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Preface 

The main purpose of the present Ph.D thesis is to propose a procedure for the 

characterization of mineralogical phases under non-ambient conditions by exploiting the 

potentiality of the computational methods and of the Bader‟s topological analysis of the 

electron density. In particular, two important phase transitions which affect the 

geodynamics of the Earth's deep interior, namely the post-spinel and the Mg-perovskite to 

post-perovskite transitions, have been explored. 

Two issues have been addressed: the first is the construction of the equation of state at zero 

temperature of the involved mineralogical phases and the determination of the stability 

fields, while the second concerns the investigation of the evolution of the electron 

arrangement across the pressure induced phase transitions in terms of topology of the 

electron density. 

The thesis has been organized into seven chapters. The first one contains a brief overview 

of ab-initio computational methods and the Bader's theory. In addition a description of the 

most important features of the phases investigated is given. In the second chapter the  

prefixed objectives were described, while the third one contains all the computational 

details. The equation of state and the stability fields are discussed in Chapter 4, while in 

Chapter 5 and 6 the results of the topological analysis of the electron density are reported 

and interpreted in the light of the Catastrophe theory. 

Finally, the most important insights provided by all the studies are summarized in Chapter 

7. 
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Chapter 1 

Theoretical background 

The following paragraphs provide an overview of the ab-initio computational methods, 

their applications in the investigation of periodic systems and the Bader's theory of „Atoms 

in Molecules‟ (AIM). 

Moreover a section is dedicated to the description of the mineralogical phases under 

investigations, namely the ringwoodite and perovskite structures. 

1.1. Ab-initio quantum-mechanical methods 

 

Computational methods provide a convenient approach for the investigation of the 

minerals behavior under extreme conditions. In particular ab-initio quantum-mechanical 

methods revealed very useful in this field. 

A more detailed overview of the theory can be found in Pisani, 1996; Levine, 1999; 

Helgaker et al., 2000 and Evarestov, 2007. 

The aim of ab-initio computational methods is to calculate the chemical and physical 

properties of the investigated system without the need for empirical a-priori information. 

The approach is primarily based on the solutions of the Schrödinger's equation which for a 

static system can be written as: 

HΨ=EΨ                (1.1) 
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where H is the Hamilton operator, Ψ is the wave function, which, according to the 

quantum-mechanical principles, contain all the information required to describe a physical 

system, and E is the energy of the system. 

The Hamilton operator is commonly expressed as the sum of operators corresponding to 

the different energetic terms of the system: 

   


  










1 , , ,

222

1

2
2

2
2

2

1

2

1

2

1

2
ˆ

ki iji hkh hk

kh

ijik

k
n

i

ik

k r

e

r

e

r

e

m


      (1.2) 

where the first two terms correspond to the kinetic energy terms (for nuclei and electrons 

respectively) and the last three terms to the potential energy (electrons-nuclei, nuclei-

electrons and nuclei-nuclei respectively). 

In principle, a quantum-mechanical description of a molecular or periodic system should 

be provided for all the involved particles, that is for all electrons and nuclei. However the 

Born-Oppenhaimer approximation can be applied in order to separate the motion of the 

nuclei from the electron motion due to the large difference in mass between the electrons 

and nuclei. The potential energy surface (PES) is first determined, corresponding to the 

fundamental level of the electronic subsystem for each given nuclear configuration. 

The electronic Hamiltonian reduced to the sum of three terms, namely the kinetic energy of 

the electrons, the potential energy nuclei-electrons and the inter-electronic potential 

energy: 
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The electronic Schrödinger's equation can be exactly solved only for mono-electronic 

systems (H, He
+
, Li

2+
 …), while for the multi-electronic systems the introduction of 

approximations are required. 

http://en.wikipedia.org/wiki/Hermitian_operators
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A very useful approximation method is known as the variational method. The underlying 

theorem of the method is the Ritz theorem, which states that the expectation value of the 

Hamiltonian, computed with any trial wave function, is always higher or equal than the 

energy of the ground state. 

This is the basis of much of quantum chemistry, including Hartree-Fock theory and density 

functional theory which have been applied in the present work. 

1.1.1. The Hartree-Fock method 

 

The basic idea of Hartree-Fock theory is that, if the electrons would not interact with each 

other, then the Hamiltonian would be separable, and the total electronic wavefunction 

describing the motions of N electrons would just be the product of N hydrogen atom 

wavefunctions: 

Ψ(r1, r2,…., rN) = φ1(r1)φ2(r2)….φN(rN)                       (1.4) 

which is known as a Hartree Product. 

While this functional form is fairly convenient, it does not include the condition that the 

electrons, being fermions, have to satisfy the antisymmetry principle, which states that a 

wavefunction should be antisymmetric with respect to the interchange of any set of space-

spin coordinates. By space-spin coordinates, we mean the product of a spatial function χ 

and a spin function σ = α or β. 

The antisymmetry principle can be satisfied by using a wavefunction expressed in the form 

of a single Slater-determinant of Nel spin orbitals, where Nel is the number of electrons in 

the system: 
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The better approximate wavefunctions can be obtained by applying the variational theorem 

to the wavefunction expressed as a Slater-determinant. In particular the spatial function χ, 

which represent the molecular orbitals, can be expressed as a linear combination of a set of 

given basis functions (so-called “atomic orbital" basis functions, usually atom-centered 

Gaussian type functions): 

χi = Σciθi                                                (1.6) 

and it is possible to obtain the better χi by minimizing the energy as a function of the 

coefficients ci  

Using equation (1.6) as a trial solution, an approximate form of the Schrödinger's equation, 

called Hartree-Fock equations, can be used: 

Fiχi= εiχi                                                             (1.7) 

where εi is the energy eigenvalue associated with orbital χi and Fi is the Fock operator 

defined as: 

 
j
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The first term in square brackets in eq.8 is a one-electron term, which can be expressed as: 
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The second term gives the Coulomb interaction of an electron in spin orbital χi with the 

average charge distribution of the other electrons and is called the Coulomb term, defined 

as: 


 1
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221 )()( rxdxxJ jj                                         (1.10) 

The last term in brackets in eq. (7) is harder to explain and does not have a simple classical 

analog. It arises from the antisymmetry requirement of the wavefunction. It looks much 

like the Coulomb term, except that it switches or exchanges spin orbitals χi and χj  and is 

called  exchange term. 

The expression of this term is: 
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Note that the solutions of equations (8) depend on the orbitals, hence it is necessary to 

guess some initial orbitals and then refine the guesses iteratively. For this reason, Hartree-

Fock is called a self-consistent-field (SCF) approach. 

The HF method is quite accurate in predicting the most important features of molecules 

and solids, and often gives accurate electron densities. However, binding energies are 

always severely underestimated. The difference between the energy calculated on the basis 

of the HF method and the exact energy of the system is called the correlation energy. 

Alternative methods including the electron correlation energy are based on the density 

functional theory. 
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1.1.2. Density functional theory (DFT) 

 

The key point of DFT is that it is not necessary to calculate the very complicated complete 

electronic wavefunction  for a full description of the system, but it is sufficient the 

knowledge of the electron density, ρ(r), a simple function of three spatial coordinates. 

Hohenberg and Kohn (Hohenberg and Kohn, 1964) formulated two theorems which are the 

basis of the DFT method: 

1) The electron density determines (within an additive constant) the external potential, 

i.e. the potential due to the nuclei and therefore determines the total energy and the 

wavefunction.  

All physical measurable quantities based on the electron density are unique 

functional of the electronic ground state density alone :  

E = E[ρ]                 (1.12) 

2)  The total energy of a system is variational with respect to the electron density 

which means that the correct ρ(r) provides the minimum possible energy for the 

ground state. The total electronic energy can be written as: 

     E[ρ] = Ekin[ρ] + Ee-n[ρ] + Ee-e[ρ] + EXC[ρ]             (1.13) 

where Ekin[ρ] is the kinetic energy, Ee-n[ρ] and Ee-e[ρ] are the potential energy 

(electrons-nuclei and electrons-electrons respectively) and EXC[ρ] is the so-called 

exchange-correlation energy, which represent the classical electrostatic energy of 

interaction between an electron and its exchange-correlation hole ρXC(r,r'). If a 

reference electron is located at the point r, the exchange-correlation hole shows 

how much the probability of finding another electron at the point r' is decreased. 
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The accuracy of DFT calculations largely depends on the appropriateness of the 

approximations made for the calculation of the EXC term. 

The first approximation used was the Local Density Approximation (LDA), either in 

exchange-only form or with inclusion of correlation effects. The LDA is based upon the 

theory of the homogeneous electron gas. For this simple system the exchange energy and 

potential are known exactly, and accurate approximations for the correlation parts are 

known from analytical parameterizations. The approximation is that a system can locally 

be described as an electron gas with a density equal to the local density of the system. This 

assumption seems reliable in systems with slowly varying densities (such as certain 

metals), but not in molecules where the density changes rapidly. 

Another approximations are the Generalized Gradient Approximations (GGAs) that are 

based upon the theory of the (weakly) inhomogeneous electron gas and take the gradient of 

the density in addition to the density itself. Very good accuracy is reached for many 

systems and properties with the GGAs, although cases are known in which also these 

GGAs give qualitatively incorrect results, because the description of some effects requires 

an ultra-nonlocal density dependence in the functionals, for which a gradient expansion is 

insufficient. GGA allow a much improved accuracy in the results for energies and 

geometries. 

The major problem with DFT is that the exact functionals for exchange and correlation are 

not known and only an approximate expression of these terms can obtained. Bearing in 

mind that the exchange term is exactly calculated at HF level, better results can be  

obtained by expressing the exchange part of the energy by including a component of the 

exact exchange energy calculated from Hartree-Fock theory. Functionals of this type are 

known as hybrid functionals. A hybrid exchange-correlation functional is usually 

constructed as a linear combination of the Hartree-Fock exact exchange functional and any 

http://en.wikipedia.org/wiki/Hartree-Fock
http://en.wikipedia.org/wiki/Hybrid_functional
http://en.wikipedia.org/wiki/Linear_combination
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number of exchange and correlation explicit density functionals. The parameters 

determining the weight of each individual functional are typically specified by fitting the 

functional's predictions to experimental or accurately calculated thermochemical data. One 

of the most commonly used versions is B3LYP, which stands for Becke, 3-parameter, Lee-

Yang-Parr. 

 

 

1.1.3. Application to periodic systems 

 

The Hartree-Fock and DFT methods have been designed for molecular systems, but they 

can be easily applied to periodic systems. In this case, instead of calculating the 

wavefunction for all electrons in the crystal in the real space, it is possible to consider only 

the number of electrons within one unit cell, but the Kohn-Sham equations still must be 

solved for each k-point. 

If we assume that electrons can move in the crystal periodic potential it is clear that their 

wave functions must show the potential periodicity. 

It is clear that the “potential periodicity” means that if we transfer an electron from a point 

r to a point r + R, it will “feel” the same physical environment and the same selfconsistent 

potential: 

V (r + R) =V (r)                                                    (1.14) 

According to the Bloch theorem, each crystal orbital in the field of such a periodic 

potential , is a product of a periodic function and a plane wave: 

Ψk(r)=uk(r)e
ikr                                                  

(1.15)
 

where uk is a periodic function which has to satisfy the condition: 

uk(r + R)=uk(r)                                (1.16) 
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The Bloch function has therefore the following property: 

)()( reRr k

ikR

k                                          (1.17) 

It is easy to demonstrate  that adding a reciprocal lattice vector: 

,...2,1,0;332211  ihbhbhbh                                   (1.18) 

where  bi is a basic vector of the reciprocal lattice1, to the wave vector k of a Bloch 

function gives the following result: 

)()()( rerr k

iKR

kKk                          (1.19) 

This means that the states with k and k + K are equivalent physically. This in turn means 

that all physically different vectors k are contained in a limited area of the reciprocal lattice 

vector space. 

This limited space is called the first Brillouin zone or simply the Brillouin zone. The first 

Brillouin zone contains all the smallest non-equivalent wave vectors. These wave vectors 

fulfill the condition: 

)3,2,1(;  ikai                                                                              (1.20) 

where ai is the basic vector of the crystal lattice. 

1.1.4. The CRYSTAL software 

 

CRYSTAL is a commercially available quantum mechanical electronic structure package 

which is able to perform ab initio calculations of the ground state energy, electronic wave 

function and properties of periodic systems, with periodic boundary conditions in 1, 2 or 3 

dimensions (polymers, slabs and crystals). The software was jointly developed by the 

Theoretical Chemistry Group at the University of Torino and the Computational Materials 

Science Group at CCLRC Daresbury Laboratory (UK). 

http://www.ch.unito.it/ifm/teorica/
http://www.cse.clrc.ac.uk/cmg/
http://www.cse.clrc.ac.uk/cmg/
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The CRYSTAL package performs the computation of the electronic structure using either 

Hartree-Fock or Density Functional theory. 

 In each case the fundamental approximation made is the expansion of the single particle 

wave functions (‟Crystalline Orbital‟, CO) as a linear combination of Bloch functions (BF) 

defined in terms of local functions (hereafter indicated as ‟Atomic Orbitals‟, AOs). 

The local functions are, in turn, linear combinations of Gaussian type functions (GTF) 

whose exponents and coefficients are defined by input. Functions of symmetry s, p, d and f 

can be used Also available are sp shells (s and p shells, sharing the same set of exponents). 

1.2.Bader analysis 

 

In this section we would briefly summarize some basic concepts and definitions of the 

topological analysis of the electron density by pointing out the connections between the 

topological features of the electron density distribution, the structural stability of a 

molecular system and the breaking/formation of chemical bonds. A more detailed 

overview of the theory can be found in Merli et al. (2011). 

The topological analysis of the electron density ρ(r), based upon the theory of atoms in 

molecules (AIM) developed by Bader (1991) analyzes the curvature of ρ(r) at the so-called 

critical points (CPs) i.e. points denoted by the position vector rc where the gradient field 

ρ(r) × n(r) = 0, where ρ(r) is the gradient vector of ρ(r) and n(r) is the unit vector 

normal to surface. 

The critical points are characterized by the values of the three eigenvalues (λ1,λ2,λ3) of the 

Hessian matrix of ρ(r) evaluated at the CP coordinates. The CPs are denoted as (ω,σ) 

according to their rank, ω, which is the number of nonzero eigenvalues (or curvatures), and 

their signature, σ, which is the algebraic sum of the signs of the eigenvalues. With 

relatively few exceptions, the rank of CPs in an equilibrium geometry is equal to 3, since 
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the CP with ω < 3 (degenerate critical points) are unstable and indicate an incipient change 

in the topology of the electron density. There are four types of stable CPs depending of the 

signature values: (3,-3), (3,+3), (3,-1), (3,+1). A (3,-3) critical point is a maximum in ρ(r) 

which means that the charge density decreases for motion in any direction away from this 

point. For all atoms but hydrogen it can coincide with the position of a nucleus. A (3,+3) 

critical point is a minimum and the charge density increases for motion in any direction 

away from the point. This point is found when several rings form a cage and it is therefore 

called a “cage” critical point (CCP). As for the (3,-1) critical point, ρ(r) is a maximum in 

the plane defined by the eigenvectors associated to the negative eigenvalues and a 

minimum along the third axis, perpendicular to this plane. This point is located between 

two neighbouring atoms defining a bond between them, and it is therefore called bond 

critical point (BCP). As for the (3,+1) critical point, the electron density is a minimum in 

the plane defined by the eigenvectors associated to the positive eigenvalues and a 

maximum along the third axis, perpendicular to this plane. This point has to be found in the 

middle of several bonds forming a ring. It is also called a ring critical point (RCP). 

At this point it is important to point out that the mechanism of making and breaking of 

chemical bonds is closely related with changes in the morphology of a molecular charge 

distribution. In particular, according with the Palis-Smale’s theorem, (Palis & Smale 1970) 

two different mechanism of structural instability, both illustrated in terms of the behavior 

of the molecular charge distribution, exists. The first mechanism consists in the formation 

of a degenerate critical point, or singularity, in the electronic charge distribution and is 

called bifurcation catastrophe, while the second corresponds to the creation of an unstable 

intersection of the stable and unstable submanifolds of two neighboring critical points, and 

is called conflict catastrophe. 



13 

 

It should be recalled that, the stable and the unstable manifolds of the CP at rc  are defined 

to be the manifolds generated by the eigenvectors of the Hessian matrix of r at rc 

associated with the negative and positive eigenvalues respectively. 

In the light of these definition, the stable and the unstable manifolds of a bond critical point 

are the interatomic surface and the bond path, while, for a ring critical point, the ring axes 

and the ring surfaces respectively. As a simple example of transversal and non-transversal 

intersections we can consider the intersection between the stable manifold of a BCP 

(surface) and the instable manifold of a RCP (curve). When the curve intersect the surface 

at some finite number of points we can say that the intersection is transversal and a small 

change in their relative positions will not affect the intersection. On the contrary, if the 

curve is tangent to the plane (i.e. if the angle between the curve and the plane is close to 

0°) the intersection is called non-transversal and a small change in their positions will 

result in a drastic change. 

1.3.Ringwoodite structure 

 

Ringwoodite (γ-Mg2SiO4) is the high pressure stable olivine polymorph, with the spinel 

structure. The spinel structure is based on a nearly ideal cubic close-packed array of 

oxygen atoms with tetrahedral (T) and octahedral (M) cavities. One eighth of tetrahedral 

(T) and one half of octahedral (M) sites filled respectively by Si and Mg cations. 

Ringwoodite is in the isometric crystal system and has space group Fd 3 m. 
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Figure 1.1. γ-Mg2SiO4 Ringwoodite structure (SpaceGroup Fd 3 m) with octahedrally coordinated Mg 

atoms and tetrahedrally coordinated Si atoms. 

Ringwoodite is thought to be the most abundant mineral the lower part of the mantel‟s 

transition zone (520-660 km depth), which implies that its structural, elastic and 

thermodynamic properties should affect those of the mantel at this depth. 

1.4.Perovskite structure 

 

The perovskite structure, so called for the CaTiO3 perovskite mineral, is the structure of 

many compounds with the general formula ABX3. A and B are two cations of very 

different sizes, and X is an anion that bonds to both. The A atoms are larger than the B 

atoms. 

The ideal structure is cubic with a BO6 octahedron at each corner forming a cube around 

the A atom at the centre. 

http://en.wikipedia.org/wiki/Cation
http://en.wikipedia.org/wiki/Anion


15 

 

 

Figure 1.2. Ideal cubic stucture of perovskite where the B atoms form a cube around the A atom at the 

centre. 

 

The interest in the perovskite structure in mineralogy and geodynamics is due to the fact  

that a perovskite of composition around MgSiO3 is likely the most abundant phase in the 

Earth‟s lower mantle. This means that the most common mineral in the Earth has the 

perovkite structure. 

We studied the MgSiO3 perovskite which structure is composed of an octahedrally 

coordinated Si atom and a Mg atom in a irregular 8-coordination. The structure would 

ideally be cubic if the divalent cation were large enough, but the mineral is orthorhombic. 

The modification of this structure consists in tilting of alternate SiO6 octahedra in opposite 

sense. 
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Figure 1.3. MgSiO3-perovskite structure (SpaceGroup Pbnm) with octahedrally coordinated Si atoms and 

Mg atoms in 8-coordination. 

 

The perovskite structure of MgSiO3 is only stable at very high pressures but has been 

shown to exist experimentally in apparatus capable of simulating mantle conditions. 
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Chapter 2 

Aims and objectives of the study 

Mg2SiO4 ringwoodite (γ-spinel phase, space group mFd 3 ) is thought  to be the most 

abundant mineral in the lower part of the mantle transition zone (520–660 km depth) 

(Irifune & Ringwood 1987; Ringwood & Major 1970; Ita & Stixrude 1992), which implies 

that its structural, elastic and  thermodynamic properties should affect those of the mantle 

at this depth. 

According to the most reliable geophysical models, its dissociation into MgO periclase 

(space group mFm3 ) and MgSiO3 perovskite (space group Pbnm ), often referred to as 

post-spinel transformation, is believed to be responsible for the 660-km discontinuity that 

defines the boundary between transition zone and lower mantle (Dziewonski & Anderson 

1981; Ringwood 1991; Poirier 1991; Zhao & Anderson 1994; Navrotsky 1994), and would 

seem to have significant implications for mantle convection processes (Ringwood 1982; 

Ringwood 1994; Christensen & Yuen 1985; Fukao et al. 1992; Tackley et al. 1993; Van 

der Hilst 1995). Figure 2.1 shows the approximate volumetric constitution of the mantle. 
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Figure 2.1. The approximate volumetric constitution of the mantle (Frost 2008). 

 

For many petrologists, geophysicist and geodynamicists, the post spinel phase transition is 

considered, together with the substantial lack of deep earthquakes beyond the 700 km 

depth, as the main evidence supporting the hypothesis of a two-convection layers in the 

mantle : the transition zone of the mantle would constitute, in this case, a physical barrier 

to penetration of the slabs below 660 km. However, not all the scientists agree with this 

theory, and the debate within the scientific community is still open. In this context, the 
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total lack of direct observations of the interior of the earth greatly hampers the 

understanding of the mechanisms influencing the deep geodynamics. 

Although the post-spinel transition has been investigated in several works (Irifune et al. 

1998; Chudinovskikh & Boehler 2001; Shim et al. 2001, Katsura et al. 2003), the total lack 

of direct observations of the interior of the Earth greatly hampered the understanding of the 

mechanisms of the processes influencing the deep geodynamics. Only in the last years, the 

development of sophisticated experimental techniques rendered feasible the experimental 

approach to the problem. 

The high pressure behavior of natural and synthetic ringwoodite has been studied 

(Chopelas et al. 1994; Liu et al. 1994; Meng 1994; Kleppe et al. 2002; Liu et al 2002; Zerr 

et al. 1993; Kleppe et al. 2002b; Koch-Müller et al. 2011) by means of Raman 

spectroscopy and X-ray diffraction, Brillouin spectroscopy, IR absorption and ultrasonic 

methods. 

However, in the laboratory experiments some results are extremely difficult to obtain 

either because of the extreme P–T condition or for the very slow reaction kinetics. In this 

context, it is worth to say that the post-spinel transition is kinetically hindered and requires 

high temperatures to overcome the high activation energy (Kubo et al. 2002; Yamazaki et 

al. 1996; Kubo et al. 2009). From recent measurements, the phase boundary pressure 

between ringwoodite and perovskite was found to be ~22-24GPa in the pressure range 

1500-2100 K (Chudinovskikh & Boehler 2001, Katsura et.al. 2003, Shim et al. 2001), 

while any experimental trial to induce the decomposition process by compressing the 

ringwoodite phase at room temperature fails resulting in the achievement of a metastable 

ringwoodite phase (Chopelas et al. 1994; Liu et al. 1994, Meng 1994; Kleppe et al. 2002; 

Liu et al. 2002; Zerr et al. 1993). The experimental research can be conveniently integrated 

by computational methods which allow, not only to explore the extreme conditions that 
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cannot be realized in a laboratory, but also to rule out the experimental problems relating to 

the slow kinetics. 

On the other hand it has to be taken into account that the experimental results are 

influenced by several factors such water content, impurities and structural disorder, that 

cannot be easily controlled and whose effects cannot be separated. 

On the contrary, the computational approach allows to characterize the system uniquely in 

terms of the completely anhydrous and totally ordered pure end-member of γ-Mg2SiO4, 

and to consider only the effect of the pressure in the phase transition. 

In the light of all these considerations, we decided to undertake the present computational 

study aimed at obtaining a comprehensive picture of the post-spinel phase transition and an 

internally consistent set of references to compare with the various experiments. To 

accomplish this goal the hydrostatic compression of the ringwoodite has been investigated 

by means of first principle calculations. The equation of state at zero temperature has been 

constructed and the stability fields have been determined based on the computed enthalpy. 

Moreover, aiming at obtaining a deep insight into the nature of the phase transition, the 

evolution of the electron arrangement in the ringwoodite crystal-structure across the 

pressure induced phase transition has been investigated in terms of topology of the electron 

density and a topological approach based on the Catastrophe Theory in the framework of 

the Bader's theory of „Atoms in Molecules‟ (AIM) has been proposed for the first time. 

In a second step, in order to test the reliability of the proposed procedure in the 

characterization of the structural stability of mineralogical phases, the Bader‟s topological 

analysis has been performed on the Mg-perovskite structure. The interest in the structural 

stability of this phase comes from the consideration that the Mg-perovskite is assumed to 

be the dominant component of the Earth‟s lower mantle (~ 75%vol, Oganov and Price, 

2005) and the transition to the so-called post-perovskite phase can explain  the 
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discontinuity in seismic velocities observed above the core–mantle boundary (the D'' 

discontinuity). Owing to the importance of its contribution to the geophysical properties of 

the Earth, the structural and elastic behavior of MgSiO3 perovskite have been thoroughly 

investigated by several authors (e.g. Hama and Suito, 2001 and Deshamps and Trampert, 

2004). 

Although quite a large amount of data on the perovskite so far exists, its behavior at the 

extreme conditions of the Earth mantle is still lacking information. This is mainly due to 

the technical difficulties related to the experimental setup. 

As already stated, at extreme conditions, where the experiments lose its accuracy, 

computational approach can be very helpful in complementing these studies. 
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Chapter 3 

Computational details 

The calculations have been performed by means of the ab-initio CRYSTAL09 program 

(Dovesi et al. 2009) at the HF/DFT level, using Hamiltonians based on the Becke-LYP 

scheme ( Becke 1993) containing hybrid Hartree–Fock/density-functional exchange-

correlation terms, which employs the Becke GGA exchange term (Becke 1988) mixed with 

the exact non-local HF exchange and the Lee–Yang–Parr (Lee et al. 1988) GGA 

correlation term.  The equation which describes the  Becke-LYP scheme is (Stephens et al, 

2004): 

EXC
BLYP 

= (1-a)EX
LSDA 

+ aEX
HF

 +bEX
B88

+ cEC
LYP

+(1-c) EC
VWN                                                           

(3.1) 

 

where
 

EX
HF

 is the Hartree-Fock exchange term, EX
LSDA

 is the local Spin-Density 

Approximation (LSDA) exchange term,  EX
B88 

is the Generalized Gradient Approximation 

(GGA) exchange correction due to the Becke (1988), EC
LYP 

 and EC
VWN 

are respectively the 

Lee-Yang_Parr and Vosko-Wilk-Nusair LSDA correlation terms, while a, b and c  are 

empirical parameters found to optimize the functional performance. 

As for the ringwoodite and periclase phases the classical B3LYP (Becke 1993) exchange-

correlation functional was employed, while for the perovskite structure, the Becke-LYP 

scheme with a 25% of HF exchange was adopted. 

The Becke-LYP scheme is one of the most popular Hamiltonian and has been successfully 

applied to several cases concerning the compression of minerals. 

Another effective Hamiltonian, WC1LYP (Wu and Coen, 2006), has been recently 

formulated and seems to provide a more accurate estimation of elastic properties and 
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vibrational frequencies (Demichelis et al., 2010; Prencipe et al., 2010;Ungureanu et al., 

2010). 

In the Wu-Cohen GGA approximation EX
WC

 for the exchange term is adopted and the 

original form of Lee-Yang-Parr correlation is used: 

EXC
WC1LYP 

= 0.84EX
WC 

+ 0.16EX
HF

 +EC
LYP                                                             

(3.2)
 

The functional contains 16% of the exact Hartree-Fock term.   

In the present work, as for the perovskite case, the WC1LYP Hamiltonian has been also 

applied and the obtained results have been compared with those obtained with the Becke-

LYP approximation.  

For all structures, the adopted choices yielded equilibrium geometry close to the 

experimental one measured at room temperature. 

It is worth to say that, as already observed for the Pbca enstatite- Pbcn protoenstatite phase 

transition (Merli et al. 2011), the use of different Hamiltonians does not affect significantly 

the main features of the topology of the electron densities. The local functions (basis sets) 

to construct the crystalline orbitals were chosen as a Gaussian-type. In particular, the basis 

sets 8-511d1G (Valenzano 2006), 88-31G* (Nada 1996) and 8-411 (Towler 1994) have 

been used for Mg, Si and O, respectively. The coefficients of the outer valence functions 

have been reoptimized. The following default values have been used for the tolerances 

related to the evaluation of Coulomb and exchange series appearing in the SCF equation: 

10
-6

 for coulomb overlap tolerance, 10
-6 

for coulomb penetration tolerance, 10
-6

 for 

exchange overlap tolerance, 10
-6

 for exchange pseudo-overlap in the direct space, and 10
-12

 

for exchange pseudo overlap in the reciprocal space (Saunders et al. 2003). SCF 

convergence was controlled by using a threshold of 10
-7

 a.u. The default-pruned (55,434) p 

grid for the calculation of the integrals was chosen. The reciprocal space has been sampled 

according to a regular sublattice with a shrinking factor IS equal to 6 corresponding to 16 
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k-points in the sampling of the irreducible Brillouin zone (Dovesi et al. 2009). To address 

the compression mechanism, calculations have been performed at different unit cell 

volumes (corresponding to different pressures). The FIXINDEX option, which ensure the 

same set of one-electron and two-electron integrals for slightly different volumes, has been 

used to reduce the numerical noise when the lattice parameters is changed. The internal 

coordinates have been optimized at each unit cell volume by using the CVOLOPT 

keyword which keeps the volume constant. Convergence in the geometry optimization 

process has been tested on the root-mean-square (RMS) and the absolute value of the 

largest component of both the gradients and nuclear displacements. The thresholds for the 

maximum and the RMS forces (the maximum and the RMS atomic displacements) have 

been set to 0.00045 and 0.00030 a.u. and those for the maximum and the RMS atomic 

displacements to 0.00180 and 0.00120 a.u.. Geometry optimization has been terminated 

when all four conditions were simultaneously satisfied and restarted. The FINALRUN 

option has been used in order to restart the optimization, keeping the integrals 

classification based on the new geometry, until full stable optimization is achieved. To 

address the compression mechanism, calculations have been performed at different unit 

cell volumes and the energies obtained as function of the volumes have been fitted  by 

means of  the Birch-Murnaghan equation. 

At each cell volume, the topological analysis of the calculated electron density (Bader 

1994) has been performed by means of the TOPOND 98 program (Gatti 1999) and 

TOPOND09 (Gatti, private communication). Since TOPOND98 reads the wave function as 

written by CRYSTAL 98, when it has been used, wave functions have been recalculated 

with this previous version of the CRYSTAL program. 
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Chapter 4 

Results and discussion:Equation of state 

As already stated, in order to characterize the pressure-induced phase transitions 

(Ringwoodite →Mg-perovskite + periclase and Mg-perovskite → post-perovskite), the 

evolution of the electron arrangement in the ringwoodite and perovskite crystal structures 

at the different cell volumes has been investigated in terms of the topology of the electron 

density. The compression process has been thus simulated by performing calculations at 

different unit cell volumes (corresponding to different pressures). It is worth to recall that 

the volume was kept constant at each simulation run by using the keyword CVOLOPT. 

As for the ringwoodite and periclase structures an isotropic compression of the cubic unit-

cells has been reasonably assumed, and therefore only the positional coordinates of the 

atoms were optimized. On the contrary, in the case of the orthorhombic perovskite 

structure, the lattice parameters were also optimized. The results of these optimizations, 

obtained by applying both the Becke-LYP and the WC1LYP Hamiltonians are reported in 

Table 4.1. 
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Volume (Å
3
) a (Å) b (Å) c (Å) 

120.06 4.2614 4.5334 6.2146 

121.03 4.2763 4.5417 6.2316 

122.43 4.2968 4.5550 6.2553 

126.18 4.3525 4.5887 6.3177 

130.06 4.4070 4.6239 6.3824 

134.70 4.4696 4.6665 6.4582 

139.89 4.5355 4.7134 6.5435 

143.92 4.5844 4.7500 6.6092 

145.92 4.6072 4.7674 6.6435 

147.92 4.6295 4.7852 6.6771 

149.92 4.6523 4.8030 6.7094 

151.92 4.6742 4.8210 6.7417 

154.92 4.7061 4.8481 6.7902 

156.92 4.7269 4.8660 6.8223 

159.92 4.7576 4.8929 6.8700 

162.42 4.7827 4.9151 6.9093 

164.57 4.8051 4.9348 6.9404 

 

Table 4.1. Lattice parameters obtained from the optimization of the perovskite structure a the difefrent 
cell volumes by applying the Becke-LYP Hamiltonian 
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Volume (Å
3
) a (Å) b (Å) c (Å) 

115.04 4.1811 4.4873 6.1317 

116.01 4.1953 4.4971 6.1490 

117.03 4.2107 4.5067 6.1671 

117.97 4.2254 4.5152 6.1835 

119.02 4.2415 4.5249 6.2015 

120.06 4.2570 4.5345 6.2195 

121.02 4.2717 4.5432 6.2361 

122.43 4.2917 4.5564 6.2608 

125.02 4.3294 4.5802 6.3048 

128.02 4.3718 4.6073 6.3557 

130.06 4.3996 4.6263 6.3898 

133.98 4.4522 4.6622 6.4546 

138.03 4.5045 4.6994 6.5208 

141.99 4.5537 4.7355 6.5847 

146.00 4.6019 4.7719 6.6483 

150.01 4.6482 4.8078 6.7126 

152.04 4.6707 4.8262 6.7446 

155.00 4.7041 4.8527 6.7901 

156.38 4.7184 4.8655 6.8119 

157.99 4.7364 4.8798 6.8357 

159.92 4.7560 4.8967 6.8668 

162.53 4.7835 4.9194 6.9067 

164.95 4.8082 4.9404 6.9440 

 

Table 4.2. Lattice parameters obtained from the optimization of the perovskite structure a the different 
cell volumes by applying the WC1LYP Hamiltonian 

 

 

From the data reported in Tables 4.1 and 4.2 it can be observed that the two functional give 

very similar results. In fact, when the Becke-Lyp functional is employed the optimization 

of the more compressed structures revealed unfeasible. 

The anisotropy of the system is evidenced by the relative diminution of the lattice 

parameters on decreasing the cell volume (see Figure 4.1 and 4.2). 
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Figure 4.1 Relative lattices parameters obtained from the optimization of the perovskite 
structure at the different cell volumes by applying the WC1LYP Hamiltonian 
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Figure 4.2 Relative lattices parameters obtained from the optimization of the perovskite 

structure at the different cell volumes by applying the WC1LYP Hamiltonian 

 

Perusal of the figures indicates that the b axes is the less compressible one. 

The E(V) data obtained for each of the three structures (reported in Figure 4.3) have been 

used to determine the correct value of pressure associated with each cell volume, by 

constructing the corresponding equations of state. 
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Figure 4.3. Equation of state for (A) ringwoodite, (B) periclase e (C) perovskite structures obtained from 

interpolation of the 3
rd

-order Birch-Murnhagan equation of state. 

 

 

The E(V) data obtained for each of the three structures have been fitted by means of 

different equations of state, namely the Murnhagan , the second-order Birch-Murnhagan, 

the third-order Birch-Murnaghan equation, and the Vinet equation of state (see Table 4.3). 
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Table 4.3. List of the equations of state applied in the present work 

 

The obtained values of V0 (volume at minimum energy), K0 (zero-pressure bulk modulus) 

and K' (pressure derivative of K at P=0) are reported in Table 4.4. 
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V0 K0            K' References 

(Å
3
) (GPa)     (10

-3
GPaK

-1
)  

Ringwoodite 

529.3 200.2        3.4 This study (Murnhagan EoS, B3LYP)  

 

 

530.8 190.7         - This study(2nd order Birch- Murnhagan EoS ,B3LYP) 

 

 

530.1 196.4        3.8 This study (3rd  order Birch- Murnhagan EoS, B3LYP) 

 

 

530.2 195.0        3.9 This study (Vinet EoS, B3LYP) 

 

 

530.9    196.4         4.3 Ottonello et al. (2009)(calculated, static) 

531.7 193.3        4.3 Ottonello et al. (2009) (calculated, 298.15 K) 

539.1   176.0      - Piekarz et al. (2002) (calculated, static) 

527.5 184.6  4.5 Yu and Wentzcovitch (2006) (calculated, 300K) 

523.9 190.3 4.1  (Kiefer et a., 1999) (experimental, extrapolated at zero 

temperature) 

526.7 182.0 4.2 Meng et al. (1994) (experimental, 300K) 

 

 

 

 

 

 

524.8 182 4.6 Katsura et al. (2004) (experimental, 300K) 

 
- 185 - Jackson et al. (2000) (experimental, 300K) 

Mg-Perovskite    

164.6 265.7 3.4 This study (Murnhagan EoS, WC1LYP) 

165.2 247.6 - This study(2nd order Birch- Murnhagan EoS, WC1LYP) 

164.9 254.5 3.9 This study (3rd  order Birch- Murnhagan EoS, WC1LYP) 

 

 

165.0 248.9 4.2 This study (Vinet EoS, WC1LYP) 

 

 

164.5 262.9 3.4 This study (Murnhagan EoS, Becke-LYP) 

165.0 247.8 - This study (2nd order Birch- Murnhagan EoS, Becke-LYP) 

 
164.8 252.5 3.9 This study (3rd  order Birch- Murnhagan EoS, Becke-LYP) 

 
164.7 255.4 3.8 This study (4th order  Birch-Murnhagan EoS, Becke-LYP) 

 
164.9 247.2 4.2 This study (Vinet EoS,  Becke-LYP) 

165.0 240.6 4.6 This study (3rd  order Natural Strain EoS, Becke-LYP) 

164.7 255.1 3.8 This study (4th order Natural Strain EoS, Becke-LYP) 

162.4 267 4.1 Oganov et al. (2001), (calculated, static) 

162.5 257 4.0 Karki et al. (1997), (calculated, static) 

163.35 259.82 4.06 Oganov et al. (2004) (calculated, static, LDA) 

167.42 230.05 4.14 Oganov et al. (2004) (calculated, static, GGA) 

162.5 264.0 3.8 Li-Wei et al. (2006)(experimental, extrapolated at zero 

temperature) 

162.5 264.0  - Yeganeh-Haeri et a.l (1994) (experimental, 300K) 

162.3 261.0 4.0 Shim et al. (2000) (experimental, 300K) , Funamori et al.(1996) 

 

 

 

162.3 259.5 3.69 Oganov et al. (2004) (experimental, 300K)) 

162.40 250 - Sinogeikin et. al (2004) (experimental, 300K) 

162.39 256 3.8 Katsura et al. (2009) (experimental, 300K) 

Periclase    

75.6 

 

168.2        3.7 This study (Murnhagan EoS, B3LYP)  

 

 

75.6 166.7 - This study(2nd order  Murnhagan EoS, B3LYP) 

 

 

75.6 

 

163.8        4.1 This study (3rd  order  Murnhagan EoS, B3LYP) 

 

 

75.7 161.3      4.3 This study (Vinet EoS, B3LYP) 

 

 

76.59 150.8 4.0 Oganov et al. (2003)(calculated, static) 

 
74.6 160 4.0 Li-Wei et al. (2006)(experimental, extrapolated at zero 

temperature) 
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74.7 159.9 4.1 Dewaele et al. (2000)(experimental, 298K) 

74.71 160.9 4.3 Kono et al. (2010) (experimental, 300K) 

 

 

Table 4.4. Equation of State parameters (volume at minimum energy, V0, zero-pressure bulk 
modulus K0 and pressure derivative of K at P=0, K') of ringwoodite, periclase and Mg-perovskite 
obtained in the present study compared with previous theory and experimental studies. 

 

 

The fitting parameters reported in Table 4.4 are in good accordance with those obtained 

from previous computational and experimental studies. 

The pressure values corresponding to each volume have been determined by introducing 

the fitting parameters in the corresponding P(V) equations (Table 4.5). 
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Table 4.5. List of the P(V) equations of state applied in the present work 
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In the following figure the equations of state for the three investigated structures are 

reported. For the sake of clarity only the curve fitting obtained from the application of the 

3
rd

 order Birch-Murnhagan  equation is showed. 

Note that, since it is well known that the perovskite phase is stable at the very high 

pressure values typical of the Earth‟s lower mantle, for this mineralogical phase the 

pressure range investigated is wider than in the other two cases. 
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Figure 4.4. Equations of states for (A) ringwoodite, (B) periclase and (C) Mg-perovskite obtained from 

interpolation of the 3-order Birch-Murnnaghan equation of state. 
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Perusal of figure 4.4 indicates that the relationship obtained applying the two functional is 

very similar even though the WC1LYP functional allows us to span an higher pressure 

range (up to 182 GPa) than the Becke-LYP (up to 150 GPa). The construction of the 

equations of state allowed us not only to identify the pressure value where the Cps is 

observed to change, but also to determine the most stable structure on the basis of the 

computed enthalpies (H). 

In a second step, aiming at obtaining the volume, energy and enthalpy values 

corresponding to the same pressure values for all the three investigated phases, the 

following procedure has been applied: 

 

1. Eq. 2 has been numerically solved and the volumes corresponding to the desired 

pressure values have been determined in the range 0-100 GPa. 

2. The obtained volumes have been introduced in Eq.1 in order to determine the 

energy values corresponding to the desired pressure values. 

3. The product PV has been added to the calculated energy in order to determine the 

enthalpy values, which have been used to determine the most stable structure at 

finite pressure and T = 0 K. 

 

Figure 4.5 shows the theoretical enthalpies of the ringwoodite phase and that of the sum of 

MgO and Mg-perovskite plotted against pressure. 
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Figure 4.5.  Calculated enthalpies per formula unit of ringwoodite (solid line) and of the assembly MgO + 

MgSiO3 (dashed line) versus pressure 

 

 

Perusal of the figure clearly indicates that the energy differences involved in the reaction 

are quite small and that, at zero-temperature, ringwoodite phase transforms in Mg-

perovskite and MgO at ~38 GPa. As already mentioned, the phase boundary pressure 

between ringwoodite and perovskite was found to be ~21-24 GPa at 1550-2100 K 

(Chudinovskikh & Boehler 2001, Katsura et.al. 2003, Shim et al. 2001). The higher value 

of pressure transition obtained from our calculation can be explained in the light of a 

negative Clapeyron slope (Katsura et.al. 2003; Deuss 2006; Fei et al. 2004), which implies 

an increase of the transition pressure on decreasing the temperature. Moreover it has to be 

noted that, as already mentioned, the PT point obtained from the present study refers to the 

completely anhydrous and totally ordered pure -Mg2SiO4, Mg-perovskite and periclase, 
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while the experimentally determined PT points at higher temperature refers to  samples 

where water, impurities or structural disorder also contribute to the localization of the 

phase boundary by promoting the phase transitions and decreasing the transition pressure 

(Katsura et.al. 2003). 
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Chapter 5 

Result and discussion: Topological analysis of the 

ringwoodite electron density 

The Bader topological analysis applied to the electron density of the ringwoodite, for 

pressure values ranging from 0 to ~33 GPa, revealed the presence of 8 different critical 

points, while, at higher pressure values, the appearance of two more critical points, namely 

a bond and a ring critical point, has been observed. 

It is worth to say that the Eulero‟s rule (Bader 1992) is satisfied in the whole pressure 

range investigated. 

The complete list of CPs are reported in Table 5.1 for two different cell volumes 

(corresponding to pressures of 7.3 GPa and  45.7 GPa) while in Fig.5.1 and Fig.5.2 the 

ringwoodite structures with the related bond and ring critical points are depicted. Note the 

presence of two more critical point (BCP4 and RCP4) in the structure corresponding to the 

higher pressure ( Fig.5.2). 
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 P=7.3 GPa P=45.7GPa  

CP’s x(au) y(au) z(au) ρ(au) 
2
ρ(au) x(au) y(au) z(au) ρ(au) 

2
ρ(au) 

BCP1 0.175 0.175 0.175 0.137 0.615 0.175 0.175 0.175 0.154 0.817 

BCP2 0.248 0.248 0.389 0.043 0.280 0.249 0.249 0.389 0.055 0.394 

BCP3 0.375 0.245 0.375 0.016 0.051 0.375 0.247 0.375 0.021 0.071 

RCP1 0.079 0.175 0.334 0.011 0.043 0.076 0.175 0.333 0.014 0.057 

RCP3 0.363 0.245 0.387 0.016 0.052 0.358 0.247 0.391 0.021 0.076 

CCP1 0.000 0.000 0.000 0.006 0.026 0.000 0.000 0.000 0.008 0.033 

CCP2 0.375 0.375 0.375 0.007 0.029 0.375 0.375 0.375 0.010 0.041 

CCP3 0.125 0.125 0.378 0.009 0.036 0.125 0.125 0.377 0.011 0.048 

 

 

 

BCP4 - - - - - 0.250 0.138 0.388 0.022 0.082 

 RCP4 - - - - - 0.250 0.141 0.391 0.022 0.084 

 

Table 5.1.  Fractional Coordinates (x, y, z) , electron density (ρ) and  Laplacian of the electron density 

(2ρ) of the critical points for the ringwoodite structure corresponding to two different pressure values. 

 

 

 

Figure 5.1  Projection onto the (201) plane of the structure of ringwoodite at P=7.3 GPa with the related 

bond and ring critical points. The inset is the enlargement of the selected rectangle. 
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Figure 5.2  Projection onto the (201) plane of the structure of ringwoodite at P=45.7 GPa with the related 

bond and ring critical points. The inset is the enlargement of the selected rectangle. 

 

 

In order to obtain more information about the chemical bonds, some topological properties 

related to the BCPs, namely the electron density, ρ(r), the Laplacian of the electron 

density, 2
ρ(r), the eigenvalues λi‟s and the ellipticity ε (defined ε = |λ1|/|λ2|-1) have been 

investigated. In Table 3 these data are reported for eight different values of pressure. 
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The trends of the topological variables as a function of the pressure are consistent with 

those observed by Prencipe & Nestola (2007) in the case of the beryl: as the atomic 

distances decrease due to the pressure load, the electron density ρ(r), the Laplacian of the 

electron density, 2
ρ(r), and the |λi| values increase. It has been proposed (Prencipe & 

Nestola 2007) that the increase of ρ(r) with the pressure is a consequence of the BCP 

getting closer to the nucleus, where ρ(r) has a maximum, as the bond distance is reduced. 
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  ρ ρ λ1 λ2 λ3 ε 

P/Gpa BCP1 (Si-O) 

0.2 0.135 0.593 -0.248 -0.248 1.091 0.00 

7.3 0.137 0.615 -0.254 -0.254 1.123 0.00 

16.3 0.141 0.664 -0.266 -0.266 1.197 0.00 

27.9 0.146 0.726 -0.281 -0.281 1.29 0.00 

32.6 0.149 0.751 -0.288 -0.288 1.327 0.00 

35 0.15 0.771 -0.293 -0.293 1.356 0.00 

45.7 0.154 0.817 -0.304 -0.304 1.425 0.00 

50.1 0.156 0.838 -0.309 -0.309 1.460 0.00 

 BCP2 (Mg-O) 

0.2 0.041 0.266 -0.060 -0.059 0.385 0.01 

7.3 0.043 0.28 -0.063 -0.062 0.405 0.01 

16.3 0.046 0.309 -0.069 -0.068 0.446 0.01 

27.9 0.05 0.344 -0.077 -0.076 0.497 0.01 

32.6 0.051 0.358 -0.080 -0.079 0.516 0.01 

35 0.052 0.368 -0.082 -0.081 0.531 0.01 

45.7 0.055 0.394 -0.088 -0.087 0.568 0.01 

50.1 0.056 0.405 -0.090 -0.089 0.585 0.01 

 BCP3 (O-O) 

0.2 0.0160 0.0480 -0.0121 -0.0008 0.0612 14.8 

7.3 0.0163 0.0510 -0.0125 -0.0010 0.0645 11.3 

16.3 0.0176 0.0560 -0.0137 -0.0016 0.0716 7.4 

27.9 0.0191 0.0624 -0.0152 -0.0025 0.0801 5.2 

32.6 0.0197 0.0648 -0.0158 -0.0027 0.0834 4.8 

35 0.0202 0.0669 -0.0163 -0.0029 0.0859 4.5 

45.7 0.0213 0.0714 -0.0175 -0.0034 0.0923 4.1 

50.1 0.0217 0.0735 -0.0179 -0.0037 0.0951 3.9 

 BCP4(O-O) 

35 0.0215 0.0788 -0.0180 -0.0010 0.0979 17.1 

45.7 0.0222 0.0821 -0.0187 -0.0019 0.1027 8.8 

50.1 0.0263 0.0842 -0.0192 -0.0022 0.1056 7.7 

 

Table 5.2.  Electron density (ρ), Laplacian of the electron density (
2
ρ), eigenvalues (λi’s) and ellipticity (ε) 

for each typology of atom-atom interaction at given pressure values in the range 0-50 GPa. 

 

Moreover, the parallel increase of the negative (λ1,2) and positive (λ3) curvatures of ρ(r) in 

the planes normal to the bond axes and in the directions normal to them could be due to the 
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increase of the potential scalar field along the bond regions, as bond distances are reduced. 

In other words, on increasing the positive potential as nuclei get closer to one another the 

electrons are attracted in the interatomic region and, at the same time, they are removed 

from the region about the critical point, and shifted toward each nucleus, due to the 

requirement imposed by the antisymmetry principle on the electronic wave function (Bader 

1994). As expected, the value of the ellipticity is very large in the case of the weak O-O 

interactions. 

 

 Magnesium  Silicon  Oxygen 

GPa N() q() V() I()  N() q() V() I()  N() q() V() I() 

0.2 10.26 1.74 28.23 1.23  10.84 3.16 23.32 0.81  9.66 -1.66 89.26 2.89 

7.3 10.26 1.74 27.28 1.23  10.82 3.18 22.05 0.80  9.67 -1.67 84.30 2.87 

16.3 10.26 1.74 26.37 1.22  10.80 3.20 21.10 0.79  9.67 -1.67 81.10 2.86 

27.9 10.26 1.74 26.11 1.22  10.79 3.21 20.33 0.78  9.67 -1.67 77.97 2.84 

32.6 10.26 1.74 25.94 1.22  10.78 3.22 20.09 0.77  9.67 -1.67 77.05 2.84 

35.0 10.27 1.73 25.51 1.22  10.78 3.22 19.92 0.77  9.67 -1.67 76.44 2.84 

45.7 10.27 1.73 24.66 1.22  10.77 3.24 19.51 0.76  9.67 -1.67 74.92 2.83 

50.1 10.27 1.73 23.82 1.21  10.76 3.24 18.72 0.75  9.67 -1.67 71.93 2.81 

 

Table 5.3. Atomic properties (atomic population, N(Ω), net charge, q(Ω), total atomic volume, V(Ω) and 

Shannon entropy I(Ω)) averaged over the basins (Ω) of  Magnesium, Silicon and Oxygen atoms in the 

ringwoodite structure. All quantities are in a.u. 

 

 

Table 5.3 lists some atomic quantities averaged over the basins (Ω) of the atoms, i.e. the 

atomic population, N(Ω), the net charge, q(Ω), the total atomic volume, V(Ω) and the 

Shannon entropy I(Ω) (defined as I () ρ(r) ln ρ(r) dr ) in the ringwoodite structure. 

It can be observed that the N(Ω), q(Ω) and I() values do not show a significant change 

with pressure, which can be attributed to the scarce influence of the pressure to the 

character of the bonds. It has to be recall that the Shannon entropy provides important 

information about the localization of the distribution of the electronic charge density. The 
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smaller value of the entropy of the electronic charge distribution for the Si atomic basin 

indicates a more localized charge density around this atom with respect to the Mg atomic 

basin. Obviously, the higher I(Ω) value for the oxygen shows that this atom has a much 

more delocalized electronic charge distribution due to necessity to bind, at one time, both 

cations and other oxygens. As for the V() values, it can be observed that the decrease of 

them is more significant for the O than for the Mg and Si atoms. 

The evolution of the electron density across the phase transition has been further 

characterized by evaluating the “radial atomic expectation” value, GR(0), over the ionic 

basins (Ω) of Mg, Si and O atoms of the ringwoodite structure, as follows: 

GR(0)=rωρ(r) d 

where rω is the radial distance of the electron from the nucleus. 
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Figure 5.3. SPHD ratio as a function of the pressure for the Mg (A), Si, (B) and O (C) atoms. 

 

 

The quantity GR(0) reflects the distortion of the ρ(r) field of the charge density that is 

caused by the formation of chemical bond. It is worth to highlight (Bader 1994) that in the 

case of a free atom where the vector ρ(r) and the radial vector r are parallel and 

oppositely directed the integral reaches its negative maximum value -3N(Ω), where 3N(Ω) 

is the basin electron population. In a bound atom, the formation of chemical bonds distorts 

ρ(r) and leads to a smaller overlap of r and ρ(r).  
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In Fig.5 the ratio SPHD= GR(0)/[-3N], is reported as a function of the pressure for the 

three atoms. This ratio tends to the value of one for radial ρ(r) and in the limit of an very 

weak interaction with the surroundings. Perusal of the figure indicates that, both Mg and Si 

atoms have their gradient vector fields ρ(r) appreciably distorted from those of isolated 

atom, as indicated by the departure of SPHD from the value of unity, in the whole pressure 

range. On the contrary, for the O atom, at P=32.9 GPa, which is very close to the transition 

pressure, the SPHD value attain the value of unity, which is indicative of an extremely 

loosely bound atom, and therefore to a certain tendency of the atom to break the bonds 

with the neighboring atoms. 

This result is an important topological evidence of the approaching of the phase transition 

and can also be  taken, together with the trend of the V(), as an indication of the central 

role played form the oxygen atoms in the pressure induced phase transition. 

At this point it is challenging to interpret the topological results in the light of the 

catastrophe theory. As already stated, two mechanism of structural instability are predicted 

as a corollary of the theorem of structural stability: the bifurcation and the conflict 

catastrophe. Concerning this task, Merli et al.(2011) found a bifurcation type catastrophe 

(Fold Catastrophe) for the temperature induced enstatite-protoenstatite phase transition. 

In the present case, the topological analysis performed across the pressure transition, also 

reveals the occurrence of a fold catastrophe, i.e. the appearance of two coalescent CPs 

(BCP4 and RCP4) corresponding to the formation of new O-O bond. At the same time a 

conflict-type catastrophe occurs since the stable and the unstable manifolds of a couple of 

two neighboring critical points (BCP3 and BCP4) do not intersect transversally (see Table 

5). 
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CPs Angles(°) 

 0.2 GPa 7.3 Gpa 16.3 Gpa 27.9 GPa 32.6 Gpa 35.0 GPa 45.7 Gpa 50.1Gpa 

BCP1-BCP3 65.3 65.3 45.0 45.0 65.3 65.3 44.2 44.2 

BCP1-RCP3 95.0 95.0 82.6 82.5 85.1 85.1 82.5 82.5 

BCP3-RCP3 90.0 90.0 89.2 89.1 90.0 90.0 90.0 90.0 

BCP2-BCP3 45.0 45.0 45.0 45.0 45.0 45.0 45.0 45.0 

BCP2-RCP3 45.1 45.1 45.1 45.0 45.0 45.0 45.0 45.0 

BCP1-BCP4 X X X X X 5.51 6.5 6.5 

BCP1-RCP4 X X X X X 65.4 44.4 44.4 

BCP4-RCP4 X X X X X 90.0 90.0 90.0 

BCP2-BCP4 X X X X X 45.0 45.0 45.0 

BCP2-RCP4 X X X X X 89.5 89.5 89.5 

BCP3-BCP4 X X X X X 0.0 0.0 0.0 

BCP3-RCP4 X X X X X 89.4 90.0 89.5 

RCP3-BCP4 X X X X X 1.4 1.4 1.3 

RCP3-RCP4 X X X X X 1.4 1.4 1.3 

 

Table 1.3. Angles between the stable and the unstable manifolds of all the neighbouring RCPs and BCPs, 

at given pressure values in the range 0-50 GPa 

 

Perusal of the data reported in Table 5.3 indicates that, for pressures values less than 33 

GPa, the manifolds of all the investigated pairs intersect almost transversally, which is 

indicative of a stable configuration. A different situation can be observed for higher 

pressure values. In particular we can observe a non-transversal interaction between the 

bond path (unstable manifolds) of a (3,-1) critical point, namely the BCP4, with the 

interatomic surface (stable manifolds ) of a second (3,-1) critical point, namely the BCP3. 

According to the Palis-Smale’s theorem (Palis & Smale 1970) this arrangement is unstable 

and corresponds to a conflict structure.  

In the light of the different nature of the two recognized catastrophe mechanisms, it is 

possible to establish which one is responsible for the breakdown of the ringwoodite 

structure. In fact, since the fold catastrophe simply corresponds to the formation of a bond, 
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while the conflict catastrophe give rise to the formation of an instable structure, the 

catastrophe mechanism to be invoked in the investigated phase transition is the conflict-

type. 

Further indication of the instability of the ringwoodite structure, close to the  transition 

pressure, is the very low intersection angles between the stable and the unstable manifolds 

of the pairs RCP3-BCP4 and RCP3-RCP4. It is worth to say that all the involved critical 

points are relative to the O-O interaction, which could be taken as a further indication of 

the important role played form the oxygen atoms in the pressure induced phase transition. 

Finally it can also be observed that the angle between the unstable manifold of the (3,-1) 

critical point relative to the Si-O bond (BCP1) and the stable manifold of the BCP4 is also 

quite low (α ≈ 5°) which can be interpreted as an indication of the weakening of the 

involved bonds. 

 

 

The results presented in Chapters 4-5  have been published in the Journal Physics and 

Chemistry of Minerals  (Parisi F, Sciascia L, Princivalle F, Merli M (2012). The pressure induced 

Ringwoodite to Mg-perovskite and Mg-wüstite post spinel phase transition: a Bader’s topologycal 

analysis of the ab-initio electron densities.  Physics and Chemistry of Minerals, 339, 103-113) 
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Chapter 6 

Topological analysis of the Mg-perovskite electron density 

 

In order to verify the reliability of this approach we performed the topological analysis of 

the Mg-perovskite. 

First of all, the quantity GR(0), that reflects the distortion of the ρ(r) field of the charge 

density caused by the formation of a chemical bond, has been investigated. It is worth to 

say that in the case of the Mg-perovskite both Oxygens are far away from the interesting 

value reached at high pressures by the ringwoodite phase. In this case the values indicate 

that the distortion of the ρ(r) field enhance with pressure. No destabilization of this phase 

could be detected by this parameter. 

 

 

Figure 2. SPHD ratio as a function of the Mg-perovskite cell volume for Oxygen 1 and Oxygen 2 
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The topological analysis of the electron densities produced by both the Becke-LYP and the 

WC1LYP schemes  provided quite similar results, and, analogously to the ringwoodite 

case, the Eulero‟s rule (Bader 1992) is always  satisfied. 

The study of the evolution of the topological critical points across the whole pressure range 

revealed very interesting features. The setting of critical points  present in the structures 

from 0 to 140 GPa are reported in  Figures 6.2 – 6.11, where, for the sake of clarity, two 

different planes of the crystallographic cell, namely the (001) and the (010),  are presented 

for each investigated pressure values. 

Note that, for brevity reasons,  all the figures refers to the topological analysis performed 

on the electron density constructed by means of the WC1LYP Hamiltonian. 

At low pressure values (Figure 6.2-6.3) 28 different critical points can be recognized. The 

most prominent features are depicted in the enlargements. In particular, Figure 6.2.b shows 

a region of the crystallographic cell where, at low pressure regime, no critical points are 

present  (this figure will be compared in the following paragraph with figure 6.4.b) while 

in Figure 6.3.b  the presence of a couple of coalescent critical points, namely a BCP along 

the bond path joining two oxygen atoms and a RCP  (indicated as BCP1 and RCP1) and , 

surrounding them, two couples of critical points very close to each other, namely a cage 

and a ring critical points (indicated as CCP2 and RCP2 ) are marked. 
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Fig.6.2.a  Projection onto the (001) plane  of the structure of Mg-perovskite at P = 0.0001 GPa 
with the related bond, ring and cage critical points. The selected rectangle is enlarged in figure 
6.2.a. 

 
 

 
Figure 6.2.b.  Enlargement of the rectangle selected in the  figure 6.2.a  
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Fig. 6.3.a. Perspective view onto the )010(  plane of the structure of Mg-perovskite at P = 

0.0001 GPa  
with the related bond, ring and cage critical points. The selected rectangle is enlarged in figure 
6.3.b. 
 

 
 

 = BCP1 

 = RCP1 

 = CCP2 

 = RCP2 
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Figure 6.3.b.  Enlargement of the rectangle selected in the  figure 6.3.a. 
 
 

The analysis of the critical points at higher pressures (Figure 6.4-6.5) revealed the 

appearance of a third couple of coalescent critical points, namely a cage , CCP3, and a 

ring, RCP3 (see Figure 6.4.b)  and the simultaneous decrease of the distance CCP2-RCP2, 

while the distance BCP1-RCP1  is not affected from the pressure increase (Figure 6.5.b). 

 

Figure 6.4.a.  Projection onto the (001) plane of the structure of Mg-perovskite at P = 40 GPa  
with the related bond, ring and cage critical points. The selected rectangle is enlarged in figure 
6.4.b 
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Figure 6.4.b.  Enlargement of the rectangle selected in the  figure 6.4.a. 

 

 

Fig. 6.5.a Perspective view onto the )010(  plane of the structure of Mg-perovskite at P = 40 

GPa with the related bond, ring and cage critical points. The selected rectangle is enlarged in 
figure 6.5.b. 

 

 = CCP3 

 = RCP3 
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Figure 6.5.b.  Enlargement of the rectangle selected in the  figure 6.5.a.   

 

  

It is worth to note that the emergence of the CCP3-RCP3 couples corresponds to the 

pressure value where the post-spinel transition occurs. Therefore it seems to indicate the 

passage between the stability field of the ringwoodite phase to that of the perovskite phase.  

A further increase of the pressure determines an increase of the distance CCP3-RCP3 and 

the simultaneous decrease of the distance CCP2-RCP2, while, again, the distance BCP1-

RCP1  is quite unaltered  (Figure 6.6-6.7). 

 = BCP1 

 = RCP1 

 = CCP2 

 = RCP2 
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Fig.6.6.a  Projection onto the (001) plane of the structure of Mg-perovskite at P = 53 GPa with 
the related bond, ring and cage critical points. The selected rectangle is enlarged in figure 6.6.b. 

 

  

 

Figure 6.6.b.  Enlargement of the rectangle selected in the  figure 6.4.a. 

 = CCP3 

 = RCP3 
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Fig. 6.7.a  Perspective view onto the )010(  plane of the structure of Mg-perovskite at P = 53 

GPa  
with the related bond, ring and cage critical points. The selected rectangle is enlarged in figure 
6.7.b. 

 

 

Figure 6.7.b.  Enlargement of the rectangle selected in the  figure 6.7.a. 

 

 = BCP1 

 = RCP1 

 = CCP2 

 = RCP2 
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Fig.6.8.a  Projection onto the (001) plane of the structure of Mg-perovskite at P = 135 GPa 
with the related bond, ring and cage critical points. The selected rectangle is enlarged in figure 
6.8.b. 

 

  

Figure 6.8.b.  Enlargement of the rectangle selected in the  figure 6.8.a. 
 
 

 

 

 = CCP3 

 = RCP3 
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Fig. 6.9.a  Perspective view onto the )010(  plane of the structure of Mg-perovskite at P = 135 

GPa with the related bond, ring and cage critical points. The selected rectangle is enlarged in 
figure 6.8.b. 

 

 

Figure 6.9.b.  Enlargement of the rectangle selected in the  figure 6.8.a. 

 

 

 = BCP1 

 = RCP1 

 = CCP2 

 = RCP2 
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Finally, in the following pictures the topological features corresponding to very high 

pressure values are reported. Intriguingly, it has been observed the disappearance of the 

CCP2-RCP2 couple. At the same time, it has been observed that the BCP1-RCP1 distance 

start to slight decrease. 

 

 

Fig.6.10.a  Projection onto the (001) plane  of the structure of Mg-perovskite at P = 53 GPa 
with the related bond, ring and cage critical points. The selected rectangle is enlarged in figure 
6.6.b. 
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Figure 6.10.b.  Enlargement of the rectangle selected in the  figure 6.4.a. 
 
 

 

Fig. 6.11.a Perspective view onto the )010(  plane of the structure of Mg-perovskite at P = 53 

GPa with the related bond, ring and cage critical points. The selected rectangle is enlarged in 
figure 6.7.b. 

 = CCP3 

 = RCP3 
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Figure 6.11.b.  Enlargement of the rectangle selected in the  figure 6.7.a. 

 

.It is interesting to underline that the pressure where the disappearance of the RCP2-RCP3 

couple occurs is ~ 130 GPa which correspond to the pressure where the perovskite to post-

perovskite phase transition takes place. 

The most important topological results are summarized in the following figures where the 

distances between the three critical points couples are reported: 

 

 

 = BCP1 

 = RCP1 

 = CCP2 

 = RCP2 
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Figure 12. Plot of the distances between the three couples of coalescent critical points as a 

function of the pressure. 

 

Perusal of Figure 12 illustrates how the Bader‟s topological analysis provides an effective 

tool for the delineation of the stability field of the mineralogical phases. The first 

topological anomaly, i.e. the emergence of the CCP3-RCP3 couple at ~22 GPa, is a clear 

indication of the stabilization of the perovskite phase, while the inverse process observed at 

~124 GPa, i.e. the vanishing of the CCP2-RCP2, indicates the destabilization of this phase. 

Since the two observed phase transitions involve the coalescence of two critical points, 

they can be interpreted in the light of the catastrophe theory as fold catastrophes. 

It is worth to underline the important geophysical implication of these results. In particular, 

the second observed fold catastrophe occurs at a pressure value that correspond at ~2600 

Km depth, exactly to the “D"-layer” a 100-300 km thick layer lying just above the core-
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mantle boundary, under a pressure of ~120 to 135 GPa. In this region, seismic observations 

provide evidence of heterogeneities in wave propagation and sound velocities. 

In various works the perovskite to post-perovskite phase transition, that occurs at this 

pressures, is invoked as the reason for this heterogeneities. 
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Chapter 7 

Conclusions and outlook 

An approach based of the Bader‟s topological analysis of the ab-initio computed electron 

density has been successfully applied to the characterization of two mineralogical phases, 

namely the ringwoodite and the Mg-perovskite, under high pressure conditions. 

The main results of this study are briefly summarized in the following. First of all, first 

principles calculations showed that the ringwoodite phase, at high pressures, becomes 

thermodynamically unfavorable in comparison with Mg-perovskite and periclase. A 

detailed topological analysis of the ringwoodite has been afforded for the first time 

providing important topological evidences of the approach of the phase transition and 

indicating the central role played from the oxygen atoms in the pressure induced phase 

transition. In particular, the GR(0) value, that reflects the distortion of the ρ field of the 

charge density caused by the formation of chemical bond, for the oxygen atom reaches the 

value -3N at ~32.9 GPa. This situation is indicative of a certain tendency of the atom to 

break the bonds with the neighboring atoms. Furthermore, the investigation of the 

structural stability in terms of the Catastrophe theory showed a non-transversal intersection 

between the stable and the unstable manifolds of two bond critical points, revealing the 

occurrence of a conflict catastrophe mechanism induced by pressure at around 30 GPa. 

Concerning the Mg-perovskite phase, the occurrence of two fold catastrophe mechanisms 

has been observed. The first, observed at ~22 GPa, consists in the emergence of a 

CCP/RCP couple and it is a clear indication of the stabilization of the perovskite phase. 

This result perfectly agrees with the seismic discontinuity at 660 Km between the mantle 

transition zone and the lower mantle. The second, at ~124 GPa, is due to the progressive 
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approach of a second CCP/RCP couple, until the coalescence is reached at the transition 

point. This result is a clear confirmation of the transition from the Mg-perovskite phase to 

the so-called post-perovskite phase which, as already mentioned, is responsible of the 

discontinuity in seismic velocities observed above the core–mantle boundary (the D'' 

layer). Moreover, perusal of the GR(0) values indicates a strong distortion of the ρ field, 

and therefore a strong binding of the oxygen atoms in the crystalline structure, in the whole 

pressure range. 

The proposed approach proved to be a useful method for the investigation and the 

prediction of phase changes or phase breakdowns occurring under conditions at which 

laboratory experiments are extremely difficult, such as those of the lower mantle phases. 
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Appendix 

Crystal 09 - INPUT file 

 

INPUT FILE Explanations (Crystal09 user’s manual) 

Mg-perovskite Title 

CRYSTAL 

1 0 0 

P B N M 

4.8099 4.9422 6.9440 

4 

12 -4.883E-01 -4.509E-01 2.5E-01 

14 -5.000E-01 0.0E+00 -5.0E-01 

8 1.0417E-01 4.6162E-01 2.5E-01 

8 1.954E-01 2.011E-01 -4.458E-01 

 

IFLAG IFHR IFSO 

space group 

a, b, c, cell parameters (°A) 

non equivalent atoms 

Z=12, Magnesium coordinates 

Z=17, Silicon coordinates 

Z=8, Oxygen1 coordinates 

Z=8, Oxygen2 coordinates 

OPTGEOM 

CVOLOPT 

 

FULLOPTG 

MAXCYCLE 

300 

MAXITACE 

1000 

ENDOPT 

END 

Geometry optimization input block 

full geometry optimization at constant volume 

 

full geometry optimization 

max number of optimization steps 

 

max number of iteration cycles in atom/cell 

iterative optimization 

 

End of geometry optimization input block 
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 All electron Basis set for Silicon 

14 5 

0 0 8 2.0 1.0 

 

 149866.0    0.0001215 

  22080.6    0.0009770 

   4817.5    0.0055181 

   1273.5    0.0252000 

    385.11   0.0926563 

    128.429  0.2608729 

     45.4475 0.4637538 

     16.2589 0.2952000 

0 1 8 8.0 1.0 

    881.111  -0.0003   0.0006809 

    205.84   -0.0050   0.0059446 

     64.8552 -0.0368   0.0312000 

     23.9    -0.1079   0.1084000 

     10.001   0.0134   0.2378000 

      4.4722  0.3675   0.3560066 

      2.034   0.5685   0.3410000 

      0.9079  0.2065   0.1326000 

0 1 3 0.0 1.0 

      2.6668 -0.0491   0.0465000 

      1.0780 -0.1167  -0.1005000 

      0.3682  0.2300  -1.0329000 

0 1 1 0.0 1.0 

      0.193   1.0      1.0 

0 3 1 0. 1. 

      0.566   1.0 

Z=14, Silicon; 5 shells 

free BS; s shell; 8 GTF; CHE=2; scale factor 1 

 

1st gauss exp; s contraction coefficient 

2nd gauss exp; s contraction coefficient 

3rd gauss exp; s contraction coefficient 

4th gauss exp; s contraction coefficient 

5th gauss exp; s contraction coefficient 

6th gauss exp; s contraction coefficient 

7th gauss exp; s contraction coefficient 

8th gauss exp; s contraction coefficient 

free BS; sp shell; 8 GTF; CHE=8; scale factor 1 

1st gauss exp; s contr. coeff; p contr. coeff 

2nd gauss exp; s contr. coeff; p contr. coeff 

3rd gauss exp; s contr. coeff; p contr. coeff 

4th gauss exp; s contr. coeff; p contr. coeff 

5th gauss exp; s contr. coeff; p contr. coeff 

6th gauss exp; s contr. coeff; p contr. coeff 

7th gauss exp; s contr. coeff; p contr. coeff 

8th gauss exp; s contr. coeff; p contr. Coeff 

free BS; sp shell; 3 GTF; CHE=0; scale factor 1 

1st gauss exp; s contr. coeff; p contr. coeff 

2nd gauss exp; s contr. coeff; p contr. coeff 

3rd gauss exp; s contr. coeff; p contr. Coeff 

free BS; sp shell; 1 GTF; CHE=0; scale factor 1 

gauss exp; s contr. coeff; p contr. Coeff 

free BS; d shell; 1 GTF; CHE=0; scale factor 1 

gauss exp; s contraction coefficient 
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12  5 

0 0 8 2.0 1.0 

 68370.0     0.0002226 

  9661.0     0.001901 

  2041.0     0.011042 

   529.6     0.05005 

   159.17    0.1690 

    54.71    0.36695 

    21.236   0.4008 

     8.791   0.1487 

 

0 1 5 8.0 1.0 

  143.7     -0.00671    0.00807 

   31.27    -0.07927    0.06401 

    9.661   -0.08088    0.2092 

    3.726    0.2947     0.3460 

    1.598    0.5714     0.3731 

0 1 1 0.0 1.0 

    0.688    1.0        1.0 

0 1 1 0.0 1.0 

    0.28     1.0        1.0 

0  3  1  0.  1. 

   0.650  1. 

Z=12, Magnesium; 5 shells 

free BS; s shell; 8 GTF; CHE=2; scale factor 1 

1st gauss exp; s contraction coefficient 

2nd gauss exp; s contraction coefficient 

3rd gauss exp; s contraction coefficient 

4th gauss exp; s contraction coefficient 

5th gauss exp; s contraction coefficient 

6th gauss exp; s contraction coefficient 

7th gauss exp; s contraction coefficient 

8th gauss exp; s contraction coefficient 

 

free BS; sp shell; 5 GTF; CHE=8; scale factor 1 

1st gauss exp; s contr. coeff; p contr. coeff 

2nd gauss exp; s contr. coeff; p contr. coeff 

3rd gauss exp; s contr. coeff; p contr. coeff 

4th gauss exp; s contr. coeff; p contr. coeff 

5th gauss exp; s contr. coeff; p contr. coeff 

free BS; sp shell; 1 GTF; CHE=0; scale factor 1 

gauss exp; s contr. coeff; p contr. Coeff 

free BS; sp shell; 1 GTF; CHE=0; scale factor 1 

gauss exp; s contr. coeff; p contr. Coeff 

free BS; d shell; 1 GTF; CHE=0; scale factor 1 

gauss exp; s contraction coefficient 
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8 4 

0 0 8 2.0 1.0 

 8020.0       0.00108 

 1338.0       0.00804 

  255.4       0.05324 

   69.22      0.1681 

   23.90      0.3581 

    9.264     0.3855 

    3.851     0.1468 

    1.212     0.0728 

0 1 4 8.0 1.0 

   49.43     -0.00883    0.00958 

   10.47     -0.0915     0.0696 

    3.235    -0.0402     0.2065 

    1.217     0.379      0.347 

0 1 1 0.0 1.0 

    0.4764     1.0        1.0 

0 1 1 0.0 1.0 

    0.170     1.0        1.0 

99   0 

CHARGED 

END 

Z=8, Oxygen; 4 shells 

free BS; s shell; 8 GTF; CHE=2; scale factor 1 

1st gauss exp; s contraction coefficient 

2nd gauss exp; s contraction coefficient 

3rd gauss exp; s contraction coefficient 

4th gauss exp; s contraction coefficient 

5th gauss exp; s contraction coefficient 

6th gauss exp; s contraction coefficient 

7th gauss exp; s contraction coefficient 

8th gauss exp; s contraction coefficient 

free BS; sp shell; 4 GTF; CHE=8; scale factor 1 

1st gauss exp; s contr. coeff; p contr. Coeff 

2nd gauss exp; s contr. coeff; p contr. coeff 

3rd gauss exp; s contr. coeff; p contr. coeff 

4th gauss exp; s contr. coeff; p contr. coeff 

free BS; sp shell; 1 GTF; CHE=0; scale factor 1 

gauss exp; s contr. coeff; p contr. Coeff 

free BS; sp shell; 1 GTF; CHE=0; scale factor 1 

gauss exp; s contr. coeff; p contr. Coeff 

The basis set input ends 

allows non-neutral cell 

close Basis Set input block 

FIXINDEX Reference geometry to classify integrals 

SCFDIR In the SCF step monoelectronic and bielectronic 

integrals are evaluated at each cycle. No 

screening of the integrals is performed. 

TOLINTEG 

8 8 8 8 16 

Truncation criteria for bielectronic integrals 

SHRINK 

6 6 

Shrinking factor in reciprocal space; Shrinking 

factor for a denser k point net (Gilat net) in 

the evaluation of the Fermi energy and density 

matrix 

DFT DFT Hamiltonian 
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EXCHANGE exchange functional 

WCGGA GGA - Wu-Cohen 

CORRELAT Correlation Potential 

LYP GGA. Lee-Yang-Parr 

HYBRID 

 

 

16 

Hybrid HF-DFT functionals  

Part of the exact Hartree-Fock exchange into 

the Exchange functional. 

16% mixing of exact Hartree-Fock and DFT 

exchange can be used. 

XXLGRID ”extra extra large” predefined grid 

END  

LEVSHIFT 

2 0 

a level shifter  

0.2 hartree 

EXCHSIZE 

3685032 

size of exchange bipolar expansion buffer 

BIPOSIZE 

1630800 

size of coulomb bipolar expansion buffer 

MAXCYCLE 

3000 

max number of optimization steps 

FMIXING 

 

20 

permits to mix the Fock/KS matrix derivatives 

between CPHF-SCF1 cycles n and n− 1  

 

percentage of cycle n − 1  

TOLDEE 

7 

Convergence on total Energy 

1*10
-7
 

END  

GEOM restart with new geometrical parameters 

CRYSTAL 

1 0 0 

P B N M 

4.60189 4.77191 6.64829 

4 

12 -0.48548 -0.44158 0.250000 

 

IFLAG IFHR IFSO 

space group 

a b c cell parameters (°A) 

non equivalent atoms 

Z=12, Magnesium coordinates 
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14 5.000E-01 0.00E+00 -5.000E-01 

8 0.1091 0.4620 0.25000 

8 0.1908 0.1973 -0.4438 

END 

Z=17, Silicon coordinates 

Z=8, Oxygen1 coordinates 

Z=8, Oxygen2 coordinates 
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TOPOND - INPUT file 

 

INPUT FILE Explanations (TOPOND manual) 

CRYSTAL  

TRHO Topological analysis of  (electron density) 

3 Variable: IAUTO=3 Grid search in the asymmetric unit 

0,1,1,0,15,12,6. 1st variable: IMETH=0  Newton-Raphson (NR) algorithm used 

in the CP search. 

2nd variable: IEXT=1 Properties (kinetic energy densities, 

virial density, ELF) depending on the non-diagonal 

elements of the first-order density matrix are also 

evaluated at each unique CP. 

3rd variable: IBPAT=1 Atomic Interaction Line lengths and 

termini are evaluated numerically for each unique (3,-1) 

CP. 

4th variable: IPRINT=0 normal printing. 

5th variable: NSTEP=15 max. number of Newton-Raphson (NR) 

algorithm steps performed in each search. 

6th variable: NNB=12 (3,-1) CPs are searched among all the 

unique pairs generated from a set of nuclei. The set is 

generated by constructing clusters of atoms around each 

non-equivalent atom (NEA) of the unit cell. NNB is the 

number of stars of neighbors used in the cluster 

construction around each  NEA. NNB is also used in the 

nearest neighbor analysis around each unique CP (of any 

kind) found. 

7th variable: RMAX=6 maximum radius of each generated 

cluster (see NNB explanation). RMAX may, locally, reduce 

the actual value of NNB.                                  

0.0 1.0 0.01 1st varible: XMI=0 Fractional coordinate intervals 

(fractionary units) minimum value of X 

2nd variable: XMA=1 maximum value of X 

3rd variable: XINC=0.01 grid interval along X 

0.0 1.0 0.01 1st varible: YMI=0 Fractional coordinate intervals 

(fractionary units) minimum value of Y 

2nd variable: YMA=1 maximum value of Y 

3rd variable: YINC=0.01 grid interval along Y 

0.0 1.0 0.01 1st variable: ZMI=0 Fractional coordinate intervals 

(fractionary units) minimum value of Z 

2nd variable: ZMA=1 maximum value of Z 

3rd variable: ZINC=0.01 grid interval along Z 

1 Variable: NCONS number of constraints, if any, among the 
values of the x,y,z fractional coordinates 

1 1.0 1st variable: conventional number of constraint type. 

ICO=1 Constraint type: X  ay 

2nd variable: value of a in constraint ICO. 

 

ACO=1 Constraint type: X  ay 

END  
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