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Asymptotic formulas for steady state
voltage potentials in the presence of
thin inhomogeneities.

The complex case
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ABSTRACT. We consider a conducting body with complex valued admit-
tivity containing a finite number of well separated thin inclusions. We
derive an asymptotic formula for the boundary values of the potential
in terms of the width of the inclusions.
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1. Introduction

Let Q C R? be a smooth bounded domain representing the region occupied by
a conducting body and consider, at a fixed frequency w, the complex valued
admittivity background

Yo = 0¢ + iweg in €,

where oy and ¢( are real valued functions representing the electrical conduc-
tivity and permittivity, respectively.
Let ¥; cC Q, for 5 =1,..., N be a collection of simple, regular curves and
consider, for e sufficiently small, a neighborhood of 3J; given by
DI ={zx € Q : dist(z,%;) < €},
representing a thin inhomogeneity of admittivity

Yj = 05 + wWej.

Let ¢ € HY?(0Q) represents a complex valued boundary current and let
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ug be the background potential which satisfies

div(yoVup) =0 in
VO% = 1/’ on 897

where v is the unit outer normal to 0S2.
Let

N
Ye =0+ > (% — 0)Xps
j=1

and consider the perturbed complex-valued potential u,. solution to

div (y.Vue) =0 in Q
’yeaa'fj:w on Of.

The main goal of the paper is to obtain an asymptotic expansion for the bound-
ary values (ue — ug)),, as € — 0.

The formula we derive is analogue to the one obtained in [3] in the case of
constant real valued conductivities og and o1 (w = 0).

More precisely, we show that for y € 9Q and ¢ — 0,

(ue — uo)(y) = ev(y) + o(e).
where

N .
o) = 302 [ (0= 2) @) (0) Vo)V N, 3) d.

J

Here N (z,y) is the Neumann function corresponding to the operator div (voV-)
and M7 is a two by two matrix with complex valued entries.

It is well known that this type of expansion can be used in order to solve the
inverse problem of detecting the curves ¥;,5 = 1,..., N from boundary mea-
surements. In fact, in [1] the authors show that for the conductivity equation,
it is possible to detect finitely many segments from knowledge on the boundary
of the first order term v appearing in the expansion. Moreover they show the
continuous dependence of the segments from the boundary measurement v is
Lipschitz stable. A similar result has been obtained in the case of the system
of linearized elasticity, for the case N =1, in [2].

2. Main assumptions and results

For j = 1,...,N, let ¥; be a simple, regular C*“ curve with a € (0,1) and
assume there exists a contant K > 1 such that, in a neighborhood of radius



ASYMPTOTIC FORMULAS FOR THIN INHOMOGENEITIES 211

K~ of each point in ¥;, the curve is the graph of a C** function and

1Z)llc2e < K, dist($;,00) > K1,

1
K ' <L(%) <K, dist(X;,8) > K Vif j #k, )

where £ denotes the length.

On each curve X; we fix an continuous orthonormal system (n,;(x),t;(x))
such that n;(z) is a normal direction to X; at its point  and 7;(x) is a tangent
direction.

Assume 7p,7; : © — C such that vo € C1*(Q), v; € C*(2) with

[vollcre @), [villea @) < K, (2)
and, furthermore, assume there exists ¢y > 0 such that
oj > cp, for j=0,1,...,N. (3)

Consider finally a complex valued flux ¢ € H~/2(99) satisfying the compati-
bility condition

=0, (4)

o0

Then, under the above assumptions, there exist unique weak solutions wug
and u, in HY(Q) to

div (voVug) =0 in €,

’yoaai’f =1 on 09Q, (5)
Joq o =0,
and
div (7Vue) =0 in Q,
Ve %fj = on 09, (6)
Joq ue =0

We also introduce the Neumann function N solution to

div(voVN(-,y)) =49, in Q,

Y0 8N3(,;’y) = [/(}39) on 01, (7)
faQ N<7y) =0,

It is well known that under assumptions (2) and (3) there exists a unique
solution to (7) (see [5]).
We are now ready to state our main result.
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THEOREM 2.1. Let Q C R? be bounded smooth domain and {E}é\;l CCQa
set of curves satisfying (1), let o and v; (for j = 1,...,N) be admittivities
satisfying (2) and (3) and let ug and u. be solutions to (5) and (6), respectively.
Then, for y € 02 and € — 0,

N
(e = w0)() =263 [ (0(e) = 252 (@) Vata(2) - VN .5 dor + o),
j=1v=d

where

3. Proof of Theorem 2.1

We will perform the proof in the case N = 1. Since the curves are well separated
one from each other, the same argument will work for the case of multiple
inclusions.

A complex valued equation as

div (YVu) =0

can be interpreted as a two by two system for real valued functions. In fact,
denoting by
u! = Ru and u? = Su,

we have that the function v = (u!,u?) : Q — R? satisfies the system

B%C <a§;-’“g;‘:> —0fori=1,2
where, for i,j,h, k =1,2,
al = Onbi; Ry — Oni (861052 — 0i2051)S.
If
Ry > co > 0,

then o
aif &€l = colél?
which corresponds to strong ellipticity. For this reason we can apply to our

equations the results that hold for strongly elliptic systems.
We first establish some key energy estimates.

LEMMA 3.1. There exists a constant C' = C(K, ¢,,§2) such that

[we — ol () < CIDel|1/2H"/)”H*1/2(aﬂ)'
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Proof. Since uy and u. are solutions to (5) and (6), then we = ue — ug is weak
solution to

div (veVwe) = div ((yo —71)xp: Vo) in Q,
Ve 88“1’,6 = 0 on 09,
Joque = 0.

Hence, for every ¢ € H'(Q),
[ 2evue-Vo= [ (0= Vun - Vo, (®)
Q Q
By choosing ¢ = w. € H(Q), we get

/'ye\VwE|2 :/(70 —71)xp2 Vg - V.
Q Q

Now, by (3), we have

[Vwell 20y < CIDHY? 7o — 1l L= (o) Sglp [Vuol.

By interior regularity results (see [4, Theorem?2.1, Chapter 2]),

sup [Vl < Cllollr-+r200)
so that
[Vwe|z20) < C|Del\1/2||¢||H—1/2(aQ)

where C' = C(K, ¢p).
/ we = 0,
o0

Finally, since
by Poincaré inequality we have
[wellz2() < ClIVwellr2(a)

with C' = C(£2) and we obtain

lue = ol () < D2l 12 00)
which ends the proof. U

We will also make use of some key regularity results for elliptic systems with
discontinuous coefficients due to [6] (that extend the one established in [7] for
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scalar elliptic equations). We state here a simplified version of Proposition 5.1
of [6].

Let c and M be two positive constants with M > 2K and denote by Q. s
the set of points x € 2 such that dist(x,0Q) > M~! and such that there is a
square of size ¢ centered at z that intersects D! in at most two cartesian curves
whose C1'® norms are bounded by M, i.e. there exists a coordinate system at x
such that D! N [—c,c]? consists in graphs of at most two functions h_ < hy
with [|h4[|c1.e < M. Let us denote by Qp = {z € Q : dist(z,0Q) > 537}
LEMMA 3.2. Let 8 € (0,1/4) and M > 2K. there exists a constant C' depending
on a, K, cg and M such that if € € (0, 5%), 0 < ¢ < g and uc € H'(Q) is a
solution of

div (v.Vu) =0 in Q,
then
C
||u6Hcl,ﬁ(Qcmeﬁz) = CngHUEHB(Q) (9)
and

C
luellors@e oy < g luellzz@)- (10)
LEMMA 3.3. There exists 1 > 0 such that, if u € H'(Q) is a solution to the

complex valued equation
div (vVu) = f in Q,

where v : Q — C, v € L*(Q) such that
Ry >¢cop >0

and f € H-V211(Q), then u € H:*T(Q) and, given B, and Ba, concentric
disks contained in 2,

2 _
19l 20,y < € (1 lr—s2000,,) + 0757 [Vl 2205, ) -

For the proof see [4, Chapter 2, Section 10].

Proof of Theorem 2.1. Take y € 0f). Then, by the definition of the Neumann
function, it is easy to see that

(= w)) = [ (0= 2) Ve TN ),

€

We prove the theorem in the more interesting and complicated case when ¥,
is an open curve. In fact, in this case, D! has derivatives (near the endpoints
of ¥1) that degenerate as € tends to zero. This implies that the regularity
estimates of Lemma 3.2 cannot be applied near the endpoints of .
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Let P; and @1 be the endpoints of X1, let 8 € (0,1) to be chosen later, and
define

DY = {z+pn(z) : 2 € Xy, dist(z, PLUQ1) > €, p € (e,¢)} .

It is easy to see that there exists a constant M > 2K and depending only on K,
such that
1,0 1
D" Cc@ Y NnD,.

An application of Lemma 3.2 thus gives

[Vue]| ) < Ce "D lucl p20) < Ce "9 g oq) (11)

o8 (DY

where C' does not depend on e.
Then,

/D1 (vo — 711)(2)Vue(z) - VN(z,y) dx

€

= [ 0= W@ Tule) - VN2, do
+/ . 9(70 —v1)(z)Vue(x) - VN(x,y)dx := 1) + I.
DI\D

Let us estimate I first.

[Ia] <

[ ppe00 =V 20 - IN )

+

/Dl\DLe(% —m)Vug - VN(-,y)

Observe that, since v9 € C1*(Q), by interior regularity results ([4, Theorem
2.1, Chapter 2], by [5] and by (2) we get

Vol L1y < Cllll g-17200) (12)
C
VN(z,y)| < ;
VNG| <
and, since y € 0f)
IVN( 9l (pp) < C- (13)

Hence, by (12), (13) and Lemma 3.1,

L] < C DI\ DYl g-1r2(00) < C P[]l gr-1/2 (00 -
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We now define
Zf] = {x—l—nnl(x) D x € ¥, dist(z, P, UQ1) > 69} .

Due to the regularity of ¥, if we denote by do)! the arclength measure on Eg
and by do, the arclength measure on Y1, we have

do! = (14 O(n))do,.
For every point z + nn(z) € D1, let . = 2 + en(x). By (11),
Vue(z +nn(x) = Vue(zd)| < Cle+nn(z) — e "] g1 ag)
< CEﬂ*e(Hﬁ”W”H—lﬂ(aQ)

and, also,
[(71 = 70) (@ +nn(x)) — (11 —0)(ze)| < Ce
so that

/Dl,e(% —71)Vu. VN = 26/ (Yo — 1) Vu: VN + o(e),

¢
where we set
i e _
ue = ue‘Dé, ue = u€|n\5i.

We now use the transmission conditions

i __ e

ue - ue7
out oug

71 =70
on on’

that are satisfied on 9D}? pointwise, in order to obtain, finally,
/ (’70 - vl)VuiVN
D*

B Yo Ouf ON  Ouf ON
=2 /ggwo ") {% on Ong * or 07, +ole).

Assume that
VUl = Vuf|| poo(soy < CE" [0 gr-1/2 (00 (14)

for some 6; > 0. Then
/.00 =) (@) Vi) VN )

= _ oy 00U ON UG ON
= 2 /Z 2(70 1) {% e S do< + o(e)

= 25/ (Yo — 71)M (2)Vug(2) VN (z,y)do, + o(e),
¥



ASYMPTOTIC FORMULAS FOR THIN INHOMOGENEITIES 217

which concludes the proof.
So, we are left with the proof of (14). Let 2¢ < d < 75 and let

q={x€Q: dist(z,0(Q\ D})) > d} .
Since u, — ug is solution of
div(yoV(ue — up)) = 0in Q\ D},

the regularity assumption on o implies that u. — ug € HZ .(2\ D?) (see [4,
Theorem 2.1, Chapter 2]).
Consider ®* = a%k(ui —up) for k=1,2.
The function ®* satisfies in Q\ D!}
9o

div (’yOV@f) = —div (V(u€ — uo)) =: F.
a.Tk

By Caccioppoli inequality and by Lemma 8 we have that
C

||V<I>f|\%2(93/2) < EHCI’EH%%Q;M) + HFH?{”(QZM)
< C <d12||‘1>l§2m(9;/4> + 1V (ue - “O)||2L2(Q>)
< C <d12 + 1) IV (ue — Uo)||%2(9)
<

1
c <dg + 1) €||7/}H12Lr1/2(39)'

Hence
H(I)l:HHl(QZ/?) < CVed Yl g-1/2(00)-

Applying Lemma 3.3 to ®* gives

2 _
IV lzzeagaz) < C (IFla-1200ga;, ) + 75 [VOF e, ).

d/2

Now, by

[El -120n (05 ) < CIV(ue = wo)|24n(as )

and by the interior regularity estimates and Sobolev Immersion Theorem

[V(ue —uo)l[L2tn@y ) < Cllue = wolla2ag,,)
< Cllue —uollmrag,,) < llue — ol @)
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and hence
IV sy < C (e — ol +dF5 7 [VOE|Bagq, )
< 0 (1+d772) Vellvll-1a 0.
Finally, since ﬁ —2 < 0and d < 1, from last inequality, we derive

2 _
IVOF|| L24n(0g) < CdT51 Ve 9] gr-1/2 (a0 -

On the other hand, applying Lemma 3.3 to ue — ug we have

2
1DF || L24n(0g) < CAT1 Vel|Yll gr-1/2 (a0 -
By Sobolev Imbedding Theorem we than have

0 2
H < CdT7 2 Ve [yl g1/ (o0 - (15)

——(ue — uo)
Oz Lo ()

Now let y € 3/ and y4 be the closest point to y in QF. By (11) we have

dP
[Vue(y) — Vue(ya)| < CWHWH—W(aQy (16)

Hence, by (15) and (16) we have
— 2
IVt = ) )] < C (@D 4 a7 55 /) 48] s o

ChOOSing 0 < m we get

with 6; > 0. O
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