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Decomposition and Extension of
Abstract Measures in Riesz Spaces

KrAus D. ScaMIDT (IN DRESDEN) 9

SUMMARY. - The aim of these notes is to review some recent devel-
opments in the theory of abstract measures taking their values in
a Riesz space. The term abstract measure is used here to denote
a common abstraction of vector measures and linear operators.
The topics considered in this survey are: A common approach to
vector measures and linear operators, Jordan and Lebesgue de-
compositions of abstract measures and their applications to vector
measures and linear operators, common extensions of linear op-
erators and of vector measures, and extensions of modular func-
tions. We also propose a number of open problems which may
stimulate further research in this area.

The material of these notes is based on the monograph by Schmidt
[54], two papers by Schmidt and Waldschaks [55], [56], and the
PhD Thesis of Waldschaks [60].

) Author’s address: Lehrstuhl fiir Versicherungsmathematik, Technische Uni-
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1. Introduction

Let © be a non-empty set. For a set A C Q, let x4 : @ — {0,1}
denote its indicator function.

Let F be an algebra of subsets of 2 and define
D(F) := span{xa|A€F}.

Under the pointwise defined linear operations and order relation,
D(F) is an ordered (real) vector space such that any two elements
have a least upper bound and a greatest lower bound; that is, D(F)
is a vector lattice.

Let G be a vector space. A map ¢ : F — G is a vector measure
if the identity

p(A+B) = ¢(A)+¢(B)

holds for every pair of disjoint sets A, B € F. Every vector measure
¢ : F — G induces a linear operator T : D(F) — G, given by

n n
T (z am) Y )
i=1 =1

which is called the elementary integral with respect to ¢ or the re-
presenting linear operator of . Conversely, every linear operator
T : D(F) — G induces a vector measure ¢ : F — G, given by

@(4) = Txa.

This one-to—one correspondence between vector measures F — G
and linear operators D(F) — G can be used to obtain results on vec-
tor measures from corresponding ones on linear operators — provided
that suitable results on linear operators are known.

Instead of reducing problems on vector measures to those on lin-
ear operators, one can try to develop a common approach to vector
measures on an algebra of sets and linear operators on a vector lat-
tice.

An important step into this direction is due to Bauer [6], [7], who
observed that algebras of sets as well as vector lattices are distribu-
tive lattices and that vector measures on an algebra of sets as well as
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linear operators on a vector lattice are wvaluations on a distributive
lattice in the sense that they satisfy the modular law

paVd)+pland) = pla)+p(b).

Bauer’s decomposition theory for valuations from a distributive lat-
tice into a vector lattice is directly applicable to vector measures,
but its application to linear operators is less immediate and requires
additional considerations.

Algebras of sets and vector lattices are examples of Boolean rings
and lattice-ordered groups, respectively, and common abstractions
of Boolean rings and lattice-ordered groups have been studied by
various authors; see Schmidt [51], [53]. A postulate of Rama Rao
[45] states that a common abstraction of Boolean rings and lattice—
ordered groups should, is order to be useful, possess as much as
possible of the richness of the structures common to both Boolean
rings and lattice—ordered groups. With Rama Rao’s postulate in
mind, a closer inspection of the structures of algebras of sets and
of vector lattices leads to the observation that an additive structure
is present not only in vector lattices but also in algebras of sets,
where the union and the symmetric difference serve as candidates.
Unfortunately, the union of sets does not satisfy the cancellation
law and the symmetric difference of sets is not compatible with the
natural order given by inclusion. However, this phenomenon vanishes
if these binary operations are restricted to disjoint pairs of sets, and
it is interesting to note that the restrictions of the union and of the
symmetric difference to disjoint pairs agree.

These observations suggest to consider distributive lattices which
are equipped with a partial addition such that order and addition are
compatible in the sense that a < b implies a+c¢ < b+c and such that
addition satisfies the cancellation law in the sense that a +c=b+¢
implies a = b, provided that all sums are defined. Such an ordered
algebraic structure is that of a (commutative) minimal clan which
was introduced by Schmidt [51], [53] and which will be studied in
Section 3.

Once a commutative minimal clan E is given, a very natural com-
mon abstraction of vector measures and linear operators is provided
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by mappings ¢ : E — G satisfying the additive law

pla+b) = p(a)+o(b)

for all a, b € E such that the sum a+b is defined. The decomposition
theory for such additive functions from a commutative minimal clan
into a vector lattice will be developed in Sections 4 and 5 below, and
we shall see that the application of the general results on additive
functions to vector measures and to linear operators is straightfor-
ward in both cases. The material of these sections is taken from
Schmidt [54], where further results may be found.

Another important topic in the theory of vector measures and
linear operators is their extension theory. In Sections 6 and 7 we shall
study common extensions of two or more positive or order bounded
linear operators or vector measures; these results are due to Schmidt
and Waldschaks [55], [56]. The proofs of the results on common
extensions of vector measures given there are based on corresponding
ones on linear operators, and it is an open problem whether the
common approach to vector measures and linear operators based
on additive functions on minimal clans is also possible in extension
theory.

The major obstacle in studying extensions of vector measures
without using representing linear operators is the lack of Hahn-
Banach theorems for vector measures. Some results on the extension
of a modular function on a Boolean ring were obtained by Wald-
schaks [60] and will be given in Section 8. We hope that this kind of
results can be extended to additive functions on a minimal clan.

2. Riesz Spaces

A wector lattice or Riesz space is a (real) vector space G with an
order relation < such that

(i) the linear operations and the order relation are compatible, that
is, forall z,y,z € Gand a € R4, z <y impliesz+ 2 <y + 2
and az < ay, and

(ii) (G, <) is a lattice, that is, z V y := sup{z,y} and z Ay :=
inf{z,y} exist for all z,y € G.
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Throughout this section, let G be a Riesz space. The set
Gy = {ze€G |0z}

is said to be the positive cone of G and the elements of G are said
to be positive. Two elements z,y € G are disjoint if z Ay = 0.

For z € G, define

zt = zVvo0,
x~ = (—z)VO0,
lz|] = zV(-=z).

These elements are called the positive part, the negative part, and
the modulus of z, respectively. For z,z € G, the set

[2,2] = {yeGlz<y<z}

is said to be an order interval. A set A C G is said to be order
bounded if it is contained in an order interval.

The Riesz space G has an order unit if there exists some g € G
such that

G = UneN[_ng’ng]’

it is Archimedean if < 0 holds for all z € G satisfying nx < y for
some y € G and all n € N, and it is order complete or Dedekind
complete if every order bounded subset of G has a supremum and
an infimum. Every order complete Riesz space is Archimedean, but
the converse is not true.

A family {z,},er C G is directed (<) if for all 7/,7" € T' there
exists some v € T' satisfying z,, < z, and z,+» < z,. The Riesz
space G is order complete if and only if supp z, exists for every
order bounded directed (<) family {z~},er C G.

A set B C G is solid if x € B holds for all z € G satisfying
|z| < |y| for some y € B. A solid vector subspace of G is said to be
an ideal. An ideal B C G is said to be a band if sup A € B holds for
every set A C B such that sup A exists (in G).
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For every set A C G, there exists a smallest band B(A) contain-
ing A, and the set

At = {ze€G||z|Alz| =0 forall z € A}

is a band; moreover, B(A) C B++.

The Riesz space G is the order direct sum of two bands B,C C G
if, for each x € G, there exist unique y € B and z € C satisfying
z=y+zand |yl A|z| =0.

PrOPOSITION 2.1. (RIESzZ DECOMPOSITION) Assume that G is

order complete and let A C G. Then G is the order direct sum
of B(A) and A*.

An ideal B C G satisfying B+ B+ = G is said to be a projection
band. If G is order complete, then every band is a projection band.

We finally remark that every Riesz space can be identified with
a Riesz subspace of an order complete Riesz space. Thus, in the
discussion of mappings taking their values in a Riesz space G, there
is no loss of generality when G is assumed to be order complete.

For detailed information on Riesz spaces, see Luxemburg and
Zaanen [37], Schaefer [47], and Aliprantis and Burkinshaw [2].

3. A Common Abstraction of Boolean Rings and
Lattice—Ordered Groups

In the present section we study minimal clans — a common ab-
straction of Boolean rings and lattice-ordered groups introduced by
Schmidt [51], [53] which is the foundation of a common approach to
vector measures and linear operators. Minimal clans are distributive
lattices equipped with a partial addition which distributes with the
lattice operations and which reflects the analogy between suprema of
disjoint elements in a Boolean ring and sums of arbitrary elements in
a lattice—ordered group — an analogy which has been emphasized by
Dinges [25] and which is important in view of the defining properties
of vector measures and linear operators.

We first study the general properties of minimal clans. We then
characterize Boolean rings and lattice—ordered groups as minimal
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clans having, respectively, a minimal domain of addition or a maxi-
mal set of invertible elements. We complete the discussion of minimal
clans with a few comments concerning their axioms and related or-
dered algebraic structures, and we also show that the additive classes
of fuzzy sets introduced by Butnariu [17] are commutative minimal
clans which need not be a Boolean ring and cannot be a lattice—
ordered group.

Minimal Clans

A minimal clan is a set E with a relation S C ExE, amap+ : S — E,
and an order relation < such that

(MC-1) there exists an element 0 € E satisfying (0,z) € S, (z,0) €
S,and 0+z=x=2x+0 for all z € E;

(MC-2) for all z,y,z € E, (z,y) € § and (z + y,2) € S if and
only if (y,2) € S and (z,y + 2) € S, and in this case
(z+y)+z=x+ (y+2);

(MC-3) z =y holds for all z,y € E satisfyingu+z+v=u+y+v
for some u,v € E satisfying (u,z) € S, (u + z,v) € S,
(u,y) €S, and (u+y,v) € S;

(MC4) u+z+v <wu+y+wv holds for all z,y € E satisfying x <y
and for all u,v € E satisfying (u,z) € S, (u + z,v) € S,
(u,y) € S, and (u +y,v) € S;

(MC-5) zVy :=sup{z,y} and zAy := inf{z, y} exist for all z, y € E;
and

(MC-6) for all z,y € E, there exist u,v € E satisfying 0 < u,
0<w, (u,z) €S, (z,v) €S, (u,zANy) €S, (x Ay,v) €S,
ut+zrz=zVy=z+v,andut+zAy=y=xAy+wv.

Throughout this section, let (E,S,+, <) be a minimal clan.

Two elements z,y € E are summable if (z,y) € S, the set S of all
pairs of summable elements of E is said to be the domain of addition,
the map + : § — E is called (partial) addition, and the (unique)
element 0 € E satisfying (0,z) € S, (z,0) € S,and 0+z =2z =240
for all z € E is said to be the zero element of E.

Axiom (MC-3) is the cancellation property, and axiom (MC-6)

will be referred to as the difference property. Indeed, the difference
property may be used to define partial left and right subtractions,
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but this possibility will not to be used in the sequel since it appears
to be easier to work with a single partial operation.

For the simplicity of notation, we shall usually write
z +y has property ™
instead of the full statememt
(z,y) €S and z+y has property m ,

where 7 is any property of elements of E.

We first give some further definitions and elementary results con-
cerning the sets of all pairs of summable elements, all invertible ele-
ments, all positive elements, and all pairs of disjoint elements.

LEMMA 3.1. Ifu<uz,v <y, and (z,y) € S, then (u,v) € S.

An element x € E is invertible if there exist u,v € E satisfying
u+x = 0 = x+v; this is equivalent with the existence of some w € E
satisfying w + = 0 or 0 = = + w, and this condition is equivalent
in turn with the existence of a (unique) element z* € E satisfying
¥+ =0 =z + z*, which is said to be the inverse of . The set of
all invertible elements of E will be denoted by E,.

LEMMA 3.2.

(a) Ifu<zx and z € E,, then u € E,.

(b) Forallz €E, 2V0+2zA0=2=2A0+2VO0.
(c) ExxECS and EXE,CS.

(d) IfE,=E, then S = EXE.

(e) (E.,E.xE,, +,<) is a minimal clan.

An element z € E is positive if 0 < xz. The set of all positive
elements of E will be denoted by E.
LeEMMA 3.3. The following are equivalent:

(a) E, ={0}.
(b) E; =E.

A minimal clan is positive if it satisfies condition (b) of Lemma
3.3.
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LEMMA 3.4.
(a) Ifu<z andu € E,, thenz € E,.
(b) (Ei, (ELxE)NS,+,<) is a positive minimal clan.

Two elements =,y € E are disjoint if x Ay = 0. The set of all

pairs of disjoint elements of E will be denoted by D.

LEMMA 3.5.

(a) IfcANy=0,thenz+y=xzVy=y+z.

(b) DCS.

(¢) IfD=S, then E; = E.

LEMMA 3.6. The following are equivalent:

(a) For all z,y € E, (z,y) € S if and only if (y,z) € S, and in this
case r +y =y + .

(b) Forall z,y € E, (z,y) € S if and only if (xVy,zANy) €S, and
in this case x +y=zVy+zAy.

A minimal clan is commutative if it satisfies condition (a) of
Lemma 3.6.

Condition (b) of Lemma 3.6 is the modular law which, in a com-
mutative minimal clan, generalizes assertion (b) of Lemma 3.2 and
assertion (a) of Lemma 3.5. In particular, if (E, S, +, <) is commu-
tative, then (z,y) € S holds for all z,y € E satisfying z A y € E,.

We now return to the general case.

LEMMA 3.7.

(a) For all z,y € E, there exist unique u,v € E satisfying u + x =
zVy=x+w.

(b) For all z,y € E, there ezist unique u,v € E satisfying u+z Ay =
y=xzANy-+wo.

LEMMA 3.8. u+zAy=y=zAy+vifand onlyifu+x=zVy=

z + v, and in this case u € E4 and v € E4.

The following result is the order cancellation property:

THEOREM 3.9 (ORDER CANCELLATION PROPERTY). Ifu+z+v <
u+y+v, then z < y.

Proof. Choose first w € E satisfying w+u+z+v = u+y+v. Then
we have u + z < w+ u + z = u + y, by the cancellation property.
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Choose now z € E_ satisfying u + x + 2 = u + y. Then we have
z < x+ 2z =y, as was to be shown. O

COROLLARY 3.10. Ifu+zAy=y=zAy+vandw+zAy=x =
T ANy+z, thenuAw=0=vAz.

COROLLARY 3.11. Ifu+zAhy=y=zANy+vandw+zANy=x =
cAy+z, thenut+w=w+uandv+z==z+w.

The following result is the refinement property:

THEOREM 3.12 (REFINEMENT PROPERTY). If z1,%2,...,2m € Ey
and y1,Y2,---,Yn € E4 are such that

m n
Z$i = Zyja
i=1 j=1
then there emist z;; € EL satisfying
n
xr; = Zzi]’
=1
forallie {1,2,...,m},
m
i = D%
i=1

forall j € {1,2,...,n}, and

(Z ij>/\<z Zil) =0
k=i+1 I=j+1

forallie{1,2,..., m—1} and j € {1,2,...,n—1}.

Proof. The assertion is obvious for m =1 or n = 1.
Let us first consider the case m = n = 2. Define 211 := z1 A 91,
choose z15 € E satisfying

T1Vyr = y1tz12 and 71 = 71 Ay1+ 212,
and choose z9; € E satisfying

z1Vyr = x1+291 and y1 = 1 Ayi+ 201 .
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Then we have z1; € E, as well as

1 = 211+ 212
and

y1 = 211+ 21 -

Now define z := x1 + 2 = y1 + y2- Then we have 211 + 212 + 291 =
1+ 291 = 21 Vy1 < 2z, and we may choose 299 € E satisfying

Z11t 212+ 291+ 222 = 2
= T1+x2

= 211 +z12 t+T2,
and thus
Ty = 291+ 222,

by the cancellation property. Furthermore, we have z19 + 291 =
221 + 212, by Corollary 3.11, hence

211+ 21+ 212+200 = 2
= Y1ty
= 211+ 221 +Y2,

and thus

Yo = Z12+ 222 .
Finally, Corollary 3.10 yields

291 Nz1a = 0.

This proves the assertion in the case m =n = 2.
The general case now follows by induction. O

We can now prove the distributive laws:

THEOREM 3.13 (DISTRIBUTIVE LAWS).
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(a) If (z,y) €S and (z,2) €S, thenz+yVz=(z+y)V (z+2)
and z+yAz=(z+y)A(z+2).

(b) If (z,2) € S and (y,2) €S, thenzVy+z=(z+2)V(y+2)
and ANy +z=(z+2) A (y+ 2).

Proof. Choose v' € E satisfying

yVz = z+v and y = yAz+v,
choose 2’ € E, satisfying

yVz =y+72 and 2z = yAz+272,

and define u := z + y A z. Then we have

z+y = z+yAz+
= u+o
and
T+2z = z+yAz+2
= u+z',

as well as v' A 2/ = 0, by Corollary 3.10. Choose now v" € E,
satisfying
(u+)V(u+z2) =ut+ov +0"

ut+2 = (u+v)A(u+2)+o"

and choose 2" € E satisfying

(w+v)V@w+2) = ut +2"
utv = (ut+v)A(u+2)+ 2"

Then we have
! n / n
v+uv = Z+z2,

by the cancellation property, as well as v" A 2" = 0, by Corollary
3.10. By the refinement property, there exist z;; € E satisfying

' "
v = 211 +2z12 and v = 291 + 292
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as well as
/ 7
2 = z11+291 and 2" = z19+ 299 .

From 0 < 211 < v A2z =0and 0 < 2990 < v" A 2" = 0 we obtain
211 = 0 = 299, and thus

This yields

z+yVz = z+y+2
u+'UI+U”
(u+v)V (u+2)
= (+y)Viz+2),

as well as

T+YyYNz = u
= (u+v)A(u+2)
= (+yA(z+2).

This proves (a).
The proof of (b) is similar. O

The following result shows that every minimal clan is a distribu-
tive lattice:

THEOREM 3.14 (DISTRIBUTIVITY).
(@) zA(yVz)=(zAy)V(zAz).
(b)y zV(yAz)=(zVy A(zV2).
Proof. Choose v € E satisfying
zV(yANz) = yAz+v and =z = zAyAz+wv,

choose v’ € E satisfying

zVy = z+v and y = zAy+,
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and choose v" € E; satisfying

zVz =z+v" and z = zAz+0".
Then we have

zAyAz+vAV AV < zAYAZ,
hence
vAV AV = 0,
by the order cancellation property, and thus
v+v AV = vV (A",

by Lemma 3.5. Using the distributive laws, we obtain

(zVy)A(zVz) = (z+2)A(z+0")

z+v' AV

TAyAz+uv+o AV
zAyAz+ovV (v A"
(zAyAz+v)V(zAyAz+v Ad")

< zV((zAy+v)A(zAz+0"))
= zV(yAz),
and thus
(zVy)AN(zVz) = zV(yAz).

This proves (b).
It is well-known that (a) is a consequence of (b); see Birkhoff [15,
p. 111. O

The following result is the decomposition property:
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THEOREM 3.15 (DECOMPOSITION PROPERTY). If

n
i=1

then there exist x; € E satisfying

and
i < Y;

foralli € {1,2,...,n}. Moreover, ifx € E; andy1,y2,--.,yn € By,
then the x; can be chosen such that

0 <z <zAy

holds for all i € {1,2,...,n}.

Proof. Let us first consider the case n = 2. Choose u € E, satisfying
u+ys = cVys and u+zxAys = x,
and define z1 := u A y;. Then we have
1 < Y.

Choose now v € E satisfying u = u A y1 + v. Then we have

r = u+zxT ANy
= uAy1 tv+T Ay
= z1+v+xTANY2,

and we may define x5 := v + = A y3. This yields
r = x1+x9,
hence

1 +T9 = T
(u+y2) A (y1 +y2)
uNy1+yo

IN

= z1+Y2,
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by the distributive laws, and thus

Z2 S Y2,

by the order cancellation property. Moreover, if z, y1, Y2 are positive,
then the same is true for ;1 and zo, and it is then clear that in this
case

0

IN

i < TAY;

holds for all i € {1,2}. This proves the assertion in the case n = 2.
The general case now follows by induction. O

COROLLARY 3.16. Ifz,y,z € E; and (y,z) € S, then z A (y+2) <
T ANy+zTAz.

COROLLARY 3.17. Ifz,y,z € E; and (y,2) € S, thenx A (y+2) =
zA(ZANy+z)=zAN(y+zA2).

For u,z € E satisfying u < z, the set [u,z] == {w € Elu <w <
x} is said to be the order interval with endpoints u and z. As a
consequence of the decomposition property, we obtain the following
property of order intervals:

THEOREM 3.18. Ifu <z,v <y, and (z,y) € S, then [u,z]+[v,y] =
[u+v,z+ y].

Proof. Choose z € E, satisfying £ = u + z, and choose w € E,
satisfying w + v = y. Then we have

0,2] +[0,w] = [0,z+w],
by the decomposition property, and thus

[u,z] + [v,y] = uw+10,2]+[0,w] +v
= u+[0,z+w+wv
= [u+v,u+z+w+v]
= [ut+v,z+y,

by the order cancellation property. O
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We now turn to the discussion of the Jordan decomposition. For
z € E, define

zt = zVvo0,
= = (zA0)*,
lz| == zTVvaz.

Note that z~, and hence |z|, is well-defined, by Lemma 3.2, that z ™,
x~, and |z| are positive, and that |z| = 0 is equivalent with x = 0.
The following result is the Jordan decomposition in minimal clans:
THEOREM 3.19 (JORDAN DECOMPOSITION).z” +z =zt =2+ 2~
and z+ Az~ = 0.

Proof. By Lemma 3.2, we have zA0+z+ = 2 = 27 +2 A0, and thus
2T =2~ + 1z and £+~ = zT. Furthermore, using the distributive
laws, we obtain

T AzT = (z+z27)A(0+z7)
= zANO0+z~
= 0,
which completes the proof. O

COROLLARY 3.20. z~ + 2t =|z| =21 +2~.

This follows from the Jordan decomposition and Lemma 3.5.
COROLLARY 3.21. z <y if and only if 27 <y and y~ < z~.

Proof. If z < y holds, then we have zT < yT, and from

yANO+y~ = 0
= zA0+2z
< yAO+z™

we obtain y~ <z, by the order cancellation property.
Conversely, if z+ < y* and ¥y~ < 2~ holds, then we have

z+y < z+z
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= 3;'+
<y
= y+y ,
by the Jordan decomposition, and thus z < y. O

The following result concerns the uniqueness of the Jordan de-
composition:

THEOREM 3.22. IfyAz =0 and either z4+x =1y ory = x+ z, then
y=z" and z=2x".

Proof. Let us consider the case y = £+ 2. Since y and z are positive,
we have T <y <z~ + 9, and thus

yA(z™ +y)
yN(z” 4+ 4+ 2)
y Azt +2)
yAzt

= _’L‘+,

y:

by the Jordan decomposition and Corollary 3.17, and it now follows
from z+ 2=y =" =z + z~ that 2 = 2~ holds as well. O

For invertible elements we obtain another result related to the
Jordan decomposition:

THEOREM 3.23. If x € E,, then (z*)* = z—, (z*)” = zT, and
|z*| =z Vz* = |z|.

Proof. Using the distributive laws and the Jordan decomposition, we
obtain

(z)T = z*Vo0
= (z"+0)V(z*+2)
= 4ot

= _’L‘_,
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and thus (z*)~ = (z**)" = 2. Choose now v € E satisfying
zVz* =z+v and 5 = zAz" +v.
Then we have

sAz* < ot A(z*)T

= zt Az”
= O’

hence

0 = z+2z°
= z+zANz"+v
< xz+w

= zVi*,
and thus
lz|] = zTvaz~
= gtV (z*)"
zVOVz*V0

= zVz*,

and it is then clear that |z*| = |z| holds as well. O

For invertible elements which commute, we also have the triangle
inequality:
THEOREM 3.24 (TRIANGLE INEQUALITY). Ifz,y € E, and z+y =
y+z, then |z +y| < |z| + |y| = [y| + |z].

Proof. The identity « + y = y + z yields

+yt = (y+o)°
= (z+y)*
= y'+z*,
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and from z* +y+ z +y* = z* + £+ y + y* = 0 we obtain

gt +y = (@+y")
= y+z*.
Therefore, we have
(+y)Viz+y) = (@+y) V(" +y")

< zvVzt+yVy',
and from the distributive laws we obtain

vzt +yVvy" = (z+y)V(z+y) V(" +y) V(" +y)
= (y+a)Vly+z) vy +2)V(y" +a7)
= yVy'+zVvz.

Now the assertion follows from Theorem 3.23. O

We remark that the commutativity assumption cannot be omit-
ted in the previous result. This is due to the fact that, by Theo-
rem 3.29 below, minimal clans generalize lattice—ordered groups, for
which commutativity is equivalent with the validity of the triangle
inequality for arbitrary elements; see Birkhoff [15, p. 307].

We conclude this section with some further definitions which will
be needed later:

A sequence {zp }nen C E is order bounded if it is contained in an
order interval of E, it is disjoint if z,, Az, = 0 holds for all m,n € N
satisfying m # n, it decreases to 0 if infn 2, = 0 and 2,41 < 2z, holds
for all n € N, and it order converges to 0 if there exists a sequence
{2l }nen C E4 which decreases to 0 and satisfies |z,| < 2], for all
n € N. For a sequence {z, }nen C E4, we shall write

- = z

if it is disjoint and z := supy 2z, exists,

zn 4 0
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if it decreases to 0, and
o—limz, = 0

if it order converges to 0. Furthermore, for a sequence {z,}n,en C
E, such that sup,cn zntp exists for each n € N and such that
inf,eN SUPyen Zn+p exists as well, we define

o—limsupz, := inf,eNSUP,eN Znip -

Then o—limsup z, = 0 implies o—lim 2z, = 0.

Boolean Rings

A Boolean ring is a set E with an order relation < such that

(BR-1) zVy and z Ay exist for all z,y € E;

(BR-2) zA(yVz)=(zAy)V(zAz)and 2V (yAz) = (zVy)A(zV2)
holds for all z,y,z € E;

(BR-3) there exists an element 0 € E satisfying 0 < z for all x € E;
and

(BR-4) for all z,z € E satisfying z < z, there exists some u € E
satisfyingu Az =0and u V z = z.

Boolean rings were introduced by Stone [58], [59] who called them
generalized Boolean algebras.

If (E,<) is a Boolean ring, then the (unique) element 0 € E
satisfying 0 < z for all x € E is said to be the least element of
E and, for z,z € E satisfying z < z, the (unique) element v € E
satisfying uAz = 0 and uVz = z is said to be the relative complement
of z in z and will sometimes be denoted by z\z. Two elements z,y
are disjoint if £ Ay = 0. The set of all pairs of disjoint elements of
E will be denoted by E-E.

A Boolean ring (E,<) is a Boolean algebra if there exists an
element 1 € E satisfying x < 1 for all x € E; in this case, the
(unique) element 1 € E satisfying z < 1 for all z € E is said to be
the greatest element of E.

Detailed information on Boolean rings and Boolean algebras may
be found in the books by Abian [1], Halmos [30], and Sikorski [57].
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THEOREM 3.25. Let (E,<) be a Boolean ring with least element 0.
Then (B,E1E,V,<) is a positive commutative minimal clan with
zero element 0.

Proof. For all z,y € E, we have x Ay = 0 if and only if y Az = 0, as
well as z Vy = y V. This will simplify the verification of the axioms
of minimal clans.

For all z € E, we have 0 Az = 0 and 0V z = z. This proves (MC-1).
For all z,y, z € E satisfying z Ay = 0 and (z Vy) A z = 0, we have
yNz=0,zA(yVz) = (zAy)V(zAz) =0,and (zVy)Vz =2V (yVz).
This proves (MC-2).

For all u,z,y € E satisfyingu Az =0, uAy=0,anduVzr=uVy,
we have

x = zA(uVzI)
= zA(uVy)
= (xAu)V(zAvy)
= Ay
and, similarly, y = z A y, which yields z = y. This proves (MC-3).

Axioms (MC—4) and (MC-5) are obviously satisfied.
For z,y € E, define u := (z V y)\z. Then we have u A z = 0 and

uVzr = zVy,
and thus u A (x Ay) =0 and

uV(zAy) = (uVz)A(uVy)

(zVy)A(uVy)
(xAu)Vy

= y .

This proves (MC-6).
Therefore, (E,EE, Vv, <) is a minimal clan with zero element 0, and
it is clear that (E, E1E,V, <) is positive and commutative. O

THEOREM 3.26. Let (E,S,+,<) be a minimal clan with zero ele-
ment 0. Then the following are equivalent:
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,g) 18 @ Boolean ring with least element 0.
=z V y holds for all z,y € E satisfying (z,y) € S.

Proof. Suppose first that (a) holds. Consider z,y € E satisfying
(z,y) € S and choose v € E satisfying

cVy = x+v and y = cAy+v.

By assumption, we have 0 < zAy, hence v < gy, and thus xVy < z+y,
and there exists some u € E satisfying

AlzVy) =0 and uV(zVy) = z+y.
Then we have

u+zVy = uV(zVy)
= T+y,

by Lemma 3.5, as well as u Az = 0 = u A y. By the refinement
property, there exist z;; € E satisfying

u = 2z11+212 and TVy = 291 + 220
as well as
T = z11+2z1 and y = z12+20.

From 0 < 211 uAz=0and 0 < z19 < uAy = 0 we obtain
u = 211 + 212 = 0, and thus

zVy = z+y.

Therefore, (a) implies (b).
Suppose now that (b) holds. Consider z,y € E satisfying (z,y) € S
and choose v € E satisfying

zVy = xz+v and y = zAy+ov.

By assumption, we have £ +y = £ Vy = x + v, hence y = v, and
thus z Ay = 0, by the cancellation property. Therefore, (b) implies
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(c).

By Lemma 3.5, (c) implies (d).

Suppose now that (d) holds. Obviously, (E, <) satisfies (BR-1). By
Theorem 3.14, (E, <) satisfies (BR-2). By assumption and Lemma
3.5, (E, <) satisfies (BR-3). Consider now z,z € E satisfying z < z
and choose v € E satisfying u + x = 2. Then we have u Az =
0, by assumption, hence u V £ = u + z, by Lemma 3.5, and thus
uV z = z. This means that (E, <) satisfies (BR—4). Therefore, (d)
implies (a). O

In view of Lemma 3.5, the previous results may be summarized
as follows:

COROLLARY 3.27. Boolean rings are precisely the minimal clans
having a minimal domain of addition.

Let (E, <) be an Boolean ring. For the simplicity of notation, we
shall usually write

Tty = =z
instead of the full statement
zAy =0 and zVy = z.

This is in accordance with Theorem 3.25 and our convention con-
cerning minimal clans.

The following lemma, will be needed later:

LEMMA 3.28. Let (E, <) be a Boolean ring.

(a) For every disjoint sequence {zn}nen C E such that supyn zm
exists, there exists a sequence {un}nen C E satisfying u, | 0
and z1 + ...+ zp + up, = supy 2m for all neN.

(b) For every sequence {un}nen C E satisfying u, | 0, there exists
a disjoint sequence {zp}nen C E satisfying u; = supy zm and
21+ ...+ 2p + up = uy for allneN.

Proof. Consider first a disjoint sequence {zp}nen C E such that
supy zn exists. Define z := supy 2z, and, for all n € N, define
Up = 21+ ...+ 2z, and u, := z\v,. Then the sequence {uy}neN
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is decreasing. To see that it decreases to 0, consider a lower bound
u € B of {uy, }nen and define w := z\u. Then we have
Zn < v ANz

= v A (uVw)

= (vpAu)V (v, Aw)

< (vp Aup)Vw

= w
for all n € N. This yields z < w, hence z = w, whence u = 0, and
thus u,, | 0, and it is obvious from the definitions that z; +...4+ 2, +
u, = z holds for all n € N. This proves (a).

Consider now a sequence {u,}nen C E satisfying u, | 0. Define
ug := up and, for all n € N, define z,, := u,_1\u,. Then we have

21+ ...+zptu, = u
for all n € N. Moreover

Zn N\ Zm Zn N\ Umpm—1

<
< zZnAuy
=0
holds for all m,n € N satisfying n + 1 < m, which means that the
sequence {zp}nen is disjoint. Consider an upper bound z € E of
{#n}nenN, a lower bound u € E of {z V up}nen, and define w :=
(z Vwup)\z. Then we have z A w = 0, and thus
uAw < (zVuy)Aw
= (zAw)V (up Aw)
= up ANw
< up
for all n € N. By assumption, this yields u A w = 0, hence

u = uA(xzVur)
= uA(zVw)
= (uAz)V(uAw)
= uAzx
< z,
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and thus infy z V u, = . Furthermore, we have

Uy = 21+...+2p+u,
= z1V...Vz, Vuy
< zVuy,

IA

for all n € N, hence u; < z, and thus u; = supy z,. This proves
(b). O

Lattice—-Ordered Groups

A lattice—ordered group is a set E with a map + : EXE — E and an
order relation < such that

(LG-1) there exists an element 0 € E satisfying 0 + z = z for all
z € E;

(LG-2) (z+y)+2z=2x+ (y+ 2) holds for all z,y,z € E;

(LG-3) for all z € E, there exists some w € E satisfying w+z = 0;

(LG4) u+zxz+v <u+y+wv holds for all z,y € E satisfying x <y
and for all u,v € E; and

(LG-5) zVyand z Ay exist for all z,y € E.

Lattice-ordered groups were introduced by Birkhoff [13].

If (E,EXE,+,<) is a lattice-ordered group, then the element
0 € E satisfying 0 + 2 = z for all z € E is unique and satisfies
also z = £+ 0 for all z € E, for all z € E there exists a unique
element z* € E satisfying z* +z = 0 = z + z*, and the identities
utzAy+v=(u+z+v)A(u+y+v)and y* Az* = (zVy)* hold
for all u,v,z,y € E.

Further information on lattice—ordered groups may be found in
the books by Anderson and Feil [3], Bigard, Keimel, and Wolfenstein
[12], Birkhoff [14], [15], and Fuchs [28].

THEOREM 3.29. Let (E,EXE, +, <) be a lattice—ordered group. Then
(E,ExXE, +,<) is a minimal clan satisfying E, = E.

Proof. Axioms (MC-1) through (MC-5) are obviously satisfied.
For z,y € E, define u := xVy + z* and v := z* + 2 V y. Then we
have

u+r = zVy+st+z
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= zVy
and

ut+tzAy = zVy+z'+zAy+y +y
= zVy+ WAz )+y
= zVy+(zVy)+y
= Y,

and a similar argument yields x Vy = x +v and y = z Ay +v. This
proves (MC-6).

Therefore, (E,E X E,+,<) is a minimal clan, and it is clear that
(E,EXE, +, <) satisfies E, = E. O

THEOREM 3.30. Let (E,S,+,<) be a minimal clan. Then the fol-
lowing are equivalent:

(a) (E,S,+,<) is a lattice-ordered group.

(b) E, CE,.

(c) E=E,.

Proof. The equivalence of (a) and (c) is obvious, and the equivalence
of (b) and (c) follows from Lemma 3.2. O

The previous results may be summarized as follows:

COROLLARY 3.31. Lattice-ordered groups are precisely the minimal
clans having a mazimal set of invertible elements.

We remark that each minimal clan (E, S, +, <) contains a great-
est lattice—ordered group, namely (E,, E, xE,, +,<). This follows
from Lemma 3.2 and Theorem 3.30.

Comments

The problem of developing a common abstraction of Boolean rings
and lattice—ordered groups has already been posed by Birkhoff [14,
p. 233] a few years after the fundamental papers by Stone [58],
[69] and Birkhoff [13] on Boolean rings and lattice—ordered groups
had appeared; see also Birkhoff [15, p. 318]. Several solutions to
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Birkhoff’s problem have been proposed in the past, and it turned
out that very different solutions are possible.

A common abstraction of Boolean rings and lattice-ordered
groups which is particularly closely related to minimal clans was
proposed by Wyler [64] who introduced symmetric clans. These are
defined in terms of an order relation, a partial subtraction, and an
induced partial addition. It can be shown that every symmetric clan
is a minimal clan, and that every minimal clan is a symmetric clan
having a minimal domain of subtraction. This result explains the
name of minimal clans, and it also indicates that minimal clans are
free from a certain ambiguity concerning the domain of subtraction
in symmetric clans. Another advantage of minimal clans when com-
pared with symmetric clans consists in the fact that their axioms
are defined in terms of a single partial operation instead of two.
For further details concerning the comparison of minimal clans with
symmetric clans and other common abstractions of Boolean rings
and lattice—ordered groups, see Schmidt [51], [53].

The following example shows that there exist commutative mini-
mal clans which need not be a Boolean ring and cannot be a lattice—
ordered group:

ExaMPLE 3.32: For a nonempty set €2, let E denote a collection of
functions Q — [0, 1] such that

(i) the function 1, given by 1(w) :=1 for all w € €2, belongs to E;

(i1) for all z,y € E, the function = @ y, given by (z & y)(w) :=
min{z(w) + y(w), 1} for all w € 2, belongs to E; and

(iii) for all z,y € E, the function z © y, given by (z © y)(w) =
max{z(w) — y(w),0} for all w € 2, belongs to E.

Define a relation S := {(z,y) € EXE | z(w)+y(w) <1 for allw € Q},
amap + : § — E by letting (z + y)(w) := z(w) + y(w) for all w € Q,
and an order relation < by letting z < y if and only if z(w) < y(w)
holds for all w € Q. Then (E, S, +, <) is a commutative minimal clan
which need not be a Boolean ring and cannot be a lattice—ordered
group.

The functions © — [0,1] considered in Example 3.32 generalize
the indicator functions of the ordinary subsets of €2 and are said to
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be the membership functions of the fuzzy sets of (). Fuzzy sets were
introduced by Zadeh [66] and are usually identified with their mem-
bership functions. Following Butnariu [17], a collection of fuzzy sets
satisfying axioms (i), (ii), and (iii) of Example 3.32 is said to be an
additive class of fuzzy sets. Every algebra of sets is an additive class
of fuzzy sets, but the converse is not true in general; for example,
if E is the collection of all fuzzy subsets of €2, then E is an addi-
tive class of fuzzy sets containing the fuzzy set z : Q — [0, 1], given
by z(w) := 1/2 for all w € Q, and this implies that E cannot be a
Boolean ring, by Theorem 3.26. Butnariu [17], [18], [19] developed
a fuzzy measure and integration theory and obtained, in particular,
a Jordan decomposition of real-valued additive functions on an ad-
ditive class of fuzzy sets. Since Butnariu’s definition of an additive
function on an additive class of fuzzy sets is in accordance with our
definition of an additive function on a commutative minimal clan, his
result is a special case of Theorem 4.3 below, and the other results
of Sections 4 and 5 apply to additive functions on an additive class
of fuzzy sets as well.

With regard to the subject of these notes, it is remarkable that
certain ordered (partial) semigroups were already considered by Riesz
[46] in his paper on the Jordan decomposition of linear functionals.
In his paper, which is one of the origins of general Riesz space theory,
Riesz studied the lattice properties of additive functions on a fun-
damental domain, which he called linear operations although they
were not assumed to be homogeneous. Later, aiming at a possible
unification of measure and integration theory, Dinges [25] replaced
the complete addition in fundamental domains by a partial one and
thus introduced Riesz D-semigroups which were later generalized by
Schmidt [49]. Dinges argued that the analogy between suprema of
disjoint elements in a Boolean ring and sums of arbitrary elements
in a lattice—ordered group was more important than the obvious one
concerning the lattice property of Boolean rings and lattice—ordered
groups. Minimal clans reflect both of these analogies, and this may
help to explain why minimal clans are more suitable for a unified
approach to the Jordan decomposition of vector measures and lin-
ear operators than other common abstractions of Boolean rings and
lattice-ordered groups.
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Problems

e Prove or disprove that a minimal clan satisfies the triangle
inequality for arbitrary (invertible) elements if and only if it is
commutative.

e Prove or disprove that every (commutative) minimal clan con-
tains a greatest Boolean ring.

e Develop an algebraic theory of minimal clans in the spirit of
the algebraic theory of lattice—ordered groups.

¢ Extend the notion of a Fréchet—Nikodym topology (FN—topology)
to (commutative) minimal clans; for detailed information on
FN-topologies, see e. g. Fries [27] and the references given there.
With regard to topologies on minimal clans, consider also the
notion of a generating set introduced by Schmidt [54] (see Sec-
tion 4 below), the notion of a Nikodym filter introduced by
Constantinescu [22], and the notion of a lattice uniformity in-
troduced by Weber [61], [62].

4. The Jordan Decomposition

In this section we study the Jordan decomposition of order bounded
additive functions from a commutative minimal clan E into a Riesz
space G.

We first show that every additive function E — G is completely
determined by its values on E;. In the case where G is an order
complete Riesz space, we then show that an additive function E — G
has a Jordan decomposition if and only if it is order bounded and
that the collection of all order bounded additive functions E — G
is an order complete Riesz space under the pointwise defined linear
operations and order relation.

Throughout this section, let G be a Riesz space.
Additive Functions

Let E be a commutative minimal clan with domain of addition S,
partial addition + : § — E, and order relation <.
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For z € E4, let S(z) denote the collection of all pairs of elements
Z', 2" € E, satistying (2, 2") € S and 2’ + 2" = z. A partition of z €
E. is a finite sequence (21, 29,...,2y) of elements 21, 22,...,2y €
E, satisfying (XF_; 2, 2p41) € S for all k € {1,2,...,m — 1} and
i, zi = z. By the refinement property (Theorem 3.12), any two
partitions of z have a common refinement. The directed family of
all partitions of z will be denoted by P(z).

A function ¢ : E — G is additive if o(z +y) = o(z) + p(y)
holds for all z,y € E satisfying (z,y) € S. Since E is a distributive
lattice, by Theorem 3.14, and since each additive function ¢ : E — G
satisfies p(0) = 0 as well as ¢(z) + p(y) = p(z Vy) + o(z A y) for
all z,y € E, by the difference property, every additive function on a
commutative minimal clan is a normalized valuation on a distributive
lattice. Under the pointwise defined linear operations and the order
relation <, given by ¢ < ® if and only if ¢(z) < 1(z) holds for all
z € E, the collection of all additive functions E — G is an ordered
vector space which will be denoted by a(E, G). In the sequel, every
collection of additive functions E — G will be considered to be
equipped with the linear operations and the order relation inherited
from a(E, G).

Occasionally, the previous definition and others will also be used
for functions which are defined on E, instead of E. This is justified
by the fact that E is again a commutative minimal clan, by Lemma
3.4, and it is also justified by the following ezxtension lemma which
will be essential in what follows:

LEMMA 4.1. (EXTENSION LEMMA) Every additive function By —
G has a unique extension to an additive function E — G.

Proof. Consider an additive function ¢ : E; — G.
If o : E —» G is an additive function extending ¢, then the Jordan
decomposition in minimal clans (Theorem 3.19) yields

pz) = oz

= @(a") —¢(z7)
for all z € E. Therefore, there exists of most one additive function
v: E — G extending ¢.
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Consider now z € E. By the Jordan decomposition in minimal clans,
there exist u,w € E satisfying u + = w, and it follows from the
difference property that for all u',w' € E, satisfying v’ +z = w'
there exist z,2' € E satisfying z + w = w Vw' = 2/ + w', hence
z+u+z =2 +u +z,and thus z +u = 2’ + v/, by the cancellation
property. Using the additivity of ¢, we obtain

G(w) — () = @(z+w)—@(z+u)
= o' +u') =@z +u)
= ¢w') —¢(u).

Therefore, the function ¢ : E — G, given by

o) = @w)—@(u)

for all z € E and arbitrary u,w € E. satisfying u + * = w, is
well-defined, and it is evident that

p(z) = ¢(2)

holds for all z € E,. Furthermore, it follows from the difference
property that for all z,y € E satisfying (z,y) € S there exist u,w €
E, satisfyingu+z+y = (z+y)VOVy =w+y, and thus u+z = w.
Using the definition of ¢ and the additivity of ¢, we obtain

ple+y) = o((z+y)VOVy)—o(u)
= @(w) +o(y) — @(u)
= ¢(z) + ¢(y)-
Therefore, ¢ is an additive function extending ¢ to E. O

For ¢, € a(E, G), the supremum and the infimum of ¢ and
in a(E, G) will be denoted by ¢ V 9 and ¢ A 1), respectively, and we
define

et = Vo0
- = (=p)VO
lol == @V (~p)

The following result gives a sufficient condition for the supremum of
two additive functions to exist:
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LEMMA 4.2. If p,% € a(E,G) are such that supg(,)(¢(z) + 9¥(y))
exists for each z € E, then ¢ V 1 ezists in a(E, G) and

(P V)(2) = sups(y(p(z) +9(y))
holds for all z € E.

Proof. If n € a(E, G) majorizes ¢ and 1, then

sups(;)(¢(z) +9(y)) < n(2)
holds for all z € E,.
By assumption, the function g : E; — G, given by
fi(z) = supgq(e(z) +9(y))

for all z € E4, is well-defined, and it is evident that

and

P(z) < Qilz)

holds for all z € E;. Consider now 2/, 2" € E; satisfying (2/,2") € S.
For all (z',y') € 8(2') and (z",y") € S(2") we have (z'+2",y'+y") €
S(2' + 2"), by the associative and commutative laws, hence

o) + () + ole") + (") = o' +2") + by +y")
< A+,

and thus

i) + ") < e +2")
Also, it follows from the refinement property (Theorem 3.12) that
for all (z,y) € S(2' + 2") there exist z',2",y',y" € E, satisfying

(',2") € S(z) and (v,y") € S(y) as well as (z',y') € S(2') and
(",y") € S("). This yields

o(z)+9(y) = o) +9@) +e") +9")

< AZ)+ A",
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and thus
A7 +2") < pe') + ") .

Therefore, [ is additive, and it now follows from Lemma 4.1 that &
has a unique extension to an additive function y : E — G which
majorizes ¢ and v, by the definition of i, and which actually is
the least upper bound of ¢ and v in a(E, G), by the remark at the
beginning of this proof. O

An additive function ¢ : E — G is positive if p(z) € G4 holds
for all z € E4, and it is order bounded if, for each z € E,, the
set {¢(u)|u € [0, 2]} is an order bounded subset of G. Thus, every
positive additive function is order bounded. Furthermore, the unique
extension ¢ : E — G of an additive function ¢ : E; — G is positive
or order bounded if and only if the same is true for ¢. The ordered
vector space of all order bounded additive functions E — G will be
denoted by oba(E, G).

We now turn to the main result of this section:

THEOREM 4.3. Assume that G is order complete. Then oba(E,G)
is an order complete Riesz space. Moreover,

(e V)(2) = sups,(e(z) +4(y))

and
(P AY)(2) = infg(,)(p(z) + ¥(y))
holds for all v, € oba(E,G) and z € E,, and

(supr ¢y)(2) = supr ¢,(2)

holds for each directed (<) family {¢y}yer C oba(E,G) having an
upper bound in oba(E,G) and for all z € E.

Proof. To prove that oba(E,G) is a Riesz space, consider @, €
oba(E,G). Since G is order complete, supg(,)(p(z) + 1 (y)) exists
for all z € E4, and it now follows from Lemma 4.2 that ¢ V 1) exists
in a(E, G) and that

(pVY)(z) = supse)(e(z) +9(y)
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holds for all z € E. From this identity we obtain ¢V € oba(E, G).
Therefore, oba(E, G) is a Riesz space.

In particular, for all ¢, 1) € oba(E, G), we have pAp = —(—¢)V(—1)),
and thus

(pAP)(z) = infgq)(p(z) +1p(y))

for all z € E;.

To prove that the Riesz space oba(E, G) is order complete, consider
a directed (<) family {¢,}yer C oba(E, G) such that 0 < ¢y < ¢
holds for all v € T' and some 9 € oba(E,G). Since G is order
complete, supp ¢,(2) exists for all z € E, and if € oba(E,G)
satisfies ¢, < for all v € T, then

supr py(2) < n(z)

holds for all z € E,. In particular, the function ¢ : E; — G, given
by

@(z) = supr py(2)
for all z € E, is well-defined, and it is evident that

py(2) < @(2)

holds for all y € T and z € E. Consider now 2’, 2" € E satisfying
(2',2") € §. Then we have

<P'y(z, + z") = Wv(zl) + 907(2”)

AN
Ay
N
+
Ay
e

for all v € I',; and thus

¢(2' +2") ¢(2) + ¢(z") -

AN

Also, for all¥', 4" € T, there exists some 7 € T satisfying ¢,/ V@, <
¢~. This yields

Wv(zl) + ‘Pv(zu)
QD')/(Z, + Z”)
P2 +2"),

oy (2) + oy (2")

AN
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and thus
o) +@(2") < @(z' +2") .

Therefore, ¢ is additive, and it now follows from Lemma 4.1 that
¢ has a unique extension to an additive function ¢ : E — G which
is positive and hence order bounded, which majorizes each ¢,, by
the definition of ¢, and which actually is the least upper bound
of {¢y}yer in oba(E,G), by the remark at the beginning of this
part of the proof. Therefore, the Riesz space oba(E,G) is order
complete. O

An additive function ¢ : E — G is regular if it is the difference
of two positive additive functions, and it has a Jordan decomposition
if it is the difference of two positive additive functions which are
disjoint in a(E, G).

COROLLARY 4.4. Assume that G is order complete. Then, for ¢ €
a(E, G), the following are equivalent:

(a) o is order bounded.

(b) ¢ is regular.

(c) ¢ has a Jordan decomposition.

Moreover, if ¢ is order bounded, then its Jordan decomposition is
unique and given by o = T — .

The following characterization of order bounded additive func-
tions into an order complete Riesz space will be useful in the sequel:

LEMMA 4.5. Assume that G is order complete. Then, for ¢ €
a(E, G), the following are equivalent:

(a) ¢ is order bounded.

(b) |¢| ezists in a(E,G).

(c) supy, lp(u)| ezists for each z € E.

(d) supg(,)((z)—¢(y)) ezists for each z € E.

(e) supp(,) X [p(2i)| exists for each z € E.

Moreover, if ¢ is order bounded, then

lol(z) = supsey(e(z) — @(y) = supp( D lo(zi)]

holds for all z € E.
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Proof. Since G is order complete, it is obvious that (a) implies (b),
by Lemma 4.2, that (b) implies (c), and that (c) implies (a).
If (b) holds, then

m

dole) < Y lel(z) = lel(2)
i=1

i=1
holds for all z € E and (21, 22, . ..,2m) € P(2), and this yields
supp(y Y le(z)l < [el(2)

for all z € E. Therefore, (b) implies (e).
If (e) holds, then

o) —py) < suppiy D le(z)]
holds for all z € E and (z,y) € S(z), and this yields
supg()(o(z) —(y)) < supp(,) Y lo(z)|

for all z € E. Therefore, (e) implies (d).
If (d) holds, then |p| = ¢ V (—¢) exists in a(E, G) and

lpl(2) = sups((e(z) —»(y))
holds for all z € E;, by Lemma 4.2. Therefore, (d) implies (b).
The final assertion is now obvious. O

Vector Measures

Let E be a Boolean ring.

A function ¢ : E — G is a wvector measure if o(z + y) =
o(z) + ¢(y) holds for all z,y € E satisfying z A y = 0. By Theorem
3.25, vector measures are precisely the additive functions E — G.
Therefore, all results on additive functions on a minimal clan can
be read without any modification as results on vector measures on a
Boolean ring.

For vector measures on a Boolean ring, Theorem 4.3 is due to
Bauer [6]; see also Bauer [7], Faires and Morrison [26], Schep [48],
Congost Iglesias [21], and Schmidt [50], [52]. In the case G = R it
is essentially due to Bochner and Phillips [16].
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Linear Operators

Let E be a Riesz space.

A function T : E — G is a linear operator or, briefly, an operator
ifT(zx+vy) = Tz + Ty and T(az) = oTz holds for all z,y € E
and o € R. By Theorem 3.29, linear operators are precisely the
additive functions E — G which, in addition, are homogeneous. The
ordered vector space of all linear operators E — G will be denoted
by L(E, G).

PROPOSITION 4.6. Assume that G is Archimedean. Then every pos-
itive additive function E — G is a linear operator.

Proposition 4.6 is due to Kantorovich [32]; for a proof, see also
Aliprantis and Burkinshaw [2, Theorem 1.7].

Since every order complete Riesz space is Archimedean, it follows
from Proposition 4.6 that a linear operator into an order complete
Riesz space is the difference of two positive linear operators if and
only if it is the difference of two positive additive functions. There-
fore, the application of our general result on additive functions on a
commutative minimal clan to linear operators on a Riesz space does
not involve any additional considerations concerning scalar multipli-
cation.

Let L°(E, G) denote the ordered vector space of all order bounded
operators E — G.
THEOREM 4.7. Assume that G is order complete. Then L°(E,G)
is an order complete Riesz space.

Theorem 4.7 follows from Theorem 4.3 and is due to Kantorovich
[32]; see also Bauer [6], [7].

By Theorem 4.7, the order dual E™ := LP’(E,R) of the Riesz
space E is an order complete Riesz space. This result is also due to
Riesz [46].

Comments

A Riesz space G is a Banach lattice if it is a Banach space with norm
||l.]| such that ||z|| < ||y|| holds for all z,y € G satistying |z| < |y|.
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For a minimal clan E and an order complete Banach lattice G,
there are many other properties of additive functions ¢ : E —» G
which can be expressed by properties of the range of ¢ on the order
intervals of E and which define ideals of oba(E, G); see Schmidt [54].

The properties of an additive function ¢ : E — G which are
determined by a property of the range of ¢ on the order intervals
of E can be considered to be local or to be determined by order.
To each of these properties, there corresponds another property of
additive functions E — G which can be considered to be global or
to be determined by topology; these properties of additive functions
E — G are defined in terms of a generating set of E:

A subset U of E; is solid if [0,u] C U holds for each u € U,
and it is a generating set of E if it is solid and if, for each z€ E,
there exists a partition (u1,us,...,uy) € P(2) satisfying u; € U for
all i € {1,2,...,m}. In the case where E is a Boolean ring, the set
E is a generating set of E; in the case where E is a normed Riesz
space, the set U(E_.) of all positive elements of the closed unit ball is
a generating set of E and it can be shown that the norm of a linear
operator from E into a Banach lattice G is already determined by
its values on U(E,).

The concept of a generating set of E is particularly useful for
additive functions E — G when G is a Banach lattice; for Jordan
decompositions of additive functions E — G which have a certain
property with respect to a generating set of E, see Schmidt [54].

An automatic linearity result like Proposition 4.6 is also valid
for certain additive functions from a Riesz space into a Hausdorff
topological vector space; see Constantinescu [22, Corollary 2.12].

Problems

e Extend the results on additive functions on a commutative
minimal clan presented in this section to the case of additive
functions taking their values in a lattice—ordered commutative
semigroup with appropriate order completeness properties; see
Schmidt [49], [54].

e Extend the results of Schmidt [54] on additive functions on
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a commutative minimal clan which are defined by a property
related to a generating set to additive functions which are de-
fined by a property related to a suitable generalization of FN-
topologies.

5. The Abstract Lebesgue Decomposition

In this chapter we prove several band decompositions of order
bounded additive functions from a commutative minimal clan E into
a Riesz space G. Each of these band decompositions is induced by
a class of order bounded additive functions which are order contin-
uous with respect to a solid collection of order bounded sequences
in E;. These band decompositions can be summarized under the
general notion of an abstract order Lebesgue decomposition, which
yields band decompositions of the Ogasawara—Yosida—Hewitt type
and of the Lebesgue type as special cases.

Throughout this section, let G be an order complete Riesz space.

Additive Functions

Let E be a commutative minimal clan.

A collection N of order bounded sequences in E is solid if it
contains every sequence {z,}nen C E; for which there exists a se-
quence {z! }nen € N satisfying z, < 2, for all n € N.

Let N be a solid collection of order bounded sequences in E .

An additive function ¢ : E — G is order N —continuous if o—
lim ¢(z,) = 0 holds for every sequence {z,}nen in A. The ordered
vector space of all order N—continuous additive functions E — G
will be denoted by a®V¢(E, G).

LEMMA 5.1. For ¢ € oba(E, G), the following are equivalent:

(a) ¢ is order N —continuous.
(b) || is order N —continuous.

Proof. Assume that (a) holds and consider {2, }nen € N and z € E4
satisfying z, < z for all n € N. For all n € N, choose w, € E;
satisfying wy, + 2z, = z. Also, for u € [0, 2] and for all n € N, choose
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un, € Ey satisfying u, + u A 2z, = u. Then we have, for all n € N,
Un+ulz, = u = ulz = uNwy+2,) < uAwy+ulz, < wy+ulz,, by
Corollary 3.16, and thus u,, < w,, by the order cancellation property
(Theorem 3.9). This yields

0 (z) = @' (2) — " (wn)
< 9T (2) — " (un)
< 0" (2) — o(un)
= ¢ (2) = p(u) + p(uA z)

for all u € [0, 2] and n € N, hence

o—limsup ™ (z,) ot
(,0+

for all u € [0, z], whence

o—limsup o™ (z,)

(2) — p(u) + o—limsup p(u A z5)
(2) — o(u)

(2) + infjg ) (—p(u))

@
o (z) — supyg ] (u)
0

bl

and thus

0.

o—lim ™ (2,)

This means that ¢* is order AN/—continuous. Applying the same
argument to —¢p instead of ¢, we see that also ¢~ = (—p)* and
hence |p| = @1 + ¢~ is order N'—continuous. Therefore, (a) implies
(b).

The converse is obvious. O

An additive function ¢ : E — G is order N —singular if |¢| exists
in a(E,G) and if ¢» = 0 holds for each ¢ € a®N¢(E,G) satisfying
0 < 9 < |p|. Note that each order N-singular additive function
is order bounded. The collection of all order N -singular additive
functions E — G will be denoted by a®V*(E, G).

LEMMA 5.2. For ¢ € oba(E, G), the following are equivalent:
(a) ¢ is order N —singular.
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(b) |¢| A = 0 holds for each positive order N —continuous 9 €
a(E, G).
(€) |e|Alp| =0 holds for each order N —continuous 9 € oba(E, G).

Proof. Suppose first that (a) holds and consider 9 € a®V¢(E, G)
satisfying 0 < 1. Then we have 0 < |p| A9 < 9, hence |p| A1 is
order N—continuous, and from 0 < |p| A9 < |p| and the assumption
on ¢ we obtain |p| A ¢ = 0. Therefore, (a) implies (b).

Suppose now that (b) holds and consider ¢ € a®N¢(E, G) satisfying
0 < 9 < |p|. Then we have ¥ = |¢| A1 = 0, by the assumption on
@. Therefore, (b) implies (a).

The equivalence of (b) and (c) is obvious from Lemma 5.1. O

Define 0ba®VN¢(E, G) := oba(E, G) N a®N¢(E, G). The following
result is the abstract order Lebesgue decomposition of order bounded
additive functions:

THEOREM 5.3. (ABSTRACT ORDER LEBESGUE DECOMPOSITION)
0ba®N¢(E, G) and a®N*(E, G) are order complete Riesz spaces and
projection bands of oba(E, G), and oba(E, G) is the order direct sum
of these projection bands.

Proof. By Lemma 5.1, 0ba®V¢(E, G) is an ideal of oba(E, G).

To prove that 0ba®N¢(E, G) is even a band of oba(E, G), consider a
directed (<) family {¢y}yer C 0ba®N¢(E, G) satisfying 0 < ¢ for
all v € T' and such that {¢,},cr has a least upper bound, say ¢,
in oba(E,G). Consider also a sequence {z,}nen € N and z € E
satisfying 2z, < z for all n € N. For all n € N, choose w, € E,
satisfying wy, + z, = z. Then we have

©(z) — p(wn)
p(2) — ‘Pw(wn)
@(2) — @qy(2) + @y (2n)

©(2n)

IAIA

for all vy € I and n € N, hence

I

S

&
|

o—limsup ¢(z,) (%) + o—limsup ¢ (zn)

= ¢(2) = ¢y(2)
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for all v € I', whence

o—limsupp(z,) < ¢(z)+infr (—p,(2))
= ¢(2) —supr <p7(z)
= 0 ,
and thus
o—limp(z,) = 0,

since ¢ is positive. This proves that ¢ is order N'—continuous. There-
fore, 0ba®N<(E, G) is a band of oba(E, G).
By Lemma 5.2, we have

a®NS(E,G) = oba®VN(E,G)" .

Therefore, a®V*(E, G) is a band of oba(E, G).
The assertion now follows from the Riesz decomposition (Proposition
2.1). O

We now record three special cases of Theorem 5.3:

Let N (d) denote the collection of all order bounded disjoint se-
quences in E;. Then N (d) is a solid collection of order bounded
sequences in E .

COROLLARY 5.4. 0ba®N(D¢(B, G) and a®N D3 (E, G) are order com-
plete Riesz spaces and projection bands of oba(E, G), and oba(E, G)
is the order direct sum of these projection bands.

Let N (o) denote the collection of all sequences {z, }nen C E4
satisfying o—limz, = 0. Then N (o) is a solid collection of order
bounded sequences in E .

COROLLARY 5.5. (ORDER YOSIDA-HEWITT DECOMPOSITION)
0ba?NO)¢(E, G) and a®N(©)35(E, G) are order complete Riesz spaces
and projection bands of oba(E, G), and oba(E, G) is the order direct
sum of these projection bands.

Consider now X € oba(E,R) and let A'()\) denote the collection of
all order bounded sequences {z, }nen C E satisfying lim |A|(z,) =
0. Then N () is a solid collection of order bounded sequences in E .
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COROLLARY 5.6. (ORDER LEBESGUE DECOMPOSITION)
0ba®NNE(B, G) and a®N V3 (B, G) are order complete Riesz spaces
and projection bands of oba(E, G), and oba(E, G) is the order direct
sum of these projection bands.

In the case G = R, Corollary 5.6 can be improved as follows:
COROLLARY 5.7. 0ba®’V¢(E,R) = B({\}) and a®YVs(B,R) =
{AH

Proof. Consider ¢ € oba® MNe¢(E,R) N {A\} and z € E,. Then we
have

infg() (lel(z) + AlY)) = (el AlA)(2) = 0.

Thus, for each n € N, there exist z,,y, € E satisfying (zn,yn) €
S(z) and

[pl(zn) +1M(yn) < 1/n.

This yields lim |¢|(zy) = 0 and lim |A|(y,) = 0, hence lim |p|(y,) = 0,
whence

lol(z) = lim|p|(zn) + lim|p[(ya) = O,

and thus ¢ = 0. Therefore, we have oba®N M)<(BE, R) N {\}*+ = {0}.
Since oba(E,R) is the order direct sum of the projection bands
B({)\}) and {A\}*, by the Riesz decomposition, it now follows from
Corollary 5.6 that o0ba®Y(Ve(B,R) is the order direct sum of
0ba®NNe(B, R) N B({A}) and 0ba®Y MVe(B, R)N{A} - = {0}. There-
fore, we have

oba®N ()‘)C(E, R)
= oba®NVeE,R) N BH{A})
C B},

B({A})

N

hence 0ba®YNe(BE, R) = B({\}), and thus a®VWVs(E,R) = {A\}-+.
U
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Vector Measures

Let E be a Boolean ring.

As noticed in the previous section, all results on additive func-
tions on a minimal clan can be read without modification as results
on vector measures on a Boolean ring. In some cases, however, the
terminology for vector measures differs from that for additive func-
tions. Therefore, we have to reformulate some of the corollaries of the
abstract order Lebesgue decomposition for order bounded additive
functions in the terminology of vector measures.

A vector measure ¢ : E — G is order ezhaustive if o—lim ¢(z,) =
0 holds for every order bounded disjoint sequence {z,}nen C E.
Obviously, a vector measure E — G is order exhaustive if and only
if it is order N (d)—continuous. The ordered vector space of all order
exhaustive vector measures E — G will be denoted by eza’(E, G).

Define obeza®(E, G) := oba(E,G) N exa’(E,G). The following
result is a reformulation of Corollary 5.4 for vector measures:
COROLLARY 5.8. obeza’(E,G) and obexa’(E,G)* are order com-
plete Riesz spaces and projection bands of oba(E, G), and oba(E, G)
is the order direct sum of these projection bands.

A vector measure ¢ : E — G is order countably additive if
0y ¢(2n) = p(supy 2zn) holds for every disjoint sequence {2z }nen C
E for which supy 2, exists. The ordered vector space of all or-
der countably additive vector measures E — G will be denoted by
ca’(E, G).

LEMMA 5.9. For ¢ € a(E, G), the following are equivalent:

(a) ¢ is order countably additive.

(b) o—limy(u,) = 0 holds for every sequence {up}nen C E which
decreases to 0.

This follows from Lemma 3.28.

LEMMA 5.10. For ¢ € oba(E, G), the following are equivalent:
(a) ¢ is order countably additive.
(b) ¢ is order N (0)-continuous.

Proof. Suppose first that (a) holds and consider a disjoint sequence
{zn}nen for which supy z, exists. Define u := supy 2, and consider
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(u1,u2,...,un) € P(u). Then we have

Xijlwl (z) = lol <Zzn> ol (w)

for all k£ € N, and thus

o= lolz) < lol(u),
m k
Dolpw)l < 30D lplui Aza)| +
=1

k
o)
i=1n=1 i=1 n=1
k
o)
n=1
m k
< 0= lol(zm) + D @ (u A (u\ > zn)>
) n=1
for all £ € N, hence
ZWJUZ < o-— Z|<P|zn )
i=1

by Lemmas 3.28 and 5.9, and thus

lol(w) < o=3 lol(zn) -

and we also have

m

IA
M?r
S
¥
_|_
NE

7

This yields
lel(w) = o= lel(zn) -

Therefore, |p| is order countably additive, and it now follows from
Lemmas 5.9 and 5.1 that ¢ is order N'(0o)—continuous. Therefore, (a)
implies (b).

The converse is obvious from Lemma 5.9. O

A vector measure ¢ : E — G is order purely finitely additive
if || exists in a(E,G) and if 1 = 0 holds for each 9 € ca®(E, G)
satisfying 0 < ¢ < |p|. The collection of all order purely finitely
additive vector measures E — G will be denoted by pfa°(E, G).
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LEMMA 5.11. For ¢ € oba(E, G), the following are equivalent:
(a) ¢ is order purely finitely additive.
(b) ¢ is order N (o)-singular.

This follows from Lemma 5.10.

Define obca®(E, G) := oba(E, G) N ca®(E, G). By Lemmas 5.10
and 5.11, the following result is a reformulation of Corollary 5.5:
COROLLARY 5.12. (ORDER Y OSIDA-HEWITT-DECOMPOSITION)
obca®(E, G) and pfa®(E, G) are order complete Riesz spaces and pro-
jection bands of oba(E, G), and oba(E, G) is the order direct sum of
these projection bands.

Corollary 5.12 is due to Bauer [6]; see also Diestel [24], Schep
[48], Congost Iglesias [21], and Schmidt [52]. In the case G = R, it
is essentially due to Woodbury [63] and Yosida and Hewitt [65].

A vector measure ¢ : E — G is order A—continuous if o—
lim ¢(z,) = 0 holds for every order bounded sequence {z,}nen C E
satisfying lim |A|(z,) = 0. The ordered vector space of all order A—
continuous vector measures E — G will be denoted by a®*“(E, G).
Define 0ba®*“(E, G) := oba(E, G) N a®**(E, G).

A vector measure ¢ : E — G is order A-singular if |p| exists
in a(E,G) and if ¢y = 0 holds for each ¢ € a®*¢(E,G) satisfying
0 < 9 < |p|. The collection of all order A\-singular vector measures
E — G will be denoted by a°**(E, G).

Obviously, a vector measure is order A—continuous if and only if
it is order N'(\)-continuous, and it is order A-singular if and only
if it is order N'(\)-singular. Therefore, the following result is a
reformulation of Corollary 5.6:

COROLLARY 5.13. (ORDER LEBESGUE DECOMPOSITION)
0ba®*¢(E, G) and a®*(E, G) are order complete Riesz space and pro-
jection bands of oba(E, G), and oba(E, G) is the order direct sum of
these projection bands.

Corollary 5.13 generalizes the order Lebesgue decomposition of
vector measures of bounded variation in certain order complete Ba-
nach lattices which is contained in a result of Caselles [20].

In the case G = R, Corollary 5.13 can be improved as follows:
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COROLLARY 5.14. 0ba®*“(E,R) = B({\}) and a°*(E,R) = {\}*.
This follows from Corollary 5.7.

In the case where E is a Boolean algebra, it is easy to see that
¢ € oba(E,R) is order A—continuous if and only if for each ¢ € (0, c0)
there exists some § € (0,00) such that |p[(z) < € holds for all z € E
satisfying |A|(z) < ¢, and that ¢ is order A-singular if and only if
for each ¢ € (0,00) there exists some z € E satisfying |A|(z) < €
and |¢|(1\ z) < e. In this case, and with the previous equivalent
definitions of 0ba®*‘(E,R) and a°*(E,R), Corollary 5.14 was first
proven by Bochner and Phillips [16]; see also Bauer [7].

Linear Operators

Let E be a Riesz space.

As in the case of vector measures, the terminology for linear op-
erators differs in some cases from that for additive functions. There-
fore, we have to reformulate the abstract order Lebesgue decomposi-
tion and some of its corollaries in the terminology of linear operators.

Let N be a solid collection of order bounded sequences in E,
let L°V¢(E,G) denote the ordered vector space of all order N—
continuous operators in L°(E,G), and let LoN *(E,G) denote the
collection of all order N -singular operators E — G.

THEOREM 5.15 (ABSTRACT ORDER LEBESGUE DECOMPOSITION).
LON¢(B, G) and L°N$(E,G) are order complete Riesz spaces and
projection bands of L°(E,G), and L°(E,G) is the order direct sum
of these projection bands.

This follows from Theorem 5.3.

A linear operator T : E — G is sequentially order continuous if
o—1limTz, = 0 holds for every sequence {z,}nen C E; satisfying
o—limz, = 0. The ordered vector space of all sequentially order
continuous operators in L°(E, G) will be denoted by L¢(E, G).

A linear operator T': E — G is singular if |T| exists in L(E, G)
and if S = 0 holds for each S € L¢(E, G) satisfying 0 < S < |T.
The collection of all singular operators E — G will be denoted by
L(E, G).
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Obviously, a linear operator is sequentially order continuous if

and only if it is order N (0)-continuous, and it is singular if and only
if it is order N (0)-singular.
COROLLARY 5.16. (SEQUENTIAL OGASAWARA DECOMPOSITION)
L¢(E,G) and L*(E, G) are order complete Riesz spaces and projec-
tion bands of L*(E, G), and L*(E, G) is the order direct sum of these
projection bands.

This follows from Theorem 5.15 or Corollary 5.5.

Corollary 5.16 is due to Ogasawara [41]; see also Bauer [6]. In
the case G = R, it is due to Riesz [46].

Consider now e € E".

A linear operator T' € L(E, G) is sequentially order continuous
with respect to e~ if o—limT'z, = 0 holds for every order bounded
sequence {zp}nen C E. satisfying lim|e7|(z,) = 0. The ordered
vector space of all linear operators in L?(E, G) which are sequentially
order continuous with respect to ¢~ will be denoted by L¢ ¢(E, G).

A linear operator T € L(E,G) is singular with respect to e~ if
|T| exists in L(E,G) and if S = 0 holds for each S € L¢¢(E,G)
satisfying 0 < S < |T'|. The collection of all linear operators in
L(E,G) which are singular with respect to ¢~ will be denoted by
L¢%(E, G).

Obviously, a linear operator is sequentially order continuous with
respect to € if and only if it is order N (e”)-continuous, and it is
singular with respect to €™ if and only if it is order N (e”)-singular.
COROLLARY 5.17. (ORDER LEBESGUE DECOMPOSITION)
L¢¢(E, G) and L *(E,G) are order complete Riesz spaces and pro-
jection bands of L°(E,G), and L°(E, G) is the order direct sum of
these projection bands.

This follows from Theorem 5.15 or Corollary 5.6.

In the case G = R, Corollary 5.17 can be improved as follows:
COROLLARY 5.18. L¢¢(E,R) = B({e"}) and L¢ *(E,R) = {¢"}*.

This follows from Corollary 5.7.
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Comments

The abstract order Lebesgue decomposition remains valid if the solid
collection N of order bounded sequences in E. is replaced by a
solid collection of order bounded nets in E; (which is the obvious
generalization of the notion of a solid collection of order bounded
sequences in E ). The proof is similar to that of Theorem 5.3.

This observation is of interest e.g. for linear operators:

A linear operator T' : E — G is order continuous or normal if
o0lim 7'z, = 0 holds for every net {2, },er C E satisfying olim z, =
0. The ordered vector space of all order continuous operators in
L*(E, G) will be denoted by L"(E, G).

A linear operator T' : E — G is normal singular if |T'| exists
in L(E,G) and if S = 0 holds for each S € L™(E,G) satisfying
0 < S <|T|. The collection of all normal singular operators E — G
will be denoted by L™*(E, G).

Thus, replacing the solid collection N (o) of order bounded se-
quences {z, }nen C E satisfying o—lim z, = 0 by a solid collection
of order bounded nets {z, },cr C E satisfying o—limz, = 0, we see
that Corollary 5.16 remains valid if L¢(E, G) and L*(E, G) are re-
placed by L™(E, G) and L™ (E, G), respectively. The resulting band
decomposition is also due to Ogasawara [41]; see also Bauer [6].

On the other hand, it is clear that every solid subset of E, can
be identified with a solid collection of constant (and hence order
bounded) sequences in E.

For example, consider A € oba(E,R). Then the set Uy(A) consist-
ing of all z € E; satisfying |A|(z) = 0 is solid and can be identified
with the solid collection Ny(A) of all constant sequences {z, }neN sat-
isfying o—1lim |A|(2,) = 0 (which is contained in the solid collection
N(X)). Thus, replacing N'(A\) by Np(A) in Corollary 5.6, we obtain
a variant of the order Lebesgue decomposition.

We also remark that Theorem 5.3 yields extensions of Corollary
5.6 and its variant mentioned before if A € oba(E,R) is replaced
either by an order bounded additive function E — F, where F is
an arbitrary order complete Riesz space, or by a function A : E; —



DECOMPOSITION AND EXTENSION 187

R U{+o0} satisfying A(0) = 0 and A(z) < A(y) for all z,y € E
such that z < y.

Problems

e Find further applications of the abstract order Lebesgue de-
composition with respect to a solid collection of order bounded
nets.

e Extend the results of this section to additive functions from
a minimal clan into a lattice—ordered commutative semigroup;

see Pavlakos [42], [43].

6. Common Extensions of Positive
Abstract Measures

The following result was proposed by Guy [29]:

PROPOSITION 6.1. Let Q be a set, let M and N be algebras of sub-

sets of Q, and let p: M — R and v : N — R be positive additive

set functions. Then the following are equivalent:

(a) The inequalities p(A) < v(B) and v(C) < w(D) hold for all
A,D € M and B,C € N satisfying AC B and C C D.

(b) There ezxists a positive additive set function ¢ : 2% — R sat-
isfying p(A) = p(A) for all A € M and o(B) = v(B) for all
BeWN.

In the present section, we prove a general theorem on the exis-
tence of a positive common extension of a family of positive vector
measures in an order complete Riesz space. The result yields vector—
valued versions of Guy’s result and of extension theorems due to
Horn and Tarski [31] and Marczewski [39], [40]. Its proof is based on
the representation of vector measures by linear operators and on the
Hahn-Banach theorem for positive operators in an order complete
Riesz space.

Throughout this section, let G be an order complete Riesz space.
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Linear Operators

The following extension theorem is an immediate consequence of
the Hahn—Banach theorem for positive operators; see Aliprantis and
Burkinshaw [2] Theorem 2.8:

PROPOSITION 6.2. Let E be a Riesz space with order unit e € E_,
let F be a subspace of E satisfying e € F, and let S : F — G be a
positive operator. Then there exists a positive operator T : E — G
satisfying Tx = Sz for all z€F.

For a Riesz space E and a family {Es}sca of subspaces of E, let

®({Es}sca) denote the collection of all families {z5s € E5 | 6 € A}
satisfying z5 # 0 for at most finitely many 6 € A. A family {7} :
E; — G | 6 € A} of linear operators has a common eztension if there
exists a linear operator T : E — G satisfying Tx = Tsx for alld € A
and z € E;.
THEOREM 6.3. Let E be a Riesz space with order unit e € E, let
{Es}sen be a family of subspaces of E satisfying e € spanUsca Es,
and let {Ts : Es — G | § € A} be a family of positive operators.
Then the following are equivalent:

(a) The inequality
0 < > 5cnTos

holds for every family {zs}sen € ®({Es}sca) satisfying 0 <

2 en Ts-
(b) The family {Es}sca has a positive common extension T : E —
G.

Proof. Assume that (a) holds and define F := spanJsca Es. Then
the map S : F — G, given by

Sz = ZJEATJZ‘J

for all x € F and arbitrary {z5}sen € ®({Es}sen) satisfying z =
Y scA Ts, is well-defined, linear, and positive. By Proposition 6.2,
there exists a positive operator 7' : E — G satisfying Tx = Sx for
all z € F. Therefore, (a) implies (b).

The converse is obvious. O

Theorem 6.3 is due to Maharam [38].
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Vector Measures

Let  be a nonempty set.

For a family {Fs}sca of algebras of subsets of €, a family {; :
Fs = G | 6 € A} of vector measures has a common extension if
there exists a vector measure ¢ : 2? — G satisfying p(A4) = @5(A)
for all 6 € A and A € F;.

THEOREM 6.4. Let {Fs}scn be a family of algebras of subsets of
Q and let {5 : Fs — G | § € A} be a family of positive vector
measures. Then the following are equivalent:

(a) The inequality

m m+n
D wsiy(A) <D os (A
1=1 1=m+1

holds for all m,n €N, for all A1,..., Amin € Usen Fs satisfy-
iNg Dot XA; SZ?Q}?H X4;, and for all 6(1),...,6(m+n) € A
satisfying A; € Fs) for alli € {1,...,m+n}.

(b) The family {ps}sca has a positive common extension ¢ : 2% —
G.

Proof. 1t is well-known that a vector measure is positive if and only
if its representing linear operator is positive.

Assume that (a) holds. For § € A, define E; := D(F;) and let
Ts5 : Es — G denote the representing linear operator of ¢s. Then
each Ty is positive.

We claim that

0 < > ATofs

holds for every family {fs}sca € ®({Es}sca) satisfying 0 < > 5. fo-
Indeed, this is obvious for families of simple functions taking their
values in Z, and hence for families of simple functions taking their
values in Q.

Consider now an arbitrary family {fs}sca € ®({Es}sca) satisfying

0 < ZdeAf‘S
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and let m denote the number of § € A satisfying fs # 0.
For each 0 € A and k € N, choose f5; € E;s such that each fs takes
its values in Q and satisfies

1
f&,k_—k xo < f& < fork
m

as well as f5r = 0 whenever fs = 0. Then we have, for all £ € N,

0 < 256A fok

and hence, letting g := Tsxa = ©s(€2) (which is independent of the
particular choice of §),

1
0 < Y aTofor < ZJEAT5f5+Eg'

Since G is order complete and hence Archimedean, this yields

0 < > Tsfs,

which proves our claim.

Define now E := D(2%). By what we have shown before and by
Theorem 6.3, the family {Ts}s;ca has a positive common extension
T : E — G, and it is then clear that the vector measure ¢ : 22 — G,
given by ¢(A) := T'x 4, is a positive common extension of the familiy
{@s}sen- Therefore, (a) implies (b).

The converse is obvious. O

In the case G = R, Theorem 6.4 is equivalent to a result of
Lembcke [35].

As a first consequence of Theorem 6.4, we obtain the following
vector—valued version of Guy’s Proposition 6.1:

COROLLARY 6.5. Let F1 and F2 be algebras of subsets of Q0 and let
o1 : F1 = G and 2 : Fo — G be positive vector measures. Then
the following are equivalent:
(a) The inequality
ei(Ai) < p;i(4;)
holds for all i,j € {1,2} and for all A; € F; and A; € F;
satisfying A; C Aj.
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b 1 and @9 have a positive common extension ¢ : 22 — G.
(b) ¢ © P @

Proof. Assume that (a) holds. Consider m,n € N and By, ..., Bnin
€ F1 U F, satisfying

m m+n
doxm <D XE
=1 t=m-+1

and hence

m—+n

> xB, < nxa.
i=1

For i € {1,...,m + n}, define

O = B, if B;eF
v 0 if B,eF
and
Define also
m4+n
Cc = Z XC;
i=1
and

m+n
d = Z XD; -
i=1
Then we have ¢ € D(F1) and d € D(F3), as well as
c+d < nxa.
For k € {1,...,n}, define
M, = {weQ|kxalw) <cw)}
and

N, = {we]kxalw) <nxolw)—dw)} .
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Then we have My, € F; and N € Fo, as well as M C Ni, and thus

e1(Mg) < @a(Ng) -
This inequality together with

m+n

n
Z Xc; = € = Z XMk
i=1 k=1

and
n m—+n
Y oxn, = nxa—d = nxa— Y Xb;
k=1 i=1
gives
m4+n n n
dooi(G) = D oeiMp) < > 0a(Ni)
i=1 k=1 k=1
m+n
= npa(Q) = Y w2(Di)
i=1
hence
m+n
Y (@1(Ci) +@2(Di)) < na(Q)
i=1
whence
m+n m4+n
DB < D win(Q),
i=1 i=m+1
and thus
m m-+n .
Yoin(Bi) <D (B,
i=1 i=m+1

for all j(1),...,j(m +n) € {1,2} satisfying B; € Fj(; for all i €
{1,...,m+ n}. Because of Theorem 6.4, (a) implies (b).
The converse is obvious. O
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We now record two further applications of Theorem 6.4:

COROLLARY 6.6. Let C be a collection of subsets of ) satisfying
0,2€C and let ( : C — G be a set function such that the inequality

m m+n

dce) < > o)

=1 t=m+1

holds for all m,n € N and C1,...,Cpin € C satisfying > 1% xc; <

Z;’:’;’H Xc;- Then there exists a positive vector measure ¢ : 20 5 G

satisfying ©(C) = ¢(C) for all C € C.

Proof. For C € C, let Fc denote the algebra generated by C' and
define a positive vector measure ¢¢ : F¢ — G by letting oo (C) :=

¢(C) and ¢ (C) = ((©2) —((C); note that the assumption on ( yields

0c(C) = ¢(C) for all C € C satisfying C € C. Consider m,n € N
and By, ..., By n € Ugec Fo satisfying

m m+n
Z XB; < Z XE;
=1 i=m+1

and hence

m—+n

> xB, < nxa.
i=1

Relabelling the B; if necessary, we obtain By,..., By, Bpy1,..., Bnin
€ C for some p € {0,1,...,m +n}. Then we have

D m+n
Y xp +(m4n—pxa < D X5, t nxa,
i=1 i=p+1
hence
P m+n _
S¢B) + (m+n—p)(Q) < > (By) +n¢(Q),
i=1 1=p+1
whence
m—+n

Z: vcw(Bi) < nl(Q),
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and thus
m m-+n .
Y vcw(Bi) <> wcw(Bi),
i=1 i=m+1

for all C(1),...,C(m + n) € C satisfying B; € Fg() for all i €
{1,...,m+ n}. The assertion now follows from Theorem 6.4. O

In the case G = R, Corollary 6.6 is due to Horn and Tarski [31];
see also Lembcke [35].

COROLLARY 6.7. Let C be a collection of subsets of 2 such that

(NoenP) 0 (Nyee B) #9

holds for any two disjoint finite subcollections D and € of C, and let
¢ :C — G be a set function which maps C into an order bounded
subset of G,.. Then there ezists a positive vector measure ¢ : 2 —

G satisfying o(C) = ¢(C) for all C € C.

Proof. Define g := sup ((C). For C € C, let F¢ denote the algebra
generated by C and define a positive vector measure p¢ : Fo — G by

letting ¢ (C) := ¢(C) and ¢c(C) := g — ¢(C). Counsider m,n € N
and Bi,...,Byin € Ugec Fe satisfying

m m-+n

dxm <) Xg

i=1 i=m-+1
and hence

m—+n

> xg < nxo
i=1

We now reduce the previous inequality by subtracting

xB; =0 if Bi=0,
xB;=xa if B;=Q,
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Relabelling the B; if necessary, we obtain By, ..., By, Bpy1,...,Bpiq
€ C and

p+q
Z XBi S kXQ ’

i=1
for suitable p,q, k € Ny satisfying p+¢qg < m+n and k < n. The
assumption on C yields (N_; B;) N (ﬂfi; .1 B;) # 0. Therefore, we
have p + q¢ < k, hence

pt+q
> wcw(Bi) < (p+a)pcn () < kg,
izl

whence, reversing the reduction made before,

m-+n

> vcw(Bi) < ng,
iz1

and thus
m m+n .
Y ocw(Bi) <D pow(Bi),
i=1 i=m+1

for all C(1),...,C(m + n) € C satisfying B; € Fg() for all i €
{1,...,m+ n}. The assertion now follows from Theorem 6.4. O

In the case G = R, Corollary 6.7 is due to Marczewski [39], [40];
see also Lembcke [35].

Comments

For more than two positive vector measures, a positive common ex-
tension need not exist even if Guy’s condition is satisfied for any two
of them; see Bhaskara Rao and Bhaskara Rao [8, Example 3.6.3].

Problems

e Find a variant of Guy’s condition for arbitrary families of pos-
itive vector measures which implies the existence of a positive
common extension.

e Extend the results of this section to positive additive functions
on commutative minimal clans.
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7. Common Extensions of Order Bounded
Abstract Measures

The following proposition summarizes two results of Lipecki [36]:

PROPOSITION 7.1. Let Q be a set, let M and N be algebras of sub-

sets of Q, and let p : M — R and v : N = R be bounded additive

set functions satisfying u(A) = v(A) for all A€ MNN. If either

(a) M or N is finite, or

(b) for any two partitions G C M and H C N there exist G' € G
and H' € H satisfying G'NH # 0 for all H € H and GNH' # ()
for all G € G,

then there exists a bounded additive set function ¢ : 2% — R satis-
fying ©(A) = u(A) for all A€ M and p(A) = v(A) for all AEN.

In the present section, we prove a general result on the existence
of an order bounded common extension of two vector measures in an
order complete Riesz space under a general condition on the algebras
which contains the two conditions of Lipecki’s results as special cases.
As in the case of common extensions of positive vector measures, the
proof of this result is based on the representation of vector measures
by linear operators and a new result on the existence of an order
bounded common extension of two order bounded operators which
may be of independent interest.

Throughout this section, let G be an order complete Riesz space.

Linear Operators

For a vector space E, a map P : E — G is sublinear if P(z +
y) < P(z) + P(y) and P(az) = aP(z) holds for all z,y € E and
a € R;. The following result is the Hahn—Banach theorem for linear
operators; for its proof, see Aliprantis and Burkinshaw [2, Theorem
2.1]:

PROPOSITION 7.2. Let E be a vector space, let F be a subspace of
E, and let S : F — G be a linear operator. If there exists a sublinear
map P : E — G satisfying St < P(x) for all x € F, then there exists
a linear operator T : E — G satisfying Tx = Sz for all z € F and
Tz < P(z) for all z € E.
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Let E be a Riesz space and let E; and E, be Riesz subspaces
of E. If E has an order unit e € E, then E; and E, have a
controlling constant if there exists some o € Ry such that for all
z € span(E; UEy) satisfying |z| < e there exist 1 € Eq and z9 € Eg
satisfying £ = 21 + z2 and |z1| V |z2| < ae. Two linear operators
T, : E1 > G and T, : E5 — G have a common extension if there
exists a linear operator T : E — G satisfying Tz = Tz for all x € E;
and Tz = Tyx for all z € Es.

THEOREM 7.3. Let E be an Archimedean Riesz space with order unit
e € E;, let E1 and Ey be Riesz subspaces of E satisfying e € E1 N
Es and having a controlling constant, and let T1 : E; — G and
Ty : Eo — G be order bounded operators. Then the following are
equivalent:

(a) The identity Tyx = Tox holds for all z € Eq N Es.

(b) Ty and Ty have an order bounded common extensionT : E — G.

Proof. Assume that (a) holds and define F := span(E; U E3). Then
the map S : F — G, given by

Sz = Tlxl +T2.’L‘2

for all z € F and arbitrary z; € E; and z9 € Es satisfying © = x; +
Zo, is well-defined and linear. Furthermore, since E is Archimedean,
the Minkowski functional p: E — R, given by

p(x) = inf{A e R4 ||z|] < e},
satisfies p(z) = 0 if and only if z = 0, as well as |p(z)'z| < e for
all z € E\{0}. Let « € R be a controlling constant of E; and Eg,
and define
u = 2a(|TileV |Tzle) .
Then the map P : E — G, given by
P(z) = plz)u,

is sublinear, and we claim that it also satisfies Sz < P(z) for all
z €F.



198 KLAUS D. SCHMIDT

Indeed, for all z € F satisfying p(z) = 1, we have |z| < e, hence there
exist 1 € Eq and 5 € Es satisfying x = 21+ 9 and |z1|V|z2| < e,
and this yields

Sz

Tz + Toxs

< |Tillz| + [Tl
< 2a(|Tile V |Tz|e)
= U

= P(z).

It now follows from Proposition 7.2 that there exists a linear operator
T : E — G satisfying Tz = Sz for all x € F and Tz < P(z) for all
z € E. Therefore, we have Tx = Tz for all x € Ey and Tz = Thx
for all z € Eg, as well as [Tz| < P(z) < P(e) for all z € [—e,¢],
which means that T is order bounded. Therefore, (a) implies (b).

The converse is obvious. O

Theorem 7.3 is related to a result of Ptak [44] on common exten-
sions of linear functionals on closed subspaces of a Banach space.

Vector Measures

Let 2 be a nonempty set.

Let G and H be partitions of £ and consider G,G’ € G. For k €
N, a finite sequence (Gy,...,Gg) with G; € G for all ¢ € {1,...,k}
is an (H, k)-bridge, or simply an H-bridge, from G to G' if
(i) G=G;and Gy =G,
(ii) G; # Gj holds for all 4,5 € {1,...,k} satisfying 1 < |i — j| <
k— 2, and
(iii) for each ¢ € {1,...,k — 1} there exists some H € H satisfying
G;NH # () and GZ‘_HQH#@.

The sets G and G’ are (M, k)-equivalent if there exists an (H,k)—
bridge from G to G’, and they are H-equivalent if they are (H, k)
equivalent for some k € N; in this case we shall write G ~y G'.
LEMMA 7.4. Let G and H be partitions of Q). Then ~y is an equiv-
alence relation on G.
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Proof. It is immediate from the definitions that the relation ~4 is
reflexive and symmetric. To see that it is also transitive, consider
G,G,G" € G satisfying G ~¢ G' and G' ~y G". Obviously, G ~
G" holds whenever at least two of the sets G,G’, G" are identical.
Let us now assume that these sets are all distinct and consider an
H-bridge (G1,...,Gj) from G to G’ and an H-bridge (G,...,G},)
from G' to G". Since Gy, = G' = G, there exists a smallest i €
{1,...,k} satistying G; = G for some j € {1,...,k'}, and this j
is unique since, by assumption, the sets G, ..., G}, are all distinct.
Define k" := i+ k' — j and, for all h € {1,...,k"}, define

o — | Gn if he{l,...,i}
ho Wiy i he{i+1,.. K"}

Then (GY,...,G},) is an H-bridge from G to G”, and we thus have
G ~3 G". Therefore, ~ is also transitive. d

Let M and N be algebras of subsets of . The algebras M
and N are weakly independent if for any two partitions G C M and
H C N there exist G’ € G and H' € H satisfying G' N H # () for all
H € H and GN H' # ( for all G € G; see Lipecki [36]. Two algebras
M and N have a bound on bridges if there exists some k € N such
that for any two partitions G C M and H C N either any two H—
equivalent sets in G are (H,k')-equivalent for some k' € {1,...,k}
or any two G-equivalent sets in H are (G,k')-equivalent for some
K e{l,...,k}

LEMMA 7.5. If either
(a) M or N is finite or
(b) M and N are weakly independent,

then M and N have a bound on bridges.

The verification of Lemma 7.5 is immediate.

EXAMPLE 7.6: Define Q := (—N) UN, let M denote the smallest
algebra in 2? containing —IN and all singletons {n} with n € N,
and let A denote the smallest algebra in 2% containing N and all
singletons {—n} with n € N. Then the algebras M and N are both
infinite and they are not weakly independent, but they do have a
bound on bridges.
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The following lemma, is the key to the application of the exten-
sion theorem for order bounded operators to order bounded vector
measures:

LEMMA 7.7. If M and N have a bound on bridges, then the Riesz
subspaces D(M) and D(N) of D(2?) have a controlling constant.

Proof. Let k € N be a bound on bridges of M and N, and define
a := 2k —1. We shall show that « is a controlling constant of D(M)
and D(N).

Consider ¢ € D(M) and h € D(N) satisfying |g + h| < xq, and
choose partitions G C M and ‘H C N satisfying

9= > vxc and h = Y nuxm
Geg HeH

for suitable yg,ng € R. Without loss of generality, we may assume
that any two H—equivalent sets in G are (#, k')—equivalent for some
k' e {1,...,k}. Let G1,...,G; denote the equivalence classes of G
with respect to ~y.

For p € {1,...,1}, choose G, € G, and define

Mp::UGand N, = U H .
GEG, HeH, HNM,#0

Then we have M), C N,. Moreover, for H € H satisfying HNM,, # 0,
there exists some G’ € G, satisfying H N G’ # (), and for each G € G
satisfying H N G # () we have G ~y G’ and hence G € G,, and this
yields

H C U G c |JaG=m,
GeG, HNG#D Gegp

Therefore, we also have N, C M,, hence N, = M), and thus M, €
MNN.

Define now

l
g = D vexe— Y. Ve,XM,
Geg p=1
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and

I
W'=Y mExE+ D V6,XM, -
HcH p=1

Then we have ¢ € D(M) and i’ € D(N), aswellas g +h =g + /'
and hence

g +h] < xa-

For G € G, choose p € {1,...,l} such that G € G, and let
(G4,...,G})) be an (H,k')-bridge from G to G, such that £’ < k.
For each i € {1,...,k' — 1}, there exists some H € H satisfying
GiNH # 0 as well as HN G}, # 0, hence |¢'(w;)| < |M(w)| +1
for all w; € G and w € H as well as |h/(w)| < |¢'(wit1)| + 1 for all
w € H and wi1 € Gi, 4, and thus |¢'(w;)| < |¢'(wis1)| + 2 for all
w; € Gj and w1 € Gi . Since G = G, G}, = Gy, and ¢'xg, = 0,
this yields |¢'xa| < 2(K' — 1)xa-

Therefore, we have |¢'| < 2(k' — 1)xq, hence |h/| < (2k' — 1)xq, and
thus

|gl‘ \ |hI| < axa ,
which completes the proof. O

The following example shows that the converse of Lemma 7.7 is
false:

EXAMPLE 7.8: Define Q := N and M = N := 22. Then M and
N do not have a bound on bridges, but D(M) and D(N) have a
controlling constant.

Two vector measures 1 : M — G and v : N' — G have a common

extension if there exists a vector measure ¢ : 22 — G satisfying
o(A) = p(A) for all A € M and p(A) =v(A) for all A e N.

THEOREM 7.9. Assume that D(M) and D(N') have a controlling
constant, and let p : M — G and v : N — G be order bounded
vector measures. Then the following are equivalent:

(a) The identity u(A) = v(A) holds for all Ae MNN.

(b) p and v have an order bounded common extension ¢ : 2% — G.
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Proof. 1t is well-known that a vector measure is order bounded if
and only if its representing linear operator is order bounded.

Let T), : D(M) — G and T, : D(N) — G denote the representing
linear operators of 1 and v, respectively. By Theorem 7.3, T}, and
T, have an order bounded common extension 7' : D(2%) — G, and
it is then clear that the vector measure ¢ : 2% — G, given by
p(A) := Txa, is an order bounded common extension of y and
V. U

By Lemmas 7.5 and 7.7 and Example 7.6, Theorem 7.9 unifies
and extends the results of Lipecki [36] summarized in Proposition 7.1.
It seems to be an open problem to find a condition which is not only
sufficient but also necessary for the existence of an order bounded
common extension of order bounded vector measures 4 : M — G
and v: N — G.

Comments

One might conjecture that two positive vector measures having an
order bounded common extension do have a common extension which
is positive. The following example shows that this conjecture is false:
EXAMPLE 7.10: Define Q := {1,2,3}, let M := {0,{1},{2,3},Q}
and N := {0,{1,2},{3},Q}, and let p: M - R and v: N = R be
the unique additive set functions satisfying p({1}) = v({3}) = 2/3
and p({2,3}) = v({1,2}) = 1/3. Then the algebras M and N are
finite and weakly independent and hence have a bound on bridges,
the additive set functions y and v are positive and hence have an
order bounded common extension ¢ : 2% — R, and no common
extension of y and v is positive.

Let us finally mention a nice result for the case G = R

The vector measures y and v have a bound on chains if the supre-
mum

sup Y1y [7:(Cs) — mi—1(Ci-1)|

taken over all increasing sequences {Ci}iE{O,l,...,n} C MUN satisfying
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Co = 0 and C,, = Q and with
w(C;) if CieM
ni(C;) = v
v(C;) if CieN,

is finite.
Basile, Bhaskara Rao, and Shortt [5] proved the following result:

PROPOSITION 7.11. Let p : M — R and v : N — R be order
bounded vector measures such that the identity pu(A) = v(A) holds
for all A€ MNN. Then the following are equivalent:

(a) p and v have a bound on chains.

(b) p and v have an order bounded common extension ¢ : 2 — R.

This result is an appropriate analogue of Guy’s Proposition 6.1
since it characterizes the existence of a common extension of two
(real-valued) vector measures in terms of the vector measures and
not in terms of the algebras. It is an open problem whether the
result can be extended to the general case.

Further results on common extensions of vector measures may
be found in the papers by Basile and Bhaskara Rao [10] and by
Bhaskara Rao and Shortt [10], [11].

Problems

e Find a condition which is necessary and sufficient for the exis-
tence of an order bounded extension ¢ : 2 — G of two order
bounded vector measures p : M — G and v : N = G such
that the identity u(A) = v(A) holds for all A € M NN.

e Find a condition under which every order bounded common
extension ¢ : 2% — G of two positive vector measures p :
M — G and v: N — G is positive.

e Extend the results of this section to more than two linear op-
erators or vector measures.

e Extend the results of this section to order bounded additive
functions on commutative minimal clans.
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8. Extensions of Abstract Measures

In this section, we study the existence of a modular extension of
a modular map from a Boolean subring of a Boolean algebra to a
larger Boolean subring or the Boolean algebra itself.

Throughout this section, let A be a Boolean algebra and let G
be an order complete Riesz space.

The Results

If B is a Boolean subring of A, then a map #: B — G is
— supermodular, if it satisfies (0) = 0 and if

BlxVy)+pxAy) > Bz)+6(y)

holds for all z,y € B, it is
— submodular, if —f is supermodular, and it is
— modular, if it is supermodular and submodular.

For a map 8 : B — G and a Boolean subring C of A satisfying
C C B, let §|¢ denote the restriction of 8 to C.

Let M and S be Boolean subrings of A satisfying M C S and
such that M majorizes S in the sense that for each x € S there exists
some y € M satisfying < y. (Note that every Boolean subalgebra
of A majorizes every Boolean subring of A.)

LEMMA 8.1. Assume that @ : S — G is submodular and that v :
S — G is supermodular such that ¢ < . If p|m = ¥|m, then
o =1.

The proof of Lemma, 8.1 is straightforward.

For amap y : M — G, amap ¢ : S — G is said to be an
extension of u to S if it satisfies o|m = p.

The following result characterizes modular extensions of a mod-
ular map p : M — G as maximal or minimal elements in the collec-
tions of all supermodular or submodular extensions of i, respectively:
THEOREM 8.2. Assume that p : M — G is modular. Then, for

o : 8 — G, the following are equivalent:
(a) o is a modular extension of .
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(b) o is a mazimal element in the collection of all supermodular
extensions of .

(¢c) o is a minimal element in the collection of all submodular ez-
tensions of .

Proof. 1t is sufficient to prove the equivalence of (a) and (b). To this
end, let ¥(u) denote the collection of all supermodular extensions of
u to S.

Assume first that (a) holds. Then we have o € ¥(u). For each
Y € U(u) satisfying

o < 9,

we have

oM = Plm-

Since ¢ is submodular while 1 is supermodular, Lemma 8.1 yields

o = 1.

Therefore, (a) implies (b).
Assume now that (b) holds. For z € S, define a map ¢, : S - G by
letting

() = o(xVz)+olzAz)—o(z).

If we can show that 1, € ¥(u) holds for all z € S, then the obvious
inequality

o < i

together with the maximality of o € U(u) yields

U:¢z

for all z € S, and this implies that ¢ is modular.

Let us now prove that indeed 1, € ¥(u) holds for all z € S. Consider
z € S. It is easy to see that v, is supermodular. To see that 1, is
also an extension of u, consider x € M C S. Since z V z € S and
since M majorizes S, there exists some y € M satisfying = V z <
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y. Then {0,y} and M N [0,y] are Boolean subrings of A satisfying
{0,y} € MN[0, y] and such that {0,y} majorizes MN[0, y]. Because
of p = olm < ¥|m, we have

M'Mﬂ[O,y] < ¢Z|Mﬂ[0,y],

and it is easy to see that

bliogy = Wzl -

Since ,u|Mﬂ[O,y] is submodular while vy, |Mﬂ[0’y] is supermodular, Lemma
8.1 yields

tlMnoy = YzlmMnjogy] 5

and this implies

ple) = tpu(x) .

Since z € M was arbitrary, we see that 1, is an extension of y. We
have thus shown that 1, € U(u).
Therefore, (b) implies (a). O

The next result characterizes the existence of a modular exten-
sion of a modular map 4 : M — G in terms of the existence of a
supermodular or submodular extension of u:

THEOREM 8.3. Assume that u : M — G is modular. Then the
following are equivalent:

(a) u has a modular extension to S.

(b) p has a supermodular extension to S.

(c) u has a submodular extension to S.

Moreover,

(d) if o: S — G is a supermodular extension of u, then p has a
modular extension o : S — G such that ¢ < o, and

() if p: S = G is a submodular extension of u, then p has a
modular extension o : S = G such that o < .

Proof. 1t is sufficient to prove the equivalence of (a) and (b), as well
as (d).
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Obviously, (a) implies (b).

Assume now that (b) holds and consider a supermodular extension
¢:S = G of . Let ¥(u) denote the collection of all supermodular
extensions of 4 to S and define

U(p,p) = {peT(u)|p<1h}.

Using Zorn’s lemma, we shall show that ¥(u, ¢) contains a maximal
element 0. Then o is also a maximal element of ¥(u), and Theorem
8.2 implies that ¢ is a modular extension of u; moreover, since o €
U (u, ), we have ¢ < o.

To prove that ¥(u, ) contains a maximal element, consider a chain
T C T, ).

Consider z € S. Since M majorizes S, there exists some y € M
satisfying z < y, and this yields, for all ¢ € ¥(u, ),

P(z) + oy \ 7) P(x) +p(y \ )
Y(y)
w(y) 5

<
<

and thus

Y(z) < ply) —e(y\z).

Since G is order complete, it follows that supy 1(z) exists.
By the previous argument, the map o : S — G, given by

o(z) = supy¢(z),

is well-defined, and it follows from the assumption that ¥ is a chain
in ¥(u,p) that g is a supermodular extension of u satisfying ¢ < p.
This means that g is an upper bound of ¥ in ¥(u, ). Now Zorn’s
lemma yields the existence of a maximal element in ¥ (u, ¢).
Therefore, (b) implies (a).

The previous part of the proof includes the proof of (d). O

Theorem 8.3 can be specialized to positive modular maps:

COROLLARY 8.4. Assume that p: M — G is modular and positive.
Then the following are equivalent:
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(a) u has a positive modular extension to S.
(b) u has a positive supermodular extension to S.

Moreowver,
(¢c) if p: 8 — G is a positive supermodular extension of u, then u
has a positive modular extension o : S — G such that ¢ < 0.

As an application of Theorem 8.3, we obtain a result on the
existence of a modular minorant or majorant of a supermodular or
submodular map, respectively:

COROLLARY 8.5.

(a) If ¢ : A — G is supermodular, then there exists a modular
o: A — G satisfying ¢ < o and p(1) = o(1).

(b) If o : A — G is submodular, then there exists a modular o :
A — G satisfying o < ¢ and o(1) = p(1).

Moreover, if @ is positive and supermodular, then o can be chosen to
be positive as well.

Proof. Define M := {0,1} and S := A, and let u := ¢|m. Now the
assertion follows from Theorem 8.3. O

Comments

In economic game theory, the elements of () are interpreted as agents,
the sets from the algebra F are interpreted as possible coalitions
among the agents, and the elements of R™ are interpreted as com-
modity bundles. Consequently, a map ¢ : F — R" is interpreted as
an income function such that, for every coalition A € F, the vector
©(A) describes the income of the coalition A; in particular, the total
income or wealth of the economy is (). With this interpretation,
Corollary 8.5 asserts, in particular, that every positive supermod-
ular income function ¢ can be replaced by a positive modular in-
come function o such that the income of every coalition increases
(in the weak sense) while the total income of the economy remains
unchanged. For a fixed total income and a modular income function,
the income of an arbitrary coalition cannot be increased in the strict
sense without strictly decreasing the income of at least one other
coalition; this means that modular income functions are optimal in



DECOMPOSITION AND EXTENSION 209

the Pareto sense. In other words, Corollary 8.5 extends a classical
core theorem; see Delbaen [23] and Kindler [33], [34].

Problems

[1]
[2]

[3]

[4]

[5]

[6]

[9]

e The results of this section extend without difficulty to the case

where G is only a lattice-ordered commutative group. Is it
possible to replace G by a lattice—ordered commutative semi-
group?

Try to extend the results of this section to the case where the
Boolean algebra and its Boolean subrings are replaced by com-
mutative minimal clans and where modular maps are replaced
by additive functions. By Lemma 3.6, every additive function
on a commutative minimal clan is modular. Some additional
effort will probably be needed to characterize additive exten-
sions of additive functions.
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