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Dynamics of the
polymer composite model

Azad I. Amen

Abstract. In this paper, the complex dynamics of the cross-linking re-
action of the polymer composite model, are analyzed and studied. This
model is described by five-dimensional nonlinear ordinary differential
equations with three real parameters. The nature of the response of col-
lagen with cross-linking chemicals is detailed in this model, and it is
very essential not only in leather technology but also in the nutritional
business. We present a thorough analysis of their invariant algebraic
hypersurfaces of this model. The flow on invariant sets for the model is
investigated. Using the invariant algebraic hypersurfaces, we verify the
non-existence of periodic solutions and investigate their dynamics in
these invariant sets. It is established that the five-dimensional model,
depending on the parameters, is completely integrable with four inde-
pendent first integrals.
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hypersurface.
MS Classification 2020: 34C05, 34C14, 34A34.

1. Introduction and preliminary results

Cross-linking is a crucial process in polymer science and materials engineering,
with a major impact on the mechanical and thermal properties of polymeric
systems. Understanding and forecasting the behavior of cross-linked systems
necessitates accurate mathematical modeling that can capture the kinetics and
dynamics of the chemical events involved. Traditional experimental methods,
while useful, are frequently limited in offering precise insights into the evolution
of molecular networks during cross-linking. As a result, a theoretical framework
supported by mathematical analysis becomes necessary. The authors in [5]
developed a mathematical model to understand the kinetics of polymer cross-
linking reactions. Their method mixes differential equations modeling the time
evolution of chemical species with parameters determined from experimental
data. The model allows for quantitative examination of how reaction rates,
temperature, and molecular interactions influence the degree of cross-linking.
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This modeling paradigm is useful not only for comprehending the underlying
physical dynamics but also for optimizing industrial polymerization operations
and enhancing material design.

This paper studies a mathematical model that represents the dynamics of
the cross-linking reaction discussed in [5] with the following equations

ẋ = −axy − cx2,

ẏ = −axy,

ż = axy − bz,

u̇ = bz,

v̇ = cx2,

(1)

where a, b and c are the real velocity parameters. The derivative with regard
to time t is indicated by the dot. The authors in [5] used some simulations
for the illustration of time dependencies of individual reactant concentrations
of the system (1). Moreover, in [5], the authors gave a scheme of the reac-
tion for system (1) and derived it. For additional details regarding the de-
pendent variables’ chemical meaning, see [4, 5]. The paper [5] contributes by
bridging the gap between the chemical kinetics of cross-linking reactions and
mathematical analysis, providing a predictive tool for real-world applications
in materials science, rubber technology, and synthetic polymer manufacture.
Several related works have built on or extended the mathematical foundation
established by [5]. The authors in [2, 3, 6, 8] established the theoretical founda-
tions for network formation kinetics, has include reaction-diffusion effects and
viscoelastic interactions. These findings demonstrate that cross-linking can be
seen as a nonlinear dynamical process, with the interplay of reaction kinetics
and molecular transport leading to complex or oscillatory behavior in certain
composite systems.

We must provide preliminary information and summarize some fundamental
facts. Several well-known outcomes for first integrals and completely integrable
may be found in [1, 9].

Let W ⊂ R5 be an open subset, a non-constant C1 function H : W → R
is called a first integral of system (1) if it is a constant on all solutions of
system (1) contained in W . That is H is a first integral in W if it satisfies(

−axy − cx2
) ∂H
∂x

− axy
∂H

∂y
+ (axy − bz)

∂H

∂z
+ bz

∂H

∂u
+ cx2 ∂H

∂v
≡ 0. (2)

In the case W = R5, H is called a global analytic first integral. If the
gradients of the first integrals H1, . . . ,Hr in five dimensions, where r < 5,
are linearly independent in a complete Lebesgue measure subset of W , then
they are functionally independent in W . If system (1) has four functionally
independent Ck first integrals in W , then it is Ck completely integrable in W .
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For system (1), the existence of four functionally independent first integrals
solve the difficulty of establishing its phase portrait, while the existence of less
than three first integrals reduce the complexity of its dynamics.

Assume that the polynomial f ∈ C[x, y, z, u, v] is nonconstant. If the fol-
lowing partial differential equation is satisfied by f

(
−axy − cx2

) ∂f
∂x

− axy
∂f

∂y
+ (axy − bz)

∂f

∂z
+ bz

∂f

∂u
+ cx2 ∂f

∂v
= kf, (3)

then f is called an invariant algebraic hypersurface with k is referred to as a
cofactor of f for a polynomial k with a degree of no more than one.

The Darboux theory of integrability depends on the existence of Darboux
polynomials. Suppose that the system (1) has p Darboux polynomials fi with
cofactors ki for i = 1, . . . , p. Then there exist λi ∈ C, not all zero such that∑p

i=1 λiki = 0 if and only if the function fλ1
1 . . . fp

λp is a first integral of the
system (1), for more details see [9]. Recall that the product of complex powers
of Darboux polynomials is a Darboux first integral.

Until now, an integrability and periodic solution analysis of this system has
not been performed.

One of the mainly unsolved issues in the qualitative theory of differential
systems is the investigation of periodic solutions – whether they exist or not –
for nonlinear systems as well as of technical importance (see [7] and references
therein).

We have two main goals in this paper. The first one is to show that sys-
tem (1) is completely integrable by Darboux first integrals. The second ob-
jective is to study the non-existence of the periodic solutions in the polymer
composite system (1).

2. Complete integrability

Since the divergence of system (1) equals −((2c+ a)x + a y + b), the phase
space volume is not conserved. But system (1) would be dissipative when
(2c+ a)x+ ay + b > 0, and will converges to a subset of measure zero volume
according to

dW

dt
= e−((2c+a)x+ay+b).

This indicates an exponential shrinkage to zero of each volume storing the
dynamical system’s trajectories as t → ∞.

First, we assert and prove a few auxiliary results before proving the main
conclusion in this section. We begin the study of the invariant algebraic hyper-
surfaces for the system (1) by simplifying the general expression of the cofactor.
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Lemma 2.1. Let f = 0 be an invariant algebraic hypersurface of system (1).
Then cofactor of the form k = k0 + (−mc + ar)x − may, where k0 ∈ C and
m, r ∈ N ∪ {0}.

Proof. Let f (x, y, z, u, v) = 0 be an invariant algebraic hypersurface of sys-
tem (1) with non-zero cofactor k = k0 + k1x+ k2y + k3z + k4u+ k5v, ki ∈ C.
It follows from (3) that f satisfies

(
−axy − cx2

) ∂f
∂x

− axy
∂f

∂y
+ (axy − bz)

∂f

∂z
+ bz

∂f

∂u
+ cx2 ∂f

∂v

= (k0 + k1x+ k2y + k3z + k4u+ k5v)f. (4)

We can write f =
∑m

i=0 fi(x, y, u, v)z
i, where for each i, fi is a polynomial

in the variables x, y, u, v. Note that f is of a degree m ∈ N ∪ {0} in the
variable z. From (4) the terms in zm+1 satisfy

b
∂fm (x, y, u, v)

∂u
= k3fm (x, y, u, v) ,

solving it, we obtain

fm (x, y, u, v) = gm (x, y, v) e−
k3u
b ,

where gm (x, y, v) is a polynomial in the variables x, y, v. But fm is a polyno-
mial, so it must either k3 = 0 or fm = 0.

If fm = 0 and k3 ̸= 0, so m = 0 and f = f0(x, y, u, v). From relation (4) we
have

(
−axy − cx2

) ∂f0
∂x

− axy
∂f0
∂y

+ bz
∂f0
∂u

+ cx2 ∂f0
∂v

= (k0 + k1x+ k2y + k3z + k4u+ k5v)f0.

Equating the terms with z in the above equation, we obtain b∂f0∂u = k3f0, solving

it, yields f0 (x, y, u, v) = g0 (x, y, v) e
− k3u

b , where g0 (x, y, v) is an polynomial
in the varaibles x, y and v. As g0 is required to be a polynomial and k3 ̸= 0,
we get a contradiction, so this case is impossible. Hence k3 = 0.

Now we suppose that f =
∑m

i=0 fi(x, y, z, v)u
i, where fi is a polynomial in

the variables x, y, z, v. From (4) the terms in um+1 satisfy k4 fm (x, y, z, v) = 0,
so k4 = 0 or fm = 0. If fm = 0 and k4 ̸= 0, so m = 0 and f = f0(x, y, z, v).
Also, from the relation (4) we have k4f0 (x, y, z, v) = 0, then f0 (x, y, z, v) = 0,
is a contradiction with the fact that f = f0 (x, y, z, v) is a Darboux polynomial.

We write f =
∑m

i=0 fi(x, y, z, u)v
i, where each fi is a polynomial in the

variables x, y, z, u. The terms of vm+1 in equation (4) satisfy the expression
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below k5 fm (x, y, z, v) = 0, so k5 = 0 or fm = 0. By the same argument of the
previous case, we get k5 = 0.

Let f be a Darboux polynomial of degree m of the system (1), so f =∑m
i=1 fi(x, y, z, u, v), where each fi(x, y, z, u, v) is a homogeneous polynomial

of degree i and fm ̸= 0, m ≥ 1. Then the homogeneous part of degree m+1 of
f satisfies(

−axy − cx2
) ∂fm

∂x
− axy

∂fm
∂y

+ (axy)
∂fm
∂z

+ cx2 ∂fm
∂v

= (k1x+ k2y)fm,

and its solution is

fm = y−
k1
a +

k2c

a2 x− k2
a gm

((
(x− y)a− cx

)
y
− c

a , y + z, u, v + x− y
)
,

where gm is a function in its variables. Since fm is a polynomial, then it must
be k1 = −mc+ ar, k2 = −ma, m, r ∈ N ∪ {0}.

Proposition 2.2. Irreducible Darboux polynomials of degree one of system (1)
are only x, y and (a− c)x− a y with cofactors −cx− ay,−ax and −cx respec-
tively.

Proof. We look for Darboux polynomials of degree one for system (1). A general
form of a polynomial of degree one is f = h0 + h1x + h2y + h3z + h4u + h5v,
hi ∈ C.

In view of Lemma 2.1, a cofactor of the form k = k0 +(−mc+ ar)x−may,
where k1 ∈ C and m, r ∈ N ∪ {0}. Substituting them into equation (3) and
compare the coefficients of similar terms on both sides we obtain 15 equations:

amh2 = 0, amh3 = 0, amh4 = 0, amh5 = 0,

h0k0 = 0, h4k0 = 0, −arh4 + cmh4 = 0,

−arh5 + cm h5 = 0, amh0 − h2k0 = 0,

−bh3 + b h4− h3k0 = 0, −arh0 + cm h0 − h1k0 = 0,

−arh1 + cm h1 − ch1 + ch5 = 0,

amh1 − arh2 + cm h2 − ah1 − ah2 + ah3 = 0.

Solving the above equations with respect to parameters h0, h1, h2, h3, h4, k5,
k0,m, r and using cofactors and Darboux polynomial f are not zero, we obtain
three solutions which are

{r = −1,m = h0 = h1 = h3 = h4 = h5 = k0 = 0},

{m = h0 = h3 = h4 = h5 = k0 = 0, r = − c

a
, h1 =

c− a

a
} , and

{m = 1, r = h0 = h2 = h3 = h4 = h5 = k0 = 0}.
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So, we obtain the result.

Theorem 2.3. System (1) is completely integrable.

Proof. Since ẏ+ż+u̇ = 0 and ẋ+v̇−ẏ = 0, so H1 = y+u+z and H2 = x+v−y
are the first integrals of polynomial type for system (1). According to Propo-
sition 2.2, y = 0 and (a− c)x − a = 0 are invariant algebraic hypersurfaces
of system (1) with cofactors −ax and −cx respectively. By using the Dar-
boux Theorem, we obtain H3 = (ax− ay − cx )

a
y−c is a first integral of the

system (1). Also

H4 =

∫ y

eb(c−a)h(x,y)ds+ ze
b(c−a)h(x,y)

a

is a first integral of system (1), where

h (x, y) =

∫ y ds

s(s
c
a ((x− y) a− cx) y−

c
a + as)

.

Since these four first integrals H1, H2, H3 and H4 are functionally independent,
so the system (1) is completely integrable.

We note that the system (1) admits at least two polynomial first integrals;
consequently, the dimensions invariant hyperplane foliates the phase spaces of
these equations Hi = s, with s ≥ 0, i=1,2. System (1) is therefore not chaotic,
and neither homoclinic nor heteroclinic paths exist. Moreover, the equilibrium
points (0, 0, y, u, v) which are globally repelling.

3. Nonexistence of periodic solutions

Lemma 3.1. System (1) does not admit periodic solutions in its invariant hy-
perplane, x = 0.

Proof. The hyperplane x = 0 is obviously an invariant manifold of system (1).
Assume that there is a periodic solution for system (1), φ (t) = (x, y, z, u, v)(t)
with period p > 0 in x = 0. We possess that x = 0, y = d and v = k, where d
and k are constants, and z and u satisfy

ż = −bz,

u̇ = bz.

Hence, we get z(t) = fe−bt and u(t) = −fe−bt, where f is constant. Due to
the exponential function’s lack of periodicity, there are no periodic solutions to
the system (1).

Theorem 3.2. There are no periodic solutions for system (1).
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Proof. Lemma 3.1 leads us to presume the existence of a periodic solution
φ (t) = (x, y, z, u, v)(t) with period p > 0 of the system (1) within the region
x ̸= 0. First if c ̸= 0, from (1) we have ẏ + ż + u̇+ v̇ = cx2 ̸= 0. There exists a
t0 such that the derivative of the periodic function y (t) + z (t) + u (t) + v(t) is
zero, so cx2(t0) = ẏ(t0) + ż(t0) + u̇(t0) + v̇(t0) = 0. This is impossible because
x ̸= 0. Second if c = 0, then system (1) becomes

ẋ = −axy,

ẏ = −axy,

ż = axy − bz,

u̇ = bz,

v̇ = 0.

(5)

System (5) clearly has an invariant manifold in the form of the hyperplane
y = 0.

Assume that φ (t) = (x, y, z, u, v)(t) is a periodic solution with period p > 0
in y = 0 for system (1). We have that x = d, y = 0, v = k, where d, k ∈ C, and

ż = −bz,

u̇ = bz.

Also, we get z(t) = re−bt and u (t) = −re−bt, r ∈ C. There are no periodic
solutions since the exponential function is not periodic.

Finally assume that φ (t) = (x, y, z, u, v)(t) is a periodic solution contained
in the region x ̸= 0 and y ̸= 0. First if a ̸= 0, from (2) we have ẋ+ ẏ+ ż+ u̇ =
−axy ̸= 0. Given an aperiodic function x (t) + y (t) + z (t) + u(t), there exists
a t0 such that its derivative equals zero. So

x(t0) y(t0) =
1

a
(ẏ (t0) + ż (t0) + u̇ (t0) + v̇ (t0)) = 0.

This is impossible because x ̸= 0 and y ̸= 0. But if a = 0, we get that x(t), y(t)
and v(t) are constants and z(t) = re−bt and u(t) = −re−bt. Then system (5)
has no periodic orbits.
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