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1. Introduction

Let 2 C RY be a bounded domain with a Lipschitz boundary 9. In this
paper we study the following parametric double phase problem

{ —A%(2) — Agu(z) = Aa(2)|[u(2) [P~ 2u(2) + B(2)|u(2)|"2u(z) in Q, } ()
uon =0,A>0,1<g<p<r.

Here A2 denotes the weighted p-Laplacian with weight a € C%*(Q),a > 0,a #
0, defined by
o, q: -2
Aju = div(a(z)|DulP™"Du).

When a = 1, we recover the standard p-Laplacian. Equation (1) is driven
by a weighted p-Laplacian and a standard g-Laplacian with ¢ < p. So, the
differential operator of (1) is not homogeneous and is related to the so-called
double phase integral functional

" — /Q[a(z)|Du|p—|—|Du|"]dz.

Let 7(z,t) denote the density of this integral functional, that is

n(z,t) = a(z)t? +t%,2 € Q,t > 0.
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We do not assume that the weight «(-) is bounded away from zero (that
is, we do not assume that 0 < ming «). So, this density exhibits unbalanced
growth in ¢, that is,

t? < n(z,t) < co(l+tP) for some ¢y >0, all t > 0.

This is a new class of functionals, which were first investigated by Marcellini
[14, 15] and Zhikov [25, 26], in the context of problems of the calculus of varia-
tions and of nonlinear elasticity. The unbalanced growth of the density 7(z, )
leads to a setting that uses generalized Orlicz spaces. For boundary value prob-
lems driven by the double phase operator, there is no global regularity theory
as for balanced growth problems (see Lieberman [10]). There are only local
regularity results. A comprehensive account of the known regularity theory
for double phase problems can be found in the papers of Marcellini [16, 17]
and of Mingione-Rédulescu [18]. Double phase operators provide a valuable
framework for explaining the behavior of highly anisotropic materials whose
hardening properties, which are linked to the exponent governing the propaga-
tion of the gradient variable, differ considerably with the point in space, with
the modulating coefficient «(-) dictating the geometry of a composite made of
two different materials.

Problem (1) can be viewed as a perturbed version of an eigenvalue prob-
lem for the double phase operator, with the perturbation being 3(z)|u|"~2u.
The novel feature of (1), is that the coefficient [() is sign-changing, that
is, the perturbation term is indefinite. Recently there have been existence
and multiplicity results for parametric double phase problems. We mention
the works of Bai-Papageorgiou-Zeng [1], Colasuonno-Squassina [3], Gasinski-
Papageorgiou [5], Joe-Kim-Kim-Oh [8], Leonardi-Papageorgiou [9], Liu-Pucci
[11], Liu-Papageorgiou [12, 13|, Papageorgiou-Vetro-Vetro [23, 24|, as well as
the survey paper Papageorgiou [19]. None of the aforementioned works studies
the case of an indefinite perturbation.

2. Mathematical Background

As we already mentioned in the introduction, the appropriate space framework
for double phase problems is provided by generalized Orlicz spaces. A detailed
account of the theory of these spaces can be found in the book of Harjulehto-
Histo [7]. Let L°() denote the space of all measurable junction u :  — R.
As usual we identity two such functions which differ only on a Lebesgue-null
set. Recall that
n(z,t) = alz)tP +t1,2 € Q,t >0,

with a € C%1(Q)\{0},a > 0,1 < ¢ < p < N. Then the generalized Orlicz
space L"(Q), is defined by

L7(Q) = {u € LQ) : py(u) < o0},
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where py(u) : [, (2, |u])dz = [,[a(z)ul? + [u|7]dz, the modular function cor-
responding to 1. We equip L"(2) with the so-called Luxemburg norm || - ||»
defined by

lull, = inf{A >0:p, (;) < 1}.

With this norm L7(€2) becomes a Banach space which is separable and
reflexive (in fact uniformly convex). The corresponding generalized Orlicz-
Sobolev space W+ is defined by

Wh(Q) = {u € L"(Q) : |Du| € L"(Q)}.

This space is endowed with the following norm

[l = llully + [ Dull,

with || Dull, = [[[Dulll,. Also we set Wh"(Q) = C() ™", We know that
the Poincaré inequality holds on Wj""(£2), namely we can find ¢ = ¢(Q) > 0
such that

ully < él|Dull, for all e W, "().

(see Crespo Blanco-Gasinski-Harjulehto-Winkert [4]. So, on W, "(£2), we can
consider the equivalent norm

|ul| = || Dul|, for all ue Wy"().

The spaces W7(Q) and W, ""(Q) are separable and reflexive Banach spaces
(in fact uniformly convex).

Let A, be the p-Muckenhoupt class (see Harjulehto-Hésto [7, p. 106]). Our
hypotheses on the data of (1) are the following:

(H) aeCP(Q)NA, a(z) >0forall z€ Q, 1< qg<p<N, e L),
p<r<q*:1\1,V_qq and§<1+%.

We point out that the condition in hypothesis (H) is sharp. Indeed, our
arguments use the spectral analysis developed in [20] (see also [22]) concerning
the operator (—AZ, Wy (Q)) and the boundedness of the weak solutions of
double phase problems, as established in [6] (Moser iteration technique). Both
require that % <1+ % For other purposes (like the local boundedness of

Du for minimizers of double phase functionals), this condition can be relaxed
(see [17, 18]).

REMARK 2.1. The last condition on the exponents p, ¢, implies that they can
not be far apart and that p < ¢* = NN—_q‘ So the condition on r makes sense
and in addition we have compact embeddings of some relevant spaces (see

Proposition 2 below).
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There is a close relation between the norm || - ||, and the modular func-
tion py(-).
PROPOSITION 2.2. If hypotheses (H) hold, then

(@) ully =0 < py () =1
(b) llully <1(resp.=1,>1) < py(u) <1(resp.=1,>1);
(c) llully <1 = {lullf < py(u) < flullf;
(d) llully > 1= Jlullfy < py(u) < [lullf;
(e) |lull, = 0 (resp. = 4+00) < py(u) — 0 (resp. — +00).
There are some useful embeddings between the spaces introduced above.

PROPOSITION 2.3. If hypotheses (H) hold, then

(a) L"(Q) < L"(Q) and W,"() < Wy (Q) continuously and densely for
all T € [1,q];

(b) wl Q) — L7(Q) continuously and densely for all 7 € [1,¢*] and

Wgﬂ( Q) < L7(Q) compactly for all T € [1,q*];
)

(c) LP(Q) — L"(Q) continuously and densely.

Let no(z,t) = a(z)t? for all z € Q, all t > 0. As we did for n(-,-), we
introduce the spaces L™ (Q) and Wy (Q). These are separable and reflexive
Banach spaces (see Harjulehto-Histo [7, pp. 52, 66]). We have Wy (Q) <
Wy (Q) continousely and densely and W, () < L™ (Q) compactly (see
Papageorgiou-Radulescu-Zhang [22]. We consider the eigenvalue problem

—A%(2) = Aa(2)|u(z)[P2u(z) in Q,
P (2)
U|6Q =0.

Exploiting the compact embedding of WO1 " (Q) into L™ (£2), Papageorgiou,
Pudelko, Rédulescu [20], proved that problem (2) has a smallest eigenvalue
AY > 0 which is isolated and simple. Moreover, we have the following varia-
tional characterization of A > 0

N . pno(Du) 1,m0 }
A =infd ———=:ue W5 (Q),u#0
! { pno(“) 0 ( ) 7&

= inf{p,, (Du) : py,(u) = 1} (by p-homogeneity).

For a measurable function w : Q — [0, 00), we write 0 < u, if for all K C Q
compact, 0 < cxg < u(z) for a.a. z € K. We write u < 0if 0 < —u. Now let 4

3)



DOUBLE PHASE EIGENVALUE PROBLEMS (5 of 19)

be the positive eigenfunction corresponding to A§ with ||i ], = 1. We know
that 0 < u;.
We introduce the following quantity

* =in Mn 1m0 U 2)|u|"dz
N = f{ L e W), ;AO,/Qﬁ( Jul"d >o}. )

PROPOSITION 2.4. If hypotheses (H) hold and [, B(z)ifdz > 0, then \* = A2,

Proof. From (3) and (4), we see that A¢ < A*. On the other hand, the hy-
potheses imply that

A< pno(l)f“) _ 5\({/7
Prno (ul)
= N =)
The proof is now complete. O

In the sequel we will also use the following strengthened version of hypothe-
ses (H).

(H’) Hypotheses (H) hold and in addition [, 3(z)ajdz > 0.

For every A > 0, let @y : W&’"(Q) — R be the energy functional for problem
(1) defined by

1 1 A 1
PA(u) = Zpno (D) + [ Dullg =T (w) = ;/Qﬁ(Z)IUITdZ for all uw € Wy™"(92).

Evidently ¢y € C'(W,"(Q)). Also we consider the positive and negative
truncations of ¢y (), namely the C! functions gof : VVO1 I — R defined by

1 1 A 1
GE W) = 210 (Du) + = Dulf = Sp () — 1 / B(z)(w*)dz

r

for all u € Wy"(Q).

Using the Nehari method we will show that for all A € (0,A¢) problem (1)
has at least three nontrivial solutions one positive, one negative and the third
nodal (sign-changing).

So, for the functionals @y, gpf introduced above, we define the corresponding
Nehari manifolds. We have

Ny = {u e Wy"(Q) : (¢ (u),u) =0, u 0},



(6 of 19) N.S. PAPAGEORGIOU ET AL.

N3 = {u e Wy (Q) = {(93) (), u) = 0, u # 0}
Note that
ueNy<ut e Nf,u” € Ny and ue N & —ue Ny .

The properties of these sets are linked to the behavior of the fibering func-
tion ¢ — ¢y (tu) for given u € Wy (Q), all ¢ > 0.

3. Multiplicity Theorem

We start by proving some important properties of the Nehari manifolds Ny, N /\i
PROPOSITION 3.1. If hypotheses (H) hold, u € Wy (), u # 0, Jo B(2)|ul"dz >
0, and X € (0,)%), then there exists unique t, > 0 such that t,u € Ny.

Proof. We consider the fibering map ¢ — ) (tu),t > 0. We have

tP td q AP t" -
oa(tu) = — — pyo (Du) + —[|Dull§ — —pyo(u) — — [ B(2)|ul"dz,
p q p T Ja

ox(tu) _ P9
tq D

t’l‘

= [ Brd (e (3)
Q

A 1
11— — Du) + —||Dul|? —
( /\?)Pn( ) qH IF

Since1<q<p<7"and0<)\<5\‘f‘,weseethat

o (tu)

ta

1
lim inf;_, o+ > 6||Du||g > 0. (5)

On the other hand dividing with t", we have

pa(tu) 1 1 1 1 -
< puo (Du) + =1 Dullg = — QB(Z)M dz,

tr T optrp ©
= limsup,_, go;ﬁfu) < f%/gﬂ(z)\ufdz < 0 (by hypothesis).
From (5) we see that
ox(tu) > 0, for ¢ >0 small, (7)
while from (5) we have
pa(tu) <0, for ¢t >0 large, (8)

The fibering function is continuous. So, from (7) and (8) we infer that these
exists t,, > 0 such that

oa(tyu) = r?;g( oa(tu).

10
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Then we have

d p .

FTA (tw) |t=tu, = (@5 (tyu),u) =0 (by the chain rule),
= (P\(tuu), tyu) =0,

= ty,u € Ny.

We show that ¢, > 0 is unique. Suppose for some ¢t > 0, we have tu € Ny,
then

7o (D) — Apy ()] + £9]| Dufl2 = 7 / B(2) ] dz,

1

ﬁ[pﬂo (Du> - )‘p’flo (u)] +

9)

1
tr,ql\DUHZZ/B(z)WVdZ’
Q

Since A € (0,A}), we have Py (D) — Appy (w) > 0 and so in (9) we see that
the left hand side is a strictly decreasing function of ¢ > 0 which goes to +o0
as t — 0" and to zero as t — +o00. Since [, 8(z)|u["dz > 0 (by hypothesis),
we conclude that ¢, > 0 is unique. O

An immediate consequence of the above proposition, is the following result
concerning the Nehari manifold Ny.

COROLLARY 3.2. If hypotheses (H’) hold and X € (0,\%), then Ny # 0.

In a similar fashion, we prove analogous results for the Nehari manifolds
NE.
A

PROPOSITION 3.3. If hypotheses (H) hold, [, B(z)(u*)"dz > 0, u € Wy""(),
w#0, and X € (0,79, then there exist unique t£ > 0 such that

tEu € Nf and so Ni # 0.

REMARK 3.4. Therefore if hypotheses (H’) hold, then N # 0 for all A €
(0, 4¢).

Next we show that these functions ¢y, cpf are bounded away from zero when
evaluated on the corresponding Nehari manifolds.

PROPOSITION 3.5. If hypotheses (H) hold and X € (0,\y), then

(a) for allw € Ny, px(u) > c1(A) min{||ul||P, ||u||?} with c1(X) > 0;

(b) for allu e N/\i,gof(u) > co(A) min{||ul||?, ||u||?}  with ca(N) > 0.

11
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Proof. (a) If u € Ny, then

poo (D) + | Dl]? — Apy (1 / B(2)|ul"dz, (10)
Then we have

1
() >~y (D) + Dl = Apyy (1 / B(z)|ul"dz (since g < p)

2= 2] w00+ 1Dl =~ (0) (see (10)

p

= Ta)pq()\)pno (Du) for some c¢;(A\) >0 (since A € (0,A7))
r- pcl()\) min{||u|/?, [|u||?} (see Proposition 2.2).
P

i ((1 - %mwu) + ||Du||z> (see (3))

(b) The proof of this part is similar to that of (a). O

From this proposition, we infer the following result.

COROLLARY 3.6. If hypotheses (H’) hold and A € (0,Ay), then o, and

+ .
+ are all coercive.
P |NA

REMARK 3.7. This corollary highlights the significance of the Nehari manifold.
Note that since 7 < p < g, we can not have coercivity of @y (-) on all of W, " ().
However |, is coercive (similarly for 7).

Next we show that the elements of the Nehari manifolds are

PROPOSITION 3.8. If hypotheses (H’) hold and X € (0,)}), then we can find
¢(A) > 0 such that

0 < c(\) < |lul| for all u € Ny,u € Ni.
Proof. If u € Ny, then

puo (D) + [ Dull§ = Apy, (u / B(z)luf"dz
< X;pnowuw [ Bluras e 3),

A
- (1— A) (D) + Dl < [ G2l
1
= c3(\)py(Du) < ||ul|"(for some c3(A) > 0).

(recall that Wy (Q) < L"(Q) continuously, see Proposition 2.3).

(11)

12
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If ||u|| <1, then from (11) and Proposition 2.2 we have
0 <cg(A) < flull™".
If ||u|| > 1, then from (11) and Proposition 2.2 we have
0 <e3(A) < fluf™
We conclude that there exists ¢ > 0 such that
0 < é(A) < u| for all u € Ny.

Similarly for the Nehari manifolds N /\i O

PROPOSITION 3.9. If hypotheses (H) hold and X € (0,A¢), and u € Ny (resp.
u € N ), then [, B(z)|ul"dz > 0, (resp. [, B(2)(u*)"dz >0).
Proof. We know that

«
1

(1 - ;‘ > pa(Du) + || Dul|§ < /QB(Z)\UITdZ

N 0<c4(A)p,,(Du)g/ﬂﬁ(z)wdz.

Similarly we show that
0< / B(2)(uF)"dz for all u e Ni.
Q

The proof is now complete. O

To generate a nodal solution, we will need the following subset of the Nehari
manifold N
NY = {u e Wy"(Q) : u* € Ny}
Evidently Ng C N, and next we show that Ng\) # 0 when 0 < A < A{.
PROPOSITION 3.10. If hypotheses (H’) hold and X € (0, %), then NO # ().

Proof. On account of hypotheses (H’), we know that Ny, N)\i # (. (see Corol-

lary 3.2 and Remark 3.4). Let u € N;\r and v € N, . From Proposition 3.9, we
know that

B(z)(ut)dz >0, [ B(z)(v™)"dz > 0.
Q Q

Since ut,v™ € W (Q2)\0, by Proposition 3.1, we can find unique ¢;,t5 > 0
such that

tiut € Ny, tov™ € Ny. (12)
We set y = tiut — tav™. Evidently y™ = tju™,y~ = t2v~ and so from (12) we
conclude that y € NY and so NY # 0. O

13
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Now we consider the following constrained minimization problems

+_. + - _ —_ 0_.
my —}\Ifl{@)\,m)\ =inf,, and my —1]{]10&,0,\. (13)

A A A
To solve these minimization problems, we will need the following lemma.

LEMMA 3.11. If hypotheses (H) hold and X € (0,\¢) and u € N, then
©E (tu) < @3 (u) for all t > 0.
Proof. We do the proof for the pair (¢, Ny, the proof for the pair (¢3,, Ny,)
being similar.

Reasoning as in the proof of Proposition 3.1, we show that

@Y (tu) >0 for all t € (0,1) small,

@i (tu) <0 for t > 1 large.

Therefore as in that proof, we produce a unique £, > 0 such that
+(f ) — +
o (tuw) = max ¢ (tu),

=

= ((¢3) (tuw), tyu) = 0,
= tyu€ N;'.

But by hypothesis u € N ;“ . Therefore £, = 1 and so from (14) it follows that
©¥ (tu) < ¢ (u) for all t > 0.
Similarly for the pair (¢, Ny ). O
Using this lemma, we can solve the minimization problems in (14).

PROPOSITION 3.12. If hypotheses (H’) hold and X € (0,\), then

(a) there exists 4y € Ny such that o (ii\) = mi;

(b) there exists Uy € N, such that ¢y (0x) =m) ;

(c) there exists ¢x € NY such that @x(§x) = m3.

Proof. (a) Let {un}nen € Ny such that

14
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From Corollary 3.6 we know that ¢ | N+ Is coercive. Therefore {uy, }neny C

Wy (Q) is bounded. So, we may assume that
Un Wuy in Wy (Q), up — uy in L7(R) (see Proposition 2.3).

If uy = 0, then
un w0 in Wy (), ut =0 in L7(9). (15)

Since u,, € N;‘, we have

po(Dit) = Apyy (u / Bz

= py(Duy) = 0 (see (15)),

= wu, =0 (in Wy"(Q) (see Proposition 2.2)

= i (un) = 03 (0) =0=m].

But from Proposition (3.5) and (3.8), we see that m{ > 0, a contradiction.
Therefore uy # 0. Note that

/ B(z )"dz > 0, for all n € N (see Proposition 3.9),
N /5(2)(@)%12 >0 (see (15)).
Q
Suppose [, B(z)(u})dz = 0. Then

lim [ B(2)(u})"dz = 0. (16)

n—oo Q

Since u,, € N;r,n € N, we have

pn(Duy) = Apy, (u n /ﬂ sz

= pno(Dul) < Apyo(ul) (see (16) and note that ||[Duyl|, > 0),

which contradicts (3). Therefore

O</Qﬁ(z)(u;\r)'“dz.

According to Proposition 3.3, there exists unique tf{A = t;\’ > 0, such that

15
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t;\ruA =1y € N;. So we have
+ +
mi = X (un)
> liminf ¢} (tfu,) (see Lemma 3.11)
n— o0
> ol () (since pf is sequentially weakly lower semicontinuous)
>my (since 4y € Ny),
= QD;(’LAL)\) = mf\ with ay € N;
(b) Arguing as in (a), we produce 05 € N, such that ¢y (0x) =m, .

(c) Let {yn}tnen C NY such that ¢y (y,) | m{.
From Corollary 3.6, we know that |y, is coercive. Since N)(\) C Ny, it

follows that {y, }nen € Wy () is bounded. Therefore

{yqj}neNv {y;}nEN g Wol’n(Q)

are both bounded.
We may assume that

w _ w . 1,
y,f — wy, y, — wy in Wy(Q),

(17)
w1, ws > 0, {w1 > 0} N {—’IUQ < 0} = 0.

We remark that the inequalities in the two sets are strict, so the intersection
is empty (recall that w; is the limit of positive part, while ws is the limit of
negative part).

We have

PA(yn) = ox(yn) +a(yn) = my +my,
= m} >ml +m, > 0.(see Propositions 3.5 and 3.8).

Since y,, € NY, by definition we have y,", v, € Ny for all n € N. Therefore the
following equalities hold.

ou(DYE) = Mpoo () + / B(=) () dz, (18)
Q

po(Dy) = M) + [ Bz forall ne N (19)

Suppose that w; = 0 (see (17)). Then from (17) and (18), we see that

p”](Dy'rJ'L_) — 0)

+ . 1 . (20)
= yr — 0 in W;"(2) (see Proposition 2.2).

16
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But 0 < m{ < ¢f(y}) for all n € N and ¢ (y;5) — ¢35 (0) : 0 (see (20)), a
contradiction. Therefore wy # 0. Similarly using this time (17) and (19), we
show that wq # 0. As before using (17) and (18), (19), we show that

0< / B(z)widz, 0 < / B(z)whdz.
Q Q
On account of Proposition 3.1, we can find unique tq,t> > 0 such that
tiwi € Ny, towg € Ny.
We set gy = tqwy — taws € Wol’"(ﬂ),w # 0 and observe that
gy = tiwy € Ny, g5 = tawa € Ny,
= Jn € NY.
Note that

mg = lim ¢ (yn)

n— oo

= lim [ox () + ea(y;)]

n—r oo

A
= lim [p} (y7) + o5 (y,)]

n— oo

> liggioréf[gpi' (tiyh) + oy (t2y,, )]

= lim inf[px (t19,,) + @a(f2yy, )]
> pa(tiwr) + @a(taw2)
= @A(9r)
>m (since gy € NY),
= () =m3 with j) € Ny.
This completes the proof. O

Next we show that the minimizers produced in Proposition 3.12, are critical
points of @f and ¢, respectively, that is, NV )\i and N are natural constraints
for the functionals ¢y and ¢y respectively (see [21, p. 425]). In what follows
by K(p;_r and K, , we denote critical sets of gof and @) respectively, that is,

K+ ={ue Wy™(Q): (¢)'(w) = 0},
Ky, = {ueWy™(Q) : ) (u) = 0}.
PROPOSITION 3.13. If hypotheses (H’) hold and X € (0,\9), then

uy € K@;\r,f))\ € ch;\ and g)\ S Ktp,\'

17
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Proof. Let ¥y : W, "(9) — R be defined by
Vi (u) = py(Du) - Apyo (ut) — [ B(2)(uh)"dz.
Evidently 1" € C'(W,""(Q)). We see that

my = inf{ef (u) :u e Wy(@)\ {0}, ¢ (u) = 0.

By the Lagrange multiplier rule (see Papageorgiou-Radulescu-Repovs [21, The-
orem 5.5.9, p. 442]), we can find (£, ¢) € R? \ {0} such that

E(})'(n) + ¢4} (ix) = 0 in Wy (). (21)
If ¢ = 0, then & # 0 and we have
€(wy) (@) =0,
= (px)(ax) =0
= Uy € chj{'

So, we need to show that ¢ = 0. To this end on (21), we act with @) € Ny
Then since ((¢)'(4iy), @x) = 0 (recall 4y € N;), we obtain

() (@), ax) =0,

S {pﬂno(DﬂA) +alDaslg = o () - [ TB(Z)(uI)TdZ] —0,
22
= o o) = Mo, (a) - [ Bla)a)va] 22

+o | ~0-lDinl - - [ S| <o

If ¢ # 0, then we may assume that ¢ > 0 (the reasoning is similar if ¢ < 0).
Then from Proposition 3.9 and since p < r, we see that

o=~ DIDisl = (r=p) | ALY 0] <o (23)
So from (22) and (23), we infer that

oplon(Ditn) — Aoy (i}) — / B(2) (@) dz] > 0. (24)
But recall that @, € N;‘. Hence
pro(Dii) + | Daall? = Apyo (i) + /Q B(z)(@)dz,

D) = oy (i) = [ Bl Az =0

18
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Comparing (24) and (25), we have a contradiction. This proves that ¢ = 0,
hence u) € Kﬁ.

Similarly we show that 0y € K o using this time the C'-constraint function
Py s Wy (Q) — R defined by

¥y (u) = py(Du) — Apyy (u / B(z )"dz for all u € Wy "(Q).
Finally we show that g\ € K,,. To this end, note that
m = inf{ipx(u) s u® € Wy (@) \ {0}, 9 (u™) = 0,45 (u™) = 0}
Consider the maps 7+ : Wy (Q) — W,""(Q) defined by
74 (u) = ut.
These are Lipschitz mappings and we have
YR () = (U3 0 ) (u).

Then by the nonsmooth Lagrange multiplier rule of Clarke [2, Theorem 10.47,
p. 221], we can find (&, ¢1, ¢2) € R?\ {0} such that

0 € £QA(GA) + o1 (W) (0o (9x) + d2(¥3) (G5 )oT—(G)- (26)

Here by ov(-) we denote the Clorlke subdifferential of a locally Lipschitz
function 9¥(-) and we have used the nonsmooth chain rule for this subdifferential
(see Clarke [2, pp. 196, 202]). Suppose that (¢1, ¢2) € R? \ {0}. Hence one of
the components is nonzero. To fix things suppose (¢; > 0) (the reasoning is sim-
ilar if ¢1 < 0). On (26) we act with ;. Since (@4 (9x), 93) = (P\ (), 957) =0
(recall that §y € N), we obtain

or (W) (5), 55) = 0 (note that {57 > 0} N {g5 > 0} = 0),
S b [pnwgi)—Apno(@i)— / ﬁ(zxyi)sz]
+¢1[ o= Il 1) [ 5 rdz]z, (27)

=  ¢1p [pn(D?QA) Ao (U / B(z y>\ dz] >0
(as before using Proposition 3.9 and since p < 7).

But since gjj\r € Ny, we have
on(DGE) = Aom (31) — /Q B(2)(5)dz = 0. (28)
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Comparing (27) and (28), we have a contradiction. Therefore ¢; = 0
Similarly we show that ¢o = 0. Therefore ¢1 = ¢ = 0 and so & # 0. We have

ER\(@x) =0 in WE(Q)  (see (26)),
= ¢\(0x») =0 and so Jy € K, ,
which completes the proof. O
Now we can state and prove the multiplicity theorem for problem (1).

THEOREM 3.14. If hypotheses (H) hold and A € (0,%), then problem (1) has
at least three nontrivial solutions

Gy € W(Q) N L®(),0 < dy,
Uy € Wol’ (Q)NL>®(Q), 05 <0,
@x € Wy (Q) N L=(Q) nodal.

Proof. From Proposition 3.12 we know that there exists 4y € N ;“ such that

my = oy ().

Moreover, from Proposition 3.13, we know that

(1) (1n), by = 0 for all h € W, (). (29)
In (29) we use the test function h = —a) € Wy "(Q). We have
p'fI(D{L;) =0,

= 4y > 0,4y #0 (recall that @) € N;r)
From Gasinski-Winkert [6, Theorem 3.1], we have
@ € W(Q) N L2(Q).
Let p = ||tx|lcc- We can find ép > 0 such that
Aa(2)aP~t = B(2)aP 7t 4 E,aP 7L > 0 foraa. 2 € Q, all 0 <z < p.

So, we have
—A%0y — Agiiy + &5 ' >0 in Q.
Then invoking Proposition 2.4 of Papageorgiou-Vetro-Vetro [23], we infer that
0 < diy. Similarly we show that oy € Wy (Q)N L™ is a negative solution of (1)
such that 0y < 0.
Finally let g, € Ny be such that

m(i = @x(4x) (see Proposition 3.12)

Then from Proposition 3.13 we know that ) € K, C Wy "(Q) N L>(Q) and
S0 ¢y is a nontrivial solution of (1). Since gy € N)\7 we have g y)\ # 0 and so g
is a nodal solution of problem (1). O
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