




First you guess. Don’t laugh,
this is the most important step.
Then you compute the
consequences. Compare the
consequences to experience. If it
disagrees with experience, the
guess is wrong. In that simple
statement is the key to science.
It doesn’t matter how beautiful
your guess is or how smart you
are or what your name is. If it
disagrees with experiment, it’s
wrong. That’s all there is to it.

R. Feynman
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Introduction

Topic of my thesis is the joint study of Double Parton Scattering in high energy proton-
proton and proton-nucleus collisions in order to understand how the partons inside a
proton are correlated among each other.

Double Parton Interactions (DPIs) are the simplest case of Multiple Parton Inter-
action. Multiple Parton Interactions (MPIs) consist in having more than one partonic
interaction during a hadron-hadron collision. They represent a solution to the unitarity
problem originated at high energies by the fast increase of the hard cross section at small
fractional longitudinal momenta. The inclusive cross section is indeed proportional to
the multiplicity of the elementary partonic interactions and MPIs are enhanced when the
flux of the incoming partons is very large, that is for large center of mass energies. MPIs
appear through two different mechanisms, that is disconnected partonic collisions and
partonic rescatterings [1]. Since the leading contribution is provided by the term that
maximizes the number of interacting partons, namely by the disconnected processes, at
small x the latter contribution can be neglected.

Through the investigation of DPIs, the experiments have provided the measurement
of a coefficient called effective cross section. Given the cross section for the two sub-
interactions, it is defined as the quantity for which we have to divide their product in
order to obtain the value of the measured double cross section.

Theoretically, the double cross section is obtained by the convolution of a hard and
a soft component by assuming that the factorization theorem for the one-parton cross
section works also here. At present, there is no evidence that it is wrong. The hard
component is given by the partonic cross sections, whereas the soft one by the product of
two new double-parton distributions. These functions are dependent on the longitudinal
fractional momenta of the couple of partons extracted from the same hadron and on their
transverse distance. Therefore they account for all the correlations between the partons.
Moreover they are related to the Fourier transform of the Generalized Two-Parton Distri-
butions 2GPD. As soft component, they cannot be obtained from perturbative methods.
However it is possible to look for a phenomenological parametrization of them.

In our model the double distributions are factorized separating the dependence on
longitudinal and transverse degrees of freedom. In the case of proton-proton collisions the
effects of the correlations are unavoidably mixed in the final observable, that is the effec-
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tive cross section. This problem can be solved by considering proton-nucleus collisions.
Indeed the contribution to the double cross section where the projectile interacts with
large momentum exchange with at least two target nucleons simultaneously has only a
weak dependence on the correlations in the transverse coordinates [2]. Furthermore this
dependence disappears when evaluating suitable processes, such as the production of the
W+ boson in association with two jets that we studied. This channel is also interesting
because already investigated for p -p collisions at the LHC both by ATLAS [3] and CMS
[4]. The explicit formulae can be obtained in a covariant way in the case of light nuclei,
such a deuteron and tritium [5].

Nevertheless at the next LHC restart, the proton will be collided with nuclei of lead
(Pb), so we moved our attention to heavy nuclei. By means of a numerical simulation
of the collision we discovered that it would be possible to understand the weight of lon-
gitudinal correlations by looking e.g. at the behaviour of the differential cross section
when the transverse momentum of the charged lepton coming from the decay of W+ is
considered [6].

In the first chapter, we introduce the theoretical framework where the multiple parton
interactions are defined. Thus we remind some aspects of the Standard Model with
a particular attention to the Quantum ChromoDynamics. As we deal with nuclei, we
recall some indications about the properties of the nuclei. We sketch the Glauber model,
which describes geometrically the hadron-nucleus and nucleus-nucleus scatterings in the
hypothesis that nucleons inside the nucleus are independent of each other. In the end we
study how to take into account the short range correlation between the nucleons when
evaluting the two-body density. We obtain that they give rise to a first order additive
correction.

In the second chapter the Double Parton Interactions in the case of proton-proton
collision are treated. We introduce here our parametrization of double parton distribu-
tions. In the end we present the experiments where Double Parton Scatterings have been
analysed.

In the third chapter, we consider the Double Parton Interactions in the case of proton-
nucleus collision. At first we recall the results obtained for proton-Deuteron collisions,
then we concentrate on proton-lead collisions, in particular the process pPb→ W+.

In the fourth chapter, we describe the numerical implementation of the simulation
of the single and double scattering competiting to the W+2−jet production. Then we
summarize the results that we have obtained. We compair the behaviour of the cross
section in the range of transverse momenta and rapidities of the outgoing particles studied
by ATLAS in the same channel, both for the p -p collisions and p -Pb collisions.

In the conclusion, we recap the main issues and the most interesting results.



Chapter 1

Theoretical framework

In this chapter I introduce the theoretical frame underlying the picture of multiple partonic
interactions. At first I remind some aspects of the Standard Model (SM), especially I focus
on the Quantum ChromoDynamics (QCD). I describe the processes that I implemented
numerically, that is the hadroproduction of dijet and of the W+ boson in association or
not with other hadronic jets. Then I spend some words about nuclei and the geometrical
representation of hadron-nucleus collisions when the correlation among the nucleons inside
the nucleons are negligible. Therefore I illustrate the model of Glauber and shadowing. In
the end I consider what happens when we insert the correlations as first order corrections.

1.1 Standard model highlights

The Standard Model [7] is the theory that describes the electroweak and strong interac-
tions by means of the non-abelian group approach.

The electroweak sector is based on the gauge group SU(2)L × U(1)Y , so the interac-
tion is mediated by four massless bosons, W±, Z0 and the photon γ. The left-handed
fermionic fields are organized in three families of left doublets under SU(2)L,

(

νi

ℓ−i

)

|i=1,2,3

and
(

ui

di

)

|i=1,2,3. The correspondent right-handed fields are SU(2)L singlet. The masses
arise when introducing a complex “Higgs” doublet, responsible of the mechanism of the
spontaneous symmetry breaking. The masses of the massive bosons appear automati-
cally from the covariant derivative sector of the Higgs Lagrangian. For the fermions, it
is necessary to introduce a further Yukawa coupling with the scalar doublet. The mass
eigenstates for quarks do not coincide with interaction eigenstates; the link between the
two eigenbases is given by the Cabibbo Kobayashi Maskawa (CKM) matrix. The CP
violation is understood in terms of this matrix.

QCD [8, 9] is the gauge theory that describes the strong interactions between the
quarks. It is based on SU(3) gauge group which has eight generators. Thus there are
eight gauge bosons, the gluons, that carry the gauge “color” charge and that can interact
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10 CHAPTER 1. THEORETICAL FRAMEWORK

among themselves with four and three gluons vertices. These properties are typical of a
non abelian theory: in Quantum ElectroDynamics (QED), whose symmetry group is the
abelian group U(1), there is an electromagnetically neutral photon and no self-interaction
vertex. Another important difference lies in the behavior of the coupling constant as
the energy varies. The fine-structure constant αQED is an increasing function of energy,
whereas the strong coupling αS is a decreasing function of energy; QCD is asymptotically
free. This result is obtained by means of the renormalization group theory. It follows
from the fact that a physical observable cannot depend on the energy scale µ2

R which
must be introduced in order to renormalize the theory. We introduce the β-function

which describes the running behavior at each order in αS, dαS(q2)
d log q2 = β(αS). At one loop,

in the Modified Minimal Subtraction (MS) scheme, the β-function satisfies β(αS) =
−β0bα

2
S. When the number of active flavors, Nf is less than 16, the solution of the

previous differential equation can be briefly written as

αS(q2) =
4π

β0 log q2

Λ2

(1.1)

where β0 = 11− 2Nf

3
and Λ is the scale parameter that defines the value of αS at which the

perturbative region is reached. As αS behaves as a logarithmic decreasing function of the
energy, QCD can be treated perturbatively only in case of large momentum transfer (hard
processes). Therefore the soft processes cannot be predicted by a perturbative theory, they
are depicted by means of phenomenological model characterized by parameters estimated
by fitting the experimental data. In principle soft aspects are also studied by lattice QCD.
On the other hand, if we consider a quark and an antiquark separated by a large distance,
the force between them does not fall with distance, whereas the potential energy grows
linearly. This is reason why quarks and gluons never appear as asymptotic states, indeed
the phenomenological spectrum consists of color-singlet mesons and baryons. Partons are
so color confined.

1.1.1 The factorization theorem

A very powerful result of perturbative QCD is the factorization theorem. It was primarily
introduced in the parton model description of the deep inelastic scattering [10]. Few time
later Drell and Yan [11] enlarged its application to hadronic collisions. Their aim was to
assess the inclusive cross section for the production of a massive lepton pair by quark-
antiquark annihilation (nowadays knows as Drell-Yan process). From then on the validity
of the theorem has been demonstrated for many other processes within the asymptotic
scaling limit (see e.g. [12]) and the agreement with experimental data has been successful.
In its simplest expression, the theorem is given by the formula

σ (AB → f.s. X) =
∑

qg

∫

dxidxj fi/A (xi) fj/B (xj) σ̂ij→f.s. X

(

xi, xj,
√
S
)

. (1.2)
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fi/A

fj/B

A

B

σ̂ij

Figure 1.1: A diagrammatic picture of a generic hard scattering process.

Therefore the theorem affirms that during a hadronic collision, such that in Figure 1.1,
the inclusive cross section for the production of a particular final state (f.s.) is obtained
by weighting each involved sub-process cross section σ̂ij→ f.s.X with the suitable Parton
Distribution Functions (PDFs) fi/A(B)(xi) and summing over all the sub-processes. These
parton densities are universal distribution. In the quark parton model they have a prob-
abilistic interpretation:

Pi/A(x1, x2) :=

∫ x2

x1

dx fi/A (xi)

is the probability of finding in the hadron A a parton of flavor i (quarks or gluon) carrying
a fraction x1 ≤ x ≤ x2 of the hadron longitudinal momentum. They are non-perturbative
objects so they are modeled on the experimental data. In other words, the cross section
is equal to the convolution of a hard component, σ̂, and a soft component, the PDFs.

However, the perturbative corrections generated by the emission of real and virtual
gluons make the integral in Equation (1.2) divergent. In fact, while for final emissions the
soft and collinear singularities cancel out for sufficiently inclusive final states, the emission
from the incoming partons produces logarithmic singularities. From the infrared regular-
ization of the phase space integral a new scale arises, the factorization scale, µF . This
scale separates long- and short-distance physics. The infrared singularities are absorbed
through a redefinition of the PDFs via the Dokshitzer Gribov Lipatov Altarelli Parisi
(DGLAP) equations [13, 14, 15, 16]. These equations show how the partonic content of
e.g. a proton changes with respect to the scale of energy µF ??.

On the other side, the redefinition of the PDFs requires also a redefinition of the
partonic cross section in order to compensate the explicit scale dependence of the parton
densities and of the strong coupling. For example, when accounting for the emission of a
collinear gluon, e.g. [17], we have

fi(x, µ
2
F ) = fi(x) ⊗

(

I − αS

2π
log

µ2
F

λ2

)

(1.3)

σ̂ij→etc(xi, xj,
√
S, µ2

F , µ
2
R) = (I +

αS

2π
log

λ2

µ2
F

)σ̂ij→f.s. X

(

xi, xj,
√
S
)

(1.4)
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where λ is a low energy cutoff. The dependence on the renormalization scale µR highlights
that the partonic cross section must be calculated as perturbative series in αS in order to
take into account the remaining perturbative corrections (such as ultraviolet divergences).
Thus the partonic cross section is an expansion in 1/ log µR

Λ
1.

As a result, the factorization theorem reads now

σ (AB → f.s.X) =
∑

qg

∫

dxidxj fi/A (xi, µ
2
F ) fj/B (xj, µ

2
F )

σ̂ij→f.s. X (xi, xj, µ
2
F , µ

2
R,

√
s) , (1.5)

with σ̂ij→f.s. X = σ̂0+αS(µ2
R)σ̂1+· · · . The Formula (1.5) holds at all orders in perturbation

theory. Nevertheless, since the higher order correction are generally unknown, we have
to choose the renormalization and factorization scales properly in order to match the
experimental results. Thus, µR and µF are set of the order of the typical energy scales
of the hard process. The uncertainties due to this choice is one source of the theoretical
error associated to each prevision.

In the end, the estimation of the cross section related to a hard scattering process
follows a standard procedure prescribed inside the factorization theorem. At first one has
to identify the leading order (LO) partonic sub-process providing the desired final state,
then calculate the correspondent cross section σ̂0, then convolve it with the LO PDFs
relative to the incoming partons, choose the energy scales, evolve the PDFs and solve the
integral (numerically!). If we want to evaluate the NnLO|n>0 cross section, the procedure
is the same but the NnLO σ̂ must be evaluated and convoluted with the proper NnLO
parton densities. In this case, one has to specify the scheme, that is the prescriptions
exploited to solve the divergences similarly to what happens during the renormalization.

1.1.2 Parton Distribution Functions

The parton distribution functions have been introduced by Feynman within the parton
model [10] for the description of the deep inelastic scattering. Into this prospective,
their basic interpretation consists in the probability distribution of extracting a specific
parton with the given fractional momentum. However this probabilistic description falls
down when we consider the logarithmic scaling violation. In particular, they are scheme
dependent beyond the LO and sometimes can be even negative.

According to the factorization theorem they must be universal distributions. Indeed
we estimate them by means of some process and exploit them in order to predict the cross
section of some other process.

Since they are connected with the long-distance structure of the hadron so with soft
physics, we cannot predict their expression by means of perturbation theory. However,

1usually one neglects corrections suppressed by powers of Λ

µ
due to neglected transverse momentum
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as discussed previously, the perturbative approach allows to understand how they evolve
with the energy by means of the DGLAP equations2,

∂qi(x, µ
2)

∂ log µ2
=

αS

2π

∫ 1

x

dz

z



Pqiqj
(z, αS)qj

(x

z
, µ2
)

+ Pqig(z, αS) g
(x

z
, µ2
)




∂g(x, µ2)

∂ log µ2
=

αS

2π

∫ 1

x

dz

z



Pgqj
(z, αS)qj

(x

z
, µ2
)

+ Pgg(z, αS)g
(x

z
, µ2
)

 (1.6)

where Pab(x, αS) are the splitting functions. They represent the probability of a

collinear splitting b → ac. They have a perturbative expansion, Pab(x, αS) = P
(0)
ab (x) +

αS

2π
P

(1)
ab (x)+ · · · Thus DGLAP equations can be seen as a resummation of parton collinear

splitting.
If we define

qS(x, µ2) :=
∑

i

(qi + q̄i) singlet distribution

qNS(x, µ2) :=
∑

i

qi − qS/(2Nf ) non-singlet distribution,

and Nf the number of the active flavors, the DGLAP equations (1.6) acquire a significant
expression

∂qNS(x, µ2)

∂ log µ2
=

αS

2π

∫ 1

x

dz

z
Pqq(z, αS)qNS(

x

z
, µ2) (1.7)

∂qS(x, µ2)

∂ log µ2
=

αS

2π

∫ 1

x

dz

z



Pqq(z, αS)qS(
x

z
, µ2) + 2NfPqg(z, αS) g(

x

z
, µ2)





∂g(x, µ2)

∂ log µ2
=

αS

2π

∫ 1

x

dz

z



Pgq(z, αS)qS(
x

z
, µ2) + Pgg(z, αS)g(

x

z
, µ2)



 . (1.8)

The non-singlet distributions are decoupled while the singlet and the gluon distributions
remain coupled. Therefore, the evolution in the energy induces a mix between the singlet
and the gluon distributions, whereas the non-singlet quark combination evolves without
mixing. The solution of the equations is usually performed numerically in the Mellin
space where the convolution becomes a simple product.

Equations (1.6) and (1.7) determine the dependence of the PDFs on the energy scale.
The dependence on x is obtained by fitting the experimental data from hard scatterings.
There are many collaborations working on the parametrization of the PDFs. Their results
are collected by the LHAPDF platform [19]. In Figure 1.2 I show the LO proton PDFs
that I used in my work. While the NNPDF collaboration exploits a method based on

2Their derivation can be obtained also through the method of the Operator Product Expansion, [18]
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Figure 1.2: Two LO PDF sets: (a) from CTEQ collaboration and (b) from MSTW collabora-
tion.

a neural network [20], the usual approach consists in imposing a parametrization for
fi(x, µ

2
0) at the input energy scale, then solving the DGLAP equation at whatever energy

and in the end fitting the experimental data. Other constraints are given by the sum
rules. Sum rules are provided from the conservation of quantum numbers for any energy.
From the baryon number conservation, there are the valence sum rules:

∫ 1

0

dx
(

u(x, µ2) − ū(x, µ2)
)

= 2 (1.9)

∫ 1

0

dx
(

d(x, µ2) − d̄(x, µ2)
)

= 1 (1.10)

∫ 1

0

dx
(

s(x, µ2) − s̄(x, µ2)
)

= 0. (1.11)

An additional sum rule comes from the momentum conservation,

∫ 1

0

dx
(

xqS(x, µ2) + xg(x, µ2)
)

= 1.

Moreover, whereas the PDFs are not neither positive-definite nor scheme independent
quantities, the physical cross section must be both positive and scheme independent.
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Starting from PDFs, we can define the parton luminosity functions L. They represent
an easy way to evaluate the dependence on the masses, collider energy and PDFs of
the cross section related to the production of a state X, thus also the theoretical error
arising from the uncertainties in the PDFs. Let the partonic cross section be σ̂ab→X =:
CX δ(ŝ−M2

X), with ŝ the partonic center-of-mass energy, then the inclusive cross section
is

σX =
1

s

∫ 1

0

dxadxbfa(xa,M
2
X)fb(xb,M

2
X)CX δ(xaxb − τ) (1.12)

=: CX

⎧⎪⎩1

s

∂Lab

∂τ

⎫⎪⎭ that is (1.13)

∂Lab

∂τ
=

∫ 1

0

dxadxbfa(xa,M
2
X)fb(xb,M

2
X)δ(xaxb − τ) (1.14)

where τ :=
M2

X

s
and ab = gg,

∑
q qq̄, · · · Hence all the dependence on the mass and the

energy is inside the X-independent parton luminosity Lab. In Figure 1.3 the luminosity
for gg and qq are compared.

(a)

Σ

(b)

Figure 1.3: In (a) the parton-parton luminosity
[

1
ŝ

dLij

dτ

]
in picobarns is plotted in function of

the partonic center-of-mass energy
√

s. Green stands for gg, blue for
∑

i(gqi + gq̄i + qig + q̄ig)
and red for

∑
i(qiq̄i + q̄iqi), where the sum runs over the five quark flavours d, u, s, c, b. The

gg luminosity is large at low
√

ŝ but falls rapidly with respect to the other parton luminosities.
In (b) the ratios of the parton luminosities for ab = gg,

∑
q qq̄ at 14 TeV LHC and 1.96 TeV

Tevatron. Pictures taken from [9] and [21] respectively.
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1.1.3 Generalized Parton Distributions

Apart from the PDFs that we considered above, there are other varieties of parton distri-
butions investigating different aspects of the hadronic structure [22], TMD, Transverse-
Momentum dependent Distributions and GPD, Generalized Parton Distributions. The
TMDs f(x, k) describes the joint distribution of partons in their longitudinal fraction and
their transverse momentum. They are important in processes with a measured transverse
momentum much smaller than the hard scale. TMDs are useful to quantify different
spin-orbit correlations at the parton level. The GPDs F (x, ξ, t), are exploited in the
description of exclusive processes like deeply virtual Compton scattering or meson pro-
duction. In addition to x, they depend on the Mandelstam variable t and on the so-called
skewness function ξ that describes the longitudinal momentum transfer to the target. t
can be interpreted as the square of the transverse momentum difference ∆ between the
incident and the scattered proton, which is Fourier conjugate to the transverse position b

of the parton inside the proton. Moreover, since the Mellin moments
∫

dx xn−1F (x, ξ, t) of
GPDs correspond with the form factors of local operators, there is a connection between
GPDs and the electromagnetic Dirac and Pauli form factors of the nucleon.

p, s p′, s′t

x+ ξ x− ξ

Figure 1.4: A pictorial representation of the definition of GPDs.

GPDs [23] are defined as transition matrix elements between states with different
momenta (and perhaps also different spin) of the same operator that defines the usual
PDFs as shown in Figure 1.4; in the light-cone coordinates

∫

dz−

4π
eixp̄+z−〈p′, s′|q̄(−z

−

2
,0⊥)γ+q(

z−

2
,0⊥)|p, s〉

∣

∣

∣

∣

z+=0,z=0

=
1

2p̄+
ū(p′, s′)

(

γ+Hq(x, ξ, t) + i
σ+ν∆ν

2mp

Eq(x, ξ, t)

)

u(p, s) (1.15)

∫

dx−

4π
eixp̄+z−〈p′, s′|q̄(−x

−

2
,0⊥)γ+γ5q(

z−

2
,0⊥)|p, s〉

∣

∣

∣

∣

z+=0,z=0

=
1

2p̄+
ū(p′, s′)

(

γ+γ5H̃q(x, ξ, t) + i
γ5∆

+

2mp

Ẽ(x, ξ, t)

)

u(p, s) (1.16)

with p̄µ = 1
2
(pµ + p′µ) being the mean momentum of the target, ∆µ = p′µ − pµ the
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four momentum transfer, and t = ∆2 the invariant momentum transfer. The skewedness

parameter ξ := −∆+

2p̄+ quantifies the change in light-cone momentum.
(∼)

H q and
(∼)

E q represent

different spin configurations, indeed
(∼)

H q accounts for s = s′, while
(∼)

E q accounts for s 6=
s′. H̃q and Ẽq refer to polarized quarks, while Hq and Eq to unpolarized quarks. The
definitions for gluons are similar to Equation (1.15). As we will address to unpolarized
GPDs, let me focus on them. Their probabilistic interpretation is not immediate since
they are defined from the overlap between different states.

GPDs parametrize several hadronic properties at the same time. In the forward limit
GPDs reduce to conventional PDFs,

Hq(x, ξ = 0, t = 0) =

{

q(x) for x > 0
−q̄(x) for x < 0.

Their integration over x summed on the quark charge is equal to the Dirac and Pauli
form factors,

∑

q

eq

∫

dxHq(x, ξ, t) = F1(t) Dirac form factor

∑

q

eq

∫

dxEq(x, ξ, t) = F2(t) Pauli form factor

where the dependence on the longitudinal momentum transfer drops out because of the
Lorentz invariance. Similar integral relations link the GPDs to the “generalized form
factors”, e.g. [24, 25], and the deeply virtual Compton scattering amplitude in the Bjorken
scaling limit [26].

The first moment of the sum of Hq and Eq is related to Jq(t), the total angular
momentum carried by the quark flavor q (both helicity and orbital part) by the so-called
Ji’s sum rule

1

2

∫

dx x(Hq + Eq)(x, ξ, t) = Jq(t), (1.17)

this relation implies that Eq 6= 0 requires an orbital momentum between partons.
GPDs are soft component and so they are modeled from experimental data. Typically

the conventional g(x), q(x), q̄ are taken as input, then the dependence on ξ is generated
in such a way to be consistent with Lorentz invariance. GPDs depend on a factorization
scale that physically represents the scale at which the partons are resolved and show an
evolution in it, see e.g. [27, 28]. The modeling of GPDs is accomplished in different
ansätze based on “double distributions” [29], evolution at small x, ξ [30], moments [31].

Another important feature of GPDs is their link with impact parameter distributions.
If we consider states with definite light-cone momentum p+ and transverse position,

|p+, b〉 =

∫

d2pe−ibp|p+,p〉,
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we are able to exactly localize the proton in the transverse space without limitation by
the Compton wavelength in the frame where it moves fast, that is where the parton
interpretation works. Again thanks to Lorentz invariance, b results to be the center of
momentum of the partons in the proton,

b =

∑

i=q,q̄,g p
+
i bi

∑

i=q,q̄,g p
+
i

.

The matrix elements of the operator in Equation (1.15) evaluated for the states |p+,p〉
correspond to the joint density of partons in their longitudinal momentum fraction and
their transverse position which are known as impact parameter distributions q(x, b2).
They are equal to the Fourier transform of Hq(x, 0,p) for null skewness variable ξ [32],

q(x, b2) =
1

(2π)2

∫

d2∆e−i∆bHq(x, ξ = 0, t = −∆2)

The average impact parameter is so given by

〈b〉x =

∫

d2b b2q(x, b2)
∫

d2bq(x, b2)
= 4

∂

∂t
lnHq(x, ξ = 0, t)

∣

∣

∣

∣

t=0

.

When considering hard exclusive processes, the impact parameter distribution are gener-
alized by taking ξ 6= 0.

1.1.4 Kinematics of hadronic collisions

During a hadronic collision at high energies, since each parton carries only a small fraction
of the momentum of its parent, the center of mass of the hard scattering can move along
the axis of the collision (usually identified as the z axis) with some boost. Therefore
it is useful to describe the kinematics of the interaction by means of variables behaving
well under boost along the z axis. Indeed, if we consider the usual coordinates pµ =
(E; px, py, pz) only px,y (and dpx,y) are invariant under z-axis boost. Thus a better choice
is to express the four-momentum in terms of transverse momentum, azimuthal angle,
mass and rapidity. This new set of variables is graphically depicted in Figure 1.5. The
transverse momentum is the projection of the particle momentum into the transverse
plane, that is the plane orthogonal to the collision axis. The azimuthal angle is defined
with respect to the collision axis too. In the end, the rapidity is given by

y :=
1

2
log

E + pz

E − pz

.

The rapidity is not effectively boost invariant but it is additive.
As the cross section is dσ = |M|2dτ , we have to transform also the phase space

dτ = d3p/E. Under the transformation from (E; px, py, pz) to (pT , y, φ,m) it results to be
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x

z

k

proton (anti)proton

θcm

(a)

x

y

kt

φ

(b)

y(orη)

φ

d

(c)

Figure 1.5: In (a), the positive z-axis lies along the beam direction of the incoming beams,
θcm is the polar angle. In (b), φ is the azimuthal angle and kt is the component of momentum
in the xy transverse plane. In (c), we plot the (y(orη), φ) space, with η defined in (1.18). In this
frame an outgoing particle corresponds to a point and the distance d between particles traveling
in the same direction is small.

dτ = dpTdφdy. In the case where |M|2 has a mild dependence on the rapidity, dσ/dy is
about constant in y giving rise the so-called “rapidity plateau” when considering inclusive
particle production. This plateau is shown e. g. for the W+ production in the Figure 1.11.
Moreover, the absolute value of the rapidity has a upper bound depending on the beam
energy (

√
s), e.g. for protons forward elastically scattered (θcm ≈ 0 and pz ≈ pbeam)

|y| < ln

√
s

mp

≈ 8.85 (9.5) @ 7 (14) TeV LHC.

Neglecting their relatively small intrinsic transverse momenta, the two incoming par-
tons have momenta with coordinates given by

qµ
1 =

√
s

2
(x1, 0, 0, x1) with x1 =

M√
s

e+y

qµ
2 =

√
s

2
(x2, 0, 0,−x2) with x2 =

M√
s

e−y,

where y is the rapidity for the system q1 + q2, such that y = 1
2
ln x1

x2
namely x1 = x2e

2y.

The expressions for x1,2 are obtained by exploiting that ŝ = M2 = x1x2s where M is
the final state invariant mass. Furthermore they state that we are able to probe different
values of x1,2 by means of different value of M and y, as shown in Figure 1.6.

For an outgoing particles of four-momentum pµ = (E; px, py, pz), we find out that

E = mT cosh y with mT :=
√

m2 + p2
T

pz = mT sinh y.
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Figure 1.6: For any final state with a given y and M value there are two dashed lines giving
the x1,2 values at which the protons are probed. This representation refers to 14 TeV LHC.

Therefore in the laboratory (hadronic) frame, e.g. for a 2 → 2 process, the four-momenta
of the final state partons are given by

pµ
1 = (m1,t cosh y1; pT cosφ, pT sinφ,m1,t sinh y1)

pµ
2 = (m2,t cosh y2;−pT cosφ,−pT sinφ,m2,t sinh y2).

This parametrization is easily related to the corresponding four-vectors in the center of
mass frame of the two outgoing particles since it suffices a boost in z, that is a translation
along the rapidity axis. In this frame,

p
′µ
1 = (m1,t cosh y; pT cosφ, pT sinφ,m1,t sinh y)

p
′µ
2 = (m2,t cosh y;−pT cosφ,−pT sinφ,m2,t sinh y),

with y = (y2 − y1)/2.

In the end, we introduce the pseudorapidity η. This quantity is defined as

η := − ln tan
θ

2
, (1.18)

where θ is the position in the detector, such that pz = p cos θ with p = βE, being β
the velocity of the particle. The pseudorapidity coincides with the rapidity for massless
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particles. Nevertheless it represents a good approximation for relativistic particles also.
Indeed in this case β ≈ 1 and so

y =
1

2
ln
E + pz

E − pz

=
1

2
ln

1 + β cos θ

1 − β cos θ

β→1−−→ 1

2
ln

1 + cos θ

1 − cos θ
= − ln tan

θ

2
= η

At the LHC, in the region of detector acceptance (|η| . 2.5) this approximation is very
good for the majority of the produced particles. On the other hand, the pseudorapidity
plotted against the correspondent differential cross section shows a flat plateau only and
only if β → 1 and has a dip around η = 0 otherwise.

In the chapter 4 we will evaluate the master formula for the production of n particles
within this new coordinates system.

1.1.5 Jet definition

When the ratio between the transverse energy defined by E2
t := m2 + p2

t and the energy
in the center of mass, namely Et/

√
s, is large, the hadrons carrying this transverse energy

usually appear as sprays called jets in the colliders. The uncontroversial evidence for jets in
hadron-hadron collider was provided at the SPS collider by UA1 and UA2 collaborations
[33, 34]. The jets are produced in the perturbative regime of QCD. At leading order
a parton produced after a partonic interaction has a definite four-momentum, that is a
definite direction and transverse energy; however this LO parton develops bremsstrahlung
cascades of narrowly collimated gluons and quark-antiquark pairs (parton shower), which
finally fragment into well collimated hadrons. Thereby the jet structure is the result of
non perturbative QCD. At phenomenological level, these effects are implemented through
numerical model whose aim is to predict the final states properly. In the same way, at
the experimental level, the usual event recorded at the LHC has often an ambiguous
interpretation, as shown in Figure 1.7. Hence in both the points of view we need a clear
definition of jet.

An ideal jet definition should be insensitive to soft and collinear emissions, hence the
result of its application should be independent of the emission of a soft parton and of
the replacement of a given parton by two close partons carrying the same energy of their
parent. In such a way real and virtual divergences would cancel out and the jet cross
sections could be computed in perturbative QCD. Further the best jet definition should
not depend to much on the detector features.

The first relevant jet definition is due to Sterman and Weinberg [35]: a final state
is two-jet-like if all but a small fraction ǫ of the total available energy in the event Q
is contained in a pair of cones of opening angle δ. These jets are both collinear and
infrared safe, so we can evaluate the probability of having them in pQCD. However this
definition does not suffice for more than two jets. Thus, it has been necessary to introduce
a jet algorithm, namely a recipe, that determines which particles are put together into a
common jet and how to combine their momenta.
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(a) (b)

Figure 1.7: Two events recorded at CMS. The two incoming (colliding) protons were perpen-
dicular to this image, and the collision happened at the center. The particles came out of the
collision at the center. The hadronic jets are in green. On the left (a) the number of the jets is
clearly two, on the right (b) the count is more ambiguous.

There are two main classes of jet algorithms, sequential recombination and cone algo-
rithms. In both the case close hadrons or partons are associated into jets, in the first case
they are close in momentum space (Durham, kt, Jade, etc), in the latter they are close in
angle (e.g. snowmass alg.).

As sequential algorithm example, we sketch the anti-kt algorithm [36] since it is ex-
ploited at the LHC. It is a generalization of the kt algorithm introduced in [37], which
was the hadronic version of the Durham algorithm (born for e+e− annihilation) [38]. The
iterative procedure is given by

· for any pair of particles i, j find the minimum of

dij :=
min[k2p

t,i , k
2p
t,j]

R2
∆R2

ij ≃ k2p
t,ij diB = k2p

t,i djB = k2p
t,j

where k2
t,i(j) is the squared transverse momentum of the particle i(j), k2

t,ij the mini-
mum invariant mass of the two particles and ∆Rij is the distance between the two
particles in the (y, φ) plane in Figure 1.5(c) and R an external parameter often
included between 0.4 and 0.6. The parameter p is set equal to −1.

· if the minimum distance is equal to diB (or djB), then particle i (j) is a jet and it is
removed from the list of particles, otherwise i and j are merged together

· repeat until no particles are left.



1.1. STANDARD MODEL HIGHLIGHTS 23

The infrared and collinear safe quantity is the number of jets with transverse momentum
above some cut pt,min. With this algorithm particles are clustered around the hardest
ones giving rise to exactly circular cones.

The cone algorithms develop the idea of Sterman and Weinberg. They are widely
used at hadronic colliders but they are not infrared and collinear safe. They are based
on “stable cone” definition. A stable cone is a set of particles {i} that are inside a
circle of radius R (the same angular radius of sequential algorithm) in the (y, φ) plane in
Figure 1.5(c) around their center of mass J , namely

∆R2
ij := (yi − yJ)2 + (φi − φJ)2 < R2.

A seeded cone algorithm looks for stable cones through an iterative-cone (IC) procedure,

· start from a seed particle i and consider the set of all the particles j such that ∆Rij < R

· if the cone is stable, the procedure stops, otherwise the cone center J is taken as new
seed until reaching a stable cone.

Clearly we have to define how to choose the seeds and how coping with overlapping cones.
In order to eliminate the dependence on soft and collinear emissions, some improvements
have been probed (e.g. progressive removal or split-merge) but the only working algorithm
is the Seedless Infrared Safe Cone algorithm (SISCone [39]). This algorithm considers all
subsets of particles and checks if each one corresponds to a stable cone. Its problem is
the slowness, in fact for N particles the time of execution grows as N2N . However, this
time is reduced to N2 lnN by means of the computational geometry 3.

1.1.6 Dijet production

When the total transverse energy is very large, the preponderant process seen in the
collider is the production of two jet (di-jet) with about the same transverse component.
These jets are produced through an elastic scattering, a pair annihilation such those
depicted in Figure 1.9 and the following fragmentation in the uncolored final states.

In my work I focus on the LO inclusive cross section. The kinematics of this 2 →
2 process is determined by the transverse momenta and the rapidities of the outgoing
particles; because of the momentum conservation, the momenta of the two partons are
equal and opposite in the sub-process center of mass frame. Likewise in the laboratory
frame the two jets are back-to-back in azimuth and with equal transverse momenta, if only
two partons are produced. Thus we will refer to pT , the common transverse momentum
and η1 and η2, the (pseudo)rapidities of the outgoing particles in the laboratory frame.

3For only 10 particles, N2N ≈ 105s ≈ 3 hours decreased to N2 lnN ≈ 4 minutes; for 100 particles,
N2N ≈ 1032 s ≈ 1024 years decreased to N2 lnN ≈ 13 hours.
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The correspondent center of mass pseudorapidity is then given by

η∗ :=
η1 − η2

2
=

1

2

1 + cos θ∗

1 − cos θ∗
(1.19)

with sin θ∗ = xt, and the pseudorapidity of the two-parton system in the laboratory
system is η0 = η1+η2

2
. At the lowest order, these variables determine the parton fraction

completely,

x1 =
pT√
s

(eη1 + eη2) = xte
η0 cosh y (1.20)

x2 =
pT√
s

(e−η1 + e−η2) = xte
−η0 cosh y, (1.21)

where xt := 2pT√
s
. Since the momentum fractions cannot exceed the unity and their product

-4 -2 2 4
n1

-4

-2

2

4

n2

Figure 1.8: The phase space boundaries for jets of pT = 40 (black), 70 (blue), 100 (green)
GeV at

√
s = 7 TeV. As pT becomes larger, the allowed phase space become thinner.

is such that x1x2 ∈ [x2
t , 1], the relations in the Equation (1.20) provide constraints on the

pseudorapities, shown in Figure 1.8,

η1 ∈ [− cosh−1 1

xt

, cosh−1 1

xt

] (1.22)

η2 ∈ [− log
2 − xte

−η1

xt

, log
2 − xte

η1

xt

]. (1.23)

When η1 ≈ −η2, x1 ≃ x2, if the energy pT approaches the beam energy, in the top and
bottom corners of Figure 1.8 x1,2 → 1. Thus the corner regions correspond to larger x.
Instead for η1 ≈ η2, the fractional momenta are maximally different, one of two near to
the unity and the other one x → x2

t , that is one large the other small. In the end in
the central region the pseudorapidities are under the lowest kinematic limit, namely their
absolute values are under cosh−1 1

xt
.
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Figure 1.9: Some partonic Feynman diagrams for the production of jet pairs in hadronic
collisions.

The dijet inclusive cross section is the sum of terms representing the partonic sub-
processes ij → kl [8]:

d3σ

dη1dη2dpT

=
pT

8πs2

∑

i,j

∑

k,l

fi(x1, µ
2
F )

x1

fj(x2, µ
2
F )

x2

∑

|Mij→kl|2
1

1 + δkl

(1.24)

where fi,j are the parton densities evaluated at momentum scale µ2
F , the longitudinal

fractional momenta are given by Equation (1.20) and the matrix elements are averaged
and summed over initial and final spins and colors. These matrix elements are listed in
the Table 1.1. Since the partonic cross section must be insensitive to Lorentz boost, they
all depend only on the pseudorapidity η∗ in the Equation (1.19), Because of the partonic
content of the proton (in Figure 1.2 at the LO), each sub-process becomes important
at different ranges. For the smallest pT/

√
s ratios, the leading contribution comes from

processes started by two gluons, in an intermediate area processes involving an incoming
gluon intervene and then elastic qq, qq̄ or annihilation processes. The preponderance of
elastic or annihilation processes is about reached when pT/

√
s & 0.15; at the 7 GeV LHC,

this last disequality is satisfied by pT & 103 GeV, that is near the exploited machine limit
(e.g. pmax

T . 800 GeV @ ATLAS [40], pmax
T . 1100 GeV @ CMS [41]).

Moreover, the matrix elements for the sub-processes involving at least a gluon are
larger than the others. In fact, all the various

∑

|Mij→kl|2 have a similar shape and the
ratios among the elementary cross sections is determined by the color factors,

σ̂gg : σ̂gq : σ̂qq = 1 :
4

9
:

(

4

9

)2

.

A useful approximation is the “single effective sub-processes approximation” [42] that
takes all the partons cross sections equal but weighted by the related color factors. In
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Sub-process
∑

|M|2/g4
S

qq′ → qq′ 4
9

s2+u2

t2

qq → qq 4
9

(

s2+u2

t2
+ s2+t2

u2

)

− 8
27

s2

ut

qq̄ → q′q̄′ 4
9

t2+u2

s2

qq̄ → qq̄ 4
9

(

s2+u2

t2
+ t2+u2

s2

)

− 8
27

u2

st

qq̄ → gg 3
27

t2+u2

tu
− 8

3
t2+u2

s2

gg → qq̄ 1
6

t2+u2

tu
− 3

8
t2+u2

s2

gq → gq −4
9

s2+u2

su
+ s2+u2

t2

gg → gg 9
2

(

3 − tu
s2 − su

t2
− st

u2

)

Table 1.1: 2 → 2 parton sub-processes are listed. |M|2 is the invariant matrix element squared.
∑

stands for the average (sum) over initial (final) states in color and spin indices. All partons
are assumed massless. s, t, u are the partonic Mandelstam variables (without hats for shortness)
such that ŝ = x1x2s, t̂ = −ŝ/2(1 − cos θ∗), û = −ŝ/2(1 + cos θ∗) where sin θ∗ = xt. Table taken
from [8].

this approximation,

d3σ

dη1dη2dpT

≃ 1

8πp3
T

x1F (x1, µF )x2F (x2, µF )
|Mgg|2
cosh4 η∗

, (1.25)

where we write the dependence on η∗ explicitly and F (x, µF ) is the single effective parton
density,

F (x, µF ) := g(x, µ2
F ) +

4

9

∑

q,q̄

q(x, µ2
F ).

In this approximation it is easy to notice that the scaled cross section at LO is independent
of

√
s

p3
T

d3σ

dη1dη2dpT

≃ 1

8π
x1F (x1, µF )x2F (x2, µF )

|Mgg|2
cosh4 η∗

. (1.26)

Another interesting observable is the dijet angular distribution that studies the depen-
dence of the cross section on infinitesimal variations of the dijet invariant mass M2

JJ =
4p2

T cosh2 η∗ and of the center of mass scattering angle θ∗,

d3σ

dM2
JJd cos θ∗

≃
∫

dx1dx2δ(x1x2s−M2
JJ)F (x1, µF )F (x2, µF )

|Mgg|2
32πM2

JJ

. (1.27)
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For large cos θ∗ (that is small value of the Mandelstam variable t̂), |Mgg|2 →
(

s
t

)2 ≃
1/(1−cos θ∗)2. Thus the cross section exhibits the Rutherford scattering behavior typical
of the exchange of a massless boson (here a gluon) in the t-channel. Beyond the leading
order, both the scaling cross section in Equation (1.26) and the dijet angular distribution
in Equation (1.27) show scaling violations due to the coupling and partonic evolutions.

In order to estimate all these cross sections, we have to set the renormalization scale µ2
R

(through the coupling αS hidden inside the squared matrix elements) and the factorization
scale µ2

F . Usually, µ2
R is set equal to the hard scale in the process, here p2

T ; we impose also
µ2

F to be equal to p2
T , indeed the radiation at a transverse scale is understood detectable

only if greater than µ2
F . These two scale are unphysical, so the cross section should not

depend on their values. However we work at a fixed order in perturbation theory, therefore
the cross section does depend on the choice. The evaluation of the impact of the chosen
scale on the cross section value gives a measure of the theoretical error in previsions.

Finally, in [43] and in the very recent [44, 45] NLO and NNLO corrections are studied.
As long as we consider larger transverse momenta such that the rapidities are small (that
is near the central area of the η1,2-plane in Figure 1.8), the corrections are small and
the uncertainty related to the choice of the scale µF is reduced still at LO. However the
corrections become important when we move to forward region and improve the agreement
with the data.

1.1.7 Production and decay of the W boson

Production without jets

The bosons W± have been detected in 1983 at CERN Super proton-antiproton Syn-
chrotron (SppS) accelerator in behalf of the UA1[46] and UA2[47] experiments. The
discovery occurred through their leptonic decay. The next experiments probed the prop-
erties of the charged weak bosons.

The resonant production of a single W is governed by the partial width decay

Γ(W+ → ℓ+νℓ) =

√
2GFm

3
W

12π
. (1.28)

If we consider the decay in quarks,

Γ(W+ → qq̄′) = 3|Vqq′ |2Γ(W+ → ℓ+νℓ),

where Vqq′ is the proper CKM matrix element between q, a 2
3

charge quark and q̄′ a 1
3

charge antiquark (or viceversa).
The partonic cross section for the W -production is given by

σ̂(qq̄′ → W+) =
1

3

√
2π|Vqq′|2GF δ(ŝ−m2

W ), (1.29)



28 CHAPTER 1. THEORETICAL FRAMEWORK

with 1
3

= 3 1
3

1
3

the color factor. Therefore the inclusive cross section production from
two hadrons, e.g. two protons as at the LHC, is the convolution of σ̂ with the partonic
densities q and q̄′

σ(pp→ W+X) = K

∫ 1

0

dx1

∫ 1

0

dx2

∑

q,q̄′

q(x1, Q
2)q̄′(x2, Q

2)σ̂. (1.30)

where the K-factor takes into account the first order QCD corrections [48],

K ≃ 1 +
8

9
αS(m2

W ).

However the measured observables are rapidities and transverse momenta, thereby
when evaluating differential cross section we need to change the integration variables:
{x1, x2} → {yW , ŝ} where yW = 1

2
ln

EW +pz
W

EW−pz
W

. The integration in dŝ is solved by the δ

function in Equation (1.29), so

σ(pp→ W+X)

dyW

= K

√
2πGF

3

∑

q,q̄′

|Vqq′|2x1x2q(x1, Q
2)q̄′(x2, Q

2)|x1,2=
mW√

s
exp±yW

. (1.31)

The total cross section is given by the integration over the W -rapidity in the range yW ∈
[− ln

√
s

mW
, ln

√
s

mW
].

u

d̄
W+

νℓ

ℓ+

Figure 1.10: The LO Feynman diagram for hadroproduction started from u and d̄ of W+ and
its leptonic decay.

In order to predict the distribution of the leptons produced by the decay of W , the
complete production and decay sub-process shown in Figure 1.10 has to be studied. Fol-
lowing [7],

dσ̂

dΩ
=

1

3

1

32π2ŝ

ŝ2

(ŝ−m2
W )2 + ŝΓ2

W

(GFm
2
W )2|Vqq′|2(1 + cos θ̂)2 (1.32)

where ΓW is given by the Equation (1.28) and θ̂ defined as the angle between q̄′ and ℓ+

in the ℓνℓ rest frame. The expression in the Equation (1.32) vanishes when cos θ̂ = −1 as
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a consequence of the conservation of the helicity in the collinear scattering. Phenomeno-
logically it means that ℓ+ is emitted along the q̄′ direction. The inclusive hadronic cross
section has the factorized form

dσ(pp
W+

−−→ℓ+νℓ) =

∫ 1

0

dx1

∫ 1

0

dx2

∑

q,q̄′

q(x1, Q
2)q̄′(x2, Q

2)dσ̂(qq̄′
W+

−−→ ℓνℓ). (1.33)

Usually the parton distributions and the running coupling are evolved to Q2 = ŝ = m2
W .

We change the integration variables {x1, x2} to rapidities and transverse momenta of
the outgoing leptons again. In the partonic sub-process center of mass frame the transverse
momenta p̂t of the “+” charged lepton and its neutrino are back-to-back. Let us notice
that only at leading order, the laboratory transverse momentum of ℓ+, pT , corresponds to
the sub-process transverse momentum p̂t, because starting from NLO the W+ boson four-
momentum acquires a transverse component which gives rise a smearing of the Jacobian
peak in the pT distribution of ℓ+. The differential cross section in p̂t is such that

dσ̂

dp2
T

∝ 1 − 2p̂2
t/ŝ

(1 − 4p̂2
t/ŝ)

1/2
,

thereby it is divergent for p̂t =
√

ŝ
2

≃ m2
W

2
, its Jacobian peak. Nevertheless this divergence

disappears when looking at the hadronic cross section in Equation (1.33), indeed the
integration over ŝ cancels the singularity and leaves a Jacobian peak of finite height near
pT = mW

2
.

Another important distribution is that one dependent on the transverse mass. The
ℓνℓ transverse mass is defined as

m2
T (ℓ, νℓ) := (|pℓT | + |pνT |)2 − (pℓT + pνT )2 pT (W )=0

= 2|pℓT |.
The latter equality holds as long as W is produced without transverse momentum by the
annihilation of longitudinal qq̄′ pairs. In this case

dσ̂

dm2
T

=
|Vqq′|2
12π

(

GFm
2
W√

2

)2
1

(ŝ−m2
W )2 + ŝΓ2

W

2 −m2
T/ŝ

(1 −m2
T/ŝ)

1/2
.

This distribution has still a sharp Jacobian peak but it is insensitive to the W transverse
momentum distribution and on longitudinal boosts of the ℓνℓ system due to its dependence
just on transverse momenta.

A further significant feature of W hadroproduction is the asymmetry in the rapidity
distribution of W+ and W− bosons. As in hadroproduction the W bosons are well iden-
tified by their leptonic decay W → ℓνℓ, the W asymmetry is understood in terms of the
corresponding lepton charge asymmetry4 This asymmetry is defined as

A(η) :=
dσ/dη(W+ → ℓ+ν) − dσ/dη(W− → ℓ−ν̄)

dσ/dη(W+ → ℓ+ν) + dσ/dη(W− → ℓ−ν̄)

4This leptonic asymmetry provides information equivalent to the W asymmetry since the lepton decay
is well known.
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where η := − ln tan θ/2 is the ℓ± pseudorapidity, in fact ℓ+ is practically massless with
respect to the other energies involved.
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Figure 1.11: The W+ asymmetry distributions obtained at Tevatron shows that W+ and W−

are produced in opposite directions but with the same rate. The same distribution at the LHC
shows a larger rate for the production of W+ and the prevalence of W− at central rapidities.
(Picture from [49].)

The first measurement of the charge asymmetry occurred at the Tevatron Run I in
behalf of the CDF Collaboration [50], using data from p -p̄ collisions at the center-of-mass
energy

√
s = 1.8 TeV. There, W+’s and W−’s were produced at the same rate but W+

was mainly produced along the proton direction and viceversa for W−. Instead, in p -p
collisions, the W production is forward-backward symmetric and the asymmetry arises
from the larger production rate of W+ bosons with respect to W−’s. Moreover, the W−’s
prevail at central rapidities , whereas theW+’s at larger rapidities. This charge asymmetry
is principally produced by the proton content of u and d quarks and by the fact that on
average u quarks carry more proton momentum fraction than d quarks, see Figure 1.2. A
picture of the W± distribution versus the rapidity of W is given in Figure 1.11.

Thereby, the W boson charge asymmetry results to be a suitable tool to investi-
gate the size and momentum fraction distribution of the u and d parton densities of the
proton. As a matter of fact, the CDF measurements of the asymmetry have provided
constraints on the quark parton densities of the proton, exploited for example both by
the MRST/MSTW [51] and the CTEQ [52] Collaborations. The measurements at the
LHC [53] give indications about the PDFs for parton momentum fractions smaller with
respect to those probed at the Tevatron because the lepton charge asymmetry is studied
at energies larger than Tevatron energies (Figure 1.6).
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Production of W+ with one jet

The LO sub-processes responsible for the production of a W+ with a jet are qq̄′ → Wg
and its crossed qg → Wq; the correspondent Feynman diagrams are shown in Figure 1.12.

Figure 1.12: The lowest order Feynman diagrams for the hadroproduction of a W+ and one
jet.

Following [9], we focus on the main contribution due to ud̄ → W+g. The related
squared matrix element is given by

|Mud̄→W+g|2 ∼
(

t̂2 + û2 + 2Q2 ŝ

t̂û

)

, (1.34)

where Q2 is the virtuality of the W boson and the Mandelstam variables are defined as
ŝ = (pu − pd̄)

2, t̂ = (pu − pg)
2 and û = (pg − pd̄)

2. The expression in Equation (1.34)
results divergent when the gluon is soft (Eg → 0) or collinear (t̂(û) → 0) to one of the
quarks. Again, the differential cross section is expressed in function of the rapidities (y
of W , yg of gluon) and of the common transverse momentum,

dσ

dQ2dydp2
T

∼ 1

s

∫

dyg fu(x1, Q
2)fd̄(x2, Q

2)
|M|2
ŝ

. (1.35)

The fastest divergence in the Equation (1.34) is given by its third term, 2Q2 ŝ/(t̂û),
where t̂, û→ 0 and the gluon is soft; in this limit ŝ→ Q2. Now, since p2

T = t̂û/ŝ,

dσ

dQ2dydp2
T

∼ 2

s

1

p2
T

∫

dyg fu(x1, Q
2)fd̄(x2, Q

2) + (sub-leading in p2
T ) (1.36)

Because of the smallness of pT , the range of integration in Equation (1.22) reduces to
|yg| < le log

√
s/pT , thus

dσ

dQ2dydp2
T

∼ log(s/p2
T )

p2
T

. (1.37)
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The integration over the transverse momentum requires the introduction of a cutoff pT,min,
that is σ ∝ log2(s/p2

T,min). As noticed in the general introduction of QCD, this logarithmic
dependence is typical of a fixed order expansion. For tiny values of pT,min, there is a
“initial-state radiation”, that is the gluon is emitted from the quark at an early time.
Since the gluon is collinear to one incoming parton, the final partonic state is produced at
rather large rapidity. Larger cutoff instead corresponds to more central gluon. However
there is also the possibility of the collinear emission of gluons from partonic final state.
This type of emissions guarantees that the final jet is not broaden. In the end, let us
notice that the first two diagrams in Figure 1.12 consist in the NLO contribution to the
W+ production before studied. So adding jets to W production seems to be equivalent
to study NnLO (n > 0) effects.

Production of W+ with two jet

The hadroproduction of the charged weak boson with two jets involves a large number of
LO sub-processes. Some of them are depicted in Figure 1.13.

Figure 1.13: Some of the lowest order Feynman diagrams for the hadroproduction of a W+

and two jets.

In [9], the case qq̄′ → Wgg is analyzed; a particular attention is addressed in the
divergences generated by gluons radiated by external legs (the pictures in the first line
in Figure 1.13). The treatment of the correspondent matrix elements deals with a non-
trivial color structure giving rise to “color-ordered amplitudes”. For collinear emissions
the dependence on color factorizes and is simply treated, instead soft emission matrix
element results to be the product of an eikonal term and the matrix element containing
only a gluon, that is the matrix elements |Mud̄→W+g|2 previously studied. The final result
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is

|Mqq̄′→Wgg|2 soft−−→ CFN
2

2

(

[q p2] + [p2 q̄] −
1

N2
[q q̄]

)

Mqq̄′→Wg, (1.38)

where [a b] := a.b
p1.a p1.b

is the eikonal factor and q, q̄, p1,2 are the four-momenta of the

incoming quark q and antiquark q̄ and of the outgoing gluons respectively. CF := (N2 −
1)/(2N) with N the number of color is the Casimir associated with gluon emission from a
gluon. This expression in Equation (1.38) indicates that the lines of color flow where there
are the singularities correspond to the preferred directions for the emission of additional
gluons.

The eikonal factor may be evaluated explicitly by considering that the gluon is mass-
less. The product of the eikonal factor with the phase space of the gluon is so written
as

[a b] dPSgluon =
1

E2

1

1 − cos θa

EdE d cos θa (1.39)

where E and θa,b are respectively the energy of the outgoing gluon and the angles with
the hard partons. This formula underlines that the cross section is divergent when either
cos θa → 1, that is for gluon collinear to parton a or E → 0, namely for soft gluon.
Furthermore, each divergence is logarithmic. In order to eliminate the divergence, we
have to introduce a cutoff both in angle and energy. These cutoffs will provide a single
logarithm from collinear configurations and another from soft ones in the same way of
W+J production.

These reasonings have been applied recursively at next higher orders of perturbation
theory [54]. Each gluonic addition introduces a further power of αS and two logarithms
through the eikonal factorization sketched above. The W+JJ cross section can be ob-
tained as

dσ = σ0(W + 1 jet)
(

1 + αS(c12L
2 + c11L+ c10)

+α2
S(c24L

4 + c23L
3 + c22L

2 + c21L+ c20) + . . .
)

(1.40)

where L represents the logarithm controlling soft and collinear divergences, depending on
the properties of the jet, and cij are coefficients depending on color factors. For specific
kinematic configurations, the logs can be large and the probability for the emission of
gluons is enhanced. Nevertheless for inclusive observables the same cuts are applied to
every jet, and the logs tends to stay small. In these cases, the counting powers of αS is
useful to estimate the rate of production of additional jets.

Each logarithm in Equation (1.40) is combined with a αS. So the formula in Equa-
tion (1.40) may be written as a series in αSL by means of a reorganization of its terms:

dσ = σ0(W + 1 jet) exp
(

c12αSL
2 + c11αSL

)

. (1.41)

The first term is the exponential is an example of Leading Logarithm term (LL), while
the latter is the Next-to-Leading Logarithm term (NLL).
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Likewise, the total W cross section can be decomposed into the sum of the inclusive
cross section for the production of W together with n jet(s) with n ≥ 0

σW =
∑

n≥0

σW+nj. (1.42)

Moreover, each term in Equation (1.42) can be replaced with its logarithm decomposition.
A redefinition of the jet properties, such as transverse momentum and cone opening,
modifies the weight of each term without changing the total production rate. This means
that some σW+nj will be more important than others.

1.2 Hadron-nucleus interaction

1.2.1 Basic features of nuclei

A nucleus [55, 56] is a bound collection of Z protons and N neutrons, so of A nucleons. Z
is called the atomic number and A the mass number. Experimental data show that the

nuclear binding energy per nucleon is approximately the same for all the nuclei (
BE(A

ZXN )

A
≃

8 MeV), except for the lightest nuclei. The typical atomic radius is 10−10 m and the proton
radius 10−15m = 1 fm. All nuclei have a similar density. The independence of the averaged
binding energy per nucleon and of the density of the mass number is explained considering
that the nuclear forces are saturated namely that each nuclear nucleon can interact only
with a small number of near nucleons. Every theoretical model for the nuclear structure
has to recreate these phenomenological results.

The shape of the nuclear charge and/or matter distribution is obtained by the experi-
ments such the electron scattering off the nuclei. A typical parametrization holding when
A > 20 is given by the Fermi function (often said Woods-Saxon)

ρ (r) :=
ρ0

1 + e
r−R′

a

with r = |r| (1.43)

whereR′ = R0A
1
3 . As long asR′ ≫ a, the density is practically equal to the central density

ρ0 but in the edge (of order a, describing the diffuseness of the nuclear surface) where it
decreases fast to zero. Since the density is normalized to A,

∫

d3r ρ(r) = A, the constants
in Equation (1.43) are linked among them [56]. Imposing that r = (b, z) = (x, y, z), we
introduce the thickness function T (b) defined as

T (b) :=

∫ +∞

−∞
dz ρ(r). (1.44)

In Figure 1.14 the distribution of Woods-Saxon and the related thickness function are
shown for a nucleus of lead (Pb), A=208 with the parameters as in [56], that is ρ0 =
0.168 fm−3, R0 = 1.1 fm and a = 0.57 fm.
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ρ

(a) (b)

Figure 1.14: The distribution of Woods-Saxon for the lead on the left (a), the related thickness
function on the right fig:WoodsThick-b.

1.2.2 Geometry of the hadron-nucleus collisions

The collision of a hadron such as a proton against a nucleus is more challenging than a
proton-proton collision, indeed the number of the collisions between the projectile and
the nucleons inside the nuclear target depends on the structure of the nucleus, that is
on the number of the nucleons and on the impact parameter. In the hadron-nucleus
collisions the impact parameter is defined as the vector in the transverse plane from the
“point-like” projectile and the center of the target nucleus, as shown in the Figure 1.15.
Smaller impact parameters correspond to more and more nucleons participating to the
interaction.

b

x

y

(a)

b

z

(b)

Figure 1.15: A schematic representation of the geometry of the proton-nucleus collision in the
frame of the Glauber’s model, with transverse (a) and longitudinal (b) views.

The Glauber model applies the results of the eikonal approximation to the description
of a collision a nucleon and a nucleus [57] in [58], [59, 60]. This model describes this
collision in terms of the individual interactions of the constituent nucleons in high energy
approximation. It assumes the nucleons inside the nucleus point-like and independent
of each other and that the trajectory of the nucleus (and so of its components) does
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not change after the collision. Then, nuclear protons and neutrons are indistinguishable.
In the end the nucleon-nucleon cross section is considered to be the same during the
collision. This approximation holds since at high energy the time between two collisions
is very smaller compared with the time of creation of new particles. The model has two
inputs, the inelastic nucleon-nucleon cross section and the nuclear charge density that we
have introduced in previous Subsection 1.2.1.

At first let us remind some general results of the eikonal model. The total cross section
is equal to the sum of inelastic and elastic contributions

σtot = σinel + σel.

Let q be the transfer momentum perpendicular to the motion direction and ~k the incident
momentum. The amplitude of the nucleon-nucleon scattering is given by f(~q) normalized
as |f(q)|2 = dσel

dΩ
. We introduce the Glauber profile function Γ(b) which is defined by the

relation

f(q) =
ik

2π

∫

d2b eiqbΓ(b). (1.45)

The elastic contribution to the cross section is related to this function through

σel =

∫

dσel

dΩ
dΩ =

∫

dΩ |f(q)|2

=
1

4π2

∫

k2dΩd2b d2b’ eiq(b−b’)Γ(b)Γ∗(b’)

= [k2dΩ = d2q → δ(b− b’)]

=

∫

d2b d2b’ δ(b− b’)Γ(b)Γ∗(b’)

=

∫

d2b |Γ(b)|2. (1.46)

By means of the optical theorem we can obtain the total cross section too

ℑf(0) =
kσtot

4π
⇒ σtot = 2

∫

d2b ℜΓ(b). (1.47)

Let us consider now the scattering proton-nucleus. In general, after the scattering the
nucleus A is in a excited state A∗ and the amplitude is given by

fAA∗
(q) =

ik

2π

∫

d2b eiqb

A
∏

i=1

d2bidzi ψA(b1z1, · · · , bAzA)













1 −
A
∏

i=1

(1 − Γ(b− bi))













ψA∗(b1z1, · · · , bAzA) (1.48)
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where ψA is the wavefunction of the nucleus when the nucleons are in the configuration
described by {bj}. Here {bj} is a set of nucleon transverse coordinates in the nucleus5.

The Glauber hypothesis of independent nucleons implies that the S-matrix related to
the scattering is given by

SpA =
A
∏

i=1

Spni
, (1.49)

where Spni
is the scattering matrix for the ith nucleon of the nucleus,

Spni
(b− bi) = 1 − Γ(b− bi). (1.50)

Since SpA = 1 − ΓpA,

ΓpA = 1 −
A
∏

i=1

(1 − Γ(b− bi)). (1.51)

As long as the scattering is elastic, ψA∗ = ψA. As the nuclear correlations are taken
negligible in this model, the wavefunction is simply obtain by the factorization of the
nucleon wavefunctions φi, ψA =

∏A
i=1 φi. The A− body density integrated over the longi-

tudinal coordinates of all its nucleons is given by

∫ A
∏

i=1

dzi |ψ(b1z1, · · · , bAzA)|2 =

∫ A
∏

i=1

dzi |φ(bi, zi)|2 =
A
∏

i=1

τ(bi) (1.52)

where τ(sj) := T (sj)/A is the thickness function per nucleon which is normalized to 1.
We insert this expression in the Equation (1.48); the elastic amplitude results to be

fA
el (q) =

ik

2π

∫

d2b eiqb













1 −
A
∏

i=1

(1 −
∫

d2biΓ(b− bi)τ(bi))













. (1.53)

The range of Γ is of order of hadronic dimension, whereas τ varies over the nuclear
radius. When neglecting the hadronic radius with respect to the nuclear one,

∫

d2bi Γ(b− bi)τ(bi) ≃ τ(b)

∫

d2b′ Γ(b′). (1.54)

Through the optical theorem,
∫

d2b′ Γ(b′) = σtot

2
(1+ iα), where α is the ratio between the

imaginary and the real part of the forward amplitude for a nucleon-nucleon scattering.
When using this result in Equation (1.53),

fA
el (q) =

ik

2π

∫

d2b eiqb


1 − (1 − σtot

2
(1 + iα)τ(b))A



 . (1.55)

5A nuclear configuration is defined by the coordinates of the nuclear nucleons {(bA
i , zA

i )} where b
A
i :=

(xA
i , yA

i )



38 CHAPTER 1. THEORETICAL FRAMEWORK

In the optical limit

















(

1 +
1
A

−σtot
2

(1+iα)Aτ(b)

)
A

−σtot
2 (1+iα)Aτ(b)

















−σtot
2

(1+iα)Aτ(b)

A→∞−−−→ e−
σtot

2
(1+iα)T (b) (1.56)

where T (b) = Aτ(b) is the usual thickness function normalized to A. This limit is solved
by considering that τ(b) =

∫

dzρ̃(b, z), with the nuclear density per nucleon ρ̃(b, z) nor-
malized to 1. Indeed because of this normalization,

ρ̃(b, z) ∝ 1/A ⇒ τ(b) ∝ A−2/3 and
A

Aτ(b)
∝ A2/3.

Therefore Equation (1.55) becomes

fA
el (q) =

ik

2π

∫

d2b eiqb
(

1 − e−
σtot

2
(1+iα)T (b)

)

. (1.57)

From the expression in Equation (1.57), we obtain that

σA
tot =

4π

k
ℑfA

el (0) = 2

∫

d2b (1 −ℜe
σtot

2
(1+iα)T (b))

σA
el =

∫

dΩ |fA
el (q)|2

=
1

4π2

∫

k2dΩ d2b d2b′ eiq(b−b′)
(

1 − e−
σtot

2
(1+iα)T (b)

)(

1 − e−
σtot

2
(1+iα)T (b′)

)

=
[

k2dΩ = d2q → δ(b− b′)
]

=

∫

d2b
(

1 − 2ℜe−
σtot

2
(1+iα)T (b) + e−σtotT (b)

)

. (1.58)

Therefore the inelastic contribution, defined as the difference between the total cross
section and the elastic cross section, is simply equal to

σA
inel = σA

tot − σA
el =

∫

d2b (1 − eσtotT (b)). (1.59)

The inelastic cross section receives contributions from the events where the nucleus
stays excited after the collision and events where new particles are produced. Therefore,
we define a “scattering” cross section σscatt and a production cross section σprod := σtot −
σscatt.

σscatt can be developed analogously to σel. However, whereas the elastic cross section
requires that the nucleus stays in its fundamental state during the collision, σscatt takes
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into account both elastic and excited final state. So in order to obtain σscatt we have to
sum over all the possible final nuclear states and evaluate a summed cross section.

σscatt =

∫

dΩ
∑

A∗

|fA→A∗ (q)|2 , (1.60)

where the sum is over all the possible final states. As the scattering amplitude is given by
the Equation (1.48), the generic addend of the summed cross section is obtained through

dσAA∗

dΩ
= |fAA∗(q)|2

=
k2

4π2

∫ A
∏

i=1

d2bidzi

A
∏

i=1

d2b′
idzid

2bd2b′

eiq(b−b′)ψA(b1z1, · · · , bAzA)

(

1 −
A
∏

i=1

(1 − Γ(b− bi))

)

ψA∗(b1z1, · · · , bAzA)ψ∗
A∗(b

′
1z

′
1, · · · , b′

Az
′
A)

(

1 −
A
∏

i=1

(1 − Γ∗(b′ − b′
i))

)

ψ∗
A(b′

1z
′
1, · · · , b′

Az
′
A).

When summing over all the possible excited states A∗,
∑

A∗
ψA∗(b1z1, · · · , bAzA)ψ∗

A∗(b
′
1z

′
1, · · · , b′

Az
′
A) =

A
∏

i=1

δ(bi − b′
i)δ(zi − z′i);

the integration over Ω gives rises to another δ-function,

1

4π2

∫

k2dΩ eiq(b−b′) = δ(b− b′).

Thereby, the scattering cross section is given by

σA
scatt =

∫

d2b

A
∏

i=1

dzi|ψA(b1z1, · · · , bAzA)|2

A
∏

i=1

d2bi

(

1 −
A
∏

i=1

(1 − Γ(b− bi))

)(

1 −
A
∏

i=1

(1 − Γ∗(b− bi))

)

(1.61)

We assume again that the nuclear correlations are negligible, that is that the Equa-
tion (1.52) holds, therefore

σA
scatt =

∫

d2b













1 −
A
∏

i=1

(

1 −
∫

d2biΓ(b− bi)τ(bi)

)

−
A
∏

i=1

(

1 −
∫

d2biΓ
∗(b− bi)τ(bi)

)

+
A
∏

i=1

(

1 −
∫

d2bi(Γ(b− bi) + Γ∗(b− bi) + |Γ(b− bi)|2)τ(bi)

)













(1.62)
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We neglect the hadronic scale with respect to the nuclear one,

σA
scatt =

∫

d2b













1 −
A
∏

i=1

(

1 − τ(b)

∫

d2b′Γ(b′)

)

−
A
∏

i=1

(

1 − τ(b)

∫

d2b′Γ∗(b′)

)

+
A
∏

i=1

(

1 − τ(b)

(
∫

d2b′Γ(b′) +

∫

d2b′Γ∗(b′) +

∫

d2b′|Γ(b′)|2
))













. (1.63)

We remind that
∫

d2b′ Γ(b′) =
σtot

2
(1 + iα),

∫

d2b′ Γ∗(b′) =
σtot

2
(1 − iα),

∫

d2b′ |Γ(b′)|2 = σel. (1.64)

When we consider the large mass number A limit (that is A→ ∞),

σA
scatt =

∫

d2b
(

1 − e−
σtot

2
(1+iα)T (b) − e−

σtot
2

(1−iα)T (b) + e−
σtot

2
(1+iα+1−iα)T (b)−σelT (b)

)

=

∫

d2b
(

1 − 2ℜe−
σtot

2
(1+iα)T (b) + e−(σtot−σel)T (b)

)

=

∫

d2b
(

1 − 2ℜe−
σtot

2
(1+iα)T (b) + e−σinelT (b)

)

. (1.65)

The production cross section is defined by the difference between the total and the scatt
cross section,

σA
prod = σA

tot − σA
scatt =

∫

d2b
(

1 − eσinelT (b)
)

. (1.66)

In the end let us notice that the Glauber model allows to estimate the average prop-
erties of the more complex nucleus-nucleus collision. In Appendix B we sketch some of
these results.

1.2.3 Self-shadowing of the inelastic events

In the framework of the hadron-nucleus collisions, we label the inelastic cross section
related to events satisfying some selection criteria as σC . An event given by the superpo-
sition of two events, whose only one satisfies the criteria of selection is taken into account
by σC . σ6C accounts for the excluded events. Thus σinel decomposes as σinel = σC + σ6C .
We want to develop the expression in Equation (1.66) in function of σC , σ6C . We exploit
(ea − 1)e−a = 1 − e−a and the series of the exponential,

σprod =

∫

d2bt

(

1 − e−σinelT (bt)
)

=

∫

d2bt

+∞
∑

n=1

(σinelT (bt))
n

n!
e−σinelT (bt).
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We read the last equality in a probabilistic way as the sum of inelastic cross sections
independent of each other. We notice that

+∞
∑

n=1

(σinelT (bt))
n

n!
=

+∞
∑

n=1

n
∑

k=0

(

n

k

)

σk
Cσ

n−k
6C

(T (bt))
n

n!

and that the integrated addend when k = 0 corresponds to the total contribution from
the lonely events that do not satisfy the selection criteria. Moreover

n
∑

k=1

(

n

k

)

σk
Cσ

n−k
6C =

n
∑

k=0

(

n

k

)

σk
Cσ

n−k
6C −

(

n

0

)

σ0
Cσ

n
6C = σn

inel − σn
6C .

Thus the total cross section taking into account the events satisfying the criteria is given
by

σA
C =

∫

d2bt

+∞
∑

n=1

(

σn
inel − σn

6C
) (σinelT (bt))

n

n!
e−σinelT (bt)

=

∫

d2bt

(

+∞
∑

n=1

(σinelT (bt))
n

n!
−

+∞
∑

n=1

(σ6CT (bt))
n

n!

)

e−σinelT (bt)

=

∫

d2bt

(

eσinelT (bt) − eσ 6CT (bt)
)

e−σinelT (bt)

=

∫

d2bt

(

1 − e−σCT (bt)
)

(1.67)

=

∫

d2bt

+∞
∑

n=1

(σCT (bt))
n

n!
e−σCT (bt). (1.68)

The last two equalities show that when chosen the selection criteria, the related cross
section for hadron-nucleus scattering is independent of the event not satisfying them.
Rather the right events give a negative contribution to the cross section like they were
casting a shadow over themselves. We refer to this phenomenon as self-shadowing.

1.2.4 Short range correlation

The Glauber model takes as assumption that the nucleons inside a nucleus are independent
among themselves. In fact, the experiments show that there are short range correlations,
e.g. [61, 62]. We are going to investigate how to take into account their effect on the
two-body nuclear density.
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Two-body nuclear density

In 1.2.1 we have introduced the one-body nuclear density ρ(r) by means of one of its
phenomenological parametrization in Equation (1.43). Now we consider its “quantum”
definition. Let the nucleons wavefunctions be ψn(u), such that

∫

duψm(u)∗ψn(u) = δmn,
then for independent nucleons

ρ(1)(u) =
∑

n

|ψn(u1)|2. (1.69)

With u we summarize all the nucleons degrees of freedom, that is spin, isospin and spa-
cial coordinates. The one-body density is still normalized to the atomic mass number,
∫

du ρ(1)(u) = A.
We define the two-body density by means of a similar approach. For simplicity, we

consider the case of two identical nucleons (so two protons or two neutrons). As long
as the correlations between the two nucleons are neglected, the antisymmetric two-body
wavefunction is

1√
2

(ψm(u1)ψn(u2) − ψm(u2)ψn(u1))

Therefore, the corresponding two-body density for the state m, n is given by

gmn(u1, u2) =
1

2

(

|ψm(u1)ψn(u2)|2 + |ψm(u2)ψn(u1)|2
)

−ℜ [ψm(u1)ψn(u2)ψm(u2)
∗ψn(u1)

∗] .

By integrating over u2,
∫

du2 gmn(u1, u2) =
1

2

(

|ψm(u1)|2 + |ψn(u1)|2
)

− δmn |ψm(u1)|2 .

After a further integration over u1 we obtain
∫

du1du2 gmn(u1, u2) = 1 − δmn;

thus
∑

mn

∫

du1du2 gmn(u1, u2) =
∑

mn

(1 − δmn) = A(A− 1).

Therefore, the two-body density has the expression

ρ(2)(u1, u2) =
∑

n

|ψn(u1)|2
∑

n

|ψn(u2)|2 − |∆(u1, u2)|2

= ρ(1)(u1)ρ
(1)(u2) − |∆(u1, u2)|2

where ∆(u1, u2) :=
∑

n ψn(u1)
∗ψn(u2). If

∑

n is done over a complete set of states in
Hilbert space, ∆ → δ. This means that when the relative space coordinate of {u1, u2}
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is large with respect to the nuclear dimension, ρ(2)(u1, u2) ≃ ρ(1)(u1)ρ
(1)(u2). Moreover,

since a direct consequence of the definition of ∆(u1, u2) makes
∫

du2|∆(u1, u2)|2 = ρ(1)(u1),
∫

du2 ρ
(2)(u1, u2) = (A− 1)ρ(1)(u1).

At this point, we insert a correlation term which takes into account the short range
nuclear correlations. As shown in [63] these correlations exhibit a universal behavior,
therefore we introduce a term independent of m and n into the two-body wavefunction

1√
2

(ψm(u1)ψn(u2) − ψm(u2)ψn(u1)) × (1 − C(u1, u2))

The correlated two-body density is fast obtained by summing over states

ρ(C,2)(u1, u2) = ρ(2)(u1, u2) (1 − C(u1, u2))
2 (1.70)

At first order in C,

∫

du2 ρ
(C,2)(u1, u2) = (A− 1)ρ(1)(u1) − 2

∫

du2 ρ
(2)(u1, u2)C(u1, u2) (1.71)

Now we remind that u includes also the spin variables, namely
∫

du ≡
∫

d3r
∑

s and
the above sum over n are sum also over the polarizations. When the two nucleons are in a
spin triplet state, their space wave function is antisymmetric and therefore it vanishes for
r1 → r2 independently of the correlation term inclusion. Instead, when the two nucleons
are in a spin singlet state, their space wave function is symmetric and the effect of the
short range correlation term is particularly important. In the spin singlet case and without
interaction, the space wave function is given by

Ψ =
1√
2

(ψm(r1)ψn(r2) + ψm(r2)ψn(r1)) .

We study the limit r1 → r2, which corresponds to the region where short range correlations
are important. Thus we write r1 = r + w/2, r2 = r − w/2 and C = C(w); for small w,
Ψ = ψm(r)ψn(r)

√
2 + O(w2) and, as a first approximation:

∫

ρ(C,2)(r1, r2)dr2 = (A− 1)ρ(1)(r1) + 2

∫

ρ(2)(r1, r2)C(r1, r2)dr2

≈ (A− 1)ρ(1)(r1) + 2
(

ρ(1)(r1)
)2
∫

C(w)dw. (1.72)

We treat the three-body wavefunction analogously. Its space components are

ΨA =
1√
6
Det [ψm(r1)ψn(r2)ψl(r3)]
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which is completely antisymmetric and corresponds to the spin quadruplet (wholly sym-
metric), and

Ψ1 = ψl(r3)
1√
2

(ψm(r1)ψn(r2) − ψm(r2)ψn(r1))

Ψ2 = ψl(r1)
1√
2

(ψm(r2)ψn(r3) − ψm(r3)ψn(r2)) (1.73)

which have mixed symmetry and correspond to the two possible spin doublets (the third
possible option is a linear combination of the two above). However, the correlation term
does not matter very much for the completely antisymmetric case, which thereby, as a
first approximation, may not need to be corrected. Instead, for Ψ1, Ψ2 the correlation
terms C is introduced in non antisymmetric products. For example

ΨC
1 = ψl(r3)

1√
2

(ψm(r1)ψn(r2) − ψm(r2)ψn(r1)) (1 − C(u1, u3) − C(u3, u2)) .

Unless an explicit three body correlation term is introduced, the correlation has the same
correction that we shown in the two-body wave function case.

The case of a totally symmetric space wave function, where antisymmetry is due to
the spin-isospin variables, seems to be more interesting. In such a case the space wave
function is

1√
6

∑

P

ψl(r1)ψm(r2)ψn(r3)

and the related density is

ρ(3)(r1, r2, r3) =
1

6













∑

l

|ψl(r1)|2
∑

m

|ψm(r2)|2
∑

n

|ψn(r3)|2

+
∑

l

|ψl(r1)|2|∆(r2, r3)|2 +
∑

l

|ψl(r2)|2|∆(r3, r1)|2

+
∑

l

|ψl(r3)|2|∆(r1, r2)|2 + 2 ℜ[∆(r1, r2)∆(r2, r3)∆(r3, r1)]













(1.74)

After introducing correlations, at the first order,

ρ(C,3)(r1, r2, r3) = ρ(3)(r1, r2, r3) (1 − 2C(r1, r2) − 2C(r2, r3) − 2C(r3, r1)) .

As in the previous case one may introduce r1 + r2 + r3 = 3r and r1 = r + w, r2 =
r +w′, r3 = r +w”, where w +w′ +w” = 0. By expanding ψ near r, after summing over
all permutations the wavefunction results to be

ψ ≈ ψ(r) + (w + w′ + w”) · ∂ψ/∂r + O(w2)
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Thus, finally, for small w we obtain

Ψ = ψl(r)ψm(r)ψn(r)
√

6 + O(w2)

which allows to treat also this case on the same way of the previous ones.





Chapter 2

Multiple Parton Interaction
in proton-proton collisions

Multiple Parton Interactions consist in having more than one partonic interactions during
the collision between two hadrons. As shown in Figure 2.1, they compete with usual
(single) partonic interaction to give the same final state. MPIs are enhanced when the
flux of the incoming partons is very large, that is when the energy in the center of mass
is large and the fractional longitudinal momenta of the partons are very small.

(a) (b)

Figure 2.1: The same final state can be generated by means of a single parton interaction (a)
or a MPI (b).

For this reason, the Multiple Partonic Interactions represent a solution to the unitarity
problem related to the inclusive cross section for the (semi-)hard processes.1 Indeed, at
fixed invariant mass for the final state, a large center-of-mass energy corresponds to probe
small x region where almost all the partonic densities have a fast growth (Figure 1.2).
This implies that also the inclusive cross section has a rapid increase and in some chan-
nels it becomes larger than the total inelastic cross section giving rise to the unitarity
problem. However allowing MPIs, the same final state can be generated in several copies

1In literature, “semi” wants to remark that MPIs final states are less energetic (but still large enough to
be treated perturbatively) with respect to those generated in the correspondent single parton interaction.

47
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during the same collision; each MPI is counted with its multeplicity in the inclusive cross
section (because of its definition) but only once in inelastic cross section, showing that
the unitarity problem is illusory. In other words, the increasingly large values of the cross
section are understood as the result of an increasingly large average number of elemen-
tary interactions in an inelastic event. Furthermore, MPIs solve also the divergences for
small fractional momenta (soft MPI). This kind of divergence is clear when considering
the inclusive cross section for 2 → 2 QCD processes,

dσ

dp2
⊥

=
∑

i,j

∫

dx1dx2 fi(x1, Q
2)fj(x2, Q

2)
dσ̂ij

dp2
⊥

indeed the t-channel contribution to the partonic cross section dσ̂ij/dp
2
⊥ has a p−4⊥ diver-

gence enhanced by the fast growth of the parton distribution functions at small x. Again
the inclusive cross section considers the same final state generated in different ways and,
usually, in a broaden kinematic range. The effect of these MPIs is seen when evaluating
Minimum Bias and Underlying Event2 at the hadrons colliders.

From now on I focus on hard MPIs for which a perturbative treatment is available.
At first I introduce the different mechanisms through which MPIs can occur; then I
describe the characterization of the multiple interactions. Hence I show that the final
cross section is simply given by the superposition of all the topologies giving rise to the
same final state. I also remark the connection between inclusive cross section and the
“exclusive” cross section for having a definite number of interactions during the same
collisions and its consequences namely the link between the inclusive cross section and
the multeplicity of MPI as well as between the inclusive double cross section and the
inclusive single double cross section. Therefore I concentrate on disconnected Double
Parton Interactions and on the tools employed to study them (effective cross section and
double parton distributions). In the end of the chapter I list the experimental evidences
(both indirect and direct) of the MPIs (both soft and hard). Especially I pay attention
to the latest measurement by ATLAS and CMS Collaborations.

2.1 Mechanisms of Multi Parton Interactions

MPIs can occur through two different mechanisms, disconnected partonic collisions and
partonic rescatterings.

The disconnected partonic collisions in Figure 2.2(a) correspond to the case where
different pairs of partons undergo an interaction at different points inside the overlap
volume of the two interacting hadrons. These collisions take place typically at distances
of the order of the hadronic radius so they do not affect each other. Therefore, they add
incoherently in the evaluation of the hadronic hard cross section (here is why we call them

2For a definition of MB and UE the reader could refer to Appendix A.
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(a) (b)

Figure 2.2: A picture from [1]. Disconnected scatterings and rescattering. In (a) two 2 → 2
scatterings, in (b) there is a rescattering.

disconnected). Instead in the case of partonic rescatterings in Figure 2.2(b), an already
scattered parton participates to another subsequent rescattering the two interactions are
localized in the same point. At a given number of partonic interactions, the “discon-
nected” mechanism maximizes the partonic flux, indeed in this case each parton interacts
only once [64]. As the number of partonic interactions grows up, the contribution from
independent multiple interactions to the cross section becomes larger and larger, but when
the saturation becomes effective, the rescattering process will be the leading one.

The weight of the rescatterings in MPIs has been investigated by many works, e.g.
[65, 66, 1]. The treatment of their contribution to the cross section is not so easy since the
rescattering term requires to sum over all the possible discontinuities of the rescattering
diagrams and pay attention to not double count some rescattering. The comparison
between a double disconnected scattering and a single rescattering is extensively made in
[65]. Qualitatively, the authors obtain that as long as the number of the interactions is
small, we can neglect the rescattering effects safely.

The recent data of the CDF [67] and D0 [68] as well as the ATLAS and CMS Col-
laborations do not disagree with the idea that disconnected scattering are dominant in a
well-defined part of the phase space [69]. However they also show that in other kinematic
domains the rescattering terms could become relevant.

2.2 Incoherence and MPI

A given final state can be generated by several processes, characterized by a different
number of partonic interactions [70]. These processes populate the phase space of the
final state in a different way. It is interesting to understand how the interference between
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these terms works in the different kinematic regions [71].

(a) (b)

Figure 2.3: (a) cut diagram representing the contribution to the forward amplitude of a process
with n partonic collisions. (b) cut diagram for the interference term. Picture from [71].

As we are looking at disconnected interactions, those competing MPIs are triggered
by a different numbers of partons in the initial state and the related cross section is equal
to the coherent sum of all different terms and can be expressed by a sum of diagonal and
off-diagonal contributions. The diagonal contribution, whose cut diagrams are drawn in
Figure 2.3(a), corresponds to a term with n partons in the initial state. The related cross
section is given by the incoherent superpositions of n disconnected parton interactions,
localized in n different points in transverse space. Instead, the contribution from off-
diagonal contributions in Figure 2.3(b) is disconnected and localized in no more than
n − 1 points in transverse space. Thus the interference terms represent corrections to
the n − 1-parton (or less) scattering inclusive cross section rather then to the n-parton
scattering inclusive cross section.

A convenient way to distinguish the different terms in a MPI process exploits their
different topologies. As a consequence of the different scales involved in the interaction,
namely, the hadron size and the large momenta exchanged, the structure of the hard
component may be disconnected, with the different hard parts linked only through soft
exchanges. The disconnected parts of the hard interaction are localized in different regions
in transverse space, inside the overlap of the matter distribution of the two interacting
hadrons. So a multiple interaction has to be understood as a process where the hard
part of the interaction is disconnected and localized in a number of different regions
in transverse space. In the simplest case, in each different region the interaction may
be evaluated at the lowest order in the coupling constant. Moreover, the topological
feature also represents the property which allows to recognize the contribution to the
final state due to MPI. In each single parton collision all transverse momenta need to
balance, and a MPI process contributes to the cross section generating different groups of
final state partons where the large transverse momenta are compensated separately. The
compensation of transverse momenta within different subsets of large pT final state partons
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has been in fact the feature which allowed the experimental identification and study of
double parton collisions [72, 73, 67, 74]. Therefore different MPI terms, corresponding to
different localizations in transverse space, namely, to different topologies, do not interfere,
and the final cross section is obtained simply by the superposition of the cross sections due
to the contributions of the different topologies of the hard component of the interaction.

2.3 Inclusive and “exclusive” cross section

When talking about cross sections, “inclusive” or “exclusive” refer to the criteria of se-
lection of the final state. While the exclusive cross sections account for the production
of some fully defined final states, the inclusive cross sections are more friendly; let us
e.g. consider the cross section relative to the production of some particle A: an event
where n particles A are produced counts n times for the inclusive cross section and one
for exclusive cross section. As result, inclusive cross sections is an average with respect
to the multiplicity of the produced particles A.

In the case of MPIs we look at the number of scatterings. Then in order to measure
the inclusive cross section of a K-parton scattering, we collect all events where there
are at least K-parton collisions. Thus also events with N -parton collisions, where N ≥
K, partecipate to the inclusive cross section by means a multiplicity factor

(

N
K

)

. The
correspondent “exclusive” cross section of a Kth-parton scattering process is measured
by selecting all events with exactly K-parton collisions. The quote states that this cross
section is in fact a partially inclusive cross section as it implies to sum over all large pT

partons inside a given phase space interval and over all soft fragments [75, 76].
The evaluation of the phenomenological expression for the inclusive cross section is

easier, indeed it is given by the usual QCD-parton model. Instead “exclusive” cross
sections are related to the whole set of the multiple scattering series, since each term
contains the probability of no interaction, which carries information on the whole series
of multiple collisions (because of the same mechanism seen in 1.2.3). On the other hand
the “exclusive” cross sections are well defined experimental quantities, characterizing the
regime of hard interactions; both the old CDF experiments and the latest experiments
at ATLAS and CMS measure “exclusive” cross sections. Therefore, it is important to
consider them better.

The simplest case of “exclusive” cross section corresponds to the hard cross section
itself, defined as the contributions to the inelastic cross section of all events with at least
one hard partonic interaction. In the case of hadron-hadron collisions all terms with
correlations can be resummed, when only two-body parton correlations are taken into
account [77]. Because of the resummation, the correlation terms affect the hard cross
section so indirectly that the information on parton correlations cannot be disentangled
in a simple way. Growing the number of partonic interactions does not get thing better.

However we can catalog the correlation terms in order of increasing importance. In
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fact since the different partonic interactions are incoherent, MPIs are described by a
(different) probabilistic distribution in each phase space interval, thus the average number
of partonic collisions can be modulated by restricting or enlarging the range of transverse
momenta and rapidities where final states are observed. The expansion of the ”exclusive”
cross sections in number of elementary collisions allows to isolate the different correlation
terms and to obtain interesting consistency relations between inclusive and ”exclusive”
cross sections.

2.3.1 The simplest Poissonian model

A very simple way to introduce MPIs is to assume a Poissonian distribution of multiple
parton collisions, with the average number depending on the value of the impact param-
eter, e.g. [75]. This approach is analogous to that exploited for the calculation of the
self-shadowing of the inelastic events in Subsection 1.2.3; here the criterium consists in
taking all the events with at least one parton collision with momentum transfer greater
than the cutoff pc

T .

We introduce the model by considering the case where the number of interaction
is one. The three three dimensional parton density D(x, b), that is the probability to
extract one parton (whose flavor and dependence on the scale energy of the process
are understood) from the hadron-parent with a given momentum fraction x and with
transverse coordinate b (the dependence on flavor and on the resolution of the process is
understood), is factorized by means of the usual PDF G(x) and a function f(b) normalized
to one taking into account the dependence on the transverse coordinate. Thus

D(x, b) = G(x)f(b).

The related inclusive cross section for large pT parton production σS are so expressed as

σS =

∫

pc
T

dx dx′ G(x)σ̂(x, x′)G(x′) =

∫

pc
T

d2β d2b dx dx′ G(x)f(b)σ̂(x, x′)G(x′)f(b− β).

(2.1)
pc

T is a cutoff that distinguishes hard and soft parton collisions and β is the hadronic
impact parameter. We can look at the geometrical content of Equation (2.1): if the large
momentum exchange localizes the partonic interaction inside the overlap volume of the
two hadrons, b and b−β are the transverse coordinates of the two colliding partons while
β is the impact parameter of the hadronic collision.

Analogously if we neglect all the correlations in multiparton distributions, the inclusive
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double cross section σD is given by

σD =
1

2!

∫

pc
T

d2b1dx1dx
′
1G(x1)f(b1)σ̂(x1, x

′
1)G(x′1)f(b1 − β)

d2b2 dx2 dx
′
2 d

2β , G(x2)f(b2)σ̂(x2, x
′
2)G(x′2)f(b2 − β)

=

∫

d2β
1

2!

(

∫

pc
T

d2b dx dx′ G(x)f(b)σ̂(x, x′)G(x′)f(b− β)

)2

. (2.2)

The geometrical content is similar to the single scattering case.
This result can be generalized to the case of the inclusive cross section for N -parton

scatterings σN :

σN =

∫

d2β
1

N !

(

∫

pc
T

d2b dx dx′ G(x)f(b)σ̂(x, x′)G(x′)f(b− β)

)N

(2.3)

All these cross sections are divergent for pc
T → 0. The unitarity is restored by normal-

izing the integrand which can be read as the probability to have a Nth parton collision
process in a inelastic event because it is dimensionless. Therefore we introduce PN(β), the
probability of having N parton collisions in a hadronic interaction at impact parameter
β:

PN(β) :=
(σSF (β))N

N !
e−σSF (β) (2.4)

where
∫

pc
T

d2b dx dx′ G(x)f(b)σ̂(x, x′)G(x′)f(b− β) =: σSF (β). (2.5)

The sum of all the probabilities is equal to the hard cross section σhard, that is the
contribution to the inelastic cross section due to all events with at least one parton collision
with momentum transfer greater than the cutoff pc

T :

σhard =
∞
∑

N=1

∫

d2β PN(β) =
∞
∑

N=1

∫

d2β
(σSF (β))N

N !
e−σSF (β) =

∫

d2β
(

1 − e−σSF (β)
)

.

(2.6)
Since σhard is finite in the infrared limit, we can express the inelastic cross section as
σinel = σsoft + σhard where σsoft, due to the soft contribution, and σhard are defined by
means of the cutoff in the momentum exchanged at parton level, pc

t .
In the Poissonian model, the relation between the inclusive cross sections and the

moments of the distribution is fast shown by evaluating the average number of collisions,

〈N〉σhard =

∫

d2β

∞
∑

N=1

NPN(β) =

∫

d2β

∞
∑

N=1

N (σSF (β))N

N !
e−σSF (β)

=

∫

d2βσSF (β) = σS. (2.7)
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We can easily generalize this expression,

〈N(N − 1) . . . (N −K + 1)〉
K!

σhard =

∫

d2β

∞
∑

N=1

N(N − 1) . . . (N −K + 1)

K!
PN(β)

=

∫

d2β
1

K!
(σSF (β))K = σK (2.8)

where σK is the K-parton scattering inclusive cross section.

2.3.2 A functional approach to MPIs

A more general treatment of the MPIs is done by means of a functional formalism [78,
77, 75, 76]. This statistical approach is justified by the large number of partonic collisions
and the probabilistic nature of the cross sections.

We introduce the exclusive n-body parton distributions Wn(u1, · · · , un), that is the
probabilities to have the hadron in a configuration with n partons with coordinates {ui} =
{(bi, xi)}, where we recall that bi are the transverse partonic coordinates and xi the
corresponding fractional momenta. In the hypothesis of several partons involved, we
expect xi ≪ 1. In addition, these distributions are symmetric in ui and characterized by
the cutoff pmin

T defining the separation between soft and hard collisions.
We define the multi-parton generating functional as

Z[J ] =
∑

n

1

n!

∫

du1 · · · dun J(u1) · · · J(un)Wn(u1, · · · un).

The conservation of the probability provides the normalization condition Z[1] = 1. From
the definition we see that the exclusive distributions are the coefficients of the expansion
of Z[J ] for J = 0. Instead the coefficients of the expansion of Z[J ] around J = 1 are the
many body densities, i.e. the inclusive distributions Dn(u1, · · · , un),

D1(u) =
∂Z
∂J(u)

∣

∣

∣

∣

J=1

D2(u1, u2) =
∂2Z

∂J(u1)∂J(u2)

∣

∣

∣

∣

J=1

· · · (2.9)

From the expansion of the logarithm of the generating functional in Equation (2.3.2),
F [J ] := lnZ[J ] near J = 1, new interesting functions Cn(u1, · · · , un) arise

F [J ] =

∫

duD1(u) [J(u) − 1]

+
∞
∑

n=2

1

n!

∫

du1 · · · dunCn(u1, · · · , un) [J(u1) − 1] · · · [J(un) − 1] . (2.10)
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These coefficients describe how much the distribution deviates from a Poissonian in-
deed in the Poissonian case, Cn ≡ 0, n ≥ 2 and thus they account for the partonic
correlations.

We would like now to obtain the Formula (2.7) for the hard cross section related to
all possible MPIs within this framework. Let us recall that σinelastic = σhard + σsoft and
that σhard =

∫

d2β σhard(β).

σhard =

∫

dβ

∫

∏

dudu′
∑

n

1

n!

∂

∂J(u1)
· · · ∂

∂J(un)
ZA[J ]

∑

m

1

m!

∂

∂J ′(u′1 − β)
· · · ∂

∂J ′(u′m − β)
ZB[J ′]













1 −
n
∏

i=1

m
∏

j=1

(1 − σ̂i,j(u, u
′))













∣

∣

∣

∣

∣

J=J ′=0

. (2.11)

β is the impact parameter between the two interacting hadrons A and B and σ̂i,j is the
probability for the parton i (of A) to undergo an hard interaction with the parton j (of
B).

The sum over n and m corresponds to the sum of all contributions due to all different
hadronic configurations. For each pair of values n and m, the contribution to σhard when
at least one hard interaction takes place has the probability represented by the term in
bold parentheses.

The expression in Equation (2.11) recalls that one of the inelastic nucleus-nucleus
cross section in the Glauber model expressed by the Formula (1.66). In addition it takes
into account both disconnected interactions (as long as n = m) and rescatterings (when
n 6= m).

As the rescatterings contributions are usually negligible, we concentrate on discon-
nected collisions. The related cross section is obtained from Equation (2.11) by removing
all addenda with repeated indices in the interaction probability, that is

1 −
n
∏

i=1

m
∏

j=1

(1 − σ̂i,j(u, u
′)) = 1 − exp

[

−
∑

ij

(

σ̂ij +
1

2
σ̂ijσ̂ij + · · ·

)

]

99K
∑

ij

σ̂ij −
1

2

∑

ij

∑

k 6=i,l 6=j

σ̂ijσ̂kl · · ·

99K nmσ̂11 −
1

2!
n(n− 1)m(m− 1)σ̂11σ̂22 · · · (2.12)

where the latter replacement arises from the symmetry of the derivative operators.
With this substitution the sum is easilier performed and the hard cross section from

disconnected contributions is given by a closed analytic form

σhard(β) = [1 − exp (−∂ · σ̂ · ∂′)]ZA[J ]ZB[J ′]|J=J ′=1 (2.13)
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By means of this expression we can deduce the same results previously obtained in
the particular case where the distributions are Poissonian given in Equation (2.7). In fact
the Equation (2.13) can be developed as a sum of MPIs

σhard(β) = [1 − exp (−∂ · σ̂ · ∂′)]ZA[J ]ZB[J ′]|J=J ′=1

=
∞
∑

N=1

(∂ · σ̂ · ∂′)N

N !
e−∂·σ̂·∂′ ZA[J ]ZB[J ′]|J=J ′=1 (2.14)

Therefore the average number of collisions is

〈N〉σhard(β) =
∞
∑

N=1

N (∂ · σ̂ · ∂′)N

N !
e−∂·σ̂·∂′ ZA[J ]ZB[J ′]|J=J ′=1

= ∂J1 · σ̂ · ∂J ′
1

∞
∑

N=0

(∂ · σ̂ · ∂′)N

N !
e−∂·σ̂·∂′ ZA[J ]ZB[J ′]|J=J ′=1

=
(

∂J1 · σ̂ · ∂J ′
1

)

ZA[J ]ZB[J ′]|J=J ′=1

=

∫

dx1dx
′
1d

2b1DA(x1; b1)σ̂(x1x
′
1)DB(x′1; b1 − β)

≡ σS(β). (2.15)

Here σ̂(x1x
′
1) is the parton-parton cross section integrated with pT > pc

T . Indeed as the
interactions are localized in transverse space, the parton-parton interaction probability
can be treated as a δ with respect to the transverse coordinates, σ̂(u, u′) = σ̂(x, x′)δ(b−b′).
The Equation (2.15) implies that all the unitarity corrections cancel out in the inclusive
cross section, namely the AGK (Abramovskii, Gribov and Kancheli) cancellation [79].

We can obtain again the Equation (2.8),

〈N(N − 1) · · · (N −K + 1)〉
K!

σhard(β) =

=
1

K!

∫

dx1dx
′
1d

2b1 · · · dxKdx
′
Kd

2bK

DA(x1 · · ·xK ; b1 · · · bK)σ̂(x1x
′
1) · · · σ̂(xKx

′
K)DB(x′1 . . . x

′
K ; b1 − β · · · bK − β)

≡ σK(β). (2.16)

That is when rescatterings are neglected, for any choice of multiparton distributions, the
inclusive cross sections are given by the moments of the distribution in the number of
collisions.

For the case K = 2 in which we are more interested, the Equation (2.16) reads

〈N(N − 1)〉
2!

σhard(β) =
1

2!

∫

dx1dx
′
1d

2b1dx2dx
′
2d

2b2

DA(x1x2; b1b2)σ̂(x1x
′
1)σ̂(x2x

′
2)DB(x′1x

′
2; b1 − β, b2 − β)

≡ σD(β). (2.17)
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In the end, let us work on F [J ] given in Equation (2.10) when keeping into account
only the disconnected scatterings and limiting the correlations to the two-body case (that
is Cn>2 = 0),

FA,B [J + 1] =

∫

du DA,B(u)J(u) +
1

2

∫

du dv CA,B(u)J(u)J(v),

where D(u) is the average number of partons and C(u, v) the two-body correlation. From
this expression [78][77],

σhard(β) = 1 − exp

[

1

2

∑

n

an +
1

2

∑

n

bn
n

]

(2.18)

where

an = (−1)n+1

∫ n
∏

i=1

dui du
′
i DA(u1)σ̂(u1, u

′
1)CB(u′1, u

′
2)σ̂(u′2, u2)CA(u2, u3) · · ·

· · · σ̂(un, u
′
n)DB(u′n);

bn = (−1)n+1

∫ n
∏

i=1

dui du
′
i CA(u, u1)σ̂(u1, u

′
1)CB(u′1, u

′
2) · · ·

· · · σ̂(un, u
′
n)CB(u′n, u

′)σ̂(u′, u). (2.19)

For an the chain starting with A may end either with A (odd n) or with B (even n),
whereas for bn only even n are allowed.

2.3.3 “Exclusive” cross section

The exponential in Equation (2.18) corresponds to the probability of no interaction at
a given impact parameter β. All ”exclusive” cross sections can be obtained from its
argument [76]. Let us consider the partonic interaction probability

1 −
n
∏

i,j=1

(1 − σ̂ij)

where in the product each index assumes a given value only once, in order to avoid re-
interactions. The probability of having only a single interaction is

(

− ∂

∂g

) n
∏

i,j=1

(1 − gσ̂ij)|g=1 =
∑

kl

σ̂kl

n
∏

ij 6=kl

(1 − gσ̂ij)|g=1 ,
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while the probabilities of a double and of a triple collision are expressed by

1

2!

(

− ∂

∂g

)2 n
∏

i,j=1

(1 − gσ̂ij)|g=1 =
1

2!

∑

kl

∑

rs

σ̂klσ̂rs

n
∏

ij 6=kl,rs

(1 − gσ̂ij)|g=1

1

3!

(

− ∂

∂g

)3 n
∏

i,j=1

(1 − gσ̂ij)|g=1 =
1

3!

∑

kl

∑

rs

∑

tu

σ̂klσ̂rsσ̂tu

n
∏

ij 6=kl,rs,tu

(1 − gσ̂ij)|g=1 .

Thus the corresponding expressions for the ”exclusive” cross sections are given by

(

− ∂

∂g

)

e−X(g)
∣

∣

g=1
= X ′(g)e−X(g)

∣

∣

∣

∣

∣

g=1

1

2!

(

− ∂

∂g

)2

e−X(g)

∣

∣

∣

∣

∣

g=1

=
1

2!



[X ′(g)]
2 −X ′′(g)



 e−X(g)

∣

∣

∣

∣

g=1

1

3!

(

− ∂

∂g

)3

e−X(g)

∣

∣

∣

∣

∣

g=1

=
1

3!



X ′′′(g) + [X ′(g)]
3 − 3X ′(g)X ′′(g)



 e−X(g)

∣

∣

∣

∣

g=1

being X = 1
2
(
∑

an +
∑

bn/n).
It’s convenient to expand X and its derivatives3 in the number of elementary collisions,

X = X1 +X2 +X3 + · · ·

where

X1 =

∫

dudu′DA(u)σ̂(u, u′)DB(u′)

X2 = −1

2

∫ 2
∏

i=1

duidu
′
i

(DA(u1)σ̂(u1, u
′
1)CB(u′1, u

′
2)σ̂(u′2, u2)DA(u2) + A↔ B)

−1

2

∫ 2
∏

i=1

duidu
′
iCA(u1, u2)σ̂(u1, u

′
1)CB(u′1, u

′
2)σ̂(u′2, u2)

X3 =

∫ 3
∏

i=1

duidu
′
iDA(u1)σ̂(u1, u

′
1)CB(u′1, u

′
2)σ̂(u′2, u2)

CA(u2, u3)σ̂(u3, u
′
3)DB(u′3)

By substituting the expansions in the number of elementary collisions in the expressions
of the interaction probabilities and by expanding the exponential, the expressions below

3for the derivatives the reader may look at the paper [76]
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are obtained:

σ̃′
1 = (X ′

1 +X ′
2 +X ′

3)(1 −X1 −X2 +X1 ·X1/2)

2σ̃′′
2 = (X ′

1 ·X ′
1 + 2X ′

1 ·X ′
2 −X ′′

2 −X ′′
3 )(1 −X1)

3σ̃′′′
3 =

1

2
(X ′′′

3 +X ′
1 ·X ′

1 ·X ′
1 − 3X ′

1 ·X ′′
2 ) (2.20)

σ̃′
1 etc. are the differentiated ”exclusive” cross sections. The integrated ”exclusive” cross

sections hence are

σ̃1 = X1 −X2
1 −X1X2 +

X3
1

2
+ 2X2 − 2X2X1 + 3X3

2σ̃2 = X2
1 + 4X1X2 − 2X2 − 6X3 −X3

1 + 2X1X2

3σ̃3 = 3X3 +
(X1)

3

2
− 3X1X2 (2.21)

The relationship between inclusive and “exclusive” cross sections expressed by Equa-
tions (2.15), (2.16) are de facto sum rules that are satisfied as follows

σ̃1 + 2σ̃2 + 3σ̃3 = X1 ≡ σS

2σ̃2 + 6σ̃3 = X2
1 − 2X2 ≡ 2σD

6σ̃3 = 6X3 + (X1)
3 − 6X1X2 ≡ 3!σT (2.22)

where σS, σD and σT are respectively the single, double and triple parton scattering
inclusive cross sections. If we want to be more explicit

σS =

∫

DAσ̂DB

σD =
1

2

∫

[DADA + CA]σ̂σ̂[DBDB + CB] (2.23)

where [DD +C] ≡ D2, the two body parton distribution as defined in Equation (2.9). A
similar expression may be written for σT . By means of the inversion of the relations in
Equation (2.22)

σ̃1 = σS − 2σD + 3σT

σ̃2 = σD − 3σT

σ̃3 = σT . (2.24)

we are able to express the scale parameters characterizing the double and triple parton
collisions in terms of the single scattering inclusive cross section σS and of the single and
double parton ”exclusive” cross sections σ̃1 and σ̃2:

σD = σS − σ̃1 − σ̃2 =
1

2

σ2
S

σeff

σT =
1

3
(σS − σ̃1 − 2σ̃2) =

1

6

σ3
S

τσ2
eff

(2.25)
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where the scale factor of the triple parton scattering cross section has been characterized
by the dimensionless parameter τ .

2.4 Disconnected Double Parton Interactions

In this section I focus on disconnected DPIs that are the simplest (and often most relevant)
case of multiparton interaction. Disconnected 2 × (2 → 2) processes have a typical final
state characterized by two back-to-back pairs of final particles, because the transverse
momenta must be compensated between the two outgoing particles of each pair.

p1

p2

b1 b2

(a)

p1

p2

b1 b2

(b)

Figure 2.4: In this picture the different dependence on the impact parameter is shown for a
single parton scattering (a) and a double parton scattering (b). In the latter case it is easy
to understand that b1,2 cannot be casual but such that the transverse distance between the
interacting partons in each hadron is the same for both the pairs.

A feature of DPI (but more in general of MPI) is the dependence on the impact pa-
rameter, depicted in Figure 2.4. Indeed as long as we evaluate a hard inclusive process
mediated by a single interactions, the cross section is independent of the transverse struc-
ture of the hadron as the integration over b1,2 are independent; when a secondary (soft or)
hard interaction occurs, the inclusive cross section is not affected but the event structure
changes. Indeed more central collisions correspond to more MPIs.

The cross section of a double parton scattering is usually evaluated within the QCD im-
proved parton model, that is it is assumed given by the convolution of suitable parton dis-
tributions with the cross section of a hard two-parton collision. That is one assumes that
the factorization theorem expressed for single parton interaction by the Equation (1.2)
holds not only for the hard process but also for additional interactions [80]. So at tree
level the inclusive cross section for double parton scattering is expressed by

dσ
(A,B)
DPI

dx1dx′1dx2dx′2
=
m

2

∑

i,j,k,l

σ̂A
i,k (x1, x

′
1) σ̂

B
j,l (x2, x

′
2)

∫

d2bΓi,j (x1, x2; b) Γk,l (x
′
1, x

′
2; b) (2.26)
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where m = 2 − δAB is a combinatorial factor and σ̂A(B) are the partonic cross section for
the sub-process A (B). The fractional momenta x1,2 and x′1,2 are reconstructed from the
kinematics of the final state as shown in Section 1.1.4. The transverse distance b between
the two interacting partons is unobservable. We notice that it must be equal for the two
pairs in order that the collision can occur as shown in Figure 2.4. In the end Γi,j(x1, x2; b)
is the double parton distribution that describes the probability density for finding two
partons with momentum fractions x1 and x2 respectively at a transverse distance b inside
the proton.

When including radiative corrections in σ̂, the partonic cross section in Equation (2.26)
are convoluted with the double parton distributions. Moreover this cross section can be
differentiated in the four-momenta of the final state.

In order to evaluate σDPI , it is necessary to make some hypotheses about double
parton distributions as they are essentially unknown. In the simplest assumption that
Γi,j(x1, x2; b) = qi(x1)qj(x2)f(b) with qi(j)(x1(2)) the usual PDFs and the transverse dis-
tance distribution f(b) independent of the flavor, the Equation (2.26) is expressed by the
“pocket” formula

dσ
(A,B)
DPI

dx1dx′1dx2dx′2
=:

m

2

dσA

dx1dx′1

dσB

dx2dx′2

1

σeff

, (2.27)

where σA(B) are the single hard scattering and σ−1
eff :=

∫

d2b f 2(b). Because of the large
amount of simplifications (and the fact that de facto f(b) are unknown), σeff is measured
experimentally and the properties of the double parton distribution are deduced from the
properties of this effective cross section.

2.4.1 The effective cross section

The effective cross section defined in Equation (2.27) has the dimension of an area. Be-
cause of the partonic correlations in fractional momenta however it cannot be identified
with the effective transverse interaction area. Its name is rather related to the fact that
effectively it plays the same role of the inelastic cross section in the unbiased case. Indeed
once the process A occurs, the conditional probability to have the process B is not σB but
σB/σeff ; analogously, when hard interactions are rare, the probability to have the process
B in a inelastic interaction is given by σB/σinel.

As pointed out above, the effective cross section is experimentally measured.4 Until
now, its measure is affected by large errors, indeed all the determinations consider pro-
cesses having relevant contributions from single hard scattering, which must be understood
with high precision in order to determine the fraction of DPIs; that is the experiments
are hard to accomplish. Let me summarize the experimental results here.

At first we notice that the experimental results obtained in very different kinematic
regimes are in agreement, as shown in Figure 2.5. Thus, σeff seems not inconsistent with

4a more extensive description of the experiments is given in the Section 2.6.
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a universal constant. Moreover, the CDF experimental data showed that σeff appears
independent of x, at small fractional momenta. The identification of the effective cross
section with a constant is not trivial and so it represents a sensitive test of the interaction
mechanism described above. In fact the expression of σdouble in Equation (2.26) has a
stronger dependence on the incoming flux than the correspondent expression of a single
hard scattering given by the Equation (1.2).

Figure 2.5: The center-of-mass energy,
√

s, dependence of σeff extracted in different processed
in different experiments. An offset has been applied to the 1.8 TeV data points in order to
distinguish them. The error bars on the data points represent the statistical and systematic
uncertainties added in quadrature. Picture and caption taken by [3].

2.5 Double parton distributions

In order to work out the expression of the double parton distributions, the simplest
assumption is that the different partons with small x in the proton are uncorrelated with
each other. In such a way, as stressed above, the double parton distributions are simply
factorized into the usual one-parton distributions. On the other hand several different
types of correlations can be expected and the topic of correlations has addressed a lot of
attention [81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92]. In addition to the dependence on
the kinematic variables, DPS amplitudes (and so double parton distribution) are expected
to depend on spin and color, which induce interference terms in the cross section. Color-
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correlations are Sudakov suppressed, and thus small for double parton scattering at high
energies [81, 88]. Probably spin correlations are more important, especially in particular
reaction channels, even if partons are not polarized [91] where they are expected to affect
the rate of double parton scattering and the angular distribution of the final state.

Thus a proper approach to the problem should require the introduction of flavor and
spin dependent double parton distribution functions. The issue is still under theoretical
investigation, while present experimental results cannot yet provide indications on the
relative importance of different spin and flavor contributions to the double parton distri-
butions. Therefore a complete description of DPS collisions including the dependence on
flavor and spin, seems to be still premature, moreover considering that we are especially
interested to p -A collisions. For these reasons, here we assume the simplest possible sce-
nario, which is not in contradiction with present experimental evidence of DPS in p -p
collisions and so neglect spin correlations.

2.5.1 2GPD

The double parton distributions appearing in Equation (2.26) result to be the Fourier
transform in the transverse coordinate of the 2GPD, the Generalized two-Parton Dis-
tribution [93, 94]. The 2GPD are needed, since the one-parton GPDs defined in the
Subsection 1.1.3 do not suffice in order to reproduce the value of σeff . Indeed the anal-
ysis of HERA data considering such GPDs without transverse correlations [95, 96] gives
rise to an overestimation of the effective cross section. Instead the 2GPD allows to incor-
porate transverse correlations and predict their perturbative evolution. The expression of
the double cross section by means of 2GPD is given by

dσ
(A,B)
DPI

dx1dx′1dx2dx′2
=
m

2

∑

i,j,k,l

σ̂A
i,k (x1, x

′
1) σ̂

B
j,l (x2, x

′
2)

∫

d2∆

(2π)2
Di,j (x1, x2;∆)Dk,l (x

′
1, x

′
2;−∆)

The 2GPD plays the role of a two-body form factor when partons 1 and 2 receive
transverse momenta ∆ and −∆ leaving the hadron intact. As we are interested in the
disconnected component, let us consider the case where the two partons emerge from the
non-perturbative wave function of the incoming hadron and neglect the case where they
are the result of a splitting. This contribution should decrease rapidly at scales larger than
a natural scale of short-range parton correlation in a hadron, that is for ∆2 ≥ 1.5/〈r2

g,T 〉
with 〈r2

g,T 〉1/2 is the transverse gluonic radius of the nucleon. As shown in [93], when the
correlations are neglected,

DH
i,j

(

x1, x2; q
2
1, q

2
2;∆

)

= Fg

(

∆2;x1, q
2
1

)

Fg

(

∆2;x2, q
2
2

)

GH
i

(

x1, q
2
1

)

GH
j

(

x2, q
2
2

)

where q2
1,2 are the virtualities at fixed ∆, G are the single-parton distributions and the
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two-gluon form factor F can be parametrized [97] as

Fg(∆
2) =

(

1 +
∆2

m2
g(x)

)−2

, (2.28)

with the parameter m2
g(x ∼ 0.03, Q2 = 3 GeV2) ≈ 1.1 GeV2 that gradually drops with

decrease of x and with the increase of virtuality [97]. This term describes the distribution
of two partons from the non-perturbative wave function of the hadron H that are inde-
pendently evolved to large perturbative scale q2

1,2 through the usual one-parton DGLAP
equations shown in the Formula (1.6).

2.5.2 Our parametrization of the double distributions

In the simplest picture that we want to consider, the double distribution functions are
taken independent of the internal partonic degrees of freedom, that is color and spin.
Moreover, we assume that their dependence on flavor interests only the longitudinal com-
ponents. In this frame, the double parton distributions depend on the fractional momenta
of the interacting partons, on the resolution of the hard processes and on the relative
transverse distance β between the two interaction points.

Therefore, in order to describe Γ(x1, x2; β), let me introduce

G(x1, x2) :=

∫

d2β Γ(x1, x2; β) (2.29)

=: Kx1x2G(x1)G(x2). (2.30)

where G(xi)’s are the usual one-body parton densities. The dependence on the impact
parameter is integrated out. The residual dependence on the transverse coordinate is so
expressed by a function fx1x2(β) normalized to one,

∫

d2βfx1x2(β) = 1. The subscript
“x1x2” means that we do not exclude there could be a dependence also on xi but we
suppose it very mild because of the experimental results. Therefore in our model the
double parton distributions are given by

Γ(x1, x2; β) = Kx1x2G(x1)G(x2)fx1x2(β). (2.31)

When we insert the Equation (2.31) in the inclusive double cross section relative
interaction Formula (2.26), we obtain

σ
pp (A,B)
double =

m

2
Kx1x2Kx′

1x′
2

∫

d2β fx1x2(β)fx′
1x′

2
(β)

G(x1)σ̂A(x1, x
′
1)G(x′1)G(x2)σ̂B(x2, x

′
2)G(x′2)

=:
m

2

Kx1x2Kx′
1x′

2

πΛ2 (x1x′1x2x′2)
σA (x1, x

′
1) σB (x2, x

′
2)
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where we have defined a new function πΛ2 (x1x
′
1x2x

′
2),

∫

d2β fx1x2(β)fx′
1x′

2
(β) =:

1

πΛ2 (x1x′1x2x′2)
. (2.32)

By means of this parametrization the effective cross section is completely characterized
by Λ and K:

σeff (x1x
′
1x2x

′
2) =

πΛ2 (x1x
′
1x2x

′
2)

Kx1x2Kx′
1x′

2

. (2.33)

The physical meaning of these new observables is easily understood. Λ(x1, x
′
1, x2, x

′
2)

is a measure of the typical transverse distance between the pairs of interacting partons,
for given values of fractional momenta; that is πΛ2(x1x

′
1x2x

′
2) measures the typical area of

the interaction. Kx1x2 gives the second moment of the multiparton exclusive multiplicity
distribution or better,

Kx1x2 =
〈n(n− 1)〉x1x2

〈n〉x1〈n〉x2

[2], where 〈n(n − 1)〉x1x2 is the 2nd-moment of the multeplicity distribution and 〈n〉xi
is

the average multeplicity (at given fractional momenta). In such a way, in the simplest
case of a Poissonian distribution in multiplicity, one would have Kx1x2 = 1.

Thus Λ and K account for the transverse and longitudinal correlations respectively. If
the multiparton distribution in multiplicity were a Poissonian (K = 1) and in absence of
transverse correlations, fx′

1x′
2
(β) would be simply the Fourier transform of the two-gluon

form factor in Equation (2.28) and the inverse of the effective cross section would be
simply given by

1

πΛ2
=

∫

d2q

(2pi)2
f̃ 2

x1x2
(q) (2.34)

=

∫

d2q

(2pi)2
f̃ 2

x1
(q)f̃ 2

x2
(q) (2.35)

=
1 (= K2)

σeff

. (2.36)

In such a case the effective cross section takes the value

σeff =
28π

m2
g

= 31.36 mb (2.37)

which is about twice the ATLAS measurement σeff = 15 mb. According with Equa-
tion (2.33)), σeff = πΛ2/K2. Thereby the uncorrelated case correspond to the values
K = 1 and Λ2 = 28/m2

g. Correlations may thus be introduced by allowing different val-
ues for K and Λ, keeping fixed their ratio in order to reproduced the measured value of
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the effective cross section. However at the level of proton-proton collisions there is no
way to distinguish any real scenario, since there is only one measure at disposal but two
observables. This point will be developed in the next chapter.

As present experimental indication is that the effective cross section depends only
weakly on fractional momenta, in the simplest picture, alsoK and Λ are taken independent
of the fractional momenta.

2.6 Experimental evidences of MPI

The MultiParton Interactions are not only a theoretical toy introduced in order to solve
unitarity issues but real. In fact there are many experimental evidences of their existence.

The indirect proofs are related to the charged-multeplicity and the underlying events.
Let PNch

be the distribution of integrated charge particle multeplicities Nch in a given
rapidity range. A significant result is seen when plotting 〈Nch〉P (z) as a function of
z := Nch/〈Nch〉. Indeed Koba, Nielsen and Olsen [98] suggested that the distribution
Ψ(z) = 1

〈N〉PNch
(z) was a universal function in the high energy limit; their starting

point was the Feynman hypothesis [10] of an increase of the mean total number of par-
ticles proportional to log

√
s. The idea of Feynman was found out wrong thanks to the

first hadronic collider experiments at the FNAL (
√
s = 100 GeV) [99] and ISR [100]

(
√
s = 30.4, 44.5, 52.6 and 62.2 GeV), while the KNO scaling seemed in order. However,

the UA5 experiments at SpS showed that the so-called KNO scaling is broken at
√
s = 900

GeV for |η| < 1.5 [101]. Later experiments at the Tevatron confirmed the violation [102].
At the LHC it has been observed by CMS [103] and ALICE [104, 105] Collaborations. The
observed deviation is solved by the theoretical introduction of the multiparton interac-
tions. E.g. Figure 3 and Figure 5 in [80] show how the the agreement between theoretical
charged-multeplicity distributions and (UA5) experimental data points is achieved only
when MPIs are considered.

Another indirect evidence is given by the fact that all general-purpose generators must
include MPIs in order to reconstruct the correct physical state found after a hadronic
collision, included the minimum bias 5 and the underlying events, since MPIs affect the
soft component of the scattering too. The first generator of high-energy physics including
MPIs was PYTHIA [106]. Other famous generators are e.g. Herwig++ [107] and Sherpa
[108]. An extensive description of these “numerical colliders” may be found in [109]. Their
agreement with experimental data is shown e.g. in [110].

The several channels at disposal in order to investigate MPIs directly are listed in Fig-
ure 2.6. Double parton scatterings were observed at first in 1987 by AFS Collaboration
[72] (

√
s = 63 GeV) through the study of 4−jet production thanks to the back-to-back

pairs of partons in the final state. With the same process, the UA2 Collaboration fixed

5let me notice that de facto charge multeplicity is a MPI effect on MB
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a limit to the value of the effective cross section [111] (1991,
√

163 GeV). However the
(pre-LHC) larger contribution to the experimental study of MPI is due to the CDF Col-
laboration. The channels studied by CDF Collaboration were 4−jet production [112] ,
prompt-γ with 3−jets [73, 67]; the latter process show that there is only a mild depen-
dence on fractional momentum x of the σeff (

√
s = 1.8 TeV). The measure in [67] include

also a contribution from the Triple Parton Interactions. The channel γ 3−jet channel was
studied also by D0 Collaboration [68] at the larger energy

√
s = 1.96 TeV. They showed

a slight decrease of σeff with pT . Another experimental evidence of multiparton interac-
tion lies in photoproduction of jets at HERA by the ZEUS Collaboration [113, 114, 115]
(
√
s = 130 ÷ 250 GeV). Also in this case MPIs solve the excess of the inclusive cross

section with respect to the total cross section γ p.
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W+jj Z+jj

WW ZZ

Figure 2.6: The processes where MPIs are studied. The underline is for processes studied at
Tevatron, bold fonts are for those already studied at the LHC. Picture by E. Dobson in [116]

At the LHC, hard MPIs have been observed directly by ATLAS, CMS and LHCb Col-
laborations. The ATLAS and CMS Collaborations studied them in the channel W+ 2−jet
(see the results below). The CMS Collaboration will verify the 4−jet and γ 3−jet channels.
Another crucial channel could be Wbb [117]. The production of J/ψ mesons accompanied
by open charm, and of pairs of open charm hadrons has been observed in p -p collisions
by the LHCb Collaboration [118, 119].

2.6.1 DPI production of W+ 2−jet

The ATLAS [3] and CMS [4] Collaborations have been studied the double parton scat-
tering in the channel W+ 2−jet.

In order to distinguish the DPS process from that one where the final state is directly
produced they had to choose an observable sensitive to the DPI fraction. The simplest
choice could be to exploit the decorrelation of the kinematics of the W boson (and so also
of its leptonic decay) and of the dijet system, that is consider that the momenta of the
two jets must compensate each other in the transverse plane, orienting them back-to-back
in azimuthal angle. So this angular separation should be a good observable. However,
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several systematic effects (like pile-up and UE) distort it, so a better observable was
found to be the transverse momentum of the dijet system normalized by the sum of the
individual transverse momenta,

∆n
jets :=

|~pJ1
T + ~pJ2

T |
|~pJ1

T | + |~pJ2
T |
.

Indeed the distribution in ∆n
jets in single hard scattering covers a broad range between 0

and 1 but is peaked at small values in DPS. So this distribution has been used to drive
the fit of a particular function from which the fraction of hard DPI W+ 2−jet events f

(D)
DP

(at the detector level, superscript D) defined in the Equation 2.38 has been obtained.

f
(D)
DP :=

NW0j+2jDPI

NW+2j

=
NW0j+2jDPI

NW2j
+NW0j+2jDPI

, (2.38)

where NW+2j is the total number of W+ 2−jet events, NW2j
is the number of SPI events

and NW0j+2jDPI
is the number of DPI events.

The ratio in Equation (2.38) is related to σeff in a rather simple way,

σeff =
NW0j

N2j

f
(D)
DPNW+2j

1

ε2j

1

L2j

with NW0j
, N2j events collected using the same trigger selection, and ε the trigger effi-

ciency, L2j the integrated luminosity for the dijet channel.
The results obtained by the two Collaborations are listed in the Table 2.1; they are

in agreement within the errors. However we notice that the values of σeff are affected by
large uncertainties (and this is true also for previous results), in fact all the determinations
consider processes having relevant contributions from single hard scattering, which must
be understood with a very high precision in order to determine the fraction of DPIs.

σDPI

σDPI+σSPI
σeff

ATLAS 0.08 ± 0.01 (stat) ± 0.02 (sys.) 15 ± 3 (stat)+5
−3 (sys.) mb

CMS 0.055 ± 0.002 (stat) ± 0.012 (sys.) 20.7 ± 0.8 (stat) ± 6.0 (sys.) mb

Table 2.1: A summary of the experimental results obtained by ATLAS [3] and CMS [4] Col-
laborations in the study of DPI in W+ 2−jet channel.



Chapter 3

Double Parton Interactions
in proton-nucleus collisions

As pointed out in Chapter 2, in nucleon-nucleon collisions all the effects due to parton
correlations are summarized in the value of a single quantity (the effective cross section)
and so nucleon-nucleon collisions alone do not allow to measure Λ and K separately. In
order to obtain additional information on multi-parton correlations we look for a further
mechanism which is sensitive to longitudinal and transverse correlations in different ways.
Such a mechanism is provided by proton-nuclei (p -A) collisions. In this case there is
an additional topology for double interactions corresponding to the case where the two
nuclear partons involved in the DPS come from two different nucleons. The related
contribution has in general a diagonal and an interference terms. Moreover it enhances
the effects of longitudinal correlations in the proton. In this case indeed the relative
transverse distance between the interacting pairs does not play in fact any relevant role,
when compared to the much larger nuclear radius [120, 2, 5, 121, 122, 123]. Instead, the
contribution where only a target nucleon is involved in the DPS does not add much to
the information already available from DPS on a isolated nucleon.

However the off-diagonal term shows a more complicated dependence on the cor-
relations than the diagonal term. The study of correlations is made simpler by eval-
uating a channel where this term is strongly suppressed. We focus in particular on
pA → W+, W+ → ℓ+νℓ, the same channel studied for p -p collisions at the LHC by
ATLAS and CMS collaborations.

In the first section I show the explicit calculations of the different contributions for the
simplest case of a proton-deuteron collision. In the next section I move my attention to
the case of heavier nuclei, such as the lead. As a key reasoning of all the chapter consists
in the comparison between hadronic and nuclear dimension, I recall here that the proton
radius is about 0.88 fm, the Deuteron radius is around 2.15 fm and in the end the radius
of a lead nucleus is about 6.50 fm.

69
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3.1 Proton-Deuteron collisions

The proton-Deuteron collisions represent the simplest case of a proton-nucleus collision,
being AD = 2. With respect to heavy nuclei all the contributions to the cross section can
be completely developed in an explicit covariant framework. The study of double parton
scattering of protons with Deuterium have been discussed in [2] and extended in [5].

As mentioned above, in a double parton scattering on a Deuteron there is two pos-
sibilities, either only one nucleon interacts with large transverse momentum exchange or
the interacting nucleons are two. The analytic expression for the hard scattering is con-
veniently expressed through the discontinuity of the forward scattering amplitude whose
related diagrams are shown in Figures 3.1, 3.2. The case where only one bound nucleon in-
teracts with large momentum transfer results to be a duplicate of the scattering between
two free nucleons and so it does not provide any new information about correlations.
Instead the case where both the nucleons of the deuteron are involved in the double scat-
tering turns out to be more interesting since capable of disentangling the two sources of
correlations.

3.1.1 Only one bound nucleon interacts with large momentum
transfer

LL
Φp

Φp

L−Q1−Q2−k Φ∗
p

Φ∗
p

l2 l′p

l1 T2 Q2 T ∗
2 l′1

T1 Q1 T ∗
1

a1 a2 a′
2 a′

1

S
NN

DD
ΦD

D−N
Φ∗

D

Figure 3.1: Double parton scattering in p -D interactions. Only a single target nucleons interact
with large momentum exchange.

At first we consider the discontinuity of the amplitude F2 of double scattering between
two free nucleons:
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Disc F2(L,L
′, N,N ′) =

1

(2π)18

∫

∏

i,j

dΩi

8
d4aid

4a′id
4lid

4l′id
4Fjδ(Fj

2 −Mj
2) d4QidMj

2

T2(l2, a2 → q2, q
′
2) T

∗
2 (l′2, a

′
2 → q2, q

′
2) T1(l1, a1 → q1, q

′
1)T

∗
1 (l′1, a

′
1 → q1, q

′
1)

φ̂p

l1
2l2

2

φ̂∗
p

l′1
2l′2

2

φ̂i

a1
2a2

2

φ̂∗
i

a′1
2a′2

2 δ(L− l1 − l2 − F3) δ(L
′ − l′1 − l′2 − F3)

δ(N − a1 − a2 − F1) δ(N
′ − a′1 − a′2 − F1) δ(l1 + a1 −Q1) δ(l

′
1 + a′1 −Q1)

δ(l2 + a2 −Q2) δ(l
′
2 + a′2 −Q2)

The notation in use is the following: φi is the effective vertex for one-parton emission,
φ̂i the effective vertex for two-parton emission, i = p when the nucleon is the projectile
proton, i = 1, 2 labels the bound nucleons of the target nucleons. L is the four momentum
of the free proton, N the four momentum of the other nucleon, D the four momentum
of the Deuteron. Ti is the T-matrix for the parton scattering (the index i labels the
corresponding bound nucleon). The final state momenta are qi, q

′
i, while Qi = qi + q′i is

the overall four-momentum of the final state i. The final directions are embodied in the
angle Ωi, the factor 1/8 relates the invariant relative phase space with the solid angle. We
exploit the fact that the momentum variables have large and small components, so the
plus components of L, li, F3 are large and the corresponding minus variables are small.
On the contrary the minus components of N, a1, F1 are large and the plus components are
small. The four-momenta of the produced particles can have both plus and minus large
components, where large means ∝ √

s, small means ∝ 1/
√
s, the transverse variables are

constant with respect to center of mass energy s and the general attitude is to integrate
over the small components.

It is useful to introduce now the fractional plus or minus momenta in the following
way:

x1 = l1+/L+, x2 = l2+/L+,z1 = a1−/N−, z2 = a2−/N−. (3.1)

The T-matrix amplitudes are related to the partonic cross section by:

|T (l + a→ qq′)|2 = (8π)2(l+a−)dσ̂Q/dΩ = (8π)2xz(L+N−)dσ̂Q/dΩ

Hadronization is not included.
The cross section is obtained from the discontinuity of the forward amplitude (L =

L′, N = N ′), removing the overall four momentum conservation and dividing by the
incoming flux 2s.

When one of the colliding nucleons is bound, we define the fractional momentum
of the nucleon as Z = 2N−/D− and the variables x̄i, defined as x̄i = 2ai−/D−. The
fractional momenta of partons with respect to the parent nucleons are thus z1 = x̄1/(2−Z),
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z2 = x̄2/Z; furthermore the expression of the flux N− is substituted by D− and T−
respectively. If both interacting nucleons are free, one obviously has L2 = m2, N2

1 = m2.
In the case of a Deuteron with a spectator nucleon, the significant discontinuity is

Disc A(2;0) =

∫

dNdN ′ Disc F2(L,L
′, N,N ′)δ ((D −N) − (D′ −N ′))

ΦD(N)

(N2 −m2)

ΦD
∗(N ′)

(N ′2 −m2)
δ((D −N)2 −m2)/(2π)3 (3.2)

where the Deuteron effective vertex ΦD is introduced and the condition N2
1 = m2 is

substituted by D2 = D′2 = M2
D.

We proceed by defining the amplitude for finding one or two partons in the projectile
when the remnant of the parent nucleon has mass M . The integrated variable is λ− =
1
2
(l1 − l2)− and M⊥ is the transverse mass.

ψ1,M =
φp

l2
=

φp

x(m2 −M2
⊥/(1 − x)) − l2⊥

ψ2,M =
1√
2

∫

dλ−
2πi

φ̂p

l21l
2
2

=
1√
2L−

φ̂

l1
2
⊥x2 + l2

2
⊥x1 − x1x2(m2 −M2

⊥/(1 − x1 − x2))
.(3.3)

The one-parton and two-parton amplitudes in the bound nucleon are defined in the
same way, but in the case of the bound nucleon m2 is replaced with m2 + N2

⊥. The
covariant amplitude for finding a nucleon in the Deuteron is defined in an analogous way:

1√
2

∫

dN+

2πi

ΦD

((D −N)2 −m2) · (N2 −m2)
=

=
1√
2

1

N−

ΦD

((D −N)2 −m2)

∣

∣

∣

∣

N2=m2

=:
ΨD(N−)

N−

=
1√
2

1

(D −N)−

ΦD

(N2 −m2)

∣

∣

∣

∣

(D−N)2=m2

=:
ΨD((D −N)−)

(D −N)−

where ΨD(N−)/N− = ΨD((D −N)−)/(D −N)−. Moreover,

ΨD(N−)

N−
=

Φ√
2

1

D−(M2
DZ1Z2/4 −m2

⊥)
Z1 + Z2 = 2m2

⊥ = m2 +N2
⊥

Then we perform the integration on the transverse variables in the frame where the
external transverse momenta L⊥, and D⊥, are equal to zero. We take the two-dimensional
Fourier transforms (bi is conjugated to ai, Bj to Nj, βi to li).

ψ1 =
1

2π

∫

d2b ψ̃1 exp[ilb]

ψ2 =
1

(2π)−2

∫

db1db2 ψ̃2(b1, b2) exp[il1b1 + il2b2]
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Ψ =
1

2π

∫

dB Ψ̃(B) exp[iNB]

and analogously for the complex conjugated functions, with the variables b′
1, b

′
2, B

′.
The integration over the transverse-momentum variables gives the diagonal property

b1 = b′
1 and so on. Moreover the geometrical relation b1 − b2 = β1 − β2 arises.

The one-body and two-body parton densities are defined by the following integrals on
the invariant mass of the residual hadron fragments:

Γ(z; b) =
1

2(2π)3

∫

dM2|ψ̃M(z; b)|2 z

1 − z

Γ(x1, x2; b1, b2) =
1

2(2π)6

∫

dM2|ψ̃M(x1, x2; b1, b2)|2
x1, x2

1 − x1 − x2

L2
+ (3.4)

The residual dependence on q1⊥, q′1⊥ is transformed into an angular dependence on Ω1, Ω2.
Because of the nucleon motion, |Ψ̃D(z; b)|2 is coupled to the interactions by the inte-

gration on the fractional momentum Z, while the integration on the transverse variable B

is decoupled from the other transverse variables. So the cross section is readily expressed
as

σpD
2,1 =

2

(2π)3

∫

dx1dx2dx
′
1dx

′
2 dZ dΩ1 dΩ2d

2B d2b1 d
2b2 d

2β1 d
2β2δ(b1 − b2 − β1 + β2)

Γ(x1, x2; b1, b2)
dσ(x1x

′
1)

dΩ1

dσ(x2x
′
2)

dΩ2

Γ(x′1/Z, x
′
2/Z; β1,β2)

|Ψ̃D(2 − Z;B)|2
2 − Z

(3.5)

The above formula is made more significant through some little modifications. From
the properties of Ψ,

|ΨD(2 − Z)|2
2 − Z

= (1 + (1 − Z))
|ΨD(Z)|2

Z2
(3.6)

with the second addendum odd for the substitution Z → (2−Z), so that the integration
in Z which runs from 0 to 2 gives zero and the cross section is more conveniently expressed
by

σpD
2,1 =

2

(2π)3

∫

dx1dx2dx
′
1dx

′
2 dZ dΩ1 dΩ2d

2B d2b1 d
2b2 d

2β1 d
2β2 δ(b1 − b2 − β1 + β2)

Γ(x1, x2; b1, b2)
dσ(x1x

′
1)

dΩ1

dσ(x2x
′
2)

dΩ2

Γ(x′1/Z, x
′
2/Z; β1,β2)

|Ψ̃D(Z;B)|2
Z2

. (3.7)

3.1.2 Two bound nucleons interact with large momentum trans-
fer

In collisions of protons with D, the presence of the nuclear structure induces the pres-
ence of two kinds of contributions: ”diagonal terms” in direct correspondence with the
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Figure 3.2: Double parton scattering in p -D interactions. Both target nucleons interact with
large momentum exchange. Diagonal (a) and off-diagonal (b) terms.



3.1. PROTON-DEUTERON COLLISIONS 75

processes taking place when the nucleons are free and a non diagonal or ”interference”
terms, due to the presence of the nuclear wave function.

As pointed out above, the double scattering on a Deuteron affecting both bound
nucleons represents the simplest case where diagonal and non diagonal terms appear. In
this case the “diagonal” discontinuity is given by:
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1

(2π)21

∫
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whereas the interference term has the form:
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In the diagonal case the conservation of the large components of momenta implies
that they are equal on the two sides of the diagram l+ = l′+, a− = a′−, N− = N ′

−;
the transverse variables become diagonal through the Fourier transformation. In this
way the whole expression of the cross section can be expressed in terms of densities
i.e. square of the partonic wave function and square of the nuclear wave function. The
cross section is thus given again through the one-body and two-body partonic densities
Γ(z; b), Γ(x1, x2; β1,β2), obtained from the effective vertices φ, φ̂. The nuclear density
is simply expressed by |Ψ(Z;B)|2. The contribution to the cross section from the direct
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term is

σpD
2,2

∣

∣

∣

d
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∫
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|Ψ̃D(Z;B)|2
Z−2

δ(B− b1 + b2 − β1 + β2) (3.10)

The corresponding configuration in transverse space is shown in Figure 3.3.

β1−β2
b1

b2B

Figure 3.3: p -D interactions with two target nucleons involved. The interaction points are
red. Configurations in transverse space of the diagonal term

In the interference case the conservation of the large components of momenta still
implies the equality on the two sides of the diagram l+ = l′+, a− = a′− but for the nuclear
variables (N − a2)− = (N ′ − a1)−, moreover the transverse variable b⊥, conjugated to
a⊥, does not become diagonal through the Fourier transformation. The interference term
cannot be expressed only in terms of partonic densities, we need to introduce a more
complicated expression:
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)

. (3.11)

The above relation for the nuclear variables can be written also Z − Z ′ = x̄2 − x̄1. It is
possible to factor the expression W symmetrically into two parts

W1 = H(Z,Z ′; x̄1, x̄2; b1, b2 + B) H(2 − Z, 2 − Z ′; x̄2, x̄1; b2, b1 −B)
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with
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Thus the contribution to the cross section coming from the interference term is

σpD
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(2π)3
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Ψ̃D(Z;B)

Z

Ψ̃∗
D(Z ′; b)

Z ′ δ(B− b1 + b2 − β1 + β2)δ(Z − Z ′ − x̄1 + x̄2).(3.14)

In Figure 3.4 we show the configurations in transverse space of the two interfering
amplitudes.

β1−β2

b1
b2

B

(a)

β2−β1

b1−B
b2+B

B

(b)

Figure 3.4: p -D interactions with two target nucleons involved. The interaction points are in
red. Configurations in transverse space of the off-diagonal term

As far as the longitudinal variables are concerned, the interference term requires the
nuclear wave function to be taken at different values of Z, so it is depressed with respect
to the diagonal term. It must be taken into account that the width of the nuclear wave
function is determined by the binding energy while the mismatch of the Z terms depend
on the difference in fractional momentum of the partons. At large total energies (beyond
the TeV) the values of x̄ can be small, still maintaining the process within the limits of
perturbative dynamics, so the depression is not necessarily very strong. For what concerns
the transverse variables the possible depression is given by the ratio between the hadronic
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size (as seen in the hard QCD processes) and the nuclear size. The first scale sets the size
of the variables bi,βi the second characterizes the size of B. After integrating over B with
the δ−function, one has B = (b1 − b2 + β1 − β2). A simplified form for the interference
term is thus obtained when neglecting the hadronic size as compared with the nuclear
size by setting B = 0 in nuclear wave function Ψ. Note that the effect depends on the
transverse degrees of freedom, while the dependence on the total energy is weak, once the
region of perturbative dynamics is reached.

Conversely the denominators Z,Z ′ could be set equal to 1 in the factors Γ since the
range of variation of x̄i is large, as compared with the variation of Z, allowed by the
nuclear function Ψ. The previous treatment implies that the presence of a spectator has a
modest influence on the process, so the double scattering on a heavier nucleus such as the
Tritium [5] or the lead (considered in the next section) should show only minor differences
in comparison with the scattering on a Deuteron.

3.2 Proton-Lead Collision

At the LHC as remarked on Appendix A, the p -A collisions in study involve a nucleus
of 208Pb, so we are more interested to the interaction of a proton with a nucleus heavier
than deuteron.

As in the case of proton-deuteron collisions the mechanisms of interactions are two;
the first one involves only one nuclear nucleon, the other one two different target nucleons.
Therefore the cross section splits into two terms:

σpA
D = σpA

D

∣

∣

∣

1
+ σpA

D

∣

∣

∣

2
(3.15)

which correspond to the two different contributions: σpA
D

∣

∣

1(2)
accounting for the double

hard interaction taking place with one (or two) target nucleon(s).

Because of the larger number of nucleons involved in the scatterings, the simplest
treatment is Glauber-like, that is probabilistic [124, 122]. In first approximation, as in
hard scattering processes the nucleon-nucleon cross section is small, the Equation (1.66)
can be expanded as

σpA ≈
∫

d2B⊥ σ
ppT (B⊥).

This result applies in a different way for the two contributions σpA
D |1,2: in the first case, it

applies directly because it is again a 1:1 nucleon interaction; in the other case, it applies
to each single cross section because of the 1:2 nucleons interaction, moreover

σpA
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∣
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∣

2
≈
∫
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pp2T (B⊥ +

b⊥
2

)T (B⊥ − b⊥
2

) = σ2
pp
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d2B⊥T
2(B⊥)
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where the latest equality holds in the approximation where the hadronic scale is negligible
with respect to the nuclear scale, indeed in this case the transverse nuclear density are
almost constant when the hadronic scale changes, namely T (B⊥± b⊥

2
) ≃ T (B⊥). Therefore

in this approach the two contributions to the double cross section are

σpA
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2
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∫

d2B T (B) ∝ A, (3.16)
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2
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2
σ2

S

∫

d2B T 2(B) ∝ A4/3 (3.17)

where the case of two identical partonic interactions has been considered. Here σS is
the inclusive single scattering cross section and T (B) is the nuclear thickness defined in
Equation (1.44), as a function of the impact parameter of the collisions B. The two
terms have a transparent geometrical meaning and are distinguished by their different
dependence on the atomic mass number A. We nickname the latter contribution “anti-
shadowing”, since analogously to the usual shadowing effect described in Subsection 1.2.3
it is due to the nuclear structure but here it is additive.

However, as in the case of deuteron, when we look at the kinematics of the process
deeplier [5, 121], we notice that there is an additional contribution to the cross section,
namely that σpA

D

∣

∣

2
in Equation (3.16) cannot describe the interference term but only the

diagonal one.
Again the two terms are expressed as contributions to the discontinuity of the forward

elastic amplitude. The two corresponding unitarity diagrams are shown in Figure 3.5,
which represents the diagonal Figure 3.5(a), and the off-diagonal Figure 3.5(b) contribu-
tions. In [121] the description of the process appears more complicated but the authors
consider also the terms deriving by rescattering, while we are considering only the discon-
nected component of DPS.

Working out the calculation as in the above sections (so, as in [2, 5]), the contribution
of the diagonal term to the cross section, with two active target nucleons, is given by:
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, (3.18)

where σ̂(xi, x
′
i) are the partonic cross sections and the nuclear wave function ΨA(Zi;Bi) is

in a mixed representation, with Zi the nucleon’s fractional momenta and Bi the nucleon’s
transverse coordinates. The nuclear wave function is peaked at Zi = 1, while MPIs are
most important at x ≃ 10−3 ÷ 10−2. Keeping into account that the scale of the nucleon’s
Fermi momentum is small as compared to the nucleon mass, a meaningful approximation is
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Figure 3.5: Double parton scattering contributions to the discontinuity of the forward p -A
interaction amplitude: (a) diagonal term, (b) interference term.
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to integrate on Zi while keeping Z1 = Z2 = 1 in the partonic distributions Γ. The nuclear
dependence is thus expressed through the two-body nuclear density ρ(B1, z1; B2, z2) where
the quantities z1 and z2 are the longitudinal coordinates of the two interacting nucleons,
that is

∫
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i

dZi
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∫
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With the help of Equation (2.31), in the case of two identical interactions, we thus obtain
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where σS is the usual single scattering inclusive cross section on a nucleon and we exploited
the positions Γ(x; b) ≡ G(x)fx(b),

∫

d2b fx(b) = 1. The configuration in transverse
space corresponding to the DPS cross section in Equation (3.20) is illustrated in Fig.3.6.
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Figure 3.6: Configuration in transverse space corresponding to the DPS cross section in Equa-
tion (3.20).

The contribution of the interference term to the cross section is obtained again in
analogy to p -D case [5]. Its expression is
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(3.21)

where the off diagonal parton amplitudes in the process are all included in the function
W .

The main features of the off diagonal contribution originate from kinematics and are
summarized in Figure 3.8.
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Figure 3.7: The interference term shown in the unitarity diagram for p -Pb collisions

As far as the longitudinal variables are concerned, the interference term requires the
nuclear wave function to be taken at different values of Z. As apparent in Figure 3.5(b),
it must be in fact Z1 − Z ′

1 = x′1 − x′2 = Z ′
2 − Z2. When the differences Zi − Z ′

i are not
too small, the interference term is therefore depressed with respect to the diagonal term
by the nuclear form factor. However at large energies the values of x can be rather small,
still maintaining the process within the limits of perturbative dynamics, so the depression
factor may not be strong.

The initial state is characterized by two different scales in transverse momenta. The
first one is the typical transverse momentum of the order of a few GeV of the incoming
partons, originated by QCD evolution, the second one is the typical transverse momentum
of the order of a hundred of MeV of the bound nucleons, due to Fermi motion. Because of
this gap, the interference term could be expected to be further depressed but it is not the
case, indeed the difference between the overall transverse momenta of the large pt partons,
generated in the two hard collisions.is in fact originated in the upper vertex φp in the figure
and does not propagate to the target nucleon’s momenta in lower part of the diagram,
in such a way that there are not transverse momenta of the GeV scale in the nucleon’s
lines in the interference diagram. Going to the coordinates space, one obtains a rather
transparent picture of the interaction, as shown in the Figure 3.8, where the configuration
in transverse space, of the amplitude in the left hand side of the cut of Figure 3.5(a), is
labeled with A and the configuration of the amplitude, in the right hand side of the cut,
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β1−β2

b1
b2

B1−B2

(a) A

β2−β1

b1−B1+B2 b2+B1−B2

B1−B2

(b) A*

Figure 3.8: Configurations in transverse space of the left (a) and right (b) hand site amplitudes
in the off diagonal contribution to the cross section in Equation (3.21).

is labeled with A*. By exchanging Q1,t with Q2,t, when moving form the left to the right
hand side of the cut in Figure 3.5(b), one produces a change in the sign of the difference
between the transverse coordinates of the two projectile partons, β1 and β2, in the non
perturbative vertex φp. The argument of φp is therefore (β1 − β2) in the amplitude A
and (−β1 + β2) in the amplitude A*, while one does not expect any dependence of φ
on the sign of its argument. For what concerns the remaining transverse variables, as
illustrated in Figure 3.8, the nuclear configurations in A and in A* are the same, the
two hard interactions remain localized in the same points and the two interacting partons
exchange their parent hadrons.

When the two active partons are identical, the initial partonic configuration of the DPS
process can be therefore produced in two independent ways, since each of the two active
nucleons can generate each of the two interacting partons. The two nuclear configurations
have therefore to be added coherently in the cross section. The two active target nucleons
have different longitudinal fractional momenta in the two configurations and the difference
is equal to the difference of the fractional momenta of the two interacting partons x′1−x′2.
The interference term is thus characterized by the peculiar dependence of the nuclear
form factor as a function of x′1 − x′2. The interference term is directly proportional to
the off diagonal parton distributions, while the value of x′1 − x′2 can be controlled in the
process by selecting the kinematic configuration of the final state produced by the hard
interaction. There is thus the interesting possibility of obtaining additional information
on off diagonal parton distribution functions by using an inclusive process, actually DPS
in p -A collisions, which, comparing with exclusive processes, would be able to provide
larger rates of events and to access different kinematic regimes.
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3.2.1 W+ production by DPS in p -A collisions

The presence of an interference term in DPS in p -A collisions may have an interesting
potential to study the generalized parton distributions. On the other hand our present
purpose is to identify a simple case, where the measured cross section has a straightfor-
ward relation with partonic correlations. We thus consider a reaction channel where the
interference term is strongly suppressed. To our aim, a particularly interesting channel is
given by the inclusive production of W+ 2−jet. In W+ 2−jet production, the two initial
state partons, both from the side of the projectile and from the side of the target nucleus,
are a quark and a gluon since, in the kinematic regime of interest for DPS, dijet produc-
tion is dominated by the gluonic channel. The two active target partons cannot therefore
be identical and the interference term is absent. A further reason of interest in W+ 2−jets
is that DPS production is presently studied experimentally in p -p both by ATLAS and
by CMS [3, 4](as remarked in Subsection 2.6.1) , while after the recent experimental re-
sults and in view of the next runs planned at the LHC, there is an increasing activity in
p -A collision both experimental and theoretical [125]. The experimental study of DPS
in W+ 2−jet production in p -Pb collisions might therefore represent a feasible option for
the experimental groups in a not too distant future.

The inclusive cross section for W+ production, σpA(W+), has three different con-
tributions:

σpA(W+) = σpA
S (W+) + σpA

D (W+), where

σpA
D (W+) = σpA

D (W+)
∣

∣

∣

1
+ σpA

D (W+)
∣

∣

∣

2
. (3.22)

The first term, σpA
S (W+), represents the processes where W+ is produced by a single

parton collision, while the contribution due to DPS, σpA
D (W+), is expressed, according

with Equation (3.15), by the sum of two terms, which distinguish whether the DPS takes
place against a single, σpA

D (W+)
∣

∣

1
, or against two different target nucleons, σpA

D (W+)
∣

∣

2
.

The contribution due to a single parton collisions, σpA
S (W+), can be evaluated ac-

cording to the standard rules, keeping into account the different contributions due to the
interaction with a target proton or neutron and making use of the parton distributions of
the bound nucleons [126, 127] as described in Chapter 4. Therefore briefly

σpA
S (W+) = Zσ

pp/A
S (W+) + (A− Z)σ

pn/A
S (W+). (3.23)

This term does not provide much additional information on hadron structure and it can
be considered as a known quantity.

The explicit expression of the contribution due to a double parton scattering in a

collision with a single target nucleon, σpA
D (W+)

∣

∣
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1
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1
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(
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S (W )σ

p[p]
S () + (A− Z)σ

p[n]
S (W )σ

p[n]
S (JJ)

)

(3.24)
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where σ
p[p],p[n]
S (W ) are the single scattering cross sections for inclusive production of a W+

in a collision of a proton with a bound proton or with a bound neutron, while σ
p[p],p[n]
S ()

is analogously the single scattering cross section to produce a pair of jets. The effective
cross section, σeff , has been assumed to be a universal constant at small x. A is the
atomic mass number and Z the nuclear charge. Analogously to the term due to a single
parton collisions, σpA

S (W+), in Equation (3.23) also σpA
D (W+)

∣

∣

1
is therefore expressed

fully explicitly in terms of known quantities and is evaluated with the standard rules of of
the QCD-parton model, with the help of the parton distributions of the bound nucleons;
hence

σpA
D (W+)

∣

∣

∣

1
= Zσ

pp/A
D (W+) + (A− Z)σ

pn/A
D (W+). (3.25)

The contribution due to a double parton scattering, in hard collisions with a single target
nucleon, does not have much to add to the information on the hadron structure already
available from double parton interactions in proton-proton collisions and also this term
can thus be regarded as a known contributions to the cross section.

All novel information on hadron structure is to be found in the last term, σpA
D (W+)

∣

∣

2
,

where two different nucleons participate to the double parton interaction. According with
the discussion in the previous section, the corresponding contribution to the cross section
is

σpA
D (W+)

∣

∣

2
= Kx1x2σS(W )σS()

∫

d2b1 d
2b2 d

2(β1 − β2) d
2B1 d

2B2

fx1x2(β1 − β2)fx′
1
(b1)fx′

2
(b2)δ(B1 −B2 + b1 − b2 + β1 − β2)

dz1dz2 ρ(B1, z1; B2, z2). (3.26)

The expression in Equation (3.26) has been obtained by disregarding the dependence
of Γ(x′i/Zi; bi) on Zi in Equation (3.19). The lower limit of the integration on Zi in
Equation (3.19)) is x′i and one has therefore implicitly assumed that x′i ≪ Zi, which
limits the validity of Equation (3.26) to the region of small x′i.

The produced spectrum is directly proportional to the overlap integral in the transverse
coordinates. The corresponding configuration is shown in Figure 3.6. The overlap integral
depends on the three different transverse scales, which characterize fx′

i
(bi), fx1x2(β1−β2)

and
∫

dz1dz2 ρ(B1, z1; B2, z2). When comparing hadronic and nuclear scales, a sensible
approximation is to neglect the hadronic scale when compared to the nuclear scale. On
the other hand DPS forces the two target nucleons to be very close in transverse space.
The contribution of short range correlations in the two body nuclear density may therefore
give non negligible effects, considering that the value of the scale of the short range nuclear
correlation is rc ≃ 0.5 fm [128, 129].

To our purposes, a relevant property is the universality of the short range nuclear
correlations [63, 130]. Thereby by treating the correlation term studied in Subsection 1.2.4
as a perturbation,

ρ(C,2)(r1, r2) ≈ ρ(2)(r1, r2) (1 − C(r1 − r2))
2 (3.27)
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where ρ(2)(r1, r2) is the two body nuclear density in the single particle model and for the
correlation term C(r1 − r2) we used a Gaussian shape,

C(w) = e−(w2/2r2
c ). (3.28)

For small relative distances we can approximate

ρ(C,2)(r1, r2)
∣

∣

∣

r1≃r2

≈
(

ρ(1)(r1)
)2

(1 − C(w))2 , w = r1 − r2. (3.29)

Taking into account that the functions fx′
i
(bi), fx1x2(β1 − β2) are normalized to one

and that ρ(2)(r1, r2) is smooth as a function of r1 − r2, the contribution to the overlap
integral, in absence of short range nuclear correlations, is equal to

∫

d2BT (B)2.
In order to evaluate the terms in the overlap integral with the nuclear correlation C(w),

we need the explicit expressions for fx′
i
(bi) and fx1x2(β1 − β2). The overlap integral is

most conveniently evaluated in momentum space. The term linear in C is

∫

dz1 dz2 d
2b1 d

2b2 d
2β d2B1 d

2B2δ(B1 −B2 + b1 − b2 + β)

fx1x2(β)fx′
1
(b1)fx′

2
(b2)

(

ρ(1)(B1, z1)
)2

(−2)C(B1 −B2, z1 − z2)

= −2

∫

d2Bdz
(

ρ(1)(B, z)
)2 1

(2π)2

∫

d2qf̃x1x2(q)f̃x′
1
(q)f̃x′

2
(q)C̃(q) (3.30)

where the functions with the tilde are the two-dimensional Fourier transforms in the
transverse momentum space. The generalized parton distributions have been considered in
Subsections 1.1.3, 2.5.1. For the gluons, f̃xi

(q) is given by the expression in Equation 2.28
via the identity ∆2 = q2. If the multiparton distribution in multiplicity were a Poissonian
(K = 1) and in absence of transverse correlations,

f̃x1x2(q) = f̃x1(q) f̃x2(q) =

(

1 +
q2

m2
g

)−4

.

In Subsection 2.5.2 we highlighted that correlations may be introduced by allowing
different values for K and Λ, keeping fixed their ratio in order to reproduced the measured
value of the effective cross section. In the case of p -A collisions, this remark becomes
relevant. In order to have an indication on how different values of K (and Λ) can affect
the DPS cross section in p -A collisions we have considered two extreme options:

(A) Λ2 = 28/m2
g and K2 = 31.36/15 ≈ 2, corresponding to the case where the actual

value of σeff is solely due to the multiplicity of parton pairs in the hadronic structure.
In such a case the multiplicity of parton pairs would be about a factor K ≈ 1.45
times larger than expected if the distribution in multiplicity were a Poissonian, while
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transverse correlation between parton pairs would be completely absent, in such a
way that the distribution of pairs in transverse space would be obtained by the con-
volution of two one-body distributions.

(B) K2 = 1 and πΛ2 = 15 mb, corresponding to assume a Poissonian for the multiparton
distribution in multiplicity and to introduce a smaller typical transverse distance
between partons, in comparison with the uncorrelated case.

f̃x1x2(q) has an unknown scale. However its link with the value of the effective cross section
allows us to put some limits. In particular we exploit the relation in Equation (2.33)
and the definition of Λ in Equation (2.32) together with the measurements of ATLAS[3]
and CMS [4]. Therefore it is necessary to introduce a correlation in transverse space in
Equation (2.28). In the simplest option the functional form of f̃x1x2(q) is the same as
in the uncorrelated case and the only modification is in the value of the scale mg, which
we replace with the relevant scale for the transverse separation between the parton pairs,
which we denote with hc. In such a way,

1

πΛ2
=

h2
c

28π

and so the numerical value for h2
c results dependent on K2 and on the experimental σeff ,

h2
c =

28π

σeffK2

. Before solving the overlap integral, we stress that C̃(q) = FT [C(b)] = FT [
∫ +∞
−∞ dzC(b, z)].

When K2 = 2, hc = mg while, to reproduce the observed value of σeff when K2 = 1,
hc ≈ 1.52 GeV. The two options correspond therefore to the values:

(A) h2
c = 1.1 GeV2, K2 = 2;

(B) h2
c = 2.3 GeV2, K2 = 1.

By evaluating the overlap integral we obtain

1

(2π)2

∫

d2q f̃x1x2(q)f̃x′
1
(q)f̃x′

2
(q)C̃(q) =: CK rc

(3.31)

with

CK = 0.82, in case (A)
CK = 0.99, in case (B).
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σATLAS
eff = 15 mb σCMS

eff = 20.7 mb

K2 = 1 K2 = 2 K2 = 1 K2 = 2

h2
c 2.28 1.14 1.65 0.83

CK 0.99 0.82 0.92 0.74

Table 3.1: Here are the coefficients which take into account the short range nuclear correlation.

In Table 3.2.1, there are summarized all the results obtained by using the value of σeff

both from ATLAS and from CMS.
Therefore the double cross section is given by

σpA
D (W+)

∣

∣

∣

2
= K

(

Z

A
σpp

S (W )σpp
S () +

A− Z

A
σpn

S (W )σpn
S ()

)







∫

d2B T (B)2 − 2

∫

d2B dz ρ(B, z)2 × rc CK





 . (3.32)

The ratio

R :=
σpA

D (W+)

σpA
D (W+)

∣

∣

∣

1

(3.33)

is thus independent on the final state phase space:

R = 1 +K
σeff

A







∫

d2B T (B)2 − 2

∫

d2B dz ρ(B, z)2 × rc CK





 . (3.34)

For lead, using the Woods-Saxon nuclear density, in the two cases (A) and (B) the
ratio 3.33 acquires the values

(A) K2 = 2, πΛ2 = 31.36 mb : R = 1 + 2.99 ≈ 4

(B) K2 = 1, πΛ2 = 15 mb : R = 1 + 2.08 ≈ 3

and the correction induced by short range nuclear correlations to the term
∫

d2B T (B)2

is about 8% in case (A) and about 10% in case (B). The ratio R therefore depends weakly
on nuclear correlations and is rather sensitive to the different options for the values of K
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and Λ. The Equation (3.32) shows up the strong dependence of σpA
D (W+)

∣

∣

∣

2
on K and

its weak dependence on Λ (only through CK).
In the next Chapter we develop a numerical simulation of this process (hence we

evaluate all the contributing cross sections numerically). In such a way we give a prediction
that could be (or not be) verified experimentally.





Chapter 4

Numerical simulation

As stressed in the previous chapter, we have to evaluate the double and single contribu-
tions to the cross sections for the production of a boson W+ in association with two jets
when the proton collides against another proton or a nucleus of lead. The only viable way
is to implement their calculation numerically. In the first part of this chapter I describe
the C++ code implementing the simulation and the external packages that I integrated
in my program. In the second part I illustrate the results obtained from the simulation
both of p -p and p -A collisions.

4.1 Numerical implementation

The elementary cross sections are evaluated at the leading order in perturbation the-
ory. The master formula to evaluate a hadronic cross section for a proton-hadron (p -H)
collision to a n particles final state is given by

σpH→n =

∫ 1

0

dx1dx2

∑

ij

fi(x1, µ
2
F )fj/H(x1, µ

2
F )σ̂ij(ŝ, µ

2
F , µ

2
R),

where

σ̂ij =
1

2ŝ

∫ n
∏

i=1

d3pi

2p0
i (2π)3

(2π)4δ(4)(pin −
n
∑

i

pi)
∑

spin,color;lm

|Mjk→lm|2.

fi(x1, µ
2
F ) are the parton distribution functions relative to the i-th flavor at the scale

µ2
F ;
∑

spin,color |Mjk→lm|2 is the value of the squared matrix element of the sub-process
summed and averaged over final and initial spin and color states. The integration is over
the longitudinal momenta fractions x1,2 and the outgoing particles momenta ~pi within
the proper interval. In order to have a rough estimate of the different effects of the DPS
in p -Pb and in p -p collisions, we compare the production rates in the same kinematic
region where DPS has been measured by ATLAS in p -p collisions, so we have to move

91
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to the laboratory frame. As observed in Subsection 1.1.4, in the laboratory frame the
final four-momenta are expressed in terms of transverse mass and momenta, rapidities
and azimuthal angles, that is

pµ
i = (miT cosh yi; piT cosϕi, piT cosϕi,miT sinh yi).

In our case the outgoing particles can be considered massless, so the transverse mass is
equal to pT , the absolute value of the transverse momentum, and the rapidity is equal to
the pseudorapidity η := − ln tan θ

2
(with θ the angle between the three-momentum and

the z-axis).
In order to simplify the integration, we develop the delta-function

δ(4)(pin −
n
∑

i

pi) = δ(p0
in −

n
∑

i

p0
i )δ

(2)(pt
in −

n
∑

i

pt
i)δ(p

3
in −

n
∑

i

p3
i ).

The δ(2)(pinT −
∑n

i piT ) allows to solve the integration over the transverse coordinates for
the nth particle (that is pnT and ϕn): ~pT n = −

∑n−1
i=1 ~piT because the incoming particles

move along the 3-axis and so have null total transverse momentum.
The change of the integration variables is

n−1
∏

i=1

d3pidpn,z −→
n−1
∏

i=1

dpiTdϕi

n
∏

i=1

dηi.

The Jacobi matrix is very simple, indeed
∂p1,2,3

i

∂�j
∝ δij (� stands for pT , ϕ, η). So we have

a block diagonal matrix. Every sub-matrix (i = 1, . . . , n− 1 an i = n) is given by:

∂p1
i

∂�i
∂p2

i

∂�i
∂p3

i

∂�i





cosϕi −piT sinϕi 0
sinϕi −piT sinϕi 0

∂miT

∂piT
sinh ηi 0 miT cosh ηi



 ,
∂p3

n

∂ηn

= mnT cosh ηn.

∂miT

∂piT
is not evaluated explicitly since it does not affect the value of the determinant.

Thereby the Jacobian is easily evaluated to be J =
∏n

i=1 p
0
i

∏n−1
i=1 piT . The last two

delta’s are exploited to solve the integration over x1,2, since p0,3
in =

√
s

2
(x1 ± x2). In the

end

σpp→n =
1

24n−4π3n−4s2

∫

n−1
∏

i=1

(dpiTdϕi)
n
∏

i=1

dηi

∏n−1
i=1 piT

x1x2

∑

jk fj(x1, µ
2
F )fk(x1, µ

2
F )

∑

spin,color;lm

|Mjk→lm|2.
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where x1 =
Pn

i=1 piT eyi√
s

and x2 =
Pn

i=1 piT e−yi√
s

.
In particular we are interested in the double cross section which is equal to the factor-

ization of the two integrals (where we solved the integration over ϕ) for theW+ production
and decay and the dijet production

σpp;D
;W+→ℓ+νℓ

=
1

σeff

1

8π2s2

∫

dpTdη1dη2

pT

x1x2

∑

jk

fj(x1, µ
2
F )fk(x1, µ

2
F )
∑

spin

color

lm

|Mjk→lm|2

1

8π2s2

∫

dpℓTdηℓdην
pℓT

x1x2

∑

jk

fj(x1, µ
2
F )fk(x1, µ

2
F )
∑

spin

color

lm

|Mjk→W+→νℓℓ|2

and in the single cross section contribution

σpp→W+,W+→l+νl
=

1

212π8s2

∫

dpT 1 dpT 2 dpT ℓ dϕ1 dϕ2 dϕℓ dη1 dη2 dηℓ dην

pT 1pT 2pT ℓ

x1x2

∑

jk

fj(x1, µ
2
F )fk(x1, µ

2
F )
∑

spin

color

lm

|Mjk→lm|2.

where the kinematics of the neutrino is given by the conservation of the four-momenta.
Therefore the single scattering cross section implies a 10-dimensional integration,

whereas the double scattering cross section requires a 6-dimensional integration. In fact,
within our model and approximations, the value of this latter integral could be also ob-
tained as the product of two 3-dimensional integrals but in this way it becomes harder
to simulates the configurations related to the double interaction. Moreover in such a way
our implementation could be generalized to a more complex model where σD does not
factorize.

In order to calculate these integrals numerically we need to implement the Parton
Distribution Functions, the matrix elements and a proper routine of integration.

PDFs are provided by the LHAPDF interface [19]. When considering the nucleus, we
exploit the nuclear PDFs, again provided by the LHAPDF Interface. Since they are the
distribution relative to the proton, when evaluating the neutron partons distributions we
exploit the isospin symmetry. Among the several sets of PDFs, I use the latest LO sets
released by the MSTW and the CTEQ collaborations. The package supplies the proper
value of the strong coupling αS. The energy scales are set equal to the semi-sum of the
transverse momenta of the outgoing particles.
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The Leading Order matrix elements are generated by means of MadGraph 5 package
[131], in the framework of the Standard Model with the CKM matrix. We choose its C++
output and introduce a namespace characterizing every sub-process in order to avoid the
deprecated use of macro’s. MadGraph output includes a “Parameter Card” with the
used parameter. As each PDF set has been obtained with a particular value of the strong
coupling, we set it equal to 1 into the card and use the right coupling.

Once the integrand is built, the multi-dimensional integration is required. The usual
integration algorithms, based on quadrature methods, are not suitable because they con-
verge exponentially. Instead the Monte Carlo methods guarantee a better result since the
convergence with the increase of the number ns of the points where the integrand is evalu-
ated (samples). After some preliminary checks, I chose Suave, an algorithm implemented
in the CUBA library [132].

The value of the integral is affected by the cuts. The cuts are chosen as in the [3], so
the beam energy

√
s = 7 TeV, |ηl+| < 2.47, pT l+ > 20 GeV, /ET > 25 GeV, mT W > 40

GeV. For the jets, the paper prescribes a lower cut equal to 20GeV but we use a larger
cut (about 27 GeV) in order to consider that the single particle trigger comes from a
parton carrying more momentum (usually 10-15% more) that the trigger particle [133].
Jets are identified with large pT final state partons and, considering that in p -A collisions
the transverse spectra are not modified substantially by the presence of the nucleus [134],
the effects of the nuclear modification factors are not taken into account.

The statistical nature of Monte Carlo methods allows to simulate the process, indeed
during the integration we can take trace of the final particles configurations and of the
value of the integrand and plot them properly with an analysis program such as ROOT
[135].

In the case of collisions between the proton and a nucleus of lead, some few changes
have been introduced in my code. I already mentioned how dealing with nuclear PDFs.
Once we have the contributions from a proton and a neutron for a particular final configu-
ration, they are weighted with the number of protons (Z = 82) and neutrons (A−Z = 106)
in the Pb208 respectively as expressed in the Equations (3.23), (3.24). The thickness func-
tion is assessed in the hypothesis of a nucleus described by the Woods-Saxon distribution
with the parameters in [56]. The integrations of the squared thickness functions and
nuclear distribution are performed by means of the suitable functions in the CERNLIB
package.

4.1.1 The code: details

In the Table 4.1 there is the list of the external settings exploited in order to evaluate
the several cross sections. At first I implemented two different codes to account for p -x
(x=proton, antiproton, neutron) and p -A collisions that then I unified. The simulation
of p -p processes is the simplest one and has been exploited as a check, indeed the 2 → 2
processes composing the double cross section have been measured at the LHC.
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Each program is able to evaluate the SPI cross sections both relative to the 2 → 4
process and to the two 2 → 2 processes composing the double cross section and the DPI
cross section. The choice of the process (2 → 4, 2 → 2 or 2 × (2 → 2)) to simulate is
through the command line.

The settings underlined in Table 4.1 are read by an external file that contains also
indications about the target particle in the case of p -x collisions. The program prints
the final results and the physical configurations (pseudorapidities, transverse momenta,
eventually azimuthal angles for the final particles and integrand) in two different external
files.

The code for p -A collisions evaluates σD|1 as in Equation (3.22). In order to obtain
the total double contribution the program evaluates the integrals of the squared thickness
function and of the squared nuclear density by means of the suitable function of the GSL
library provided by the CERNLIB package [136], from them the ratio R as defined in
Equation (3.33) for the two extreme values of K2 and in the end multiplies σD|1 for it.
The configurations have been properly weighted by ROOT.

The codes simulates the double cross section using σeff = σatlas
eff as during the simula-

tions we had only the results of the ATLAS Collaboration at disposal. However, because
its coefficient nature it is simple to reconstruct the right results and configurations with
σeff = σcms

eff . Again the configurations are re-weighted by ROOT. In fact the comparison
between CMS and ATLAS simulations is consistent only if we suppose that the machine
cuts are the same.

In order to check that my program works properly, I evaluated σdijet and σW+ with the
cuts as in [40] and [137] respectively. The results are in agreement with the experimental
ones. For the jets, as highlighted before, the agreement requires a larger cut on the
minimum of the transverse momentum as we do not consider the hadronization. Also σpp

spi

in Table 4.2 is in agreement with the experimental value in [137].

4.1.2 Parton Distribution Functions

Free nucleon PDFs

The factorization theorem in Chapter 1 points out how much important it is to assess the
proton PDFs in order to estimate the hadronic cross sections.

From the proton PDFs, we are able to obtain the PDFs both for an antiproton and a
neutron by means of the proper symmetry. For the antiproton, since it is the antiparticle
of the proton, qp̄(x,Q

2) = q̄p(x,Q
2) and vice versa; with respect to the neutron, we exploit

the isospin symmetry, so ui
n(x,Q2) = di

p(x,Q
2) and di

n(x,Q2) = ui
p(x,Q

2) with i running
over the three families.

As soft observables, the PDFs are determined by means of global fits to data from
Deep Inelastic Scattering (DIS), Drell-Yan (DY) or jet production at the energy ranges at
disposal. LO DIS and DY fits allow to access to quark densities, whereas jet production
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Parameters of Woods-Saxon: ρ(r) = ρ0

1+exp((r−R′)/a)
with R′ = R0A

1/3

ρ0 = 0.168 fm−3 R0 = 1.1 fm

a = 0.57 fm

Settings of PDFs

Sets MSTW2008lo69cl, cteq6ll

Scale energy 1
2

∑n
i=1 pT i

Flavor u, ū, d, d̄, c, c̄, s, s̄, g

Settings of Suave

ǫrel 10−2

ǫabs 10−12

nnew 120000

nmin 400000

nmax 1080000

p 40

Experimental cuts
√
s = 7 TeV

|ηℓ+ | < 2.47 pT ℓ+ > 20 GeV

|ηjet| < 2.8 pT jet > 27.5 GeV

/ET > 25 GeV mT W > 40 GeV

Table 4.1: The main settings exploited in my code.
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to gluon PDFs. As outlined in Section 1.1.7, the production of the massive weak bosons
gives strong constraints on the behavior of the valence and sea quarks. The experimental
data cover a broaden range in (x,Q2); because of the low values of x reached during the
experiments, it could be necessary consider the Balitsky-Fadin-Kuraev-Lipatov (briefly
BFKL) equation (see e.g. [138]). This equation sums the leading-log contributions of
the type (αs ln(1/x))n that are enhanced for the small momentum fractions x carried by
gluons. This equation has a more difficult solution with respect to DGLAP equations
as it involves higher twist operators too. Fortunately in our case the DGLAP equations
seem to suffice in order to evaluate the evolution in energy and so no BFKL are needed.

The larger errors in the estimation of the PDFs parameters are systematic, in fact
the statistical errors are very small (χ2/DOF ∼ 1). The accuracy depends on that of the
data, of αS and on the numerical code solving the evolution. For NLO (or beyond) fits,
the renormalization and factorization schemes have to be fixed. We expect that LO and
NLO fits are different because the K factors are often different from one.

There are many groups active on the PDFs fitting. They results are of course in
agreement but obtained by starting from different assumptions, i.e. the choice of the data
(and how dealing with cuts and corrections), the treatment of the experimental error,
how to account for heavy quarks (s,c,b), the order in perturbation theory and the value
of αS, the parametrization at the initial scale and in the end possible hypotheses about
the flavor symmetries or the behavior at the boundaries (x→ 0, 1).

A generic parametrization exploited by all these collaborations is given by

f(x,Q2) = A0x
A1(1 − x)A2P (x,A3, · · · ),

where P is a suitable smooth function depending on further parameters that allows a
better fit of the data. A1,2 are the parameters responsible for low-x and large-x behavior
respectively. The initial scale is usually set at few GeV. The estimation of the errors in
PDFs is not easy. The larger uncertainties afflict the gluon distribution which is known at
LO only through jet production. Moreover as sketched above each group has a different
tolerance. So when estimating the error one has to be careful to which PDFs set is used.

In my simulation I exploited two different sets of PDFs, MSTW 2008 [51, 21] and
CTEQ6L1 [52]. To use them I have installed the LHAPDF Interface (Les Houches Accord
PDF) [19]. LHAPDF provides a unified interface to modern PDF sets. It is designed to
work not only with individual PDF sets but also with the more recent multiple “error”
sets. Here, I have always employed the LO best-fit value without error because the
uncertainty on the unpolarized PDFs is much smaller than the uncertainty on the DPS
data.

The MSTW 2008 PDFs are extracted from global analysis of hard-scattering data
within the standard framework of leading-twist fixed-order collinear factorization in the
MS scheme. The last update includes CCFR/NuTeV dimuon cross section and Tevatron
Run II data sets.
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The CTEQ 6L1 PDFs are extracted from a comprehensive global analysis of hard-
scattering data from a variety of fixed-target and collider experiments in the framework
of perturbative QCD. They include also complete treatment of heavy-quark effects.

A notable difference between LO CTEQ 6.1 and MSTW 2008 shown in Figure 1.2 is
that for the CTEQ set s̄(x,Q2) = s(x,Q2).

Let me notice in the end that what the package provides for (x,Q) xf(x,Q) so we
have to be careful when extracting the value of a PDF.

Nuclear PDFs

The interaction between the proton and a nucleus occurs through the interaction between
proton and a nuclear nucleon. We expect that the presence of nuclear medium and
collective phenomena modifies the nuclear distributions (nPDF) with respect to those of
a free nucleon. In fact experiments such as e.g. deep inelastic ℓ + A scattering, Drell-
Yan dilepton production in p+A collisions, and inclusive pion production in d+Au and
p + p collisions at RHIC exhibit clearly that parton distributions of the bound protons
are different from those of the free protons, fi/A(x,Q2) 6= fi/p(x,Q

2) ([127, 126] for the
experimental references).

For example, when considering the DIS with nuclei, the ratio of structure function F2

of bound nucleons and of the deuteron1 shows a different behavior in the different region
of probed x, Figure 4.1.
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Figure 4.1: The ratio FFe
2 /FD

2 as a function of x. Picture taken from [139].

We refer to the depletion for x . 0.1 as shadowing in analogy with the nuclear shad-
owing of the hadronic cross sections (Section 1.2.3); the enhancement for 0.1 . x . 0.3 is
due to the anti-shadowing ; the behavior for 0.3 . x . 0.8 is known as EMC-effect (it was
discovered by EMC collaboration at CERN [140]); in the end the ratio grows above the

1the deuteron is taken as the best approximation of a free, isoscalar nucleon. The comparison with the
proton is not very significant since nuclei usually contain as many protons as neutrons and the difference
between the structure function of proton and neutron are different, especially at large x
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unit for x & 0.8 because of the Fermi motion. The latest enhancement is due to the fact
that for a nuclear target the x variable is experimentally determined in the approxima-
tion that the nucleon is stationary when instead it moves with an average momentum kF .
Hence the measured structure function results to be the convolution of the bare nucleon
structure function with the momentum distribution function of the nucleon in the nucleus.
The simulation of this effect has the right behavior at large x. Whereas shadowing and
Fermi motion are expected and there is an explanation for anti-shadowing, at present
there is not any universally accepted model to describe EMC effect yet but only many
working phenomenological models [141, 142].

As for the proton PDFs, there are many collaborations involved in the study of nu-
clear PDFs, such as that of Eskola, Salgado and others [126], Hirai, Kumano and others
[143], de Florian, Sassot and others [144]. The LHAPDF interface has implemented the
nPDFs given by Eskola’s group, hence I describe how they have been obtained by this
collaboration.

The method exploited is similar to that used in the proton PDFs and have similar
issues. The experimental data from DIS and DY directly probe only the quark content of
the nucleons in the LO, whereas the gluons are constrained only by the DGLAP equations.
Hence, when considering only these experiments, the shape for the gluon density is strictly
dictated by the assumed form of the fit functions. However, the inclusive pion production
in d -Au and p -p collisions at RHIC [145] provided a stronger constraint to the gluon
distribution, because of its LO contribution to the two processes. In particular these
new data showed that the gluon contribution is suppressed with respect to the previous
analyses.

Let me sketch the framework that the Eskola’s group uses.

• They define the bound proton PDFs fA
i (x,Q2

0) in a nucleus A at the initial scale Q2
0

as

fA
i (x,Q2

0) = RA
i (x,Q2

0)f
CTEQ6L1
i (x,Q2

0),x = AQ2/(2qpA) x ∈ [0, A]

that is all the nuclear effects are encoded in nuclear modification factorsRA
i (collinear

factorization);

• they assume the isospin symmetry, so that uA
n = dA

p and dA
n = uA

p ;

• the nuclear PDFs are parametrized at Q0 = 1.3 GeV with three Ri’s,

RA
V (x,Q2

0) for all valence quarks

RA
S (x,Q2

0) for all sea quarks

RA
G(x,Q2

0) for gluons;
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• baryon number and momentum conservation sum rules constrain the Ri’s,

∫ 1

0

dx
(

fA
uV

(x,Q2
0) + fA

dV
(x,Q2

0)
)

,
∑

i=q,q̄,g

∫ 1

0

dx xfA
i (x,Q2

0) = 1;

for each nucleus A separately;

• at higher scale Q2 > Q2
0 the nPDFs are obtained by solving the DGLAP evolution

equations with LO (or NLO M̄S with respect to the order for that we are looking)
splitting functions

• at small-x limit they impose RA
i (x,Q2

0)
x→0−−→ xαA

, with αA > 0;

• the best parameters are found by minimizing the generalized χ2-function,

χ2 :=
∑

N

ωNχ
2
N with χ2

N :=

(

1 − fN

σnorm
N

)2

+
∑

i∈N

(

fNDi − Ti({z})
σi

)2

,

where ωN are weight factors that emphasize certain data sets with important physics
content but small amount of data points, Di, Ti are the experimental and theory
values respectively and σi are the experimental uncertainties. σnorm are significant
normalization uncertainties of the RHIC data accounted by normalization factors
fN ∈ [1 − σnorm, 1 + σnorm]. The usual χ2-function exploited both for proton and
nuclear PDFs does not consider neither weight nor normalization factors.

The resulting parameters are listed in [126]. The different nuclear effects when x
varies are taken into account by parametrizing the Ri through piecewize functions joined
together to give a continuous function. Hence the independent parameters are expressed
in terms of coefficients directly related to the nuclear mechanisms. The uncertainties are
quantified from the experimental ones by the Hessian method.

The LHAPDF interface allows to extract the nuclear PDFs from any proton PDFs
set (even if the best consistent results are related to CTEQ6L1 set) by estimating for
the desired values of A, x, end Q2 the right coefficient Ri and the correspondent proton
PDFs.

The approach in [146] is an interesting evolution of EKS98/EPS09 nPDFs towards a
model with theoretical basis.

4.1.3 A matrix elements generator: MadGraph

MadGraph is a matrix element generator, written in the Python programming language
[131]. It can generate matrix elements at the tree-level for any Lagrangian based model
(renormalizable or effective) implemented in FeynRules [147] via the Universal Feyn-

Rules Output (UFO) interface [148]. FeynRules and UFO are standard packages to



4.1. NUMERICAL IMPLEMENTATION 101

implement Feynman rules and interface them with the matrix elements generators re-
spectively. The latest version (5) of MadGraph has been designed in order to work
for any renormalizable or effective model implemented via FeynRules, to fully auto-
mate and optimize the NLO computations in the SM and beyond and to merge the
shower/hadronization codes for complete event simulation at LO and NLO, as well as
their combination.

It generates matrix elements for High Energy Physics processes such as decays or
2 → n scattering. At first, the user chooses the Lagrangian to use. Then, he/she sets
initial and final state particles. One can include forced or forbidden s-channel resonances,
exclude internal particles and force decay chain of the final state particles. The package
provides multiparticle labels useful to specify all possible processes involving a range of
particles, e.g. pp → . As output, MadGraph generates all the Feynman diagrams for
the process and a picture of them but, overall, it outputs the code necessary to evaluate the
matrix element at a given phase space point. The matrix element evaluation uses calls to
helicity wavefunctions and amplitudes (ALOHA [149] package). The diagram generation
algorithm used by MadGraph 5 is particularly efficient, indeed it only builds topologies
that yield to valid diagrams. Older versions was slower than the present because before
they constructed all the topologies admitted by the external legs then checked if there
was any interaction in the model that accommodated the assigned lines. Furthermore it
recursively generates all the diagram in parallel, that is when it encounters sub-diagrams
already evaluated it recycles the result. MadGraph includes the average over the spin
of the initial particles, the average over the color of the initial particles and the symmetry
factor for the final states particles. Therefore my code sums over the final states coming
from the same initial state. Moreover, for the standalone C++ output it only contributes
the matrix elements so I needed to include the PDFs dependence myself.

4.1.4 Multidimensional numerical integration

As noticed above, we have to solve a 10-dimension and a 6-dimension integral. Usual
integration algorithms based on deterministic methods work well only when the number
of the dimension is very smaller. For a large number of dimensions (corresponding to
a large number of the points where the function is evaluated) they are not suitable be-
cause they converge exponentially with the number of the degrees of freedom. Instead
the Monte Carlo methods guarantee a better result since the convergence is achieved in
a “time” of O(1/

√
ns) where ns is the numbers of samples. The power of Monte Carlo

methods consists in its statistical nature. Indeed, whereas deterministic algorithms eval-
uate the integrand in specially chosen nodes and weights, a Monte Carlo algorithm takes
the statistical average over random samples ~xi,

∫ 1

0

ddxf (~x) ≈Mnf :=
1

n

n
∑

i=1

f (~xi) . (4.1)



102 CHAPTER 4. NUMERICAL SIMULATION

The error estimation is not due to “higher terms” as in deterministic case but is a prob-
abilistic estimate of the integration error

σ(Mnf) :=
√

Mnf 2 −M2
nf.

This statistical approach allows to obtain the same error with a lower number of samples.
Different Monte Carlo algorithms are usually distinguished by the sampling that they

exploit: stratified sampling or importance sampling. In the first case on each recursion
step the integral and the error are estimated using a plain Monte Carlo algorithm. If
the error estimate is larger than the required accuracy the integration volume is divided
into sub-volumes and the procedure is recursively applied to sub-volumes. An example of
stratified sampling MC is given by Miser [150].

In the second case the integration function samples points from the probability distri-
bution described by the absolute value of the integrand, so that the points are concentrated
in the regions that make the largest contribution to the integral. In importance sampling
a weight function is introduced

∫ 1

0

ddxf (~x) =

∫ 1

0

ddxw (~x)
f (~x)

w (~x)
, where w (~x) > 0 and

∫ 1

0

ddxw = 1. (4.2)

So one must to be able to sample from the distribution w (~x). f/w should be smooth,
such that σw(f/w) < σ(f), thus e.g. w and f should have the same peak structure. The

ideal choice is w (~x) = |f (~x) |/
∫ 1

0
ddxf (~x) which has σw(f/w) = 0. Thus the importance

sampling turns the plain Monte Carlo integration into simulation, indeed the configuration
are sampled with the physical probability of a configuration.

The most famous algorithm in this class is Vegas [150]. Iteratively Vegas builds up
a piecewize constant weight function represented on a rectangular grid. Each iteration
consists of a sampling step followed by a refinement of the grid. Vegas memorizes the
grid for subsequent invocations. However, in order to reduce the stored data, Vegas uses
a weighted probability distribution which is separable into product functions that depend
only on one axis variable. This procedure makes the integration biased towards function
aligned with coordinates axes.

As stressed above, in my code I have exploited Suave, a new algorithm implemented
in the cuba library [132].

Suave (short for SUbregion-Adaptive VEgas) combines the advantages of Vegas and
sub-region sampling. The division into sub-regions allows to overcome the Vegas’ problem
to adapt its weight function to structures not aligned with the coordinate axes. The
essential inputs are ǫrel and ǫabs, the relative and absolute accuracies, nnew, the number
of samples added in each iteration, nmax, the maximum number of samples allowed, and
p, a flatness parameter.

Suave has a main loop which calls a Vegas-like sampling step, that is at first Suave
samples the integrand using a uniform probability distribution. Then it identifies the
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region where the integration error is the largest one and bisect this region along the axis
in which the fluctuations of the integrand are reduced most. The total fluctuation is given
by

Ftot :=













∑

i

|1 + Find(~xi)|p












2
3p

where Find is the fluctuation of the individual sample points, a quantity that combines the
relative deviation from the region mean, (f − I)/I, with the χ value, |f − I|/σ, weighted
by the Vegas weight w corresponding to sample ~xi. Empirically, larger values of p are
better for flatter integrands, while smaller values are preferred for a peaked integrand. So
the main loop is responsible for subdividing the sub-regions and maintaining the totals.
After the bisection, the sampling step does the actual sampling on the sub-regions and
computes the region results. During this step, the Vegas grid is redefined over the subdi-
visions. These steps are reiterated until the desired accuracy or the maximum number of
evaluations is reached. Since the Vegas grid is kept across divisions, the algorithm uses a
lot of memory. However with modern machines this is not a big deal.

The Cuba Library

The Cuba library [132] is an implementation of four algorithms for multidimensional
numerical integration: Vegas, Suave, Divonne, and Cuhre. They have a C/C++, Fortran,
and Mathematica interface each and are invoked in a very similar way, thus making them
easily interchangeable. All four can integrate vector integrands and perform only Riemann
integral. Cuhre is a deterministic algorithm, the others use Monte Carlo methods. The
goal of the creators of the library is a continuous improvement of these algorithms; indeed
Vegas, Divonne and Curhe underwent many little changes with respect to their basic
implementation in order to accelerate their convergence. Instead Suave is a new algorithm.

To be more practical, we notice that Cuba perform only Riemann integral over the
unit hyper-cube. Thus in general an additional translation of the integration variables is
required in order to restore the right integration limits:

∫ b1

a1

· · ·
∫ bd

ad

ddxf (~x) =

∫ 1

0

ddyf (~x)
d
∏

i=1

(bi − ai) where xi = ai + (bi − ai)yi. (4.3)

4.1.5 ROOT: analysis of the simulated data

ROOT is a powerful software framework designed for data analysis. It is an open
source project coordinated by the European Organization for Nuclear Research, CERN
in Geneva. ROOT provides both a programming interface to use in own applications and
a graphical user interface for interactive data analysis. It is object oriented, so it requires
a little practice.
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As data analyzer, ROOT accomplishes many goals. Whether our data are real or
simulated (≡ pseudo-data), at first step we have to visualize the data. Next, some ma-
nipulations can be applied, for example corrections or parameter transformations. These
manipulations are possible thanks to a rich library of mathematical functions and pro-
cedures (e.g. Fourier transformation). Moreover, ROOT includes and can handle the
errors relative to data properly by means of statistical tools. ROOT provides also several
methods for fitting the data points by means some model functions. So it make us able
to quantify the level of agreement between measurement and model (of course this is
meaningful only for real data). In the end ROOT is able to deal with the huge amount
of data needed for obtaining better statistical analysis.

4.2 Results from the simulation

In the Table 4.2 and Table 4.3 the values of the integrals obtained in the case of p -p
and p -A collisions are listed. The value obtained for the σpp

spi is in agreement with the
experimental value in [137]. The results obtained by means of the PDF set from the
CTEQ Collaboration are a little underestimated.

In order to account for the larger error related to the effective cross section value we
need to propagate the error for the double cross section. The two main source of error
are the integration error and the effective cross section error. For the p -A we neglect
the errors related to the parameters of the Woods-Saxon. The influence of σeff over the
integration error is that of a pre-factor. Hence the uncertainties over σdpi are given by

δσpp
dpi = δσpp

code +
σpp

dpi

σeff

δσeff

δσpA
dpi = R δσpA

code +
σpA

dpi

σeff

δσeff ,

where δσpp
code is the uncertainty in the Table 4.2 and δσpA

code is that in the Table 4.3. The
ratio R is defined in Equation (3.33). For the effective cross section I used its statistical
and systematic errors added in quadrature. The right errors appear in the Table 4.5 and
Table 4.4.

4.2.1 Fraction of DPS

By exploiting the cross sections evaluated by the code, at first I calculated the same
observable measured by ATLAS and CMS Collaborations that is the ratio

R
dpi =

σdpi

σdpi + σspi

. (4.4)
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PROTON-PROTON COLLISIONS [σ] = pb
MSTW2008lo68cl CTEQ6 LO
σdpi σspi σdpi σspi

20.22 ±0.16 209.18 ±8.87 17.95 ±0.14 209.81 ±7.54
20.26 ±0.19 224.76 ±7.32 17.99 ±0.18 192.73 ±7.38
20.20 ±0.17 210.83 ±6.91 17.94 ±0.14 189.63 ±10.31
20.04 ±0.17 215.73 ±7.37 17.81 ±0.17 198.66 ±7.79
20.01 ±0.19 202.41 ±7.98 17.96 ±0.16 176.33 ±9.54
19.96 ±0.19 208.73 ±8.73 18.04 ±0.17 172.26 ±8.49
20.14 ±0.15 202.72 ±8.35 17.68 ±0.16 201.70 ±8.15
20.12 ±0.16 211.26 ±7.08 17.67 ±0.17 182.13 ±7.94
20.37 ±0.17 224.75 ±6.37 17.89 ±0.16 174.32 ±10.22
20.15 ±0.06 213.39 ±2.51 17.89 ±0.05 190.33 ±2.80

Table 4.2: The results of the many runs in the case of proton-proton collisions with σeff =
σATLAS

eff . The bold values are the weighted averages. The error is exclusively from the integration.
The value obtained for the σspi is in agreement with the experimental value in [137].

PROTON-NUCLEUS COLLISIONS [σ] = pb
MSTW2008lo68cl CTEQ6 LO

σdpi/R σspi σdpi/R σspi

3984 ±34 44696 ±1285 3551 ±33 39846 ±1290
3955 ±30 38334 ±2105 3523 ±28 38427 ±1917
3990 ±38 39710 ±1567 3544 ±35 34789 ±1844
3968 ±37 36949 ±2143 3530 ±24 32512 ±2112
4006 ±32 37678 ±3402 3499 ±32 35104 ±1694
3960 ±35 46690 ±1858 3521 ±34 38348 ±943
3966 ±32 42103 ±2438 3545 ±35 35902 ±1482
3961 ±36 44649 ±1743 3514 ±27 36047 ±1641
3924 ±35 40262 ±2078 3564 ±28 38411 ±1400
3968 ±11 42096 ±655 3532 ±10 37277 ±488

Table 4.3: The results of the many runs in the case of proton-lead collisions. De facto the
code evaluates σD|1 for σeff = σATLAS

eff . The bold values are the weighted averages. The error
is exclusively from the integration.
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PROTON-NUCLEUS COLLISIONS [σ] = pb

Ratio R
σdpi

MSTW CTEQ

ATLAS
K2 = 1 3.08 ±0.70 12225 ±1368 10880 ± 1217
K2 = 2 3.99 ±1.00 15817 ±1378 14077 ± 1226

CMS
K2 = 1 3.89 ±0.84 11185 ±873 9954 ± 776
K2 = 2 5.15 ±1.21 14820 ±883 13188 ± 786

Table 4.4: The results for the ratio R for the cases where there are either only longitudinal
(K2 = 2) or only transverse (K2 = 1) correlations, obtained with σeff = σATLAS

eff and σeff =

σCMS
eff . On the right side the total double cross section from Table 4.3 are reconstructed. Their

errors have been obtained by the propagation of the error related to the integration and to the
effective cross section. We do not consider the error related to the Woods-Saxon parameters.

As shown in Table 2.1, according to ATLAS, the fraction of events with DPS for p -
p collisions is about 8%; according to CMS, it is about 5.5%. The values that I have
obtained are listed in Table 4.5. They agree with the experimental ones, for both the
choice of PDFs.

In Table 4.6, the same ratio is evaluated in the case of p -Pb collisions. The fraction
of events with DPI should grow to about 27.3%, if there were no transverse correlations
(case K2 = 2), and to about 22.5%, if the distribution in multiplicity was a Poissonian
(case K2 = 1). This increase is due to the anti-shadowing effect.

The uncertainty related to the fraction is easily obtained by the error propagation,

δR dpi =
σspiδσdpi + σdpiδσspi

(σdpi + σspi)
2

where the errors related to the single parton interaction cross sections are those in Ta-
bles 4.2, 4.3, while the errors related to the double parton interaction cross sections are
those in Tables 4.5, 4.4.

Another interesting result is achieved when looking at the difference between the
double cross sections as assessed by ATLAS and CMS for p -p collisions, so essentially the
difference between their effective cross section measurements, and the difference between
our prediction of the double cross sections for p -A collisions in ATLAS and CMS case.
For p -p collisions,

∣

∣

∣

∣

∣

σpp;ATLAS
dpi − σpp;CMS

dpi

σpp;ATLAS
dpi

∣

∣

∣

∣

∣

%

= 100%

(

1 −
σATLAS

eff

σCMS
eff

)
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PROTON-PROTON COLLISIONS
MSTW2008lo68cl CTEQ6 LO

σdpi σdpi/(σdpi + σspi)|% σdpi σdpi/(σdpi + σspi)|%
20.15 ±6.82 8.63 ±2.76 17.89 ±6.06 8.59 ±2.78
14.60 ±4.31 6.40 ±1.84 12.96 ±3.83 6.37 ±1.85

Table 4.5: The values of σD with the error coming from the propagation (integration error and
effective cross section error) and their percent fraction with respect to the total cross section for
proton-proton collisions.

PROTON-NUCLEUS COLLISIONS
DPI/(DPI+SPI)%

MSTW CTEQ

ATLAS
K2 = 1 22.51 ±2.22 22.59 ±2.18
K2 = 2 27.31 ±2.04 27.41 ±1.99

CMS
K2 = 1 20.99 ±1.55 21.07 ±1.52
K2 = 2 26.04 ±1.45 26.13 ±1.40

Table 4.6: The results for the ratio σD/(σD + σS) when there are either only longitudinal
(K2 = 2) or only transverse (K2 = 1) correlations, obtained with σeff = σATLAS

eff and σeff =

σCMS
eff .
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For p -A collisions, we have
∣

∣

∣

∣

∣

σpA;ATLAS
dpi − σpA;CMS

dpi

σpA;ATLAS
dpi

∣

∣

∣

∣

∣

%

= 100%

(

1 − R CMS

R ATLAS

σATLAS
eff

σCMS
eff

)

(4.5)

because of the method exploited by the code for evaluating the cross sections. The
results are listed in Table 4.7. We point out that, despite a large difference between the
measures of the effective cross section at ATLAS and CMS, the estimations of the double
cross sections for p -A collisions are less different. This is due to the lower sensitivity
to the value of σeff of σpA

dpi which is instead dominated by the dependence on the pairs
multeplicity K.

ATLAS versus CMS

p -p collisions
p -A collisions

K2 = 1 K2 = 2
∣

∣

∣

σATLAS
dpi −σCMS

dpi

σATLAS
dpi

∣

∣

∣

%
27.54% 8.51% 6.31%

Table 4.7: The difference between the double cross section expected at ATLAS and CMS
given their effective cross section measurements. We predict a less several difference in the p -A
collisions thanks to the large anti-shadowing contribution which depends only on the K.

4.2.2 Differential spectra

Nuclear effects and the different roles of parton correlations are of course more transpar-
ent by looking at differential distributions. To have some indication on the differential
distributions, we have evaluated the DPS differential cross section in p -p and p -Pb col-
lisions, according with the different options discussed above. As stressed above, during
the integration we took trace of the final particles configurations and of the value of the
integrand and plotted them with [135].

I generated the pT and the η spectra for the leading jet and the charged lepton coming
from the decay of W+. Everywhere the pink histograms refer to the single scattering
contribution, the green ones to the DPS contribution, the black histograms are the sum
of the two contributions.

pT -spectrum

In Figure 4.2 we plot the distribution in pT of the leading jet in p -p collisions in the left
panel. In the DPS contribution (in green) we used σeff = σatlas

eff = 15 mb. The same
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distribution is shown in p -Pb collisions with K2 = 1 in the right panel. The histograms
in the figures have been computed with the MSTW parton distribution functions except
when specified.

η
σ

η

(a)
η

σ

η

(b)

Figure 4.2: Distribution in pT of the leading jet in p -p collisions (a) and in p -Pb collisions
(b). The pink histograms refer to the single scattering contribution, the green ones to the DPS
contribution, the black histograms are the sum of the two contributions. We used σeff = 15 mb
and K2 = 2

While in p -p collisions DPSs represent a barely noticeable contribution to the pT

spectrum of the leading jet produced in the process, DPS have a much stronger effect in
the pT spectrum of the leading jet in p -Pb collisions, where the shape of the distribution
is very different for pT smaller than 50 GeV.

The dependence on the transverse spectrum of the leading jet, as a function of the
value of the σeff and of K, is shown in Figure 4.3. By looking at the green histograms
(DPI) we see that, after subtracting the single scattering contribution, which can be be
considered as a known quantity, once DPS have been measured in p -p collisions in the
same kinematic conditions, the shape in pT shows an appreciably dependence on the value
of K.

The Figure 4.4 shows the same spectra obtained from the simulation with the CTEQ
PDF set. They agree perfectly with those obtained from the simulation with the MSTW
set. The same agreement has been always found, so in order to avoid unuseful repetitions
we always report the distributions obtained with MSTW set.

An observable more suitable for learning about the distribution in multiplicity of the
multi-parton distribution, is probably the pT spectrum of the charged lepton, produced by
the decay of the W+. In a single scattering collision W bosons recoil against the produced
jets and are typically characterized by a transverse momentum of the order of the lower
cutoff in pT of the observed accompanying jets. In the case of a DPS, the jets and the



110 CHAPTER 4. NUMERICAL SIMULATION

η
σ

η

(a)

η
σ

η

(b)

Figure 4.3: Distribution in pT of the leading jet in p -Pb collisions in the cases σeff = 15 mb
(ATLAS) and σeff = 20.7 mb (CMS) for K2 = 1 (a) and K2 = 2 (b).
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Figure 4.4: Distribution in pT of the leading jet in p -Pb collisions in the cases σeff = 15 mb
(ATLAS) and σeff = 20.7 mb (CMS) for K2 = 1 (a) and K2 = 2 (b) when the chosen PDF set
is that of CTEQ Collaboration.
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Figure 4.5: Distribution in pT of the charged lepton from the W+ decay, in p -p (a) and in
p -Pb collisions in the case of σeff = 15 mb and K2 = 2 (b).

W are produced in different partonic interactions; the transverse momentum of the W
is therefore typically rather small and the spectrum of the decay lepton is thus rather
different in single and in double parton scattering. In the former case, when the lower
cutoff for the produced jets is 20 GeV, the transverse momentum of the produced lepton
can easily exceed 60-70 GeV. In the latter case the lepton is produced by a W boson with
a rather small transverse momentum and its transverse spectrum is thus limited to values
close to 1/2 of the W mass. In Figure 4.5 we plot the distribution in pT of the charged
lepton from the W+ decay. The left panel refers to the case of p -p collisions; the right
panel to the case of p -Pb collisions. The enhancement of the spectrum at pT � 40 GeV,
due to the contribution of DPS, is not a big effect in p -p collisions. It is to the contrary a
rather strong effect in p -Pb collisions, where the difference with respect to the contribution
to the spectrum due to single parton scattering (pink histograms in Figure 4.5) is quite
noticeable.

In p -Pb collisions, the sensitivity of the spectrum to K is shown in Figure 4.6. In
the Figure4.6(a) we show the spectrum in the case K2 = 1 for σeff = 15 mb (ATLAS
value) and σeff = 20.7 mb (CMS value). In the Figure 4.6(b) we show the case K2 = 2.
The enhancement of the spectrum due to the DPS contribution at pT � 40 GeV is rather
substantial and the amount of the increase is significantly different as a function of K.

By selecting events with a charged lepton in the 40 GeV pT region one will thus obtain
a sample where the contribution of DPS is of about 50% of the total and one will thus
be able to obtain a rather direct information on the second moment of the multi-parton
distribution in multiplicity in the proton structure.

These figures are a pictorial representation of the previous observation that, due to the
different production mechanism as compared to the case of p -p collisions, nuclear spectra
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Figure 4.6: pT distribution of the charged lepton from the W+ decay, in p -Pb collisions in the
case of σeff = 15 mb (ATLAS) and σeff = 20.7 mb (CMS) for K2 = 1 (a) and K2 = 2 (b).

do not depend much on the value of σeff measured in p -p collisions. Indeed it suffices
to compare the dotted and continuous histograms. We recall that in the latter case the
production rate is in fact proportional, to a large extent, to the multiplicity of pairs of
partons in the projectile, while the typical transverse distance between the interacting
parton pairs does not play a relevant role. Which is precisely the reason why DPS in
p -Pb collisions have the potential to provide a lot of information on parton correlations.

Pseudorapidites distributions

In Figure 4.7 we plot the distribution in the pseudorapidity η of the leading jet in p -
p collisions (left panel) and p -Pb collisions with K2 = 1 (right panel). In the DPS
contribution (in green) we used σeff = σatlas

eff = 15 mb. The histograms in the figures
have been computed with the MSTW parton distribution functions.

We notice that in the case of p -Pb collisions the maxima are located in a region
opposite with respect to the case of p -p collisions; this is do to the effect of the amount
of neutrons inside the nucleus that provide different rate in the production of the W+

boson. As we are looking to the jet spectrum this effect is absent in the case of DPS where
the jets are produced independently from the W boson. In the bottom line of Figure 4.8
(4.8(a), 4.8(b)) we see that, as usual, a larger value of K2 enhances the differences.

In Figure 4.9 the pseudorapidity spectrum of the charged lepton coming from the
decay of W+ is shown for p -p and p -Pb collisions.

The two distributions are sensibly different. Indeed in Figure 4.9(a) the total dis-
tribution is about symmetric (DPS is symmetric while the lepton from SPI is produced
mildly backwards), whereas in the Figure 4.9(b) the distribution has its maximum in the
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Figure 4.7: Distribution in η of the leading jet in p -p collisions (a) and in p -Pb collisions
(b). The pink histograms refer to the single scattering contribution, the green ones to the DPS
contribution, the black histograms are the sum of the two contributions. We used σeff = 15 mb
and K2 = 1
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Figure 4.8: Distribution in η of the leading jet in p -Pb collisions in the cases σeff = 15 mb
(ATLAS) and σeff = 20.7 mb (CMS) for K2 = 1 (a) and K2 = 2 (b).
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Figure 4.9: Distribution in η of the charged lepton from the W+ decay, in p -p (a) and in p -Pb
collisions in the case of σeff = 15 mb and K2 = 1 (b).
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Figure 4.10: η-spectrum of the charged lepton from the W+ decay, in p -Pb collisions in the
case of σeff = 15 mb (ATLAS) and σeff = 20.7 mb (CMS) for K2 = 1 (a) and K2 = 2 (b).
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larger rapidities region again because of the contribution from nuclear nucleons. However
the difference is less clear for DPS distributions, as shown also in Figure 4.10 where the
two extreme values of K2 are probed. A simulation with larger rapidities for the charged
lepton (|η�+ | < 8) allows to see the asymmetry for DPSs in p -A collisions with respect to
p -p as shown in Figure 4.11 (K2 = 1). In Figure 4.12 the η-spectrum evaluated with this
larger range appears for DPI and SPI interactions for the two limit values of K2.
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Figure 4.11: In the first line the distribution in η of the charged lepton from the W+ decay,
in p -p (a) and in p -Pb (b) collisions in the case of σeff = 15 mb and K2 = 1 when a larger
range of rapidities is probed. In the bottom line, the η − pT spectrum for p -p (c) and p -Pb (d)
collisions with the same rapidity range.

We can conclude that the pseudorapidity spectra do not seem to represent a signature
suitable for distinguishing the value of K. However also in this case the increase of the
DPS contribution for p -Pb collisions is remarkable and again we observe that the nuclear
spectra do not depend much on the value of σeff measured in p -p collisions, as shown by
the Figures 4.8 and 4.10 where the spectra obtained with the measures of the effective
cross sections by ATLAS and CMS are compared.
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Figure 4.12: Distribution in η of the charged lepton from the W+ decay in p -Pb collisions in
the case of σeff = 15 mb for K2 = 1 (a) and K2 = 2 (b) when a larger range of rapidities is
probed.
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Rapidity-Transverse momentum spectra

In the Figures 4.13 we show the spectra in pseudorapidity and transverse momentum
for the leading jet and the charged lepton when we consider p -p or p -Pb collisions
within the machine |η�|-range. All the above observations are strengthened. E.g. in
Figures 4.13(a), 4.13(b) we can notice the different slope in pT for the leading jet in the
case of p -p or p -Pb collisions. It is less clear than in Figure 4.2 as there we considered only
the pseudo-data in a well defined rapidity range (|η| < 0.2). Moreover in Figure 4.13(d)
we can observe the forward asymmetry in pseudorapidity of the charged lepton in the
case of p -Pb collisions with respect to the case of p -p collisions shown in Figure 4.13(c)
due to the nuclear neutrons contribution. In the end in the leptonic spectra we can also
see the typical peak in pT at around one half of the W+ boson.
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Figure 4.13: The η − pT distribution for the sum of all the contribution (DPI+SPI) in p -p
(a) and in p -Pb (b) collisions respectively for the leading jet (first line) and the charged lepton
(second line, (c) and (d)) in the case of σeff = 15 mb and K2 = 2.
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4.2.3 Fractional momenta distributions

We studied the distributions of the fractional momenta for the incoming partons for the
double parton scattering (in green) and single parton interaction (in pink).

The fractional momenta for the partons giving rise to the W+ boson are shown in
Figure 4.14(a) for p -p collisions, while the same distributions for the p -A collisions appear
in Figure 4.14(b). In this case x1 is the fractional momenta of the parton coming from
the proton and x2 that one of the nuclear parton.

(a) (b)

Figure 4.14: Distribution in x1,2 for p -p (a) and p -Pb (b) collisions.

In the double collision the W+ boson is generated almost at rest so x1x2s = (Mw)2,
if x1,2 are the fractional momenta related to its production. When taking the logarithm,
lnx1+lnx2 = ln(Mw)2− ln s (= cost.), that corresponds to the green band in the pictures.
The width is related to the motion of the boson. As x1,2 grows fast when x is small, the
leading configurations are those corresponding to the case where the fractional momenta
assume the minimum values satisfying the energy conservation in the partonic collisions.

In the single interaction, W+ moves since its momentum must balance those of the
jets which have a transverse component of at least 20 GeV. Therefore the energy in the
partonic center of mass is larger than Mw and the above relation has to be replaced by
lnx1+lnx2 > W > ln(Mw)2−ln s where W is mildly dependent on ln x1,2 and corresponds
to the lower limit of the pink region in the figures; so it determines the distance between
the green and the pink regions. The regions in x1 and x2 obtained in such a way are
not able to distinguish p -p and p -A collisions. Moreover, at the experimental level the
fractional momenta reconstruction is difficult because of the presence of the neutrino.



Conclusions

In this thesis, the theoretical background where Multiple Parton Scatterings are studied
is briefed. At first we pointed out to the MPI theory in the p -p collisions. Double
Parton Scattering processes are directly related to unknown soft properties of the hadron
structure, which in p -p collisions converge in the value of the effective cross section.

However, as shown, through p -p collisions we cannot make distinction on the difference
sources of correlation between the partons. Hence, we moved our attention on the p -A
collisions. Indeed the interaction mechanism in p -A collisions is dual: the nucleus may
provide either one or two different nucleons interacting with large momentum transfer. In
the case of two different active target nucleons, there are a diagonal contribution with a
direct probabilistic interpretation and the contribution of an interference term. When the
two active partons in the initial state are identical, the nucleus can generate the initial
partonic configuration in two different ways. The description of the interaction is simpler
when the interference term is absent, e.g. for reaction channels where the pair of initial
state active partons are a quark and a gluon, like in W+ 2−jet, Wbb̄ and Wcc̄ production
at relatively low fractional momenta.

With the aim of extracting information about parton correlations through the study
of DPS in p -p and p -A collisions, we considered an especially simple case, still not in-
consistent with present experimental evidence. Thus DPS is described by the dominant
term at small x while, in p -p collisions, the effective cross section can be approximated
with a universal constant. The effective cross section is totally determined by the typical
transverse distance between the interacting partons Λ and by the multiplicity of parton
pairs, which here is characterized by the value of K. In order to keep the interaction
with the nucleus as simple as possible, we considered the W+ 2−jet production, where
the interference term is absent. We remark that this channel is of particular interest since
DPS in W+ 2−jet production is presently studied experimentally in p -p collisions both
by ATLAS and by CMS Collaborations.

In our simplified parametrization, the DPS cross section in p -p collisions depends
only on the ratio between K and Λ. In p -A collisions the contribution to the DPS cross
section with two active target nucleons depends on the contrary (almost) only on K. So
the joint study of DPS in p -p and p -Pb collisions could allow to disentangle transverse
and longitudinal correlations. For this reason, we simulated the W+ 2−jet production
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cross sections both for p -p and p -A collisions, in the kinematic conditions of the ATLAS
experiment.

In p -A collisions, the contribution to the DPS cross section, due to the processes where
two different target nucleons interact with large momentum transfer, is proportional to
the factor K and grows with A4/3. Depending on the value of K, in p -Pb collisions this
contribution may be twice or three times as large as the contribution to DPS where only
a single target nucleon interacts with large momentum transfer, while short range nuclear
correlations can produce at most a reduction of 10%.

This very strong anti-shadowing effect has been obtained also in [120, 151]. The
amount of this anti-shadowing term is proportional to the flux of incoming pairs of partons
and thus the measure of the amount of anti-shadowing gives a direct indications on the
number of pairs of incoming partons in the projectile. Different properties of the incoming
pair of partons, which may have important effects in DPS in p -p collisions, are likely to
be much less important in p -A. In fact the effect of varying the value of the typical
transverse distance between the pairs of interacting partons has in this case only a minor
effect which we estimate to be of the order of 6-8% of the cross section.

Considering also the contribution due to single hard collisions we expect that the
fraction of events with DPS will range between 22.5% (in the absence of longitudinal
correlations) and 27.3% (in the absence of transverse correlations) in the p -Pb case,
despite the ratio of about 8% measured by ATLAS. The same ratio measured by CMS
is about 5.5%. In such a case and with the same cuts, in p -Pb collisions the fraction of
events with DPS will range between 21.0% and 26.0%.

Therefore, the study of DPS in p -A collisions appears as a powerful tool for a deeper
understanding of the correlations. Our numerical simulation of the collision shows that it
would be possible to understand the weight of longitudinal correlations by looking espe-
cially at the behavior of the differential cross section when the transverse momentum of
the charged lepton produced from the decay of W+ or at the different slope characterizing
the pT spectrum of the leading jet.

A comparison with an experimental study of DPS in p -Pb at the LHC would provide
a quantitative test or even to disprove for the simplest description of DPS. Nevertheless,
in case of agreement, it could provide the first estimation of the pairs multeplicity of the
hadron K; in addition, since the knowledge of K implies the knowledge of Λ namely of
the typical transverse distance between the interacting partons, for the first time we could
obtain a first indication about the three-dimensional structure of the proton.



Appendix A

The LHC

The Large Hadron Collider (LHC) [152] is a synchrotron that accelerates two counter-
rotating beams in separate beam pipes. It was installed in the existing 26.7 km tunnel
previously occupied by the CERN LEP machine and located between Switzerland and
France.

It is designed to collide two counter rotating beams of protons or heavy ions. During
the first start-up proton beams were collided at the maximum center-of-mass energy√
s = 7, 8 TeV with a luminosity of 1034 cm−2 s−1, while lead ions were collided with an

energy of 2.76 TeV per nucleon and a peak of luminosity of 1027 cm−2 s−1.
The beams move around the LHC ring inside a continuous vacuum guided by magnets.

These magnets are superconducting and are cooled by a huge cryogenics system. The
cables conduct current without resistance in their superconducting state. The beams will
be stored at high energy for hours. During this time collisions take place inside the main
LHC experiments.

At present the LHC is not working. Indeed after its first start-up, it is now subject
of planned preventative maintenance and updates. At the new switch-on foreseen in late
2014, it should be set to run at its regime energy of 14 TeV.

A.1 The experiments

At the LHC there are four major active experiments whose detectors correspond to the
collisions areas as shown in the Figure A.1(a).

CMS (Compact Muon Solenoid [153]) and ATLAS (A Toroidal LHC Apparatus [154])
are the two most famous experiments. They are two general-purpose detectors that
can study both p -p and Pb -Pb collisions. The aim of the two experiments consists
in the verification of the SM, the research of the Higgs boson, and of its properties
after its recent discovery [155, 156], the search of physics beyond SM and heavy
ion physics. The detectors are optimized for high transverse momenta in order to
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strengthen the discovery of the lightest new particles postulated by models such as
the supersymmetric extensions (SUSY) of the SM. Furthermore the high-pT probes
are exploited in the study of quark-gluon plasma. A schematic overview of the
working principles of these detectors is given below. In my thesis I compare my
simulation to the results obtained by both the Collaborations.

ALICE (A Large Ion Collider Experiment [157]) is designed and optimized to the study
heavy ion collisions. The purpose of ALICE is to study the physics of strongly inter-
acting matter at extreme energy densities, where the formation of the quark-gluon
plasma is expected. The discovery of the this new phase of matter represents a help
for the understanding of confinement and of chiral-symmetry restoration in QCD.
Alice is also studying proton-proton collisions both as a comparison with lead-lead
collisions and in physics areas where Alice is competitive with other LHC experi-
ments.

LHCb (The LHC beauty experiment [158]) is devoted to the study of the CP-violation
in the b quark system produced in p-p collisions. It studies Flavor Physics too.

Moreover, there are three complementary experiments located near the previous ones
which analyze the forward products of the collisions.

TOTEM (TOTal Elastic and diffractive cross section Measurement [159]) is dedicated
to the measurement of total cross section, elastic scattering and diffractive processes
in proton-proton collisions. It is located in the forward region of the CMS detector.

LHCf (LHC forward [160]) is the smallest one of the LHC experiments. It is located
near the ATLAS experiment region. The aim of this experiment is the study of the
neutral-particle production cross sections in the very forward region of proton-proton
and nucleus-nucleus interactions. Neutral pions, gammas and neutrons production
have been investigated during the initial phase of the LHC running. The results of
the LHCf experiments are interesting for understanding the origin of cosmic rays.

MOEDAL (MOnopole ans Exotics Detector at the LHC [161]) has been approved in
2010. This detector is deployed around the same intersection region as the LHCb
detector. The hope of MOEDAL is to look directly for the magnetic monopole, This
monopole detector is also searching for the highly ionizing Stable Massive Particles
(SMP’s) predicted by model beyond the SM.
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(a) (b)

Figure A.1: In (a) a schematic overview of the four main experiments and the two ring structure
of the LHC. In (b) a schematic representation of CERN accelerators

A.1.1 Production of protons and lead nuclei

I summarize here the processes through which protons and lead nuclei are produced and
accelerated [162]. Hydrogen atoms are taken from a bottle containing hydrogen. Protons
are obtained by stripping orbiting electrons from hydrogen atoms. Protons are injected
into the PS Booster (PSB) at an energy of 50 MeV from Linac2. The booster accelerates
them to 1.4 GeV. The beam is then fed to the Proton Synchrotron (PS) where it is
accelerated to 25 GeV. Protons are then sent to the Super Proton Synchrotron (SPS)
where they are accelerated to 450 GeV. They are finally transferred to the LHC (both in
a clockwise and an anticlockwise direction, the filling time is 4 minutes, 20 seconds per
LHC ring) where they are accelerated for 20 minutes to their nominal energy of 7 TeV.
Beams will circulate for many hours inside the LHC beam pipes under normal operating
conditions. Protons arrive at the LHC in bunches, which are prepared in the smaller
machines. In addition to accelerating protons, the accelerator complex also accelerates
lead ions. The LHC only accelerates the isotope 208Pb of lead that contains 126 neutrons.
Since protons and neutrons have approximately the same mass, an LHC lead ion weighs
roughly 208 times more than a proton. Lead ions are produced from a highly purified lead
sample 2 centimeters long that weighs 500 milligrams heated to a temperature of about
500C. The lead vapour is ionized by an electron current. Many different charge states
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are produced with a maximum around Pb29+. These ions are selected and accelerated
to 4.2 MeV/u (energy per nucleon) through a linear accelerator called Linac3 before
passing through a carbon foil, which strips most of them to Pb54+. The Pb54+ beam is
accumulated, then accelerated to 72 MeV/u in the Low Energy Ion Ring (LEIR), which
transfers them to the PS. The PS accelerates the beam to 5.9 GeV/u and sends it to the
SPS after first passing it through a second foil where it is fully stripped to Pb82+. The
SPS accelerates it to 177 GeV/u then sends it to the LHC, which accelerates it to 2.76
TeV/u. All these steps are illustrated in Figure A.1(b).

A.2 Detection of hadrons

A hadronic detector comprises four concentric shells one inside the next one as depicted
in Figure A.2.

The first shell consists in a tracker. The tracker is rather thin and thinly segmentated in
order to measure the position of the points over the traces with precision. It also measures
momentum and charge of secondary tracks and vertices (e.g. decay of b quarks).

The second shell is an electromagnetical calorimeter. It measures energy and position
for the electrons and photons which are seen in this stage.

The third shell is a hadronic calorimeter. It measures the energy and position of
hadrons and jets that leave their track inside it.

In the end there is a muon detector which records the tracks of the muons. In the
tracker (and in the ATLAS muon detector), there are magnets generating a field that
curves the tracks in order to make the momentum measure easier.

These types of detectors cannot identify the neutrinos that escape the machine. How-
ever their transverse energy can be obtained by the balance of the transverse momenta.
So the machine has to be hermetic and the measurement of the transverse energy done
with large accuracy.

ATLAS and CMS experiments differ because of the different detectors technology. The
main difference is the magnet exploited by the two detectors.These executive differences
are reflected in different performances, i.e. in the range of rapidities covered by the
detectors and the energy resolution.

The number of events per second (rate) generated in the LHC collisions is Nevent =
Lσevent, where .σevent is the cross section for the event under study and L the machine
luminosity.

The LHC has to deal with two major problems, the pile up and the radiation produc-
tion. Let us consider the pile up. At the hadron collider the number of events per second
(rate) generated in the collisions is Nevent = Lσevent, where σevent is the cross section for
the event under study and L the machine luminosity, a measure of the integrated flux of
potentially interacting particles. The rate production is so given by

R = Lσinel(pp) ≈ 109 interactions/s.
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(a) (b)

Figure A.2: A schematic representation of the four layers of a detector such as ATLAS and
CMS (a), with the track left by each type of particles (b).

Now, the protons are produced in bunches (containing around 1011 particles) that collides
in the interaction point every 25 seconds. This means that at each interaction about 23
Minimum Bias (MB) events are generated. The MB can be defined as the inelastic
collisions of two protons accepted by the trigger with the only requirement the transverse
momentum exceed a minimal threshold. So the MB events definition is sensible only at
the experimental level. The pile up is the overlap of the MB events with the high-pt

events. When examining the detected events, the pile up is an unavoidable backgroung;
hence it is necessary to study it. Moreover, it allows to predict the level of radiations
inside the machine, the second problem at the LHC. Indeed the radiations damage and
reduce the sensitivity of the detector, especially of the first shells.

Another important components in the event is given by the so-called Underlying Event.
A UE is defined as all the activity of a single event that is superimposed to the hard par-
ton scattering. In the theoreticians’ ideal world, a parton is extracted from each proton,
interacts with the other parton giving rise to the desired final state with a inclusive cross
section obtained solving the master formula in (1.5). The remnants of the protons evolve
independently. In real life, soft and hard QCD coexist through the sharing of the pri-
mary vertex, the transverse energy (larger energies correspond to larger UE activity) and
colour/flavour connection. Therefore, as shown in Figure A.3, underling events combine
initial and final state radiation, beam remnants and multiple parton interactions.

Despite their different meaning, underlying events and minimum bias have similar
phenomenological consequences. The transverse region is particularly sensitive to UE. In
order to describe them at the LHC, the experimental community exploits Monte Carlo
Generators, that are tuned to describe the CDF data (that is data from Tevatron). The
two leading MC generators are JIMMY [115] and PYTHIA [106]. Both must implement
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Figure A.3: The hard subprocesses for the W+ hadroproduction, the forest of underlyng events
(UE in the picture) and the soft radiations (soft QCD).

MPI’s, indeed initial and final state radiation together with spectators do not suffice to
describe neither Tevatron nor LHC data.
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Glauber model in nuclear collisions

B.1 Nucleus-nucleus collision

The Glauber model allows to evaluate some average properties of a nucleus-nucleus colli-
sion. Let us consider a probabilistic approach to the problem, e.g. [59]. In the nucleus-
nucleus collisions the impact parameter is defined as the vector in the transverse plain
from the center of the projectile and the center of the target nucleus, as shown in the
Figure B.1(a). The impact parameter determines the centrality of the collision. Smaller
impact parameters correspond to more and more nucleons partecipating to the interac-
tion. The probability of having a nucleon in the volume d2s dz and the position (s, z) is

s−b

s

b

x

y

(a)

s−b sb

y

z

(b)

Figure B.1: A schematic representation of the geometry of the nucleus-nucleus collision in the
frame of the Glauber’s model, with transverse (a) and longitudinal (b) views. The projectile is
the smaller circle, the target the bigger one.

equal to
1

A
ρA(sA

i , z
A
i )d2s dz.
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However in previous approximation of linear unchanged trajectory, only the {sA
i }

coordinates are important, therefore we can integrate over dz and so exploit the nuclear
thickness function defined in Equation (1.44). We label it A since assigned to nucleus A.
In order to be identified with the probability of finding a nucleon in the nucleus at the
transverse coordinate s we have to divide by A, so we refer to τA(s) := T (s)/A.

Being the collision between nuclei, we need the thickness function of the other nucleus
too; in the frame centered on previous nucleus,

τB(b− s) :=
1

B

∫ +∞

−∞
dzB ρB(b− s, zB

i ).

The probability of a nucleon-nucleon collision in a transverse area d2s is then

dP = d2s τA(s)τB(b− s)σinel.

Therefore, the probability of a nucleon-nucleon collision at the impact parameter b is

P(b) = σinel

∫

d2s τA(s)τB(b− s)

=: σinel τAB(b),

where τAB(b) is the nuclear overlap function normalized to 11. For not deformed nuclei,
it depends on the absolut value of the impact parameter.

The probability of n nuclear interactions during a collision between the two nuclei A
and B is then

Pn(b) =

(

AB

n

)

(σinelτAB(b))n (1 − σinelτAB(b))AB−n ,

where (σinelτAB(b))n is the probability of having n interactions between nucleons and
(1 − σinelτAB(b))AB−n is the probability of having AB − n non-interacting nucleons and
the binomial coefficient accounts for the number of combinations allowing n interactions.

Finally we are able to evaluate the probability of interaction between the two nuclei;
they undergo an inelastic collision if there is at least one nucleon-nucleon inelastic collision,
so

pAB(b) =
AB
∑

n=1

Pn(b) = 1 − P0(b)

= 1 − (1 − P0(b))AB .

P0(b) is the probability of no inelastic collision between the nucleons.

1 the nuclear overlap function defined by the thickness functions TA is instead normalized to the
product AB.
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We focus now on a single nucleon. The probability of the interaction between a nucleon
(of A) with transverse coordinate s with a nucleon inside the target B is

p = σinelτB(b− b),

whereas the non-interaction probability is given by

q = 1 − p = 1 − σinelτB(b− s).

The probability that a nucleon (of A) do not interact with any nucleons of B is

QnB(b, s) = qB = (1 − σinelτB(b− s))B .

The probability that a nucleon (of A) interacts at least with a nucleon of B is

PnB(b, s) = 1 −QnB(b, b) = 1 − (1 − σinelτB(b− s))B .

In the case the nucleon belongs to a nucleus, this result allows to evaluate the number
of nucleons that undergo a collision and so also the number of spectators. By integrating
over all the position of the nucleon n inside A we obtain the probability that a nucleon
from A interacts with no matter which nucleon in B,

PnB(b) =

∫

d2s τA (s)
(

1 − (1 − σinelτB(b− b))B
)

.

The probability of having m participant nucleons in A is

Pα(b) =

(

A

α

)

PnB(b)α (1 − PnB(b))A−α .

So, the averaged number of participant nucleons in A is

< α >= APnB(b),

analogously the averaged number of participant nucleons in B is

< β >= BPnA(b).

The averaged number of participant nucleons in the A-B collision is equal to the sum of
previous number.

In the end we can evaluate the average number of nucleon-nucleon collisions at fixed
b by exploiting that for binomial distribution the average is given by µ = Np where N is
the number of probes and p the succes probability. In our case, the probability is

Pn(b) =

(

AB

n

)

(σinelτAB(b))n (1 − σinelτAB(b))AB−n ,

from which
Ncollisions(b) = ABσinelτAB(b).
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