ON DISTAL SPACES (*)

by ROSANNA GARBACCIO BoGIN (in Torino) (**)

SOMMARIO. - Data una struttura distal D su un insieme S, si ottiene
in modo naturale una topologia Gp su S. Si esaminano poi le

relazioni fra strutture distal, topologie, prossimita, uniformita
e metriche.

SUMMARY. - Any distal structure D on a set S induces in S a topology
Tp in a natural way. We examinate the relations between distal
structures, topologies, proximities, uniformities and metrics.

1. The topology of a distal Space.
DEFINITION 1.® - A non void collection D of families of subsets
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M See [2]. Conditions (D.), (D:), (Ds) hold iff (see [5], Theorem 3):
(1) {Ai} (iel) e D= AiNAj= @ whenever i #j;
2) XcS={X}eD;
B)ifdeD and BeD, then AABeD;
4) if d={A:i}(iel)eD and vy ={L} (M€ A) is any partition of I,
then &, € D (where d,, ={A} (A€ A) and A = 'UI Ai);
1€ l

(5) if d={A:}(iel) is a family of subsets of S, and if X and ¥
are subsets of S such that {X—-Y,Y —X}eD, &, xeD and
dyeD (where d,;z={AN Z} (iel) for any ZC S), then
8,5ur€D;

(6) if 4@ ={A:}(ieI) €D, then there is a family & = {B;}(ieI)eD
such that A;SB; for each i € I and moreover { :UIA" S — .UIB i} € D.
€ 1€
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of a non empty set S is a distal structure on S if:
(D)) {AB}eD=>ANB=0;

(D2) any distal combination of a finite number of elements of D
belongs to D;

(D3) any element of D has a distal neighbourhood (written distal
nbd) in D.

DEFINITION 2. - Let (S,D) beE a distal space and x € S. A subset U
of S is a D-neighbourhood (written D-nbd) of x iff {{ x},S —-U} e D.

ProPOSITION 1. - Let (S,D) b§e a distal space. There exists a topo-
logy Tp on S, such that, for any x € S, the collection Up(x) of all
D-nbds of x is the neighbourhood filter of x.

~ Proof. Clearly Mp(x) is a filter and x < Wp(x). If Ue MUp(x)
and {V,W} is a distal nbd of {{#},S — U} in D, then {{y},S — U} e D
for any ye V.

DEFINITION 3. - The topology Tp from Proposition 1 will be
called the distal topology of (S,D) or D-topology.
REMARK 1. - Let (S,D) be a distal space and X < S. Then:
the set X = {xeS/{{x},S — X}" € D} is the interior of X;
the set X ={x € S/{{x},X} ¢ D} is the closure of X.
. |

PROPOSITIOI\i 2. - Let (S,D) he a distal vspace and
a={A}(iel)eD.
If 8={B;}(iel) is a distal nbd of & in D, then:
(1) Each B;is a neighboui%'hood of A;;
(2) UA4c UB, for any JCI

jel

Proof. Ad (1). Let jelI' and xeA;. By (D;) we obtain
{{x},S — UB}eD from 4V {S —UB;}eD, and {{x}, UB}eDfrom

iel igef
BeD.
Ad (2). Given J I, we ‘have (UA,)ﬂ(S UB;) = @ since

jel del

{UA,,S UB}eD If J=1, the proof is complete. If J c I, also

{U4;, U Bi} eD, and S0 (UA,)h( u B)—

jel iel-J

§



ON DISTAL SPACES - 3

COROLLARY. - Let (S,D) be a distal space. If {Ai} (i€ I) € D, also
{Ai}(iel) eD.

DEFINITION 4. - Let Dy and D, be distal structures on a set S. We
say that D, is finer than D, or that D, is coarser than Di, and we
write D1 < Ds, iff D1 2 D,.

DEeFINITION 5. (See [1],[2]1,[5])-Let (S,D) and (S’,D’) be distal
spaces. A function f:S—> S’ is a distal mapping iff {Ai} (iel)eD’
implies {f-1(A’:)}(ieI)eD. (S,D) and (S',D’') are distally isomor-
phic if there is a bijection f:S—S’, such that both f and f-! are
distal mappings.

- REMARK 2. - Any distal mapping from (S,D) to (S’,D’) is a cont-
inuous map from (S, %Gp) to (S’,Gp’). If (S,D) and (S’,D’) are dis-
tally isomorphic, then (S, Gp) and (S’, Gp’) are homeomorphic.

2. Separation properties' of a distal space.

ProPoSITION 3. - Any distal space (S,D) is Tsa.

Proof. Given a closed subset C of (S, Tp) and a point x € S — C,
consider the set J, of all rational numbers r of form p/2~,
0<p/2n<1.

With a process which is similar to the one of Urysohn’s Theorem
we construct a family {A,}(r € J.) of subsets of S, such that:

(1) {x}S A =S —C for each reJ,, and A, is open if 7 = 0;
2) {A,,S — A} eD whenever r <s.
Then we define a continuous map f: (S, p) = [0,1] putting:

f(y) if yeC; ;
1an where A ={re ./ ye€ A}, if yeS C.

PROPOSITION 4. - Let (S,D) be a distal space. If (S,%p) is Ty,
then: |
Ds) x#=y={{x},{y}}eD. o
Conversely, if D satisfies (Ds), then (S ®p) is Hausdorff
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3. -Distal structures on a topological space.

LEMMA 1. - Given a topoloézcal space (S,G), let D(T) be the
collection of all families {X:}(i €I) of subsets of S such that:

(i) thesetI'={iel/X; G} is finite;

(ii) if I’>2 then for each JeI’ there is ‘a continuous map
fi: (S, %’)-—>[0 1] such that f;(X;) ={1} and f,(UX,) = {0}.

Then D(G) is a distal struéture on the set S, and the D(G)-
topology is coarser than G . |

Proof. :

a) D(G) satisfies the co-nditiions from footnote ®,

(1) and (2) follow immediately from the definition of D(%).
(). Let {A}(iel)eD, {B}(jel)eD, I'={iel | Aix B},

I={jel/B;= @}, H={(ij)el*J/ANB;= @} If H>2, for
any (i, jo) € H we find two continuous maps f, and gy from (S, T)
to [0,1], such that fo(4i) ={1}, fo( U Ai) ={0}, g(B; J =11}

l;élo

go( U B;) = {0}.. We obtain a contmuous map hy: (S,%)—1[0,1] such

I¢I

that fu(4i, N B; ) ={1} and io( U (AN B;)) ={0} in the follow-

(i, t)ae(z 10)
mg way. If r —{zo} we take ho‘ g 1f I’ = {jo}, we take ho=fo;
if both I'> 2 and J’> 2, we put ho(x) = fo(x) - go(x) for each x€S.

(4). Given a family & = {A,}(z € 1) of subsets of S, take XcSs
and Y €S, such that X-Y = @, Y-X = 3, {X-Y,Y-X}eD(T),
a eD(‘G), 161 eD(%‘) Put I1={i€e I/AiNX# B}, L={iel/ANY=D},

and assume IIUIz =2. Let o and ¢ be continuous maps from (S, %)
to [0,1] such that (X —Y) —{1} o(Y — X) ={0}, (X - Y) ={0},

(Y —X) _{1} Then, if jeI; hnd Il>2 take a contmuous map
fi: (S,%)—[0,1] such that f,(A,'ﬂX) = {1} and f,( U (A NnXx))={0};

if jel, and I = 2, take a contlnuous map gi: (S, %)—>[0 1] such
that gi(A;,NY) = {1} and g,( U (AtﬂY)) = {0}. for each j e I;UI, we
define a continuous map #;: (S ‘%‘ )—[0,1] in the following way. If

I;>2 =2 and je Nk, we put

hi(x) = inf {1, [(fi(x) + ¥(x)) * (gi(x) + o(x)) — o(x) - Y(x)1}
for each x € S. We take hj = ¢ if I; = {j} and j ¢ I ; h; = ¢ if L={j}
and j¢Ii; hj=sup (9,g) if h={j} and jel; hj=sup (y,f;) if
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L={j} and j € I1; hj=inf (¢,f;) if j € [L—I, and I,=2; h;= inf ({, g;)
ifjelz—I;andfzzz. |

(5). Given {Ai}(i€I) e D(%) and a partition {L}(A € A) of I,
put A’={\N € A/A. = D} where A. = UA;, and assume A’ = 2. Then,

iel

given M € A’, consider I ={ie L/Ai= D} ={i1,i,...,i.}. For each
i,€I’, take a continuous map f,: (S, G)—[0,1] such that f,(A,- ={1}
and f,( U A;) ={0}. The map fr: (S,%)—[0,1], given by f(x)

iel- {1 }

= inf{1, Z f-(x)} for any x € S, is continuous.
i=1

(6). Let & ={A:i}(ieI)eD(T) and I"={i € I/A: = B}. To const-
ruct B8={Bi}(iel), put Bi=@ for iel—-I. If I'={i}, put

B;,=S. Now assume I’ = 2. For each jer, take a continuous map
fi: (S,%)—>1[0,1] such that f;( U A;) = {0}, and put

isj

B; =f.-‘(] 2/3,11HnN ( »,r_w, f71(10,1/3D)).

Clearly A;SB;. 3€D(T) since, for each jel’, the map gj: (S, ‘G)—>[0 1],
given by g,(x) = sup{0,{inf {1,3fi(x) — 1}} for any x€ S, is cont-
inuous. Then for each je I’ define a map #;:S—[0,1], putting
hi(x) = sup {0, 3fj(x) — 2} for any x € S. {UA,, — UB;} e D(T), be-

iel

cause the maps # and k from (S, %) to [0 1], given by h(x) =

=inf{l, X h;j(x)} and k(x) =1 — h(x) for any x € S, are continuous.
jelI’

'b) Let G’ be the D(T)- topology in S. ¥’ is coarser than %, since
any closed subset of (S,%’) is closed in (S, %).

DEFINITION 6. - Let (S,T) be a topological space. A distal struct-
ure D on S is compatible with T if the D-topology is G.

THEOREM 1. - Let (S, T) be a topological space. The distal struct-
ure D(T) from Lemma 1 is compatible with G iff (S,T) is Taa.

Proof. The condition is necessary by Proposition 3. Conversely,

if (S,%) is T3, and x € S, any open neighbourhood of x in (S, ) is
a D-nbd of X.

REMARK 3. - Generally, if ‘G and G’ are topologles on a set S and
T =< %" then D(T) <D(T’).

REMARK 4. - Let (S, %’ ) be a topological space If
{Xi}(iel) e D(T),
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then T(}:n,?: = @ whenever i # i,.

THEOREM 2. - Let (S,%) be a topological space and D the col-
lection of all families {X:}(i € I) of subsets of S such that:

(i) the set I'={iel/Xi= D} is finite;
(i) Xi NX; =@ whenever iy 5 iz,

Then, if (S,T) is Tz and T, wé have D(T) =D and Gp = ©. Conv-
ersely, if D =D(T), the space (S,T) is Ta. ‘

Proof. Clearly (S,%) is T4 if D =D(G).

- Now assume that (S,%) is T; and Ts. If {X;} €D, I'=2 and
j €I, by T, there is a continuous map f;:(S,%)—[0,1] such that

fi(X;) = {1} and f(UX,) {0}; hence {X:}(ieI)eD(%). So D=D(%),
because D(G) <D by Remark 4 Then %p = G, since (S,T) is Tia.

LEMMA 2. - Let (S,D) be a xo-quasi compact distal space®. Then,
if {Ai}(iel)eD, the set I'={iel/Ai= D} is finite.

Proof. Assume {A:}(i€I)eD and I' = xo. For each ie I’ fix a
point x; € A;. The set X = {x;}(i € I) has a cluster point x in S. If
{Bi}(i e I) is a distal nbd of {A.}(zeI) in D, we have x € U B;, be-

iel’

cause x € UA;; so x € B; for exactly one index j € I'. But x is also

iel’

a cluster point of the set X — {x,} so x€ U A A, and hence x€e U B;.
is] istj

Since this is impossible, I’ must be finite.

THEOREM 3. - Let (S,T) be a quasi compact T3 topological space
and D the collection of all families {X:}(i € I) of subsets of S such
that:

(i) the set I' ={iel/X;= B} is finite;
|
(ii’) -)'{_.: N ')Ti; = & whenever 11 = i),
Then D is the only distal structure on S compatible with G.

Proof. D is a distal structure on S and Gp = G by Theorem 2.
Now let D’ be a distal structure on S compatible with G. D’ € D by
Lemma 2 and the Corollary of Proposition 2. Then we easily obtain
{X,Y}eD whenever X and Y are disjoint closed subsets of (S,T);
hence D € D’ by (D). g
(2) y stands for the hebrew letter «a'leph».
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COROLLARY 1. - Let (S,%) and (S,T’) be topological spaces. If S’
is quasi compact and Ts, then any continuous map from S to S8 is
a distal mapping from (S,D(%)) to (S, D’), where D’ is thé distal
structure of S'.

COROLLARY 2. - Let (S,G) be a T topological space. Then D(T)
is the coarsest distal structure on S compatible with % and such
that any continuous map from S to [0,1] is a distal mapping.

4. Distal structures, proximities, uniformities and metrics.

If (S,9%) is a uniform space, the collection D(9f) of all uni-
formly discrete families is a distal structure on S (see [1]). More-
over:

PROPOSITION 5. - The D(%)-topology is the uniform topology of
(S,%).

REMARK 5. - Let (S,D) be a distal space and § = {X;}(ie ) eD.
The coverings &(§F) = {X;}(j € I), where X;= X;U (S — UX;), form

a subbasis of a Tukey-uniformity on S (see [2]). The sets Ul) =
=S XS - ( U (X, X Xj)) form a subbasis for a Weil-uniformity on

S (see [5]) These uniformities give the same uniform structure
on S, that we denote by @ (D). Since the collection of all uniformly
discrete families of (S, (D)) is D (see [2],[5]), the topology of
(S (D)) is the D-topology

Let (S,%) be a T3, topological space. The sets
Wi, ={(x,y) €S X S/|f(x) —f(y)| <r}

(where r >0 and f:S—>[0,1] is a continuous map) form a sub-
basis of a Weil-uniformity on S, which is compatible with T (see
[3], 33.6). Let A (T) denote such a uniformity. We have:

PROPOSITION 6. - The uniform structure ©£(T) is finer than
WUMD(T)); the distal structure D(T) is coarser than D(®4(T)).

Proof. Let & = {A}(iel) eD(T) and I ={i e I/A: = D}. If J=2,
for each jeJ take a continucus map fi:S—1[0,1] such that
fi(Aj) = {1} and f,( U Az) ={0}.

a) AU(T) < UD(T)). IfJ<2 U@d)=SxS.If .7>2 we have
Wf 1N (U (A;: XA;i)) = D for any j € J; hence an 1CU(a)

ipej iel



8 ROSANNA GARBACCIO BOGIN

b) D(%4(T)) <D(T). Clearly 8 eD(U(T)) if T<2. If 1>2,
take the entourages W = an tand W = an .12 of (S,9% (%)) and

the uniform covering & = {W’[x]}(x €S), where
WIix]={yeS/(x,y) e W}

For any x€ S, St(x,&)NA; = @ for at most one index ]eJ since
wW.Wwcw. ‘

If (S,D) is a distal space, the relation & given by A8B&{A,B}¢D
is an Efremovi¢ proximity (see 4[1], [5]). Moreover:

|
ProrosITION 7. - The topology of (S,8) is the D-topology.

I’;'ROPtOSITiON 8. - Let (S,8) ?f)e a proximity space and D(B) the
collection of all families {X:}(i € 1) of subsets of S such that:

(I) the set I'={iel/X;= B} is finite;
(II) X 8 X: whenever i = i @,

Then D(8) is a distal structure on S, and the D(3)-topology is
the topology of (S 5). g

~ Proof. D(8) satisfies the coridltlons of footnote o,
We immediately obtain (l),v!(2), 3), 4), (5). ,
(6). Let & ={Ai}(ieI)eD(s) and I'={ieI/Ai =P} To const-

ruct &, put Bi= @ for iel —I'. If I'={io}, put B; =S. If I' =2
and jel, for each ie I’ — {j} take two subsets C; and Cj; of S
such that A;8 Cji, Ais Cj, (S Cij) 8 (S — Cj;); then put B;=
= N (S-Cp).

iel'-{j} i

Finally, the D (8 )-topology is the topology of (S,8), because, for
any x€ S, a subset U of S is a D(8 )mbd of x iff it is a neighbour-
hood of x in (S, 3). : |

REMARK 6. - Let (S,%) be ai T3, topological space and & a prox-
imity -on' S ‘compatible with ©. Then D(%) <D(38). In fact if A= &,

B = @ and A% B, we find a continuous map f:S—>[0,1] such that
f(A) ={0} and f(B) = [1] (see [4], (3.15)).

REMARK 7. - Let (S,8) be aéproximity space. A distal structure
D on S is said compatible with' § iff {A, B} € D& A% B. The distal
structure D(8) from Proposition 8 is the coarsest distal structure

(3) & is the negation of 8; ‘
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on S compatible with 3. Therefore, if @ is a uniformity on S induc-
ing &, we have D(®f) < D(5).

PropPoSITION 9. - Let (S,d) be a pseudometric space and D(d)
the collection of all families {X:}(i € I) of subsets of S such that:

(37r>0) (Viiel) (Virel) (h=b=>d(X: ,Xi)=71).

Then D(d) is a distal structure on S, and the D(d) -topology is the
pseudometric topology of (S,d).

Proof. We can easily see that conditions (D;), (D;), (D;) hold. Final-
ly the D(d)-topology is the pseudometric topology of (S, d), because
U is a D(d)-nbd of x iff U contains V(x,7) ={y € S/d(x,y) < r} for
some r > 0.

REMARK 8. - Let (S,d) be a pseudometric space, T its topology,
9 the uniformity of basis {R.}(s > 0) where & ={V(x,e)}(x€ S),
8 the proximity given by A§Bed(A,B) =0. We easily obtain
D(®) =D(d) =D(T) < D(3). Finally the real line R with its stand-
ard metric is such that D(d) = D(%). In fact, the family & =
={{n}}(n e N), where N denotes the set of all natural numbers, is
such that § eD(‘G) and §eD(d).
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