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ABSTRACT. This paper is concerned with the long-time behavior of a
semilinear hyperbolic coupled system with nonlinear damping and source
terms. By using nonlinear semigroups and the theory of monotone op-
erators, we obtain the existence of local and global weak solutions, and
uniqueness of weak solutions. Moreover, we prove that such unique so-
lutions depend continuously on the initial data. Under some restrictions
on the parameters, we also prove that every weak solution to our system
blows up in finite time, provided the initial energy is negative and the
sources are more dominant than the damping in the system. Additional
results are obtained via potential well theory. More precisely, we prove
the existence of a unique global weak solution with initial data coming
from the ”good” part of the potential well. For such a global solution,
we prove that the total energy of the system decays exponentially or al-
gebraically, depending on the behavior of the dissipation in the system
near the origin. Finally, a blow-up result for positive energy is proven.
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1. Introduction

In this work, we investigate the semilinear hyperbolic coupled system with
nonlinear damping and source terms given by

PLUL — Q11Uze — A12Vzz — G13Wae + g1(ut) = f1(u,v,w), in (0,L)x(0,T),
P2Vt — G12Ugy — G22Vey — G23Way + g2(ve) = fa(u,v,w), in (0,L)x(0,T), (1)

P3Wtt — G13Ugs — 23Vgs — A33Was + g3(we) = f3(u,v,w), in (0,L)x(0,T),

where the unknowns are the functions u,v,w : (0,L) — R. The nonlineari-
ties f1, fo and f3 are the source terms, g1, g2 and g3 are continuous functions
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responsible for the nonlinear damping effect. Here p1, p2 and p3 are positive
constants and

ail aiz ais
A= a12 a2z a23
a13 a3 a33

is a positive definite (real) symmetric matrix.
The three equations in (1) are supplemented with the initial conditions

x,0) = ug(x), ug(z,0) = uy(z), in (0,L),
0) = vo(x), ve(z,0) = vy (), in (0,L),
w(x,0) = wo(z), w(x,0) = wi(x), in (0,L),

, in (0,7), (2)

The systems (1) arise in modeling a mixture of three interacting continua
[16]. The theory of mixtures of solids has been widely investigated in the last
decades, see the references [5, 7, 12, 13] for a detailed presentation. In recent
years, an increasing interest has been directed to the study of the qualita-
tive properties of solutions related to mixtures composed by two interacting
continua. In particular, existence, uniqueness and continuous dependence of
solutions, see [3, 4, 25, 30] for details.

In [16], the authors studied the stabilization of a model of ternary mixtures
by taking

filu,v,w) = —a(u —v —w), folu,v,w) =alu—v—w),
folu,v,w) = —a(u —v—w), a>0,
and
g1(ug) = diug,  go(ve) = davy,  g3(wy) = dawy, di >0, i=1,2,3.

On the other hand, it is worth mentioning that above cited works on mixtures
of solids were concerned with linear problems. Concerning the stability of the
nonlinear system, Santos et al. [39] considered the following binary mixture
problem of solids with nonlinear damping and source terms

P1U — A11Uzy — A12Wae + g1(ue) = f1(u,w), 1in (0,L) x (0,7),
P2Wit — A12Ugy — U22Wag + g2(wy) = fo(u,w), in (0,L) x (0,7),
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with Dirichlet boundary condition on both u and w. The authors show the
existence of local and global weak solutions, uniqueness of weak solutions,
and continuous dependence of initial data. Under some restrictions on the
parameters, they also proved that every weak solution to the system blows-
up in finite time, provided the initial energy is negative and the sources are
more dominant than the damping in the system. Additional results are ob-
tained via potential well theory. Specifically, they proved the existence of a
unique global weak solution with initial data coming from the ”good” part of
the potential well. Concerning global attractors for binary mixture of solids
with nonlinear damping and source terms, we mention the work of Santos and
Freitas [38] who proved the existence of compact global attractor with finite
fractal dimension and the existence of generalized exponential attractor. The
existence and upper-semicontinuity of global attractors for binary mixtures of
solids with fractional damping been considered by Freitas et al. in [18]. Fi-
nally, Freitas et al. [17] studied the pullback dynamics of a non-autonomous
mixture problem in one dimensional solids with nonlinear damping. Among
numerous works on the subject it is worth mentioning the following references:
[1, 2, 26, 20, 33, 34, 35, 36, 19] for problems with subcritical or critical sources
and [8, 9, 11, 10, 15, 21, 23, 37, 22] for problems with supercritical sources.

The present paper is focused on the asymptotic behavior of solutions of the
nonlinear coupled system of wave equations (1). To the best of our knowledge,
it is the first time in which a mixture composed by three interacting continua
with source terms and nonlinear damping is considered. From the technical
viewpoint, the increasing number of structural coefficients makes the analysis
more challenging, and the study of the stability properties of solutions is highly
non trivial even for the linear case (see [16]). To get around this difficulty, we
use a vector approach inspired by Pei et al. [32, 31]. Yet another complication
arising in this vectorial setting is that the nonlinear sources are coupled in the
sense that each of the three scalar sources depends on the entire state vector,
then no single damping term alone can stabilize any of the sources regardless
of the relation between their exponents. Our results extend very easily to a
higher number of components under the same generic assumptions.

The paper is organized as follows: In the Section 2, we present the no-
tations needed, we list the standing assumptions on the nonlinear terms and
we summarize the main results. In the Section 3, we prove the existence of
local solution. In Section 4 we prove the energy identity for weak solutions. In
Section 5 the continuous dependence of solutions on the initial data is proved.
In Section 6, we show the existence the global solution. In Section 7, blow-up
with negative total initial data is showed. Section 8 is dedicated to proof of
Theorem 2.13. In Section 9, we derives uniform stabilization estimates. The
Section 10 is dedicated to the study of blow-up of potential well solutions.
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2. Preliminaries and main results

In this section, we present preliminaries including notations, assumptions and
main results.

2.1. Notation

Following notations will be used for the rest of the paper
lullp = llullLro,Ly, P=1, (u,v)2 = (u,v)12(0,1),
and similarly for vector functions y = (u,v,w) and § = (@, 0, @)

)P )2 = (@) + (v,0)a + (w, ).

1yllp = (lllf + 10115 + [lwlip
Our analysis is given on the Hilbert space
H =V x H where V = (H}(0,L))* and H = (L*(0,L))?, (3)

with the inner product: Given Y, Y € H, we can write

with
y = (u,v,w),§ = (&,0,0) € V, y1 = (u1,v1,w1), 1 = (t1,01,W1) € H,

then we define y
(Y, Y )y = (v, 9)v + (y1,91)u,
with

L

v = [ QU i), (50,50, 02)] do

0
and
L
(y1,91)a = / (prurlis + p2v101 + p3wis) de.
0

The corresponding norms are then given by

Y15 = lyl? + Nyl

L
ol = [l o) do,
0
and
L
ol = / (pr1uf + pavi + pswi) du,
0

where Q and q denote the Hermitian and quadratic forms associated to the
matrix A, respectively, that is,

Qla,b] =a’Ab and q[c] = Qle,c], Va,b,c € C3.



TERNARY MIXTURES OF SOLIDS )

REMARK 2.1. Since A is symmetric and positive definite, ||Y||% is equivalent to
the usual norm on the space H. In particular, there exist constants xi, k2 > 0
such that

sallyll < luall + llvall3 + w3 < s2llyll5- (4)

DEFINITION 2.2. A function v : R — R is called linearly bounded near the
origin if there exist positive constants c1 and co such that

als] < y(s)] S eolsl, Vs| <1.

For nonlinear damping and sources terms, we will use the assumptions
in [32].
ASSUMPTION 2.3 (Damping and sources). We assume that
(i) Damping: g1, 92,935 : R = R are continuous, monotone increasing func-

tions with g1(0) = g2(0) = g3(0) = 0. Moreover, there exist constants
a, >0 such that for all |s| > 1,

als|" T < gi(s)s < Bls[™ T, m > 1,
als|™ < ga(s)s < Bls|"T, r>1, (5)
als|"tt < gs(s)s < Bls|, 1> 1.

(ii) Sources: f; € C*(R3) and there is a constant C > 0 such that
IV f(u,v,w)] < O™ + P~ + [wlP™H+1), p>1. (6)

2.2. Main results for existence and uniqueness

In order to describe the results, we introduce the definition of weak solution to
the problem (1)-(2).

DEFINITION 2.4. A wvector function y = (u,v,w) is called a weak solution to
(1)-(2) if
(Z) AS C(O7 T7 V)a (y(O), yt(o)) = (yO, yl) = (an Vo, Wo, U1, V1, wl) € H;

(ii) ye € C(0,T; H) N L™ ((0, L) x (0,T)) x L™((0,L) x (0,T))
x LI+1((0, L) x (0,T));

(iii) y = (u,v,w) satisfies the following identity

(o) () 1 — (e (0), 9(0))
+ [ ) o) + ) vl dr + [ (Gl vz dr
0 0

- / (Fly(r), w(r))adr, ¥t € [0,T), (7)
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for ally € X, where
T= {¢ = (¢1,¢27¢3) : w € C(OaTa V)7 wt € Ll(OaTaH)}a (8)

and
Gye) = (91(ue), g2(ve), ga(wy)),

F(y) = (fi(u,v,w), fo(u,v,w), f3(u,v,w)).

THEOREM 2.5 (Local solutions). Suppose that Assumption 2.8 holds. Then
there exist a time Ty = To(E(0)) > 0 and a weak solution y = (u,v,w) to
(1)-(2) defined on [0,Ty], where

B(t) = 5 (I + () 1y)-

Moreover, the following energy identity holds

E(t) + / (Glye), o) dr = B(0) + / (F(y).y)2dr, Vi€ [0.To).  (9)

THEOREM 2.6 (Uniqueness and Continuous Dependence). Suppose that As-
sumption 2.3 holds. Then the weak solution given by Theorem 2.5 depend con-
tinuously on their initial data in the space H and, consequently, the solutions
are unique.

THEOREM 2.7 (Global solutions). Suppose that Assumption 2.3 holds. Suppose
further that p < min{m,r,l}. Then the weak solution given by Theorem 2.5 is
a global solution and we can take Ty = oo.

In sequel, we introduce the assumptions for blow-up result.
ASSUMPTION 2.8. We assume that
(i) There exists a positive function F € C?(R?) such that
VF =T. (10)
(i) There exist cg > 0 and ¢q > 2 such that
F(y) = co(Jul"* + o] + [w[P*),
uf1(u, v, w) + vfa(u,v,w) + wfs(u,v,w) = c1 F(y).
THEOREM 2.9 (Blow up in Finite Time). Suppose that Assumptions 2.8 and
2.8 hold. If p > max{m,r, 1} and £(0) < 0, then the weak solutions z to (1)-(2)

blows up in finite time. More precisely, there exists a time T < oo such that
lim;_,7— E(t) = oo, where

L
E(t):E(t)—/O Fly(t) da. (11)
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2.3. On the potential well

In this part, we introduce some definitions and results on the theory of elliptic
problems (see [26, 20] for details).

ASSUMPTION 2.10. There exists a mnonnegative function F € C?*(R?) that sat-
isfies (10) and furthermore is homogeneous of order p + 1, that is,

F(\y) = NPT E(y), YA>0,y € R3.

Since F' is homogeneous, by Euler Homogeneous Function Theorem, we
obtain

P+ DF(y) = ufily) +vfaly) + wis(y). (12)
It follows from (6) that there exists M > 0 such that

F(y) < M(JuP™ + o1 + w4+ 1). (13)
Then, by homogeneity, we obtain
F(y) < M([ulP* + [P + [w[PH). (14)

Observe also that f1, fo and f3 are homogeneous functions of degree p and that
there exists C' > 0 such that

fily) < C(jul” + [o]” + [w]?), j=1,2,3. (15)

We recall that V = (H}(0, L))3. Then, we define the functional I : V — R by

1 L
1) = 5ol ~ [ F)da.
0
Consequently,
1
£(6) = 5 w3 + I(y(0))

It is easy verify that I is differentiable in the sense of Fréchet and that

I'(y)¢ = (y,0)v — (F(y), ¢)2. (16)

Therefore the critical points of the functional I are the weak solutions to the
elliptic problem

—A11Ugy — A12Vgg — A13Wgy = fl (u7 v, 1U), in (Oa L)7
—Q12Ugy — A22Vzy — A23Wyy = fQ(U'a v, UJ), in (Oa L)7

— 13Uz — A23Vzz — A33Wes = f3(u,v,w), in (0,L).



8 M.M. FREITAS ET. AL

We define the well known Nehari manifold of I by

N ={yeV\{0}: I'(y)y =0}.
By (12) and (16) we see that

L
N = {y e VAA{0}: ylly = (p+1)/0 F(y)dw}- (17)

By [22, Lemma 2.7] the functional I satisfies the hypothesis of the Mountain
Pass Theorem and the mountain pass level d satisfies

d:= inf I(y) = inf supI(\y).
Jnf (y) yeiito, sup (Ay) (18)

In order to introduce the potential well, we first prove the following lemma.

LEMMA 2.11. In addition to Assumptions 2.8 and 2.10, further assume that
p>1, then

= inf [ .
d:= inf (y) >0

Proof. Let y € N. Then, by (17) it follows that

1 1

1 L 1 1
I — 2 F d P 2 - 2 _ - - 2 )
(v) 2IIva /O (y)dx 2IIyllv . 1IIyllv (2 . 1) lyllv >0

Using that y € NV, the embedding H} (0, L) < L9(0, L) and (14), we obtain
L
1 1 1

ol = @+1) [ P de < @+ DMIIET < Clal g e < Ol

Since p > 1, we deduce that ||y||v > C~#71 > 0. Therefore
1 1 2
d>(--——)o 51 >o.
(2 p+ 1) g

The proof is complete. O

Inspired by [2], we consider the following sets

W:={yeV:I(y) <d},

L
Wy = {y eW |yl >+ 1)/0 F(y) dx} u {0},

Wy = {ZGW: lyll < (p+1)/0 F(y)dx}-

Observe that W, N Wy = () and Wy, U Wy = W. The set W is called potential
well and d as the depth of the well. The set W7 is considered the “good” part
of the well.
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2.4. Preliminaries on W,

In this part, we prove some properties of the set Wj.
We define the function

J(s) = %sz — MRsP™L,

where the constant M > 0 is given in (14) and

Iyl
R:= sup 1T (19)
vev\{o} [lylly,

Since p > 1 and H}(0, L) < L4(0, L), we see that 0 < R < co. From (14) we
get

L
1) = 3ol = | F) e

WV

1 L
Sl =3 [l o+ 4 ) do

1 1 1 1 1 1 (20
illyll%/ — M(Jlull55 + lolBT + llwlbty) = glly\l%/ — M|lylbt (20

WV

> Ll — Myl s
> 2l ~ MR = I(lyllv).
Observe that
50— (p+1)MRsh = J'(sg) =0 55 ? = MR(p+1)
& so=(MR(p+1)) 5.

Thus, J is attained on [0, 00) at the unique critical point

1
So = ((p —|— 1)MR) p-1 .
Then, the maximum value of J is
- 1 b1 o
d:= sup J(s)=J(so) = §_MR30 sg
s€[0,00)
1
= (2 — MR((p+ 1)MR)_1) ((p+1)MR) 71

p—1 2
= 72(p+1)((p+1)MR) T
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Now, we define

={yeV:lyllv <so, I(y) < J(s0)}.
It is important to note that V[Nfl # {0}. In fact, for any z € V, there exists a
scalar € > 0 such that ez € Wy. Moreover, we have the following result
PROPOSITION 2.12. J(sp) < d and Wy is a subset of Wy.

Proof. Firstly, let us to prove that J(sg) < d. Indeed, let y € V' \ {0} fixed,
then (20) implies that I(Ay) > J(A||ly|lv) for all A > 0. Then

)
sup I(A\y) = J(s0)-
A>0

Hence, by (18), we deduce that

d= inf supl(A J(sp).
yeV\{0} ,\>% (Ay) > J(so)

Moreover, for all |ly|lyv < so, by (14) and (19), we have

p—i—l/F

+1
Mlyllpia

+1)
< (p+ MRyl
= [lyll (0 + ) MRyl )
< |lylli-((p + 1)MRs§ ™)
= llyll¥-

—~

(
(

Then, by the definition of W7, we have Wl C Wi. The proof is complete. [

For each 6 > 0 small enough, we can define a closed subset of ,V\[71 by
={yeV:lylv <so—081(y) <J(so—9)}. (21)

From Proposition 2.12 we see that Wf C Wi.

2.5. Main results for decay of energy

The results of this subsection is inspired by [20], with the necessary changes
that the problem requires.

THEOREM 2.13 (Global solution). Suppose that Assumption 2.3 and Assump-
tion 2.10 hold. Suppose further that y(0) € Wy and £(0) < d. If p > 1, then
the weak solution y of (1)-(2) is a global solution, that is, it can be extended to
[0,00). Moreover, we have
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(i) I(y(t)) < E(t) < £(0),
(i) y(t) € W,
(iii) E(t) < dp,
(iv) $E(t) <E() < E(),
for allt >0, where p = %.

The next result shows that the weak solutions decay as the solutions of a
certain nonlinear ODE.

THEOREM 2.14 (Uniform decay rates). Suppose that Assumption 2.3 and As-
sumption 2.10 hold. Suppose further thatp > 1, yg € Wl‘s and £(0) < J(sg—9)
for some § > 0. Let ¢; : [0,00) — [0,00) be continuous, strictly increasing,
concave functions vanishing at the origin such that

6i(95(s)s) = g;(s)I* + 5% [s| <1, j=1,2,3.
Define the function ® : [0,00) — [0,00) by
D(s) = ¢u(s) + ¢2(s) + d3(s) +5, s 20.

Then, for any T > 0 there exists a concave increasing map Q = (I + C~’<I))_1,
where C = C(T,E(0)) such that

1 1
;E(t) <EM LS (T - 1) . V=T,
where S satisfies the ODE

S'(t) +Q(S(t)) =0, S(0)=E&(0). (22)

COROLLARY 2.15 (Exponential decay rate). Under the hypotheses of Theorem
2.14, if g1, g2 and g3 are linearly bounded near the origin, then Q(s) = us
for some p dependent on £(0) and T'. The total energy E(t) and the quadratic
energy E(t) decay exponentially

1
;E(t) < E(t) < e*E(0)e WD vt > 0.

COROLLARY 2.16 (Algebraic decay rate). Under the hypotheses of Theorem
2.14, if at least one of the feedback mappings g1, g2 and g3 is not linearly
bounded (cf. Definition 2.2) near the origin and satisfies

crls™ < gu(s)] < eals™,  esls|” < lga(s)] < eals|”,

cslsl' < lgs(s)l < celsl’, Vsl <1,
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where m, 7,1 > 0 and ¢; >0,j=1...,6, then the ODE given by (22) can be
approximated by

S'(t) + CoS(t) =0, S(to) = S(to), t=tg >0, forsomety>D0,

and the energy decays as follows

%E@)gea)<cx1+w-ﬂ —

where b = (a

—1)"' and a > 1 (specified in (144) and (145)) depend of damping
exponents m,n,l.

The constants Cy and C depend of T and £(0).
AsSUMPTION 2.17 (For blow-up).

e Damping: Suppose that there exist a, B > 0 such that for all s € R

als|™ 1 < gi(s)s < Bls|™ L, m o> 1,
afs|"t < ga(s)s < Bls|"TY, =1,
afs|" T < gs(s)s < BlsT, 1=1

e Sources: Suppose that

F(2) = ag(JulP™ + [oPT 4+ |w[PTY),  for some ag > 0.

THEOREM 2.18 (Blow-up in finite time). Suppose that Assumptions 2.8, 2.10
and 2.17 hold. Suppose further that p > max{m,r, 1}, 0 < £(0) < d, and
y(0) € Wa, then any weak solution y provided by Theorem 2.5 blows-up in
finite time in the sense that limsup,_,p-1 E(t) = oo for some 0 < T < 0.

3. Local solution

In this section, we obtain the result on the existence of local solution stated in
Theorem 2.5.

3.1. Semigroup formulation

In this part, we show that the problem (1)-(2) is well-posed using nonlinear
semigroup theory and monotone operators.
Let us write the problem (1)-(2) as a Cauchy problem

dY
—_— Y=0 ¢t>0
dt+A , >0,

Y(O) = Yb = (uoav(),wOaulavlawl) €H.

(23)
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where H defined in (3) and A : D(A) C H — H is the nonlinear operator
defined by

—Y1
{=(a11u + a12v + a13w) e + g1(u1) — f1(y)}
{=(a12u + a22v + ag3w) gy + g2(v1) — fo(y)}
—(algu + a23v + a33w)zz + gB(wl) - f3 (y>}

AY =

"‘E‘HE‘H
<

i)

3

The domain of A is given by
D(A) = {Y = (u, v, w,u1,v1,wy) € (Hé(O,L))6 cAY € (L2(O,L))6}.

In order to present the existence of local solutions, we start by considering
the equivalent Cauchy problem (23). Since the damping terms are allowed to
have superlinear growth then we shall apply the theory of monotone operators
and nonlinear semigroups (see [40, 6] for instance). Given a reflexive Banach
space X, an operator A : X — X’ is called accretive if

<.A251 — ./42’2, 21 — 2’2> >0, Vzl, Z9 € D(A)

In addition, it is called m-accretive if (A + 1) : X — X' is surjective. An
operator B : X — X' is called hemicontinuous if

lim (B(u + Aw), z) = (B(u),2), VYu,w,z € X.
A—0

LEMMA 3.1. Suppose that f1, fo, f3 : V. — L?(0, L) are globally Lipschitz con-
tinuous. Then, for any initial data Yo € D(A), problem (23) has a unique
global strong solution Y € WH>(0,T; H) for all T > 0.

Proof. We split the proof into several steps. Firstly, we recall that H =V x H,
with V' = (H}(0,L))® and H = (L%*(0,L))3. To simplify the notation, let
y = (u,v,w), § = (4,0,w) € V, y1 = (u,v1,w1), h = (41,01, 01) € H.
Therefore, Y = (y,v1),Y = (§,71) € H. Using this notation, we can decompose
A as

o,
Y

AY: N )7
(B(y)+9(y1)—f(y)
where B: V - V', G:V =V and F:V — H are given by

_p%(allu + 412V + A13W) 3¢ p%!h (u1)
Bly) = | —o;(aou+anv+anw)e |, Gu)=| -g(v1) |,
*,,%((113’& + a23v + 33W) 3z p%giﬂ (w1)

and

H
—~
<

=

Fly) =

Prei
S
S—

333
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Step 1: A+ wl is accretive for some positive w > 0. By straightforward
calculations, for all Y = (y,v1),Y = (§,71) € D(A), we obtain

(A+wDY —(A+wlY,Y —Y)y
= (AY —AY,Y = Y)y +uw|Y = Y%

=9,y —9v+ W -0 —5)v (24)
+Gw) —Gn),v1 —91)e — (Fly) — F@),y1 — 91)m
-l—wHY—f/H%.

Since g1, g2 and g3 are monotones, we have

(G(y1) =G(0), 91 — G1)m = 0.

By definition of the norm in H,

1F () = F@)IIF < CZ 173 () = £ @)I5-

Now, using that fi, fo, f3 : V. — L%(0, L) are globally Lipschitz, we infer that,
for some constante Cy > 0,

1f5(w) = £@II5 < Cully —gl}, Vi=1,2,3.

Therefore, for some constant C'x > 0,

1F(y) = F@)lla < Crlly —gllv.

The last estimate and Young’s inequality, yields

(Fy) = F@)syr —9)m < |1F) = F@lallyy — 01llz

<
< Crlly —dllvliye — hilla
C]—'

Cr _
Ty =l + Sl -l )
7||Y T,
Now, combining (24)-(25), we have
(A+wl)Y —(A+w)Y,Y -Y), > (w - C) Y — Y|
) HZ H

This shows that A + wI is accretive when w > &£
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Step 2: A+ vl is m-accretive for some positive v > 0. We need to prove
that R(A+vI) =H for some v > 0. Let W = (¢, ¢1) € H. We will prove that
there exists Y = (y,y1) € D(A) such that (A + vI)Y = W, for some v > 0,
that is,

—Y1 +vy =9,
26
{B(@/)+g(y1)—f(y)+l/yl =¢1. (26)
Observe that (26) is equivalent to
LB+ 6 - F (CE ) =0 - LB e v en

Hence, we need only to prove that S: D(S) CV — V' by

v

S(m) = 28m) + 6 - 7 (28 ) o

is surjective. By [6, Corollary 2.2] it suffices to show that S is maximal mono-
tone and coercive.
We split S as two operators G, 7 : V — V'

S(y1) = G(y1) + T (1),
with

\7@ﬂ=:13@0—mf< + vy

v

¢+
v
Step 3: J is maximal monotone and coercive. Let y = (u,v,w),§ =
(4, v,w) € V, then it is easy to check that
(TW) =T@),y—9)
1 _ _ P+y P+y _
—w@www<f(1)f< )y
v v v
+v{y—9,y—19)
1 . Pty oty .
-l (7 () - (TR
v v v H
+vlly — 3.
Since fi, fa, f3 : V' — (0, L) are globally Lipschitz, we know

(T) = T@),y—9)

WV

1 . y—y _ _
= 3l = O[22 = ol + vl - 12
\4

1 ~112 y_gz Cr =12 =12
“ly—glv-Cr -y =9llz +vly—gl2
v vy 2

1 Cr . Cr .
= (V - l/2> ly —ally + (V T ly —7ll3-



16 M.M. FREITAS ET. AL

Choosing v > 2Cr, we get

W)~ TG -9) > Ly i} (28)

Therefore J is monotone.
Now, we will show that J is hemicontinuous. Let § € V, then

(T (y+ 1), §) = (T (), 9)
= (Bl + ). 9) — 1 (B).3)
(29)
() -2 (52) )
v v
+V<y+Ay1ag>_y<y7g>
Observe that
L By + 210, 5) — £ B, i) = 12| (9w | 22
’V< (y+A91),9) — — (y)7y>’—’,/’(y,y)vl—>0-
Since fi1, fa, f3: V. — L?(0, L) are globally Lipschitz, we obtain
(=) o) - (7 (52) )
v v
| (=) -~ (52) ),
v v I

| () = ()], e
H

1% 1%
CrlA . A—0
<|memmm;%u
Finally, we have

v {y+ 2y, 9) = vy, 0) [ = WAl [ (91, 9)y |
_i o A=0
< WAL lgallv 1§y === 0.
Therefore, from (29)-(30) it follows that

A—0

(T(y+ 1), 9) — (T (y),9) — 0,

proving that J : V' — V' is hemicontinuous. Since we have shown that J is
monotone and hemicontinuous, we can apply the result in [6, Theorem 2.4] to

conclude that J is maximal monotone. The coerciveness of J follows promptly
from (28).
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Step 4: G is maximal monotone. Let y,4 € V. Since H}(0, L) — L4(0, L)
for ¢ > 1, we have G(y),G(g) € H. Then, by the monotonicity of G, we see
that

Gw) —9@)y—u =G -9@),y—7)u = 0.

Now, we will show that G is hemicontinuous.
Given y = (u,v,w),y1 = (u1,v1,w1) € V and § = (@, 0,w) € V, then

L L
<g(y+/\y1),§/>:/ gl(u+)\u1)ﬂdx+/ go(v + Avy)vda
’ ’ (31)

L
+/ g3(w + Awy)wdz.
0

Since ¢y is continuous we have g1 (v + Aui)t — g1(u)@ pointwise as A — 0.
Moreover, by the assumption on the damping, we know |g1(s)| < B(|s|™ + 1)
for all s. Therefore, if |A| < 1, we get

lg1(u + Aur)a| < C(fJull5e + [ S + D alloo-

Then, by Lebesgue’s dominated convergence theorem, we obtain

L

L
lim g1(u+ Aup)ade = / g1 (uw)adx.
A—=0 Jo 0

In a similar way, we obtain

L L
lim / g2(v + Ay )ode = / g1(v)odx
A—=0 Jo 0

and
L

L
lim g3(w + dwp)wdr = / g3(w)w dz. (32)
A—=0 Jo 0

From (31)-(32) it follows that
lim Gy + M), ) = (G(1), ).

and thereby G is hemicontinuous; the maximal monotonicity follows. Now,
since J and G are both maximal monotone and int(D(J)) N D(G) # 0, by
[6, Theorem 2.6], we conclude that S = 7 + G is maximal monotone. The
coercivity of S follows promptly by (28). Therefore, S is maximal monotone
and coercive, which shows the surjectivity of S, i.e., there exists y; € D(S) =V
solving (27). Consequently, y = @ € V. Since

B(y) +G(y1) — F(y) = ¢1 —vyr € H,
we conclude that Y = (y,y1) € D(A). This show that A + vI is m-accretive.
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Step 5: Local solution (conclusion). Since A is m-accretive, by [40, Theo-
rem 4.1] we conclude that for each Yy € D(A), there exists a unique strong solu-
tion Y for (23), that is, Y € W1°(0,T;H) such that Y (0) = Yy, Y (¢) € D(A)
for all ¢ € [0,7T] and equation (23) holds a.e. in [0, 7] for all T' > 0. The proof
is complete. O

LEMMA 3.2. Suppose that p,m,r,l > 1, and p - max{mr;tl, o+l H'l

foree (5 ) Suppose further that f1, fa, f3 € C(R3) such that
VW< O(ulP~ + [olP ™+ [wP™H + 1), Yu,v,weR,j=1,2,3. (33)

\26

Then
o f;:(H'™(0,L))* — L7 (0,L) are locally Lipschitz continuous for

m+1 r+1 [+1
oy =—"—, 02= and o3 = ——-
m T l

e f;:V — L*(0,L) are locally Lipschitz continuous.

Proof. We first prove that f; : (H'=¢(0,L))> — L™(0, L) is locally Lipschitz
continuous with i = 2t Tet y = (u,v,w),§ = (4,9, W) € V = (H"0,L))?
such that ||y[|¢, [|7]l; < R, where R > 0. By (33) and the Mean Value Theo-
rem, we have

1) = A < Cly = 1 (jul ™ + fal " + ol
(34
o ol ).

Therefore,

L
14:0) = 5@ = [ 16:0) ~ £i@)" da
0
L
< c/ (lw— @™ + o — 3™ + |w — @™ x (|u|<p*1>ﬁ1 +|g|-vm (35)
0
[ D[] D a7V (i 07D 4 1) d,

Using the Holder’ s inequality the embedding H'=¢(0,L) — L%(O,L), the
fact that pi < 52 and |lul|ge-1(0,z) < R, we obtain

p—1

L ~ ~ L ~ % L ~ P
/ lu — a|™|u| P~V da < / lu — a|P™ dzx / JulP™ dz
0 0 0

1)
< Ollu — |- <(0, L)Hu||1§1 e(T(r)lL)

< CRP™D™ju — il F-c(0,1)-
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The other terms of (35) are estimated analogously. Hence, for some Cr > 0,

I1f1(y) = fr@)lm < Crlly — Jllzr—<(0,2))2-
Now, let y = (u, v, w), § = (4, ¥, w) € V = (H}(0,L))> be such that
lyllv,llgllv < R. By (34) if follows that

L
1£1(y) = H1@)II3 = /O [f1(y) = f1(9)|* dz

L
<C/ (Ju —af* + v — 3> 4 |w — @|?)

0
X (|u|2(p71) + |ﬁ|2(P*1) + |U‘2(p71) + |1~,|2(z>71) + ‘w|2(p71) + |w|2(p71) +1)da.

By Hélder’s inequality, the embedding H} (0, L) < L4(0, L), the fact that p > 1
and [[ull g1(0,z) < R, we obtain

p—1

L L % L P
/|ufﬂ\2\u|2(1’71)dx< /|u7ﬁ\2pd:c /|u|2pdx
0 0 0

2(p—1)
HE(0,L)

< CR*PV|u - ﬂ”?qg(o,L)-

< Cllu — il o 1 1]

Hence,

1f1(y) — f1(@)l2 < Crlly — Gll a2 (0,3

Using (4), we infer that, for some Cr > 0,

1/1(2) = f1(2)ll2 < Crllz = Z[|v.

Similarly, we get the result for fo and f3. The proof is complete. O

LEMMA 3.3. Suppose that Assumption 2.3 holds. Then for any initial data
Yy € D(A), there exist a time Ty = To(E(0)) > 0 such that the system (23) has
a unique strong solution defined in [0, Tp).

Proof. We use a standard argument as in [11, 14, 23] that use the truncation
of the sources. Let y = (u,v,w) € V. We define

ko i), lyllv < K,
”(”‘{ﬂ(“),nmv>m

llyllv
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for j = 1,2,3, where K is a positive constant such that K2 > 4E(0) + 1. With
the truncated sources above, we consider the following problem:

P1UG — Q11Uge — 12050 — G13Wes + g1 (we) = fi*(y), in (0,L) x (0
P2V — Q12Uey — (22Vaz — G23Wae + g2(ve) = f4(y), in (0,L) x (0, 00),
P3Wet — 13Uy — A23Vzz — A33Was + g3(we) = fa (y), in (0,L) x (0

Y (0) = (uo, vo, wo, ur, vi,w1) € H.

(36)

Observe that for each such K, the truncated sources ij : V. — L?(0,L)
are globally Lipschitz continuous (cf. [14, Theorem 7.2]). Then, by Lemma
3.1 the problem (36) has a unique global strong solution Yx = (yx,y%) €
WLoo (0, T;H) for all T > 0 and Yy € D(A).

In sequel, we will denote yx(t) = y(t). Since H}(0,L) < L4(0,L) for
q>1andy; €V, we have g1(uy), g2(v¢), g2(w;) € L?(0, L) and thereby we can
multiply (36) by (u, v, w) to get

t L
E(t) + / / (g1 ety + ga 00 )on + g (w,wy) dardr
0 0 (37)

— B(0) + / / e + FE e+ FE(y)wr) dadr.

Since m,r,l > 1, m = mTH, = ’”jl,i = HTI < 2. Consequently, f1 : V —
L™0,L),fo : V — L7(0,L) and f3 : V — LZ(O,L) are Lipschitz on the ball
{y € V i |lyllv < K} with some Lipschitz constants Ly, (K), Ly, (K), L, (K).
Taking Lx = max{Ly, (K), Ly,(K), L, (K)} and using calculations as in [14],
we see that f£ :V — L™(0,L), f&:V — L7(0,L) and f3:V — Li(O,L) are

globally Lipschitz continuous with Lipschitz constant Ly .

el

On the other hand, by Hélder’s and Young’s inequalities, we obtain

t oL ¢ L - L -
/ / ff(y)ut dxdTg/ |:</ |f1K(y)|md3:) (/ |ut|m+1 dx) :|d7'
0 0 0 0 0
t
< [ 1A @l 0
0
t ~ t
<c [ arre [ izt ar (38)
0 (0]
t B B t
<C. / (FE @) — FEOIE+IFEOE) dr + e / el td dr
0 0

t t
<c.rp / Il dr + CAL|FE ()™ + € / el ZtL dr.
0 0
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Similarly,
t L ~ t - ~
/ / () dedr < C.L, / Iyl dr + CtLIfE (0)]"
0 0 0
t
¢ / iyt dr

and

t L _ t ~ ~
/0 / Fi(wywr dedr < C.I / lolll, dr + CAL|FX(0)

t
te [ i ar
It follows from (5) that

g1(s)s = a(ls|™*1 = 1), ga(s)s > a(ls|*" — 1),
>

g3(s)s = a(]s|'t — 1), VseR.
Hence,

t oL

[ [ otwn i o [l ar - .
0 Jo
t oL

/ / g2(ve)vg dr > a/ Hth;ﬂ dr — atL, (39)
0 Jo 0

t oL t
/ / g3(we)wy dr > Oz/ ”wt”ﬁ% dr — atL.
0 Jo 0

Using the estimates (38)-(39) in (37), we conclude
¢
B0+ a [ (ullth + ol + o) dr a2

t t
l ) ;
<E(0)+6/ (luellimts + loellyFs + llwellifr) dT+CeL?/ lylly dr
0 0

(40)
- t - _ t _
+CLi [l dr+ i [l ar
0 0
FCAL(FEO)™ + [FEO)F + [£E ).
If € < «, then by (40) we deduce
ot - ~ t B - t B
B(t) < B(0) + C.LY / lylfdr+CL / gl dr+C.Ll / ollar

+ CAL(F0)™ + [£50)] + | £X(0)]') + 3atL.
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Since 1 < ,77,l~< 2, then by Young’s inequality

t t t
[ I ar < [l + 6y ar <2 [ B ar+ e
0 0 0

Similarly

t t ¢ ~ ¢ }
[ e ar<z [ Bearon [ el ar<z [ Ber o
0 0 0 0

where C' > 0 is a constant dependent on the parameters m, r and [. Therefore,
if t < Tp and we take C; = 2C (L7 —|—~L’;< + L), Cy = E(0) + CoTop with
Co = CL(IfEO)™ + [ £55(0)]" + 15 (0)[") + 3aL + CC(Lg + L + L), then
by (41), we get

B(t) <O+ / t E(r)dr, Vtel|o,Ty). (42)
0

where T > 0 will be determined later. Applying Gronwall’s technique to (42),
we have

E(t) < Coe“t, Vit € [0, Tp). (43)
Choosing
Ty = min {4100’ 100g12 } ) (44)
and using that K2 > 4E(0) + 1, then (43) implies
E@g%ﬂ@+%%h&ﬂm+%<%: vt € [0, Tp]. (45)

This proves that ||y(t)||y < K, for all t € [0,Tp] and thereby f{£(y(t)) =

@), £ (y(t) = f2(y(t)) and f5*(y(t)) = fs(y(?)) for all t € [0,Tp]. By
uniqueness of solutions of (36), we conclude that the solution to (36) coincides
with the solution to (1) for ¢ € [0,Tp]. The proof is complete. O

3.2. Approximate solutions and passage to the limit
In this part, we complete the proof of the Theorem 2.5.

Step 1: Approximate system. Clearly, D(A) is dense in H. Then, for each

Yo = (yo,y1) € H, there exists a sequence Y;' € D(A) such that Y — Yo

strongly in H. Let Y = (y,y:) = (u, v, w, us, vs, wy) and consider the approxi-
mate system

Y+ AY" =0,

{ i (46)

Y7™(0) = Y3 € D(A).
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Step 2: Approximate solutions. By Lemma 3.3, for each n, problem
(46) has a strong local solution Y™ = (y™,y}') = (u", 0™, w™,u}, vy, wy) €
Whoe(0, To; H) such that Y™(¢) € D(A) for all t € [0, Tp]. We denote by E™(t)
the energy for the solution Y.

The parameter Ty in (44) can be taken independent of n. Indeed, Ty de-
pends on the choice of constant K, which in turn only has to be large enough
to dominate \/4E(0) + 1. Since U} — Uy strongly in H, we can choose K

sufficiently large depending on E(0) such that K > /4E™(0) + 1 for all n.
On the other hand, by (45), we have E™(t) < K?/2 for all t € [0, Tp]. Then

Y™ Ol5 = ly" O + v (OF =2E"(t) < K?, vt [0,To].  (47)

We take 0 < € < /2 in (40), we use fact 7m,7,1 < 2 and the bound (47) to
obtain

To
/0 (luf It + P 77 + lwpl7f1) dr < Cx, (48)

for some C(K) > 0. By the definition of strong solution of the system (46), we
obtain
t

(wi' (), () — (47 (0), w(O))H+/[*(yt"(T), o))+ (y" (1), ¢(7))vidr
’ (49)

+ [ @ ve ar = [ @) pr
for all t € [0,Tp] and ¢» € ¥, where T is the space of test functions defined
in (8).
Step 3: Passage to the limit. First, we observe that (47) indicates that
{Y"} isbounded in L>(0,Tp;H).
Then, there exists a subsequence such that
Y" >Y = (y,y:) weakly* in L>(0,To;H). (50)

Moreover, (47) also indicates that {y"} is bounded in L>°(0,Ty; V') and thereby
{y"} is bounded in L(0,Tp; V) for all ¢ > 1. In addition, by (48), we see that

{y"} is bounded in L™%(0, Ty; L™**(0, L)) x L"(0,To; L™(0, L)) (51)
x L0, To; L(0, L)),

and since m,r,l > 1, we conclude that
{y} is bounded in L™(0, Ty; L™ (0, L)) x L"(0,Tp; L™(0, L))
x L}0, Tp; L1(0, L)).
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We observe that for any 0 < € < 1, the imbedding Hg (0, L) < H'~<(0, L) is
compact, and

(H(0,L))* < L™(0, L) x L7(0, L) x L}(0, L).

Then for any ¢ > 1 fixed, by Aubin’s Theorem, there exists a subsequence such
that
y" =y strongly in  L(0, To; (H'7¢(0,L1))?). (52)
Now, we claim that {Y"} is a Cauchy sequence in C([0,Tp]; H). Consider
Y™ and Y7 approximate solutions of (46). To abbreviate the notation, let us
put § = y™ — 7. Since Y™, Y7 € W1°(0,Tp; H) and Y™ (¢),Y7(t) € D(A), we
know §; € W1>°(0,Ty; H) and §j; € V. Moreover, by (51) we have

Jr € L™TL((0, L) x (0, Tp)) x L™ ((0, L) x (0, Tp)) x L1((0, L) x (0, Tp)).

Therefore, we can consider the difference of the approximate problems cor-
responding to the parameters n and j, and then use the multiplier by g; on
equation (49) to get

%wmm@+wﬁm@+/YG@07mﬁxm2m
0 (53)

= 5T + 13 + [ 6™ ~F) e o
0

We will prove that each term on the right-hand side of (53) tends to zero when
n,j — oo. First, by assumptions on the initial conditions {y{} and {y7'}
lim [g(0)[lv = lim |y —ypllv =0,
n,j—oo n,j—0o (54)
lim |[g:(0)[[z = lim (g7 —yillu =0.
n,j—00 n,j—oo

It follows that

t - t oL o A dade
/0<F<y )~ F(y), )2 dr <// AWM — Fi(y)] ] ded

t L

+/0 /0 |f2(y™) = f2(7)]|0¢| dxdr  (55)
t L

+/0 /0 [f5(y™) = f3(y") || dzdr.

We must estimate the terms on the right-hand side of (55). We have

t L t L
/ / ™) — 1) ] dedr < / / ™) — Fi)lie] dedr

t rL
+/0 /0 |f1(y) = Fr(y?)|tie| dadr.
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From Lemma 3.2, (52) and (48), we deduce that
[ [ 1060 - nwlad asar
(/ / If1(y™) = fily)|™ dxdT) (/ / |1 | dsr:dT) ’
T 1 - (57)
< ( | inen - nwi dT> ( [ dT>

3=

To 5 g
< Ck (/0 ly"™ = yll{k—<0,0)) dT) E—

—— 0 uniformly on [0, Tp].
Analogously

/ / () — Fu() 1] dedr =3

— 0 uniformly on

Combining (57) and (58) in (56), we obtain that

t oL |
/0/0 |f1(yn)—f1(yj)||ﬂt\dmd7w>
t oL

/0/0 | f2(y™) — foy?)| T¢] dadr 222

— 0,

t oL ; n,j— oo
/0/0 1F3(y™) — Fo(y)] [n] dardr 22

—— 0.
Hence, we obtain

/0 (F(s™) — F(yf), o) dr| ™25

Now, using the fact that (G(y") — G(y!)) -G > 0
take limit as n,j — oo in (53) to conclude that

im [[g#)[v = Lm_[ly"(¢) -
n,j—00 n,j— oo

lim [[ge(®)lls = lim_ [lyf(t) = 47 (t) | = 0 uniformly on [0, Ty
n,j—o0 n,j— oo
and

[0, Tp). (58)

0,

and

0 uniformly on [0, T] (59)

, (564) and (59), we can

()|l = 0 uniformly on [0, Tp]

t
lim [ (G(y;'

) — G(y)),y" — y!)2 dr = 0 uniformly on [0, Tp)
n,j—oo Jo

(60)
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Then
Y" —-Y in A uniformly on [0, Tp]. (61)

Using the fact that Y™ € WH*°([0,Ty]; H) and (61), we know
Y = (y, ) € C([0, To]; H). (62)

It remains to prove that y and y; satisfy (7) in Definition 2.4, that is, we
will pass the limit in (49).
Since ¢ € C([0,t]; V) and ¢, € L*(0,¢; H), then by (50) and (61), we obtain

that
Jim (0, 60 = (l8), ¥l
nlLrI;O(yf(O),¢(0))H = (4:(0),%(0)) m,

t t

lim [ (4"(). o)y dr = / (y(r) () dr

n—oo [q
t

im [ (yP(r). u(r))y dr = / (e (7). (7))t .

n—oo 0

(63)

Since |g1(s)| < B(]s|™ + 1), it follows that
Ty L i . fTo oL
[ [ o asar<csm [ [ it 1) dodr
o Jo o Jo
To

<os™ [ttt + Dar
< Ck.
Therefore, there exists a subsequence such that
g1(u) = gf  weakly in  L™((0, L) x (0,t)). (64)

It follows from (48) that u} — u; weakly in L™*1((0,L) x (0,7Tp)). Now, our
goal is to prove that g1(u:) = ¢7. In light of [6, Lemma 2.3], (60) and (64) it is
sufficient to prove that

g1 Lm+1((OaL) X (OvTO)) - L’h((O,L) X (Oat))

is maximal monotone. To see that g; is maximal monotone, by [6, Theorem
2.4] we only need to prove that g; is monotone and hemicontinuous. Since g;
is monotone increasing, it is easy to see g; is a monotone. Now, we will show
that g; is hemicontinuous, that is,

t L t L
i = 65
lim /0 /0 g1 (u+ M) dxdr /0 /0 g1 (u)¢ dxdr, (65)

A—0
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for all u,v,¢ € L™*1((0,L) x (0,Tp)). Indeed, since g; is continuous, g; (u +
)¢ — g1(u)¢ pointwise as A — 0. Moreover, since |g1(s)| < 8(|s|™ + 1) for
all s, we have if |\| <1

lg1(u+ A)¢| < B(lu+ Av[™ +1)[¢|

<
< C(ul™|g] + [o]™|g] + [¢]) € L1((0, L) x (0,1)),

by Hélder’s inequality. Thus (65) follows from the Dominated Convergence
Theorem, and thereby g1 is maximal monotone. Then g7 = g1 (u¢), that is,

up € L™H(0, L) % (0,4)), g1(uf’) = g1(uy) weakly in L™((0, L) x (0,1)). (66)
In a similar way, we get

vy € LTJFl((O?L) X (Oat))v 92(7)?) - gQ(Ut) Weakly in LF((Oa L) x (Ovt))a

N 67
wn € L0, L) (0,1)), ga(u?) — go(ur) weakly in ZH(0, L) (0,1)). 7

It follows that

t

lim [ (G(y;' (7)), 9(7))2 d7 :/0 (G(ye(7)), 9(7))2 dr. (68)

n—oo 0

Replacing 4, by ¥, we have

t

¢
i [ (B (7). 02 dr = [ E) 0 dr (69
Finally, using (63), (68) and (69) we can pass to the limit in (49) to obtain
(7). Moreover, by (62), (66) and (67), Y satisfies the regularity as stated in
Definition 2.4, thus the proof is complete.

4. Energy identity

In this section, we prove the energy identity (9) for weak solutions. We divide
the proof in several steps.

4.1. Known results on the difference quotient

In this part, we recall two abstract results on the difference quotient which

will be used in the proof of energy identity (9). Let X be a Banach space,

u € C([0,T]; X) and h > 0. We define the symmetric difference quotient of u

by

ue(t+h) —uc(t—h)
2h ’

Dhu(t) = (70)
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where u.(t) denotes the extension of u(t) to R given by
(0), fort <0,

(t), forte(0,T), (71)
u(T), fort>T.

U(t) =< u

The following proposition have been established by Koch and Lasiecka in [26,
Proposition 4.3].

PROPOSITION 4.1. [26] Let uw € C([0,T]; X), where X is a Hilbert space with

inner product (-,-)x and norm || - |x. Then
T 1
lim [ (u(t), Dpu(t))x dt = 5 (Ju(T)[% = [u(0)]%) - (72)
-0 Jo 2

If, in addition, u, € C([0,T); X), then

T
/ (e (), (Dpu())e)x dt =0,  for each h > 0, (73)
0
and,
Dy, (t) 120, ug(t) weakly in X  for every t € (0,7T),
1 1
Dy (0) 2=% 5u(0) and  Dy(T) 220, gu(T) weakly in X (74)

The following proposition by Guo, Mohammad and Rammaha [23, Propo-
sition 3.2] is essential for the proof of (9).

PROPOSITION 4.2. [23] Let X andY be Banach spaces. AssumeueC([0,T];Y)
and u; € LY([0,T};Y) N LP([0,T); X), where 1 < p < oo. Then Dpu €
LP([0,T]; X) and || Dpulpeo,r);x) < lJuellLe(o,r);x)- Moreover Dyu — uy in
L?([0,7]; X), as h — 0.

4.2. Proof of the energy identity

The proof is inspired by the argument of [32, Section 3.2]. Let ¢ € [0,Tp]
fixed and let y = (u,v,w) be a weak solution of (1). Then, we have u €
C([0,t]; H} (0, L)), us € C([0,t]; L*(0, L)) and u; € L™T((0,L) x (0,t)) =
L™Y0,¢; L™*1(0, L)). Then, we can define the difference quotient Dju(r) by

Ue(T + h) — ue(r — h)
2h ’

where u.(7) extends u(7) from [0, ] to R as in (71). Using the Proposition 4.2,
with X = L™*Y(0,L), Y = L?(0,L) and p = m + 1, we get

Dpu(r) =

Dpu € L™((0,L) x (0,t)) and Dpu — u; in L™T1((0, L) x (0,t)). (75)



TERNARY MIXTURES OF SOLIDS 29

Similarly,
Dyv € L"M((0,L) x (0,)) and Dpv — v in L™T((0, L) x (0,1)),
Dypw € L'1((0,L) x (0,t)) and Dpw — w; in L'T1((0, L) x (0,1)).
Since y € C([0,t]; V) we know Dyy € C([0,t]; V), where V = (H}(0,L))3.

Now, we claim that
(Dpy)e € L'(0,t; H).

Indeed, for 0 < h < %, we observe that

2—1hyt(7'+h), 0<7<h,
(Dry)e(r) = ﬁ[yt(r—l—h)—yt(T—h)}, h<tT<t—h,
— oz y(T = h), t—h<t<Ht.

and since y; € C’([O,t]; H) we know (Dypy); € Lt (O, t;H). Therefore, Dy € T
with T defined in (8). Hence, making ¢) = Dpy in (7), we have

(Ye(t), Dry(t))m — (y:(0), Dry(0))m

+ /0 [— (v (1), (Dry)e () + (y(7), Dpy(7))v] dr (77)

+Amww»MMﬂ»w=A@wv»mMﬂbw

We will pass to the limit as h — 0 in (77). Since y,y: € C([0,t]; H) then by
(74) it follows that

1 1
Dyy(0) — §yt(0) and Dpy(t) — §yt(t) weakly in H.

Hence,
Tim [(4:(£), Day(£) = (9:(0), Dpy(0)) a]
= (u(t), )t~ ((0), 590)) (78)

:%w%@mrwmmmm.

By (73) we have

/0 (ye(7), (Dry)e(7))g dr =0 for each h > 0.

Also, since y € C([0,]; V), by (72) we get

t

fim | (y(7), Dpy(7))v dr = %(Hy(t)lfv =y (OI7)-



30 M.M. FREITAS ET. AL

By (66) and (67), we see that G(y:) € L™((0,L) x (0,¢
LY((0,L) x (0,t)), where i = ™t 7 = L and | =
(76) we obtain

~—

) x L7((0,L) x (0,1)) x
. Hence, by (75) and

~\t

t

lim [ (G(y(r)), Day(r))s dr = / (G (wi(r)), 3u(r))z dr.

h—0 Jo

On the other hand, since y € C([0,t]; V) and H}(0, L) < L%(0, L) for q > 1,
we have F(y) € H = (L?(0, L)), and by Proposition 4.2 we deduce

t

lim [ (F(y(7)), Dny(7))2 d7 :/o (F(y(7)), ye(7))2 dr. (79)

h—0 Jo

By combining (78)-(79), we can pass to the limit as h — 0 in (77) to obtain

3O+ @) + [ (Gn).n)z ar
= 5O + IO + [ Fw).uadr

5. Continuous dependence of solutions on the initial data

This section is dedicated to prove the continuous dependence of solutions stated
in Theorem 2.6. We split the proof in two steps.

Proof. Step 1: Energy identity for a difference of two. Let y = (u, v, w)
and § = (4,0, W) be two weak solutions in the sense of Definition 2.4. Let us
put

w=y—4.

and we denote by E’(t) the energy corresponding to w, that is,

E(t) = %(Ilw(t)ll2v +llwe (7). vt e 0,T].

By the regularity imposed on weak solutions in Definition 2.4, there exists
R > 0 such that

IO (5O e (0 1 0) s < B
l

Jo 0t s fy el s, fy e s
~ ~ l

Jo el ds, £ 1974 ds, Jy i ds

)

<R
<R
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for all ¢ € [0,7]. By Definition 2.4, w satisfies
t

(we(8), () 1+ (e (0), $(0)) s+ / (= @i (r), () + @ (7), () ]dr
+ / (G (7)) — GG (r)), (7)) dr (20)
0
- / (F(y(r)) - F((r)), ¥(r))2 dr.

Making (1) = Dpw(7) in (80) for 7 € [0,t], where the difference quotient
Djw is defined in (70). Using a similar argument as in obtaining the energy
identity (9), we can pass to the limit as h — 0 and conclude

B(t) + / (G (1)) — GG (1)), wn () dr
— B(0) + / (F(y(r)) — F(H(r))wr(r))z dr.

Step 2: Estimates. By monotonicity properties of g1, g2 and g3, we get

E(t) < E(0) +/0 (Fy(1)) = F(G(7)), wi(7))2 dr. (81)

Using the Holder’s inequality and fact that fi, fa, f3 : V. — L?(0, L) are locally
Lipschitz (cf. Lemma 3.2), we obtain

t L
/0 /0 (F(y(r)) — F(§(7))) - we(r) dadr

< (/Ot /OL ’F(y(T))—IF(ﬂ(T))FdxdT)é (/Ot /OL |wt(7)|2dgcd¢>é (82)
<on ([ hotnl df); (f ||wt<r>|%dr)é <o [ Biyar

Therefore, from (81) and (82), we have

B(t) < E(0) + Cr /0 "Blr)dr
By Gronwall’s inequality, we obtain
E(t) < E(0)e“rt, vt € [0,T). (83)
From definition of E(t) and (83), we conclude that
1(w(®), weE)1F < (w(0), we(0)) |3, vt € [0,T).
The proof is complete. U
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6. Global existence

Here, we apply a standard continuation procedure for ODE’s to conclude that
either the weak solution y = (u, v, w) is global or there exists 0 < T' < oo such
that limsup,_,;— E1(t) = 400, where E(¢) is the modified energy defined by

Bu(t) = B(0)+ — Il with B = 5 (Ol + (0l (50

PROPOSITION 6.1. Suppose that y = (u,v,w) is a weak solution to (1)-(2) on
[0,To] given in Theorem 2.5. Then

o If p <min{m,r, 1}, then for allt € [0,To], z satisfies

t
B0+ [l + Jul 2+l {5 ar < €@ B(0). (59
where C (T, E1(0)) is continuous in Ty and defined for arbitrary Ty > 0.

o Ifp > max{m,r, 1}, then the bound in (85) holds for 0 <t <T', for some
T < Ty, where T' is a continuous and decreasing function with respect

to E1 (0) .

Proof. Using the modified energy (84) and the energy identity (9) we have

Ey(t) + / (G(ye). yr)2 dr

' 1 p+1 P
—EO+ [ FEwwadr+ s (O - WO “

— B(0) + / (F(y). y0)2 dr

t L
+/ / (JulP~ uwy + [vP~ ooy + [w]P~rww,) dadr.
0 Jo

By assumption, we have |f;(y)| < C(Ju|? + |v|” + |w|P + 1), j = 1,2,3. Then,
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by Holder’s and Young’s inequalities, we get

/Ot /OL f1(y)uy dadr

t
P _
< C/ (lllpgr + Mol + lwllp + L7 ) [[wllper d7
0

t oL
< / / C(Jul” + |v|P 4 |w]? + 1)|uy| dzdr
0o Jo

t t
+1 +1 +1 +1
<e / lueZtE dr +C, / (Ul + ol + ol + L) dr
t t
1 1
<e [ lulzit arvc. [ izt vz or
0 0
t t
ge/ e |25 d¢+o€/ Ey(7) d7 + C.TyL.
0 0

Analogously

/Ot /OL fa(y)vy dadr

and

/0 t /0 " fa(wywy dudr

By (87)-(88), we get

t t
< [ uigtiar+ ¢ [ Bagdr+ L,
0 0

/ (F(y). 41)2 dr
0

Using similar estimates as in (87), we obtain

t oL
/ / (JuP~ uws + [v[P~ oo 4 [w]P~ fwwy) dadr
0 Jo

t L
< / / (ulPlue] + [0 |or] + fwlPle]) dedr
0 0
t 1 t L
< [ ulzttarvo [ ar

t t
ge/ el d¢+c€/ Bu(r) dr.
0 0

t t
<e/ ||vt||§ﬁ dT+C€/ Ey(r) dT 4+ C.TyL,
0 0

t t
< [l ar+3¢, [ BaGr) dr T
0 0

33

(83)
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By (39), we get

t L
/ / (g1 (ue)ur + g2(ve)vy + g3(we)wy) dadr
o Jo (89)

t
>a / (el + ool + el 1) dr — 3aToL.

Therefore, if p < min{m, r, 1}, it follows from (87)-(89) and energy identity (86)
that, for ¢ € [0, Tp],

t
Bu®) +a [ (all2ft+ ol + ) dr
0 . .
0)+26/ Hyt||gﬁ dT+CE/ Ei(1) dt + Cry e
0 0 (90)
0)+2C [ (faallztt + ol £+ el 1) dr

¢
+C5/ Ey (1) d7 + Crp, -
0

We choose 0 < 2¢C < /2 and we use (90) to obtain

t
a l
B0+ 5 [ (ullth + ol 23+ el 1)) dr

t
< El(O) + Ce/ El(T) dr + CTg,e-
0

In particular,
Ex(t) < Er(0) + C. /0 " By(r)dr + Cn . (92)
Applying Gronwall’s technique to (92), we have
E1(t) < (B1(0) + Oy 0 )e“ ™, vt € [0, Ty], (93)
where Ty > 0 is arbitrary. Combining (91) and (93), we conclude that (85)

holds.

Now, we assume p > max{m,r, [}, then we slightly modify estimate (87),
by using the Holder’s inequality with exponents m + 1 and m = mTH followed



TERNARY MIXTURES OF SOLIDS 35

by Young’s inequality yields

t L
/ fi(y)uy dadr
0o Jo

t L
gc/ / (uf? + o + [w]? + 1)|us| dedr
(94)

/||Ut||m+1 lull® s + 0l + llwlls + L) dr
‘ / lualiztt dr + €. / (w2 + L) d

Since pm > 2 and H}(0, L) < L9(0, L) for ¢ > 1, we have

t L t t
/ f1(y)uy dadr <e/ [lwe ||t dT+C€/ Ldr
0 0 0 0

t P
2 2 2 2
+ Ce/o (('u“Hé(O,L) + ||UHH3(07L) + ||1UHH3(07L)) ) dr.

As the norm || - ||y is equivalent to usual norm || - [|(g1(0,1))2, We get

t L t
/ Fi(y)ue dadr| < / g dr+c€/ Iy dr + C.TyL
0 0 0

t ~
[t ar e [(mEnE e o,
0 0

Similarly, we conclude that

t pL t ~
/ fa(y)vpdadr| < / ||vt\|:;1}dr+c€/(El(r))%errceToL,
0JO 0

t oL t t . (95)
/ f3(y)wedadr <e/ ||wt||§ﬁd7'+05/(El(q-))%ldT—FCeTOL.
0 Jo 0 0
Using similar estimates as in (94)-(95), we have
(JulP~ uwy + [vP~ ooy + [w[P~tww) dadr
! 1 1+1 96
m r+1

< [ Qi+ ol + i) ar %6)

+c/ (B )% + (B E + (B(r)E) ar.
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Using (94)-(96) and (89) in (86), we get

t
Emw+a4<mmmﬁ+w%mﬁ+4wmﬁb
t
SEM@+¢ﬁAGMN%H+H%Mﬂ+W wli) dr
t
—I—Ce/ (E1(1))° dr 4+ Cry e
0

where o = maux{]”m7 p;, gl} > 1. Choosing 0 < 2¢ < a/2, we obtain

t
(@] m r
Bu®)+ 5 [l + ol + D) dr

’ (97)

t
<&@+Q/uMﬂVM+@w
0

In particular,

Eu(t) < E1(0) + C. / (Bi(r)° dr + Cn.. (98)
0

Using a standard comparison theorem (see e.g. [27]) to (98), we see that E(t) <

¥(t), where (t) = [(E1(0) 4+ Cry,e)' ™7 — Ce(1 —0)t] 77 is the solution of
the Volterra integral equation

t
ww:aAMWM+&@+%W

Since o > 1, then v(t) blows up at Ty = m(El(O) + Cr,.)t 77, that is,

P(t) — oo as t — T, . Observe that 77 depends on the initial energy E;(0)
and the original existence time Ty. However, if we choose TV = min {TO, %},
then

Ey(t) <o) < Co o= [(B1(0) + Cpy ) ™7 — C.A—o)T'] 77, (99)

for all ¢ € [0,7']. Combining (97) and (99) we obtain

2
< E1(0) + C.T'C§ + Cry e

t
0]
aw+—£mmmﬂ+wﬂﬂ+wwm>

for all ¢ € [0, Tp]. The proof is complete. O



TERNARY MIXTURES OF SOLIDS 37

7. Blow-up with negative total initial data

In this section, we prove the Theorem 2.9. The proof follows the lines of the
proof of [32, Section 6]. Let y = (u,v,w) be a weak solution to (1)-(2) in the
sense of Definition 2.4. We define the life span T of such a solution y = (u, v, w)
to be the supremum of all 7% > 0 such that y is a solution to (1)-(2) in the
sense of Definition 2.4 on [0,7%]. Our goal is to prove that T is necessarily
finite, and obtain an upper bound for T

Asin [1, 9], for ¢t € [0,T], we define

L
G(t)=-£@t), N =ly®IF, SO :/0 Fy(t)) de,
where £(t) is the total energy defined in (11). It follows that

G(t) = —% (Il + llwell3) +S),  N'(2) = 2(y(), ye(t) - (100)

Moreover, by the Assumption 2.8, we have

S(t) = collyllbT1- (101)
Let
1 1 1 1 1 -1
0<§<min{ — , — , - , P }
m+1 p+1'r+1 p+1'1+1 p+1'2(p+1)

In particular, £ < % To simplify the notation we introduce the following

constants

Ki = pLTHGD o 7T 5 = %G(O)mﬂ =
- S—— A 11

Ky = BL®TOUF0 ¢ P Gy = SGO)T T, (102)
B A 11

K3 = fL®FDUFD ¢ P 03 = EG(O)I 17541

where A =c¢; —2 > 0.
Observe that the energy identity (9) is equivalent to

G(t) = G(0) + / (G(yr), )2 dr.

By Assumption 2.3 and the regularity of the solution y, we conclude that G(t)
is absolutely continuous and

G’ (t)=(G(ye), ye)2 = alluel 3 +llvel7 41 + [[welli£1) = 0, ae. in[0,7). (103)
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Thus, G(¢) is non-decreasing. Since G(0) = —£(0) > 0, we have that
0<GO)<Gt)<S(t) for0<t<T. (104)

We define
U(t) = G(t)' =5 + eN'(2),

where 0 < ¢ < G(0). Later in the proof we further adjust the requirements
on €. We shall show that

U'(t) = (1 —&)G(t)SG'(t) + eN"(¢), (105)
where
N"(t) = 2llyllF = 20lylI3 — 2(G(ye), y)2 + 2(F(y),y)2  ae. in [0,T). (106)

In order to obtain (106), we observe that the regularity of y and the fact
H}(0,L) < L4(0, L), for all ¢ > 1 imply

y = (u,v,w) € L™TH((0,L) x (0,t)) x L™((0, L) x (0,1))
x L((0, L) x (0,1)).

This shows that y satisfies the regularity restrictions on the test function 1, as
stated in Definition 2.4. Therefore, replacing ¢ in (7) by y and using (100), we
obtain

SN0 = (09O + [ (el = i) ar
0 (107)

- / (Gye(r)), y(r))adr + / (F(y()). y(r))adr, ae. [0, T).
0 0

Using the Assumption 2.3 and the Mean Value Theorem, it is easy to verify
that

£ (w0, w)| < C(lul? + [of? + [w]” + 1), V(u,v,w) €R®, j=1,2,3.

Thus,

t t L
T < u|P4|v|P +|w|P u vl+|w))dzdr. (108
/0|<F<y>,y>2|d <c/0 / (ufP+ [0+ [+ 1) (fu] + [o]+|w])dzdr. (108)

Using the Holder’s inequality and the embedding H}(0,L) < L9(0,L), ¢ > 1,
we obtain

t L t pmtl T
[ rtuddzar < ¢ ([l nar) ™ Tl <
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where we have used the facts u € C([0,t]; H3(0,L)) and u € L™*1((0,L) x
(0,%)). The other terms in (108) are estimated analogously. Therefore,

/| y)a| dr < oo, Vte[0,T). (109)

Using the regularity of the weak solution y and the assumptions on the param-
eters of damping, it is easy to verify that

/I (ye),y)2| dT < oo, Vte[0,7). (110)

From (107), (109)-(110) and regularity of y, it follows that N'(¢) is absolutely
continuous. Hence, (106) holds.

We observe that (100) implies

Iy = 25(t) = 2G(t) = llye ()17 (111)

By (105), (106), (111) and assumption F(y) -y > ¢ F(y), we have

U'(t)=(1—GH) G (t) + 4e ([lyel| T — S@t) + G(1) — 2e(G(we), y)2
+ 26(F(y),y)2 (112)
> (1-8)G(t) " G (t) + Aellye]| 7 +4€G(t) —26(G ), y)2+ 2XeS (1),

where A =c¢; —2 > 0.

Now, we estime the terms on the right hand side of (112). Using the as-
sumption g;(s)s < B|s|™ "1, the fact that p > m and (101), we have

L
/0 g1 (ue (1) u(t) da

L
< B/ lue ()] [u(@)] < Bllu®)lm+1 el
(113)

< BLEFO0FD [|u(t) ||y | ()71
<

K1 S() 7 [Jus ()71,

where K is given in (102). By the definition of £, we see that zﬁ — #_H+§ < 0.
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Therefore, from (103)-(104), (113) and Young’s inequality, we get

L
/gmmmwﬂm
0

< K1 S() 7 = S(8) 5 [lug (8|74

11 mtl m+1

g G(t) p+1  m+1 (615(t) + C(61[(1 " ||ut||m+1)
1 1 m+41
<OHGH) T m I S(t) + Cs K, ™

G
< 5GO)F T S() + C5, K, ™ o~ G (DG(1)

(114)

a LG (WG () T G ()T m e
~£G(0) 7T te

S(t) + Cs, K, 7 o~ G (1)G(1)6G(0) 7w e,

O\
bq
N
)
—
4
&
—
~
=
=
i~
—~
~
=
o,
=

S(t) + 053K?j+T1a_1G/(t)G(t)—fG(0)ﬁ*ﬁ‘l’ﬁ.

A
<Z
6

Hence, by (114) and (115), we obtain

m+1

S(t)CglKlTa—lG/(t)G(t)—SG(O)pﬁf —lote

[(G(ye), y)| <

DO | >

+ O, Ky a G ()G EG(0) T AT (116)
[E5Y L
O K, a G (D)G(1)~EG(0) T T,

Now, since 0 < & < %, we may choose 0 < € < 1 small enough such that
m+1 1 1
L:=1-¢—2C5 K™ a 'G(0)p+1 mitte
rt1
—2eCs, K, a 'G(0)7T e (117)

141
1

—2eC, Kyt o 'G0)F T HTHE > 0.

Using the estimate (116) in (112) and (103), (104) and (117), we obtain that
U'(t) = LG'()G5(t) + e (gl 3 + G(1)) + AeS(2)

118
e (|lyellzr + G(1)) + AeS(2). (118)

=
>
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In particular, the inequality (118) ensures that U(t) is increasing on [0,T), and
thus

U(t) = G(t)' =5 + eN'(t) = G(0)* ¢ + eN'(0).

If N’(0) > 0 then no further condition on ¢ is needed. However, if N’(0) < 0,

then we further adjust € so that 0 < € < —%. In any case, one has
1

Ult) > 3G0) ¢ >0, ten,T). (119)
Finally, we show that

U'(t) = Cettu@), telo,T), (120)
where

1< L <2 1 2
n=-—>—= ) o= T a1V
1-¢ (1-2)(p+1)

and C > 0 is a generic constant independent of €. Observe that o > 0 from

assumption £ < 2(’;;_:1).

Now, if N'(t) < 0 for some ¢ € [0,T"), then for such value of ¢ we have
Ut)" =[G +eN'(1)]" < G(b), (121)
and in this case, (118) and (121) yield
U'(t) > 4eG(t) = 4e'T9G(t) = 4e' U (1)".

Hence, (120) holds for all ¢ € [0,T) for which N’(¢) < 0. However, if t € [0,T')
is such that N’(t) > 0, then showing the validity of (120) requires a little more
effort. First, we note that

Ut) = Gt)' "¢ +eN'(t) < G(t)' =5 + N'(1).

Hence,

Ut)" <2"HG(@t) + N'(t)"]. (122)

Using the Hélder’s and Young’s inequality and the fact that 1 < n < 2. We
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obtain from (100) that

N'()" < 2" (pr[lu(®) ]2 ]lue(®)ll2 + p2llv(@®)ll2[lv: (8)[|2
+ psllw(t)l|2]lwi(t)]]2)"
< Gy (P Ju(®) g1 w013 +P3||v( Nipsallve @)l
+03HUJ() il ()113)

< Gy, L(Ilu( )H§+’1’ + i lue (B3 + Hv(t)llpﬂ +p3lloe ()3

w2 + o))

< Cn,L,g(IIU( )Il,f+’1’ + pullu (@3 + v (t )||p+1 + paflu ()13

w3 + sl d)]3):

Since n = ﬁ and o > 0, it is easy to verify that

w2 Y
PEDITES [1 20+ 1)] <0

Therefore, by (101), (104), (124) and by 0 < € < G(0), we have

21 T eTD 2n____
lu@] = (l@zt) M Gty

< OS(4) T LS () < CG(0)~7S(t) < Ce7S(¢).

Similarly,

n 2

lv@®)ll,71 < Ce?S(t) and  Jw(t)],3] < Ce™7S(1).
By (123) and (125)-(126) and noting ¢~ > 1, we obtain that
N'(t)" < C (prllue@®)3 + pallve(®)]13 + psllwe ()13 + €7 S(1))
< C7 (pullue®)lI3 + p2llon ()13 + psllwe ()13 + S(1))
=Ce™7 (IO +5(1)) -
Using the estimates (118), (122) and (127), we conclude
U'(t) = Ce[G(t) + llyelFr + St)] = Ce[G(t) + " N'(t)"]
> CemHG(t) + N'(1)"] = Cem U (t)",

C
Ce™

(123)

(124)

(125)

(126)

(127)

for all values of ¢ € [0,7") such that N’(¢) > 0. Hence, (120) hold. By simple
calculations, it follows from (119) and (120) that T is necessarily finite and

T < Cem Iy (0)" ¢ < Ce”HIG(0)7¢.
This completes the proof of Theorem 2.9.
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8. Global solutions

This section is devoted to the proof of Theorem 2.13.

Proof. Step 1: We first show the invariance of W; under the dynamics, that
is, y(t) € Wi for all t € [0,T") where [0,T) is the maximal interval of existence.
Notice that energy identity (9) is equivalent to

E(t) + / (G (), 1)z dr = £(0). (128)

Since g1, go and g3 are monotone increasing, then it follows from the regularity
of the solutions y that

E'(t) = —(G(ye), yr)2 < 0.

Hence,
I(z(t)) < E(t) < €(0) <d, Vtel0,T), (129)

and thereby property (i) of Theorem 2.13 holds, and y(t) € W for all for all
tel0,7).

To prove that y(t) € Wy on [0,T), we argue by contradiction. Assume
that there exists t; € (0,7") such that y(t1) ¢ Wi. Since W = W3 U W, and
W1 N Wy =0, then it must be the case that y(¢1) € Wa.

From the property |V f;(u,v,w)| < C(JulP~ + [v[P~! + |w[P~! 4 1) and the
fact that F' is homogeneous of order p + 1, it can be shown that the function
t — fOL F(y(t))dx is continuous on [0,7). Therefore, since y(0) € Wy and
y(t1) € Wo, from the definition of W, and W5 we conclude that there exists
s € (0,t1) such that

L
ly()2 = @+ 1) / Fly(s)) da. (130)

We define t* as the supremum over all s € (0,¢;) satisfying (130). Clearly
t* € (0,t1) satisfies (130) and y(t) € Ws for all ¢t € (¢*,t4].

We have two cases to consider:

Case 1: Suppose that y(t*) # 0. Since t* satisfies (130), then y(¢t*) € N,
where A is the Nehari manifold given in (17). Thus, by Lemma 2.11, it follows
that I(y(t*)) = d. Since E(t) = I(y(t)) for all ¢ € [0,T), we obtain that
E(t*) > d, which contradicts (129).

Case 2: Suppose that y(t*) = 0. Since y(t) € Wy for all (¢*,¢1], then by
(14) and the definition of W5, we obtain

(@)1} < @+ DML < Cly@I7 1

(131)
<Clly®ITT, vt e ().



44 M.M. FREITAS ET. AL

Therefore,
ly()|lv > s1, forallt € (¢*,t1] where 51 = C v (132)

Using the continuity of weak solution y € C([0,T);V), we obtain that
lly(t*)|lv = s1 > 0 which contradicts the assumption y(t*) = 0. Hence, y(t) €
Wy for all ¢ € [0,T), and property (ii) of Theorem 2.13 follows.

Step 2: We will show that the weak solution y is global solution. By (129)
and Step 1, we have I(y(t)) < d and y(t) € Wi for all [0,T'), hence

d>1@m>1mum2/emmwa>lyun21nmww
20y 27 pel " 133)

p—1 2
= 55Vl

Therefore, from (133) and definition of W7, it follows that

L 1 2d
| Pe@de < Sl < 25, veeoT). (39

Using the estimate (134) in (128), we have that

t L
B+ [ (G dr=£0)+ [ F) de < ds 5 —dp
0 0

By virtue of the monotonicity of g1, g2 and g3 the property (iii) in Theorem 2.13
follows. Hence, by a standard continuation argument, we conclude that the
weak solution y(¢) is indeed a global solutions and it can be extended to [0, 00).

It remains to show the property (iv) of Theorem 2.13. Since F(y) is a non-
negative function, it follows that £(t) < E(t), for all ¢ € [0,00). On the other
hand, by the fact y(t) € W; for all ¢ € [0, 00) and the definition of £(t), we get

L
&0 = 5ln Ol + 3l - [ F) da

1 1
> Et)— ——|y@®)|3 > —E(¢).
(t) WHMOM p()
Thus, the proof of Theorem 2.13 is complete. O

Now, we prove that Wl‘s , given in (21), is invariant under the dynamics.

PROPOSITION 8.1. Suppose that § > 0 is sufficiently small and £(0) < J(so—0).

If y is the global solution of (1)-(2) given by Theorem 2.13 and yo € W7, then
y(t) € WP for all t > 0.
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Proof. Using the fact that I(z(t)) < £(t) < £(0) and assumption £(0) <
J(sg — 8), we have I(y(t)) < J(sg — ) for all t > 0. To show that ||y(¢)||v <
so — 6 for all ¢ > 0, argue again by contradiction. Since |zo|ly < so — ¢
and z € C(R*;V), we can assume in contrary that there exists ¢; > 0 such
that [|y(t1)|lv = so —  + € for € € (0,0). Therefore, by (20), we obtain that
I(y(t1)) = J(so — 0 +€) > J(sp — J) since J(t) is strictly increasing on (0, sg).
However, this contradicts the fact that I(y(t)) < J(sop — ) for all t > 0. O

9. Uniform decay rates of energy

In this section, we investigate the uniform decay rate of the energy for the global
solution given by Theorem 2.13. More precisely, we shall prove Theorem 2.14.
For notational convenience, we define

G(t) = / (G ), y0)e dr.

By the monotonicity of g1 and go, it follows that G(t) > 0, and the energy
identity (128) can be written as

E(t)+ G(t) = £(0). (135)
We will prove that £(t) decays as the solution to a monotonic ODE of the form
S'(t) +Q(S(t) =0, S(0) =£(0),

with the map @ given by Q = (Z + éT(l + C7)®)~! for a certain concave
increasing function ® that vanishes at 0.

We introduce the functions @ and @ as follows: Proceed as in [28, 29]. Let
¢;j 1 [0,00) — [0,00) be continuous, increasing, concave functions vanishing at
the origin, such that

¢i(g5(s)s) = lg;(s)* + 8%, j=1,2,3. (136)
We define @ : [0, 00) — [0, 00) by
D(s) := ¢1(s) + p2(s) + ¢3(s) +5, s=>0. (137)

We observe that the concave functions ¢1, ¢o and ¢3 with the properties (136)-
(137) can always be constructed (see [31, Examples 4.1 and 4.2]). To see this,
recall the damping g1, g2 and g3 are monotone increasing functions passing
through the origin. If g1, go and g3 are bounded above and below by linear or
superlinear functions near the origin, that is,

carls|™ < lgi(s) < eals|™,  eals]” <lga(s)| < cals|”, (138)
cslsl' < lgs(s) < colsl’, Vsl <1,
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where m,r,l > 1and ¢; > 0,5 =1,...,6. We define

2

T, gols) =y (L4 B)sTH,

$1(s) = ¢, m“(1+02)
¢3(s) = c;m(l + c%)slTl

It is straightforward to see the functions in (139) satisfies (136). To see this,
consider ¢; for example:

(139)

$1(91(s)s) = ¢ ’"“(1+02)(91( )7 > e T (14 ) (e |5
=1 +3)ls* = s + (cals|™)* = s* + |oa(s)]%, VIs| <1.

In particular, we observe that, if g1, g2 and g3 are all linearly bounded near the
origin (cf. Definition 2.2), then (139) shows that ¢1, ¢ and ¢3 are all linear
functions.

On the other hand, if the damping are bounded by sublinear functions near
the origin, that is,

cils|”™ <gi(s)] < cals|™,  esls|” <gals)] < cals|™, (140)
csls|” < lgs(s)] < cols|™, Vs <1,
where 0 < 01,602,035 <1and ¢; >0, j=1,...,6, then we can select
— s 2\ oy ~ ot 2\ oy
Pr(s) =¢; " (14 c3)sTIT, da(s) = ¢y T (L4 cf)s T,
264 (141)

b3(s) = ¢ P71 (14 2)sTat.

In sum, by (139) and (141), there exist constants C,Ca, C3 > 0 such that

P1(s) = C1s,  a(s) = Cas,  ¢3(s) = C3s%, (142)
where
2 20, 2 20, 2 203
= - 143
| 9+1’52 r+1°r92+1’§3 T+1 % 041 (143)

depending on the growth rates of g;, go and g3 near the origin, which are
specified in (138) and (140), respectively.

Now, we define
1 1 1
a = max 144
{51 &' 53} (144)

Observe that if at least one of g1, go and g3 is not linearly bounded near the
origin, then a > 1 and in this case we define

1
a—1

b= > 0. (145)
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9.1. Perturbed stabilization estimate
We will start with the following proposition.

PROPOSITION 9.1. In addition to Assumption 2.3 and Assumption 2.10, sup-
pose further that p > 1, yo € W1 and £(0) < d. Then the global solution y of
(1)-(2) given by Theorem 2.13 satisfies

E(T) < Cr

®(G(t)) + sup ||y(8)|§{]7 VT >0, (146)
s€[0,T]

where ® is given in (137) and Cp = Corr (14 (£(0))P71).

Proof. Let T > 0 be fixed. Using the fact that y € C([0,T]; V) and Hg (0, L) —
L0, L) for all ¢ > 1, we see that y possesses the requisite test function regu-
larity as stated in Definition 2.4. Hence, replacing ¢ by y in (7), we obtain

T

T
(yt(t),y(t))ngﬂL/o (Nloll¥ = Hyt”%{)dt“‘/o (G(yr), y)2dt
(147)

= / (F(y),y)2dt,
0

By (12), (13) and (147) it follows that

T 1 T 1 T
| E@ a<g [ 1@l a5 [ G0l @ -

n %\ — (We(T),y(T)) iz + (%:(0),y(0) | +/ el dt.
0

Now, we will estimate each term on the right-hand side of (148).
Estimate for the term: | — (y,(T),y(T))n + (¥:(0),y(0))r|. We have

= (e (D), y(T) 1 + (9:(0),9(0) 1|
< %(Ilyt(T)II?{ + 1w (O)17) + Q%(Hy(T)H?; +ly(0)1%)

1
< e(BE(T)+ E(0)) + = sup |y(s)ll5-
€ s€[0,7]

Using the property (iv) of Theorem 2.13, (135) and last estimate, we obtain
|~ (ye(T), y(T)) 1z + (90, y(0)) |

1 2
< ep(E(T) +£(0)) + - ses[Ltl)PT] ly(s)l 7 (149)

1
< ep2E(T) +G(T)) + = sup |ly(s)|1%-
€ s€[0,T)
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Estimate for the term: .
[ g
0
Using the fact that Hg(0, L) < L%(0, L) and (4), it follows that
lull3y < Clluli3s o 1, < Corllyll-

Thus,

L
1
1 2
lullyis =/ [ul?ul dz < [ullg, ull> < eollullz + 5 llull3
0 €0
1
< o CllyllY + o llul3.
€0
By Theorem 2.13 (i) and (iv), we conclude that
lyll} < 2E(t) < 2pE(t) < 2pE(0).

Therefore, from (150) and (151) it follows that
Jullp$} < omCREOP + o lul}
< mCRE®) B0 + o ul}
< mCEEO)PEW) + o~ ul}:

For each € > 0, if we choose ¢y = y7=T, then (152) gives

e
3p1C(2p€(0)

€ —
lullpii < SE() + Cep(€0)" prlull3

Similarly,
€ —
[l 1 < 3 E@) + Cep(€0)P paull3
€ —
[wlipiy < E@®) + Cep(€(0)) pslwl3.

Therefore, by (153) and (154) we get

T T T
[ i ar<e [CE@ arr [ ool a
0 0 0

T
< e/ E(t) dt—i—CE,p(E(O))p*lT sup ||y(s)|ﬁq dt.
0 s€[0,T]

(150)

(151)

(152)

(153)

(154)

(155)
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T
I alira
0
We introduce the sets:

A={(z,t) €(0,L) x (0,T) : [ye(, t)| <1},
B = {(z,t) € (0,L) x (0,T) : |ye(, 1) > 1}.

Estimate for the term:

By Assumption 2.3, we have g1(s)s > a|s|™ ! for |s| > 1. Using (136) the fact
that ¢, is concave and increasing and Jensen’s inequality, we obtain

T
/ prlludll? dt = py / g2 dadt + py / fug 2 dadt
0 A B

< / p101(g1 (ue)uy) dxdt‘*‘ﬂ/ g1 (ue)ug dedt
A @ JB

T L (156)
< max{1,TL} p1¢1 (/ / g1 (ug)ug dxdt)
o Jo
P1 Tk
+ 7/ / g1 (ug)us dadt.
@ Jo Jo
Analogously,
T T L
/ pallve]|3 dt < max{1,TL} pago (/ / g2(ve)vy dxdt)
0 o Jo
P2 Tt
+ —/ / g2(v)ve dzdt
@ Jo Jo
and
T T AL
/ psllwe]|3 dt < max{1,TL} p3¢s (/ / g3(wy)wy dxdt)
0 o Jo (157)

P3 Tk
+ —/ / g3(wy)wy dadt.
a Jo Jo

Let C(T, L) = 1+TL+1Cy, where C; = max{p1, p2, p3}. Then, by (156)-(157)
and definition of ®, we get

T
1
/ lyell7 dt < max{1, TL} ®(G(T)) + S GG(T) < O(T, L)2(G(T)). (158)
0
Estimate for the term:

T
/0 (G (ye). y)2ldt.



50 M.M. FREITAS ET. AL

We have

T oL
/ / |91 (ug)u| dedt
o Jo

:/ |gl(ut)u|dxdt+/ |91 (ug)u| dedt
A B

T 3 1 (159)
< (/ ||u|§dt> (/ g1 (ug)|? dxdt> +/ |g1 (us)u| dedt
0 A B
T
< e/ E(t)dt + C’e/ |91 (ue)|? daxdt +/ |g1 (ug)u| dzdt.
0 A B
By (136) and Jensen’s inequality, we have
/ lg1 (ug)|? dadt < / o1 (g1 (ug)u) dedt
A A
(160)

T oL
< max{1l,TL}¢; (/ / g1 (ug)ug dxdt) .
o Jo

Next, we estimate the last term on the right-hand side of (159). By Assump-
tion 2.3, we have |g1(s)s| < B|s|™ for |s| > 1. Therefore, by Holder’s inequality,
we obtain

/ lg1 (ug)u| dzdt < (/ || ™1 dxdt) (/ g1 (u)|
) T /‘*’1 A1
< p (/ ||u|zi}dxdt> (/ |g1<ut>|ut|dxdt) -

0 B

Using the inequality E(t) < dp for all ¢ > 0 in Theorem 2.13, we see that

/||u\|;’;1}dxdt c/ Il dadt

(162)
gc/ E(t)" dtgc/ E(t)dt.
0 0
Combining (161) and (162) we get
AT
/ lg1 (up)u| dedt < C / E(t dt) (/ g1 (ug)ug dxdt)
B B (163)

Se/ ()dt—|—C’/gl (ug)uy dadt.
0
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Applying the estimates (160) and (163) to (159) we obtain

T L T
/ / |g1 (u)u| dedt < 26/ E(t)dt
o Jo 0

T /L
+ Cemax{1,TL}¢; (/ / g1 (ug)ug dxdt) (164)
o Jo

+ CE/ g1 (ug)ug dadt.
B

Similarly,

T L T
/ / lg2(ve)v| dadt < 26/ E(t) dt
0 0 0

T L
+ Cemax{1l,TL}¢y (/ / g2 (v )ve dxdt)
o Jo

+C€/ g2(v)vy dedt
B

and
T L T
/ / \gg(wt)w|dxdt<26/ E(t)dt
o Jo 0
T L
+ Cemax{1,TL}¢y (/ / gg(wt)wtdxdt> (165)
o Jo

JrC’e/ g3(wy)wy dzdt.
B

Hence, by (164)-(165) and the fact that s < ®(s) for all s > 0, we have that

/T|(G(yt), Y)o| dt < 66/TE(t) dt + C. max{1, TL}Y®(G(T)) + C.G(T)
0 o (166)
< 6c / E(t)dt + C(e, L, T)®(G(T)).
0

Now, applying the estimates (149), (155), (158) and (166) to (148), we conclude

/T E(t) dt < de /T B(#) dt + 2 (26(T) + G(T)) + Cle, L T)S(G(T))
0 0

+(1+cf,p<e<o>>p1T) sup_[[y(s)I13-

2e s€[0,T]
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Therefore, for any fixed T', we choose € = min {%, %}, we get

S3%
+Cr, (1+E0)771) sup [ly(s)]1%-
s€[0,T]

T
% /O E(t) dt < LE(T) + G(T)) + Cle, L, T)®(G(T))

Since E(t) > £(t) for all t > 0 and £(t) is non-increasing, we obtain

T T
/ E@)dt > / E@)dt = TE(T).
0 0
Thus, from (167) and (168), it follows that

%5@) < gg(T) + %G(T) + Cle, L, T)B(G(T))
+Cr, (L+£(0)7) . ly(s)17-

s€|0,
Dividing the inequality (169) by T > 0, we obtain

iE(T) < éG(T) +Cle, L, T)D(G(T))
+Cr, (14 £(0)P7Y) S ly(s)l17-

Finally, since G(T) < ®(G(T)), if we put

0| =

o=

E(T) < Cr <<I>(G(T)) + sup IIy( )II%) , VT >0

s€[0,T

FCla L) + ny (142007,

then (170) implies

The proof is complete.

9.2. Absorption of the lower order terms

(167)

(168)

(169)

(170)

PROPOSITION 9.2. In addition to Assumption 2.3 and Assumption 2.10 with
p > 1, further assume yo € W9 and £(0) < J(sg — &) for some § > 0. Then
for any T > 0 there exists a constant Cp > 0 such that the solution z of the

system (1)-(2) furnished by Theorem 2.13 satisfies the inequality
sup |ly(s)|[ % < Cr®(G(T)).

s€[0,T]



TERNARY MIXTURES OF SOLIDS 53

Proof. We follow the standard compactness-uniqueness approach and argue by
contradiction see, for instance, [24, 28].

Step 1: Limit problem from the contradiction hypothesis. Let us fix
T > 0. Suppose there is a sequence of initial data

{(y"(0),57(0)) new € WP x H

such that
En(0) < G(sg—9) < d, (171)

and the corresponding weak solutions y" = (u”, v™, w™) satisfy

sup Hy”(s)H%{ >n®(G,(T)), VYneN.

s€[0,T)
Hence,
G
oo sup [ly" () (172)
s€[0,T]
where

T L
Go(T) = / / [ (Y + g0 Yo + ga(w Y] drdt,
0 0
By Theorem 2.13 and (171), it follows that

sup ([l ($)IV + lly" (5)I1%) < 20£n(0) < 2pd. (173)
s€[0,T]

This proves that {(y™,y}")} is a bounded sequence in L>(0,7T;H), where H =
V x H, with H = (L*(0,L))? and V = (HZ(0, L))3. Therefore, there exists a
subsequence such that

(™, yl) — (y,y¢) weakly* in L*(0,T;H). (174)

We note here that for any 0 < € < 1, the embedding Hg (0, L) < H'¢(0, L) is
compact, then by Simon’s compactness theorem [41], there exists a subsequence
such that

y" —y strongly in L*°(0,T; (Hl_s(O,L))?’). (175)

Moreover, since y™ € C([0,T]; (H'=¢(0,L))?) thus the sequence is Cauchy in
C([0,T); (H'=¢(0, L))?) and

y € C([0,T); (H' (0, L))?). (176)

Now, we will prove that y(t) = 0 on [0, T].
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First, we will prove that y € N U{0}. Let ¢ € (C((0,L)x(0,¢t)) N
C([0,4]; HZ (0, L)))” such that 1(0) = (t) = 0, and ¢, € (L2((0, L) x (0,¢)))>.
Then, by (7) we have

t

/ " )y — @) mldr + / (G ), $)adr = / (F(™), $)odr.  (177)
0 0 0

We will pass to the limit with n to infinity in the equation (177). By (172) and
(173) it follows that

Jim ©(G(T)) = 0. (178)
By (158) and (178) we have
T
i [ I de =o. (179)
n—oo 0
Hence,
t
lim [ —(yf)gdr =0, Vielo,T] (180)

n—oo 0

We introduce the sets

Ap = {(z,t) € (0, L) x (0,T) : |ug(x,t)| < 1},

181
By, :={(z,t) € (0,L) x (0,T) : |uy(x,t)] > 1}. (181)
Since g; vanishing at the origin, we obtain that
T oL _—
[ [ lontay s aoa
0o Jo
= / g1 ()| 7 dadt + / g1 (u)| 5 dzdt (182)
A B

n

m—+1 m+1 1 T Ln
KB LT+p f/ / g1 (uy)uy dzdt.
@ Jo Jo

By (178), we see that fOT fOL g1(u?)ulr dedt — 0 as n — oo, then (182) implies

T L
sup/ / |g1(u,’f)|%rl dzdt < co. (183)
neNJQ 0
Observe that (179) implies, on a subsequence, uy — 0 a.e. in (0,L) x (0,7).
Thus, from the continuity of g1, we have that g1 (u?) — 0 a.e. in (0, L) x (0, 7).

Therefore, by (183) and the fact mTH > 1, we conclude

m+1
m

g1(uy) =0 weaklyin L™= ((0,L) x (0,T)). (184)
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Similarly,
g2(vy) = 0 weakly in L$((O,L) x (0,7))
and
gs(w’) — 0 weakly in LT ((0,L) x (0,T)). (185)
By (184)-(185), we get
t

lim [ (G(y!), 1)y dr = 0. (186)

n—oo 0

Now, using the estimate
IVEi ) < CulP~t + [o]P =1+ [wP~! + 1),

we obtain that

/O (F@™) - F(y), )2 dr

t pl
— [ [ 0BGy + (1= )"~ 9),0)2 dsdr
0o Jo
<C (Hy||1()£p1(o,L))3 + ”ynHz(aprl(O?L))g) lly" — yHLP((O,L)X(O,t))a

where DF denotes the Jacobi matrix of F. Therefore,

t t

lim [ (F"), ) dr = / (F(y), $)z dr. (187)

Using (174), (180), (186) and (187), we can pass to the limit in (177) to obtain

/ (g )y dr = / (F@), ¥)s dr. (188)
0 0

Now we fix ¢ € (H} (0, L)NC([0, L]))® and substitute ¢ (z, 7) := 7(t—7)tp(z)
into (188). Differentiating the result twice with respect to ¢ we get

(v, V)v = (F(y), ¢)a- (189)

Let b, € (H}(0,L) N C([0,L]))? such that v, — y(t) for a fixed ¢t. Taking
n — oo in (189) and using the continuity of F we obtain

lim (ZU,?Ln)V = lim (F(y),¥n)2 & (v,y)v = (F(y),y)2

n—oo n—oo

L
&yl = +1) / Fly) de.
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Therefore, y(t) = 0 or y(t) € N for t € [0, 7).

Next, to show that y(t) = 0 on [0, T}, it suffices to show that y(t) € W{S C
Wi on [0,T1], since Wy NN = (). We recall that {¢"} is bounded in C([0,T7; V)
and 2" — z strongly C(0,T; (H*~¢(0, L))?). Since the initial data y"(0) € W{S
and &,(0) < J(so — 0), then Proposition 8.1 shows that y™(t) € W} for all
t > 0. Then, by the definition of Wf

ly"@Ollv < so—9d and I(z"(t)) < J(sg—0), Vi=0.
Observe that, for each fixed ¢ in [0, 7], we have
ly@llv < liminf [y" @)}y < so — 0. (190)

Moreover, since F' is continuous, then by (14) and the Lebesgue dominated
convergence, we obtain

L L
im [ F(y)de = /0 Fly) da. (191)

n—roo 0

In order to show J(sg — ) = I(y(t)) on [0,T], we note that

1 L
Too=8) > 16m0) = 5l @1 — [ Fomde 92)

By (190) and (191), we can take the limit inferior in the inequality (192) to
obtain
J(SO - 5) = I(Z(t)>7 on [Oa T]

Therefore y(t) € W¢ € Wy on [0,7]. Thus, by definition of Wy, necessarily we
have
z(t)=0, on [0,T]. (193)

Step 1: Re-normalize the sequence {y"}. We define

Ny = sup |ly"(s)a-
s€[0,T]

By (176) and (193), it follows that

lim N, = 0.

n— oo

We set 2" := y™/N,, then it is clear that

sup [|2"(s)[|F = 1.
s€[0,T] " (194)
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Each z" satisfies the variational identity

[ = Grovomar+ [(S2.4) ar = [ (B8.0) ar, (199

where ¢ € (C((0,L) x (0,¢)) N C([0,]; H} (0, L)))3 is such that ¥ (0) = () =
0, and 1, € (L2((0,L) x (0,)))3. By the contradiction hypothesis (172), we
have

lim —— =22, (196)

and along with (158), we obtain

T 1 )
nh_{go/o N?Hyt |7 dt =0,

which is equivalent to
T

i n2 4t = 197

lim |27 de =0, (197)

Let &, be the total energy corresponding to the solution y™. The inequalities

(iii) and (iv) of Theorem 2.13 show that 0 < &,(t) < dp for all ¢ > 0. Also, by
(146), (194) and (196), we obtain that

lim sup En(T)

<C.

The energy identity (135) implies that &, (t) + G, (t) = £,(0), and thus 5;\[7(215) <

5;‘\,—?. By Theorem 2.13 (iv) we conclude that the sequence

{50 = 1m0l + 10

is uniformly bounded on [0,T], where E,(t) is the quadratic energy corre-
sponding to y™. Therefore, {(z™,2{")} is a bounded sequence in L>(0,T;H).
Therefore, on a subsequence,

2" — z weakly* in L*°(0,T;V). (198)
As in the case with 2™, Simon’s compactness result now yields
2" — z strongly in L™ (0,T;(H'~°(0,L))?). (199)
Observe that (194) and (199) implies that

lim sup ||z"(s)|% = sup ||z(s)]|% = 1.
Jm s @)= s 1)l (200)
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Thus, the limiting function z is non-trivial.
We next show

[T (G
nh_{rgo/o ( N, ,w>2 dr =0. (201)
Since 1) € ( (0,7)))? it suffices to prove that gj(uf) — 0in LY((0, L) x
(0,7)),j= 3 We will prove that
% —0 strongly in L™+ ((0,L) x (0,T)). (202)

Recall the definition of the sets A, and B, in (181). Since N,, — 0 as n — oo,
we can let n be sufficiently large such that N, < 1. Using Hoélder’s inequality
we deduce

+
/T/L gluf) | dadr
0 0
m+41
< O(T,L) / 910 4rir 2m+1/ |91 ()| dudr
X ) A Nn N,% B 1 t .

m

dadr

By (160), (5) and Jensen’s inequality, we have
m+l m41

T L
!
1 2m ﬁ ™

<o (5 /) w(91(U?)U?)dwdT) + 0 [ G avar
n n n

2
n
e 5"3:1 2(G(T)) n—oo
« N?

0.

< C(T,L) (

iy
2 Q
:M\ﬂ

This proves (202). Similarly,

gZJi;)t ) — 0 strongly in L%ﬂ((o, L) X (O,T))
n
and
n
20D o ongly i 15 (0,1) x (0.7)).
n

Next we show

[ (FW) _
lim ; ( N 7’(/J>2 dr =0. (203)

n—oo
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Using (15), we obtain that
t L
Il

t L
<C// Izl P~ + 25 o™ P~ + |25 jw™[P~") dadr,
0 0

z%%gldg dzdr

where 2" = (27,25, 2%) = (u"/Ny,v"/N,,w"/N,). By Holder’s inequality,
(175), (193) and (198), it follows that

T L
//|zf||u”|p71dxd'r
o Jo
T oL T L v
< //|zf|pdxd7' //\U"V’dxdT
o Jo o Jo
T /L v T L b
< //|z7f|pdxd7' //\y"|pdmd7' 270,
o Jo o Jo

t L
// 22 [ P=1 dz 22 0
0 0

Tl=

Similarly,

and
T L
/ / |y§l||w"|p_1 dadr 2225 0.
o Jo

Thus, (203) follows.
Using (197), (198), (201) and (203), we can pass to the limit in (195) to
obtain

/ )y dr=0. Ve (0.7) (204)
0

Now, fix an arbitrary ¢ € (HZ(0,L) N C([0,L]))* and substitute ¢(z,7) =

7(t — 7)1 (x) into (204). Differentiating the result twice yields
(2(t),0)v =0, Vte (0,T).

which by density implies z = 0 in V for all ¢ € (0,T). However, this contradicts
the fact (200). Hence, the proof of Proposition 9.2 is complete. O

9.3. Proof of Theorem 2.14

In this parte, we complete the proof of Theorem 2.14.
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Proof. Combining Propositions 9.1 and 9.2, we obtain
E(T) < Cr(1+Cr)®(G(T)), VT >0.

Define &7 := Cr (1 4 C7) ®, then

which implies

By iterating the estimate on intervals [mT, (m+1)T], m =0,1,2,..., we have
E(m+1)T) + @7 (E(m+1)T)) < E(MT), m=0,1,2,....
Therefore, by [28, Lemma 3.3], it follows that
E(mT) < S(m), VYm=0,1,2,..., (205)
where S is the solution to the ODE
S+ [1_ (1+<1>;1)‘1} (S) =0, S(0)=&(0). (206)
where I denotes the identity mapping. It is easy to verify that
T (1407 = (1 + ),
thus, the ODE (206) can be reduced to
S+ (I+®p)71(S)=0, S(0)=&(0), (207)
where (207) has a unique solutions defined on [0,00). Since ®r is increasing
passing through the origin, we have (I +®7)~! is also increasing and vanishing
at zero. So if we write (207) in the form S’ = —(I + ®7)~1(9), then it follows
that S(t) is decreasing and S(t) — 0 as t — oo.
For any t > T > 0, there exists m € N such that t = mT+J with0 < 6 < T,
therefore m = % — % > % — 1. By (205) and the fact that £(t) and S(t) are

monotone decreasing, we obtain

E(t) = E(mT + 8) < E(mT) < S(m) < S (; - 1) L WEST. (208

Thus, the proof of Theorem 2.14 is complete. O
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9.4. Proof of Corollary 2.15

If g1, g2 and g3 are linearly bounded near the origin, then (139) shows that
1 and o are linear, and it follows that ®p is linear, which implies that
(I +®7)~ ! is also linear. Therefore, the ODE (207) is of the form S’ +wS =0
(for some positive constant w) with the unique solution S(¢) = £(0)e~*t. Thus,
from (208), it follows that

E(t) < E(0)e (771 = (#£(0))e~ @/ T,
Thus, the proof of Corollary 2.15 is complete.

9.5. Proof of Corollary 2.16

If at least one of g;, go and ¢3(s) = Cs5% are not linearly bounded near
the origin, then by (142) we may choose ¢1(s) = C15%, ¢a(s) = Cas*? and
¢3(s) = C35%, where 0 < &;,&,&3 < 1 are given in (143). Also recall that

a = max {é, é, é} > 1, as defined in (144).

Let h = ¢1 + ¢ + ¢3. It is clear that there exists hy = Cps™inté1:€2:8s} and
hs such that h = hy, + hs satisfies the hypothesis of [29, Corollary 1], where Cy
depends on Cy, Cy and C3. From [29, Corollary 1], there exists a ty > 0 such

that

~ ([t
5(t)<S<T1>, vVt > to,
where S is the solution of the ODE
S'(t) 4+ CoS(t)* =0, S(to) = S(to). (209)

Since the solution of (209) is

3(t) = [Cola—1)(t —to) + S(te) =] ™7, Wt > to,

the proof of Corollary 2.16 is complete with b = ——.

a—1

10. Blow-up of potential well solutions

This section is devoted to prove the Theorem 2.18. We begin by showing W5 is
invariant under the dynamics of (1). The following result is proved in a similar
way as in [31, Lemma 8].

LEMMA 10.1. In addition to Assumptions 2.8 and 2.10 with p > 1, further
assume that y(0) € Wy and £(0) < d, then the weak solution y(t) € Wa for all
te€[0,T), and

ly(®I5 > 2pd, vt € [0,T), (210)

where p := % and [0,T) is the mazimal interval of existence.
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Proof. Step 1. Let y(0) € Wa, we first show that y(t) € Ws for all ¢ € [0,T
We proceed by contradiction. Assume there exists ¢ty € [0,7") such that y(tg)
Wy, which this implies

).
¢

L
M%N%>@+DA-NMWN%

Using that y € C([0,T); V) and the assumption y(0) € Wy, we conclude that
there exists s € (0, to] such that

HMﬂ@=@+QAF@®Nw (211)

Now we define ¢* as the infinimum of all s € (0, o] satisfying (211). By con-
tinuity, one has t* € (0,t¢] satisfying (211) and z(t) € Ws for all ¢t € [0,t*).
Thus, we have two cases to consider.

Case 1: Suppose that ||y(t*)||v # 0. Since t* satisfies (211), then y(¢*) € N,
and by Lemma 2.11, we know I(y(t*)) > d. Thus £(t*) > d, contradicting the
fact that £(t) < £(0) < d for all ¢t € [0,T).

Case 2: Suppose that ||y(t*)||v = 0. Since y(t) € W for all [0,¢*), utilizing a
similar argument as in (131) and (132) we obtain |ly(¢)|v > s1, for all [0,¢*)
and some s; > 0. By the continuity of the weak solution y(t), we obtain that
lly(t*)|lv = s1 > 0, contradicting the assumption |ly(t*)||y = 0.

Step 2: It remains to show inequality (210). Let y € Wy be fixed. By
Assumption 2.10, we have

L 2 L
A
I(y) = [|\yl3 —/ F(\y)dz = 3llyll}‘} - A’"“/ F(y)dz, for A > 0.
0 0
Therefore,

d ) L

—I(\y) = Ayllv —(p+1) [ AN F(y)da.

d\ 0

Hence,the map A — I(Ay) has only one critical point Ay which satisfies

L
nw%=@+n£*AAmwm. (212)

Since y € Wa, then A\g < 1. In addition, since the function A — I(Az) attains
its absolute maximum over the positive axis at its critical point A = Ag. Thus,
by (18) and (212), it follows that

A5 (p—1)
2 (p+1)

A2 L
d<supuxw::49mm%—~%+{/ Fly)da = lyll%
A0 2 0

Since A\g < 1, we obtain that ||y||?, > Qd;% = 2pd. The proof is complete. [
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10.1. Proof of Theorem 2.18

In this part, we prove the blow up result stated in Theorem 2.18.

Proof. In order to show that the maximal existence time T is necessarily finite,
we argue by contradiction. Assume the weak solution y(t) can be extended to
[0,00), then Lemma 10.1 says y(t) € W5 for all ¢ € [0, 00), that is,

L
0l < G+1) [ F)de, Ve f0.00) (213)

Moreover, by the assumption 0 < £(0) < d, the energy £(t) remains nonnega-
tive
0<E(t)<€E(0)<d, Vtel0,00).
To see this, assume that E(ty) < 0 for some ¢ty € (0,00). Then, the blow-
up result in Theorem 2.9 assert that ||y(t)|y — oo as t — T—1, for some
0 < T < oo, that is, the weak solution y(t) blow up in finite time, which
contradicts our assumption. Therefore, we conclude that £(¢) > 0 for all ¢ > 0.
Now, define

L
Nm=mw%7ﬂwaAmew>mtemw. (214)

Step 1: We first show that N(¢) has a quadratic growth as ¢ — co. As in the
proof of the blow-up result in Theorem 2.9, here we also have:

N"() = 2]lyellzr — 21yl — 2(G(we), )2

L (215)
+2(p+ 1)/ F(y)dz a.e. in [0, 00).
0
The assumption |g1(s)| < B|s[™ for all s € R implies
L
/0 g1 (e () u(t) dz| < Bllul®)lmsallue (@)l (216)

Since 1 < max{m,r,l} < p, and by using a standard interpolation estimate,
we have

0 —0
lu(®)llm1 < N3],

where ¢ satisfies & + ;—1? = ﬁﬂ Using (213), the fact F(y) > ao(|u/P™ +

|v|PT! + |w|PT) and H{(0,L) < L9(0, L) for all ¢ > 1, we obtain

lu@)II3 < Cllu®)llZ 0,y < Clly@IIF < CS(),
lu()lp1 < Clly®)pis < OS(@).
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It follows from (216)-(218) that

L
2/0 g1 (ue(t))u(t) do

< Cllu(@)lI5llu(®) 1535 e ()17 11

P - (219)
< CS() 2777 ||lug(t) [y

= CS(t) ™ [Jue () |41

where we used the fact that % + 120 — _L_ Applying Young’s inequality to

p+1 m+1"°
(219) we have
L
2 [ u®)u(t)de| < S0 + Clu®1 (220)
0
Similarly,
L
2 [ galon(t)0(t) da| < eS(0) + Clu (1)
0
and

2 / g (wy(£))w(t) da| < eS(t) + Cllwn (D). (221)

Now we define

L
K(t) = ly@® - (»+ 1)/0 F(y(t)) da.
Therefore, from (215) and (220)-(221) it follows that

N"(t) > 2llye || % —2K (t) — 2¢S(t)

) (222)
= Cel(lus@) it + eI + llwe()]1157)-

Now, let § > 0 to be specified below. Since 0 < £(t) < £(0) < d, we have
K(t) < K(t) + 6(£(0) — E(t)). Therefore, from (214), we obtain that

L
KO < IOl — (p+1) [ F) o+ 5200) -0
= Iy = (p+ DS +58(0)
223
(3w + ymon +s0) O

- (1 . g) ly@)I1 + (6 — p—1)S(t) + 6£(0) — gllyt(tﬂl%
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Applying the estimate (223) to (222), we have
N"(t) = (6 +2)|lyellzy +2(p + 1 — 6 — €)S(t) — 266(0)+ (224)
+ (8= 2)lyONF = Celllue®) it + o741 + ko (O 17E1)-
We choose § such that
2d(p+1)
d(p+1) = (p—1)&(0)

This choice of § is possible because of the assumption £(0) < d. By (210) and
by the choice of §, we have

2 < <d<p+1.

(6 = 2)[2(8)|% — 26€(0) > 2d(5 2)% — 25€(0)

(225)

20[d(p+1) = £(0)(p — 1)] —4d(p +1) ~0
p—1
Now, we choose € > 0 sufficiently small such that
A=2(p+1—-35—¢)>0.
Hence, it follows from (210), (213), (224) and (225) that
N"(t) + Ce(llue(®) it + o @)1 + lwe @)D
2dA (226)

> AS(t) > 7

Integrating (226) from 0 to ¢, we obtain
t
N0+ Co [ @+ Lol + ) or

> 2Bt — N'(0).

(227)

By (128), (129) and Assumption 2.17

e [ Q@I + oI+ 151 d
< C(E(0)—E(t) < Cd, Vtel0,00).
Combining (227) and (228) we get
N'(t) > 2Bt + N'(0) — Cd, Vt € [0,00). (229)

(228)

Integrating (229), we have
N(t) > Bt? + (N'(0) — Cd)t + N(0), Vt € [0,00).

Therefore, N(t) has a quadratic growth as ¢ — co.



66 M.M. FREITAS ET. AL

Step 2: Now, we estimate N (t) directly. Observe that

2

L t
lu(t) |3 = / u(0) + / w(r)dr| dz
’ ’ (230)
t L
<2|\u(0)||§+2t// (g (7)[2 dadr.
0 0
Similarly,
L t 2
()2 = / o(0) — / o (t)dr| de
0 0
t L
< 2o 0) 2 + 2t / / (o (72 ddr.
0 0
and
L t 2
lw(®)3 = / w(0) + / w(r)dr| de
' ’ (231)
t L
<2llw(0)\\§+2t// lwy (7)|?dzdr.
0 0
Therefore, from (230)-(231), it follows that
N(t) = [ly®lF = prllu@®)I3 + p2llo@)I3 + psllw(®)]l3
< 2 (p1][u(0)]3 + p2/lv(0)[|3 + p3llw(0)]13)
(232)

t L
ot / / (prlus (D) + palue(r)]? + psluwe(r)?) dedr
0 0

t L
— 2y (0)% + 2t / / (P (7)o (7) P4 palun () ?) daz .
0 JO

By Holder’s inequality and (228), we have

t oL [t L T
// lug (7) 2 dzdr < (Lt)mFr // |ue (7)™ + dadr
0 0 0 0

m—1

< O dmFTmet,

Similarly,

t L
/ / |wy (7)]? daedr < C’edﬁt%,
o Jo
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and
L -

t L
/ / s ()2 dz dr < CLdrirtie (233)
0 0

-

Making Cy = max{p1, p2, p3} > 0. By (232)-(233), it follows that

2m 2

N(t) < 2||y(0)||% + 2C.C, (dm%ltm + driTge

. (234)
+le1tlT1>, Vi € [0, 00).

Since nz—’fl, ffl, l% < 2, then (234) contradicts the quadratic growth of N(¢)
as t — oo as shown in Step 1. Therefore, we conclude that weak solution y(t)
cannot be extended to [0,00). Hence, the proof of Theorem 2.18 is complete.

O
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