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ABSTRACT. Let D C R™, n > 3, be a bounded open set and let xg € D.
Assume that the Newtonian potential of D is proportional outside D
to the Newtonian potential of a mass concentrated at {zo}. Then D is
a Euclidean ball centered at xo. This Theorem, proved by Aharonov,
Schiffer and Zalcman in 1981, was extended to the caloric setting by
Suzuki and Watson in 2001. In this note, we show that Suzuki—Watson
Theorem s a particular case of a more general rigidity result related to
a class of Kolmogorov-type PDFEs.
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1. Introduction

1.1. Rigidity results in harmonic and caloric settings

Let K be the fundamental solution with pole at the origin of the Laplacian A
in R, n > 3. We denote by B(xzg,r) the Euclidean ball of R centered at xg
with radius » > 0. For every y ¢ B(xg,r) the function x — K(z — y) is
harmonic in B(zg,r) so that, by Gauss Mean Value Theorem,

/ K(z—y) do = ¢ K (o — 1), (1)
B(zo,r)

where c is the volume of B(zg,r).

In 1981, Aharonov, Schiffer and Zalcman proved that identity (1) is a rigid-
ity property of the Euclidean ball. More precisely, they proved (see [1], see
also [5]) that a bounded open set D such that, for a point g € D and a
suitable positive constant c,

/DK(:r—y) dr = cK(zo—y) Vy¢ D,

103



(2 of 16) A.E. KOGOJ AND E. LANCONELLI

has to be the Euclidean ball B(xg,r) with Lebesgue measure equal to c.
Suzuki and Watson, in 2001, extended the previous theorem to the heat
balls in R™™* n > 1 (see [11]). To be more precise, we need some notation.
Let us denote by G the fundamental solution of the heat operator H :=
A —0; in R"™ = R? x Ry. We call heat ball with center zy € R"™* and r > 0
the following set

1
Q. (20) := {z e R Gz —2) > } .
r
The caloric functions, i.e., the solutions to the heat equation

Hu =0

can be characterized in terms of the following caloric mean value formula

uCeo) = Mr(w)(z0) =1 [ w(OWC = 20) @
Qr(20)
where W is the Pini-Watson kernel
2
o =wien = () enerirzo ®

Indeed, a continuous function u : O — R, O open subset of R"*! | is
smooth and solves Hu = 0 in O if and only if

u(z0) = My (u)(20)

for every zp € O and r > 0 such that Q,(z9) C O (see [12]).
As a consequence, for every heat ball Q,.(z9) and for every z ¢ Q,.(z), one
has

1/ G(C — z)W(C - ZO) d¢ = G(Zo - Z) (4)
Qr(20)

r

Indeed, if 0 < p < r and and z ¢ Q,(29), 2z # 20, then

(— G((—2)

is caloric in R™** \ ©,(z0). Hence, by the caloric mean value formula (2),

1
P/fzp(zo) G(C—2)W (¢ — 2) d¢ = G(z, — 2).

From this identity, as p 7 r, one gets (4) in the case z # zp. On the other
hand, if z = 2o identity (4) is trivial. Suzuki and Watson, extending Aharonov,
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Schiffer and Zalcman’s Theorem to the caloric setting, proved that (4) is a
rigidity property of the heat balls.

Their result reads as follows: let 29 = (zg,tp) € R"™* and let D be a
bounded open set of R"™*. Assume that for a suitable constant ¢ > 0,

/ GC—2)W(—20)dl =cG(zo—2) Vz¢&D.
D
Then, if

¢ (Ip — 1o, (z0)) ()W (20 — () € L for some p > % +1, (5)
then
D = QC(Zo).

Here, and in what follows, 15 denotes the characteristic function: 1g(z) =1
it x € E, 1g(z) = 0 otherwise.

We want to stress that condition (5) replaces the condition z¢g € D of
the harmonic case; its meaning is that D and €Q.(z9) are indistinguishable in
the vicinity of zp. The present authors, together with G. Tralli, in [7] par-
tially extended this last rigidity theorem to a class of second order hypoelliptic
operators containing in particular the prototype of the so called Kolmogorov
operators.

In this note, we provide a full extension of Suzuki-Watson’s rigidity Theo-
rem to such a class of partial differential operators. Our technique is inspired by
the one used in the paper [5] where harmonic characterizations of the Euclidean
balls are proved.

1.2. Our operators
We will deal with Partial Differential Operators of the type:
L :=div (AV) + (Bz,V) — 04, (6)

where (z,t) € R" xR, V and (-, -) denote the gradient and the inner product in
R™ A= (a;;)ij=1,.nand B = (b; ;)i =1,.n are n X n real constant matrices
taking the following block form:

0 0 ... 0 0

y By 0 0 0

_ |40 0 0 B, 0 0
A_{O 0], B 0],

0 0 B, 0

where Ag is a pg X po (1 < pp < n) symmetric and positive definite constant
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matrix and Bj is a p; X pj—1 (j = 1,2,...,7) block with rank equal to p;.
Moreover pg > p1 > ... > pr > 1 and pg +p1 + ... + pr = n.

We explicitly remark that the operator (6) becomes the heat operator if
A = 1,, - the identity matrix - and B = 0. In this case, with the previous
notations, pg = n and pq,...,p, disappear.

It is quite well known that, under these block form assumptions on A and B,
the operator £ in (6) is hypoelliptic, i.e., every distributional solution u to
Lu = f is actually smooth whenever f is smooth (see [10], see also [2, Chapter 4,
Section 4.3.4]). Tt is also well known that £ is left translation invariant and
homogeneous of degree two on the homogeneous Lie group

K:= (R"* 0,68))
whose composition law is the following one
(x,8) 0 (§,7) = €+ E(T)x,t +7),

with E(7) = exp (—7B); moreover the dilation dx, A > 0, is the linear map
from R™"*! to R"*! whose Jacobian matrix is given by

D(A) = diag(Mp, NP1y, .., A2, 0 A2),
being 1, the p; X p; identity matrix. We remark that
det D(\) = A9,

with @ := po+p1+...4+(2k+1)p,+2. This natural number is the homogeneous
dimension of K. Since K is a homogeneous Lie group in R"**, the Lebesgue
measure in R™*! is left and right translation invariant on K.

An explicit fundamental solution for (6) is given by

T'(z,¢) =7~ (C‘l oz) for z,( € R (7)

where ¢! = (¢,7)7" = (=E (—=7) &, —7) denotes the opposite of ¢ with respect
to the composition law in K and

0 for t <0
Y¥(2) =7 x,t) = N2 8
oo UGB exp (<10 (,3)) for >0 ®

Here C (t) stands for the matrix
¢
C(t) = / E(s)AET (s)ds.
0
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This matrix is strictly positive definite for every ¢ > 0 and strictly negative
definite for every t < 0 (see [10]). In the case of the heat operator, C(t) is
simply given by tl,,.

The function ~, the fundamental solution of £ with pole at the origin - the
neutral element of K - is §y-homogeneous of degree 2 — @, i.e.,

Y(6x(2)) = A2 9y(2) VzeR"™ VYA>0.

1.3. Mean Value formula

Let £ be the operator (6). For every zo € R and r > 0 we call £L—ball with
center zog and radius v > 0 the following open set

Q, (z0) = {z € R : D(z,2) > i} )

From (7) and (8), one easily verifies that €,(zp) is a non-empty bounded

open set; moreover,
m QT(Z()> = {Zo}
r>0

A continuous function u : O — R, O C R™"! open, actually is smooth

in O and solves
Lu=0in O

if and only if
1
uGo) =7 [ w(OW(" o) . (10)
QT(ZO)

r

for every L-ball ,.(zo) such that Q,(z9) C O (see [6], see also [7, Theorem 1.1]).
In (10) the kernel W is defined as follows

(AC~(t)x, C‘l(t)x>.

W(z) = W(x,t) := 1

(11)

W is a well-defined and strictly positive almost everywhere in R”™* smooth
function. Indeed, since A >0, W > 0 in R"** \ (R" x {0}). Moreover, as

C't)>0 Vt>0 and C'(t)<0 Vt<O,

one has W(z,t) = 0 if and only if z € F, := C(t)(ker(A4)). Being rank(A) =
po > 0, C(t)(ker(A)) has dimension n — pg, hence strictly less then n. It follows
that F; has n-measure equal to zero for every ¢t # 0 and this implies that

F={(z,t) € R™" | W(z,t) = 0}

has n + 1-measure equal to zero.
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We remark that when £ = #, the kernel (11) becomes the Pini-Watson
kernel in (3).

From the Mean Value formula (10), just proceeding as in the caloric case,
one gets

/Q ( )F(C,Z)W(zo_l 0() d¢ =1T(20,2) Vz¢& Q(20). (12)

1.4. Main Theorem

The aim of this paper is to prove that identity (12) is a rigidity property of the
L-balls; equivalently, we want to extend the Suzuki-Watson Theorem to the £L-
setting. Here is our main theorem in which I" denotes the fundamental solution
of the operator L in (6), ©,.(29) is the £-ball in (9) and @ is the homogeneous
dimension of K.

THEOREM 1.1. Let zg € R""! and let D be a bounded open subset of R"™* such
that, for a suitable r > 0,

/DF(C,Z)W(Z()_l 0() d¢ =71T(20,2) VzeR"\ D. (13)

If, moreover,

Q

(1p — 1Qr(z0))W(’ZO_1 o) € LP for somep > 5 (14)

then D = Q,.(2p).
We explicitly remark that identity (13) implies the inclusion
D - RnX] — OO,to[,

being ¢y € R the time-component of zy, i.e., zo = (z0, to) for a suitable zy € R™.
Indeed, the right hand side of (13) is equal to zero for every z = (x,t) with
t >to while I'(¢,2) >0if (= (&, 7) € D and 7 > t.

Due to the invariance of the Lebesgue measure with respect to the right
(and left) translation on K, identity (13) is equivalent to the following one

/7 . (¢, 2)W(C) d¢ =rT(0,2) Vz¢z'oD. (15)

0
Then, it is enough to prove Theorem 1.1 in the case zy = 0.
COROLLARY 1.2. Let zg € R and let D be a bounded open subset of R"1
such that, for a suitable v > 0,
1 _
u(zp) = 7/ u(Q)W(zg P o) d¢ (16)
D

r
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for every non negative function w L-harmonic in an open set containing D U
{z0}. Then
D= QT(Z())

if condition (14) is satisfied.
REMARK 1.3. If we replace condition (14) with the following stronger ones:
(i) there exists a neighborhood V of zp s. t. Q,.(20) NV =DNV;

(i) D\ {20} C R"x] — 00,to[, being t; € R the time-component of 2, i.e.,
29 = (xo,tp) for a suitable zy € R™;

then Theorem 1.1 becomes a particular case of Theorem 1.4 in [7].

The paper is organized as follows. In Section 2 we recall some notion and
several results from Potential Analysis for the operator £ and its adjoint £*.
These will be the main ingredients and tools of our proof of Theorem 1.1.
Section 3 will be devoted entirely to the proof of Theorem 1.1 and Section 4 to
the proof of its Corollary 1.2.

2. Basic notions and results from Potential Analysis for £
and L

2.1. Harmonic and subharmonic functions for £ and £

Let Q C R™* be open. A function u : Q — R is called £*-harmonic -in short
notation u € L*(N) - if u € C*°(Q,R) and L*u = 0 in Q. We explicitly observe
that

L :=div (AV) — (Bz,V) + 9y,

and therefore, as L, it is hypoelliptic.
Analogous meanings as above for £-harmonic functions and for £(€2).
A bounded open set V' C R" is called L£*-regular if for every function
p € C(9V,R) there exists a unique £*-harmonic function in V', denoted by H. X ,
such that
lim H;/(z) =p(() V(¢eaW.
z—(
Analogous meaning for L-regular set.
Let © C R™"* be open and let u : @ — [—00,+00[ be an upper semicon-
tinuous function. We say that u is L£*-subharmonic in € - in short notation
u € L*(Q) - if it satisfies the following conditions:

(i) u > —oo in a dense subset of ;
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(ii) for every L*-regular open set V with V C Q and for every ¢ € C(0V,R)
such that u|py < ¢ one has u < H;/ in V.

We shall denote by £ () the family of the £*-superharmonic functions, i.e.,
the family of the functions v such that —v € L*(Q).

2.2. Maximum principle for £ -subharmonic functions
Let © C R™"* be a bounded open set and let u € L£*(2) be such that
limsupu(z) <0 V¢ € 990.

z—C

Then
u<0in Q

(see e.g. [3, Proposition 2.3]).

2.3. Propagation of maxima along drift-trajectories
We call drift-trajectory of L* any path of the type
s—y(s):=a+se; or s+ y(s):=a— se;,
where 0 <s<S, aeR"™ ¢;=(0,...,0,1,0,...,0), 0<j<po.
j
Then, if u € Z*(Q), Q open subset of R**, and 2y € Q is such that
u(z0) = maxcu,

then u(y(s)) = u(zo) for every drift-trajectory v : [0,5] — € such that
~¥(0) = zg (see e.g. [4], [8]).
2.4. IN-potentials

Let T" be the fundamental solution of £ defined in (7). and u be a non-negative
Radon measure with compact support. We let '), : R*** — [0, o0,

Tu(e) = [ Tla0) dulc).
Rn+1
Then, see e.g. [3, Proposition 4.1],
r, el (R
and

LT, = —p  in the weak sense of the distributions.

In particular T, is £*-harmonic in R"**\ suppy. We want to explicitly remark
that R"™* \ suppy is the open set union of the family of the open sets O such
that u(O) = 0.
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2.5. An inequality for the -potentials of the L-balls

For fixed zg € R""! and r > 0, denote by u the Radon measure in R such

that

A(0) = o, oo (OW (55" 00) dC, (1)

where Q,.(29) is the £-ball centered at zo with radius r and W is the kernel (11).
We have already noticed - see (12) - that

I'u(z) =T(20,2) Vz ¢ Q(20).
From Corollary 3.2 in [9], we also get the following inequality
Tu(z) <T(20,2) Yz € Q(20). (18)

This inequality will play a crucial role in the proof of the Theorem 1.1.
Here, we stress that, together with (11), it implies

L.(z) <T(z0,2) VzeR"™™. (19)

2.6. A convolution continuity result

Since v is dy-homogenous of degree 2 — () we have
yeLL (R™) ifq(Q—-2)<Q

or, equivalently, if

o<t 1.2
P ¢ Q

Then, if f € LP(R"*) for some p > % and, moreover, the support of f is

compact, the function

e T(2) = /R T

is a well-defined real continuous function in R™. The proof of this statement is
completely standard if one remarks that, being the Lebesgue measure transla-
tion invariant in K,

/Rn+1 I'(¢,2) f(¢) dC = Yz o Q) f(C) d¢ = S f(zon) dn.

Rn+1 Rn+1
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3. Proof of Theorem 1.1

As we already noticed, it is not restrictive to assume zy = 0. Let p be the
compactly supported Radon measure defined in (17), and let v be the measure

such that )
dv(Q) = ~1p(Q)W (g ' 0 () dC.

(20)

Since D is bounded, v is also a compactly supported Radon measure. For our

aims, it is crucial to remark that suppr = D, hence
0D C suppv.
It is also crucial for us to remark that

tlo, (zo)np = V|0, (20)nD-

Let I'), and I'), be the I'-potentials of u and v respectively, i.e.,
1 _
) = [ T @) =1 [ @ aWit e d
Rn+1 T QT(ZO)

and

1 _
L= [ TER a0 =1 [ Teawiteo i
From (12) and assumption (13), we have
I'y(z) =T(20,2) V2 ¢ Q(20)

and
Iy(z) =T(20,2) Vz¢D.

Therefore,
L,(2)=T,(2) VzeR" \ (Q(z)UD).

Let us remark that

Ty —T0)(2) = / P(z, O f(C) d,

Rn+1

where

£(O) = (1o, ~ 1) QW (=" 00).

From assumption (14), the function f € LP(R"*?) for a suitable p > %
thermore, as Q,(z9) and D are bounded, f has compact support. Then,

r,—T,eCR"" R)
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(see Subsection 2.6). Then, since 'y is finite at any point (see (19)), we have
[,(2)<oco VzeR™.

With all these results at hand, we can prove Theorem 1.1 with a procedure
inspired by the one used in [5]. We split our procedure into several steps in
which we simply denote by €2 the £-ball Q,.(20).

Step I. The aim of this step is to prove the inequality

I, <T,inR"™\ Q. (29)
To this end, keeping in mind (27) and remarking that
R""\ Q C (R"™\ (QuD))u D,
it is enough to prove that
I'u(z) <Ty(2) YzeD. (30)

Define
p = ployp  and v =V|p\o. (31)

Then w1 and v; are compactly supported Radon measures whose I'-potentials
are finite at any point of R**!, If z € D we have

Ty —T)(2) = / IO duQ) + / I'(z¢) du(¢)

Q\D

_ (/ I(z,¢) dv(C) +/ I'(z,¢) dV(C)) ;
DNQ D\Q

so that, keeping in mind that
#lonp = vlenp
(see (22)), we get
Ty —=Ty)(2)=Tpu —Tw)(2) YzeD. (32)

We let
=T, —T.,. (33)

Since D is open, one has the following inclusions:
Dnsupp pn CDON(Q\D)C DN (R*\ D) =0.

As a consequence,
Iy, is £*-harmonic in D
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(see Subsection 2.4). It follows that

e L*(D).

We claim that
limsupd(z) <0 V(e aD. (34)
D>z—(¢
Taking this claim for granted, for a moment, from the Maximum Principle
for £*-subharmonic functions (see Subsection 2.2), we get

u<0in D.
Then, by (32) and (33),
r,—T,<0inD.

This proves (30), hence (29).

We are left with the proof of claim (34). Keeping again in mind (33) and
(32), and using the continuity of the function I', — I', - see (28) - for every
¢ € 9D we have

limsup @(z) = limsup(I'y, (2) — 'y, (2)) = limsup(T',(z) — T'u(2)) (35)

D3z—¢ D3z—(¢ D3z—(¢
= lim (I (2) = T(2)) = Tu(€) = Lo (©)-

On the other hand, by (19), I',(¢) < I'(20,(¢), while, since ¢ € 9D so that
¢ ¢ D, from (26) it follows I', (¢) = I'(z0, (). Using this information in (35) we
finally get

limsup 4(z) < 0.
D3z—(¢

This proves the claim (34) and completes the proof of (29).
Step II. The aim of this step is the proof of the inclusion

DCQ. (36)

Since supp p = Q, the potential function I',, is L£*-harmonic in R™** \ Q.
Therefore

v:=T,-T, € LR\ Q). (37)
We know, by Step I, that
v <0in R"™\ Q. (38)
On the other hand, by (27),
v=0in R""\ (QU D). (39)
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Now, let z = (z,t) be an arbitrary point of R"** \ Q. From the very
definition of Q (= Q.,.(z9) and 2z = 0) the bounded subset of R™

Q:i={¢eR"| (1) €Q}

is empty or convex. As a consequence, for every fixed j € {1,...,po},
z+se; ERMIN\NQ Vs>0

or
z—se; ERMN\Q Vs>0.

To fix ideas, let us suppose that the first case occurs. Then, since Q U D is
bounded, there exists S > 0 such that

z* =2+ Se; e R\ (QU D)
and -

z+se; e R"TI\Q Vsel0,9].
Then, by (39) and (38),

v(z") =0= max v.
RnF+1\Q

The propagation of maxima for £*-subharmonic functions (see Subsection 2.3)
implies that
v(z+se;) =v(z")=0 Vse|0,95].

In particular, for s = 0, we get v(z) = 0. Since z is an arbitrary point of
R™*1\ Q, we have so proved that
v=0in R""\ Q.
This means that -
I,=T,in R"™\ Q.
On the other hand, as we have already observed, I, is £*-harmonic in R"** \ Q.
As a consequence,

v=-LT,)=-L*T,) =0in R"\Q,
ie.,
v(R™\ Q) =0,
or, equivalently, -
supp v C Q.

Then D C Q since supp v = D. As a consequence, D C int(Q). On the other
hand, keeping in mind that v is dy-homogeneous of degree 2 — @, it is easy to
show that

int(92) = Q.

Hence, from the last inclusion, we get D C €.
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Step III. In this final step we prove that
D =Q. (40)

We argue by contradiction and assume D # ). In this case, since D C ) by
Step II, there exists z € Q such that z ¢ D. Then, by inequality (18)

I'(20,2) > T'u(2). (41)
On the other hand, since D C Q, from (22) we get

Moreover, since z ¢ D,
T'y(2) =T(20, 2). (43)

Putting (41), (42) and (43) together we have
(eo.2) > Tula) = [ T¢.2) dulc)
> [ 1.2 autc) = [ T¢.2) an©
=T,(2) =T(20, 2),

that is I'(zg,2) > I'(z9, 2z). This contradiction proves (40) and completes the
proof of Theorem 1.1.

4. Proof of Corollary 1.2
We first remark that Corollary’s assumptions imply
D C R"X] — oo, tg], (44)

if tg is the time component of 2o (i.e. 29 = (xg,to) for a suitable zp € R™).
Indeed, assume by contradiction that

DN (R™ x [to, 00]) % 0.

Then, since D is bounded, there exists z* = (x*,t*) ¢ D such that ,t* > ¢
and
D* := DN (R*"x]t", 00[) # 0.

Let us now consider the function

w'(¢) =T((2%), CER™™
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Since z* ¢ D,u* is L-harmonic and nonnegative in D. Moreover
u*(20) =T(20,2") =0 and " >0in D"
Then, by assumption (16)

u*(z0) = /D W (OW (25 0 €) dC.

r

This is a contradiction since u*(zp) = 0 and

[wowetogdcz [ w@Weg' o) dc>o
D *
This contradiction proves the inclusion (44).

Let us now observe that, for every z ¢ D, z # zg, the function ¢ — I'((, 2)
is non-negative and £-harmonic in an open set, precisely R"**\ {z}, containing
D U {zp}. Then by assumption (16)

/D D(¢,2)W (25t 0¢) d¢ = 7T (20, 2) (45)

for every z ¢ D, z # zp. On the other hand, identity (45) is trivial if z = zg
since I'(zp, 20) = 0 and, being D C R"x] — o0, tg[, I'((, 29) = 0 for every ¢ € D
so that

/ D(¢, 2)W(zgto¢) d¢ = 0.
D

We have so proved that D satisfies the assumption of Theorem 1.1, keeping in
mind that we are assuming condition (14). Then, by Theorem 1.1, D = Q,.(zo).
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