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Summary

The material presented in this thesis is the result of the Ph.D. activity carried

on between January 2009 and December 2012 at the Ph.D. school in Infor-

mation Engineering of the University of Trieste. After a brief introduction

on the involved topics, the final objective of this thesis is that of presenting

the original results, consisting in the development of power pattern synthesis

algorithms for arbitrary antenna arrays including, in particular, arrays for

satellite applications.

Since the earlier satellite missions of last century, satellite communication

systems have received growing attention due to the opportunities they offer

and their greater flexibility with respect to alternative solutions adopting

other media, such as, for example, fiber optic cables. The enormous spread

of satellites, for both military and civilian applications, has been achieved

thanks to the experienced technological progress, which has allowed an in-

crease of satellite capacities. The need of constantly increasing the capacity

of commercial communications satellites resulted in the continuing evolution

of the antenna systems onboard the satellites. The business environment has

driven the architecture of satellites’ systems towards more efficiency and cost

consciousness while at the same time, providing flexible access to a growing

diversity of services and customers. Antennas that provide a multiplicity of

frequency reuse coverage beams through either spatial or polarization iso-

lation have been developed, resulting in the evolution of satellite antennas

from a simple omnidirectional dipole to multiple-beam, dual-polarized con-

figurations with frequency reuse between the beams for increased capacity.

These requirements translate into high-gain, high-efficiency antennas with

low side-lobe levels and excellent polarization purity. Moreover, since new

requirements are often determined after the satellite is operational, antennas

adjustable to produce a wide variety of radiation patterns have become pop-

ular. These are the so-called multiple-beam antennas, which can adjust their
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radiation coverage areas according to new demands. Multiple-beam antennas

are currently being used for direct-broadcast satellites, personal communi-

cation satellites, military communication satellites, and high-speed Internet

applications. High-gain multiple-beam antenna systems usually take one of

three generic forms: lens, reflector or direct radiating array. Thus, arrays of

antennas can be used in multiple-beam systems either to feed other types of

antennas, or directly as radiating structures.

The material of this thesis is mainly related to the synthesis algorithms for

antenna arrays. In particular, many analytical and numerical techniques for

the power pattern synthesis of antenna arrays have been carefully studied and

analyzed. Some of them are suitable only for linear or rectangular arrays,

the others for arrays of more complicated geometries. Furthermore, it is

extremely important, for power synthesis techniques in satellite applications,

to be able to consider additional constraints. These typically are the phase-

only reconfigurability of the radiated beams, the control of the cross-polar

patterns, which allows the polarization re-use and/or the control of the cross-

polar interference, the dynamic range ratio reduction which comports simpler

feeding networks and lower mutual coupling between array elements, and the

near-field reduction, which allows to take into account the antennas operating

environment.

A numerical iterative algorithm has been developed during the Ph.D.

school in Information Engineering, suitable for arrays of arbitrary geometry,

thus including sparse and conformal arrays, which are often used in satel-

lite applications. The algorithm allows to solve the power pattern synthesis

problem, which is an inherently non linear problem. The solution is achieved

using the alternating projections algorithm, which is a numerical iterative

technique for finding a point of the intersection between two sets. It will

be seen that the projections method has previously already been applied

to problems of image processing and also in the antenna pattern synthesis.

However, the results and the computational burden are strongly related to

the projection operators, which in turn, strictly depend on the definition

of the adopted distance, thus on the definition of the sets adopted in the

formulation of the problem. Thus, the main originality of the developed al-

gorithms consists in an extremely advantageous definition of the sets involved

in the solving scheme, which, along with the adopted distance, allow an easy

evaluation of the projection operators and thus a simple solving procedure.

The thesis is organized as follows. Chapter 1 introduces the satellite an-
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tennas, analyzing some solutions adopted in the past. Particular attention is

devoted to multiple-beam antennas (MBAs) and in particular to arrays of an-

tennas, which can constitute the feeding system of reflector MBAs, or which

can be used as direct radiating antennas themselves. Chapter 2 presents ana-

lytical and numerical methods of power pattern synthesis for antenna arrays

proposed in the literature. First, the classical analytical methods, suitable for

linear arrays of equally spaced elements are presented. Then, numerical iter-

ative methods are analyzed. Attention is devoted to both deterministic and

stochastic algorithms. A section is dedicated to the near-field constraint, due

to its importance in practical real applications. In fact, taking into account

the effect of the antenna operating environment is of fundamental impor-

tance: obstacles or mounting platforms, as well as other electronic devices

located in proximity of the antenna, may strongly degrade the radiated far-

field pattern. Then, Chapter 3 presents the developed algorithm. Precisely,

the evolution is described from a synthesis algorithm suitable for arbitrary

phase-only reconfigurable arrays to a powerful algorithm for phase-only an-

tenna arrays, including several additional constraints, such as the dynamic

range ratio reduction, the cross-polar pattern synthesis and the near-field

reduction. Moreover, in its final form, the algorithm also allows to minimize

the power radiated in the side-lobe regions of both the co- and cross-polar

patterns and the electric energy stored in the near-field region of interest.

Numerical results validating the effectiveness of the proposed algorithm are

presented in Chapter 4 and the conclusions are summarized in Chapter 5.

Finally, the appendix mathematically describes the classical alternating pro-

jections method and the genetic algorithms, which have been used as global

optimization algorithms for comparison purposes.
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Chapter 1

Literature review

This chapter gives a brief overview on satellite antennas, with

special focus on satellite antenna arrays. The first part of the

chapter roughly introduces the basic concepts of satellite antennas,

with focus on the main problems arising in the design of onboard

antennas. Examples of antennas used as onboard antennas since

the earlier satellite missions are provided. Particular attention

is devoted to multi-beam antennas, which are widely employed in

modern satellites and which include array of antennas.

1.1 Satellite antennas

In its first two decades, international commercial satellite communication

evolved from a single satellite connecting western Europe with the US to a

system linking most countries of the world through several satellites, carry-

ing about two thirds of international telephonic traffic. During this period

the capacity of a geostationary communications satellite increased from 240

channels in INTELSAT I (“Early Bird” launched in 1965) to over 33 000

equivalent voice channels in INTELSAT VI series of satellites, launched in

1989. The need to constantly increase the capacity of commercial communi-

cations satellites resulted in the continuing evolution of the antenna system

onboard the satellite [1].

Cables were viewed as complimentary and satellites were used from the

beginning to restore cable services in case of cable breaks. Today we enjoy

instantaneous high quality telephone service to most parts of the world and
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have the benefit of real-time televised news and other events from all over

the globe. The perception of these services has changed from technological

marvel to a commonplace everyday commodity.

Satellites are not the only communication technology grown to meet these

needs. There are two major long-haul information transport media, satellites

and optical fiber cables, which in some cases may compete, in other cases

may complement each other. Terrestrial optical fiber cable networks have

penetrated most major metropolitan centers in the United States and even

across the Atlantic and Pacific. Intercontinental fiber optic communications

are a reality. However, geographic features are no barrier to communication

via satellite. Even accepting the probability that optical fiber may one day

appear in every home and business in the United States, several decades may

pass before it happens and it is unlikely to happen at all in many parts of the

world due to geographical barriers such as mountains and large uninhabited

areas that the fiber optics cables would be required to traverse. The ease

of transporting and erecting small satellite terminals will create a ready and

growing market in these areas [2].

The business environment has driven the architecture of satellites’ sys-

tems towards more efficiency and cost consciousness while at the same time,

providing flexible access to a growing diversity of services and customers.

Antennas that provide a multiplicity of frequency reuse coverage beams

through either spatial or polarization isolation have been developed, resulting

in the evolution of satellite antennas from a simple omnidirectional dipole to

multiple-beam, dual-polarized configurations with frequency reuse between

the beams for increased capacity. The radiation patterns of satellite antennas

can be depicted as a footprint on the earth, which contains all earth stations

that communicate with the satellite. Outside this footprint, the pattern

should fall off to a negligible level as fast as possible to permit multiple reuse

of the same frequency band in other beams and to avoid interference with

other systems. The size of the footprint may range from earth coverage (a 17◦

solid angle encompassing the entire earth disk visible from synchronous alti-

tude), to shaped beams that are perhaps covering a continent or a region, to

pencil beams, perhaps as small as a 1◦ solid angle. Orthogonal polarizations

are frequently used to obtain frequency reuse and beam-to-beam isolation. In

terms of antenna technology, these radiation pattern requirements translate

into high-gain, high-efficiency antennas with low side-lobe levels and excel-

lent polarization purity [2]. Better cost effectiveness is a must in order to
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remain competitive with optical fiber cables over heavy traffic routes.

The cost to design, fabricate, assemble and test a satellite can typically

be estimated from the overall mass [2]. Therefore efficient use of spacecraft

mass is very important. The communications payload is typically about a

quarter of the spacecraft dry mass, and by far the largest power consumer.

The technological challenge in the payload is to design components with

minimum mass, achieve excellent performance, and maintain high reliability

over a long lifetime. Most of the mass of the payload is located in the

antennas and the transmitters. Therefore, concentrating development work

on lower mass antenna realizations and lightweight transmitters will bring the

most payoff in improving conventional communications payloads. Thus, one

of the most desirable features in satellite antennas is light weight. This has

opened the door for the use of printed circuit patch radiators and considerable

progress has been made in this area.

On the other hand, optimization to minimize overall costs has driven the

system architecture away from large earth stations with big antennas towards

less expensive and preferably unattended earth stations with smaller anten-

nas which can be located on or near the customer’s premises. To compen-

sate for the lower earth station antenna gain, the satellite’s radiated power

(EIRP) and receive sensitivity (G/T) need to be increased significantly [1].

Thus, size, mass, power, and complexity of the satellites initially drastically

increased.

1.1.1 Historical Background

Between 1960 and 1963 a number of sub-synchronous satellites were launched

to explore the feasibility of using satellites for relaying communications be-

tween two points on the earth. NASA’s launch of Syncom III in 1964 marked

the first communications satellite in geostationary orbit. The Syncom series,

which began in 1963, marked the first of the spin-stabilized geostationary

satellites, from which the INTELSAT series emerged. They operated at S-

band and X-band. NASA also introduced de-spun antennas, L-band, VHF,

and C-band communication frequencies as well as Ku-band propagation ex-

periments on the ATS-1 to -5 satellites since 1966. ATS-6 in 1972 introduced

three-axis stabilization, a 30 ft deployable antenna (9.14 m), and high power

at S-band and L-band. In 1975, NASA in cooperation with the Canadian

Department of Communications, launched the first Ku-band satellite using a
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US-developed 200 W traveling wave tube amplifier (TWTA), thus introduc-

ing direct broadcast service to small inexpensive earth terminals.

On the commercial front, communications satellites started in April, 1965,

with the launch of Early Bird, an adaptation of the Syncom satellites and

the first of the INTELSAT series of satellites.

Most of the early satellites were cylindrically, or spherically shaped bodies

rotating about the axis for which their inertial moment was maximum [3].

If the orientation of this axis were uncontrolled, the antenna would have to

produce a radiation pattern that was uniform in the plane perpendicular

to the spin axis. Alternatively, one could use a directional antenna whose

radiation pattern was de-spun either by varying the excitation of the antenna

or by mechanically rotating the antenna at the same angular rate, but in a

direction opposite to the satellite’s rotation. Clearly if the antenna radiation

pattern is not de-spun and the spin axis orientation is not controlled (one-axis

stabilization) the antenna pattern must be nearly uniform in all directions.

This leads to an isotropic antenna. The satellite’s stabilization technique and

its orbit have a serious impact on its antenna’s configuration.

Early Bird, a spin-stabilized satellite, had a six-element co-linear slot

array as a transmit antenna, which generated an 11◦ × 360◦ toroidal pattern

directed by 7◦ toward the northern hemisphere. Consequently, most of the

radiated energy was lost in space and the EIRP with a 6 W traveling wave

tube (TWT) was just over 10 dBW, resulting in a capacity of 240 telephone

channels.

Telstar, the first active communication satellite, employed antennas hav-

ing isotropic radiating properties. Telstar employed a large number of open-

ended waveguide radiators spaced one-half wavelength on center along the

satellite’s equator. Two such rings of antennas, one operating at 4.17 GHz

and the other at 6.39 GHz were fed so as to excite each element in phase and

with the same signal amplitude. This symmetry guaranteed a symmetrical

radiation pattern in the plane perpendicular to the satellite’s spin axis. The

uniformity of the radiation pattern was controlled by the number of individ-

ual radiators per wavelength along the satellite’s equator and the equality,

in phase and amplitude, of the signals exciting each radiator in the array.

The first Lincoln Experimental Satellite (LES-1) despun the radiation

pattern by electronically switching between eight low-directivity (≈ 7 dB)

antennas distributed uniformly over the satellites dodecahedron shape.

With the exception of the VHF antenna on Telstar, the communication
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antennas on the earlier satellites operated in the SHF range (i.e., 4, 6, and

8 GHz). This enabled the antenna designer to realize moderate antenna gain

without significantly compromising the other satellite functions and systems.

However, the SHF ground terminals were necessarily large and hence few in

number, resulting in communication satellites which served only a few earth

terminals or direct users. In the late 60’S, LES-5 and LES-6 were placed

in synchronous orbit and operated in the UHF communications band, to

service a wide variety of military communication needs because only modest

size earth terminals were required.

LES-5 was a cylindrically shaped satellite about 1λ long and 1λ in di-

ameter (much smaller than Telstar in terms of their respective operating

wavelengths). The communication antenna consisted of two circular arrays.

One array was made up of eight full-wave dipoles spaced ≈ λ/2 around the

satellite circumference and excited in phase with equal amplitude signals;

the other consisted of two rings of eight half-wave slots co-located with the

dipole array. The slots were also excited in phase with equal amplitude sig-

nals but in quadrature with the dipole array so that the combined dipole-slot

pair would radiate and receive circularly polarized signals. The antenna ra-

diation pattern was uniform, within ±1 dB, in planes perpendicular to the

satellite’s spin axis.

In LES-6 a switch network selects the appropriate elements that are ex-

cited so as to de-spin the antenna’s beam. It is of interest that electronically

de-spun antennas usually consist of an array of several antennas which are

sequentially switched to de-spin the radiation pattern.

Also mechanically de-spun antennas were used in early satellites. The

ATS-III antenna system consists of two antennas, operating at 6.26 GHz

and 4.85 GHz. Each antenna employs a parabolic cylinder illuminated by a

collinear array of dipoles located on the focal line of the reflector. Since the

dipole pattern is uniform in a plane perpendicular to its axis and the axis

of a collinear array of dipoles, rotating the reflector about the dipole array

rotates the antenna’s beam in a plane perpendicular to the dipole array’s

axis. The latter is installed coincident with the satellite spin axis, so that

counter rotation of the reflector results in a de-spun antenna. This antenna

permitted the reflector to be ejected if the rotary mechanism failed. Without

the reflector the antenna has an omnidirectional de-spun radiation pattern

permitting continued operation at a somewhat reduced capacity.

The INTELSAT III generation offered the first major improvement, a
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conical horn antenna generating a 19◦ beam (the earth subtends an angle of

about 17◦ from geosynchronous altitude). The antenna pointed toward earth

via an open-loop de-spin control system that employed earth and sun sensors

as references. During the design phase, electrically and mechanically de-spun

antennas were considered, and a mechanically de-spun earth coverage horn

antenna was selected.

The INTELSAT IVA series brought the next major improvement in an-

tennas with an antenna, which generated two hemispherical coverage beams,

one directed toward the land masses in the east, the other toward the west.

The same frequency bands could be reused; the two beams had a beam-to-

beam isolation of more than 27 dB. The antenna system consisted of three

mesh reflectors (one for the 6 GHz receive band, the other two for the 4 GHz

transmit band) fed by three clusters of feed horns located in the focal re-

gion. The offset geometry minimized blockage and provided acceptable scan

loss. The feed horns were excited by amplitudes and the phases, which were

optimized to generate the desired beam shape with controlled side-lobes.

The first antennas generating narrower beams were introduced on the

INTELSAT IV satellite. Two steerable (transmit only) spot beams, with 4.5◦

beamwidth at C-band, were implemented. A 6 W TWTA achieved 37 dBW

beam peak EIRP and could transmit voice and television transmissions as

a demonstration of new services to small antennas with diameters of 2.4 to

5 m. The parabolic reflectors could be moved via ground command, allowing

the beams to cover any location on the visible earth [2].

These examples show that one- and two- axis stabilized satellites do not

allow for a wide variety, or flexibility, in antenna design. Three-axis stabilized

satellites play an important role in communication satellite antenna design.

It is quite common to station-keep satellites whose attitude is completely

controlled (i.e., orientation of the satellites’ three principal axes is controlled).

The satellite then takes on many of the characteristics of a relay station

installed on a tower between two earth terminals. In particular, high-gain

directional antennas can be used to increase the link’s data rate, or reliability,

and decrease its vulnerability to external noise sources. The antenna can

become much more sophisticated than those mounted on a satellite whose

total mass is spinning. Suffice it to say, the antennas can be as common as

a narrow-band paraboloid reflector mounted on a two-axis pedestal, or as

complicated and unique as the multiple-frequency multiple-beam antenna on

NASA’s ATS-6.
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The DSCS-II (Defense Satellite Communication System-Phase Two) is a

two-axis-stabilized spinning satellite with a de-spun platform on which its

antennas, sensors, and microwave communications subsystem are mounted.

Telemetry, tracking and command (TT&C) antennas, solar cells, and virtu-

ally all other subsystems are mounted on the spinning part of the satellite.

The de-spun platform places the communications antennas on a three-axis

stabilized platform; the satellite’s station-keeping operation virtually places

the antenna stationary at a point in space. The satellite’s communication

system employs frequency division multiple-access (FDMA) to permit earth

terminals to select one of four combinations of up-link and down-link chan-

nel performance. That is, there are two earth-coverage horn antennas and

two paraboloid antennas each of which can function as receiving or transmit-

ting antennas in conjunction with the on-board receivers and transmitters.

(For example, an earth station with sufficient effective radiated power (ERP)

could achieve worldwide communication by selecting that frequency which

couples the up-link earth-coverage horn antenna (ECHA) to the down-link

ECHA. An earth terminal with less ERP might request the use of one of the

high-gain narrow-beam paraboloids and also achieve worldwide communica-

tion by choosing that up-link frequency band over which signals received by

one of the paraboloid antennas are transmitted to the earth via the ECHA.)

Each of the paraboloid antennas are mounted on a biaxial drive pedestal

capable of scanning the antenna’s narrow beam over the surface of the earth.

Each beam illuminates an area on the surface of the earth approximately

1600 km in diameter. Each of these antennas, operates over the frequency

band 7.25− 8.4 GHz with gain ≈ 33 dB, and uses a somewhat conventional

circularly polarized horn feed located at the focus of the reflector. Each earth-

coverage horn antenna is a pyramidal horn excited by a circularly polarized

square waveguide. The transmitting horn operates over the frequency range

7.25 − 7.75 GHz; the other horn receives signals over the frequency range

7.9− 8.1 GHz. Each horn has a gain of 16.8 dB.

ATS-6 successfully demonstrates the versatility of design available to an-

tenna designers. It is truly a remarkable accomplishment in that it uses a 30 ft

(9.14 m) diameter paraboloid reflector, and it is both a multiple-beam and a

multiple-frequency antenna. The antenna feeds produce a composite illumi-

nation of the paraboloid reflector, resulting in varied radiation-pattern shapes

over six different frequency bands ranging from 0.136 GHz to 8.15 GHz. The

S-band (1.8− 2.25 GHz) feed is the most complicated since it must operate
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over the largest frequency range and scan its 1◦ beam over a 15◦ field of view

(FOV). The latter function is accomplished using an array of 32 individual

feeds dispersed along the axes of a cross and located in the focal plane of the

paraboloid. The beam is scanned by exciting only that feed which produces

a beam in the desired direction. Each of the feeds is circularly polarized

and consists of a pair of crossed dipoles mounted in the open aperture of a

rectangular cavity.

1.1.2 Multiple-beam antennas

Satellite payload design depends on the nature and distribution of the traf-

fic. Several years elapse from design to launch, and the satellite lifetime has

increased. It is therefore necessary to understand traffic needs in advance

because capacity saturation usually will occur near the satellite’s end of life.

Such a prediction is necessarily inaccurate, so prudent design requires mech-

anisms in the satellite that will allocate resources, bandwidth, and power

over the lifetime of the satellite flexibly by ground command, so changes in

usage patterns can be accommodated and the satellite capability can always

be fully exploited [2]. It is in the best interest of communication satellite de-

sign to provide an antenna system whose salient performance characteristics

can be changed, upon command from a control center on earth, and thus

accommodate changing communication requirements. This is desirable be-

cause new requirements are often determined sometime after the satellite is

operational. For this reason, the multiple-beam antenna (MBA) has become

popular because it can be adjusted to produce a wide variety of radiation

patterns. MBAs can adjust their radiation coverage areas according to new

demands. (In the antenna community they are often referred to as reconfig-

urable antennas.) So, a tremendous growth in the use of MBA systems for

satellite communications has been observed in the past [4–8]. These MBAs

provide coverage to the specified geographical region on the earth, either

contiguously or non contiguously, using a large number of spot beams sup-

porting both down-link (satellite-to-ground) and uplink (ground-to-satellite)

frequencies. The MBA typically consists of a reflector surface illuminated by

a number of feed horns. Each horn produces a circular main beam slightly

displaced on the Earth from the other beams. In order to generate several

high gain spot beams, electrically large antenna apertures are required; the

larger the reflector is, the more concentrated the radiated energy becomes,
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and the higher gain has the antenna [9]. Thus, as the number of beams

increases to accommodate higher capacity in the satellite system, their an-

gular separation decreases, and the reflector and feed array sizes increase

accordingly. By carefully selecting the excitation of the individual feed horns

in amplitude and in phase, the superposition of all the individual beams

produces the specified contoured beam. A low-loss beam-forming network

(BFN) provides appropriate (in phase and amplitude) excitations to these

feed elements. The BFN is usually optimized for low loss, while trading off

mass and volume. Switchable BFNs are used for reconfigurability in orbit.

The flexibility of a MBA system designed to produce variable coverage over

the FOV is determined principally by the versatility of the BFN. The most

versatile BFN enables one to change the excitation of the feed horns in a

short time (∼ µs) and to produce any desired relative amplitude and phase

excitation of the feeds. Thus, the BFN in a MBA can become quite complex.

Moreover, it introduces significant RF losses and adds to the overall weight

of the antenna. Because the BFN has to be designed for minimum loss, a

compromise may be required in mass and volume [10].

The main advantages of MBAs over contoured beam antennas are:

� increased spectral utilization achieved through the re-use of frequencies

over several spot beams instead of using the whole spectrum on a single

contoured beam;

� increased antenna gain due to much smaller beam size resulting in

higher effective isotropic radiated power on the down-link and higher

gain to noise temperature on the uplink;

� increased capacity;

� smaller ground terminals.

The interest in MBAs has resulted primarily from the market-driven need

to provide higher satellite EIRP and G/T to low-cost, customer premises

earth stations. Whenever many users are to be served by the communication

satellite, a radiation pattern which gives simultaneous uniform coverage over

the entire FOV may be desired. This shape of radiation pattern is called an

earth-coverage pattern. With regard to the up-link signals, it is not uncom-

mon for interfering signals to degrade or completely eliminate operation of a

communication channel. With a MBA it is possible to reduce the antenna’s
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directive gain in the direction of the interfering signals without significantly

decreasing the directive gain available to the users, by an earth-coverage

pattern with prescribed minima.

MBAs are currently being used for direct-broadcast satellites (DBS), per-

sonal communication satellites (PCS), military communication satellites, and

high-speed Internet applications. The objectives for MBA design are [11]:

� maximize the minimum gain of each beam over the coverage region;

� maximize the pattern roll-off outside the spot-beam area;

� minimize the side-lobe radiation in order to maximize the frequency

reuse, i.e., maximize the co-polar isolation among beams that reuse the

same frequency;

� maximize the cross-polar isolation for each beam;

� maximize the beam congruency between the uplink and the down-link

beams since they both need to cover the same spots on the ground;

� minimize the gain loss due to beam scan effects.

Thus, MBAs are designed with the purpose of variable pattern shaping and

of producing many high-gain beams. Combining several beams would allow

various other radiation patterns to be produced. It is to be noted that the

total interference is usually dominated by the co-polar signals from adjacent

beams re-using the same frequency, so as (self) cross-polar interference can

sometimes be neglected.

High-gain MBA systems usually take one of three generic forms: lens,

reflector, or direct radiating array (DRA) [3].

Lens

Probably the most interesting aspect of an active lens consists in the fact

that it does not require any beam-forming network for the generation of a

multi-beam coverage. As a consequence, its complexity does not depend on

the number of radiated beams. The reduced volume and mass of this in-

novative radiator, associated to a simple manufacturing, make it an ideal

candidate for the development of array configurations with circular aperture

elements. The main criticality of this type of antenna is related to ther-

mal issues, accommodation onboard a satellite, and selection of the most
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appropriate array configurations [9]. Dielectric lens MBAs are not suitable

for space applications because of the electro-static discharge and out-gassing

associated with dielectric materials in vacuum. Waveguide lens MBAs have

been used in the past (for example, on DSCS III satellite), but suffer from

the disadvantages of limited bandwidth due to zoning of the lens to reduce

mass, high mutual coupling among waveguide elements of the lens and poor

return loss [11].

Reflector

Reflector antennas have been the mainstay of satellite communications (not

only for MBA systems) because of their structural simplicity, light weight,

and design maturity. Offset reflectors have most often been used because

blockage (which causes polarization purity problems) is minimized or avoided.

Shaped-beam MBAs have typically been realized with a single (parabolic)

reflector illuminated by a cluster of feed elements. Also appropriate dual-

reflector optic designs have been considered, with a (parabolic) sub-reflector

illuminated by a phased array, and a larger (parabolic) reflector, the focal

point of which is coincident with the sub-reflector, used as the main reflector

[10].

The design of multi-beam reflectors starts with the beam-size require-

ments and the frequency plan. The geometrical parameters in the reflector

configuration are related through a set of equations, and each has its opti-

mum range of values for best performance [12]. In particular, the component

beamwidth is inversely proportional to the reflector diameter D, which makes

the angular spacing between two isolated shaped beams related to the reflec-

tor size; for each field of view there is an optimum reflector diameter. After

reflector diameter, the critical parameters in the reflector design are the Fo-

cal length-to-Diameter ratio, F/D and the feed horn size, d. The F/D ratio

of the reflector depends on the coverage region and the maximum number of

beams that need to be scanned, and is typically in the range 1.0 to 2.0. It

also depends on the mechanical packaging issues on the spacecraft. The feed

size depends on the number of reflectors being used, and is independent of

the frequency-reuse scheme [13]. Such configurations with reflectors fed by a

cluster of horn elements suffer from a major deficiency: a significant amount

of the power radiated from the feed cluster does not hit the reflector and is

lost as spillover into space. The reason for this is that the horn elements
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do not have high enough directivity compared to their aperture diameter.

One possible way to reduce this spillover is to apply a horn element that

has a uniform or nearly uniform field distribution over its aperture because a

uniform illumination will give the maximum directivity for a given aperture

size. Therefore the spillover will decrease. Hard horns [14] have this prop-

erty. Hard horns also have low cross-polarization [14]. MBA performance

can be optimized by the proper selection of the horn design.

After the geometrical parameters, the excitation coefficients of the feed

array elements are determined through a rigorous optimization procedure to

satisfy the coverage requirements, which include gains, co- and cross-polar

isolations, and gain slopes. There are a number of available beam-shaping

algorithms aimed at maximizing the gain within one coverage region while

minimizing the side-lobe levels in all other coverage regions, and minimizing

the cross-polarization levels in all regions. The variables in the optimization

process are the amplitude and phase coefficients of the feed array elements

[10].

Since the BFN may become complex, an alternative to shaping the beam

through the excitation coefficients in the BFN is to shape the reflector to in-

troduce the desired amplitude and phase distribution at the aperture plane.

Shaped reflector is a more recent type of antenna, where the reflector has a

surface which is deformed in a controlled way. The feed array is simplified to

one feed for a single shaped beam, or a small number of feeds for a number

of isolated shaped beams. But, doing so, a number of the main advantages of

MBA systems are lost. One major drawback of the shaped reflector design as

compared with the array-fed reflector is the inability to reconfigure the beam

once the reflector shape is determined. This problem was overcome recently

when a reconfigurable mesh reflector with dynamic control of the reflector

shape was proved feasible [10]. Reflector antennas with reconfigurable sur-

faces have been investigated in Europe for some time. They use a reflector

surface consisting of a thin metallic tricot mesh. The surface is controlled

with actuators at a number of points. The contoured main beam is obtained

by adjusting the shape of the reflector surface [14].

Furthermore, besides the single aperture design which requires complex

beam-forming networks, a multiple-aperture design without beam forming

networks is possible. Multiple aperture reflector MBAs, where adjacent

beams are generated from different apertures, have sometimes been preferred

over single reflector MBAs due to the fact that each beam can be generated
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with larger single horn without the need for beam-forming networks (BFN)

and have better performance than single reflector MBAs. Multiple-aperture

MBAs have the benefits of hardware simplicity and better electrical perfor-

mance compared to single-aperture MBAs, but at the expense of an increased

number of apertures. The number of apertures and the beam layout of MBA

depends on the satellite-system requirements, such as the frequency plan or

the number of cells, the co-polar isolation requirements, beam size, spacecraft

limitations for accommodating large reflectors, etc. The number of apertures

dictates the maximum size of the feed that can be used for the multiple-beam

antennas. When compared to a single-aperture MBA, the feed size can be

increased with the advantages of lower spillover loss and reduced side-lobe

levels [13]. Different MBA technologies using multiple reflector antennas have

been used in the past. A conventional configuration used on several satellites

employs separate set of reflectors for K-band down-link and Ka-band uplink

frequencies. It typically requires four Tx reflectors and four Rx reflectors to

generate multiple beams on ground. The Rx reflectors are smaller than the

Tx reflectors in order to produce identical beam sizes on ground. Each reflec-

tor is fed with its own cluster of horns that work only over a single frequency

band (Tx or Rx). The reflectors are often deployed on orbit toward east

and west sides of the spacecraft. The disadvantages with this configuration

are that it requires large number of reflector antennas (about eight), large

number of feed horns, more real estate on the spacecraft and is expensive.

A configuration which overcomes some of these problems employs com-

mon reflectors for generating both Tx and Rx beams. The four reflectors are

fed with a cluster of low/medium efficiency horns such as corrugated horns

that can simultaneously support both bands. The reflectors are sized for

the Tx band and are shaped for Rx band in order to broaden the receive

beam patterns. This configuration has the advantage of half the number of

reflectors (four versus eight) and feed horns, but has the disadvantages of a

significantly reduced EOC gain and poor C/I performance due to thick walls

required for the corrugated horns. These limitations can be reduced by em-

ploying smooth-walled dual-band high efficiency horns which provide high

efficiency value at both bands simultaneously using “slope-discontinuities”

which results in significant EOC gain improvements at both bands when

compared to corrugated horns [11].
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Direct Radiating array

Phased-array antennas first gained interest and development throughout the

1950s and 1960s. There are two general types of phased arrays, passive and

active. Passive arrays use a central transmitter and receiver, but have phase

shift capability at each radiating element. In active arrays, the high-power

generation for transmit and low-noise amplification on receive are distributed

at each radiating element. Active arrays provide added system capability

and reliability; but initially, they did not receive extensive attention because

they were too complex and expensive. With the advent of relatively low-

cost GaAs monolithic microwave integrated circuits (MMICs), automated as-

sembly for microwave components, and low-cost high-speed high-throughput

digital-processors, active arrays became the preferred approach for many

radar systems and communication systems requiring rapid scanning. Each

has its unique properties, advantages, and shortcomings.

Generally, in a passive array there is no element amplitude control; only

phase shifters are used at each element to provide the required phase shift for

scanning. The design challenge in a passive array is to minimize the losses

in the feed network and the phase shifters in order to increase the system

sensitivity and efficiency. This requirement often limits the type of RF feed

network and may appreciably increase the weight of the array. A passive

array is generally less expensive because the number and cost of components

is low.

In an active array, a transmit/receive module (TRM) is used at each el-

ement to provide amplitude and phase control. The main advantage of an

active array is that the system sensitivity is increased. A second advantage

is that the TRMs provide complete flexibility in amplitude and phase con-

trol. A third advantage of an active array is that the feed networks need

not be optimized for lowest loss; thereby allowing design flexibility and the

ability to minimize size (volume) and weight. Of course, these performance

improvements come with increased array complexity and cost [15].

Thus, if the array is fed with a low-loss passive BFN, its overall weight

will make it less attractive as an alternative to reflector systems. However, if

an active array is employed, overall weight, efficiency, and reliability can be

improved and the array becomes competitive with the reflector system. The

array will incorporate power amplifiers directly before the radiating elements

and at the output of the active BFN, which contains variable phase shifters
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and variable attenuators for phase and amplitude control, which are needed

for beam reconfigurability.

The concept of eliminating the reflector and using the feed array as a

direct radiating array (DRA) has firstly been investigated for the INTELSAT

VI coverages [16].

When using a DRA, the array must have an aperture size comparable to

that of the reflector in order to achieve the same spatial isolation between the

co-polarized beams. Since antenna volume occupation is an important issue

to address in satellite applications, the adoption of more compact radiating

systems is highly desirable. An effective design solution to this problem may

be represented by sparse arrays, with spacing and excitation tapering distri-

butions, selected in such a way that the target radiation mask is matched.

The array’s sparseness can be conveniently controlled in order to meet the

design requirements in terms of minimum antenna inter-element spacing, and

maximal array aperture size [17]. Traditional or sparse active phased arrays

become especially attractive for generating a significant number of beams

(typically more than seven) from a satellite to earth. On the other hand,

as the number of beams increases, leading to narrower beam-widths, the

antenna aperture may exceed the limit allowed by the launch vehicle. The

in-space deployment of the antenna is more easily implemented with a reflec-

tor than with a complete active phased-array aperture. This limitation will

direct the design in these cases into a smaller active phased array feeding a

magnifying dual-reflector system [10].
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Chapter 2

Satellite arrays of antennas

This chapter deals with synthesis techniques for antenna ar-

rays. Many algorithms are presented, starting from the earlier

analytical methods, such as the Dolph-Chebyshev and the Taylor

method. Then, particular attention is devoted to present some

numerical algorithms for the power pattern synthesis of antenna

arrays, including typical constraints dictated by satellite applica-

tions, such as the beam-reconfigurability, the phase-only control,

and the cross-polar pattern reduction. Due to the importance of

the antenna operating environment, a special section in this chap-

ter is dedicated to synthesis techniques which allow to take into

account the operating environment.

2.1 Synthesis of antenna arrays

The synthesis for array antennas can be loosely defined as follows: deter-

mine the element excitation, and possibly the lattice geometry, so that the

designed system produces a radiation pattern that closely approximates an

a priori prescribed far-field pattern, simultaneously satisfying possible other

constraints [18]. Many of the available procedures require the prescription

of both amplitude and phase of the sought pattern and therefore can be la-

belled as field synthesis procedures, in contrast to the power synthesis ones,

in which only the amplitude is prescribed. The latter is by far more com-

plicated but it is also the most important from a practical viewpoint. As

a matter of fact, at microwave frequencies, pattern specifications for radar

17
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and telecommunication applications often involve only the amplitude of the

radiated field.

So, in array-pattern synthesis, the main concern is to find an appropriate

weighting vector to yield the desired radiation pattern. A good number of

effective and sophisticated power pattern synthesis techniques for planar and

conformal antenna arrays is available today. Some of them are also suitable

for beam reconfigurable arrays and/or scanning arrays. These are numerical

techniques, based on either deterministic or stochastic methods. But initially,

linear arrays consisting of equally spaced identical elements have been studied

and various analytical techniques have been developed to meet the challenge

of lowering the near-in side-lobes with respect to the 13 dB obtained with

the uniformly illuminated array. Examples of analytical techniques include

the Dolph-Chebyshev method and the Taylor method.

Dolph addressed the problem of lower side-lobes by devising suitable

transformations of variables to link the behavior of the Chebyshev polynomi-

als to array side-lobe levels. However Chebyshev distribution has not been

widely used because the ratio of outer to center currents might be high and

thus difficult to implement. But, it is the starting point for the derivation of

the Taylor distribution.

Taylor postulated a pattern from a uniformly illuminated array with the

decreasing side-lobe levels, but modified to give equal close-in lowered side-

lobes. The technique is a melding of the two, uniform and Dolph-Chebyshev.

Taylor’s design was for continuous apertures. Villeneuve [19] developed

the technique for linear arrays which obviates the discretization of the con-

tinuous Taylor’s distribution.

The above mentioned techniques were developed for the design of pencil

beams. But, for many requirements, beam-shapes with arbitrary contours

were needed. One well known method to achieve such requirement is due

to Woodward, who used linear arrays with uniform amplitudes and linear

progressive phase distributions as the building blocks. These arrays have

beams scanned to a different angle and positioned so that the peak of each

beam falls on the nulls of all the other beams; these beams are thus orthogonal

in space. The peak of each beam is adjusted to coincide with the desired

shaped beam at the sample points. Ripples in the pattern will occur because

the side-lobes of all the individual beams contribute between sample points

as well as outside the shaped beam region. The ripple and drop-off slopes of

the pattern will depend on the aperture size, the number and spacing of the
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elements.

Since the publication of Woodward’s paper, several iterative techniques

have been developed [20]. With the spread of powerful computers, numerical

approaches have become more popular as they are applicable not only to

regular arrays (such as linear and circular arrays of equally spaced elements)

but also to arrays with complicated geometry layout.

Planar arrays are usually limited to scan angles of about +70° from broad-

side because of gain reductions and aperture mismatch losses. So, scanning

beyond that angular range would require the location of radiators on circular

surfaces, such as cylinders, cones or spheres. Moreover, in aeronautical and

automotive applications for example, antennas are mounted on non regular

surfaces and the geometry of the array is thus dictated by the shape of the

body they are mounted on. Practical implementation problems of conformal

arrays are significant and include element spacing, polarization matching,

feeding systems, and beam steering. The pattern synthesis in conformal ar-

rays is one of the most challenging problems, as the element pattern cannot

be factored out from the array pattern. Consequently, the usual synthe-

sis techniques for planar arrays are not directly translatable to conformal

arrays and numerical approaches have to be used [20]. Moreover, numeri-

cal approaches also provide the advantage of allowing to realize complicated

radiation patterns and to include additional requirements in the synthesis

procedure.

Thus, in its full generality, the synthesis problem of antenna arrays con-

siders arbitrary array geometries and can be seen as a general optimization

problem, where optimal complex element excitation values are sought for in

order to obtain a specified radiation pattern. The radiation pattern may be

specified in both amplitude and phase, or only in amplitude. This latter

case, which is much more interesting, is also more complicated, being a non-

linear problem. Moreover, the optimization can include several additional

constraints, such as maximizing the directivity, minimizing the side-lobes to

a certain level, design of some shaped or contoured beam using some exci-

tation amplitude distribution, minimization of the cross-polar pattern, and

control of the radiated near-field.

To complete this kind of optimization, either deterministic or stochastic

optimization techniques have been developed. Deterministic methods are

usually based on some iterative procedures involving the projections algo-

rithm [21–25], or the least-mean-square optimization [26, 27], or the mini-
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mization of a suitably chosen cost function [28–30].

In [21] the problem of obtaining the optimum array weights for steering

nulls or side-lobes in arbitrary directions and a fixed gain in a specified “look

direction” is considered. Despite previous approaches using polynomials to

describe the properties of the radiation patterns, which tend to become math-

ematically intractable for complex array geometries [21], the method adopts

a geometric formulation which allows the construction of the optimum weight

vector in an appropriately selected “weight vector subspace” starting from its

known projection onto the vector lying in the constrained “look direction”.

An effective recursive algorithm for the construction of the optimum weight

vector is used employing only the operations of projection onto appropriate

sets of vectors. This was the earliest application of the method of projections

in array pattern synthesis problems.

Then, Bucci et alii have extended and improved such projections ap-

proach, presenting the obtained results in various papers, for example [22,23].

The new formulation of the synthesis problem (interpreted as an intersec-

tion finding problem) allows to realize the power synthesis of reconfigurable

conformal arrays with phase-only control, alleviating the possibility for the

iterative algorithm of being trapped into false solutions, i.e., local minima

of the objective functional [23]. In particular, the method proposed in [23]

takes into account both the co-polar pattern and the cross-polar pattern,

which can be extremely important in satellite applications in which the po-

larization purity is mandatory.

Botha and McNamara developed in [24] a general method for the synthe-

sis of conformal arrays which efficiently incorporates the effects of element

patterns and polarisations in the presence of the host surface. The algo-

rithm uses the method of projections in conjunction with maximal likelihood

estimation.

A pattern synthesis technique for a conformal array antenna on a cylinder

is presented in [25] using the method of alternate projections. The method

includes the effect of the mutual coupling in the synthesis process.

Based on the consideration that the least-squares optimization is not

directly suitable for non-linear synthesis problems, Vaskelainen in [26] pro-

poses an approximate equivalent linear problem, which can be solved by an

iterative process so that the least-squares optimization can be successfully

used in power pattern synthesis, where the phase of the goal function is not

fixed. This optimization also allows the phase-only synthesis of reconfig-
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urable arrays, with predefined excitation amplitude distribution. Since the

least-squares optimization controls only the general level of side-lobes and

not the level of individual peaks, local, or even global minimum of the LMS

error can give an unsatisfactory result in some problems. Vaskelainen pro-

poses an iterative correction of weights as a valuable tool for solving these

problems. The optimization error in different directions can so be controlled

by selection of weights used in the LMS error. Iterative control of individual

error values can be achieved by correction of the weight values according to

the previous synthesis error values. Moreover, any linear dependence is easy

to take into account during the synthesis [26].

The least mean square pattern synthesis method is extended in [27] to

include constraint such as pattern nulls or pattern derivative nulls at a given

set of angles. The problem is formulated as a constrained approximation

problem which is solved exactly. Nulls are formed in the radiation pattern

of an antenna in order to suppress interference from certain directions. The

corresponding synthesis problem consists in determining the closest approx-

imation to a given quiescent pattern (i.e., the desired pattern in the absence

of the jammers), subject to a set of null constraints.

A synthesis technique for antenna arrays of arbitrary geometry is pro-

posed in [28]. Imposing equal excitation amplitudes and modifying only the

excitation phases, the method produces patterns with multiple main lobes

and nulls in assigned directions. The synthesis procedure requires the mini-

mization of a weighted cost function suitably defined.

An evolution of this technique is proposed in [29]. Using a simple and fast

iterative technique, a cost function is minimized, which involves an auxiliary

function having the desired amplitude pattern and a generic phase pattern.

The method allows to satisfy stringent requirements on the amplitude pat-

tern, including multi-beam synthesis and radiation suppression within large

angular regions. The algorithm allows a significant reduction of CPU time

with respect to the other methods, as well as a weaker dependence on the

starting point [29]. The presented method is also extended in such a way as

to reduce the dynamic range ratio (DRR) of the array excitations, which is

defined as the ratio between the maximum and the minimum amplitude of

the excitations.

The authors also presented in [30] a fast iterative method for conformal

antenna arrays that enables the power synthesis of 3D co-polar and cross-

polar patterns, simultaneously reducing the dynamic range ratio (DRR) of
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the array excitations.

The classical deterministic methods are vulnerable lo local-minima-related

difficulties. The main limitations of these methods are that the starting point

in the optimization process should be chosen carefully, and that usually there

are restrictive requirements on continuity and on existence of derivatives.

Global optimization methods allow to solve these problems and provide ro-

bust searches in complex spaces. They are very flexible, but usually need

a large amount of calculations. The most used Global optimization tech-

niques include genetic algorithm (GA) [31,32] and particle swarm optimiza-

tion (PSO) [33].

Two methods using GAs are presented in [31] for the synthesis of linear

arrays. The first is based on a combination of GAs and Schellkunoff method

to locate the roots of the Schellkunoff polynomial and to obtain the complex

excitation for a given and feasible radiation pattern, specified by various nulls

and other points. In the second method, the GA is used to directly change the

complex amplitude of each array element until the desired radiation pattern

is obtained. Also the more critical problem of synthesis of a planar array is

studied, which has a very large solution space. In the planar-array case, the

GA directly changes the phase and amplitude of each element of the array

until the desired radiation pattern is achieved.

In [32] a simple and flexible GA for pattern synthesis of arbitrary arrays is

proposed. The approach avoids encoding/decoding and uses decimal genetic

operations directly dealing with real or complex weighting vectors, so that

constraints on the phases and magnitudes of the complex coefficients can

be easily imposed for practical implementation of digital phase shifters and

digital attenuators.

The problem of designing a reconfigurable dual-beam array with phase-

only control is addressed in [33]. The PSO is used to find the solution in

two ways. First, the PSO optimizes the Woodward-Lawson coefficients. Sec-

ond, the PSO optimizes the element excitation amplitudes and phases di-

rectly. Both the approaches give acceptable solutions, being the second more

straightforward both conceptually and in practice.

2.1.1 Radiated Near-Field

In many communications and remote-sensing systems, mounted in complex

environments such as satellites, ships or aeroplanes, the antenna pattern is
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highly influenced by scattering from wings, masts, fins and other elements

situated in the near-field region of the antennas. This causes deterioration of

the system capabilities, which becomes very important in some applications.

The presence of antenna’s mounting structures and operating platforms can

cause a significant degradation of the radiation pattern of the array.

Therefore, synthesis techniques should include the operating environment

of the antenna, in order to take into account the influence of near-field ob-

stacles.

There are several ways to address this kind of problems. Essentially, two

different approaches have been proposed in recent years.

As a first approach, some techniques try to reduce or to avoid electro-

magnetic coupling between the antenna and the obstacles. These methods

are aimed to minimize the currents induced by the antenna on the obstacles.

This approach does not require an a priori accurate characterization of the

antenna’s operative environment [18,34–38].

Otherwise, these approaches based on minimizing the current induced

on the objects or platform do not necessarily provide the optimal solution,

because these induced currents can be used to reinforce and improve the

radiating system’s performance [39]. The main limitation of these methods

is that the isolation of the platform (or the near-field obstacles) is not al-

ways possible, for example, when the antennas are directly connected to the

platform.

An alternative approach modifies the radiation operators in order to in-

corporate the scattering currents induced on the metallic structures located

in the antenna’s working environment. It needed to accurately calculate

the electromagnetic coupling of the obstacle. This complicates the synthesis

procedure and, besides, requires the use of an accurate numerical technique

to calculate the coupling matrix, mainly in complex and three dimensional

problems. Rigorous formulations based on the Method of Moments (MOM)

have been used to account for the radiation of the array in the presence

of the obstacles. Obviously, this requires a significant modification of the

numerical code available for the array pattern evaluation and also an accu-

rate description of the array environment. In order to include such effects,

these methods require to construct an accurate model of the electromagnetic

antenna-platform coupling, and to use an accurate electromagnetic analysis

code for three-dimensional scatters and antennas [39–41].

Thus, the first approach is more flexible than the latter and can also easily



24 Satellite arrays of antennas

accommodate compatibility constraints. In fact, electromagnetic compatibil-

ity with the antenna’s neighboring apparatus, such as onboard instrumenta-

tion in satellite applications, often requires control of the (maximum) field

level in certain regions located in the near-zone of the array. On the other

hand, the latter approach allows to improve the performance of the radiating

system by the use of the currents induced on the near-field objects and on

the platform [39].

Reducing the near-field does not necessarily give the optimal solution.

In fact, when the scattering of an object is considered and introduced in

the global optimization, results can sometimes be improved. However, it

has been shown [35] that isolating near-field obstacles can anyway provide

results as good as those obtained with synthesis techniques, which use the

scattering of the obstacle to improve the radiation pattern [35]. Thus, there

is not, a priori, a preferable approach. Both can be sufficiently accurate and

the choice should be carefully done after analyzing the particular problem at

hand.

Based on the consideration that there were many array pattern synthesis

methods incorporating control of far-field nulls, but the case of near-field

nulls had received scant attention, Steyskal in 1994 proposed to search for

a radiation pattern by imposing nulls in the zone where the scatterers are

located, obtaining significantly improved antenna far-field response [34]. He

considered the cases of linear and planar arrays, and formulated the prob-

lem as a constrained least-mean-square approximation of a desired far-field

pattern. His approach provides good results for small obstacles, although it

may be inefficient when dealing with large objects.

This approach was generalised in [35] for large objects. The synthesis

procedure gives the array complex coefficients, that best approximate, in a

least-mean-square sense, a desired far-field patterns, simultaneously minimiz-

ing the near-field radiated power in the boundary of the obstacles.

In [36] a method based on the alternating projections is proposed. The

near-field null constraint is imposed at sampling points, fixed according to

the results relevant to the 3-D sampling representations of electro-magnetic

fields. This allows a considerable reduction of their number with respect to

the classical λ/2 spacing.

An evolution of this method is presented in [37], where the null field con-

straints are imposed on a spherical surface enclosing the considered volume.

In fact, as a consequence of the uniqueness theorem, if the tangential compo-
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nents of the electro-magnetic field on a closed surface external to the sources

are zero, the field is null in the enclosed volume. It is clear that the num-

ber of constraints can be remarkably reduced by imposing the annulment

of the field tangential components at the sampling points fixed by the non

redundant field representation on a spherical surface external to the sources.

A method is described in [38] which minimizes a cost function that allows

to control the near-field reduction by a proper choice of a parameter. The

method is presented with reference to circular arrays but can be extended to

arrays of more general geometry.

A power pattern synthesis technique based on the method of projections is

presented in [18] for reconfigurable conformal arrays, with phase-only control,

which also incorporates constraints on the maximum allowable field level

radiated by the antenna in a given near-field region.

It is important to note that the latter two approaches offer the possibility

of controlling the field reduction in the region.

A power synthesis method, which takes into account the influence of a

perfectly electric conducting (PEC) obstacle located in the near-field region

of the array, is presented in [40]. It consists of a global linear optimization,

which not only considers but profits from the scattering of the object to

synthesise the global array pattern. The influence of the scatter is taken into

account by using the generalised multi-pole technique (GMT).

A method for synthesising array antennas under the constraint of max-

imum directivity, when they are in presence of PEC bodies, is presented

in [41]. This method combines an optimum directivity (OD) technique with

the GMT in a closed form formulation.

In [39] a global-optimization procedure is proposed, which considers both

the mutual coupling between the array elements, and their interaction with

the mounting platform. This is done by using a three-dimensional formula-

tion of the Method of Moments (MOM).
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Chapter 3

The developed algorithms

In this chapter we present original results obtained during the

Ph.D. activity. Precisely, we describe the developed power pat-

tern synthesis algorithms. The chapter is organized in different

sections, presenting the evolution of the study, with the purpose

of emphasizing the originality of the work. Starting from the

(non-linear) problem of power pattern synthesis for phase-only re-

configurable antenna arrays, many constraints arising in satellite

applications, are subsequently added. So that, the final problem

of synthesis includes the dynamic range ratio control, the cross-

polar pattern power synthesis, and the reduction of the near-field

amplitude in a region of interest. All the constraints are added

with only a straightforward modification of the involved operators.

Moreover, one may decide which constraints to account for in the

particular problem at hand and adapt the algorithm to solve this

problem. These peculiarities have been made possible thanks to an

original way of using the method of alternating projections, ob-

tained by a particularly convenient way for defining the sets over

which the projections are performed.

3.1 Alternating projection approach

As it was mentioned in Chapter 2, the projections method has been applied

in the antenna field for many years. But, the results and the performances

are strongly dependent on the way it is applied, and in particular, on how
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the involved sets are defined. It was mentioned that initially a large number

of sets were involved, resulting in convergence problems [21]. Then, some

procedures have been developed, which allow a more useful solving scheme,

involving only two sets [22]. Nevertheless, such methods present some prob-

lems when additional constraints are considered. Precisely, due to the defi-

nition of the involved sets, the projection operators are not implemented in

closed form, but require complicated iterative procedures, such as the BFGS

(Broyden-Fletcher-Goldfarb-Shanno) method [18]. Thus, the demand for

computational resources becomes really high in terms of computer memory

and CPU time. Moreover, the synthesis procedure is not straightforward.

With this in mind, we concentrated on the definition of the involved sets.

Precisely, we looked for a set definition which allows an easier implementa-

tion of the projection operators when additional constraints are considered,

without excessive increase of the computational burden.

First, we considered the problem of phase-only synthesis of reconfigurable

(or beam scanning) arrays, due to their fundamental role as satellite multi-

beam antennas (MBAs). We developed an algorithm suitable for arrays of

arbitrary geometry, thus including conformal and sparse arrays, which are

often used as onboard satellite antennas. The algorithm proved to be very

efficient, providing very satisfactory results in acceptable CPU times. So,

we considered additional constraints, which are typically involved in satellite

applications. These are the dynamic range ratio (DRR) control, the simulta-

neous synthesis of the co-polar and cross-polar patterns, and the reduction of

the near-field amplitude in a region close to the antenna, which is extremely

important when considering the antenna operating environment which may

strongly degrade the far-field performances.

Finally, the algorithm is provided with the additional capability of min-

imizing the power radiated in the side-lobe regions of both the co- and the

cross-polar patterns, along with the energy stored in the near-field region

of interest. This is realized by a suitable modification of the functional to

be minimized to project a point onto one of the two sets. By doing so, the

obtained point is not a projection anymore, and the algorithm is not guaran-

teed to converge to a (local or global) minimum. However, in all examined

cases such modification provided a high improvement in terms of side-lobe

power levels, as well as of stored energy.

The following of this chapter describes in details the algorithm initially

developed, and how it has been modified in order to take into account the
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additional constraints. Chapter 4 presents some numerical results. A section

of the appendix is dedicated to some mathematical details of the alternating

projections algorithm.

3.2 Power synthesis for phase-only reconfig-

urable arrays

The synthesis procedure for beam reconfigurable arrays starts with the defi-

nition of a number of suitable masks: the algorithm yields excitation vectors

whose array patterns belong to such masks, and for each array element the

excitation amplitude holds constant during the pattern reconfiguration, so as

to ensure the phase-only control. Each excitation amplitude is optimized dur-

ing the synthesis procedure and is not fixed a-priori. The proposed method

can also be used to solve problems of discrete beam scanning. To this aim

it is sufficient to select a high number of masks, close to each other in the

angular sector of interest and shaped in such a way as to reproduce the de-

sired beam scanning. Thanks to the formulation, all the masks may include

a same zero region, aimed to reject possible interfering signals from certain

directions. The algorithm yields array patterns belonging to these masks,

thus performing a discrete constrained scanning by phase-only control.

This is the first and simplest considered problem, realizing the phase-

only synthesis for reconfigurable or beam-scanning arbitrary antenna arrays.

Nevertheless, it is extremely important in satellite applications. Now, we will

mathematically formulate the problem and describe in details the solving

procedure.

With reference to a Cartesian system O(x, y, z), we consider an array of

N radiating elements located at the points (xn, yn, zn). The radiation pattern

of the array in the generic direction (θ, φ) is given by:

Fco(a; θ, φ) =
N∑

n=1

anF
co
n (θ, φ) (3.1)

where a = [a1, ..., aN ]
T is the column vector of the complex excitations, θ

and φ are the elevation angle and the azimuth angle of the direction of

observation, respectively, F co
n (θ, φ) is the active element pattern generated

by the n-th array element, that is, the radiation pattern of the whole antenna

array with only the n-th array element excited with unitary excitation [42].
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In order to formulate the phase-only synthesis problem, let us consider a

number S of co-polar masks, each defined as the following set of complex-

valued scalar functions:

M co
s = {fs(θ, φ) : mco

s1(θ, φ) ≤ |fs(θ, φ)| ≤ mco
s2(θ, φ)} (3.2)

wheremco
s1(θ, φ) andmco

s2(θ, φ) are non-negative functions specifying the lower

bound and the upper bound, respectively, of the s-th mask.

We want to determine S excitation vectors a1, ..., aS (as = [a1s, ..., aNs]
T )

such that:

Fco(as; θ, φ) ∈ M co
s , s = 1, ..., S (3.3a)

|an1| = ... = |anS| = αn, n = 1, ..., N (3.3b)

This is a problem of power pattern synthesis by phase-only control. In

fact, condition (3.3a) imposes that the s-th pattern belong to the s-th mask,

and this condition concerns the pattern amplitude and not its phase. Con-

dition (3.3b) imposes that the S excitations of the n-th array element have

the same modulus, to allow the phase-only control. Such amplitudes are

unknown, and are optimized by the algorithm to improve the synthesis per-

formance.

3.2.1 The solving procedure

In order to solve this problem with the alternating projections method, we

follow the approach proposed in [43], extending it to the 3D case. So, we

introduce the set W of the 2S-tuples:

w̃ = (gco1 (θ, φ), ..., gcoS (θ, φ),w1, ...,wS) (3.4)

where, for each s = 1, ..., S, gcos (θ, φ) ∈ L2 and ws = [w1s, ..., wNs]
T is a com-

plex column vector, with L2 the space of the complex-valued scalar functions

of square-integrable modulus in [0, π]× [−π, π].

Then, in W we introduce the set U of the 2S-tuples:

ũ = (f co
1 (θ, φ), ..., f co

S (θ, φ),u1, ...,uS) (3.5)

such that f co
s (θ, φ) ∈ M co

s (s = 1, ..., S), and the vectors us = [u1s, ..., uNs]
T

satisfy the phase constraint |un1| = ... = |unS| = αn. In other words, the

functions f co
s (θ, φ) must satisfy (3.3a), and the vectors us must satisfy (3.3b).
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Furthermore, we introduce the set V ⊂ W of the 2S-tuples:

ṽ=(Fco(v1; θ, φ), ..., Fco(vS; θ, φ),v1, ...,vS) (3.6)

where vs is an arbitrary excitation vector and Fco(vs; θ, φ) is the correspond-

ing array pattern, as given in (3.1).

Let us note that the elements of U satisfy all constraints of the problem,

but they are composed by arbitrary complex scalar functions and arbitrary

complex vectors, which are not physically related to the antenna array. On

the other hand, the elements of V are composed by arbitrary excitation

vectors and the corresponding array patterns, but they do not satisfy the

constraints of the problem.

Now, it is evident that any point belonging to both sets U and V is

a solution to our problem, in the sense that its last S components are S

excitation vectors satisfying conditions (3.3b), and its first S components

are the corresponding patterns satisfying (3.3a). In fact, as w̃ ∈ V , by

(3.6) we can write w̃=(Fco(v1; θ, φ), ..., Fco(vS; θ, φ),v1, ...,vS). Moreover, as

w̃ ∈ U , by definition (3.5) of U the patterns Fco(vs; θ, φ) satisfy (3.3a) and

the vectors vs satisfy (3.3b). Thus w̃ is a solution.

However, the intersection U ∩ V may be empty. Thus, we consider as

an approximate solution to our problem a point of U minimizing a suitable

distance from V .

To define a convenient distance in W , we first note that W is a linear

space when a sum in W and a product between points of W and complex

numbers are defined in the most obvious way. Then, we define the scalar

product:

<w̃, w̃′>W =
S∑

s=1

(
<gcos , g′cos >+w′H

s ws

)
(3.7)

where the superscript H means transpose conjugate, and

<gcos , g′cos > =

∫ π

−π

∫ π

0

gcos (θ, φ)g′cos
∗(θ, φ) dθdφ (3.8)

where the asterisk denotes the complex conjugate. Note that (3.8) is a scalar

product in L2.

The scalar product (3.7) yields the norm ∥w̃∥W = <w̃, w̃>
1/2
W , and there-

fore the distance ρ(w̃, w̃′) = ∥w̃ − w̃′∥W in W . Using (3.7), the squared
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distance is given by:

ρ2(w̃, w̃′) =
S∑

s=1

(
∥gcos − g′cos ∥2 + ∥ws −w′

s∥2E
)

(3.9)

where ∥g∥2 = <g, g> is given by (3.8) and ∥w∥2E =
∑N

n=1 |wn|2 is the squared
Euclidean norm of the vector w.

To find a point of U closest to V , we follow the method of projections [44].

To this aim we introduce the projectors PU : W → U and PV : W → V ,

which associate, to any point w̃ ∈ W , the points ũ = PU [w̃] ∈ U and

ṽ = PV [w̃] ∈ V , respectively, minimizing the squared distance (3.9) from w̃.

Algorithms to implement such projectors are presented in the next section.

Then, the method develops as follows. As a first step we select a starting

point ũ0 ∈ U . Then, we perform a sequence of projections onto V and U ,

alternatively, with the scheme:

ũn+1 = PU [PV [ũn]], n = 0, 1, ... (3.10)

which generates a sequence {ũn} of points of U . By a known property [44],

the sequence of distances {ρ(ũn, V )} from ũn to V is non-increasing, and

therefore is convergent. Hence the points ũn belong to U and are closer and

closer to V . Thus, we terminate the sequence {ũn} at n = k such that:

ρk < ε or (ρk − ρk+1)/ρk+1 < δ (3.11)

where ρk = ρ(ũk, V ) while ε and δ are suitable thresholds, and consider

ũk as an approximate solution to our problem. By (3.5), we can write

ũk =
(
f co(k)

1 (θ, φ), ..., f co(k)

S (θ, φ), u
(k)
1 , ...,u

(k)
S

)
, and u

(k)
1 , ...,u

(k)
S approxi-

mate the optimal excitation vectors. Thus, the synthesized patterns are

Fco(u
(k)
1 ; θ, φ), ..., Fco(u

(k)
S ; θ, φ). Note that, as ũk ∈ U , the vectors u

(k)
1 , ...,u

(k)
S

satisfy rigorously constraint (3.3b), so that the phase-only control is always

ensured. However, we also note that Fco(u
(k)
s ; θ, φ) ̸= f co(k)

s (θ, φ), so con-

straint (3.3a) is not satisfied exactly, in general. However, in all the exam-

ined cases the distance from ũk to V resulted to be small, so our solution

met (3.3a) with quite satisfactory approximation.

Note also that, whereas the set V is a linear subspace of W , and therefore

is convex, the set U is non-convex. Therefore, the sequence {ũn} generated

by (3.10) may provide a local minimum of the distance, that is, a sub-optimal

solution [45]. To reduce the risk of falling into points of local minimum,
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the starting point ũ0 should be close to the solution, which however is un-

known [22]. In the numerical examples proposed in Chapter 4, an extremely

good accuracy is achieved with a very simple choice of the starting point.

Moreover, in Sections 4.5 and 4.6 two numerical examples are proposed in

which a number of random starting points are tested to statistically analyze

the effects of the choice of the starting point on the final solution. This test

gave very satisfactory results and showed that the choice of the starting point

is not critical.

3.2.2 The projection operators

Before describing the operators PU and PV , we briefly introduce some fun-

damentals on projections in Hilbert spaces. Given a closed set C in a finite-

dimensional Hilbert space H and a point x̃ ∈ H, there exist at least one

point x̃∗ ∈ C having the minimum distance from x̃ (which is the distance

between x̃ and the set C). That is ∥x̃ − x̃∗∥ = minỹ∈C ∥x̃ − ỹ∥ = ρ(x̃, C).

The point x̃∗ is called the projection of x̃ onto C, and we write x̃∗ = PC [x̃].

PC is called the projector onto C [44].

If the set C is convex, then x̃∗ is unique [45], but when C is non-convex

there may be more than one point having the minimum distance from x̃ in

C, that satisfies the definition of projection. However, in practice, we may

also find a procedure for uniquely choosing one of these points, and denote

it as the projection of x̃ onto C.

The projector PU

Now, given w̃ = (gco1 (θ, φ), ..., gcoS (θ, φ),w1, ...,wS) ∈W , we want to find its

projection onto U , which is the point ũ = PU [w̃] = (f co
1 (θ, φ), ..., f co

S (θ, φ),

u1, ...,uS) ∈ U minimizing the squared distance from w̃ (see (3.9)):

ρ2(w̃, ũ) =
S∑

s=1

(
∥gcos (θ, φ)− f co

s (θ, φ)∥2 + ∥ws − us∥2E
)

(3.12)

We have to minimize ρ2 (w̃, ũ) with respect to both f co
s (θ, φ) and us,

subject to the constraint ũ ∈ U .

That is, each function f co
s (θ, φ) belongs to the mask M co

s and minimizes
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the norm ∥gcos (θ, φ)− f co
s (θ, φ)∥. For each s, f co

s (θ, φ) is given by:

f co
s (θ, φ) =


gcos (θ, φ) if mco

s1(θ, φ) ≤ |gcos (θ, φ)| ≤ mco
s2(θ, φ)

mco
s1(θ, φ)

gcos (θ, φ)

|gcos (θ, φ)|
if |gcos (θ, φ)| < mco

s1(θ, φ)

mco
s2(θ, φ)

gcos (θ, φ)

|gcos (θ, φ)|
if |gcos (θ, φ)| > mco

s2(θ, φ)

(3.13)

Analogously, the optimal vectors us satisfy (3.3b) and minimize:

σ2(u1, ...,uS) =
S∑

s=1

∥ws − us∥2E =
S∑

s=1

N∑
n=1

|wns − uns|2 (3.14)

Minimizing (3.14) requires, as a necessary condition, that:

arg(uns) = arg(wns), s = 1, ..., S;n = 1, ..., N (3.15)

Using (3.3b) and (3.15), after some manipulations, the function (3.14) be-

comes:

σ2(u1, ...,uS) = S
N∑

n=1

(αn −
1

S

S∑
s=1

|wns|

)2

+

(
1

S

S∑
s=1

|wns|

)2

− 1

S

S∑
s=1

|wns|2
]
(3.16)

Finally, by (3.16), the coefficients αn minimizing (3.12) subject to (3.3b) are

given by:

αn =
1

S

S∑
s=1

|wns| (3.17)

So, the evaluation of the projector PU requires a few simple operations.

The projector PV

Given w̃ ∈ W , we want to find its projection onto V , ṽ = PV [w̃] =

(Fco(v1; θ, φ), ..., Fco(vS; θ, φ), v1, ...,vS), which minimizes the squared dis-

tance:

ρ2 (w̃, ṽ) =
S∑

s=1

(
∥gcos (θ, φ)− Fco(vs; θ, φ)∥2 + ∥ws − vs∥2E

)
(3.18)
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Substituting (3.1) into (3.18) yields:

ρ2 (w̃, ṽ) =
S∑

s=1

{
N∑

n,m=1

vnsv
∗
msF

co
mn −

N∑
m=1

v∗msH
co
ms

−
N∑

n=1

vns H
co∗
ns +

∫ π

−π

∫ π

0

gcos g′cos
∗ dθdφ

}

−
S∑

s=1

(ws − vs)
H (ws − vs) (3.19)

where:

F co
mn =

∫ π

−π

∫ π

0

F co
n (θ, φ) F co∗

m (θ, φ) dθdφ

Hco
ms =

∫ π

−π

∫ π

0

gcos (θ, φ) F co∗
m (θ, φ) dθdφ (3.20)

Deriving (3.19) with respect to the variables v∗ps yields:

∂ρ2

∂v∗ps
=

N∑
n=1

(
F co
pn + δpn

)
vns − (Hco

ps + wps) (3.21)

Imposing the conditions ∂ρ2/∂v∗ps = 0, p = 1, ..., N , s = 1, ..., S, yields the S

matrix equations:

J vs = zs, s = 1, ..., S (3.22)

where J = Fco + IN and zs = hco
s +ws, where F

co = [F co
mn], IN is the identity

matrix of rank N , and hco
s is the s-th column of the matrix Hco = [Hco

ms].

Solving (3.22) to minimize (3.18), we obtain:

vs = J−1 zs

where J−1 is the inverse of J. If J is singular or badly conditioned, J−1 can

be replaced by the pseudo-inverse matrix of J [46].

Thus, the implementation of projector PV consists in multiplying the

inverse (or pseudo-inverse) of matrix J by the vectors zs. Let us note that

the vectors zs have to be evaluated at each iteration, since they depend on w̃,

which changes at each iteration. On the other hand, matrix J only depends

on the active element patterns of the array elements, thus it is calculated and

inverted only a single time, at the beginning of the iterative procedure (3.10).

This strongly speed the evolution of the algorithm up, with a significant

impact on the computational time.

Once we have calculated the vectors vs, we calculate Fco(vs; θ, φ) by (3.1).
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3.3 The Dynamic Range Ratio constraint

When dealing with antenna arrays, especially if the inter-element spacing is

small, the mutual coupling between the array elements manifests by modi-

fying the radiation pattern, usually by increasing the beam width, reducing

the directivity and enhancing the side-lobe levels [47]. Such effects can be re-

duced by controlling the dynamic range ratio (DRR) of the excitations, which

is defined as the ratio between the maximum and the minimum amplitude

of the complex excitations:

DRR(a) =
maxn(|an|)
minn (|an|)

(3.23)

where a = [a1, ..., aN ]
T . Thus, together with the constraints (3.3) we intro-

duce the additional constraint:

DRR(us) ≤ D0 (3.3c)

3.3.1 The solving procedure

The introduction of constraint (3.3c) does not modify the definition (3.6) of

V . Thus, the projector PV remains that defined in Section 3.2.2.

On the other hand, the vectors us in definition (3.5) of set U must satisfy

also the additional constraint (3.3c). Next section describes how the projector

PU changes in order to take into account this new constraint.

Projector PU

Given the point w̃, we want to find ũ = PU [w̃] minimizing (3.12), subject

to (3.3a), (3.3b) and (3.3c). The S components f co
s (θ, φ) are calculated with

(3.13), since the additional constraint (3.3c) does not involve the scalar func-

tions. Then, the procedure to calculate the optimal vectors us follows (3.15)

and (3.17). However, now this is only the initial step. In fact, this does

not ensure that (3.3c) be satisfied. So, if the vector α = [α1, ..., αN ]
T of

the amplitudes αn is such that DRR(α) > D0, we must find the vector α0

minimizing ∥α0 − α∥E subject to the constraint DRR(α0) ≤ D0. To this

aim, for any x > 0 we introduce the vector α0(x) = [α01(x), ..., α0N (x)]
T that

minimizes ∥α0(x)−α∥E subject to condition x ≤ |α0n | ≤ D0x, n = 1, ..., N .
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(Note that DRR(α0(x)) ≤ D0 for any x.) The components of α0(x) are

given by:

α0n(x) =


αn if x ≤ αn ≤ D0x

D0x if αn > D0x

x if αn < x

(3.24)

and the squared distance from α0(x) to α is given by:

σ2(x) =
N∑

n=1

|α0n(x)− αn|2 (3.25)

If xmin is the point of global minimum of σ2(x), α0(xmin) clearly is the optimal

vector. Thus, the problem reduces to that of determining xmin. Substituting

(3.24) into (3.25) and differentiating yields:

dσ2

dx
=

N∑
n=1

Dn(x) (3.26)

where:

Dn(x) =


2D2

0(x− αn/D0) if x < αn/D0

0 if αn/D0 ≤ x ≤ αn

2(x− αn) if x > αn

(3.27)

Let αp = minn(αn) and αq = maxn(αn). Being DRR(α) = αq/αp > D0, we

have αp < αq/D0. Therefore, the function Dp(x)+Dq(x) is strictly increasing

by (3.27). By (3.26), this implies that also dσ2/dx is strictly increasing, as

eachDn(x) is non-decreasing. Thus, the solution xmin of equation dσ2/dx = 0

is unique. Furthermore, for x ≤ αp it results Dn(x) ≤ 0 ∀n and Dq(x) < 0,

by (3.27), thus dσ2/dx < 0; for x ≥ αq/D0 it is Dn(x) ≥ 0 ∀n and Dp(x) > 0,

thus dσ2/dx > 0. Hence, xmin belongs to the interval:

I0 = [αp, αq/D0] (3.28)

Consider now the set Σ = {α1, ..., αN , α1/D0, ..., αN/D0} of the 2N points

specifying the functions Dn(x) in (3.27). Some of these points may fall out-

side I0 and/or may be coincident. We consider only the points of Σ that

belong to I0, denoting them by x1, ..., xL(L ≤ 2N), in increasing order. Thus

x1 = αp < x2 < ... < xL = αq/D0. The points xl divide I0 into the sub-

intervals Il = [xl, xl+1], l = 1, ..., L − 1, and dσ2/dx is linear in each Il. We
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first find the L values gl = (dσ2/dx)x=xl
by (3.26). If there is l such that

gl = 0, then xmin = xl. Otherwise, there is l such that gl < 0 and gl+1 > 0.

As dσ2/dx is linear in [xl, xl+1], it immediately results:

xmin = xl − gl(xl+1 − xl)(gl+1 − gl)
−1 (3.29)

Once xmin has been computed, we have by (3.24) the vector α0(xmin) of the

optimal amplitudes, and therefore the projection of w̃ onto U .

Let us note that the described procedure to control the DRR is indepen-

dent of the other calculations, so that the inclusion of constraint (3.3c) in the

synthesis problem may be arbitrarily decided without excessively influencing

the synthesis process.

3.4 Cross-polar pattern synthesis

Satellite antenna cross-polar isolation is very important as part of the overall

communication performance, in order to avoid cross-polar interference [48].

Often the satellite capacity is limited by the available bandwidth and, if suf-

ficient power is available, it is desirable that the assigned frequency band

be used as many times as possible. In addition to the use of multiple-beam

antennas, two polarizations are used in satellite communication systems to

achieve a frequency re-use. The used polarizations can be either crossed

linear (that is, vertical versus horizontal), or counter-rotating (that is, left-

versus right-hand circular polarization). Circular polarization systems have

the advantage of not requiring polarization orientation, which can be impor-

tant in simple systems, but they suffer more from depolarization in case of

heavy rain. Conversely, crossed linear systems require polarization orienta-

tion and sometimes readjustment when the satellite pointing is changed, but

tend to perform slightly better in the presence of rain [49].

The crossed-polarization isolation of an antenna is thus an important

parameter.

Previous section describes how to take into account the dynamic range

ratio constraint. It has been shown that the proposed definition of the sets

makes the addition of such constraint easy to satisfy, and the corresponding

calculations are necessary only in the projector PU . Here we add a further

condition regarding the cross-polar radiation patterns.
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Precisely, together with the constraints in (3.3) we introduce the addi-

tional constraint:

Fcr(as; θ, φ) ∈ M cr
s , s = 1, ..., S (3.3d)

where M cr
s is a cross-polar mask, specified by an upper bound and by a

lower bound, similarly to the co-polar mask in (3.2), and Fcr(as; θ, φ) is the

cross-polar pattern of the array, in the generic direction (θ, φ) with excitation

vector as. Such pattern is given by:

Fcr(as; θ, φ) =
N∑

n=1

ansF
cr
n (θ, φ) (3.30)

where F cr
n (θ, φ) is the cross-polar radiation pattern of the array with only

the n-th element excited with excitation vector en = [0, ..., 1, ..., 0]T , having

unity in the n-th position.

This constraint allows either to reduce the cross-polar patterns to guar-

antee the required polarization purity, or to shape the cross-polar patterns

to increase the overall system capacity.

3.4.1 The solving procedure

In order to take into account the additional constraint (3.3d) on the cross-

polar pattern, we now modify definitions (3.4), (3.5) and (3.6) of sets W ,

U and V , respectively. Precisely, the elements of each set have now 3S

components: in each element, we add S new components having the aim of

representing the cross-polar patterns of the array. Thus, the elements of the

three sets become:

w̃ = (gco1 (θ, φ), ..., gcoS (θ, φ), gcr1 (θ, φ), ..., gcrS (θ, φ),w1, ...,wS) (3.31)

ũ = (f co
1 (θ, φ), ..., f co

S (θ, φ), f cr
1 (θ, φ), ..., f cr

S (θ, φ),u1, ...,uS) (3.32)

ṽ = (Fco(v1; θ, φ), ..., Fco(vS; θ, φ),

Fcr(v1; θ, φ), ..., Fcr(vS; θ, φ),v1, ...,vS) (3.33)

where, for each s = 1, ..., S, gcrs (θ, φ) ∈ L2, f cr
s (θ, φ) ∈ M cr

s (s = 1, ..., S), and

Fcr(vs; θ, φ) is the cross-polar array pattern corresponding to the excitation

vector vs, given in (3.30). The functions gcos (θ, φ), f co
s (θ, φ) and Fco(vs; θ, φ),

and the vectors ws,us and vs are the same as defined in (3.4), (3.5), and

(3.6), respectively.
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Next sections describe how the implementation of the projectors is mod-

ified by the new definitions of the involved sets. It is worth noting how the

adopted definitions of the sets make the addition of further constraints really

straightforward to implement in terms of projection operators.

The projector PU

Implementation of projector PU follows the procedures described above. In

particular, the vectors us are obtained either as in Section 3.2.2 or as in

Section 3.3, depending on whether the DRR constraint is considered or not.

The functions f co
s (θ, φ) are obtained according to (3.13). The new functions

f cr
s (θ, φ) can be evaluated analogously as:

f cr
s (θ, φ) =


gcrs (θ, φ) if mcr

s1(θ, φ) ≤ |gcrs (θ, φ)| ≤ mcr
s2(θ, φ)

mcr
s1(θ, φ)

gcrs (θ, φ)

|gcrs (θ, φ)|
if |gcrs (θ, φ)| < mcr

s1(θ, φ)

mcr
s2(θ, φ)

gcrs (θ, φ)

|gcrs (θ, φ)|
if |gcrs (θ, φ)| > mcr

s2(θ, φ)

(3.34)

Thus, the modification of projector PU is extremely simple and straightfor-

ward.

The projector PV

The derivation of projector PV requires more attention and some modifica-

tions in the calculations. Due to definition (3.33) of set V , with the addition

of the S functions gcrs (θ, φ), the distance in (3.18) becomes:

ρ2 (w̃, ṽ) =
S∑

s=1

(
∥gcos (θ, φ)− Fco(vs; θ, φ)∥2

+ ∥gcrs (θ, φ)− Fcr(vs; θ, φ)∥2 + ∥ws − vs∥2E
)

(3.35)
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Substituting (3.1) and (3.30) into (3.35), we obtain:

ρ2 (w̃, ṽ) =
S∑

s=1

{
N∑

n,m=1

vnsv
∗
msF

co
mn −

N∑
m=1

v∗msH
co
ms

−
N∑

n=1

vns H
co∗
ns +

∫ π

−π

∫ π

0

gcos g′cos
∗ dθdφ

}

+
S∑

s=1

{
N∑

n,m=1

vnsv
∗
msF

cr
mn −

N∑
m=1

v∗msH
cr
ms

−
N∑

n=1

vns H
cr∗
ns +

∫ π

−π

∫ π

0

gcrs g′crs
∗ dθdφ

}

−
S∑

s=1

(ws − vs)
H (ws − vs) (3.36)

where F co
mn and Hco

ms are defined in (3.20), while:

F cr
mn =

∫ π

−π

∫ π

0

F cr
n (θ, φ) F cr∗

m (θ, φ) dθdφ

Hcr
ms =

∫ π

−π

∫ π

0

gcrs (θ, φ) F cr∗
m (θ, φ) dθdφ (3.37)

Deriving (3.36) with respect to the variables v∗ps and imposing the conditions

∂ρ2/∂v∗ps = 0, p = 1, ..., N , s = 1, ..., S, yields the S matrix equations:

J vs = zs, s = 1, ..., S (3.38)

analogous to (3.22) but with matrix J defined as J = Fco + Fcr + IN and

vector zs = hco
s +hcr

s +ws, where F
cr = [F cr

mn], and hcr
s is the s-th column of

the matrix Hcr = [Hcr
ms].

Thus, once again the evaluation of the projection onto set V requires

to calculate the inverse of matrix J (or its pseudo-inverse matrix), and to

multiply it by the vectors zs. The vectors zs have to be evaluated at each

iteration, since they depend on w̃, which changes at each iteration. But,

matrix J only depends on the active co- and cross-polar element patterns,

thus it is calculated and inverted only a single time, at the beginning of the

iterative procedure (3.10).

Once we have calculated the vectors vs, we calculate Fco(vs; θ, φ) by (3.1)

and Fcr(vs; θ, φ) by (3.30).
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3.5 Near-field constraint

As it was mentioned in the previous chapter, it is important to note that the

antenna array should not be considered as an isolated component in satellite

applications. Indeed, it lies in an environment where passive objects as well

as electronic devices are present. The presence of such devices and/or of

other objects, such as the mounting structures of the antenna, may interfere

with the pattern radiated by the array. In order to take into account the

influence of the surrounding environment on the radiation properties of the

antenna, two strategies are possible. The first is to perform the synthesis af-

ter incorporating, in the optimization process, the surrounding environment.

The second approach consists in reducing the field amplitude in the region

where the interfering objects lie. This strongly reduces the interferences and

neither requires an accurate description of the surrounding environment nor

a new project when the environment is modified. Moreover, it allows to

strongly reduce electro-magnetic compatibility problems.

We take into account the near-field problem by adding the further con-

straint:

E⃗(as; r⃗) ≤ E0 r⃗ ∈ V, s = 1, ..., S (3.3e)

where V is the near-field region of interest and E⃗(as; r⃗) the electric field in

V, given by:

E⃗(as; r⃗) =
N∑

n=1

ansE⃗n(⃗r) (3.39)

with as = [a1s, ..., aNs]
T the complex column vector of the excitations, E⃗n(⃗r)

the electric field of the whole antenna array at the point r⃗, produced by the

excitation vector en = [0, ..., 1, ..., 0]T , having unity in the n-th position. The

new constraint (3.3e) imposes that the S electric fields do not overcome a

prescribed threshold E0 in a given near-field region V of interest.

Following the procedure adopted in Section 3.4, we modify the definition

of the involved sets W , U and V by adding, in each element, S components

aimed to represent the near-field radiated by the array in the region V. Thus,

the elements of W,U and V are now, respectively, defined as:

w̃ = (gco1 (θ, φ), ..., gcoS (θ, φ), gcr1 (θ, φ), ..., gcrS (θ, φ),

k⃗1(⃗r), ..., k⃗S (⃗r),w1, ...,wS) (3.40)
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ũ = (f co
1 (θ, φ), ..., f co

S (θ, φ), f cr
1 (θ, φ), ..., f cr

S (θ, φ),

e⃗1(⃗r), ..., e⃗S (⃗r),u1, ...,uS) (3.41)

ṽ=(Fco(v1; θ, φ), ..., Fco(vS; θ, φ), Fcr(v1; θ, φ), ...,

..., Fcr(vS; θ, φ), E⃗(v1; r⃗), ..., E⃗(vS; r⃗),v1, ...,vS) (3.42)

These definitions imply the modification of the scalar product in (3.8),

which becomes:

<w̃, w̃′>W =
S∑

s=1

(
<gcos , g′cos >+<gcrs , g′crs >+

<k⃗s, k⃗
′
s>V +w′H

s ws

)
(3.43)

where <k⃗s, k⃗
′
s>V =

∫
V

k⃗s(⃗r) · k⃗′
s
∗(⃗r) dV . The scalar product (3.43) yields

the norm ∥w̃∥W =< w̃, w̃ >
1/2
W , and the squared distance:

ρ2(w̃, w̃′) =
S∑

s=1

(
∥gcos − g′cos ∥2 + ∥gcrs − g′crs ∥2 + ∥e⃗s − e⃗′s∥2V + ∥ws −w′

s∥2E
)

(3.44)

where ∥k⃗s∥V =< k⃗s, k⃗s >
1/2
V .

3.5.1 The projection operators

The projector PU

Again, the implementation of projector PU is straightforward. We must only

specify how to evaluate the new S components of the point ũ. The vector

functions e⃗s(⃗r) can be evaluated by:

e⃗s(⃗r) =

e⃗s(⃗r) if |⃗es(⃗r)| ≤ E0

E0
e⃗s(⃗r)

|⃗es(⃗r)|
if |⃗es(⃗r)| > E0

(3.45)

The remaining is unchanged.
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The projector PV

According to (3.43), the distance to be minimized to obtain the projector PV

is now given by:

ρ2 (w̃, ṽ) =
S∑

s=1

(∥ gcos (θ, φ) − Fco(vs; θ, φ) ∥2 + ∥gcrs (θ, φ)− Fcr(vs; θ, φ)∥2

+
∥∥∥k⃗s(⃗r)− E⃗s(vs; r⃗)

∥∥∥2
V
+ ∥ws − vs∥2E) (3.46)

Substituting (3.1), (3.30) and (3.39) into (3.46), we obtain:

ρ2 (w̃, ṽ) =
S∑

s=1

{
N∑

n,m=1

vnsv
∗
msF

co
mn −

N∑
m=1

v∗msH
co
ms

−
N∑

n=1

vns H
co∗
ns +

∫ π

−π

∫ π

0

gcos g′cos
∗ dθdφ

}

+
S∑

s=1

{
N∑

n,m=1

vnsv
∗
msF

cr
mn −

N∑
m=1

v∗msH
cr
ms

−
N∑

n=1

vns H
cr∗
ns +

∫ π

−π

∫ π

0

gcrs g′crs
∗ dθdφ

}

+
S∑

s=1

{
N∑

n,m=1

vnsv
∗
msE

cr
mn −

N∑
m=1

v∗msK
cr
ms

−
N∑

n=1

vns K
cr∗
ns +

∫
V

k⃗s(⃗r) · k⃗′
s(⃗r) dV

}

−
S∑

s=1

(ws − vs)
H (ws − vs) (3.47)

where F co
mn and Hco

ms are defined in (3.20), F cr
mn and Hcr

ms are defined in (3.37),

and

Emn =

∫
V

E⃗n(⃗r) · E⃗∗
m(⃗r) dV

Kms =

∫
V

k⃗s(⃗r) · E⃗∗
m(⃗r) dV (3.48)

Deriving (3.47) with respect to the variables v∗ps and imposing the conditions

∂ρ2/∂v∗ps = 0, p = 1, ..., N , s = 1, ..., S, yields the S matrix equations:

J vs = zs, s = 1, ..., S (3.49)
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with matrix J now defined as J = Fco + Fcr + E+ IN and vector zs = hco
s +

hcr
s + ks + ws, where E = [Emn], and ks is the s-th column of the matrix

K = [Kms].

Again, matrix J does not depend on the iteration and can be calculated

and inverted at the beginning of the solving procedure. Only the vectors zs
have to be evaluated at each iteration.

Once we have calculated the vectors vs, we calculate Fco(vs; θ, φ) by (3.1),

Fcr(vs; θ, φ) by (3.30), and E⃗(vs; r⃗) by (3.39).

3.5.2 Power minimization

Note that constraints (3.3a) and (3.3d) impose that the co-polar and cross-

polar patterns belong to the corresponding masks. In particular, they impose

that the amplitudes of the radiation patterns do not overcome a prescribed

level in the side-lobe regions. However, this does not mean that the power

in the side-lobe region is minimized. Such power might be high. Radiating

low power in the side-lobe regions of both the co-polar and the cross-polar

patterns is consistent with the requirement that the side-lobe level be lower

than or equal to a given threshold. So, this contributes to reduce the side-

lobe level and to increase the directivity of the antenna array. Similarly, it

could be helpful to reduce the electric energy stored in the region V close to

the antenna. To this aim, we propose a modified version of the developed

algorithm, which follows the iteration scheme (3.10) with the projector PV

replaced by the operator Pm
V defined below. Precisely, the modified algorithm

follows the new iteration scheme:

ũn+1 = PU [P
m
V [ũn]], n = 0, 1, 2, ... (3.50)

The operator Pm
V associates, to any assigned point ũ ∈ U , the point ṽ ∈ V

minimizing (with respect to ṽ) the function:

ρ2m(ũ, ṽ) = ρ2(ũ, ṽ) + Pco(ṽ) + Pcr(ṽ) + EV(ṽ) (3.51)
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where ρ(ũ, ṽ) is the distance (3.44) minimized by PV , while:

Pco(ṽ) =
S∑

s=1

P co
SL(vs) (3.52a)

Pcr(ṽ) =
S∑

s=1

P cr
SL(vs) (3.52b)

EV(ṽ) =
S∑

s=1

EV(vs) (3.52c)

where P co
SL(vs) and P cr

SL(vs) denote the power due to the s-th co-polar and

cross-polar patterns, respectively, in the side-lobe region, and EV(vs) is the

electric energy stored in the near-field region V of interest. Note that the

function ρm(ũ, ṽ) in (3.51) is not a distance between ũ and ṽ. Hence, the

sequence {ρnm} of the values of ρm at the successive steps of sequence (3.50),

is not guaranteed to decrease, and therefore it is not guaranteed to converge,

since the point Pm
V [ũn] is not a projection of ũn onto V . However, the power

reduction requirement is consistent with the side-lobe mask constraint, and

in all the examined cases the results obtained with the iteration (3.50) were

considerably better than those obtained with (3.10).

Nevertheless, if the non-increasing trend of the sequence {ρmn } is desired,

whenever ρmn+1 > ρmn the iteration (3.50) can be replaced by the former

iteration (3.10). This approach has been adopted in the proposed numerical

examples.

It is important to note that, in principle, a pattern level reduction and

a near-field reduction, could also be achieved by reducing the side-lobe level

in the definition of the masks, and the threshold E0, without reducing the

power in the side-lobe regions. But, we observed that doing so, the results

are less good: probably, the additional reduction of the power in the side-

lobe regions and of the energy in V, reduces the level of non convexity of the

problem.

The Operator Pm
V

Given w̃ ∈ W , we want to find the point ṽ ∈ V minimizing the function

ρ2m in (3.51). So, the operator Pm
V takes into account the power and the

energy minimization requirements (3.52). Using (3.1), (3.30) and (3.39), and

the definitions (3.52a), (3.52b) and (3.52c) of Pco, Pcr and EV in (3.51),
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respectively, and setting the partial derivatives to zero, yields the matrix

equations:

vs = Rs
−1 zs (3.53)

where: zs is defined in Section 3.5.1, while Rs = J+ Ls +Ms + E, where J

and E are defined above, Ls = [Ls
mn], Ms = [M s

mn], where:

Ls
mn =

∫
SLsφ

∫
SLsθ

F co
n (θ, φ) F co∗

m (θ, φ) dθdφ

M s
mn =

∫
SLsφ

∫
SLsθ

F cr
n (θ, φ) F cr∗

m (θ, φ) dθdφ

where SLsφ and SLsθ denote the side-lobe regions corresponding to the s-th

co-polar and cross-polar patterns.

Thus, also the implementation of the operator Pm
V consists in the mul-

tiplication of a matrix by S vectors. And again, the vectors have to be

calculated at each iteration, whereas the matrix has to be calculated and

inverted only at the beginning of the solving process, since it is independent

of the iteration.

Once we have calculated the vectors vs, we calculate Fco(vs; θ, φ) by (3.1),

Fcr(vs; θ, φ) by (3.30), and E⃗(vs; r⃗) by (3.39). Numerical results will be

presented in the next chapter, and will show the great improvement obtained

thanks to this modification.

Finally, we point out that the described approach holds for any array

geometry, and for any choice of the radiating elements.
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Chapter 4

Numerical examples

In this chapter we propose many numerical examples aimed to

validate the proposed algorithm, which has been presented in the

previous chapter. Starting from a problem of phase-only beam

reconfigurability, we will show the flexibility and accuracy of the

proposed algorithm in solving problems with different constraints.

Moreover, the effectiveness of the strategy to reduce the power in

the side-lobe regions and the energy stored in a near-field region

of interest is shown in two examples. The comparisons with other

algorithms and the tests on the influence of the starting point on

the final solution prove that very good performance is achievable

with our algorithm.

4.1 Introduction

This chapter is organized in many sections providing examples on how to im-

plement the developed algorithm in problems involving different constraints.

The effectiveness of the method is shown by the very satisfactory results

which have been obtained in such examples. One example also proposes

a little modification of the algorithm, which allows to further reduce the

near-field level in the region of interest by simply imposing a non constant

threshold E0 in the region V. Moreover, the procedure to reduce the power

in the side-lobe regions of the co-polar and cross-polar patterns, as well as

the squared amplitude of the electric field in the near-field region of interest

proved to be very effective, although the convergence is not assured.

49
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It is known that to reduce the risk of falling into traps, the starting point

ũ0 should be close to the solution, which however is unknown [22]. In all the

examples proposed in this chapter, we adopted a simple and natural choice

of the starting point. In fact, we selected ũ0 in such a way that, for each

s, f co(0)

s (φ) ∈ M co
s , f cr(0)

s (φ) ∈ M cr
s , e⃗

(0)
s (⃗r) = 0, and u

(0)
s = 0. This choice

gave very good results. However, to analyze the effects of different starting

points, in Sections 4.5 and 4.6 the algorithm has been tested using a great

number of random starting points.

In the examples, if it is no otherwise specified, we set the thresholds

ε = 10−5 and δ = 10−6 for the stop test (3.11).

The integrals on Iφ = [−π, π] to implement the projection operators, are

approximated with a summation by dividing Iφ into 360 equal subintervals,

and taking the values of the integrand function at the center of each subin-

terval. Analogously, the integrals on Iθ = [0, π] are approximated with a

summation by dividing Iθ into 180 equal subintervals, and taking the values

of the integrand function at the center of each subinterval. Similarly, when no

specified, each integral in V is approximated with a summation by dividing

V into equal cubes of side λ/8.

In problems in which the constraints (3.3c), (3.3d) and (3.3e) are consid-

ered, in order not to choose trivial values for the thresholds D0 and E0 and

for the masks M cr
s , we always solved at first the problem with only the con-

straints (3.3a) and (3.3b), which will be referred to as the reduced problem.

The problem including all constraints considered in the specific example will

be referred to as the complete problem.

All the examples were implemented using Matlab.

Finally, it is to be noted that although most of the examples proposed in

this chapter consider two-dimensional radiation patterns (in particular, the

dependence on the azimuth variable φ was usually considered), this has been

done only to simplify the practical implementation and to reduce the compu-

tational burden, but does not alter at all the theory presented in Chapter 3.

More details on these examples can be found in [50–55].

4.2 Co-polar pattern synthesis

As a first numerical example, we propose the phase-only synthesis of S = 2

radiation patterns which are required to belong to the masks depicted in

Fig. 4.1. The maximum values of the two masks are equal, and are set to
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unity. In other words, at a given (large) distance from the array, the two far-

field patterns are required to have the same maximum value. The particular

shape of these masks is typical of SAR (synthetic aperture radar) systems,

thus it is of great importance in satellite applications [56]. The angle θ is here

the elevation angle (and not the azimuth). Moreover the masks are specified

only in the interval Iθ = [−π/3, π/3], outside this interval the shape of the

patterns is not constrained. In this example, the interval Iθ is divided into

1200 equal subintervals, in order to better describe the particular shape of

these SAR masks.

We considered the case of a linear array on the z-axis consisting of N =

64 elementary dipoles (l = λ/50) parallel to the x-axis. The dipoles are

equally spaced, with an inter-element spacing of 0.7λ. Even with this simple

antenna, the proposed algorithm provided very good results. In particular,

the optimal excitation vectors (satisfying (3.3b) and having DRR=6.9) were

found in approximately 114 seconds. The corresponding radiation patterns

are depicted in Fig. 4.1. As can be seen, constraint (3.3a) was very well

approximated.

(a) (b)

Figure 4.1: Optimal radiation patterns (thin lines) into the masks (thick

lines) without the DRR constraint. (a) s = 1 and (b) s = 2

Then, we reduced the DRR of the excitations following the procedure

described in Section 3.3 with D0 = 2.5. After 195 seconds, the algorithm

provided the optimal vectors. The radiation patterns are shown in Fig. 4.2.
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Figure 4.2: Optimal radiation patterns (thin lines) into the masks (thick

lines) with D0 = 2.5. (a) s = 1 and (b) s = 2

4.3 Comparison with different approaches

In this section we present a comparison with two other solving approaches

also suitable for large scale arbitrary antenna arrays. The first is a determin-

istic method, based on an iterative minimization procedure of a suitable cost

function. Details on this algorithm can be found in [57]. Basically, it consists

in a fast iteration procedure that minimizes a cost function after introducing

S auxiliary phase functions. The latter is a stochastic method, based on a

genetic algorithm which minimizes a fitness function, which is an evolution

of that proposed in [58]. In Appendix A.2 a quite detailed description of the

genetic algorithms is furnished.

More details on these methods con be found in [50].

The problem considered for such a comparison is that of phase-only syn-

thesis for beam scanning arrays of arbitrary geometry. The antenna is re-

quired to radiate a number S of radiation patterns close to each other, trans-

forming each pattern into the successive one by phase-only control, simulta-

neously minimizing, or reducing under a prescribed threshold, the DRR of

the excitations. Thus, in our algorithm we take into account only constraints

(3.3a), (3.3b) and (3.3c).

The example is developed using a Uniform Circular Array (UCA) with

N = 128 Huygens sources and radius R = λ/[8 sin(π/N)], and considering

S = 17 desired patterns. The s-th desired pattern has a main beam at

10s − 130 degrees (s = 1, ..., S), SLL = −20 dB, and a fixed null region Θ

in the neighborhood of 130◦, having a Laplacian shape.
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(a) (b)

Figure 4.3: Patterns synthesized with the first method [57]: (a) without DRR

reduction; (b) with DRR reduction. The thick dashed line represents the set

of the desired patterns

Figs. 4.3(a) and 4.3(b) show the patterns synthesized with the first algo-

rithm for different values of the weights in the cost function. In particular,

the results reported in Fig. 4.3(a) were obtained in 6.0 minutes of CPU time

and gave DRR=91.4, whereas those in Fig. 4.3(b) required 10.8 minutes with

DRR=1.4.

Then the problem was solved with the genetic algorithm. We selected

an initial random population of 20 individuals. Each individual (set of N

excitations) was generated by taking the set of excitations obtained after

1000 iterations of our method and summing to the N amplitudes and the

N × S phases a quantity, created according to a Gaussian random distribu-

tion. Fig. 4.4(a) shows the patterns synthesized using the genetic algorithm

without minimizing the DRR. The solving procedure required 191.8 minutes,

giving DRR = 15.9. Then, the DRR was taken into account in the minimiza-

tion process. The patterns, which are shown in Fig. 4.4(b), were synthesized

in 193.8 minutes. The excitation vectors exhibited a common DRR equal to

8.5.

With our projections based algorithm, the problem was first solved with-

out imposing the DRR constraint, that is, with the algorithm described in

Section 3.4. This required 11 354 iterations, a CPU time of 2 minutes, and

gave DRR equal to 15.70 and the patterns in Fig. 4.5(a). Then following

the procedure described in Section 3.5.2, the algorithm was solved setting



54 Numerical examples

(a) (b)

Figure 4.4: Patterns synthesized using the genetic algorithm: (a) without

DRR reduction; (b) with DRR reduction. The thick dashed lines are the

upper bounds of the masks.

(a) (b)

Figure 4.5: Patterns synthesized using the alternating projections method:

(a) without the DRR constraint and (b) with D0 = 1.4. The thick dashed

lines are the upper bounds of the masks.
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Figure 4.6: Patterns synthesized using the alternating projections method

with equi-amplitude excitations (D0 = 1). The thick dashed lines are the

upper bounds of the masks.

D0 = 1.4. In this case, it required a CPU time of 2.8 minutes to evaluate

the S vectors which resulted to satisfy the DRR constraint. The synthesized

patterns are shown in Fig. 4.5(b). Finally, the problem was also solved im-

posing the equi-amplitude excitations requirement, that is, setting D0 = 1.

This required 5.0 minutes of CPU time and gave the patterns of Fig. 4.6.

4.4 Cross-polar pattern synthesis

Now, we introduce the cross-polar pattern synthesis. Precisely, we consider

the problem for antenna arrays of arbitrary geometry, capable of radiating

S different co-polar patterns by phase-only control, keeping low the corre-

sponding cross-polar patterns and the dynamic range ratio of the excitations.

Thus the problem considered here is that presented in Section 3.4, including

constraints (3.3a), (3.3b), (3.3c) and (3.3d). Two examples are proposed,

the first treating a problem of beam reconfiguration, the second a problem

of beam scanning.

Reconfigurability

We considered the antenna array of Fig. 4.7. It consists of N = 132 Huygens

sources, each with maximum radiation intensity in the radial direction and
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Figure 4.7: Array geometry: the antennas lie on four arcs of 120◦ with 30, 32,

34, and 36 elements. The arcs are parallel to the xy-plane and have centers on

the z-axis at z = 1.5λ, λ, 0.5λ, 0, respectively, and radii 6.9λ, 7.4λ, 7.9λ, 8.3λ.

with the electrical dipole parallel to the z-axis. We assumed as co-polar

patterns the ϑ-component of the electric far fields, and as cross-polar patterns

the φ-component of the electric far fields. We defined the pencil beam and

the cosecant beam of Fig. 4.8, as the S = 2 co-polar masks.

(a) (b)

Figure 4.8: Co-polar (solid line) and cross-polar (dotted line) patterns solving

the reduced problem for s = 1 (a) and s = 2 (b).

First, we solved the reduced problem imposing only the constraint (3.3a)

and (3.3b). This was done with the aim of evaluating the DRR and the cor-

responding cross-polar patterns before choosing for the considered problem,

a suitable value of D0 and S = 2 suitable cross-polar masks. The algorithm

required 0.3 seconds and gave DRR=61.8, and the co-polar and cross-polar

patterns of Fig. 4.8. In particular, the maximum of the cross-polar patterns

was −32.0 dB in the worst case. Then, in order to reduce the cross-polar
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component and the DRR of the excitations, we solved the complete prob-

lem setting the threshold D0 = 5 and with constant upper bounds for the

cross-polar masks of −50 dB. To solve this complete problem the algorithm

required 3287.1 seconds. As it was to be expected, conditions (3.3b) and

(3.3c) were exactly satisfied, being DRR = 5. Moreover, conditions (3.3a)

and (3.3d) were approximated with good accuracy, as can be seen in Fig. 4.9.

In particular, the maximum cross-polar level was −49.9 dB. Furthermore, im-

posing a less stringent constraint, that is, upper bounds of −40 dB in (3.3d)

(instead of the above −50 dB), the algorithm required only 281.4 seconds

and condition (3.3a) and (3.3d) were approximated with very good accuracy.

In fact, the maximum cross-polar level was −40.0 dB.

(a) (b)

Figure 4.9: Co-polar (solid thick lines) and cross-polar (dotted thick lines)

patterns into the masks (thin lines) for s = 1 (a) and s = 2 (b).

Beam scanning

The second example was obtained with the array of Fig. 4.10, consisting of

N = 471 Huygens sources with maximum radiation intensity in the radial

direction, and the electrical dipole polarized along z.

The beam scanning problem is seen as a special case of reconfigurability

with S masks with the same shape and pointing at different directions φs

of the xy-plane. In order to perform a discrete beam scanning, we defined

a pencil beam M0 pointing at the direction φ = 0◦ and scanned it from

φstart = −50◦ to φend = 50◦, with a step ∆φ = 4◦, thus obtaining S = 26

masks.



58 Numerical examples

Figure 4.10: Array geometry: the antennas lie on three circles parallel to the

xy-plane and centered on the z-axis at z = λ, λ/2, 0. The circles have radii

11.9λ, 12.5λ, 13λ and 150, 157, 164 elements, respectively.

(a) (b)

Figure 4.11: Overlapping of all co-polar patterns (a) and cross-polar patterns

(b) obtained solving the reduced problem.
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As above, we first solved the reduced problem. The algorithm required

39.0 seconds and gave DRR = 6.7 and the patterns of Fig. 4.11. Then we

set D0 = 1, so as to obtain equi-amplitude excitations, and define constant

upper bounds of −50 dB for the cross-polar masks. The algorithm required

18 068.5 seconds to solve the complete problem and gave DRR = 1, as it was

to be expected. Fig. 4.12 shows an overlapping of all synthesized co-polar

and cross-polar patterns. As it can be seen, constraint (3.3a) was satisfied

with good accuracy, as well as constraint (3.3d). In particular we obtained

a maximum cross-polar level of −48.0 dB.

(a) (b)

Figure 4.12: Overlapping of all co-polar patterns (a) and cross-polar patterns

(b) obtained after solving the complete problem.

These numerical results are quite important, because they show the ac-

curacy of the solutions. Furthermore, they show that low DRR values (in-

cluding the important case of equi-amplitude excitations) can be obtained in

acceptable computational times.

4.4.1 Side-lobes power reduction

Now, we add to the algorithm the capability of reducing the power radiated

in the side-lobe regions of both, the co- and the cross-polar patterns, as it

was described in Section 3.5.2. The example in this section will show that

very good results are achievable, specifically in terms of power reduction,

although the iteration scheme (3.50) is not guaranteed to be decreasing.

With reference to the array of Fig. 4.13, we considered the S = 4 masks

of Fig. 4.14. Firstly, we solved the reduced problem, obtaining the patterns
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Figure 4.13: Array structure consisting of N = 261 Huygens radiators radi-

ally oriented and having the electrical dipole parallel to the z-axis.
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(a) (b)

(c) (d)

Figure 4.14: Co-polar patterns (solid thick lines) belonging to the co-polar

masks (solid thin lines) and cross-polar patterns (dashed lines) obtained solv-

ing the reduced problem.

in Fig. 4.14. Then, we solved the complete problem considering the con-

straint (3.3a), (3.3b), and (3.3d), which produced the patterns in Fig. 4.15.

Finally, we considered the side-lobe power reduction requirement and solved

the resulting problem, obtaining the patterns in Fig. 4.16.

Table 4.1 summarizes the results. A comparison between Figs. 4.15 and

4.16, and the third and fourth columns of Table 4.1, shows the considerable

improvement obtained with the addition of the power terms.

4.5 Reduction of the near-field amplitude

In order to take into account the operating environment of the antenna, we

now consider a problem of phase-only synthesis with the additional constraint

on the near-field amplitude. Precisely, the problem presented in this section

will consider constraints (3.3a), (3.3b), (3.3c) and (3.3e). Two examples

are proposed, one for the reconfigurability and the second one for the beam

scanning, both referred to the array of Fig. 4.17, consisting of N = 70

elementary Huygens radiators having the maximum radiation intensity in the
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(a) (b)

(c) (d)

Figure 4.15: Co-polar patterns (solid thick lines) and cross-polar patterns

(dashed lines) belonging to the corresponding masks (solid thin lines) ob-

tained solving the problem with constraints (3.3a), (3.3b) and (3.3d).

(a) (b)

(c) (d)

Figure 4.16: Co-polar patterns and cross-polar patterns obtained solving the

problem with the additional power reduction requirement.
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Table 4.1: Obtained results for the example of Figs. (4.14), (4.15) and (4.16).

Reduced problem Iteration scheme Iteration scheme

(3.10) (3.50)

Iterations 175 7098 23 110

PSL [mW] 3.5 3.9 2.6 10−3

PCr [mW] 5.3 4.8 8.7 10−3

maxCr [dB] −33.9 −40.0 −53.8

Figure 4.17: Array geometry and near-field region.
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radial direction and equally spaced on two circular arcs centered on the z-axis

of the Cartesian system O(x, y, z). The arcs lie on the two planes |z| = λ/4,

have radius 10.83λ and aperture angle from φ = −45◦ to φ = 45◦. The near-

field constraint is imposed in the region V={(x, y, z) : |x|≤λ, |y|≤λ, |z|≤λ}.

Reconfigurability problem

With reference to the above array, we considered the S = 4 masks in Fig.

4.18. We first solved the reduced problem. After 0.4 seconds the synthe-
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Figure 4.18: Assigned masks (solid lines) and synthesized patterns for the

complete problem, with the presented algorithm (dashed line) and with the

algorithm in [18] (dotted lines).

sized patterns resulted to belong to the masks, with maximum side-lobe level

SLL=−20.00 dB in the worst case. Constraint (3.3b) was satisfied exactly.
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It resulted DRR = 35.58, and we also evaluated the maximum near-field

amplitude Er
max (r means reduced problem) in V.

In order to reduce both the DRR and the maximum field amplitude in

V, we then solved the complete problem with D0 = 5 and selecting E0

such that Er
max/E0 = 15 dB (i.e., we required a 15 dB reduction of the

maximum electric field amplitude in V). Our algorithm required 361 seconds

of computational time. Fig. 4.19 shows the distance from the set V as a

function of the iteration number, which also represents the typical trend of

the distance in all the proposed examples. The synthesized patterns are
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Figure 4.19: Distance ρn from set V of the n-th point ũn.

shown in Fig. 4.18. As it was to be expected, conditions (3.3b) and (3.3c)

were satisfied exactly. The reduction of the maximum field in V, with respect

to Er
max, was 14.93 dB in the worst case (using the partitioning of V into

cubes of side λ/8), and 13.89 dB (using a thicker partitioning into cubes of

side λ/16), which was obtained for s = 4, z = −0.97λ. The maximum field

reduction (best case) was obtained for s = 3 in the plane z = −0.78λ. Fig.

4.20 shows the contour plots of the electric field amplitude in these planes.

With comparison purposes, we solved the complete problem also with the

method in [18]. Since the latter does not control the DRR, the comparison

was performed in absence of constraint (3.3c). The starting vectors c0 and

φp
0
in [18] were set to zero. Furthermore, to carry out the projections and

to approximate the integrals in [18], we kept our partitioning of Iφ and V.

Finally, we adopted our convergence test. The algorithm in [18] required 4872

seconds. Fig. 4.18 shows the synthesized patterns, which exhibit SLL =

−18.73 dB in the worst case. The DRR was 337. The reduction of the
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Figure 4.20: Contour plots of the electric field amplitude in the worst case

(a)(b) and in the best case (c)(d). (a)(c): reduced problem; (b)(d): complete

problem. The square line in each figure represents the intersection between

V and the considered plane.
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Table 4.2: Effect of the random starting points.

Obtained values of SLL
mean value: −19.88 dB

maximum value: −15.78 dB

Obtained values of field reduction
mean value: 14.82 dB

minimum value: 12.11 dB

Percentage of good trials
1 dB margin: 91.3%

2 dB margin: 98.3%

maximum field amplitude in V was 14.01 dB in the constraint points, and

13.66 dB using the thicker mesh. Thus, the algorithm in [18] gave little worse

results with respect to our algorithm, with higher CPU times.

Effect of the starting point

Then, in order to analyze the dependence of the final solution on the choice

of the starting point, with reference to the above problem, the proposed

algorithm was tested in correspondence of 1000 random starting points. Pre-

cisely, for each φ, the modulus of f
(0)
s (φ) was uniformly distributed between

the lower and the upper bounds of the mask, and the phase was uniformly

distributed in [0, 2π]; for each r⃗ ∈ V, the modulus of e⃗
(0)
s (⃗r) was uniformly

distributed in [0, E0] and the phase of each component was uniformly dis-

tributed in [0, 2π]; finally, each component of each vector u
(0)
s was chosen

with phase uniformly distributed in [0, 2π] and random amplitude indepen-

dent of s and uniformly distributed in [1/D0, 1]. Conditions (3.3b) and (3.3c)

were always satisfied exactly. For each trial, we calculated the highest SLL

among the S solutions and the minimum near-field reduction. Then, we cal-

culated the mean value of such SLL values and field reductions. We also

calculated the highest among these SLL values and the minimum among

these field reductions. We considered each trial as good if each of the S syn-

thesized patterns belongs to the corresponding mask or exceeds the upper

or the lower bound by maximum 1 dB, and, simultaneously, if each of the

S radiated fields satisfies (3.3e) or its amplitude exceeds E0 by maximum

1 dB. The obtained values and the percentages of good trials are listed in

Table 4.2, together with the percentage of good trials when the tolerance is

2 dB instead of 1 dB. In conclusion, conditions (3.3b) and (3.3c) were always



68 Numerical examples

exactly satisfied, while (3.3a) and (3.3e) were almost always satisfied with a

tolerance of 2 dB. However, when requiring 1 dB tolerance, the percentage

of good trials reduces to nearly 91%. Thus, we can conclude that the choice

of the starting point of the iterations is not critical.

Beam scanning problem

With reference to the above array, we introduced the masks in Fig. 4.21,

selected starting from a reference mask M0, centered at φ = 0◦, and scanning

it over the angular sector [−45◦, 45◦], with angular step of 2◦. This produced

S = 46 masks close to each other, with angular separation of 2◦, so as

to obtain a discrete beam scanning. All masks include the null intervals

[−80◦,−70◦] and [70◦, 80◦], where the pattern amplitude has an upper bound

of −40 dB.

The reduced problem was solved in 5 seconds. Condition (3.3b) was

satisfied exactly, in the worst case we obtained SLL = −20.00 dB and

the maximum pattern level in the null region was NL = −39.99 dB, and

DRR = 2.46. We then solved the complete problem setting D0 = 1 in

(3.3c), and requiring a 15 dB reduction of the maximum field amplitude in

V. The algorithm required 29 128 iterations (2497 sec). Fig. 4.21 shows an
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Figure 4.21: Second example: overlapping of all S = 46 synthesized patterns

that solve the complete beam scanning problem.
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Figure 4.22: Array geometry for the proposed examples: the array elements

are equally spaced on the two half-circles of radii R1 and R2, lying in the xy-

plane. The square represents the intersection between the near-field region

V and the xy-plane.

overlapping of all the synthesized patterns, which shows that good results

were obtained for all patterns. In particular, we found SLL=−20.00 dB and

NL=−40.00 dB, in the worst case. Conditions (3.3b) and (3.3c) were satisfied

exactly. Also (3.3e) was essentially satisfied, as the minimum field reduction

was Er
max/E

c
max = 14.92 dB, where Er

max and Ec
max are the maximum field

amplitudes in the grid points (step = λ/8) in the reduced and in the com-

plete problems, respectively. The field reduction on the thicker mesh (step

= λ/16) was Er
max/E

c
max = 13.35 dB.

It is worth to note that the results shown in Fig. 4.21 refer to the im-

portant case D0 = 1. Having excitation vectors with low DRR values and

radiation patterns including null regions is not always achievable [59].

4.5.1 Non constant near-field constraint

Now, we propose two numerical examples considering the above problem.

But, we here modify the constraint (3.3e) in such a way that the threshold
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E0 is not constant, but depends on the point r⃗ in V. Thus, condition (3.3e)

becomes: ∣∣∣E⃗(as; r⃗)
∣∣∣ ≤ E0(⃗r), r⃗ ∈ V (3.3e∗)

In (3.3e∗), E0(⃗r) is a positive function representing the upper bound for the

electric field amplitude in the region V, located close to the antenna. So,

when evaluating projector PU , (3.34) becomes:

e⃗s(⃗r) =


k⃗s(⃗r) if

∣∣∣k⃗s(⃗r)
∣∣∣ ≤ E0(⃗r)

E0(⃗r)
k⃗s(⃗r)∣∣∣k⃗s(⃗r)

∣∣∣ if
∣∣∣k⃗s(⃗r)

∣∣∣> E0(⃗r)

Both examples refer to the array of Fig. 4.22, consisting of N = 153

Huygens radiators, with maximum radiation intensity in the radial direction

and the electrical dipole parallel to the z-axis. The array elements are placed

on two half-circles lying on the portion x ≥ 0 of the xy-plane and having

the centers in the origin of the Cartesian system O(x, y, z). N1 = 75 radi-

ators are equally spaced on the inner half-circle (with radius R1 = 11.78λ);

the remaining N2 = 78 elements are equally spaced on the outer half-circle

(with radius R2 = 12.27λ). The region V, where the near-field constraint is

imposed, is also depicted in Fig. 4.22, and is defined as:

V = {(x, y, z) : 10λ ≤ x ≤ 12λ,−12λ ≤ y ≤ −10λ,−λ ≤ z ≤ λ}

First reconfigurability problem

As a first example of a reconfigurability problem, referred to the structure of

Fig. 4.22, we required the array to radiate the pencil beam and the flat top

beam of Figs. 4.23(a) and 4.23(b), respectively. In both masks we included

the same null region [−55◦,−50◦], which has the aim of avoiding possible

interferences from these directions.

As usual, we first solved the reduced problem in the absence of the DRR

constraint (3.3c) and of the near-field constraint (3.3e∗). The DRR of the

excitations resulted to be very high, as it was DRR = 1081. The maxi-

mum electric field amplitude Er
max in the region V was evaluated on a grid

consisting of 4096 equally spaced points with step λ/8.



4.5 Reduction of the near-field amplitude 71

Figure 4.23: Pencil beam (a) and flat-top beam (b): mask bounds and syn-

thesized patterns.

In order to reduce both the DRR and the near-field amplitude in V, the

value D0 = 10 was set in (3.3c), and in (3.3e∗) the following upper bound

was imposed:

E0(⃗r) =

{
E0 if r⃗ ∈ V, r⃗ ̸= r⃗i, i = 1, ..., 494

0 if r⃗ ∈ V, r⃗ = r⃗i, i = 1, ..., 494

where E0 is such that Er
max/E0 = 30 dB and the points r⃗i are the grid points

of V belonging to the edge faces at x = 10λ and at y = −10λ. Here, the

thresholds in (3.11) are set ε = 10−4 and δ = 10−7. As it was expected,

constraints (3.3b) and (3.3c) were exactly satisfied, resulting DRR = 10.

Constraints (3.3a) and (3.3e∗) were very well approximated, as it can be seen

in Figs. 4.23 and 4.24. In particular, the synthesized patterns never exceeded

the maximum allowed side-lobe level (−20 dB), and the maximum value in

the null region was −49.99 dB in the worst case. The maximum near-field

amplitude Ec
max in V resulted such that Ec

max/E
r
max = −35.86 dB. Thus,

constraint (3.3e∗) was satisfied exactly for r⃗ ∈ V, r⃗ ̸= r⃗i.

Finally, we solved the same problem setting E0(⃗r) = E0 in (3.3e∗), that

is, we imposed an upper bound constant in V. Constraints (3.3b) and (3.3c)

were satisfied. The maximum side-lobe level and the maximum null level in

the worst case were −20.00 dB and −49.98 dB, respectively. But the maxi-

mum near-field amplitude E∗
max in V was 10 dB higher than Ec

max, resulting

E∗
max/E

r
max = −25.91 dB. Furthermore, we evaluated the mean amplitude
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Figure 4.24: Contour plots of the electric field amplitude in a portion of the

xy-plane in the reduced problem ((a)-(c)) and in the complete problem ((b)-

(d)), corresponding to the pencil beam ((a)-(b)) and to the flat-top beam

((c)-(d)). A strong field-reduction can be observed in (b)-(d) in the white

square, which identifies the intersection between the xy-plane and V.
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of the electric field on the grid points for the reduced problem (Ēr) and for

the complete problems (Ēc and Ē∗). We found Ēc/Ēr = −47.20 dB and

Ē∗/Ēr = −31.31 dB.

Second reconfigurability problem

To show a second example, the geometry of the problem was kept unmodified

and the S = 4 masks of Fig. 4.25 were introduced. The reduced problem was

first solved. The DRR of the optimal excitation vectors resulted to be 93 and

the maximum electric field amplitude Er
max was evaluated in the same grid

points. Then, for the complete problem, the threshold D0 = 5 was selected,

together with the bound

E0(⃗r) =

{
E0 if r⃗ ∈ V, r⃗ ̸= r⃗i, i = 1, ..., 16

0 if r⃗ ∈ V, r⃗ = r⃗i, i = 1, ..., 16

where E0 is such that Er
max/E0 = 20 dB and the 16 points r⃗i are the grid

points of V where the field was maximum.

Now, the thresholds ε = 10−3 and δ = 10−6 were sufficient to obtain a

good accuracy. Constraints (3.3b) and (3.3c) were satisfied exactly, as it was

to be expected, whereas constraints (3.3a) and (3.3e∗) were approximated,

but in a very satisfactory way, as is shown in Figs. 4.25 and 4.26. In

particular, the maximum side-lobe level, in the worst case, was −20.00 dB.

The maximum field amplitude Ec
max in the near-field region V was such that

Ec
max/E

r
max = −22.35 dB, so that constraint (3.3e∗) was satisfied exactly for

r⃗ ∈ V, r⃗ ̸= r⃗i.

Again, we solved the problem with an upper bound E0(⃗r) = E0, con-

stant in V, obtaining SLL∗
max = −19.96 dB, DRR = 5 and E∗

max/E
r
max =

−18.93 dB. With reference to the mean electric field amplitudes in V, we

obtained Ē∗/Ēr = −20.92 dB, whereas in the previous case it was Ēc/Ēr =

−33.87 dB.

Thus, these examples show that a stronger reduction of the maximum

near-field amplitude can be obtained imposing a suitable upper bound non

constant in V. Furthermore, the data regarding the mean field amplitude

in V show that the radiated electric field was also globally lower for both

examples when the bound E0(⃗r) in (3.3e∗) was selected as non constant.
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Figure 4.25: Second example: the assigned masks and the synthesized pat-

terns for the complete problem.
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Figure 4.26: Second example, case s = 4. (a)-(b): contour plots of the

electric field amplitude on a portion of the xy-plane in the reduced and in

the complete problems, respectively. (c)-(d): magnification of the intersec-

tion between V and the xy-plane, shown by a white square in (a) and (b),

respectively.
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Figure 4.27: Conformal array geometry: 13 arcs, each consisting of 16 radially

oriented Huygens radiators with the electrical dipoles parallel with the z-axis,

on a 120◦ angular sector of a cylinder of radius 3.6λ.

4.6 Complete 3D example

As the final example, we propose a full three-dimensional example in which all

the constraints (3.3a), (3.3b), (3.3c), (3.3d) and (3.3e) have been considered.

The problem consists in the power synthesis of a number of co-polar patterns,

and of the cross-polar patterns, in such a way that each of them belong to

a given mask, with the capability of transforming a pattern into any of the

others by phase-only control. The dynamic range ratio of the excitations is

imposed not to exceed a prescribed threshold. Simultaneously, the electric

field amplitudes are kept below a given threshold in a near-field region of

interest.

Then, it will be shown that the additional capability of reducing the

power radiated in the side-lobe region, in presence of the above constraints,

and the squared amplitude of the electric field in an assigned region close to

the antenna, allows to significantly improve the final results.

Reconfigurability problem

Now, with reference to the array of Fig. 4.27, consisting of N = 208 el-

ements, we define the S = 4 co-polar masks shown in Fig. 4.28. Two
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(a)

(b)

(c)

(d)

Figure 4.28: Co-polar patterns for the complete problem. (a): s = 1; (b):

s = 2; (c): s = 3; (d): s = 4.
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(a)

(b)

(c)

(d)

Figure 4.29: Co-polar patterns obtained with the power and energy reduction

requirement. (a): s = 1; (b): s = 2; (c): s = 3; (d): s = 4.
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masks have a main beam of circular section, centered in θ = 90◦, φ = 0◦,

with semi-apertures of 20◦ and 40◦, respectively. The other two masks have

elliptical sections, with maximum semi-aperture ∆θ = 50◦ and minimum

semi-aperture ∆φ = 20◦. One is centered in θ = 90◦, φ = 0◦, the other in

θ = 90◦, φ = −45◦. All masks have the same maximum value normalized to

unity, and the same side-lobe level, equal to −15 dB.

In order to define appropriate cross-polar masks, and to choose appro-

priate values for the thresholds D0 and E0 in (3.3c) and (3.3e), respec-

tively, we first solved the reduced problem, involving only the constraints

(3.3a) and (3.3b). The algorithm required approximately 35 seconds to

synthesize the co-polar patterns. The DRR of the excitations resulted to

be 31.7 and the maximum level of the obtained cross-polar patterns was

−11.5 dB. Moreover, we found a value Er
max = 0.04 V/m for the maxi-

mum amplitude of the electric field in the cubic region of side λ defined as

V = {(x, y, z) ∈ R3| − 3λ ≤ x ≤ −2λ, 3λ ≤ y ≤ 4λ,−λ/2 ≤ z ≤ λ/2}.
Then, we solved the complete problem, involving all of the constraints.

In order to reduce the cross-polar level, we defined S = 4 identical uniform

cross-polar masks with mcr
s1 = −∞ dB and mcr

s2 = −15 dB, s = 1, ..., 4. In

order to reduce the maximum field level in V, we selected the threshold E0

in such a way that Er
max/E0 = 5 dB, thus requiring a 5 dB reduction of

the field amplitude in V. Finally, for the DRR we set the threshold D0 =

5. Performing the iteration scheme (3.10), after approximately one hour

we obtained the patterns of Fig. 4.28, with a maximum side-lobe level of

−15.00 dB. As it can be seen, the co-polar patterns belonged to the co-polar

masks, thus constraint (3.3a) was satisfied exactly. The maximum cross-polar

level was −15.00 dB, thus also constraint (3.3d) was satisfied. As it was to be

expected, constraints (3.3b) and (3.3c) were satisfied rigorously. Moreover,

the reduction of the maximum electric field amplitude in the region V was

of 5.05 dB, thus also constraint (3.3e) resulted to be satisfied.

Then, we evaluated the powers, P 0
co and P 0

cr, in the side-lobe regions

of the co-polar and cross-polar patterns, respectively, and the electric en-

ergy stored in the region V, E0
V. In order to reduce such values, we used

the modified algorithm, which follows the iteration scheme (3.50). The re-

sults, obtained in nearly three hours, were very satisfactory, as is shown in

Fig. 4.29. A comparison with Fig. 4.28 reveals the huge pattern reduction

in the side-lobe regions. The maximum side-lobe level was again −15.00 dB,

whereas the maximum cross-polar level was −18.95 dB, nearly 4 dB below
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(a) (b)

(c) (d)

Figure 4.30: Comparison between the classical projections algorithm with

the scheme (3.10) (thin solid lines) and the algorithm with the scheme (3.50)

(thick solid lines): θ-cuts of the co-polar patterns into the masks (dotted

lines). (a): s = 1; (b): s = 2; (c): s = 3; (d): s = 4.
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(a) (b)

(c) (d)

Figure 4.31: Comparison between the classical projections algorithm with

scheme (3.10) (thin solid lines) and the algorithm with scheme (3.50) (thick

solid lines): φ-cuts (θ = 90◦) of the co-polar patterns into the masks (dotted

lines). (a): s = 1; (b): s = 2; (c): s = 3; (d): s = 4.
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the threshold imposed by the cross-polar masks. The reduction of the max-

imum electric field amplitude in V was 5.09 dB, thus slightly better than

the requirement. Constraints (3.3b) and (3.3c) were satisfied rigorously, as

it was expected. Then, in order to evaluate the reduction of the power ra-

diated in the side-lobe regions and the reduction of the energy stored in

V, with respect to the former scheme (3.10), we calculated the power in

the side-lobe regions, Pm
co and Pm

cr , and the electric energy in V, Em
V . The

obtained reductions were, respectively, 10 log10(P
0
co/P

m
co ) = 3.97 dB for the

co-polar power, 10 log10(P
0
cr/P

m
cr ) = 3.76 dB for the cross-polar power, and

10 log10(E
0
V/E

m
V ) = 0.57 dB for the electric energy. Thus, a great improve-

ment was achieved, thanks to the power and energy reduction. Such improve-

ments can be observed in Fig. 4.29, and better appreciated in Figs. 4.30 and

4.31, which show the θ and φ cuts of the synthesized radiation patterns. The

pattern cuts refer to the worst case, where the maximum pattern values were

achieved. Nevertheless, the side-lobe power reductions are evident, especially

in the θ cuts.

Effect of the starting point

In the above example the starting point was chosen as specified in Section 4.1,

that is, in such a way that f co(0)

s ∈ M co
s , f cr(0)

s ∈ M cr
s , e

(0)
sx = e

(0)
sy = e

(0)
sz = 0,

u
(0)
s = 0, s = 1, ..., S. This choice gave very satisfactory results. Nevertheless,

in order to analyze the effect of the starting point on the final solution, we

tested the proposed algorithm with 200 different random starting points.

The starting points were chosen in such a way that each component of each

vector u
(0)
s had phase uniformly distributed in [0, 2π], and the N amplitudes,

common to all the S vectors, uniformly distributed in [1/D0, 1].

As it was to be expected, constraints (3.3b) and (3.3c) were always sat-

isfied exactly, in particular the DRR resulted to be equal to 5 in each trial.

Table 4.3 shows the performances obtained in the 200 tested cases.

Thus, we can conclude that with all the analyzed random starting points,

the algorithm produced very good results, essentially independent of the

starting point. Moreover, the adopted choice of such starting points is quite

natural and does not require to the designer any expertise in the antenna

array synthesis process.
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Table 4.3: Effect of the random starting points.

Iteration number

mean value: 44666.8

maximum value: 131545

minimum value: 21467

CPU time [s]

mean value: 3323.9

maximum value: 9902.4

minimum value: 1543.3

Maximum side-lobe level [dB]

mean value: −15.00

maximum value: −15.00

minimum value: −15.00

Maximum cross-polar level [dB]

mean value: −15.42

maximum value: −15.00

minimum value: −17.76

Field reduction [dB]

mean value: 5.01

minimum value: 5.00

maximum value: 5.15
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(a) (b)

(c) (d)

Figure 4.32: Comparison between the classical projections algorithm with

scheme (3.10) (thin solid lines) and the algorithm with scheme (3.50) (thick

solid lines): (a)-(b) φ-cuts (θ = 90◦) of all the co-polar patterns; (c)-(d)

φ-cuts (θ = 90◦) of the co-polar patterns with the highest and the lowest

co-polar power reduction, respectively.
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Table 4.4: Second example: performances of the two proposed algorithms.

Alternating Projections Modified Algorithm

Iterations 14644 14473

CPU time [s] 1724 1789

SLLmax [dB] -20.00 -20.00

CrLmax [dB] -25.00 -25.00

Ered [dB] 5.01 5.05

DRR 5 5

Beam scanning problem

Then, we propose an example of beam scanning. The antenna array and the

region V are the same as those in the reconfigurability example. The masks

have the same rectangular shape, but adjacent masks are spaced 2 degrees

one from the other in the φ direction, so that the angular sector [−19◦,+19◦]

is covered by S = 20 masks. All the masks have the maximum equal to unity

and the side-lobe level equal to −20 dB.

We operated as above, solving first the reduced problem and then the

complete problem, without and with the power and energy reduction (schemes

(3.10) and (3.50), respectively). The cross-polar patterns obtained with the

reduced problem exhibited a maximum amplitude of −24.09 dB. The DRR

of the excitation was 21.23. The maximum amplitude of the electric field

in V was Er
max = 0.05 V/m. We then chose S cross-polar masks, with

mcr
s1 = −∞ dB and mcr

s2 = −20 dB, s = 1, ..., 20, so that the cross-polar

patterns never exceed the co-polar ones. We set D0 = 5 and E0 in such a

way as to obtain a 5 dB reduction of the maximum electric field level in V.

Table 4.4 summarizes the results of the two methods. As in the previ-

ous example, we evaluated the power reductions for the co-polar and cross-

polar patterns obtaining 10 log10(P
0
co/P

m
co ) = 3.56 dB and 10 log10(P

0
cr/P

m
cr ) =

1.49 dB, respectively. The reduction of the electric energy stored in V was

10 log10(E
0
V/E

m
V ) = 2.33 dB. The reported results along with Fig. 4.32 show

that both methods are very accurate, and that also in this example a great

power reduction is achieved with the modified algorithm. It is also to be

noted that, even if the two methods gave nearly the same maxima values

(Table 4.4), the modified method gave better radiation patterns (Fig. 4.32).
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Chapter 5

Conclusion

This chapter summarizes the contribution of the thesis and discusses the

directions for future research.

5.1 Summary of contributions

After a brief introduction on satellite antennas and on the array synthesis

techniques available in the literature, the core of this thesis was the detailed

description of the development of powerful synthesis algorithms suitable for

arbitrary antenna arrays, thus including satellite arrays. These algorithms

are based on the projections method. They are capable of dealing with dif-

ferent problems, including many constraints arising in satellite applications.

The very original contribution of this work consists in the formulation of the

intersection problem, in particular in the definition of the sets. In fact, it

has been shown that, starting from the problem of power pattern synthesis

for phase-only reconfigurable arrays, additional constraints can be consid-

ered resulting in simple and straightforward modification of the projection

operators. This has not been possible with other choices of the involved

sets, proposed in the literature, which require extremely high computational

burden and cannot simultaneously deal with all the considered constraints.

Many numerical examples have been proposed, which proved the effec-

tiveness of the developed methods.

The proposed algorithm has been compared with other deterministic and

stochastic methods, and showed to be more effective in terms of CPU time

and required computational resources, giving results (at least) comparable
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with those of the other methods.

The occurrence of traps, that is, local minimum of the distance, is a pe-

culiarity of the projections based methods in presence of non-convex sets.

The risk of falling into a trap depends on the choice of the starting point,

which should be close to the solution of the problem, which of course is un-

known. In all the examined problems, one of the sets (namely V ) is convex,

whereas the other is not. However, with the adopted choice of the starting

point which is quite simple and natural, we always obtained very satisfac-

tory results. Thus, the probability of being trapped into a false solution, is

shown to be very low or acceptable, with the adopted choice of the starting

point. Nevertheless, we investigated the dependence of the final solution on

the starting point in two examples with a number of random starting points.

This test seems to indicate that the choice of the starting point is not criti-

cal. So, we can conclude that with all the analyzed random starting points,

the algorithm gave very good results, essentially independent of the starting

point. Moreover, the adopted choice of such random starting points is quite

natural and does not require to the designer any expertise in the antenna

array synthesis process.

Moreover, based on the consideration that, among all patterns belonging

to each mask, those having small power in the side-lobe region are prefer-

able, and a similar consideration can be done for the near-field, we gave our

algorithm the additional capability of reducing the power of the co-polar and

cross-polar patterns in the side-lobe region of each mask, and the squared

amplitude of the electric field in a zone of interest close to the antenna. So, we

modified one projector to allow the minimization of the co-polar and cross-

polar power in the side-lobe regions, as well as the electric energy stored in

a prescribed region close to the antenna. It has been shown that the defini-

tion and the implementation of the modified algorithm is quite simple and

allows to considerably improve the results of the former classical alternat-

ing projections approach. The projector and the modified operator remain

simple to implement and the computational burden is acceptable. It is to

be recalled that the function to be minimized, ρm(ũ, ṽ) in (3.51), is not a

distance between ũ and ṽ. Hence, the sequence {ρmn } is not guaranteed to

be decreasing, and therefore it is not guaranteed to converge, since the point

Pm
V [ũn] is not a projection of ũn onto V . However, the power reduction is

consistent with the side-lobe mask constraint, and in all the examined cases

the results obtained with the iteration (3.50) were considerably better than
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those obtained with (3.10). Nevertheless, if the non-increasing trend of the

sequence {ρmn } is desired, whenever ρmn+1 > ρmn the iteration (3.50) can be

replaced by the former iteration (3.10). This approach has been adopted in

the proposed numerical examples.

It is also worth noting that, in principle, a power reduction could also be

achieved by reducing the side-lobe level in the definition of the masks, and

the threshold E0. But, we observed that the results are less effective. This

seems to indicate that the additional reduction of the power in the side-lobe

regions, and of the energy in V, reduces the level of non convexity of the

problem.

It is also to be observed that the power and energy reduction requirements

could also be included as constraints in the definition of the sets, resulting

in a rigorous formulation of the projections method. However, this would

produce a tremendously complicated evaluation of the projectors, leading to

computational drawbacks and increased CPU times. This consideration and

the desire of keeping simple and fast our algorithm, drove us to the proposed

solution, which proved to be very effective.

For the future activity, we plan to study the geometric synthesis problem

for antenna arrays, which is complicated but extremely important in many

applications, including satellite ones. The problem consist in finding the

position of the elements, along with their excitations, in order to obtain

determined radiation characteristics. It is important because the use of non

periodic arrays can reduce the number of radiating elements and thus simplify

the structure of the whole antenna.



90 Conclusion



Appendix A

Appendix

This appendix presents some mathematical details on the alternating pro-

jections method and on the genetic algorithms.

A.1 The alternating projections method

The method of projections on vector spaces is an exceptionally useful problem

solving technique that finds a spectrum of applications to basic problems

in science and engineering. Vector space projection methods, specifically

convex projection methods, always yield a solution in problems having a

set of constraints. In many problems the appropriate constraints sets are

not convex and in such cases the convergence is not assured. However the

theory of generalized projections demonstrates that a summed distance error

convergence is possible under certain conditions [44].

The fundamental theory of vector space projection methods was devel-

oped in the 1960s by Gubin et alii [45], Bregman [60], Halperin [61] and

Opial [62]. Major additional contributions to the theory were furnished by

Youla [63] in the late 1970s and by Youla [64] and Levi [65] in the early 1980s.

Since then, the theory has been extended by a large number of workers from

all over the world.

Vector space projection methods can solve important problems in vari-

ous areas of science and engineering. For example, in signal reconstruction

from non-uniform samples; digital communications corrupted by quantized

noise; digital filter design; artificial reduction in image compression; spread-

spectrum signal recovery in the presence of natural and jammer noise; many
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applications in optics [66], neural networks [67, 68] and pattern recognition

systems [65,69], and in image processing [63,64].

While the theory of projections onto convex sets (POCS) is of profound

mathematical interest, it has led to extraordinary success in solving practical

problems only by modern-day computers.

A.1.1 Method of projections onto convex sets

Let C be a closed convex set in a Hilbert space H. Then, for each x̃ ∈ H,

there exists a unique x̃∗ ∈ C that is closest to x̃, that is

∥x̃− x̃∗∥ = min
ỹ∈C

∥x̃− ỹ∥

and x̃∗ ∈ C.

This theorem reveals a fundamental characteristic associated with closed

convex sets in Hilbert space. That is, for a closed convex set C in a Hilbert

space H, there is a rule which assigns to every x̃ ∈ H its unique nearest

neighbor in the set C which is called the projection of x̃ onto C.

This rule is completely determined by the set C and is called the projector

or the projection operator onto C, which will be denoted by PC . That is, for

every x̃ ∈ H its projection PCx̃ onto C is defined by:

∥x̃− PCx̃∥ = min
ỹ∈C

∥x̃− ỹ∥

The projector is defined for closed convex sets in Hilbert spaces. Ex-

tending this concept to non-closed or non-convex sets in a Hilbert space, the

existence or the uniqueness of the projection may become questionable. In

practical applications, some sets are not closed. In such cases, to avoid the

theoretical pitfalls in applying projection theory, we can enlarge a non-closed

set by including its limit points.

Let C1, C2, ..., Cm be m closed convex sets in a Hilbert space whose inter-

section C0 =
∩m

i=1Ci is non-empty. Let Pi denotes the projector associated

with each set Ci for i = 1, ...,m. Then, the iterates {x̃n} generated by

x̃n+1 = PmPm−1...P1x̃n, n = 0, 1, 2, ... (A.1)

with an arbitrary starting point x̃0, will converge weakly to a point of C0.

Thus, the fundamental theorem of POCS also defines a systematic numerical

algorithm for finding a point of the intersection of closed convex sets. The
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scheme (A.1) represents the so-called convex projection algorithm or POCS

algorithm.

In its more general form, the POCS method for solving a practical prob-

lem has the following framework: determining, recovering or designing an

unknown quantity about which some information is known in the form of

constraints. The unknown quantity is treated as a vector in a Hilbert space,

and the known constraints are described in the form of m closed convex sets

in this space, C1, ..., Cm. Each set is usually associated with a single con-

straint, although sometimes it is convenient to include multiple constraints

in a single set, as it was in our case. Then, the intersection of all these

sets, C0, will contain all the possible solutions to the problem because each

solution satisfies all the available information about the unknown. To find a

solution, the above fundamental theorem of POCS is applied.

A frequently asked question may be: why not to include the set C0 directly

in the POCS algorithm instead of the individual sets Ci, directly enforcing

the data constraints? This approach may suffer from the limitation that it

may not be easy to implement the projection directly onto the set C0, while

it may be easier to compute the projection onto each individual set Ci. This

is an extremely important point [44].

The real key for the successful application of the POCS method is how

to define the appropriate constraint sets C1, ..., Cm that describe the avail-

able information. This is also the creative and original part of the problem.

Then, the computation of the projection Pi may be technically challenging,

it directly depends on the definition of set Ci, and cannot sometimes be

achieved at all. Thus, of course, the key for the success of this approach lies

in the definition of the constraint sets, so that they are convex and closed

and their projections are numerically computable. But, in some applications,

the constraints can not be described in terms of convex sets.

The fundamental theorem assumes that the intersection of the sets C1, ...,

Cm be non-empty. However, when the sets are non-intersecting, in the (par-

ticularly interesting) case whenm = 2, the POCS algorithm converges weakly

to a point, say x̃∗
2 ∈ C2 such that P2P1x̃

∗
2 = x̃∗

2. That is, x̃
∗
2 is a point of C2

whose distance from C1 is minimum among all points of C2.
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A.1.2 Method of projections onto non-convex sets

The method of projections onto convex sets (POCS) can not guarantee con-

vergence to a feasible solution if any of the constraint sets are non-convex.

When dealing with non-convex sets, it is generally not possible to achieve

strong or weak convergence. In such a case, whether one converges to a fea-

sible solution or not depends on the set configurations and on the starting

point. Undesirable convergence points that does not satisfy all constraints

are called sometimes traps.

Nevertheless, the use of non-convex constraints does not immediately rule

out the use of projection methods. A number of important practical prob-

lems involve non-convex constraints and can be solved using the projections

algorithm. In fact, under certain conditions, the projections algorithm can

produces iterates, whose summed distance from the membership sets decrease

with the iteration number.

The summed distance error (SDE) of a point x̃ from the sets C1, ..., Cm

is defined as:

J(x̃) =
m∑
i=1

d(x̃, Ci)

where d(x̃, Ci) is the distance of the point x̃ to the set Ci.

It can be shown that if the set C is closed, then d(x̃, C) = 0 implies that

x̃ ∈ C, or equivalently, d(x̃, C) is never zero for any x̃ /∈ C.

Thus, the SDE J(x̃) of any point x̃ from the sets C1, ..., Cm is zero if and

only if the point x̃ lies in the intersection of all the sets C1, ..., Cm.

When the set C is non-convex, there is not assurance of the existence of

a unique point in C that achieves the minimal distance d(x̃, C). However, in

a finite-dimensional Hilbert space H, for any x̃ ∈ H there exists at least one

point in the closed set C that achieves the distance of x̃ from C [44]. Each

of these points is a projection of x̃ onto C.

Thus, if the set C is non-convex there may be more than one point that

satisfies the definition of projection. However, in practice, one may always

find a rule for uniquely choosing one of these points.

Now, due to its particular importance, we will investigate the properties

of the recursive algorithm in the case m = 2.

Let C1, C2 be two arbitrary sets with projectors P1, P2, respectively. A

performance measure at the iteration step n is J(x̃n), i.e., the sum of the

distances between the point x̃n and the sets C1 and C2. Thus the performance
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is measured by the SDE for the case m = 2. Note that J(x̃n) = 0 if and only

if x̃n ∈ C1 ∩ C2. Levi, in his Ph.D. thesis [70] proved that the algorithm of

projections always exhibits the property of SDE reduction in the case m = 2.

This property cannot be generalized to more than two sets. However, the

case m = 2 is of great practical importance, and moreover it is the case we

dealt with in our problem.

A trap is a point where the SDE has a local minimum. The SDE can be

used to detect traps. One can infer a trap when J(x̃n+1) = J(x̃n) > 0 and

∥x̃n+1 − x̃n∥ = 0. But, let us note that, on a computer, due to the finite

number of digits and/or numerical errors, it is not always easy to distinguish

between traps and tunnels (i.e., points of extremely slow convergence), that

is between a zero and an extremely low reduction of J(x̃n).

In conclusions, although when dealing with two non-convex sets, the SDE

convergence will always take place, it is not as useful as the strong and

the weak convergence are. Moreover, it permits convergence to non-feasible

solutions, called traps.

A.2 Genetic algorithms

The genetic algorithms (GAs) provide robust searches in complex spaces.

GAs are based on the Darwinian principle of reproduction: the process in

which the genetic information of an existing individual string is copied into

the new population, according to its fitness.

Starting from an initial random population, they efficiently exploit his-

torical information contained in a gene pool to speculate on new ones with

an expected improved performance. The basic differences with deterministic

algorithms are [31]:

� GAs can easily work with a coding of the parameter set, or with the

parameters themselves, when conventional binary coding and binary

genetic operation are inconvenient and inefficient to optimize real or

complex numbers;

� GAs search solutions from a population of points, not from a single

point. For fast convergence of GA iteration, the initial population can

include approximate solutions by other simple techniques and excita-

tions by guess based on experience or at random.
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� GAs use fitness-function information, not derivatives or other auxiliary

knowledge;

� GAs use probabilistic and non-deterministic methods.

One of the most important aspects in a GA is that of relating the physical

world to the genetic algorithm, and this relation is given by the fitness or

cost function. Each solution is associated with a fitness value that reflects

how good it is, compared with other solutions in the population. The fitness

function is the function to be optimized.

In an array-pattern synthesis procedure using GAs, radiation patterns

correspond to living beings and array weights correspond to chromosomes.

GAs were invented to manipulate a string of binary coding. So, conventional

GAs encode the parameters in binary chromosomes and perform binary ge-

netic operations [32].

A different approach consists in representing chromosomes directly by

complex vectors. This simple representation explicitly shows the relation

between chromosomes in GA and array-excitation vectors and, therefore, it

is easier to understand and to implement in computer programs.

The reproduction which drives the evolution of the process consists of

three basic genetic operations: selection or mating, crossover, and muta-

tion. In selection, the GA chooses individuals with the highest fitness values.

There are many techniques available to pick two parent chromosomes to

produce child chromosomes. Proportionate reproduction, ranking selection,

tournament selection and genitor selection are some of the examples of the

techniques used in the literature [71,72]. In general, the more highly fit chro-

mosomes should have higher chances to be selected and mated for producing

children for the succeeding generation.

During reproduction, the crossover operator creates new individuals from

two existing individuals by genetic recombination. Crossover is a process that

involves exchange of genetic materials between two parent chromosomes to

make child chromosomes. The involved operations depend on wether the GA

uses complex or binary encoding. Binary crossover chooses one (single-point

crossover) or more (multiple-point crossover) random crossover sites and ex-

change the bits of the parent chromosomes. In linear crossover two parent

chromosomes C1 and C2 are selected and, for example, three new child chro-

mosomes can be produced from crossover following the rules: (C1 + C2)/2;

(3C1 − C2)/2; and (3C2 − C1)/2. The first gives the “midpoint” of the par-
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ents, and the other two give two “extrapolation points” from the midpoint.

If the parents’ genetic materials are identical, the corresponding materials

in the three new child chromosomes will remain the same. This is an im-

portant function for children to keep good features of their parents. Fur-

thermore, there is no need here to choose crossover site to perform partial

crossover of genetic materials, adopted in conventional binary crossover. In-

deed, crossover is performed on all genetic materials and this will reduce the

number of children so as to reduce the CPU time [32].

Mating and crossover effectively search and recombine extant useful ge-

netic materials. Occasionally they may become overzealous and lose some of

these potential materials, so mutation is needed to protect against such an

irrecoverable loss. In optimization, it corresponds to prevention of the algo-

rithm of being stuck in a local minimum. Mutation is only carried out when

a chromosome passes a probability check. When it does, one or a few ran-

domly selected genetic materials of the chromosome are replaced with other

randomly generated genetic materials. The mutation operator plays a key

role in GAs, since it permits the creation of a new individual from an existing

individual by randomly mutating one or more characteristics in a randomly

chosen individual. Mutation, on the other hand, produces changes in the

individual. One bit from the individual’s bit string is chosen at random, and

is changed. Mutation avoids the possibility that all the individuals become

equal.

Once all the new child chromosomes are produced, their fitness are evalu-

ated for selection of suitable chromosomes to compete for the next generation.

There are a few selection techniques available. In this approach, both the

child and parent populations are ranked together. Then, based on the prin-

ciple of survival of the fittest, those producing superior output survive, while

those producing inferior output die off. Note that the competitors for sur-

vival selection include both parents and their children so that the members

of next generation may include members of the previous generation. This

guarantees that the newer generation performs no worse than old ones. In

other words, the error versus generation curve decreases monotonically.

The progress of reproduction and survival selection continues until a sat-

isfactory result is obtained or a preset maximum number of iterations is

reached.

In general, the results from different runs are not identical, due to different

search routes caused by randomness of mutation. Therefore, performing
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another run increases the possibility of finding a better search route for a

faster solution. It is sometimes much faster to achieve the desired result by

having several shorter trials than a single longer run. This is so because when

the progress sticks in somewhere (for example, a local minimum) it may take

a long time to jump out [32]. Thus, a maximum number of trials is chosen

to stop the computing in case there is no solution.
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