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Integrability aspects of the dynamical
forest model

EVAN SULAIMAN, AZAD AMEN AND WALEED AZIZ

ABSTRACT. In this paper, we study the integrability problem of a
mathematical models of forests with two age classes of the form, & =
py — (y — )%z — sz, § =  — hy, where p,h,s € R. We proved that
the system has a unique Darboux polynomial if and only if p = 0. The
model has only two or three exponential factors if h # 0 or h = 0,
respectively. It is also, showed that the system admits a Darbouz first
integral if and only if p = h = 0 and has no analytic first integral in
any neighborhood of fized point except when p = h = 0.
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1. Introduction

One of the most interesting problems in environmental science and mathemat-
ical ecology is modeling the dynamics of forest age structure. The forest age
structure dynamics, means the change of space and time of tree numbers in
different age classes, which affect by internal and external factors [11]. The
works in [3, 5, 9, 10], are devoted to model such dynamics in the simplest case
of just two age classes, young and old tress, of the form

t=py—(y—1)>%x—sx, y=x—hy, (1)

in which the densities of young and old trees at time ¢ are denoted by ()
and y(t), respectively. Note that the parameters p, s and h are real numbers.
The parameter p is fertility, s and h are ageing and death rates. Note that
the system (1) has been studied in the papers [1, 2, 4, 6, 11, 21] but none of
these papers are devoted to investigate the integrability or non-integrability
problem. The local stability and dynamics near singularities have been stud-
ies in [20]. In particular, they used first Lyapunov coefficient and averaging
theory to study the bifurcation phenomena and Hopf bifurcation occurs at sin-
gular points. In [15], authors demonstrated that the Brusselator system have
no Darboux polynomial and polynomial first integral. The local and global
integrability of Chua circuit system are studied in [12]. They prove that under
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some conditions on parameters, the Chua system has no local analytic first
integrals at the origin as well as the system eventually admits no global ana-
lytic first integrals the problem of finding Darboux polynomials and Darboux
first integrals, are also considered in [13]. In [16], Llibre and Valls, showed
that Muthuswamy-Chua system admits no Darboux polynomial, polynomial
first integral and Darboux first integral. The existence of local analytic first
integrals of Liénard system has been studied in [14, 17].

The aim of this paper, is to characterize the existence and nonexistence of poly-
nomial and Darboux first integrals of system (1). We also study the existence
of local analytic first integrals of system (1). Note that all calculations were
performed by the computer algebra system Maple.

2. Preliminary Results

Consider the system of differential equations

$:P(l‘,y)7 y:Q(%y), (2)

where P and Q) are polynomials of degree at most d. The associated vector
field of system (2) is denoted by

B, 0
X=Pg Q.

DEFINITION 2.1. Let M be an open subset of R%2. A non-constant analytic
function ' : M — R is a first integral of a vector field X on M if it is constant
on all solutions of system (2) which contained in M. That is, F is a first
integral of X on M if and only if

or |
ox

Note that F' is a polynomial first integral when it is a polynomial.

X(F)=P Q‘z—j:o.

DEFINITION 2.2. We say that g(z,y) = 0, is an invariant algebraic curve of the
system (2) if there exists a polynomial K € Clx,y] such that

99 9g
X = P _— _— =
(@) =Pz +Q57 =Ky
where K is a cofactor of the system (2) of degree at most d — 1. Note that,

g(z,y) is also known as a Darboux polynomial.

DEFINITION 2.3. Let f,g € Clz,y] be coprime, a non-constant function E =
exp(f/g) is said to be an exponential factor of the system (2) if it satisfies
OF OF

X(E)=P— —=FL.
() 8x+Q8y
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The polynomial L is a cofactor of the exponential factor with degree at most
d—1.

DEFINITION 2.4. A function R : M — R is an integrating factor of X, if it
satisfies
X(R) = —R div(X),

where div(X) = div(P, Q) = %—&-% is the divergent of X. The first integral I,
which is related to the integrating factor R, is F(x,y) = — [ R(z,y) P(x,y)dy+
T(x) satisfying %—5 = —RQ. Then

. or . oF
t=PR= 3y y_QR_[“)m'
DEFINITION 2.5. A polynomial f(x,y) is called a weight homogeneous polyno-
mial if there exist r = (r1,72) € N2 and m € N, such that for all a > 0,
fla™z,a™y) = o™ f(x,y), where N the set of all positive integers. The vari-
able r = (ry,r2) refers to the weight exponent of f and m denotes the weight
degree of f with the weight exponent r.

DEFINITION 2.6. Let F' be a first integral. Then F' is said to be analytic first
integral, if F is an analytic function. If M is a neighborhood of a singular
point (xo,y0), then F is called a local analytic first integral of X at (xo,y0). If
M = R?, then F is called a global analytic first integral of X.

REMARK 2.7. Let w be a finite generated vector subspace of C[x,y]. The
extactic algebraic curve of X, denoted by €,(X), is a polynomial defined by

X(u)  X(ug) - X(w)
ew(X) = det . . . =0,
X)) X (ug) oo XN (wy)
where {uq,us,...,u;} is a basis of w, I = dim(w) is the dimension of w and

Xi(u;) = X1 (X (u)).

PROPOSITION 2.8 ([7]). Let w be a finitely generated vector subspace of Clz,y],
with dim(w) > 1, and X be a polynomial vector field C*. Then every Darboux
polynomial g = 0 for the vector field X, with g € w, is a factor of £, (X).

THEOREM 2.9 ([8]). Assume that a polynomial vector field X of degree d in
C? admits p irreducible Darboux polynomial g; = 0, with cofactor K; for i =
1,...,p and q exponential factors E; = exp(f;/h;) with cofactors L; for j =
1,...,q. Then the following statements hold.
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a. There exist certain complex numbers A; and pj;, not all zero such that

if and only if the function
F=g'gy®...gp» E{'EY* . B,
is the Darboux first integral for X .

b. The function F is an integrating factor of X provided that the condition

p q
Z MK+ Z Ly = —div(X),
i=1 =1

is satisfied.
PROPOSITION 2.10 ([18, 19]). The following statements hold.

a. If £ = exp(g) is an exponential factor for system (2), and g is not a
constant polynomial, then g = 0 is an invariant algebraic curve.
b. Eventually, E = exp(f) can be an exponential factor, derived from the

multiplicity of the infinite invariant straight line.

THEOREM 2.11 ([17]). Assume that the eigenvalues A1 # 0 and A2 # 0 at some
singular point (zo,yo) of X do not satisfy any resonance condition of the form

Ak1 + Xoko =0, for ki, ko € ZF with k1 + ko > 0.

Then system (2) has no local analytic first integrals in a neighborhood of the
singular point (o, yo)-

THEOREM 2.12 ([17]). Assume that the eigenvalues Ay and Ao at some singular
point (xo,y0) of X satisfy that Ay = 0 and Ay # 0. Then system (2) has no
local analytic first integrals if the singular point (xg,yo) is isolated.

3. Darboux first integrals

In this section, we prove that system (1) has a unique Darboux polynomial
when the parameter p = 0. It is also proved that system (1) has only two
exponential factors if h # 0 and has only three exponential factors when h = 0.
Finally, it is proved that system (1) has a Darboux first integral if and only if
p=h=0.
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LEMMA 3.1. If g = g(z,y) is a Darboux polynomial of system (1) with cofactor
K #0, then K = K(y) = bg + b1y + bay? for some bg, by, by € C.

Proof. Assume that g = g(x,y) is a Darboux polynomial of system (1) with
non-zero cofactor K = K(z,y) = Zf:o K;(y)a?, for each i, K;(y) is a poly-
nomial in the variable y of degree at most 2 — 4. Then g satisfies the partial
differential equation
0 0

(by = (y = 1% = s2) 50+ (0 = hy) 50 = Ky, (3)
Without loss of generality, we can write g(z,y) = Y i, gi(y)x’, where g;(y) is
a polynomial in the variable y for each ¢ and n € NU {0} is the degree of g.
In equation (3), the terms 2" *2 satisfy

9n(y)K2(y) = 0. This implies that, Ks(y) = 0.
Next, computing the terms 2" *! in (3), we obtain

dgn(y)
dy

= gn(y) K1(y).

The solution of this equation is g, (y) = Cy e/ 1% where C is an arbitrary
constant. Since g, is a polynomial in y then it must be K;(y) = 0. Eventually,
K(z,y) = Ko(y) = bo + b1y + bay® with bo, by, by € C. O

LEMMA 3.2. Assume g = g(x,y) is a Darboux polynomial of system (1), then
it is cofactor K is K(y) = bo + biy + boy?, where by = —m(1 + s) — lh, by =
2m, by = —m and m € NU {0}.

Proof. We first use the weight-change of variables
T = oz_2x1, Yy = a_lyl, t=a’r.
Then system (1) becomes
T = Oégpyl — I y% +2axiy — o? (1+s)x1, Hh =ar — ha® vi, (4)

where o > 0 and the primes denote the derivatives of variables with respect
to r. We set G(z1,v1) = ol g(a™2x1, a0 1y;), and Lemma 3.1 implies

K =o’K(a z1,a  y1) = boo® + abiys + bayy,

where [ is the highest weight degree in the weight homogeneous components
of g in 1 and y;. Note that G = 0 is a Darboux polynomial of system (1) with
cofactor K. Indeed

E 42 dg _

o= « y (boa® + abyy; + boy?)G = KG.
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Assume that G = Y"1, ' Gi(z1,y1), G; is a weight homogeneous polynomial
in z; and y; with weight degree n — 4, for s = 0,...,n. In particular

Gi(z1,91) = a"gn—i(x,y), for i =0,...,n. (5)

The polynomial G must satisfies

(aPpyr — 21y} + 201y — 8:c1
~ , 0G;

— ha?
+ (az1 — hayr) Z o

=0

Za boa? + abiyr + boy?)Gi.  (6)
1=0

The coefficients of a° in equation (6) is

0G
—z Yy — B % — byy? Go.

Since Gg # 0, otherwise g would be a constant, then the solution of the above
partial differential equation is Go = Go(y) xl_b"’. Since Gy is a weight homo-
geneous polynomial with weight degree n, then b = —m and m € N U {0}.
This implies that Gy = Co x4}, where Cp is non-zero constant. Note that
n=2m+I.

Calculating the coefficients of a! in (6), which satisfy

21y} ZGI + 221 ?-ﬁ- %:blyl Go —myi Gh.

Solving it, yields G1 = Co (1z1+2(m—%)y? In(z1))27 yi = + F1 (y1) 2, where
Fi(y1) is an arbitrary polynomial in the variable y;. Since G; is a weight
homogeneous polynomial with weight degree n — 1, then by = 2m and we

obtain
Gy =1Coa ™y =3 - Crayl™t, C) eC. (7)

The coefficients of a? in (6), are

0G1 0Gy 0G, 0Go

— (1 —h

(9.T1 ( + S)xl 8I1 o 8 Y1 h 6y1
= boGo + 2my; G1 — my} Ga,

5 0G2
-y} Dy + 2211

whose solution is

1
G2= 53 5 (2((Cr +2Co)l = C)a™  y !+ Col (1= 3) 27292
1

—2(CoIn(zy)(th + (1 + s)m + by) Yyt — B(y1) ) i),
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where Fy(yp) is an arbitrary polynomial in the variable y;. Since G is a
weight homogeneous polynomial of degree n — 2 = 2m + [ — 2, then it must be
bp = —lh — (1 + s)m with m € NU {0}. O

THEOREM 3.3. The system (1) has a unique Darboux polynomial if and only
if p = 0. Moreover, a Darboux polynomial is g = x with non-zero cofactor
K=—(1+s)+2y—y2

Proof. Let g be the Darboux polynomial of system (1) and by Lemma 3.2 it is
cofactor is K = —lh —m(1+ s) + 2my —my? and Go, G; and G are calculated
can be as before. The terms of the coefficient o in equation (6), satisfy

0G 0G G, 0G 0G
72 1 _ -1
Dy — (14 s)x By + py1 9, + 1 oy hiy o

= (=lh —m(s +1))G1 + 2my1Go — my3Gs.

5 0G3
-1y} e + 22191

Solving this differential equation, gives
1
Gs =—=
6y
+3 ((400-1—01) 2 + (—5 Ci1—14 C())l + 401) m+2 l 1 + 6F3<y1) yl 56'1
+1Cy(1=3)(I—6)yi 32T —6pComa™ 1yl1+5
+6C1 h In(zy) yi ™ z), (8)

(18(((h— £ +1)Co+ 2 4 L)1 — 20 _ 2%y it L1

where Cy € C and F5(y;) is an arbitrary polynomial in the variable y;. Since
(G3 is a weight homogeneous polynomial of degree n — 3 = 2m + [ — 3, then
must be C7 h = 0. We distinguish the following two cases.

Case 1: If C1 # 0, h = 0. From equation (8) we obtain
Gs = (((—s +3)Co+Co+2C1) 1 —2Cy —2C, ) a Tyt =5 — meO yl Lyt

+2((Co+%)l2 (7700_501)14_0) m+2 l 7—|—ng1 y
+ 2 Co(1=3)(1—6) 2yl CseC.

The coefficients of a* in equation (6) are

0G5 0G5 0G4 0G5
= _ (1
A (1+ 8)xy o5, + py1 0z, + 7

—m(s + 1)Go + 2my1G3 — my? Gy.

5 0G4
-y} Dy +2x1y1
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Solving it, we obtain

G =55 (24((Co + G)I° + (=10Co — 2C1) 17 + (g0 4+ 13C1) | — 1)

2445
’"+3 Y P+ 48(((-25+2)Co + (T2 + 3)C1 + Co+ L)1+ (5 - 3)Ci—

20, — 3C3)y11 Lt 1 12(((=2s 4 10)Cp + Cy + 401 )12 + ((8s — 40)Cy
— TCy — 22C4 )l + 10C, + 18C4) yh 2 a2 — 48(Co + L) pmyi P2 !
+ 24 Fy(y1) 2" y3 + 24 Co In(z1) p (1 + m) yi ' 27

+1Co (1—3)(1—6)(1—9) yi~ " 2+, (9)

where Fy(yp) is an arbitrary polynomial in the variable y;. Since G4 must be
a weight homogeneous polynomial of degree n —4 =2m+1—4, [+m # 0 and
Cy # 0, then must be p = 0. From equation (9), we get that h = 0 and p = 0.
Simple calculation shows

1 T Y
ew(X)=det |0 —(y—1)2x—sz x =0.
0 (y—12+s)2x—-222@y—-1) —(y—1)%z—sx

Then &, (X) = 22%(y — 1). So by Proposition 2.8, then g = x is a unique
Darboux polynomial with cofactor —s — (y — 1)2. The polynomial (y — 1) is
not Darboux polynomial of system (1).

Case 2: If h £ 0, C; = 0. The equation (7), gives
G1=1Cya T yl=3, (10)

Let g = Y1, gi(x,y), where g; is a homogeneous polynomial in the variable
x and y. Without loss of generality we can assume that g, # 0 and n > 1.
Then g satisfies the partial differential equation

99 |

(= (= VP = s0) 2 4 (2 =) 52 =G+ by 4 bay)g. (1)

The terms of degree n + 2 in equation (11), satisfy

—zy’ 2 9n = by y* gn,
ox

and its solution is g, = 72 f,,(y), where f,(y) is an arbitrary polynomial in
variable y. Since g, is a polynomial of degree n, then must be by = —m, where
m is a non-negative integer. Therefore

gn = Cn ™ ynim; Cn eC \ {0} (12)
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The coefficients of degree n + 1 in equation (11) satisfy

0q,,— 0
2 5901 4 ouy S9N — byygn — myPgn 1.
oz oz

Solving the differential equation above, we obtain

—xy

s = 20" (C, tn(a) om = )yt 4 )

where f,_1(y) is an arbitrary polynomial in the variables y. Since g,_; is a
polynomial of degree n — 1, we must have that by = 2m. Then

gn1=Crya™y" ™' Ch,€C. (13)

Computing the terms of degree n in equation (11), gives

+(py—(s+1)x)%+(x—hy)a—y

=bo gn +2my gn—1 — my2 9n—2;

8gn—2 agn—l
ey’ or 22y or

whose solution is
gn—o =—Cp zm1 ((_n + m) z2 4+ pmyQ) yn—m—3 +Chs .Tmy"_m_Q,
Cnfg e C.

Now, computing the degree n — 1 in equation (11), we see

8n7f 877,7 an— an7
—xy2%+2my gam2+(py—(s+1)x) gaxl—i-(x—hy) g@yl

=((h—s—1)m—nh)gn_1+2mygn_o — my> gn_3,

and solving it, yields
1
y
pm(Crmy +2C,) y ™ 4 (RCy1y™ ™™ In(2) + fums(y)y®) &™),

Gn_3 = (—merl((—n +m+1)Choq +2C,(—n+ m))y"fmf1 — gl

where f,_5(y) is an arbitrary polynomial in variable y. Since g,_3 is a poly-
nomial of degree n — 3, then must be h C,,_1 = 0. By hypothesis h # 0 then
must be C,,_; = 0. Hence

gn—1 =0. (14)

From (5), (10), (14) and since Cy # 0, then must be [ = 0 and we obtain

G1 = O, G2 = Cn_g $71n y1_2. (15)
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Since G is a weight homogeneous of degree n—2, then Gg = Cy 2™, Go = 0 and
Gs = —pmCyz™ 1y~ !. Since G5 is a weight homogeneous of weight degree
n —3, then m =0 or p=0. If m = 0, then K = 0 which is contradiction.
Hence, must be p =0, G3 =0 and [l = 0. To prove all G; =0 for i =1,...,n,
we use mathematical induction. For ¢ = 1, directly we get from equation (15).

Assume it is true for i = n — 1, which mean that G; =0fori=1,...,n—1.
Now computing the term a™ in equation (6), we have
oG
2 9bn 2
—x1y; —— = —myj Gp.
1Y1 axl Y1 Gn

Solving it, we obtain G,, = z}* fo(y1), where fo(y1) is an arbitrary polynomial
in variable y;. Since G, is a weight homogeneous polynomial of degree zero,
then fo(y1) = 0. Therefore, G; = 0 for ¢ = 1,...,n. We get that G =
Go+Gi1+---+ Gy, = Coaf*. Hence, 27" is a Darboux polynomial with cofactor
m(—(1+ s) +2y1 — y}). Then the result follows. O

We note that if h = 0 and p = 0 then system (1) is integrable, see Theo-
rem 3.5, so in the following result we consider h and p are not zero simultane-
ously.

THEOREM 3.4. The following statements hold.

i. For h # 0, the exponential factors of system (1) are eV and v’ with
respective cofactors x — hy and 2zy — 2hy?.

ii. For h=0, the exponential factors of system (1) are e¥, eV and etry— 5V +y"
with respective cofactors x, 2zy and 4x? + 4py? — 4(s + 1)zy.

Proof. By Theorem 3.3 and Proposition 2.10 the exponential factor of sys-
tem (1) can be expressed as E = exp(-L) for some non-negative integer n,

xn

note that f and 2™ are coprime. Then E satisfies

OF OF
o 1V2 o) OF oy 9
(py — (y — 1)"w — sx) o + (* — hy) oy LE,
and this implies
of of
. _1)\2,. ~YJ o “J _1)\2 _ n
(py — (y — 1)z — sx) B + (z — hy) 9y +nf(ly—1)"+s)=La". (16)

First, for n > 1. In this case, by denoting the restriction of f to z =0 by f in
equation (16), we can derive f # 0, otherwise, f becomes divisible by z, which
is impossible. The function f satisfies

Ly 50

y —i—nf(y) ((y—1)2—|—5) = 0. (17)
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Solving (17), we obtain f(y) = C; yn(ShH) exp(w) Since f(y) is a poly-
nomial, if h # 0 then must be n = 0, we get the result. On the other hand, if
h = 0 then we get n.f(y) ((y — 1)2 + s) = 0. Then must be n = 0.

Second, for n = 0, directly E = e/ where f € C[z,y] is a polynomial of degree
m € N. Then FE satisfies

oF oF
— — 2 — —_— — _— =
(py — (y— 1)°z — sx) 9 + (x — hy) 3y EL, (18)
and since F # 0
of of
- - 2 - - —_— —_—
(py = (y = 1)z = s2) - + (z — hy) By L, (19)

where f = f(x,y) € Clz,y|, with a cofactor L = L(x,y) of degree at most two.
That we can write L = by + by + boy + bzxy + byx? + bsy? for some b; € C,
i =0,...,5. Assume f = > fi(z,y), where each f; is a homogeneous
polynomial of degree i. Suppose that f,, # 0 for m > 5.
The terms of degree m + 2 in equation (19) is

—ay o= 0, and this implies that f,, = fin(y).

T

Since f,, is a homogeneous polynomial of degree m, then f,, = Cp,y™, Cp, €
C\ {0}. The terms of degree m + 1 in equation (19) satisfy

8fm— 1 afm
J— 2 [
e or 2y or

m—1

=0.

Solving it, we obtain f,,,—1 = Cp—1 ¥y , Cin_1 € C. Now compute the terms

of degree m in equation (19), which are

fm 8fm—1
ox

The solution of differential equation above is

fm—2=—hmCypIn(z)y™ %+ mCpy™ 3z + Cpy_oy™ 2, Cp_o € C.

fm Ofm

Dy =0.

2—1—2 + (—x — sz + py) + (z — hy)

Since f,,—2 is a homogeneous polynomial, then it must be hC,,m = 0. By
hypothesis m C,;, # 0. Then considering two different cases.

i. If A # 0, then we get contradiction.Then f must be a polynomial of the
degree four satisfying equation (19). Suppose that f(z,y) = ¢o + 1z +
cy + c3xy + caz? + C5y2 +cex> + C7x2y + csa:y2 + 69y3 + crozt + 611y4 +

c1223y + c13zy® + crax?y? for some ¢; € C, and for i = 0,...,14. From
equation (19) we have

0 0
(py—(y—1)*z—sx) a—i—&—(x—hy) a—z = bo+bix+boy+bszy+bsx’+bsy?,
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after some calculations, we see f = y+%2. Then e¥+v” is the exponential
factor with cofactor x — hy + 2xy — 2hy?. In particular, e¥ and ¥’ are
only exponential factors of system (1) with respective cofactors x — hy
and 2zy — 2hy>.

ii. If h = 0, then f,—o = mCpzy™ 3 + Cp_2y™ 2. The equation, which
encompasses terms of degree m — 1 in (19) are

afnz—Q

8fm—1 T afm—l
Or

+ (py — z(1 + 5)) o + a9

—zy + 2zy

0 fm—3

2 m

P — O
ox ’

and its solution is

fm—3 = (chm +mChy—1 — Om—l) Jiym74 + Cin—s ym737 Cpm—3 € C.

The terms of degree m — 2 in equation (19) satisfy

afm_g 8fm,—Q afm—Q
oy TPy = (1+s)z) =0 =+ By

0 fm—
—zy? % + 2zy =0,

and whose solution is

fm,4 = ( ((—S+3) Crn+Cr_a+2 Cmfl)m —2C,—2—2 Cmfl) x ym—5
+ Ima®Cp(m — 3)y™ ° + pmIn(z)Crpy™ * + Cray™ %,
Cm_4 € C.

Since f,,—4 is a homogeneous polynomial of degree m — 4, then must be
pmC,,, = 0. Since m, C,, and p are non-zero, then we get a contradiction.
Then f must be a polynomial of the degree four. Proceeding as in the
proof of case i, we obtain that e¥, ev’ and ety —5v° V" are exponential
factors with respective cofactors x, 2zy and 4z2 + 4py? — 4(s + 1)xy.

O

THEOREM 3.5. System (1) has a polynomial first integrals if and only if p = h =
0. In particular the polynomial first integral is H(x,y) = —%yS —sy+y*—z—y.

Proof. The change of variables
n=y—1 ==z,
transform system (1) to
Ty = py1 + p— 1y — sx1, 41 = a1 — hyy — h. (20)
Since the change is linear, clearly it is equivalent to look for polynomial first in-

tegral H(z,y) of system (1) that to look for polynomial first integrals
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H(z1,y1) = H(z,y) of system (20). We can write H = Y 7" | H;(x1)y}, where
H; is a polynomials in the variables z; for each ¢ for ¢ = 1,...,n. Since H, # 0
for n > 0. The polynomial H satisfies

oH oH
2
— — — —hy1 —h) — =0. 21
(pyr+p = 2ayi = s21) 5=+ (@1 = by — h) o0 (21)
The coefficients of 72 in equation (21), satisfies
dH,
— =0.
e dxl
This implies that ~
H,(z1) = B,, B,e€C\{0}.
Again, the coefficients of ¥ in equation (21), satisfy
dHn—l dHn
— =0.
o dl’l + P dl’l
The solution of the equation above is
Hn—l = Bn—la B, 1€ C.
Next the coefficient of 37 in equation (21), gives
dH,, _ dH,,_ _
—x1 2+p 1fnth:O.

dLUl dl’l

Solving it, we obtain

H,_o=—nh ln(xl)Bn + B,_2, B, o€ C.

Since H,,_5 is a polynomial, then nhB, = 0. By hypothesis n > 0 and B,, # 0,
then must h = 0. We obtain H, s = B,_>. Computing the coefficients of
y?~! in equation (21), we obtain

dH, 5  dH,_ dA, _
—_— S4p 2+ (p— sa1) :

d$1 dl’l

Solving differential equation above, yields

H, 3=nB,z1+ B, 3, B, 3¢€ C.
Also the coefficients of y~2 in equation (21), satisfies

dHn—é‘L dHn—3 dHn—Q I
- —1)H,_1 =0,
da?l +p dl‘l + (p 51’1) T + 1’1(’/7, ) 1

—T
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which has a solution

H,_4=pnB,In(x1)+ (n — 1)x1Bp_1+ Bn—4, Bn_4€eC.

Since H,,_4 is a polynomial, we get pnB,, = 0. Then it is obvious that must
be p = 0. Therefore, the polynomial first integral of system (1) is H(z,y) =
—%y?’—sy—&—y?—x—ywhenh:pzo. O

THEOREM 3.6. The following statements hold.
1. The system (1) has no Darbouz first integrals if hp # 0.
2. If p=10 and h # 0, then the system (1) has no Darboux first integrals.

3. If p=10 and h = 0, then the system has a Darbouzx first integrals. More
3
precisely the Darboux first integral is % —y* + (1 + s)y + .

4. If h=0 and p # 0, then the system (1) has no Darboux first integrals.

Proof. 1. Suppose that system (1) has a Darboux first integral. Applying
Theorem 3.3 system (1) does not admits any Darboux polynomial with
non-zero cofactor. Also Theorem 3.4 implies that system (1) has only
two exponential factors e¥ and ¥’ with cofactors z — hy and 2zy — 2hy?,
respectively. Applying Theorem 2.9, if there exists pi, e € C, not all
zero such that

(= hy) + po (2zy — 2hy?) = 0.

It is clear that the equation above has only trivial solution which is a
contradiction. Hence, the system (1) has no a Darboux first integral.

2. Suppose that system (1) has a Darboux first integrals. Again Theorem
3.3 implies that system (1) has a unique Darboux polynomial g =  with
cofactor K = —(y — 1)2 — s and Theorem 3.4 showed that system (1)
has only two exponential factors e¥ and e¥’ with cofactors z — hy and
22y — 2hy?, respectively. By Theorem 2.9, if there exists Ai, 1, g2 € C,
not all zero such that

M (=(y —1)* = s) + p1 (z — hy) + p2 22y — 2hy?) = 0.

The equation above has no non-zero solution which gives a contradiction.
Hence, the system has no Darboux first integral.

3. In this case z is a Darboux polynomial with cofactor K; = —(y — 1)% —
s and ey,ey2 and e42y—5v°+v" are exponential factors with respective
cofactors Ly = x, Ly = 2zy and L3 = 422 — 4(s + 1)zy. In this case,
div(X) = —(y — 1) — 5. If there exists A, u1, p2, 3 € C, not all zero and
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such that the relation, A1 (—(y—1)%—s)+u1(z) +p2(22y) +pz (4% —4(s+
1)zy) = —div(X) satisfied, then there is an integrating factor. Direct

calculation shows that pu; = ps = pu3 = 0 and Ay = —1. Then R =

acfl is an integrating factor. So by using Definition 2.4 we obtain that

[ . fi .
- — 9>+ (14 s)y +x is a first integral.

4. The proof is similar to case 1.

4. Analytic first integrals

This section is devoted to investigate the analytic first integral of system (1).
Note that, system (1) is a special case of Liénard polynomial differential system.
The change of coordinates

X=y and Y =z — hy,
transform system (1) to
X=Y,
Y=(p—-h(s+1)X —hX3+2hX% —((h+s+1)+X2-2X)Y. (22
The system (22) has unique singular point at origin if h = 0 and p # 0, while

h # 0 it has three singular points (0,0) and (hi ”_:ZS—HW, 0). Furthermore,

the system (22) has infinite singular point if h = p = 0. Here g(X) = (p —
h(s+1))X —hX3+2hX? and f(X) = (h+s+1)+ X2 —2X. The eigenvalues
of the system (22) at the origin are

—(h+s+1)E/(h+s+1)2+4p—4(s+ 1)h

>\17)\2: 2

—an/—h2¢
The investigation and calculations at the singular point (h:H_hP, 0) are

. . . h4+/—h2s+h . .
similar to the singular point <+hg+p,0>, so we consider just one of

h++/—h2s+hp

them. We move the singular point h ,0) into the origin. We use

the linear change of coordinates

— 72
X1:X—h+\/ h?s + hp and Y, =Y,

h
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which gives
X, =Yy, Y1 =2(sh—p)X; —hX?+ (-3X? —2X,)\/-h2s+ hp
h? 2X
— hX3 — ( ;p + Tl\/_th + hp+X12) Y. (23)

Since h # 0, —h%s + hp > 0, g(X1) = 2(sh — p)X1 — X?h + (-3X? —

2X1)\/—h%s + hp — hX? and f(X;) = 252 4 25 /T325 1 hp + X2, Then

eigenvalues of system (23), at the origin are

—(h2 + p) £/ (W2 + p)? + 812 (hs — p— /=175 + Fp)
oh '

THEOREM 4.1. The system (22) has no local analytic first integral in a neigh-
borhood of the origin if h + s+ 1 # 0 and one of the following conditions
hold.

)‘1;>\2 =

i. p=h(s+1),

ii. —p+h(s+1)#0 and h’g;fj)l)p ¢Q,

iii. —p+ h(s+1) # 0 and % =-a€Q, a# (11272)2 for some
p,q €LY and p # q,

iv. p= —7(}17(54?1))2 )

v. —(h—(s+1))2—4p#0.
Proof. i. Then the eigenvalues of the system (22) where h + s+ 1 # 0 and
p=nh(s+1) are
)\1:0 and )\2:7(h+5+1)

Since (0,0) is an isolated singular point of system (22), Theorem 2.12
guarantees that system (22) has no local analytic first integrals in a neigh-
borhood of the origin.

ii. Now f(0)=h+s+1, g(0) = —p+h(s+1) and {f(g)) = ggjjj)l _¢Q.
It is obvious

Mt+X=—(h+s+1) and MAda=—-p+h(s+1).

It is sufficient to show ki A1 + kods # 0 for ki, ks € Z*. Suppose that
kihi + kada = 0. Then \; = —a)y for some o € QF. We obtain

M(l-a)=—(h+s+1) and —aXi=—p+h(s+1).
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We have, ,(L}Ej_if)l_); = 7(17;)2 € Q. Since (h+s+1)#0then a # 1

and o # 0 because h(s + 1) — p # 0. Note that g’z;ﬁ;‘l ¢ Q~, then
k1 A1 + koA # 0. Hence Theorem 2.11, guarantee that system (22) has

no local analytic first integrals in a neighborhood of the origin.
iii. We write ¢g(0)) = —a(h + s + 1)? with a« € QF \ {0}. The rescaling
(X1,Y1,71) = (h+ s+ 1)X,Y, (h+ s+ 1)t), system (22) becomes

Xl Yl, Yll: (pfh(8+].))X17Y1+O(X1,Y1),

(h+s+1)2
where O(X1, Y1) means terms of higher order and without loss of general-
ity we write (X,Y,t) instead of (X1, Y1,71), then system above becomes

of the form
X'=Y, YV =aX-Y+0(X,)Y).

We proceed the proof as the proof of Lemma 12 in [17].

iv. The eigenvalues of system (22) with p = *W and h+s+1 #
0 are repeated eigenvalues A\; = Ay = —(2E5+L). So does not satisfy
resonance condition in Theorem 2.11. Therefore, the system (22) has no
local analytic first integrals in a neighborhood of origin.

v. We know that a necessary condition in order that system (22) has analytic
first integral is that the linear part of system (22) with A+ s+1 # 0 and
—(h = (s+1))? — 4p # 0, admits a polynomial first integral.

6H1 aHl

Ya—X+((p—h(s+1))Xf(h+s+1)Y)a—Y:0.

Solving it, we obtain

o 1 < arctan (h+s+1)X+2Y
SV T <(h+ e <¢—<h—<s+1>>2—4px>

_/=(h=(s+1))> —dp In ((hs+h—p)X* + (h+s+1)XY + Y2)>
2

I

then the linear part of system (22) has no polynomial first integrals in a
neighborhood of the origin, hence the result follows directly via Hartman-
Grobman Theorem.

O

THEOREM 4.2. System (22) with h+s+1 =0 and p+ (s +1)? # 0 has no
analytic first integrals in a neighborhood of the origin.
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Proof. Suppose that H = H(X,Y) is a local analytic first integral at the origin
of system (22) where h +s+ 1 = 0 and p + (s + 1) # 0. We write H =
Y k>0 Hi(X,Y), where each Hj, is a homogeneous polynomial of degree k for
k=1,2,.... We use induction to show that

Hp,=0 forall k>1 (24)

If H = Hy = constant, then system (22) has no local analytic first integral at
the origin. Since H is a first integral of system (22), it must satisfy

0H OH
Y == + (pX + (s+1)(X? —2X°+(s+1)X) — (X*-2X)Y) — =0. (25)
0X )4
The equation, which encompasses terms of degree one in the variables X and
Y in (25) are
8H1 8H1

— 2 —_ =
Y 5% +(p+(s+1))X % 0.

Thus H; is either zero or it is polynomial first integral of linear part of sys-
tem (22). The calculations shows that H; = 0.
The terms of degree two in the variables X and Y of (25), satisfy

OH, oy OHy

Then again either Hy is zero or it is polynomial first integral. The solution of
the partial differential equation above is Hy = ¢y Fy, where ¢ € C and

o= (—(p+ (s + 1)) X2 +Y?)
The terms of degree 3 in the variables X and Y in (25), satisfy

OH,; oo OHy - o OF

Computing the homogeneous polynomial Hs, we obtain Hz = % co G3, where
1 vs

= (s 3 _
G = D o G )

Calculating the terms of degree 4 in the variables X and Y in (25), we obtain

OH, o OH,
Vox Tt s+ 10X 50
OH OH
_ 2,03 3 _ y2y9H2 _
+(2XY —2(s+1)X*?) 5y +((s+1)X° - X°Y) % 0.
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Computing the homogeneous polynomials H4, implies that co = 0, then Hy =
Hs =0and Hy = ¢4 F22, cq4 € C. The terms of degree 5 in the variables X
and Y in (25), satisfy

8H5 2 8H5 2 8F2
_ 2 0. (26
Y X +(p+(s+1)*)X Y + (2XY —2(s+1)X*)(2¢c4 F3) FYa 0. (26)
Computing the homogeneous polynomials Hs in (26), which gives Hy =
%C4 F> G3. Computing the terms of degree 6 in variables X and Y in (25),
gives

OHg 2\ v OHs
Y87+(p+(8+1) )XaT
OH, OH.
_ 205 5 _ ey OH1 _
+(2XY = 2(s + DX 2 + (s + DX° - XPY) =2 =0,

Computing the homogeneous polynomials Hg, implies that ¢4 = 0, then Hy =
Hs = 0 and Hg = c6 F, ¢ € C. The terms of degree 7 in the variables X
and Y in (25), satisfy

Y%+(,0+(8+1)2)X%+(2XY—2(5+1)X2) (3¢ FY) % =0. (27)
Computing the homogeneous polynomials Hr in (27), which is
H; = c F3 Gs. (28)
The terms of degree 8 in the variables X and Y in (25), which satisfy
Y% +(p+ (s+ 1)%)(% + (2XY —2(s+ 1)X2)%
+((s+1)X% - X?Y) OMs _ .

aY
Computing the homogeneous polynomials Hg, we obtain ¢g = 0, then Hg =
H; =0 and Hg = cg Fy, cg € C. We now prove by induction for n > 3.

H2n = C2n ana

Hypy1 = Fy~lgs and H; =0 for i=1,2,3,...,2n — 1, (29)
where cg,, € C and g3 = ¢g3(X,Y) is a homogeneous polynomial of degree 3.
From equation (28) is true for n = 3. Next, we assume that (29) is true for

n=4,...,N —1 and we will prove it for n = N. By induction assumption the
terms of degree 2N — 2 in the variables X and Y in (25), we obtain Hoy_o =
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CoN—2 F2N*1, can—2 € C. Calculating the terms of degree 2N — 1 in the
variables X and Y in (25), which are

8H2N_1 2 6H2N—1
L (2XY — 2s + X2 (N — 1) con—o EN2) % —0. (30)

We consider two cases.

Case 1: Hsn_1 is not divisible by Fs. Repeating the argument for pass-
ing from (27) and (28). We obtain Hany_1 = F3 Gon_1, where Gon_1 =
Go ~N—1(X,Y) is a homogeneous polynomial of degree 2N — 3 which is contra-
diction.

Case 2: Hon_p is divisible by F. In this case we can write Hon_1 =
Fl g3 with 1 <1 < N — 3 and g3 is a homogeneous polynomial of degree
2N —1—2I, otherwise the results would be obtained. Again, eventually we get
a contradiction. In that case Han_1 satisfies

8H2N_1 2 6H2N—1
YaT+(p+(s+1) )XT+
XY 205+ DX (¥ 1) cawoa Y20 2 =0

Asl < N — 3, then the same argument used in Case 1, imply a contradiction.
From the claim Hony_1 = FQN*2937 where g3 = ¢g3(X,Y) is a homogeneous
polynomial of degree 3. Then equation (30) becomes

OF oF
_ 9 pN-3 OF, 2y OF2
v -2 (v G2+ ok s+ 19X 52
(v L pr s+ 1)) x 98 By
0X oy ) 2
2 N—2 OF
FRXY =25+ )X ((N=Dewva FF 222 =00 (31)

Since Fy is a first integral of linear part of system (22), then we can rewrite
equation (31), as

993 2
Y6X+(p+(s+1) )X

993

oY
+(2XY —2(s +1)X?) ((N —1)can—2 aaff) =0. (32)
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The terms of degree 2N in the variables X and Y in (25) satisfy

8H2N 8I{2N
0X oY

+ (2XY —2(s+1)X?) <(N2)93 EN73

Y +(p+ (s +1)HX

g?) b (2XY —2(s+1)x2) EN2 09

)4
v 0P,

+ (N —1Dean2((s + 1) X3 — Y X?)F) =0.

oy
We now proceed similarly as calculating Hon_1, we obtain Hony = F2N73 Us,
where Us = Ug(X,Y) is a homogeneous polynomial of degree 6. Then Ug
satisfies

s 2% %Us | oy N
Y('?X +(p+(s+1) )Xay + (2XY 2(3—|—1)X)((N 2)ggay>
0
+(2XY —2(s+ 1) X?) F, a—if
+(N=1Deanvo((s+1)X* - YX?)F % =0. (33)

Computing the homogeneous polynomials g3 and Ug from (32) and (33), there-
fore cony_2 = 0 and g3 = 0. This implies that Hony o = Hon-1 = 0 and
Hon = con FfY, con € C. The terms of degree 2N + 1 in equation (25), gives

GHQNH 2 8H2N+1
Y—5 +(p+(s+1) )XT
+ (2XY —2(s +1)X?) (N cony FN7! %%) =0.

Then the same arguments used for calculating Hon—1 imply that Hon 41 is of
the form Hon41 = FQN_1 T3 where T3 = T3(X,Y) is a homogeneous polynomial
of degree 3. Hence (29) holds true when n = N. O

THEOREM 4.3. System (22) has no local analytic first integral in a neighborhood
of the singular point (}H}M)ﬂ) if one of the following conditions hold.
a. p=hs, h£0and h+s #0,
b. p—hs >0 and h > 0.

Proof.  a. The eigenvalues of system (23), where p = hs and (h+s) # 0, are
A1 =0and A2 = —(h+s). Since (0,0) is isolated singular point of system
(23), by Theorem 2.12, we obtain the system (23) has no local analytic
first integral in a neighborhood of the origin.
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b.

Computing the eigenvalues of system (22) at the singular point

(h,—&-\/ —h2s+hp 0>
I )

, which are

—(h2 4 p) £ /1 + 8135 — 8\ /W5 F hp b2 —6 p h? + p?

2h

)\17)\2 =

Suppose that there exist positive integers k1, ko such that k1 A\ +ko Ao = 0.
Computing M2 = 2((p — hs) + /h(p— hs)). Note that by Theo-
rem 2.11, if such integers do not exist we are done. Then A\ = —alk,
with « is a positive rational, and hence in particular A\; Ao = —a)3 < 0.
But Ay A2 = 2((p—hs)++/h(p — hs) ) > 0if (p—h s)h > 0. The theorem’s
proof is now complete.

O

THEOREM 4.4. If h # 0, —h?s+ hp > 0 and h?> + p # 0 satisfies one of the
following conditions

i.

ii.

iii.

iv.

V.

hs —p—+/—h2s+hp =0.
(h24p)?

o 2 - -
hs —p h?s +hp # 0 and PRy e rerys ¢Q.

hs—p—+/—h2s+hp #£0, 2Mhsmp—y—IEsthe) _ g e Q™ anda # 3 e e

(h2+p)?2 r—q)?
h2

for some p,q € ZT.

(h? + p)? + 8h2(hs — p — \/—h%s + hp) = 0.

(h? + p)? + 8h2(hs — p — \/—h%s + hp) # 0.

Then the system (23) has no analytic first integrals in a neighborhood of the
origin.

Proof.

ii.

i. If the conditions are satisfied in this case, then the eigenvalues
2

of the system (23), are \y = 0 and Ay = —(hTﬂ’). Since (0,0) is an

isolated singular point of system (23), Theorem 2.12 guarantee that the

system (23) has no local analytic first integrals in a neighborhood of the

origin.

Now f(0) = 52, g(0) = 2(hs — p — \/=h%s + hp) and L3 =
(h2+p)2
02402

2()157,1)7\/7h2 s+h p)

¢ Q. It is obvious

h?+p

AL+ A= —( h

) and Ajdo =2(hs — p—+/—h%s+ hp).
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It is sufficient to show ki1 + kodg # 0 for ki, ko € Z+. Suppose that
ki + kaXo =0, then A\ = —a\, for some o € QF. We obtain

Ao(l—a)=— (%) and  —a)3 =2(hs — p —+\/—h2s + hp).
(h2+p)? 2 5
B2 _ _(-® - h>+p
We have, P vy v R —— € Q7. Since =5 # 0, then
a # 1 and o # 0 because 2(hs — p — /—h%2s+ hp) # 0. Note that
(h*+p)?

h? Q™ then k1 \; + koo # 0. Hence by Theo-

2(hs —p — —h28+hp)¢ 11+ ke # u

rem 2.11, the system (23) has no local analytic first integrals in a neigh-
borhood of the origin.

We write g(0)" = (M) with @ € QT \ {0}. With the rescaling
X Y, T (( ) X1, 11, ( ) t)7 system (23) becomes of the form
2(hs—p—+/—h? h
x =y, y= 2hemeo VRS oy ok y),
(*52)?

where O(X,Y’) denotes terms of higher order and without loss of gener-
ality we write (X7, Y7,t) instead of (X,Y,T1), the system above becomes
of the form

X =Y, Y/ =aX;-Y+0(X1,V7).
We proceed the proof as the proof of Lemma 12 in [17].

The eigenvalues of system (23) with

(W +p)® +8h*(hs—p—+/—h2s+hp) =0and h*>+p#0
are repeated eigenvalues \; = Ay = —(}1227',:”). Then the resonance con-

dition does not hold and by Theorem 2.11, the system (23) has no local
analytic first integral in a neighborhood of origin.

We know that a necessary condition in order that system (23) has analytic
first integral is that the linear part of system (23) with h% + p # 0 and

(h? + p)? + 8h2?(hs — p — \/—h2s + hp) # 0, admits a polynomial first
integral.

H 2 H
Yl% + (—2X1\/—h23+hp + 2hsX) — 2pX; — f ;’%) % =0.
1
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Solving it, we obtain

Hy = L ((h2+p)

\/—((h2 + )2 + 8h2(—p 4 hs — \/—h2s + hp))

arctan (h2 + p)Xl +2h1 -

V(02 4 p)? + 812 (—p+ hs — \/=h%s + hp)) X,
1
5\/—((112 +p)2 4+ 8h2(—p + hs — \/—h2s + hp)) In ( — 2h%s X3
+2v/ZhZs + hphX2 + h2X, Y + 2hpX2 + hYE + leyl)).

Since the linear part of system (23) has no polynomial first integrals in a

neighborhood of the origin, hence the result follows directly.
O

THEOREM 4.5. The system (23) has no local analytic first integrals in a neigh-
borhood of the origin if h? + p =0 and h(h + s) — \/—h2(h + 5)) # 0.

Proof. Suppose that H = H(X1,Y7) is a local analytic first integral at the
origin of system (23) where h? + p = 0 and h(h + s) — \/—h2(h + s)) # 0. We
write H = .o, H;(X1,Y1), where each H; is a homogeneous polynomial of
degree ¢ for + = 1,2,.... We use induction to show that

H;=0 forall ¢>1. (34)

If equation (34) implies that H = Hy = constant, then system (23) has no local
analytic first integral at the origin. Since H is a first integral of system (23)

with A2 + p =0 and h(h + s) — y/—h%(h + s)) # 0, it must satisfy
H (
Y, 57 + ( — hX3} 4 212X, + 2hs X — hX? — 3X2\/—h2(h + s)
1

—2X1/—h2(h+s) — (Xfy1 + ngyl —h2(h + s)>> g—ff[ =0. (35)
1

The terms of degree one in the variables X; and Y in (35) satisfy

6H1 aIJI
Yi —— +2(h* +hs—+/—h2(h X; ——=0.
1 X, + ( +hs (h+ S)) 1 v,
Thus H; is either zero or it is polynomial first integral of linear part of sys-
tem (23). As before, we obtain H; = 0. Computing the terms of degree two in
the variables X; and Y7 of (35), which satisfy
8H2 aHQ

Y —= +2(h®+hs—+/—h2(h X, —= =0.
18X1+( +hs (h+s)) 15y 0
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Then either Hy is zero or it is polynomial first integral of linear system. Com-
puting the homogeneous polynomial Hy, we obtain Hy = Cy Ty, Cy € C,

where
=Y +2(v/-h2(h+s)—h(h+s)) X7,

The terms of degree 3 in the variables X; and Y in (35), satisfy

OH; , - OH,
Yla7+2(h +hs h (h—i—s))Xl v

2XY T
+02( hX? — 3X2\/—h2(h + s) 1oL /R (h+ s) )gYQ—
1

Computing the homogeneous polynomial Hs, we obtain Hs = % C5 G3, where

Gy = (3\/—h2(h—|—s)+h) Xf-( 5 —h* (h+5) )

(h+s+1)

Calculating the terms of degree 4 in the variables X; and Y7 in (35), which are

OH, ) . OH,
Yoy +2(h +hs—\/—h (h—i—s))Xla—Yl
< hX2 —3X2\/—h%(h +s 2X1Y1\/ 2(h+ s )8H3
OH.
+ (—hX} — X?7)) ayf =0.

Computing the homogeneous polynomials Hy, we obtain Cy = 0 and Hy =
H3 =0, Hy=C,; T3, C4 € C. By the same argument in Theorem 4.2 we can
show that Cy = 0, Hy = Hs = 0 and Hg = CgT3. The terms of degree 7 in
the variables X; and Y7 in (35), satisfy

OH; , -
Yla—Xl+2(h Y hs—/—h (h+s))X1

OH~
)%

( hX2 — 3X2\/—R2(h £ 5) — 2X1Y1 \/7> ‘2];6 _
1

Computing the homogeneous polynomials H7, which is

H; = Cg T2 Gs. (36)
Now we will prove by induction for n > 3.

H2n == CQN TQna
Hoypi1 =Ty tgs and H; =0 for i=1,2,3,...,2n—1, (37)
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where Co, € C and g3 = g3(X,Y) is a homogeneous polynomial of degree 3.
From equation (36) it is true for n = 3. Next we assume that (37) is true for
n=4,...,N —1 and we will prove it for n = N. By induction assumption the
terms of degree 2N — 2, in (37), Hoy—o = Con—_2 T;fv_l, Con_2 € C. By the
same argument in Theorem 4.2 we can show that H; = 0 for all i > 1. O

(1]
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