
università degli studi di trieste
Dipartimento di Astronomia

xxi ciclo del dottorato di ricerca in fisica

NON-EQUILIBRIUM DYNAMICS

OF GALAXY CLUSTERS

(Settore scientifico-disciplinare FIS/05)

DOTTORANDO

GUIDO CUPANI

COORDINATORE DEL COLLEGIO DEI DOCENTI

CHIAR.MO PROF. GAETANO SENATORE
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Chapter 1

Dynamics and mass
estimation in galaxy clusters

The clusters of galaxies are the biggest dynamically relaxed structures in the
Universe. The knowledge of their dynamical properties plays a central role
in modern cosmology, since it provides a direct way to estimate the total
mass content in the Universe [28, 29, 39]. In the currently accepted model
of structure formation, the galaxies and the large-scale cosmic structure
appear to be tightly connected. Therefore, a consistent description of cluster
dynamics must be extended up to the outermost regions of clusters where
the matter is generally not set to hydrodynamical equilibrium.

The estimation of the total mass of clusters has become a prominent
research field in the last decades. Several techniques were proposed and de-
veloped, using the dynamical analysis of the member galaxies [3, 19, 23, 45]
as well as the observation of the X-ray emitting gas in halos [18, 71], and the
gravitational lensing e!ects on background objects [22, 36]. All these tech-
niques must cope with both theoretical and observational issues which some-
how limit their accuracy and reliability. In fact, the estimation of cluster
masses remains a di"cult task, mainly because most of the matter content
in clusters is actually dark matter, which cannot be directly observed.
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1.1 Dynamics and mass estimation

The present work addresses the issue of cluster mass estimation within the
dynamical approach based on observations of the member galaxies. This
analysis is developed within the classical framework provided by the spher-
ical collapse model and by the Jeans formalism. The same theoretical basis
underlies the so-called caustic technique, which is commonly used to esti-
mate the mass outside the virialization core of clusters. To properly intro-
duce our work, we provide a brief summary of the main results obtained in
this field during the last decades, both theoretically and observationally. An
excellent review of such topic was compiled by Biviano in 2002 [64].

Theoretical framework. The easiest way to describe the matter accre-
tion onto a cluster is to solve the evolutionary equations of a matter density
perturbation under the assumption of spherical symmetry [4, 5, 6, 7, 8].
This approach, which is referred to as spherical collapse model, allows to
predict the expected density profile of the cluster by analytical means and is
also used to determine the matter density cosmological parameter #0. Al-
though the spherical symmetry assumption is somehow a strict requirement,
it turns out to provide a suitable description of the outskirts dynamics, where
an overall infall motion of matter is actually recognizable [16]. Moreover,
the estimates of #0 obtained from galaxy dynamics are in agreement with
the current concordance cosmology [79].

The further assumption of steady-state dynamical equilibrium is used to
develop the Jeans formalism, which is a common approach in literature [17].
The Jeans formalism allows to compute the mass profile of the cluster once
the number density profile and the velocity dispersion profile of galaxies have
been extracted from observations. Usually, an Ansatz about the anisotropy
of galaxy orbits is required [9, 25, 40].

The assumptions of the Jeans formalism were proved to be to restrictive
in particular cases. The simplest expression to compute the total cluster
mass is the virial theorem, which relates the total cluster mass M to the
galaxy velocity dispersion $ and to the cluster size R [3]:

M =
$2R

G
(1.1)

where G is the gravitational constant. This result must be actually cor-
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rected to take into account a “surface term” [15] whose e!ect is noticeable
(though it is small when compared to the typical uncertainties related to the
galaxy velocity dispersion measurements). Moreover, evidence of steady-
state equilibrium violation was found [20]. Despite these issues, the Jeans
formalism was succesfully applied to several observed clusters in di!erent
recipes [40, 45, 54, 68] and provided indication that galaxies roughly trace
the overall matter distribution in clusters [64].

The caustic technique. Under the spherical symmetry assumption, the
infall motion is proved to produce a pattern of caustic surfaces when ob-
served in projection onto the sky plane. These surfaces are theoretically
defined as enveloping all galaxies whose infall motion overwhelms the Hub-
ble flow expansion [19, 23]. Caustics surfaces are clearly recognizable and
were actually observed in the distribution of galaxy redshifts as “trumpet-
shape” features [21].

Diaferio & Geller [42] and Diaferio [49] demonstrated that the caus-
tic amplitude provides a direct measure of the escape velocity of galaxies.
In fact, galaxies are proved to have substantial non-radial motion due to
anisotropical mass accretion in clusters and internal dynamics of cluster
substructures (such as clumps and filaments) [48]. Since the escape veloc-
ities of galaxies directly depend on the gravitational potential of clusters,
the caustic amplitude can be used to estimate the mass profile of the cluster
in the innermost part of the non-equilibrium region, up to the turnaround
radius rt (i.e. the radial distance where the velocity of the infall motion is
equal to the Hubble flow velocity.). This method is usually referred to as
the caustic technique.

The caustic technique was tested on simulated data sample [49] and
subsequently applied to the observation of many local clusters [50, 53, 60, 69].
The mass estimates obtained using this technique are consistent with those
based on virial theorem [45, 67] and weak lensing observations [73].

To determine the amplitude of caustic surfaces a large number of mem-
ber galaxies must be observed. It is a remarkable issue which severely un-
dermines the possibility of estimating the mass profile of poorly-populated
clusters. Due to this issue, the problem of mass estimation in the non-
equilibrium region is far to be completely solved and is still a challenging
field for both theoretical and observational analysis.
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1.2 Aims of the present work

The present work is mainly focused on the analysis of the cluster non-
equilibrium region, defined as the region where the matter is not yet relaxed
and is a!ected by an overall infall motion towards the cluster centre. This
region turns out to be fairly well described by the spherical collapse assump-
tion [47] and it is a promising field for future research, as the development of
tecnologies enable us able to observe clusters up to their extreme outskirts.

Within this framework, we suggest a new approach to the problem of
mass estimation, which can in principle overcome some issues of the other
methods based on galaxy dynamics, such as the caustic technique. This
approach is also based on the spherical collapse model, but uses the velocity
of the infall motion (rather than the escape velocity) as a key quantity to
describe the overall matter distribution in clusters. If the infall velocity is
known, it can be actually used to compute the overdensity of clusters within
any given spherical surface centered in the cluster centre, thus providing a
direct estimation of the mass profile.

To achieve this goal, we will fully exploit the results of the spherical
collapse model and use these results as a criterion to estimate the cluster
mass profiles up to the extreme outskirts of clusters. We will also investigate
the possibility of overcoming the issues of the Jeans formalism by developing
a consistent non-stationary formulation of the formalism, to be applied in
the transition region from the cluster core to the outskirts.

We will basicly demonstrate what follows:

• It is possible to recognize a turnaround scale in galaxy clusters, defined
as the scale where matter detaches from the overall Hubble flow of
the Universe and collapses towards the cluster centre. This scale is
theoretically defined by the sphericall collapse model and is a suitable
normalization scale for the external mass profile of clusters.

• The infall pattern of galaxy can be reconstructed with a thorough
analysis of the galaxy redshift distribution. It provides an e!ective
way to estimate the cluster mass from the core up to the extreme
outskirts, only relying on observed quantities.

• The presence of an overall infall motion in the non-equilibrium region
must be taken into account within the Jeans formalism. The standard,
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stationary approach needs to be corrected with non-stationary terms
to better describe the mass profile in the transition region between the
cluster core and the turnaround scale.

These results will be used to estimate the mass profile of clusters from the
cluster core up to the turnaround region. An accurate description of the
dynamics in this region is required to obtain a reliable estimation of the
total cluster masses. The same results can be naturally extended beyond
the turnaround region, thus allowing a better comprehension of the accretion
phenomenon which takes place in the outermost regions.

The whole analysis is performed on a large cosmological simulation run
by Borgani et al. in 2004 [71]. The use of cosmological simulations allows
to overcome the impossibility of directly observe in 3 dimensions the total
matter content of the real Universe. Analytical methods, describing the
spherical infall and consistent with the simulations, have also been used in
order to extend the application of our results to di!erent (flat) cosmological
models.

Structure of the present work. The doctorate thesis consists of two
main parts. The first part specifically addresses the description of cluster
dynamics in the outskirts, while the second part is devoted to a detailed
analysis of the e!ect of non-stationary contribution to the Jeans formalism.
Both parts converge into a common description of the non-equilibrium re-
gion, which is aimed to improve the current mass estimates by taking into
account the overall infall motion from the outskirts inwards to the central
region.

The work is structured as follows:

• Chap. 2 describes the characteristics of the cosmological simulation
and the data catalogue.

• Chap. 3 presents a review of the classical spherical collapse model,
significantly expanded with original contribution to address our main
interests about the description of non-equilibrium dynamics.

• Chap. 4 describes the turnaround region of clusters, and demonstrate
the existence of a common mass profile in these region, suggesting a
simple mass estimation method to be applied in the cluster outskirts.
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• Chap. 5 refines the results of chap. 4, showing how mass estimation can
be improved by selecting a particular subset galaxies from the redshift
distribution, in order to reconstruct the infall pattern of clusters.

• Chap. 6 presents a review of the stationary Jeans formalism and intro-
duces the non-stationary corrections to be taken into account in the
non-stationary cases.

• Chap. 7 show the e!ect of the non-stationary corrections to the Jeans
formalism in describing the matter distribution.

Finally, the last part draws the overall conclusions of the three-year doctor-
ate work suggesting some future prospects.



Chapter 2

The simulated data sample

Our dynamical analysis of galaxy clusters is mainly developed on simulated
data. There are several reasons for this choice:

• The simulated data provide full knowledge of the 3-dimensional dy-
namics of clusters which cannot be generally inferred from observa-
tions.

• The results of simulation only depend on the adopted cosmology and
on the characteristics of the simulation itself. The obtained values of
physical quantities are consequently uncertainty-free.

• Galaxy clusters can be identified in the simulation without limitation
in radial aperture, thus allowing a thorough analysis of the extreme
outskirts of clusters (as needed for studying the non-equilibrium dy-
namics; see chap. 1).

In fact, since our analysis is aimed to be applied to observations, we
adopted the following two-step approach:

• Firstly, we analysed the simulation in 3 dimensions, taking advantage
of full knowledge of the involved dynamical quantities;

• Secondly, we transformed the simulation into a “mock observation”,
only considering the dynamical quantities which can be in principle
extracted from observed data.
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Simulation WMAP+BAO+SN

$8 0.8 0.812 ± 0.026
h 0.7 0.705 ± 0.013
#M,0h2 0.147 0.1358+0.0037

!0.0036

#bar,0 0.04 0.0456 ± 0.0015

Table 2.1: Cosmological parameters of the simulation, compared to the
mean values (with 1$ uncertainty) obtained from the WMAP, BAO, and
SN measurements (see text).

The comparison between the results obtained from the mock observation
and the actual characteristics of the simulated clusters is aimed to recover
missing information about the 3-dimensional dynamics which cannot be gen-
erally inferred from observations.

2.1 Characteristics of the sample

2.1.1 The simulation

The data sample used for our analysis was produced through a large cos-
mological hydrodynamical simulation by Borgani et al. [71]. In this section
we summarize the characteristics of the simulation, referring to the original
paper for a more detailed description.

Cosmological model. The simulation was run assuming a concordance
flat cosmology, with cold dark matter and a cosmological constant ($-CDM):

#M + #! = 1, (2.1)

where #M is the matter density parameter and #! is the cosmological
constant density parameter. The adopted values of the main parameters
(namely the normalization of the power spectrum $8, the Hubble constant
h, the present-day matter density parameter #M,0, and the present-day den-
sity parameter of baryonic matter #bar,0) are listed in tab. 2.1.1, along
with the observed values obtained by combining the latest measurements
of the Wilkinson Microwave Anisotropy Probe (WMAP) with the distance
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measurements from the baryonic acoustic oscillations (BAO) and from the
Type-Ia supernovae (SN) [79]. The two sets of values are in overall agree-
ment. In fact, the observed value of #M,0 is smaller than that used in the
simulation, even though the discrepancy is well limited within 2$ (taking
into account the uncertainty on h).

Unless otherwise specified, the concordance cosmological parameters will
be adopted throughout. When needed, the dependence of our results on the
adopted cosmology will be discussed in detail, providing corrective terms to
be used for di!erent values of the cosmological parameters (see sec. 4.1.1
and sec. 5.1.2).

Initial conditions. The initial conditions of the simulation were gener-
ated using the cosmics package by Bertschinger [32]. The field density
was sampled with 4803 dark matter (DM) particles and 4803 gas particles
within a box of side 192h!1 Mpc. The mass of the DM particles was mDM =
6.6! 109M", while the mass of the gas particles was mgas = 9.9! 108M".
The initial redshift was set to zi " 46. With these choices, the root-mean-
square Zel’dovich displacement in the initial conditions was about one tenth
of the mean interparticle separation.

During the evolution, the number of gas particles changes as they are
partially converted into stellar particles. As the generated stellar particles
have a smaller mass, the total number of particles slightly increases during
star formation.

Run of the simulation. The run was performed using gadget1, a mas-
sively parallel tree N-body smoothed-particle-hydrodynamical (SPH) code,
with fully adaptive timestep integration, originally created by Springel,
Yoshida & White [61]. The version of the code adopted for the simulation,
gadget-2, is more e"cient than the earlier versions and includes a new im-
plementation of SPH, developed with the formulation suggested by Springel
& Hernquist [65]. This formulation significantly speeds up the computation
of long-range gravitational force through a tree-particle-mesh algorithm [63].

Star formation is described using the hybrid multiphase model for the
interstellar medium (ISM) introduced by Springel & Hernquist [70], which

1http://www.mpa-garching.mpg.de/gadget.
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regulates the consumption of cold gas into stars within the ISM and phe-
nomenologically parametrizes the presence of galactic winds, partially re-
solving the cooling problem [55]. Borgani et al. [71] adopted a wind velocity
of about 360 km s!1. The Plummer-equivalent gravitational softening of the
simulation was set to %P = 7.5h!1 kpc comoving for z = 0 ÷ 2, while it was
assumed to be fixed in physical units at higher redshift. The SPH computa-
tion was performed using 32 neighboring particles and preventing the SPH
smoothing length to drop below one quarter of the value of the gravitational
softening length of the gas particles. In total, 100 snapshot were produced
at logarithmically-spaced values of the expansion factor aexp = 0.1 ÷ 1.

2.1.2 The catalogue

The identification of objects (clusters and galaxies) in the simulation was
performed by Biviano et al. [72]. This section summarizes the identification
method as well as the characteristics of the object catalogue, referring once
again to the original paper for a more detailed description.

Object identification. The galaxy clusters were identified at redshift
z = 0 (i.e. in the last snapshot of the simulation) by applying a standard
Friends-of-friends (FoF) analysis to the DM particles. The linking length
was set equal to & = 0.15 in units of the mean interparticle distance.

After the FoF identication, a spherical overdensity criterion was applied
to find the virialized core of each cluster (see sec. 3.3.3). The position of the
minimum potential particle of each FoF group was used as the centre for
a spherical overdensity algorithm, which identifies the radii encompassing
di!erent overdensities. The virialization overdensity was defined as follows,
in agreement with the adopted cosmology [44, 52]:

(1 + !v)#M,0 = 18'2 + 82(#M,0 # 1)# 39(#M,0 # 1)2 " 101. (2.2)

This value was used to compute the virialization radius rv and the virial-
ization mass Mv. In addition, the spherical overdensity ! " 200 was used
to compute r200 and M200, which are widely used in literature instead of
rv and Mv. Only the clusters with Mv $ 1014h!1M" were included in the
catalogue.

The galaxies were identified applying the algorithm skid developed by
Stadel [62] to the stellar particles in the simulation. skid calculates a density
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field using a spline kernel and assumes that the local maxima of this field
correspond to local substructures. Particles are shifted along the gradient
of the density field until they begin to oscillate around these maxima, and
then are grouped using again a FoF algorithm.

A number of tests on the identified galaxies were performed to verify that
the least possible number of objects was missed. The typical size of objects
was set to ( = 20h!1 kpc, approximately corresponding to the e!ective force
resolution of the simulation. To avoid that single galaxies were mistaken as
two or more close objects, several analyses were performed using di!erent
smoothing parameters for the skid density field. Galaxies with less than 32
particles were discarded.

Characteristics of the catalogue. The catalogue obtained from the ob-
ject identification contains 114 clusters and 9631 galaxies. The extracted
clusters are very di!erent in size, as demonstrated by the ranges of virial-
ization radii and virialization masses:

rv = (0.88 ÷ 2.23)h!1 Mpc, (2.3)

Mv = (7.95! 1013 ÷ 1.30! 1015)h!1M". (2.4)

The detailed frequency distribution of rv and Mv among the catalogue is
shown in fig. 2.1. The average ratios rv/r200 and Mv/M200 computed on the
entire cluster catalogue:

rv

r200
= 1.36 ± 0.04, (2.5)

Mv

M200
= 1.26 ± 0.11. (2.6)

The number of member galaxies ngal noticeably changes from cluster to clus-
ter, ranging from 17 to 403. Biviano et al. [72] restricted their analysis to
clusters with more than 10 galaxies within r200. In our analysis, we disre-
garded this restriction and we also took into account the poorly-populated
clusters.

2.2 Data treatment

The analysis of dynamics in clusters was performed using the cluster cata-
logue in two di!erent ways, either superimposing all clusters into a single
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Figure 2.1: Characteristics of the simulated sample. First plot: frequency
distribution of the virialization radii rv; second plot: frequency distribution
of the virialization masses Mv. nclus is the number of cluster per frequency
bin.
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synthetic object or studying each cluster separately. The first approach is
needed to increase the statistical significance of the results, as pointed out
by Vedel & Hartwick [47]; the second approach is used to test the accuracy
of the results when applied to single-cluster analysis.

For each cluster, we considered both the simulation particles (DM, gas,
and stellar particles) and the member galaxies. The two sets were handled
in quite a di!erent way:

• The simulation particles of each cluster were grouped into concentric
shells using the value of rv;i of the considered cluster as normalization
radius (where i is the cluster index number);

• The member galaxies were attributed to shells according to their radial
distance from the cluster centre.

The shell subdivision is needed to allow comparison between objects of dif-
ferent scale. The shells were defined using a logarithmical spacing, in order
to cover the whole radial extent from the virialization core to the far out-
skirts of clusters (approximately from 0.1rv to 7rv, depending on clusters).
In each shell, the data of all particles were summed or averaged to extract
the overall properties of the shell.

We only considered the relevant dynamical quantities obtained from the
simulation, namely the mass of particles, m, and the six phase-space co-
ordinates of both particles and galaxies with respect to the cluster centre,
(x, y, z, vx, vy, vz). These data were variously handled to obtain all the dy-
namical properties of clusters. Treating the simulated data as a mock ob-
servation, the six phase-space coordinates reduced to two, rsp %

!
y2 + z2

and vlos % vx (see sec. 5.1.1).
Throughout the discussion, the clusters are identified by the subscript i

and the galaxies by the subscript g (referred to as index numbers). Some-
times, i is written i(g) to emphasize the relation between a member galaxy
and its host cluster. The galaxies were used as tracers of the underlying
matter distribution, assigning to each galaxy the density and the mass of
the corresponding shell. Such approach is aimed to reconstruct the cluster
mass distribution only relying upon observable galaxy properties.
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Part II

Dynamics in the
non-equilibrium region





Chapter 3

Theoretical framework

The theoretical framework for the dynamical analysis of galaxy clusters is
provided by the classical spherical collapse model (SCM) [4, 5, 6, 7, 8]. This
model represents the infall of matter within the potential wells of clusters
as the motion of spherically simmetrical mass shells. Such approach is well
suited to the non-equilibrium region of clusters, where the overall infall
motion is almost una!ected by the chaotic dynamics of the cluster cores.

In this section we discuss the SCM in detail, focusing on three aspects:

• The description of the infall pattern of matter around clusters;

• The relation between the turnaround scale (where the overall motion of
matter is clearly decoupled from the Hubble flow) and the virialization
scale (where the matter is set to dynamical equilibrium);

• The estimation the mass profile of clusters only relying on the matter
dynamics.

The analysis discussed in this chapter provides a useful extension of the
formalism commonly used in literature. The main achievement is an analyt-
ical criterion for estimating the radius and the overdensity of perturbations
at turnaround (sec. 3.3), to be used as normalization values of the mass
profiles of clusters in the non-equilibrium region (chaps. 4 and 5).
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3.1 The spherical collapse model

The SCM describes the nonlinear evolution of a spherical matter density
perturbation from a given initial time to the present time. The perturba-
tion is considered as an independent Friedman universe on its own which
decouples from the unperturbed Universe and then collapses due to its own
overdensity.

The main parameters of this model are:

• For the unperturbed Universe: the scale factor a and the mean back-
ground density )u;

• For the perturbation: the proper radius r and the mean density )p.

The overdensity of the perturbation is defined as

! % )p

)u
# 1. (3.1)

All these quantities are generally considered as functions of time t between
the initial time ti and the present time t0. For all physical quantities, the
initial-time value and the present-time value will be denoted throughout by
using the subscripts i and 0, respectively. Unless otherwise specified, we will
use dots to denote the first- and second-order time derivatives. Sometimes,
the temporal coordinate will be expressed through the redshift z, according
to its common definition:

z(t) %
"

a(t)
a0

#!1

# 1. (3.2)

3.1.1 The unperturbed Universe

For simplicity, we assume that in the whole interval between ti and t0 the
unperturbed Universe is well described by a flat ‘dust’ model with cosmolog-
ical constant. This is a good approximation to our Universe for t > 3! 105

y. The Friedman equations for such model are [2]:

ä(t)
a(t)

= #4'G)u(t)
3

+
&c2

3
, (3.3)

"
ȧ(t)
a(t)

#2

=
8'G)u(t)

3
+

&c2

3
, (3.4)
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where G is the gravitational constant, & is the cosmological constant, and c

is the speed of light. Eq. (3.4) can be conveniently rewritten by introducing
the cosmological density parameters #M,0 and #!,0:

#M,0 %
)u,0

)cr,0
=

8'G)u,0

3H2
0

, (3.5)

#!,0 %
&

&cr
=

&c2

3H2
0

, (3.6)

where )cr and &cr are the critical values for ) and &, respectively, and H0 is
the Hubble parameter at the present time:

H0 %
ȧ0

a0
. (3.7)

The flatness condition is expressed as follows:

#M,0 + #!,0 = 1. (3.8)

The ‘dust’ model states that mass is conserved within a comoving volume:

)u(t)a(t)3 = )u,0a
3
0. (3.9)

Substituting eqs. (3.5), (3.6), and (3.9) into eq. (3.4), one obtains
"

ȧ(t)
a0

#2

= H2
0

$
#M,0

"
a(t)
a0

#!1

+ (1# #M,0)
"

a(t)
a0

#2
%

(3.10)

which has a closed-form analytical solution for the scale factor as a function
of time:

a(t)
a0

=
&

#M,0

1# #M,0
sinh2

'
3
2
(1# #M,0)1/2H0t

()1/3

. (3.11)

3.1.2 Linear evolution of the spherical perturbation

The first way to describe the evolution of a matter perturbation is to linearize
the hydrodynamical equations associated to the perturbation, namely:

• The continuity equation, which expresses the balance between the mass
increase and the incoming mass flux within any given closed surface:

*)p

*t
+ ! · ()pu) = 0; (3.12)
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• The Euler equation, which expresses the second law of dynamics for a
pressure-sustained fluid:

u̇ % *u

*t
+ (u · !)u = #!%# !p

)p
; (3.13)

• The Poisson equation, which expresses the gravitational potential as-
sociated to a matter distribution:

&2% =4 'G)p. (3.14)

Eqs. (3.12), (3.13), and (3.14) can be conveniently rewritten by introduc-
ing slight variations of the )p, p, u, and % around an appropriate set of
equilibrium values )̄ % )u, p̄, ū % 0, and %̄ % 0:

&) % (1 + !))u, &p % p# p̄, &u % u, &% % %. (3.15)

Through substitution and Fourier transformation, one obtains

*!̂k

*t
+ ik · ûk +

#*

k!=0

i!̂k!(k · ûk!k!) = 0, (3.16)

*ûk

*t
+ 2

ȧ

a
ûk +

#*

k!=0

i
+
ûk! · (k # k$)

,
ûk!k! =

ik

a2

"
%̂k +

p̂k

)u

#
, (3.17)

k2%̂k = #4'Ga2)p!̂k, (3.18)

where k is the wave number and the caret and the subscript k denote Fourier-
transforms.

Eqs. (3.16), (3.17), and (3.18) can be linearized by assuming that:

• The di!erence between )p and )u is small compared to )u:

! ' 1; (3.19)

• The peculiar velocity u is small compared to the free-fall velocity of
the perturbation:

u ' u" "
l#

(G)u)1/2
. (3.20)
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Through linearization, the evolution of the perturbation is described by a
single second-order di!erential equation, which describes the evolution of
the overdensity along time:

*2!̂k

!t2
+ 2

ȧ

a

*!̂k

*t
+

"
v2
s k

2

a2
# 4'G)u

#
!̂k = 0, (3.21)

where vs is the velocity of sound through the medium:

vs =
"

!p

!)

#1/2

. (3.22)

A general solution of eq. (3.21) is a linear combination of a growing mode
D+ and a decaying mode D!, which vanishes after a transitory phase:

!k(t) = !+
k D+(t) + !!k D!(t) " !+

k D+(t). (3.23)

The growing mode is expressed as a function of z as follows [27]:

D+(z) =
5
2

#M,0(1 + z)!1

#0.6
M,0 + (1# #M,0)/70 + #M,0(1# #M,0)/140

. (3.24)

Primordial overdensity profile. The linear evolution can be used to
determine the overdensity at a primordial time ti as a function of the proper
radius of the perturbation. The time ti must be purposely chosen to satisfy
the conditions in eqs. (3.19) and (3.20) at least in first approximation. The
overdensity at a given time t is related to the primordial overdensity through
the growing mode function D+ in eq. (3.23):

!i(r) = !(r, t)
D+

i

D+(t)
. (3.25)

Following the classical formalism by Bardeen et al. [14, 26, 27], we com-
pute the overdensity profile at t0 by integrating the present-day power spec-
trum of the perturbations P0(k) over k:

P0(k) = P̄0kT (k), (3.26)

where P̄0 is the normalization and T is the transfer function:

T (k) =
ln

-
1 + 2.34q(k)

.
/2.34q(k)

/
1 + 3.89q(k) +

-
16.1q(k)

.2 +
-
5.46q(k)

.3 +
-
6.71q(k)

.4
01/4

,

(3.27)
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with
q(k) % k

#M,0h2 Mpc!1 , h = H0 ! 10!2. (3.28)

It is convenient to normalize the power spectra by the root-mean-square
density fluctuations in a sphere of radius 8h!1 Mpc:

$2
8 %

1 #

0
k2P (k)

'
3(sin ka# ka cos ka)

k3a3

(2

dk, a % 8h!1 Mpc. (3.29)

To take into account the statistics of the density peaks, we apply a
Gaussian filter to the normalized power spectrum:

Pf,0(k) % P0(k)e!(rfk)2 , (3.30)

with rf a given filtering scale. We introduce the following spectral parame-
ters:

+ %
$2

(1)

$(2)$(0)
, R% %

(
3
$(1)

$(2)
, (3.31)

where
$2

(i) %
1

2'2

1 #

0
k2(1+i)Pf,0(k)dk. (3.32)

The expected height of a peak is "$(0) and the di!erential number density
of peaks with height " is obtained as

N(") =
e!!2/2n(")
(2')2R3

%
, (3.33)

where

n(") %
& '

432"2+2

(10')1/2(9# 5+2)5/2
+ 1.84 + 1.13(1# +2)5.72

(
e!5!2"2/2(9!5"2) +

+"3+3 # 3"+3

)
!

'
1 +

2
8.91 + 1.27e6.51"2

3
e!2.58"2 exp(1.05"2)

(!1

.

(3.34)

The function N is used to weight the height of peaks as needed to com-
pute the average overdensity profile density over a set of di!erent perturba-
tions. We have

"̄ %
4#
!t

"N(")d"
4#
!t

N(")d"
, #̄ %

4#
!t

#(")N(")d"
4#
!t

N(")d"
, (3.35)
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where

#(") % 3(1# +2) + (1.216# 0.9+4) exp(#"2+3/8)
[3(1# +2) + 0.45 + "2+2/4]1/2 + "+/2

. (3.36)

As a result, the overdensity profile at present day turns out to be

!0(r) =
3

2'2$(0)r

1 #

0
kj1(kr)Pf,0

'
"̄ # +2"̄ # +#̄

1# +2
+

#̄R2
%k

2

3+(1# +2)

(
dk, (3.37)

where j1 the first-order spherical Bessel function. Combining eq. (3.37) with
eq. (3.25) we obtain the primordial overdensity profile of the perturbation.

3.1.3 Non-linear evolution of the spherical perturbation

The Friedman equations for the perturbation are similar to those of the
unperturbed Universe, except for a remarkable di!erence: since the pertur-
bation is overdense, it has a positive curvature K = +1 that must be taken
into account. Substituting r to a and )p = (1 + !))u to )u in eqs. (3.3) and
(3.4), and introducing the curvature term, one obtains

r̈(t)
r(t)

= #4'G

3
-
1 + !(t)

.
)u(t) +

&c2

3
, (3.38)

"
ṙ(t)
r(t)

#2

=
8'G

3
-
1 + !(t)

.
)u(t) +

&c2

3
# Kc2

r(t)2
. (3.39)

Present-day overdensity profile. The first Friedman equation for the
perturbation can be used to compute the radius and the overdensity of the
perturbation at the present-time as a function of their primordial counter-
parts. It has no closed-form analytical solution but it can be integrated by
computational means by introducing appropriate initial conditions. Since
a = a(t) is known from eq. (3.11), a good choice is to set ri = ai. This condi-
tion is approximately satisfied at the initial time because !i ' 1 (cf. sec. 3.1.2).

We introduce the following normalized variables:

A(t) % a(t)
a0

, R(t) % r(t)
a0

, X(t) % r(t)
a(t)

=
R(t)
A(t)

. (3.40)

When applied to the perturbation, the mass conservation condition in eq. (3.9)
yields

-
1 + !(t)

.
)u(t)r(t)3 = (1 + !i))u,ia

3
i = (1 + !i))u,0a

3
0 " )u,0a

3
0. (3.41)
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Introducing eqs. (3.40) and (3.41) into eq. (3.39) one eventually obtains

Ẍ(() + 2
Ȧ(()
A(()

Ẋ(() +

5
Ä(()
A(()

+ #M,0 # 1

6
X(() +

#M,0(1 + !i)
2A(()3

X(()!2 = 0,

(3.42)
where ( = H0t and the dots denotes in this case the first- and second-order
derivatives with respect to ( . Assuming that the velocity field has reaches
the amplitude given by the linear evolution theory at zi, we can set the
initial condition as follows:

Xi = 1, Ẋi = #1
3
Xi!i

Hi

H0
. (3.43)

Eq. (3.42) is more suitable for numerical integration, because it only contains
adimensional quantities. It provides the radius of the evolved perturbation
at any time given its primordial overdensity and it particularly allows to
compute the present-day overdensity profile given the primordial overden-
sity profile (as obtained from the power spectrum of the perturbations: see
sec. 3.1.2). In fact, since Xi = 1 and X0 = R0 from eq. (3.40), one can write

1 + !0(r) = R!3
0

-
1 + !i(r)

.
. (3.44)

The proper radius vs. the scale factor. The second Friedman equa-
tion for the perturbation can be used to determine the variation of r with
respect to a. Substituting eqs. (3.5), (3.6), and (3.41) into eq. (3.39) , one
obtains

"
ṙ(t)
a0

#2

= H2
0

$
#M,0(1 + !i)

"
r(t)
a0

#!1

+ (1# #M,0)
"

r(t)
a0

#2

# Kc2

ȧ0

%
,

(3.45)
When divided by eq. (3.10), eq. (3.45) yields the well-known equation [12]

"
dr(a)
da

#2

=
R(a)!1 + ,R(a)2 # q

A(a)!1 + ,A(a)
(3.46)

where , and q are defined as follows:

, % #!1
M,0 # 1, (3.47)

q % Kc2

#M,0ȧ2
0

# !i

R
" Kc2

#M,0ȧ2
0

. (3.48)

The new parameter q is positive for overdense perturbations, since K = +1
and !i ' 1 is generally negligible.
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3.2 The infall pattern

3.2.1 The infall velocity field

The proper velocity of a collapsing spherical perturbation is obtained as the
time derivative of its proper radius r:

ur % ṙ = H0rfr, (3.49)

where
fr %

d ln r

d ln a
. (3.50)

We call infall velocity the corresponding peculiar velocity, obtained by sub-
tracting the Hubble flow velocity from ur:

vr % ur #H0r. (3.51)

Due to spherical symmetry, both ur and vr point towards the center of the
perturbation and lie along the radial direction, as emphasized by the use of
subscript r.

The peculiar velocity satisfies the continuity equation:

& · v = #*!

*t
. (3.52)

After Fourier transformation and rearranging, eq. (3.52) becomes

v̂k = iHf#
!̂k

k2
k. (3.53)

The new function f# is defined as

f# %
* lnD+

* ln a
(3.54)

where D+ is the growing mode of the perturbation (see eq. (3.23)). In
the particular case of a spherically symmetrical perturbation, the peculiar
velocity is given by

vr = #1
3
H0rF# (3.55)

with F# = f#!. From eq. (3.53), one obtains

)v2* =
H2

0f2
#

2'2

1 #

0
P0(k$)dk$. (3.56)



38 Theoretical framework

Eq. (3.56) can be used to compute the root-mean-square velocity of matter
within collapsed structures of any scale. In this case, the power spectrum
P0 must be replaced by a filtered power spectrum Pf,0, obtained by selecting
the range of wave numbers k corresponding to the considered scale (see
sec. 5.1.3).

3.2.2 Approximations of the infall velocity profile

Since F# depends on both the overdensity ! and the cosmological density
parameters, we will denote it hereinafter as F = F (!,#M,0). F was defined
in many di!erent ways in literature. The most famous expression is the
linear approximation, originally proposed by Silk and Peebles [5, 6, 8]:

Flin(!,#M,0) = #0.6
M,0!. (3.57)

It is obtained as a first-order approximation and is proven to be reliable
in the low-overdensity region (! " 1). Other noteworthy expressions are
discussed below.

Polynomial expressions. Regős and Geller demonstrated that F is an
approximately separable function of ! and #M,0 and proposed the following
series expansion [23]:

F (!,#M,0) =
#*

i=0

Ai(#M,0)!i. (3.58)

were Ai are polynomial coe"cients which only depend on #M,0. The first
terms of the series, calculated within the SCM, are:

FRG(!,#M,0) = #0.6
M,0! # 0.19#0.68

M,0!2 + 0.08#0.71
M,0!3 +

#0.045#0.72
M,0!4 + 0.03#0.75

M,0!5 + O(!6). (3.59)

Since the ratio between successive coe"cients in eq. (3.58) is slowly vary-
ing with #M,0, Regős and Geller suggested to factorize the dependence on
cosmology assuming a power-law dependence on #M,0:

F (!,#M,0) " #0.6
M,0P (!), (3.60)

where P is a polynomial which only depends on !.
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Lightman and Schechter revised this approach and proposed the follow-
ing expression [24]:

FLS(!,#M,0) = #4/7
M,0! #

4
21

#13/21
M,0 !2 + O(!3). (3.61)

Both formula are devised to fit the infall velocity in the low-overdensity
region (! " 1÷ 2) and they reduce to the linear approximation when cut at
the first order.

Non-polynomial expressions. To fit the infall velocity in the higher-
overdensity region (! " 10 ÷ 40), non-polynomial expressions are needed
[76]. By similarity with eq. (3.60), one can write

F (!,#M,0) " #0.6
M,0Q(!) (3.62)

where Q is a generical function of !. The best-known expression for Q was
proposed by Yahil [13]:

QY(!) =
!

(1 + !)1/4
. (3.63)

Another expression, ascribed to Meiksin, is reported by Villumsen and Davis
(1986) [16]:

QM(!) =
!

(1 + !/3)1/2
. (3.64)

Cosmological corrections. Lahav et al. discussed the case of a nonzero
cosmological constant & with associated density parameter #! and obtained
a general expression for F = F (!,#M,0,#!,0)) [27]. When adapted to a flat
Universe with #! = 1 # #M considered at the present time, the expression
is conveniently approximated as follows (cf. eq. (3.24)):

FLLPR(!,#M,0) "
'
#0.6

M,0 +
1# #M,0

70
+

#M,0(1# #M,0)
140

(
!. (3.65)

In fact, the di!erence between eqs. (3.65) and (3.57) is very small (less than
2 per cent), indicating that the cosmological constant does not significantly
a!ect the infall velocity.
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3.3 The turnaround scale

We call turnaround the state of unstable equilibrium which is reached when
the ongoing collapse of a perturbation is exactly balanced by the ongoing
expansion of the unperturbed Universe. Therefore, a perturbation is said to
‘turn around’ when its infall velocity is equal and opposite to the Hubble
flow velocity:

vr = #H0r. (3.66)

The proper radius of a perturbation at turnaround is said turnaround radius
and is denoted with rt. The region around rt will be generically referred to
as the turnaround region of the perturbation. The overdensity and the
mass within the sphere of radius rt are said turnaround overdensity and
turnaround mass and are respectively denoted with !t and Mt:

Mt =
4
3
')cr#Mr3

t (1 + !t). (3.67)

The turnaround radius can be considered from both a ‘temporal’ and a
‘spatial’ perspective:

• From a spatial perspective, a single collapsing structure can be con-
sidered at any given time as a continuous set of concentrical pertur-
bations which independently evolve at di!erent rates. The innermost
perturbations are denser and collapse earlier; vice-versa, the outermost
perturbations are less dense and collapse later. In this case, rt is the
radius of the perturbation which is turning around at the considered
time.

• From a temporal perspective, the turnaround is the time at which a
given perturbation ceases to expand and starts collapsing. In this case,
rt is the maximum proper radius reached by the perturbation during
its evolution.

3.3.1 Predictions of the infall approximation

Adopting the spatial perspective, rt and !t can be computed by substituting
eq. (3.66) into eq. (3.55). The result for the linear approximation is:

rt,lin =
2
1 + 3#!0.6

M,0

3!1/3
a0, (3.68)
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!t,lin = 3#!0.6
M,0 . (3.69)

Assuming that F is factorable into a polynomial P like in eq. (3.60), one
can write

P (!t,0) = 3#!0.6
M,0 , (3.70)

which gives, through eq. (3.41),

rt,0 =
2
1 + P!1

-
3#!0.6

M,0

.3!1/3
a0, (3.71)

!t,0 = P!1
-
3#!0.6

M,0

.
, (3.72)

where P!1 is the inverse function of P . A way to compute P!1 is provided
by the Lagrange Inversion Theorem [1]. If P is analytic in 0 and and its
first derivative is nonzero in 0, the Taylor series expansion of P!1 around 0
is

P!1(w) =
#*

n=1

dn!1

d!n!1

"
!

P (!)

#n7777
#=0

wn

n!
, (3.73)

where w is a real number. The formalism can be also adapted to non-
polynomial approximations by simply substituting P with Q from eq. (3.62).

Particular cases. To compute the inverse Yahil function, we consider
the first-degree Taylor series expansion of QY in equation (3.63) around the
point !0:

QY(!) = Q1(!) + O(! # !0)2, (3.74)

Q1(!) % QY(!0) +
dQY

d!

7777
#=#0

(! # !0). (3.75)

If the second- and higher-order terms are negligible, eq. (3.74) can be sub-
stituted into eq. (3.62), yielding a linear equation which provides ! as a
function of !0 and #!0.6

0 vr/H0r. Choosing !0 = 10, the non-linear terms
turn out to be negligible for a wide range of overdensity values:

|O(! # 10)2| + 0.05!QY(!), 7 + ! + 20. (3.76)

One thus obtains
!t,Y "

66
17

111/4#M,0 #
50
17

, (3.77)

giving #0.6
0 QY(!t,Y) " 0.998, very close to unity.
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The case of the Meiksin function is even easier. Inverting eq. (3.64) by
trivial algebraic computation, one obtains

!t,M =
3
2
#!1.2

M,0

/
1 +

-
1 + 4#1.2

M,0

.1/2
0
. (3.78)

3.3.2 Predictions of the spherical collapse model

Adopting the temporal perspective, rt and !t can be written as

rt = Rmaxa0, (3.79)

!t = R!3
max, (3.80)

where Rmax is the maximum normalized radius of the perturbation, accord-
ing to eq. (3.40):

dRmax

da
= 0. (3.81)

The value of Rmax is obtained from eq. (3.46) as a solution of a cubic equation
[34]:

,R3
max # qRmax + 1 = 0. (3.82)

The following condition is required for positive real solutions of eq. (3.82)
to exist:

q $ qmin, qmin %
"

9,

4

#1/3

. (3.83)

When the condition is satisfied, one obtains

Rmax = Rmax(q) =
"

4q

3,

#1/2

cos
-
#(q)

.
(3.84)

where

#(q) % 1
3

8
2' # arccos

$"
9,

4q3

#1/2
%9

,
'

2
+ # + 2'

3
. (3.85)

Eq. (3.46) also enables us to compute the turnaround redshift zt. Inte-
gration through separation of variable yields

1 Rmax(q)

0

"
R

,R3 # qR + 1

#1/2

dR =
1 At

0

"
A

,A3 + 1

#1/2

dA (3.86)
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where
At %

at

a0
=

1
1 + zt

. (3.87)

The first member of eq. (3.86) can be evaluated through numerical means.
When its value is known, a solution for zt is given by

zt = zt(q) =
,1/2

sinh
-
-(q)

. # 1 (3.88)

where

-(q) % 3
2
,1/2

1 Rmax(q)

0

"
R

,R3 # qR + 1

#1/2

dR. (3.89)

Combining eq. (3.79) and eq. (3.88) one can compute the value of rt and
!t at the present time:

rt,0 = Rmax(qt,0)a0 =
"

4qt,0

3,

#1/2

cos
-
#(qt,0)

.
a0, (3.90)

1 + !t,0 = Rmax(qt,0)!3 =

:
;<

;=
3,

4qt,0

/
cos

-
#(qt,0)

.02

>
;?

;@

3/2

, (3.91)

where q0 satisfies the condition

zt(qt,0) = 0, -(qt,0) = arcsinh
-
,1/2

.
. (3.92)

3.3.3 Turnaround vs. virialization

After recollapsing, the perturbation eventually reaches a relaxed state which
is referred to as virialization. The proper radius of a virialized perturbation
is said virialization radius and is denoted with rv. The overdensity and the
mass within the sphere of radius rv are said virialization overdensity and
virialization mass and are respectively denoted with !v and Mv:

Mv =
4
3
')cr#Mr3

v(1 + !v). (3.93)

The redshift of virialization zv can be computed from eq. (3.45), adopting
the same procedure used for zt. In this case, integration through separation
of variable yields

1 Rv(q)

0

"
R

,R3 # qR + 1

#1/2

dR =
1 Av

0

"
A

,A3 + 1

#1/2

dA (3.94)



44 Theoretical framework

where
Rv %

rv

a0
, Av %

av

a0
=

1
1 + zv

. (3.95)

Since the collapse phase actually reproduces the expansion phase from an
opposite temporal perspective, integrating up to Rv is like integrating twice
up to Rmax:

2
1 Rmax(q)

0

"
R

,R3 # qR + 1

#1/2

dR =
1 Av

0

"
A

,A3 + 1

#1/2

dA. (3.96)

Once again, the first member of eq. (3.96) can be evaluated through numer-
ical means. When its value is known, a solution for zv is given by

zv = zv(q) =
,1/2

sinh
-
2-(q)

. # 1, (3.97)

where - is defined in eq. (3.89).
The ratio between the turnaround radius and the virialization radius of

a given perturbation is well approximated by the following formula [27]

rt

rv
=

2# ./2
1# ./2

(3.98)

where
. = .(q) % &

4'G)u(1 + !)
= 2,Rmax(q)3. (3.99)

Eq. (3.98) regards rt and rv from a temporal perspective, as two measures
of the perturbation radius taken at di!erent times. Combining eq. (3.98)
with eqs. (3.79) and (3.97), one can compute the value of the virialization
radius at the present time, as the final radius of a perturbation which turned
around in the past and is setting to virialization right now:

rv,0 =
1# .(qv,0)/2
2# .(qv,0)/2

Rmax(qv,0)a0 (3.100)

where q0 satisfy the condition

zt(qv,0) = 0, -(qv,0) = arcsinh
-
,1/2

.
/2. (3.101)

From a spatial perspective, the ratio between rt and rv at the present
time is the ratio between the radii of two di!erent perturbations, one turning
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around and the other setting to virialization right now. Assuming that those
perturbations have equal mass M , from eqs. (3.100) and (3.90) through
eq. (3.84) and eq. (3.99) one eventually obtains:

rt,0

rv,0

7777
M

=
2# ,Rmax(qv,0)3

1# ,Rmax(qv,0)3
Rmax(qt,0)
Rmax(qt,0)

=
2# ,Rmax(qv,0)3

1# ,Rmax(qv,0)3
q1/2
t,0 cos

-
#(qt,0)

.

q1/2
v,0 cos

-
#(qv,0)

. . (3.102)

The ratio in eq. (3.102) is actually di!erent from the ratio rt,0/rv,0 ex-
pected for a galaxy cluster, because in any given cluster the turnaround
mass Mt obviously exceeds the virialization mass Mv. In fact, one can write

rt,0

rv,0
%

'
(1 + !v,0)Mv

(1 + !t,0)Mt

(1/3

, (3.103)

where the ratio between the two di!erent masses is obtained as follows:

Mt

Mv
=

-
1 + !i(rt,i)

.
r3
t,i-

1 + !i(rv,i)
.
r3
v,i

. (3.104)

Here rt,i and rv,i are the radii encompassing initial overdensities which re-
spectively evolve at present day into the turnaround overdensity and the
virialization overdensity, as obtained from eq. (3.44):

X!3
0

-
1 + !i(rt,i)

.
= 1 + !t,0, X!3

0

-
1 + !i(rv,i)

.
= 1 + !v,0. (3.105)

3.4 Overdensity and mass profiles

3.4.1 Turnaround approach

The primordial overdensity profile !i(r) obtained in sec. 3.1.2 can be sub-
stituted into eq. (3.42), yielding the present-time overdensity profile !0(r)
and the present-time mass profile M0(r) through numerical integration. As
we will show in chap. 4, the results are conveniently expressed using the
turnaround radius rt,0 and the turnaround overdensity !t,0 as normalization
values for r0 and !0, respectively:

r̃t %
r0

rt,0
, !̃t %

1 + !0

1 + !t,0
, M̃t %

r3
0(1 + !0)

r3
t,0(1 + !t,0)

= r̃3
t !̃t. (3.106)
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Therefore, we express the overdensity and mass profile as follows:

!̃ta(r̃t) = r̃!3
t gta(r̃t), M̃ta(r̃t) = gta(r̃t), (3.107)

where gta is a fitting function to be determined for di!erent values of #M,0

(see sec. 4.2).
The turnaround approach is formally equivalent to the classical Navarro-

Frenk-White (NFW) approach, addressed to the virialization region of per-
turbations [33, 37, 43]. The substantial di!erence of the NFW approach lies
in the choice of the normalization scale (rv,0 and !v,0 instead of rt,0 and !t,0)
and in the definition of the fitting function (gNFW instead of gta):

r̃v %
r0

rv,0
, !̃v %

1 + !0

1 + !v,0
, M̃v %

r3
0(1 + !0)

r3
v,0(1 + !v,0)

= r̃3
v!̃v; (3.108)

!̃NFW(r̃v) = r̃!3
v gNFW(r̃v), M̃NFW(r̃v) = gNFW(r̃v); (3.109)

gv(r̃v) % ln(1 + cvr̃v)#
cvr̃v

(1 + cvr̃v)
, (3.110)

where cv is the cluster concentration parameter [56, 59]. (For further details
on the NFW model, see sec. 6.2.1).

According to eq. (3.107), the SCM implies that the overdensity and mass
profiles of di!erent perturbations in the turnaround region are the same, pro-
vided that the scale of perturbations is normalized to the turnaround scale.
In chap. 4 we will test this result through comparison with the simulated
data catalogue to determine whether the hypothesis of spherical collapse is
satisfied in the non-equilibrium region of galaxy clusters.

3.4.2 Infall velocity approach

The present-time overdensity profile obtained from eq. (3.42) can be sub-
stituted into eq. (3.55) to obtain the present-time infall velocity profile of
the perturbation in the turnaround region, depending on the approximation
adopted for F :

vr,0(r) = #1
3
H0rF

-
!0(r),#M,0

.
. (3.111)

In principle, this connection between velocity and overdensity can be also
considered from an opposite perspective, to directly determine the overden-
sity and mass profile from the infall pattern of the perturbation. In a sense,
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the argument used in sec. (3.3.1) to compute !t can be indefinitely extended
to the entire turnaround region. Assuming that F is factorable into a poly-
nomial P like in eq. (3.60) such approach leads to

!0(r) = P!1

"
#3#!0.6

M,0

vr,0(r)
H0r

#
, (3.112)

M0(r) =
4
3
')cr,0#M,0r

3

"
1 + P!1

"
#3#!0.6

M,0

vr,0(r)
H0r

##
. (3.113)

Eqs. (3.112) and (3.113) can be adapted to non-polynomial approximations
by substituting P!1 with Q!1. In both chap. 4 and chap. 5 we will discuss if
it is likely to e!ectively estimate the overdensity and mass profile of galaxy
clusters through eqs. (3.112) and (3.113).
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Chapter 4

Turnaround and mass
estimation

In this chapter, the theoretical results discussed in chap. 3 will be applied to
the simulated data catalogue described in chap. 2, adopting the turnaround
approach to mass estimation described in sec. 3.4.1. Our aim is twofold:

• To confirm the SCM predictions about the turnaround radius and the
turnaround overdensity in clusters;

• To demonstrate that a common overdensity profile and a common
mass profile are actually recognizable in the turnaround region, and
that they are consistent with the results of the turnaround approach
(provided that gta in eq. 3.107 is suitably defined).

We will focus on the overall dynamical properties of the catalogue to
extract the common trends in dynamical behaviour and to evaluate the size
of the variance between di!erent clusters. As a result, we will suggest a
simple mass estimation technique, which only relies upon the statistics of
clusters and is fully compliant with the SCM framework.

4.1 The turnaround region in the simulation

Figs. 4.1 and 4.2 represent the distribution of the normalized radial velocities
vr;g/H0rg of the galaxies in the simulated catalogue (denoted with their
index number g; see sec. 2.2) as a function of the normalized radial distance
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Figure 4.1: Overall infall velocity pattern of the member galaxies, as a
function of the radial distance (normalized to the virialization radius). The
distribution of galaxies (dots) is smoothed with a running median (blue line)
and interpolated with the power law in eq. (4.2) (green line). The horizontal
dashed line indicates the turnaround condition, from eq. 3.66.
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Figure 4.2: Overall infall velocity pattern of the member galaxies, as a func-
tion of the overdensity. The distribution of galaxies (dots) is smoothed with
a running median (blue line) and interpolated with three di!erent approx-
imations (see text): Flin (grey line), FY (light green line), and FM (dark
green line). The horizontal dashed line indicates the turnaround condition,
from eq. 3.66.
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r̃v (see eq. (3.108)) and the overdensity !, respectively. Each dot corresponds
to a single galaxy while the blue line is the running median (RM) of the
distribution. Although the variance is large, a common profile is clearly
recognizable in the intervals r̃v ! 2.2 and ! " 35. This pattern confirms
that an overall infall motion of galaxies actually exists in the non-equilibrium
region of clusters. This motion is generally well described by the RM profile:

vr " vr,RM " )vr;g*r̃t (4.1)

where the angle brackets denote averaging over all galaxies located at a given
normalized radial distance r̃t from the cluster centre.

4.1.1 Estimation of rt and !t from the infall pattern

Overall estimation. Using the RM profile, one can compute the expected
values of rt and !t for the clusters in the catalogue. We interpolated the RM
profile of fig. 4.1 with a power law (blue line). A linear-fitting algorithm
applied to the bilogarithmic distribution gives:

vr

H0r

7777
RM

" /inf r̃
$inf
v , /inf = #9.1 ± 0.7, 0inf = #1.72 ± 0.02. (4.2)

This expression is in good agreement with the RM profile in the interval
r̃t ! 2.2. Substituting eq. (4.2) into eq. (3.66), we obtain

rt,0

rv,0

7777
RM

= 3.61 ± 0.02. (4.3)

It is worth noting that the 1$ uncertainty in eq. (4.3) does not take into
account the variance among the clusters in the catalogue, which will be
considered later.

To determine !t, we compare the RM profile in fig. 4.2 with the profile
obtained from eq. (3.55) using three di!erent expressions of the function F ,
namely:

• The linear approximation Flin (eq. (3.57), grey line);

• The Yahil approximation FY % #0.6
M,0QY (eq. (3.63), light green line);

• The Meiksin approximation FM % #0.6
M,0QM (eq. (3.64), dark green

line).
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As one can see from fig. 4.2, the linear approximation poorly describes
the infall motion in the non-equilibrium region and departs from the data
distribution even in the low-overdensity region. Conversely, the non-linear
functions FY and FM are close to RM up to the turnaround region.

Inverting the three approximations as described in sec. 3.3.1, and setting
#M,0 = 0.3 (in agreement with the cosmology adopted for the simulation;
see sec. 2.1.1) one obtains three di!erent estimate for !t, from eqs. (3.69),
(3.77), and (3.78), respectively:

!t,lin " 6, (4.4)

!t,Y " 11, (4.5)

!t,M " 15. (4.6)

Both the Yahil approximation and the Meiksin approximation are in good
agreement with the RM profile in the interval ! " 40, but !t,M provides the
best estimate of the overdensity value at turnaround.

Cluster-by-cluster estimation. We also estimated the value of rt and
!t for single clusters separately. In this case, we traced the infall velocity
pattern using the DM particles instead of the galaxies, because the galaxy
distribution is typically noisier (in fact, the number of galaxy in a single
cluster is much smaller than the number of DM particles traced by the
simulation). As it was done before, the individual infall velocity pattern
of each cluster was interpolated by a linear-fitting algorithm. Fig. 4.3 and
fig. 4.4 respectively represent the obtained values rt;i and !t;i (dots) along
with the 1$ uncertainty associated to the fitting algorithm (error bars), as
a function of the index number i of the cluster catalogue.

Most of values lie in a quite narrow band. In almost all cases, the
turnaround radius is considerably larger than the virialization radius and
lies far outside the cluster core. The turnaround region is thus fully located
within the non-equilibrium region of galaxy cluster, making rt and !t a suit-
able normalization scale for the cluster outskirts (as assumed in sec. 3.4.1).
Moreover, there is a highly significant correlation (, 99%) between ln rt;i

and ln(1 + !t;i), as indicated by the Pearson’s correlation coe"cient:

RP(rt;i; !t;i) = #0.61. (4.7)
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Figure 4.3: Cluster-by-cluster estimation of the turnaround radius in our
data catalogue. The individual values of rt;i/rv;i extracted from the DM
infall velocity pattern (dots and error bars at 1$) are averaged over the
catalogue (blue lines) and compared with rt/rv|RM from eq. (4.3) (green
lines). The SCM prediction rt,0/rv,0|SC is also shown, as from eq. (4.15)
(red lines). (Multiple lines of the same colour represent the expected value,
with a bold line, and the 1$ uncertainty band, with narrow lines.)
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Figure 4.4: Cluster-by-cluster estimation of the turnaround overdensity in
our data catalogue. The individual values of !t;i extracted from the DM
infall velocity pattern (dots and error bars at 1$) are averaged over the
catalogue (blue lines) and compared with !t,lin from eq. (4.4) (grey line),
!t,Y from eq. (4.5) (light green line), and !t,M from eq. (4.6) (dark green
line). The SCM prediction !t,0|SC is also shown, as from eq. (4.13) (red
lines). (Multiple lines of the same colour represent the expected value, with
a bold line, and the 1$ uncertainty band, with narrow lines.)
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It is not surprising, since a there is mutual dependence between vr and r

and a mutual dependence between vr and !.
The expected values extracted from figs. 4.3 and 4.4 are

rt

rv
= 3.5 ± 0.5, (4.8)

!t = 15+4
!3, (4.9)

where the bars denote averaging over the whole catalogue. These values are
shown in figs. 4.3 and 4.4 as blue lines: the bold lines represent the expected
values, while the narrow lines delimit the 1$ uncertainty band. Taking into
account the correlation in eq. (4.7), we can use the values in eqs. (4.8) and
(4.9) to estimate the turnaround mass:

Mt

Mv
= 2.04 ± 0.1. (4.10)

The 1$ uncertainty in eqs. (4.8) and (4.9) now takes into account the vari-
ance among the clusters in the catalogue. Eq. (4.9) rules out the turnaround
overdensity value predicted by the linear approximation, !t,lin, confirming
the non-linear estimates !t,Y and !t,M. The Meiksin approximation is proved
to yield the best estimation; therefore, it will be adopted as the best expres-
sion for F .

Eqs. (4.8) and (4.10) are consistent with the results obtained by Rines
& Diaferio which estimated from a catalogue of SDSS objects rt/r200 =
4.96± 0.08 and Mt/M200 = 2.19± 0.18 [74]. In fact, through eqs. (2.5) and
(2.6) we obtain from our catalogue:

rt

r200
= 4.8 ± 0.6, (4.11)

Mt

M200
= 2.6 ± 0.3. (4.12)

Comparison with the spherical collapse model. Using the formalism
described in secs. 3.3.2 and 3.3.3, one can compute the turnaround radius
and the turnaround overdensity for any given value of #M,0. The theoretical
values are to be compared with the values extracted from the simulation
and discussed above.
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We first solved eq. (3.91) for 0.2 + #M,0 + 0.4, obtaining1

1 + !t|SC " 12.3!
"

#M,0

0.3

#!0.75

. (4.13)

Then, we computed the ratio Mt/Mv from eq. (3.104) by numerically in-
tegrating eq. (3.42) for two di!erent initial overdensity values, !i(rt,i) and
!i(rv,i), defined as in equation eq. (3.105). The result was substituted into
eq. (3.103) to compute the ratio rt/rv:

Mt

Mv

7777
SC

" 1.9 + 0.8! (#M,0 # 0.3), (4.14)

rt

rv

7777
SC

" 3.73 + 1.1! (#M,0 # 0.3). (4.15)

The theoretical predictions of the SCM turn are in good agreement with
the corresponding results from the simulated data catalogue (within the un-
certainties). Marginal evidence that the ratio rt/rv is overestimated through
eq. (3.103) and that !t is underestimated through eq. (3.91) could be ascribed
to the presence of cluster substructures (such as filaments and clumps),
which actually slow down the infall motion inducing random velocity com-
ponents perpendicular to the radial direction (see chap. 5). As a result, the
infall velocities extracted from the simulation tend to be lower than those
predicted by the SCM and the turnaround region is shifted inwards along
the radial direction. However, the SCM provides a very good estimate of
the turnaround mass once the virialization mass is known. It proves that
the spherical collapse assumption is not too restrictive to be applied to the
non-equilibrium region of clusters.

The turnaround approach based on the SCM is explicitly formulated to
take into account the e!ects of cosmology. These e!ects cannot be generally
neglected for 0.2 + #M,0 + 0.4, since the resulting uncertainty in eqs. (4.15),
(4.13), and (4.14) is comparable with the 1$ uncertainty in eqs. (4.8), (4.9),
and (4.10), respectively. Nevertheless, the e!ects of cosmology become neg-
ligible if one restricts to the 1$-uncertainty band of the WMAP-BAO-SN
observations (see sec. 2.1.1 and tab. 2.1.1) [79]. In fact, one obtains in this
case rt/rv = 3.70 ± 0.02, 1 + !t = 13.3 ± 0.7, and Mt/Mv = 1.88 ± 0.01.

1Hereinafter, we omit the subscript 0 when referring to rt, !t, and Mt, since all values

are computed without confusion at the present day. We introduce the subscript SC instead,

to emphasize the assumption of spherical collapse.
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4.1.2 Relation with the velocity dispersion within the virial-
ization core

Biviano et al. [72] showed that the virialization mass Mv depends on the
3-dimensional velocity dispersion of the DM component within the viri-
alization radius, $v,DM. Since the ratio Mt,0/Mv,0 is approximately con-
stant in our catalogue, as demonstrated in sec. 4.1.1, a relation between the
turnaround mass and $v,DM is also expected. Therefore, we compared the
estimated values of cluster turnaround masses Mt;i with the values of $v,DM;i

extracted from the simulated catalogue.
The results are shown in fig. 4.5. First, we applied a linear-fitting algo-

rithm to the bilogarithmic distribution (blue line), obtaining

Mt

1014M"
= /t

"
$v

103 km s!1

#$t

, /t = 4.0+1.0
!0.8, 0t = 2.4 ± 1.3. (4.16)

Then, we computed the best-fitting cubic relation for the same distribution
(solid red line), obtaining

Mt

1014M"
= /%

t

"
$v

103 km s!1

#3

, /%
t = 3.7 ± 0.6. (4.17)

Eq. (4.17) and eq. (4.16) are in mutual agreement within the uncertain-
ties. The cubic relation is favoured by Biviano et al. [72] to describe the
dependence between Mv and $v, because Mv - $2

vrv and rv - $v. The
original relation is represented for comparison in fig. 4.5 as a dotted red
line.2 Our value of /%

t is consistent with the corresponding value computed
by Biviano et al., confirming that the cubic relation is suitable to describe
the dependence between Mt and $v, too.

In principle, eq. (4.16) or eq. (4.17) can be directly used to estimate
the turnaround mass, only relying on the 3-dimensional velocity dispersion
of the DM within the virialization radius. Member galaxies can be also
used instead of the DM, provided that the galaxy velocity dispersion is an
unbiased estimator of $v,DM. According to Biviano et al., this is true when
all galaxies (not only early-type galaxies) are take into account. This topic
will be discussed in detail later.

2This relation was in fact slightly modified, since Biviano et al. used M200 instead of

Mv for defining the virialization mass.
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Figure 4.5: Dependence of the estimated turnaround mass on the 3-
dimensional velocity dispersion of DM within the virialization core. The
dots represent the expected values ($v;i, Mt;i), while the error bars represent
the 1$ uncertainty on the estimation of Mt;i. These values are compared
with the best-fitting power law (blue line) and the best-fitting cubic relation
(solid red line). The cubic relation which best fits the corresponding dis-
tribution of virialization masses Mv (Biviano et al. [56]) is also represented
(dotted red line).
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#0 "̄ #̄

0.20 5.49 0.89
0.27 5.51 0.86
0.30 5.52 0.85
0.40 5.53 0.82

Table 4.1: Value of the parameters "̄ and #̄ in eq. (3.35) for di!erent choices
of #0.

Yet, the uncertainty in eqs. (4.16) and (4.17) is much higher than the
uncertainty in eq. (4.10), indicating that the infall velocity pattern approach
is to be the preferred for estimating the mass at the turnaround scale.

4.2 Overdensity and mass profiles

Once rt,0 and !t,0 are known, we use them to normalize the overdensity pro-
file and the mass profile of the clusters, according the turnaround approach
discussed in sec. 3.4.1. The normalized profiles !̃t and M̃t from eq. (3.106)
can be computed in two di!erent ways:

• Using the individual values of the turnaround radius and the turnaround
overdensity computed for each cluster separately (first normalization):

r̃(1)
t;i,j =

ri,j

rt;i
, !̃(1)

t;i,j =
1 + !i,j

1 + !t;i
, M̃ (1)

t;i,j =
Mi,j

Mt;i
; (4.18)

• Using the mean values of the turnaround radius and the turnaround
overdensity obtained from the data of the whole cluster catalogue (sec-
ond normalization):

r̃(2)
t;i,j =

ri,j

rt,RM
, !̃(2)

t;i,j =
1 + !i,j

1 + !t,M
, M̃ (2)

t;i,j =
Mi,j

Mt,M
. (4.19)

Here i is the label of the cluster and j is the label of the cluster shell
considered (see chap. 2).

Comparison with the spherical collapse model. The normalized pro-
files in eqs. (4.18) and (4.19) are to be compared with the prediction of the
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SCM in eq. (3.107). We computed the best-fit expression of gta for di!erent
values of #M,0, by numerically integrating eq. (3.42) for di!erent primordial
overdensity values. In fact, the parameters "̄ and #̄ in eq. (3.35) depend on
the matter density parameter. We listed in tab. 4.2 the values obtained for
a set of value of #M,0, namely the WMAP expected value, the concordance
value, and the endpoints of the interval 0.2 + #M,0 + 0.4. The dependence
on cosmology is actually very small and once again it can be neglected.

For 0.2 + #M,0 + 0.4, the fitting function gta turns out to be suitably
approximated by an exponential law in the turnaround region:

gta(r̃t) " exp
/
K#!1/4

M,0 (r̃t # 1)
0
, K = 0.6 ± 0.1. (4.20)

Adopting the concordance value #M,0 = 0.3 this expression becomes

gta(r̃t) " exp [K%(r̃t # 1)] , K% = 0.8 ± 0.1. (4.21)

Fig. 4.6 shows the comparison between the normalized profiles extracted
from the simulated cluster catalogue and those predicted by the SCM. The
distribution of M̃ (1)

t;i,j is in good agreement with M̃ta(r̃t) (green lines). The
simulated profiles show an intrinsic variance, due to the possible presence of
di!erent cluster substructure (filaments, clumps, or even a bimodal core).
We can roughly distinguish two basic patterns:

• Regular profiles, i.e. smooth monotonic profiles,

• Irregular profiles, i.e. profiles showing one or more important changes
of slope.

A typical regular profile and two irregular profiles are respectively shown in
fig. 4.6 with a green line and with blue lines. We qualitatively recognized
in our catalogue 72 regular profiles and 42 irregular profiles (about 63% and
37%, respectively). Usually, regular profiles are expected to produce the
best agreement with our integrated model, while profiles with changes of
slope are expected to deviate from our prediction.

We say that a cluster i (either regular or irregular) fits our model when
its mass profile satisfies the following condition in every shell j:

77777log10

$
M̃t;i,j

Mta(r̃t;i,j)

%77777 + %agr, 0.5 + r̃t;i,j + 2. (4.22)

Here %agr defines the amplitude of the agreement band, while 0.5 + r̃t;i,j + 2
is a practical definition of the non-equilibrium region.
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Figure 4.6: Mass profiles of all clusters in the simulated catalogue (normal-
ized to the turnaround mass), as a function of the radial distance (normalized
to the turnaround radius). The profiles were reconstructed through the dis-
tribution of member galaxies (dots) and normalized according to eq. (4.18).
The green line is the SCM prediction of M̃ta obtained from eq. (3.107). A
regular profile (green line) and two irregular profiles (blue lines) are high-
lighted.
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% 0.10 0.15 0.20
Regular 48/72 (67%) 70/72 (97%) 72/72 (100%)
Irregular 19/42 (45%) 29/42 (69%) 38/42 (91%)
All 67/114 (59%) 99/114 (87%) 110/114 (97%)

Table 4.2: Agreement between the mass profiles of the simulated clusters
and the prediction of the SCM, using the condition in eq. (4.22) with the
normalization in eq. (4.18). The results of regular and irregular clusters are
reported along with the results of all clustes together.

Results of the first normalization. Adopting the first normalization,
we substituted r̃t;i,j and M̃t;i,j in eq. (4.22) with r̃(1)

t;i,j and M̃ (1)
t;i,j , respectively.

We performed three test for each cluster, with %agr = 0.10, %agr = 0.15, and
%agr = 0.20. The results of this comparison are reported in tab. 4.2. For
the each value of %agr, we counted the number of regular clusters (first row)
and irregular clusters (second row) which satisfy eq. (4.22); the sum of the
previous values (third row) is the total number of clusters which satisfy
eq. (4.22).

Most clusters are in good agreement with our model, confirming the
existence of a common profile in the non-equilibrium region. This result is
once again in agreement with the prediction of the SCM (see sec. 3.4.1).

As expected, eq. (3.107) is suitable to describe regular profiles, while
poorly fits irregular profiles. In fact, most irregular profiles show regular
behaviour within the turnaround region and become irregular in the extreme
outskirts. It indicates that cluster irregularity generally leaves unbiased the
turnaround mass estimation.

It is worth noting that the first normalization implies full knowledge of
the infall velocity pattern of clusters, in order to compute rt;i and !t;i. This
information is not generally provided by observations (this issue will be fur-
ther discussed in chap. 5). So, to better estimate the model reliability when
applied to observed clusters, the second normalization should be preferred.

Results for second normalization. Adopting the second normalization,
we substituted r̃t;i,j and M̃t;i,j in eq. (4.22) with r̃(2)

t;i,j and M̃ (2)
t;i,j , respectively.

The e!ect of normalization is shown in fig. 4.7 and the results of comparison
are reported in tab. 4.3.
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Figure 4.7: Mass profiles of all clusters in the simulated catalogue (normal-
ized to the turnaround mass), as a function of the radial distance (normalized
to the turnaround radius). The profiles were reconstructed through the dis-
tribution of member galaxies (dots) and normalized according to eq. (4.19).
The green line is the prediction !̃ta obtained from eq. (3.107).
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% 0.10 0.15 0.20
Regular 23/72 (32%) 48/72 (67%) 64/72 (89%)
Irregular 12/42 (29%) 21/42 (50%) 28/42 (67%)
All 35/114 (31%) 69/114 (61%) 92/114 (81%)

Table 4.3: Agreement between the mass profiles of the simulated clusters
and the prediction of the SCM, using the condition in eq. (4.22) with the
normalization in eq. (4.19). The results of regular and irregular clusters are
reported along with the results of all clustes together.

% 0.10 0.15 0.20
Regular 43/72 (60%) 67/72 (93%) 71/72 (99%)
Irregular 16/42 (38%) 25/42 (60%) 32/42 (76%)
All 59/114 (52%) 92/114 (81%) 103/114 (90%)

Table 4.4: Agreement between the turnaround mass of the simulated clusters
and the prediction of the SCM, using the condition in eq. (4.23). The results
of regular and irregular clusters are reported along with the results of all
clustes together.

The overall agreement between the galaxy distribution (dots) and the
sperical collapse model prediction (green line) is naturally worse than in
the previous case. However, even though the variance among clusters is
high, about 80% of all our profiles turn out to be well approximated in
the non-equilibrium region within a maximum uncertainty corresponding to
%agr = 0.20.

We also computed the agreement between the data and the model at the
turnaround radius rt. In this case, the agreement condition is set as follows:

7777log10

'
Mt;i,j

Mta(1)

(7777 + %agr. (4.23)

The results of comparison are reported in tab. 4.4. The estimation of Mt,0

turns out to be generally more accurate than the whole mass profile esti-
mation. Moreover, the di!erence between regular and irregular profiles is
smaller, confirming that irregularity usually occurs outside the turnaround
region. Despite the uncertainty due to the variance among clusters, our
model estimates the turnaround mass of clusters in more than 80% of cases
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within a maximum uncertainty corresponding to %agr = 0.15.

4.3 Discussion

The main results of the statistical analysis on the simulated cluster sample
can be summarized as follows:

• The turnaround radius is well approximated as a multiple of the viri-
alization radius: rt " 3.5rv;

• The turnaround overdensity is well predicted by the Meiksin approxi-
mation (eq. (3.78)): !t " 15;

• The turnaround mass approximately depends on the 3-dimensional
DM velocity dispersion within the virialization core in the form of a
cubic relation: Mt/1014M" " 3.7($v/103 km s!1)3.

• The mass profiles of clusters in the turnaround region are well de-
scribed by an exponential law (eq. (4.20)) when normalized to the
turnaround values: gta(r̃t) " exp[0.8(r̃t # 1)].

These results are fully consistent with the SCM and the turnaround ap-
proach (sec. 3.4.1) and demonstrate that the spherical symmetry hypothesis
is actually suitable to describe the infall pattern in the non-equilibrium re-
gion.

The dependence on #M,0 indicates that the adopted cosmology in prin-
ciple a!ects the matter distribution in the cluster outskirts (while it leave
almost una!ected the matter distribution in the core). However, this de-
pendence is very slight in the 0.2 + #M,0 + 0.4 and can be neglected for all
practical purposes. Nevertheless, the results are not restricted to the par-
ticular cosmology adopted for the considered simulation, but can be easily
estended to di!erent values of the matter density parameter.

The above-mentioned results can be used to develop a simple technique
to estimate the mass profiles around rt. The technique runs as follows:

1. The virialization radius rv and the virialization mass Mv are estimated
from the galaxy velocity dispersion in the cluster core [72];

2. The turnaround radius rt and the turnaround mass Mt are obtained
from rv and Mv using the statistical relation in eqs. (4.8) and (4.10);
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3. The normalized mass profile M̃t(r̃t) is theoretically computed by sub-
stituting eq. (4.20) into eq. (3.107);

4. The actual mass profile M(r) is finally obtained by multiplying r̃t by
rt and M̃t by Mt.

The technique can be applied up to the far outskirts of clusters where the
other techniques are not generally applicable. The estimated mass profile is
proved to be correct in the region 0.5 + r̃t + 2 in more than 80% of cases
within an uncertainty corresponding to a logarithmical factor of 0.2 or less.
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Chapter 5

Infall velocity and mass
estimation

The mass estimation technique described in chap. 4 only relies on the statis-
tical properties of the cluster catalogue which turns out to consistent with
the turnaround approach based on the SCM (sec. 3.4.1). This approach is
somehow limited, since it does not take into account the particular charac-
teristics of each single cluster. A possible way to overcome this issue is to
adopt the infall approach (sec. 3.4.2), using the individual infall pattern of
galaxies in clusters as a tracer of the overall matter distribution and compute
!(r) and M(r) from eqs. (3.112) and (3.113). Such method is expected to
help reducing the uncertainty associated to the mass estimation in clusters.

In this chapter the infall velocity approach will be adopted as a way
to estimate the mass profile of observed clusters. The analysis of observed
cluster must cope with a strong limitation: the infall velocity pattern of a
given cluster cannot be generally reconstructed from observation as an e!ect
of projection onto the sky plane. This issue will be addressed by using both
theoretical and statistical arguments to demonstrate that the infall velocity
approach is practicable under particular conditions.

Once again, the analysis is performed on the simulated data catalogue
described in chap. 2. Throughout the discussion, we rely only upon observ-
able quantities, handling the simulation as a mock observation (see chap. 2).
The results of such approach yields are aimed to be directly applied to ob-
servations.
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Figure 5.1: Geometrical representation of a cluster C with an infalling galaxy
G as seen by a distant observer O.

We will particularly focus on a selected subset of galaxies, approximately
lying on the sky plane and having the same velocity modulus along the radial
direction and the line-of-sight direction. These galaxies will be referred to
as fair galaxies as they turn out to be particularly suited to trace the infall
velocity profile of clusters.

5.1 Statistics of the redshift space

5.1.1 The fair galaxy subset

Fig. 5.1 gives a schematical geometrical representation of a cluster C with
an infalling galaxy G as seen by a distant observer O. The total comoving
velocity vector of the galaxy is split into two ortogonal component, the
radial velocity vr;g and the tangential velocity vt;g. The subscript g is used
to identify a single galaxy and can be regarded as the galaxy index number
in the catalogue (see sec. 2.2).
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We assume that the overall infall motion of galaxies is isotropic:

)vr;g*r = #vrr̂, )vt;g*r = 0. (5.1)

Here vr is the overall infall velocity (see eq. (4.1)), r̂ is the unit vector
along the radial direction, and the angle brackets denote averaging over all
galaxies located at a given radial distance r from the cluster centre.1 It
is worth noting that )vt;g* = 0 does not generally imply )vt;g* = 0; on the
contrary, a nonzero tangential velocity modulus is expected in most of cases.
The existence of random tangential motions does not contradict the presence
of an overall infall motion of galaxies; in fact, due to isotropy all non-radial
contributions are averagely suppressed.

Neither vr;g nor vt;g can be generally inferred from observations. Only the
projected coordinates of galaxies can be directly observed. These projected
coordinates are the sky-plane distance from the cluster centre, rsp;g, and the
line-of-sight velocity, vlos;g. Thus, the 3-dimensional infall pattern reduces to
a 2-dimensional distribution on the plane (rsp;g, vlos;g), which will be referred
to as redshift space.

Fig. 5.1 provides the geometrical transfomations between the real coor-
dinates and the redshift-space coordinates:

rsp;g = rg cos %g, (5.2)

vlos;g = vr;g sin %g + vt;g cos /g cos %g. (5.3)

We define fair galaxies (hereinafter FGs, or the FG subset) the galaxies
which satisfy the following qualitative condition:2

rg " rsp;g, vr;g " |vlos;g|. (5.4)

This definition is motivated by a practical purpose: if there is a way to
identify the FGs in a given cluster, their observable redshift-space coordi-
nates rsp and vlos can be used instead of the unknown quantities r and vr

to reconstruct the individual infall velocity profile of the cluster. In fact,
substituting eq. (5.4) into eq. (5.1) one obtains

vr = #)vr;g*r " #)|vlos;g|*rsp . (5.5)
1Hereinafter, the angle brackets will denote averaging over all galaxies located at a

given distance from the cluster centre, along a given radial coordinate denoted by the

bracket subscript.
2A quantitative definition will be provided later.
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Thus, when applied to the FG subset, eqs. (3.112) and (3.113) can be written
as follows:

!0(r) " !0
-
rsp, )|vlos;g|*rsp

.
= P!1

"
3#!0.6

M,0

)|vlos;g|*rsp

H0rsp

#
, (5.6)

M0(r) " M0
-
rsp, )|vlos;g|*rsp

.

=
4
3
')cr,0#M,0r

3
sp

"
1 + P!1

"
3#!0.6

M,0

)|vlos;g|*rsp

H0rsp

##
. (5.7)

To apply eqs. (5.6) and (5.7) to observed clusters, it is essential that
the FG subset is identified independently, i.e. relying only upon observable
quantities. In fact, simple considerations suggest that FGs are not randomly
distributed among other galaxies but tend to gather in a particular region
of the redshift space. The first condition in eq. (5.4) implies %g " 0, yielding
through eq. (5.3):

vlos;g " vt;g cos /g, )vlos;g*rsp "
)vt;g*rsp(

2
. (5.8)

In other terms,
)|vlos|*rsp - )vr*rsp - )vt*rsp (5.9)

for any given radial distance. Eq. (5.9) indicates that FGs are mostly lo-
cated in the region of the redshift space where the line-of-sight velocity and
the total comoving velocity of the galaxies are of the same order of magni-
tude. Therefore, FGs are unlikely to be found in the region of the redshift
space where the line-of-sight velocity is low. Such property can be partic-
ularly observed in the transition region between the cluster core and the
outskirts, where the infall velocity modulus tends to be significantly high
(see sec. 4.1.1).

5.1.2 Identification of the fair galaxies

Fig. 5.2 represents the overall redshift-space distribution of galaxies (light
blue dots) in the simulated catalogue:

• The x-coordinate is the sky-plane distance of galaxies from the centre
of their host clusters (denoted with i(g)) normalized to the cluster
virialization radius:

r̃sp,v;g %
rsp;g

rv;i(g)
; (5.10)
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Figure 5.2: Redshift-space distribution of all galaxies in the simulated cat-
alogue (light blue dots) and of the FG subset (dark blue dots). For each
cluster, the sky-plane distance of galaxies from the cluster centre is nor-
malized to the cluster virialization radius. The FGs have been selected by
setting %%

FG = 0.2 in equations (5.11) and (5.12).
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%%
FG ngal RP(vr,g; vt,g) RP(|vlos;g|; vt;g)

All galaxies # 9631 #0.06 0.51

0.1 202 0.68 0.68
FGs 0.2 649 0.61 0.63

0.3 1367 0.46 0.52

Table 5.1: Pearson’s correlation between vr;g and vt;g and between |vlos;g|
and vt;g for all the galaxies in the simulated catalogue (first row) and for the
FG subset, selected by setting di!erent values of %%

FG in equations (5.11) and
(5.12) (second, third, and fourth row, respectively). The number of galaxies
taken into account in each case is also listed as ngal.

• The y-coordinate is the line-of-sight velocity with respect to the cluster
centre vlos;g.

Normalization to rv is required to allow comparison between clusters of dif-
ferent scale. The resulting distribution shows a well-defined trumpet shape,
which is typical of caustics surfaces (see e.g. [21, 23]).

The FGs are highlighted in fig. 5.2 as dark blue dots. They have been
extracted from the overall distribution by formalizing the conditions in equa-
tion (5.4) as follows:

rsp;g

rg
= cos %g $ 1# %%

FG, (5.11)

1# %%
FG +

|vlos;g|
vr;g

+ 1 + %%
FG. (5.12)

where %%
FG = 0.2 (the reason of this choice will be discussed later). As clearly

shown by Fig. 5.2, the FGs are not randomly distributed and tend to have
a relatively high line-of-sight velocity modulus, being almost absent in the
region around vlos = 0.

Dependence between the velocity components. The latter obser-
vations are in agreement with the consideration in sec. 5.1.1 and with the
condition in eq. (5.9). A detailed analysis of the mutual dependence between
the di!erent velocity components strongly confirms these results.

Fig. 5.3 shows the mutual dependence between vr;g and vt;g and between
|vlos;g| and vt;g, respectively, for the galaxies in the simulated catalogue.
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Figure 5.3: Dependence of the tangential velocity on the radial velocity (left
column) and on the line-of-sight velocity (right column) for all galaxies in the
simulated catalogue (light blue dots) and for the FG subset (dark blue dots).
The FGs have been selected by setting %%

FG = 0.1, %%
FG = 0.2, and %%

FG = 0.3
in equations (5.11) and (5.12) (first, second, and third row respectively).
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Once again, the galaxies are represented as light blue dots and the FGs are
highlighted as dark blue dots. The three panels of both figures are obtained
by setting in eqs. (5.11) and (5.12) alternatively %%

FG = 0.1, %%
FG = 0.2,

and %%
FG = 0.3. The Pearson’s correlation coe"cients corresponding to the

di!erent distributions of fig. 5.3 are listed in tab. 5.1. Both RP(vr,g; vt,g) and
RP(|vlos;g|; vt;g) are significantly higher for the FG subset than for the whole
galaxy set (adopting %%

FG = 0.1 or %%
FG = 0.2). It demonstrates that the

FGs actually satisfy eq. (5.9), and explains why their line-of-sight velocity
modulus is seldom inferior to 102 km s!1. In fact, FGs are almost completely
absent in the left-hand tail of the distributions in the right column of fig. 5.3.

The Pearson’s correlation coe"cients depend heavily on the choice of
%%
FG. Lower values of %%

FG correspond to stricter conditions for a galaxy to be
defined as fair and therefore yield a better correlation. Conversely, higher
values of %%

FG allow to extract a larger number of galaxies, as it is generally
preferable for single cluster analysis (if the conditions are too strict, no
FGs may be extracted at all). In fact, %%

FG = 0.3 is too high to obtain a
good correlation between |vlos| and vr, when compared to the correlation
obtained for the whole galaxy set. Conversely, %%

FG = 0.1 causes 98 per cent
of galaxies to be rejected. The value %%

FG = 0.2 seems to be a convenient
balance between the two opposing requirements. This justifies our previous
assumption (see sec. 5.1.1). Hereinafter, we will adopt %% = 0.2 as the best
value for defining the FG subset.

5.1.3 The fair region on the redshift space

Since the FGs are preferentially located in a specific region of the redshift
space, a possible way to select them among other galaxies is to formalize
the definition of the considered region. To achieve this goal, we compared
the redshift space distribution of galaxies with the overall infall velocity and
tangential velocity profile extracted from the simulated data catalogue.

The three distributions are represented with both dots and colours in
fig. 5.4 (first and second row, respectively). The first column represents the
line-of-sight velocity modulus as a function of the normalized sky-plane dis-
tance from the cluster centre. The second and the third column represent
the radial and the tangential velocity as a function of the normalized dis-
tance from the cluster centre. To determine the colours, we superimposed
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Figure 5.4: Comparison between the distribution of the line-of-sight velocity
modulus, the radial velocity profile, and the tangential velocity profile. The
radial coordinate is alternatively the normalized sky-plane distance from the
cluster centre (first plot) and the normalized radial distance from the cluster
centre. The colour scale represents the number density of galaxies for unit
surface in the plane, D, measured in galaxies per km s!1.
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an orthogonal grid on each plane and counted the galaxies in each cell of
the grid, in order to produce a 2-dimensional histogram. The colour scale
represent the number density of galaxies for unit surface, D, measured in
km!1 s.

The three distributions are significantly di!erent. In all cases, the tran-
sition between the virialized core and the outskirts is clearly noticeable.
In the first plot, the transition appears as a low-density region defined by
1 + r̃v + 2. In the second plot and in the third plot, the same region is
a!ected by a sudden change in the overall profile. As discussed in chap. 4,
the radial velocity profile is clearly recognizable in the cluster outskirts
(r̃v ! 2.2), while it is blurred in the cluster core due to virialization-related
phenomena. As a result, both the definition of an infall velocity profile and
the estimation of the overdensity and mass profile through eqs. (5.6) and
(5.7) are better suited to the non-equilibrium region of clusters. An inner-
outer discrepancy is also observed in the third panel: the average tangential
velocity is almost constant in the outskirts and shows a peak in the core,
passing through a transition region where the distribution is blurred.

Details of the radial velocity profile. Assuming the validity of the
Meiksin approximation (see sec. 4.1.1) and using the overdensity profile in
eq. (3.107), we can rewrite eq. (3.111) as follows:

vr,ta(r̃t) = #H0rt#0.6
M,0

+
(1 + !t)r̃!3

t gta(r̃t)# 1
,
r̃t

+
3(1 + !t)r̃!3

t gta(r̃t) + 6
,1/2

. (5.13)

This is another way to express the common infall velocity profile associated
to the common mass profile described by eq. (3.107) and recognized in our
simulated catalogue, as discussed in chap. (4).

For 0.2 + #M,0 + 0.4, the profile in eq. (5.13) turns out to be well ap-
proximated by a power law, assuming that the fitting function gta is defined
as in eq. (4.20) and using the values in eqs. (4.8) and (4.9) as estimate for
rt and !t:

vr,ta(r̃t)
H0r

" /ta(#M,0)r̃
$ta($M,0)
t , (5.14)

/ta(#M,0) " #1.00!
"

#M,0

0.3

#0.6

, 0ta(#M,0) " #1.38!
"

#M,0

0.3

#0.2

.

(5.15)
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Figure 5.5: Detailed description of the infall velocity profile. The infall pat-
tern of galaxies (same as in the second column of fig. 5.4) is interpolated with
the empirical fitting function in eq. (4.2) (dashed lines) and with the theo-
retical fitting function in eq. (5.14) (solid lines), assuming the concordance
value of #M,0. (Multiple lines of the same pattern represent the expected
value, with a bold line, and the 1$ uncertainty band, with narrow lines.)
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Also in this case, the dependence of the parameters /ta and 0ta on #M,0 is
very small when compared to the uncertainty associated with the interpo-
lation procedure.

The fitting functions provided in eq. (4.2) and eq. (5.14) are respec-
tively represented in fig. 5.5 as dashed and solid lines. We assumed that
rt/rv = 3.5± 0.4, as in eq. (4.8), and that #M,0 = 0.3. The bold lines repre-
sent the expected values, while the narrow line delimits the 1$ uncertainty
band of the fitting parameters. The two functions are consistent within
the uncertainties in the whole non-equilibrium region, fitting fairly well the
mean trend of the infall velocity pattern. It provides a theoretical support
to the empirical interpolation of the infall pattern discussed in sec. 4.1.1.

Details of the tangential velocity. The distribution of tangential ve-
locity can be understood by assuming that it is a combined e!ect of angular
momentum conservation and velocity dispersion of galaxies which are not
isolated but infall as member of small galaxy groups. During the infall, these
groups acquire a relative velocity vu with respect to the cluster centre.

The root-mean-square value of vu can be estimate from the power spec-
trum P (k), suitably filtered (see eq. 3.56). Since fluctuations on scales larger
than the cluster give similar contribution both to cluster and groups, and
fluctuations on scales smaller than groups are averaged, we choose a band-
pass filter with two filtering radii:

• A minimum filtering radius rf,min corresponding to the radius of a
homogeneous universe containing the turnaround mass of the groups
(which is approximately twice its virial mass, see sec. 4.1.1);

• A maximum filtering radius rf,max given by the same scale as computed
for clusters.

Thus, the filtered power spectrum is

Pf,sc(k) = P (k)Wsc(k) (5.16)

with

Wsc(k) =
"

3 sin(rf,mink)# rfk cos(rf,mink)
(rf,mink)3

#2 "
1#

sin(rf,maxk)
rf,maxk

#2

. (5.17)
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Figure 5.6: Details of the tangential velocity distribution. The upper panel
shows the theoretical distribution obtained from the SCM, while the lower
panel shows the distribution of tangential velocities extracted from the sim-
ulated catalogue (same as in fig. 5.4). The radial coordinates of the two
panels where adjusted to allow comparison, assuming that rt/rv = 3.5.
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A choice which suitably fits the data is given by M(rf,min) = 5 ! 1012h!1

Mpc and M(rf,min) = 1.65 ! 1014h!1 Mpc. The velocity dispersion $ of
groups is derived from eq. (1) of Biviano et al. [72].

Due to isotropy, the tangential contribution is
!

2/3vu while the radial
contribution is vu/

(
3. Due to the infall, a group is displaced from the

unperturbed radial position a to a perturbed position r along the radial
coordinate. Therefore, the perturbed tangential velocity turns out to be

vt =
!

2/3vu
a

r
=

!
2/3vu(1 + !)1/3. (5.18)

Through eq. (3.107) this equation becomes:

vt,ta(r̃t) =
A

2
3
vu

+
(1 + !t)r̃!3

t gta(r̃t)
,1/3

. (5.19)

Upon calculation, vu turns out to be slightly dependent on cosmology:

vu " 155!
"

#M,0

0.3

#0.72

. (5.20)

The overall distribution represented in the third column of fig. (5.4)
can be reconstructed by assuming that the individual tangential velocities
of galaxies are gaussianly distributed around the mean value vt,ta. In this
case, one must consider a 2-dimensional gaussian distribution, since the
individual tangential velocities are defined in a plane rather than along a
given direction. The resulting distribution can be expressed as follows:

)v2
t *r̃t = $2

1 #

0
ft(r̃t, v)dv, ft(r̃t, v) =

1 2&

0
-t

-
vt,ta(r̃t), v; #

.
vd# (5.21)

where

-t
-
vt,ta(r̃t), v; #

.
= Kt exp

"
#vt,ta(r̃t)2

$2
# v2

$2
+

2vt,ta(r̃t)v
$2

cos #

#
. (5.22)

Here v is a mute variable denoting a displacement from vt,ta and Kt is a
normalizing constant.

The theoretical distribution in eq. (5.21) is represented in the upper panel
of fig. 5.6 with a colour scale. The lower panel of the same figure represents
the corresponding distribution extracted from the cluster catalogue (same as
in fig. 5.4) to make comparison easier. There is a clear agreement between
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the prediction obtained from a statistical analysis based on the SCM and
the actual behavior of galaxies. Therefore, we can safely rely on the simu-
lated data, provided that we take into account the dependence of dynamics
on cosmology which was determined through theoretical arguments. This
dependence is actually very small and can be neglected assuming that #M,0

is well approximated by the concordance value 0.3.

Definition of the fair region. When the FG subset alone is addressed,
the radial coordinate in the three columns of fig. 5.4 is approximately the
same, since FGs have rg " rsp;g for definition. This property can be used
to justify the observed distribution of the FG subset on the sky plane. In
fact, one can demonstrate that the redshift-space distribution of FGs (as
shown in fig. 5.2) is well reproduced by the superimposition of the infall and
the tangential velocity distribution (second and third column of fig. 5.4),
confirming the condition in eq. (5.9). These two distributions can be also
regarded as probability distributions among the galaxy sample provided that
they are normalized to unity over the whole plane.

Within this approach, we performed a two-step procedure:

• Firstly, we computed the joint probability for a galaxy to be located
in the same grid cell of the second and the third panel in the lower row
of fig. 5.4. The obtained distribution is the probability for galaxies to
have vr;g " vt;g represented as a function of r̃v;g

• Secondly, we assumed that r̃v;g " r̃sp,v;g and we compared the resulting
plot to the overall galaxy probability distribution of the first panel in
the lower row of fig. 5.4.

The results of this computation are shown in fig. 5.7. The upper panel
shows the superimposition of the infall and the tangential velocity distribu-
tion while the second panel shows the actual distribution of FGs from the
simulated catalogue. The colour scale represents the probability parameter
P, obtained by normalizing D to unity over the whole plane. To make com-
parison easier, we represented in both panels the radial average and the 1$
uncertainty region of the FG subset distribution (dots and error bars).

The two panels show a remarkable agreement especially in the non-
equilibrium region. In the cluster core, the correspondence is less clear due
to the virialization-related phenomena. Nevertheless, a preferential region
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Figure 5.7: Statistical determination of the FG distribution in the redshift
space. The upper panel is obtained by superimposing the infall velocity
distribution and the tangential velocity distribution, while the lower panel
shows the actual redshift-space distribution of the FGs. The average and
the 1$ uncertainty band of this distribution along the radial coordinate are
also shown in both panels (dots and error bars). The colour scale represent
the probability distribution P (see text).
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for FGs is clearly recognizable. The existence of this region is theoretically
justified by eq. (5.9) and is confirmed by the agreement between the colour
contours and the cross distribution.

Hereinafter, the 1$ uncertainty band in fig. 5.7 will be referred to as the
fair region of the redshift space. Most of the FGs are likely to be located
within the fair region in any given cluster. A linear-fitting algorithm applied
to the lower and the upper narrow line in fig. 5.7 respectively yields

vmin(r̃sp,v) = (#30 ± 2)r̃sp,v + (3.5 ± 0.4)! 102, (5.23)

vmax(r̃sp,v) = (#1 ± 0.1)! 102r̃sp,v + (1 ± 0.2)! 103. (5.24)

Therefore, the fair region can be operatively defined as follows:

vmin(rsp;g) + |vlos;g| + vmax(rsp;g). (5.25)

5.1.4 The selected galaxy subset

The operative definition of the fair region in eq. (5.25) allows to determine
the location of the FG subset in any given observed cluster. However, it is
worth noting that there is no e!ective way to extract all and only the FGs
from the redshift-space distribution of galaxies. In fact, most of galaxies ly-
ing within the fair region are not FGs, i.e. they do not satisfy the conditions
in equations (5.11) and (5.12).

Such an issue is generally unavoidable because the projection of clusters
onto the sky plane causes a loss of information which cannot be completely
recovered. A set of conditions used to define a particular galaxy subset in
a cluster are only su"cient conditions, and not necessary conditions, for
this subset to be located in a particular region of the 2-dimensional redshift
space.

However, one can select all galaxies lying within the fair region, both
fair and not, and subsequently apply eq. (5.6) and (5.7) to all of them. The
galaxies used within such approach will be referred to as the selected galaxies
(hereinafter SGs, or SG subset).

The mass profiles estimated using the SG subset are likely to be noisier
than those obtained by using the FG subset alone. Many spurious galaxies
are selected along with the fair ones introducing a bias in the estimation
of the infall velocity profile (since only FGs satisfy eq. (5.5)). Nevertheless,
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we aim to demonstrate that eq. (5.7) also provides a good estimate when
applied to SGs rather than to FGs. In fact, one can reasonably assume that

• A large amount of unfair galaxies is actually rejected when selecting
the galaxies within the fair region making the bias on the infall velocity
profile estimation as low as practically achievable;

• The possible range of values of line-of-sight velocity for the spurious
galaxies is limited by eq. (5.25) at any sky-plane distance. In a sense,
the spurious galaxies behave as if they were FGs.

The e!ectiveness of mass estimation presumably rely on the definition of
fair region, rather than on the FG subset. In fact, the fair region is defined
by smoothing the actual FG distribution (see eq. (5.25)) and is justified by
both theoretical and statistical arguments. In sec. 5.2 all these assumptions
will be tested by comparison with the simulated data catalogue.

Radial bias of the selected galaxies. The most notable e!ect of using
the SGs instead of the FGs is that the spurious galaxies induce a systematic
shift of the infall velocity profile along the radial coordinate. In fact, the
SGs do not necessarily satisfy the condition in equation (5.11), and generally
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A simple consideration suggests that for FGs
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at any given radial distance. Conversely, for a subset of galaxies selected
without any knowledge of their 3-dimensional distribution in space, one
generally obtains
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where rlos is the line-of-sight projection of the radial coordinate, rcut is a cut
radius, and "(r) is the number density profile of galaxies (see sec. 6.2.2).
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5.2 Overdensity and mass profile estimation

Substituting %%
FG = 0.2 into eqs. (5.11) and (5.12) and applying those con-

ditions to the simulated data catalogue we identified 646 FGs. Applying
eq. (5.25) to the same catalogue, we identified 4403 SGs within the fair re-
gion. The number of SGs is significantly higher than the number of FGs.
Approximately 68 per cent of all FGs actually lies within the fair region.
Approximately 90 per cent of all SGs is made up by spurious galaxies.

Correction of the radial bias. We computed for the FG subset
B

rsp;g

rg

C

rsp

77777
FG

= 0.93 ± 0.06, (5.29)

and for the SG subset
B

rsp;g

rg

C

rsp

77777
SG

= (5.5 ± 0.5)! 10!2r̃sp + (0.6 ± 0.3). (5.30)

This values are in very well agreement with the prediction of eqs. (5.27) and
(5.28), assuming rcut = 7 and using the extracted profile of ". Eqs. (5.29)
and (5.30) can be used to obtain guess values of r from rsp. For each galaxy,
we define the guess radial distance as follows:

rG;g %
rsp;g

lG;g
, (5.31)

where lG;g is defined for both FGs and SGs using the expectation values in
eqs. (5.29) and (5.30):

lFG;g % 0.93, lSG;g % 0.055r̃sp;g + 0.6. (5.32)

5.2.1 Estimation technique

Once the radial bias has been corrected, eq. (5.7) can be used to obtain a
raw estimate of the overdensity and mass profiles of the clusters:

Mraw;g % M0(rG;g, |vlos;g|). (5.33)

Eq. (5.33) was applied to all FGs and SGs (as denoted by the index number
g). The results were then compared with the values of Mg extracted from
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Figure 5.8: Ratio between the estimated raw mass and the actual mass in
clusters, obtained using the FGs (upper panel) and the SGs (lower panel).
The crosses represent the values of Mraw;g/Mg computed for each galaxy
as a function of r̃G,v;g. The average and the 1$ uncertainty band of the
distribution along the radial coordnate are also shown (dots and error bars).
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the simulation (see sec. 2.2). Fig. 5.8 shows the result of comparison. The
upper panel represents the FG subset while the lower panel represents the SG
subset. They are obtained by alternatively setting lG;g % lFG;g or lG;g % lSG;g

into eq. (5.33). Both panels show the distribution of values Mraw;g/Mg

computed for each galaxy (light blue dots) together with the average and
the 1$ uncertainty region along the radial coordinate (dark blue dots and
error bars). The radial coordinate is

r̃G,v;g %
rG;g

rv;i(g)
(5.34)

where i(g) is the index number of the host cluster, for each galaxy with
index number g (see sec. 2.2).

The two profiles, despite an evident di!erence in galaxy numbers, turn
out to be quite similar. The remarkable underestimation of mass in the
cluster core indicates that the infall approach is generally unfit to describe
the dynamics of the virialized region. It is not unexpected, since a well-
defined infall velocity profile is only recognizable in the non-virialized region
of clusters (see chap. 4 and sec. 5.1.3). Nevertheless, the underestimation
appears to be systematically predictable and similar in both cases.

Moreover, there is no remarkable bias in the mass estimation obtained
from the SGs compared to that obtained from the FGs. The unfair galax-
ies which are inevitably selected along with the fair ones do not sensibly
perturb the overall infall profile when their projected sky-plane distances
from the cluster centre are corrected according to eq. (5.30), confirming the
assumptions in sec. (5.1.4).

Correction of the systematical error in mass profiles. To improve
the mass estimation in the cluster core, one must take into account the
systematical error in Fig. 5.8. This error is generally predictable as the
average of the two distributions is well described by a power law profile:

B
Mraw

M

C

rG

= /M r̃$M
G,v. (5.35)

The fitting parameters for the FG subset are

/M,FG = 0.25 ± 0.06, 0M,FG = 0.73 ± 0.05, (5.36)
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Figure 5.9: Ratio between the estimated mass profile and the actual mass
profile in clusters, obtained using the FGs (upper panel) and the SGs (lower
panel). The crosses represent the values of Mcorr(r̃G,v;g)/Mg, with g the
galaxy index number. The average and the 1$ uncertainty band of the
distribution along the radial coordnate are also shown (dots and error bars,
respectively).
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while for the SG subset they are

/M,SG = 0.25 ± 0.06, 0M,SG = 0.70 ± 0.08. (5.37)

Eq. (5.36) can be used to obtain guess values of M from Mraw. For each
galaxy, we define the guess mass as follows:

MG;g %
Mraw;g

mG;g
, (5.38)

where mG;g is defined for both FGs and SGs using the expectation values
in eqs. (5.36) and (5.37):

mFG;g % 0.25r̃0.73
FG,v;g, mSG;g % 0.25r̃0.7

SG,v;g. (5.39)

Eq. (5.38) was applied to all FGs and SGs by alternatively setting
mG;g % mFG;g or mG;g % mSG;g into eq. (5.38). The corrected mass pro-
file Mcorr(r̃G,v;g) for each cluster was subsequently obtained by applying a
gaussian-kernel smoothing algorithm to the obtained distributions. The re-
sults were compared with the values of Mg extracted from the simulation.
Fig. 5.9 represents the result of comparison. Once again, the upper panel
shows the FG subset while the lower panel the SG subset. The panels show
the distribution of values Mraw;g/Mg computed for each galaxy (light blue
dots), together with the average and the 1$ uncertainty region along the
radial coordinate (dark blue dots and error bars).

As clearly recognizable from the plots, the combined procedure of cor-
rection and smoothing yields extremely good results. The ratio Mcorr/M

is very close to unity from the virialized core up to the extreme outskirts
of clusters. When using the SGs instead of the FGs, the average trend of
the distribution slightly bends down in the outermost region as an e!ect
of uncertainty in equation (5.37). Nevertheless, the overall statistical dis-
persion around the average trend is smaller for SGs than for FGs. It is not
surprising, since the larger number of SGs reduces the noise in the averaging
procedure.

5.2.2 Accuracy of the estimate

To quantify the accuracy in mass estimation, we computed the statistical
moments of both distributions in fig. 5.9. We denote with µM and $M the
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I ngal µM $M µM$M µM/$M

# 646 0.91 1.77 1.61 0.51
FGs [0.5, 3.0] 199 0.93 2.03 1.88 0.46

[0.5, 1.5] 85 0.79 2.19 1.73 0.36

# 4403 0.97 1.40 1.35 0.69
SGs [0.5, 3.0] 1434 1.05 1.40 1.47 0.75

[0.5, 1.5] 673 0.97 1.43 1.39 0.68

Table 5.2: Accuracy of mass profile estimation, using the FG subset and the
SG subset, for di!erent interval of galaxy radial distance from the cluster
centre.

logarithmical mean and the logarithmical variance computed among the set
of values Mcorr/M :

µM % exp
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G 1
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$2
M % exp

F

G 1
ngal

ngal*

g=1

-
lnMcorr(r̃G,v;g)# lnMg # µM

.2

H

I , (5.41)

The computation was performed in two ways:

• Considering all FGs and SGs extracted from the catalogue,

• Considering only the FGs and SGs located within a given interval I

of radial distances from the cluster centre.

The second approach allows to investigate the e!ectiveness of the mass es-
timation technique when it is applied to clusters observed with a limited
radial aperture. The interval is generally defined as I % [rmin, rmax]. We
adopted throughout rmin % 0.5 to reject the innermost region of clusters and
set alternatively rmin % 3 or rmin % 1.5.

The results of the computation are listed in tab. 5.2. The mass estimation
based on the SG subset is generally more accurate than that based the FG
subset, confirming the results displayed in fig. 5.9. It demonstrates that the
fair region, rather than the FG subset, is responsible for producing a correct
estimate of the cluster mass profiles (see sec. 5.1.3).
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&v%
los (km h!1) I ngal µM $M µM$M µM/$M

# 4403 0.99 1.42 1.41 0.70
100 [0.5, 3.0] 1426 1.06 1.40 1.49 0.76

[0.5, 1.5] 671 0.98 1.43 1.40 0.69

# 4493 1.02 1.44 1.48 0.71
200 [0.5, 3.0] 1463 1.10 1.40 1.53 0.78

[0.5, 1.5] 713 1.01 1.40 1.41 0.73

# 4302 1.06 1.45 1.54 0.73
300 [0.5, 3.0] 1380 1.13 1.42 1.61 0.79

[0.5, 1.5] 671 1.02 1.42 1.46 0.71

Table 5.3: Accuracy of mass profile estimation, using the SG subset, for
di!erent values of &v%

los in equation (5.42).

The additional noise introduced by the spurious galaxies which are in-
evitably included in the SG subset turns out to be relatively small as long
as their sky-plane distances from the cluster centre are corrected through
eq. (5.31). As a results, the mass estimation is accurate even when the
aperture interval is reduced.

E!ects of random errors in the line-of-sight velocity distribution.
In principle, the experimental error associate in the line-of-sight velocity
measurement could a!ect the reliability of the mass estimation technique.
The e!ect of this error on the simulated data can be mimicked by defining
a perturbed line-of-sight velocity Jvlos;g:

Jvlos;g % vlos;g + &vlos;g, &vlos;g % rand(0,&v%
los), (5.42)

where rand(µ, $) is a function which yields randomly-generated values with
a gaussian probability distribution, µ and $ being the mean and the variance
of the distribution, respectively.

We applied eq. (5.42) to all galaxies in the simulated data catalogue
and substituted |Jvlos;g| to |vlos;g| in eqs. (5.6) and (5.7). We alternatively
set &v%

los % 100 km h!1, &v%
los % 200 km h!1, and &v%

los % 300 km h!1.
The mass estimation technique was then performed exactly as before. The
results are listed in tab. 5.3. The artificial noise introduced in the line-of-
sight velocity distribution apparently does not to a!ect the accuracy of the
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mass estimation. In fact, the artificial noise left unchanged the definition
of the fair region, which was proved to be responsible for the reliability of
the technique. Even though it is likely that the number of spurious galaxies
is increased by the artificial noise, they again behave as if they were FGs,
provided their sky-plane distances are corrected as before through eq. (5.31).

5.2.3 Examples of single-cluster estimation

Fig. 5.10 represents the individual results of the mass estimation technique
when applied to 6 clusters from the simulated catalogue. In each panel, the
green dots represent the values of MG;g obtained by setting mG;g % mSG;g

into eq. (5.38) for each galaxy in the SG subsample. The corrected profile
obtained from the mass estimation technique is directly compared with the
actual mass profile extracted from the simulation (dark blue dashed line and
light blue solid line, respectively).

The upper row shows three cases of good estimation, not infrequent
among the sample. The estimation technique turns out to be typically reli-
able in the range r̃v = 1÷6 even when no more than 30 SGs are recognized.
In many cases, slight variations in the mass profile slope are correctly re-
produced (second and third panel). Depending on the adopted smoothing
algorithm, minimal discrepancies between the actual mass profile and the
prediction of the technique are observed in the virialization core and in the
extreme outskirts of clusters.

The lower row shows three cases of bad estimation. It can be mainly
ascribed to the irregularity of the mass profile, as already discussed in chap. 4
(first and second panel), or to the uneven distribution of the SGs along the
radial coordinate (third panel).

In the first case, the technique actually tends to overestimate mass out-
side the virialization core. In fact, the purely statistical correction of the
radial bias introduces a radial spread in the distribution of values MG;g un-
dermining the possibility of recognizing any sudden change of slope in the
mass profile. As a consequence, a plateau (second panel) or even an unphys-
ical downward trend of the profile (first panel) is produced. Nevertheless,
this e!ect is tipically corrected at large radii (r̃v " 6) yielding a correct
estimate of the total cluster mass.

When the SGs are to few to evenly cover the whole radial extension
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Figure 5.10: Results of mass estimation for 6 clusters from the simulated
sample, using the SGs. The green dots represent the values of MG;g obtained
from eq. (5.38). The dark blue dashed lines are the corrected mass profiles
Mcorr(r̃G,v;g) obtained by applying a gaussian-kernel smoothing algorithm
to the distributions. The light blue solid lines are the actual mass profiles
extracted from the simulation.



96 Infall velocity and mass estimation

of cluster, the reliability of mass estimation technique is obviously radially
limited (third panel).

5.3 Discussion

We described a refined technique to estimate the mass profiles of clusters
from the core up to the extreme outskirts. This technique adopts the in-
fall approach developed within the SCM (sec. 3.4.2) and is based on the
recognition of a particular subset of fair galaxies which typically gather in a
limited fair region of the redshift space. Such approach is consistent with the
turnaround approach described in chap. 4 and is proved to better reproduce
the individual dynamical behaviour of clusters.

The mass estimation technique can be summarized into a four-step recipe:

• The redshift-space distribution of a given cluster is obtained from ob-
servations. The radial coordinate must be normalized to the virial-
ization radius rv as computed by velocity dispersion profile measure-
ments.

• All galaxies within the fair region are selected apart through eq. (5.25).
Their observed sky-plane distance rsp should be corrected through
eq. (5.31) to reduce the projection e!ect. The values rG and |vlos| are
then used as guess values for the unknown quantities r and vr and
substituted into eqs. (5.7) to determine a raw estimation of the mass
distribution along the radial coordinate, Mraw.

• The raw mass profile distribution is corrected through equation (5.38)
to reduce the systematic underestimation of mass at small radial dis-
tances.

• The obtained distribution is finally smoothed along radius in order to
reduce the local discrepancy due to both the intrinsic dispersion in the
radial velocity profile and the noise induced by spurious (i.e. not fair)
galaxies. The result is a corrected mass profile expressed as a function
of the radial coordinate, Mcorr(rG).

This procedure is proved to yield a correct estimate of the mass profile
from 0.5rv up to the extreme outskirts of clusters; the uncertainty of the
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estimate is typically less than a factor of 1.5. Single cluster analysis shows
that a limited number (some dozens of) selected galaxies are su"cient to
produce a correct estimation, provided that the cluster mass profile is not
too irregular and that galaxies are evenly distributed along radius.

Such approach is proved to be consistent for a wide range of matter
density parameter values (0.2 + #M,0 + 0.4) and can be applied to ob-
servations once #M,0 has been indipendently determined. The definition
of the fair region allows to select all galaxies whose dynamical state is af-
fected by the ongoing accretion process in a very simple way. Therefore,
the proposed technique is particularly suited to estimate the mass profile
of poorly-populated clusters which cannot be easily reconstructed with the
currently-employed methods.
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Part III

Corrections to the Jeans
formalism





Chapter 6

Theoretical framework

The Jeans formalism is one of the oldest method to estimate the mass of
galaxy clusters using the member galaxies as tracers (e.g. Zwicky [3]). This
method is generally applied to the virialization core of clusters where the
matter is set to dynamical equilibrium ([10, 11, 30, 45]; see sec. 3.3.3).
Therefore, all non-stationary terms due to the possible presence of an overall
infall motion are commonly disregarded.

In fact, a consistent description of the non-equilbrium dynamics of clus-
ters must take into account the non-stationary terms, as they become rele-
vant when moving outwards from the virialization core to the cluster out-
skirts where an overall motion is actually present (see chaps. 4 and 5). Our
aim is to determine the di!erence between the stationary Jeans formalism
and the non-stationary one by theoretical means and to compare the two
approaches using the simulated data catalogue described in chap. 2. If the
non-stationary correction is relevant, it could improve the mass estimation
in the innermost part of the non-equilibrium region, i.e. in the transition
between the cluster core and the turnaround scale.

This chapter provides the theoretical basis for such analysis. Both the
stationary and the non-stationary approaches are widely described, along
with the common procedure used to estimate the cluster mass through the
observations of member galaxies.
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6.1 The Jeans formalism

The galaxies embedded in a DM halo are e"ciently described through the
Vlasov equation as a collisionless, self-gravitating fluid [17, 31]:

*f

*t
+ {f,H} = 0. (6.1)

Here f is the distribution function of the fluid over the phase space, H is
the Hamiltonian of the system, and the braces denote the Poisson bracket.
The Jeans formalism is developed from eq. (6.1) as follows:

• The zeroth-order velocity moment of the Vlasov equation is called
continuity equation and describes the mass conservation condition;

• The first-order velocity moment of the Vlasov equation is called Jeans
equation and describes the hydro-dynamical equilibrium condition;

• The first-order position moment of the Jeans equation yields a gen-
eralised expression of the virial theorem which describes the energy
equilibrium condition.

The distribution function f is typically assumed as spherically symmetric
and isotropic with respect to the halo centre. Therefore, given the six comov-
ing phase-space spherical coordinates (r, #,-;ur, u', u(), f can be defined as
a function of just three coordinates r, ur, l, plus the time t:

f % f(r, ur, l; t) (6.2)

where l is the angular momentum per unit mass: l2 = r2(u2
' + u2

().1 Within
this assumption, the Hamiltonian turns out to be

H =
1
2
u2

r +
1
2

l2

r2
+ % (6.3)

where % % %(r; t) is the gravitational potential of the halo.
It is worth noting that % depends on the total matter content of the

halo including both baryonic and non-baryonic matter. Hereinafter, we will
explicitly denote with Mgal the mass of galaxies alone, as opposed to the
total mass M of the halo. It is common in literature to assume that “light

1Due to the isotropy assumption, the tangential velocity ut is such that u2
t = u2

! + u2
".
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follows mass”, i.e. that the ratio between the galaxy mass and the total
mass in haloes is a constant:

Mgal

M
= -. (6.4)

This assumption is generally substained by evidences from optical, X-ray,
and gravitational lensing observation (see e.g. [40, 41, 36]). In this case, we
can write:

%(r; t) = #G

1 r

0

M(r$; t)
r$2

dr$ = #G

-

1 r

0

Mgal(r$; t)
r$2

dr$. (6.5)

Once the dynamical properties of the galaxies are known, the Jeans
equation and the virial theorem enables us to estimate M as a function of r.
In the following sections, we will discuss the Jeans formalism in detail using
two di!erent approaches:

• The stationary approach (see sec. 6.1.1): equations are developed un-
der the hypotesis of steady-state equilibrium. Within this approach
(which is widely adopted in literature) the overall infall motion of
matter towards the halo center is not taken into account.

• The non-stationary approach (see sec. 6.1.2): no further hypotesis is
made about the overall dynamics of the halo. It is a new approach
which allows to take into account the existence of an overall matter
infall motion.

We will assume for simplicity that all galaxies have the same mass m.
Hereinafter, we will denote with " the number density of galaxies and with ui

their mean proper velocity along the direction i (either radial or tangential).
In terms of the distribution function, " and ui are defined as follows:

"(r; t) % 1
4'r2

1

ur

1

l
f(r, ur, l; t)durdl, (6.6)

ui(r; t) % )ui;g(r; t)* %
1

4'r2"(r; t)

1

ur

1

l
ui;gf(r, ur, l; t)durdl, (6.7)

where ui;g is the proper velocity of a single galaxy (denoted with its index
number g) along the radial direction (see sec. 5.1.1). The total mass of
galaxies within a sphere of radius r is obtained as

Mgal(r) = ngalm = 4'm

1 r

0
"(r$)r$2dr$ (6.8)
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where ngal is the total number of galaxies. If light follows mass, eq. (6.4)
can be substituted into eq. (6.8), yielding

"

)
=

-

m
(6.9)

where )(r) = (4'r2)!1dM(r)/dr is the total matter density profile of the
halo. Hereinafter, the dependence on both r and t will be left unwritten
unless needed.

6.1.1 Stationary approach

The hypotesis of steady-state equilibrium can be expressed as follows:

ur % 0;
*

*t
% 0. (6.10)

The first expression states that no overall infall motion is present while the
second expression means that any partial time derivative of any function is
identically zero.2 Within this hypothesis, the zeroth-order velocity moment
of eq. (6.1) vanishes. It indicates that the mass within any given spherical
surface centered in the halo centre is conserved, i.e. there is no overall infall
motion of the galaxies towards the halo centre. This approach have been
widely adopted so far in literature because it is simpler to develop and gives
easy-to-handle results.

Jeans equation. The first-order velocity moment of eq. (6.1) with the
conditions in eq. (6.10) yields the following stationary Jeans equation:

*

*r

-
")u2

r;g*
.

+
2"

-
)u2

r;g*+ )u2
t;g*

.

r
= #"

GM

r2
, (6.11)

or alternatively
*

*r

-
"$2

r

.
+

2"0$2
r

r
= #"

GM

r2
, (6.12)

where $i is the galaxy velocity dispersion along the direction i and 0 is the
orbit anisotropy parameter:

$2
i = )u2

i;g*; (6.13)

2It is worth noticing that even if !vr;g" is zero by definition, !v2
r;g" can be nonzero.



6.1 The Jeans formalism 105

0 % 1# $2
t

$2
r

= 1#
)u2

t;g*
)u2

r;g*
. (6.14)

Thanks to eq. (6.9), the galaxy number density " can be substituted by
the total halo density ) in eq. (6.12), giving

*

*r

-
)$2

r

.
+

2)0$2
r

r
= #)

GM

r2
, (6.15)

This equation can be formally solved in two ways:

• As a linear equation in M , it provides an expression of the total mass
profile of the halo depending on $r(r), "(r), and 0(r):

M(r) =
Mgal(r)

-
= #r$2

r (r)
G

$
* ln

-
)(r)$2

r (r)
.

* ln r
+ 20(r)

%
. (6.16)

• As a first-order inhomogeneous di!erential equation in $r, it can be
written as

*y(r)
*r

+ h(r)y(r) = Bs(r), (6.17)

where y(r) = )(r)$2
r (r), h(r) % 20(r)/r, and

Bs(r) % #)(r)
GM(r)

r2
. (6.18)

The general solution of eq. 6.17 is

y(r)eH(r) = y(R)eH(R) #
1 R

r
Bs(r$)eH(r!)dr$ (6.19)

where H(r) %
4 r
0 h(r$)dr$ and R is a given value on the definition set

of y. If R % rcut is chosen such that y(rcut) exp
-
H(rcut)

.
vanishes,

this general solution provides an expression of the velocity dispersion
profile of the halo depending on M(r), )(r), and 0(r):

$2
r (r) = #e!H(r)

)(r)

1 rcut

r
Bs(r$)eH(r!)dr$. (6.20)
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Virial theorem. The first-order position moment of eq. (6.15) yields the
following stationary formulation of the virial theorem:

2K + U = 4'r3)$2
r (6.21)

where K is the kinetic energy of the galaxies and U is the potential energy
of the halo:

K(r) = 4'
1 r

0
)(r$)

"
$2

r (r$)
2

+ $t(r$)
#

r$2dr$; (6.22)

U(r) = #4'G

1 r

0
)(r$)M(r$)r$dr$. (6.23)

The second member of eq. 6.21 is nonzero, as opposed to the usual formu-
lation of virial theorem. This term can be regarded as a “surface term” due
to the galaxy velocity dispersion along the radial direction [15, 17, 35, 40].
In the innermost region of haloes $r usually tends to zero, thus satisfying
the well-known virialization condition 2K = #U .

If light follows mass, the potential energy Ugal of the galaxies alone is

Ugal(r) = #4'mG

1 r

0
"(r$)Mgal(r$)r$dr$ = -2U(r). (6.24)

K and U can be also defined as follows:

K(r) =
1
2

Mgal(r)
-

V 2
gal(r), (6.25)

U(r) = #
GMgal(r)2

-2rvt(r)
, (6.26)

where Vgal(r) is the mean galaxy velocity dispersion within a sphere of radius
r and rvt(r) is an appropriate radius. Substituting eq. (6.25) and eq. (6.26)
into eq. (6.21), the total mass profile of the halo turns out to be:

M(r) = Mvt(r)

$
1# 4'r3)(r)

M(r)

"
$r(r)
Vgal(r)

#2
%

, Mvt(r) =
rvt(r)V 2

gal(r)
G

.

(6.27)
When the surface term in eq. (6.21) tends to zero, rvt(r) = GM(r)/V 2

gal(r)
and M(r) = Mvt(r). We will refer to rvt as the virial (theorem) radius
and to Mvt as the virial (theorem) mass of the halo. These quantities are
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obtained through the Jeans formalism and must not be confused with the
virialization radius rv and the virialization mass Mv which are obtained
through the spherical collapse model (see sec. 3.3.3).

When the surface term is present, the mass profile of the halo actually
di!ers from the virial mass profile and a corrective term must be taken into
account. One can also write

M(r) = Mvt(r)
-
1# Cs(r)

.
(6.28)

where

Cs(r) %
4'r3)(r)

M(r)

"
$r(r)
Vgal(r)

#2

. (6.29)

6.1.2 Non-stationary approach

To take into account the infall motion of the galaxies towards the cluster
center, we must reject the steady-state equilbrium hypothesis in eq. (6.10).
In this case, the zeroth-order velocity moment of eq. (6.1) yields a non-
vanishing continuity equation (cf. eq. (3.12)):

*)(r)
*t

+
1
r2

*

*r

-
)(r)r2ur(r)

.
= 0. (6.30)

Eq. (6.30) can be used to compute the expected infall velocity profile pro-
vided that an appropriate Ansatz on ) has been made:

ur(r) = # 1
)(r)r2

1 r

0

*)(r$)
*t

r$2dr$. (6.31)

The non-stationary counterparts of the Jeans equation (6.15) and the
virial theorem (6.21) turn out to be, respectively,

)
*)ur*

*t
+ ))ur*

*)ur*
*r

+
*

*r

-
)$2

r

.
+

2)0$2
r

r
= #)

GMh

r2
; (6.32)

2K + U = 4'r3)
-
$2

r + )ur*2
.

+ 4'

1 r

0

*

*t
()vr)r3dr, (6.33)

where $i and 0 are now defined as

$2
i = )u2

i;g* # u2
i ; (6.34)

0 % 1# $2
t

$2
r

= 1#
)u2

t;g*
)u2

r;g* # u2
r
, (6.35)
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since ut = 0 (cf. eq. (5.1)).
The solutions of eqs. (6.32) and (6.33) are formally similar to their sta-

tionary counterparts (6.16), (6.20), and (6.27), and can be written as follows:

M(r) = #r$2
r (r)
G

'
* ln()(r)$2

r (r))
* ln r

+ 20(r) + Ans(r)
(

, (6.36)

$2
r (r) = #e!H(r)

)(r)

1 rcut

r
Bns(r$)eH(r!)dr$, (6.37)

M(r) = Mvt(r)
-
1# Cns(r)

.
, (6.38)

where Ans(r), Bns(r), and Cns(r) are non-stationary corrective terms, to be
distinguished from those in eq. (6.18) and eq. (6.29):

Ans(r) %
r

$2
r (r)

*)ur(r)*
*t

+
"
)ur(r)*
$r(r)

#2 * ln)ur*
* ln r

; (6.39)

Bns(r) % #)(r)
'
GM(r)

r2
+

*)ur(r)*
*t

+ )ur(r)*
*)ur(r)*

*r

(
; (6.40)

Cns(r) %
4'r3)(r)

M(r)

5
$2

r (r) + )ur(r)*2

V 2
gal(r)

6
# 1

M(r)V 2
gal(r)

1 r

0

*2M(r$)
*t2

r$dr$.

(6.41)
The new corrective terms are related to the infall velocity gradient along
the radial coordinate and to the acceleration of the mass accretion process
(in a rather complicated way). Their contribution is likely to be generally
negligible in the halo core where the matter is set to virial equilibrium and
to become significant in the halo outskirts where the matter is still accreting.

6.2 Approach to mass estimation

Eqs. (6.27) and (6.16) form a system with four unknown quantities (), $r,
0, M). To solve this system, two more conditions are needed. A common
procedure is to make an Ansatz on the density profile )(r) and on the
anisotropy 0(r), to obtain the velocity dispersion profile $r(r) from the
Jeans equation [45] as a result. The density profile is typically defined
unless a normalizing constant. Comparison between the theoretical velocity
dispersion profile and the observed one is required to constrain the value of
this constant, allowing to compute M(r).

In the following discussion, we will use a twofold approach:
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• On the one hand, we will solve eqs. (6.27) and (6.16) using our full
knowledge of the density profile and the anisotropy profile of the clus-
ters in the simulated catalogue to highlight the di!erent results of the
stationary approach and of the non-stationary approach;

• On the other hand, we will determine the normalizing constant of the
density profile by comparing the predicted velocity dispersion profile
with the corresponding profile extracted from a mock observation of
the simulated galaxies (see chap. 2).

To achieve the latter goal we need to take into account the projection e!ect
which occurs when observing real clusters.

The choice of an Ansatz on the density profile is a particularly delicate
task. To allow comparison between the stationary approach and the non-
stationary approach, ) must be fully defined as a function of both r and
t. In fact, eqs. (6.38) and (6.36) also depend on the proper radial velocity
profile, ur(r), and on its temporal and spatial derivatives which are obtained
through eq. (6.31). To satisfy this requirement, we rely on the density profile
defined by the well known Navarro-Frenk-White model.

6.2.1 The Navarro-Frenk-White model

Navarro, Frenk, & White developed a consistent description of the matter
distribution in haloes [33, 37, 43] which is now widely used in literature. The
Navarro-Frenk-White (NFW) model allows to calculate the density and the
mass of haloes as a function of both the radial coordinate r and the redshift
z and is particularly fit to the virialization region (see sec. 3.4.1). The
formulae read as follows (cf. eq. (3.109)):

)NFW(r, z) =
&NFW(z))cr(z)

cv(z)r̃v(r, z)
-
1 + cv(z)r̃v(r, z)

.2 , (6.42)

MNFW(r, z) =
4
3
')cr(z)rv,NFW(z)(1 + !v(z))

gNFW
-
r̃NFW(r, z)

.

gNFW(1)
. (6.43)

Here &NFW is a characteristical overdensity and gNFW is the function already
defined in eq. (3.110):

&NFW(z) % #M(z)cv(z)(1 + !v(z))
3gNFW(1)

, (6.44)
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gNFW(r) % ln(1 + cvr)#
cvr

1 + cvr
. (6.45)

The redshift dependence of the parameters in eqs. (6.42) and (6.43)
(namely, the virialization density !v, the normalized radial distance r̃v, and
the cluster concentration parameter cv) were determined by di!erent authors
[44, 52, 56] (cf. eq. (2.2)):

!v(z) =
+
8'2 + 82(#M(z)# 1)# 39(#M(z)# 1)2

,
#M(z)!1 # 1, (6.46)

r̃v(r, z) % r

rv,NFW(z)
, (6.47)

cv(z) % S

1 + z

"
Mv(z)
M%

#!0.13

, (6.48)

where
Mv(z) % Mv,0e

!)vz, (6.49)

rv,NFW(z) %
"

3Mv(z)
4'!v(z))cr(z)

#1/3

, (6.50)

and the parameter /v is defined as follows [66]:

/v %
8.2
cv,0

=
8.2
S

"
Mv,0

M%

#0.13

. (6.51)

According to Bullock et al. [56], S " 9 and M% " 1.5! 1013h!1M".
Despite its consistence, the NFW model was criticized since it actually

underestimates the density in the innermost core (r̃v " 0.1) [46, 57, 58].
Kravtsov et al. [46] discussed the following generalized density profile (orig-
inally proposed by Zhao [38] for the galactic nuclei):

)(r) .
-
cvr̃v(r)

.!"#
/
1 +

-
cvr̃v(r)

.)#
0("#!$#)/)#

. (6.52)

This expression reproduces the NFW profile by setting /* = 1, 0* = 3, and
+* = 1. Moore et al. [51] favoured a steeper density profile in the innermost
core, suggesting /* = 1.5, 0* = 3, and +* = 1.5.

However, the NFW model is a preferential choice for an Ansatz on ),
because it is consistently defined as a function of both r and z and can
be easily di!erentiated to compute the infall velocity profile and the non-
stationary corrective terms from eqs. (6.40) and (6.41). The NFW radial
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peculiar velocity profile is obtained by substituting eq. (6.42) into eq. (6.31),
yielding

vr,NFW(r) =
(1 + z)H(z)
)NFW(r, z)r2

1 r

0

*)NFW(r$, z)
*z

r$2dr$ #H(z)r. (6.53)

The normalization constant of the NFW density profile is the virializa-
tion mass at the present time, Mv,0, which is needed to define cv and rv,NFW

(see eqs. (6.48) and (6.50)). In observational analysis, this constant is gen-
erally unknown and is determined through the Jeans equation by comparing
the theoretical and the observed velocity dispersion profile.

6.2.2 Projection e!ects

To compare the results of the Jeans formalism with the observations of
member galaxies in clusters, we must take into account the projection e!ect
as already described in sec. 5.1.1. In fact, the 3-dimensional profiles of
physical quantities are defined as functions of the radial proper distance from
the cluster centre r. This distance is actually made up of two components,
one parallel to the sky plane, rsp, and the other parallel to the line of sight,
rlos:

r2 = r2
sp + r2

los. (6.54)

The projected profiles are obtained by integrating the 3-dimensional profiles
along rlos. An upper integration limit must be defined as

rlos,up =
E

r2
up # r2

sp (6.55)

where rup is a limiting radius where the value of the considered quantity
eventually vanishes.

Projected density profile. The projected density profile of the halo is
easily calculated as follows:

)proj(rsp) =
1 (r2

cut!r2
sp

0
)

2E
r2
sp + r2

los

3
drlos (6.56)

where )(r) is the adopted density profile. Under the assumption that light
follows mass, )proj is a reliable estimator of the projected galaxy number
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density "proj:

"proj(rsp) =
1 (r2

cut!r2
sp

0
"

2E
r2
sp + r2

los

3
drlos, "proj =

-

m
)proj . (6.57)

Projected velocity dispersion profile. Only the line-of-sight velocity
dispersion of galaxies can be directly inferred from observation. Since the
average line-of-sight velocity is zero, $2

los = )v2
los*. Therefore, from eq. (5.3),

one obtains

$2
los(r) = )v2

r * sin2 / + )v2
t * cos2 / = )v2

r *
2rlos

r

32
+ )v2

t *
2rsp

r

32
. (6.58)

Eq. (6.58) gives di!erent results in the stationary and in the non-stationary
case. In fact, if the overall infall motion is disregarded, eq. (6.13) gives
$2

r = )v2
r * and $2

t = )v2
t *, yielding

$2
los(r) = $2

r (r)
2rlos

r

32
+ $2

t (r)
2rsp

r

32
= $2

r (r)
'
1# 0(r)

2rsp

r

32
(

. (6.59)

Conversely, when the overall infall motion is addressed, eq. (6.34) gives
$2

r = )v2
r * # v2

r , yielding

$2
los(r) =

-
$2

r (r) + vr(r)2
. 2rlos

r

32
+ $2

t (r)
2rsp

r

32

= $2
r (r)

'
1# 0(r)

2rsp

r

32
(

+ vr(r)2
2rlos

r

32
. (6.60)

The projected velocity dispersion along the line of sight is eventually
obtained by weighting $2

los as follows:

$2
proj(rsp) =

1
)proj(rsp)

1 (r2
cut!r2

sp

0
)

-
r2
sp + r2

los

.
$2

los

-
r2
sp + r2

los

.
drlos. (6.61)

When applied to observed clusters, the projected line-of-sight velocity
dispersion is typically averaged within circular diaframs to reduce the sta-
tistical uncertainty due to the sparseness of member galaxies. The profile of
the projected line-of-sight velocity dispersion within a circle of radius r is

$2
D(rsp) =

1 rsp

0
)proj(r$sp)$

2
proj(r

$
sp)r

$
spdr$sp

1 rsp

0
)proj(r$sp)r

$
spdr$sp

. (6.62)
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Due to symmetry, $D provide a reliable estimation of the mean galaxy ve-
locity within a sphere of radius r, Vgal(r) (see eq. (6.25)):

V 2
gal(r) " 3$2

D(rsp). (6.63)

It allows a complete solution of the Jeans equation and of the virial theorem
in both the stationary and the non-stationary case.
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Chapter 7

E!ect of corrections on the
simulated data sample

This chapter discusses the e!ectiveness of the non-stationary Jeans formal-
ism by directly comparing the theoretical results of chap. 6 with the simu-
lated data catalogue described in chap. 2. The aims of this analysis are:

• To determine a suitable Ansatz for both the density profile and the
anisotropy profile, comparing the commonly used functions with the
actual distribution of DM in the simulated clusters;

• To compare the theoretical results with the corresponding observa-
tional quantities (namely, the projected number density and the pro-
jected line-of-sight velocity dispersion of galaxies) as extracted from
the simulated galaxy catalogue;

• To determine the reliability of the stationary approach and of the
non-stationary approach in determining the normalizing constant of
the density profile;

• To evaluate the size of the non-stationary corrective terms in the
virial equation and their e!ect on the mass estimate and to deter-
mine whether the non-stationary corrections can be e!ectively applied
to the analysis of observed objects.

These goals will be achieved as usual by analysing the simulated data cata-
logue, taking into account alternatively the DM particles and to the member
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galaxies.

7.1 Analysis of the simulated data catalogue

7.1.1 Initial assumptions

As discussed in sec. 6.2, the Jeans formalism is based on a twofold Ansatz
about the density profile and the anisotropy profile of the halo. The density
profile is usually defined unless a normalization constant while the anisotropy
profile is typically defined to be a constant or an easily-integrable function
[45, 54].

In our analysis, we will follow a di!erent approach, extracting both )(r)
and 0(r) from the DM distribution in our simulated catalogue.

Density profile. Fig. 7.1 and fig. 7.2 represent the superimposition of
all density profiles and all infall velocity profiles of the simulated clusters
in the catalogue, respectively. Once again, we handled all clusters as a
single synthetic object disregarding the individual variance of single objects.
The dots refer to single cluster shells, as described in chap. 2. The blue
lines represent the average profile (bold line) and the 1$ uncertainty region
(narrow lines). The overall trend changes remarkably when moving outwards
from the cluster cores to the outskirts as highlighted in chaps. 4 and 5.

We firstly interpolated the two distributions using the NFW eqs. (6.42)
and (6.53). The present-day profiles )NFW(r̃v) and vr,NFW(r̃v) are shown
as grey lines in figs. 7.1 and 7.2. We used the average virialization mass
of the catalogue as a guess value of the normalizing constant Mv for the
synthetic object1. The NFW profiles describe fairly well the overall trends
of both ) and vr for r̃v " 2, but they fail to predict the behaviour in the
non equilibirum region.

To overcome this issue, we introduce a new corrected density profile,
which is obtained by smoothing down the standard NFW profile with a
cutting function )cut and replacing it with a di!erent profile )out, suited to
fit the outernmost region of clusters:

)corr(r, z) % )NFW(r, z))cut(r, z) + )out(r, z). (7.1)
1Hereinafter, we omit the subscript 0 when referring Mv since it is always defined

without confusion at the present day.
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Figure 7.1: Density profiles of the DM component in the simulated cluster
catalogue. The dots represent the density ) computed in cluster shells (see
chap. 2) as a function of the normalized radius r̃v. The average profile and
the 1$ uncertainty region are also represented (bold and narrow blue lines,
respectively). The overall trend is interpolated using a NFW profile (grey
line) and a corrected density profile (green line).
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Figure 7.2: Infall profiles of the DM component in the simulated cluster
catalogue. The dots represent the infall velocity vr computed in cluster
shells (see chap. 2) as a function of the normalized radius r̃v. The average
profile and the 1$ uncertainty region are also represented (bold and narrow
blue lines, respectively). The overall trend is interpolated using a NFW
profile (grey line) and a corrected infall velocity profile (green line).
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The corrected density profile is purposely designed to comply with two re-
quirements:

• When it is substituted into eq. (6.31) to compute the corrected infall
velocity profile ur,corr, it must satisfy the asymptotical condition given
by the Hubble expansion:

ur,corr(r, z) " H(z)r, r , rv (7.2)

• It need to reproduce as close as possible the density profiles and the
infall velocity profiles of the DM component in the simulated catalogue.

A suitable choice for )cut and )out turns out to be:

)cut(r, z) %
$
1 +

"
r

rv,NFW(z)

#+
%,

, (7.3)

)out(r, z) % )%r!-(1 + z)3!-. (7.4)

The best-fit values of the parameters are listed below:

1 = 2, 2 = #1
2
, )% = 5.6! 1016M" Mpc!3h!1, & = 1. (7.5)

The corrected present-day profiles )corr(r̃v) and vr,corr(r̃v) % ur,corr(r̃v)#
H0r̃vrv are shown as green lines in figs. 7.1 and 7.2. These new profiles
clearly provide a good approximation to the average profiles both in the
cluster cores and the whole non-equilbrium regions, correctly reproducing
the hollow of the infall velocity in the transition region (1 " r̃v " 3).

Anisotropy profiles. Making an Ansatz about the anisotropy profile is
somehow tricky since no common trend is generally recognizable among an
ensemble of clusters. In fact, the individual substructure of single clusters
greatly a!ects the accretion phenomena thus producing a large variance be-
tween di!erent objects. This problem is generally handled by defining dif-
ferent sample functions to fit the di!erent overdensity pattern. For example,
Girardi et al. [45] distinguished three basic patterns:

• No changes of the overall orbit isotropy along radius:

01(r) = K; (7.6)
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Figure 7.3: Anisotropy profiles of the DM component in the simulated clus-
ter catalogue. The dots represent the orbit anisotropy parameter 0 com-
puted in cluster shells (see chap. 2) as a function of the normalized radius
r̃v. The average profile and the 1$ uncertainty region are also represented
(bold and narrow blue lines, respectively). The overall trend is interpolated
using an e!ective profile 0e"(r̃v) as described in the text (green line). The
theoretical prediction of the SCM, 0SCM(r̃v), is also shown (red lines). The
bold line and the narrow lines represent respectively the average trend and
the 1$ uncertainty region obtained by substituting eq. (4.8) into eq. (7.10).
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• Circular orbits in the cluster cores gradually changing to isotropic
orbits in the outskirts:

02(r) = #K

r
; (7.7)

• Isotropic orbits in the cluster cores gradually changing to radial orbits
in the outskirts.

03(r) =
r2

r2 + K2
. (7.8)

In each case, the constant K has to be determined by comparison with ob-
servations. An observed cluster is associated with a given anisotropy profile
by observing the projected line-of-sight velocity dispersion of its galaxies and
chosing the definition of 0(r) which better approximates $proj(rsp) through
eqs. (6.20) and (6.61).

In fact, all the abovementioned patterns fails to describe the overall
overdensity profile of the synthetic object made up of all simulated clusters
in our catalogue. This profile is represented in fig. 7.3, using the same
conventions as in figs. 7.1 and 7.2. As indicated by the large area between
the narrow blue lines, the variance among di!erent clusters is remarkable
(particularly in the non-equilibrium region). The average profile seems to
approach isotropy in the core (according to the third profile by Girardi et
al.) while it strongly diverts from this trend when moving outwards. In
a one-by-one analysis, most clusters actually show a strong hollow in the
anisotropy profile at r̃v " 2 ÷ 4 indicating a significant contribution due to
almost-circular orbits. Such pattern is due to the cluster substructure which
locally perturbs the infall motion. At larger radii, the overall trend seems
to approach isotropy once again.

The average profile is analytically described by a function which de-
pends on two parameters: the normalized threshold radius r̃thr and on the
asymptotic anisotropy value 0out:

0e"(r, z) =
r̃thr # r̃v,NFW(r, z)

1 +
-
r̃thr # r̃v,NFW(r, z)

.2 # 0out. (7.9)

The best-fit values turn out to be r̃thr = 1.9 and 0out = 0.28. The e!ective
present-day profile 0e"(r̃v) is shown as a green line in fig. 7.3.

The asymptotical behaviour of the anisotropy profile at large radii can
be theoretically predicted from the SCM results on the infall velocity distri-
bution and the tangential velocity distribution, as discussed in sec. (5.1.3).
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In fact, one can write

0SC(r̃t) % 1# )v2
t *r̃t

$2
r + v2

u/3
(7.10)

where )v2
t * is defined as in eq. (5.21) and vu is the relative velocity of groups

with respect to the cluster centre (see sec. 5.1.3). To allow comparison
between 0SC(r̃t) and the data distribution, we substituted eq. (4.8) into
eq. (7.10). The resulting average trend and 1$ uncertainty region are shown
as red lines in fig. 7.3 (bold line and narrow lines, respectively). This pro-
file shows a quite good agreement with the average profile of data in the
turnaround region.

7.1.2 Comparison with the observed quantities

Given the twofold Ansatz on )(r) and 0(r), we can compute the expected
profiles of $r(r) and M(r) using both the stationary and the non-stationary
Jeans formalism discussed in sec. 6.1. Since the whole analysis is aimed
to provide a contribution to the observational analysis of member galaxies
in clusters, we now focus on the galaxy catalogue, once again handling the
simulated data both in 3 dimensions and in projection (i.e. as a mock obser-
vations). Such analysis will show how the need for non-stationary correction
to the Jeans formalism could be pointed out directly by observations.

In this section, we restrict our interest to the region r̃v " 4. A de-
tailed description of the extreme cluster outskirts is in fact provided by
the turnaround approach (chap. 4) and by the galaxy selection technique
(chap. 5). The cutting radius rcut in sec. 6.1.1 and the upper radius rup in
eq. (6.55) are set equal to 10rv throughout.

Galaxy number density profiles. According to the assumption that
light follows mass (as expressed by eq. (6.9)), the number density profile of
galaxies along radius is expected to be consistent with the corrected NFW
density profile in sec. 7.1.1. To test this assumption, we considered all galax-
ies in the catalogue as if they were extracted from a single synthetic object
and binned them along radius to compute their number density profile. The
same operation was performed twice, both in 3 dimensions and in projection,
to obtain an estimation of both "(r) and "proj(rsp) (see sec. 6.2.2).
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Figure 7.4: Profiles of the galaxy number density from the simulated cat-
alogue, both in 3 dimensions and in projection (upper and left panel, re-
spectively). The distribution are obtained by binning galaxies along the
normalized radius (either r̃v or r̃sp,v) and computing the average and the
1$ uncertainty in each bin (dots and error bars, respectively). The overall
trend in the upper plot is interpolated with a NFW profile (dashed line) and
with a corrected density profile (solid line). The overall trend in the lower
panel is interpolated with the fitting function by Van der Marel et al. [54]
(dashed line) and with the corrected density profile, projected along the line
of sight onto the sky plane (solid line).
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The results are shown in fig. 7.4. The upper panel represents the overall
3-dimensional profile while the lower panel represents the projected profile.
In both cases the number density was normalized at turnaround as follows:

"̃v %
"

"v
, "̃proj,v %

"proj

"v
. (7.11)

The crosses and the error bars respectively denote the average and the 1$
uncertainty in each bin and consequently take into account the variance
between di!erent clusters.

In the upper panel, the distribution is interpolated with both the present-
day NFW profile )NFW(r̃v) (dashed line) and with the present-day corrected
density profile )corr(r̃v) (solid line) normalized at turnaround. Both profiles
are (at least marginally) in agreement with the distribution, although the
corrected profile clearly shows a better agreement in the interval 2 " r̃v " 4.
The assumption that light follows mass turns out to be satisfied fairly well by
the simulated clusters, confirming the results of observations (see sec. 6.1).

In the lower panel, the distribution is interpolated with a di!erent fitting
function suggested by Van der Marel et al. [54] (dashed line):

"proj,VM(r̃sp,v) . 2
b"c

a

"
r̃sp,v

A

#!c '
1 +

"
r̃sp,v

A

#a( c"b
a

$
1 +

"
r̃sp,v

B

#d
% b"e

d

(7.12)
where

a = 2.97, b = 0.21, c = 0.65, d = 4, e = 3, A = 0.21, B = 1.32. (7.13)

This profile was compared with the projected profile obtained by substitut-
ing )corr into eq. (6.56) (solid line). Both fitting functions were normalized
at turnaround. As before, the corrected density profile is better fit to the
average distribution and represents the best choice in the transition region
between the cluster core and the turnaround scale.

Velocity dispersion profiles. The extracted profiles of galaxy velocity
dispersion in the simulated clusters are shown in fig. 7.5 (using the same
conventions as in fig. 7.4). Also in this case, the upper panel represents the 3-
dimensional profile of the radial velocity dispersion $2

r while the lower panel
represents the projected profile of the line of sight velocity dispersion $2

los
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Figure 7.5: Profiles of the galaxy velocity dispersion from the simulated
catalogue, computed both in the radial direction and along the line of sight
(upper and left panel, respectively). The distributions are obtained by bin-
ning galaxies along the normalized radius (alternatively r̃v of r̃sp,v) and com-
puting the average and the 1$ uncertainty in each bin (dots and error bars,
respectively). The overall trends are interpolated with the solutions of the
stationary Jeans equation (6.15) and of the non-stationary Jeans equation
(6.32) (dashed and solid lines, respectively).
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as computed through eq. (6.61) with the anisotropy profile in eq. (7.9). In
both panels, the distribution is interpolated with the theoretical predictions
of both the stationary and the non-stationary Jeans formalism (dashed and
solid lines, respectively). The 3-dimensional profiles were obtained from
eqs. (6.13) and (6.34), while the the projected profiles were computed by
integrating the 3-dimensional profiles as described in sec. 6.2.2.

Both the stationary and the non-stationary results are (at least marginal-
ly) in agreement with the galaxy distributions. Nevertheless, the non-
stationary approach turns out to be more suited to describe the average
profile up to the turnaround scale (r̃v " 3). The agreement is particularly
appreciable in the radial velocity dispersion profile, although a systematic
overestimation is present in the outermost region.

Constraint on the mass. The distributions in fig. 7.4 can be also used to
constraint the value of the NFW normalizing constant Mv, as discussed in
sec. 6.2. Rather than fix this value using the simulated catalogue, we can find
the empirical value which produce the best fit of the $2

los to the actual line-of-
sight velocity dispersion profile of galaxies, mimicking the actual procedure
used in observational analysis.

We performed this computation for both the stationary and the non-
stationary case. The best-fit values of Mv,s and Mv,ns were determined by
minimizing the sum of the squared residuals between the model prediction
and the galaxy data distribution in the interval 0 + r̃v + 4. The results
were then compared with the mean value of the simulation, Mv,cat.2 We
obtained

Mv,s

Mv,cat

7777
[0,4]

" 0.83,
Mv,ns

Mv,cat

7777
[0,4]

" 0.94, (7.14)

for the stationary and the non-stationary case, respectively. The non-
stationary approach clearly provides better results reducing the systematic
underestimation from 21 to 6 per cent (with respect to Mv,cat). Therefore,
it should be preferred to observational analysis. The di!erence between the
two approaches is reduced when restricting to the interval 0 + r̃v + 2; we

2We introduce the subscript cat to emphasize that this value is extracted from the

simulated catalogue.
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obtained in this case

Mv,s

Mv,cat

7777
[0,2]

" 0.94,
Mv,ns

Mv,cat

7777
[0,2]

" 0.98. (7.15)

These results indicate that the non-stationary correction are only signifi-
cant in the turnaround region. Both the stationary and the non-stationary
approaches are generally more reliable in the internal region of clusters con-
firming that the Jeans formalism is best fit to the high-density region. Other
mass estimation techniques turn out to be preferable in the outskirts (see
chaps. 4 and 5).

Size of the corrective terms. The considerations discussed so far are
confirmed by the trends of the corrective parameters B and C in the Jeans
equation and in the virial theorem, considered both in the stationary and in
the non-stationary case. The two panels of fig. 7.6 compare the stationary
parameters Bs and Cs, defined as in eqs. (6.18) and (6.29) (dashed lines),
with the non stationary parameters Bns and Cns, defined as in eqs. (6.18)
and (6.29) (solid lines). We remark what follows:

• In both panels, the stationary and the non-stationary corrective terms
turn out to be almost indistinguishable in the cluster core and only
become di!erent moving to the turnaround region;

• The parameter C, which represents the predicted discrepancy with a
purely virialized scenario, decays along radius until r̃v " 2, indicating
that the virial theorem is still reliable outside the cluster core;

• Though relevant, the non-stationary corrections are relatively small
in size compared to the intrinsical variance between di!erent objects
[76, 77] and to the observational uncertainties on the number density
and velocity dispersion of galaxies [30, 45].

These observation force us to conclude that the non-stationary approach is
hardly applicable in practice, despite its consistence, since its advantage is
masked by intrinsical limitations of observational analysis.
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Figure 7.6: Comparison between the corrective terms B and C in the Jeans
equation and in the virial theorem, as computed within the stationary ap-
proach (eqs. (6.18) and (6.29), dashed lines) and the non stationary approach
(eqs. (6.40) and (6.41), solid lines).
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7.2 Final remarks

The analysis of the simulated sample evidenced the need for non-stationary
corrections to the Jeans formalism in the transition region between the clus-
ter core and the turnaround scale. The non-stationary corrective terms
allow to diminish the systematic overestimation of both the radial and the
line-of-sight velocity dispersion in this region, providing a clue for a possible
refinement in the interpretation of observed galaxy velocity pattern. The es-
timation of cluster virialization mass through the Jeans equation is proved
to be significantly improved within the non stationary approach reducing
the discrepancy between data and model from 21% to 6%.

However, the size of corrections is remarkably small when compared to
both the statistical variance among di!erent clusters and the observational
errors. Therefore, the non-stationary description is likely to be superfluous
in present-day observational analysis, although theoretically consistent and
fully compliant with the simulated data distribution. Thus, the common
habit of disregarding the non-stationarity is proven to provide a satisfying
approximation for all practical purposes.

Nevertheless, our analysis of the DM particle distributions evidentiated
that the NFW model is only reliable for r̃v " 2 and must be replaced
by a shallower exponential profile in the non-equilibrium region. These
results, along with the determination of a statistical reference profile for
DM anisotropy, are suitable to be applied to observational analysis as a
reliable Ansatz for developing the Jeans formalism.
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Part IV

Conclusions





Chapter 8

Results

As a conclusion, we summarize the main results of our work which have
already been thoroughly discussed in secs. 4.3, 5.3, and 7.2.

• We expanded the classical SCM formalism to compute the expected
values of the turnaround radius rt and of the turnaround overdensity
!t. We obtained at the present day

rt,0

rv,0
" 3.7, 1 + !t,0 " 12.3. (8.1)

These values turn out to be useful as normalization values for the mass
profile in the non-equilibrium region which is well approximated by an
exponential law:

M̃t(r̃t) " exp[0.8(r̃t # 1)]. (8.2)

These results are slightly dependent on cosmology, but the dependence
can be neglected for all practical purposes for 0.2 + #M,0 + 0.4.

• We analyzed a large catalogue of simulated clusters and confirmed the
previous theoretical results from the SCM. In fact, we obtained

rt

rv
" 3.5 ± 0.5, !t " 15+4

!3. (8.3)

The mass profiles of most clusters are consistent with a common
profile, corresponding to the SCM prediction, when normalized at
turnaround. This profile is in fairly-good agreement with more than
80% of clusters, even when the radial distance is normalized to the
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statistical guess value of rt obtained from rv, rather than to the actual
value extracted from the simulation.

• To reconstruct the infall pattern of clusters from the redshift-space
distribution of galaxies, we defined a particular subset of galaxies (the
fair galaxies) which approximately lie on the sky plane and have the
same velocity along the radial direction and along the line-of-sight.
We recognized the existence of a peculiar fair region in the redshift
space defined as the region where most fair galaxies are expected to
gather. We demonstrated that the galaxies lying in the fair region
are suitable to trace the infall pattern of clusters and can be used to
estimate the mass profiles in the non-equilibrium region with higher
accuracy (compared to the prediction of the SCM).

• We finally developed a consistent formulation of the Jeans equation
and the virial theorem taking into account the non-stationary correc-
tions due to the overall infall motion of matter towards the cluster
centre. The e!ect of these corrections was investigated by comparison
with the simulated data sample. This analysis proved the full consis-
tence of the non-stationary approach and the possibility to improve the
estimate of both the radial velocity dispersion profile and of the mass
profile in the interval 2 " r̃v " 4. However, the non-stationary cor-
rections are practically neglectable to analyze observations, since they
are completely overshadowed by both the intrinsical variance among
di!erent clusters and the observational errors.

It is worth remarking that these results, though obtained through the anal-
ysis of a single cosmological simulation, are fully consistent with the the-
oretical framework of the SCM. Slight changes on the value of #M,0 were
proved to leave the results almost una!ected. However, the dependence on
cosmology can be easily taken into account to apply the mass estimation
technique to observation, by simply using the adopted value of #M,0 to tune
the parameters of the model.

All these results are collected in three papers by Cupani, Mezzetti, &
Mardirossian [76, 77, 78].

Future prospects. Our results provide the best-detailed framework for
mass estimation in the cluster non-equilibrium region and are specifically



135

aimed to be applied to the analysis of observed clusters. The galaxy selection
method is particularly conceived as a natural complement for the caustic
technique, as it yields appreciable results even for poorly populated clusters
and even beyond the turnaround limit.

The results of the SCM (rt/rv " 3.7, !t " 11.2), when compared with the
corresponding results of the simulations, suggest that the real infall velocity
could be smaller. In this case the turnaround radius would be smaller, and
would take place at a higher density contrast. A slower infall could be due
to the action of angular momentum, inducing centrifugal, slowing, e!ects.
Some preliminary results suggest that this could be the case.

Our dynamical approach could be used as a reference term for other mass
estimation techniques, such as the observation of X-ray emitting gas and
the analysis of the gravitational lensing e!ects. An indipendent constraint
is particularly useful for X-ray analysis, since it could help constraining the
amount of hydrodynamical equilibrium violation in clusters [75]. Conversely,
the analysis of weak lensing can be used to obtain information about the
3-dimensional distribution of matter in cluster, possibly providing a way to
better deproject the actual velocities of galaxies. This will in principle help
improving the mass estimate based on the infall approach.
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