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Dynamical Systems
from Uniform Completions

F. Garibay, M. Sanchis and R. Vera (∗)

Summary. - Let (X, U) be a compact uniform space, Σ the set
of natural numbers or the integers, ϕ : X −→ X a continu-
ous function or a homeomorphism. Given the dynamical system
(X, ϕ, Σ), an extension (K, ϕ̂, Σ) can be constructed by letting K
be the uniform completion of (X, V) where V is a totally bounded
uniformity finer than U . If Df means for the set

{x ∈ X | f : (X, U) −→ C is discontinuous at x},

we prove that, if C(K) contains a dense subset E which contains
no characteristic functions of singletons and such that, for each
f ∈ E, there exists a finite subset F of Df with Df \F discrete (in
(X, U)), then (K, ϕ̂,Σ) inherits the properties of minimality and
topological transitivity from (X, ϕ, Σ). Several open questions
are posed.
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1. Introduction

Let X be a compact Tychonoff space, let Σ be the set of natural
numbers or the integers. Let ϕ : X −→ X be a continuous function
or a homeomorphism. The triple (X, ϕ, Σ) is called a dynamical
system. A dynamical system (K, ϕ̂, Σ) is said to be an extension of
(X, ϕ, Σ) (or equivalently, (X, ϕ, Σ) is a factor of (K, ϕ̂, Σ)) if there
exists a continuous surjection p : K −→ X such that the following
diagram commutes

K
bϕ

−→ K
p ↓ ↓ p

X
ϕ

−→ X

The dynamical systems (X, ϕ, Σ), (K, ϕ̂, Σ) are called topolog-
ically conjugate if p : K −→ X is a homeomorphism. Given x ∈ X,
its orbit is the set Oϕ(x) = {ϕk(x) | k ∈ Σ}. The dynamical system
(X, ϕ, Σ) is called topologically transitive if there exists x ∈ X such
that Oϕ(x) is a dense set. (X, ϕ, Σ) is said to be minimal if Oϕ(x)
is dense for each x ∈ X.

Most of the discussion in the literature on extensions of dynami-
cal systems concerns extensions arising from a construction like the
skew-product [2], and extensions obtained from function algebras [4].
Here we present a natural way in order to obtain extensions from uni-
form spaces. Our construction includes as a particular case the ex-
tensions come by function algebras and permits to apply techniques
arising from the theory of uniform spaces instead of techniques aris-
ing from Functional Analysis. As an application of this fact, several
results of [4] are obtained as an easy consequence of our study. To
be precise we characterize when an extension (K, ϕ̂, Σ) of (X, ϕ, Σ)
can be constructed in the following manner: let V be a finer (on X)
totally bounded uniformity than the uniformity on X and let K be
the uniform completion of (X,V). If ϕ can be extended to a con-
tinuous mapping ϕ̂ : K −→ K with ϕ̂ |X= ϕ, then (K, ϕ̂, Σ) is an
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extension of (X, ϕ, Σ) where the continuous surjection p : K −→ X
is such that p |X= id |X , the identity map on X. We give a suffi-
cient condition on the ring C(K) of all continuous complex-valued
functions on K in order that minimality and topological transitivity
to be carried over these extensions.

Our terminology and notation are standard. A uniform space
(X, U) is called a compact uniform space if X endowed with the
topology τ(U) induced by U is compact. A uniform space (X, U) is
totally bounded if for every U ∈ U there exists a finite set A ⊂ X
which is U -dense in (X, U), that is, for every x ∈ X there exists
an a ∈ A such that (x, a) ∈ U . It is well known that a uniform
space (X, U) admits a unique (up to a uniform isomorphism which
leaves X pointwise fixed) uniform completion (X̃, Ũ) such that every
uniformly continuous function from (X, U) into a uniform complete
space (Y, V) admits a uniformly continuous extension to (X̃, Ũ).
Let us recall that a uniform space is compact if and only if it is
complete and totally bounded and that the uniform completion of a
uniform space (X, U) is compact if and only if U is a totally bounded
uniformity.

We recall that a compact space K is said to be a compactification
of a space X if X is a dense subspace of K. If K1 and K2 are two
compactifications of a Tychonoff space X, we say that K1 ≤ K2

if there exists a continuous function f from K2 onto K1 such that
f |X is the identity. K1 and K2 are said to be equivalent if f is a
homemomorphism. In this case, we will write K1 = K2. It is well
known that if K1 ≤ K2 and K2 ≤ K1, then K1 = K2. Obviously, the
relation R (on the set of all compactification of a space X) defined by
K1 RK2 if and only if K1 = K2 is an equivalence relation. So, when
in the sequel we shall say the uniform completion of a totally bounded
uniform space (X, U), we shall be speaking about an element of an
equivalence class. For this and related results on uniform spaces,
the reader might consult [1], Ch. 8. For general background and
for notation and terminology not defined here see [3]. C((X,U))
(respectively, C(X) when no confusion can result) means for the ring
of all continuous complex-valued functions on a uniform compact
space (X, U) endowed with the topology of the supremum norm.
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2. Main Results

Let (X, U) be a compact uniform space. Let J be the family defined
as

J = {(K, Ṽ) : (K, Ṽ) is the uniform completion of (X, V)
for some totally bounded uniformity V finer than U}.

When confusion is unlikely, we will denote (K, Ṽ) by K. C(K | X)
stands for the ring {f : X −→ C | there is g ∈ C(K) such that g |X=
f}. From now on, we shall consider a dynamical system (X, ϕ, Σ)
where Σ = Z or Σ = N with X :≡ (X, U) a uniform compact space.
We shall study extensions arising from completions of finer totally
bounded uniformities on X. In the sequel, the followings results are
needed.

Theorem 2.1. (Tăımanov,[Ta]) Let Y be a dense subspace of a topo-
logical space X and let φ be a continuous function from Y into a
compact Hausdorff space Z. Suppose that B is a base for the closed
sets of Z which is closed under finite intersections. Then φ can be
continuously extended over X if and only if for every pair B1, B2

of disjoint elements of B the inverse images φ−1(B1) and φ−1(B2)
have disjoint closures in X.

Lemma 2.2. Let (X, U) be a compact uniform space. If (K, Ṽ) ∈ J ,
the identity mapping ι from (X, V) onto (X, U) admits a continuous
extension to (K, Ṽ) .

Proof. Since V is finer than U , the function ι is uniformly continuous.
Because (X, U) is compact, it is complete and, consequently, ι admits
a (uniform) continuous extension to the uniform completion (K, Ṽ)
of (X, V).

In the following, the continuous extension of the identiy mapping
obtained in the previous lemma will be denoted by ιK . Given a
dynamical system (X, ϕ, Σ), a ring A of bounded complex-valued
functions on X is said to be Σ-invariant if f ◦ ϕk ∈ A whenever
f ∈ A, k ∈ Σ. The following theorem shows that C(K | X) to be
Σ-invariant is equivalent to the existence of an extension (K, ϕ̂, Σ)
with ϕ̂ |X= ϕ .
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Theorem 2.3. Let (X,ϕ,Σ) be a dynamical system and let (K, Ṽ) ∈
J . The following assertions are equivalent:

1. There exists a continuous function ϕ̂ from K into K such that
ϕ̂|X = ϕ.

2. C(K|X) is Σ-invariant.

3. There exists an extension (K, ϕ̂K , Σ) of (X, ϕ, Σ) such that
ϕ̂|X = ϕ.

Proof. (1) =⇒ (2) Suppose Σ = N . Let f ∈ C(K|X). Consider
g ∈ C(K) such that g |X= f . Then g ◦ ϕ̂ is a continuous extension
of f ◦ ϕ to K. Thus, f ◦ ϕ is in C(K|X). By a standard argument,
f ◦ ϕj ∈ C(K|X) whenever j ∈ N. The case Σ = Z follows by a
similar argument applying to f ◦ ϕ and f ◦ ϕ−1.

(2) ⇒ (3) First, we shall show that ϕ is continuous as a function
from (X,V) into itself. Since τ(V) is the weak topology induced by
C(K | X) on X, we only need to prove that f ◦ ϕ is continuous on
(X, τ(V)) for each f ∈ C(K | X). But condition (2) tells us that
f ◦ϕ ∈ C(K|X) for each f ∈ C(K | X), that is, f ◦ϕ ∈ C((X, τ(V)).

Now, let B1, B2 be two closed subsets of (K, τ(Ṽ)) such that
ϕ−1(B1) ∩ ϕ−1(B2) = ∅. Find a continuous function f ∈ C(K)
such that f(B1) = 1, f(B2) = 0. The function f |X ◦ ϕ ad-
mits a continuous extension g to K. Then, ϕ−1(B1) ⊂ g−1(1) and
ϕ−1(B2) ⊂ g−1(0), and consequently, clKϕ−1(B1) ∩ clKϕ−1(B2) ⊂
g−1(1)∩ g−1(0) = ∅. By Taimanov’s theorem, ϕ can be continuously
extended to a function ϕ̂K from K into K.

Next, we consider the diagram,

K
bϕ

−→ K
ιK ↓ ↓ ιK

X
ϕ

−→ X

As ιK ◦ ϕ̂K |X = ϕ ◦ ιK |X , by density, the diagram commutes. Thus,
(K, ϕ̂K , Σ) is an extension of (X, ϕ, Σ).

(3) ⇒ (1) is clear.

Theorem 2.4. With the same conditions on C(K | X) as in the
above theorem. If ϕ is surjective (resp. a homeomorphism) so is ϕ̂.
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Proof. If ϕ is onto, ϕ̂|X is also onto. Then ϕ̂(K) is compact and
X ⊂ ϕ̂(K). Therefore, clKX = K ⊂ ϕ̂(K). Thus, ϕ̂(K) = K.

Suppose now that ϕ is a homeomorphism. An argument similar
to the one used in (2) ⇒ (3) of Theorem 2.3 shows that ϕ−1 admits
a continuous extension η from K onto K. It is easy to check that
ϕ̂ ◦ η = η ◦ ϕ̂ = idK , where idK is the identity on K.

Notice that, because X is dense in (K, Ṽ), the extension (K, ϕ̂,Σ)
obtained in Theorem 2.3 is the only one satisfying ϕ̂ |X= ϕ. From
now on, (K, ϕ̂,Σ) will mean for this extension, that is, given a dy-
namical system (X, ϕ, Σ), (K, ϕ̂,Σ) is the extension obtained in the
following way:

1. (X, U) is a uniform compact space,

2. there exists a totally bounded uniformity V on X finer than U
such that K is the uniform completion of (X, V), and

3. ϕ̂|X = ϕ.

We have the following result

Theorem 2.5. If (K1, Ṽ1) ≤ (K2, Ṽ2), then (K2, ϕ̂K2 , Σ) is an
extension of (K1, ϕ̂K1 , Σ).

Proof. Since K1 ≤ K2, there exists a continuous function g from K2

onto K1 such that g|X is the identity on X. As ϕ̂K2 |X= ϕ̂K1 |X ,
the diagram

K2
ϕ̂K2−→ K2

g ↓ ↓ g

K1

ϕ̂K1−→ K1

commutes and the proof is complete.

Corollary 2.6. If (K1, Ṽ1) and (K2, Ṽ2) are equivalent, then
(K1, ϕ̂K1 ,Σ) and (K2, ϕ̂K2 ,Σ) are topologically conjugate.

Let (X, ϕ, Σ) be a dynamical system such that (X, U) is a uniform
compact space. In order to see how topological transitivity and mini-
mality are carried over to extensions (K, ϕ̂K , Σ), the fact that K does
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not contain isolated points plays an important role. If x0 /∈ Oϕ(x),
then x0 /∈ Oϕ̂(x) = Oϕ(x). So, if x0 is isolated in K, Oϕ(x) fails to
be dense. We begin by characterizing the isolated points of K. In the
sequel, ex0 stands for the characteristic function of {x0}. If r > 0
and z0 ∈ C , Dr(z0) denotes the set {z ∈ C : |z − z0| < r} and f̃
the continuous extension to (K, Ṽ) of the function f ∈ C(K|X).

Theorem 2.7. Let (X, U) be a uniform compact space and (K, Ṽ) ∈
J . The following conditions are equivalent for a point x0 ∈ X not
isolated in (X, τ(U)):

1. x0 is isolated in (K, τ(Ṽ)).

2. ex0 ∈ C(K|X)\C(X).

3. There exists f ∈ C(K|X)\C(X) and an open subset V in C

such that x0 ∈ f−1(V ) and it does not exist a net
{
xδ

∣∣ xδ 6=
x0

}
⊂ f−1(V ) converging to x0 in (X, τ(U)) such that f(xδ) →

f(x0).

Proof. (3) ⇒ (1). Let r > 0 such that Dr(f(x0)) ⊂ V . Suppose
that for every open subset U in (X, τ(U)) containing x0 and every
0 < ǫ < r, there exists xU,ǫ ∈ U such that | f(xU,ǫ)−f(x0) |< ǫ. It is

easy to check that the net
{
xU,ǫ

}
(U,ǫ)∈D

(where the set D = {(U, ǫ)}

is directed by the relation (U, ǫ) ≥ (U ′, ǫ′) if and only if U ⊂ U ′ and
ǫ < ǫ′ ) converges to x0 and f(x(U,ǫ)) converges to f(x0). So, by (3),
there exist U ′ and ǫ′ such that

{
y

∣∣∣ |f(y) − f(x0)| < ǫ′
}⋂

U ′ =
{

x0

}
.

Then,{x0} is an open subset in (X, τ(V)) and, therefore, in(K, τ(Ṽ)).

(1) ⇒ (2) and (2) ⇒ (3) are clear.

Next, we shall study how topological transitivity and minimality
are carried over to extensions obtained from uniform completions. In
general, (K, ϕ̂, Σ) does not inherit these properties as the following
example shows.
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Example 2.8. Let (X, ϕ, Σ) be a dynamical system with (X, U)
a compact uniform space and X uncountable. Let Y be the set
X endowed with the discrete topology. Let us take K = βY , the
Stone-C̆ech compactification of Y . It is easy to check that we can
find a continuous function ϕ̂ from K onto K such that (K, ϕ̂, Σ)
is an extension of (X, ϕ, Σ) with ϕ̂ |X= ϕ. On the other hand, we
can not expect that (K, ϕ̂, Σ) be neither minimal nor topological
transitive because K has uncountable isolated points.

We need now several results.

Lemma 2.9. Let (X,U) be a compact uniform space and let (K, Ṽ) ∈
J . If x̂ ∈ (ιK)−1(x0), then ϕ̂n(x̂) ∈ (ιK)−1(ϕn(x0)) whenever n ∈ Σ.

Proof. The diagram

K
ϕ̂n

−→ K
ιK ↓ ↓ ιK

X
ϕn

−→ X

commutes because ιK ◦ ϕ̂n agrees with ϕn ◦ ι on the dense subset
X. Then, if x̂ ∈ (ιK)−1(x0), we have that ιK [ϕ̂n(x̂)] = ϕn ιK(x̂) =
ϕn(x0). This completes the proof.

Let E be a family of bounded complex-valued functions on X.
We will denote by 〈C(X) ∪ E〉 the uniform closure of the smallest
ring containing C(X) and E.

Theorem 2.10. Let (X, U) be a compact uniform space and let
(K, Ṽ) ∈ J such that C(K|X) = 〈C(X) ∪ E〉 for some family E
of bounded complex-valued functions. If, for each open subset V of
C , f−1(V ) contains an open subset U of (X, τ(U)) whenever f ∈ E,
then for a point x0 ∈ X the following assertions are equivalent:

1. x0 ∈ X is isolated in (X, τ(U)).

2. x0 ∈ X is isolated in (K, τ(Ṽ)).

3. ex0 ∈ C(X, τ(U)).
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Proof. (1) ⇒ (2) Since {x0} is a compact neighborhood of x0 in
(X, τ(U)) and τ(U) is coarser than τ(V), the set {x0} is a compact
neighborhood of x0 in (X, τ(V)).

(2) ⇒ (3) Because {x0} is open in (K, τ(Ṽ )), there exists a func-
tion g ∈ C(X)∪E and ǫ > 0 such that

{
y

∣∣ |g(y)−g(x0)| < ǫ
}
=

{
x0

}
.

By assumption, we can find an open set U in (X, τ(U)) such that
U ⊂

{
y

∣∣ |g(y) − g(x0)| < ǫ
}
=

{
x0

}
Thus, U = {x0}.

(3) ⇒ (1) it is clear.

Theorem 2.11. Let (X, ϕ, Σ) be a dynamical system with (X, U) a
compact uniform space and let (K, Ṽ) ∈ J . With the same hypothesis
on C(K | X) as in the above theorem, if Oϕ(x0) is dense, so is Oϕ̂(x̂)
for each x̂ ∈ ι−1(x0).

Proof. For an open set in C , Dr(z0), and a function f ∈ C(X) ∪E,
we find an open subset U in (X, τ(U)) with U ⊂ f−1(D r

2
(z0)). Since

Oϕ(x0) is dense, there exists n ∈ Σ such that ϕn(x0) ∈ U .

Let {yδ}δ∈D be a net in X converging to ϕ̂n(x̂) in (K, τ(Ṽ)). By
Lemma 2.9, {yδ}δ ∈ D converges to ϕn(x0) in (X, τ(U)). Since
U is open in (X, τ(U)), we can suppose, without loss of gener-
ality, that {yδ}δ∈D ⊂ U . Now a standard argument proves that∣∣∣f̂(ϕ̂n(x̂)) − z0)

∣∣∣ ≤ r
2 . Thus, ϕ̂n(x̂) ∈ f̂−1(Dr(z0)). Since τ(Ṽ) is the

weak topology induced by C(X) ∪ E, the proof is complete.

Next, we shall show that there exist many algebras satisfying the
property in Theorem 2.10. Given a function f ∈ C(K, τ(Ṽ)) we will
denote by Df the set

Df = {x ∈ X | f : (X,U) −→ C is discontinuous at x} .

Given a space X, we say that B ⊂ X is discrete in X if B
endowed with the induced topology is a discrete space.

Theorem 2.12. Let (X, ϕ, Σ) be a dynamical system with (X, U)
a compact uniform space and let (K, Ṽ) ∈ J . Let E be a family of
bounded complex-valued functions such that C(K|X) = 〈C(X)∪E〉.
If for each function f ∈ E, there exists a finite subset F of Df

such that Df \ F is discrete in (X, τ(U)) and C(K | X) contains no
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characteristic functions of the singletons, then C(K | X) satisifies
the condition in Theorem 2.10.

Proof. Let f ∈ E and consider an open subset V of C. We shall
consider two cases.

Case 1: ∅ 6= f−1(V ) ⊂ Df . We shall check that this leads us
to a contradiction. In fact, if f−1(V ) is finite, since X is dense in
(K, τ(V)), there exists a finite subset H such that H = f−1(V )∩X.
Obviously every point in H is isolated in (K, τ(V)) which contradicts
that C(K | X) contains no characteristic functions of singletons. So,
f−1(V ) is infinite. Let x ∈ f−1(V )∩(Df \F ). Since Df \F is discrete
in (X, τ(U)), there exists an open subset U in (X, τ(U)) such that
U ∩ (Df \F ) = {x}. Then, U ∩ f−1(V ) = {x}. Consequently, {x} is

isolated in (K, τ(Ṽ)), that is, ex ∈ C(K | X), a contradiction.
Case 2: Let x ∈ f−1(V ) such that x 6∈ Df . Since f : (X, τ(U)) →

C is continuous at x, there exists an open subset U in (X, τ(U)) such
that f(x) ∈ f(U) ⊂ V . The proof is complete.

Corollary 2.13. Let (X, ϕ, Σ) be a dynamical system with (X, U)
a compact uniform space and let (K, Ṽ) ∈ J . Let E a family of
bounded complexed-valued functions such that C(K|X) = 〈C(X) ∪
E〉. If for each function f ∈ E, there exists a finite subset F of Df

such that Df \ F is discrete in (X, τ(U)) and C(K | X) contains no
characteristic functions of the singletons, then

1. If (X, ϕ, Σ) is transitive, so is (K, ϕ̂ Σ).

2. If (X, ϕ, Σ) is minimal, so is (K, ϕ̂, Σ).

Remark 2.14. The conditions in Theorem 2.12 are satisfied when-
ever every function in the set E is continuous on a cofinite set and
〈C(X) ∪ E〉 contains no characteristic functions of the singletons.
So, Theorem II.9 and Corollary II.10 in [4] are particular cases of
the above results.

Beginning from the previous results, the following two specific
questions seem worthy of study. The first we are dealing with is:

Question 2.15. What conditions (K, ϕ̂, Σ) does inherit the prop-
erties of topological transitivity and minimality from (X, ϕ, Σ)?



DYNAMICAL SYSTEMS FROM UNIFORM etc. 57

Given a minimal (respectively, a topological transitive) dynami-
cal system (X, ϕ, Σ) with (X, U) a compact uniform space, Theorem
2.11 permits us to construct extensions which are also minimal (re-
spectively, topological transitive). This fact jointly with Theorem
2.5 suggest us the following

Question 2.16. Let (X, ϕ, Σ) be a minimal (respectively, a topo-
logical transitive) dynamical system. Does exist a minimal (respec-
tively, a topological transitive) extension (K, ϕ̂, Σ) of (X, ϕ, Σ) such
that every minimal (respectively, topological transitive) extension of
(X, ϕ, Σ) is a factor of (K, ϕ̂, Σ)?
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