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Weakly wb-Continuous Functions'
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ABSTRACT. In this paper we introduce a new class of functions called
weakly wb-continuous functions and investigate several properties and
characterizations. Connections with other existing concepts, such as
wb-continuous and weakly b-continuous functions, are also discussed.
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1. Introduction

The notion of b — open sets in topological spaces was introduced in 1996 by
Andrijevic [1]. This type of sets discussed by El-Atik [2] under the name of
~ —open sets. In 2008, Noiri, Al-Omari and Noorani [4] introduced the notions
of wb — open sets and wb-continuous functions. We continue to introduce and
study properties and characterizations of weakly wb-continuous functions.

Let A be a subset of a space (X, 7). The closure ( resp. interior ) of A will
be denoted by Cl(A) ( resp. Int(A) ).

A subset A of a space (X,7) is called b — open [1] if A C Cl(Int(A))U
Int(CI(A)). The complement of a b — open set is called a b — closed set. The
union of all b— open sets contained in A is called the b —interior of A, denoted
by bInt(A) and the intersection of all b — closed sets containing A is called
the b — closure of A, denoted by bCI(A). The family of all b — open ( resp.
b — closed ) sets in (X, 7) is denoted by BO(X) (resp. BC(X)).

DEFINITION 1.1. A subset A of a space X is said to be wb—open [4] if for every
x € A, there exists a b — open subset U, C X containing x such that U, — A
s countable.

The complement of an wb — open set is said to be wb — closed [4]. The
intersection of all wb — closed sets of X containing A is called the wb — closure
of A and is denoted by wbCI(A). The union of all wb—open sets of X contained
in A is called the wb — interior of A and is denoted by wbInt(A).
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LEMMA 1.2 ([4]). For a subset of a topological space, b-opennes implies wb —
openness.

LeMMA 1.3 ([4]). The intersection of an wb — open set with an open set is
wb — open.

LEMMA 1.4 ([4]). The union of any family of wb — open sets is wb — open.

2. Weakly wb-Continuous Functions

DEFINITION 2.1. A function f: (X,7) — (Y, p) is said to be:

(a) wb-continuous [4] if for each x € X and each open set V in'Y con-
taining f(x), there exists an wb — open set U in X containing x such
that f(U) C V.

(b) weakly b-continuous [7] if for each x € X and each open set V in'Y
containing f(x), there exists a b—open set U in X containing x such that

f(U) € Civ).

DEFINITION 2.2. A function f : (X,7) = (Y,p) is said to be weakly wb-
continuous if for each © € X and each open set V in'Y containing f(x),
there exists an wb — open set U in X containing © such that f(U) C CI(V).

REMARK 2.3. Every wb-continuous function is weakly wb-continuous, but the
converse is not true in general as the following example shows.

EXAMPLE 2.4. Let X = R with the usual topology 7 and Y = {a,b} with
p=1{6,Y,{a}}. Define a function f : (X,7) = (Y,p) by f(x) =a ifz € Q and
f@)=0bifx € R—Q. Then f is weakly wb-continuous but not wb-continuous.

REMARK 2.5. Since every b — open set is wb — open then every weakly b-
continuous function is weakly wb-continuous but the converse is mot true in
general as the following example shows.

EXAMPLE 2.6. Let X =Y = {a,b,c}, 7 = {¢,X,{c},{a,b},{a,b,c}} and
p = {6, {a,b}. {e.d}}. Define a function f = (X,7) — (¥,p) by f(a) = a,
fb) =d, f(¢) = c and f(d) = b. Then [ is weakly wb-continuous but not

weakly b-continuous.

THEOREM 2.7. A function f : (X,7) = (Y, p) is weakly wb-continuous if and
only if for every open set V in'Y, f=1(V) C wbInt[f~*(CI(V))].
Proof.
=) Let V € pand o € f~1(V). Then there exists an wb — open set U
in X such that z € U and f(U) C CI(V). Therefore, we have = €

U C f~1(CI(V)) and hence z € wbInt[f~1(CI(V))] which means that
(V) C wblnt[fH(CUV)).
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<) Let z € X and V € p with f(x) € V. Then o € f~1(V) C

wbInt[f~H(CL(V))]. Let U = wbInt[f~*(CI(V))]. Then U is wb — open
and f(U) C CI(V). O

THEOREM 2.8. Let f: (X,7) = (Y, p) be a weakly wb-continuous function. If
V is a clopen subset of Y, then f=1(V) is wb — open and wb — closed in X.

Proof. Let © € X and V be a clopen subset of Y such that f(x) € V. Then
there exists an wb — open set U in X containing x such that f(U) C Cl(V).
Hence x € U and f(U) CV and so x € U C f~}(V). This shows that f~1(V)
is wb—open in X. Since Y —V is a clopen set in Y, so f~1(Y — V) is wb— open
in X. But f71(Y = V) =X — f~}V). Therefore f~1(V) is wb — closed in X.
Hence f~1(V) is wb — open and wb — closed in X. O

THEOREM 2.9. A function f : (X,7) = (Y, p) is weakly wb-continuous if and
only if for every closed set C in'Y, wbCI[f~1(Int(C))] C f~1(C).

Proof.

=) Let C be a closed set in Y. Then Y —C'is an open set in Y so by Theorem
2.8 fHY — C) CwbInt[f~HCUY — C))] = wbInt[f 1Y — Int(C))] =
X —wbCl[f~Y(Int(C))]. Thus wbCI[f~(Int(C))] C f~1(O).

<) Let z € X and V € p with f(z) € V. SoY —V is a closed set in
Y. So by assumption wbCI[f~1(Int(Y — V))] C f~Y(Y — V). Thus
x ¢ wbCI[f~1(Int(Y — V))]. Hence there exists an wb — open set U in
X such that x € U and U N f~1(Int(Y — V)) = ¢ which implies that
fO)NInt(Y =V)=¢. Then f(U) CY —Int(Y =V),s0 f(U) C CUV),
which means that f is weakly wb-continuous. O

THEOREM 2.10. Let f : (X,7) = (Y, p) be a surjection function such that f(U)
is wb — open in'Y for any wb — open set U in X and let g : (Y,p) = (Z,0) be
any function. If gof is weakly wb-continuous then g is weakly wb-continuous.

Proof. Let y € Y. Since f is surjection, there exists z € X such that f(z) = y.
Let V € o with g(y) € V, so (gof)(z) € V. Since gof is weakly wb-continuous
there exists an wb—open set U in X containing = such that (gof)(U) C Cl(V).
By assumption H = f(U) is an wb — open set in Y and contains f(x) = y.
Thus g(H) C CI(V). Hence g is weakly wb-continuous. O

DEFINITION 2.11. A function f : (X,7) — (Y,p) is called wh-irresolute if
F7H(V) is wb — open in (X,T) for every wb — open set V in (Y, p).

THEOREM 2.12. If f : (X,7) — (Y, p) is wh-irresolute and g : (Y,p) — (Z,0)
is weakly wb-continuous then gof : (X,7) — (Z,0) is weakly wb-continuous.
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Proof. Let x € X and V € o such that (gof)(x) = g(f(z)) € V. Let y = f(z).
Since g is weakly wb-continuous. So there exists an wb — open set W in Y such
that y € W and g(W) C Cl(V). Let U = f~1(W). Then U is an wb — open
set in X as f is wh-irresolute. Now (gof)(U) = g(f(f~*(W))) C g(W). Then
x € U and (gof)(U) C CI(V). Hence gof is weakly wb-continuous. O

THEOREM 2.13. If f : (X, 7) — (Y, p) is weakly wb-continuous and g : (Y, p) —
(Z,0) is continuous then gof : (X,7) = (Z,0) is weakly wb-continuous.

Proof. Let x € X and W be an open set in Z containing (gof)(z) = g(f(z)).
Then g~!(W) is an open set in Y containing f(x). So there exists an wb—open
set U in X containing = such that f(U) C Cl(g~1(W)). Since g is continuous
we have (gof)(U) € g(Cl(g~"(W))) < g(g~"(CI(W))) € CUW). O

THEOREM 2.14. A function f : X — Y is weakly wb-continuous if and only if
the graph function g : X — X xY of f defined by g(x) = (x, f(x)) for each
z € X, is weakly wb-continuous.

Proof.

=) Suppose that f is weakly wb-continuous. Let € X and W be an open
set in X x Y containing g(z). Then there exists a basic open set U; x V
in X x Y such that g(z) = (z, f(z)) € Uy x V. C W. Since f is weakly
wb-continuous there exists an wb — open set Us in X containing z such
that f(Us) C Cl(V). Let U = Uy NUs then U is an wb — open set in X
with z € U and ¢g(U) C Cl(W).

<) Suppose that g is weakly wb-continuous. Let € X and V' be an open
set in Y containing f(x). Then X x V is an open set containing g(x)
and hence there exists an wb — open set U in X containing x such that
g(U) CCUX x V) =X x Cl(V). Therefore, we have f(U) C CI(V) and
hence f is weakly wb-continuous. O

THEOREM 2.15. If f : (X,7) = (Y, p) is a weakly wb-continuous function and
Y is Hausdorff then the set G(f) = {(z, f(z) : * € X} is an wb — closed set
m X xY.

Proof. Let (z,y) € (X xY) — G(f). Then y # f(z). Since Y is Hausdorff,
there exist two disjoint open sets U and V such that y € U and f(z) € V.
Since f is weakly wb-continuous, there exists an wb — open set W containing x
such that f(W) C CI(V). Since V and U are disjoint, we have U NCI(V) = ¢
and hence U N f(W) = ¢. This shows that (W x U) N G(f) = ¢. Then G(f)
is wb — closed. O

THEOREM 2.16. If f : X1 — Y is wb-continuous, g : Xo — Y 1is weakly wb-
continuous and Y is Hausdorff, then the set A = {(x1,22) € X1 x Xa: f(z1) =
g(x2)} is wb — closed in X1 x Xs.
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Proof. Let (x1,22) € (X1 X X2) — A. Then f(x1) # g(z2) and there exist open
sets V4 and V4 in Y such that f(z1) € Vi, g(xz) € Vo and V3 NV, = ¢, hence
Vi NCl(Va) = ¢. Since f is wb-continuous there exists an wb — open set Uy in
X1 containing 7 such that f(U;) C V4. Since g is weakly wb-continuous there
exists an wb — open set Uy in X5 containing xo such that g(Us) C Cl1(Va). Now
Uy x Uy is an wb—open set in Xy X Xy with (z1,22) € Uy xUs C (X7 x X3) — A.
This shows that A is wb — closed in X; x Xo. O

THEOREM 2.17. If (Y, p) is a regular space then a function f: (X,7) — (Y, p)
1s weakly wb-continuous if and only if it is wb-continuous

Proof.

=) Let z be any point in X and V be any open set in Y containing f(z). Since
(Y, p) is regular, there exists W € p such that f(x) € W C CI(W) C V.
Since f is weakly wb-continuous there exists an wb — open set U in X
containing x such that f(U) C Cl(W). So f(U) C V. Therefore, f is
wb-continuous.

<) Clear. O

DEFINITION 2.18. Any weakly wb-continuous function f : X — A, where
A C X and fa = [ |a is the identity function on A, is called weakly wb-
continuous retraction.

THEOREM 2.19. Let f : X — A be a weakly wb-continuous retraction of X onto
A where A C X. If X is a Hausdorff space, then A is an wb— closed set in X.

Proof. Suppoe that A is not wb — closed in X. Then there exist a point x €
wbCl(A) — A. Since f is weakly wb-continuous retraction, we have f(z) # x.
Since X is Hausdorff, there exist two disjoint open sets U and V such that
x € U and f(xz) € V. Then we have U N CI(V) = ¢. Now, Let W be any
wb — open set in X containing . Then U NW is an wb — open set containing x
and hence (UNW)N A # ¢ because x € wbCl(A). Let y € (UNW)N A. Since
y € A, f(y) =y € U and hence f(y) ¢ CI(V). This gives that f(W) is not
a subset of CI(V). This contradicts the fact that f is weakly wb-continuous.
Therefore A is wb — closed in X. O

DEFINITION 2.20. A space X is called:

(a) wb—Ty if for each pair of distinct points x and y in X, there exist two
wb — open sets U and V' of X containing x and y, respectively, such that
yeUandx ¢ V.

(b) wb—"Ty if for each pair of distinct points x and y in X, there exist two
wb — open sets U and V' of X containing x and y, respectively, such that
Unv=¢
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THEOREM 2.21. If for each pair of distinct points x and y in a space X there
exists a function f of X into a Hausdorff space Y such that

1) f(x) # f(y)

2) f is wb-continuous at x and
3) f is weakly wb-continuous at y,
then X is wb —Ts.

Proof. Since f(x) # f(y) and Y is Hausdorfl, there exist open sets V; and
Vo of Y containing f(x) and f(y), respectively, such that V3 N V2 = ¢, hence
ViNCi(Va) = ¢. Since f is wb-continuous at x, there exists an wb— open set Uy
in X containing z such that f(U;) C V;. Since f is weakly wb-continuous at y,
there exists an wb — open set Uz in X containing y such that f(Usz) C Cl(Va).
Therefore we obtain U; N Us = ¢. This shows that X is wb — T5. O

DEFINITION 2.22. A space X is called Urysohn [5] if for each pair of distinct
points x and y in X, there exist open sets U and V such that x € U, y € V
and CL(U)NCUV) = ¢.

THEOREM 2.23. Let f : (X,7) — (Y, p) be a weakly wb-continuous injection.
Then the following hold:

(a) If Y is Hausdorff, then X is wb—Tj.
(b) If Y is Urysohn, then X is wb — Ts.
Proof.

(a) Let x1, xo € X with x1 # x2. Then f(x1) # f(x2) and there exist open
sets V1 and V, in Y containing f(z1) and f(x2), respectively, such that
Vi NVa = ¢. Then we obtain f(z1) ¢ Cl(V2) and f(z2) ¢ CI(V1). Since
f is weakly wb-continuous, there exist wb — open sets U; and U, with
x1 € Uy and a9 € Uy such that f(Uy) C Cl(Vy) and f(Us) C Cl(Va).
Hence we obtain x4 ¢ Uy and x1 ¢ Us. This shows that X is wb — T7.

(b) Let x1, 2 € X with x1 # x2. Then f(x1) # f(z2) and there exist open
sets V1 and Vs in Y containing f(z1) and f(x2), respectively, such that
Cl(V1)NCl(Vz) = ¢. Since f is weakly wb-continuous there exist wb—open
sets Uy and Us in X with 2y € Uy and x4 € Uy such that f(U;) C Cl(V;)
and f(Uy) C Cl(Vy).Since f~1(CL(V1)) N f~1H(CI(V3)) = ¢ we obtain
Ui NU; = ¢. Hence X is wb — Ts. O

DEFINITION 2.24. A function f: X — Y is said to have a strongly wb — closed
graph if for each (x,y) € (X xY)—G(f) there exist an wb— open subset U of X
and an open subset V of Y such that (x,y) € UXV and (UxCIV))NG(f) = ¢.
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THEOREM 2.25. If Y is a Urysohn space and f : X — Y 1is weakly wb-
continuous, then G(f) is strongly wb — closed.

Proof. Let (z,y) € (X xY) — G(f). Then y # f(z) and there exist open sets
Vand W inY with f(x) € V and y € W such that CI(V)NCI(W) = ¢. Since
f is weakly wb-continuous, there exists an wb — open subset U of X containing
x such that f(U) C Cl(V). Therefore we obtain f(U) N CI(W) = ¢ and
hence (U x CI(W)) N G(f) = ¢. This shows that G(f) is strongly wb — closed
in X xY. O

THEOREM 2.26. Let f : (X,7) — (Y,p) be a weakly wb-continuous function
having strongly wb — closed graph G(f). If f is injective, then X is wb — Tb.

Proof. Let x1, 2 € X with 21 # x9. Since f is injective, f(xz1) # f(z2)
and (x1, f(z2)) ¢ G(f). Since G(f) is strongly wb — closed, there exist an
wb — open subset U of X containing x; and an open subset V' of Y such that
(1, f(z2)) €e UxV and (U x CU(V))NG(f) = ¢ and hence f(U)NCIUV) = ¢.
Since f is weakly wb-continuous, there exists an wb — open subset W of X
containing x5 such that f(W) C CI(V). Therefore, we have f(U)N f(W) = ¢
and hence U N W = ¢. This shows that X is wb — T. O

DEFINITION 2.27. A space X is said to be wb-connected if X can not be written
as a union of two non-empty disjoint wb — open sets.

THEOREM 2.28. If X is an wb-connected space and f : X — Y is weakly wb-
continuous surjection then 'Y is connected.

Proof. Suppose that Y is not connected. Then there exist two non-empty
disjoint open sets U and V in Y such that UUV = Y. Hence, we have f~*(U)N
fYV)=¢, fF Y U)UFf~H(V) = X and since f is surjection we have f~1(U) #
¢ # f~Y(V). By Theorem 2.8, we have f~1(U) C wbInt[f~1(CI(U))] and
fHV) C wbInt[f~1(CI(V))]. Since U and V are clopen we have f~1(U) C
wbInt[f~1(U)] and f~1(V) C wbInt[f~1(V)] and hence f~1(U) and f~1(V)
are wb—open. This implies that X is not wb-connected which is a contradiction.
Therefore Y is connected. O

DEFINITION 2.29. A topological space (X, T) is said to be:

(a) almost compact [3] if every open cover of X has a finite subfamily whose
closures cover X.

(b) almost Lindeldf [6] if every open cover of X has a countable subfamily
whose closures cover X.

DEFINITION 2.30. A topological space (X, T) is said to be wb-compact (resp. wb-
Lindeldf) if every wb— open cover of X has a finite (resp. countable) subcover.
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THEOREM 2.31. Let f : X — Y be a weakly wb-continuous surjection. Then
the following hold:

(a) If X is wb-compact, then Y is almost compact.
(b) If X is wb-Lindeldf, then Y is almost Lindeldf.
Proof.

(a) Let {V, : o € A} be a cover of Y by open sets in Y. For each z € X there
exists Vo, € {V, : @ € A} such that f(x) € V,,. Since f is weakly wb-
continuous, there exists an wb — open set U, of X containing x such that
f(Uz) € Cl(Vy,). The family {U, : € X} is a cover of X by wb — open
sets of X and hence there exists a finite subset X of X such that X C
U{U, : © € Xo}. Therefore, we obtain Y = f(X) C U{CIl(V,,) : z € Xo}.
This shows that Y is almost compact.

(b) Similar to (a). O
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