑ
0

pump beam scattered light

w,k ws,ks

BEC

matter wave grating

Figure 5.5: Schematics of superradiant light scattering from a Bose-Einstein
condensate. An elongated BEC is illuminated by a far off-resonant laser
beam (pump beam) with frequency ω̄ and wavevector ~k directed along its

axial direction. After backscattering of photons with ~ks ≃ −~k and the sub-
sequent recoil of atoms, a matter wave grating forms, due to the quantum
interference between the two momentum components of the wavefunction of
the condensate. The effect of this grating is to further scatter the incident
light in a self-amplifying process.

axis (see Fig.5.5). The size of the laser beams is larger than 0.5 mm, far
larger than the condensate free fall during the interaction with light. In
this geometry the CARL process causes the pump light to be backscattered
and the self-amplified matter-wave propagates in the same direction as the
incident light.

This experiment allows for a great flexibility in the preparation of the
initial state of the system: for example, it is possible to prepare the atoms
in an initially bunched state by imposing an electromagnetic standing wave
before the pump laser is activated. Regarding the momenta spread, it can
be varied by cooling only partially the atoms. Finally, a non-zero pump-
probe detuning δ can be induced by giving the atoms an initial momentum,
which can be up to 1000~k: Indeed to change the initial detuning of the
probe, one can either change the initial atomic momentum or change the
cavity frequency since conservation of energy imposes the frequency of the
backscattered photon [172].

Table 5.2: Main parameters of LENS CARL.
ω̄rec ρC t δ κ ∆p

5000Hz 100-1000 1µs-5ms -5 - 5 0.025-105 0.01-5

Equilibrium dynamical phase transitions were studied in the CARL con-
text under different hypotheses: For example, using a thermalization hypoth-
esis for the atoms, the CARL will reach equilibria where (equilibria) phase
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transitions can occur [173]. In the case where dissipation is counterbalanced
by a stochastic Langevin force [165], steady states can be identified, as well
as a phase transition analogous to the one that occurs in the Kuramoto
model [174], yet with a self-generated collective oscillation frequency for the
CARL. Both models were also connected when the strong friction is balanced
by diffusion [175], a regime for which steady states and phase transitions
were also predicted [176]. Yet, the equilibrium condition remains a condi-
tion which is hard to satisfy experimentally. In this context, the study of
the Quasi-Stationary regime, which are not N -body equilibrium regimes but
rather stationary states of the associated Vlasov dynamics, is all the more
relevant experimentally.

Let’s first consider the configuration where the CARL amplification is
realized inside a ring cavity: the pump and probe light fields are counter-
propagating modes of the ring cavity and the interaction time of the light
fields with the atoms can be enhanced by several orders of magnitude, which
supports the amplification. Consequently, most of the CARL experiments
carried out up to date employed ring cavities [164, 165, 168]. Furthermore,
in new experiments, especially in the microtrap-based ones, it appeared to be
very profitable to introduce a high finesse optical cavity inside the vacuum
system: Indeed, in this environment, Fabry-Perot cavities have already been
demonstrated to yield very high finesses [177].

Back to the dynamical equations (5.5 - 5.7), it is clear that if the dissipa-
tion term κ is small (κ ≪ 1), the CARL is governed by the same equations
as the FEL. In particular, when monitoring the initial bunching and the de-
tuning parameter, it should exhibit a dynamical transition similar to the one
described in Sec.5.2. Simulations realized for a good cavity (κ = 0.025) reveal
that the sharp/smooth transitions could indeed be observed in the relevant
range of parameters (see Fig.5.4).

On the other hand, the CARL experiment can be realized either without
cavity, or within a low-quality one: This is at the cost of a high damping of the
wave, modelled by the κ > 0 term in Eq.(5.7). In this case, if the dissipation
is large enough (κ ∼ 1), an adiabatic treatment of the wave dynamics can be
performed [169, 171], which corresponds to setting dA/dt = 0, which yields

A =
1

κ− iδ

1

N

∑

j

e−iqj . (5.8)

Plugging this expression into the particles equations of motion (5.6), we get
the following equation for the momentum of particle j (the equation for its
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position is unchanged):

ṗj =
2

δ2 + κ2

1

N

∑

m

(δ sin (qj − qm)− κ cos (qj − qm)) . (5.9)

If we now consider the extra limit where the detuning δ is large with respect
to κ (|δ| ≫ κ), Eq.(5.9) simply turns into

ṗj =
2

δ

1

N

∑

m

sin (qj − qm). (5.10)

Then, using the following normalization

q̃j = qj, p̃j = pj
√

|δ|/2,
t̃ = t̄

√

|δ|/2, H̃ = |δ|H/2,

the system can be mapped into the HMF model (4.1). Anew, ǫ = −sign(δ)
positive (negative) describes an (anti)ferromagnetic interaction. Numerical
simulations confirm that in the above mentioned limit, despite small differ-
ences in the dynamics, the CARL and HMF yield similar QSS regimes (see
Fig.5.6).
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Figure 5.6: Comparison between the dynamics of the CARL (plain lines)
and HMF (dashed lines) dynamics, in magnetized regime (left: b0 = 0, ∆p̃ =
0.1) and unmagnetized regime (right: b0 = 0.94, ∆p̃ = 1.5). Simulations
performed with N = 10000 particles; CARL parameters: κ = 1 and δ = −4.

This formally links the CARL dynamics to the HMF model, in either
its ferromagnetic or antiferromagnetic form, making in particular the bridge
between the rich phenomenology predicted for the HMF model and a possi-
ble experimental realization. For example, regarding the ferromagnetic case,
Fig.5.7 depicts the phase diagram of HMF in the (b0, ǫ) plane as predicted
by the Lynden-Bell prescription, and those obtained by direct N -body sim-
ulations of both the CARL dynamics and the HMF model. They reveal
an excellent agreement between the CARL phase diagram and its reduced
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counterpart, the HMF, as well as with the Lynden-Bell approach. Note
that the presence of fringes in the large ǫ part in the diagrams are due to
the short time considered: yet, although the QSS regime is not well estab-
lished, the transition line is already present and in good agreement with the
Lynden-Bell prescription. This allows to conclude on the presence of an out-
of-equilibrium phase transition in the CARL device, such as predicted for
the HMF model [136].
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Figure 5.7: Bunching factor as a function of the initial bunching and energy of
the system, as predicted by Lynden-Bell’s violent relaxation approach (left),
and by N -body simulations of the CARL (center) and HMF (right) dynamics
at finite length. The white line stands for the transition as predicted by
Lynden-Bell, of the first order type below Mc ≈ 0.17, and of the second
order kind above. N -body simulations realized with N = 10000 until t̄ = 40;
CARL simulations performed with κ = 0.5 and δ = −5. Note that the energy
ǫ here refers to the normalized energy ǫ = ∆p̃2/6 + (1− b20)/2.

5.4 On the possibility to observe the QSS sig-

nature

In this section, we investigated the out-of-equilibrium dynamics of two long-
range models which admit corresponding experimental implementations. We
shall now conclude the discussion by elaborating on the experimental pos-
sibilities to verify the correctness of the proposed picture and in particular
detect the predicted phase transitions.

As concerns the FEL, the particles phase-space is not experimentally ac-
cessible since the electrons have relativistic energies. However, by monitoring
the laser intensity it should be in principle possible to detect the transition,
as demonstrated in Sec. 5.2. Depending on the specific initial condition, ul-
timately characterized by an assigned electron bunching amount, the laser
can gain in potency or, alternatively, keep its off mode. Experimentwise, by
setting the initial bunching at either zero (no interaction in the modulator)

124



or high values (b0 ≈ 0.4), and tuning the electrons energy, one should in
principle observe either a sharp or a smooth transition, as indicated by the
simulations results. This is an interesting feature, indirect signature of the
QSS existence, which bears an intriguing similarity with the HMF behav-
ior. In this latter case, however, the presence of an out-of-equilibrium phase
transition of both first and second order types was demonstrated on solid
theoretical grounds. A similar theoretical justification is still lacking with
reference to the FEL model.

The CARL device, in the regime of small dissipation, is predicted to
exhibit a transition, similar to that displayed by the FEL. Again, and in
analogy with the above, we suggest that the presence of the transition could
be successfully evidenced by recording the radiated intensity, under different
experimental conditions. In addition, the CARL could also allow to access
direct information on the particles dynamics in phase space: First, the atoms
density can be recorded, and the presence of fringes used to quantify the de-
gree of bunching. Then, letting the atoms expand after the CARL process
ends, and recording their late positions, one can resolve the momentum dis-
tribution: Such a diagnostic would translate into an independent tool to
bring into evidence the transition between distinct dynamical regimes.

Finally, it is when operating the CARL device in the dissipative HMF-like
regime that the possibility to measure the phase-space structures could be
of paramount importance. The fringes, which means bunching, are in princi-
ple strongly correlated to the radiated power (see Eq.5.8). By accessing the
distribution of momenta one could eventually detect the two bumps that are
predicted to occur in presence of unbunched QSS, and which are believed
to correspond to counter-propagating clusters of particles. More generally,
and with reference to the ferromagnetic case we shall be interested in ac-
curately investigating the overall velocity profile whose characteristics have
been object of vigorous debates [178, 137].
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Conclusions

The thesis work focused on the investigation of the out-of-equilibrium behav-
ior of systems with different ranges of interaction. We showed that there is
a big difference between the behavior of systems where the thermodynamic
quantities are additive (short-range systems) and those where they are not
(long-range systems). As for short-range interacting systems (cap. 2) our
main contribution consisted in the numerical comparison between different
dynamics that can be used to simulate the system’s evolution. Using the
paradigmatic case of the ϕ4 model, we demonstrated that systems evolving
with Hamiltonian dynamics may show, at least for a short-time regime, a
behavior which is different from that in the canonical ensemble. This result
sheds some light into the long-lasting question of the equivalence of different
dynamics for the scaling laws in coarsening. It is worth stressing that our
work in this context was not limited to the study of a single model, but to
an entire class of models characterized by a different decay of the interaction
range. This allowed us to find an empirical law for the growth of the domains
size in the microcanonical ensemble, which is different from that expected
(and confirmed by several independent studies) for systems in the canonical
ensemble. In this respect, we can talk of a kind of “dynamical ensemble in-
equivalence”, occurring on a short temporal scale. However the behavior at
long (asymptotic) times remains an open problem. Our simulations do not
give clear results in this regime, since the systems feels strongly the finite-
size effects, which spoil the scaling and prevent a reliable calculation of the
law followed by domains’ growth. In order to investigate such an interesting
issue, we plan to run simulations on a more powerful computer cluster. This
will allow us to simulate a larger system, decreasing the effect of finite size,
and check the equivalence between different dynamics at longer times.

For what concerns long-range systems, we studied the paradigmatic class
of systems with mean-field interactions. In this context, we focused on the
Vlasov equation (cap. 3), which describes exactly the dynamics of infinite-
size mean-field systems, but which is also universally used as an approxi-
mation in the study of other long-range interacting systems. This equation
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is normally used for explaining the emergence of out-of-equilibrium Quasi
Stationary States, which are currently interpreted as stable solutions of the
Vlasov equation. Transforming the variables to action-angle ones, we studied
the stability of non-homogeneous equilibria of Vlasov systems subject to an
additional external potential. We obtained general results for the stability
threshold, as well as for the instability growth rate. Our analytical results,
which are in good agreement with numerical simulations, suggest the ex-
istence of a new class of inhomogeneous Quasi Stationary States. For the
latter, one could study, in future, the law of divergence of the lifetime with
the system size, and compare it with the well known behavior of other Quasi
Stationary States. Still in the domain of long-range interacting systems, in
chapter 4 we reviewed the Lynden-Bell theory, which allows to predict, in an
approximate way, the Quasi Stationary State reached after an initial violent
relaxation of the system dynamics. Then, we focused on the paradigmatic
example of the HMF model, a toy system for which Lynden-Bell theory works
relatively well. Our studies revealed the existence of new interesting regions
in the HMF out-of-equilibrium phase diagram. In particular, we gave evi-
dence to a phenomenon of phase re-entrances. We also addressed the problem
of the order of the transitions and of the metastability around the first order
transition, finding that numerical results confirm the whole phenomenology
predicted by the theory. However there are systems for which the Lynden-
Bell theory fails. This may be due to incomplete violent relaxation and to
the consequent trapping of the system in a stable steady state of the Vlasov
equation which is not the most mixed one (as postulated by the Lynden-
Bell theory). In this context, it would be interesting to extend the analysis
done in [179], where it has been investigated the Vlasov dynamical stability
of polytropic (or Tsallis) distributions, both to different initial conditions
(the latter being so far restricted to the fully magnetized case) and to other
non-Boltzmannian distributions. The non-Boltzmannian nature of out-of-
equilibrium long-range interacting systems is indeed a fundamental point in
our study. As shown in chapter 4, the non-Boltzmannian character of the
quasi-stationary single particle distribution is at the origin of the difference
between the thermodynamic temperature and the temperature defined from
the average kinetic energy. More specifically, we showed that the latter tem-
perature, which is the one that one knows how to measure experimentally,
has anomalous properties with respect to that defined for systems at equilib-
rium. Such a result gives rise to the unexpected presence of negative specific
heat in the canonical ensemble. In this context, the challenge will be to
check, and eventually exploit, this result in a real physical device. As shown
in chapter 5 the most suitable experimental setting for such a check is the
Collective Atomic Recoil Laser. This system, in the strong damping regime is
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described by dynamical equations that can be reduced to those of the HMF.
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S. Ruffo Phys. Rev. E., vol. 75, p. 011112, 2007.

[131] R. Bachelard, C. Chandre, D. Fanelli, X. Leoncini, and S. Ruffo Phys.
Rev. Lett., vol. 101, p. 260603, 2008.

136



[132] T. Konishi and K. Kaneko J. Phys. A, vol. 25, p. 6283, 1992.

[133] T. Dauxois, P. Holdsworth, and S. Ruffo Europhys. J. B, vol. 16, p. 659,
2000.
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