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ABSTRACT. In this article, we introduce the concept of genmeralized
(a0, T)-G-contractive mappings in partial b-metric spaces endowed with
a digraph G and obtain a new coincidence point and common fized
point result for a pair of self mappings satisfying such contractive con-
dition. Our main result will extend and unify several known results in
the existing literature and also brings some new results as consequences.
Finally, we give an application of our main result to obtain a unique
solution of an integral equation.
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1. Introduction

It is well known that the Banach contraction theorem [6] in complete metric
spaces is an important and useful tool in modern analysis. It has many appli-
cations in different fields of mathematics and applied sciences. Several authors
have successfully generalized this famous theorem in different directions. There
exist a lot of generalizations of the notion of metric spaces such as b-metric
space, introduced by Bakhtin [5], partial metric space by Matthews [24], and
dislocated metric space by Hitzler et al. [20]. In [30], S. Shukla introduced the
concept of a partial b-metric as a generalization of the notions of b-metric and
partial metric and established some fixed point results in such spaces.

Coincidence point and common fixed point results for a pair of mappings
satisfying some contractive type conditions in various spaces have been studied
extensively by many researchers. In recent investigations, the study of fixed
point theory via simulation functions takes a vital role in many aspects. In
2015, Khojasteh et al. [22] initiated the idea of Z-contraction by using a simu-
lation function and generalized the Banach contraction theorem by combining
various types of nonlinear contractions. Afterwards, Argoubi et al. [4] and

491



(2 of 27) S. K. MOHANTA AND S. DAS

Rolddn et al. [28] modified the existing idea of simulation functions in different
ways and established some common fixed point results utilizing this modified
class of simulation functions. In [10], S. H. Cho introduced the concept of .Z-
contractions and unified some existing metric fixed point results. Very recently,
Gubran et al. [19] introduced a new simulation function involving three vari-
ables, called a tri-simulation function which is also designed to unify several
known contractions. The study of fixed point theory combining a graph is a
new development in the domain of single valued and multi valued fixed point
theory. Echenique [13] studied fixed point theory by using graphs and then
Espinola and Kirk [14] applied fixed point results in graph theory. Motivated
by the idea given in [15, 19, 22] and some recent works on partial b-metric and
b-metric spaces with a graph (see [2, 3, 7, 16, 23, 25, 26, 27, 29]), we refor-
mulated some important coincidence point and common fixed point results in
partial b-metric spaces endowed with a digraph by using tri-simulation func-
tions. Also, we construct some non trivial examples to examine the strength
of the hypotheses of our main result.

2. Some Basic Concepts

In this section we recall some basic notations, definitions and necessary results
that will be needed in the sequel.

DEFINITION 2.1 ([11]). Let X be a nonempty set and b > 1 be a given real
number. A function d : X x X — RT is said to be a b-metric on X if the
following conditions hold:

(¢) d(z,y) =0 if and only if x = y;

(#7) d(z,y) =d(y,x) for allz, y € X;
(#1) d(z,y) < b(d(z,2) +d(z,y)) for alz, y, z € X.
The pair (X, d) is called a b-metric space.

It is valuable to note that the family of b-metric spaces is effectively larger
than that of the ordinary metric spaces.

DEFINITION 2.2 ([24]). A partial metric on a nonempty set X is a function
p:X x X — RT such that for all z, y, z € X:

(p1) p(z, @) =py,y) =plz,y) <=z =y;
(p2) p(z,x) < p(z,y);

(p3) p(z,y) = p(y,2);

(pa) p(z,y) < p(z,2) +p(2,9) — (2, 2).
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The pair (X, p) is called a partial metric space.

EXAMPLE 2.3 ([24]). Let X = [0,00) and let p(z,y) = max{z, y} for all
z,y € X. Then (X, p) is a partial metric space but p is not a metric on X.

DEFINITION 2.4 ([30]). A partial b-metric on a nonempty set X is a function
pp : X x X — R such that for some real number b>1 and all z, y, 2 € X :

(1) pol(z,2) = po(y,y) = po(z,y) <=2 =y;
(p2) po(z,2) < po(z,y);
(ps3) po(@,y) = po(y, 2);
(pva) po(@,y) < blpp(z, 2) + po(z, )] — po(z, 2).

The pair (X, py) is called a partial b-metric space. The number b is called the
coefficient of (X, pp).

REMARK 2.5 ([30]). In a partial b-metric space (X, pp) if z,y € X and py(z,y) =
0, then = = y, but the converse may not be true.

It is clear that every partial metric space is a partial b-metric space with
the coefficient b = 1 and every b-metric space is also a partial b-metric space
with the same coefficient b. However, the reverse implications need not hold
true, in general.

ExAMPLE 2.6 ([30]). Let X = R™, p > 1 a constant, and p, : X x X — R*
be defined by

pb(xvy) = [max{xa y}]p + |(E - y‘p7 Vl‘, ye X.

Then (X, p,) is a partial b-metric space with coefficient b = 2P, but it is neither
a partial metric space nor a b-metric space.

EXAMPLE 2.7 ([30]). Let (X, p) be a partial metric space and define p,(z,y) =
(p(x,y))?, where p > 1 is a real number. Then p; is a partial b-metric with
coefficient b = 2P~1,

Let (X,py) be a partial b-metric space. For each © € X and for each
e >0, put B(z,e) = {y € X : pp(z,y) < pp(x,x) + €}. Let B ={B(z,¢):z €
X and € > 0}. Ge and Lin [17] proved that £ is not a base for any topology
on X. However, they proved that £ is a subbase for some topology 7 on X
such that (X, 1) is a Tp-space.
PROPOSITION 2.8 ([17]). Let (X, py) be a partial b-metric space and (z,) be a se-
quence in X. If (x,,) converges to x € X with respect to T, then nlgr;o py(Tn, x) =

po(z, ).

The above proposition cannot be reversed (see [17]).
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DEFINITION 2.9 ([30]). Let (X, py) be a partial b-metric space with coefficient
b>1 and let (z,) be a sequence in X. Then

(i) (zy) converges to a point x € X if lim py(zy,x) = pp(x,x). This will be
n—oo

denoted as lim z, = = or x, — x(n — c0).
n—oo

(i) (xy) is called a Cauchy sequence if Um py(zy,Tm) exists and is finite.
n,m—oo

(ii3) (X,pp) is said to be complete if every Cauchy sequence (x,) in X, there
exists ¢ € X such that lim  py(@n, m) = lim pp(,, ) = pp(z, ).
n,1Mm— 00 n— oo

DEFINITION 2.10 ([12]). A sequence (x,) in a partial b-metric space (X, py) is
called 0-Cauchy if

lim pb(xnaxm,) =0.
n,m—oo

The space (X,pp) is said to be 0-complete if every 0-Cauchy sequence in X
converges to a point x € X such that py(z,x) = 0, d.e., lim pp(@n, Tm) =
n,m—00

lim py(z,, ) = pp(x,2) = 0.
n—oo
LEMMA 2.11 ([12]). If (X, ps) is complete, then it is 0-complete.

The converse assertion of the above lemma may not hold, in general. The
following example supports this fact.
EXAMPLE 2.12. The space X = [0,00) N Q with py(z,y) = max{x, y} is a
0-complete partial b-metric space with coefficient b = 1, but it is not complete.
Moreover, the sequence (x,) with x,, = 1 for each n € N is a Cauchy sequence
in (X, pp), but it is not a 0-Cauchy sequence.
REMARK 2.13 ([30]). In a partial b-metric space (X, pp), the limit of a conver-
gent sequence need not be unique.

DEFINITION 2.14. A sequence (x,,) in a partial b-metric space (X, py) is said
to be bounded if the set {pp(xn, Tm) : n, m € N} of real numbers is bounded in
R, that is, there exists M > 0 such that py(Tp,Tm) < M for all n, m € N.

DEFINITION 2.15 ([1]). Let T and S be self mappings of a set X. If y =Tz =
Sz for some x in X, then x is called a coincidence point of T and S and y is
called a point of coincidence of T and S.

DEFINITION 2.16 ([21]). The mappings T,S : X — X are weakly compatible, if
for every x € X, the following holds:

T(Sz) = S(Tx) whenever Sz = Tx.
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PROPOSITION 2.17 ([1]). Let S and T be weakly compatible self mappings of a
nonempty set X. If S and T have a unique point of coincidence y = Sz = Tx,
then y is the unique common fixed point of S and T'.

DEFINITION 2.18 ([19]). Let T : [0,00) x [0,00) x [0,00) — R be a mapping.
Then T is called a tri-simulation function if it satisfies the following conditions:

(T1) T(z,y,2) <z —yz forallz, y >0,z >0;

(T2) if (zn), (yn) and (z,,) are sequences in (0,00) such that y, < z, for all
neN, lim z, >1 and lim y, = lim =z, > 0, then
n—oo n— oo n—oo

limsup T'(zn, Yn, Tn) < 0.

n—oo

The set of all tri-simulation functions is denoted by T.

We now give some examples of tri-simulation functions.

EXAMPLE 2.19 ([19]). Let T(z,y,x) = Az — yz for all z, y, z € [0,00), where
A€0,1). ThenT €T.

EXAMPLE 2.20 ([19]). Let T(z,y,2) = = — ¢(x) — yz for all z, y, z € [0,
where 9 : [0, 00) — [0, 00) is a lower semicontinuous function such that ¢ (t)
if and only if ¢t =0. Then T € T.

Exampre 2.21 ([19]). Let T'(z,y,z) = 55 —yz for all , y, z € [0,00). Then
TeT.

EXAMPLE 2.22 ([19]). Let T'(z,y,z) = ¢(z) —yz for all z, y, z € [0, 00), where
¥ : [0,00) — [0,00) is Matkowski function, i.e., non-decreasing function such
that le Y™ (t) = 0 for all ¢ > 0. Observe that, ¢(t) < t for all ¢ > 0. Then
TeT.

EXAMPLE 2.23 ([19]). Let T(z,y,z) = ¢¥(z) — z¢(y) for all z, y, z € [0, 00),
where ¢, ¥ : [0,00) — [0,00) are two continuous functions such that ¥ (t) =
¢(t) =01if and only if t =0 and ¢(t) <t < ¢(t) for all ¢ > 0. Then T' € T.

We now assign a digraph in partial b-metric spaces (X, p,) as follows.

Let (X, py) be a partial b-metric space and let A = {(z,z) : x € X}. We
consider a digraph G whose vertex set V(G) coincides with X, and the set
E(G) of its edges contains all loops, i.e., E(G) D A. We also assume that G
has no parallel edges. Under these assumptions, we can identify G with the pair
(V(GQ), E(@)). By G~ we denote the graph obtained from G by reversing the
direction of edges, i.e., E(G™1) = {(z,y) € X x X : (y,z) € E(G)}. Actually,
it will be more convenient for us to treat G as a digraph for which the set of
its edges is symmetric. Under this convention,

00),
=0

E(G) = E(G)UE(G™).
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Our graph theory notations and terminology are standard and can be found
in all graph theory books, like [8, 9, 18].

DEFINITION 2.24. Let (X, pp) be a partial b-metric space with the coefficient
b>1 andlet G = (V(G), E(G)) be a digraph. A mapping f: X — X is called
a Banach G-contraction or simply G-contraction if there exists k € (0, %) such
that

po(fz, fy) < kpo(z,y)
for all z, y € X with (x,y) € E(G).

Any Banach contraction is a Gy-contraction, where the graph Gy is defined
by E(Gp) = X x X. But it is valuable to note that a Banach G-contraction
need not be a Banach contraction (see Remark 3.9).

REMARK 2.25. If f is a G-contraction, then f is both a G~ l-contraction and
a G-contraction.

3. Main Result

In this section we assume that (X,pp) is a partial b-metric space with the
coefficient b > 1 and G = (V(G), E(G)) is a reflexive digraph which has no
parallel edges. Let f, g : (X,pp) — (X,pp) be two mappings. We use the
following notations:

po(gy, fy) polgz, fy) + po(gy, fo
Mjyg(z,y) == max {pb(gx,gy),pb(g%fw)y a 5 ), a2 )2b ol )}
for all z, y € X.
If g = I, the identity map on X, we denote M(x,y) := Myq(x,y).

DEFINITION 3.1. Let f, g : (X,pp) — (X,pp) be two mappings. Then, the
mapping f is called a generalized (o, T)-G-contractive w.r.t. the mapping g if
there exist two functions T € T and a: X x X — [0,00) such that

T(algx, gy), bpo(fz, fy), Msg(2,y)) >0 (1)

for all x, y € X with (g9x,gy) € E(G) and a(gz, gy) > 1.
Taking g = I, the above definition gives the following definition.

DEFINITION 3.2. The mapping f : (X,ps) — (X,pp) is called a generalized
(a0, T)-G-contractive if there exist two functions T € T and a: X x X — [0, 00)
such that

T (o, y), bps(f, fy), My (a,y)) >0

for all z, y € X with (x,y) € E(G) and a(z,y) > 1.
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Taking G = Gy in Definition 3.1, we get the following.

DEFINITION 3.3. Let f, g : (X,pp) — (X,pp) be two mappings. Then, the
mapping [ is called a generalized (o, T)-contractive w.r.t. the mapping g if
there exist two functions T € T and o : X x X — [0,00) such that

T (algz, gy), bos(f2, fy), Msg(2,y)) >0
forallz, y € X and a(gz,gy) > 1.

Let f, g : X — X be such that f(X) C g(X). Let o € X be arbitrary.
Since f(X) C g(X), there exists an element z; € X such that gx; = fxo.
Continuing in this way, we can construct a sequence (gz,) in g(X) such that
gy, = frp_1,n=1,2,3,---.

DEFINITION 3.4. Let the mappings f, g : X — X be such that f(X) C g(X)
and let o : X x X — [0,00) be another mapping. We define C]?gG the set of

all elements xg of X such that for allm,n=20,1, 2, -+, (92n, 92m) € E(G)
and a(gxy, grm) > 1, for every sequence (gxy,) such that gr, = fr,_1, n =
1,2,3, .

Taking g = I, we denote CJ%‘G = CJ?QG.

Taking G = Gy, C’]?‘QG becomes C'¢. which is the collection of all elements xq
of X such that for allm, n=20,1,2, -, a(gxn, gxm) > 1, for every sequence
(gzn) such that gz, = frp_1,n=1,2,3,---.

Before presenting our main result, we state a property of the graph G, call
it Property ().

PROPERTY (): If (gzy) is a sequence in (X,py) such that py(gox,z) — 0,
(92K, gTr11) € E(G) and a(grg, grpq1) > 1 for all & > 1, then there exists a

subsequence (gz,;) of (gzy) such that (gzk,,z) € E(G) and a(gxy,,x) > 1 for
all 7 > 1.
Taking g = I, the above property reduces to Property (*)

’

PROPERTY (x): If (zx) is a sequence in a partial b-metric space (X, py) such

that py(zr, ) — 0, (zp,2r41) € E(G) and afxg, zp1) > 1 for all k& > 1,

then there exists a subsequence (zy,;) of (x) such that (x,,2) € E(G) and
a(xg,,x) > 1 for all 4 > 1.

Taking G = Gy in Property (x), we get the following property:
PROPERTY (): If (gzk) is a sequence in (X, pp) such that py(gak, ) — 0 and
a(gxk, grry1) > 1 for all £ > 1, then there exists a subsequence (gzy,) of (gz)
such that a(gzy,,z) > 1 for all 4 > 1.

If (X, pp, =) is a partially ordered partial b-metric space, then by taking
a(z,y) =1 for all z, y € X and G = Go, where the graph Go is defined by
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,

E(Gs) ={(z,y) € X x X : @ <y ory =z}, the Property (*) reduces to the
Property (1) which can be stated as follows:

PROPERTY (1): If (z) is a sequence in a partially ordered partial b-metric space
(X, pp, =) such that py(zk,z) — 0 and xy, xx+1 are comparable for all k > 1,
then there exists a subsequence (zy,) of (xj) such that xy,, © are comparable
for all 4 > 1.

We now present our main result.

THEOREM 3.5. Let (X, py) be a partial b-metric space with the coefficient b > 1
and let G = (V(G), E(G)) be a digraph. Let the mappings f, g : X — X be such
that py(fx, fy) > 0 implies that py(gz, gy) > 0. Suppose that f is generalized
(o, T)-G-contractive w.r.t. the mapping g. Suppose also that f(X) C g(X),
9(X) is a 0-complete subspace of X and the graph G has the Property (x).
Then f and g have a point of coincidence u(say) in g(X) with py(u,u) = 0 if
CYE £ 0.

Moreover, f and g have a unique point of coincidence in g(X) if the graph
G has the following property:

(x%) If 2, y are points of coincidence of f and g in g(X), then (z,y) € E(G)
and a(z,y) > 1.

Furthermore, if f and g are weakly compatible, then f and g have a unique
common fized point in g(X).

Proof. Suppose that C’J?‘QG # (). We choose an zg € C’]?‘gG and keep it fixed. Since
f(X) C g(X), there exists a sequence (gx,) in X such that gz, = fr, 1, for
n € N and (gxn, 92m) € E(G) and a(g9y, gzm) > 1 form, n=0,1,2, ---.

We assume that gx,, # gr,_1 for every n € N. In fact, if gz, = gx,,—1 for
some n € N then gz, = fx,—1 = gr,—1 which implies that gz, is a point of
coincidence of f and g.

We now prove that lim py(gz,—1,92,) = 0.

n—oo

First we note that for all n € N, (gxn,—1,92,) € E(G), a(g9xn_1,9x,) >
1 and pp(fzn-1, fxn) > 0, pp(9xn-1,9x,) > 0. Therefore, it follows from
conditions (1) and (7'1) that

0 S T(a(gxnflu gxn)7 bpb(fmnfh fmn)v Mfg(irnflv xn))
< Mfg(xn—la xn) - ba(gxn—lvgxn)pb(fxn—la fxn)v (2)
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COINCIDENCE POINT RESULTS (9 of 27)

where

Po(9Tn—1,9%n ), Pb(9Tn—1, 9Tn),
Myg(2n—1,2,) = max

Pb(9Zn,9Tn+1) Po(9Tn—1,9Tn+1)+Pb(9Tn,9%n)
2 ) 2b

{ pb(gxn—lagxn)apb(g'rnvgmn-i-l)a }
< max

P6(9Tn—1,9Cn)+Pb(9Tn,9Tn+1)
2

= max {py(g2Zn—1,92n), Pb(gZn, 9Tn+1)} -

It now follows from condition (2) that, for alln =1, 2, - -,

(9%, 9Tni1) < ba(9Tn—1, 9T0) (90, 9Tni1)
< Mfg(xnflvxn)

< max {py(9Zn—1, 9Tn), Po(9Zn, gTnt1)} - (3)

If max {py(97n—1,9%n), Po(9%n, 9Tn+1)} = Po(9%n, gTnt1), then by using (3),
we get

Po(9%n, 9Tn+1) < Do(gTn, 9Znt1),

which is a contradiction. Therefore,

max {py(9Zrn—1, 9%n), Pb(9%n, 9Tnt1)} = Po(9Tn—1, gTn)-

Hence from condition (3), we can compute that

Po(9Tn; 9Tnt1) < bpp (970, gTn11)
< ba(gxn—1,9%n)Pb(9Tn, 9Tn+1)
< Myg(n—1,2n)
< po(9Tn—1,97n). (4)

Hence, we conclude that (py(gzn—1,92n)) is a decreasing sequence of posi-
tive real numbers, so there exists 7 > 0 such that

lim pp(gTn—1,92n) =T
n—oo

We shall show that » = 0. Assume that » > 0. Then by taking limit as
n — 0o, it follows from condition (4) that

lim bpy(g2n, gTni1) =1,
n— o0

nh_)rgo Meg(Tp_1,2,) =1

and

lim a(gzn—1,gz,) = 1.
n—oo
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Let 2z, = a(9Tn—1,9%n), Yn = bpp(gTn, grni1) and t, := Mpg(Tn_1,Ty)
for all n € N. Then, y, < t, for all n € N and lim z, = 1, lim y, =
n— o0 n— 00

lim ¢, =r > 0. From (72), we obtain

n—0o0

0 <limsup T (zn, Yn, tn) <0,

n—oo
which is a contradiction. This implies that for all n € N,
i py (g0 -1, 92n) = 0. (5)

We now proceed to show that (gx,) is a bounded sequence in (X, pp). To
obtain this assertion, we suppose that the sequence (gz,,) is not bounded. Then
there exists a subsequence (g, ) of (gz,) such that ny = 1 and for each k € N,
ng+1 is the smallest integer satisfying

pb(gxnk+1’gxnk) >1 and pb(gzz,girnk) <1

for all n <l <ngy — 1.

We note that (92n,,,—1,9%n,—1) € E(GQ), (9%, —1,9%n,—1) > 1 and

pb(gx”k+1’gxnk:) >1 :>pb(f$nk+171,fxnk71) >0
= pb(gmnk+1—1,gznk_1) > 0
= Mfg(xnk+1—1a xnk—l) > 0.

Using conditions (1) and (7'1), we obtain
0< T(a(gxnk+1—17g$nk—1)? bpb(gxnk+1 y gxnk)v Mfg(x”kJrl—lv xnk—l))
< Mfg(xnk+1—17 mnk—l) - ba(gxnk+1—la gmnk—l)pb(gxnk+1 ) gxnk)
That is,
ba(gxnk+1—1a gxnk—l)pb(gxnk+1 ) gxnk) < Mfg(xnk+1—1a xnk—1)7 (6)
where

Mfg($”k+1—17xnk—1)

pb(gxnk+171>gmnkfl)apb(gmnk_ufh gxnk+1)7
= max
Pu(9%ny, —1,9%n,) Po(9%ng ) —1,9%n, ) +Pb(9%n, —1,9Tn, )
2 ’ 20

pb(gx’nk+1—17 gznk—1)7pb(gxnk+1—1,gxnk+1)7

Pb(9Tny —1,9%n,, )
S max #,

2bpy (9 ny, ) —1,9%n;, —1)+bP6(92n; —1,9Tn; ) +bPb(9Tn; | | —1,9%n, ;)
2b

pb(gznk+171»gxnk+1)a
— Imax .

Pu(9Tny —1,9%n, ) +Po(9%n; 1 —1,9%n, )
pb(g‘rnk+1—17gxnk—l)+ 2
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We now compute that

Po(9Tny—1, 9Tn;,) + Po(9Tnysy—1, 9Tn, 1)
2

pb(gxnqul—la gznk—l) +

< bpb(g‘rnk+1—1’gznk) + bpb(gxnk,gxnk_1)
n Po(9%n,—1,9%n,) + Po(9Tns iy —159Tny )
2
pb(gxnk—l’ gxnk) + pb(gxnk+1_17 g‘rnk+1)
2
+ (2b + 1)pb(gxnk717gx’ﬂk) +pb(gxnk+1flagxnk+1)
B .

S b + bpb(gxnk79$nk—1) +

=b
Therefore,

Mfg(xnwrl—lv xnk—l)

pb(gxnk_'_lflv gxnk+1)7
< max .
- b (264+1)py (92, —1,9% 0 )+ (9Tny 1 1,90, 1)
2

Hence, it follows from condition (6) that

b < bpb(gxnk+1vg'rnk)
< ba(gl‘nkJrl_l?gxnk_l)pb(gxnk+l’gxnk)
< Mfg(xnk_'_l*l?xnk*l)

pb(gxnk+1—1agxnk+1)a
< max .
= ma b (20+1)py (gTn ) —1,9%n;, ) 4P (9%ny 1 —1,9%n; 1)
2

Taking limit as k¥ — oo and using condition (5), we get

klggo Mfg (x7lk+1_17 x"k_l) =b, (7)
lim bpy(92n,, > 9Tn,) = b (8)
k—o00
and
lim (9@, —1,9%n,—1) = 1. (9)
k—o00
Let

Wk? = a(gmnk+1—179‘%‘nk—1))
Vie := bpp(9%nyy 15 9Tny,) 5
Ug = Mfg(xnk+1—1>$nk—l) .
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Then Vj, < Uy for all k € N. By using conditions (9), (7) and (8), we get

lim Wy =1 and lim Uy = lim Vi = b > 0. By condition (7'2), we obtain
k—o0 k—o0 k—o0

that
0< limsupT(Wk,Vk, Uk) <0,

k—o0

which is a contradiction. This ensures that the sequence (gz,) cannot have
any unbounded subsequence. Thus (g, ) is a bounded sequence in (X, py).

Now, we shall show that (gz,) is a 0-Cauchy sequence. Let
R, = sup{ps(gzi, gz;) >0:1, j >n},neN.

Since the sequence (gz,) is bounded, R, < +oo for every n € N. But (R,,)
being a decreasing sequence of positive real numbers, there exists R > 0 such
that

lim R, = R. (10)

n—oo

We assume that R > 0. Then by the definition of R,, it follows that for
every natural number k, there exist ny, my € N such that mg, ngy > k,

Db(9%my» §%n, ) > 0 and

1
Ry =+ < po(gTmy, 9Tn,) < B

Taking limit as kK — oo, we have
Hm py(9Zm,, 9Tn,) = R > 0. (11)
k—o0

We note that for every k € N|

pb(gxmkugxnk) >0 :>pb(f$mk—17f$nk—1) >0
= Pb(9Tmy—1, 9Ty 1) > 0
= Mfg(xmk—17$nk—1) >0

and a(gTm, —1,9%n,—1) = 1, (9Tmp—1,9%n,—1) € E(G)
Using conditions (1) and (T'1), we get

O S T(a(gxmk—lagxnk—l)a bpb(gxmkvgxnk)v Mfg(xmk—lyxnk—l))
< Mfg(xmk—l’ xnk—l) - ba(gxmk—lagasnk—l)pb(gxmngnk)'

That is,

ba(gxmk—l»gxnk—l)pb(gxmk ) gx’nk) < Mfg(xmk—17 mnk—l)v (]‘2)

502



COINCIDENCE POINT RESULTS (13 of 27)

where

Mfg(mmkfla :L"I’kal)

pb(gxmk—hgxnk—l)apb(gxmk—lagxmk)a
= Imax

Po(9Tny, —1,9%n, ) Po(gTmy —1,9Cn, ) FPb(9Tny —1,9Tm, )
2 J 25

D6(9Tmy—1, 9%ny—1)s Po(GTmu—1, GTmy )

Po(9Tny —1,9%n,)
2 b)

< max

2bpy (g —1,9%n, —1)+bP6(9Tn, —1,9%n, ) +0Pb (9T m ) —1,9Tm, )
2b

{ pb(gxmkflvgm’mk)v
= Imax

Po(9%ny —1,9%n; ) +Po(9%m, —1,9Tm,) }
Po(9Tmy—1, 9Tny—1) + s b . £

{ pb(gxmkflvgm’mk)v }
< max .

Pb(9%ny —1,9%n, ) +P0(9Tmy —1,9Cm, )
Ry—1 + 3

By using the definition of R,, it follows from condition (12) that

Po(9Tmy s 9Tny) < bDp(9Tmy s GTny)
S ba(gxmk—lagxnk—l)pb(gxmk,gxnk)
< Mfg(xmkflaxnkfl)

< { pb(gxmk—l,gxmk)v } (13)
max .
- Po(9Tny, —1,9Cn, ) +Po(9Tm, —1,9Tm,,)

Taking limit as kK — oo and using conditions (10) and (11), we obtain that

Im Myg(zm,—1,Tn,—1) = lim bpy(gzm,, 9Tn,) = R.
k—o0 k—o0

Also, condition (13) ensures that klim a(gTmy—1,9Tn,—1) = 1.
— 00

Let

Zk = Ol(gl'mk_l,gdfnk_l) B
Vi = bpy(9Tm,,» 9Tn,,)
Xk = Mfg(l'mkfl,xnkfl) .
Then Y, < X for every k € Nand lim Zp =1, lim )Y, = lim X, = R > 0.
k—o0 k—o0 k—o0

o
It now follows from condition (72) that

0 < limsup T (2, Vi, Xi) <0,

k—o0
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which is a contradiction and so we have R = 0. Hence, we deduce that

lim  py(gzn, gzm) = 0.

n,Mm—00
Therefore, (gz,,) is a 0-Cauchy sequence in g(X). As g(X) is 0-complete, there
exists an u = gv € g(X) for some v € X such that gz, — u and py(u,u) = 0.
Therefore,

lim  py(9n, gTm) = Hm py(g9an,u) = py(u,u) = 0.
n,M—00 n—oo

By Property (x) there is a subsequence (gz,,) of (gz,) such that (gz,,,gv) €

E(G) and a(gz,,,gv) > 1 for all i > 1.
Next, we shall show that f and g have a point of coincidence in g(X). We

note that
pb(gan‘,7gy)7pb(gxni7gxni+l)a
Mfg(x’ﬂwl/) = max

pu(gv,fv) Po(9%n,;, fv)+pu(gv,gTn, +1)
2 ) 2b

If Myg(2n,,v) = 0, then M = 0 and hence gv = fv = u. So we
assume that My (zp,,v) > 0.
If pp(fan,, fr) > 0, then we obtain from condition (1) that
0 < T(algzn,, gv),bos(fen,, fv), Mig(zn,,v))
< Mfg(wm, V) - bo‘(gxnmg’/)pb(fxma fV)
That is,
ba(gxmag’/)pb(fxn“ fl/) < Mfg(xmal/)v
which gives that
bpo(fan,, fv) < ba(gan,, gv)pe(fan,, fv) < Myg(zn,,v).
Moreover, if py(fan,, fv) = 0, then
0= bpb(fxnm fl/) < Mfg(xnia’/)~
Therefore,
bpy(fn,, fr) < Myg(xn,,v) for all i € N.

Now,

0 < pp(fr,gv)
< bpb(fV, fmni) + bpb(f‘rmvgl/) - bpb(fxnw.fxni)
< Myg(zn,,v) + bpy(92n, 41, 9v)

pb(gxn, ) gV)vpb(gxn,- 5 gxm-i-l)a %7

bpy (920, ,9v)+bps (gv, fv)+po(9v,9Tn;+1)
2b

< max

+ bpp(9Tn; 41, gv)-
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Taking limit as ¢ — 0o, we obtain that

0 < po(fr,gv) < M.

This implies that py(fv, gv) = 0 and so, fv = gv = u. Therefore, u is a point
of coincidence of f and g.
For uniqueness, we assume that there exists u* € X such that fr = gz = u*

for some x € X with py(u*,u*) = 0 and v # u*. By property (xx), we have

(u,u*) € E(G) and a(u,u*) > 1. Then,

0 < T(algv, gz),bpy(fv, fz), Msg(v,z))
=T (ou(u,u*), bpy(u, u*), Myg(v, z))
< Myg(v, z) — ba(u, w*)py(u, u™).

That is, ba(u, u*)py(u, u*) < Myg(v,x) = pp(u, u*), since

pb(gy7gl‘)7pb(gl/7fl/)7 }

py(gz,fx) py(gv,fz)+ps(gz,fv)
2 ) 20

Myy(v,x) = max {

pb(u7U*)apb(ua u), Ma
= max

po (u,u™)+pp (u™,u)
2b

= pp(u, u™).

This gives that bpy(u, u*) < bo(u, u*)py(u, u*) < pp(u, u*), a contradiction.
Hence, u = u*. Therefore, f and g have a unique point of coincidence in g(X).

If f and g are weakly compatible, then by Proposition 2.17, f and g have
a unique common fixed point in g(X). O

We give some examples to illustrate our main result.

EXAMPLE 3.6. Let X = [0,00) and define p, : X x X — RT by py(z,y) =
[max {x, y}]>+ |z —y|® for all z, y € X. Then (X, pp) is a O-complete partial b-
metric space with the coefficient b = 8. Let G be a digraph such that V(G) = X
and B(G) = AU{(0,57):n=1,2,3,---}.

Let f, g : X — X be defined by

and gx = 4z for all x € X. Obviously, f(X) C ¢g(X) = X and pp(fz, fy) >
0= po(gz,gy) > 0.
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Let a: X x X — [0,00) be defined by

1, ifz, yelo0,1],
afz,y) =

% , otherwise.

The point zg := 0 belongs to C?gG
Let T : [0,00) x [0,00) x [0,00) — R be defined by T(z,y,z) = 1o — yz for
all z, y, z > 0.

Forx:O,yzﬁ, neN,wehavega:z(),gy:%n,fsz, fy:5‘2%n+2

and so (gz,gy) € E(G), a(gz,g9y) = 1. We now compute that py(fz, fy) =
pb(07 5421n+2) = 125.33n+67 pb(gxagy) = pb(07 %) = 23%7 pb(ng f{L') = 07

1 1
o9y, fy) = po <2n = Tonie 2n+2)
LU N 19V 2
T 93n 23n 20 T 93n 9 23n”’

po(9, fy) = po(0, 5572) = To55mss Pu(9y, f2) = pu(5,0) = 55
Now,

1
125.20 T35 ) < 3an-

polgz, fy) + polgy, fo) 1 1 1
2% - 23n

Thus, we obtain that Myy(z,y) = 53

Therefore,

T(Oé(gx,gy), bpb(fl', fy)’ Mf!](xa y))

1 2 2 1 1
- . -8 =—[(1—-—=—] >0.
2 23 125 - 23n+6 23"( 500)

Moreover, for 0 <z =y < 1, we have (gz, gy) € E(@), algz,gy) =1 and

3
r X X
po(fr, fy) =po (g, g) = 155’ polg, gy) = py(4, 4z) = 642,

T 19z 3
(g7, fz) = pu(gy, fy) = pp(4a, g) = 642° + (5) ,

P92, fy) + po(gy, fz) _ po(gz, fz) 1 [64173 N (m)‘”’]
< .

2b - b 5

It now follows from the above computation that

192 °
Mfg(a:,y) = 6427 + <51‘> .
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In this case, we have

Therefore,
T(a(gz, 9y), bpo(fz, fy), Mpg(z,y)) > 0

for all z, y € X with (gz,gy) € E(G) and a(gz,gy) > 1.

Any sequence (gx,,) with the property py(gzn, ) = 0, (92n, gTnt1) € E(G)
and a(gx,,grn+1) > 1 for all n > 1 must be either the zero sequence or a
sequence of the following form

0, ifnisodd,
gTn =

37, if nis even

where the words ‘odd’ and ‘even’ are interchangeable. Also, py(gzn,z) — 0
ensures that z = 0 and consequently, it follows that Property (x) holds true.
Moreover, f and g are weakly compatible. Thus, we have all the conditions of
Theorem 3.5 and 0 is the unique common fixed point of f and g in g(X) with
pp(0,0) = 0.

REMARK 3.7. We see that in the above example, f is not a Banach G-con-
traction. Because, if we take z = y = %, then (z,y) € E(G) and

p(fy) = (1) = 1= 2T+ o2 > kpy(ay)

for any k € (0, §).

We now give an example in favour of the Property () of the graph G in
Theorem 3.5.

EXAMPLE 3.8. Let X = [0,00) and define p, : X x X — R by
py(x,y) = |z —y|® for all 2, y € X.

Then (X, pp) is a 0-complete partial b-metric space with the coefficient b = 4.
Let G be a digraph such that V(G) = X and E(G) = AU {(z,y) : z,y €
(0,1] and z < y}.

Let f, g : X — X be defined by
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and gr = £ for all z € X. Obviously, f(X) C ¢g(X) = X and py(fz, fy) >
0= pu(gz,gy) > 0.
Let a: X x X — [0,00) be defined by

1, ifz, yelo0,1],

a(zy) =9 |
5, otherwise.
The point zg := % belongs to CJ?‘QG.

Let T : [0, 00) x [0,00) X [0,00) — R be defined by T(z,y,x) = 3z — yz for
all z, y, z > 0.

For z, y € (0, 3], we have (gz, gy) € E(G) and a(gz, gy) = 1. Then,

1 1
m(fx, fy) = @W =y, polgz,gy) = 27@ -yl

Therefore,

T(algz,99).bmu(F2, f1), My (e,)) = = Mrq (o) — bmu(f2, 1)

> gpb(gx,gy) —A4py(f, fy)

4
= g lr v’ — Gl =y = gle—yP >0

Thus,
T(a(gz,gy), bps(fz, fy), Mpg(z,y)) >0

for all z, y € X with (gz,gy) € E(G) and a(gz, gy) > 1.

We now show that the graph G does not satisfy the Property (x). For
z, = 2, gr, = 1 and hence py(gz,,0) — 0. Also, (9n, gTni1) € E(G) and
a(9Zn, gTny1) = 1 for all n € N. But there exists no subsequence (gz,,;) of
(gx,) such that (gz,,,0) € E(G). It is obvious that f and g have no point
of coincidence in g(X). This proves that Theorem 3.5 remains invalid without
the Property (x) of the graph G.

REMARK 3.9. In Example 3.8, f is not a Banach contraction. For instance, if
we take x = 0, y = 1, then

po(fz, fy) = po (1,;) = <S)3 = <§)3pb(w,y) > kpy(x,y)

for any k € (0, 3).

However, f is a Banach G-contraction since for all z, y € X with (z,y) €
E(G), we have

P2, f9) = =5 o),
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1 1
where =55 € (0, ).

We now examine the role of the weak compatibility condition in Theo-
rem 3.5. In fact, we shall show that this condition is necessary in Theorem 3.5

to obtain a common fixed point.

EXAMPLE 3.10. Let X =R and define p, : X x X — R by py(z,y) = |x —y|?
for all z,y € X. Then (X,p,) is a O-complete partial b-metric space with
the coefficient b = 2. Let G be a digraph such that V(G) = X and E(G) =
AU{(z,y):z,y€[0,1] and = < y}.
Let f, g : X — X be defined by
fo {; if o # 2,
1, ifx= %
and gz = 3z—11 for all z € X. Obviously, f(X) C ¢(X) = X and pp(fz, fy) >
0= py(gz,9y) > 0.
Let a: X x X — [0,00) be defined by

(z.9) 1, ifz, yelo0,1],
a(z,y) =
%, otherwise.

The point zg := 4 belongs to CJ%G.

Let T : [0,00) x [0,00) x [0,00) — R be defined by T(z,y,z) = tz — yz for
all z, y, z > 0.

If 13—1 <z, y <4, then (gz,gy) € E(é) and a(gz, gy) = 1. We now compute
that py(fz, fy) = pe(%, §) = 15lv — yl*, pe(g2, gy) = 9l — y|>.

Therefore,

T(a(gz, gy), bpo(fz, fy), Myg(z,y)) = iMfg(w, y) — bpu(f, fy)
1

17
“lo—y*= Sl - y|* > 0.

1 9
> = -2 = |z —y|* -
> 4pb(gfc7gy) py(fx, fy) 4|w Yl 3

Thus,
T(a(gx,gy), bps(fz, fy), Mpg(z,y)) >0

for all z, y € X with (gz, gy) € E(G) and a(gz, gy) > 1.

It is obvious that any sequence (gzy) with (¢&,,g2zns1) € E(G) and
a(gy, grny1) > 1for all n > 1 must be a sequence in [0, 1]. Also, py(gz,, ) —
0 = |gz, — x| = 0 = x € [0, 1] which proves that the graph G has the Prop-
erty (x).

We note that f(4) = g(4) = 1 but g(f(4)) # f(g(4)) which ensures that f
and g are not weakly compatible. However, all other conditions of Theorem 3.5
are fulfilled. We observe that 1 is the unique point of coincidence of f and g
without being any common fixed point.
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4. Some Consequences of the Main Result

In this section our aim is to present some important coincidence point and fixed
point results which will justify the extension of our main result.

THEOREM 4.1. Let (X, py) be a 0-complete partial b-metric space with the coef-
ficient b > 1 and let G = (V(G), E(G)) be a digraph. Let f : X — X be a map-
ping with the property that py(fx, fy) > 0 implies that py(z,y) > 0. Suppose
that f is generalized (o, T')-G-contractive and the graph G has the Property (*)
Then f has a fized point u(say) in X with pp(u,u) =0 if CJ?‘G £ 10.

Moreover, f has a unique fized point in X if the graph G has the following
property:

(* *) If x, y are fized points of f in X, then (z,y) € E(G) and o(z,y) > 1.

Proof. The proof follows from Theorem 3.5 by taking g = I, the identity map
on X. O

THEOREM 4.2. Let (X, py) be a partial b-metric space with the coefficient b > 1
and let f, g : X — X be mappings with the property that py(fx, fy) > 0 implies
that py(gz, gy) > 0. Suppose that f is generalized (v, T')-contractive w.r.t. the
mapping g. Suppose also that f(X) C g(X), g(X) is a 0-complete subspace
of X and « has the Property (). Then f and g have a point of coincidence
u(say) in g(X) with py(u,u) =0 if C¢, # 0.

Moreover, f and g have a unique point of coincidence in g(X) if « has the
following property:

If x, y are points of coincidence of f and g in g(X), then a(z,y) > 1.

Furthermore, if f and g are weakly compatible, then f and g have a unique
common fized point in g(X).

Proof. The proof can be obtained from Theorem 3.5 by considering G = G,
where G is the complete graph (X, X x X). O

THEOREM 4.3. Let (X, pp) be a 0-complete partial b-metric space and let f :
X — X be a mapping with the property that py(fz, fy) > 0 implies that
po(2,y) > 0. Suppose that there exists T € T such that

T (1, bpy(fz, fy), My(x,y)) =0
forallxz,y € X. Then f has a unique fized point u(say) in X with py(u,u) = 0.

Proof. The proof follows from Theorem 3.5 by taking ¢ = I, G = G and
a(z,y)=1forall z, y € X. O
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THEOREM 4.4. Let (X, py) be a 0-complete partial b-metric space and let f :
X — X be a mapping with the property that py(fx, fy) > 0 implies that
po(z,y) > 0. Suppose that [ satisfies the following condition:

bpo(f, fy) < (Mg (x,y)) for allz, y € X,

where 1 : [0,00) — [0, 00) is a non-decreasing function such that lim ™ (t) =0
n— oo

for allt > 0. Then f has a unique fized point u(say) in X with py(u,u) = 0.

Proof. The proof follows directly from Theorem 4.3 and by taking T as in
Example 2.22. O

THEOREM 4.5. Let (X, d) be a complete b-metric space with the coefficient b > 1
and let f: X — X be a mapping satisfying the following condition:

d(fz, fy) < BMy(z,y) for allz, y € X,

where 3 € [0, %) is a constant. Then f has a unique fized point in X.

Proof. The proof follows directly from Theorem 4.3 and by taking 7" as in
Example 2.19 and p, = d. O

We now present the b-metric version of Banach contraction theorem.

THEOREM 4.6. Let (X, d) be a complete b-metric space with the coefficient b >
1 and let f: X — X be a mapping satisfying d(fz, fy) < Bd(z,y) for all
xz,y € X, where § € [0, %) is a constant. Then f has a unique fixed point
m X.

Proof. Since d(z,y) < My(z,y), the conclusion of the theorem follows directly
from Theorem 4.5. O

REMARK 4.7. Theorem 4.6 shows that our main result is a generalization of
the well known Banach contraction theorem.

The following is the b-metric version of Fisher’s theorem.

THEOREM 4.8. Let (X, d) be a complete b-metric space with the coefficient b > 1
and let f: X — X be a mapping satisfying

d(fz, fy) < kld(fz,y) + d(fy,z)]

for all x, y € X, where k € [0, #) is a constant. Then f has a unique fized
point in X.
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Proof. Since

d(fz,y) + d(fy, x)

d(fz, fy) < Kld(fo.y) +d(fy,2)] = 26 L

< BMy(z,y),

where 8 = 2kb € [0, 1), the conclusion of the theorem follows directly from
Theorem 4.5. O

We now present analogue of Kannan’s fixed point theorem in b-metric
spaces.

THEOREM 4.9. Let (X, d) be a complete b-metric space with the coefficient b > 1
and let f: X — X be a mapping satisfying

d(fl‘, fy) S ai d(fl‘,.’I)) + as d(fy?y)

for all x, y € X, where ay, az > 0 with a1 + 2a2 < %. Then f has a unique
fixed point in X.

Proof. Since d(fx, fy) < avd(fx,z) + azd(fy,y) < (a1 + 2a9)My(2,y) =
BM;y(z,y), where 8 = (a1 +2a2) € [0, §), the conclusion of the theorem follows
directly from Theorem 4.5. O

THEOREM 4.10. Let (X, pp) be a 0-complete partial b-metric space and let f :
X — X be a mapping with the property that py(fz, fy) > 0 implies that
pu(z,y) > 0. Suppose that [ satisfies the following condition:

My (z,y)

bpo(f, fy) < m

forallxz, y € X.

Then [ has a unique fized point u(say) in X with py(u,u) = 0.

Proof. The proof follows directly from Theorem 4.3 and by taking 7' as in
Example 2.21. O

THEOREM 4.11. Let (X,d) be a complete b-metric space with the coefficient
b>1andlet f: X = X be a mapping satisfying the following condition:

bd(fx, fy) < My(z,y) — Y(My(z,y)) for allz,y € X,

where ) : [0,00) — [0, 00) is a lower semicontinuous function such that ¥ (t) =0
if and only if t =0. Then f has a unique fized point in X.

Proof. The proof follows directly from Theorem 4.3 and by taking 7' as in
Example 2.20 and p, = d. O
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THEOREM 4.12. Let (X,d) be a complete b-metric space endowed with a partial
ordering = and let f : X — X be a mapping. Suppose that there exists T € T
such that

for all comparable elements x, y € X. Suppose also that the triple (X, d, <) has

the Property (). If there exists xg € X such that x,, x,, are comparable for

alln,m=20,1, 2, ---, where x,, = fr,_1, Vn € N, then f has a fized point in

X. Moreover, f has a unique fized point in X if the following property holds:
If x, y are fized points of f in X, then x and y are comparable.

Proof. The proof can be obtained from Theorem 3.5 by taking p, =d, g = I,
a(z,y) = 1 for all z, y € X and G = Go, where the graph G, is defined by
E(Gy) ={(z,y) e X x X :z<yory =<z} O

THEOREM 4.13. Let (X, py) be a 0-complete partial b-metric space and let f :
X — X be a mapping with the property that py(fz, fy) > 0 implies that
pu(z,y) > 0. Suppose that [ satisfies the following condition:

o(bpo(f, fy)) < p(My(z,y)) for all z, y € X,

where ¢, ¥ : [0,00) — [0,00) are two continuous functions such that (t) =
d(t) =0 if and only if t =0 and Y(t) < t < ¢(¢t) for allt > 0. Then f has a
unique fived point u(say) in X with py(u,u) = 0.

Proof. The proof follows directly from Theorem 4.3 and by taking 7' as in
Example 2.23. O

REMARK 4.14. Tt is valuable to note that several well known but important
fixed point results in metric, partial metric and b-metric spaces can be ob-

tained by suitable choices of tri-simulation function T' € T, digraph G and the
function a.

5. An Application to the Integral Equation

In this section we utilize Theorem 3.5 to obtain a unique solution of the fol-
lowing integral equation

4
x(t):/o F(t,r,z(r))dr, (14)

where £ >0, F:[0,£] x [0,£] x R = R, z:[0,£] — R are continuous functions
and the integral is taken in Riemann sense.
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Let X = C]0,£] be the set of all real valued continuous functions defined
on [0,¢]. We define p, : X x X — R™ by

py(7,y) = sup |x(t) —y(t)|? for all z, y € X,
0<t<e

where p > 1. Then it is easy to verify that (X,pp) is a O-complete partial
b-metric space with the coefficient b = 2P~!. In the next theorem X represents
the above partial b-metric space and Ng(z,y)(t) is defined as follows:

ja(t) = y(@)], | [ F(t,r,a(r)dr — z(t)]
| & F(t,ry(r)dr—y(t)]
Np(z,y)(t) = max ox ) ,

1
( |f06 (t,ryz(r))dr— y(t)|p+| [8 F(t,ry(r))dr—a(t) |p) P

where z, y € X and ¢ € [0,¢].
THEOREM 5.1. Suppose that X = C0,£] and the following hypotheses hold:
(1) F:]0,£] x[0,&] x R — R is continuous;

(1) for allt, r € [0,&], there exists a continuous function n : [0,€] x[0,€] = R
such that

|E(t,r,x(r))—F(t,ry(r)| < B%U(t,T)NF(x, y)(t) for all xz,y € X (15)

and

13
sup / n(t,r)dr <1, (16)

0<t<£Jo
where 0 < 8 < %

Then the integral equation (14) has a unique solution in X.

Proof. Let f: X — X be defined by (fx)(¢ fo (t,r,z(r))dr for all z € X
and for all ¢ € [0,€]. Then the existence of a solutlon to the integral equa-
tion (14) is equivalent to the existence of a fixed point of f. We now compute

that
l2(t) —y(&)|, |(fz)(t) — z(t)],

[(fy) &) —y(®)]
Np(z,y)(t) = max e )

( [(f2)(®)=y@®P+](Fy) () =z(@®)[" ) v
2b
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Therefore,

(t) =y @7, [(f2)(t) — x()]7,
[ETOTGT,

)

(Np(z,y)(1))" = max

(|(fz)(t)—y(t)l”;l(fy)(t)—fﬂ(t)\”)

< max{ po(x,y), po(fr,x), Pogh

Pb(€?7y)
=M . 17
new) tplfye) } r@y). (A7)

Utilizing conditions (15), (16) and (17), for all z, y € X and ¢ € [0,£], we
obtain that

p

3
|(fz)(&) = (fy) (D) = / (F(t,r,x(r)) = F(t,r,y(r)))dr

¢ p
< ( 0 |F(t,T,.’L'(7“)) - F(t,r,y(r))|dr>

£ P
< (/O ﬂf’Tl(taT)NF(%y)(t)dr>
¢ p

¢ p
< B Mg(x,y) (/0 n(tm)d?“) < BMy(z,y).

Therefore,

po(f, fy) = sup |(fz)(t) = (fy) (D" < B My (2,y) for all z, y € X, (18)

0<t<¢ |

where 0 < 8 < %.

We note that py(fz, fy) > 0 implies that py(x,y) > 0. Let us consider the
tri-simulation function T : [0, 00) x [0,00) x [0,00) — R defined by T(z,y,x) =
Az — yz for all z, y, z € [0,00), where A = b € [0, 1).

Let us take ¢ = I, the identity map on X, G = G, where Gq is the
complete graph (X, X x X) and a(x,y) = 1 for all z, y € X. It now follows
from condition (18) that

T (algz, gy), bpo (f, fy), My(z,y)) = AMy(x,y) — bpp(fz, fy) >0

for all z, y € X.
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Thus all the hypotheses of Theorem 3.5 holds good and hence f has a

unique fixed point x (say) in X. This means that x is the unique solution for

the
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