ON DELTA SEQUENCES (*)

by PioTR MIkuUsINSKI (in Orlando) (**)

SoMMARIO. - Si discute la metrizzabilita di convergenze definite da
varie famiglie di delta sequenze. Si dimostra poi un teorema sul-
U'esistenza di convoluzione infinita.

SUMMARY. - Metrizability of convergences defined by various families
of delta sequences is discussed. A theorem on existence of infi-
nite convolution is proved.

Introduction.

Delta sequences (called also «approximate identities» or «sum-
mability kernels») appear in many branches of mathematics, but
probably the most important applications are those in the theory of
generalized functions. The basic use of delta sequences is the regu-
larization of generalized function. Futhermore, delta sequences can
be used to define convolution and product of generalized functions
(see e.g. [1], [7], [8]). T. K. Boehme in [3] has used delta sequences
to define «regular operators» (as a subalgebra of Mikusiniski Ope-
rators). His idea was utilized in the construction of Boehmians (see
[9], [10]), where delta sequences play the crucial role.

The first two sections of this note are devoted to the metriza-
bility of a convergence (called A-convergence) defined by various

(*) Pervenuto in Redazione il 30 marzo 1987.
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families of delta sequences. A-convergence appears naturally when

studying properties of generalized functions called Boehmians (see
[10]1, [11], [12] and [13]).

In the last section we discuss the infinite convolution. The con-
cept was first used in [2] and then widely exploited in [4], [51, [10],
[11] and [13]. A theorem on existence of infinite convolution for a
large class of sequences is proved.

1. - Abstract approach to delta sequences.

Let (E,p) be a linear (over R or C) quasi-normed space (i.e.
p(f)=0iff f=0, p(f.—f)—0 and |a. — a|—>0 implies p (o, f» — af)—0,
p(f + g =p(f)+ p(g)) and let F. be a subset of E. Suppose that to
each pair of elements f € E and ¢ € F. there is assigned an element
f+o € E such that the following conditions are satisfied.

(1) If o, YeF., then o+Y € F. and o+Y ={Y=0.
(2) If feE and 9,y € F., then f+(o+{y)=(f+0)«{.
(3) If f,geEandgePF., then (f+ go=Ff+0+g+0.
(4) If AeR (or C), fe E and ¢ € F., then Mf+9)=(\f)+0.
(5) If p(fn)—0, then p(f.+9)—0 for every ¢ € F..
Let A be a positive functional on F. such that
(6) Alp+U)= A(p)+ A(Y) for every ¢,y e F..

(7) If p(fa—f)—0 (f,fn€e E) and A(5,)—>0 (3,€F.),
then p(f.+8. — f)—0.

A sequence 8,€ F.(n=1,2,...) for which A(5,)— 0 will be cal-
led a delta sequence. The family of all delta sequences will be de-
noted by A.

A sequence f,€e E(n=1,2,...) is said to be A-convergent to
zero if p(fu+8.)—>0 for some (81,8;,...)e A. In this case we write
Alimf,=0. If Alim(f.—f)=0, then we write A-lim fn="7.

It can be easily checked that A-convergence is linear (i.e. A-lim
fa=f, Alimg.=g and |a, —a|—>0 implies Alim(fn+ g.)=Ff+ g
and A-lima.f, = af) and that A-convergence is weaker than the con-
vergence defined by p(ie.p(f» — f)—>0 implies A-limf,=f). More-
over we have the following.

THEOREM 1.1 - A-convergence is of quasi-norm type.

Proof can be found in [10].
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2. - Examples.

Throughout the note we use the following notation

R the real line
C the complex plane
C(R4) the space of continuous functions on R?
C.(R9) the space of continuous functions with compact support in R?
Li(R3) the space of Lebesgue integrable functions on R?
x| = (xf+...+xz)l/2 for x =(x1,...,x4) € R4
B.= {x€Ri:|x|<e} fore>0
supp¢ the support of ¢ for ¢ € C.(R9)
s(p)= inf {e¢ > 0:suppo < B} for ¢ € C.(R9).

In the following examples the space E is a function space and
the product f+¢ denotes the convolution of functions

(f+o) (x)=ff(u)o(x—u)du.

Now we recall some known properties of the convolution pro-
duct that will be used later.

LeEMMA 2.1 - If E and F. are such that for every f € E and ¢ € F.
the convolution f+¢@ exists in E(f+@o€ E), and ¢~y € F., whenever
o,V € F., then all the conditions (1)-(4) are satisfied.

LEMMA 2.2 - If o,¥ € C.(R9), then suppo+Y C suppo + supp V.

LeMMA 23 - If o,¥ € Li(R9), then o+ € Li(R9) and
Jlo=b|=Slo] - f|¥].

Example 1 - Let E=C(R9 and let p be a quasi-norm which

defines the uniform convergence on compact subsets of R? (e.g.

p(f)= £ 277 |Iflln/(1 + [I£1l) where |Iflls=sup{|f(x)|:x e Ba)).
Let A; be the family of all sequences 8,€ C.(R9) (n=1,2,...)
that satisfy the following conditions

AT [8,=1forallneN
By 3. =0 for all ne N
C The support of 3, shrinks to zero as n— .

To show that the family A; fits the abstract approach presented
in Section 1 take

Fo={p€eC:(R%):fo=1and ¢ =0}
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and define

A1(0) = s(9).

It can be verified that all conditions (1)-(7) are satisfied and
delta sequences defined by A; are exactly those in A;.

Remarks. Condition (5) follows immediately from

LEMMA 24 - If fe C(R?) and ¢ € C.(R9), then for every ne N
7@l =1fllm- Slo]

where m = n + s(o).

Condition (6) is a consequence of Lemma 2.2, and condition (7)
follows from the following lemma (see e.g. [1], Part II 3.1.2).

LEMMA 2.5 - Let (3,)€ A1, and let the sequence f., € C(R3) con-
verge to f uniformly on compact subsets of R?. Then

[|[fn*8n —f||x—>0 as n—> oo
for every ke N.

Example 2 - Let E,F. and p be as Example 1. The family 4, is
defined by the following conditions

A, [8,=1forall neN
B: f|8.]|>1asn—>o
C: The support of 8, shrinks to zero as n—> oo .
To describe the family A, by a functional take
F.={p€eC.(RY): fo=1}
and define
Aaf(o)=s(p)+Inf|o].
All conditions (1)-(7) are satisfied and (3,) € A; iff As(5,) —0.

It can be shown that A;-convergence is essentially stronger than

Az - convergence; (a proof can be found in [11]).

Remarks - Condition (5) follows from Lemma 2.4. To prove (6)
use Lemma 2.3 and note that Inf |¢+«y|=Inf|9|+Inf|{| and that
Inf|9|=0 for any ¢ € C.(R%) such that fo =1. Since Lemma 2.5
holds also for (3.)€ Az, it implies (7).

Example 3 - Let E = L1(R?) and p(f)= f|f|. Define a family of
delta sequences A; by the following conditions

A; fé,=1forallneN,
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B: [|8:|—>1asn—>e,

C; foreverye>0, [ |8:,/]—>0as n—>c.
x| >e

Put Fo = {9 € Li(R9): [ = 1}. To define a functional A; that ge-
nerates the family As we first introduce an auxiliary function

®(x)=min{|x|,1} (for x € R9)

and a functional

U(o) = J@(x)|o(x)|dx (for ¢ € F.).

LEMMA 2.6 - Let &1,82,...(8. € L1(RY)) satisfy Bs. Then &,95;,...
satisfies Cz iff Y(8,)—>0 as n—> .

Proof. Assume C;. Take € > 0. Then

JO(x)|8.(x)| dx E|£¢(x)|8n(x)|dx -il-x]f;()(x)lSn(x)[dx
éflan(x)ldx-!-ﬁ . I!Sn(x)ldx.
x| >¢ x| <e

By GCs, there exists k. € N such that [|8,|dx <e for all n > k..
Ix1>¢

By Bs, there exists m. € N such that
J|8a(x)|dx < 2 for all n > me..

x| <e
Hence, for n > max {k., .} we have
JO(x)|8n(x)]| dx < 3e.
Suppose now that ¥(8,)—>0 as n—> . Take 0 <e< 1. Then

f|8n(x)|dx§%f<b(x)]5n(x)| dxé—i—-\l’(&,) 0.

lxi>¢ x| >¢

The functional ¥ cannot be used directly to define A; because
it does not satisfy the triangle inequality (i.e. there are f, g € F. such
that ¥(f+g) > ¥(f)+ ¥(g)). However, since ¥(9,)—0 and ¥({,)—0
imply ¥(¢.+{,)—0 we can use the following

LemMA 2.7 (see [6]) - Let (X ,+) be a semigroup and let ¥ be a
functional on X such that

Y (xn)—>0, ¥ (yn)—>0 implies ¥ (xn+yn)—0.
Then there exists a functional Q on X such that
Q(x)=0iff ¥(x)=0,
Q(x.)—0 iff ¥(x.)—>0 and
Q(x+y) = Q(x) + Q(y).
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Consequently, the functional
As(p)=1In[|o(x)|dx + Q(¢)

defines equivalently the family A; and all conditions (1)-(7) are sa-
tisfied.

Remarks - Condition (5) follows directly from Lemma 2.3. Con-
dition (6) is guaranteed by Lemma 2.3 and the construction of .
Condition (7) can be proved as follows:

P(fe8u—1)=F|S£(x — ) 8a(u) du — f(x) J 8u(w) du|dx
S[S|f(x—u)—f(u)] |8n(u)|dudx
= [|8(u)|(S|f(x —u)— f(x)|dx) du
él{ an(u)l(flf(x—u) —f(x)|dx) du +IJ;

8 (u)| du - 2p ()0
>€

as n— « (which follows by the Lebesgue theorem and conditions
B3 ) C3) .

In the next two examples the families of delta sequences cannot
be described by a functional A, but what concerns A-convergence
they do not give anything essentially new. Note that A-convergence
can be defined for any family of sequences (of elements of F.), not
necessarily defined by a functional A.

Example 4 - Let E,F. and p be as in Example 1. Define a family
A4 by the following conditions

Ay [6,=1forall neN
B:s [|8:] <M for some M >0 and for all ne N
C: the support of 3, shrinks to zero as n— .

Obviously, there are more sequences in A than in A;. On the
other hand, we have the following

THEOREM 2.8 - Ay-convergence and As-convergence are equivalent.
Proof. Evidently, A;-convergence implies A4-convergence.

Suppose now, A;-limf, = 0. Since A;-convergence is metrizable
(Theorem 1.1), it suffices to find a subsequence f,, of f. such that
Az-limfp, = 0. Let (¢1,92,...) € Aq be such that the sequence of con-
volutions f.+¢, converges to zero uniformly on compact subsets of
Ra, Let {1,Y2,... be a delta sequence from A,. Then, for each k € N,
the sequence Yr+@, converges to Y (as n—> o) uniformly on R9, (the
supports of yi+¢, are commonly bounded). Hence [ |{r+9.|—1 as
n—> oo . Thus, for each n € N, there exists p, € N such that

1§f|‘~l’n*q’pn|~—<-1+1/n'
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Clearly, we can assume that p,—> . Define 8, = yp+¢,,(n=1,2...).
Then (81,8:,...)€ A2 and the sequence of convolutions f,,+8, con-
verges to zero uniformly on compact subsets of R?. Therefore,
Az-limf,, = 0, which completes the proof.

Example 5 - The simplest method to obtain a delta sequence is
to take a function ¢ € C. such that f¢ =1 and define

Ou(x)=ni0(nx) mn=1,2,...).

It is easy to see that the obtained delta sequence belongs to the

family A2. (If ¢ =0, then (8:,8,,...)€ A;). Define As to be the

family of all sequences obtained in the described way:
As={(81,8,,...):8.(x) =ni¢(nx), 9 € Co(R?) and [o¢ =1}.

LEMMA 2.9 - Let f,.€ C(R%)(n=1,2,...). The following condi-
tions are equivalent:

(a) The sequence f, is A;-convergent to zero.

(b) Each subsequence of the sequence f, contains a subsequence
As- convergent to zero.

In the proof of the above lemma we use the concept of infinite
convolution. All necessary definitions and the proof can be found in
Section 3.

Lemma 2.9 gives an answer to a problem posed by Professor
Andrzej Kamirnski.

3. - Infinite convolutions.

Let E,p,F.,» be as in Section 1 and let ¢,(n=1,2,...) be a
sequence of elements of F.. Define ¢, =¢;+...+9,. If the sequence
Y» converges to some e E (i.e. p(Y— ¢, )—0), then we write
Y=91+@z+...

THEOREM 3.1 - Let E,p,F.,+ satisfy all the conditions (1)-(7)
(see Section 1). Assume additionally

@) If p(opn—9)—>0, Qu€F. and A(9p,) = M, then o€ F. and A(p) = M.
d) If p(fu)—>0, @u€ F. and A(9,) =M, then P(fo+9,)—0.

Let 61,5,,... be a delta sequence such that A(8.) < w . Then for
each n € N the infinite product 8,+8u41+... exists and the sequence
@n = 8n*8p11+8ui2+ 1S a delta sequence.

Proof of the above theorem can be found in [10].

COROLLARY - Under the assumptions of Theorem 3.1, every delta
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sequence 8, contains a subsequence 8,, such that for each n € N the
infinite product Spn-Spn“«... exists and the sequence

On=238p *8p

* e
n+1
is a delta sequence.

It can be shown that in Examples 1 and 2 all the assumptions
in Theorem 3.1 are satisfied. Although, the theorem cannot be ap-
plied directly to Az, the family A; has the property described in the
corollary. To prove that we will use the following auxiliary lemma.

LeMMA 3.2 - Let 91,...,0. € Li(R9), &1,...,en>0and eZ=e1 + ...
+ €,. Denote

M=|loi||=]oi| and M= [|oi| for i=1,...,n.

|x|>si
Then
Slo1r...v0n| §()~}+lf)... ()”,11"')‘31)—)”:"'7”:. .

lx]>e
Proof. For i=1,...,n, define

o= {3 £ 11 <
and 92 (%) = ¢i(x) — 9! (%)
Note that
@k ..ok = [l@k||... [@k || S Mp... Mk

for k;,=1,2 and i=1,2,...,n. Moreover, since s(cpll*...*cp}l)<e,
we have
1, sl =
_['](p1 <pn|—0.

Izl >
Hence B
Jlore.coon| = fj(@1 +@2)+ ..« (9l + ¢2)]
Izl >¢ lxl>e

=Sole.von| 4+ [|Zole. . ek

|zl >e¢ Izl >e€

=X |l<pf1*...*<p:n||
S XAk, Ak
=M 402 (M HA2) =AM

where the summation X is taken over all systems (ki,...,ks) of
indices k;=1,2(i=1,...,n) except (1,...,1).
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THEOREM 3.3 - Let ¢n€ Li(R9) and fon=1 for n=1,2... If

(a) 3 Inf|@n| =c < o and
n=1

() flos|<2 "forn=1,2,...,

|x|>2""

then for each n € N the infinite convolution 8, = Qu+*Qui1*... €x-
ists and the sequence 61,8:,... is a delta sequence ((81,8,,...) € As).

Proof. Fix ne N. Denote Yr = @p+*...+Quez for k=1,2,... We
are going to prove that {Yi,{s,... is a Cauchy sequence in L;(R9Y).

Let ||o||=/|¢]|. If p1,p2,... is an increasing sequence of indi-
ces, then

I ‘I»‘Pk“ — Y || = || Prs1*e ..+ Op+ (<Ppk+‘l*~o~*(9pk+1‘fpn - q)n)”
= ”(9"“”“'”‘Pm”'“(‘?pﬁl’---* <Ppk+1)*<9n - <Pn”
Se ||(Qpetr*e e *Qpy ) On — Oul|.

To prove that the last term converges to zero as k— o it suf-
fices to show that Port1* e * Ppy s (k=1,2,...) is a delta sequence
from A;.

Since f@;=1 for all j € N, we have also f@p+1+...+@p,, ,=1.
Condition Bs; follows directly from (a). To prove C; we will use
Lemma 3.2. Let ¢ be a positive number. Then for all sufficiently
large k € N we have

€

—pr—1 -
= (| @owet | +2777) e (g | + 2774 = [ @psa |-+ || @9 |

by Lemma 3.2. Note that ||¢:|| Z 1 and, by (a), the infinite product

f[ || @:|| is convergent. Hence, denoting || ¢:|| =1+ 7,

i=1

_El(m+2-")= %) +,°>°3 Ni < oo

i=1
which, in turn, means that the product II ( || @i]| + 2-i) is conver-
i=1

gent. Thus

-pi—1

(1 0pssll +2777) ol @y || + 277441 ) 1
as k— o . Since also || @pt1]... || 9p,,,||—>1, we have

”Qmﬂ*un¢”“L+0ask—>m,
Izl >e
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It remains to prove that 6;,8,,... is a delta sequence. Since
S@n*...+0ur =1 for every n, k € N, we have also [§, = 1. Condition
B; follows from (a). To prove Cs; note that, for any ¢ > 0, Lemma
3.2 implies

Sl on*e. v Puir|
Ix]>¢

S(f|on| +27). (| Onir| + 27%%) — S| Qnl| ... S| Prst]|

for all sufficiently large n € N and for all ke N. As k— « both
products converge, by (a) and (b). Moreover, as n—> « , the diffe-
rence converges to zero, which completes the proof.

Proof of Lemwma 2.9 - Since As c A; and Aj;-convergence is me-
trizable (Theorem 1.1), condition (b) implies condition (a).

Assume (a). Let (81,8,...) € Az be such that the sequence of
convolutions f,+8. converges to zero uniformly on compact subsets
of R1. Let p1,p2,... be an increasing sequence of positive integers

such that A;(8,,) < n=3. Define ¢,(x)= '-l—q 8,,,,(% x) for n=1,2,...
n

Then A:z(¢9.) < n—-?2 and hence, by Theorem 4.1, the infinite convolu-
tion ¢ =@i+¢y«... exists. We will prove that the delta sequence
Yn(x) = ni¢@(nx) has the desired property, i.e. the sequence of con-

volutions f,,*{» converges to zero unifromly on compact subsets
of Ra.

For clarity of the proof we will set m4n(mx) = n™(x). First note
that
(1) nfe.oonP=(me...on)m.

(For k =2, the above equality can be obtained by a simple sub-
stitution in the integral. For k > 2 use induction with respect to k).

Since ¢ = lim @1+...+9,, by (1), we have

n—» oo

om = lim (@1*...+@y)™

n-> oo

= lim(p;"*...*cp"’

Nn-—>» oo n
= cpx*(nlirg VMAPERAL LA L PP L Lo B
Denote the second term by y.. Since
om = Opm, We have @™ = 8,,*Ym.
Therefore,

fon* Un = (fpu* 8pn) * Yn
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where fp,* 8y, converges to zero uniformly of compact subsets of R9;

SYn

=1 and A:(y») <M for all ne N and form some M > 0. Thus

fon*Yn converges to zero uniformly on compact sets, which comple-
tes the proof.

The author wishes to thank Professor Andrzej Kaminski for

suggesting several improvements to the exposition of the paper.
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