Rend. Istit. Mat. Univ. Trieste
Vol. XXXT Suppl. 1, 1-69 (2000)

Lectures on Young Measure Theory
and its Applications in Economics

ErIK J. BALDER *)

SUMMARY. - A quick and very extensive introduction to the subject
of Young measure is given. It is based on a particular method to
transfer the classical theory of narrow convergence of probability
measure into a corresponding, but richer theory of narrow con-
vergence of transition probabilities. This method centers around
a Prohorov—type extension of Komlds’ theorem. Applications of
this theory to existence questions in economics include optimal
growth, optimal consumption, Cournot-Nash equilibrium distri-
butions, Nash equilibria in continuum games and in games with
incomplete information

1. Introduction

The first four sections of these notes form a quick, incisive intro-
duction to the subject of Young measure theory. The term Young
measures refers to transition probabilities that are studied in con-
nection with a certain weak topology (i.e., the narrow topology for
Young measures). This name honors L.C. Young, whose seminal
work on generalized solutions in the calculus of variations in 1937
[98] formed the starting point of such considerations.

Our presentation involves very little functional analysis, and is
largely based on a transfer of the classical theory of narrow con-
vergence from the domain of probabilities (section 2) to the more
general domain of transition probabilities (section 4) by means of
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K -convergence and an associated key Prohorov-type extension of
Komlés’ theorem (Theorem 3.7). Such an extension of Komlés’ the-
orem applies, much more generally than displayed here, to certain
classes of abstract-valued scalarly integrable functions [19, 20, 38].
However, in the Young measure context it is particularly effective to
transfer narrow convergence properties. This is because tightness,
a crucial condition for Theorem 3.7, is, under mild restrictions, an
automatic feature of narrow convergence of sequences of Young mea-
sures [26]. The useful portmanteau and product convergence theo-
rems for classical narrow convergence, as well as Prohorov’s theorem
(an important device for relative narrow compactness) and certain
limiting support properties are thus made available for Young mea-
sures.

These results of section 4 form the point of departure for the sec-
ond part of the notes, where lower closure (section 5), and variational
inequalities and equilibria (section 6) are studied in connection with
some existence questions in economics (viz., optimal growth, opti-
mal consumption, Cournot-Nash equilibrium distributions and Nash
equilibria in continuum games and games with incomplete informa-
tion). To keep these notes within a reasonable size, the choice has
been made to discuss those applications at a great level of gener-
ality, and with little regard for the economical context. However,
adequate references are suggested to fill this gap. Other surveys of
Young measure theory include the account given in J. Warga’s text-
book [97] (largely control-theoretical and mostly limited to a com-
pact image space, but going well beyond existence and lower closure
issues), the study by H. Berliocchi and J.M. Lasry [42] (offering a
locally compact image space and a Scorza-Dragoni-type connection
with classical narrow convergence, but in many respects a very inno-
vative study), M. Valadier’s survey in [94] (presenting much of the
material treated in sections 2 to 4 via a more functional-analytic
approach and with rather different applications) and the present au-
thor’s lecture notes [26], which cover more ground than the present
paper, but do not address economical applications at the level of
generality presented here. Let us also [67] for an apparently differ-
ent approach to sequential narrow convergence on product spaces
that can nevertheless be reduced to the present one [33], [61, p. 2].
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For recent important applications in nonlinear analysis (that started
with [91]) we refer to [83].

2. Narrow convergence of probability measures

This section recapitulates some results on narrow convergence of
probability measures on a topological space; cf. [4, 43, 44, 55, 75, 82].
We discuss these results in two settings: (i) a metrizable one, for
which the material presented is rather standard and (4¢) a nonmetriz-
able one, which includes the situation where the topological space
is completely regular and Suslin. As a rule, we extend from (i) to
(13) via tightness. Let S be a completely regular topological space,
whose topology we indicate by 7. Let B(S, 7) be the Borel o-algebra
on (S,7) and let Cy(S,7) be the set of all bounded 7-continuous
functions on S. Throughout this paper we work with the following
hypothesis:

HyPOTHESIS 2.1. There exist a separable metric space P and a con-
tinuous mapping o : P — S such that S = o(P).

Clearly, this hypothesis implies that the space (.5, 7) is separable.

PROPOSITION 2.2. There exists an (at most) countable collection
(c;) in Cy(S,T) that separates the points of S (i.e., x = ' if and
only if ¢i(z) = ¢i(z') for all i € N). Consequently, there ezists a
weak metric p on S whose topology 1, is such that 7, C .

Proof. Since P x P is second countable, it has the the Lindel6f
property. That is, every open subset of P x P has the countable
subcover property. But then S x S, being the continuous surjec-
tive image of P x P, also has the Lindel6f property. In particular,
the complement C of the diagonal in S x S has the countable sub-
cover property. Now C' is covered by the collection of all open sets
{(z,2') € S x S :c(x) # c(z')}, ¢ € Cy(S). Hence, C is already cov-
ered by a countable subcollection, and this evidently corresponds to
the fact that there is a countable subset (¢;) of Cp(S, 7) separating the
points of S. Setting p(z, ') := 32, 27 (supg |ci|) Y ei(z) — ci(a’)]
then produces a metric on S, and the inclusion 7, C 7 is trivial. [

While we accept that the topologies 7 and 7, may be different, the
associated Borel o-algebras are required to be identical:
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HypoOTHESIS 2.3. The metric p in Proposition 2.2 is such that
B(S,1,) = B(S,7) =: B(S).

Two different sufficient conditions for Hypothesis 2.3 to hold are
as follows:

REMARK 2.4. (i) If (S, 7) is a separable metric space, then it meets
Hypotheses 2.1 and 2.3 trivially (let p be the postulated metric on S;
then T =1,).

(13) Let (S,7) be completely regular and Suslin (i.e., a Hausdor[f
space that is the surjective image of a complete, separable metric
space under a continuous mapping [55, 89]). Then Hypothesis 2.1
evidently holds, and Hypothesis 2.8 holds by a well-known property
of Suslin spaces [89, Corollary 2, p. 101].

Many useful spaces, e.g., Euclidean spaces, compact metric spa-
ces, separable Banach spaces with their strong or weak topology
are completely regular and Suslin (observe that infinite-dimensional
separable Banach spaces are not metrizable for their weak topology —
this example explains why we are not just interested in the metrizable
case). Let P(S) be the set of all probability measures on (S, B(S5)).
Let Cy(S, p) be the set of all 7,-continuous bounded functions from
S into R.

DEFINITION 2.5. A sequence (vy,) in P(S) converges narrowly with
respect to the topology T, to vy € P(S) (notation: vy, £ ) if
limy, [ cdv, = [ cdvy for every c in Cy(S, p).

The corresponding notion of 7-narrow convergence, denoted by
“ 5 " is defined by replacing Cy(S, p) in the above definition by
Cy(S, 7). Clearly, T-narrow convergence implies T,-narrow conver-
gence by Proposition 2.2, but in some interesting cases the two con-
vergence modes will actually coincide.

A useful tool is the following so-called portmanteau theorem for
Tp-narrow convergence. Here C,(S, p) stands for the set of all uni-
formly p-continuous and bounded functions from S into R.

THEOREM 2.6. (i) Let (v,) and vy be in P(S). The following are
equivalent:
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(@) vn 2 1.

(b) limy, [¢cdvy = [gcdvy for every c € Cy(S, p).

(¢) liminf, [qqdv, > [qqdvy for every p-lower semicontinuous
function q : S — (—o0, +00] which is bounded from below.
(13) Moreover, if (v,) is T-tight, then the above are also equivalent to
the following:

(d) Unp :T> V.

(e) liminf, [gqdv, > [qqdvy for every sequentially T-lower
semicontinuous function q : S — (—o0,+00| which is bounded from
below.

Recall that 7-tightness in the above theorem can be defined in
two equivalent forms:

DEFINITION 2.7. A sequence (vy) in P(S) is T-tight if either one of
the following two equivalent statements is true:

(a) There exists a sequentially T-inf-compact function h : S —
[0,4+00] (i.e., a function h for which all sets {z € S : h(z) < B},
B € R, are sequentially T-compact) such that sup,, [¢ hdv, < +oco.

(b) For every ¢ > 0 there exists a sequentially T-compact set
K, C S such that sup,, v,(S\K,) <.

Of course, the definition of 7,-tightness goes likewise, simply
by replacing the topology 7 by 7,, and clearly 7-tightness of a se-
quence implies its 7,-tightness (notice in (a) that h is a fortiori p-
inf-compact). Returning to 7-tightness itself, note further that A is
also p-lower semicontinuous, whence B(S)-measurable. Similarly, it
follows that the K, in (b) belong to B(S). The equivalence of (a)
and (b) in the above definition is a simple exercise [46, Exercise 10,
p. 109] (see also the proof following Definition 3.3). To identify sets
in S that are sequentially 7-compact, it is useful to observe that any
T-compact set K C S is automatically sequentially 7-compact (use
Proposition 2.2 and the fact that 7 coincides with the metrizable
topology 7, on K).

Proof of Theorem 2.6. Part (i) is classical and can be found in e.g.
[4, 4.5.1], [43, Proposition 7.21] or [44, Theorem 2.1]. As for part
(#4), we note the following:

(d) = (a): This is a fortiori.
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(e) = (d): Evident by applying (e) to both ¢ and —c.

(d) = (e): Let h be as in Definition 2.7. For ¢ as specified
we notice that for any ¢ > 0 the function g, := g + €h is sequen-
tially 7-inf-compact, whence 7,-inf-compact and thus also 7,-lower
semicontinuous. We may therefore apply (¢) to ¢., which gives
lim inf, [¢ gdvn + esup, [g hdv, > [qdvy. Letting € go to zero fin-
ishes the proof. O

REMARK 2.8. The above proof also justifies the existence of the quasi-
integrals [g qdvy, in (€). This goes as follows: in the above notation,
g = Supy qi/k 1S B(S)-measurable. Clearly, § coincides with q on
the set {h < +oo} and it is equal to +oo on {h = +oo}. It re-
mains to notice that Definition 2.7 forces the set {h = 4+o00} to have
Vp-measure zero for each n.

It turns out that tightness is a sufficient — and in a number of
cases also necessary — condition for relative compactness in the nar-
row topology. Just as in Definition 2.7 we only state the sequential
version of this result, even though there is also a fully topological
analogue.

THEOREM 2.9 (PROHOROV). (i) Let (v,) in P(S) be 7,-tight. Then
there exist a subsequence (vn) of (vn) and vi € P(S) such that
vy S,

(i1) Moreover, if (v,) is T-tight, then in fact v,y = v, can be achieved

Proof. Part (i) is Prohorov’s classical result in sequential format
[44, Theorem 6.1], [75, Theorem 12.3.A]. Part (i) follows by Theo-
rem 2.6(i7)). O

As a necessity complement to the above result, we remark that
tightness is known to be a necessary condition for relative sequential
narrow compactness when S is complete separable metric or locally
compact [44, Theorem 6.2], [89, Theorem 4, p. 381]. See also Theo-
rem 2.19 below.

As a rule, in what follows the parts (i) of the above results, and
also of those that still follow in this section, are essential for the
transfer process. What is done in the parts (i7), all of which exploit
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T-tightness to reduce the situation to that of the corresponding part
(), could also have been added ad hoc. However, it is hoped that
the systematic inclusion of such parts (i7) underlines the harmony of
the present approach.

Next, we study narrow convergence of product measures. The
essence of the results that we require is already available if we just
consider probability measures on the product S x N. Here N :=
N U {oc} is the usual Alexandrov-compactification of the natural
numbers. This is a compact metrizable space, which obviously sat-
isfies Hypotheses 2.1, 2.3. From now on, let p be a fixed metric on
N, let p be any compatible product metric on § x N , and denote
the topology 7 x 7; by 7. We denote p-narrow and 7-narrow conver-

gence in P(S x N) by “ £ » and « Ly respectively. For n € N, let
en € P(N) stand for the Dirac measure concentrated at the point n.

PROPOSITION 2.10. (i) Let (vn) and vy be in P(S). The following
are equivalent:

(a) % n=1Vn £ .

(b) %Zvlzvzl(yn X en) é Yy X €x-
(i1) Moreover, if (% SN vy is T-tight, then the above are also
equivalent to the following:

(c) % SN un S .

(d) %Zév:l(un X €n) X 1y X €oo-

Proof. (a) = (b): Let ¢ € Cu(S x N,5) and > 0 be arbitrary.
There exists p € N such that |c¢(z,n) — ¢(z,00)| < n/2 for all n > p,
uniformly in z € S. Hence, the triangle inequality gives

N
: %nglc(x,n) — ¢z, 00) vy (dz) < 2Npsgp|c| + %,

where the right hand side is less than n for N sufficiently large. So
now (b) follows easily by invoking Theorem 2.6(z).

(b) = (a): Trivial, since any function ¢ in Cy(S, p) can be identi-
fied with the function & in Cy(S x N) given by &(z,n) = c(z).

(a) < (¢): By Theorem 2.6(i7).

(b) & (d): Also by Theorem 2.6(ii), since the sequence (7y) is
trivially 7-tight. Here 7y := & SN (Vnxey). Indeed, by hypothesis
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there exists h : S — [0,+0o0], sequentially 7-inf-compact, such that
s = supy & Y0, [g hdv, < +oo. Then h(x,n) := h(z) defines a
function i : § x N — [0, +0c] that is sequentially 7-inf-compact (by
compactness of the space N), with supy [ hdry = s < +o0. O

COROLLARY 2.11. (%) Let (vn) and vy be in P(S). The following are
equivalent:

(a) vn 2 1

(0) vp X €y L 1y X €co.
(13) Moreover, if (1) is T-tight, then the above are also equivalent to
the following:

(¢) vp X € &N 1y X €0

Proof. (a) = (b): Suppose (b) were not true. Then there would
exist € > 0, ¢ € Cp(S x N, ) and a subsequence () of (v,) such
that [y cd(vo X €x) + € < [gCd(vy X €) for all n'. Set 7y :=
% 25:1(%' X €nr). Then evidently [q&d(vp X €x) +€ < [ €dmy for
all N. But v,y £ vy implies % Z]n\le v B 1y, s0 TN 2 1y X €oo by
Proposition 2.10. In the limit this contradicts the above inequality
for the my. The implication (b) = (a) is evident (see the proof of
the same implication in Proposition 2.10).

(b) & (c¢): As in the proof of Proposition 2.10, it follows easily
that under the additional hypothesis (v, X €,) is 7-tight by compact-
ness of the space N. So the result follows by Theorem 2.6. O

Let (S’,7') be another completely regular topological space for
which the analogue of Hypotheses 2.1, 2.3 holds; the associated met-
ric on S’ is denoted by p' (cf. Proposition 2.2). It is easy to see that
the Hypotheses 2.1, 2.3 hold for S x §’, which can either be equipped
with the product metric p X p' or the product topology 7 x 7’.

THEOREM 2.12. (i) Let v, & vy in P(S) and let v, & v}y in P(S").
Then vn X V!, "2 vy x vy in P(S x S').
(i4) Moreover, if (v,) is T-tight and (v)) is T'-tight, then in fact

!
TXT
vy x Ul "E vy x 1,
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Proof. Let ¢ € Cy(8 x 8", p x p') be arbitrary. Define é: S x N —» R
as follows:

- ] Jeelz 2y (de!) ik < oo
oz, k) = { fz c(x,m’)l/(’)k(dx’) if k=00

Then ¢ is p-continuous, thanks to uniform continuity of c¢. Hence,
the proof of part (%) is finished by invoking Corollary 2.11(3), since
Jsun €d(vn X €n) = [grygn cd(vy x v,,). Under the extra tightness
conditions of part (i7), the sequence (v, x v/, is clearly tight with
respect to the product topology 7 x 7/ on S x S’. So the desired
result follows from part (i) by virtue of Theorem 2.6(i1). O

After this, we study the support of the limit of a narrowly con-
vergent sequence.

DEFINITION 2.13. The support 7-supp v of a probability measure
v € P(S) is defined by

T-supp v 1= "{F : F C S, F 7-closed,v(F) = 1}.

The 7,-support of a measure v in P(S), denoted by 7,-supp v, is
defined by replacing the topology 7 by 7, in the above formula; of
course, T-supp v is always contained in 7,-supp v.

PROPOSITION 2.14. Every v € P(S) is carried by its support, i.e.,
v(r-supp v) = 1.

Proof. By Definition 2.13 the set C' := S\7-supp v is the union of all
T-open sets G with v(G) = 0. By Hypothesis 2.1, C evidently has
the countable subcover property (see the proof of Proposition 2.2).
So C, being the union of a countable collection of v-null sets, is a
v-null set itself. O

DEFINITION 2.15. The sequential 7-limes superior of a sequence of
subsets (An) of S, denoted by T-LspAp, is the set of all x € S for
which there exists a subsequence (Ay) of (A,), and corresponding
elements x, € Ay, such that x = 7-lim,y x,y.
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The definition of the 7,-limes superior is of course completely
analogous. However, the metrizable nature of 7, causes an equivalent
alternative formulation to be valid. The proof of this is an easy
exercise, left to the reader.

LEMMA 2.16. Let (A,) be a sequence of subsets of S. Then
Tp-Lis, Ay := Np2y Tp-cl Up>p Anp.

THEOREM 2.17. (i) Let (vn) and v be in P(S) with £ SN v B
in P(S) (this holds in particular when v, 2 vy). Then

Tp-supp vy C Tp-Lis, 7,-supp vy.
(7¢) Moreover, if (% SN wy,) is T-tight then in fact
vo(1-seq-cl 7-Ls,, 7-supp v,,) =1
and, consequently,
T-supp vy C 7-cl 7-Ls, 7-supp vy,

Recall that the 7-sequential closure T-seq-cl A of a set A in §
is defined as the intersection of all those 7T-sequentially closed sets
C in § for which C D A. Clearly, 7-seq-cl A C 7-cl A. Given
Hypothesis 2.1, it is easy to check that for any sequence (A,) of
subsets of S one has 7-seq-cl 7-Ls, A, C 7)-Ls_ Ay.

Proof. (i) By Proposition 2.10 we have my := & S0 (Vs X€5) 2 Vo X

€oo- Define gfy : S x N = {0,400} by

0 if z € 7,-supp v and k < oo,
qo(z, k) =< 0 if z € 7)-Ls,, Tp-supp v, and k = oo
400 otherwise.

Then g is p-lower semicontinuous in every point (z, k) of S x N. In-
deed, let (27, k%) — (x,k) (note that sequential arguments suffice to
verify lower semicontinuity). We show that « := liminf,, ¢) (27, k%) >
qh(z,k). If k < oo, then eventually k/ = k, so a > gj(=, k) follows
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by the fact that 7,-supp vy is 7)-closed (Lemma 2.16). If k = oo,
we distinguish two cases: if eventually k/ = oo, then a > g (z, 00)
follows by closedness of 7,-Ls, 7,-supp vy, which in turn is an imme-
diate consequence of Lemma 2.16. On the other hand, if k7 < oo
infinitely often, then the same inequality follows directly from Def-
inition 2.15. So we conclude that ¢ is indeed p-lower semicontin-
uous. Now [ qod(vn X €,) = [gqo(z,n)vp(dz) = 0 for every n
(by Proposition 2.14). Hence, [, g godnn = 0 for every N. Thus,
Theorem 2.6(4) gives [q gq(x, 00)vy(dz) = 0, and the desired support
properties for vy follow.

(73) Under the additional 7-tightness condition it follows that

TN = %Zfzv:l(un X €) = Uy X €0 by Proposition 2.10(i4). Let
g : S x N = {0,400} be given by

0 if z € 7-supp v and k < oo,
qo(z, k) :==< 0 if x € 7-seq-cl 7-Ls,, 7-supp v, and k = oo
400 otherwise.

With a little careful work, this function is seen to be 7-sequentially
lower semicontinuous on S x N (observe that, unlike the previous
part, 7-Ls, T-supp vy, is not sequentially closed — hence the additional
sequential closure operation has been added in the definition of ¢g).
By Proposition 2.14 and Theorem 2.6(74) we find [4 go(z, 00)vo(dz) =
0. The desired properties of 1y then follow with ease. O

REMARK 2.18. If in Theorem 2.17 there exists a T-compact set K
containing U,Supp vy, then the set 7-Ls,T-supp v, is T-closed and
the following simplification can be made:

T-seq-cl 7-Ls,, T-supp v, = 7-Ls,T-supp vy,.

Indeed, on K the topologies T and 7, coincide, hence T-Ls,T-supp vy, =
Tp-Ls, T,-Supp vn, and the latter set is T,-closed, whence T-closed (cf.
Lemma 2.16).

In order to connect narrow and K-convergence of Young measures
in section 4, the following sufficient condition for 7,-tightness is quite
useful. Recall that a probability measure v in P(S) is said to be 7,-
Radon if the singleton {v} is 7,-tight (cf. Definition 2.7). The set of
all such Radon probability measures is denoted by Pradon (S, 7,)-
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THEOREM 2.19. Let (vy,) and vy be in Pradon (S, 7p). Then v, £ w
implies that (vy,) is T,-tight.

This is [44, Theorem 8, Appendix IIT] and [92, Theorem 9.3]; the
proof depends critically on both the metric nature of 7, and the fact
that one considers only sequential narrow convergence.

3. K-convergence of Young measures

This section develops K-convergence, an auxiliary, nontopological
convergence mode for Young measures introduced in [20, 22, 26].
This will be of great use in the next section when we transfer narrow
convergence results of the previous section from probability measures
to Young measures. Thus, the present section can be regarded as an
intermediate stage in the transfer process. As in section 2, results
are developed both in a metrizable and in a nonmetrizable setting.
Let (€2, .A, ) be a finite measure space. Let us remark that much
of what is done here extends without further ado to a o-finite mea-
sure space [such a measure is equivalent to a finite one, and one can
always premultiply the integrands below by the appropriate Radon
Nikodym derivative and an appropriate extension of uniform integra-
bility is also available]. Let (S, 7) be as in the previous section (i.e., a
completely regular topological space satisfying Hypotheses 2.1, 2.3).
Let R(€2; S) be the set of all transition probabilities from (£, .4)
into (S, B(S)) [81, II1.2]. That is to say, R(€;.S) consists of all func-
tions § : @ — P(S) such that w — §(w)(B) is A-measurable for
every B € B(S). [Note that this notion subsumes that of proba-
bility measure: P(S) can be identified with the constant functions
in R(€; S); in fact, R(£2;.S) coincides with P(S) when A is trivial,
ie, A= {0,Q}.] In association with the central topology of these
lecture notes (Definition 4.1), transition probabilities are also called
Young measures, and we shall adopt this terminology (other names
used for Young measures in the literature are, depending on the con-
text: Markov kernels, randomized decision functions, relaxed control
functions, etc.). For some elementary measure-theoretical properties
of Young measures the reader is referred to [81, IIL.2] or [4, 2.6] (see
also Appendix A). In particular, the product measure that is induced
on (2 x S, Ax B(S)) by p and any § € R(€;S) (cf. [81, II1.2]) is
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denoted by p ® §; cf. Theorem A.1. Let £°(Q;S) be the set of all
measurable functions from (€,.4) into (S, B(S)). A Young measure
0 € R(€;S) is said to be Dirac if it is a degenerate transition proba-
bility, i.e., if there exists a function f € £°(Q; S) such that for every
w in )

d(w) = €p(w) := Dirac measure at the point f(w).

In this special case ¢ is denoted by € and is called the Young measure
relazation of the function f. The set of all Dirac Young measures in
R(€2; S) is denoted by Rpirec(2; S).

The fundamental idea behind Young measure theory is that, in
some sense, R(Q; S) forms a completion of L°(Q;S), when the latter
is identified with R pirac(2;.5). In the context of the previous section,
the much less fruitful analogue of this would be to view P(S) as an
extension of S, because the latter can be identified with the set
{€z : © € S} of all Dirac measures, to which it is homeomorphic.

Let us agree to the following terminology: an integrand on xS is
a function g : QxS — (—o0, +00] such that for every w € Q2 the func-
tion g(w,-) on S is B(S)-measurable. Moreover, such an integrand
g is said to be integrably bounded below if there exists ¢ € L1 (;R)
such that g(w,z) > ¢(w) for all w € Q and = € S. Further, a func-
tion g : Q x § — (—o00,+00] is said to be a (sequentially) 7-lower
semicontinuous [T-continuous| [[T-inf-compact]] integrand on Q x S
if for every w € Q the function g(w,-) on S is (sequentially) 7-lower
semicontinuous [7-continuous| [[7-inf-compact]] respectively. Let g
be an integrand on Q x S. The following expression is meaningful
for any 6 € R(2; S):

1,6) = [ [ glw,2)50) do)]n(dw),

provided that the two integral signs are interpreted as follows: (1) for
every fixed w the integral over the set S of the function g(w, ), which
is B(S)-measurable by definition of the term integrand, is a quasi-
integral in the sense of [81, p. 41] and Appendix B, (2) the integral
over {2 is interpreted as an outer integral in the sense of Appendix B
(note that outer integration comes down to quasi-integration when
measurable functions are involved). The resulting functional I, :
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R(€2;S) — [—o0, +00] is called the Young measure integral functional
associated to g. Another integral functional associated to g, this time
on the set £°(€; S) of all measurable functions from €2 into S, is given
by the formula

/gwf dw) = I4(eg).

The following notion of convergence was introduced and studied
in a more abstract context in [19, 20].

DEFINITION 3.1. A sequence (6,) in R(Q;S) K-converges with re-

spect to the topology T to &g € R(;S) (notation: o, RiSin do) if for
every subsequence (0p) of (0p)

—Z(Snr ) = do(w) as N — oo for a.e. w in Q.

Note that the exceptional null set is allowed to vary with the
subsequence (6,/). Of course, the short arrow “ = ” above refers to
T-narrow convergence in P(S) in the sense of Definition 2.5. Unlike
narrow convergence, K-convergence is nontopological. If in the above
definition = , i.e., the mode of pointwise convergence mode, is re-

placed by £ , we obtain a corresponding notion of K-convergence

. . K .
with respect to 7, that is denoted by “ ¥ Since “ :p> 7

by “ =", it follows that Ko » i implied by LS

is implied

EXAMPLE 3.2. Let (Q,.A, 1) be ([0,1],£([0,1]), A1) (i-e. the Lebesgue
unit interval). Let (f,) be the sequence of Rademacher functions,
defined by fn(w) := sign sin(2"7w) (here S := R, of course). Then
€/ Siin do, where &y € R([0,1];R) is the constant function dp(w) =
%61 + %6_1. In fact, here one could argue that the strong law of
large numbers applies to the sequence (€f,) of P(R)-valued random
variables, but one can also give a proof of the above by means of
the standard (scalar) strong law of large numbers and scalarization,
analogous to the proof of Theorem 8.7 below.

A crucial instrument for the transfer process of these notes is the
following generalization of Definition 2.7.
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DEFINITION 3.3. A sequence (6,) in R(€; S) is T-tight if either one
of the following two equivalent statements is true:

(a) There exists a nonnegative, sequentially T-inf-compact inte-
grand h on Q x S such that

sup I,(dr) < +oo.
n

(b) For every € > 0 there exists a multifunction T : Q — 25,
with T¢(w) sequentially compact for every w € Q, such that

sup / W) (S\Te(w))p(dw) < €

Recall from the previously given definition of integrands that a
sequentially 7-inf-compact integrand h is simply a function on 2 x S
with the following property: for every w €  the function h(w,-)
is sequentially 7-inf-compact on S (i.e., all sets {z € S : h(w,z) <
B}, B € R, are sequentially 7-compact). As is by now usual, the
alternative, weaker notion of 7,-tightness of a sequence of Young
measures is obtained by replacing the topology 7 by 7, in the above
definition.

Proof. Proof of equivalence of (a) and (b) in Definition 3.3 [68]

(a) = (b): Let s := sup,, I(d,); then s € R;. For every € > 0,
let T'c(w) be the set of all z € S for which h(w, z) < s/e; then I'¢(w)
is sequentially 7-compact for every w. Also, for every n

2 [ @) (S\C()id) < Tn(6n) < s,

and this proves that the definition as given in part (b) holds.

(b) = (a): Let T'y, be the given multifunction corresponding to
€ = 3™, m € N. With no loss of generality we may suppose that
Ip(w) C Tpya(w) for every w and m (otherwise, we could always
take finite unions of the T';;). Now set Ty = () and define

2 itz el (w)\I'n-1(w), meN
hw,2) = { +oo if £ & Uplp(w) 1

Then h(w,-) is sequentially 7-inf-compact on S for every w and
sup,, In(d,) < 6. O
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EXAMPLE 3.4. (a) Let E be a separable reflexive Banach space with
norm || - ||. Let E' be the dual space of E. Observe that (E,T)
is a completely reqular Suslin space for 7 := o(E, E"). Suppose that
(fn) C LYQ; E) is bounded in L-seminorm: sup,, [q || fn(w)||p(dw) <
+00. Then the corresponding sequence (ef,) in R(; E) is T-tight:
just take h(w,z) := ||z|| in Definition 3.3.

(b) Let E be a separable Banach space with norm ||-||. Then (E, )
is a completely reqular Suslin space for 7 := o(E, E"). Suppose that
(fn) C LY E) is bounded in L'-seminorm and that there exists
a multifunction R : Q — 25 such that for a.e. w both {f,(w) : n €
N} C R(w) and R(w) is T-ball-compact [i.e., the intersection of R(w)
with every closed ball in E is o(E,E')-compact]. Then (ej,) is 7-
tight, as is seen by considering hgr(w,z) := ||z|| if * € R(w), and
hr(w,z) := 400 otherwise. For notice that for every w € Q and
B € Ry the set of all © € E such that hr(w,z) < B coincides with
the intersection of R(w) and the closed ball with radius B around 0.
This set is o(E, E')-compact, whence sequentially o(E, E')-compact
by the Eberlein-Smulian theorem.

Part (b) in the above example generalizes part (a): simply observe
that in part (a) E itself is o(E, E')-ball-compact (by reflexivity), so
that there one can set R(w) := FE for all w € Q.

A very important property of K-convergence for Young measures
is the following Fatou-Vitali-type result:

PROPOSITION 3.5. (i) Let 6, ~¥ 6y in R(%; S). Then lim inf, I,(,)
> I,(0¢) for every T,-lower semicontinuous integrand g on QxS such
that

s(a) == sup/ [/ 9 (w, )0 (w)(dz)|p(dw) = 0 for a — oc.
{9<—0a}w
(3.1)
(i1) Moreover, if (6y) is T-tight, then in fact liminf,, I,(0,) > I4(do)
for every sequentially T-lower semicontinuous integrand g on 2 X S
such that (3.1) holds.

Here g~ := max(—g,0) and {g < —a}, denotes the set {z € S :
4w, ) < —a.
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REMARK 3.6. (i) If g is integrably bounded from below, then (3.1)
holds automatically.

(1) In case 6, = €y, for all n € N (this specification does not
include the limit dp) the condition (3.1) runs as follows:

lim su /Q Lig( fu()<—a}d (W, fn(w))p(dw) = 0.

a—00 p

Clearly, for every w € Q we have g(w, fn(w)) < —a if and only if
g (w, fn(w)) > a. This means that (3.1) simply comes down to uni-
form (outer) integrability of the sequence (97 (, fn())) in the case of
a Dirac sequence. If g is T x B(S)-measurable in addition, this coin-
cides with the usual classical formulations of uniform integrability a
la Vitali of the sequence of negative parts (g~ (-, fu(+))); cf. [65, 11].

Proof. of Proposition 3.5. The proof of part (i) will be given in two
steps.

Step 1: the case g > 0. Set B := liminf, I;(6,); then there
is a subsequence (d,/) such that § = lim, I;(d,/). Define ¢y (w)
= & i1 Je 9(w, 2)6n (w)(dz) and tho(w) = [5g(w,z)do(w)(dx).
Then lim infx 9n (w) > 1o(w) for a.e. w by Theorem 2.6(7), because
by Definition 3.1 & S0 _; 6, (w) £ §y(w) in P(S) for a.e. w. Thus,
Fatou’s lemma for outer integration (Proposition B.4) can be applied.
This gives im infy_,00 [ Yndp > [ odp. Here the right-hand side
is equal to I4(do), and the left-hand side is at most 3, by subadditivity
of outer integrals (Lemma B.5) and by the choice of (d,,).

Step 2: the general case. We essentially follow Ioffe [65] by point-
ing out that the simple inequality g+1{9<_4}9~ > ga := max(g, —)
on ) x S leads to

/S 9(w, 2)0n (W) (dz) + /S Lgza} (@, 2)g™ (@, 2)0n (w) (dz) >

> /5 G (w, 7)0 () (dz).

After one more (outer) integration this gives, in the notation of (3.1),
I,(0n)+s() > Iy, (6), where we use again the subadditivity of outer
integration (Lemma B.5). Now observe that step 1 trivially extends
to any g that is bounded from below, such as g,. This gives

limniang(én) + s(a) > lin;Lianga (0) > 14, (00) > I4(d0),
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where the last inequality follows from g, > g. In view of (3.1), the
proof of (i) is now finished by letting & go to infinity.

(1) Let h be as in Definition 3.3 and denote s := sup,, I(d,). We
augment g, similar to the proof of Theorem 2.6(ii): For € > 0 define
g¢ := g +¢€h. Then ¢g¢ > g and g°(w, ) is 7,-lower semicontinuous on
S for every w € 2 (see the proof of Theorem 2.6(7¢)). Thus, part (z)
gives liminfy, I,(0,) + €s > liminfy, Tge (6,) > Tge(dg) > I4(dp) for any
€ > 0. Letting € go to zero gives the desired inequality. O

The following important Prohorov-type “relative sequential com-
pactness criterion for K-conver-gence” (apostrophes are in order be-
cause K-convergence is nontopological) is a crucial tool for these
notes. It extends Prohorov’s classical Theorem 2.9 to K-convergence
of Young measures and was first obtained in [20, Theorem 5.1] as a
specialization of an abstract Komlds’ theorem (i.e., an abstract ver-
sion of Theorem 3.9 below) to Young measures.

THEOREM 3.7. (i) Let (6,) be a 7,-tight sequence in R(€2;S). Then
there exist a subsequence (0n) of (0n) and 6, € R(82;S) such that

6o ¥ 5.
(13) Moreover, if (6y,) is T-tight, then in fact §, LiSie 0, can be achieved

The following example, which extends Example 3.2, demonstrates
the power of this result. Clearly, this brings K-convergence (for sub-
sequences!) to settings where the law of large numbers stands no
chance at all.

EXAMPLE 3.8. Let (Q,.A, i) be ([0,1], £([0,1]), A1) (cf- Ezample 3.2).
Let fi € L£LY([0,1];R) be arbitrary; it can be extended periodically
from [0,1] to all of R. We define fpi1(w) := fi1(2"w). Clearly,
the sequence (ey,) is tight in the sense of Definition 3.3 [e.g., use
h(w,z) := |z| to meet part (a) or K. = [—1,1] to satisfy part (b)].
Therefore, by Theorem 3.7 there exist a subsequence (fn') of (fn)
and some 0, € R([0,1];R) such that €5 , LiSia 0«. The precise nature
of 0« could now be determined by means of Proposition 3.5, but we
shall defer this to Example 4.3 later on.
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To prove Theorem 3.7 we use an outstanding theorem, due to
J. Komlés [71].1

THEOREM 3.9 (KoMLOS). Let (¢r,) be a sequence in L'(;R) such
that
sup [ |galdp < +o0.
n JQ

Then there exist a subsequence (¢pr) of (¢pn) and a function ¢, €
LY(Q;R) such that for every further subsequence (¢ppn) of (')

1\}1_1}100% Z O (W) = Pu(w) for a.e. w in Q.

Observe here that ¢, is universal with respect to the possible
choices of a subsequence (¢,) from (¢,/), but that the associated
exceptional y-null set in the limit statement is allowed to vary with
the subsequence.

LEMMA 3.10. There ezists a countable set Co C Cy(S,p) such that
for every (v,) and vy in P(S)

lim/ cdyy, = / cdvy for all c € Cy

nJs S

if and only if v, L v. In particular, Cy separates the points of P(S).

Proof. As was observed following Hypothesis 2.1, (S, 7) is separable.
Hence, (S,7,) is a separable metric space (apply Proposition 2.2).
Therefore, the result follows from [43, Proposition 7.19]. O

LEMMA 3.11. Let (vy,) in P(S) be 7,-tight and let Co C C, (S, p) be
as in Lemma 3.10. If

lim/ cdvy, exists for every c € Cp,
n Js

then there exists v, € P(S) such that v, & v,.

!The original proof in [71] went by subtle truncation arguments and applica-
tion of a martingale limit theorem. It is not hard to show that Komlds’ theorem
implies the strong law of large numbers. What is much more interesting is that,
conversely, Theorem 3.9 also follows from the strong law of large numbers by
invoking “subsequence principle theory” [1, 53].



20 E. J. BALDER

Proof. By Theorem 2.9 there exist a subsequence (v,,/) of (v,) and
v, € P(S) such that v,y % v,. Then [gcdvy = a = lim, [gcdyy,
for every ¢ € Cy. Now if (v,) as a whole were not to converge to
v, there would exist é € Cp(S,p) and € > 0 such that for some
subsequence (vp,) of (v,) one would have | [ édvy, — [qEdv,| > €
for all m. Since (vy,) is 7,-tight, there would then exist, by another
application of Theorem 2.9, a subsequence (V) and v, € P(S)
such that v, LN V4x. Just as above, this would entail fS cdlVyy = Q¢
for all ¢ € Cy, so v, = .4 by the point-separating property of Cy. But
since also | [ édvyy — [¢ €dvy| > €, a contradiction would follow. [

Proof. of Theorem 3.7. (i) By Lemma 3.10 there exists a countable
subset Cy = {¢; : i € N} of Cy(S, p) that separates the points of
P(S). Clearly, sup, [, |¢in|du < +oo for every i € N, where we set
bin(w) := [gci(x)dn(w)(dx). Let h be as in Definition 3.3 (case of
7,-tightness). By Lemma B.3 there exists for each n € N a func-
tion ¢, € L1 R) such that ¢on(w) > [gh(w,s)d,(w)(dz) for
all w € Q and [, pondp = Ip(0,). Applying the Komlés Theo-
rem 3.9 in a diagonal extraction procedure, we obtain a subsequence
(6n7) of (0,) and functions ¢; . € L1 (Q;R), i € N U {0}, such that
limy & SN i = ¢ix ae. for every further subsequence (6,)
and for all ¢ € N U {0}. It follows therefore that for every such
subsequence (6, ) for a.e. w in )

1 N
lim /S hw, )y D b (@)(dn) = do,e(w) < +ov, (3.2)

n''=1

N

lim /S ci (x)% ,;_:1 S () (dz) = i (w) for all i € N. (3.3)
Let us begin by considering (d,/) itself as the subsequence in ques-
tion. Fix w outside the exceptional null set M, associated with
this particular choice of a subsequence in (3.2)—(3.3). Then (3.2)
implies that for a.e. w the sequence (m, ) in P(S), defined by
TwN = 2 S 1 6w (w), is T,-tight in P(S) in the sense of Defi-
nition 2.7. Also, (3.3) implies that limy [g c;dm, v exists for every i.
By Lemma 3.11(i), there exists v, , in P(S) such that m, y & v, .
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Define 6,(w) := v, for w € Q\M. Also, on M we define J, to
be equal to an arbitrary, but fixed element from P(S). Then it is
elementary, in view of Proposition A.2, that J, belongs to R(Q; S).
Finally, the argument following (3.3) can be repeated if one starts
out with an arbitrary subsequence (d,,) of (d,), instead of (d,) it-
self. Except for the change in the exceptional null set M, for which
the definition of K-convergence allows, nothing changes. This fin-
ishes the proof of part (¢). Part (i4) then follows immediately by
Theorem 2.6(i7), in view of the fact that for every subsequence (d,,)
of the above (d,/) (3.2) implies that (7, y) is 7-tight for a.e. w, where

N
7TLI;J,N = % Zn”:l 671” ((4)) O

REMARK 3.12. From (8.2) in the above proof it is seen that the se-
quence (0n) in Theorem 3.7 is such that for every further subse-
quence (0,7) the sequence (& SN 16 (w)) in P(S) is either T,-
tight for a.e. w (part (1)) or even T-tight for a.e. w (part (ii)).

As the final results in this intermediate section, we present di-
rect consequences of Proposition 2.10 and Theorem 2.17 for K-
convergence of Young measures. Such results first figured in [22];
they will be used in the next section.

PROPOSITION 3.13. (i) Let (0,,) and &y be in R($2;S). The following
are equivalent:

(a) 6n ¥ 5.

(B) On X en F 5y X €co.
(79) Moreover, if (6n) is T-tight, then the following two equivalent
statements are implied by the above:

(¢) Ewvery subsequence (8,1) of (8,) contains a further subse-
quence (0p1) such that 6, K7 0o.

(d) Ewvery subsequence (6y') of (6,) contains a further subse-

et
quence (8pr) such that 6pr X €pn SN T

Proof. (a) < (b) follows by pointwise application of Proposition 2.10(3).
In part (i7) (¢) < (d) follows by pointwise application of Proposi-
tion 2.10(#%), by taking into consideration Remark 3.12. Finally, the
implication (a) = (c) of part (i¢) follows by pointwise application of
Theorem 2.6, again taking into consideration Remark 3.12. O
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THEOREM 3.14. (i) Let (8,) and & be in R(%S). Then 6, ¥ &
implies

T,-supp do(w) C 7,-Ls, 7,-supp 0, (w) for a.e. w in €.
(1) Moreover, if (6,) is T-tight, then in fact

do(w)(1-seq-cl 7-Ls,, 7-supp 6, (w)) =1 for a.e. w in €,
so that in particular

T-supp 0p(w) C 7-cl 7-Ls,7-supp 0p(w) for a.e. w in Q.

Proof. Part (i) of this result follows directly from a pointwise ap-
plication of Theorem 2.17(%). Part (i7) also follows by a pointwise
application of Theorem 2.17(i%), in view of the tightness observation
in Remark 3.12. O

4. Narrow convergence of Young measures

In this section our program to transfer narrow convergence results
for probability measures (section 2) to Young measures is completed.
We use the same fundamental hypotheses as in the previous section:
(Q, A, i) is a finite measure space and (S, 7) is a topological space for
which Hypotheses 2.1, 2.3 hold. We start out by giving the definition
of narrow convergence for Young measures:

DEFINITION 4.1. A sequence (0y,) in R(S;S) converges T-narrowly
to 8o in R(Y; S) (this is denoted by 6, == &o) if for every A € A
and for every c in Cyp(S,T)

tim [ [ e(@)su(w)de)lu(do) = [ [ elw)dofe)(de)lu(d).

The obviously weaker notion 7,-narrow convergence is defined by
replacing 7 by 7,. Similar to section 2, the latter notion is denoted
by “ L5 7 In analogy to section 2, we shall see that for tight se-
quences of Young measures 7-narrow and 7,-narrow convergence are
actually the same. For further benefit, note carefully the difference
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in notation between the narrow convergences for probability mea-
sures (indicated by short arrows) and Young measures (indicated by
long arrows).

In its above form the definition of narrow convergence is classi-
cal in statistical decision theory [96, 73]. It merges two completely
different classical modes of convergence:

REMARK 4.2. Let (0,,) and oy be in R(; S). The following are ob-
viously equivalent:

(a) 6 == do in R(;S).

(b) For every A € A with u(A) >0

(1 ® 8n](A x ) /(A) = [u® Go](A x -)/p(A) in P(S).

(c) For every c € Cyp(S, 1)

/ ()6, (-) (d) = / o(z)50()(dz) in L2(QR),
S

S
where “ 7 denotes convergence in the topology o(L® (2 R), L1 (Q; R)).

The following example continues the previous Examples 3.2 and
3.8.

EXAMPLE 4.3. Let (2, A, ) be ([0, 1], £([0,1]), A1) (c¢f. Ezample 3.2).
As in Ezample 3.8, let fi € £L1([0,1];R) be arbitrary and extended
periodically from [0,1] to all of R. We define fpi1(w) = f1(2"w).
Then €5, = &, where &y € R([0,1];R) is the constant function
given by &(w) = M. Here A € P(R) is the image of A; under the
mapping f1; i.e., M1(B) := X(f{(B)). To prove the above conver-
gence statement, let ¢ € Cp(R) be arbitrary, and let A be of the form
A =0,5] with 8 > 0. Then a simple change of variable gives
B 2np
[ ctinntndo = [ e(p@onds =27 [*7 (@),

and by periodicity of fi the latter expression equals ﬁfol c(f1(W))dw' =
M(A) g c(:v))\{l (dz) in the limit. So it has been shown that

lim c
n—oo A

(fuNdo= [ [ @@ @las  @1)
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for A =0,08]. By subtraction, (4.1) continues to be valid for A’s
of the form A = («, ], and, by summation, also for A’s that are
a finite disjoint union of such intervals. Finally, by [4, 1.3.11] for
any A € A and any € > 0 there exists a finite union A’ of intervals
(a, 8] such that the symmetric difference of A and A' has Lebesgue
measure at most €. But then | [, c(fn) — [4 c¢(fn)| < €supg|c|, so,
by letting € go to zero, we conclude that (4.1) continues to hold in
the general case.

The above example shows that §, in Example 3.8 is equal to the
above dg, modulo a A;-null set. In fact, the narrow limit of a sequence
of Young measures in R(2; S) can only be essentially unique (that is
to say, unique modulo a g-null set). This follows immediately from
the following general result:

PROPOSITION 4.4. For every d, &' in R(; S) the following are equiv-
alent:
(a) For every A € A and c € Cy

[ 1. @) dmutaw) = [ 1] @) (w)(de)utde).
(b) 6(w) = &' (w) for a.e. w in Q.

The essentially sequential setup chosen for these lecture notes
leads to frequent use of a semimetric dgr on R(2;S), as defined in the
next result. This allows us to use sequentially oriented approaches
when we apply the narrow topology (the latter is of course defined
by rereading Definition 4.1 with generalized sequences in mind).

THEOREM 4.5. Suppose that the o-algebra A on Q is countably gen-
erated. Then there exists a semimetric dg on R(Q;S) such that for
every (0,) and &y in R(€; S) the following are equivalent:

(a) 6, == 6.

(b) lim,, dg (6, d0) = 0.

Proof. Define a semimetric on R(Q;S) by
dr(5,0) = L2 2 [ [ @) dlude) -
-/ I [ @)’ @) (o)) /u(4,).
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Here (c;) is an enumeration of the functions, conveniently normalized
so as to give supg |¢;| = 1 for each 4, in the narrow convergence
determining set Cy used in Lemma 3.10. Also, (4;) is an at most
countable algebra which generates A.

(a) = (b): By using the approximation result [4, 1.3.11] in the
same way as in the above Example 4.3, it follows that

lim [ ([ c(@)du()de)lu(de) = [ ([ le)dole) o))

for every A € A and every i. By the narrow convergence determining
property of Cyp in Lemma 3.10, this implies

[ ® 6a](A x ) /u(A) & [ ® o](A x -)/ps(A) in P(S)

for every A € A with u(A) > 0. By Remark 4.2 this implies
8, == 8. The converse implication (a) = (b) is very simple. O

From Proposition 3.5 and its proof we immediately obtain that
K-convergence implies narrow convergence:

REMARK 4.6. Let (6,) and &y be in R(2;S). The following hold:
(a) If 6, ¥ 5y, then 6, =2 5.
(b) If 6, Ky o and if (6,) is T-tight, then 6, == &.
(¢) If 6, 25 6y, then 6, == 6.

The implications in this remark cannot be reversed: the following
example shows that a narrowly convergent sequence does not have to
K-converge, even when S is the set of real numbers. Let us already
mention that, nevertheless, in Theorem 4.13 below a partial converse
will be achieved in terms of subsequences.

EXAMPLE 4.7. Consider the sequence (f,) of Rademacher functions
from Ezample 3.2. Define the following sequence (f.,) in L1(;R):
for each m € N define f := f, for 2"t < n < 2™ — 1. From
Ezamples 3.2 and 4.3 it is clear that €y == &, where §y = %61 +
%6_1 a.e. By Remark 4.6 we know that if (ej) were to K-converge
to some Young measure, it would have to be &y (modulo null sets).
But it is easy to check the following: for N = 2™ — 1

1 2m—2_1 2m—2 2m—1

1 N

n=1
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This shows that g LGN 8o is not possible, since 2™ /(2™ —1) — 27°
fori=1,2, and \({w € Q: fin(w) = frn—1(w)}) > 0 for allm € N.

Concatenation of Theorem 3.7 and Remark 4.6 gives immediately
a Prohorov-type result for narrow convergence of Young measures:

THEOREM 4.8. (i) Let (d,) be a 7,-tight sequence in R(€2;S). Then
there exist a subsequence (0,1) of (6,) and 6, € R(2;S) such that
o == 6.

(i4) Moreover, if (6,) is T-tight, then in fact 6,1 == 0, can be achieved

EXAMPLE 4.9. We continue with Ezample 3.4(b). By o(E,E')-
tightness of (e,) we get from Theorem 4.8 that there exist a subse-
quence (fn) of (fn) and 6. € R(Q; E) such that ey , == J,.

(a) We now introduce a function f, € Lk that is “barycentri-
cally” associated to 6., simply by inspecting the consequences of the
tightness inequality s := sup, Iy, (es,) < +oo that was established
there. For hg is a fortiori a o(E, E')-lower semicontinuous inte-
grand, so Theorem 4.10(e) gives Ip,(0x) < s < 4oo, which im-
plies [¢hr(w,z)ds(w)(dz) < 400 for a.e. w. So by the definition
of hr it follows that both §,(w)(R(w)) = 1 and [g ||z|/d«(w)(dz) <
+o0o for a.e. w. By Theorem A.10(i) it follows that the barycen-
ter fi(w) := bar d,(w) of the probability measure 6,(w) is defined
for a.e. w. Thus, if we set f, := 0 on the exceptional null set, we
obtain a function f, € L(Q;E). Finally we notice that, as an-
nounced, f. is u-integrable, i.e., f. € LY(Q; E). This follows simply
from Iy, (0) < +oo by use of Jensen’s inequality and the inequality
hr(w,z) > |-

(b) Suppose that in part (a) one has in addition that (||fy|) is
uniformly integrable in L'(Q;R). Then fy = fo € LY E) (weak
convergence in LY(Q; E)). This follows directly from another appli-
cation of Theorem 4.10(e), namely, to all integrands g of the type
gw,z) = £ < z,b(w) >, b € L®(Q,E)[E]. The latter symbol
denotes the set of all scalarly measurable bounded E'-valued func-
tions on Q; it forms the prequotient dual of L'(Q; E). This yields
limyy Iy(ey ) = Iy(0x), with Ig(ep ) = Jo(fu) = [o < far,b > du
and I,(0x) = [o < fx,b > du (cf. Theorem A.10(i)).
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Part (b) in the above example implies that f, = fo in Exam-
ple 4.3, where fj is the constant function given by fo(w) := bar dp(w)
= [g fidX\1 (apply [55, 11.12]).

Proposition 3.5 and Theorem 3.7 imply the following transfer of
the earlier portmanteau Theorem 2.6 to Young measures (see [17,
Theorem 2.2] for other equivalences of this sort).

THEOREM 4.10. Suppose that (S, p) is Suslin. Let (6,) and dy be in
R(€2;S). The following are equivalent:

(@) 6, == bo.

(8) i [ o{)n () (d) () =[S ()0 () (do)] ()
for every A € A, c € Cy(S, p)-

(¢) liminf, I4(6,) > I4(do) for every p-lower semicontinuous
integrand g on Q x S such that

lim sup /Q [ /{ 8 @k ) =0

(74) Moreover, if (8,) is T-tight, then the above are also equivalent to
the following:

(d) 6, == do.

(e) liminf,, I4(d,) > I4(do) for every sequentially T-lower semi-
continuous integrand g on 2 X S such that

9 (W, z)0n (w)(dz)]pu(dw) = 0.

Observe that (a) = (c¢) and (d) = (e), which are the most
powerful implications of the above theorem, constitute a very gen-
eral theorem of Fatou-Vitali type for narrow convergence of Young
measures. Results of this kind are usually obtained by means of
approximation procedures for the lower semicontinuous integrands
[48, 42, 8, 67, 11, 17, 94, 95]. In contrast to the present result,
such procedures depend on approximation arguments requiring the
measurable projection theorem and related Suslin conditions for S.

The following important lemma establishes that 7,-narrow con-
vergence implies 7,-tightness when (S, p) is a Suslin space (note: this
is the case in particular when (S, 7) itself is a Suslin space).

LEMMA 4.11. Suppose that (S, p) is Suslin. Let (8,) and dy be in
R(€2; S) with &, =L §y. Then (0n) is T,-tight.
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Proof. Set vy, := [ ® 8,)(Q2 % -)/p(Q); then vy, € Pradon (S, 7,) for
every n € N U {0}, since Prqdon (S, 7,) = P(S) by [55, II1.69]. By
Remark 4.2 it follows that v, 2 . Therefore, Theorem 2.19 implies
that (v,) is 7,-tight in P(S). By Definition 2.7(a), this means that
there exists a 7,-inf-compact function A’ : S — [0,400] such that
sup,, [¢ M'dvy, < +00. Now by definition of v, we have [¢h'dv, =
I,(6,) /() for every n, where h(w, z) := h'(z). Thus sup,, I5(d,) <
+00, which demonstrates that (d,) is 7,-tight. O

Proof. of Theorem 4.10. We start with the proof of part ().

(a) < (b): The equivalence follows immediately from the equiv-
alence of (a) and (b) in Theorem 2.6 and Remark 4.2.

(¢) = (b): Obvious, for (b) follows by applying (c) to both
g(w,z) == 1a(w)c(z) and ¢'(w,z) := —14(w)c(z), with A € A and
c € Cy(S,p).

(a) = (c): For g as stated, let 8 := liminf,, I4(d,). Then g =
lim,, I4(,) for a suitable subsequence () of (,). By Lemma 4.11
we have that (&,), whence (6,/), is 7,-tight, so by Theorem 3.7(z)

there exists a subsequence (d,,) of (8,) such that &, K¢ 5, for some
0, in R(€; S). But in combination with (a) this implies 6, (w) = dp(w)
a.e. (apply Remark 4.6 and Proposition 4.4), so in fact . Ky do.
The desired Fatou-Vitali inequality 8 > I,(dg) then follows from
Proposition 3.5.

Next, we prove part (i7) of the theorem.

(e) = (d) = (¢) = (b) = (a): These all hold a fortiori (see also
the proof of ()).

(a) = (e): The proof is virtually the same as the proof of (a) =
(c) that was given above. This time, tightness is forced ab initio; let h
correspond to the condition of 7-tightness as in Definition 3.3. In the
remainder of the proof of (a) = (¢) we now substitute g€ := g + €h,
which is certainly a 7,-lower semicontinuous integrand (see the proof
of Proposition 3.5). Letting € go to zero then gives (e). O

REMARK 4.12. Note that in the above proof the Suslin space hypoth-
esis for S (in the shape of Lemmma 4.11) was only used one time,
namely for the proof of the implication (a) = (c).
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From Remark 4.6 we already know that K-convergence implies
narrow convergence of Young measures. The above proof of Theo-
rem 4.10 enables us now to characterize narrow convergence com-
pletely in terms of K-convergence:

THEOREM 4.13. (i) Suppose that (S, p) is Suslin. Let (8,,) and &y be
in R(Q; S). The following are are equivalent:

(a) 6, == &.

(b) Ewvery subsequence (6,) of (6p) contains a further subse-
quence (0p,1) such that 6, Ky do-

(13) Moreover, if (6y,) is T-tight, then the above are also equivalent to
the following:

(C) (Sn :T> (50.

(d) Every subsequence (0,) of (0,) contains a further subse-

quence (0p) such that 6, RiSie 4.

In parts (b) and (d) the use of subsequences cannot be replaced
by the use of the entire sequence (d,,) itself, because of Example 4.7.
Observe also that in part (74) the Suslin space hypothesis is actually
not needed by Remark 4.12.

THEOREM 4.14. (i) Suppose that (S, p) is Suslin. Let (6,) and oo be
in R(Q; S). The following are are equivalent:

(a) 0n =2 do.

(b) on X en =£5 5o X €oo.
(1) Moreover, if (8,) is T-tight, then the above are also equivalent to
the following:

(C) 671 :T> 5().

(d) 6p X €q = 00 X €oo-

This result, which is the Young measure analogue of Corollary 2.11,
follows simply from Proposition 3.13 by Theorem 4.13. Observe once
more that in part (74) the Suslin space hypothesis is actually not
needed by Remark 4.12. The transfer of the support Theorem 2.17
to Young measures is now immediate because of the intermediate
support Theorem 3.14 and Theorem 4.13:
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THEOREM 4.15. (i) Suppose that (S, p) is Suslin. Let (6,,) and &y be
in R(Q; S) with 6, =& 8. Then

T,-supp do(w) C 7,-Ls, 7,-supp 0, (w) for a.e. w in 2.
(i1) Let (6,), 6o be in R(SY; S), with 6, == &y and (8,) T-tight. Then
do(w)(1-seq-cl 7-Ls, 7-supp o, (w)) =1 for a.e. w in Q.

As before, in part (i7) the Suslin space hypothesis is actually not
needed (Remark 4.12).

Next, we examine narrow convergence when it is restricted to
the set Rpirac(€; ). Recall first that a sequence (f,,) in £°(Q; S) is
defined to converge in measure to fo € L°(;S) (we denote this as
fn B fo) if for every € > 0

lim p({w € Q: p(fa(w), folw)) > €}) =0,

Recall also that for any f € £°(Q;S) the image measure uf of
under f is defined by u/ (B) := u(f~1(B)), B € B(S); by ¢;(w)(B) =
15(f(w)) this implies [u ® €7](2 x ) = pf (*).

PROPOSITION 4.16. Suppose that (S,p) is Suslin. Let (f,) and fo
be in LO(Q; S). Then the following are equivalent:

(a) €y, £ €fo N Rpirac(;S).

(b) fn 5 foin L2(;S).

Proof. (a) = (b): Let € > 0 be arbitrary. Define a lower semicontin-
uous integrand on 2 x S by

_ ) =1 ifp(z, fo(w)) > ¢,
9(w,z) = { 0 otherwise.

By Lemma 4.11 and Theorem 4.10(:) we have liminf, Jy(f,) >
Jg(fo) = 0; ie., limsup, p({w € Q: p(fn(w), fo(w)) = €}) =0.

(b) = (a): Let A € A, ¢ € Cp(S,p) be arbitrary. It is enough
to prove that 8 = [, c(fo)dp for B := liminf, [, c(fn)du (for the
same argument applies to —c). Clearly, there exists a subsequence
(fn) such that 8 = limy [, c(fnr)dp. By (b), (p(fu, fo)) certainly
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converges in measure to zero in £9(;R). So by [4, Theorem 2.5.3]
(fnr) has a subsequence ( f,») that p-converges a.e. to fo. The desired
identity for 8 thus follows from the dominated convergence theorem.

O

Next, Theorem 2.12 is transferred to tensor products of Young
measures. Let (', A',u') be another finite measure space and let
(S’,7") be another topological space for which the obvious analogues
of Hypotheses 2.1, 2.3 hold; we denote the associated metric on S’
by p' (observe that the topological space S x S’ then also meets
the analogue of Hypotheses 2.1, 2.3). The tensor product § ® §' of
§ € R(2;S) and &' € R(R;S’) is defined by

(0 ®6")(w,w') :=6(w) x (W),

ie., (0 ® ¢')(w,w') is the product of the two probability measures
d(w) and §'(w'). Tt is clear that § ® &', thus defined, is a transition
probability from (2 x @', A4 x A’) into S x S'; hence, it belongs
to R(2 x ;8 x 8'). We now present a continuity result for the
tensor product with respect to narrow convergence. There is also
a fully topological analogue; see [17] where these results were first
introduced (see also [97, Ch. IX]).

THEOREM 4.17. (i) Let 6, == &y in R(;S) and let &, L, 8 in
R(Y;S"). Then

0n ® 8. 2L 50 ® &) in R(Q x ;8 x 5.

(11) Moreover, if (6,) is T-tight and (0, is T'-tight, then
50 ® 61 25 50 @ 8 in R(Q x 25 8 x §).

LEMMA 4.18. For every A € A x A’ and every € there exist finitely
many disjoint measurable rectangles A; x AL in AxA',i=1,...,m,
such that the symmetric difference of A and U, A; x AL has pu x '
measure at most e.
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Proof. The algebra consisting of finite disjoint unions of measurable
rectangles generates A x A’; hence, the result follows by [4, 1.3.11].
O

Proof. of Theorem 4.17. (i) Let A € Ax A’ and ¢ € Cy(Sx S, pxp'),
and set g(w,w',z,1') := 1;(w,w')c(z,2"). Since uniform limits of
finite sums of continuous functions are continuous, the result ob-
tained in Lemma 4.18 enables us to just consider the case A =
Ax A", with A € Aand A" € A'. We may also suppose u(4) > 0,
p' (A") > 0. Then Iy(6, ® 6;,) = p(A)p'(A) [y g €d(vn X v},), where
Up = [p® 6,)(A x ) /p(A) and v}, := [p ® 6,](A" x -)/u(A") satisfy
Un % vy and v/, L vy, in view of Remark 4.2. By Theorem 2.12(3)
this gives Io(d, ® 0;,) — I4(dp ® dp). This finishes the proof of part
(). Part (i3) directly follows by Theorem 4.8(ii), since (d, ® d},) is
evidently tight for 7 x 7/. Alternatively, it can be obtained as above
by using Theorem 2.12(i7) this time. O

As shown by the following counterexample, Theorem 4.17 need
not hold when the measure on (2 x Q', A4 x A’) is not a product
measure, even when g and p’ are its marginals.

EXAMPLE 4.19. Take for (Q,.A) and (', A) the space ([0,1], B([0, 1])).
Let (fn) be the sequence of Rademacher functions on Q and let

(f7) be the sequence of Rademacher functions on Q' (see Ezam-

ple 3.2). Equip Q := [0,1]* with A = B([0,1)?) and fi, defined
to be the uniform measure concentrated on the diagonal of [0,1]%.
Equip (2, A) and (', A’) each with the Lebesque measure. Then
by Ezample 3.2, we have €5, = & in R(;R) and s = Jg in
R(Q;R), but (ef, ® epr) does not narrowly converge to dy ® &g in
R(:R?). To see the latter, apply Definition 4.1 with A := Q and
c(z,x') := za'; then in Definition 4.1 the limit on the left equals 1,
but the expression on the right is equal to 0.

5. Lower closure

Let (©2,.A, ) be as in section 4 and let (S, 7) be a completely regular
Suslin space (cf. Remark 2.4(i7)). In this section we combine the
main results from section 4 in the form of so-called lower closure
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results. As an abstract starting point for lower closure we have the
following immediate consequence of Theorems 4.8, 4.14 and 4.15:

THEOREM 5.1. Let (6,) be a T-tight sequence in R(2; S). Then there
exist a subsequence (01) of (6,) and 6, € R(Q;S) such that

Ont X €g =5 §, x €oo-
Besides, 0. has the following pointwise support property:
0 (w)(1-seq-cl 7-Ls, 7-supp o, (w)) =1 for a.e. w in Q.

Somewhat more concretely Theorem 5.1 can be stated as follows.
Let (D,dp) be an arbitrary metric space.

THEOREM 5.2. Let (d,) in R(Q;S) be -tight and let d,, 5 dy in
L2(Q; D) (convergence in measure). Then there ezist a subsequence
(0nr) of (6n) and 6« in R(; S) such that

lim inf /Q [ /S 0w, T, dp ()0 () ()] 1 (d) >

> [ b [ ey, do(@))3 (@) (o))

for every sequentially T X 74, -sequentially lower semicontinuous
integrand £ on Q x (S x D) such that

s'(a) := lim sup / /{£< a}wn (W, T, dp(w))0n (w)(dz)|p(dw) — 0

T a5 n
(5.1)
Besides, 0, has the following pointwise support property:

0 (w)(1-seq-cl 7-Ls,, 7-supp o, (w)) =1 for a.e. w in Q.

Here {¢{ < —a},, stands for the set of all z € S for which
L w,z,dp(w)) < —a.

Proof. Theorem 4.8 and well-known facts about convergence in mea-
sure ([4, Theorem 2.5.3]) imply the existence of a subsequence (d,7, dy)
of (0,,dy,) and existence of a 6, € R(T; S) such that 6, == §, and
dp(dy (w),dp(w)) — 0 for a.e. w. By Theorem 4.15 this implies
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the stated pointwise support property for d,. By Theorem 4.14 this
gives 0y == b, in R(Q S), with § := S x N, 4, := &, X ¢, and
8s := 0, X €xo. Rather than to renumber, we suppose without loss of
generality that (n’) enumerates all the numbers in N. Let £ be as
stated. We define g, : Q x § — (—o0, 400] by

) lw,z,di(w)) k<00
9e(w, %) := { E(w,:z;,dlg(w)) if k =00

Then gy is a 7-lower semicontinuous integrand, modulo an insignifi-
cant null set (note that for £ = oo lower semicontinuity of ge(w, -) at
(z,00) follows from d, (w) — dp(w) and the lower semicontinuity of
l(w,-,-) at (z,dp(w))). Since (5.1) coincides with (3.1) for g = gy, we
may apply Theorem 4.10 to gy. This gives lim inf,, Igé(gn/) > 1, (6,)-
Since the following identities hold elementarily for each n' and w:

/ ge(w, 58, (w) (dE) = / 0w, 7, dpy ()6 () (),
S S

/g 90(w, )b (w) (d7) = /S Ow, 2, do (@))5: () (da),
the main inequality of the theorem has also been proven. O

REMARK 5.3. Let h be the nonnegative, sequentially T-inf-compact
integrand h on Q x S that corresponds as in Definition 3.3 to the
T-tight sequence (6,) in Theorem 5.2; i.e., with s := sup,, In(6p) <
+o00. Then the uniform integrability condition (5.1) applies whenever
the integrand £ has the following growth property with respect to h:
for every e > 0 there exists . € L1 (;R) such that for everyn € N

0 (w,z,d,(w)) < eh(w, ) + pe(w) on Q x XS.

Indeed, we can observe that the set {{ < —a}, , in (5.1) is contained
in the union of {¢e < eh} and {de > a/2}, which gives s'(a) < 3es
+ f{¢5>a/2} ¢e dp, whence s'(a) = 0 for a — oo, as claimed.

Let us show that the so-called fundamental theorem for Young
measures in [40] follows from Theorem 5.2. To this end, let L be a
locally compact space that is countable at infinity; its usual Alexan-
drov compactification is denoted by L := LU{oo}. Although it could
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be avoided by the additional introduction of transition subprobabil-
ities (see the comments below), the Alexandrov compactification L
of L figures explicitly in the result. The space L is metrizable, and
its metric is denoted by d. On L we use the natural restriction of d
and denote it by d. Let Cy(L) be the usual space of continuous func-
tions on L that converge to zero at infinity. Also, below v denotes a
o-finite measure on (€2, A).

COROLLARY 5.4. (i) Let (fn) in £L°(Q; L) and the closed set C C L
be such that lim, v(f, {(L\G)) = 0 for every open G, C C G CL.
Then there exist a subsequence (fn') of (fn) and 0 in R(Y; L) such
that

tim [ $)elf @)v(do) = [ [ [ $(w)e@)s, (@) (do)v(d)

for every ¢ € LY\ R) and every ¢ € Co(L). Besides, we have
0x(w)(L\C) =0 for a.e. w in Q.

(19) Moreover, if for that subsequence (f,) there exists a sequence
(K,) of compact sets in L such that lim,_, sup,, v({w € Q: f(w) &
K,} =0 then 6,(w)({oo}) =0 for a.e. w in Q and

lim [ p@)elfw(@)r(do) = [ [ $@)e(w)s. () (da)lv(do)

for every A€ A, ¢ € L'(A;R) and ¢ € C(L) for which (1ac(fn)) is
relatively weakly compact in L'(A;R).

In [40] both L and € are Euclidean, and the K, ’s are closed balls
around the origin with radius r. As was done in [40], the result could
be equivalently restated in terms of the transition subprobability ¢,
from (2, .A) into (L, B(L)), defined by obvious restriction to L, i.e.,
0L (w)(B) := 0«(w)(B U{0}), B € B(L). In this connection the
tightness condition in part (#4) guarantees that d, is an authentic
transition probability (Young measure). Rather than via (i), part
(%) can also be derived directly from Theorem 3.7 or 5.2.

Proof. (i) By o-finiteness of v, there exists a finite measure x that
is equivalent to v. Let ¢ be a version of the RadoP-Nikodym density
dv/du. Now (8,), defined by 6, := €7, € R(R,; L), is trivially tight
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by compactness of L (set h = 0). By Theorem 4.8 or 5.2 there exist
a subsequence (f,) of (f,) and 8, € R(Q; L) for which €f.) = 5,.
Every ¢ € Co(L) has a canonical extension é € Cy(L) by setting
é(o0) = 0. Now b is p-integrable for any ¢ € LY(Q,A,v;R), and
Theorem 4.10 (or 5.2) can be applied to g : Q@ x L — R given by
g(w, z) := t¢(w)p(w)é(z). This gives the desired equality, because
of the identity [, ¢ [ &(x)0.()(dz)du = [o b [; c(z)d.(-)(dz)dw.

Next, let C' be as stated. For any ¢ € N the set Fj, consisting
of all z € L with d-dist(x,C) < i7!, is closed in L. Note already
that N;F; = C, by the given 74-closedness of C in L. Further, F =
F; U {oo} is closed in L. Set §;(w,z) := (/?’(w)li\ﬁi (). This defines
a nonnegative lower semicontinuous integrand §; on € x L. Hence,
I;,(8,) < Bi := liminf, Iy, (es ) by Theorem 4.10(c). By Ji\ﬁ =
L\F; the definitions of §; and ¢ , glve I (er.,) = v(f (I\Fy)). S
Bi = liminf, v(f,"(L\F})) < v(f,,'(L\G:)), where GZ, G; C E, is
the T4-open set of all z € L with d- dist(x C) < 'i_l Since G; D C,
the hypotheses imply 0 = 3; > I = Jq 0x(-)(L\F;)dv. Hence
0x(w)(L\C) = 0 v-a.e. because of ﬂ F C’ Wthh was demonstrated
above.

(79) The additional condition is then a tightness condition for
(€f,), when viewed as a subset of R(f2; L) (take I'c = K, for large
enough r in Definition 3.3(b)). Hence, there is a 7,-inf-compact in-
tegrand h on Q x L with s := sup,, I4(dn) < +00. Define the inf-
compact integrand hon Q x L by h(w,z) := h(w,z) if z € L and
h(w,oo) := +00. Since h is in particular a lower semicontinuous
integrand on Q x L, we have I;(6x) < liminfy I;(es,) by Theo-
rem 4.10. Trivially, I;(es ,) = In(ey,,), so we get I} (6.) < s < +o0.
The latter shows that 0x(w)({o0}) = 0 for p-a.e. w in Q, whence for
v-a.e. w. S0 &, can also be viewed as an element of R(€; L), for

which we then get € , N 0, in R(£2; L) by the above. To conclude,
observe that for any A € A with v(A) < +00 Theorem 4.10 applies
to g(w,z) := +14(w)p(w)P(w)e(x), which is a continuous integrand
on Q x L that is py-integrably bounded. In view of part (¢), this gives
the desired limit statement if A has finite measure. If v(A) = +o0
and A is as stated, there exists, by v’s o-finiteness, a sequence (4;)
of subsets of A with finite v-measure, with A; 1 A. The previous
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result applies to each of the A; and the weak relative compactness
hypothesis implies uniform o-additivity, i.e., sup,, | A\A; le(frn)|dv | O
[47]. So also in this case the desired limit statement follows. O

If in the above lower closure Theorem 5.2 additional conditions
are imposed upon the Young measures (d,,), then extra “barycentric”
information about §, may become available in terms of its marginals.
In this way, Theorem 5.2 will be turned into a very general lower
closure result “with convexity”. Let E and F' be separable Banach
spaces, each of which is equipped with a locally convex Hausdorff
topology, respectively denoted by 7r and 7p, that is not weaker
than the weak topology and not stronger than the norm topology.
As usual, £!(2; E) denotes the space of all Bochner integrable E-
valued functions (here this is precisely the space of all e € L°(Q; E)
such that |le(:)||g is p-integrable). Let (D,dp) be a metric space.
Functions that are “barycentrically” associated to Young measures
can play a special role in lower closure and existence results. This is
demonstrated by our proof of the following result.

THEOREM 5.5. Let dp 5 do in L9(S%; D) (convergence in measure),
en — e in LY E) (weak convergence), and let (f,) in LY(Q; F)
satisfy sup, [qo||fnllFdp < +oo. Suppose that there exist Tgp- and
Tr-ball-compact multifunctions Rp : Q — 2F and Rp : Q — 2F (cf.
Ezample 3.4) such that

{(en(w), fu(w)) : n € N} C Rp(w) X Rp(w) p-a.e.

Then there exist a subsequence (dy,en, fr) of (dp,en, fn) and fi €
LY(Q; F) such that

timinf [ £, e (), for (@), e () ) 2

> [t 0(w), . (w), do() (d)

for every sequentially Tg X T X Tp-lower semicontinuous integrand
£ on Q x (E x F x D) such that the following hold:

(L™ (,en(-)s fr(-),dn(+))) is uniformly (outer) integrable
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(see Remark 3.6(ii)) and

U w, -, do(w)) is convex on E x F for a.e. w.

Besides, the functions eq and fx can be localized as follows: 2

(eo(w), fr(w)) € cl co-w-Lsp{(en(w), fn(w))} for a.e. w in Q.

Observe, as was already done following Example 3.4, that the
ball-compactness condition involving Rr and Rp is automatically
satisfied in case the Banach spaces E and F' are reflexive.

Proof. To apply Theorem 5.2 we set S := E X F, 7 := 75 X 7r and
On = €(e,,f,)- Observe that S is a separable Banach space for the
product norm || - ||s, so (S,7) is a Suslin space, and by the Hahn-
Banach theorem (S,7) is completely regular. Next, we note that
(llen]]) in £1(£2; R) is uniformly integrable; this follows from the weak
convergence hypothesis (apply [47, Theorem 1] and [81, Proposi-
tion I1.5.2]). In particular, this implies sup,, [q, ||(en, fn)|lsdp < +oo.
By 7-ball-compactness of R := Rgr x Rp this proves that (d,) is 7-
tight, in view of Example 3.4. We can now apply Theorem 5.2. Let
the subsequence (d,/,d,) of (0p,d,) and d, in R(£2;S) be as guar-
anteed by that theorem, i.e., with §,; == §,. Then it is elementary
to establish from Definition 4.1 that, “E-marginally”, € , = §F
and, “F-marginally”, €; , == 6L'. Here 67(w) := 6,(w)(E x -) and
0F (w) := 0,(w)(- x F). So E-marginally we then have the situa-
tion of Example 4.9(b), which gives that bar 6¥ = ey a.e. Also, F-
marginally we have the more primitive situation of Example 4.9(a),
which gives existence of f, € L£L}(Q; F) such that f, = bar §f a.e.
(note that 7g- and 7p -ball-compactness imply o(E, E')- and o(F, F')-
ball-compactness respectively). Recombining the above two marginal
cases, we find bar d, = (e, f«) a.e. (note that barycenters decom-
pose marginally).

We now finish the proof. For an integrand £ of the stated variety
Theorem 5.2 gives

*

lim inf ; Uw, e (W), frr(w), dpr (w))p(dw) >

n’ -

%In case E and F are finite-dimensional one may replace here “cl co” by “co”.
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> 1), e, dof))0, (@) (dla ) ()

(see also Remark 3.6(i7)). In the inner integral above, the convexity
of £(w,,-,dp(w)) gives

/E e,y do(@)0, (@) 2 glw,bar 8, (), do(w) =
= g(w,eo(w), fx(w),do(w))

for a.e. w, by Jensen’s inequality and our previous identity bar §, =
(eo, f+) a.e. The desired inequality thus follows. O

The above lower closure result “with convexity” is quite general:
it further extends the results in [11, 14], which in turn already gen-
eralize several lower closure results in the literature, including those
for orientor fields (cf. [52]). See [23] for another development, not
covered by the above result. Results of this kind are very useful in
the existence theory for optimal control and optimal growth theory.
Corollaries of Theorem 5.5 are so-called weak-strong lower semiconti-
nuity results for integral functionals in the calculus of variations and
optimal growth theory; cf. [45, 52, 65]. Recently, similar-spirited ver-
sions that employ quasi-convexity in the sense of Morrey have been
derived from Theorem 5.2 in [72, 90] (these have for e,, the gradient
function of d,, and depend on a characterization of so-called gradi-
ent Young measures [83]). Another result that is generalized by the
above theorem is as follows.

COROLLARY 5.6. Let f,, = fo in £L1(Q; R%) (weak convergence). Then
fo(w) € co-Lsp{ fn(w)} for a.e. w in Q.

This result is due to Z. Artstein [3, Proposition C]. It is obtained
from Theorem 5.5 by setting E := R? and activating the footnote in
its statement. We turn briefly to an extension of the Dunford-Pettis
theorem (sufficiency part); this comes from [26, 31] and generalizes
[49] and [36, Lemma 4.3]. Again E denotes a separable Banach space.

THEOREM 5.7. Let (f,) in L1 (9; E) be uniformly integrable and such
that for every € > 0 there is a multifunction T : Q — 2F | having
norm-compact values with p*({w € Q : fp(w) € Te(w)}) < € for all
n. Then there exist a subsequence (fn') of (fn) and f. € LY(Q; E)
such that limyy || [4 frrdp — [4 f<dpl] = 0 for every A € A.
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Above p* stands for outer u-measure. Obviously, when FE is
finite-dimensional, the tightness condition in the above result holds
automatically and we get the Dunford-Pettis theorem (sufficiency
part).

Proof. We set S := FE and 7 := norm-topology. By Definition 3.3(b),
the sequence (ef,) is 7-tight. Also, by uniform integrability, (fy) is
of course bounded in £!-seminorm. Theorem 3.7 gives existence of
a subsequence (f,/) and 8, € R(€; E) such that e¢;, == &,. Be-
cause of o(E,E') C 7, Example 4.9(b) implies f,, — f, := bar d,.
But more can be said. Let A € A be arbitrary and set a :=
—limsup,, || [4(fww — f«)lldp. Without loss of generality we may
suppose —|| [4(fwr — f+)du|| = @ < 0. By the Hahn-Banach theo-
rem, there exists a sequence (z;,) in the unit sphere of the dual space
E' such that

A [ Gl =< [ =1ty >= [ < o foraiy > d

for every n’. By the Alaoglu-Bourbaki theorem it then follows that
a subsequence of (z/,) converges in the weak star topology to some
z! in the closed unit ball of E' (note that this ball is metrizable); we
may suppose without loss of generality that the entire sequence (z],)
converges to z/ . Since 7 is the norm-topology, a semicontinuous
integrand £ on Q x (N x S) is defined by £(w,n’,z) := 14(w) <
z— f«(w),z), >. Then Theorem 5.2 gives @ > [, < fx— fy, Thy > dp
= 0, and we get a = 0. O

More obvious corollaries of Theorem 5.5 (namely, where the space
F is completely absent) are so-called weak-strong lower semiconti-
nuity results for integral functionals in the calculus of variations and
optimal growth theory [45, 52, 65],

The following example is intended to indicate the usefulness of
Theorem 5.5 for the study of existence in optimal growth. Notwith-
standing its modesty, it already covers quite some models used in
optimal growth theory (this point is elaborated in [41]). More gen-
eral and more complex existence results, with infinite horizon and a
recursive discount term in the objective integrand can be found in
[23, 41]. Such applications require a slight extension of Theorem 5.5
to the situation where F' is [0, +o0] (i.e., a non-vector space).
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EXAMPLE 5.8. Consider the following optimal growth problem.

(P) : minimize J(y) := /[0*1] g (t, y(t),5(t))dt

over all y € Y, where Y is the set of all absolutely continuous func-
tions y € AC([0, 1]; R™) that satisfy both the differential inclusion

y(t) € U(t,y(t)) a-e. in [0,1]

and the boundary condition y(t) € A(t) for allt € [0,1]. Here [0,1] is
equipped with the usual Lebesgue structure and A(t) C R™ is compact
for t = 0 and closed for all other t. Also, U : [0,1] x R" — 2R"
is a multifunction whose values are compact and convexr, and for
every t € [0,1] the multifunction U(t,-) is upper semicontinuous.
We suppose that there exists ¢ € L1([0,1];R) such that every y in
Y satisfies |y(t)] < ¢(t) a.e. Further, g° : [0,1] x R® x R" — R,
is such that g°(t,-,) is lower semicontinuous for every t € [0,1] and
g°(t,d,-) is convex for every (t,d) € [0,1] x R™. Then an optimal
solution for (P) exists, provided Y # ().

To let this existence result follow from the above, we take a min-
imizing sequence (yg) in Y. By the condition involving ¢, the collec-
tion (Yx) is uniformly integrable, so by compactness of A(0) we have
that (yi) is equi-continuous and bounded. Hence, by applying in suc-
cession the Arzela-Ascoli theorem and the Dunford-Pettis theorem,
we get existence of a subsequence (yn) of (yx) and functions y,. in
C([0,1];R™) and e, in L1([0,1); R™) such that yn, — ys uniformly on
[0,1] and g, = e, weakly in L1([0,1]; R™). This immediately implies
y«(t) € A(t) for every t, and also, by y,(t) = yn(0) + fg Un for every
n, we get y.(t) = y«(0) + f(f ex. Hence, 7, = e, a.e.

We now apply Theorem 5.5 with the following substitutions: D :=
E:=R", d, :=yp, do := y« and e, := Yy, € := Y. Also, for g we
take:

Pt d,z) if x € U(t,d),
~+o00 otherwise.

g(t,z,d) := {

Let us verify that o := lim inf; g(2, z?, d) > g(t,z,d) whenever (z7,d")
— (Z,d) in R®™. If a = +o0, there is nothing to verify. Other-
wise, we may suppose without loss of generality that g(t,z?,d’) — «
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and that g(t,z7,d?) < +oo for all j. This gives z/ € U(t,d’) and
g(t,z?,d?) = g°(t,d?, x7), whence in the limit T € U(t,d) (by upper
semicontinuity of U(t,-)) and ¢°(t,d,Z) < a (by lower semicontinu-
ity of g°(t,-,-)). We therefore conclude g(t,Z,d) < a, as was desired.
It is evident that g(t,-,do(t)) is convex for every t, so all the con-
ditions of Theorem 5.5 are met. Since dy = 7y a.e. and g > g° we
get

*

tmint [ 90t in(0.vn (@) > [ 80 0).90(0)dt = T(02).

But recall that (yp) is a subsequence of a minimimizing sequence of
(P); this implies inf(P) = lim,, J(y,). Also, (yn) is in ), which im-
plies g(t, 7n(t), yn(t)) = ¢°(t, yn (1), Un(t)) for a.e. t for every n € N.
Combination of the preceding gives inf(P) > J(y«). Now either
inf(P) = +oo or inf(P) < +oo. The first possibility means that
J = 400 on Y, in which case every y € Y is an optimal solution of
(P). The second possibility implies, by the inequality inf(P) > J(y.),
that for a.e. t we have g(t,9.(t),y«(t)) < 400, i.e., Y«(t) € U(t,ys(t))
(and g(t,9+(t), y«(t)) = g°(t, y«(t),9x(t))). This proves that vy be-
longs to Y, so the conclusion is that y, is an optimal solution of
(P).

The following lower closure result “without convexity” comes
from [11, 13]; it is a “Fatou-Vitali lemma in several dimensions”
that subsumes the result given in [3] and the original “Fatou lemma
in several dimensions” due to Schmeidler [87]. This kind of Fatou
lemma has played a role as a technical tool to obtain equilibrium
existence results; e.g., cf. [62]. See [37] for further generalizations
of the result, involving multifunctions with unbounded values and
associated asymptotic correction terms.

THEOREM 5.9. Let (f,) in L1(Q;R%) be such that

a:= liTILn/ fndu exists (in RY)
Q
and

(max(0, — f)),, is uniformly integrable fori=1,...,d.
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Then there ezists f. € L1(Q;RY) such that [ fodu < a (i.e., com-
ponentwise) and

fe(w) € Lsp{fn(w)} for a.e. w in Q.

Observe how, in contrast to Corollary 5.6, the convex hull oper-
ator has disappeared from the last statement of the theorem. We
prepare the proof as follows. First, state Lyapunov’s theorem in the
following convenient form for Young measure theory, where (S, 1) is
a completely regular Suslin space.

THEOREM 5.10. Suppose that (2, A, i) is nonatomic.

Let g := (g1,.--94) : @ x S — R? be A x B(S)-measurable and let
0 € R(Q;S) be such that

1. latw,)/6) @)l u(d) < +oo.
Then there exists f € L°(9; S) such that
Jo, (f) =14,(0),i =1,...,d, and f(w) € supp §(w) for a.e. w in Q.
In terminology of decision theory, the above result is a purifica-
tion result. It immediately also implies a general denseness property
of Rpirac(2;5) in R(;S) with respect to the 7-narrow topology;

cf. [97] and [12, 30]. For S := R? and g;(w, ) := z* (i-th coordinate
function) Theorem 5.10 yields the following corollary.

COROLLARY 5.11. Suppose that (2, A,p) is nonatomic. Let § €
R(RY) be such that

L1 lalo(@)dn)u(dw) < +oo.
Q JRd
Then there exists f € L1 (S RY) such that

/ fdu = / bar ddy and f(w) € supp §(w) for a.e. w in Q.
Q Q
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Proof of Theorem 5.10. Denote I'(w) := supp d(w). By Proposi-
tion 2.14 and Theorem A.10(i%i) we have

p(w) := /S(Ig(w,w)lag(w,fv)ﬁ(u))(dw) €

€ co {(lg(w,x)|,g(w,x)) : z € T(w)} for a.e. w in .

The closed-valued multifunction T' : Q@ — 29 is measurable in the
standard sense [50, IT1.9, IT1.10]), because for any open U C S the set
of all w with T(w)NU # 0 is precisely {w € Q : §(w)(U) # 0} € A. So
by Carathéodory’s theorem and an obvious application of the implicit
measurable selection theorem [50, Theorem III.38] there exist A-

measurable functions ay, ..., ag2 : Q — [0, 1], with Zd+12 aj(w) =1
for all w, and A-measurable selections s, ..., Sqy2 : @ — S of ' such
that

d+2

Za, (lg(w, si(w))], g(w, s;(w))) for a.e. w in .

Integration over the variable w in the first component of this identity
gives [o > ; a4lg(-, si(-))| < +o0. Hence, by the extended Lyapunov
Theorem A.9 there exists a measurable partition By,...,Bgyo of Q
such that each g(-, s;(-)) is integrable over B; and

J, Selate Dl gtesi0) = 32 [ (e siatsi )

We define f € £}(Q;S) by setting f := s; on B;, i = 1,...,d + 2.
Then, f is evidently an a.e. selection of I' and if we integrate over w
in the last d coordinates of the above identity for p(w) we obtain

/Zalg ,8i (- Z/ /Qg(af())

Here the right hand side equals (Jy, (f),...,Jg,(f)) and by the defi-
nition of p(w) the left hand side is equal to (I, (0),...,1g,(0)). O

Proof of Theorem 5.9. By Proposition A.6, (2, A, 1) can be decom-
posed in a nonatomic part 2"® and a purely atomic part that is the
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union of at most countably many p-atoms A;. It is easy to see from
the conditions that the sequence (f,) is bounded in £!-seminorm.
Since every function f,, is a.e. equal to some constant ¢/, € R? on the
atom Aj, it follows from this £!-boundedness that (c}) is relatively
compact for every fixed j. Hence, an obvious diagonal extraction
argument gives that there exist a subsequence (f,) of (f,) and a
function f, : U;4; — R?, constant on each atom Aj, such that
fm(w) = fi(w) for a.e. w € U;A;. We can now apply Theorem 5.2
to the sequence (6,,) in R(Q;R?), with &, := €y, (here S := RY).
Notice that the central tightness condition of that theorem holds, be-
cause obviously sup,, [, |fm|dp < +00 (cf. Example 3.4). By Theo-
rem 5.2 there exist a subsequence (§,,/) and 6, € R(€;R%) for which
the statements of the theorem hold. In particular, the pointwise
support property for d, gives

supp 0x(w) C Ly {fm(w)} for a.e. w in Q™

and
supp 0y (w) = {f«(w)} for a.e. w in U;A4;.

Now we apply the Fatou-Vitali inequality of Theorem 5.2 to the
continuous integrands ¢; : (w,n,z) — z*, i = 1,...,d (observe that
Li(w,m, fr(w)) > ¢dm(w) := —max(0,—f%) for each i, with (¢y,)
uniformly integrable). This gives

@ > /Q [ /R 6, () (do) a(do) = /Q (bar 6, )dy
(note that f;, £, (w)u(dw) equals [l zes, (@)(do)|u(dw). Ad-

ditionally, applying the same sort of inequality to £ : (w,n,z) —
lona (w)|z| gives

/na [/Rd |28+ (w) (dz) ] 4(dw) < +o0.

By Corollary 5.11, there is an integrable function f, : Q"¢ — R4
such that f.(w) € supp d.(w) a.e. and

/ fedu =/ bar d,.du.
Qna Qna
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Concatenating f. with the function f, defined earlier on U;A;, we
obtain the desired f, € £1(€;R?) (recall that a’ > [ (bar d,)'du for
each 7). O

We finish this section by two applications of lower closure “with-
out convexity”. The first of these concerns an existence problem
whose origins lie in mathematical economics (cf. [6]):

EXAMPLE 5.12. In [6] the following optimization problem was con-
sidered:

(P) : mazimize J(f) := /[0 . Ul(t, f(t))dt

over all functions f € L£1([0,1); RP) with f(t) € RY a.c. and Jou f =
b. Here b € R is fized, and the utility integrand U : [0,1] x RE —
[—00, +00) is A x B(RE.)-measurable, with U(t,-) upper semicontin-
uous and (coordinatewise) nondecreasing on RY. for every t € [0, 1].
In this form (P) need not have an optimal solution [e.g., consider
p=1,U(t,z) :== 2% and b > 0]. However, as shown in [6], (P) has
an optimal solution if U has the following growth property: for every
€ > 0 there exists ¢ € L1([0,1;R), ¢ > 0, such that for every
t €[0,1]

U(t,z) < €|z| for all z € RE with |z| > ¢c(t).

We show that the principal existence result of [6] follows from The-
orem 5.9. We first claim, following [42, p. 157], that the growth
poperty of [6] implies the following growth property: for every e > 0
and every t € [0,1]

Ul(t,z) < e€|z| + /pe(t) for all z € RE,

where e := ¢1+ Pe. Indeed, note that U(t,z(t)) < |2(t)|, where Z(t)
is the vector all of whose components equal 1. (t); hence, by the given
monotonicity of U(t,-), it follows that U(t,z) < |Z(t)] = /PYe(t)
whenever ' < 1 (t) for all i, 1 <i < p. And if z* > ) (t) for any
i, then |z| > ¢(t), so that U(t,x) < €|z| holds by the hypothesis.
Hence, the claim has been proven. Let s := sup(P) and observe, by
the growth property in its new form, that we have s < +o00. Without
loss of generality we may suppose s € R. Let (f,) be any mazimizing
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sequence for (P), i.e., (fn) is a sequence of nonnegative functions in
L£1([0,1]; RP) with Joafn = b and J(fn) — s (note that (P) is
feasible for elementary reasons). To apply Theorem 5.9 we take for
(Q,A, 1) the unit interval cam Lebesgue structure. Also, we define
a sequence (fr) by

fn(t) = (_U(t,fn(t)),fn(t))'

Then without loss of generality (f,) C £'([0,1]; RP*Y) and Jio,11 fn—
(—s,b). Also, (max (0, —f%)),, is uniformly integrable fori =0,...,p.
For i =1,...,p this is triial (by f, > 0), and for i = 0 it follows
from the growth property, in the form above, that for every e > 0 and
every measurable subset A of [0,1]

/AU(t,fn(t))dtSe/AlfnlJr\/z_?/AweSegb“r\/ﬁ/Awe-

This implies equi-integrability, so the sequence (— fg) s uniformly
integrable [81, I11.5.2]. Therefore, all the conditions of Theorem 5.9
hold. It follows that there exists fe € L([0,1];RP*Y) such that
f[o,l] o < —s, f[o,l] fe < b (here fo := (fL,..., 1)) and for a.c.
t fu(t) € Lspfn(t), i-e., for a.e. t there exists a subsequence (n}) of
(n), possibly t-dependent, such that

lim U (¢, fny (1) = £ (¢) and Tim foy (£) = £.(1).

By upper semicontinuity of U(t,-), the above directly leads to fO(t) >
—U(t, f«(t)), whence s < [io11 U, f+(t))dt. Now define fi(t) :=
f*(t)—l—b—f[o,l] f«; then f[0,1] fex =band J(fix) > s, as a consequence
of fex > f« and the monotonicity property of U. This shows that f.
is an optimal solution of (P).

The second example concerns existence of an optimal control
function in a problem with no explicit convexity properties; see [10]
for more involved applications that are also based on Theorem 5.9.

ExaAMPLE 5.13. Consider the optimal control problem.

(P): minimize J(f) = /[0 . Q(t, F()dt + e(y(1)
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over all control functions f € L°([0,1]; RP) with f(t) € F(t) a.e.
Here [0, 1] is equipped with the Lebesgue o-algebra A and the Lebesgue
measure j := A\1. Also, F :[0,1] — 2R is a compact and nonempty-
valued multifunction with A x B(RP)-measurable graph. The latter
is denoted by M. Further, the cost rate function g° : M — [0, +o0]
is product measurable, and g°(t,-) is lower semicontinuous on F(t)
for every t € [0,1]. The final time cost term e : R™ — (—o0, +00] is
supposed to be lower semicontinuous and bounded from below. The
dynamical system corresponding to (P) is as follows. To each control

function f there corresponds the absolutely continuous functionsy; €
AC([0,1]; R™), defined as the solution y of

y(t) = A(t)y(t) + g(t, f(t)) for a.e. t in [0,1],

with initial condition y(0) = yo, where yo € R™ is fized. Here A
belongs to L1 ([0,1]; R™*™) and g : M — R™ is measurable and such
that g(t,-) is continuous on F(t) for every t € [0,1]. Moreover, we
suppose that there exists ¢ € L([0,1);R) such that SUPger(t) |9(t )|
< ¢(t) for every t. By the structure of the dynamical system, the
trajectory yy corresponding to a control function f can be expressed
explicitly as follows [97, II.4.8]:

(6 = AOwo + M) [ AW gle, T at.

Here A € AC([0,1]; R™*™) is the fundamental solution, determined
by A = AA and A(0) = m x m-identity matriz. Using Theorem 5.9,
we prove that (P) has an optimal solution. Observe that (P) is feasi-
ble, since F' has a measurable a.e. selection. Let 1 := inf(P). We may
suppose without loss of generality v < 4+o00; hence, t € R. Let (fp)
be a minimizing sequence of control functions, i.e., with J(fy) — ¢.
Let /' := liminf, e(f,); then ' € R. Rather than concentrating on a
suitable subsequence, we may suppose without loss of generality that
e(fn) = ¢/. Also, by integrability of ¢, it follows easily that (yy, (1))
15 a bounded sequence in R™. Hence, rather than taking a suitable
subsequence, we can also suppose that (yy, (1)) converges to some
b € R™. Note already that ' > e(b), by lower semicontinuity of e.
Let us define f, € £1(]0,1];R2™t1) by

Fa(®) := (¢°(t, Fa(8), AQAR) " g(t, fu(1)), —A(L)A() " g(t, fu(2))).
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Observe that [ 1 fn = (=0 — A(D)yo, A(1)yo — b) and that
(max (0, —f2)) is obviously uniformly integrable for each indez i.
Hence, by Theorem 5.9 there ezists fe in ﬁl([O,vl];RZmH) such that
f[o,l] fa(«) < - LI; f[o,l]f <b- A(l)y07 f[o,l]f < A(l)yo —b, and
such that for a.e. t there exists a subsequence (n}) of (n), possibly
t-dependent, with

F0) =1limg®(t, fuy (1)), £ (£) = lim AQ)A®) " g(t, fuy (1)), F(2) =

lim —A(1)A(t) " g(t, fur (2))-

Ty
Here f := (fL,...,f™) and f := (fm*L,..., f2™). From the above
limit expressions it follows that f = —f a.e., which leads to f[o,l] f =
b— A(1)yg. Also, in the above limits, each (n}) has a further subse-
quence (ny) such that (f,y) converges to some vector zy in F(t) (this
is by compactness of the set F(t)). Thus, we get for a.e. t

Fi@) > ¢t m0), f(2) = = f(1) = AQO)AT (£)g(t, 1)

by (semi)continuity of ¢°(t,-) and g(t,-). By Theorem A.} we get
the existence of f. € L°([0,1];RP) such that f.(t) = z; for a.e. t.
From the above we now conclude that f is a control function such
that [o 72 < 1~ 1/ and [,y AVA™ (Dg(t, £u(8))dt = b— A(Lygo.
The latter simply states yr, (1) = b and, by the previous inequality
/> e(b), the former implies J(f«) < ¢ := inf(P). This concludes
the argument.

A more general approach to the subject of existence without con-
vexity can be found in [24]. There the dynamical system is also semi-
linear, as above, but the objective integrand gy is allowed to depend
in the state variable in a special way, involving concavity. Problems
of this kind were first investigated in [79]; see also [51, 76, 86, 80].
This approach uses a Bauer-type extremum principle [54] that is ap-
plied to a relaxation of the optimal control problem, i.e., a reformu-
lation in terms of Young measures. Use of this extremum principle
is based on the fact that in general the set Rp(€2; S) of Dirac Young
measures forms the extreme point boundary of R(€2;.5).
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6. Nash equilibria

Instead of a lower closure result for Young measures, as formed by
Theorem 5.2, we can also give existence results for variational in-
equalities in terms of Young measures. As shown in [21, 27, 7], such
results can be used to obtain existence results of a more classical
nature in game theory and economics. As in the previous section,
we suppose that (S, 7) is a completely regular Suslin space and refer
to Remark 2.4 in this connection.

THEOREM 6.1. Let h be a nonnegative, sequentially T-inf-compact
integrand on Q X S and let Ry, be the set of all 6 € R(2;S) with
I,(8) < 1; suppose that Ry, is nonempty. Let g : @ x S X Ry - R
be A x B(S) x B(Rp)-measurable and such that g(w,-,-) is lower
semicontinuous on S X Ry, for every w € Q, and g(w,z,-) is narrowly
continuous on Ry, for every (w,z) € Q x S. Moreover, g is supposed
to have the following growth property with respect to h: for every
€ > 0 there exists ¢ € L1(Q;R) such that

lg(w, z,0)| < eh(w, ) + pe(w) on QxS X Rp.

Then there exists 6, € Ry, such that

nf [ [ gw,m,0)0@)d0)utdw) = [ [[ glw,m,8.)3. (w)(ds)]n(do)
€ERnJQ JS QJs

Of course, in this result the set R}, is equipped with the (relative)
narrow topology and the corresponding Borel o-algebra.

Proof. There exists, by Proposition A.11, a countably generated sub-
o-algebra Aj of A such that g is also Ag x B(S) x B(R})-measurable.
Hence, we may suppose without loss of generality that A itself is
countably generated [note in particular that this also holds with
respect to the nonemptiness issue — augment by the o-algebra that
is generated by any fixed § € R, # 0]. We set C := R}, and define
7 : Rp X Ry — R in the following way:

m(8,n) = Igs(n) — Iy, (6),

where the integrand gs on Q x S is defined by gs(w, z) := g(w, z, d).
By Theorem 5.2 we have that R, is compact in the vector space
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generated by R(2; S) (the narrow topology obviously extends to the
latter). By that same theorem we also have that (6,7) — Iy, (n)
is lower semicontinuous. Indeed, by Theorem 4.5 it is enough to
check sequential lower semicontinuity, so if we let (éy,7,) converge
narrowly to (dg,n0) we can define, in a by now well-known way,
Lw,n,z):= g(w,,d0,) and £(w,x,0) := g(w, x,dy) to form an inte-
grand g on Q X (S x R},) that meets the conditions of Theorem 5.2.
The corresponding lower semicontinuity statement in Theorem 5.2
then amounts precisely to liminfy, Iy; (1) > Igs (o). Also, it fol-
lows, directly by Fatou’s classical lemma, that for every n € Ry
the functional § — Iy, (n) is upper semicontinuous. Taken together,
this shows that m meets the lower semicontinuity condition of Theo-
rem A.3, and all of the remaining conditions hold trivially. An appeal
to Theorem A.3 can thus be made, and this finishes the proof. [

Observe in the proof above that measurability of g(w,z,d) in
the variable ¢ only serves to fulfill the requirements of Proposi-
tion A.11. Hence, if one works a priori with a countably generated
sub-o-algebra A, there is no need for such measurability in §. In a
special, quite relevant situation the variational inequality statement
of Theorem 6.1 can be sharpened considerably [21, 27, 7]:

COROLLARY 6.2. Let ¥ : Q — 25 be a nonempty, T-compact-valued
multifunction with A x B(S)-measurable graph G. Let Ry, be the set
of all 6 € R(Q; S) for which

d(w)(E(w)) =1 for a.e. w € .

Let g : G xRy, — [—00,+00] be ((AxB(S)NG) x B(Ryx)-measurable
and such that g(w,-,-) is lower semicontinuous on X(w) X Ry for
every w € Q, and g(w, z,-) is narrowly continuous on Ry for every
(w,z) € G. Then there exists 0. € Ry such that

6 (w)(argming ey, 9(w, 2, 0x)) =1 for a.e. w in €.

Proof. Define

0 if z € ¥(w),
+00 otherwise.

h(w,z) :== {
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Then h satisfies the conditions of Theorem 6.1 and R, = Ryx; also,
the von Neumann-Aumann measurable selection theorem [50, Theo-
rem I11.22] implies that Ry is nonempty. Let g := arctan g. Then g
possesses the same (semi-)continuity properties as g, and in addition
it is bounded. Thus, by Theorem 6.1 there exists d, € Ry such that

inf [/ §(w, 7,6.)8(w) (da) a(dw) =

_// 3w, 2, 6.)8,(w) (de)]u(dw).

But here the left side can be processed further: it is certainly not
larger than the corresponding infimum over R pirac(£2; S)NRs. Hence,

int, [ 9, £ () 2 [ g, 2,0.)8.() (d)]n(d)
fecd Jo

where £, stands for the set of all f € £°(;5) with f(w) € B(w)

a.e. By another application of the measurable selection theorem in

this specific context ([16, Theorem B.1] — see also [50, VIL.7]) and

by using obvious modifications of functions measurable with respect

to the completion of A, it follows that

jut, [ 901w, () = /Q nf (2, ) ().

So we conclude that

| it g spde) > [[[ 5,268 ) (da)]a(dw),
Q z€X(w) Q JE(w)

and, obviously, the converse inequality must hold as well. It follows
now immediately that for a.e. w the probability measure d,(w) is
carried by the set argminy g(w, -, 04), which is clearly identical to
argminy,,,)g(w,, 6x) by strict monotonicity of the arctangent func-
tion. ]

COROLLARY 6.3. Suppose that p is a probability measure on (€, .A).
Let ¥ : Q — 29 be a multifunction with nonempty 7-compact values
and with a A x B(S)-measurable graph G. Let Ry, be as defined in
Corollary 6.2. Let U : G x P(S) — [—o0, +00] be ((A x B(S)NG) x
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B(P(S))-measurable and such that U(w, -,-) is upper semicontinuous
on L(w) x P(S) for every w € Q, and U(w, z,-) is narrowly contin-
uous on P(S) for every (w,z) € G. Then there ezists 6« € Ry, such
that

bx(w)(argmax ey )U(w, z, (4 ® 0,](2 x -))) =1 for a.e. w in Q.

This is a specialization of Corollary 6.2. It generalizes the main
results of [70, 77]; cf. [21, 27]. See [35] for further improvements, in-
cluding a unification of the above results with two separate existence
results given in [85]. Above, (92, A, ) functions as a measure space
of players, U(w,-,-) stands for the payoff (or utility) function of a
player w, and the product probability measure u ® J, constitutes a
so-called Cournot-Nash equilibrium distribution for the game.

Proof. Apply Corollary 6.2 by setting g(w,z,d) = —U(w,z,[p ®
d](2%-)). By Remark 4.2 the mapping 6 — [p®4§](€2x+) is continuous
from R(;S) to P(S), so g easily meets the conditions imposed in
Corollary 6.2. O

COROLLARY 6.4. Suppose that S is a separable Banach space, equip-
ped with the weak topology 7. Let ¥ : Q — 25 be a multifunction with
nonempty, T-compact and conver values, integrably bounded and with
a Ax B(S)-measurable graph G. Let L, be the set of all f € L1(; )
with f(w) € X(w) a.e., equipped with the weak topology. Let U :
G x L — [—00,+00] be ((A x B(S) N G) x B(LL)-measurable and
such that U(w,-,-) is upper semicontinuous on S(w) X LY for every
w € Q, U(w,z,-) is weakly continuous on L for every (w,z) € G
and U(w,-, f) is quasi-concave on X(w) for every (w, f) € Q x LL.
Then there exists f. € LY such that

fr(w) € argmax 5, U(w, 7, fi) for a.e. w in Q.

Proof. First, we apply the Corollary 6.2 by setting g(w, z, ) :=

—U(w,z,bar §). Note that for § € Ry the barycentric function
w + bar §(w) (or at least an a.e.-modification of it) belongs to L;
cf. the proof of Theorem 5.5. Recall that the dual of £'(£2;S) can be
identified with the (prequotient) space £>(€2;.5*)[S] of all uniformly
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bounded and scalarly measurable S*-valued functions on (9, A, u1);
cf. [66, IV]. For any b € £°(€; §*)[S] the identity

/Q < bar 6,b> dy = /Q[/S < 2,b(w) > 6(w)(dz)]u(dw)

shows that § +— bar § from Ry into £} is a narrowly continuous
mapping. Hence, the conditions of Corollary 6.2 are met, and we
conclude that there exists d, € Ry, such that

6 (w)(argmax ey, U(w, z, f«)) = 1 for a.e. w in €,

where we set f, := bar d, (by the above, this is an integrable func-
tion). By the given quasi-concavity the “argmax” set is convex in the
above expression. Since it is also weakly closed (in fact weakly com-
pact) it follows (Hahn-Banach) that it is strongly closed. Therefore,
the desired statement follows directly from Theorem A.10(ii). O

The above existence result for Nash equilibria generalizes [88,
Theorem 2.1] and [69, Theorem 7.1]. Recently, a more general exis-
tence result was obtained in [32]; see also [35] for further extensions.
This involves a new topology, called the feeble topology, which dis-
penses with integrable boundedness of ¥ by extending the above
weak topology on L} to the set £ of measurable a.e. selections of
3. Also, this result includes (partial) purification by nonatomicity
(so as to avoid quasi-concavity and convexity assumptions), and for
instance the main result Theorem 4.7.3 in [64] follows from it as
well. The analogy should be clear to the reader: just as barycentric
techiques for lower closure “with convexity” were useful above, so
can techniques for lower closure “without convexity” lead to parallel
(or combined, via a partition of the measure space, as in the case of
Theorem 5.9 and [32]) existence results for equilibria.

Finally, we present an existence result for Bayesian Nash equi-
librium in games with incomplete information [63, 17, 39, 78]. In
such games each player i privately observes the i-th component of
a random outcome w = (w1,...,wy), as generated by some (prob-
ability) measure p on € = II'",);, and acts accordingly. However,
player ’s payoff function U; depends upon the entire realization w
(“incomplete information”).
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THEOREM 6.5. Suppose that S = II[",S; and that Q = IIT",Q;,
where (S;,7;) is a completely regular Suslin space for i = 1,...,m
and where (Q;, A;, ;) is a finite measure space. Suppose that T is
the product of the topologies T; and that p is absolutely continuous
with respect to the product of the measures p;. Fori=1,...,m, let
h; be a nonnegative, sequentially T-inf-compact integrand on Q; X S;,
and, corespondingly, let Ry, be the set of all 6; € R(4;S;) with
In,(8;) < 1. Suppose that Rp,,...,Rp,, are nonempty. For i =
L...,m, letU;: QxS — R be A x B(S)-measurable and such that
(15 Tie1, Tig1y - - Tm) = Ui(w, ) is continuous on I1;4;S; for
every (w,z;) € Q x S; and U;(w, ) is upper semicontinuous on S for
every w € Q). Moreover, U; is supposed to have the following growth
property: for every € > 0 there exists ¢. € L (; R) such that

|Ui(w, z)| < EZhj(w,x]—) + ¢e(w) on Q x S.
j=1

Then for i =1,...,m there exist 0y; in Ry, such that

sup IUi(é*l - 6*1'71 ®5Z®5*z—|—1 ®-- ®5*m) = IUi(é*l ®-- ®(5*m)
(57;672}%

Proof. Rather than premultiplying all integrands by the Radon-
Nikodym derivative of p with respect to the measures p;, we shall
suppose that p itself has this product structure (as required in The-
orem 4.17) without loss of generality. Observe also that by Proposi-
tion A.11 the o-algebra A may be supposed countable (see the proof
of Theorem 6.1). We shall apply Theorem A.3 to C := II;Rp, and
to w: C x C — R, defined as follows:

m
(81, 0m), (M1, 1m)) = D Ty (01 ® -+ @0 ® -+ Gm) —
i=1

Iy, (61 ® - ® b).

Using Theorem 4.10, in the style of the proof of Theorem 5.2, and
Theorem 4.17, one can see that (91, --,0m) — [y, (61 @ --- @17 @
---0pp) is narrowly continuous on C for every n; € Rp,, i =1,...,m.
Moreover, by the same sort of argument (d1,---,dp) — Iy, (61 ®---®
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0m) is narrowly upper semicontinuous on C. Hence, it follows that
(-, (M, ---,Mm)) is lower semicontinuous on C for every (11, ..., 7m)
in C On the other hand, 7((d1,...,0m),-) is trivially affine on C
for every (d1,...,0m) € C. Also, C is trivially convex, and it is
narrowly relatively compact by Theorem 4.8 and narrowly closed by
Theorem 4.10. Hence, all conditions of Ky Fan’s Theorem A.3 hold.
The existence result then follows with ease. O

A. Auxiliary results

We recall and derive some results from measure theory and convex
analysis which play a role in the main text. Owur first result is a
Fubini-type theorem from [81, IIL.2] (see also [4, 2.6]). As in the
main text, (,.4,u) is a finite measure space and S a topological
space.

THEOREM A.l. For any 6 € R(2;S) the formula

W®8(A x B) = [ s()(B)u(dw)
defines a unique product measure p® 3 on (2 x S, Ax B(S)). More-
over, for every A x B(S)-measurable function g: Q x S — [0, +o0]

w / g(w,z)d(w)(dz) is A-measurable
S

and

/Mgd(“@‘” = /Q[ /gg(waw)é(w)(dx)]u(dw).

PROPOSITION A.2. Let § : Q@ — P(S). The following are equivalent:
(a) 6 € R(£2;S).
(b) 0 is measurable with respect to A and the narrow Borel o-
algebra on P(S,7,).

Proof. (a) = (b): For every ¢ € Cy(S, p) themap w — [q c¢(z)d(w)(dz)
is A-measurable by Theorem A.1. Since P(S,7,) is separable and
metrizable for the narrow convergence topology ([43, Proposition 7.20],
[55, IT1.60]), (b) follows elementarily.
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(b) = (a): For any 7,-open set G C S there exists a nondecreas-
ing sequence (c,) in Cy(S, p) such that lim, ¢, (z) = 1g(z) for every
z € S ([4, A6], [43, Lemma 7.7]). Hence, 6(-)(G) is A-measurable
by an application of the monotone convergence theorem. Since finite
intersections of open sets are open, (a) follows by an application of
a well-known o-additive class result [4, 4.1.2], in view of the identity
B(S,t) = B(S,7,) by Hypothesis 2.3. O

The following result is due to Ky Fan ([59, Lemma 1], [5, Theo-
rem 5, p. 330]). This result remains valid in a non-Hausdorff setting,
because, as observed in [57, pp. 500-501], Ky Fan’s proof does not
require the Hausdorff property.

THEOREM A.3 (KY FAN). Let C be a compact convez and nonempty
subset of a topological vector space (possibly non-Hausdorff). Let
m:C x C — [—o0,+00] be such that

(-, y) is lower semicontinuous for every y € C,

w(z,-) is quasiconcave for every x € C,
m(z,xz) <0 for every xz € C.
Then there exists ©* € C such that w(z*,y) <0 for ally € C.

The following implicit measurable function result is taken from
[50, Theorem III1.38].

THEOREM A.4. Let (V,V) be a measurable space, S a Suslin space,
and © : Q = 2V a multifunction whose graph

gph O := {(w,v) € A xV :v € O(w)}

belongs to A x B(V). Let g : Q x S — V be measurable with respect
to A x B(S) and V such that g(w,S) NO(w) # O for a.e. w. Then
there exists f € L9(; S) such that g(w, f(w)) € O(w) for a.e. w in
Q.

Next, we give some Lyapunov-type results which lead up to the
instrumental Theorem A.9.

DEFINITION A.5. An atom of (2, A, pu) is a set A € A, u(A) > 0,
for which there ezists no B € A, B C A, such that 0 < p(B) < u(A).
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Note that as atoms we only accept nonnull sets. It is elementary
to check that any .A-measurable function must be a.e. constant on
any atom of (2, A, u).

PROPOSITION A.6. There exists an at most countable collection (A;)
of atoms of (Q, A, ), such that Q™ := Q\ U; A; contains no atoms.

Proof. For each i € N there can be at most ¢ atoms whose py-measure

is at least 1(€2)/i. This gives the desired collection (A4;). O

If Q@ = Q" then (2, A, ) is said to be nonatomic. The most
important property of nonatomic measure spaces is as follows [50,
p. 118 ff].

THEOREM A.7 (LYAPUNOV). Let ¢ € N and let f € L*(Q;RY). If
Q is nonatomic, then

C::{/ fd,u:AEA}Z{/fad,u:aE[,OO(Q;R),()Sagl}.
A Q

COROLLARY A.8. Let m,r € N, let f1,---, fr be functions in
LY R™) and let ay,-- -, ap be nonnegative functions in L(Q; R),
with > i1 o = 1. If Q is nonatomic, then there exists a measurable
partition By,---, B, of Q such that

/anz'fid/ﬁ = g/& fidp.

Proof. We use induction for r. For r = 1 the result holds triv-
ially. Suppose it is true for r = k£ — 1. Denote Zlffl ot fi by g,
where of(w) = ai(w)/(1 — ag(w)) if ax(w) < 1 and af(w) = 0
if ay(w) = 1. By Theorem A.7, there exists A € A for which

Ja(9, fe) = Jqok(g, fr). This gives [\ 49 = [o(1 — ax)g, so now
the result follows by the induction step applied to the functions

Jiloya- O

The next result is [25, Proposition 3.2], which extends Corol-
lary A.8: the important fact to observe is that the participating
functions are no longer supposed integrable.
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THEOREM A.9 (EXTENDED LYAPUNOV THEOREM). Let m,r € N,
let f1,-++, fr be functions in LO(;R™) and let ay,-+-,q, be non-
negative functions in L>®(Q;R), with > ;_, a; = 1, such that

T
3 ailfildys < +oc.
Q5

If Q) is nonatomic, then there exists a measurable partition By,---, B,
of Q such that for i = 1,...,r the function f; is integrable over B;

and
T T
[ Yaitdu=3 [ fn.
izt i=17Bi

Proof. Define for every p € N the set €, to consist of all w for
which max; | f;(w)| belongs to (p, p—1]. Then the 2, are disjoint and
on each €2, we can apply Corollary A.8. For every p this gives the

existence of a measurable partition By y,---, By, of €, such that
T T
[ et )= [ 540,
Qp j—1 i=1"Bip

By Beppo Levi’s theorem we then get >0, fume, |fil = Jo >ie1 il fil
< +o00, by summing over p and noting that for each ¢ the B;, are
disjoint. This implies that each f; is integrable over B; := U, B; ;. It
is now elementary to conclude that, by the above,

T T T

aifi = / a;fi = / [is
‘/Q ; ; Qp ; ; UpBip

which proves the result. O

THEOREM A.10. Let E be a separable Banach space; let v € P(E)
be such that [ ||z|lv(dz) < +o0.
(1) A unique point in E, the barycenter of v, is defined by

bar v ::/ zv(dz).
E
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(1) If C C E is closed and convez with v(C) = 1 then bar v belongs
to C.

(iii) If E = RY and if C C R® is convex — possibly nonmeasurable —
with outer measure v*(C) =1 then bar v belongs to C.

Part (7) follows from elementary facts about Bochner integration
in separable Banach spaces [56, 97]. Part (i7) follows directly from
the Hahn-Banach theorem [97, 1.6.13], and part (i7i) is proven by
induction for the dimension of E (see [84, Lemma] and [60, Lemma
3, p. 74)).

The following result forms a trick to reduce arguments involving
at most countably many product measurable sets or functions to a
countably generated situation; cf. [50, p. 78] and [93, Appendix].

PROPOSITION A.11. Let (V,V) be a measurable space and let g :
QxV — [—o0,+00] be A x V-measurable. Then there ezists a
countably generated sub-o-algebra Ay of A such that g is also Ag X V-
measurable. Moreover, if (Q,A,u) is nonatomic, then Ay can be
chosen in such a way as to make (Q, Ay, 1) nonatomic.

Proof. If g = 1g, G € AxV, then it suffices to observe that the union
of all g-algebra’s Ag x V, Ay a countably generated sub-o-algebra
of A, is a o-algebra which must coincide with A x V. The usual
approximation by a sequence of simple functions then finishes the
argument for general g. In addition, if A is nonatomic, then let (4;)
be an enumeration of the atoms of Ay, just as in Proposition A.6.
By nonatomicity of A, for each m € N each Ag-atom A; can be
partitioned as A; = Ug’ile-m’j, with /I,(B;-m’j) < p(4;)/m,1<i<m.
Now let A; be the o-algebra generated by Ay and all B;™’. Suppose
that A is an atom of A;. Of course, we can only have (AN (Q\ U,
Aj)) > 0if u(A) = (AN (2\U; 4;)). But this implies that, modulo
a null set, the A;- and Ag-atom A is contained in 2\ U, 4;, which is
the nonatomic part of (2, Ag, 1) (cf. Proposition A.6). Therefore, it
follows that (AN (Q\U; 4;)) =0, i.e., A is essentially contained in
UjAj. Hence, for every m € N there must be j and ¢, 1 < 1 < m, with
p(AN B™) > 0. But since A is an atom this implies then u(4) =
p(B™) < u(4;)/m < p()/m. So u(A) = 0, in contradiction to
our Definition A.5. O
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B. Outer integration

We recapitulate some standard facts concerning outer integrals; e.g.,
see [43] for a slightly different treatment.

DEFINITION B.1. Let 4 : Q — [—00, +00] be arbitrary (possibly non-
measurable). Then the outer integral [ ydy is defined by

/* by = inf{/ ¢du: d € LYGR), ¢ > on Q)
Q Q

where the infimum over the empty set is set equal to +oo.

LEMMA B.2. Let ¢ : Q — [—o00,+00] be A-measurable. Then

| wdn= [ wdui= [ wFans [

where 1t := max(1,0), ¥~ := max(—,0) and — is as ordinary sub-
traction, but with the additional convention (+00)—(+00) := +o0.

Proof. If [T = +o0, the result is immediate (the infimum in Def-
inition B.1 is then taken over the empty set).

So suppose [t < 4oo. Note that [¢ > [,9 for every ¢
participating in the infimum in Definition B.1. Hence, [j9 > [, ¢
Now if [ 9~ < +oo, then ¥ € L' (Q;R), so Definition B.1 implies
that [ < [, which finishes the argument. And if [, 4~ = +o0,
then an obvious argument with the sequence ¢, := ¥ — min(x)—,n)
shows that [ = —oco = [ 1. O

LEMMA B.3. Let ¢ : Q — [—o00,+00] (possibly nonmeasurable) and
¢ € EI(Q;R) be such that 1 > ¢ on Q and f5 PYdyu < +oo. Then
there ezists ¢ € LL(QGR), ¢ > ¢, such that [ pdu = [ pdp.

Proof. By Definition B.1 there exists a sequence (¢;) in L£}(Q;R)
such that ¢, > 9 and [ ¢ < [o¥ + k! for all k. Define ¢ :=
infy, ¢p; then ¢y > ¢ > > ¢ (hence ¢ € L1 R)) and fQ¢ <[5 .
The converse inequality is trivial. O
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PROPOSITION B.4 (FATOU-VITALI). Let (1) be a sequence of (pos-
sibly nonmeasurable) functions v, : @ — [—o0, +00] such that there
exists a uniformly integrable sequence (¢p) in L1(Q;R) for which for
everyn € N

Yn(w) > ¢pp(w) for all w € Q.
Then

lin}linf /Q* Y (w)p(dw) > /Q* liIr%Linfzpn(w)u(dw).

Proof. By Lemma B.3, for each n there exists bn € L1(2;R) such
that ¢, > ¥n, > ¢y, and [, ¢p = [ 9n. By uniform integrability of
(¢n), the classical Fatou-Vitali lemma [4, 7.5.2] applies. This gives

lim inf / b = lim inf / b > / lim inf &y
n Q n Q Q n

Since liminf, ¢, > liminf, 1,, Definition B.1 gives [ liminf, ¢, >
Jo liminfy, . Since liminf, ¢, is A-measurable, Lemma B.2 ap-
plies, and the result follows. O

LEMMA B.5. Let 9,9 : Q@ — [—o0, +00] be arbitrary (possibly non-
measurable). Then

[ vt [ dn> [ whi)dn,

where + is defined just as ordinary addition, but with (—oo)+(+00) :=
400 as an additional convention.

Proof. If either term on the left is equal to 4+00, the result is trivially
true. So suppose that [ ¥dy < +oc and [ 9'du < +oo (hence both
1 and 1’ are a.e. not equal to +00). By Definition B.1, there exist
sequences (¢,) and (¢},) in £!(;R) such that [, ¢, — [5 and
Jodh — JoW', with ¢, > 9 and ¢/, > ¢'. But then simple work
with (¢, + ¢,) gives the inequality immediately. O
LEMMA B.6. Let ¢ : Q@ — [—oo,+0o0]| be arbitrary and let ¢ €
LY R). Then

[+ dydn= [+ [ g

Proof. An elementary consequence of Definition B.1. O
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