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Abstract. This paper is concerned with the long-time behavior of a
semilinear hyperbolic coupled system with nonlinear damping and source
terms. By using nonlinear semigroups and the theory of monotone op-
erators, we obtain the existence of local and global weak solutions, and
uniqueness of weak solutions. Moreover, we prove that such unique so-
lutions depend continuously on the initial data. Under some restrictions
on the parameters, we also prove that every weak solution to our system
blows up in finite time, provided the initial energy is negative and the
sources are more dominant than the damping in the system. Additional
results are obtained via potential well theory. More precisely, we prove
the existence of a unique global weak solution with initial data coming
from the ”good” part of the potential well. For such a global solution,
we prove that the total energy of the system decays exponentially or al-
gebraically, depending on the behavior of the dissipation in the system
near the origin. Finally, a blow-up result for positive energy is proven.
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1. Introduction

In this work, we investigate the semilinear hyperbolic coupled system with
nonlinear damping and source terms given by

ρ1utt − a11uxx − a12vxx − a13wxx + g1(ut) = f1(u, v, w), in (0, L)×(0, T ),

ρ2vtt − a12uxx − a22vxx − a23wxx + g2(vt) = f2(u, v, w), in (0, L)×(0, T ),

ρ3wtt − a13uxx − a23vxx − a33wxx + g3(wt) = f3(u, v, w), in (0, L)×(0, T ),

(1)

where the unknowns are the functions u, v, w : (0, L) → R. The nonlineari-
ties f1, f2 and f3 are the source terms, g1, g2 and g3 are continuous functions
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responsible for the nonlinear damping effect. Here ρ1, ρ2 and ρ3 are positive
constants and

A :=

 a11 a12 a13
a12 a22 a23
a13 a23 a33


is a positive definite (real) symmetric matrix.

The three equations in (1) are supplemented with the initial conditions
u(x, 0) = u0(x), ut(x, 0) = u1(x), in (0, L),

v(x, 0) = v0(x), vt(x, 0) = v1(x), in (0, L),

w(x, 0) = w0(x), wt(x, 0) = w1(x), in (0, L),

and Dirichlet boundary conditions
u(0, t) = u(L, t) = 0, in (0, T ),

v(0, t) = v(L, t) = 0, in (0, T ),

w(0, t) = w(L, t) = 0, in (0, T ).

(2)

The systems (1) arise in modeling a mixture of three interacting continua
[16]. The theory of mixtures of solids has been widely investigated in the last
decades, see the references [5, 7, 12, 13] for a detailed presentation. In recent
years, an increasing interest has been directed to the study of the qualita-
tive properties of solutions related to mixtures composed by two interacting
continua. In particular, existence, uniqueness and continuous dependence of
solutions, see [3, 4, 25, 30] for details.

In [16], the authors studied the stabilization of a model of ternary mixtures
by taking

f1(u, v, w) = −α(u− v − w), f2(u, v, w) = α(u− v − w),

f2(u, v, w) = −α(u− v − w), α > 0,

and

g1(ut) = d1ut, g2(vt) = d2vt, g3(wt) = d3wt, di > 0, i = 1, 2, 3.

On the other hand, it is worth mentioning that above cited works on mixtures
of solids were concerned with linear problems. Concerning the stability of the
nonlinear system, Santos et al. [39] considered the following binary mixture
problem of solids with nonlinear damping and source terms{

ρ1utt − a11uxx − a12wxx + g1(ut) = f1(u,w), in (0, L)× (0, T ),

ρ2wtt − a12uxx − a22wxx + g2(wt) = f2(u,w), in (0, L)× (0, T ),
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with Dirichlet boundary condition on both u and w. The authors show the
existence of local and global weak solutions, uniqueness of weak solutions,
and continuous dependence of initial data. Under some restrictions on the
parameters, they also proved that every weak solution to the system blows-
up in finite time, provided the initial energy is negative and the sources are
more dominant than the damping in the system. Additional results are ob-
tained via potential well theory. Specifically, they proved the existence of a
unique global weak solution with initial data coming from the ”good” part of
the potential well. Concerning global attractors for binary mixture of solids
with nonlinear damping and source terms, we mention the work of Santos and
Freitas [38] who proved the existence of compact global attractor with finite
fractal dimension and the existence of generalized exponential attractor. The
existence and upper-semicontinuity of global attractors for binary mixtures of
solids with fractional damping been considered by Freitas et al. in [18]. Fi-
nally, Freitas et al. [17] studied the pullback dynamics of a non-autonomous
mixture problem in one dimensional solids with nonlinear damping. Among
numerous works on the subject it is worth mentioning the following references:
[1, 2, 26, 20, 33, 34, 35, 36, 19] for problems with subcritical or critical sources
and [8, 9, 11, 10, 15, 21, 23, 37, 22] for problems with supercritical sources.

The present paper is focused on the asymptotic behavior of solutions of the
nonlinear coupled system of wave equations (1). To the best of our knowledge,
it is the first time in which a mixture composed by three interacting continua
with source terms and nonlinear damping is considered. From the technical
viewpoint, the increasing number of structural coefficients makes the analysis
more challenging, and the study of the stability properties of solutions is highly
non trivial even for the linear case (see [16]). To get around this difficulty, we
use a vector approach inspired by Pei et al. [32, 31]. Yet another complication
arising in this vectorial setting is that the nonlinear sources are coupled in the
sense that each of the three scalar sources depends on the entire state vector,
then no single damping term alone can stabilize any of the sources regardless
of the relation between their exponents. Our results extend very easily to a
higher number of components under the same generic assumptions.

The paper is organized as follows: In the Section 2, we present the no-
tations needed, we list the standing assumptions on the nonlinear terms and
we summarize the main results. In the Section 3, we prove the existence of
local solution. In Section 4 we prove the energy identity for weak solutions. In
Section 5 the continuous dependence of solutions on the initial data is proved.
In Section 6, we show the existence the global solution. In Section 7, blow-up
with negative total initial data is showed. Section 8 is dedicated to proof of
Theorem 2.13. In Section 9, we derives uniform stabilization estimates. The
Section 10 is dedicated to the study of blow-up of potential well solutions.
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2. Preliminaries and main results

In this section, we present preliminaries including notations, assumptions and
main results.

2.1. Notation

Following notations will be used for the rest of the paper

‖u‖p = ‖u‖Lp(0,L), p > 1, (u, v)2 = (u, v)L2(0,L),

and similarly for vector functions y = (u, v, w) and ỹ = (ũ, ṽ, w̃)

‖y‖p =
(
‖u‖pp + ‖v‖pp + ‖w‖pp

)1/p
, (y, ỹ)2 = (u, ũ)2 + (v, ṽ)2 + (w, w̃)2.

Our analysis is given on the Hilbert space

H = V ×H where V = (H1
0 (0, L))3 and H = (L2(0, L))3, (3)

with the inner product: Given Y, Ỹ ∈ H, we can write

Y = (y, y1), Ỹ = (ỹ, ỹ1) ∈ H

with

y = (u, v, w), ỹ = (ũ, ṽ, w̃) ∈ V, y1 = (u1, v1, w1), ỹ1 = (ũ1, ṽ1, w̃1) ∈ H,

then we define
(Y, Ỹ )H = (y, ỹ)V + (y1, ỹ1)H ,

with

(y, ỹ)V =

∫ L

0

Q[(ux, vx, wx), (ṽx, ṽx, w̃x)] dx,

and

(y1, ỹ1)H =

∫ L

0

(ρ1u1ũ1 + ρ2v1ṽ1 + ρ3w1w̃1) dx.

The corresponding norms are then given by

‖Y ‖2H = ‖y‖2V + ‖y1‖2H ,

‖y‖2V =

∫ L

0

q[ux, vx, wx] dx,

and

‖y1‖2H =

∫ L

0

(
ρ1u

2
1 + ρ2v

2
1 + ρ3w

2
1

)
dx,

where Q and q denote the Hermitian and quadratic forms associated to the
matrix A, respectively, that is,

Q[a, b] = aTAb̄ and q[c] = Q[c, c], ∀a, b, c ∈ C3.
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Remark 2.1. Since A is symmetric and positive definite, ‖Y ‖H is equivalent to
the usual norm on the space H. In particular, there exist constants κ1, κ2 > 0
such that

κ1‖y‖2V 6 ‖ux‖22 + ‖vx‖22 + ‖wx‖22 6 κ2‖y‖2V . (4)

Definition 2.2. A function γ : R → R is called linearly bounded near the
origin if there exist positive constants c1 and c2 such that

c1|s| 6 |γ(s)| 6 c2|s|, ∀ |s| < 1.

For nonlinear damping and sources terms, we will use the assumptions
in [32].

Assumption 2.3 (Damping and sources). We assume that

(i) Damping: g1, g2, g3 : R→ R are continuous, monotone increasing func-
tions with g1(0) = g2(0) = g3(0) = 0. Moreover, there exist constants
α, β > 0 such that for all |s| > 1,

α|s|m+1 6 g1(s)s 6 β|s|m+1, m > 1,

α|s|r+1 6 g2(s)s 6 β|s|r+1, r > 1,

α|s|l+1 6 g3(s)s 6 β|s|l+1, l > 1.

(5)

(ii) Sources: fj ∈ C1(R3) and there is a constant C > 0 such that

|∇fj(u, v, w)| 6 C(|u|p−1 + |v|p−1 + |w|p−1 + 1), p > 1. (6)

2.2. Main results for existence and uniqueness

In order to describe the results, we introduce the definition of weak solution to
the problem (1)-(2).

Definition 2.4. A vector function y = (u, v, w) is called a weak solution to
(1)-(2) if

(i) y ∈ C(0, T ;V ), (y(0), yt(0)) = (y0, y1) = (u0, v0, w0, u1, v1, w1) ∈ H;

(ii) yt ∈ C(0, T ;H) ∩ Lm+1((0, L)× (0, T ))× Lr+1((0, L)× (0, T ))
×Ll+1((0, L)× (0, T ));

(iii) y = (u, v, w) satisfies the following identity

(yt(t), ψ(t))H − (yt(0), ψ(0))H

+

∫ t

0

[−(yt(τ), ψt(τ))H + (y(τ), ψ(τ))V ] dτ +

∫ t

0

(G(yt(τ)), ψ(τ))2 dτ

=

∫ t

0

(F(y(τ)), ψ(τ))2 dτ, ∀t ∈ [0, T ], (7)
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for all ψ ∈ T, where

T =
{
ψ = (ψ1, ψ2, ψ3) : ψ ∈ C(0, T ;V ), ψt ∈ L1(0, T ;H)

}
, (8)

and
G(yt) = (g1(ut), g2(vt), g3(wt)),

F(y) = (f1(u, v, w), f2(u, v, w), f3(u, v, w)).

Theorem 2.5 (Local solutions). Suppose that Assumption 2.3 holds. Then
there exist a time T0 = T0(E(0)) > 0 and a weak solution y = (u, v, w) to
(1)-(2) defined on [0, T0], where

E(t) =
1

2

(
‖y(t)‖2V + ‖yt(t)‖2H

)
.

Moreover, the following energy identity holds

E(t) +

∫ t

0

(G(yt), yt)2 dτ = E(0) +

∫ t

0

(F(y), yt)2 dτ, ∀t ∈ [0, T0]. (9)

Theorem 2.6 (Uniqueness and Continuous Dependence). Suppose that As-
sumption 2.3 holds. Then the weak solution given by Theorem 2.5 depend con-
tinuously on their initial data in the space H and, consequently, the solutions
are unique.

Theorem 2.7 (Global solutions). Suppose that Assumption 2.3 holds. Suppose
further that p 6 min{m, r, l}. Then the weak solution given by Theorem 2.5 is
a global solution and we can take T0 =∞.

In sequel, we introduce the assumptions for blow-up result.

Assumption 2.8. We assume that

(i) There exists a positive function F ∈ C2(R3) such that

∇F = F. (10)

(ii) There exist c0 > 0 and c1 > 2 such that

F (y) > c0(|u|p+1 + |v|p+1 + |w|p+1),

uf1(u, v, w) + vf2(u, v, w) + wf3(u, v, w) > c1F (y).

Theorem 2.9 (Blow up in Finite Time). Suppose that Assumptions 2.3 and
2.8 hold. If p > max{m, r, l} and E(0) < 0, then the weak solutions z to (1)-(2)
blows up in finite time. More precisely, there exists a time T < ∞ such that
limt→T− E(t) =∞, where

E(t) = E(t)−
∫ L

0

F (y(t)) dx. (11)
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2.3. On the potential well

In this part, we introduce some definitions and results on the theory of elliptic
problems (see [26, 20] for details).

Assumption 2.10. There exists a nonnegative function F ∈ C2(R3) that sat-
isfies (10) and furthermore is homogeneous of order p+ 1, that is,

F (λy) = λp+1F (y), ∀λ > 0, y ∈ R3.

Since F is homogeneous, by Euler Homogeneous Function Theorem, we
obtain

(p+ 1)F (y) = uf1(y) + vf2(y) + wf3(y). (12)

It follows from (6) that there exists M > 0 such that

F (y) 6M(|u|p+1 + |v|p+1 + |w|p+1 + 1). (13)

Then, by homogeneity, we obtain

F (y) 6M(|u|p+1 + |v|p+1 + |w|p+1). (14)

Observe also that f1, f2 and f3 are homogeneous functions of degree p and that
there exists C > 0 such that

fj(y) 6 C(|u|p + |v|p + |w|p), j = 1, 2, 3. (15)

We recall that V = (H1
0 (0, L))3. Then, we define the functional I : V → R by

I(y) :=
1

2
‖y‖2V −

∫ L

0

F (y) dx.

Consequently,

E(t) =
1

2
‖yt(t)‖2H + I(y(t)).

It is easy verify that I is differentiable in the sense of Fréchet and that

I ′(y)φ = (y, φ)V − (F(y), φ)2. (16)

Therefore the critical points of the functional I are the weak solutions to the
elliptic problem

−a11uxx − a12vxx − a13wxx = f1(u, v, w), in (0, L),

−a12uxx − a22vxx − a23wxx = f2(u, v, w), in (0, L),

−a13uxx − a23vxx − a33wxx = f3(u, v, w), in (0, L).
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We define the well known Nehari manifold of I by

N =
{
y ∈ V \ {0} : I ′(y)y = 0

}
.

By (12) and (16) we see that

N =

{
y ∈ V \ {0} : ‖y‖2V = (p+ 1)

∫ L

0

F (y) dx

}
. (17)

By [22, Lemma 2.7] the functional I satisfies the hypothesis of the Mountain
Pass Theorem and the mountain pass level d satisfies

d := inf
y∈N

I(y) = inf
y∈V \{0}

sup
λ>0

I(λy). (18)

In order to introduce the potential well, we first prove the following lemma.

Lemma 2.11. In addition to Assumptions 2.3 and 2.10, further assume that
p > 1, then

d := inf
y∈N

I(y) > 0.

Proof. Let y ∈ N . Then, by (17) it follows that

I(y) =
1

2
‖y‖2V −

∫ L

0

F (y)dx =
1

2
‖y‖2V −

1

p+ 1
‖y‖2V =

(
1

2
− 1

p+ 1

)
‖y‖2V > 0.

Using that y ∈ N , the embedding H1
0 (0, L) ↪→ Lq(0, L) and (14), we obtain

‖y‖2V = (p+ 1)

∫ L

0

F (y) dx 6 (p+ 1)M‖y‖p+1
p+1 6 C‖y‖p+1

(H1
0 (0,L))

3 6 C‖y‖p+1
V .

Since p > 1, we deduce that ‖y‖V > C−
1
p−1 > 0. Therefore

d >

(
1

2
− 1

p+ 1

)
C−

2
p−1 > 0.

The proof is complete.

Inspired by [2], we consider the following sets

W := {y ∈ V : I(y) < d},

W1 :=

{
y ∈W : ‖y‖2V > (p+ 1)

∫ L

0

F (y) dx

}
∪ {0},

W2 :=

{
z ∈W : ‖y‖2V 6 (p+ 1)

∫ L

0

F (y) dx

}
.

Observe that W1 ∩W2 = ∅ and W1 ∪W2 = W . The set W is called potential
well and d as the depth of the well. The set W1 is considered the “good” part
of the well.
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2.4. Preliminaries on W1

In this part, we prove some properties of the set W1.
We define the function

J(s) =
1

2
s2 −MRsp+1,

where the constant M > 0 is given in (14) and

R := sup
y∈V \{0}

‖y‖p+1
p+1

‖y‖p+1
V

. (19)

Since p > 1 and H1
0 (0, L) ↪→ Lq(0, L), we see that 0 < R < ∞. From (14) we

get

I(y) =
1

2
‖y‖2V −

∫ L

0

F (y) dx

>
1

2
‖y‖2V −M

∫ L

0

(|u|p+1 + |v|p+1 + |w|p+1) dx

>
1

2
‖y‖2V −M(‖u‖p+1

p+1 + ‖v‖p+1
p+1 + ‖w‖p+1

p+1) =
1

2
‖y‖2V −M‖y‖

p+1
p+1

>
1

2
‖y‖2V −M‖y‖

p+1
(H1

0 (0,L))
3

>
1

2
‖y‖2V −MR‖y‖p+1

V = J(‖y‖V ).

(20)

Observe that

s0 − (p+ 1)MRsp0 = J ′(s0) = 0⇔ s1−p0 = MR(p+ 1)

⇔ s0 = (MR(p+ 1))−
1
p−1 .

Thus, J is attained on [0,∞) at the unique critical point

s0 =
(
(p+ 1)MR

)− 1
p−1 .

Then, the maximum value of J is

d̃ := sup
s∈[0,∞)

J(s) = J(s0) =

(
1

2
−MRsp−10

)
s20

=

(
1

2
−MR((p+ 1)MR)−1

)
((p+ 1)MR)−

2
p−1

=
p− 1

2(p+ 1)
((p+ 1)MR)−

2
p−1 .
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Now, we define

W̃1 =
{
y ∈ V : ‖y‖V < s0, I(y) < J(s0)

}
.

It is important to note that W̃1 6= {0}. In fact, for any z ∈ V , there exists a

scalar ε > 0 such that εz ∈ W̃1. Moreover, we have the following result

Proposition 2.12. J(s0) 6 d and W̃1 is a subset of W1.

Proof. Firstly, let us to prove that J(s0) 6 d. Indeed, let y ∈ V \ {0} fixed,
then (20) implies that I(λy) > J(λ‖y‖V ) for all λ > 0. Then

sup
λ>0

I(λy) > J(s0).

Hence, by (18), we deduce that

d = inf
y∈V \{0}

sup
λ>0

I(λy) > J(s0).

Moreover, for all ‖y‖V < s0, by (14) and (19), we have

(p+ 1)

∫ L

0

F (y) dx 6 (p+ 1)M‖y‖p+1
p+1

6 (p+ 1)MR‖y‖p+1
V

= ‖y‖2V ((p+ 1)MR‖y‖p−1V )

< ‖y‖2V ((p+ 1)MRsp−10 )

= ‖y‖2V .

Then, by the definition of W1, we have W̃1 ⊂W1. The proof is complete.

For each δ > 0 small enough, we can define a closed subset of W̃1 by

W̃ δ
1 =

{
y ∈ V : ‖y‖V 6 s0 − δ, I(y) 6 J(s0 − δ)

}
. (21)

From Proposition 2.12 we see that W̃ δ
1 ⊂W1.

2.5. Main results for decay of energy

The results of this subsection is inspired by [20], with the necessary changes
that the problem requires.

Theorem 2.13 (Global solution). Suppose that Assumption 2.3 and Assump-
tion 2.10 hold. Suppose further that y(0) ∈ W1 and E(0) < d. If p > 1, then
the weak solution y of (1)-(2) is a global solution, that is, it can be extended to
[0,∞). Moreover, we have
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(i) I(y(t)) 6 E(t) 6 E(0),

(ii) y(t) ∈W1,

(iii) E(t) 6 dρ,

(iv) 1
ρE(t) 6 E(t) 6 E(t),

for all t > 0, where ρ = p+1
p−1 .

The next result shows that the weak solutions decay as the solutions of a
certain nonlinear ODE.

Theorem 2.14 (Uniform decay rates). Suppose that Assumption 2.3 and As-

sumption 2.10 hold. Suppose further that p > 1, y0 ∈ W̃ δ
1 and E(0) < J(s0− δ)

for some δ > 0. Let φj : [0,∞) → [0,∞) be continuous, strictly increasing,
concave functions vanishing at the origin such that

φj(gj(s)s) > |gj(s)|2 + s2, |s| < 1, j = 1, 2, 3.

Define the function Φ : [0,∞)→ [0,∞) by

Φ(s) = φ1(s) + φ2(s) + φ3(s) + s, s > 0.

Then, for any T > 0 there exists a concave increasing map Q = (I + C̃Φ)−1,
where C̃ = C̃(T, E(0)) such that

1

ρ
E(t) 6 E(t) 6 S

(
1

T
− 1

)
, ∀t > T,

where S satisfies the ODE

S′(t) +Q(S(t)) = 0, S(0) = E(0). (22)

Corollary 2.15 (Exponential decay rate). Under the hypotheses of Theorem
2.14, if g1, g2 and g3 are linearly bounded near the origin, then Q(s) = µs
for some µ dependent on E(0) and T . The total energy E(t) and the quadratic
energy E(t) decay exponentially

1

ρ
E(t) 6 E(t) 6 eµE(0)e−(µ/T )t, ∀t > 0.

Corollary 2.16 (Algebraic decay rate). Under the hypotheses of Theorem
2.14, if at least one of the feedback mappings g1, g2 and g3 is not linearly
bounded (cf. Definition 2.2) near the origin and satisfies

c1|s|m̃ 6 |g1(s)| 6 c2|s|m̃, c3|s|r̃ 6 |g2(s)| 6 c4|s|r̃,

c5|s|l̃ 6 |g3(s)| 6 c6|s|l̃, ∀|s| < 1,
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where m̃, ñ, l̃ > 0 and cj > 0, j = 1 . . . , 6, then the ODE given by (22) can be
approximated by

S̃′(t) + C0S̃
a(t) = 0, S̃(t0) = S(t0), t > t0 > 0, for some t0 > 0,

and the energy decays as follows

1

ρ
E(t) 6 E(t) 6 C(1 + t)−b, ∀t > t0,

where b = (a−1)−1 and a > 1 (specified in (144) and (145)) depend of damping
exponents m̃, ñ, l̃. The constants C0 and C depend of T and E(0).

Assumption 2.17 (For blow-up).

• Damping: Suppose that there exist α, β > 0 such that for all s ∈ R

α|s|m+1 6 g1(s)s 6 β|s|m+1, m > 1,

α|s|r+1 6 g2(s)s 6 β|s|r+1, r > 1,

α|s|l+1 6 g3(s)s 6 β|s|l+1, l > 1.

• Sources: Suppose that

F (z) > α0(|u|p+1 + |v|p+1 + |w|p+1), for some α0 > 0.

Theorem 2.18 (Blow-up in finite time). Suppose that Assumptions 2.3, 2.10
and 2.17 hold. Suppose further that p > max{m, r, l}, 0 6 E(0) < d, and
y(0) ∈ W2, then any weak solution y provided by Theorem 2.5 blows-up in
finite time in the sense that lim supt→T−1 E(t) =∞ for some 0 < T <∞.

3. Local solution

In this section, we obtain the result on the existence of local solution stated in
Theorem 2.5.

3.1. Semigroup formulation

In this part, we show that the problem (1)-(2) is well-posed using nonlinear
semigroup theory and monotone operators.

Let us write the problem (1)-(2) as a Cauchy problem
dY

dt
+AY = 0, t > 0,

Y (0) = Y0 = (u0, v0, w0, u1, v1, w1) ∈ H.
(23)
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where H defined in (3) and A : D(A) ⊂ H → H is the nonlinear operator
defined by

AY =


−y1

1
ρ1
{−(a11u+ a12v + a13w)xx + g1(u1)− f1(y)}

1
ρ2
{−(a12u+ a22v + a23w)xx + g2(v1)− f2(y)}

1
ρ3
{−(a13u+ a23v + a33w)xx + g3(w1)− f3(y)}

 .

The domain of A is given by

D(A) =
{
Y = (u, v, w, u1, v1, w1) ∈ (H1

0 (0, L))6 : AY ∈ (L2(0, L))6
}
.

In order to present the existence of local solutions, we start by considering
the equivalent Cauchy problem (23). Since the damping terms are allowed to
have superlinear growth then we shall apply the theory of monotone operators
and nonlinear semigroups (see [40, 6] for instance). Given a reflexive Banach
space X, an operator A : X → X ′ is called accretive if

〈Az1 −Az2, z1 − z2〉 > 0, ∀z1, z2 ∈ D(A).

In addition, it is called m-accretive if (A + I) : X → X ′ is surjective. An
operator B : X → X ′ is called hemicontinuous if

lim
λ→0
〈B(u+ λw), z〉 = 〈B(u), z〉, ∀u,w, z ∈ X.

Lemma 3.1. Suppose that f1, f2, f3 : V → L2(0, L) are globally Lipschitz con-
tinuous. Then, for any initial data Y0 ∈ D(A), problem (23) has a unique
global strong solution Y ∈W 1,∞(0, T ;H) for all T > 0.

Proof. We split the proof into several steps. Firstly, we recall that H = V ×H,
with V = (H1

0 (0, L))3 and H = (L2(0, L))3. To simplify the notation, let
y = (u, v, w), ỹ = (ũ, ṽ, w̃) ∈ V , y1 = (u1, v1, w1), ỹ1 = (ũ1, ṽ1, w̃1) ∈ H.
Therefore, Y = (y, y1), Ỹ = (ỹ, ỹ1) ∈ H. Using this notation, we can decompose
A as

AY =

(
−y1

B(y) + G(y1)−F(y)

)
,

where B : V → V ′, G : V → V ′ and F : V → H are given by

B(y) =

 − 1
ρ1

(a11u+ a12v + a13w)xx
− 1
ρ2

(a12u+ a22v + a23w)xx
− 1
ρ3

(a13u+ a23v + a33w)xx

 , G(y1) =

 1
ρ1
g1(u1)

1
ρ2
g2(v1)

1
ρ3
g3(w1)

 ,

and

F(y) =

 1
ρ1
f1(y)

1
ρ2
f2(y)

1
ρ3
f3(y)

 .
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Step 1: A+ ωI is accretive for some positive ω > 0. By straightforward
calculations, for all Y = (y, y1), Ỹ = (ỹ, ỹ1) ∈ D(A), we obtain

((A+ ωI)Y − (A+ ωI)Ỹ , Y − Ỹ )H

= (AY −AỸ , Y − Ỹ )H + ω‖Y − Ỹ ‖2H
= −(y1 − ỹ1, y − ỹ)V + (y − ỹ, y1 − ỹ1)V

+ (G(y1)− G(ỹ1), y1 − ỹ1)H − (F(y)−F(ỹ), y1 − ỹ1)H

+ ω‖Y − Ỹ ‖2H.

(24)

Since g1, g2 and g3 are monotones, we have

(G(y1)− G(ỹ1), y1 − ỹ1)H > 0.

By definition of the norm in H,

‖F(y)−F(ỹ)‖2H 6 C

3∑
j=1

‖fj(y)− fj(ỹ)‖22.

Now, using that f1, f2, f3 : V → L2(0, L) are globally Lipschitz, we infer that,
for some constante C1 > 0,

‖fj(y)− fj(ỹ)‖22 6 C1‖y − ỹ‖2V , ∀j = 1, 2, 3.

Therefore, for some constant CF > 0,

‖F(y)−F(ỹ)‖H 6 CF‖y − ỹ‖V .

The last estimate and Young’s inequality, yields

(F(y)−F(ỹ), y1 − ỹ1)H 6 ‖F(y)−F(ỹ)‖H‖y1 − ỹ1‖H
6 CF‖y − ỹ‖V ‖y1 − ỹ1‖H

6
CF
2
‖y − ỹ‖2V +

CF
2
‖y1 − ỹ1‖2H

=
CF
2
‖Y − Ỹ ‖2H.

(25)

Now, combining (24)-(25), we have

(
(A+ ωI)Y − (A+ ωI)Ỹ , Y − Ỹ

)
H >

(
ω − CF

2

)
‖Y − Ỹ ‖2H.

This shows that A+ ωI is accretive when ω > CF
2 .
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Step 2: A+ νI is m-accretive for some positive ν > 0. We need to prove
that R(A+ νI) = H for some ν > 0. Let W = (φ, φ1) ∈ H. We will prove that
there exists Y = (y, y1) ∈ D(A) such that (A + νI)Y = W , for some ν > 0,
that is, {

−y1 + νy = φ,

B(y) + G(y1)−F(y) + νy1 = φ1.
(26)

Observe that (26) is equivalent to

1

ν
B(y1) + G(y1)−F

(
φ+ y1
ν

)
+ νy1 = φ1 −

1

ν
B(φ) ∈ V ′. (27)

Hence, we need only to prove that S : D(S) ⊂ V → V ′ by

S(y1) =
1

ν
B(y1) + G(y1)−F

(
φ+ y1
ν

)
+ νy1.

is surjective. By [6, Corollary 2.2] it suffices to show that S is maximal mono-
tone and coercive.

We split S as two operators G,J : V → V ′:

S(y1) = G(y1) + J (y1),

with

J (y1) =
1

ν
B(y1)−F

(
φ+ y1
ν

)
+ νy1.

Step 3: J is maximal monotone and coercive. Let y = (u, v, w), ỹ =
(ũ, ṽ, w̃) ∈ V , then it is easy to check that

〈J (y)− J (ỹ), y − ỹ〉

=
1

ν
〈B(y − ỹ), y − ỹ〉 −

〈
F
(
φ+ y1
ν

)
−F

(
φ+ ỹ1
ν

)
, y − ỹ

〉
+ ν 〈y − ỹ, y − ỹ〉

=
1

ν
‖y − ỹ‖2V −

(
F
(
φ+ y1
ν

)
−F

(
φ+ ỹ1
ν

)
, y − ỹ

)
H

+ ν‖y − ỹ‖22.

Since f1, f2, f3 : V → (0, L) are globally Lipschitz, we know

〈J (y)− J (ỹ), y − ỹ〉 > 1

ν
‖y − ỹ‖2V − CF

∥∥∥∥y − ỹν
∥∥∥∥
V

‖y − ỹ‖2 + ν‖y − ỹ‖22

=
1

ν
‖y − ỹ‖2V −CF

∥∥∥∥y − ỹν
∥∥∥∥2
V

−CF
2
‖y − ỹ‖22 + ν‖y − ỹ‖22

=

(
1

ν
− CF

ν2

)
‖y − ỹ‖2V +

(
ν − CF

2

)
‖y − ỹ‖22.
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Choosing ν > 2CF , we get

〈J (y)− J (ỹ), y − ỹ〉 > CF
ν2
‖y − ỹ‖2V . (28)

Therefore J is monotone.
Now, we will show that J is hemicontinuous. Let ỹ ∈ V , then

〈J (y + λy1), ỹ〉 − 〈J (y), ỹ〉

=
1

ν
〈B(y + λy1), ỹ〉 − 1

ν
〈B(y), ỹ〉

−
(〈
F
(
φ+ y + λy1

ν

)
, ỹ

〉
−
〈
F
(
φ+ y

ν

)
, ỹ

〉)
+ ν 〈y + λy1, ỹ〉 − ν 〈y, ỹ〉 .

(29)

Observe that∣∣∣∣1ν 〈B(y + λy1), ỹ〉 − 1

ν
〈B(y), ỹ〉

∣∣∣∣ =

∣∣∣∣λν
∣∣∣∣ |(y, ỹ)V |

λ→0−−−→ 0.

Since f1, f2, f3 : V → L2(0, L) are globally Lipschitz, we obtain∣∣∣∣〈F (φ+ y + λy1
ν

)
, ỹ

〉
−
〈
F
(
φ+ y

ν

)
, ỹ

〉∣∣∣∣
=

∣∣∣∣(F (φ+ y + λy1
ν

)
−F

(
φ+ y

ν

)
, ỹ

)
H

∣∣∣∣
6

∥∥∥∥F (φ+ y + λy1
ν

)
−F

(
φ+ y

ν

)∥∥∥∥
H

‖ỹ‖H

6
CF |λ|
|ν|
‖y1‖V ‖ỹ‖H

λ→0−−−→ 0.

Finally, we have

|ν 〈y + λy1, ỹ〉 − ν 〈y, ỹ〉 | = |νλ| | 〈y1, ỹ〉V |

6 |νλ| ‖y1‖V ‖ỹ‖V
λ→0−−−→ 0.

(30)

Therefore, from (29)-(30) it follows that

〈J (y + λy1), ỹ〉 − 〈J (y), ỹ〉 λ→0−−−→ 0,

proving that J : V → V ′ is hemicontinuous. Since we have shown that J is
monotone and hemicontinuous, we can apply the result in [6, Theorem 2.4] to
conclude that J is maximal monotone. The coerciveness of J follows promptly
from (28).
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Step 4: G is maximal monotone. Let y, ỹ ∈ V . Since H1
0 (0, L) ↪→ Lq(0, L)

for q > 1, we have G(y),G(ỹ) ∈ H. Then, by the monotonicity of G, we see
that

〈G(y)− G(ỹ), y − ỹ〉 = (G(y)− G(ỹ), y − ỹ)H > 0.

Now, we will show that G is hemicontinuous.
Given y = (u, v, w), y1 = (u1, v1, w1) ∈ V and ỹ = (ũ, ṽ, w̃) ∈ V , then

〈G(y + λy1), ỹ〉 =

∫ L

0

g1(u+ λu1)ũdx+

∫ L

0

g2(v + λv1)ṽ dx

+

∫ L

0

g3(w + λw1)w̃ dx.

(31)

Since g1 is continuous we have g1(u + λu1)ũ → g1(u)ũ pointwise as λ → 0.
Moreover, by the assumption on the damping, we know |g1(s)| 6 β(|s|m + 1)
for all s. Therefore, if |λ| 6 1, we get

|g1(u+ λu1)ũ| 6 C(‖u‖m∞ + ‖u1‖m∞ + 1)‖ũ‖∞.

Then, by Lebesgue’s dominated convergence theorem, we obtain

lim
λ→0

∫ L

0

g1(u+ λu1)ũdx =

∫ L

0

g1(u)ũdx.

In a similar way, we obtain

lim
λ→0

∫ L

0

g2(v + λv1)ṽ dx =

∫ L

0

g1(v)ṽ dx

and

lim
λ→0

∫ L

0

g3(w + λw1)w̃ dx =

∫ L

0

g3(w)w̃ dx. (32)

From (31)-(32) it follows that

lim
λ→0
〈G(y + λy1), ỹ〉 = 〈G(y), ỹ〉.

and thereby G is hemicontinuous; the maximal monotonicity follows. Now,
since J and G are both maximal monotone and int(D(J )) ∩ D(G) 6= ∅, by
[6, Theorem 2.6], we conclude that S = T + G is maximal monotone. The
coercivity of S follows promptly by (28). Therefore, S is maximal monotone
and coercive, which shows the surjectivity of S, i.e., there exists y1 ∈ D(S) = V
solving (27). Consequently, y = y1+φ

ν ∈ V . Since

B(y) + G(y1)−F(y) = φ1 − νy1 ∈ H,

we conclude that Y = (y, y1) ∈ D(A). This show that A+ νI is m-accretive.
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Step 5: Local solution (conclusion). Since A is m-accretive, by [40, Theo-
rem 4.1] we conclude that for each Y0 ∈ D(A), there exists a unique strong solu-
tion Y for (23), that is, Y ∈W 1,∞(0, T ;H) such that Y (0) = Y0, Y (t) ∈ D(A)
for all t ∈ [0, T ] and equation (23) holds a.e. in [0, T ] for all T > 0. The proof
is complete.

Lemma 3.2. Suppose that p,m, r, l > 1, and p · max
{
m+1
m , r+1

r , l+1
l

}
6 2

2ε−1
for ε ∈

(
1
2 , 1
)
. Suppose further that f1, f2, f3 ∈ C(R3) such that

|∇fj(y)| 6 C
(
|u|p−1 + |v|p−1 + |w|p−1 + 1

)
, ∀u, v, w ∈ R, j = 1, 2, 3. (33)

Then

• fj : (H1−ε(0, L))3 → Lσj (0, L) are locally Lipschitz continuous for

σ1 =
m+ 1

m
, σ2 =

r + 1

r
and σ3 =

l + 1

l
·

• fj : V → L2(0, L) are locally Lipschitz continuous.

Proof. We first prove that f1 : (H1−ε(0, L))3 → Lm̃(0, L) is locally Lipschitz
continuous with m̃ = m+1

m . Let y = (u, v, w), ỹ = (ũ, ṽ, w̃) ∈ Ṽ = (H1−ε(0, L))3

such that ‖y‖Ṽ , ‖ỹ‖Ṽ 6 R, where R > 0. By (33) and the Mean Value Theo-
rem, we have

|f1(y)− f1(ỹ)| 6 C|y − ỹ|
(
|u|p−1 + |ũ|p−1 + |v|p−1

+ |ṽ|p−1 + |w|p−1 + |w̃|p−1 + 1
)
.

(34)

Therefore,

‖f1(y)− f1(ỹ)‖m̃m̃ =

∫ L

0

|f1(y)− f1(ỹ)|m̃ dx

6 C

∫ L

0

(|u− ũ|m̃ + |v − ṽ|m̃ + |w − w̃|m̃ ×
(
|u|(p−1)m̃ + |ũ|(p−1)m̃

+ |v|(p−1)m̃ + |ṽ|(p−1)m̃ + |w|(p−1)m̃ + |w̃|(p−1)m̃ + 1
)

dx.

(35)

Using the Hölder’s inequality the embedding H1−ε(0, L) ↪→ L
2

2ε−1 (0, L), the
fact that pm̃ 6 2

2ε−1 and ‖u‖Hε−1(0,L) 6 R, we obtain

∫ L

0

|u− ũ|m̃|u|(p−1)m̃ dx 6

(∫ L

0

|u− ũ|pm̃ dx

) 1
p
(∫ L

0

|u|pm̃ dx

) p−1
p

6 C‖u− ũ‖m̃H1−ε(0,L)‖u‖
(p−1)m̃
H1−ε(0,L)

6 CR(p−1)m̃‖u− ũ‖m̃H1−ε(0,L).
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The other terms of (35) are estimated analogously. Hence, for some CR > 0,

‖f1(y)− f1(ỹ)‖m̃ 6 CR‖y − ỹ‖(H1−ε(0,L))3 .

Now, let y = (u, v, w), ỹ = (ũ, ṽ, w̃) ∈ V = (H1
0 (0, L))3 be such that

‖y‖V , ‖ỹ‖V 6 R. By (34) if follows that

‖f1(y)− f1(ỹ)‖22 =

∫ L

0

|f1(y)− f1(ỹ)|2 dx

6 C

∫ L

0

(|u− ũ|2 + |v − ṽ|2 + |w − w̃|2)

× (|u|2(p−1) + |ũ|2(p−1) + |v|2(p−1) + |ṽ|2(p−1) + |w|2(p−1) + |w̃|2(p−1) + 1) dx.

By Hölder’s inequality, the embedding H1
0 (0, L) ↪→ Lq(0, L), the fact that p > 1

and ‖u‖H1
0 (0,L)

6 R, we obtain

∫ L

0

|u− ũ|2|u|2(p−1) dx 6

(∫ L

0

|u− ũ|2p dx

) 1
p
(∫ L

0

|u|2p dx

) p−1
p

6 C‖u− ũ‖2H1
0 (0,L)

‖u‖2(p−1)
H1

0 (0,L)

6 CR2(p−1)‖u− ũ‖2H1
0 (0,L)

.

Hence,

‖f1(y)− f1(ỹ)‖2 6 CR‖y − ỹ‖(H1
0 (0,L))

3 .

Using (4), we infer that, for some CR > 0,

‖f1(z)− f1(ẑ)‖2 6 CR‖z − ẑ‖V .

Similarly, we get the result for f2 and f3. The proof is complete.

Lemma 3.3. Suppose that Assumption 2.3 holds. Then for any initial data
Y0 ∈ D(A), there exist a time T0 = T0(E(0)) > 0 such that the system (23) has
a unique strong solution defined in [0, T0].

Proof. We use a standard argument as in [11, 14, 23] that use the truncation
of the sources. Let y = (u, v, w) ∈ V . We define

fKj (y) =

{
fj(y), ‖y‖V 6 K,

fj

(
Ky
‖y‖V

)
, ‖y‖V > K,
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for j = 1, 2, 3, where K is a positive constant such that K2 > 4E(0) + 1. With
the truncated sources above, we consider the following problem:


ρ1utt − a11uxx − a12vxx − a13wxx + g1(ut) = fK1 (y), in (0, L)× (0,∞),

ρ2vtt − a12uxx − a22vxx − a23wxx + g2(vt) = fK2 (y), in (0, L)× (0,∞),

ρ3wtt − a13uxx − a23vxx − a33wxx + g3(wt) = fK3 (y), in (0, L)× (0,∞),

Y (0) = (u0, v0, w0, u1, v1, w1) ∈ H.

(36)

Observe that for each such K, the truncated sources fKj : V → L2(0, L)
are globally Lipschitz continuous (cf. [14, Theorem 7.2]). Then, by Lemma
3.1 the problem (36) has a unique global strong solution YK = (yK , y

′
K) ∈

W 1,∞(0, T ;H) for all T > 0 and Y0 ∈ D(A).

In sequel, we will denote yK(t) = y(t). Since H1
0 (0, L) ↪→ Lq(0, L) for

q > 1 and yt ∈ V , we have g1(ut), g2(vt), g2(wt) ∈ L2(0, L) and thereby we can
multiply (36) by (ut, vt, wt) to get

E(t) +

∫ t

0

∫ L

0

(g1(ut)ut + g2(vt)vt + g3(wt)wt) dxdτ

= E(0) +

∫ t

0

∫ L

0

(fk1 (y)ut + fk2 (y)vt + fk3 (y)wt) dxdτ.

(37)

Since m, r, l > 1, m̃ = m+1
m , r̃ = r+1

r , l̃ = l+1
l 6 2. Consequently, f1 : V →

Lm̃(0, L), f2 : V → Lr̃(0, L) and f3 : V → Ll̃(0, L) are Lipschitz on the ball
{y ∈ V : ‖y‖V 6 K} with some Lipschitz constants Lf1(K), Lf2(K), Lf3(K).
Taking LK = max{Lf1(K), Lf2(K), Lf3(K)} and using calculations as in [14],

we see that fK1 : V → Lm̂(0, L), fK2 : V → Lr̂(0, L) and f3 : V → Ll̃(0, L) are
globally Lipschitz continuous with Lipschitz constant LK .

On the other hand, by Hölder’s and Young’s inequalities, we obtain

∫ t

0

∫ L

0

fk1 (y)ut dxdτ 6
∫ t

0

[(∫ L

0

|fK1 (y)|m̃ dx

) 1
m̃
(∫ L

0

|ut|m+1 dx

) 1
m+1

]
dτ

6
∫ t

0

‖fK1 (y)‖m̃‖ut‖m+1 dτ

6 Cε

∫ t

0

‖fK1 (y)‖m̃m̃ dτ + ε

∫ t

0

‖ut‖m+1
m+1 dτ

6 Cε

∫ t

0

(‖fK1 (y)− fK1 (0)‖m̃m̃+‖fK1 (0)‖m̃m̃) dτ + ε

∫ t

0

‖ut‖m+1
m+1 dτ

6 CεL
m̃
K

∫ t

0

‖y‖m̃V dτ + CεtL|fK1 (0)|m̃ + ε

∫ t

0

‖ut‖m+1
m+1 dτ.

(38)
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Similarly, ∫ t

0

∫ L

0

fk2 (y)vt dxdτ 6 CεL
r̃
K

∫ t

0

‖y‖r̃V dτ + CεtL|fK2 (0)|r̃

+ ε

∫ t

0

‖vt‖r+1
r+1 dτ

and ∫ t

0

∫ L

0

fk3 (y)wt dxdτ 6 CεL
l̃
K

∫ t

0

‖y‖l̃V dτ + CεtL|fK3 (0)|l̃

+ ε

∫ t

0

‖wt‖l+1
l+1 dτ.

It follows from (5) that

g1(s)s > α(|s|m+1 − 1), g2(s)s > α(|s|r+1 − 1),

g3(s)s > α(|s|l+1 − 1), ∀s ∈ R.

Hence, ∫ t

0

∫ L

0

g1(ut)ut dτ > α

∫ t

0

‖ut‖m+1
m+1 dτ − αtL,∫ t

0

∫ L

0

g2(vt)vt dτ > α

∫ t

0

‖vt‖r+1
r+1 dτ − αtL,∫ t

0

∫ L

0

g3(wt)wt dτ > α

∫ t

0

‖wt‖l+1
l+1 dτ − αtL.

(39)

Using the estimates (38)-(39) in (37), we conclude

E(t) + α

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ − 3αtL

6 E(0) + ε

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ + CεL

m̃
K

∫ t

0

‖y‖m̃V dτ

+ CεL
r̃
K

∫ t

0

‖y‖r̃V dτ + CεL
l̃
K

∫ t

0

‖y‖l̃V dτ

+ CεtL(|fK1 (0)|m̃ + |fK2 (0)|r̃ + |fK3 (0)|l̃).

(40)

If ε 6 α, then by (40) we deduce

E(t) 6 E(0) + CεL
m̃
K

∫ t

0

‖y‖m̃V dτ+CεL
r̃
K

∫ t

0

‖y‖r̃V dτ+CεL
l̃
K

∫ t

0

‖y‖l̃V dτ

+ CεtL(|fK1 (0)|m̃ + |fK2 (0)|r̃ + |fK3 (0)|l̃) + 3αtL.

(41)
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Since 1 6 m̃, r̃, l̃ 6 2, then by Young’s inequality∫ t

0

‖y(τ)‖m̃V dτ 6
∫ t

0

(‖y(τ)‖2V + C̃) dτ 6 2

∫ t

0

E(τ) dτ + C̃t.

Similarly∫ t

0

‖y(τ)‖r̃V dτ 6 2

∫ t

0

E(τ)dτ + C̃t,

∫ t

0

‖y(τ)‖l̃V dτ 6 2

∫ t

0

E(τ)dτ + C̃t.

where C̃ > 0 is a constant dependent on the parameters m, r and l. Therefore,

if t 6 T0 and we take C1 = 2Cε(L
m̃
K + Lr̃K + Ll̃K), C2 = E(0) + C0T0 with

C0 = CεL(|fK1 (0)|m̃ + |fK2 (0)|r̃ + |fK3 (0)|l̃) + 3αL+ C̃Cε(L
m̃
K +Lr̃K +Ll̃K), then

by (41), we get

E(t) 6 C2 + C1

∫ t

0

E(τ) dτ, ∀t ∈ [0, T0]. (42)

where T0 > 0 will be determined later. Applying Gronwall’s technique to (42),
we have

E(t) 6 C2e
C1t, ∀t ∈ [0, T0]. (43)

Choosing

T0 = min

{
1

4C0
,

log 2

C1

}
, (44)

and using that K2 > 4E(0) + 1, then (43) implies

E(t) 6 2(E(0) + C0T0) 6 2E(0) +
1

2
6
K2

2
, ∀t ∈ [0, T0]. (45)

This proves that ‖y(t)‖V 6 K, for all t ∈ [0, T0] and thereby fK1 (y(t)) =
f1(y(t)), fK2 (y(t)) = f2(y(t)) and fK3 (y(t)) = f3(y(t)) for all t ∈ [0, T0]. By
uniqueness of solutions of (36), we conclude that the solution to (36) coincides
with the solution to (1) for t ∈ [0, T0]. The proof is complete.

3.2. Approximate solutions and passage to the limit

In this part, we complete the proof of the Theorem 2.5.

Step 1: Approximate system. Clearly, D(A) is dense in H. Then, for each
Y0 = (y0, y1) ∈ H, there exists a sequence Y n0 ∈ D(A) such that Y n0 → Y0
strongly in H. Let Y = (y, yt) = (u, v, w, ut, vt, wt) and consider the approxi-
mate system {

Y nt +AY n = 0,

Y n(0) = Y n0 ∈ D(A).
(46)
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Step 2: Approximate solutions. By Lemma 3.3, for each n, problem
(46) has a strong local solution Y n = (yn, ynt ) = (un, vn, wn, unt , v

n
t , w

n
t ) ∈

W 1,∞(0, T0;H) such that Y n(t) ∈ D(A) for all t ∈ [0, T0]. We denote by En(t)
the energy for the solution Y n.

The parameter T0 in (44) can be taken independent of n. Indeed, T0 de-
pends on the choice of constant K, which in turn only has to be large enough
to dominate

√
4E(0) + 1. Since Un0 → U0 strongly in H, we can choose K

sufficiently large depending on E(0) such that K >
√

4En(0) + 1 for all n.
On the other hand, by (45), we have En(t) 6 K2/2 for all t ∈ [0, T0]. Then

‖Y n(t)‖2H = ‖yn(t)‖2V + ‖ynt (t)‖2H = 2En(t) 6 K2, ∀t ∈ [0, T0]. (47)

We take 0 < ε < α/2 in (40), we use fact m̃, r̃, l̃ 6 2 and the bound (47) to
obtain ∫ T0

0

(‖unt ‖m+1
m+1 + ‖vnt ‖r+1

r+1 + ‖wnt ‖l+1
l+1) dτ 6 CK , (48)

for some C(K) > 0. By the definition of strong solution of the system (46), we
obtain

(ynt (t), ψ(t))H−(ynt (0), ψ(0))H+

∫ t

0

[−(ynt (τ), ψt(τ))H+(yn(τ), ψ(τ))V ]dτ

+

∫ t

0

(G(ynt (τ)), ψ(τ))2 dτ =

∫ t

0

(F(yn(τ)), ψ(τ))2dτ,

(49)

for all t ∈ [0, T0] and ψ ∈ T, where T is the space of test functions defined
in (8).

Step 3: Passage to the limit. First, we observe that (47) indicates that

{Y n} is bounded in L∞(0, T0;H).

Then, there exists a subsequence such that

Y n → Y = (y, yt) weakly∗ in L∞(0, T0;H). (50)

Moreover, (47) also indicates that {yn} is bounded in L∞(0, T0;V ) and thereby
{yn} is bounded in Lq(0, T0;V ) for all q > 1. In addition, by (48), we see that

{ynt } is bounded in Lm+1(0, T0;Lm+1(0, L))× Lr+1(0, T0;Lr+1(0, L))

× Ll+1(0, T0;Ll+1(0, L)),
(51)

and since m, r, l > 1, we conclude that

{ynt } is bounded in Lm̃(0, T0;Lm̃(0, L))× Lr̃(0, T0;Lr̃(0, L))

× Ll̃(0, T0;Ll̃(0, L)).
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We observe that for any 0 < ε < 1, the imbedding H1
0 (0, L) ↪→ H1−ε(0, L) is

compact, and

(H1−ε(0, L))3 ↪→ Lm̃(0, L)× Lr̃(0, L)× Ll̃(0, L).

Then for any q > 1 fixed, by Aubin’s Theorem, there exists a subsequence such
that

yn → y strongly in Lq(0, T0; (H1−ε(0, L))3). (52)

Now, we claim that {Y n} is a Cauchy sequence in C([0, T0];H). Consider
Y n and Y j approximate solutions of (46). To abbreviate the notation, let us
put ỹ = yn − yj . Since Y n, Y j ∈ W 1,∞(0, T0;H) and Y n(t), Y j(t) ∈ D(A), we
know ỹt ∈W 1,∞(0, T0;H) and ỹt ∈ V . Moreover, by (51) we have

ỹt ∈ Lm+1((0, L)×(0, T0))×Lr+1((0, L)×(0, T0))×Ll+1((0, L)×(0, T0)).

Therefore, we can consider the difference of the approximate problems cor-
responding to the parameters n and j, and then use the multiplier by ỹt on
equation (49) to get

1

2
(‖ỹ(t)‖2V + ‖ỹt(t)‖2H) +

∫ t

0

(G(ynt )−G(yjt ), ỹt)2 dτ

=
1

2
(‖ỹ(0)‖2V + ‖ỹt(0)‖2H) +

∫ t

0

(F(yn)− F(yj), ỹt)2 dτ.

(53)

We will prove that each term on the right-hand side of (53) tends to zero when
n, j →∞. First, by assumptions on the initial conditions {yn0 } and {yn1 }

lim
n,j→∞

‖ỹ(0)‖V = lim
n,j→∞

‖yn0 − y
j
0‖V = 0,

lim
n,j→∞

‖ỹt(0)‖H = lim
n,j→∞

‖yn1 − y
j
1‖H = 0.

(54)

It follows that∣∣∣∣∫ t

0

(F(yn)− F(yj), ỹt)2 dτ

∣∣∣∣ 6 ∫ t

0

∫ L

0

|f1(yn)− f1(yj)||ũt| dxdτ

+

∫ t

0

∫ L

0

|f2(yn)− f2(yj)||ṽt| dxdτ

+

∫ t

0

∫ L

0

|f3(yn)− f3(yj)||w̃t| dxdτ.

(55)

We must estimate the terms on the right-hand side of (55). We have∫ t

0

∫ L

0

|f1(yn)− f1(yj)||ũt| dxdτ 6
∫ t

0

∫ L

0

|f1(yn)− f1(y)||ũt| dxdτ

+

∫ t

0

∫ L

0

|f1(y)− f1(yj)||ũt| dxdτ.

(56)
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From Lemma 3.2, (52) and (48), we deduce that∫ t

0

∫ L

0

|f1(yn)− f1(y)||ũt| dxdτ

6

(∫ t

0

∫ L

0

|f1(yn)− f1(y)|m̃ dxdτ

) 1
m̃
(∫ t

0

∫ L

0

|ũt|m+1 dxdτ

) 1
m+1

6

(∫ T0

0

‖f1(yn)− f1(y)‖m̃m̃ dτ

) 1
m̃
(∫ T0

0

‖ũt‖m+1
m+1 dτ

) 1
m+1

6 CK

(∫ T0

0

‖yn − y‖m̃(H1−ε(0,L))3 dτ

) 1
m̃

n→∞−−−−→ 0 uniformly on [0, T0].

(57)

Analogously∫ t

0

∫ L

0

|f1(y)− f1(yj)||ũt| dxdτ
j→∞−→ 0 uniformly on [0, T0]. (58)

Combining (57) and (58) in (56), we obtain that∫ t

0

∫ L

0

∣∣f1(yn)− f1(yj)
∣∣ |ũt|dxdτ

n,j→∞−−−−−→ 0,∫ t

0

∫ L

0

∣∣f2(yn)− f2(yj)
∣∣ |ṽt|dxdτ

n,j→∞−−−−−→ 0,

and ∫ t

0

∫ L

0

∣∣f3(yn)− f3(yj)
∣∣ |w̃t|dxdτ

n,j→∞−−−−−→ 0.

Hence, we obtain∣∣∣∣∫ t

0

(F(yn)− F(yj), ỹt)2 dτ

∣∣∣∣ n,j→∞−→ 0 uniformly on [0, T0]. (59)

Now, using the fact that (G(ynt ) − G(yjt )) · ỹt > 0 , (54) and (59), we can
take limit as n, j →∞ in (53) to conclude that

lim
n,j→∞

‖ỹ(t)‖V = lim
n,j→∞

‖yn(t)− yj(t)‖V = 0 uniformly on [0, T0],

lim
n,j→∞

‖ỹt(t)‖H = lim
n,j→∞

‖ynt (t)− yj(t)‖H = 0 uniformly on [0, T0],

and

lim
n,j→∞

∫ t

0

(G(ynt )−G(yjt ), y
n
t − y

j
t )2 dτ = 0 uniformly on [0, T0]. (60)
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Then
Y n → Y in H uniformly on [0, T0]. (61)

Using the fact that Y n ∈W 1,∞([0, T0];H) and (61), we know

Y = (y, yt) ∈ C([0, T0];H). (62)

It remains to prove that y and yt satisfy (7) in Definition 2.4, that is, we
will pass the limit in (49).

Since ψ ∈ C([0, t];V ) and ψt ∈ L1
(
0, t;H

)
, then by (50) and (61), we obtain

that
lim
n→∞

(ynt (t), ψ(t))H = (yt(t), ψ(t))H ,

lim
n→∞

(ynt (0), ψ(0))H = (yt(0), ψ(0))H ,

lim
n→∞

∫ t

0

(yn(τ), ψ(τ))V dτ =

∫ t

0

(y(τ), ψ(τ))V dτ

lim
n→∞

∫ t

0

(ynt (τ), ψt(τ))H dτ =

∫ t

0

(yt(τ), ψt(τ))H dτ.

(63)

Since |g1(s)| 6 β(|s|m + 1), it follows that∫ T0

0

∫ L

0

|g1(unt )|m̃ dxdτ 6 Cβm̃
∫ T0

0

∫ L

0

(|unt |m+1 + 1) dxdτ

6 Cβm̃
∫ T0

0

(‖unt ‖m+1
m+1 + L)dτ

6 CK .

Therefore, there exists a subsequence such that

g1(unt )→ g∗1 weakly in Lm̃((0, L)× (0, t)). (64)

It follows from (48) that unt → ut weakly in Lm+1((0, L) × (0, T0)). Now, our
goal is to prove that g1(ut) = g∗1 . In light of [6, Lemma 2.3], (60) and (64) it is
sufficient to prove that

g1 : Lm+1((0, L)× (0, T0))→ Lm̃((0, L)× (0, t))

is maximal monotone. To see that g1 is maximal monotone, by [6, Theorem
2.4] we only need to prove that g1 is monotone and hemicontinuous. Since g1
is monotone increasing, it is easy to see g1 is a monotone. Now, we will show
that g1 is hemicontinuous, that is,

lim
λ→0

∫ t

0

∫ L

0

g1(u+ λv)φ dxdτ =

∫ t

0

∫ L

0

g1(u)φ dxdτ, (65)
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for all u, v, φ ∈ Lm+1((0, L) × (0, T0)). Indeed, since g1 is continuous, g1(u +
λv)φ → g1(u)φ pointwise as λ → 0. Moreover, since |g1(s)| 6 β(|s|m + 1) for
all s, we have if |λ| 6 1

|g1(u+ λv)φ| 6 β(|u+ λv|m + 1)|φ|
6 C(|u|m|φ|+ |v|m|φ|+ |φ|) ∈ L1((0, L)× (0, t)),

by Hölder’s inequality. Thus (65) follows from the Dominated Convergence
Theorem, and thereby g1 is maximal monotone. Then g∗1 = g1(ut), that is,

ut∈ Lm+1((0, L)×(0, t)), g1(unt )→ g1(ut) weakly in Lm̃((0, L)×(0, t)). (66)

In a similar way, we get

vt ∈ Lr+1((0, L)×(0, t)), g2(vnt )→ g2(vt) weakly in Lr̃((0, L)×(0, t)),

wt ∈ Ll+1((0, L)×(0, t)), g3(wnt )→ g3(wt) weakly in Ll̃((0, L)×(0, t)).
(67)

It follows that

lim
n→∞

∫ t

0

(G(ynt (τ)), ψ(τ))2 dτ =

∫ t

0

(G(yt(τ)), ψ(τ))2 dτ. (68)

Replacing ỹt by ψ, we have

lim
n→∞

∫ t

0

(F(yn(τ)), ψ(τ))2 dτ =

∫ t

0

(F(y(τ)), ψ(τ))2 dτ. (69)

Finally, using (63), (68) and (69) we can pass to the limit in (49) to obtain
(7). Moreover, by (62), (66) and (67), Y satisfies the regularity as stated in
Definition 2.4, thus the proof is complete.

4. Energy identity

In this section, we prove the energy identity (9) for weak solutions. We divide
the proof in several steps.

4.1. Known results on the difference quotient

In this part, we recall two abstract results on the difference quotient which
will be used in the proof of energy identity (9). Let X be a Banach space,
u ∈ C([0, T ];X) and h > 0. We define the symmetric difference quotient of u
by

Dhu(t) =
ue(t+ h)− ue(t− h)

2h
, (70)
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where ue(t) denotes the extension of u(t) to R given by

ue(t) =


u(0), for t 6 0,

u(t), for t ∈ (0, T ),

u(T ), for t > T.

(71)

The following proposition have been established by Koch and Lasiecka in [26,
Proposition 4.3].

Proposition 4.1. [26] Let u ∈ C([0, T ];X), where X is a Hilbert space with
inner product (·, ·)X and norm ‖ · ‖X . Then

lim
h→0

∫ T

0

(u(t), Dhu(t))X dt =
1

2

(
‖u(T )‖2X − ‖u(0)‖2X

)
. (72)

If, in addition, ut ∈ C([0, T ];X), then∫ T

0

(ut(t), (Dhu(t))t)X dt = 0, for each h > 0, (73)

and,

Dh(t)
h→0−−−→ ut(t) weakly in X for every t ∈ (0, T ),

Dh(0)
h→0−−−→ 1

2
ut(0) and Dh(T )

h→0−−−→ 1

2
ut(T ) weakly in X. (74)

The following proposition by Guo, Mohammad and Rammaha [23, Propo-
sition 3.2] is essential for the proof of (9).

Proposition 4.2. [23] Let X and Y be Banach spaces. Assume u∈C([0, T ];Y )
and ut ∈ L1([0, T ];Y ) ∩ Lp([0, T ];X), where 1 6 p < ∞. Then Dhu ∈
Lp([0, T ];X) and ‖Dhu‖Lp([0,T ];X) 6 ‖ut‖Lp([0,T ];X). Moreover Dhu → ut in
Lp([0, T ];X), as h→ 0.

4.2. Proof of the energy identity

The proof is inspired by the argument of [32, Section 3.2]. Let t ∈ [0, T0]
fixed and let y = (u, v, w) be a weak solution of (1). Then, we have u ∈
C([0, t];H1

0 (0, L)), ut ∈ C([0, t];L2(0, L)) and ut ∈ Lm+1((0, L) × (0, t)) =
Lm+1(0, t;Lm+1(0, L)). Then, we can define the difference quotient Dhu(τ) by

Dhu(τ) =
ue(τ + h)− ue(τ − h)

2h
,

where ue(τ) extends u(τ) from [0, t] to R as in (71). Using the Proposition 4.2,
with X = Lm+1(0, L), Y = L2(0, L) and p = m+ 1, we get

Dhu ∈ Lm+1((0, L)× (0, t)) and Dhu→ ut in Lm+1((0, L)× (0, t)). (75)
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Similarly,

Dhv ∈ Lr+1((0, L)× (0, t)) and Dhv → vt in Lr+1((0, L)× (0, t)),

Dhw ∈ Ll+1((0, L)× (0, t)) and Dhw → wt in Ll+1((0, L)× (0, t)).
(76)

Since y ∈ C([0, t];V ) we know Dhy ∈ C([0, t];V ), where V = (H1
0 (0, L))3.

Now, we claim that
(Dhy)t ∈ L1

(
0, t;H

)
.

Indeed, for 0 < h < t
2 , we observe that

(Dhy)t(τ) =


1
2hyt(τ + h), 0 < τ < h,
1
2h [yt(τ + h)− yt(τ − h)], h < τ < t− h,
− 1

2hyt(τ − h), t− h < τ < t.

and since yt ∈ C
(
[0, t];H

)
we know (Dhy)t ∈ L1

(
0, t;H

)
. Therefore, Dhy ∈ T

with T defined in (8). Hence, making ψ = Dhy in (7), we have

(yt(t), Dhy(t))H − (yt(0), Dhy(0))H

+

∫ t

0

[−(yt(τ), (Dhy)t(τ))H + (y(τ), Dhy(τ))V ] dτ

+

∫ t

0

(G(yt(τ)), Dhy(τ))2 dτ =

∫ t

0

(F(y(τ)), Dhy(τ))2 dτ.

(77)

We will pass to the limit as h → 0 in (77). Since y, yt ∈ C([0, t];H) then by
(74) it follows that

Dhy(0) −→ 1

2
yt(0) and Dhy(t) −→ 1

2
yt(t) weakly in H.

Hence,
lim
h→0

[(yt(t), Dhy(t))H − (yt(0), Dhy(0))H ]

= (yt(t),
1

2
yt(t))H − (yt(0),

1

2
yt(0))H

=
1

2
(‖yt(t)‖2H − ‖yt(0)‖2H).

(78)

By (73) we have∫ t

0

(yt(τ), (Dhy)t(τ))H dτ = 0 for each h > 0.

Also, since y ∈ C([0, t];V ), by (72) we get

lim
h→0

∫ t

0

(y(τ), Dhy(τ))V dτ =
1

2
(‖y(t)‖2V − ‖y(0)‖2V ).
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By (66) and (67), we see that G(yt) ∈ Lm̃((0, L)× (0, t))×Lr̃((0, L)× (0, t))×
Ll̃((0, L) × (0, t)), where m̃ = m+1

m , r̃ = r+1
r and l̃ = l+1

l . Hence, by (75) and
(76) we obtain

lim
h→0

∫ t

0

(G(yt(τ)), Dhy(τ))2 dτ =

∫ t

0

(G(yt(τ)), yt(τ))2 dτ.

On the other hand, since y ∈ C([0, t];V ) and H1
0 (0, L) ↪→ Lq(0, L) for q > 1,

we have F(y) ∈ H = (L2(0, L))3, and by Proposition 4.2 we deduce

lim
h→0

∫ t

0

(F(y(τ)), Dhy(τ))2 dτ =

∫ t

0

(F(y(τ)), yt(τ))2 dτ. (79)

By combining (78)-(79), we can pass to the limit as h→ 0 in (77) to obtain

1

2
(‖y(t)‖2V + ‖yt(t)‖2H) +

∫ t

0

(G(yt), yt)2 dτ

=
1

2
(‖y(0)‖2V + ‖yt(0)‖2H) +

∫ t

0

(F(y), yt)2 dτ.

5. Continuous dependence of solutions on the initial data

This section is dedicated to prove the continuous dependence of solutions stated
in Theorem 2.6. We split the proof in two steps.

Proof. Step 1: Energy identity for a difference of two. Let y = (u, v, w)
and ỹ = (ũ, ṽ, w̃) be two weak solutions in the sense of Definition 2.4. Let us
put

ω = y − ỹ.

and we denote by Ê(t) the energy corresponding to ω, that is,

Ẽ(t) =
1

2
(‖ω(t)‖2V + ‖ωt(t)‖2H), ∀t ∈ [0, T ].

By the regularity imposed on weak solutions in Definition 2.4, there exists
R > 0 such that

‖y(t)‖V , ‖ỹ(t)‖V , ‖yt(t)‖H , ‖ỹt(t)‖H 6 R,∫ T
0
‖ut‖m+1

m+1 ds,
∫ T
0
‖vt‖r+1

r+1 ds,
∫ T
0
‖wt‖l+1

l+1 ds 6 R,∫ T
0
‖ũt‖m+1

m+1 ds,
∫ T
0
‖ṽt‖r+1

r+1 ds,
∫ T
0
‖w̃t‖l+1

l+1 ds 6 R.
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for all t ∈ [0, T ]. By Definition 2.4, ω satisfies

(ωt(t), ψ(t))H+(ωt(0), ψ(0))H+

∫ t

0

[−(ωt(τ), ψt(τ))H+(ω(τ), ψ(τ))V ]dτ

+

∫ t

0

(G(yt(τ))−G(ỹt(τ)), ψ(τ))2 dτ

=

∫ t

0

(F(y(τ))− F(ỹ(τ)), ψ(τ))2 dτ.

(80)

Making ψ(τ) = Dhω(τ) in (80) for τ ∈ [0, t], where the difference quotient
Dhω is defined in (70). Using a similar argument as in obtaining the energy
identity (9), we can pass to the limit as h→ 0 and conclude

Ẽ(t) +

∫ t

0

(G(yt(τ))−G(ỹt(τ)), ωt(τ))2 dτ

= Ẽ(0) +

∫ t

0

(F(y(τ))− F(ỹ(τ)), ωt(τ))2 dτ.

Step 2: Estimates. By monotonicity properties of g1, g2 and g3, we get

Ẽ(t) 6 Ẽ(0) +

∫ t

0

(F(y(τ))− F(ỹ(τ)), ωt(τ))2 dτ. (81)

Using the Hölder’s inequality and fact that f1, f2, f3 : V → L2(0, L) are locally
Lipschitz (cf. Lemma 3.2), we obtain∫ t

0

∫ L

0

(
F(y(τ))− F(ŷ(τ))

)
· ωt(τ) dxdτ

6

(∫ t

0

∫ L

0

∣∣F(y(τ))− F(ŷ(τ))
∣∣2 dxdτ

) 1
2
(∫ t

0

∫ L

0

|ωt(τ)|2 dxdτ

) 1
2

6 CR

(∫ t

0

‖ω(τ)‖2V dτ

) 1
2
(∫ t

0

‖ωt(τ)‖22 dτ

) 1
2

6 CR

∫ t

0

Ê(τ) dτ.

(82)

Therefore, from (81) and (82), we have

Ẽ(t) 6 Ẽ(0) + CR

∫ t

0

Ẽ(τ) dτ.

By Gronwall’s inequality, we obtain

Ẽ(t) 6 Ẽ(0)eCRt, ∀t ∈ [0, T ]. (83)

From definition of Ẽ(t) and (83), we conclude that

‖(ω(t), ωt(t))‖2H 6 ‖(ω(0), ωt(0))‖2HeCRT , ∀t ∈ [0, T ].

The proof is complete.
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6. Global existence

Here, we apply a standard continuation procedure for ODE’s to conclude that
either the weak solution y = (u, v, w) is global or there exists 0 < T <∞ such
that lim supt→T− E1(t) = +∞, where E1(t) is the modified energy defined by

E1(t) := E(t) +
1

p+ 1
‖y‖p+1

p+1, with E(t) =
1

2

(
‖y(t)‖2V + ‖yt(t)‖2H

)
. (84)

Proposition 6.1. Suppose that y = (u, v, w) is a weak solution to (1)-(2) on
[0, T0] given in Theorem 2.5. Then

• If p 6 min{m, r, l}, then for all t ∈ [0, T0], z satisfies

E1(t) +

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ 6 C(T0, E1(0)), (85)

where C(T0, E1(0)) is continuous in T0 and defined for arbitrary T0 > 0.

• If p > max{m, r, l}, then the bound in (85) holds for 0 < t < T ′, for some
T ′ 6 T0, where T ′ is a continuous and decreasing function with respect
to E1(0).

Proof. Using the modified energy (84) and the energy identity (9) we have

E1(t) +

∫ t

0

(G(yt), yt)2 dτ

= E1(0) +

∫ t

0

(F(y), yt)2 dτ +
1

p+ 1

(
‖y(t)‖p+1

p+1 − ‖y(0)‖p+1
p+1

)
= E1(0) +

∫ t

0

(F(y), yt)2 dτ

+

∫ t

0

∫ L

0

(
|u|p−1uut + |v|p−1vvt + |w|p−1wwt

)
dxdτ.

(86)

By assumption, we have |fj(y)| 6 C(|u|p + |v|p + |w|p + 1), j = 1, 2, 3. Then,



TERNARY MIXTURES OF SOLIDS 33

by Hölder’s and Young’s inequalities, we get∣∣∣∣∣
∫ t

0

∫ L

0

f1(y)ut dxdτ

∣∣∣∣∣ 6
∫ t

0

∫ L

0

C(|u|p + |v|p + |w|p + 1)|ut| dxdτ

6 C

∫ t

0

(‖u‖pp+1 + ‖v‖pp+1 + ‖w‖pp+1 + L
p
p+1 )‖ut‖p+1 dτ

6 ε

∫ t

0

‖ut‖p+1
p+1 dτ + Cε

∫ t

0

(‖u‖p+1
p+1 + ‖v‖p+1

p+1 + ‖w‖p+1
p+1 + L) dτ

6 ε

∫ t

0

‖ut‖p+1
p+1 dτ + Cε

∫ t

0

(‖y‖p+1
p+1 + L) dτ

6 ε

∫ t

0

‖ut‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ + CεT0L.

(87)

Analogously∣∣∣∣∣
∫ t

0

∫ L

0

f2(y)vt dxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖vt‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ + CεT0L,

and∣∣∣∣∣
∫ t

0

∫ L

0

f3(y)wt dxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖wt‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ + CεT0L. (88)

By (87)-(88), we get∣∣∣∣∫ t

0

(F(y), yt)2 dτ

∣∣∣∣ 6 ε

∫ t

0

‖yt‖p+1
p+1 dτ + 3Cε

∫ t

0

E1(τ) dτ + 3CεT0L.

Using similar estimates as in (87), we obtain∣∣∣∣∣
∫ t

0

∫ L

0

(|u|p−1uut + |v|p−1vvt + |w|p−1wwt) dxdτ

∣∣∣∣∣
6
∫ t

0

∫ L

0

(|u|p|ut|+ |v|p|vt|+ |w|p|wt|) dxdτ

6 ε

∫ t

0

‖yt‖p+1
p+1 dτ + Cε

∫ t

0

‖y‖p+1
p+1 dτ

6 ε

∫ t

0

‖yt‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ.
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By (39), we get

∫ t

0

∫ L

0

(g1(ut)ut + g2(vt)vt + g3(wt)wt) dxdτ

> α

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ − 3αT0L.

(89)

Therefore, if p 6 min{m, r, l}, it follows from (87)-(89) and energy identity (86)
that, for t ∈ [0, T0],

E1(t) + α

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + 2ε

∫ t

0

‖yt‖p+1
p+1 dτ + Cε

∫ t

0

E1(τ) dτ + CT0,ε

6 E1(0) + 2εC

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

+ Cε

∫ t

0

E1(τ) dτ + CT0,ε.

(90)

We choose 0 < 2εC 6 α/2 and we use (90) to obtain

E1(t) +
α

2

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + Cε

∫ t

0

E1(τ) dτ + CT0,ε.

(91)

In particular,

E1(t) 6 E1(0) + Cε

∫ t

0

E1(τ) dτ + CT0,ε. (92)

Applying Gronwall’s technique to (92), we have

E1(t) 6 (E1(0) + CT0,ε)e
CεT0 , ∀t ∈ [0, T0], (93)

where T0 > 0 is arbitrary. Combining (91) and (93), we conclude that (85)
holds.

Now, we assume p > max{m, r, l}, then we slightly modify estimate (87),
by using the Hölder’s inequality with exponents m+ 1 and m̃ = m+1

m followed
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by Young’s inequality yields∣∣∣∣∣
∫ t

0

∫ L

0

f1(y)ut dxdτ

∣∣∣∣∣
6 C

∫ t

0

∫ L

0

(|u|p + |v|p + |w|p + 1)|ut| dxdτ

6 C

∫ t

0

‖ut‖m+1(‖u‖ppm̃ + ‖v‖ppm̃ + ‖w‖ppm̃ + L
1
m̃ ) dτ

6 ε

∫ t

0

‖ut‖m+1
m+1 dτ + Cε

∫ t

0

(‖y‖pm̃pm̃ + L) dτ.

(94)

Since pm̃ > 2 and H1
0 (0, L) ↪→ Lq(0, L) for q > 1, we have∣∣∣∣∣

∫ t

0

∫ L

0

f1(y)ut dxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖ut‖m+1
m+1 dτ + Cε

∫ t

0

Ldτ

+ Cε

∫ t

0

((
‖u‖2H1

0 (0,L)
+ ‖v‖2H1

0 (0,L)
+ ‖w‖2H1

0 (0,L)

) pm̃
2

)
dτ.

As the norm ‖ · ‖V is equivalent to usual norm ‖ · ‖(H1
0 (0,L))

2 , we get∣∣∣∣∣
∫ t

0

∫ L

0

f1(y)ut dxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖ut‖m+1
m+1 dτ + Cε

∫ t

0

‖y‖pm̃V dτ + CεT0L

6 ε

∫ t

0

‖ut‖m+1
m+1 dτ + Cε

∫ t

0

(E1(τ))
pm̃
2 dτ + CεT0L.

Similarly, we conclude that∣∣∣∣∣
∫ t

0

∫ L

0

f2(y)vtdxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖vt‖r+1
r+1dτ+Cε

∫ t

0

(E1(τ))
pr̃
2 dτ+CεT0L,∣∣∣∣∣

∫ t

0

∫ L

0

f3(y)wtdxdτ

∣∣∣∣∣ 6 ε

∫ t

0

‖wt‖l+1
l+1dτ+Cε

∫ t

0

(E1(τ))
pl̃
2 dτ+CεT0L.

(95)

Using similar estimates as in (94)-(95), we have∣∣∣∣∣
∫ t

0

∫ L

0

(
|u|p−1uut + |v|p−1vvt + |w|p−1wwt

)
dxdτ

∣∣∣∣∣
6 ε

∫ t

0

(
‖ut‖m+1

m+1 + ‖vt‖r+1
r+1 + ‖wt‖l+1

l+1

)
dτ

+ Cε

∫ t

0

(
(E1(τ))

pm̃
2 + (E1(τ))

pr̃
2 + (E1(τ))

pl̃
2

)
dτ.

(96)



36 M.M. FREITAS ET. AL

Using (94)-(96) and (89) in (86), we get

E1(t) + α

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + 2ε

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

+ Cε

∫ t

0

(E1(τ))σ dτ + CT0,ε.

where σ = max{pm̃2 ,
pr̃
2 ,

pl̃
2 } > 1. Choosing 0 < 2ε < α/2, we obtain

E1(t) +
α

2

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + Cε

∫ t

0

(E1(τ))σ dτ + CT0,ε.

(97)

In particular,

E1(t) 6 E1(0) + Cε

∫ t

0

(E1(τ))σ dτ + CT0,ε. (98)

Using a standard comparison theorem (see e.g. [27]) to (98), we see that E1(t) 6

ψ(t), where ψ(t) =
[
(E1(0) + CT0,ε)

1−σ − Cε(1− σ)t
]− 1

σ−1 is the solution of
the Volterra integral equation

ψ(t) = Cε

∫ t

0

ψ(s)σ ds+ E1(0) + CT0,ε.

Since σ > 1, then ψ(t) blows up at T1 = 1
Cε(σ−1) (E1(0) + CT0,ε)

1−σ, that is,

ψ(t) → ∞ as t → T−1 . Observe that T1 depends on the initial energy E1(0)
and the original existence time T0. However, if we choose T ′ = min

{
T0,

T1

2

}
,

then

E1(t) 6 ψ(t) 6 C0 :=
[
(E1(0) + CT0,ε)

1−σ − Cε(1− σ)T ′
]− 1

σ−1 , (99)

for all t ∈ [0, T ′]. Combining (97) and (99) we obtain

E1(t) +
α

2

∫ t

0

(‖ut‖m+1
m+1 + ‖vt‖r+1

r+1 + ‖wt‖l+1
l+1) dτ

6 E1(0) + CεT
′Cσ0 + CT0,ε,

for all t ∈ [0, T0]. The proof is complete.
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7. Blow-up with negative total initial data

In this section, we prove the Theorem 2.9. The proof follows the lines of the
proof of [32, Section 6]. Let y = (u, v, w) be a weak solution to (1)-(2) in the
sense of Definition 2.4. We define the life span T of such a solution y = (u, v, w)
to be the supremum of all T ∗ > 0 such that y is a solution to (1)-(2) in the
sense of Definition 2.4 on [0, T ∗]. Our goal is to prove that T is necessarily
finite, and obtain an upper bound for T .

As in [1, 9], for t ∈ [0, T ], we define

G(t) = −E(t), N(t) = ‖y(t)‖2H , S(t) =

∫ L

0

F (y(t)) dx,

where E(t) is the total energy defined in (11). It follows that

G(t) = −1

2

(
‖y‖2V + ‖yt‖22

)
+ S(t), N ′(t) = 2(y(t), yt(t))H . (100)

Moreover, by the Assumption 2.8, we have

S(t) > c0‖y‖p+1
p+1. (101)

Let

0 < ξ < min

{
1

m+ 1
− 1

p+ 1
,

1

r + 1
− 1

p+ 1
,

1

l + 1
− 1

p+ 1
,
p− 1

2(p+ 1)

}
.

In particular, ξ < 1
2 . To simplify the notation we introduce the following

constants

K1 = βL
p−m

(p+1)(m+1) c
− 1
p+1

0 , δ1 =
λ

6
G(0)

1
m+1−

1
p+1 ,

K2 = βL
p−r

(p+1)(r+1) c
− 1
p+1

0 , δ2 =
λ

6
G(0)

1
r+1−

1
p+1 ,

K3 = βL
p−l

(p+1)(l+1) c
− 1
p+1

0 , δ3 =
λ

6
G(0)

1
l+1−

1
p+1 ,

(102)

where λ = c1 − 2 > 0.
Observe that the energy identity (9) is equivalent to

G(t) = G(0) +

∫ t

0

(G(yt), yt)2 dτ.

By Assumption 2.3 and the regularity of the solution y, we conclude that G(t)
is absolutely continuous and

G′(t)=(G(yt), yt)2>α(‖ut‖m+1
m+1+‖vt‖r+1

r+1+‖wt‖l+1
l+1) > 0, a.e. in [0, T ). (103)



38 M.M. FREITAS ET. AL

Thus, G(t) is non-decreasing. Since G(0) = −E(0) > 0, we have that

0 < G(0) 6 G(t) 6 S(t) for 0 6 t < T. (104)

We define
U(t) = G(t)1−ξ + εN ′(t),

where 0 < ε 6 G(0). Later in the proof we further adjust the requirements
on ε. We shall show that

U ′(t) = (1− ξ)G(t)−ξG′(t) + εN ′′(t), (105)

where

N ′′(t) = 2‖yt‖2H − 2‖y‖2V − 2(G(yt), y)2 + 2(F(y), y)2 a.e. in [0, T ). (106)

In order to obtain (106), we observe that the regularity of y and the fact
H1

0 (0, L) ↪→ Lq(0, L), for all q > 1 imply

y = (u, v, w) ∈ Lm+1((0, L)× (0, t))× Lr+1((0, L)× (0, t))

× Ll+1((0, L)× (0, t)).

This shows that y satisfies the regularity restrictions on the test function ψ, as
stated in Definition 2.4. Therefore, replacing ψ in (7) by y and using (100), we
obtain

1

2
N ′(t) = (yt(0), y(0))H +

∫ t

0

(‖yt‖2H − ‖y‖2V ) dτ

−
∫ t

0

(G(yt(τ)), y(τ))2dτ +

∫ t

0

(F(y(τ)), y(τ))2dτ, a.e. in [0, T ).

(107)

Using the Assumption 2.3 and the Mean Value Theorem, it is easy to verify
that

|fj(u, v, w)| 6 C(|u|p + |v|p + |w|p + 1), ∀(u, v, w) ∈ R3, j = 1, 2, 3.

Thus,∫ t

0

|(F(y), y)2| dτ 6 C

∫ t

0

∫ L

0

(|u|p+|v|p+|w|p+1)(|u|+ |v|+|w|)dxdτ. (108)

Using the Hölder’s inequality and the embedding H1
0 (0, L) ↪→ Lq(0, L), q > 1,

we obtain∫ t

0

∫ L

0

|u|p|u|dxdτ 6 C

(∫ t

0

‖u‖p
m+1
m

H1
0 (0,L)

dτ

) m
m+1

‖u‖Lm+1((0,L)×(0,t)) <∞,
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where we have used the facts u ∈ C([0, t];H1
0 (0, L)) and u ∈ Lm+1((0, L) ×

(0, t)). The other terms in (108) are estimated analogously. Therefore,

∫ t

0

|(F(y), y)2| dτ <∞, ∀t ∈ [0, T ). (109)

Using the regularity of the weak solution y and the assumptions on the param-
eters of damping, it is easy to verify that

∫ t

0

|(G(yt), y)2| dτ <∞, ∀t ∈ [0, T ). (110)

From (107), (109)-(110) and regularity of y, it follows that N ′(t) is absolutely
continuous. Hence, (106) holds.

We observe that (100) implies

‖y(t)‖2V = 2S(t)− 2G(t)− ‖yt(t)‖2H . (111)

By (105), (106), (111) and assumption F(y) · y > c1F (y), we have

U ′(t) = (1− ξ)G(t)−ξG′(t) + 4ε
(
‖yt‖2H − S(t) +G(t)

)
− 2ε(G(yt), y)2

+ 2ε(F(y), y)2

> (1−ξ)G(t)−ξG′(t) + 4ε‖yt‖2H+4εG(t)−2ε(G(yt), y)2+ 2λεS(t),

(112)

where λ = c1 − 2 > 0.

Now, we estime the terms on the right hand side of (112). Using the as-
sumption g1(s)s 6 β|s|m+1, the fact that p > m and (101), we have

∣∣∣∣∣
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣ 6 β

∫ L

0

|ut(t)|m|u(t)| 6 β‖u(t)‖m+1‖ut(t)‖mm+1

6 βL
p−m

(p+1)(m+1) ‖u(t)‖p+1‖ut(t)‖mm+1

6 K1S(t)
1
p+1 ‖ut(t)‖mm+1,

(113)

where K1 is given in (102). By the definition of ξ, we see that 1
p+1−

1
m+1+ξ < 0.
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Therefore, from (103)-(104), (113) and Young’s inequality, we get∣∣∣∣∣
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣
6 K1S(t)

1
p+1−

1
m+1S(t)

1
m+1 ‖ut(t)‖mm+1

6 G(t)
1
p+1−

1
m+1

(
δ1S(t) + Cδ1K

m+1
m

1 ‖ut‖m+1
m+1

)
6 δ1G(t)

1
p+1−

1
m+1S(t) + Cδ1K

m+1
m

1 α−1G′(t)G(t)−ξG(t)
1
p+1−

1
m+1+ξ

6 δ1G(0)
1
p+1−

1
m+1S(t) + Cδ1K

m+1
m

1 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
m+1+ξ

6
λ

6
S(t) + Cδ1K

m+1
m

1 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
m+1+ξ.

(114)

Analogously, we deduce that∣∣∣∣∣
∫ L

0

g2(vt(t))v(t)dx

∣∣∣∣∣
6
λ

6
S(t) + Cδ2K

r+1
r

2 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
r+1+ξ,∣∣∣∣∣

∫ L

0

g3(wt(t))w(t)dx

∣∣∣∣∣
6
λ

6
S(t) + Cδ3K

l+1
l

3 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
l+1+ξ.

(115)

Hence, by (114) and (115), we obtain

|(G(yt), y)2| 6
λ

2
S(t)Cδ1K

m+1
m

1 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
m+1+ξ

+ Cδ2K
r+1
r

2 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
r+1+ξ

+ Cδ3K
l+1
l

3 α−1G′(t)G(t)−ξG(0)
1
p+1−

1
l+1+ξ.

(116)

Now, since 0 < ξ < 1
2 , we may choose 0 < ε < 1 small enough such that

L := 1− ξ − 2εCδ1K
m+1
m

1 α−1G(0)
1
p+1−

1
m+1+ξ

− 2εCδ2K
r+1
r

2 α−1G(0)
1
p+1−

1
r+1+ξ

− 2εCδ3K
l+1
l

3 α−1G(0)
1
p+1−

1
l+1+ξ > 0.

(117)

Using the estimate (116) in (112) and (103), (104) and (117), we obtain that

U ′(t) > LG′(t)G−ξ(t) + 4ε
(
‖yt‖2H +G(t)

)
+ λεS(t)

> 4ε
(
‖yt‖2H +G(t)

)
+ λεS(t).

(118)
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In particular, the inequality (118) ensures that U(t) is increasing on [0, T ), and
thus

U(t) = G(t)1−ξ + εN ′(t) > G(0)1−ξ + εN ′(0).

If N ′(0) > 0 then no further condition on ε is needed. However, if N ′(0) < 0,

then we further adjust ε so that 0 < ε 6 −G(0)1−ξ

2N ′(0) . In any case, one has

U(t) >
1

2
G(0)1−ξ > 0, t ∈ [0, T ). (119)

Finally, we show that

U ′(t) > Cε1+σU(t)η, t ∈ [0, T ), (120)

where

1 < η =
1

1− ξ
< 2, σ = 1− 2

(1− 2ξ)(p+ 1)
,

and C > 0 is a generic constant independent of ε. Observe that σ > 0 from
assumption ξ < p−1

2(p+1) .

Now, if N ′(t) 6 0 for some t ∈ [0, T ), then for such value of t we have

U(t)η =
[
G(t)1−ξ + εN ′(t)

]η
6 G(t), (121)

and in this case, (118) and (121) yield

U ′(t) > 4εG(t) > 4ε1+σG(t) > 4ε1+σU(t)η.

Hence, (120) holds for all t ∈ [0, T ) for which N ′(t) 6 0. However, if t ∈ [0, T )
is such that N ′(t) > 0, then showing the validity of (120) requires a little more
effort. First, we note that

U(t) = G(t)1−ξ + εN ′(t) 6 G(t)1−ξ +N ′(t).

Hence,

U(t)η 6 2η−1 [G(t) +N ′(t)η] . (122)

Using the Hölder’s and Young’s inequality and the fact that 1 < η < 2. We
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obtain from (100) that

N ′(t)η 6 2η
(
ρ1‖u(t)‖2‖ut(t)‖2 + ρ2‖v(t)‖2‖vt(t)‖2

+ ρ3‖w(t)‖2‖wt(t)‖2
)η

6 Cη,L
(
ρη1‖u(t)‖ηp+1‖ut(t)‖

η
2 + ρη2‖v(t)‖ηp+1‖vt(t)‖

η
2

+ ρη3‖w(t)‖ηp+1‖wt(t)‖
η
2

)
6 Cη,L

(
‖u(t)‖

2η
2−η
p+1 + ρ21‖ut(t)‖22 + ‖v(t)‖

2η
2−η
p+1 + ρ22‖vt(t)‖22

+ ‖w(t)‖
2η

2−η
p+1 + ρ23‖wt(t)‖22

)
6 Cη,L,%

(
‖u(t)‖

2η
2−η
p+1 + ρ1‖ut(t)‖22 + ‖v(t)‖

2η
2−η
p+1 + ρ2‖vt(t)‖22

+ ‖w(t)‖
2η

2−η
p+1 + ρ3‖wt(t)‖22

)
.

(123)

Since η = 1
1−ξ and σ > 0, it is easy to verify that

2η

(2− η)(p+ 1)
− 1 = −

[
1− 2

(1− 2η)(p+ 1)

]
= −σ < 0. (124)

Therefore, by (101), (104), (124) and by 0 < ε 6 G(0), we have

‖u(t)‖
2η

2−η
p+1 =

(
‖u(t)‖p+1

p+1

) 2η
(2−η)(p+1)

6 CS(t)
2η

(2−η)(p+1)

6 CS(t)
2η

(2−η)(p+1)
−1S(t) 6 CG(0)−σS(t) 6 Cε−σS(t).

(125)

Similarly,

‖v(t)‖
2η

2−η
p+1 6 Cε−σS(t) and ‖w(t)‖

2η
2−η
p+1 6 Cε−σS(t). (126)

By (123) and (125)-(126) and noting ε−σ > 1, we obtain that

N ′(t)η 6 C
(
ρ1‖ut(t)‖22 + ρ2‖vt(t)‖22 + ρ3‖wt(t)‖22 + ε−σS(t)

)
6 Cε−σ

(
ρ1‖ut(t)‖22 + ρ2‖vt(t)‖22 + ρ3‖wt(t)‖22 + S(t)

)
= Cε−σ

(
‖yt(t)‖2H + S(t)

)
.

(127)

Using the estimates (118), (122) and (127), we conclude

U ′(t) > Cε[G(t) + ‖yt‖2H + S(t)] > Cε[G(t) + εσN ′(t)η]

> Cεσ+1[G(t) +N ′(t)η] > Cεσ+1U(t)η,

for all values of t ∈ [0, T ) such that N ′(t) > 0. Hence, (120) hold. By simple
calculations, it follows from (119) and (120) that T is necessarily finite and

T < Cε−(1+σ)U(0)−
ξ

1−ξ 6 Cε−(1+σ)G(0)−ξ.

This completes the proof of Theorem 2.9.
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8. Global solutions

This section is devoted to the proof of Theorem 2.13.

Proof. Step 1: We first show the invariance of W1 under the dynamics, that
is, y(t) ∈W1 for all t ∈ [0, T ) where [0, T ) is the maximal interval of existence.

Notice that energy identity (9) is equivalent to

E(t) +

∫ t

0

(G(yt), yt)2 dτ = E(0). (128)

Since g1, g2 and g3 are monotone increasing, then it follows from the regularity
of the solutions y that

E ′(t) = −(G(yt), yt)2 6 0.

Hence,
I(z(t)) 6 E(t) 6 E(0) < d, ∀t ∈ [0, T ), (129)

and thereby property (i) of Theorem 2.13 holds, and y(t) ∈ W for all for all
t ∈ [0, T ).

To prove that y(t) ∈ W1 on [0, T ), we argue by contradiction. Assume
that there exists t1 ∈ (0, T ) such that y(t1) /∈ W1. Since W = W1 ∪W2 and
W1 ∩W2 = ∅, then it must be the case that y(t1) ∈W2.

From the property |∇fj(u, v, w)| 6 C(|u|p−1 + |v|p−1 + |w|p−1 + 1) and the
fact that F is homogeneous of order p + 1, it can be shown that the function

t 7→
∫ L
0
F (y(t)) dx is continuous on [0, T ). Therefore, since y(0) ∈ W1 and

y(t1) ∈ W2, from the definition of W1 and W2 we conclude that there exists
s ∈ (0, t1) such that

‖y(s)‖2V = (p+ 1)

∫ L

0

F (y(s)) dx. (130)

We define t∗ as the supremum over all s ∈ (0, t1) satisfying (130). Clearly
t∗ ∈ (0, t1) satisfies (130) and y(t) ∈W2 for all t ∈ (t∗, t1].

We have two cases to consider:
Case 1: Suppose that y(t∗) 6= 0. Since t∗ satisfies (130), then y(t∗) ∈ N ,

where N is the Nehari manifold given in (17). Thus, by Lemma 2.11, it follows
that I(y(t∗)) > d. Since E(t) > I(y(t)) for all t ∈ [0, T ), we obtain that
E(t∗) > d, which contradicts (129).

Case 2: Suppose that y(t∗) = 0. Since y(t) ∈ W2 for all (t∗, t1], then by
(14) and the definition of W2, we obtain

‖y(t)‖2V < (p+1)M‖y(t)‖p+1
p+1 6 C‖y(t)‖p+1

(H1
0 (0,L))

3

6 C‖y(t)‖p+1
V , ∀t ∈ (t∗, t1].

(131)
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Therefore,

‖y(t)‖V > s1, for all t ∈ (t∗, t1] where s1 = C−
1
p−1 . (132)

Using the continuity of weak solution y ∈ C([0, T );V ), we obtain that
‖y(t∗)‖V > s1 > 0 which contradicts the assumption y(t∗) = 0. Hence, y(t) ∈
W1 for all t ∈ [0, T ), and property (ii) of Theorem 2.13 follows.

Step 2: We will show that the weak solution y is global solution. By (129)
and Step 1, we have I(y(t)) < d and y(t) ∈W1 for all [0, T ), hence

d > I(y(t)) =
1

2
‖y(t)‖2V −

∫ L

0

F (y(t)) dx >
1

2
‖y(t)‖2V −

1

p+ 1
‖y(t)‖2V

=
p− 1

2(p+ 1)
‖y(t)‖2V .

(133)

Therefore, from (133) and definition of W1, it follows that∫ L

0

F (y(t)) dx <
1

p+ 1
‖y(t)‖2V <

2d

p− 1
, ∀t ∈ [0, T ). (134)

Using the estimate (134) in (128), we have that

E(t) +

∫ t

0

(G(yt), yt)2 dτ = E(0) +

∫ L

0

F (y(t)) dx < d+
2d

p− 1
= dρ.

By virtue of the monotonicity of g1, g2 and g3 the property (iii) in Theorem 2.13
follows. Hence, by a standard continuation argument, we conclude that the
weak solution y(t) is indeed a global solutions and it can be extended to [0,∞).

It remains to show the property (iv) of Theorem 2.13. Since F (y) is a non-
negative function, it follows that E(t) < E(t), for all t ∈ [0,∞). On the other
hand, by the fact y(t) ∈W1 for all t ∈ [0,∞) and the definition of E(t), we get

E(t) =
1

2
‖yt(t)‖2H +

1

2
‖y(t)‖2V −

∫ L

0

F (y(t)) dx

> E(t)− 1

p+ 1
‖y(t)‖2V >

1

ρ
E(t).

Thus, the proof of Theorem 2.13 is complete.

Now, we prove that W̃ δ
1 , given in (21), is invariant under the dynamics.

Proposition 8.1. Suppose that δ > 0 is sufficiently small and E(0) 6 J(s0−δ).
If y is the global solution of (1)-(2) given by Theorem 2.13 and y0 ∈ W̃ δ

1 , then

y(t) ∈ W̃ δ
1 for all t > 0.
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Proof. Using the fact that I(z(t)) 6 E(t) 6 E(0) and assumption E(0) 6
J(s0 − δ), we have I(y(t)) 6 J(s0 − δ) for all t > 0. To show that ‖y(t)‖V 6
s0 − δ for all t > 0, argue again by contradiction. Since ‖z0‖V 6 s0 − δ
and z ∈ C(R+;V ), we can assume in contrary that there exists t1 > 0 such
that ‖y(t1)‖V = s0 − δ + ε for ε ∈ (0, δ). Therefore, by (20), we obtain that
I(y(t1)) > J(s0 − δ + ε) > J(s0 − δ) since J(t) is strictly increasing on (0, s0).
However, this contradicts the fact that I(y(t)) 6 J(s0 − δ) for all t > 0.

9. Uniform decay rates of energy

In this section, we investigate the uniform decay rate of the energy for the global
solution given by Theorem 2.13. More precisely, we shall prove Theorem 2.14.

For notational convenience, we define

G(t) =

∫ t

0

(G(yt), yt)2 dτ.

By the monotonicity of g1 and g2, it follows that G(t) > 0, and the energy
identity (128) can be written as

E(t) +G(t) = E(0). (135)

We will prove that E(t) decays as the solution to a monotonic ODE of the form

S′(t) +Q(S(t)) = 0, S(0) = E(0),

with the map Q given by Q = (I + C̃T (1 + CT )Φ)−1 for a certain concave
increasing function Φ that vanishes at 0.

We introduce the functions Q and Φ as follows: Proceed as in [28, 29]. Let
φj : [0,∞) → [0,∞) be continuous, increasing, concave functions vanishing at
the origin, such that

φj(gj(s)s) > |gj(s)|2 + s2, j = 1, 2, 3. (136)

We define Φ : [0,∞)→ [0,∞) by

Φ(s) := φ1(s) + φ2(s) + φ3(s) + s, s > 0. (137)

We observe that the concave functions φ1, φ2 and φ3 with the properties (136)-
(137) can always be constructed (see [31, Examples 4.1 and 4.2]). To see this,
recall the damping g1, g2 and g3 are monotone increasing functions passing
through the origin. If g1, g2 and g3 are bounded above and below by linear or
superlinear functions near the origin, that is,

c1|s|m 6 |g1(s)| 6 c2|s|m, c3|s|r 6 |g2(s)| 6 c4|s|r,
c5|s|l 6 |g3(s)| 6 c6|s|l, ∀|s| < 1,

(138)
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where m, r, l > 1 and cj > 0, j = 1, . . . , 6. We define

φ1(s) = c
− 2
m+1

1 (1 + c22)s
2

m+1 , φ2(s) = c
− 2
r+1

3 (1 + c24)s
2
r+1 ,

φ3(s) = c
− 2
l+1

5 (1 + c26)s
2
l+1 .

(139)

It is straightforward to see the functions in (139) satisfies (136). To see this,
consider φ1 for example:

φ1(g1(s)s) = c
− 2
m+1

1 (1 + c22)(g1(s)s)
2

m+1 > c
− 2
m+1

1 (1 + c22)(c1|s|m+1)
2

m+1

= (1 + c22)|s|2 > s2 + (c2|s|m)2 > s2 + |g1(s)|2, ∀|s| < 1.

In particular, we observe that, if g1, g2 and g3 are all linearly bounded near the
origin (cf. Definition 2.2), then (139) shows that φ1, φ2 and φ3 are all linear
functions.

On the other hand, if the damping are bounded by sublinear functions near
the origin, that is,

c1|s|θ1 6 |g1(s)| 6 c2|s|θ1 , c3|s|θ2 6 |g2(s)| 6 c4|s|θ2 ,
c5|s|θ3 6 |g3(s)| 6 c6|s|θ3 , ∀|s| < 1,

(140)

where 0 < θ1, θ2, θ3 < 1 and cj > 0, j = 1, . . . , 6, then we can select

φ1(s) = c
− 2θ1
θ1+1

1 (1 + c22)s
2θ1
θ1+1 , φ2(s) = c

− 2θ2
θ2+1

3 (1 + c24)s
2θ2
θ2+1 ,

φ3(s) = c
− 2θ3
θ3+1

5 (1 + c26)s
2θ3
θ3+1 .

(141)

In sum, by (139) and (141), there exist constants C1, C2, C3 > 0 such that

φ1(s) = C1s
ξ1 , φ2(s) = C2s

ξ2 , φ3(s) = C3s
ξ3 , (142)

where

ξ1 =
2

m+ 1
or

2θ1
θ1 + 1

, ξ2 =
2

r + 1
or

2θ2
θ2 + 1

, ξ3 =
2

l + 1
or

2θ3
θ3 + 1

, (143)

depending on the growth rates of g1, g2 and g3 near the origin, which are
specified in (138) and (140), respectively.

Now, we define

a = max

{
1

ξ1
,

1

ξ2
,

1

ξ3

}
. (144)

Observe that if at least one of g1, g2 and g3 is not linearly bounded near the
origin, then a > 1 and in this case we define

b :=
1

a− 1
> 0. (145)
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9.1. Perturbed stabilization estimate

We will start with the following proposition.

Proposition 9.1. In addition to Assumption 2.3 and Assumption 2.10, sup-
pose further that p > 1, y0 ∈ W1 and E(0) < d. Then the global solution y of
(1)-(2) given by Theorem 2.13 satisfies

E(T ) 6 C̃T

[
Φ(G(t)) + sup

s∈[0,T ]

‖y(s)‖2H

]
, ∀T > 0, (146)

where Φ is given in (137) and C̃T = Cρ,L,T
(
1 + (E(0))p−1

)
.

Proof. Let T > 0 be fixed. Using the fact that y ∈ C([0, T ];V ) and H1
0 (0, L) ↪→

Lq(0, L) for all q > 1, we see that y possesses the requisite test function regu-
larity as stated in Definition 2.4. Hence, replacing ψ by y in (7), we obtain

(yt(t), y(t))H |T0 +

∫ T

0

(‖y‖2V − ‖yt‖2H)dt+

∫ T

0

(G(yt), y)2dt

=

∫ T

0

(F(y), y)2dt,

(147)

By (12), (13) and (147) it follows that∫ T

0

E(t) dt 6
1

2

∫ T

0

|(F(y), y)2| dt+
1

2

∫ T

0

|(G(yt), y)2| dt

+
1

2

∣∣− (yt(T ), y(T ))H + (yt(0), y(0))H
∣∣+

∫ T

0

‖yt‖2H dt.

(148)

Now, we will estimate each term on the right-hand side of (148).
Estimate for the term:

∣∣− (yt(T ), y(T ))H + (yt(0), y(0))H
∣∣. We have∣∣−(yt(T ), y(T ))H + (yt(0), y(0))H

∣∣
6
ε

2

(
‖yt(T )‖2H + ‖yt(0)‖2H

)
+

1

2ε

(
‖y(T )‖2H + ‖y(0)‖2H

)
6 ε(E(T ) + E(0)) +

1

ε
sup

s∈[0,T ]

‖y(s)‖22.

Using the property (iv) of Theorem 2.13, (135) and last estimate, we obtain∣∣−(yt(T ), y(T ))H + (yt(0), y(0))H
∣∣

6 ερ(E(T ) + E(0)) +
1

ε
sup

s∈[0,T ]

‖y(s)‖2H

6 ερ(2E(T ) +G(T )) +
1

ε
sup

s∈[0,T ]

‖y(s)‖2H .

(149)
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Estimate for the term: ∫ T

0

‖y‖p+1
p+1 dt.

Using the fact that H1
0 (0, L) ↪→ Lq(0, L) and (4), it follows that

‖u‖2p2p 6 C‖u‖2p
H1

0 (0,L)
6 Cρ1‖y‖2pV .

Thus,

‖u‖p+1
p+1 =

∫ L

0

|u|p|u| dx 6 ‖u‖p2p‖u‖2 6 ε0‖u‖2p2p +
1

6ε0
‖u‖22

6 ε0ρ1C‖y‖2pV +
1

6ε0
‖u‖22.

(150)

By Theorem 2.13 (i) and (iv), we conclude that

‖y‖2V 6 2E(t) 6 2ρE(t) 6 2ρE(0). (151)

Therefore, from (150) and (151) it follows that

‖u‖p+1
p+1 6 ε0ρ1C(2E(t))p +

1

6ε0
‖u‖22

6 ε0ρ1C(2E(t))p−1E(t) +
1

6ε0
‖u‖22

6 ε0ρ1C(2ρE(0))p−1E(t) +
1

6ε0
‖u‖22.

(152)

For each ε > 0, if we choose ε0 = ε
3ρ1C(2ρE(0))p−1 , then (152) gives

‖u‖p+1
p+1 6

ε

3
E(t) + Cε,ρ(E(0))p−1ρ1‖u‖22. (153)

Similarly,

‖v‖p+1
p+1 6

ε

3
E(t) + Cε,ρ(E(0))p−1ρ2‖v‖22,

‖w‖p+1
p+1 6

ε

3
E(t) + Cε,ρ(E(0))p−1ρ3‖w‖22.

(154)

Therefore, by (153) and (154) we get∫ T

0

‖y‖p+1
p+1 dt 6 ε

∫ T

0

E(t) dt+

∫ T

0

Cε,ρ(E(0))p−1‖y‖2H dt

6 ε

∫ T

0

E(t) dt+ Cε,ρ(E(0))p−1T sup
s∈[0,T ]

‖y(s)‖2H dt.

(155)
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Estimate for the term: ∫ T

0

‖zt‖2H dt.

We introduce the sets:

A := {(x, t) ∈ (0, L)× (0, T ) : |yt(x, t)| < 1},
B := {(x, t) ∈ (0, L)× (0, T ) : |yt(x, t)| > 1}.

By Assumption 2.3, we have g1(s)s > α|s|m+1 for |s| > 1. Using (136) the fact
that φ1 is concave and increasing and Jensen’s inequality, we obtain∫ T

0

ρ1‖ut‖22 dt = ρ1

∫
A

|ut|2 dxdt+ ρ1

∫
B

|ut|2 dxdt

6
∫
A

ρ1φ1(g1(ut)ut) dxdt+
ρ1
α

∫
B

g1(ut)ut dxdt

6 max{1, TL} ρ1φ1

(∫ T

0

∫ L

0

g1(ut)ut dxdt

)

+
ρ1
α

∫ T

0

∫ L

0

g1(ut)ut dxdt.

(156)

Analogously,∫ T

0

ρ2‖vt‖22 dt 6 max{1, TL} ρ2φ2

(∫ T

0

∫ L

0

g2(vt)vt dxdt

)

+
ρ2
α

∫ T

0

∫ L

0

g2(vt)vt dxdt

and ∫ T

0

ρ3‖wt‖22 dt 6 max{1, TL} ρ3φ3

(∫ T

0

∫ L

0

g3(wt)wt dxdt

)

+
ρ3
α

∫ T

0

∫ L

0

g3(wt)wt dxdt.

(157)

Let C(T, L) = 1+TL+ 1
αC1, where C1 = max{ρ1, ρ2, ρ3}. Then, by (156)-(157)

and definition of Φ, we get∫ T

0

‖yt‖2H dt 6 max{1, TL}Φ(G(T )) +
1

α
C1G(T ) 6 C(T, L)Φ(G(T )). (158)

Estimate for the term: ∫ T

0

|(G(yt), y)2|dt.
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We have∫ T

0

∫ L

0

|g1(ut)u|dxdt

=

∫
A

|g1(ut)u|dxdt+

∫
B

|g1(ut)u|dxdt

6

(∫ T

0

‖u‖22 dt

) 1
2 (∫

A

|g1(ut)|2 dxdt

) 1
2

+

∫
B

|g1(ut)u|dxdt

6 ε

∫ T

0

E(t) dt+ Cε

∫
A

|g1(ut)|2 dxdt+

∫
B

|g1(ut)u|dxdt.

(159)

By (136) and Jensen’s inequality, we have∫
A

|g1(ut)|2 dxdt 6
∫
A

φ1(g1(ut)u) dxdt

6 max{1, TL}φ1

(∫ T

0

∫ L

0

g1(ut)ut dxdt

)
.

(160)

Next, we estimate the last term on the right-hand side of (159). By Assump-
tion 2.3, we have |g1(s)s| 6 β|s|m for |s| > 1. Therefore, by Hölder’s inequality,
we obtain∫

B

|g1(ut)u|dxdt 6

(∫
B

|u|m+1 dxdt

) 1
m+1

(∫
B

|g1(ut)|
m+1
m dxdt

) m
m+1

6 β
1

m+1

(∫ T

0

‖u‖m+1
m+1dxdt

) 1
m+1 (∫

B

|g1(ut)||ut|dxdt

) m
m+1

.

(161)

Using the inequality E(t) 6 dρ for all t > 0 in Theorem 2.13, we see that∫ T

0

‖u‖m+1
m+1 dxdt 6 C

∫ T

0

‖u‖m+1
H1

0 (0,L)
dxdt

6 C

∫ T

0

E(t)
m+1

2 dt 6 C

∫ T

0

E(t) dt.

(162)

Combining (161) and (162) we get

∫
B

|g1(ut)u|dxdt 6 C

(∫ T

0

E(t) dt

) 1
m+1 (∫

B

g1(ut)ut dxdt

) m
m+1

6 ε

∫ T

0

E(t) dt+ Cε

∫
B

g1(ut)ut dxdt.

(163)
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Applying the estimates (160) and (163) to (159) we obtain∫ T

0

∫ L

0

|g1(ut)u|dxdt 6 2ε

∫ T

0

E(t) dt

+ Cε max{1, TL}φ1

(∫ T

0

∫ L

0

g1(ut)ut dxdt

)

+ Cε

∫
B

g1(ut)ut dxdt.

(164)

Similarly,∫ T

0

∫ L

0

|g2(vt)v| dxdt 6 2ε

∫ T

0

E(t) dt

+ Cε max{1, TL}φ2

(∫ T

0

∫ L

0

g2(vt)vt dxdt

)

+ Cε

∫
B

g2(vt)vt dxdt

and∫ T

0

∫ L

0

|g3(wt)w|dxdt 6 2ε

∫ T

0

E(t) dt

+ Cε max{1, TL}φ2

(∫ T

0

∫ L

0

g3(wt)wtdxdt

)

+ Cε

∫
B

g3(wt)wt dxdt.

(165)

Hence, by (164)-(165) and the fact that s 6 Φ(s) for all s > 0, we have that∫ T

0

|(G(yt), y)2|dt 6 6ε

∫ T

0

E(t) dt+ Cε max{1, TL}Φ(G(T )) + CεG(T )

6 6ε

∫ T

0

E(t) dt+ C(ε, L, T )Φ(G(T )).

(166)

Now, applying the estimates (149), (155), (158) and (166) to (148), we conclude∫ T

0

E(t) dt 6 4ε

∫ T

0

E(t) dt+
ρε

2
(2E(T ) +G(T )) + C(ε, L, T )Φ(G(T ))

+

(
1

2ε
+ Cε,ρ(E(0))p−1T

)
sup

s∈[0,T ]

‖y(s)‖2H .
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Therefore, for any fixed T , we choose ε = min
{

1
8 ,

T
4ρ

}
, we get

1

2

∫ T

0

E(t) dt 6
T

8
(2E(T ) +G(T )) + C(ε, L, T )Φ(G(T ))

+ CT,ρ
(
1 + E(0))p−1

)
sup

s∈[0,T ]

‖y(s)‖2H .
(167)

Since E(t) > E(t) for all t > 0 and E(t) is non-increasing, we obtain∫ T

0

E(t) dt >
∫ T

0

E(t) dt > TE(T ). (168)

Thus, from (167) and (168), it follows that

T

2
E(T ) 6

T

4
E(T ) +

T

8
G(T ) + C(ε, L, T )Φ(G(T ))

+ CT,ρ
(
1 + E(0))p−1

)
sup

s∈[0,T ]

‖y(s)‖2H .
(169)

Dividing the inequality (169) by T > 0, we obtain

1

4
E(T ) 6

1

8
G(T ) + C(ε, L, T )Φ(G(T ))

+ CT,ρ
(
1 + E(0))p−1

)
sup

s∈[0,T ]

‖y(s)‖2H .
(170)

Finally, since G(T ) 6 Φ(G(T )), if we put

C̃T = 4

(
1

8
+ C(ε, L, T ) + CT,ρ

(
1 + E(0))p−1

))
,

then (170) implies

E(T ) 6 C̃T

(
Φ(G(T )) + sup

s∈[0,T ]

‖y(s)‖2H

)
, ∀ T > 0.

The proof is complete.

9.2. Absorption of the lower order terms

Proposition 9.2. In addition to Assumption 2.3 and Assumption 2.10 with
p > 1, further assume y0 ∈ W̃ δ

1 and E(0) 6 J(s0 − δ) for some δ > 0. Then
for any T > 0 there exists a constant CT > 0 such that the solution z of the
system (1)-(2) furnished by Theorem 2.13 satisfies the inequality

sup
s∈[0,T ]

‖y(s)‖2H 6 CTΦ(G(T )).
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Proof. We follow the standard compactness-uniqueness approach and argue by
contradiction see, for instance, [24, 28].

Step 1: Limit problem from the contradiction hypothesis. Let us fix
T > 0. Suppose there is a sequence of initial data

{(yn(0), ynt (0))}n∈N ⊂ W̃ δ
1 ×H

such that
En(0) 6 G(s0 − δ) < d, (171)

and the corresponding weak solutions yn = (un, vn, wn) satisfy

sup
s∈[0,T ]

‖yn(s)‖2H > nΦ(Gn(T )), ∀n ∈ N.

Hence,

lim
n→∞

Φ(Gn(T ))

sup
s∈[0,T ]

‖yn(s)‖2H
= 0, (172)

where

Gn(T ) =

∫ T

0

∫ L

0

[g1(unt )unt + g2(vnt )vnt + g3(wnt )wnt ] dxdt.

By Theorem 2.13 and (171), it follows that

sup
s∈[0,T ]

(
‖ynt (s)‖2V + ‖yn(s)‖2H

)
6 2ρEn(0) 6 2ρd. (173)

This proves that {(yn, ynt )} is a bounded sequence in L∞(0, T ;H), where H =
V ×H, with H = (L2(0, L))3 and V = (H1

0 (0, L))3. Therefore, there exists a
subsequence such that

(yn, ynt )→ (y, yt) weakly∗ in L∞(0, T ;H). (174)

We note here that for any 0 < ε < 1, the embedding H1
0 (0, L) ↪→ H1−ε(0, L) is

compact, then by Simon’s compactness theorem [41], there exists a subsequence
such that

yn → y strongly in L∞
(
0, T ; (H1−ε(0, L))3

)
. (175)

Moreover, since yn ∈ C
(
[0, T ]; (H1−ε(0, L))3

)
thus the sequence is Cauchy in

C
(
[0, T ]; (H1−ε(0, L))3

)
and

y ∈ C
(
[0, T ]; (H1−ε(0, L))3

)
. (176)

Now, we will prove that y(t) = 0 on [0, T ].
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First, we will prove that y ∈ N ∪ {0}. Let ψ ∈
(
C((0, L)×(0, t)) ∩

C([0, t];H1
0 (0, L))

)3
such that ψ(0) = ψ(t) = 0, and ψt ∈ (L2((0, L)× (0, t)))3.

Then, by (7) we have∫ t

0

[(yn, ψ)V − (ynt , ψt)H ]dτ +

∫ t

0

(G(ynt ), ψ)2dτ =

∫ t

0

(F(yn), ψ)2dτ. (177)

We will pass to the limit with n to infinity in the equation (177). By (172) and
(173) it follows that

lim
n→∞

Φ(Gn(T )) = 0. (178)

By (158) and (178) we have

lim
n→∞

∫ T

0

‖ynt ‖2H dt = 0. (179)

Hence,

lim
n→∞

∫ t

0

−(ynt , ψt)H dτ = 0, ∀t ∈ [0, T ]. (180)

We introduce the sets

An := {(x, t) ∈ (0, L)× (0, T ) : |unt (x, t)| < 1},
Bn := {(x, t) ∈ (0, L)× (0, T ) : |unt (x, t)| > 1}.

(181)

Since g1 vanishing at the origin, we obtain that∫ T

0

∫ L

0

|g1(unt )|
m+1
m dxdt

=

∫
An

|g1(unt )|
m+1
m dxdt+

∫
Bn

|g1(unt )|
m+1
m dxdt

6 β
m+1
m LT + β

m+1
m

1

α

∫ T

0

∫ L

0

g1(unt )unt dxdt.

(182)

By (178), we see that
∫ T
0

∫ L
0
g1(unt )unt dxdt→ 0 as n→∞, then (182) implies

sup
n∈N

∫ T

0

∫ L

0

|g1(unt )|
m+1
m dxdt <∞. (183)

Observe that (179) implies, on a subsequence, unt → 0 a.e. in (0, L) × (0, T ).
Thus, from the continuity of g1, we have that g1(unt )→ 0 a.e. in (0, L)× (0, T ).
Therefore, by (183) and the fact m+1

m > 1, we conclude

g1(unt )→ 0 weakly in L
m+1
m ((0, L)× (0, T )). (184)
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Similarly,

g2(vnt )→ 0 weakly in L
r+1
r ((0, L)× (0, T ))

and

g3(wnt )→ 0 weakly in L
l+1
l ((0, L)× (0, T )). (185)

By (184)-(185), we get

lim
n→∞

∫ t

0

(G(ynt ), ψ)2 dτ = 0. (186)

Now, using the estimate

|∇fj(y)| 6 C(|u|p−1 + |v|p−1 + |w|p−1 + 1),

we obtain that∫ t

0

(F(yn)− F(y), ψ)2 dτ

=

∫ t

0

∫ 1

0

(DF(syn + (1− s)y)(yn − y), ψ)2 dsdτ

6 C
(
‖y‖p−1(Lp(0,L))3 + ‖yn‖p−1(Lp(0,L))3

)
‖yn − y‖Lp((0,L)×(0,t)),

where DF denotes the Jacobi matrix of F. Therefore,

lim
n→∞

∫ t

0

(F(yn), ψ)2 dτ =

∫ t

0

(F(y), ψ)2 dτ. (187)

Using (174), (180), (186) and (187), we can pass to the limit in (177) to obtain∫ t

0

(y, ψ)V dτ =

∫ t

0

(F(y), ψ)2 dτ. (188)

Now we fix ψ̃ ∈ (H1
0 (0, L)∩C([0, L]))3 and substitute ψ(x, τ) := τ(t−τ)ψ̃(x)

into (188). Differentiating the result twice with respect to t we get

(y, ψ̃)V = (F(y), ψ̃)2. (189)

Let ψ̃n ∈ (H1
0 (0, L) ∩ C([0, L]))3 such that ψ̃n → y(t) for a fixed t. Taking

n→∞ in (189) and using the continuity of F we obtain

lim
n→∞

(y, ψ̃n)V = lim
n→∞

(F(y), ψ̃n)2 ⇔ (y, y)V = (F(y), y)2

⇔ ‖y‖2V = (p+ 1)

∫ L

0

F (y) dx.
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Therefore, y(t) = 0 or y(t) ∈ N for t ∈ [0, T ].

Next, to show that y(t) = 0 on [0, T ], it suffices to show that y(t) ∈ W̃ δ
1 ⊂

W1 on [0, T ], since W1 ∩N = ∅. We recall that {yn} is bounded in C([0, T ];V )

and zn → z strongly C(0, T ; (H1−ε(0, L))3). Since the initial data yn(0) ∈ W̃ δ
1

and En(0) 6 J(s0 − δ), then Proposition 8.1 shows that yn(t) ∈ W̃ δ
1 for all

t > 0. Then, by the definition of W̃ δ
1

‖yn(t)‖V 6 s0 − δ and I(zn(t)) 6 J(s0 − δ), ∀t > 0.

Observe that, for each fixed t in [0, T ], we have

‖y(t)‖V 6 lim inf
n→∞

‖yn(t)‖V 6 s0 − δ. (190)

Moreover, since F is continuous, then by (14) and the Lebesgue dominated
convergence, we obtain

lim
n→∞

∫ L

0

F (yn) dx =

∫ L

0

F (y) dx. (191)

In order to show J(s0 − δ) > I(y(t)) on [0, T ], we note that

J(s0 − δ) > I(yn(t)) =
1

2
‖yn(t)‖2V −

∫ L

0

F (yn) dx. (192)

By (190) and (191), we can take the limit inferior in the inequality (192) to
obtain

J(s0 − δ) > I(z(t)), on [0, T ].

Therefore y(t) ∈ W̃ δ
1 ⊂W1 on [0, T ]. Thus, by definition of W1, necessarily we

have
z(t) = 0, on [0, T ]. (193)

Step 1: Re-normalize the sequence {yn}. We define

Nn := sup
s∈[0,T ]

‖yn(s)‖H .

By (176) and (193), it follows that

lim
n→∞

Nn = 0.

We set zn := yn/Nn, then it is clear that

sup
s∈[0,T ]

‖zn(s)‖2H = 1. (194)
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Each zn satisfies the variational identity∫ t

0

[(zn, ψ)V − (znt , ψt)H ]dτ +

∫ t

0

(
G(ynt )

Nn
, ψ

)
2

dτ =

∫ t

0

(
F(ynt )

Nn
, ψ

)
2

dτ, (195)

where ψ ∈
(
C((0, L)× (0, t)) ∩ C([0, t];H1

0 (0, L))
)3

is such that ψ(0) = ψ(t) =
0, and ψt ∈ (L2((0, L) × (0, t)))3. By the contradiction hypothesis (172), we
have

lim
n→∞

Φ(Gn(T ))

N2
n

= 0, (196)

and along with (158), we obtain

lim
n→∞

∫ T

0

1

N2
n

‖ynt ‖2H dt = 0,

which is equivalent to

lim
n→∞

∫ T

0

‖znt ‖2H dt = 0. (197)

Let En be the total energy corresponding to the solution yn. The inequalities
(iii) and (iv) of Theorem 2.13 show that 0 6 En(t) 6 dρ for all t > 0. Also, by
(146), (194) and (196), we obtain that

lim sup
n→∞

En(T )

N2
n

6 C̃.

The energy identity (135) implies that En(t) +Gn(t) = En(0), and thus En(t)N2
n

6
En(0)
N2
n

. By Theorem 2.13 (iv) we conclude that the sequence{
En(t)

N2
n

=
1

2
‖zn(t)‖2V + ‖znt (t)‖2H

}
,

is uniformly bounded on [0, T ], where En(t) is the quadratic energy corre-
sponding to yn. Therefore, {(zn, znt )} is a bounded sequence in L∞(0, T ;H).
Therefore, on a subsequence,

zn → z weakly∗ in L∞(0, T ;V ). (198)

As in the case with zn, Simon’s compactness result now yields

zn → z strongly in L∞
(
0, T ; (H1−ε(0, L))3

)
. (199)

Observe that (194) and (199) implies that

lim
n→∞

sup
s∈[0,T ]

‖zn(s)‖2H = sup
s∈[0,T ]

‖z(s)‖2H = 1. (200)
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Thus, the limiting function z is non-trivial.

We next show

lim
n→∞

∫ t

0

(
G(ynt )

Nn
, ψ

)
2

dτ = 0. (201)

Since ψ ∈
(
C((0, L)× (0, T )))3 it suffices to prove that

gj(u
n
t )

Nn
→ 0 in L1((0, L)×

(0, T )), j = 1, 2, 3. We will prove that

g1(unt )

Nn
→ 0 strongly in L

m+1
m ((0, L)× (0, T )). (202)

Recall the definition of the sets An and Bn in (181). Since Nn → 0 as n→∞,
we can let n be sufficiently large such that Nn < 1. Using Hölder’s inequality
we deduce∫ T

0

∫ L

0

∣∣∣∣g1(unt )

Nn

∣∣∣∣m+1
m

dxdτ

6 C(T, L)

(∫
An

∣∣∣∣g1(unt )

Nn

∣∣∣∣2 dxdτ

)m+1
2m

+
1

N2
n

∫
Bn

|g1(unt )|
m+1
m dxdτ.

By (160), (5) and Jensen’s inequality, we have

∫ T

0

∫ L

0

∣∣∣∣g1(unt )

Nn

∣∣∣∣m+1
m

dxdτ

6 C(T, L)

(
1

N2
n

∫
An

ϕ(g1(unt )unt ) dxdτ

)m+1
2m

+
β
m+1
m

αN2
n

∫
Bn

g1(unt )unt dxdτ

6 C(T, L)

(
Φ(G(T ))

N2
n

)m+1
2m

+
β
m+1
m

α

Φ(G(T ))

N2
n

n→∞−−−−→ 0.

This proves (202). Similarly,

g2(vnt )

Nn
→ 0 strongly in L

r+1
r ((0, L)× (0, T ))

and
g2(wnt )

Nn
→ 0 strongly in L

l+1
l ((0, L)× (0, T )).

Next we show

lim
n→∞

∫ t

0

(
F(yn)

Nn
, ψ

)
2

dτ = 0. (203)
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Using (15), we obtain that∫ t

0

∫ L

0

∣∣∣∣fj(yn)

Nn
ψj

∣∣∣∣ dxdτ

6 C

∫ t

0

∫ L

0

(
|zn1 ||un|p−1 + |zn2 ||vn|p−1 + |zn3 ||wn|p−1

)
dxdτ,

where zn = (zn1 , z
n
2 , z

n
3 ) = (un/Nn, v

n/Nn, w
n/Nn). By Hölder’s inequality,

(175), (193) and (198), it follows that∫ T

0

∫ L

0

|zn1 ||un|p−1 dxdτ

6

(∫ T

0

∫ L

0

|zn1 |p dxdτ

) 1
p
(∫ T

0

∫ L

0

|un|p dxdτ

) p−1
p

6

(∫ T

0

∫ L

0

|zn1 |p dxdτ

) 1
p
(∫ T

0

∫ L

0

|yn|p dxdτ

) p−1
p

n→∞−−−−→ 0.

Similarly, ∫ t

0

∫ L

0

|zn2 ||vn|p−1 dx
n→∞−−−−→ 0

and ∫ T

0

∫ L

0

|yn2 ||wn|p−1 dxdτ
n→∞−−−−→ 0.

Thus, (203) follows.
Using (197), (198), (201) and (203), we can pass to the limit in (195) to

obtain ∫ t

0

(z, ψ)V dτ = 0, ∀t ∈ (0, T ). (204)

Now, fix an arbitrary ψ̃ ∈ (H1
0 (0, L) ∩ C([0, L]))3 and substitute ψ(x, τ) :=

τ(t− τ)ψ̃(x) into (204). Differentiating the result twice yields

(z(t), ϕ)V = 0, ∀t ∈ (0, T ).

which by density implies z = 0 in V for all t ∈ (0, T ). However, this contradicts
the fact (200). Hence, the proof of Proposition 9.2 is complete.

9.3. Proof of Theorem 2.14

In this parte, we complete the proof of Theorem 2.14.
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Proof. Combining Propositions 9.1 and 9.2, we obtain

E(T ) 6 C̃T (1 + CT ) Φ(G(T )), ∀T > 0.

Define ΦT := C̃T (1 + CT ) Φ, then

E(T ) 6 ΦT (G(T )) = ΦT (E(0)− E(T )),

which implies

E(T ) + Φ−1T (E(T )) 6 E(0).

By iterating the estimate on intervals [mT, (m+ 1)T ], m = 0, 1, 2, . . . , we have

E((m+ 1)T ) + Φ−1T (E((m+ 1)T )) 6 E(mT ), m = 0, 1, 2, . . . .

Therefore, by [28, Lemma 3.3], it follows that

E(mT ) 6 S(m), ∀m = 0, 1, 2, . . . , (205)

where S is the solution to the ODE

S′ +
[
I −

(
I + Φ−1T

)−1]
(S) = 0, S(0) = E(0). (206)

where I denotes the identity mapping. It is easy to verify that

I −
(
I + Φ−1T )−1 = (I + ΦT )−1,

thus, the ODE (206) can be reduced to

S′ + (I + ΦT )−1(S) = 0, S(0) = E(0), (207)

where (207) has a unique solutions defined on [0,∞). Since ΦT is increasing
passing through the origin, we have (I+ΦT )−1 is also increasing and vanishing
at zero. So if we write (207) in the form S′ = −(I + ΦT )−1(S), then it follows
that S(t) is decreasing and S(t)→ 0 as t→∞.

For any t > T > 0, there exists m ∈ N such that t = mT+δ with 0 6 δ < T ,
therefore m = t

T −
δ
T > t

T − 1. By (205) and the fact that E(t) and S(t) are
monotone decreasing, we obtain

E(t) = E(mT + δ) 6 E(mT ) 6 S(m) 6 S

(
t

T
− 1

)
, ∀t > T. (208)

Thus, the proof of Theorem 2.14 is complete.
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9.4. Proof of Corollary 2.15

If g1, g2 and g3 are linearly bounded near the origin, then (139) shows that
ϕ1 and ϕ2 are linear, and it follows that ΦT is linear, which implies that
(I + ΦT )−1 is also linear. Therefore, the ODE (207) is of the form S′+ωS = 0
(for some positive constant ω) with the unique solution S(t) = E(0)e−ωt. Thus,
from (208), it follows that

E(t) 6 E(0)e−ω( tT −1) = (eωE(0))e−(ω/T )t.

Thus, the proof of Corollary 2.15 is complete.

9.5. Proof of Corollary 2.16

If at least one of g1, g2 and φ3(s) = C3s
ξ3 are not linearly bounded near

the origin, then by (142) we may choose φ1(s) = C1s
ξ1 , φ2(s) = C2s

ξ2 and
φ3(s) = C3s

ξ3 , where 0 < ξ1, ξ2, ξ3 6 1 are given in (143). Also recall that

a = max
{

1
ξ1
, 1
ξ2
, 1
ξ3

}
> 1, as defined in (144).

Let h = φ1 + φ2 + φ3. It is clear that there exists hb = C0s
min{ξ1,ξ2,ξ3} and

hs such that h = hb + hs satisfies the hypothesis of [29, Corollary 1], where C0

depends on C1, C2 and C3. From [29, Corollary 1], there exists a t0 > 0 such
that

E(t) 6 S̃

(
t

T
− 1

)
, ∀t > t0,

where S̃ is the solution of the ODE

S̃′(t) + C0S̃(t)a = 0, S̃(t0) = S(t0). (209)

Since the solution of (209) is

S̃(t) =
[
C0(a− 1)(t− t0) + S(t0)1−a

]− 1
a−1 , ∀t > t0,

the proof of Corollary 2.16 is complete with b = 1
a−1 .

10. Blow-up of potential well solutions

This section is devoted to prove the Theorem 2.18. We begin by showing W2 is
invariant under the dynamics of (1). The following result is proved in a similar
way as in [31, Lemma 8].

Lemma 10.1. In addition to Assumptions 2.3 and 2.10 with p > 1, further
assume that y(0) ∈ W2 and E(0) < d, then the weak solution y(t) ∈ W2 for all
t ∈ [0, T ), and

‖y(t)‖2V > 2ρd, ∀t ∈ [0, T ), (210)

where ρ := p+1
p−1 and [0, T ) is the maximal interval of existence.
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Proof. Step 1. Let y(0) ∈ W2, we first show that y(t) ∈ W2 for all t ∈ [0, T ).
We proceed by contradiction. Assume there exists t0 ∈ [0, T ) such that y(t0) /∈
W2, which this implies

‖y(t0)‖2V > (p+ 1)

∫ L

0

F (y(t0)) dx.

Using that y ∈ C([0, T );V ) and the assumption y(0) ∈ W0, we conclude that
there exists s ∈ (0, t0] such that

‖y(s)‖2V = (p+ 1)

∫ L

0

F (y(s)) dx. (211)

Now we define t∗ as the infinimum of all s ∈ (0, t0] satisfying (211). By con-
tinuity, one has t∗ ∈ (0, t0] satisfying (211) and z(t) ∈ W2 for all t ∈ [0, t∗).
Thus, we have two cases to consider.
Case 1: Suppose that ‖y(t∗)‖V 6= 0. Since t∗ satisfies (211), then y(t∗) ∈ N ,
and by Lemma 2.11, we know I(y(t∗)) > d. Thus E(t∗) > d, contradicting the
fact that E(t) 6 E(0) < d for all t ∈ [0, T ).
Case 2: Suppose that ‖y(t∗)‖V = 0. Since y(t) ∈W2 for all [0, t∗), utilizing a
similar argument as in (131) and (132) we obtain ‖y(t)‖V > s1, for all [0, t∗)
and some s1 > 0. By the continuity of the weak solution y(t), we obtain that
‖y(t∗)‖V > s1 > 0, contradicting the assumption ‖y(t∗)‖V = 0.

Step 2: It remains to show inequality (210). Let y ∈ W2 be fixed. By
Assumption 2.10, we have

I(λy) = ‖λy‖2V −
∫ L

0

F (λy) dx =
λ2

2
‖y‖2V − λp+1

∫ L

0

F (y) dx, for λ > 0.

Therefore,
d

dλ
I(λy) = λ‖y‖2V − (p+ 1)

∫ L

0

λpF (y) dx.

Hence,the map λ 7→ I(λy) has only one critical point λ0 which satisfies

‖y‖2V = (p+ 1)λp−10

∫ L

0

F (y) dx. (212)

Since y ∈ W2, then λ0 < 1. In addition, since the function λ 7→ I(λz) attains
its absolute maximum over the positive axis at its critical point λ = λ0. Thus,
by (18) and (212), it follows that

d 6 sup
λ>0

I(λy) =
λ20
2
‖y‖2V − λ

p+1
0

∫ L

0

F (y) dx =
λ20
2

(p− 1)

(p+ 1)
‖y‖2V .

Since λ0 < 1, we obtain that ‖y‖2V > 2dp−1p+1 = 2ρd. The proof is complete.
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10.1. Proof of Theorem 2.18

In this part, we prove the blow up result stated in Theorem 2.18.

Proof. In order to show that the maximal existence time T is necessarily finite,
we argue by contradiction. Assume the weak solution y(t) can be extended to
[0,∞), then Lemma 10.1 says y(t) ∈W2 for all t ∈ [0,∞), that is,

‖y(t)‖2V < (p+ 1)

∫ L

0

F (y) dx, ∀t ∈ [0,∞). (213)

Moreover, by the assumption 0 6 E(0) < d, the energy E(t) remains nonnega-
tive

0 6 E(t) 6 E(0) < d, ∀t ∈ [0,∞).

To see this, assume that E(t0) < 0 for some t0 ∈ (0,∞). Then, the blow-
up result in Theorem 2.9 assert that ‖y(t)‖V → ∞ as t → T−1, for some
0 < T < ∞, that is, the weak solution y(t) blow up in finite time, which
contradicts our assumption. Therefore, we conclude that E(t) > 0 for all t > 0.

Now, define

N(t) = ‖y(t)‖2H , S(t) =

∫ L

0

F (y(t)) dx > 0, t ∈ [0,∞). (214)

Step 1: We first show that N(t) has a quadratic growth as t→∞. As in the
proof of the blow-up result in Theorem 2.9, here we also have:

N ′′(t) = 2‖yt‖2H − 2‖y‖2V − 2(G(yt), y)2

+ 2(p+ 1)

∫ L

0

F (y)dx a.e. in [0,∞).
(215)

The assumption |g1(s)| 6 β|s|m for all s ∈ R implies∣∣∣∣∣
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣ 6 β‖u(t)‖m+1‖ut(t)‖mm+1. (216)

Since 1 6 max{m, r, l} < p, and by using a standard interpolation estimate,
we have

‖u(t)‖m+1 6 ‖u(t)‖θ2‖u(t)‖1−θp+1,

where θ satisfies θ
2 + 1−θ

p+1 = 1
m+1 . Using (213), the fact F (y) > α0

(
|u|p+1 +

|v|p+1 + |w|p+1
)

and H1
0 (0, L) ↪→ Lq(0, L) for all q > 1, we obtain

‖u(t)‖22 6 C‖u(t)‖2H1
0 (0,L)

6 C‖y(t)‖2V 6 CS(t),

‖u(t)‖p+1
p+1 6 C‖y(t)‖p+1

p+1 6 CS(t).
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It follows from (216)-(218) that∣∣∣∣∣2
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣ 6 C‖u(t)‖θ2‖u(t)‖1−θp+1‖ut(t)‖mm+1

6 CS(t)
θ
2+

1−θ
p+1 ‖ut(t)‖mm+1

= CS(t)
1

m+1 ‖ut(t)‖mm+1,

(219)

where we used the fact that θ
2 + 1−θ

p+1 = 1
m+1 . Applying Young’s inequality to

(219) we have ∣∣∣∣∣2
∫ L

0

g1(ut(t))u(t) dx

∣∣∣∣∣ 6 εS(t) + Cε‖ut(t)‖m+1
m+1. (220)

Similarly, ∣∣∣∣∣2
∫ L

0

g2(vt(t))v(t) dx

∣∣∣∣∣ 6 εS(t) + Cε‖vt(t)‖r+1
r+1

and ∣∣∣∣∣2
∫ L

0

g2(wt(t))w(t) dx

∣∣∣∣∣ 6 εS(t) + Cε‖wt(t)‖l+1
l+1. (221)

Now we define

K(t) := ‖y(t)‖2V − (p+ 1)

∫ L

0

F (y(t)) dx.

Therefore, from (215) and (220)-(221) it follows that

N ′′(t) > 2‖yt‖2H−2K(t)− 2εS(t)

− Cε(‖ut(t)‖m+1
m+1 + ‖vt(t)‖r+1

r+1 + ‖wt(t)‖l+1
l+1).

(222)

Now, let δ > 0 to be specified below. Since 0 6 E(t) 6 E(0) < d, we have
K(t) 6 K(t) + δ(E(0)− E(t)). Therefore, from (214), we obtain that

K(t) 6 ‖y(t)‖2V − (p+ 1)

∫ L

0

F (y) dx+ δE(0)− δE(t)

= ‖y(t)‖2V − (p+ 1)S(t) + δE(0)

− δ
(

1

2
‖y(t)‖2V +

1

2
‖yt(t)‖2H + S(t)

)
=

(
1− δ

2

)
‖y(t)‖2V + (δ − p− 1)S(t) + δE(0)− δ

2
‖yt(t)‖2H .

(223)
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Applying the estimate (223) to (222), we have

N ′′(t) > (δ + 2)‖yt‖2H + 2(p+ 1− δ − ε)S(t)− 2δE(0)+

+ (δ − 2)‖y(t)‖2V − Cε(‖ut(t)‖m+1
m+1 + ‖vt(t)‖r+1

r+1 + ‖wt(t)‖l+1
l+1).

(224)

We choose δ such that

2 <
2d(p+ 1)

d(p+ 1)− (p− 1)E(0)
< δ < p+ 1.

This choice of δ is possible because of the assumption E(0) < d. By (210) and
by the choice of δ, we have

(δ − 2)‖z(t)‖2V − 2δE(0) > 2d(δ − 2)
p+ 1

p− 1
− 2δE(0)

=
2δ
[
d(p+ 1)− E(0)(p− 1)

]
− 4d(p+ 1)

p− 1
> 0.

(225)

Now, we choose ε > 0 sufficiently small such that

A := 2(p+ 1− δ − ε) > 0.

Hence, it follows from (210), (213), (224) and (225) that

N ′′(t) + Cε(‖ut(t)‖m+1
m+1 + ‖vt(t)‖r+1

r+1 + ‖wt(t)‖l+1
l+1)

> AS(t) >
A

p+ 1
‖y(t)‖2V >

2dA

p− 1
=: 2B > 0.

(226)

Integrating (226) from 0 to t, we obtain

N ′(t) + Cε

∫ t

0

(‖ut(t)‖m+1
m+1 + ‖vt(t)‖r+1

r+1 + ‖wt(t)‖l+1
l+1) dτ

> 2Bt−N ′(0).

(227)

By (128), (129) and Assumption 2.17

Cε

∫ t

0

(
‖ut(t)‖m+1

m+1 + ‖vt(t)‖r+1
r+1 + ‖wt(t)‖l+1

l+1

)
dτ

6 C(E(0)− E(t)) < Cd, ∀t ∈ [0,∞).

(228)

Combining (227) and (228) we get

N ′(t) > 2Bt+N ′(0)− Cd, ∀t ∈ [0,∞). (229)

Integrating (229), we have

N(t) > Bt2 + (N ′(0)− Cd)t+N(0), ∀t ∈ [0,∞).

Therefore, N(t) has a quadratic growth as t→∞.
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Step 2: Now, we estimate N(t) directly. Observe that

‖u(t)‖22 =

∫ L

0

∣∣∣∣u(0) +

∫ t

0

ut(τ)dτ

∣∣∣∣2 dx

6 2‖u(0)‖22 + 2t

∫ t

0

∫ L

0

|ut(τ)|2 dxdτ.

(230)

Similarly,

‖v(t)‖22 =

∫ L

0

∣∣∣∣v(0)−
∫ t

0

vt(t)dτ

∣∣∣∣2 dx

6 2‖v(0)‖22 + 2t

∫ t

0

∫ L

0

|vt(τ)|2 dxdτ.

and

‖w(t)‖22 =

∫ L

0

∣∣∣∣w(0) +

∫ t

0

wt(τ)dτ

∣∣∣∣2 dx

6 2‖w(0)‖22 + 2t

∫ t

0

∫ L

0

|wt(τ)|2dxdτ.

(231)

Therefore, from (230)-(231), it follows that

N(t) = ‖y(t)‖2H = ρ1‖u(t)‖22 + ρ2‖v(t)‖22 + ρ3‖w(t)‖22

6 2
(
ρ1‖u(0)‖22 + ρ2‖v(0)‖22 + ρ3‖w(0)‖22

)
+ 2t

∫ t

0

∫ L

0

(
ρ1|ut(τ)|2 + ρ2|vt(τ)|2 + ρ3|wt(τ)|2

)
dxdτ

= 2‖y(0)‖2H + 2t

∫ t

0

∫ L

0

(
ρ1|ut(τ)|2+ρ2|vt(τ)|2+ρ3|wt(τ)|2

)
dxdτ.

(232)

By Hölder’s inequality and (228), we have

∫ t

0

∫ L

0

|ut(τ)|2 dxdτ 6 (Lt)
m−1
m+1

(∫ t

0

∫ L

0

|ut(τ)|m+1 dxdτ

) 2
m+1

6 Cεd
2

m+1 t
m−1
m+1 .

Similarly, ∫ t

0

∫ L

0

|wt(τ)|2 dxdτ 6 Cεd
2
r+1 t

r−1
r+1 ,
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and ∫ t

0

∫ L

0

|wt(τ)|2 dx dτ 6 Cεd
2
l+1 t

l−1
l+1 . (233)

Making C1 = max{ρ1, ρ2, ρ3} > 0. By (232)-(233), it follows that

N(t) 6 2‖y(0)‖2H + 2CεC1

(
d

2
m+1 t

2m
m+1 + d

2
r+1 t

2r
r+1

+ d
2
l+1 t

2l
l+1

)
, ∀t ∈ [0,∞).

(234)

Since 2m
m+1 ,

2r
r+1 ,

2l
l+1 < 2, then (234) contradicts the quadratic growth of N(t)

as t→∞ as shown in Step 1. Therefore, we conclude that weak solution y(t)
cannot be extended to [0,∞). Hence, the proof of Theorem 2.18 is complete.
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[4] M. S. Alves, J. E. Muñoz Rivera, M. Sepúlveda, and O. V. Villagrán,
Exponential stability in thermoviscoelastic mixtures of solids, Internat J. Solids
Struct. 24 (2009), 4151–4162.

[5] R. J. Atkin and R. E. Craine, Continuum theories of mixtures: basic theory
and hystorical development, Quart. J. Mech. Appl. Math. 29 (1976), 209–243.

[6] V. Barbu, Nonlinear differential equations of monotone types in Banach spaces,
Springer Monographs in Mathematics, vol. 190, Springer, New York, 2010.



68 M.M. FREITAS ET. AL

[7] A. Bedford and D. S. Drumheller, Theory of immiscible and structured
mixtures, Internat. J. Engrg. Sci. 21 (1983), 863–960.

[8] L. Bociu, Local and global wellposedness of weak solutions for the wave equa-
tion with nonlinear boundary and interior sources of supercritical exponents and
damping, Nonlinear Anal. 71 (2009), 560–575.

[9] L. Bociu and I. Lasiecka, Blow-up of weak solutions for the semilinear wave
equations with nonlinear boundary and interior sources and damping, Appl.
Math. 35 (2008), 281–304.

[10] L. Bociu and I. Lasiecka, Uniqueness of weak solutions for the semilinear
wave equations with supercritical boundary/interior sources and damping, Dis-
crete Contin. Dyn. Syst. 22 (2008), 835–860.

[11] L. Bociu and I. Lasiecka, Local Hadamard well-posedness for nonlinear wave
equations with supercritical sources and damping, J. Differential Equations 249
(2010), 654–683.

[12] R. M. Bowen, Continuum physics. Volume 3: Mixtures and EM field theories.
Part I: Theory of mixtures, Academic Press, New York, 1976.

[13] R. M. Bowen and J. C. Wiese, Diffusion in mixtures of elastic materials,
Internat. J. Engrg. Sci. 7 (1969), 689–722.

[14] I. Chueshov, M. Eller, and I. Lasiecka, On the attractor for a semilinear
wave equation with critical exponent and nonlinear boundary dissipation, Comm.
Partial Differential Equations 27 (2002), 1901–1951.

[15] M. Conti, S. Gatti, and V. Pata, Uniform decay properties of linear Volterra
integro-differential equations, Math. Model Methods Appl. Sci. 18 (2008), 21–45.
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Equations Appl., vol. 50, Birkhäuser, Basel, 2002, pp. 197–216.

[27] V. Lakshmikantham and S. Leela, Differential and integral inequalities: The-
ory and applications. Vol. I: Ordinary differential equations, Mathematics in
Science and Engineering, vol. 55A, Academic Press, New York, 1969.

[28] I. Lasiecka and D. Tataru, Uniform boundary stabilization of semilinear wave
equations with nonlinear boundary damping, Differential Integral Equations 6
(1993), 507–533.

[29] I. Lasiecka and D. Toundykov, Energy decay rates for the semilinear wave
equation with nonlinear localized damping and source terms, Nonlinear Anal. 64
(2006), 1757–1797.

[30] F. Martinez and R. quintanilla, Some qualitative results for the linear theory
of binary mixtures of thermoelastic solids, Collect. Math. 46 (1995), 236–277.

[31] P. Pei, M. A. Rammaha, and D. Toundykov, Globalwell-posedness and stabil-
ity of semilinear Mindlin-Timoshenko system, J. Math. Anal. Appl. 418 (2014),
535–568.

[32] P. Pei, M. A. Rammaha, and D. Toundykov, Local and global well-posedness
of semilinear Reissner-Mindlin-Timoshenko plate equations, Nonlinear Anal.
105 (2014), 62–85.

[33] D. R. Pitts and M. A. Rammaha, Global existence and non-existence theorems
for nonlinear wave equations, Indiana Univ. Math. J. 51 (2002), 1479–1509.

[34] M. A. Rammaha and S. Sakuntasathien, Critically and degenerately damped
systems of nonlinear wave equations with source terms, Appl. Anal. 89 (2010),
1201–1227.

[35] M. A. Rammaha and S. Sakuntasathien, Global existence and blow up of
solutions to systems of nonlinear wave equations with degenerate damping and
source terms, Nonlinear Anal. 72 (2010), 2658–2683.

[36] M. A. Rammaha and T. A. Strei, Global existence and nonexistence for non-
linear wave equations with damping and source terms, Trans. Amer. Math. Soc.
354 (2002), 3621–3637.

[37] M. A. Rammaha and Z. Welstein, Hadamard well-posedness for wave equa-
tions with p-laplacian damping and supercritical sources, Adv. Differential Equa-
tions 17 (2012), 105–150.

[38] M. L. Santos and M. M. Freitas, Global attractors for a mixture problem
in one dimensional solids with nonlinear damping and sources terms, Commun.
Pure Appl. Math. 18 (2019), 1869–1890.

[39] M. L. Santos, M. M. Freitas, and A. J. A. Ramos, Blow-up result and
energy decay rates for binary mixtures of solids with nonlinear damping and
source terms, Nonlinear Anal. Real World Appl. 52 (2020), 103026.

[40] R. E. Showalter, Monotone operators in Banach space and nonlinear par-
tial differential equations, Math. Surveys Monogr., vol. 49, Amer. Math. Soc.,



70 M.M. FREITAS ET. AL

Providence, 1997.
[41] J. Simon, Compact sets in the space Lp(0, T ;B), Ann. Mat. Pura Appl. 146

(1987), no. 4, 65–96.

Authors’ addresses:

Mirelson M. Freitas
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Salinópolis PA, 68721-000, Brazil
E-mail: ramos@ufpa.br

Mauro L. Santos
Institute of Exact and Natural Sciences, Doctoral Program in Mathematics
Federal University of Pará, Augusto Corrêa Street
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