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Some inequalities for the
Riemann zeta function
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Abstract. Our main result states that for all real numbers s > 1 we
have

γ < s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
. (∗)

The constant lower bound γ is sharp. This refines an inequality pub-
lished by Delange in 1987. Applications of (∗) lead to a monotonicity
theorem, namely, that

(s− 1)ζ(s)

sα
is strictly increasing on (1,∞) if and only if α ≤ γ,

and to additional inequalities for the zeta function.
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1. Introduction and statement of the main result

The classical Riemann zeta function, defined by

ζ(s) =

∞∑
k=1

1

ks
=

1

Γ(s)

∫ ∞
0

ts−1

et − 1
dt =

∏
p prime

1

1− p−s
(s > 1),

plays an important role in analytic number theory and also has interesting
applications in probability theory, statistics, mathematical physics and other
branches. In view of its relevance the properties of the zeta function have been
studied intensively by many researchers. Detailed information of this subject
can be found, for instance, in the monographs Apostol [5, chapter 12] and
Ivić [10].

Recently, several authors presented various inequalities involving the zeta
function. We refer to Alzer [2, 3, 4], Cerone et al. [7], Laforgia and Natalini [12],
Neuman [13] and the references cited therein. The work on this paper is inspired
by a remarkable note published by Delange [8] in 1987. He proved the following
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inequality for the logarithmic derivative of ζ,

1

2s2
− 1

s− 1
<
ζ ′(s)

ζ(s)
(s > 1). (1)

Our attempt to improve (1) led us to the problem of finding

inf
s>1

s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
.

It turns out that the solution of this problem provides a new characterization
of Euler’s constant γ. In fact, the following result holds.

Theorem 1.1. For all real numbers s > 1 we have

γ < s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
. (2)

The lower bound γ is sharp.

From (2) we obtain an improvement of Delange’s inequality, namely,

1

2s2
− 1

s− 1
<
γ

s
− 1

s− 1
<
ζ ′(s)

ζ(s)
(s > 1).

The logarithmic derivative of Riemann’s zeta function has a close connection
to number theory:

ζ ′(s)

ζ(s)
= −

∞∑
k=1

Λ(k)

ks
(s > 1), (3)

where Λ denotes the von Mangoldt function which is defined by

Λ(k) =

{
log(p), if k = pm,

0, otherwise.

Here p is a prime number and m ≥ 1 is an integer. Among the interesting
properties of the von Mangoldt function we mention that the asymptotic for-
mula

n∑
k=1

Λ(k) ∼ n (n→∞)

is equivalent to the prime number theorem. From (2) and (3) we obtain the
series inequality

γ

s
<

∞∑
k=1

( 1

sk
− Λ(k)

ks

)
(s > 1).
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Again, the constant γ is best possible. For more information on the Λ-function
we refer to Hardy and Wright [9, chapter 17.7].

In Section 2, we collect some helpful lemmas. The proof of Theorem 1.1
is given in Section 3. Finally, in Section 4, we apply Theorem 1.1 to obtain
a monotonicity result and we present some additional inequalities for the zeta
function.

The numerical computations have been carried out using the computer soft-
ware MAPLE 13.

2. Lemmas

The first two lemmas offer lower bounds for ζ ′(s).

Lemma 2.1. If s ∈ (1, 1.1], then

3

50
− 1

(s− 1)2
< ζ ′(s). (4)

Proof. Since

d

dt

log(t)

ts
=

1− s log(t)

ts+1
< 0 for t > exp(1/s), (5)

we obtain, for s > 1 and integers a > e,

ζ ′(s) +
1

(s− 1)2
− 3

50

= −
a∑
k=2

log(k)

ks
−

∞∑
k=a+1

log(k)

ks
+

1

(s− 1)2
− 3

50
(6)

≥ −
a∑
k=2

log(k)

ks
−
∫ ∞
a

log(t)

ts
dt+

1

(s− 1)2
− 3

50

=
Ua(s)− Va(s)

as−1

with

Ua(s) =
as−1 − 1− (s− 1) log(a)

(s− 1)2

and

Va(s) =
3

50
as−1 +

a∑
k=2

(a
k

)s−1 log(k)

k
.
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From

U ′a(s) =
(s− 1)(1 + as−1) log(a) + 2(1− as−1)

(s− 1)3

=
as−1 + 1

(s− 1)3

∫ as−1

1

(t− 1)2

t(t+ 1)2
dt > 0

and

V ′a(s) =
3 log(a)

50
as−1 +

a∑
k=2

(a
k

)s−1 log(a/k) log(k)

k
> 0,

we conclude that Ua and Va are increasing on (1,∞). Let 1 ≤ r ≤ s ≤ t ≤ 1.1.
Then,

Ua(s)− Va(s) ≥ Ua(r)− Va(t) = Wa(r, t), say.

By direct computation, we find

W500(1, 1 + 1/104) = 0.0026...,

W500

(
1 +

k

104
, 1 +

k + 1

104

)
> 0 for k = 1, 2, ..., 999.

This gives
U500(s)− V500(s) > 0 for s ∈ (1, 1.1]. (7)

From (6) and (7) we obtain that (4) holds for s ∈ (1, 1.1].

Lemma 2.2. If s ≥ 6.1, then

− 2

5(s− 1)2
< ζ ′(s). (8)

Proof. Let s ≥ 6.1. Using (5), we obtain

ζ ′(s) +
2

5(s− 1)2
= − log(2)

2s
−
∞∑
k=3

log(k)

ks
+

2

5(s− 1)2
(9)

> − log(2)

2s
−
∫ ∞
2

log(t)

ts
dt+

2

5(s− 1)2
= G(s),

where

G(s) = − log(2)

2s
− 1 + (s− 1) log(2)

2s−1(s− 1)2
+

2

5(s− 1)2
.

Let
H(s) = 2s(s− 1)2G(s). (10)

Since

H ′′(s) =
2 log(2)

5

(
2s log(2)− 5

)
≥ H ′′(6.1) = 11.796..,
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we obtain
H ′(s) ≥ H ′(6.1) = 10.561....

This leads to
H(s) ≥ H(6.1) = 0.338.... (11)

From (9)–(11) we conclude that (8) is valid for s ≥ 6.1.

Next, we present two functional inequalities for certain classes of functions.

Lemma 2.3. If a function f is strictly increasing on an interval I, then, for
x, y, z ∈ I,

0 ≤ (x− y)f(x) + (y − z)f(y) + (z − x)f(z). (12)

Equality holds if and only if x = y = z.

Proof. Denote the sum in (12) by S(x, y, z). Assume first that max(x, y, z) = x.
Then,

S(x, y, z) = (x− y)
(
f(x)− f(z)

)
+ (y − z)

(
f(y)− f(z)

)
≥ 0. (13)

If equality holds in (13), then

(x− y)
(
f(x)− f(z)

)
= 0 (14)

and
(y − z)

(
f(y)− f(z)

)
= 0. (15)

Since f is strictly monotonic, we conclude from (14) that x = y or x = z, and
from (15) we obtain y = z. Thus, x = y = z.

If max(x, y, z) = y, then

S(x, y, z) = (y − z)
(
f(y)− f(x)

)
+ (z − x)

(
f(z)− f(x)

)
≥ 0,

and if max(x, y, z) = z, then

S(x, y, z) = (z − x)
(
f(z)− f(y)

)
+ (x− y)

(
f(x)− f(y)

)
≥ 0.

As above, we conclude from S(x, y, z) = 0 that x = y = z.

Inequality (12) extends a result of Klamkin [11], who proved the inequality
for the special case f(x) = xλ. The next result is due to Wright [14]. It provides
an interesting generalization of Schur’s inequality.

Lemma 2.4. Let f be a positive function, monotone or convex on an interval
I. Then, for x, y, z ∈ I,

0 ≤ (x− y)(x− z)f(x) + (y − x)(y − z)f(y) + (z − x)(z − y)f(z).

Equality holds if and only if x = y = z.
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Moreover, we need the following mean value inequality.

Lemma 2.5. Let ak ∈ (0, 1/2] (k = 1, ..., n) and pk ∈ (0, 1) (k = 1, ..., n) with∑n
k=1 pk = 1. Then,

Gn
G′n
≤ An
A′n

(16)

with equality if and only if a1 = ... = an. Here,

Gn =

n∏
k=1

apkk , G
′
n =

n∏
k=1

(1− ak)pk , An =

n∑
k=1

pkak, A
′
n =

n∑
k=1

pk(1− ak).

This is Ky Fan’s remarkable counterpart of the arithmetic mean-geometric
mean inequality; see Alzer [1] and Beckenbach and Bellman [6, p. 5].

3. Proof of Theorem 1.1

In order to prove (2) we consider three cases.

Case 1. s ∈ (1, 1.1].

We define

h(s) =
1

s− 1
+ γ +

3

50
(s− 1).

From Lemma 2.1 we conclude that

ζ ′(s)− h′(s) = ζ ′(s) +
1

(s− 1)2
− 3

50
> 0.

Using the limit relation

lim
y→1+

(
ζ(y)− 1

y − 1

)
= γ,

we obtain
ζ(s)− h(s) > lim

y→1+

(
ζ(y)− h(y)

)
= 0.

Thus, we have

0 < −ζ ′(s) < −h′(s) and 0 <
1

ζ(s)
<

1

h(s)
.

This leads to

−ζ
′(s)

ζ(s)
< −h

′(s)

h(s)
.

It follows that

s
(h′(s)
h(s)

+
1

s− 1

)
< s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
. (17)
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Applying (17) and

s
(h′(s)
h(s)

+
1

s− 1

)
= γ +

s− 1

(3/50)(s− 1)2 + γ(s− 1) + 1

(3(2− γ)

50
(s− 1) + γ(1− γ) +

3

25

)
> γ,

we conclude that (2) holds.

Case 2. s ∈ [1.1, 6.1].

Inequality (2) is equivalent to

0 < ζ(s) · 1

s− 1
·
(

1− γ +
γ

s

)
+ ζ ′(s) = P (s), say. (18)

The functions ζ, s 7→ 1/(s− 1), s 7→ 1− γ+ γ/s are positive and decreasing on
(1,∞) and ζ ′ is increasing on (1,∞). Let 1 < u ≤ s ≤ v. Then,

P (s) ≥ ζ(v) · 1

v − 1
·
(

1− γ +
γ

v

)
+ ζ ′(u) = Q(u, v), say.

By direct computation we find

Q
(

1.1 +
k

6000
, 1.1 +

k + 1

6000

)
> 0 for k = 0, 1, ..., 599,

Q
(

1.2 +
k

800
, 1.2 +

k + 1

800

)
> 0 for k = 0, 1, ..., 239,

Q
(

1.5 +
k

60
, 1.5 +

k + 1

60

)
> 0 for k = 0, 1, ..., 29.

Moreover, we have

Q(2, 2.1) = 0.051..., Q(2.1, 2.2) = 0.085..., Q(2.2, 2.4) = 0.021...,

Q(2.4, 2.7) = 0.025..., Q(2.7, 3.1) = 0.052..., Q(3.1, 4.2) = 0.011...,

Q(4.2, 6.1) = 0.045....

This implies that (18) holds for s ∈ [1.1, 6.1].

Case 3. s ≥ 6.1.

Using Lemma 2.2 and

ζ(s) >

∫ ∞
1

1

xs
dx =

1

s− 1
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gives

(s− 1)ζ(s)
(ζ ′(s)
ζ(s)

− γ

s
+

1

s− 1

)
= (s− 1)ζ ′(s) +

(
1− γ +

γ

s

)
ζ(s)

> − 2

5(s− 1)
+
(

1− γ +
γ

s

) 1

s− 1

=
(3

5
− γ +

γ

s

) 1

s− 1
> 0.

This reveals that (18) holds for s ≥ 6.1. The proof of inequality (2) is complete.
It remains to prove that γ is the best possible constant lower bound in (2).

For this it suffices to show that

lim
s→1+

s
(ζ ′(s)
ζ(s)

+
1

s− 1

)
= γ. (19)

Using the functional equation

ζ(1− s) =
2

(2π)s
cos(πs/2)Γ(s)ζ(s),

see Apostol [5, p. 259], yields

−ζ
′(1− s)
ζ(1− s)

= − log(2π)− π

2
tan(πs/2) + ψ(s) +

ζ ′(s)

ζ(s)
,

where ψ = Γ′/Γ. Thus,

ζ ′(s)

ζ(s)
+

1

s− 1
= log(2π)− ψ(s) + Θ(s)− ζ ′(1− s)

ζ(1− s)
(20)

with

Θ(s) =
1

s− 1
+
π

2
tan(πs/2).

Since

ζ(0) = −1

2
, ζ ′(0) = −1

2
log(2π), ψ(1) = −γ, lim

s→1+
Θ(s) = 0,

we conclude from (20) that (19) holds. The proof of Theorem 1.1 is thus
complete.

4. Corollaries

An application of inequality (2) leads to the following monotonicity result.
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Corollary 4.1. Let α ∈ R. The function

φα(s) =
(s− 1)ζ(s)

sα
(s > 1), φα(1) = lim

s→1+
φα(s) = 1 (21)

is strictly increasing on [1,∞) if and only if α ≤ γ.

Proof. Let s > 1. Then,

s
d

ds
log φα(s) = s

(ζ ′(s)
ζ(s)

+
1

s− 1

)
− α. (22)

From (2) we conclude that if α ≤ γ, then

s
d

ds
log φα(s) > 0. (23)

This implies that φα is strictly increasing on [1,∞). Conversely, if φα is strictly
increasing on [1,∞), then (23) with “≥” instead of “>” is valid for s > 1. Using
(19) and (22) reveals that α ≤ γ.

Remark 4.2. From Corollary 4.1, we conclude that the function

Fα(x) =

∫ x

1

log ζ(s)ds+ (x− 1) log(x− 1)− αx log(x) (α ∈ R)

is strictly convex on (1,∞) if and only if α ≤ γ.

In the final part, we show that Corollary 4.1 can be used to prove some
inequalities. The next corollary offers four cyclic inequalities.

Corollary 4.3. Let α ≤ γ. For all real numbers x, y, z > 1 we have

0 ≤ (x− y)(x− 1)
ζ(x)

xα
+ (y − z)(y − 1)

ζ(y)

yα
+ (z − x)(z − 1)

ζ(z)

zα
,

0 ≤ (x− 1)(x− y)(x− z)ζ(x)

xα
+ (y − 1)(y − x)(y − z)ζ(y)

yα

+ (z − 1)(z − x)(z − y)
ζ(z)

zα
,

1 ≤
( (x− 1)ζ(x)

xα

)x−y( (y − 1)ζ(y)

yα

)y−z( (z − 1)ζ(z)

zα

)z−x
,

1 ≤
( (x−1)ζ(x)

xα

)(x−y)(x−z)( (y−1)ζ(y)

yα

)(y−x)(y−z)( (z−1)ζ(z)

zα

)(z−x)(z−y)
.

In each case, equality holds if and only if x = y = z.
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Proof. Let φα be the function defined in (21) with α ≤ γ. We apply Lemmas
2.3 and 2.4 with f1 = φα and f2 = log φα. From Corollary 4.1 we conclude
that the functions f1 and f2 are positive and strictly increasing on (1,∞). This
reveals that the four inequalities are valid for all x, y, z > 1 and that in each
case equality is valid if and only if x = y = z.

We conclude the paper with the following mean value inequality.

Corollary 4.4. Let α ≤ γ. For all real numbers s, t > 1 and λ, µ > 0 with
λ+ µ = 1, we have

λ
(

1 +
sα

(s− 1)ζ(s)

)−1
+ µ

(
1 +

tα

(t− 1)ζ(t)

)−1
≤
[
1 +

( sα

(s− 1)ζ(s)

)λ( tα

(t− 1)ζ(t)

)µ]−1
. (24)

Equality holds if and only if s = t.

Proof. Let x, y ∈ (0, 1). We apply Lemma 2.5 with

n = 2, a1 =
x

1 + x
, a2 =

y

1 + y
, p1 = λ, p2 = µ.

Then, (16) gives
λ

1 + x
+

µ

1 + y
≤ 1

1 + xλyµ
(25)

with equality if and only if x = y. Let α ≤ γ and s, t > 1. Next, we set
x = 1/φα(s) and y = 1/φα(t) in (25). Then, we obtain (24). From Corollary
4.1 we conclude that x = y if and only if s = t.
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