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On some Semilinear Periodic
Parabolic Problems

T. Gopoy AND U. KAUFMANN *)

SUMMARY. - Let Q C RY be a smooth bounded domain. We study
existence and nonexistence of positive solutions for some semi-
linear Dirichlet periodic parabolic problems of the form Lu =
h(z,t,u) in Q@ xR for a class of Caratheodory functions h : Q X
R x [0,00) — R such that h(.,0) = 0 and limg o+ £ (.,€) =0
or £oo. All results remain true for the corresponding elliptic
problems.

1. Introduction

Let Q be a C**? bounded domain in RY, § € (0,1), N > 2. For
T >0and 1 < p < oo, let L% be the Banach space of T-periodic
functions f on QxR (i.e. satisfying f (z,t) = f (z,t + T) a.e. (z,t) €
Q xR) such that fio. 1) € LP (2 x (0,T')), equipped with the norm
||fHL1% = ||f\QX(07T)HLp(QX(0, )" Let Cr be the space of continuous

and T-periodic functions on €2 x R provided with the L* norm, and
let C%+0,(1+6)/2 be the space of T-periodic functions belonging to
C1+6,(1+6) /2 (ﬁ % R).

Let {a;;}, {b;}, 1 < i,j < N, be two families of T-periodic
functions satisfying a;; € C%! (ﬁ X R) , a;j = aj; and b; € L, and
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assume that
> i (z,1) &€ > ag €]

for some oy > 0 and all (z,t) €Q><_R,§€IR{N. Let A bethe N x N
matrix whose 4, j entry is a;;, let b = (by,...,bn), let 0 < ¢p € LF
and let L be the parabolic operator given by

Lu = wy — div (AVu) + (b, Vu) + cou

Let W = {ue L?((0,T),Hj () : ue € L*((0,T), H (Q)) }.
For h € L2, we say that u is a (weak) solution of the periodic
problem

Lu=nh in @ xR
u=0 on 002 x R (1)
u T-periodic

if w is T-periodic, ujgx ) € W and

—u

Qx(0,T) Qx(0,T)
for all g € C° (2% (0,7)). For uw € W, the inequality Lu > h
(respectively <) in © x R will be understood in the analogous weak
sense.

For 1 < r < oo let W' (Q x (to,£1)) be the Sobolev space of
the functions uw € L" (2 x (to,t1)), v = u(z1,...,xN,t), such that
Uy, Uy, and ugq; belong to L™ (2 x (to,t1)) for 1 < 4,5 < N, and
let VVT2 % be the space of T-periodic functions such that wgxo1) €
Wit (@2 x(0,T)). For f € LT, r > 1, we say that u is a strong solu-
tion of (1) if u € WTQ’% and the equation holds a.e. in the pointwise
sense.

Let f,9: QxR x[0,00) — R be two Caratheodory functions, i.e.
(z,t) — f(z,t,€) is measurable for all £ > 0 and & — f (z,¢,€) is
continuous in [0,00) a.e. (z,t) € @ x R, and the same for g. Assume
that f(.,€) and g (.,&) belong to L., r > (N +2) /2, for all £ > 0
and that both are T-periodic in t. Let

/ [ ag+(AVu,Vg>+<b,Vu>g+coug}: / hg

H1. There exist Cf,pl,pg,é,g > 0 and 0 < a € L such that
e < f(x,t,€) forall £ € (0,€] ae (z,t) eQXR, (2)
fz,t,8) < a(z,t) forall € € [§,00) ae. (z,t) € QAxR (3)
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H2. There exist b, cg, q1, q2,§,5 > 0 with g1 > ps if po > 1 such that

g€ < g(x,t,§) forall £ € [€,00) ae. (z,1) € AxR, (4)
g (x,t,6) <bg® for all € € (0,¢] ae (z,t) € QxR (5)

Our aim in this paper is to study existence and nonexistence of
positive solutions for semilinear periodic parabolic problems of the
form

Lu=\f (z,t,u) — g (z,t,u) in QxR
u=0 on 002 x R (6)
u T-periodic

where A > 0 is a real parameter and f, g satisfy conditions H1 and
H2. Let us mention that as a consequence of our proofs the results
remain true for the corresponding elliptic problems. For applications
we refer to [2], [16].

In order to describe our results and relate them to others in
the literature, let us take as an example of the above situation the
problem

Lu=Xa (z,t) h(u)uP=b(z,t)u? :=H (z,t,u) in QxR
u=0 on 0 xR (7)
u T-periodic

where 0 < ap <a€ LP,0<by<be LF, p,g>0andh:[0,00)—
R is a continuous function such that h(0) > 0 with A’ (0) > 0 if
h(0) =0, and supg~q h (§) < oo.

When p=1< g and h =1, (7) becomes the well-known logistic
equation that has been widely studied in recent years. A necessary
and sufficient condition for the existence of positive solutions is A >
A1 (a), where A (a) is the (unique) positive principal eigenvalue of
the linear problem with weight

Lu=MXa(xz,t)u in QxR
u=0 on 002 x R (8)
u T-periodic

(see e.g. [14], [17] and the references therein for the elliptic problem
and [12], [10] for the periodic parabolic case). However, if for instance
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h(u) = sinu, then neither the approach in [12] nor the one in [10]
can be applied because ¢ — £71H (., €) is no longer decreasing and
limg_,o+ £ 1H (.,£) = 0. As a consequence of Theorem 3.1 we shall
see that a similar result still holds for (7), namely there exists A >
A1 (@) /supg~q h (§) such that (7) has a positive solution for all A > A
and there is no positive solution if 0 < A < A.

If 0 < p,g < 1and h =1, in the elliptic case it is also known that
there exists some A > 0 such that (7) has a positive solution for all
A > A and that there is no positive solution if 0 < A < A. In fact,
it was proved under additional smoothness assumptions on a and b
that if p < ¢ then A = 0, and that if p > ¢ then A > 0 (see e.g.
[21], [4], [15] and its references). For the periodic parabolic problem,
recently the authors have found existence of positive solutions for all
A large enough in [11]. We note however that there it is asked that
either ¢ > 1 — 1/ (N + 2) or b satisfies a quite strong assumption.
From Theorem 3.1 below it will follow that a similar result as is in
the elliptic case is true for (7) with no restrictions on ¢ and b (and
not necessarily A = 1) and we shall also have a lower estimate for
such a A when p > ¢.

If0 <p<1<gqgand h =1, existence of positive solutions for (7)
was obtained for all A > 0 in [10], but again the approach followed
there fails if one takes h such that lime o+ E1H (.,€) = 0 (for the
elliptic problem, similar results are given in [4] for 0 < p < ¢, p < 1,
azland0<b609(ﬁ),andin Bfor 0 <p<1<gq,a=1and
0<be? (ﬁ)) Theorem 3.1 also extends these results in this case.

Finally, to our knowledge no results are known for (7) when 1 <
p < q, even if h = 1, while this elliptic problem has been studied
for example in [20], [13] fora =b=h =1and (N+2) /(N —2) <
p < ¢, and recently in [6] for a quasilinear equation that includes
the case 1 < p < (N+2)/(N—-2), ¢ <2N/(N—-2), a =1 and
b > 0 satisfying some additional conditions. Theorem 3.1 shows that
similar existence results as the ones quoted above are still valid in
this situation, and that there exists a lower estimate for A and a
positive solution for A = A in this case.

Acknowledgments. The authors would like to thank the referee
for her-his careful and detailed reading of the paper.
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2. Preliminaries

We start collecting some known facts about periodic parabolic prob-
lems with weight.

REMARK 2.1.  4) Leta € L., r > (N +2) /2, and let

T
P(a) := /0 essesgpa (z,t)dt.

Then P (a) > 0 is necessary and sufficient for the existence of
a (unique) positive principal eigenvalue A1 (a) for problem (8)
(cf. [8], Theorem 3.6). We note that the case P (a) = +0o0 is
allowed (cf. [8], p. 218).

it) Let 0 < X < A\ (a) if M\ (a) exists or A > 0 if A; (a) does not
exist. Then (L — Xa)™' : L, — Cr (r > (N +2) /2) is a well
defined compact and positive operator (cf. [9], Lemma 2.9).
In particular, if Lu > Aau (respectively <) then X < Ay (a) if
A1 (a) exists (respectively A > A1 (a)).

iii) The following comparison principle holds: if ai,as € L,
P(a1) > 0 and a1 < ag in Q x R, then A\ (a1) > A (a2)
and, if in addition a1 < ag in a set of positive measure, then
A (a1) > A1 (a2) (¢f. [8], Remark 3.7).

The following remark compiles necessary information of some
singular periodic parabolic problems.

REMARK 2.2. Let 0 < a« < 1/ (N +2), 0 < f < 1, and consider the
problem
Iv=—v""+ XM inQxR
v=0 on 002 x R 9)
v T-periodic
Then there exists \g > 0 such that for all X\ > g (9) has a pos-
itive strong solution v € nyi} for some r > N + 2. Moreover,

v e CCIFJFG’(H@)/Q and % < 0 on 002 x R, where v denotes the out-
ward normal unit vector (cf. [7], Theorems 3.1 and 3.3).
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3. The theorem

Let

P° := interior of the positive cone of C'CIFJF()’(IJFQL))/2

THEOREM 3.1. i) Let f,g satisfying H1 and H2. Then there ex-
ists A > 0 such that (6) has a (strictly) positive solution u =
uy € LF for all X > A, and if 0 < X\ < A then there is no
positive solution for (6). Moreover, uy can be chosen such that

li o = 10
Jim Juy | = o0 (10)

Assume in addition that (3) and (4) hold for all & > 0.

it) Ifpa =1, then
A > Xi(a) (11)

iii) If pa > 1, then there exists a positive solution uy € L3 for
A=A and

(p2—1)/(q1-1)
A> N (a)(qrpz)/(qu) <cg/ HQHL39> P2 a

(12)

w) If0<q <py <1, then

- - —1((p2—q1)/(1—q1) X
A> C_f,l p2)/(1=a1) (HGHL%O Iz 1“5;;12%0 @ > —X (13)
Also, either if f(.,€),9(.,&) € LI, for some r > N + 2 and
all € > 0 or if in addition (2) and (5) hold for all & > 0, then
uy € VVTQT1 N P° whenever such u)y, exists.

Proof. In order to prove (i) we start constructing a subsolution for
(6). Let cv, 3, A\g be as in Remark 2.2, and let v = vy~ € WE%OPO bea
solution of (9) corresponding to some \* > \g. Let £ > 0 be given by
H1 and H2 (clearly we may assume that both § coincide). Choose k =
&/ |lvlly and € = e (k) > 0 such that b§% + \*k1=8¢P < klHag—a for
all 0 < & < e. Define vy := kv and h (z,t,£) :== \f (z,t,&)—g (x,t,§),
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and pick A > (A*klfﬁéﬁ + b£%2) / (csePt). Since vy < &, from (9), (2)
and (5) we have that

Lv, = —k1+°‘kaa + )\*kl_ﬁvg
—bE® X focup<e) + A I N cy

(Aepvpt = bor®) Xocup<e) + (Acre? = E®) Xfe<uy)
h(z,t, )

ININ A

and therefore vy, is a subsolution of (6).
On the other side, if po > 1 we have ps < g1 and so recalling (3)
and (4) we see that for some constant K >> 0 it holds that

h(z,t, K) < Aall, KP? — ¢, K" <0< L(K)

Hence, K is a supersolution of (6). Suppose now 0 < py < 1, and
fix 0 < d < A (1) and K > max (E, ()\\|a\|oo/6)1/(17p2)>, where £

is given by H1. From Remark 2.1 (ii) there exists 0 < w € L
solution of the Dirichlet periodic problem Lw = § (w + K) in Q x R.
Moreover,

h(z,t,w+ K) < Xa(z,t) (w+ K)P? < Xa||, (w+ K) /KP2
0

<
<§(w+K)<L(w+K)

and thus w + K is a supersolution of (6). Hence, in any case we can
apply [5], Theorem 1, to obtain a solution 0 < u € L of (6).

Let A := inf {\ > 0 : there exists 0 < uy € L solution of (6)}
< o00. Let A > A and let A > X\ > A such that there exists uy € LY
solution of (6) for A = . Clearly uy is a subsolution of (6). More-
over, as above we can choose a supersolution w > HUXHOO and then
again Theorem 1 in [5] gives a solution of (6).

Let us prove (10). Let A; be an increasing sequence such that
Aj — 00, and let uy; be the corresponding positive solutions of (6).
An inspection of the above part of the proof shows that we can
choose wy; such that A\; — wu,,; is increasing and so there exists
limj_,ooHu,\jHoo =1 < 00. Suppose | < oo, and let 0 < Uy =
lim;_, oo uy,;. Dividing (6) by A; and going to the limit we find that
f(z,t,us) = 0, which is not possible. Therefore, part (i) of the
theorem is proved.
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Assume now that (3) and (4) hold for all £ > 0, and let A > A,
0 < u € LY be the solution found above. If p; = 1, (3) and (4)
imply Lu < Aau and hence Remark 2.1 (ii) gives A > A\ (a) and thus
(11) follows (note that since (3) holds for all £ > 0, (2) and (3) say
that a is not identically zero, i.e. P (a) > 0 and so A1 (a) exists).

We prove (iii). Let A < A; be a decreasing sequence such that
Aj — A and let uy, be the positive solutions of (6) for A = A;.
As before, we can choose OV such that j — wy; is decreasing and
SO Hu)‘jHoo < ¢ for some ¢ > 0 not depending on j. Moreover,

since |h(.,uAj)‘ < max |h(.,€)], the assumptions on f

o<e<u |

and g give that Hh(m,t,u,\j)‘ < ¢ with ¢ not depending on j

Ly
(r > (N +2)/2). Thus, from the compactness of L™ : L. — Cp
(cf. Remark 2.1 (ii)) we get some 0 < up € LY solution of (6) for
A = A. In order to show that up is not identically zero it suffices to
prove that lim;_, HuA].HOO # 0. Now, suppose lim;_, HuAj Hoo =0,
and let v; 1= uy,/ HuAjHOO. Recalling (3) and (4) we get

. -1 iy .ps P21 _ 411
0<wv; <L <)\javju>\j CqujULy, )

and thus going to the limit the continuity of L~! implies v; — 0
which is not possible, and so the first assertion of (iii) is proved.

Let k = (cg/A |]a|]oo)1/(Q1_p2). Since 1 < p2 < ¢1 we have

I (k:u) < )\akl—pg (ku)m—cgkl_ql (ku)‘h
B AaklP2 () X{O<ku§1}+()‘ak1_p2 _Cgkl—QI)(ku)pQX{ku>1}
< Aak' P2 (ku) X{o<ku<1y

and so from the last statements in Remark 2.1 (ii) we get A\ >
A1 (ak!™P2) = Ay (@) kP2~ which in turn implies (12).
In order to prove (13) we proceed by contradiction.  Sup-

pose there exists a positive solution u for A = A. Choose k :=

</~H|a|| HL_1H>71/(17p2). Recalling (3), (4) and that 0 < p2 < 1 a

computation shows that ||kul|,, < 1. Taking into account this and
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that ¢1 < p2 we find

L (ku) < Aak*™P2 (ku)?? — c k'~ (ku)®
(lall | Z7Y) " a (k)P — |71~ (o) ®

IN N
o

Contradiction.

To end the proof, note that any of the last assumptions imply
h(z,t,u) € L% for some r > N + 2. Since the operator L=! : L%, —
WZ’% is continuous (see e.g. [19], Section 4) it follows that u € Wf”r},
and from the Sobolev imbedding theorems (e.g. [18], Lemma 3.3, p.
80) and the strong maximum principle (e.g. [2], Theorem 13.5) we
get that u € P°. O
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