














History

The journal Rendiconti dell'lstituto di Matematica dell'Universit di Trieste
was founded in 1969 by Arno Predonzan, with the aim of publishing original
research articles in all fields of mathematics.

Rendiconti dell'lstituto di Matematica dell’Universita di Trieste has been the
first Italian mathematical journal to be published also on-line. The access to
the electronic version of the journal is free. All published articles are available
on-line.

In 2008 the Dipartimento di Matematica e Informatica , the owner of the journal,
decided to renew it. The name of the journal however remained unchanged, but
the subtitle An International Journal of Mathematics was added. The journal
can be obtained by subscription, or by reciprocity with other similar journals.
Currently more than 100 exchange agreements with mathematics departments
and institutes around the world have been entered in.

The articles published by Rendiconti dell’lstituto di Matematica dell’'Universig
di Trieste are reviewed/indexed by MathSciNet, Zentralblatt Math, Scopus,
OpenStarTs.

Managing Editors

Alessandro Fonda
Emilia Mezzetti
Pierpaolo Omari
Maura Ughi

Editorial Board

Giovanni Alessandrini (Trieste) Giovanni Landi  (Trieste)

Thomas Bartsch  (Giessen, Germany) Juli an L opez-G omez (Madrid, Spain)
Ugo Bruzzo (SISSA, Trieste) Jean Mawhin (Louvain-la-Neuve, Belgium)
Aldo Conca (Genova) Rafael Ortega (Granada, Spain)

Pietro Corvaja (Udine) Fernando Rodriguez-Villegas

Gianni Dal Maso  (SISSA, Trieste) (ICTP, Trieste)

Lothar G ottsche (ICTP, Trieste) Andrzej Szulkin  (Stockholm, Sweden)

Alexander Kuznetsov (Moscow, Russia) Fabio Zanolin  (Udine)

Honorary Editors

Daniele Del Santo (Trieste)
Graziano Gentili (Firenze)
Enzo Mitidieri  (Trieste)
Gino Tironi  (Trieste)

Bruno Zimmermann (Trieste)

Website Address: http://rendiconti.dmi.units.it









Foreword

This issue of Rendiconti dell’lstituto di Matematica dell'Universi@é di Tri-
este is dedicated to our friend and colleague Jean Mawhin, on the occasion of
his 75th birthday.

Jean Mawhin is a world-wide recognized master in the development and the
application of functional analytic methods, mainly topological and variational,
in the study of boundary value problems for various classes of nonlinear diler-
ential equations, while he has also given relevant contributions to the history
of Mathematics. He mentored and inspired many young mathematicians, who
now have well established positions in and outside Europe.

Jean Mawhin was born in Heusy, Belgium, where he still lives with his wife
Margaret, who gave him three children (and he is now the grandfather of six
grandsons). He pursued his studies in LEge, and obtained the title oDocteur
en Sciences Mathématiques, avec la plus grande distinctioim 1969. Strangely
enough, his PhD supervisor was a professor in Astrophysics, Paul Ledoux, who
by the way gave important contributions to the theory of stellar oscillations.

Soon after, Jean became a full professor at the Universig Catholique de Louvain-
la-Neuve, where he was able to create a strong group of mathematicians working
in nonlinear analysis.

He retired from his University at the age of 65, becomingprofesseur émérite,
but since then the rhythm of his scientific activity has been maintained, if not
even increased. He is still a member of thé\cadémie Royale des Sciences, des
Lettres et des Beaux-Arts de Belgiquesince 1992, having been its President in
2002. The same year he received thBolzano meda] the highest recognition of
achievements in the mathematical sciences awarded by the Czech Academy of
Sciences. Then, in 2012, he was the first winner of th&chauder medal which

is now awarded every two years for scientific achievements and contributions
to nonlinear analysis and its applications.

Those who have the chance to know Jean Mawhin all appreciate his warm and
sincere personality, always intruded with some irony and a fine sense of humor.

Now that Jean Mawhin is completing his 75th turn around the Sun, we are



looking forward to see, after his exploits during these first three, what his
beautiful human and scientific activity will reserve us in the next quarter of a
century.

To conclude, let us also mention that Jean Mawhin has been in the Editorial
Board of our journal since 2005. It has been an honour for us, and we are sure
that his collaboration will continue helping us improving the reputation of the
journal.

Happy Birthday Jean!
Bon Anniversaire!



On the 22th of July 2017, Professor Russell Johnson suddenly passed away.
We will always remember Russell with friendship and admiration. And we are
greatly honoured for his contribution to this volume.
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1. Introduction

In 1958 the authors of [8] studied the spectrum of the initial value problem
!
LU = " Qu(x), x " (0#), W
u(0) =0, v =1.
Their result can be stressed as follows:
(i) The spectrum of (1) is bounded from below provided there exist a con-
stant ¢ > 0 such that for all x " (0,# ),

n
o0

X "(#Hd#S$ c.

X

Moreover, the spectrum is bounded from below byﬁ.
(i) The spectrum of (1) is discrete if and only if

"
oo

im x  "(#)d#=0. )
X—+ 0o X

On the other hand, the equation of order X, k" N,

(! DEEQu ) = u(x), x " (0,+#), ®3)
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was investigated in [7, 9, 11]. More precisely, it was shown that the spectrum
of the minimal selfadjoint extension of the formal dilerential operator on the
left-hand side in (3) is bounded from below and discrete if and only if
.
fim XL L ¢ =o 4)
x Q)
(see [7] for su”ciency of (4) and [9, 11] for necessity of (4)).

Both expressions in (2) and (4) are closely related to the Muckenhoupt
function which plays a key role in the theory of the Hardy inequality (see
e.g. [13]). In particular, certain properties of the Muckenhoupt function provide
necessary and su'cient conditions for the Hardy inequality as well as for the
compact embedding of certain weighted Sobolev and Lebesgue spaces to hold.
Making use of these properties of the Muckenhoupt function combined with
some results from the oscillation theory of ODEs we formulate necessary and
su"cient conditions for the boundedness from below and the discreteness of
the spectrum of equations which generalize both (1) and (3). We also show
that these conditions are equivalent with the compactness of the embedding of
a weighted Sobolev space into a weighted Lebesgue space with weights which
appear as nonconstant coe"cients in the equation.

In Section 2 we consider quasilinear problems on both bounded and/or
unbounded interval. Section 3 deals with the higher order quasilinear equations.
We give some examples in Section 4 with the emphasis on the consequences
of our general estimates to the decay of radial solutions of certain quasilinear
PDEs.

2. Second order equations

Let us consider the Sturm-Liouville boundary value problem

& (L (x)ud+ g(x)u = #$(x)u, a<x<b,
é/b%L(a) + &u¥a) =0, (6)
“u () + (uib =0,

where % + & > 0,2+ (2> 0,1,! $gand $ are continuous real functions
on[a, b, and!(x) > 0,$(x) > 0fora" x" b Any value of the parameter
# # R for which a nontrivial solution of (5) exists is called an eigenvalue
The corresponding nontrivial solution is called aneigenfunction related to the
eigenvalue#.

The following Sturm-Liouville property of (5) (SL-property for short) is well
known:

“The eigenvalues of the probleng5) form an increasing sequence

Hl<#H,<#3< - - <#,<---$ +%.
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To each eigenvalue)\, there corresponds a unique (up to a nonzero multiple)
eigenfunction u, (x), which has exactlyn! 1 zeros in(a,b). Moreover, between
two consecutive zeros ofi, there is exactly one zero ofup+; .”

In particular, the spectrum of (5) is boundedfrom belowand discrete. For
this reason, in the literature, such eigenvalue problems are said to have the
BD-property (see e.g. [7, 9, 11]).

The purpose of this paper is to show that both BD-property and SL-
property hold true also for more general equations

(! p(@)|u'” 2u) = Ao(2)|ul® *u (6)

on (a,b) with 1" # a < b# +" and with p and o positive measurable
functions in (a,b). Here, 1< p # ¢, and equation (6) is complemented by the
boundary conditions
1 ! p" 2! = i =
Am p(@)u (@)]" “u'(z) = lim -u(z) = 0. )
The boundedness from below of the set of all eigenvalues of (6), (7) follows
from Hardy’s inequality. Indeed, let u be a nonzero solution of (6), (7). Multi-
plying (6) by wu, integrating formally by parts and taking into account (7), we
get | '

. b . b
p@)|u'Pde= X o(x)|ulddz. (8)
a a
Since Hardy'’s inequality is of the form

"y #1 "y #1

q | p
o(z)|ul%dz  # C p(x)|w|P dz 9)

a a

with a suitable constant C' > 0, after normalization, we obtain from (8) and
(9) that

1
A% ca
holds for any eigenvalue of (6), (7).
To be more specific, Iethl'p(p) be the weighted Sobolev spacef all func-

tions u which are absolutely continuous on every compact subinterval ofd, b),
such that !;ng u(z) =0 and
< b

"y #1/p
Whpy = @)l @Pde <+
a

Let L9 (o) be the weighted Lebesgue spaad all measurable functionsu defined
on (a, b), for which

"y b #1/q

Y%y, = o(x)|u(x)|? dx <+" .
a
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Inequality (9) actually means that the embedding of Wbl’p(!) into L9(") is
continuous (\Nbl'p(! )# LY9(") for short).

Next we assume that for anyx " (a,b) we have" " Ll(a,x) and ! ¥ P "
L9(x, b), where % + pi =1.

The expression

ey #ug! "y o Fape
An (x) = " ($)d$ H$)Y P ds$ (10)
a X
defines the so-calledviuckenhoupt function It is proved in [13] that (9) holds
forall u™ WyP(!) (i.e. WoP(1) # L9(")) if and only if

sup Ay (X) < +# . (11)
X" (a,b)

Moreover, it is proved in [13] that the embeddingof Wbl'p(!) into L") is
compact(Wbl'p(!) # # L9(") for short) if and only if

X;Ih!n;+ Am (X) = Xll#mb! Am (x)=0. (12)

Expressions of type (10) appear in the literature in connection with theBD -
property and oscillation properties of dilerential operator of the second order
(see e.g. [1, 2, 3, 4, 5)).

With the compactness of the above embedding in hands, we can prove the
following assertion.

Theorem 2.1. Assume that(12) holds true. Then there exists minimal value
of %:= % > 0 such that (6), (7) has a nontrivial solution u; " Wbl'p(!)
normalized by$u $q =1.

The proof of this assertion follows from minimization of the Rayleigh type
quotient $
_ TP |udP dx

o o

on Wbl’p(!) subject to the constraint ab (X)|ul*dx = 1. The compact em-
bedding Wbl‘p(!) # # LY(") implies that % = min R(u) is achieved atu; "
Wbl‘p(!) satisfying ; (X)|uz|9dx = 1. Application of the Lagrange multiplier
method then yields that

b b
FOOUEP 2udvidx = % " (X)|ug]? 2upvdx
a a
holds for any v " Wg’p(! ). In other words, u; is a weak solutionof (6), (7).
Standard regularity argument for the second order ODEs then implies that
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up ! Cia,b !'ulP 2u ! C¥a,b), the equation (6) holds at every point in
(a, b, boundary conditions (7) hold true and "u;"1,1 < +# . Hence,u; is a
classical solution to (6), (7), as well.

Remark 2.2 Note that the weaker condition (11) is sulcient for the bound-
edness from below of any possible eigenvalue of (6), (7). However, without
compactness of the embeddinngl”’(!) $'$ LA#) (which is equivalent to
(12)) it is not clear whether (6), (7) has any eigenvalues and eigenfunctions
at all.

Actually, with compactness of Wbl‘p(!) $'$ LP(#) in hands we can get
more precise information about the spectrum of (6), (7) in case of homogeneous
equation whenp = ¢. In particular, we can generalize the Sturm-Liouville

theory for the half-linear problem
!
(OO P 2u) + $#(X)|ulP 2u=0 in(ab),

Jim 100lu (9P 20 ()= lim u() =0, (13)

Theorem 2.3 (see [5] and cf. [2, 3])The SL-property for (13) is satisfied if
and only if the following two conditions hold:

" #x $1/p" #b | $1/p!
lim #(Nd% 11 P (%d% =0, (14)
X at X
H S " #y . $1p!
Iirrt] #(%Nd% 1t P (%d% =0. (15)
X a X

Remark 2.4. Note that (14), (15) are equivalent to (12) where g = p. Note
also that (14), (15) are equivalent with the compact embedding

WoP(1)$ 'S LP(#). (16)
This fact implies the following “round about” assertion.
Theorem 2.5 (see [3, 5]) The following statements are equivalent:
(i) The SL-property for (13) is satisfied.
(i) Conditions (14), (15) hold.
(i) The compact embedding16) holds.

If we know the asymptotics of the limit in (15), we get an asymptotic
estimate for the behavior of eigenfunctions of (13) ax $ . Namely, assume
that there exist &! (0,p%1) and C > 0 such that for all x ! (a,b) we have

" #x $1/p" #b . $1/pf " #b ‘ $"/p

#(% d% 11 P (%Nd% &C 1t P®dwn . (17)

a X X
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Theorem 2.6 (see [4]) Let (14) and (17) hold. Then for any eigenfunctionu
of (13) there existb! (a,b) and 0 < C; < C, such that for all x ! (b,H we

have | |
b b

Co 1MPCY T ue)" G 1M P
X X
Remark 2.7. We would like to mention also the pioneering work [12] where a
dilerent approach than that of ours was used to prove the discreteness of the
spectrum of the second order quasilinear Sturm-Liouville problem. The method
of [12] had been extended to the fourth order problem in [10] and became a
motivation for our research mentioned in the next section.

3. Higher order equations

Let us consider the eigenvalue problem:

é (LT )PT AU () " # #B()u(X)P 2u(x) =0, x> 0,
u'(0) = lim (! (U™ E)IP* 2u™(x))" =0, (18)
o lim u(x)= lim_ u'(x)=0.
x# +$ x# +$

We assume that! and $ are continuous and positive in [0+$ ), and the func-
tion xP 11 P (x) belongs to L'(0,+$ ). By a solution of (18) we understand
a function u! C?(0,+$ ) such that ! [u”|P' 2u™ ! C?(0,+$ ), the equation in
(18) holds at every pagnt in (0, +$ ), the boundary conditions are satisfied and
the Dirichlet integral ;! (x)|u”(x)[P dx is finite.

We say that the D -property for (18) is satisfied if the set of all eigenvalues
of (18) forms on increasing sequencd#,}¥_, such that#; > 0 and nligw #n =

$ . Moreover, the set of all normalized eigenfunctions associated with a given
eigenvalue is finite and every eigenfunction has a finite number of nodes

Theorem 3.1 (see [6]) The D-property for (18) is satisfied if and only if the
following two conditions hold

" y

e
§X#It|r;n$, o $(")d

&$ [T (1p!
« (u # X)p|1 P (u)d., :0,

(o’ ey g (1P (19)
% Jim, Sn pseyar T e eyar P =0

1/p ,

Remark 3.2 The conditions (19) are equivalent to the compact embedding
WZP(1) %% LP($), (20)

where WP (!) is the weighted Sobolev space of all functionsi ! C*[0,+$ ),
u’ is absolutely continuous on every compact subinterval of ((+$ ), u’(0) =
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lim u(x)= Ilim uf{x)=0, and
xI +" x +"
! " W #1/p
tulgpn = L) u™x) [P dx <+",
0

see [6] for details.

Hence, the following analogue of Theorem 2.5 holds also for the fourth order
problem.

Theorem 3.3. The following statements are equivalent:
() The D-property for (18) is satisfied.

(i) Conditions (19) hold.

(i) The compact embedding20) holds.

Remark 3.4. The reader is invited to compare SL-property for the second
order problem and D -property for the fourth order problem. The former one
is stronger than the latter one. One of the reasons consists in the fact that
in the fourth order case it is substantially more dilcult to establish that all
eigenfunctions have finitely many nodes in (Q+" ).

Let k # N. Consider the quasilinear equation of order R,
(31 () ) PE2uM )W) = # () u(x)[* 2u(x), x # (0, ), (1)
together with boundary conditions
u0)= - .= uk¥D(0) = X|5m0+(!(x)u(k>(x))#=o, (22)

im o u(x) = lim, uix)= .- .= Jim, uk$D(x)=0. (23)

This problem was considered in [1].

Let WXP (1) be the weighted Sobolev space of functions # Ck®1[0,+" ),
uk$1) pe absolutely continuous on every compact subinterval of (0+" ), u
satisfy (23) and

P #1/p
Tulgpa = (x)|u® (x)|P dx < +"
0
Let us introduce functions

L #alm, # 1
By(x) = (x $ $)9C D($) d$ 1180 ($)d$

e Bug! " " #a
B(x) = #($)d$ ($$ x)P kS D180 (§) d$

0 X
The following assertions can be found in [13].
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Lemma 3.5. The embeddingW/*P (1) ' L9(#) is continuous if and only if
B1(x) and B,(x) are bounded on(0,+" ).

Lemma 3.6. The embeddingW/*P (1)1 1 L9(#) is compact if and only if

lim Bi()= lim Bi(x)=0,i=1.2 (24)

Using the compactness argument and Lemma 3.6, as in the proof of Theo-
rem 2.1, we can prove the following assertion.

Theorem 3.7. Assume that (24) holds true. Then there exists the minimal
value $ := $; > 0 such that (21)—<(23) has a nontrivial solution u; # WP (1)
normalized by$u,$q =1.

Remark 3.8. The fact that all possible eigenvalues of (21)—(23) are bounded
from below follows just from the boundedness oB; and B, combined with
Lemma 3.5. On the other hand, Theorem 3.7 guarantees that there exists the
least eigenvalue and the corresponding eigenfunction of (21)—(23). However,
the discreteness of the entire spectrum remains an open question:

Conjecture  3.9. Assume that(24) holds true. Then (21)—«23) has theBD -
property.

4. Applications

In this section we present applications of our general estimates to some concrete
boundary value problems. In particular, the asymptotic properties of radial
solutions to quasilinear eigenvalue problems for PDEs with degenerated and/or
singular coelcients are new results.

Example 4.1 (cf. [5]). Let us consider the radial eigenvalue problem for the
p-Laplacian " , on RN:
|

" 96 yu= —|uf*2u in RN,
. p 1+ |x_| (25)
# lim u(x)=0.
x| +!
This problem reduces to the one-dimensional equation
I’N#l
WP AU E S NPT RU(), T # (0,47, (26)

wherer = |x|. For 1<p <N and % > pthe weights

rN#l

L(ry=rN*1 and #(r) = PN
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satisfy (14) and (15). Moreover, the solution of (26) is also forced to satisfy
the so-called Neumann-Dirichlet boundary conditions

lim rNT LU P 2uf(r) = Jim u(r) =0. (27)
r! 0+ I+

Hence, Theorem 2.3 applies to (26), (27).
In particular, we have the following assertion for the original problem (25):

Theorem 4.2 Let 1<p<N and!>p . Then the eigenvalues of the radial
eigenvalue problem(25) exhaust the sequencgé” n}5.,, 0<" <", < -.. |
+" with all ", being simple. A normalized eigenfunctionu, , associated with
"n, N# 1, has preciselyn nodal domains inRN. The nodal “lines” of u, , are
concentric spheres inRN centered at the origin. The nodal “lines” of u,

separate those otu, ,

nt 1

Example 4.3 (cf. [4]). Let us consider the radial eigenvalue problem for the
weighted p-Laplacian

| o &
# $ div W|%u(x)|p %u(X)
y =" mw(x)w" 2u(x), x&RN, (28)
$ |x|!|in;]-$ u(x)=0.
This problem reduces to the equation
% N"1 . & PN .
$ a+r ()P 2u(r) - = "WIUU)Ip 2u(r), r&@©") (29)

with boundary conditions (27). Let #+ p < N, #+ p < $ and %=
(P$ 1)(#+ p$ $)/(#+ p$ N). Then (14) and (17) hold. Hence, Theorems 2.3
and 2.6 apply to (29).

In particular, we have the following assertion:

Theorem 4.4. Let #+ p < min{N, $}. Then the conclusions of Theorem 4.2
hold also for the boundary value problenf28). Moreover, there existrg > 0
and 0< C4 < C5 such that

C: , , C
o | U —
p! 1

x| e x|

for any x & RN satisfying |x| # ro.
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Example 4.5 Let us consider the radial eigenvalue problem for the
p-Laplacian on the ball:
! " #

div (R XD " P2 u =1 (R!] x])"[ul’' 2u in Bg(0), (30)

7u=0 on "B g(0).
Here 1<p <N and Br(0) is a ball centered at the origin with radius R > 0.
The weight functions x #$ (R!| x|)', x #$ (R !| x|)" are just power of the
distance from the boundary. Obviously, this problem reduces to

$
%-’ (NPLRYE ) U(0)P 2u(r)”

=i NPYRE ) [u(n)]P 2u(r), r %(0,R), (31)
% lim NP 20 = lim () =0.

For
#<!land$! #<por#&! land$<p! 1 (32)

the weights
%r)=rN' YR r) and&(r)= rN' YR 1)
satisfy (14) and (17). Hence Theorems 2.3 and 2.6 apply to (31).
In particular, we have the following assertion:

Theorem 4.6. Let us assume(32). Then the eigenvalues of the radial eigen-
value problem(30) exhaust the sequencé! ,}3_,, 0<! <!, < ...
with all !, being simple. A normalized eigenfunctionuy, associated with! p,
n & 1, has preciselyn nodal domains in Bg(0). The nodal “lines” of uy, are
concentric spheres contained inBg (0) centered at the origin. The nodal “lines”
of ug,, ,, separate those ofuz, . Moreover, there existR %(0,R), C;,C, > 0
such that for all x %Bg (0) \ B5(0) we have

CiR!| x™ 77 (] ux)| ( CoR!| xP* 7. (33)

Remark 4.7. Let %)(x) denote the derivative of an eigenfunctionu with re-
spect to the external normal at the point x %"B g (0). Let an eigenfunction u

be positive in the neighborhood of'B g (0). Then

(i) For $ =0 we have %)(x) < 0,x %"B r(0), due to well-known Hopf’s (for
p =2, see [14]) and Vazquez's (forp ¥ 2, see [15]) maximum principle.

(i) For $> 0we havedy(x)= " , X %"Br(0) by (33).

(iii) For $< 0 we have$¥(x) =0, x %"B & (0) by (33).
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Example 4.8 Letl1<p<N ,q! p. Consider the radial problem
!

"1 pu="!ul?u inBgr(0), (34)
u=0 on "B r(0).
This problem reduces to
A NPt 2u'(r) = e N u(n)|@ 2u(r), r# (OR), (35)
35

i NI eV IP! 200" () = i —
$erJ+r [u(r)|P* “u(r) rljinge! u(r)=0.

In particular, this corresponds to (6) with #(r) = $(r) = rN' ! and

%& | T 1%& T
a 1! N P
Ay (X) = %' 1d%w %1 d%
0 X
(p--l);a(xN)% N ar

N"p N (Xp!l" R‘;;!l
Consequently,

A, A 00 = lm, A 0 =0
ifandonlyif 1 <q<p?®:= NN!"p (critical Sobolev exponent). Applying Theo-
rem 2.1 to (35), we get the existence of a valué> 0 and of the corresponding
normalized solution u # Wol'p(BR(O)) of (34). It is possible to show that this
solution is C'' -regular and positive in B (0), with some & # (0, 1).

On the other hand, using the well-known Pohozaev identity, one can prove
that no such solution exists forq! p®.

Example 4.9. Let us consider the boundary value problem
|

C(x+D)20()) + U (x)=0, x#(0,+$),

u@)=u+$)=0. (36)

Notice that (36) is a special case of (13) witha=0, b=+ $ , p=2, #(x) =
(x+1)2, $(x) %1, x#(0,+$ ). Thatis
%&xd’1/2%&+% 1 d,1/2 ( X ) 12
= 0, JE— (¢ =

Aubg= 0 ez ™ Tex 0 X#FOFS),
satisfies (11) but violates (12).

Elementary calculation yields that the initial value problem

|

C(x+1)20()) + U (x)=0, x#(0,+$),
u®=1, u (=0

has the following unique solutions:
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(i) for I = 2, u(x)= —==(1+In" x+1);
(i) for 1< 1,
4 !" # 1! S " # . 1! "7'$
u(x) = !xlTl 2" ) 11" T (X P g 2 11" T (1) 2 S
(iiiy for 1> 1
Yoo # " #$
U(x) = 5k cos 3 47 1in(x+1) " zisin 3 41T Tin(x+1)

Thus (36) has no solutionu # Wg-2(") for any ! # R.
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Abstract. We provide sulcient conditions for the existence of solu-
tion of the radially symmetric prescribed curvature problem with Neu-
mann boundary condition on a general Friedmann-Lemaitre-Robertson-
Walker (FLRW) spacetime.
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1. Introduction

A Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime is a metric space
given by the cartesian product!l ! R" of an open interval | =]a, with the
n-dimensional Euclidean space endowed with the Lorentzian metric

ds? = " dt? + f (t)dx?,

where f (t) is a positive function of time known as the scale factoror warping
function. In Cosmology, the FLRW space is the accepted model for a spatially
homogeneous and isotropic Universe. In this context, the scaling factof (t)
represents the size of the Universe at timg and must be determined as an
exact solution of Einstein’s field equations under the assumptions of isotropy
and homogeneity. Observe that for the particular casef (t) # 1 we recover the
Lorentz-Minkowski spacetime. Other relevant examples are

« Einstein-De Sitter spacetime: f (t) = (t+ t0)¥3, 1 =]" to,+$ [
« Steady state spacetimeif (t)= €', | =R
+ Lambda-CDM model: f (t) = Asinh?3(t + tg), | =] " to,+$ [

* Cycloid model: f (1) = % 1" cosl), t(!)=1"!"sin!, | =" " 2" 2]
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We refer to the monograph [8] for more details on the derivation and physical
interpretation of these cosmologies.

We are interested on the problem of the existence of spacelike graphs with a
prescribed the mean curvature function. For a FLRW spacetime, the curvature
operator is given by the expression

! ! $ 9 '

% &
! 2
Iu L f(u) [' ul

f(U)#f(u)Z"I! uz  FZ T upP f (u)?

Q= - W

Then, the general problem of the curvature prescription is, given a function
H:l#R"$ R, to obtain solutions of the quasilinear elliptic problem

Q[u] = H(u,x), |' u]<f (u).

Here, |! u| <f (u) means that |! u(x)| <f (u(x)) for all x. The prescription of
curvature has a physical meaning. Intuitively, a spacelike hypersurface is the
spatial universe at one instant of proper time of a family of normal observers.
Then, the mean curvature function measures how these observers spread away
(H > 0) or come together H < 0) with respect to the surrounding observers.
In this sense, the problem may be seen as a local prescription of the behaviour
of normal observers.

The consideration of this problem is rather new on the literature. Up to
now, most of the elorts have been directed to the curvature prescription on
the Lorentz-Minkowski spacetime ¢ (t) % 1), see for instance [1, 3, 6]. For
more general FLRW spacetimes, up to our knowledge the first contributions to
the literature are [2, 4], where it is studied the problem with radial symmetry
and Dirichlet conditions on a ball for a family of expanding FLRW spacetimes,
including the Einstein-de Sitter, steady state and Lambda-CDM models. A
first approach to the problem with Neumann conditions has been done in the
recent paper [7], where a kind of universal result is proved for big bang-big
crunch models that includes the cycloid as a particular case. Our purpose is to
revise the proof employed there and state a result applicable to any example
of FLRW spacetime.

2. Main result

Let us state precisely the mathematical problem under study. LetB (R) be the
Euclidean ball of R" centered at 0 with radiusR. Let | =]a, & R,™ ( a<
0<b ( +' be an open interval, and letf ) C*(l) a positive function. For a
given continuous functionH : R#[0,+’ ) $ R, we look for radially symmetric
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solutions of the problem

Qu] = H(u, |x])
[' ul<f (u) in B(R), )
=0 in IB(R),

where the operator Q is defined by (1) and :i denotes the outward normal
derivative of u.

Our main result is as follows.

Theorem 2.1 Let us assume that
| | "

f/(t) o ()
I|trrl§9p H(tr)" o) <0<I|trELr!1f H(t,r) 0!

Then, there exists Rg > 0 (depending onf,H ) such that if 0 < R < R g,
problem (2) has at least one radially symmetric solutioru(|x|).

, forall r> 0. (3)

It is worth to note that for the Lorentz-Minkowski spacetime f(t) # 1,
condition (3) is known in the literature as a Landesman-Lazer condition, in
fact for this case Ry can be taken as # and Theorem 2.1 is just a particular
case of [3, Theorem 3.1]. On the other hand, taking the family of warping
functions considered in [7] we recover the main result therein. Furthermore,
Theorem 2.1 admits any general warping function with the minimal conditions
of being positive and regular. For example, for the Einstein-de Sitter spacetime
f(t) = (t+ tg)%3, this result is applicable to any curvature function H(t,r)
taking positive values for large times. This condition is natural in some way,
because ifH (t,r) % O for every (t,r), a simple integration (see equation (5)
below) proves that the problem has no solution. This occurs in general for any
expanding cosmology (that is, any strictly increasing scale factoff (t)).

3. Preliminaries

We follow the main ideas of [7]. Let us define the function” : 1 & R by
#
9= AL
oo ()
Note that " is an increasing di'leomorphism froml onto J:=" (I) and " (0)=0.
Doing the changev = " (u) and taking radial coordinates, problem (2) is
equivalent to the boundary value problem
$ . %

&
ol = et EEG 4 £ (L) H( W), . ®

V'(0)=0= V/(R).

4
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Let ! (s) = ~=2—. The proof relies on a Leray-Schauder degree argument.

We introduce thel"hsomotopy
| "
RN s
#Huy'l
= D R T L R, ©)
I'v

v(0) = 0= VAR),

where" # [0, 1].
Let us define the operator

WS )
Fv](t)= . nr"t ol W

(
+ @ FVONHE H(v(r),r) dr. (7)

Then, taking some ! < 1, let us consider the family of operatorsG : {v #
C([0,R],J): $v™ s %!}& [0,1]' CI([0,R]) defined as
1 Y ) "
G(v,")(r) = v(0) + ﬁF[v](R)+ . 1t tn.—.lF[v](t) dt.

It is not hard to prove that v # C([0,R],J) is a fixed point of G(-,") if and
only if v is a solution of (6) (see [7, Lemma 1]). Then, by the basic properties
of topological degree, the proof is reduced to the estimation of soma priori
bounds

4. Proof of the main result

The key point is to obtain a proper bound for the fixed points of operatorG(v, ")
in the uniform norm. To this aim, we are going to use our main hypothesis (3).

Using that # 1 :J’ | is an increasing homeomorphism and (3), there exist
$o, $7# J such that

fA# 1(v) "1 % 4" 1

m P H# “(v),r)< 0, v#]$"# “(b[,r> 0 (8)
and

fA#" 1(v) "1 "1 o

W! H# “(v),r)>0, v## (a),$7r>0 9

The first lemma proves the every solution must lie between these two values.

Lemma 4.1 Let v be a fixed point of G(-,") for some" # [0, 1]. Then,
$9% V(r) % $” for all r # [0, R] (10)
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Proof. First, we consider the casel = 0. A fixed point v = G(v, 0) takes the
constant value

V() = v(0)+ ZFIVIR).
Evaluating at r = 0 one has
v(0) = v(0) + F[VI(R),

and therefore

FIVI(R)=0,
and considering that v is constant, then
| "
— . f !(" ’ l(v)) n" n" n —
F(WM(R)= ! m"' H Hv(r),r) £ H(v)R" =0.

From this last equation and (8)! (9), one deduces that#; " v(r) " #°.

From now on, we can assume that > 0. Let v a fixed point of G(-,! ). Let
r* # [0, R] such that v(r*) = max o g; v(r). Our aim is to prove that v(ry) " #*
by contradiction. Suppose that v(ryz) > #%. We consider first the caser” > 0.
Observe that developing the derivative of the left-hand side term of (6) and
dividing by r" ! we have

|
v vl TR () o o
(1! \/!2)3/2+ I’$W_ In ! w + f( 1(V))H( 1(V).I’) , (11)

then, evaluating at r# and using that v'(r#) = 0, v(r) > #%, one has
# . . . $
VI = In T )+ F T R ) HC T (), i) > 0

as a consequence of (8). But theww(r*) can not be the global maximum, this
is a contradiction. The caser” = 0 is studied analogously, with the dilerence
that the second term of the left-hand side of (11) presents the indeterminate
limit 0/0 whenr % 0" . We can solve it easily by L'Hopital rule and the limit
is v*(0*), and we conclude as before.

Hence, we have proved thatv(rg) " #°. A totally analogous argument
shows that v(r) & #4, using now (9). O

Finally, we derive a bound for the derivative of the fixed points, by using
the same idea of [7, Lemma 3].

Lemma 4.2. There existsRg > 0 (depending onf,H ) such thatif 0< R<R g,
there exists$* < 1 such that for each! # [0, 1] and each possible fixed poin
of G(-,!), one has

! n #
max |v'(r $*.
r$[O,R]| (")l
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Proof. Let us define

| ) "
M =max |[f'(" V)| :v! ["s""] ,
Ne=max f( *(V)HC *(v),nNl:v! ["s""Lr! [OR] .
We fix Rg =1/M .
Now, recall that a fixed point of G(-,#) verifies (6), then integrating both
members from 0 tor and using the boundary conditions, we get

r ISV () = #FV](r).
If [V'(")| = max,spry IV'(r)| = % <1, we get,
l/n $ %
MO, M

un"l# # +N un_
TTVOE VO

As we can assume, without loss of generality, that' ! (0, R), we obtain
& #_
%<R M+ Ng 1" 9% .

SinceR <R g meansRM < 1, solving this inequality we obtain a fixed % < 1
such that % < %. The result is proved with Rg = 1/M . O

Now that some a priori bounds are stated, the proof of Theorem 2.1 follows
from a standard degree computation. The argument is completely analogous
to the one exposed in [7], so we just include here an outline for completeness.
The homotophy G(-, #) is well-defined on the domain

I= {v! CY[O,R]):"s<v<"7 $v'$, <%,
and by the homotopy invariance of Leray-Schauder degree
ds[l "G (,1),!,0l=ds[l "G (0),!,0]

Now, the reduction theorem of Leray-Schauder degree (see for instance [5,
Proposition 11.12], with L = 1) implies that

dis[l "G (-,0),!,0] = =dg[g,("# "%),0]

where dg is the Bouwer degree andg : J % R is the continuous mapping
defined by

( +
g(c) = " nr" 1, 10" o)+ F( Y eO)H( " Yce),r) dr.
0

Noting that g(("#) < 0 < g("#), then dg[g,("#,"#),0] = 1 and the proof is
done.
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of dilerential equations
subject to linear constraints
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This paper is a birthday present for Jean Mawhin, my dear friend and valued
collaborator of many years. Greetings and all the best wishes from afar

Abstract. The purpose of this paper is to consider boundary value
problems for second order ordinary dilerential equations where the so-
lutions sought are subject to a host of linear constraints (such as multi-
point constraints) and to present a unifying framework for studying
such. We show how Leray-Schauder continuation techniques may be
used to obtain existence results for nontrivial solutions of a variety of
nonlinear second order dilerential equations. A typical example may be
found in studies of the four-point boundary value problem for the diler-
ential equation y" (t)+ a(t)f (y(t)) =0 on [0, 1], where the values of at

0 and 1 are each some multiple ofy(t) at two interior points of (0, 1).
The techniques most often used in such studies have their origins in
fixed point theory. By embedding such problems into parameter depen-
dent ones, we show that detailed information may be obtained via global
bifurcation theory. Of course, such techniques, as they are consequences
of properties of the topological degree, are similar in nature.

Keywords: second order ode’s; nonlinear multi-point boundary value problem; linear
constraints; global bifurcation.
MS Classification 2010: 34B10, 34B15, 34B18.

1. Introduction

This paper is motivated by the paper [15] and several related ones (e.g. [7,
8, 16, 21, 42, 43, 45]), where the authors were interested in the existence of
positive solutions of second-order nonlinear dilerential equations

y )+ a®f (y(t) =0, 0<t< 1 (1)
subject to the four-point boundary conditions
y©@) =1y ("), y@)= #y(9) )
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where O0<! I "< 1, a(t) is a nonzero continuous, and nonnegative function
on (0,1) and
f:R" R, f:[0,#)" [0,#)

is continuous, or other similar multi-point boundary value problems. In case
I =" and # + $ $ 2, boundary conditions (2) were already considered Loud
in [22], where Green'’s functions and their properties of such multi-point bound-
ary value problems and their adjoints were discussed in great detail.

Under the assumption that the limits
f(u)

- 3)
exist and satisfy certain inequalities, it was proved [15] that (1), (2) has a
positive solution. The proof was based on a use of the Krasnosel'skii com-
pression and expansion theorems for positive completely continuous operators
on a Banach space [14]. Results for the existence of solutions of nonlinear
boundary value problems where the nonlinear terms behave as in (3) have a
long history and such results (usually for boundary value problems subject to
homogeneous end point boundary conditions, but also valid for nonlinear el-
liptic partial dilerential equations) may be found in [1, 2, 6, 9, 26, 27, 28, 44].
While the boundary conditions (2) are very much much dilerent from those
usually employed, such as Dirichlet, Neumann, Robin, or periodic ones, it is
still straight forward to transform the problems into equivalent integral equa-
tions (cf. [7, 8, 13, 15, 16, 21, 23, 24, 39, 40, 45]) and thus employ fixed point
theory for completely continuous operators on a Banach space of continuous
functions. Further studies are also available for problems defined on time scales,
see e.g. [3, 12, 46], among others.

Since the approach used here is variational and uses global bifurcation the-
ory, the results and approach discussed here for the semilinear case should be
extendable to problems of a nonlinear nature for both ordinary and elliptic
partial dilerential equations, such as problems involving the p-Laplacian, and
obtain results as in [17, 18, 25, 33].

In this paper we shall discuss a class of nonlinear boundary value problems
and show, using global bifurcation techniques ([4, 30, 31, 32]), how solutions
may be obtained as part of a continuum of solutions of a problem which de-
pends upon a parameter into which the given problem has been imbedded. We
shall adhere here to a prototypical example motivated by (1), (2) but want to
point out that similar arguments may be used to obtain results of this type
for semilinear and nonlinear elliptic problems in higher dimensions using, see
e.g. [17]. We shall not attempt to consider these more general situations here,
but remark that some of the work cited here will provide the tools for studying
such problems.
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2. Notation, assumptions, and preliminaries

We let V be a closed subspace d (0, 1) which has the property that 0 is the
only constant function that belongs to V and in addition that there exists an
open set

' 1 (0,1), suchthat!=[0 ,1], m(h=1 , C5 () ! V,

(here m(-) denotes Lebesgue measure).
For example, if L : H1(0,1) " R? is defined by the boundary conditions (2)
as
Ly =(y(O) # ly ("), y(Q) # #y($)), 0<" $ $< 1, ! %1

then
V:= {u&H¥0,1): Lu =0}

is such a subspace with
=0 .,"" .9’ ($,1).

For other examples of operatorsL defined by multipoint boundary conditions,
we refer the interested reader to [7, 8, 15, 16], and the references in these papers
and those in the other references given above. Of course, homogeneous Dirichlet
and anti periodic boundary conditions (y(0) = #y(1)) yield such examples, as
do the boundary conditions

u(0)=0,

or
u@)=0, u($)='u(), $&(0,1),

or
lu ($)+ #u(p) = u(@), 0<$<pu< 1, L# (0! +#< 1]

whereas classical Neumann and periodic boundary conditions do not (note that
these boundary conditions are natural ones imposed by minimization problems
in H1(0, 1), respectively in{u & H1(0, 1) : u(0) = u(1)}).

The norm of H(0, 1) is given by

! oy

1
yuz. =  (u)idt+  udt
0 0
and it is the case that Ly
yu)2:=  (u)3dt
0
defines an equivalent norm on such subspaceg, i.e., there exists a positive
constant ¢ such that

JU) Lz, $ OU) 20,1, *U&V.
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To see this, one may use an often employed argument of Negas [20], and assume
there exists a sequencéu,}! V such that

"Un"LZ(O,l) # n"UL"LZ(O,l)in:1’2’.”' (4)

Then we may assume that"u," 2, =1,n=1,2,---. So{u,} is bounded
in HY(0,1), hence may assumed to converge weakly to say. Hence it will

converge strongly tou in L2(0,1). So, by (4)u}, $ 0 in L?(0, 1), which implies

that u' = 0, i.e. u must be piecewise constant, but sinceu is continuous, it

must be a constant throughout. On the other hand, V is closed and hence,
sinceu %V, u must equal Q a contradiction.

Definition 2.1 For given V, as above, we letv' denote its topological dual
and for h %V', we callu %V a weak solution of the boundary value problem

&u' = h, u%V, (5)
provided that L,
u'vidt = (h,v), ' v %V, (6)

0

where
(w):V'(V$ R

is the pairing betweenV' and V.

The above considerations have the following immediate consequence, whose
proof follows from the Lax-Milgram theorem (see [38]) and the fact thatV is
a Hilbert space with respect to the inner product

by

(u,v)y = u'v'dt.
0

Lemma 2.2. Let V be as above, and leV' be its topological dual, then for
every h % V' there exists a uniqueu % V which is a unique weak solution
of (5). Further

"u")" h'y.

Remark 2.3. If h %L?2(0,1), we may deduce that the weak solutionu, given
above, sinceC, () ! V, must satisfy

u' = h, on!

in the sense of distributions and thusu is a solution of the di"erential equation
on !, further, sincem(!) =1 , it follows that u is a solution on (0 1), as well.
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Let a:[0,1]! [0," ) be a continuous nontrivial function, then, via this
lemma, we may define the mapping

T:L?(0,1)! V#HY0,1)! L2%0,1),

by
Th:=u,
where u is the unique weak solution of
$u"' = ah, u%V, 7

and henceu solves the dilerential equation (7) on " in a classical sense (viz.
Co (") # V). We note that the last inclusion is compact. Thus,

T:L%0,1)! L?%0,1),
is compact linear mapping. Thus, we have that
T:C[0,1]! H?%©0,1)!" c!o,1]" CJ[0,1],
i.e., we may even viewT as a compact linear mapping
T:C[0,1]! C[0,1],

and we may apply the Riesz theory for compact linear operators to obtain the
spectral properties of this operator. For general multi-point boundary value
problems, the study of the spectrum of the associated integral operator, has
a long history, with notable contributions in [22], and recently in [5]. In fact,
since the problems, in general are not self-adjoint, complex eigenvalues may
exist. In the case at hand, we shall not be concerned with such complications
but rather concentrate on boundary conditions (subspaced/) which have one
distinguished positive eigenvalue (see below), namely a smallest positive one,
called" ;.

Remark 2.4. Since there existsu %V \{ 0}, such that

1
Tu= —u,
1
we have that Ly o
u'vidt= "1  auvdt, & %V
0 0
we obtain that (by normalizing)
" ' I #
L R
0<" ,=inf (v")2dt : avldt =1
v 0 0

In the given generality not much else may be asserted concerning the spectrum
of T. In fact, the first example below shows that the principal eigenvalue may
be of multiplicity 2.
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Example 2.5. a. Let the spaceV be defined by
! " #
V:= u! HY0,1):u(0)= u@), udt=0
0

Then V is a closed subspace with O the only constant function. In the case
that a" 1, the eigenfunctions of the operatorT satisfy

1 1
uvidt =1, uvdt, #v! V,
0 0

and, sinceH}(0,1) $ V we have that
%u" = ! u,

in the sense of distributions. Integrating the last equality we obtain that (since
u! H?(,1))
u'(0) = u'(D),

and sou is an eigenfunction of
%u" = ! 1u, u(0) = u(l), u'(0) = u'(1),

i.e. ! 1 =4"2 with an associated 2-dimensional eigenspace.
b. Let the spaceV be defined by
! " #
V:i= u! HY0,1): udt=0
0
Then, again, V is a closed subspace with 0 the only constant function. With
a" 1, the eigenfunctions of the operatorT satisfy

1 1
u'vidt= 1,  uvdt, #v! V,
0 0

and, sinceH}(0,1) $ V we have that
%u" = 14U, (8)

in the sense of distributions. Multiplying the equality (8) by v! V and inte-
grating, we obtain that

1 1
%u' (1)v(1) + u'(0)v(0) + u'vidt=1;  uvdt,
0 0

and hence, choosing such that v(0) = v(1) & 0 we obtain

u'(0) = u'(1).
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Further, choosing v(0) = 0, v(1) £ 0, we must haveu'(0) = 0. Henceu is an
eigenfunction of the Neumann problem

"u' = 1,u Uu'(0)= Uu'(@l)=0

i.e. ! 1 = "2 the second eigenvalue of the Neumann problem with an associated
1-dimensional eigenspace, spanned hy(t) = cos "t.

Both of the above examples, of course, are examples of classical Sturm-
Liouville boundary value problems, where, because of the constraints built
into the space V, the eigenvalue! ; is actually the second eigenvalue of the
problem (8) with respect to either periodic or Neumann boundary conditions
in the spaceH (0, 1).

Next let us consider the example, related to (1)

"u'(t)=la(t)u, O<t< 1 9)
subject to the four-point boundary conditions
u0) = #u(9), u(l)= %U&, 0<$<&<1, (10)

where, as abovea : [0,1]# [0,$ ) is a continuous function assuming positive
values.

Proposition  2.6. Assuming that
0<#,%<1,

then the principal (weak) eigenvalue of (9), (10) is positive, simple, and has
an associated eigenfunction which is positive in [0,1]. All other eigenvalues are
simple, as well, and eigenfunctions corresponding to dilerent eigenvalues are
orthogonal with respect to thelL? inner product with weight function a.

Proof. In this case we define
V = {u%H?0,1): u(0) = #u($), u(l)= %Y&}.

Then V is a closed subspace dfi 1(0, 1) with Cy ((0,$) & ($, & & (&,1)) dense
in V. The principal (weak) eigenvalue is characterized by
Py " #
0<!,=inf (v")2dt : avldt=1
v#V 0 0

furthermore this infimum is assumed, by, sayu %V, and u satisfies

1 1
uvidt=1,  auvdt, 'v%V.
0 0



34 KLAUS SCHMITT

Since, forv! V, we have that|v|! V and since
- ) " #
0<!,=inf [v|2dt : avjdt=1
vl 'V 0 0

we may assume that the eigenfunctioru is one signed, say " 0, which implies,
because of the boundary conditions thatu > 0 in [0, 1]. Hence, again because
of the boundary conditions, and, since

#u = 1,au,

u will assume its maximum in the interval [", #]. If v is any other eigenfunction

corresponding to! 1, we may assumev(0) * 0. If v(0) > 0, we may let w(t) =

uv(t), wherep = 4% . Then w is an eigenfunction with
w(0) = u(0)

and hence
z(t) == u(t) # w(t)

is an eigenfunction having zeros at 0 and', which by the Sturm Separation
Theorem [11] implies that u must vanish in (0,"). Thus it must be the case
that w(t) $ u(t). If, on the other hand, v(0) = 0, then v(") = 0, then we again
obtain a contradiction by use of the Sturm Separation Theorem.

Next, let u; and u; be eigenfunctions corresponding to the eigenvaluels;
and!;, i %j. Then

1 1
uvdt=1, auyvdt, & ! V, I=1ij

and hence " " "
1 1 1

UZUJdt =1, aUZ'Ujdt = !j anUjdt,
0 0 0

thus "
1

(I]# |1) . anUjdtzo.

3. Bifurcating continua
We shall assume that

a:[0,1]" [0, ), f:R" R, f:(0,()" (0,()
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are continuous functions such thata is nontrivial. V ! H?(0, 1) is a subspace
with the property that the only constant function in V is the zero function and
that the smallest positive eigenvalue! ; of

"u'(t)=la(tu, O0<t< 1, u#V (11)

is simple and has an associated eigenfunction which is positive in (@). This
assumption holds, for example (among others), in the cases of the boundary
conditions imposed in the various papers cited and related work (cf. for example
Proposition 2.6).

We now consider the nonlinear problem (1). This problem we shall embed
into the problem

"yU() = pat)f (y(t), 0<t< 1, y#V. (12)

We shall prove that, under assumptions onf, spelled out below, a continuum of
positive solutions (in the spaceR$ C[0, 1]) exists which crosses the hyperplane
{1}$ CJ0,1] and thus conclude that the problem

"yt = at)f (y(t)), 0<t< 1, y#V, (13)

has a nontrivial solution. To this end, let

im —- (14)
We have the following theorem.

Theorem 3.1 Let V be as above and assume that the limits in (14) exist and
satisfy
0<f0<!1<f# (15)

or
O<fu <! <fq. (16)

Then the boundary value problem (13) has a solutioty which is positive in
(0,1).

Proof. We consider the problem (12) and apply the global bifurcation theorem
of Krasnosels’kii-Rabinowitz, see [30, 32], which guarantees the existence of an
unbounded continuum C := {(4,y)}! R$ CJ0, 1] with the solution compo-
nent y such that y(t) > 0, t # (0, 1), which bifurcates from the trivial solution

at the bifurcation point ( pfo,0) = (! 1,0) (while the application of the global
bifurcation theorem also allows for the alternative that the continuum might
bifurcate from another eigenvalue, this alternative may be quickly ruled out
by refering to Proposition 2.6). One may further show (using arguments as
in [26, 27]) that the continuum C is bounded in the p* direction and hence



36 KLAUS SCHMITT

must become unbounded in some boundeg@ interval, i.e., it will bifurcate
from infinity in that interval. Using results about bifurcation from infinity as
in [31, 34, 35, 37], we deduce that bifurcation from infinity will take place at

pf, = 14. Therefore the continuum C, projected onto the p axis = R will in-
clude the open interval determined by the values!ﬁ and f'—l This open interval
will contain the value p =1, if either (15) or (16) hold. O

The above result and its proof may be extended to the following:

Theorem 3.2. Under the same assumptions on the subspatg, assume that
O0=fg<! 1<f, (17)

or
0=1f, <! <fo. (18)

Then the boundary value problem (13) has a solutiory which is positive in
(0,1).

Proof. In the case of (17) there will be no bifurcation from the trivial solution,
however, bifurcation from infinity will take place at p = f'—l with the corre-

sponding continuum existing for all values ofu > f'l—l and hence (13) will have a
positive solution, whereas in the case (18), bifurcation from the trivial solution
occurs aty = 'f—; with the continuum existing for all values p > 'f—; O

Global bifurcation theory may also be applied at simple eigenvalues; >1! 4,
and various results may be formulated using the ideas used above; here it
will be important again that bifurcating continua are global, which will follow
from nodal properties of solutions inherited by the nodal properties of the
eigenfunctions of the associated linearized problems.

4. Concluding Remarks

Remark 4.1 The methods developed in [26, 27, 28] may be employed to study
various multi-point and nonlocal boundary value problems involving nonlinear
terms f dilerent from those considered above, as long as solution branches of
positive solutions may be found which exist globally and can be shown to cross
the appropriate parameter hyperplane. To this end we refer to [40, 41], where
fixed point techniques have been used.

Remark 4.2 If we replace, in (2), one of boundary conditions by, say, the
following

y@)="y#+b (19)
one obtains a problem from a class of problems studied in [43]. Here one may
view b as a parameter and then employ homotopy continuation techniques,
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as done in [10], to obtain parameter intervals for the parameterb, for which
solutions may be shown to exist.

Remark 4.3. The interested reader might wish to revisit the example (1), i.e.
y'(t) + a(t)f (y(t) =0, O<t< 1

subject to the three-point boundary conditions
| m [ w
"1 "1
=1 — =" -
yoO=Yy 5 . y="y 3

incasea! 1 and do the necessary computations to find thatifi! +"| < 2, then
positive real eigenvalues exist having the properties required above, whereas if
I +" =2, the problem is in fact in resonance (c.f. also [22], where it has been
shown that only if ! + " = 2, a Green’s function may be computed) and if
[' + ™| > 2, no real eigenvalues exist. In the case that real eigenvalues exist,
the principal eigenvalue#; is given by

# =413,
where 1 is the smallest positive solution of
L+
2
Another interesting example is obtained for the same nonlinear di'erential
equation which is subject to boundary conditions such as

i
u(0) = u(s)ds
0

COSH =

(see also [41], where similar boundary conditions are considered).

Remark 4.4. For problems at resonance, such as the example in the previous
remark, when! + " =2, continuation arguments based on Mawhin’s continu-
ation theorem, as was done in [29], may be used to establish existence criteria
for such multi-point boundary value problems.

Remark 4.5 A useful tool to study boundary value problems for nonlinear
elliptic equations has been the method of sub-supersolutions. In this regard we
refer to [19], where such a theory has been developed for general variational
inequalities, and hence may be applied to multi-point and nonlocal boundary
value problems of the types discussed here. These methods not only apply for
semilinear but nonlinear problems, as well. Here also the variational eigenvalue
theory as presented in [17] may be useful.



38 KLAUS SCHMITT

Remark 4.6. In the case of multi-point or nonlocal boundary value problems
for elliptic partial dilerential equations, these problems may be formulated as

variational inequalities (actually equalities, since V is a subspace). Problems
involving nonlinear terms f, as above, may then be analyzed using bifurcation
techniques as presented in [18].

Remark 4.7. If it is the case that either of the the limits (3) does not exist,
but the quotients lie asymptotically in certain non overlapping intervals, ideas,

as developed in [36], may be used to develop analogous existence results for
such nondilerentiable nonlinear problems.
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Abstract. For every f ! LN(!) defined in an open bounded subset
I of RN, we prove.that a solutionu ! Wol'l(!) of the 1-Laplacian
equation " div'% = f in ! satisfies#u = 0 on a set of positive
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norm in the Marcinkiewicz space of weak-N functions or if u is a
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1. Introduction

Let ! % RN be a smooth bounded open subset. Given a convex function
": RN & Randf ! L), consider the energy functional
# #

Er(u="(#u" fu,

defined on some class of functionsl : ! & R for which the integrands are
summable. Although " need not be smooth, one can express the Euler—
Lagrange equation ofE, using the subdi#erential of ". Indeed, by convexity
of ", at each point x ! RN there exists a subgradient! ! RN such that

(y)T () -(y" x),

for everyy ! RN see [18, Chapter 2]. Denoting the collection of all subgradi-
ents! at x by ""( x), one can then write the Euler—Lagrange equation ofE,
at some functionu as (see [12, Chapter V] and [22])

" divZ = f inthe sense of distributions in !, (1)
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where Z is a summable function with values inRN such that
Z! 11("u) almosteverywherein". (2)

For example, if ! ,(x) = [x|P/p for some exponentp > 1, then ! , is di#er-
entiable pointwise. Thus, !'! 5(x) = {|x|*' 2x}, and one recovers an equation
involving the p-Laplace operator:

#$pu=#dv(]" uf? u=f

When p = 1, the function ! ; is not di#erentiable at 0, and one should be careful
about the meaning of the quotient™ u/|* u| that appears in the formal notation
of the 1-Laplacian. The correct interpretation is based on the formalism of
subdi#erentials above. Indeed, fo'r 11(x) = |x|, one has

B1(0) if x=0,

Ha0= ik ifxso,

3
where B;(0) denotes the unit open ball inRN .
The vector field Z in the Euler-Lagrange equation now satisfies the condi-
tions:
[Z] %1 and Z|"u|="u

almost everywhere in ". Observe that, in dimension 1, equation (3) provides
one with the maximal monotone graph associated to the sign function.

Assuming that f ! LN ("), the functional E,, associated to !; is well-
defined in Wol'l "), and the Euler-Lagrange equation (1)—(2) is indeed satisfied
by a minimizer. The goal of this paper is to show that one cannot abandon the
vector field Z and replace it by the quotient " u/|" u| since the gradient” u
must vanish on a set of positive Lebesgue measure.

Every function u! W'1(") such that " u $ 0 a.e. in " has a legitimate
1-Laplacian $1u defined in the sense qf distributions as

u
& 1u, "o :: # - . n ll,
" ul

for every test function " ! C_ (") with compact support in ", but even
for smooth functions u something strange happens near an interior extremum
point;

Example 1.1 ForeveryN ( 1,letu:B31(0)) R be the function defined by
u(x) =1 #| x|2. In the sense of distributions we have, folN =1,

#$ 1u = 2#0,
while for N ( 2,

N#1

#$,u=
|x]
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In the previous example, the topological singularity of the vector field
I X/ |x| is detected by its divergence, and the 1-Laplacian does not belong to
LN (1). We show that this is a general fact that holds for Sobolev functions,
not necessarily smooth:

Theorem 1.2. There exists no function u " Wol’l(!) such that#u & O
a.e.in! and
"aut LN .

In Example 1.1 above forN % 2, one sees that the right-hand side belongs
to the Marcinkiewicz spaceM N (1) of weak- LN functions f in ! equipped with
the seminorm 1 I

& & vy =sup —xr ],
AT AN A
where |A| denotes the Lebesgue measure & and the supremum is computed
with respect to every Borel subset of |. In the case of the example, the function
f =(N ! 1)/ |x| satisfies

& & ~g(01) = N! ,{/N . 4)

where! \ denotes the volume of the unit ball in RN .

A variant of the proof of Theorem 1.2 based on Peetre—Alvino’s imbedding
of WLL(RN) in the Lorentz spaceL ™ T-1(RN) shows that this quantity (4) is
critical for the existence of flat levels of solutions involving the 1-Laplacian:

Theorem 1.3 Let N % 2. There exists no functionu " Wy'*(!) such that
#u$0 ae.in!,

"u"M N()  and & 1U& ~g <N! V.

Theorems 1.2 and 1.3 are related to the degenerate limit behavior of solu-
tions of the p-Laplacian equation asp tends to 1 that has been studied by several
authors; see e.g. [9, 20, 21], starting with the pioneering work of Kawohl [15],
and also clarify the need for relying on the vector fieldZ in replacement of
# ul |# u|.

Example 1.4 Forany O<r< 1,letu:B1(0)’ R be the function defined
by "
1] x|? if |x| %r,

u(x) =
() 1! r2  if x| <r.

Then, u™ W' (B1(0)). If Z : B1(0)’ B1(0) is any smooth extension of the

function «
x" B1(0)\ B, (0) (*! W" RN,
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then u and Z satisfy the Euler—Lagrange equation (1)—(2) for some function
f 1L (B(0)).

Observe that the Sobolev spaceNol'l(!) is not the natural setting for look-
ing for minimizers of E, ,, due to the lack of reflexivity of L1(;; RV). This is
in contrast to minimization problems in WP(l) for 1 <p < +" which can
be investigated using techniques based on the uniform convexity of the space;
see [11].

Let us assume thatE, , is bounded from below for some giverf ! LN (1).
This is the case for example if the norm# # ~ - is small, depending on
the Sobolev constant; see e.g. [16]. One can now take a minimizing sequence
(Un)n* n in W (1) such that

nljltm E! 1(Un) = Wiopf(") E! 1*

Each function u,,, extended by zero toRN , is an element oW (RN ). Since the
sequence $ u,)n- n is bounded inL1(RN ; RN), we can extract a subsequence
($ un, )k~ N converging weakly to some finite vector-valued measure iRN sup-
ported in . Applying the Rellich—-Kondrashov compactness theorem, we de-
duce that there existsu! BV (RV) such that u=0in RN \ I, and

| |

lim E,,(u, ) % [Du|&  fu.
k#! RN "

The limit function u is a minimizer of the extended functional
! !

Ei,(v):= " |Dv| & ) fv, (5)

over the class of functionsv ! BV (RN) such that v=0in RN\ I. Such a
functional provides a relaxed formulation of the minimization problem for which

a solution exists; see [14]. In the spirit of Theorems 1.2 and 1.3, minimizers
of (5) must have flat level sets:

Theorem 1.5 Letf ! LN() andletu! BV(RN)withu=0in RN\! bea
minimizer of the extended functionalE, ,. Then, u! L' (RN) and the set of
extremal points " #
x! RV 1 u(x)| = #u# . gy

has positive Lebesgue measure.
We deduce in this case that the absolute continuous parD 2u of the measure

Du vanishes a.e. on a set of positive measure sin@*u = 0 a.e. on level sets
{u= 1} forevery! ! R[4, Proposition 3.73]. The counterpart of Theorem 1.5

involving the condition # #y x y <N" §" is true but uninteresting sinceE, ,
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is nonnegative and 0 is the unique minimizer. This follows from a standard
application of Alvino’s version of the Sobolev inequality in Lorentz spaces.

Renormalized solutions to equations involving the 1-Laplacian have been
introduced in the spirit of the relaxed minimization problem above, but in
general such solutions merely have bounded variation or do not satisfy the
homogeneous Dirichlet boundary condition [1,5,6,8,10,19].

Example 1.6 (Remark 3.10 in [19]) For every N < r ! R, the function
u=(1" N/r)lg (o isarenormalized solution of the Dirichlet problem
!

I 3v=h" v in Bg(0),
v=0 on "B r(0),
with bounded datum h = ! g, (o). Note thatif r <R then u, is a BV function

with compact support in Br(0), while if r = R then u, is a W' function
which does not vanish on the boundary.

In the next section, we prove Theorems 1.2, 1.3 and 1.5. This paper is a
revised and extended version of a note written by the authors in 2012 that was
only available at the arxiv.org website.

2. Proofs of the main results

Proof of Theorem 1.2. Assume by contradiction that there exists a function

u# Wol'l ") such that $ u %0 almost everywhere in"and f :=! ju# LN(").
Then, " "

$u

— - $# = f#,

su®

! !

for every # # C. (). Note that $u/|$ul# L' ("yand u# L™ (") by the
Gagliardo-Nirenberg-Sobolev imbedding. By density ofC. (") in W, (") we
deduce that " $ "
u
— - $v= fy, 6

] |

for every v # Wol'l ".

We proceed using Stampacchia’s truncation method. For this purpose, for
every$> 0 let G, : R & R be the function defined by

#
Gt+$ ift< ",
&O if"$ t! S, (7)
t"$ ift>$.

Gi(t) =
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Sinceu! Wy''(!), we have G, (u)! Wg*(!). Hence,

ﬁ G (U) = G ul = |" G (u)].

Applying identity (6) with test function G, (u), we get
[rewi= [ w.
! !

Since G, vanishes on the interval f!,! ], by the Holder inequality we have

/fG! (u) = / FG1 (U) 3 % %on (qup> %81 (W% vy -
! {ul>t }
Thus,

/I" Gi (U] $ % %o qupt %8 (W% vy -
|

By the Gagliardo-Nirenberg-Sobolev inequality,

9B (W%, € [I" Gl

for some constantC > 0 depending only on the dimensionN . Hence,

(1# C%%N({|u|>! }))O/G[ (U)% N $ 0. (8)

LNTTI()

Let T := %% , if uis essentially bounded, orT := + & otherwise. We
have
Mm% % qujs y) = B %n (gui=T)-

We observe that the set{|u| = T} has zero Lebesgue measure. This is indeed
the case whenT =+ & sinceu is finite a.e. WhenT < +& , we observe that

" u=0 a.e. on the level set{|u] = T}, since by assumption" u=0 a.e. in !,
the set{u = T} must have zero Lebesgue measure. This implies that

Nim %% (quis 3y = D% gu=1y) =0.

In particular, there exists 0 <! < T such that C% %n (y>1 ) < 1. We
deduce from (8) that

%, ()% ~_  $ 0.
LNTT ()

Therefore, u| $ ! a.e.in!. Hence, T = %% ¢y $ !, and this contradicts
the choice of! . The proof of the theorem is complete. O
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To prove Theorem 1.3, we rely on Peetre’s imbedding of Sobolev functions
in Lorentz spaces, with the best constant computed by Alvino. We recall that
the Lorentz spaceLP*(RV) for 1! p<" can be defined as the vector space
of measurable functionsg in RN such that

Iy

By = gl >t} ™ dt< +" .

Using an equivalent definition to this one, Lorentz [17] established the duality
between LPL(RN) and M # T (RN) for p > 1 by proving an estimate which
amounts to !
» |fg| 1 # f#M p!pil(RN )#g#Lp,l(RN )
for everyg$ LPL(RV) and f $M 1 (RVN), where
|

1 ' )
Mle(RN)‘SU If];
A"l |A|p A

see [17, Theorem 5] and the computation of the Lorentz norm in [7 gec'uon 2].

Here one should not rely on the quasi-norm sup, t[{|f] >t}| “® . which

gives a quantity that is only equivalent to #f #M RV )’

Peetre [23] proved by interpolation that W(RN) % L~ —L(RN) and
Alvino [2] later showed using rearrangements that the inequality

#V#L i rl(RN) 1 1#&V#|_1(RN)

holds with the best constant given by!; := 1/(N" ;).

Proof of Theorem 1.3. Proceeding as in the previous proof, by the duality be-

tween L~ 71 and M N one gets
! !
G (W= TGy (u) 1# iy n ()G (W 0
RN '

where the functionsf and u have been extended by zero t&RN ; this does not
change their seminorms. Using Alvino’s improvement of the Sobolev inequality
with v = G, (u), it follows that
$
1 1#f #M N (RN) #GI (U)# o (RN) !
Under the assumption of the theorem we have#f #, n (rv) < 1! 1, hence the
guantity in parenthesis is positive. We deduce that#G, (u)#L N, =0 for

NTT (RN

every #> 0, and thenu =0 a.e. in !, but this is not possible.
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The proof of Theorem 1.5 relies on a property of BV function related to the
chain rule. For this purpose, given! > 0 denote byT, : R! R the truncation

function at levels +! :
|

# boift< "t
T()=,t if" 1 #t# 1,
$! if t>1 .
Observe that, for everyt $ R,
t=T (t)+ G (1), ()]

where G, is the function defined by (7). SinceT, and G, are Lipschitz con-
tinuous, it is straightforward to verify using an approximation argument that

T, (u) and G; (u) both belong to BV (RN) for every u $ BV (RN). In addition,

by the identity above we have

Du = D(T: (u)) + D(G (u)).

One then verifies that
% % %
|Duf = [D(T: ()] + [D(G ()], (10)
RN RN RN
where, for a given vector-valued measurel,
% & % '
|u| = sup .p:! $CL(RV;RV)and |! |# 1inRN
RN RN
Indeed, the inequality # in (10) follows from the triangle inequality in RN .
The reverse inequality % can be deduced from Vol'pert's chain rule forBV
functions [3]. A more elementary approach is based on an approximation af
using the sequence of smooth functions'q &), n, Where (" )n- n IS @ Sequence
of mollifiers in C. (RN). In this case, one observes that
% %
ID("n &U)|! |Dul
RN RN
asn!’ ;see[13, Theorem 5.3]. On the other hand, there exist a subsequence
("n, &u)j~n and finite positive measures#; and #, such that

ID(T, ("o, &U)|$# 1 in M (RV;RY),
ID(Gi ("n, &U)| $# 2 in M (RV;RV),

asj !’ , where#; % |D(T, (u))| and #, % |D(G; (u))|. This implies the
reverse inequality in (10).
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Proof of Theorem 1.5. Since U minimizes E, ,, and T, (u) is also an admissible
function in the minimization class, we have

Ei,(u)! E/ (T (u).

Thus, I . " I
IDul”™| D(Ty (W) ! f(u™ T (u)).
RN RN
We deduce from (10) and (9) that
! !

ID (G (u))] ! fG. (u).
RN RN
We can now pursue the strategy of the proof of Theorem 1.2 to get the conclu-
sion. Indeed, the Sobolev and Holder inequalities imply that
$ %

1" C#Hf #LN {ul>'}) #G, (u)#LNNil() 0.
For every 0 <! < #u# (gv), where we do not exclude the possibility that
#u#  (rv) = +$ , we have #G, (u)#LNNil(") > 0. Thus,

1
A qupr ) Yo

Since U is finite a.e., this inequality cannot hold for every ! > 0. Therefore,
we must have #u#_ (gvy < $ and so U is essentially bounded. Letting ! &
#Hu#_  (rvy, we deduce that {|u| >! } has positive measure. O
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Positive and nodal single-layered
solutions to supercritical elliptic
problems above the higher critical

exponents

M onica Clapp and Matteo Rizzi

To Jean Mawhin on his 75th birthday, with great appreciation
Abstract.  We study the problem

Lrv+tv = v 2vin ", v=0on""

for I " R and supercritical exponentsp, in domains of the form
= {(,2)" RY M T E Ry 2) " #),

wherem $ 1, N! m $ 3, and # is a bounded domain inRN! ™
whose closure is contained irRN' ™' 1 # (0,%). Under some symme-
try assumptions on#, we show that this problem has infinitely many
solutions for every! in an interval which contains [0,%) and p > 2
up to some number which is larger than thém + 1) St critical exponent
2um = ﬁl(]Nr'ﬂ[“; We also exhibit domains with a shrinking hole, in
which there are a positive and a nodal solution which concentrate on
a sphere, developing a single layer that blows up at an-dimensional
sphere contained in the boundary of , as the hole shrinks ang & 2, ,
from above. The limit profile of the positive solution, in the transversal
direction to the sphere of concentration, is a rescaling of the standard
bubble, whereas that of the nodal solution is a rescaling of a nonradial
sign-changing solution to the problem

|
Il u= |u|2n. 2u, u" D1,2(Rn)’
where 2, := nz,—“z is the critical exponent in dimensionn.
Keywords: Supercritical elliptic problem, positive solutions, nodal solutions, blow up,

higher critical exponents.
MS Classification 2010: 35J61, 35B33, 35B44
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1. Introduction

We study the existence and concentration behavior of solutions to the problem
!
v+ v = v 2v in",

#
v=0 on"", (#p)

where " is a bounded domain in RN, ! R, and p is supercritical, i.e., it
is larger than the critical Sobolev exponent 4, := ZN5 for N # 3. We shall
consider domains of the form

"= {(y,z)" RV ™M S Ry, |z)) " #), (1)

wherem# 1, N! m# 3, and # is a bounded domain inRN' ™ whose closure
is contained inRN' ™' 1'$ (0, %).
In domains of this type, the true critical exponent is 2','\,‘m = ﬁ‘(f\'r'n[“; which
is the critical Sobolev exponent in the dimension of # and is larger than 2, .
Indeed, one can easily verify that the solutions to the problem #,) which are
radial in the variable z, correspond to the solutions of the problem
!
Uodiv(f (x)u)+ i (x)u=f(x)|ul” 2u in#,
u=0 on"#,

)

where f (X1,....,XN1 m) = XY, - Standard variational methods show that this
last problem has infinitely many solutions for p" (2,2, ,,), hence, also does
the problem (#,). On the other hand, Passaseo showed in [18, 19] that, If =0
and # is a ball centered on the half-line {0} $ (0,%), then the problem (#;)
does not have a nontrivial solution forp # 2, ,, = 2y, - The number 2
has been called the ih + 1) St critical exponent in dimension N.

The concentration behavior of solutions to the problem ;) for ! =0 and
P" (2,2ym) asp& 2y, frombelow, has been investigated in several papers.
In [10], del Pino, Musso and Pacard exhibited positive solutions which concen-
trate and blow up at a nondegenerate closed geodesic ih', as p approaches
the second critical exponent %’ , from below. For anym # 1, positive and sign-
changing solutions in domains of the form (1) were constructed in [1, 13]. These
solutions concentrate and blow up at one or severain-dimensional spheres, as
P& 2y, from below. In all of these cases the limit profile of the solutions, in
the transversal direction to each sphere of concentration, is a sum of rescalings
of £ U, where

U(x):=[n(n! 2)nt 274

1 #1212

1+ |x|?
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is the standard bubble in dimensionn := N ! m, which is the only positive
solution to the limit problem

22y ur DLZRM), 3)

F'hu=ui
up to translation and dilation.

It was recently shown in [4] that there exist nonradial sign-changing solu-
tions to the problem (3), that do not resemble a sum of rescaled positive and
negative standard bubbles, which occur as limit profiles for concentration of
sign-changing solutions to the problem { ) that blow up at a single point, as
p# 2 from below. For the higher critical exponents 2, ,, with m $ 1, it was
shown in [5] that for every " in some interval which contains [Q %) there are
sign-changing solutions to the problem (), in domains of the form (1), which
concentrate and blow up at anm-dimensional sphere, ap # 2, from below,
whose limit profile in the transversal direction to the sphere of concentration
is a nonradial sign-changing solution to (3), like those found in [4].

The study of concentration phenomena forp approaching 2, from above, is
a much more delicate issue, beginning with the fact that solutions to () for
p > 2, do not always exist. For" =0, standard bubbles were used as basic
cells in [8, 9, 16, 20] to construct positive solutions to the slightly supercritical
problem (! p) with p = 2y + #, for small enough# > 0, in domains with a
hole, using the Lyapunov-Schmidt reduction method. These solutions blow
up, as# # 0, and their limit profile at each blow-up point is a rescaling of
the standard bubble. Solutions in some contractible domains were constructed
in [14, 15].

Quite recently, sign-changing solutions to the slightly supercritical problem
(! p) with p=2y + #, # > 0, were exhibited by Musso and Wei [17] in domains
with a small fixed hole, and by Clapp and Pacella [6] in domains with a shrink-
ing hole. The solutions obtained in [17] concentrate at two di"erent points in
the domain, as## O, and their limit profile at each of them is a rescaling of
one of the sign-changing solutions to the limit problem (3) inRN constructed
by del Pino, Musso, Pacard and Pistoia in [11], which resemble a large number
of negative bubbles, placed evenly along a circle, surrounding a positive bubble,
placed at its center. On the other hand, the sign-changing solutions exhibited
in [6] concentrate at a single point in the interior of the shrinking hole, as the
hole shrinks and# # 0, and their limit profile is a rescaling of a nonradial
sign-changing solution to (3) like those found in [4].

For m $ 1, the existence of solutions forp = 2, , + # and their concen-
tration behavior seems to be, so far, an open question; see Problem 4 in [7]. In
this paper we will show that, under some symmetry assumptions, the problem
(! p) has infinitely many solutions in domains of the form (1) for p > 2"N’m ,
up to some value which depends on the symmetries; see Theorem 2.3. We will
also exhibit domains with a shrinking hole, in which there are positive and
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sign-changing solutions which concentrate and blow up at arm-dimensional
sphere contained in the boundary of !, as the hole shrinks andp ! Zi\,ym from
above. The limit profile of the positive solutions, in the direction transversal to
the sphere of concentration, will be a rescaling of the standard bubble, whereas
that of the sign-changing ones will resemble one of the solutions to (3) that
were found in [4].

We give, next, some examples of our results. Fon := N " m, let B be an
n-dimensional ball of radius!g, centered on the half-line{0}# (0,$ ), whose
closure is contained in the half-spaceR"" ' # (0,$ ). We write the points in
R"™1# (0,$) as (y,t) with y %R"" 1, t %(0,$ ) and we set

By == {(y,t) %B :|y|>!} if! %(0,!o), By = B,
Uyo= {(y,2) %RY 1 # R™ 1 (y,|z]) %Bi}, =1 .

We denote by O(k) the group of all linear isometries of RK and, for v %

DL2(RN), we write -

&&= I v|2
RN
The following results establish the existence of positive and sign-changing so-
lutions to the problem (" ) in! , and describe their limit profile as! ! 0 and
p! 2}\,'m from above. They are special cases of Theorems 2.3 and 4.4, which
apply to more general domains, and are stated and proved in Sections 2 and 4,
respectively.

Theorem 1.1 There exists#, ( 0 such that, for each# % (#,,%$ ) ) { 0},
! %(0,!o) and p %(2,$ ), the problem (" ;) has a positive solutionvi, in !,
which satisfies

#1/2

Vip ($y1 %; = Vip (y7 Z) *$ %O(n ) 1)1 O/OOA)O(m + 1) ) (ya Z) %!,

and has minimal energy among all nontrivial solutions to(" ) in ! 1 with these
symmetries.

Moreover, there exist sequencesg!y) in (0,!q), (p«) in (Zi\,'m %), (&) in
(0,$) and (') in B +[{0}# (0,% )] such that

@ 'w! 0 p! Zm. &MdistCy, (M !'$ ,and’i! ’ with
dist(’, R"™ 1 #{ 0}) = dist( B, R" 1 #{ 0}),
(i) limyss %v!k,pk " E’ﬂak,#kizo,where

! #
(y.lz) " "«

0, 4 (v.2) = & "M'2u )

and U is the standard bubble in dimensiom.
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The number!, is negative ifm! 2.

The solutions given by the previous theorem concentrate on am-dimen-
sional sphere, developing a positive layer which blows up at am-dimensional
sphere contained in the boundary of ! and located at minimal distance to
the plane of rotation R"" ' "{ 0}. The asymptotic profile of each layer in the
transversal direction to its sphere of concentration is a rescaling of the standard
bubble.

The next theorem gives sign-changing solutions to the problem"(,) with a

di"erent type of asymptotic profile. For n! 5, we write R™" ' # C2" R" °
and the points in R" ! asy = (#,9), with #=(#,,#) $ C?, $$ R"" °.

THEOREM 1.2. Assume thatn =5 or n! 7. Then, there exists!, % 0 such
that, foreach! $ (!,,&)'{ O}, %% (0,%) andp $ (2,2;\11m +1), the problem
(" p) has a nontrivial sign-changing solutionw,, in ! | which satisfies

W!,p (#1$!Z) = W!,p (ei" #!&$v ,Z)! W!,p (#1;#21$, Z) = ( W!,p (( #_21E1!$yz)!

for every ( $10,)), &$ O(n( 5),” $ O(m+1) and (y,z) $ !, and which
has minimal energy among all nontrivial solutions to (") in !, with these
symmetry properties.

Moreover, there exist sequenceg%) in (0,%), (P«) In y.m » 2um 41)+ (*k)
in (0,&) and (+) in B) [{0}" (0,&)], and a nontrivial sign-changing solution
W to the limit problem (3), such that

(i) %* O, pc* 2m. *'dist(+,,#) *& ,and # * + with
dist(+,R" 1 "{ 0}) =dist( B, R"" ' "{ 0}),

(i) W#,$,0) = W' #,&$,0) and W(#,,#,$,1) = (W(( %,#,$,1) for
every( $[0,)),&$O(n( 5 and (y,t) $R" '" R# R", and W has
minimal energy among all nontrivial solutions to (3) with these symmetry
properties,

| |

I 0 [
(i) limgag Wi, p, ( Wy g ! =0, where

otz wS
*L

W#k s (¥,2) = *‘((2" n) 2y

The number!, is negative ifm! 2.

The solutions given by the previous theorem concentrate on am-dimen-
sional sphere, developing a sign-changing layer which blows up at an-dimen-
sional sphere contained in the boundary of ! and located at minimal distance
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to the plane of rotation R™ *1{ 0}. The asymptotic profile of each layer in the
transversal direction to its sphere of concentration is a rescaling of a nonradial
sign-changing solution to the limit problem (3), like those found in [4].

As we mentioned before, the solutions to the anisotropic problem (2) give
rise to solutions of the problem ( ,,) in domains of the form (1). In Section 2
we will study a general anisotropic problem in ann-dimensional domain ! . We
will assume that | has some symmetries and we will establish the existence of
infinitely many positive and sign-changing solutions to the anisotropic problem
for supercritical exponentsp > 2, up to some value which depends on the
symmetries. These results extend those obtained in [6] for the problem with
constant coe"cients. In Section 3 we will describe the behavior of the min-
imizing sequences for the variational functional associated to the anisotropic
problem for p = 2. These sequences, either converge to a solution, or they
blow up. We will provide information on the location of the blow-up points
and on the symmetries of the solutions to the limit problem (3) which occur
as limit profiles. This will be used in Section 4 to obtain information on the
concentration behavior and the limit profile of positive and sign-changing solu-
tions to the problem (! ,,) in domains with a shrinking hole, as the hole shrinks
andp" 2, from above.

2. Symmetries and existence for supercritical problems

Let # be a closed subgroup ofO(n) and " : # " Z, be a continuous ho-
momorphism of groups. A functionu : R® " R is said to be" -equivariant
if
u(#x) = " (#u(x) #S#, x$ R 4)

If " is the trivial homomorphism, then (4) simply says that u is a #-invariant
function, whereas, if" is surjective andu is not trivial, then (4) implies that u
is sign-changing, nonradial andG-invariant, where G := ker ".

Let ! be a bounded #-invariant domain in R", n % 3, and a $ ci( ,
b, c$ C°(!) be #-invariant functions satisfying a,c > 0 on!. We assume that

there existsxg $ ! such that {#$ #: #Xo = xo} & ker". (5)
This assumption guarantees that the space
Da%() = {u$D?("): uis"-equivariant}

is infinite dimensional; see [3]. As usualDy*%(!) denotes the closure of G (!)
in the Hilbert space

DM(R™) = {u$ L*(R"):" u$ L*(R",R")}
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equiped with the norm

#12

We shall also assume that the operato## div(a" ) + bis coercive inD3?(!) ',
i.e., that $
@[ Ul + bxudx

inf $ 0. (6)
ul D& ! Ol u|2
u=0
We set
tut?, = I(a(x) " ul®+ bx)u?)dx,  ul}, = | c(x) |ulP dx.

Assumption (6) implies that !!,, is a norm in Dé’z(!) ' which is equivalent
to !I'! . Note that, as ¢ > 0, |-|C;p is equivalent to the standard norm in LP(!) ,
which we denote by|-|p.

Our aim is to establish the existence of solutions to the problem

%
&0# div(a(x)" u)+ b(x)u = c(x)|ulP*2u in!,

u=0 on!l (7
(&u("x) = #(")u(x), $" %", x %!,

for every 2<p < 2%, ,, where
d:=min {dim(" x) : x %! },

"x = {"x 1" %"} is the "-orbit of x, 2§ = 25 if k& 3and F =’ if
k=1,2. Note that 2%, , > 2% if d > 0.

A (weak) solution to the problem (7) is a function u %D§ (") ' ( LP()
such that

(@x)" u-"$+bx)u$)dx# cx)|ulPf?usdx=0  $$ % C() . (8)

Proposition 2.1 of [6] asserts thatDé‘z(!) ' is continuously embedded inLP(!)
for any real number p % [1,2%, ], and that the embedding is compact for
p %[, Zﬁ# 4)- The proof relies on a result by Hebey and Vaugon [12] which
establishes these facts for "-invariant functions. Therefore, the functional

1 1
Jp(u) = Srull, # |6|u|5;p

is well defined in the spaceD%(!) ' if p%(2, 2%, 4].
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Lemma 2.1. For any real numberp ! (2,2;. 4] the critical points of the func-
tional J, in the spaceDé’Z( )' are the solutions to the problem(7).

Proof. Let u'! Dé’z( )" be a critical point of J, in Dé’z( ). Then,
J¥u)! :/(a(x)" u-" 1 bx)ul #c)ulP 2ul)dx =0 $!' ! DS ).
!

As Dé’z( ) %LP( ) for1& p& 2.4 we need only to prove that U satisfies
(8). Let " 'C$& (), and define

R "
)= 5 / #($)" ($x)du

where [t is the Haar measure on . Note that " ! Da%( ). Observe also that,
as U is #-equivariant, we have that

#$)"ux) =" (U $)(x)=% " u@dx) ! , x!

Since J;;‘(u)"~ =0, and a,b,care -invariant, using Fubini’s theorem and per-
forming a change of variable, we get

0= / (@(X)" U(x) " () + BX)UX)T () # OOl 2u(x)7 (x))dx

/ / -$ T ($X) 4 bOX)#($)u(x)" ($x)
# cx)[#($)u(x >|p" 2#($)u(x)" ($x)] du dx
w s [ TSt w8 @0+ e 0
# OGP 2u($x)" ($x)] dx d
/ / a($x)" " ($x) + b($X)u($x)" ($x)
#o($X)[u($x)[P" 2u($x)" ($x)] dx du
% / du / [a(%" u(% " " (% + b(%Hu(%" (%
IO Ul (%) d%
= / [A(%" u(% " " (% +BAU%R" (B# c(BluC)P 2u(%" (%] d%.

Therefore U is a solution to the problem (7). O
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The nontrivial critical points of the functional Jj, : Dé’z(!) "1 Rlie onthe
Nehari manifold

N, = {u" D) = Julf, u$0},
which is a C?-Hilbert manifold, radially di"eomorphic to the unit sphere in

Dé’z(!) ', and a natural constraint for this functional. Set
y =inf {Jp(u) 1 u" N}

Then, E!p > 0. A least energy solutionto the problem (7) is a minimizer for J,
on Ng . The following result extends Theorem 2.3 in [6].

Theorem 2.2 If p" (2,2 _4) then the problem(7) has a least energy solution,
and an unbounded sequence of solutions.

Proof. By Lemma 2.1, the critical points of the functional J, in the space
Dé’z(!) ' are the solutions to the problem (7). Proposition 2.1 of [6] asserts
that Dcl)'z(!) ' is compactly embedded inLP(!) for p " (2,2%_,), hence, a
standard argument shows that the functional Jp, : Dé’z(!) "1 R satisfies the
Palais-Smale condition. Therefore,J, attains its minimum on N . Moreover,

as the functional is even and has the mountain pass geometry, the symmetric
mountain pass theorem [2] yields the existence of an unbounded sequence of
critical values for J, in Dy (1) ' O

We now derive a multiplicity result for the supercritical problem ( p,). As-
sume that the closure of ! is contained in R"~* % (0,& ) and, for m ' 1,
let

S #f 1

Ay = inf 9
1 ueDé'z(!) | ﬁ xnmuz ( )
uz0
As the n-th coordinate z, of = is positive for everyz " ! | from the Poincar

inequality we obtain that \; > O.

Theorem 23 If A" () )\!1,&) andp" (2,2;_4), then the problem(gp,) has
a least energy solution and an unbounded sequence of solutions in

#:= {(y,2)" R"T%R™™ i (y,2) " 1},
which satisfy

v(vy, 02) = d(7)v(y, 2) "8, 0" Om+1), (y,2)" #.  (10)
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Proof. A straightforward computation shows that v is a solution to the problem
(! p) in I which satisfies (10) if and only if the function u given by v(y,z) =
u(y, |z]) is a solution to the problem (7) with a(x) := xJ' =: ¢(x) and b(x) :=
"X ™. Moreover, v has minimal energy if and only if u does. Note that (6) is
satisfied if " € (—" !1,00). So this result follows from Theorem 2.2. O

For p € (2,2,. 4) let u, be a least energy solution to the problem (7). Fix
g€ (2,2, ¢) and let tg;, € (0,00) be such that Uy := tqpu, € Vg, ie,

1
ql 2

2 1
_ lupllap Uplg, 7 1)
aq.p — - '
|up|2;q |up‘g;q

We will show that lim 4 qJq (Up) = #,. The proof is similar to that of Propo-
sition 2.5 in [6]. We give the details for the reader’s convenience, starting with
the following lemma.

Lemma 2.4 If pc,q € (2,2 4), P« — g, and (ux) is a bounded sequence in
D3%(" ', then
$
i Pk q -
Jm (@0 Jugl = c0oux) dx = 0.
Proof. By the mean value theorem, for eachx € " , there exists ¢k (x) between
px and g such that

()P = [uk [ = I [ue ()] [uk ()% [pe —qf -

Fix r> 0 such that[q—r,q+ r] € (2,2,. 4). Then, for some positive constant
C and k large enough,
% q+r 2 .

9 |uic| e < Clugf®r e if Jug| > 1,

Ik Jul®T <cCluf i <t

[0 Jue] ] fu* <

As D3?(") ! is continuously embedded inLP(") for p e [2,2.. 4], we obtain
$ '3 $ #
| c(fux ™ — Juk| Mk < |l . [Juk [P = Ju | + [Juk [ —[uk ||

! ug |%

[ug|>1

2 2",
<lclg Clpx —q Ui |” + Jug ™" ¢
|

_ .
< Clpk — gl [Juk][™"

for some positive constantC, where|clg 1= sup,g; |c(X)|. Since (k) is bounded
in Dg'%(") , our claim follows. O
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Proposition 2.5 For q! (2,2,.4) we have that

= ' = ' =1
y#[nq p = g 'I)|#mqtq,p 1, 'I)!&mq‘]q(up) Ia-
Proof. Set

w2
ab

inf
usDl 2(I) L\ 0} |u|

It is easy to see that!, = B2 S, 7. So, to prove the first identity, it
sulces to show that lim px Sr!) = Sa. From Holder’s inequality we get that
ule.q # | c| (P @fea |ul., if p>q. Hence,S; $ | e Sy if p>q. So, asp
approachesq from the right, we have that

limsupS, # S,.

p# q*
Assume that liminf ;4 o S' < qu. Then, there exist" > 0 and sequencespk)
in (9,2, 4) and (uk) in D12 ") ' with Jugl, =1 suchthat "u"2, < S} %"

ﬁ:téﬁ: < S}] for k large enough, contradicting the

definition of S,. This proves that

Lemma 2.4 implies that

lim S S

p# q*
The corresponding statement Wherp approachesq from the left is proved in a
similar way. Since Jp(up) = —p "up" ab = " we have that (up) is bounded in
Dé 2 ") ' for p close toq. Lemma 2. 4 apphed to (11) yields limys qtqp = 1. It
follows that lim ps q Jq(Up) = lim s q G2 "t pUp"2, = 14, as claimed. O

3. Minimizing sequences for the critical problem

In this section we analize the behavior of the minimizing sequences for the

problem (7) when p is the critical exponent 2, = nz—”z The solutions to the

limit problem (3) will play a crucial role in this analysis. We denote the energy
functional associated to (3) by

Ja (W)= 20 % Juf}
and, for any closed subgroupK of #, we set
DL2(RM)' K .= {u! DY2(R"): u(#z) = $(#)u(z) &#! K,z ! R"},
NGIK = {ut DX2RY)'K u=0, "u?=u},

1K inf Ja (u).
u$N #
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If K =!we write N and!] instead of N/ and 1}
Recall that the !-orbit of a point x! R" istheset!x:={"x :" ! 1}, and
its isotropy group is ! y ;= {" ! I: "x = x}. Then, ! x is I-homeomorphic to

the homogeneous space/! . In particular, the cardinality of ! x is the index
of I« in!, which is usually denoted by|! /! «|. If ! x = {x} then x is said to
be a fixed point of ! . We denote

" = {x! ": xis afixed point of ! }.
For simplicity, we will write J-, N+ and ! instead of Jy; , Ny and !, .

Theorem 3.1 Let (ux) be a sequence iN* such thatJ-(ug) " !*. Then,
after passing to a subsequence, one of the following two possibilities occurs:

1. (ux) converges strongly inD;*(") to a minimizer of J- on N .

2. There exist a closed subgroufK of finite index in ! , a sequencg#) in " ,
a sequencg %) in (0,# ) and a nontrivial solution %to the problem (3)
with the following properties:

(@ !+ =K forall k! N, and# " #,

(b) & 'dist(#, &) "# and$ [#c$ (#|"# forall’,( ! ! with

THL( 9K,
©) %"z)=)(")%z) forall" ! K,z! R",and J, (=11,
| |
{ " #8002 5, .
(@ lm jucs () & 8T (&g =0,
k$! ! [#]% /K k !
1 . n 2 1 ‘ wyn/ 2
(&) 1 =min @ 1/ = e K13 (%8,

Proof. The proof is exactly the same as that of Theorem 2.5 in [5], omitting
the first two lines. O

Let us state an interesting special case of Theorem 3.1.

Corollary 3.2 Assume that every! -orbit in " is either infinite or a fixed
point. Let (uy) be a sequence itN* such thatJ-(uc) " !*. Then, after passing
to a subsequence, one of the following statements holds true:

1. (uk) converges strongly inDé’2 ") to a minimizer of J- on N
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2. There exist a sequencé! ) in ! ', a sequencg”y) in (0,! ) and a nontriv-

ial #-equivariant solution $ to the limit problem (3) such that! " ! # 1,
" ldist(,98) M1 L3 ($)= &
| |
! " #o s " #!
L a(l)y “ ,zn S
| "2 - 1 =
am jues o k W 170
and / 2 / 2
1\n n
a)"2 _ L a)

In particular, if every "-orbit in ! has positive dimension, then(1) must
hold true.

Proof. Since the groupK =" . _, given by case 2 of Theorem 3.1, has finite
index in " and this index is the cardinality of the "-orbit of !y, our assumption
implies that K =" and ! is a fixed point. So case 2 of Theorem 3.1 reduces
to case 2 of this corollary. O

Note that the functions a and c determine the location of the concentration
point !.

It was shown in [4, Theorem 2.3] that, ifa=c=1, b=0and! ' % &
then & is not attained by Je,0n Nos. So, if every "-orbitin! \'! ' has positive
dimension, statement 2 of Corollary 3.2 must hold true.

In the following section we will state a nonexistence result which allows us
to obtain information on the limit profile of solutions to the problem ().

4. Blow-up at the higher critical exponents

Throughout this section we will assume that ! is a "-invariant bounded smooth

domain in R" whose closure is contained irR™ 1’ (0,! ). Then, the points in

{0y (0,! ) must be fixed points of ", soR™ 1'{ 0} is "-invariant and we may

regard " as a subgroup ofO(n$ 1). We will also assume that!'\! ' and!' are

nonempty, and that every "-orbitin! \!' has positive dimension. As before,

#:" " Zy will be a continuous homomorphism which satisfies assumption (5).
We set

Dy={x#!:dist( x,! ')>(} if (>0, and ! g:=!

and we fix (o > 0 such that ! 4, % & For m ( 1 and( # [0, (o), we consider
the problem

$
%S div(x™) u)+ )X Mu= xT|ulP 2u in! 4,
Cip) goU =0 on % .
u(*x) = #(*)u(x), *EHOXH
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where z' denotes the functionz = (x1,...,zy) " 2, and X # ($ All,%),
with )} as defined in (9). Then, the operator$ div(z'&) + Az is coercive
in Dé’ (") '. So the data of this problem satisfy all assumptions stated at the
beginning of Section 2.

Theorem 2.2 asserts that the problem @f‘fp) has a least energy solutionu-
if 6# (0,00) and p# (2,2} 4), where

d:=min{dim("z):z#! \!'}.

Note that, by assumption, d > 0. On the other hand, for 6 =0 and p = 2}, the
following nonexistence result was proved in [5].

Theorem 4.1 If dist(! ' ,R" 1'{ 0})=dist(! ,R"" ’{ 0}), then there exists

A #($ A!l,O] such that, if A # (A, %) ({ 0}, the critical problem (pﬁyzl ) does

not have a least energy solution. "
Moreover, Ay <0if m) 2.

Proof. See Theorem 3.2 in [5]. O

For & # (0,00) and p # (2,2 4), let J., : D5?(! +)' " R be the variational
funcional and N..; be the Nehari manifold associated to the problem ¢ ),
and set

by =inf {Jop ()t u# N}
We write J;, Nf and Ei for the variational functional, the Nehari manifold and
the infimum associated to the critical problem (p’g,z!ﬂ) in the whole domain ! .

Extending each function inN.. ,, by 0 outside of ! -, we have thatN. , *N /
and J- 2 (u) = Ji (u) for every u # N "!, 2 - Hence, /i + E.!.’ 2

Lemma 4.2 £, " 4 asé" O.

Proof. Let X := (R")" and Y be its orthogonal complement inR". Since
I'\'!I'' = - and every "-orbitin! \!"' has positive dimension, we have that
dim(Y)) 2.
We claim that there are radial functions yx # C? (Y) such that x(y) = 1
it Iyl + &,
I I

lim 2-0 and lim &y|?=0. 12
Jin lekl Jin Y| Xkl (12)

To show this, we choose a radial functiong # C# (Y)) such that g(y) = 1 if
lyl + Land g(y) =0if |y|) 2, and we setg(y) := g(ky). Define

nk
, where oy =
=1 J i=1

Xk (y) = i"k aly)
, = .

Sl e
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Clearly, ! «(y) = L,if |y|! % and! (y)=0if |y|" 2. Asdim(Y)" 2, we have
that , #al®!  [#4g|°. Hence, for some positive constanC,
#o
|12 % 5$0 ask$% .
Y kj=1 J

Finally, as all functions !  are supported in the closed ball of radius 2 inY,
the Poincaré inequality yields

't C [#1?$ 0,
Y Y

and our claim is proved.

Given # > 0 we choosés & N/ such that J; ($) < % + 5. For (x,y) &X' Y,
we define$x(x,y) = (1 ( 'k(y)$(x,y). Note that, as ! ¢ is radial and $ is
is &equivariant, $i is also &equivariant. Moreover, the identities (12) easily
imply that $ $ $ in D3(!) . So, fork large enough, there existg & (0, %)
such that $ = t,$x & N/ andt, $ 1 Hence,$ $ $ in DI?() , and
we may chooseky & N such that J, (@ko) < % + #. Observe that supp(ﬁk) =
supp($k)) ! #if '< L. Sodk &N, if *< E. It follows that

% &

bt %y ! diyB)= G <% # e 0T
This finishes the proof. O
SetN ;= n+ m and
"y ={(y,2 &RV T R™ (y,|zZ) &4}, &[00).

Note that " 4 is [#’ O(m + 1)]-invariant, i.e., ( (y,)z) &" 4 for every (y,z) &
"4 ( &#,) &O(m+1). A straightforward computation shows that ug, is a
least energy solution to the problem Cﬁyp) if and only if vxp(y,z) := ugp(y,|z])
is a least energy solution to the problem

f (Sv++v= v 2y in" 4
(*#p) v=0 on, "4
v((y,)z )= &()v(y.z), *( &#, ) &O(m+1), (y,z) &" »

Therefore, for every+ & (( +’l,%), " & (0,70) and p & (2,2}, 4), the problem
(* #p) has a least energy solution. The following results describe its limit profile.
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Theorem 4.3 For §! (0,dp) let v, be a least energy solution to the problem
(pl,ngm ). Assume that

dist(! ',R" 1"{ 0}) =dist(! ,R" 1"{ 0}).

Then, there exists\; # 0 such that, if A! (\,$ ) % {0}, there exist sequences
(0k) in (0,d0), (sx) in (0,$), () in!'', and a nontrivial solution w to the
limit problem (3) such that

(i) & & O, ¢, *dist(¢,d") &$ ,and ¢ & ¢ with
dist(¢,R™ 1" { 0}) =dist(! ,R" 1"{ 0}),

(i) w is ¢-equivariant and has minimal energy among all nontrivial p-equiv-
ariant solutions to the problem (3),

(i) v, = &, % + o(l) in DV2(RN), where

#
a(kz"n)/zw (y,|2) "

b :2) = =

Moreover, Ay <0if m ( 2.

Proof. Let A\, be the number given by Theorem 4.1. FixA! (A ,$ )%{0}, and
let i be the least energy solution to the problem {off 2!n) given by v 1 (y, 2) =
w1 (y, |2]). Choose a sequencéc & 0 and setux = w, . Then, ux !' N !$
and, by Lemma 4.2, J, (ux) & 8. 1t follows from Corollary 3.2 and Theorem
4.1 that, after passing to a subsequence, there exist sequences)in (0,$ )
and (¢) in! ', and a nontrivial ¢-equivariant solution w to the limit problem
(3) such that ¢ & ¢, &, 'dist(¢k,0) &$ , Ju (w) = £,

#
' EiLE -k %
lim ’ 2 =0 13
dm g’ gt w = ; (13)

and % - & % - &
dist(¢,R" *"{ 0}) =min dist(z,R" *"{ 0}) .

X %"
Equation (13) implies that v, , satisfies (3). This concludes the proof. O

Theorem 4.4 For §! (0,60) andp! (2 ,2um +q) l€t vp be a least energy
solution to the problem (g, ). Assume that

dist(! ' ,R" 1"{ 0}) =dist(! ,R" 1"{ 0}).

Then, there exists\; # 0 such that, if A! (\,$ ) % {0}, there exist sequences
(6k) in (Oaéo)a (Ek) in (0a$ )1 (pk) in (2!N,m 72;\j,m +d)7 and (Ck) in ! : P and a
nontrivial solution w to the limit problem (3) such that



LAYERED SOLUTIONS AT THE HIGHER CRITICAL EXPONENTS 69

() 'w! O pc! 2m. " dist(#,$) !" ,and# ! #with
dist(#,R" T #{ 0}) =dist(! ,R" 1#{0}),

(i) %is &-equivariant and has minimal energy among all nontrivial&-equiv-
ariant solutions to the problem (3),

i) v = %, 4 + o(1) in DL2(RN), where
k Pk k 7k "

#

Moreover,’ |, < 0if m % 2.

Proof. Let ', be the number given by Theorem 4.1. Fix’ & ("," )'{ 0}.
Let u, be the least energy solution to the problem (fp) given by vip (y,z) =
Up (y,]z]) and let t,, & (0," ) be such that by, = tiyup & Nfz!n (N s
Proposition 2.5 and Lemma 4.2 allow us to chooséy & (0,!g) and px &
(25,20 gy such that 1, ' 0, pc ! 2, and J, () ! )?, where iy = U, py -
The rest of the proof is the same as that of Theorem 4.3 O

Finally, we derive Theorems 1.1 and 1.2 from Theorems 2.3 and 4.4.

Proof of Theorem 1.1. Let ":= O(n $ 1) and & be the trivial homomorphism
&) 1. Then, B' = B* [{0}# (0," )]. A &-equivariant function is simply a
"-invariant function and, as the standard bubble is radial, it is the least energy
"-invariant solution to the problem (3), which is unique up to translations and

dilations. Since dim("x) = n$ 2% 1 for everyx & B\ B', applying Theorems
2.3 and 4.4 to ! := B with this group action we obtain Theorem 1.1. O

Proof of Theorem 1.2. For n %5, let " be the subgroup of O(n $ 1) generated
by {€%*+ :, &[0,2-), * & O(n'$ 5)} acting on a pointy = (.,/) &
C2#R"V5) R"1, . =(.1,.2)&C#C,as

e%y = (e, 1), *y o= (%), +y:=($75. 7. 1),

and let & be the homomorphism given by&e'”) =1 = &(*) and &(+) = $1.
Then, B' = B * [{O}# (0," )]. If n = 5 then dim(" y) = 1 for every y &
R" 1\{ 0}, whereas forn %6 we have that

$
% n$5 if .«x0and/ =0,
dm("y)= o 1 if /=0,
n$6 if.=0.

Therefore, if n =5 or n % 7, we have that dim(" x) % 1 for everyx & B\ B' .
Notice that any point xo =(.,/ ) & B with . = 0 satisfies condition (5). Hence,
Theorem 1.2 follows from Theorems 2.3 and 4.4. O
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Abstract. Consider the second order RFDE (retarded functional
dilerential equation) x"(t) = f(t,x{), where f is a continuous real-
valued function defined on the Banach spac® ! C([" r, 0,R). The
weak assumption of continuity onf (due to the strong topology of
CY([" r, 0], R)) makes not convenient to transform this equation into

a first order RFDE of the type z'(t) = g(t,z;). In fact, in this case, the
associatedR?-valued function g could be discontinuous (with theC°-
topology) and, in addition, not necessarily defined on the whole space
R! C([" r, 0], R?). Consequently, in spite of what happens for ODES,
the classical results regarding existence, uniqueness, and continuous de-
pendence on data for first order RFDEs could not apply.

Motivated by this obstruction, we provide results regarding general prop-
erties, such as existence, uniqueness, continuous dependence on data
and continuation of solutions of RFDEs of the typex(™(t) = f (t,xy),
where f is an RK-valued continuous function on the Banach space
R! c (" r, 0],R¥). Actually, for the sake of generality, our in-
vestigation will be carried out in the case of infinite delay.

Keywords: Retarded functional dilerential equations (RFDEs), RFDEs with infinite
delay, initial value problems, properties of solutions
MS Classification 2010: 34K05, 34C40.

1. Introduction

Delay di'erential equations and retarded functional dilerential equations (for
short RFDES) represent a well-studied subject in view of many applications (see
e.g. [1, 9, 11]). Recently, we devoted a series of papers to first and second order
RFDEs on possibly noncompact manifolds, allowing also the case of infinite
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delay (see [2, 3, 4, 5, 6, 7, 8]). We mostly focused on the problem of existence
of periodic solutions, as well as on the structure of the set of solutions of
parameterized RFDEs. For such equations, we obtained global continuation
results by means of topological methods. In this framework, we also performed
a preliminary study in the paper [7] in which we investigated general properties
of RFDEs with infinite delay on dilerentiable manifolds.

Here we settle in the context of Euclidean spaces, and we tackle a dilerent
but related problem regarding higher order RFDEs whose reduction to first
order equations is not convenient, in spite of what happens for ODEs.

Consider, for example, the second order RFDE

x'(t) = 1 Ix'(t) + g(xo), 1)

where! > 0andg: C°[! r, 0, R*) " RX (r> 0)is a continuous function. Here,
as usual when dealing with RFDEs, ifx: J " RK is a function defined on an
interval, given t # J, x; denotes the map" # [! r, 0] $" x(t + "), whenever it
makes sense, that is, whenevet| r,t]%J.

Obviously, an equation (no matter how it is written) is well-defined if it is
clear what is a solution. For the equation (1), as well as for a broader class of
second order RFDEs, two dilerent notions are prominent. The first one is the
following.

Definition 1.1 (CP-solution of (1)). A function x:J " RX, defined on an
interval J, is a C%-solution of (1) if it is continuous and satisfies eventually
the equality

x"(t) = 1 Ix'(t) + g(x¢),

meaning that there exists# # J (# < supJ) such that [#! r,#] % J and the
equality is verified for eacht # (#,+& )’ J.

The second definition of solution is given by modifying the previous one
just by additionally requiring x to be of classC?.

Definition 1.2 (C!-solution of (1)). A function x:J " RX, defined on an
interval J, is a C!-solution of (1) if it is of class C! and satisfies eventually
the equality

x"(t) =1 Ix'(t) + g(xy).

Obviously, with any one of these notions, a solution turns out to be even-
tually of class C2.

In spite of the similarity of the two notions of solution, when dealing with
an initial value problem such as

x"(t)
X

PIXU) + g(x), t>#
$, ' (2)
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with | 1 CI(["r, 0], R¥), the above definitions yield very divergent conse-
guences.

If one seeks for aC!-solution, the problem is, in some sense, well-posed,
since anyC*!-solution must satisfy the additional initial condition x'(") = !'(0).
Therefore, under suitable assumptions org (such as Lipschitz continuity), one
gets the uniqueness in the future (i.e. fort # "). To see this, it is sulcient to
transform the above problem into the following first order initial value problem
in RkK$ RX: !

# x(t) = y(t), t>"

” f,(t)z S g, o
¥y = 10).

For existence, as well as uniqueness, results regarding initial value problems
such as (3) we suggest [14].

On the other hand, if one seeks for solutions of (2) according to the first
definition, the problem is under-determined: it becomes well-posed for any
additional condition x'("*) = ¢, with ¢! R¥ (where x'("*) denotes the right
derivative of x at "), so that the uniqueness of the solution of problem (2) is
never obtained.

Contrary to the above first notion of solution (the C° one), the second one
is suitable for the following general second order RFDE inRX:

x*(t) = h(t,x¢, x}), (4)

where h: R$ CO[" r, 0, RX) $ C°[" r, 0], RK) % R is a continuous function,
and x; is a shortened form of &');. Of course, (4) includes as a particular case
the equation (1). To see this, puth(t,$, %) = " #%0) + g($).

Anyhow, if one is interested in the C!-solutions of (4), it is convenient to
consider the graphically simpler and more general equation

x"(t) = f(t,X¢), %)

where f is an RK-valued continuous function defined onR $ C*([" r, 0], R¥).
To see that (5) is, in fact, more general than (4), it is sulcient to define
f(t,$)= h(t,$,$").

Apart its graphic simplicity, the equation (5) has two advantages. Firstly, f
may be defined onR$ C([" r, 0], R¥) and not necessarily onR$ CO[" r, 0], R¥).
Secondly, the assumption of continuity off on R$ C([" r, 0], R¥) is a milder
condition than the one we would get by requiringf continuous with the topol-
ogy induced byR$ C°[" r, 0], R¥), consequence of the fact that theC* topology
is stronger than the C° one.

Of course if f is defined and continuous onR $ C°[" r, 0, R¥), it is, in
particular, defined and continuous on the Banach spac&k $ C*([" r, 0], R¥).
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However, dealing with the equation (5) has a disadvantage: when (5) is con-
verted into the first order equation z'(t) = g(t, z;) by putting z(t) = ( x(t), y(t))
and g(t, z¢) = (y(t),f (t, %)), the associated continuous function

g: R! CY(["r, 0, R*I RF)# R RX, given by (t,!," ) $#(" (0),f (t,!)),

could not be compatible with any (R¥! RX)-valued continuous function defined
on R! CO"r, 0,R! RX). In other words, g could be discontinuous with
the coarse topology induced onR ! CX([" r, 0, R ! RK) by the containing
Banach spaceR! CO°["r, 0], Rk ! RX). Thus, the classical existence, as well
as uniqueness, results regarding initial value problems for first order RFDEs
could not apply.

Our purpose is to alleviate this disadvantage by proving general properties
of the equation (5), as well as higher order equations of the type

xM(t) = f(t,xy), (6)

with f: R! C(™" (" r, 0], RK) # RX continuous. These equations will some-
times be associated with an initial condition of Cauchy type asx, = #, with
$ % R and # % C(" V(" r, 0], R), obtaining results regarding existence,
unigueness and continuous dependence on data.

Actually, for the sake of generality, we will investigate the case of infinite
delay, which includes the equation (6) as a special case.

As already pointed out, delay equations and RFDEs in Euclidean spaces
have been studied by many authors from dilerent points of view. For a gen-
eral reference about RFDEs with finite delay, we suggest the monograph by
Hale and Verduyn Lunel [14]. Among others, we refer also to the works of
Gaines and Mawhin [12], Nussbaum [17, 18] and Mallet-Paret, Nussbaum and
Paraskevopoulos [16]. For RFDEs with infinite delay we recommend the arti-
cles of Hale and Kato [13] and, more recently, of Oliva and Rocha [19], and the
book by Hino, Murakami and Naito [15].

In the above papers and books, the basic properties of RFDEs iR¥ have
been investigated, as well as other related issues (e.g. characterizing the space
of initial functions of RFDEs with infinite delays, see [15]). In spite of this, to
the best of our knowledge, our particular point of view on higher order RFDEs
has been never pursued. The main purpose of this paper is to fill this gap.

2. Preliminaries

Given m % {0,1,2,...} and b %R, we will denote by BU™(("& ,b], R¥) the
space of all functionsx: ("& ,b# RK which are bounded and uniformly con-
tinuous with their derivatives up to the order m. This is a Banach space, being
a closed subset of the spacBC™ (("& , ], R¥) of the C™-functions which are
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bounded with their derivatives up to the order m. As usual, BU((!" ,b], R¥)
and BC((!" ,b,R¥) stand for BU°((I" ,b],R¥) and BC((!" ,b],R¥), re-
spectively.

Whenm> 0,inBC™((!" b, R¥), and consequently inBU™((!" ,b], R¥),
among the many equivalent Banach norms we consider the following:

#x#= sup |x(t)|+ sup |[x(M(1)],
0 bl 0 bl

where here, and throughout the paper,| - | is the Euclidean norm of RK.

For simplicity’s sake, the norm of any infinite-dimensional Banach space
will be denoted uniquely by # - # No confusion should arise: the space whose
norm is considered will be apparent from the context.

We recall that a subset Q of BC((!" ,b],R¥) is precompact (i.e. totally
bounded) if and only if it is bounded and given any! > 0 there exists a finite
covering F of arbitrary subsets of (" ,b] such that the oscillation of any
"$QineachS $F isless than! (see e.g. [10, Part 1, IV.6.5]). Of course,
the same holds true for the subspaceBU ((I" ,0,R*) of BC((!" ,0,R¥).
Consequently, a subsetQ of BU™((!" b, R¥) is precompact if and only if
it is bounded and given any! > 0 there exists a finite coveringF of (" ,b
such that for any " $ Q, the oscillation of " (M) in eachS $ F is less than!.
Clearly, the space being complete, any precompact subset &U ™ ((!" b, R¥)
is relatively compact.

Remark 2.1 Due to the fact thatin BU™((!I" ,b], R¥) the derivative of order
m of any function is uniformly continuous, a subset of this space is totally
bounded only if it is bounded and made up of functions whosen-th derivatives

are equi-uniformly continuous. The converse is not true even whem = 0:

think about a traveling wave with compact support that goes to " and
preserves its shape.

Let x: J % R¥ be a continuous function defined on an unbounded below
real interval (that is, J is either a left, open or closed, half-line, or it coincides
with R). As usual, given anyt $ J, by x;: (I" ,0]% R we mean the function
# &YX (t + #).

Remark 2.2. One can easily check that the function that associates to any
(t,x) $ (" ,b’ BU™((!" ,b,RK) the elementx; $ BU™((!" ,0],R¥) is
continuous. Thus, in particular, given x $ BU™((I" ,0],R¥), the map t $
(", b &%, is a continuous curve iNnBU™ ((!I" 0], RY).

Let n be a positive integer andf : | % RX a continuous function defined on
an open subset ! of R* BU™ 1((!" ,0],R¥). Let us consider inR¥ a retarded
functional di"erential equation of order n of the type

xM () = f(t,%¢). (7)
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Definition 2.3 (Solution of the equation (7)). A solution of (7) is a function
x:J ! RX, defined on an unbounded below interval, such that

X " BU™ ((#$ ,0],RY)

forall t" J, which verifies eventually the equaliti(") (t) = f (t,x). That is, x
is a solution of (7) if there exists! < supJ, such that, for eacht " (!, +$ )%/J,
one has(t,x¢) " ! and x(M(t) = f (t,xy).

Obviously, according to Remark 2.2, any solution of the equaltion (7) is
eventually of classC".

A solution of (7) is said to be maximal if it is not a proper restriction
of another solution. As in the case of ODEs, Zorn's lemma implies that any
solution is the restriction of a maximal solution.

Given an initial function " " BU" ((#$ ,0],R*) and an instant ! such
that (!1,") " !, we will be interested in the following initial value problem:

|

SR )

Definition 2.4 (Solution of the initial value problem (8)). A solution of (8) is
asolutionx: J ! Rk of the equation(7) such thatsupd > ! , x(M(t) = f (t, x;)
forall t" (1, +$)%J,and x, = ".

Clearly, a function x: J ! RX, defined on an unbounded below interval, is
a solution of (8) if and only if supJ >! andforallt" J one has

# . $
)+ %f (S,Xs)ds, ifté&! ©)
"(t#1), ift’ 1,

x(t) =

where " © (0) := " (0).

Remark 2.5. In spite of the fact that the n-th order derivative of a solution
x:J ! RKof (8) may notexistat t = !, the right n-th derivative x(™ (!, ) of x
at ! always exists and is equal tof (!,"). In fact, by definition, x(™ (!, ) is the
n-th derivative at ! of the restriction x. of x to the interval [!, +$ ) %J, and
this restriction, because of (9), is aC" function such that x(+“)(t) = f (t,xy) for
allt" !, +$ ) %J.

3. Existence

Here, our attention is devoted to the existence, global or local, of the solutions
of the initial value problem (8).
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A continuous function f : R x BU™ 1((—oc0,0],R¥) — R* will be called
strictly retarded if there exists ! > 0 such that the valuef (t," ) depends only
on t and the restriction of " to (—oco,—!]. Thatis, "1(#) = "2(# for all
#e (—oo,—!]impliesf(t," 1) = f(t," ) forall t e R.

LeEMMA 3.1 Let f : R x BU™ 1((—o0, 0], R*) — RX be a strictly retarded func-
tion and choose$ € R. Then,

(1) any %< BU™ 1((—o0, $], R¥) is the restriction of a unique maximal so-
lution of equation (7);

(2) any maximal solution of equation (7) is defined on the whole real line.

Proof. (1) Choose any%e BU™ ((—oo,$], R¥) and let %be the C"' ! exten-
sion of %to the whole real line given by

. Ml g

= D oh)e), fori>s

o !

and, of course,%t) = %t) for t < $. Clearly % € BU" 1((—oc, 0], R¥), for
any s € R, and the map s — % is continuous (see Remark 2.2). Thus, we may
define theC"' * function

~ (y n! 1 ~
e WS (s, G ds, f t>$

$ %), if t<$.

Sincef is strictly retarded, there exists ! > 0 such that f (t," ) depends only
on t and the restriction of " to (—oo,—!]. Hence, for anyt in the interval

($,$+ 1], one hasf (t, %) = f (t, %) and, thus, X(M(t) = f (t, X;). This proves
that the restriction x of X to (—oo,$ + !] is a solution of (7). Therefore, by
Zorn’s lemma, x is the restriction of a maximal solution of (7), still denoted
for simplicity by x, and defined on an intervalJ containing (—oc,$+ !]. Now,
taking into account (9), again from the fact that f is strictly retarded it follows

that, for any t € J, the value x(t) depends only on the restriction of x to
(—o0,t —!]. This implies the uniqueness of the maximal solution of (7).

(2) Let x: J — RX be a maximal solution of (7) and, by contradiction,
assume that supJ < +oco. Due to the fact that f is strictly retarded, the same
argument used in the proof of (1) shows thatx can be extended to a solution
defined on (oo, supJ + 1), contradicting the maximality of x. O

Notice that, as a consequence of both the assertions of Lemma 3.1,fifis
a strictly retarded function, then the initial value problem (8) admits exactly
oneglobal solution(i.e. a solution defined on the whole real line). This fact will
be applied in the proof of the following lemma, which is crucial in our proof of
Theorem 3.3 below.
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Lemma 3.2 (Global existence) Let f : R! BU™ X(("# ,0],R¥) $ RX be a
continuous function with bounded image. Then, problem (8) has a global solu-
tion.

Proof. Let {!;} be a sequence of positive numbers converging to 0 and consider
the following auxiliary problem depending onj %N:
|

x(M(t) = f(t,xq y), t>"

X = #. (10)

Let fj: R BU™ X(("# ,0LR¥) $ R be defined byf;(t.$) = f(t,$:,);
so that in problem (10) the expressionf (t,x; 1, ) can be replaced byf; (t, x¢).
Clearly, f; is a strictly retarded function. Hence, because of Lemma 3.1, prob-
lem (10) has a unique solutionx! defined on the whole real line. Now, observe
that the restrictions to the half line [ ", +# ) of the functions xi are all of class
C" (see Remark 2.5) andf having bounded image, these restrictions have equi-
bounded n-th derivatives. Consequently, in any compact interval [', b] these
functions are also equibounded, due to the fact that their values at' are all
equal to #(0). Thus, taking into account that in the left half line ( "# ,"] the
functions x! do not depend onj, applying Ascoli’'s Theorem to any compact
interval [",b], and by using a standard diagonal procedure, we may assume,
without loss of generality, that the sequence{x! } has the following properties:

» there exists a functionx: R$ RK such that xI (t) $ x(t), for any t %R;
e Xs %BU™ Y(("# ,0],RY), for all s%R;
+ xL'$ xs in the spaceBU™ (("# ,0],RX), for all s %R.

Now observe that, asj $ +# , one actually hasxy, 1, $ Xs, forany s %R (see
Remark 2.2). Consequently, by applying Lebesgue’s Dominated Convergence
Theorem in equality (9), with f;(t,X¢) in place of f (t,xy), we get that x is a
solution of the initial value problem (8), proving the assertion. O

Theorem 3.3 (Local existence) Let f : ! $ RX be a continuous function on
an open subset! of R! BU™ L(("# ,0],RX) and (",#) %! . Then, the initial
value problem (8) admits at least one solution. In particular, any mazimal
solution is defined on an open interval.

Proof. Let N & ! be a closed neighborhood of (',#) whose image underf
is bounded. Due to tpe Tietze extension Theorem, the restrictionf |y has a
continuous extensionf : R! BU™ 1(("# ,0],RK) $ RX with bounded image.

By applying Lemma 3.2 to the problem
|

x(”)(t)
Xn

f(t,xy), t>"
#l
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we get the existence of a solutiorx"defined on the whole real line. Because of
the continuity of the map t !" (t, X;), and taking into account that (!, X.,) =
(1," ) # N, one can find# > 0 such that (t, X;) # N forall t # [!,! + #). Since
f = f in N, the restriction of X to the half line ($% ,! + #) is a solution of
problem (8).

It remains to show that the domain of a maximal solution, call it x, cannot
be a closed interval of the type $% ,b]. In fact, if this were the case, by
applying the above argument to problem (8) with initial data (!,") = (b, Xp)
we would get a contradiction. O

4. Uniqueness

In this section we will give conditions ensuring the unique dependence on the
past of the solutions of equation (7). We need the following folk result, whose
proof is given here for the sake of completeness.

Lemma 4.1 Let $:[!,! + h) " R*(0 < h & +%) be aC?! function such
that $(!) = 0 and |$'(t)| & ¢ sup,, 4 $(s)| for some constantc’ 0 and all
t#[,! +h). Then, $(t) ( Oin [!,! + h).

Proof. Assume the contrary. Then, without loss of generality, we may suppose

that ! is such that $ is nontrivial in any interval [ !,! + #], with 0 <# <h .

Take # such that #c < 1 and lettg # [!,! + #] satisfy the condition |$(to)| =
max(s] [$(s)| > 0. We have

se[r, 7+

$(to)| = [$(to) $ $(!)| & (to$ ) sup [$'(s)| & #d$(to)|.

s€[r,to]

Being #c < 1, the above inequality implies$(to) = 0, and this is a contradiction.
O

Letf:! " R be continuous on an open subset oR) BU"~1(($% , 0], R¥).
Given an open setU * |, we will say that f is compactly Lipschitz in U with
respect to the second variableor, for short, c-Lipschitz in U, if, given any
compact subsetQ of U, there existsL ’* 0 such that

IF (4,9 $ (&) & L+%$ &+

for all (t,%),(t, &) # Q.

Moreover, we will say that f is locally c-Lipschitz in ! if forany ( !,") # !
there exists an open neighborhood of!(") in ! in which f is c-Lipschitz. In
spite of the fact that a locally Lipschitz function is not necessarily (globally)
Lipschitz, one could actually show that if f is locally c-Lipschitz in !, then it is
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also (globally) c-Lipschitz in . As a consequence, iff is C* or, more generally,
locally Lipschitz in the second variable, then it is additionally c-Lipschitz.

Roughly speaking, Theorem 4.2 below shows that, if is c-Lipschitz in !,
then the future of the solutions of equation (7) is uniquely determined by the
past. In particular, under this assumption, the initial value problem (8) has a
unigue maximal solution, which is necessarily defined on an open (unbounded
below) interval, as stated in Theorem 3.3.

Theorem 4.2 (Uniqueness) Let ! be an open subset dR! BU™" (("# ,0],R¥)
and letf:! $ RX be c-Lipschitz. Letx':J; $ RX,x%:J, $ RX be two
maximal solutions of equation(7). If there exists! %J; & J, such thatx!(t) =

x2(t) for t* ! and (x")(M(t) = f (t,x}) for t %J; (i=1,2),t>"! , then J; = J
and x! = x2.

Proof. Since, according to Theorem 3.3J; &J, is an open interval, there exists
h> 0 suchthat[!,! + h]( J1 &J,. Then, each one of the sets

Q= !(t,x{)%! ( R! BU™Y(("# ,0,R%): t%[!,! +h], i=1,2

is compact, as the image of the continuous curve )$ (t,x}) %! defined on
[',! + h]. Sincef is c-Lipschitz in !, there exists L * 0, corresponding to the
compact setQ = Q; + Q2, such that for any t %[!,! + h] we have

If (t,x2)" ft,xH)” L,x2" xi,.

Set" (t) = x3(t) " x*(t), for t %J; & J,. Then, choosing anyt %[!,! + h], we

get # $
"M@ L,", =L sup|"(t+#|+sup|" ™M D(t+#H) .
"0 "0
Consequently, since' (s)=0for s’ !, one has
(n) # Il $
"M@ L sup ["(s)[+ sup "™ ()], (11)
s#"t] s#{"t]
Moreover, the fact that " (1) = "¥!)= -.-= " (" (1) =0 implies
Bs (on gyt 2 &
" (s)] = ﬁ w--w 1>($)d$% M sup |" (™ V($)|, fors%][!,t],
« (n" 2! ##t]
12)
where &
"+h(! +h" $)n!2 hn!l

M=) G R T

Hence, by (11) and (12), we get
I"™M@®) LM +1) sup "™ D(s)].
s#["t]
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Now, by applying Lemma 4.1 with ! = " ("' 1 we obtain " ("' Y (t) = 0 for all
t! [#,#+ h) and, thus, again by (12)," (t) =0 for all t! [#,#+ h).

This shows that x! and x? coincide in any right neighborhood of # con-
tained in the open interval J; " J,. This implies J; = J, and, consequently,
X1 = Xo. In fact, if one of the intervals were strictly contained in the other,
the corresponding solution would admit an extension to the bigger interval,
contradicting its maximality. O

5. Continuous dependence on data

Below we will be concerned with upper semicontinuous multivalued maps. We
recall that a multivalued map ! between two metric spaces X and Y is said to
be upper semicontinuousif it is compact valued and for any open subsetU of
Y the upper inverse image ofU, i.e. the set!'' Y(U) = {x ! X :I( x) # U}, is
an open subset ofX. Equivalently, ! is upper semicontinuous if and only if it
has closed graph and sends compact sets into relatively compact sets.

The next lemma regards the continuous dependence on the initial data of
the set of solutions of problem (8) in the case wherf is globally defined with
bounded image.

Lemma 5.1 Let f : R$ BU™ 1((%&,0],R¥) * RX be a continuous function
with bounded image. Then, for anyb! R, the multivalued map

" b (%&,b)$ BUM™ 1(%&,0,R) ! BUM™ (%&b, R¥)

that associates to any(#, 9 the set

!
"L 9= x! BU™ Y(%&,H,R¥): x is a solution of problem (8)
is upper semicontinuous.

Proof. According to the characterization stated above, it is enough to show
that " fb has closed graph and sends compact sets into relatively compact sets.

Let us prove first that " f has closed graph. To this end, take #,$,X) in
the graph G of " f . This means that x belongs to " (#, 9 and, by (9), satisfies

$j"01 W g (0) + f“('n?l), f(s,xs)ds, if#( t( b 13
$(t %#), if t( #.

x(t) =

Define the subsetF of the space

(%& , b $ (%&,b)$ BU™ 1((%&,0],R*) $ BU™ 1((%&, b, R¥)
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consisting of the quadruples {!,",x ) which satisfy (13). Notice that F is
closed, because of the continuity of the following fourR*-valued functions in-
volved in (13):

1" %) " x(b),
X)) H ),
n'1 i
" ; t#1)
(t1|1 X )' Jgo:lil (])(O)v
) ) t (t# S)n! 1
1)) [T (s x) ds.

The continuity of the last one, the integral function, can be deduced from the
Dominated Convergence Theorem. Thus, the sliceB; = {(!,",x ) : (t,!,",x ) $
F} of F are all closed. Consequently, so is the grapls = (. ,F; of ! L

It remains to show that ! L sends compact sets into relatively compact
sets. Take a compact set of #% ,b) & BU™ 1((#% , 0], R¥) and observe that
it is contained in a set of the type #,$]1 & A, with $ < b and A a compact
subset of BU™ 1((#% ,0],R¥). Thus, it is enough to show that the subset
K =1 fb([#,$] & A) of BU™ 1((#% , b], R¥) is relatively compact. To this end,
observe that K is relatively compact if and only if so are both T;(K) and
T»(K), where

Ti: BU™ Y((#% b, R) " BU™ Y((#% ,#],R¥),

and
To: BU™ Y((#% ,b,R) " C™ ([#,b],RY),

denote the restriction operators to the intervals #% ,#] and [#, b], respectively.
Let us consider first T1(K ). According to Remark 2.2, the map

(1,")$ [# +%) &BU™ Y((#% ,0],R*) I" ".,, $ BU™ Y((#% ,0], R¥)
is continuous. Therefore,A being compact, so is the set
{1 S8 S A}
which, up to the isometry
x$ BU™ 1((#% ,#],R*) I" x» $ BU" 1((#% ,0],RY),

can be identified with T;(K). Thus, T,1(K) is compact.
To complete the proof, let us show that T,(K) is relatively compact. To
this end, consider inC"' 1([#, b], R¥) the Banach norm

"X = [x(#)|+ max |[x™ D).
[X(#)] t#["’b]l O]
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Observe first that, because of the continuity of the evaluation mapx " x(!),
there exists C > 0 such that |[x(! )| # C for all x $ K. According to Ascoli’'s
theorem, it remains to prove that the functions of T,(K) have equicontinuous
derivatives of order (n %1) on [I,b].

To this purpose, choose" > 0 and take any x $ K. According to Re-
mark 2.1, the compactness ofA implies that A is bounded and its elements
have equi-uniformly continuous derivatives of ordern % 1. Hence, there ex-
ists # > 0 such that, if $;,% $ (%&,0] with |$; %%,| <# and %$ A, then
|94" D ($;) %% V($)| <" . Therefore, recalling that x(t) = %t %&) for some
%$ A and all t # & one has

Ix(™ D(ty) %x™ D(ty)| <,

for any t1,t2 $ [!, &], with |ty %t,| <#.

Now, let us consider the functionx in the interval [ &, B. Sincef is bounded,
there existsL > 0 such that |x(") (t)| # L for all t $ [&, B, and, consequently,
x("" 1) is Lipschitz continuous on [&, B, with constant L.

Now, by taking ' = min {#,"/L }, we obtain

X" D (1) %x™ D(t)] < 2,

for any t1,t2 $ [!,b] with |ty %ty] <’ . Sincex $ K is arbitrary, this proves
that T»(K) is relatively compact in C™' 1([!,b], R¥). O

Our purpose now is to remove the assumptions, in Lemma 5.1, that the
function f is defined on the whole spaceR’ BU™ ((%&,0],R¥) and has
bounded image. More precisely, we will prove a result concerning the contin-
uous dependence of the solutions of problem (8) on the initial data, in the
general case in which the functionf is merely continuous on an open subset !
of R BU™ 1((%&,0],R¥). To this end we will previously extend the validity
of the notation " L introduced in Lemma 5.1.

Take b $ R and assume that &,% $ !, with & < b is such that any
maximal solution of (8) is defined up to b. In this case, and only in this case,

we define the set
! "
"5 (& %= x$ BU" ((%&,H],R¥): x is a solution of problem (8) .

Notice that " (&, %is nonempty, whenever it is defined. In fact, in this
case, the vacuous truth does not apply, due to the existence of at least one
maximal solution of the initial value problem (8) ensured by Theorem 3.3.

As a special example, we observe that, under the assumptions of Lemma 5.1,
the set " (&, %is defined for any &, %in the open subset

Df = (%&b’ BU™ 1((%&,0],R)

of R” BU™ 1((%& 0], R¥). Moreover, in this case, "| (&, %is always compact.
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Theorem 5.2 (Continuous dependence)Let f : ! | RK be a continuous func-
tion on an open subset of R" BU™ 1((#$ ,0],R¥). Then, given b%R, the
set | "

Dl = (1,")%!:" [(,") is defined and compact

is open and the multivalued map(!," ) % Ii) t" (") is upper semicontin-
uous.

Proof. Let us show first that DL is open. To this end, consider the multivalued
map

#:(#$ b BU™ Y((#$ ,b,R)! R" BU™ ((#$ ,0]RY)
! n
defined by (@, x)! (t,x{) : a& t & b . Notice that # is compact valued,

since, given @, x) in its domain, the curve t % [a,b "' (t,X;) is continuous,
according to Remark 2.2. We claim that # is actually upper semicontinuous.
To this purpose, let us prove that the graph of # is a closed subset of

T=(# ,b" BU™ Y((#$ ,b,R)" R" BU™ Y((#$ ,0],R¥)

and that # maps compact sets into relatively compact sets.

Observe that the graph of # is equal to
! n
(a,Xt,#)%T:a&t& b, #=x; ,

which is closed because of the continuity of the maps
(a,x,t,#)"1 # and (a,x,t,#)'l X.

Now, any compact set in the domain of; # is contained in another compact
set of the type [c, " K, and #([c, " K)= " (t,x¢): t %[c,1d,x %K is as well
compact, being the image of¢, " K under the continuous map ¢, x) "' (t, X¢).
Thus, # is upper semicontinuous, as claimed.

As a consequence of this, we get that the multivalued map

Pl:DL ! R"™ BUM™ Y((#$ ,0],R¥)
thatto any (!,") % Ii, associates thebrush off starting at (!,"),

f " # w o f n $
PhLy = o)

is compact valued (recall that an upper semicontinuous multivalued map trans-
forms compact sets into compact sets).

Observe that the initial point (!," ) belongs to Pg (," ) whatever is (1,") %
D| . Moreover, one has

!
PI(,")= (txy):! & t& b, xis a solution in (#$ ,b] of problem (8) .
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Thus, recalling that any solution x ! ! L(!,") must satisfy the condition
(tx;) ! "forall t! [1,b], one getsP/ (1,") " "forall (1,")!D[. No-
tice also that any brush P; (!," ) is a connected set. In fact, it is actually path
connected, since any element in it can be joined with the initial point ¢," ).
This fact will be useful later.

In order to show that DL is open, take an arbitrary element (; *) I D L
We need to find a neighborhood of {; ™) which is contained in DL. To this
purpose consider the compact sePg (T, ™) and let V be an open neighborhood
of Pg (T, ") whose closureV is contained in " and whose imagef (V) is bounded.
Because of the Tietze Extension Theorem, the restrictiorf |- of f to the closure
of V admits a continuous extensiong: R # BU" 1(($% ,0],R*) & R* with
bounded image.

Now, we can apply Lemma 5.1 with the functionf replaced by g, getting
the upper semicontinuous multivalued map

13:Dgt BUM™ 1(($% b, RY),

defined on Dy = ($% ,b) # BU™ 1(($% , 0], R¥). Thus, taking into account
that the composition of upper semicontinuous maps is upper semicontinuous,
the multivalued map

PS:D{ ! R#BU" (($% ,0]R¥),
[ "
given by PI(1,"):=# {1}# ! §(1,") , is as well upper semicontinuous.

Let (1,") ! V. We claim that, whenever one of the two brusheng ")
andP2(!," ), is contained in V, then so is the other one and®; (!," ) = P2(!,").

For sure we havePg ") v = Plf’(!," )’ V, since the two functions f
and g agree inV. Therefore, assume, for example, thaIPg (',") is contained
in V. Then PJ(!," )’ V is a compact set, since so isPtf, (," ). Consequently
P2(1,") V = PJ(!,"), since otherwise it would be disconnected. This proves
our claim.

As a first consequence of this we get that the se®J(T, ) is equal to Pg ™
and is contained inV. Due to the upper semicontinuity of P2, there exists a
neighborhoodU in D such that, for any (!,") ! U, one hasPZ(!," )" V and,
consequently,P! (1,") = P3(1,").

This implies that, whenever (1,") ! U, any solution in ($% ,b] of prob-
lem (8) is as well a solution of the same problem withf replaced by g, and
viceversa. Thus, because of the arbitrariness oft (™) and taking into account
of Lemma 5.1, one gets both thatDL is open and the multivalued map !L is
upper semicontinuous. O

Remark 5.3. In the case when the uniqueness of the solution of problem (8)
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is assumed (as e.g. in [7]), the map [, turns out to be single valued and, by
the above theorem, it is in fact continuous.

6. Continuation property

Here we are interested in the continuation property of the solutions of equa-
tion (7). That is, the property of the solutions of being continuable (not max-
imal). Our first result states that, given a solution x:J ! RX, if the curve
t " (t,x¢) lies eventually in a complete subsetC of " and f (C) is bounded,
then x is not maximal, unlessJ = R. In this way we include Lemma 3.2 as well
as some special cases, stated for= 1, that can be found in [14, Chapter 12]
and [15, Chapter 2].

THEOREM 6.1 (Continuation of solutions). Let f: " | RK be a continuous
function on an open subset' of R# BU™ 1(($% ,0],R¥). Let x:J ! RX
be a solution of equation(7) such that (t,x;) belongs eventually to a complete
subsetC of " . If f(C) is bounded andsupJ < +%, then x is continuable. In
particular, if f is defined on the whole spac&R# BU"' (($% , 0], R¥) and has
bounded image, then any maximal solution is defined on the whole real line.

Proof. If J = ($% ,b], then x is continuable, since, according to Theorem 3.3,
any maximal solution is defined on an open interval. Therefore, we may assume
J =(%$% ,hb).
Since {, x;) belongs eventually to C, f (t, x) is eventually bounded, and so
is x(M(t). Thus,
t“rE, X(n! 1)(t)

exists and is finite. This implies that all the functions xU)(t),j =1,...,n$ 1,
are eventually bounded as well, so that the limits

IirE xU) (), j=0,....,.n$ 2
t" !

exist and are finite. Therefore, x admits a C"' 1 extension, call it X, to the
closed interval ($% ,b]. Clearly, X, belongs toBU™ 1(($% , 0], R¥) and

lim (t,x¢) = (0,Xy).
t" b

SinceCis complete, p,xy) belongs toCand, thus, to ". Consequently, because
of the continuity of f, we getx(™ (b) = f (b,Xp), So that X is a solution of (7),
which cannot be maximal according to Theorem 3.3.

The last assertion follows from the previous one. O
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The following two corollaries are straightforward consequences of Theo-
rem 6.1. Therefore, their proofs will be omitted. We only point out that, in
both the corollaries, the condition supJ < +! , required in Theorem 6.1, is
trivially satisfied.

Corollary 6.2 Let f:! " RX be a continuous function on an open subset
I of R# BU™ 1(($! ,0],R¥). Let x: J " RX be a solution of equation(7)
and assume that(t, x;) belongs eventually to a compact subset bf. Then x is
continuable.

Corollary 6.3 Letf: R# BU™ 1(($! ,0],RK)" RK be a continuous func-
tion sending bounded sets into bounded sets. ¥:J " RK is a solution of
equation (7) such that(t,x;) is eventually bounded, therx is continuable.

The continuation property of the solutions may fail if, in Corollary 6.3, the
assumption that f sends bounded sets into bounded sets is removed (see [7] for
an example of a first order RFDE).

The following consequence of Theorem 6.1 is an extension of Corollary 6.3
and can be regarded as a Kamke-type result for RFDEs.

Corollary  6.4. Let W be an open subset oR # R # RK and set
= {(s,!) %R# BU™ 1(($! ,0L,R¥):(s,!(0),! ™ D(0)) %W}.

Letf:! " RX be a continuous function sending bounded sets into bounded sets.
If x: ($! ,b)" RXis a solution of equation (7) such that (t, x (t), x("* D (t))
belongs eventually to a compact subset ®¥, then x is continuable.

Proof. Denote by ": R# BU™ (($! ,0],R¥)" R# R*# RK the continuous
map (s,!) &' (s,! (0),! (" D(0)), and observe that ! =" ' (W), so that ! is
an open set. By assumption, there exist' < b and a compact subsetk of W
such that (t,x (t),x("" (1)) %K when"’ t<b.

Let Cdenote the closure inR# BU™ 1(($! ,0], R¥) of the set

{(t,x¢)," " t<b}.

Notice that Cis bounded, because of the assumptiont,(x (t),x("* D (t)) %K
for t in a left neighborhood of b, and it is complete, being contained in the
closed subset * (K ) of the Banach spaceR# BU™ 1(($! 0], R*). Moreover,
Cis contained in !, since so is "' 1(K), and f (C) is bounded, sincef maps
bounded sets into bounded sets. Therefore, all the assumptions in Theorem 6.1
are satisfied, andx is continuable. O

We point out that, if in Corollary 6.4 we take W = R# RK# Rk, then !
turns out to be the entire spaceR # BU™ 1(($! ,0],R¥). Consequently, in
this special case, given a solutiorx: ($! ,b) " Rk of (7), the following two
assumptions are equivalent:
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e (t,x;) is eventually bounded;
o (t,x(t),x(" D(t)) belongs eventually to a compact set.

This shows that Corollary 6.3 is a special case of Corollary 6.4, as claimed
above.

7. Examples

Here we give two examples showing how some initial value problems for higher
order ODEs, as well as higher order RFDEs with finite delay, can be interpreted
in the framework of RFDEs with infinite delay.

Example 7.1 (From ODEs to RFDES). Let g: W ! R* be a continuous func-
tion defined on an open subsew of R" R*" R’ and consider the initial value
problem I

oxT(t) = gt x (1), x'(t), t# !
4 x(1) = a, (14)
x'(1) = b,

where (1, a,b) is a given element ofW .

Let us show how this problem can be interpreted as an initial value problem
of a second order RFDE with infinite delay defined on an open subset of the
spaceR" BU'(($% , 0], R¥).

To this end, consider the open set

0,

$ ) %
1= (") &R" BUY($% ,0]R): (t," (0)," "(0)) & W

and definef: ! ' RF by f(t,") = g(t," (0)," "(0)). Choose any function #
in BUY(($% ,0],R*) such that #(0) = a and #(0) = b. For example, take
#($) = (a+ $hexp($$?). Then, any solution x: J ! R* of the system

& ..

X (t) = f(t,xy), t>!
X = #, (15)
if restricted to the interval J' [!, + %), is as well a solution of the initial value
problem (14). In fact, for t>! one has

X(t) = f(txs) = ot x4(0),x,(0)) = g(t, x (1), X (1),

and fort =! we getx(!)= x (0)= #0)= aandx'(!)= x (0)= #(0) = b

The same argument shows that, in some sense, the converse is also true.
More precisely, ifx: | | R is a solution of (14), then x can be extended to a
solution of (15) defined on the interval ($% ,!]( |. Thus, the two problems,
(14) and (15), may be regarded as equivalent.
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Example 7.2 (From finite to infinite delay) . Let g: W ! RK be a continuous
function defined on an open subseW of R" C( D ([#r, 0], R¥), r > 0, and
consider, in W, the following initial value problem with finite delay:
|
x(M(t) = g(t,x¢), t>!
X =",

(16)

where! $ Rand" $ C(™ D ([#r, 0], R¥) are given.
The above system can also be viewed as an initial value problem with infinite
delay. To see this, consider the subset R " BU (™ D ((#% , 0], R¥) given by

#
I= (tv#)(ti#l[' r,O])$W '

where#|; ,, o) denotes the restriction of# to the interval [#r, 0]. The continuity
of the map (t,#) &! (t,#[p v, o) implies that ! is an open set.

Now, definef : 1 | RK by f (t,#) = g(t,#|p +, o)) and choose any function
$$ BU™ D((#% ,0],R¥) such that $|y g = ". Then, as one can easily
check, problem (16) and

!
x(M(t) = f(t,x), t>!
Xi =%

may be regarded as equivalent, in the sense that any solutiom: J ! R¥ of
one of them coincides, fot $ [! # r, +%) ' J, with a solution of the other.
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Abstract. For dilerential equations with state-dependent delays a
satisfactory theory is developed by the second author [6] on the solution
manifold to guarantee C1-smoothness for the solution operators. We
present examples showing that better tha@*-smoothness cannot be ex-
pected in general for the solution manifold and for local stable manifolds
at stationary points on the solution manifold. Then we propose a new
approach to overcome the di"culties caused by the lack of smoothness.
The mollification technique is used to approximate the nhonsmooth eval-
uation map with smooth maps. Several examples show that the mollified
systems can have nicer smoothness properties than the original equa-
tion. Examples are also given where better smoothness th&t can be
obtained on the solution manifold.
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1. Introduction

Let h> 0, asubsetU ! (RM! "% and a mapf : U" R" be given. Under
additional conditions on U and f, we consider solutions of the initial value
problem (IVP)

x'(t)= f(x¢) for t>0, xo=!#U (1)

which are Cl-maps x : [$h,te) " R", 0 <t % &, with all segments x; :
[$h,0]" s(" x(t+s)#R", 0%t<te,in U so that x'(t) = f(x;) holds for
allt # (0,te), and xo = !.

For k # No, let XX = CX([$h,0],R") denote the Banach spaces of the
k-times continuqusly dilerentiable functions ! : [$h,0] " R" equipped with
the norm |! |y = J-k:O [' )] where|! |o = max, hgszol! (S)| with a fixed norm
|-]in R". We useX = X0,
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If U! X isopen andiff :U" R" is CP-smooth for some integerp # 1
then each! $ U uniquely determines a maximal solutionx' : [%h,t;) "
R" of the IVP (1). Then (t,!) &" x{, ' $Uand 0’ t<t,, defines a
continuous semiflow onU. The solution operators! &" x;, 0’ t, on non-
empty domains areC*-smooth, see [3, 2]. It is stated without proof on page 51
in [3] that CP-smoothness holds as well. The construction of the semiflow
and C-smoothness of solution operators are also given in [2, Chapter VII]. A
proof that the solution operators are in fact CP-smooth requires appropriate
modifications of the arguments in [2, Chapter VII]. The necessary modifications
are similar to those which are sketched in Section 5 folCP-smoothness in a
dilerent framework used for equations with state-dependent delays. In the
sequel, we refer to the case wheré : U " R" is CP-smooth on an open
U! X as the classical situation where the solution operators ar€P-smooth.
This framework is satisfactory for dilerential equations with constant delays,
but not for equations with state-dependent delays.

A large class of dilerential equations with state-dependent delays can ef-
fectively be handled within the following framework developed by the second
author [6]. Let U be an open subset oiX !, and consider aC'-smooth map
f :U" R" with the following extension property:

(e) eachDf (1): X1 " R™ has a linear extensionDef (1) $ Lo(X, R") so
that the map

U(X) (" )& D) $R"

is continuous.
Suppose! '(0) = f (1) for some! $ U. Then the set

Xt={rsu:1'0)="f()}*x+

is a Cl-submanifold of X! with codimension n, each! $ X! uniquely deter-

mines amaximal solution x' : [%h,t,) " R" of the IVP (1) so that any other
solution of the same initial value problem is a restriction ofx' . The relations

S(t,!)=xi, 0" t<t,, ! $X}
define a continuous semiflowS on X! such that all solution operators
S(t, ) {! $XFit<t }" X{, O t#0,
on non-empty domains areC-smooth.
Let a stationary point !9 $ X! of S be given. The continuous solutions

[%h,, )" R" of the IVP

Vi(t)= Def (L o)vy for t>0, vo="$X )
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tell us about the nature of the dynamics near ! ¢ : If all of these (whose re-
strictions V|, ) are di erentiable and satisfy the di erential equation in (2))

tend to 0 ast!"™  then ! is a stable and attractive stationary point of S,
and any local stable manifold is a neighbourhood of ! g in X}. If t #! 0 is the
only bounded solution R ! R" of the di erential equation in (2) then !¢ is

hyperbolic, and we have the decomposition
T Xt =Ls(10)$ Lu(lo)

into the closed stable and unstable spaces Ls(! o) and L (! o), respectively.
Ls(! o) consists of all segments of all continuously di erentiable solutions
[%h,” )1 R" of the IVP

V(t)=Df (lo)vy for t>0, vo="&T X} (3)

which tend to 0 as t ! ™ . For any local stable manifold WS(1 o) * X1 of S
at ! 0,
T We(to) =Ls(! o).

For example, the above framework works for the equation

X (t) = g(x(t %r (x1))), (4)

with a given map g : R" ! R" and a given delay functional r : U ! [0, h],
U’ (RO Equation (4) has the form (1) with

f=g(ev((id) (%))
where the evaluation map ev: (R™M)#MO) [oh 0] I R" is given by
ev(l,s)=1(s).

Let Vi denote the restriction of evto X ¥) [%h, 0], k & Ng. The smoothness
properties of the evaluation map and its restrictions play a crucial role in the
theory. The map evp is continuous (but not locally Lipschitz continuous).
Therefore a map f involving the evaluation map — like in equation (4) above
— in general is not locally Lipschitz continuous on open subsets of X, and
uniqueness of solutions with respect to only continuous initial data may fail,
which is indeed the case for certain examples, see [4].

The restrictions evk, k & N, of ev have nice smoothness properties. In
particular the map ev; is Ct-smooth on X 1) [%h, 0], with

Devy(Lt )(",s) =" (t) +s! (t).

Lemma 4.2 below states that for each integer k * 2, the map ey is CK-
smooth. CX-smoothness of these maps, which are not defined on open subsets



98 T. KRISZTIN AND H. O. WALTHER

of XK1 R, means that they have extensions to open subsets & ! R which
are CX-smooth in the usual sense.

It is an open problem whether, for equations with state-dependent delays,
better than C'-smoothness CP-smoothness withp > 1) can be obtained for
the solution operators, either on the solution manifold X} " X! or on other
phase spaces. The first step towards an alrmative answer would be to prove
that the solution manifold X} " X1 is CP-smooth for somep # 2. In Section 2
we give an example showing that in general, for &£P-mapf : U $ R" on an
open subsetU of X! with the extension property (e), the solution manifold
X# " X1is only Ct-smooth, not twice continuously di"erentiable, no matter
how largep is. The example has the form

x'(t) = %ix (t %d(x(t))), (5)

and it is crucial that ev; is not C2-smooth.

In spite of the lack of results on better than Ct-smoothness for the solution
operators generated by equations with state-dependent delays, the paper [5],
for eachk & N, gave conditions for the Ck-smoothness of local unstable mani-
folds WY (" o) at stationary points. For example, the required conditions hold
for equations (4) and (5) with at least Ck-smooth g,r,d. Therefore, within
the C!-smooth solution manifold X! it is possible to find certain invariant
manifolds with better smoothness properties. This is known for the local un-
stable manifolds [5], and it is expected for the local center and center-unstable
manifolds at stationary points. Does an analogous result exist for local stable
manifolds Ws(" ¢)? In the example of Section 2 the stationary point is attract-
ing, and the local stable manifold WS(" o) is an open neighbourhood inX}
of the stationary point which is not a C2-smooth submanifold of X . Thus,
the answer is in general negative for local stable manifolds at stationary points.
Section 3 contains another example in this direction where the stationary point
is unstable.

In Section 4 we propose a new approach to overcome the dilculties caused
by the lack of smoothness. We use the convolution and mollification to ap-
proximate the non-smooth map ev with smooth maps. Let#: R $ R be a
C" -smooth function so that supp# " [%L,1], and  #(s)ds = 1. For $ >0
set # (1) = (1/$)#(t/$), t & R. The idea is the following for equation (4)
provided that g : R" $ R" is Ck-smooth, r : X $ R is Ck-smooth, and
r(X)" (%,h%6% for some % >0. We choose$ & (0,% and in equation (4)
replace the termx(t %r (x¢)) by

0 #r(xe)+!
#(%r (X¢) s)x(t+ s)ds= % x(t + u)# (u) du.
#h #r(xe)#!
That is, the map
X" ($glev(, wr (")) &R" (6)
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on the right hand side of (4) is changed to the map
Ly #
X1 1 "g "($r(t)$ s)! (s)ds %R". @)

I'h

Thus the discrete state-dependent delay is changed to a distributed delay term
expressed by the convolution of the solution and a smooth function with com-
pact support. We show that for the modified equation
'y #
x()=g "1(Er(x) $ )x(t+ s)ds (8)
' h

the solutions of the corresponding IVP defineCk-smooth solution operators
on the phase spaceX . It turns out that (7) defines a CX-map on X, and the
classical theory developed for constant delays works.

In several models involving state-dependent delays the delay functional is
not given explicitly, and its smoothness properties are not obvious. We consider
an example of the form (4) in which the delay functionalr is given by a threshold
condition.

In Section 5 we explain how to getCk-smoothness withk > 1 for solution
operators on solution manifolds inX 1, in certain particular cases.

2. An example with an attracting stationary point
Takeh=2,n=1, U= XY andf(')= $# ($d(! (0) with0 <#< 3 and
d:R # (0,2) at least C2-smooth with
1
d$) =1+ $ for |$|< >

Then f is Ct-smooth with
Df (1)%= $#[%$d(! (0)) $ ! ($d(! (0)))d (! (0))%0)],
see for example Chapter 3 in [4]. The extension property (e) holds. We have
XE= {1 %Xt:1°0)=$# ($d(! (0))},
0 %X} is a stationary point of the semiflow on X, and
Def (0)%= $#%$ 1)
so that the linear di'erential delay equation of the IVP (2) becomes

vit)= $#V(tS 1),
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for which all maximal solutions tend to 0 ast!"  because of < '5 [8, 3, 2].
So any local stable manifoldW$ of the stationary point 0 # X} is given by
Ws = X! $ N with some open neighbourhoodN of 0 in X *.

We shall show that X} $ N is not a C?-submanifold of X 1. We begin with

a graph representation ofX . Notice that the tangent spaceY = ToX{ is the
closed hyperplane
{"#X1:"0)= %" (%1)}.

Choose aC?-function # # X\ Y with
#(0)=0= #'(0), #(%1)=1, and #(t)&0 forall t# [%20),
for example, #(t) = t2. Then
XI=R#’ Y.
Proposition 2.1
Xit={a(M#+":"#Y}
with the mapa:Y ! R given by

" - 1 " ! !
) = gyl (D %" (% O))
1

#(%d(" ()

o )]
Proof. For A# R and" # Y the relation A# + " # X} is equivalent to
(A# +")'(0) = % [(A# + ")(%d((A# + ")O))]
or
(%" (%1) =) "'(0) = %! [A# (%d(A# (0) + "(0))) + " (%d(A# (0) + " (0)))]
= %! [A# (%d(" (0))) + " (%d(" (0))],

or
— 1 "0, 04" (0 n
O

The map a is Ct-smooth. The linear continuous projectionP : X! X1
along R# onto Y maps X { one-to-one onto the hyperplaneY, and the inverse
of P|Xf1 is the map

Y (") a)#+ X XL
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Suppose now thatX}!! N is a C2-submanifold of X1. Then P defines a
C2-di'eomorphism from X} ! N onto the open neighbourhoodP (X} ! N) of
0in Y. For some open neighbourhood/ of 0 in X1, P(X}! N)= Y ! V. It
follows that the inverse

YT V" 1L#a(l)" +! %X N &X?

is C2-smooth. Using the projectionid * P and the topological isomorphism
R" " s" #$s %R we obtain that also the restriction of ato Y ! V is C2-
smooth.

It follows that the map
YLV LAS"(C d©O)))at)’ '(C 1) %R
is C2-smooth. It equals !if , and we obtain that the map
g:Y! V" 1L#SI( d(!(0) %R

is C2-smooth. A look at the formula for the derivative of f in case# = 1 and
an application of the chain rule to the composition of f with the embedding
Y $ X! shows that for every! %Y ! V and for each!"%Y we have

Dg(1)f =1( d(*(0)) " d'(*(0)!'( d(* (0 (0).
Fix some!” %Y with 1(0) = 1. The evaluation map
Ev:Lc(Y,R)" $#$8(T) %R
is linear and continuous. An application of the chain rule yields that
Ev(Dg:Y! V" ! #Dg(!)! %R
is Ct-smooth. Notice that for every ! %Y ! V,
(Ev(Dg)(!)="( d(*(0)) " d'(*()!'( d(* () -1

The maps
YL V" #$0(C d(!(0) %R

and
Y1 V"1 #$d(!(0) %R

are Cl-smooth.

Now choosel g %Y ! V with

1
0<1!o(0) < >
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which has no second derivative at 1! !4(0). Notice that d'(! ¢(0)) = 1. There
is an open neighbourhoodU of !y in X1, U" V, with

d(()) >0 forall ! #U.

This implies that the map
H:Y$U%! & ﬁ[(Ev( Dgy())! T d' (O] # R

is C1-smooth. Notice that
H()=1'(! d(!(0) forall ! #Y$U.

Choose! # Y with ! (0) =1. There exists " # (0, %) such thatforall s# (! ",")
we have

1
0<! g0+ s< > and !o+ s! # U.

As the curve R %s & g+ s! # Y is alne linear and continuous the chain
rule applies and yields that the map

it "M %s& H(o+s)#R

is Ct-smooth. For 0< |s| <" we have

S 1] = TH(o+ )1 H(o)

= %[(!o‘* s'( d((fo+ s1)(0) ! ot d(to(0)))]

= %[!6(! d(!0(0) + s)) + s!'(! d(10(0) + ) ! 1o(! d(!o(0)))]

= %[!g(! 11 15(0)! s)+ s!'(l 11 15(0)! s)! 15(1 1! 14(0))]

= %[!g(! 11 15(0)! s)! 15(1 11 1oO)]+ (! 1! 1o(0)! s).

This shows that for 0¥ s’ 0 the quotient

%[!g(! 11 15(0)! s)! 151 1! 1o(0))]

converges tgj'(0)! !'(! 1! !4(0)), in contradiction to the choice of ! ¢ without
a second derivative at! 1! 14(0).
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3. An example with an unstable stationary point

In this section X* = CI([! h,0],R™) will appear with n = 1 and n = 2.
In order to avoid confusion we introduce X} = CI([! h,0,R) and X} =
C([! h,0],R?).

Take h=2and ! and d as in Section 2, but nown = 2, and consider

g:Xz" R g("#)=(f("),#0)),
with f from Section 2. The mapg is C-smooth with
Dg(".#)(", # = (Df ()", %0)).
The extension property (e) holds. The solution manifold
Xg={("#)#X3:"(0)= 11" (! (d("(0)),#(0) = #(0)}

has codimension 2. The semiflowsy on Xg given by the C!-solutions of the
system

x'(t) Lix (t! d(x(b), 9)
y'(t) y(t), (10)

satisfiesSy(t, (0,0)) = (0,0) forall t $ 0, and
TooXs = {($.H# X3:$0)= 1 1$(! 1), #(0) = #0)}

The linear systemz'(t) = D¢g(0, 0)z, or

u'(t) = lu(t! 1), (11)
Vi) = v(t) (12)

has no nontrivial bounded solutionR " R?, so the stationary point (0, 0) # Xé
of Sy is hyperbolic. The solution R %t &" (0, €") # R?2 of both systems shows
that (0, 0) is unstable, and we have the decomposition

TopXg=Ls' Lu

with the stable and unstable linear spaced s = L(0,0) € T(O,O)Xé andL, =
L,(0,0) € {0}. The facts that all solutions [! 2,) )" R of equation (11) tend
toOast") andv(t)=00n][0,) )foranysolution[! 2,) )" R of equation
(12) with v(0) = 0 combined imply

{($.#) # To9Xg :#(0)=0}* Ls. (13)
As R %t &" (0, €') # R? is a solution of the system (11)-(12) we also get
(O, #,) # Ls.
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for !y, =exp |y 2,0;- Notice that we have
To,0Xg = {("!)! TopXg:1(0)=0}" R(0,!y). (14)
Corollary 3.1
Ls={(".!)! To,0Xg:1(0)=0}

Proof. Due to instability the codimension of Lg in the tangent space is at
least 1. By (14) the codimension of{(",!) ! T(ovo)xé :1(0) = 0} in the
tangent space is 1. Use the inclusion (13). O

We proceed to a complement of s in X 3. Choose# ! C2([#2,0],R)\ ToX}
as in Section 2 (for example#(t) = t2). Then #'(0) $ #$# (# 1). The constant
function 1 : [#2,0] %t & 1! R does not satisfy! (0) = !(0). Both facts
combined imply

X;=TonXg" R#0)" R(0,1).

Using (14) and Corollary 3.1 we arrive atX3 = Ls" Q with
Q=R(O!)" R(# 0)" R(0,1).

A local stable manifold WS ( Xé of the semiflow Sy at the stationary point
(0, 0) is given by a map
ws:Ls) Os’ Q

on an open neighbourhoodOg of (0,0) in Ls, and every solution of the system
(9)-(10) starting from a point (%,!) ! WS ( Xé tends to (0,0) ast ' *
Notice that for such a solution, necessarily! (0) = 0. We infer

WS ({ (%,0)! X3 :9%(0)= #3$%#d(%€0))),! (0)= !(0),! (0)=0}

= {(%,0)! X2:% Xt( Xi1! Xi1'0)=1(0),!(0)=0}

{(@M#+ "1 +0) | XJ:"1 ToXH( Xi11 X,

1'(0)=1(0),! (0)=0} (with Proposition 2.1)
{(a(M#+ "1 +0) ! X2:"1 X1 "0)=#$"#1),! ! XI,

1'(0)=1(0),! (0) =0}
{("+a(#! +0) ! X3:("1)! Tp,gXg, !(0)=0}
{("+a(")#,! +0) ! X3:(,!')! Ls} (see Corollary 3.1)

The last set is given by a map&:Ls’ Q. It follows that
ws = &Ios.

Now it becomes easy to show thatV s is not a C2-submanifold of X }. Indeed,
if it were a C? submanifold then the projection alongQ onto L would define
a C?-dileomorphism from WS onto Os whose inverse

Os %(",1) & ("+ a(")#,1)! X}
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would be C2-smooth, too. The restriction of a to the open neighbourhood
Oy ={11Y:(,0)! Os}

of 0 in Y can be written as a composition, beginning with the restricted con-
tinuous linear map

OY non #$(u, O) | Os,
followed by the previous inverse, and upon that followed by further continuous

linear maps. This implies that a is C2-smooth, which leads to a contradiction,
see Section 2.

4. Smooth functionals involving state-dependent delay

Let#:R $ R",! :R $ R be two continuous functions,! is assumed to have
compact support. The convolution#9% :R $ R" is defined by

| |

#9% () = #(t & s)!(s)ds= #(s)! (t & s)ds =" %#(t).

R R
In particular, suppose ! is C' -smooth, supp! * §&1,1], and g (s)ds= 1.
For $ > O set!,(t) = (1/$)! (U$), t! R. Then !/ (s)ds= 1. Moreover,
#%l,(t) $ #(t) uniformly on compact subsets ofR as$$ 0. For %! X
let %: R $ R" be the extension of%so that %t) = %&h) for t < &h,
and 0A/‘(t) = 9%0) for t > 0. The restriction of %9%! | to [&h, Q] is called the
mollification m, (% of % The map m, : X $ X is called a mollifier. The
function m, (% : [&h,0]$ R"isC' -smooth, and, for everyk ! N,t! [&h,0],

dk dk " #,\ k $
grem (A = (A1) = %%t ().

It follows that each linear map
my X " %M (%! X, j! Ny,
is continuous.

Proposition 4.1 Let m, : X $ X be a mollifier. Assume thatf : X $ R"
is a map such that its restriction fy, : XX $ R" is Ck-smooth. Then the map

fp X" %#$ f (m|(°/<)) I R"
is Ck-smooth.

Proof. We have
f1(%9 = f (M (%) = fi(mu (99),
andmy : X $ XX fi:Xk$ R" are CX-smooth. O
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Recall the following result on the restrictions of the evaluation mapev.
Lemma 4.2 For eachk ! N, the restricted evaluation map
ev : XK' [#h,0]1$ (I,t) %& (1) ! R"

is CX-smooth with

1 "j

! . |
Dlew(,t)("1,8;...;",8)= 1) s+ "0 s,
1=1 1=1 me|
L.,k " XK sg, ., s PR In addition, ev is not CK*1-
smooth.

Proof. This follows from results in [5, Section 4]). It can also be shown by
induction following the technique of [2, Appendix IV]. The partial derivative
of DXey with respect to its second variablet requires Ck*! -smoothness ofl .
Therefore ey is not k + 1-times di'erentiable. O

The above facts suggest that if the term
X(t# r(x¢)) = ev(X¢, #r(Xt))
in equation (4) is replaced with
ev(mi (Xt), #r(Xt))

or with
ev(m, (x¢), #r(m; (x¢))),

then we may get better smoothness properties for the semiflow. However, it is
still a nontrivial problem to find the appropriate phase spaces where smoother
solution operators can be obtained. Below we consider several versions of this
mollification technique for equation (4).

Of course, the mollification m, (x;) of the term x; in equation (4) changes
the original equation. So, the smoothness is obtained for a modified equation,
not for the original one. It is an interesting question — which is not studied here
— how the modified equation can be used to get information on the original
one.

Example 43 Letn=1, k! N,andletg:R & R andr : X & R be Ck-
smooth functions, and assume that there exist > 0 so thatr(X) ' (# h# #).
An example forr is

a+ (! (0)?

"= i 0)e
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with positive reals a, b, ¢,dand ! < % < g <h —1!. It is the composition of the
continuous linear functional " +— " (0) with an analytical real function which
strictly increases on [0, 00).

Consider the equation

X' (t) = g(x(t = r(x1))). (15)

For this equation a Cl-smooth solution manifold X} exists with f (") = go
evi(", —r(")), and the solution operators are Cl-smooth. For the mollified
equation we can get better smoothness.

Let #€ (0,!), define

Fi:X 5" = goev(m("),—r(")) eR",
and consider the equation
x'(t) = Fi (xt), (16)
or equivalently
"r (X )+ !

X't)=g - X(t +u)$ (—r(x¢) —u)du

tr(xon!
The assumptions on g, r, the continuity of m, : X — X¥, Lemma 4.2 and

Fi(")=goev(m ("), —r(")) = goevw(my ("), —r("))

imply that Fy : X — R is CK-smooth. It follows that equation (16), the molli-
fied version of (15), can be studied in the phase space X, and classical results
show that there is a continuous semiflow with CK-smooth solution operators.

EXAMPLE 4.4. Consider equation (15) with the same condition on g as in Exam-
ple 4.3. On the delay functional r we assume that its restriction ry : X — R is
CK-smooth, and ri(X*) c (I,h —!) for some ! > 0. For example, the threshold
delay in the next example has this property with k = 1.

Let #€ (0,!), define

fi: X 3" = goewo(id —r)(mk (")) €R,

and consider the equation

X' () = f,(x¢) (17)

on the phase space X . Proposition 4.1 gives that f, : X — R is CX-smooth, and
again the classical theory implies the CK-smoothness of the solution operators.
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Example 4.5 Letn=1, k€ N, and suppose thatg:R - R anda:R — R
are CX-smooth. In addition assume that a(R) C (ao,a1) with constants 0 <
ap < a1. We consider Equation (15) so that the delayr(x) is defined by the

threshold condition .

a(x(t+ s))ds=1. (18)
P (x)
" #
From a(R) C (aog,a1) it follows that 7(x) € i$% provug/roed it exists.
Chooseh >0andé >0sothath > L and§ <min = h— &

Let € € (0,d). We want to define f- or F+ analogously to Examples 4.3—-4.4.
For the smoothness properties off- and F+ we need more information on the
threshold delay 7.

Define the substitution operator A : X — X by

(Ag)(s) = a(é(s)), o€ X, se[-h,0]

Let the integral operator I : X — X be given by

"o

(I¢)(s) = | ¢(u)du, ¢e X, se[-h,0]

S

Define
G:X x(0,h) 3 (¢,u) = ev(loA(¢),—u) —1€R.

Then the threshold condition

o

a(p(u)) du=1, ¢eX
L(#)

is equivalent to the equation

G(o,7(¢)) =0, ¢eX.

The following smoothness properties ofA and I can be easily shown or
obtained from [2, Appendix IV]. The restrictions of A and I to X! are denoted
by 4; and I;, respectively, with 4 = A, Io = 1.

Lemma 4.6. Let j € Ng, p € N.
1. If a is CP*J-smooth then the restriction 4; of A to X! is CP-smooth.
2. The restriction J; of I to X! is a bounded linear map intoX*1.

It is obvious that for each ¢ € X there is a uniqueu’ = " (¢) € (0, k) such
that G(¢,u (¢)) =0. Define 7: X — (0,h) by 7(¢) = u (¢).
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For k! N, let Gy, 1 denote the restriction of G to X' 1" (0,h). As Iy 1
maps into X K we have

G 1(bu) = e (I 1 #A 1(1),$u)$ 1, 11 XK1 ur1 (0,h).

By Lemma 4.6, I 1 #Ax 1 : X¥' 1 % XX is CX-smooth provided a is C2<' 1-
smooth, and by Lemma 4.2ev; : X" (0,h) % R is alsoCK-smooth. Therefore,
G 1: XK' 1" (0,h) % R is Ck-smooth. It is easy to see that
|
0
DG 1(Lu)("t) = a(l(s)"(s)dss$ a(! ($u)t, " ! XK1 t1 R,
lu

and
D, Gy 1(!,U )1 = $a(' ($ U)) &0.

The Implicit Function Theorem yields that the restriction # 1 : X¥' 1 % (0, h)
of the map # : X % (0,h) is CX-smooth. For later use in Section 5 we now
show that # has the extension property (e) : Dilerentiation of the equation
G 1(L#K 1(1) =0, I 1 XX 1 yields

"o

D#har 1(1)" = (a(! ($#a 1(1)) " a((s)"(s)ds, "1 xK L

Ve (M)

It follows that, in case k > 1, D#q 1(!) ! L(X* 1,R) can be extended to a
bounded linear operatorD % 1(! ) : X % R such that

XK X (L") (%Deta 1(1)" ! R

is continuous. In particular, # has the extension property (e) of Section 1. If
k =1 and if ais Ct-smooth then we are in the situation of Example 4.3 with
k = 1, and for the mollified equation

X (1) = Fa(xt)

in the phase spaceX , the solution operators areC*-smooth.
We can apply the mollification also in the threshold equation (18). This
means that, for a fixed $! (0, %, the delay #(! ) is defined from the equation

"o

a(mg(! )(s))ds=1, ! ! X
L)

That is #(! ), fora given! ! X, is the zero of the map
G(!, ):(0,h)" u(Yew(lx 1 #Ak 1 #my 1(1),$u)$ 1! R.

Clearly, the unique zero is#(! ) = #a 1(Myx 1(1)), and themap X * | (%
#Ha 1(Mg 1(1)) ! (0,h) is CK-smooth provided a is C?' 1-smooth. Observe
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that ' a(Mikr 2(")) = Tk 2! Tk ax(Mie (M), " " X, with the inclusion map
i1k s XK# XKL
Therefore, the equation
X (1) = f1(x) (19)

with the CX-smooth map
froX $" %Hg! ev(id, &'y 1 ik k) ! M (") " R

can be handled in the phase spac¥ by the classical theory to getCK-smooth-
ness of the solution operators. Equation (19) is the mollified version of the
equation (15) with the threshold condition (18).

5. Ck-smoothness of solution manifolds and solution
operators

SupposeU * X! is open andf : U # R" is Ck-smooth, 1( k<) , f has
property (€), and X} = + Then the solution manifold X} is a Ck-submanifold
of the spaceX !, and all solution operatorsS(t, -), t , 0, on non-empty domains
are CX-smooth. This follows by means of appropriate modifications in the
proofs from [6]. First, the present hypothesis onf implies that the hypotheses
(P1) and (P2) from [6, Section 1] are satisfied, see for example [7, Corollary 1]
and [4, Section 3.2]. In order to obtainC*-smoothness ofX ! proceed exactly
as in the proof of [6, Proposition 1] and use the Implicit Function Theorem for
zerosets ofCk-maps, for example, Theorem 2.3 in [1, Chapter 2, Section 2.2].

Ck-smoothness of solution operators follows as in [6, Section 2] provided the
map Ry, in [6, Proposition 5] is Ck-smooth, and in the paragraph following
the proof of [6, Proposition 5] a uniform contraction principle is applied which
yields that fixed points are CX-smooth with respect to the parameters. Such a
uniform contraction principle is Theorem 2.2 in [1, Chapter 2, Section 2.2], for
example.

In the proof of [6, Proposition 5] it is shown that the map Ry, is a compo-
sition of continuous linear maps between Banach spaces and of restrictions of
such maps to open sets with the map

fr - id:C([0,T],C}(&h,0]))- R"# C(0,T])- R"

given by (fr - id)(#,9 = (f ! #,9. Here, T > 0 is some constant, the set
CY([&h, 0]) equals X! in our notation, and C([0, T],C*([&h,0])) is the Ba-
nach space of continuous maps [@] # C!([&h,0]) with the norm given by
[#] = maxos 12 7 |#(t)]1. C([0, T]) denotes the Banach space of continuous maps
[0, T]# R" with the norm given by |$| = max oz 1 |$(t)].

We infer that Ry, is CX-smooth provided the substitution operator

fr :C([0,T],CY([&h,0])) $ #%# | #" C([0,T])
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is CX-smooth, which is true, see [2, Appendix IV,Lemma 1.5], for example.

Example 5.1 Foramapf : X ! R" define the restrictionf; = f|x: = f "ip1,

with the inclusion map ip; : X! X. Iff : X ! R" is Ck-smooth thenf is
alsoCk-smooth. Fork # N the initial value problem (1) with f = (f,)1 or with

f = (F))1, wheref, is given in Proposition 4.1, F, is given in Example 4.3,
defines a continuous semiflow on theC*-smooth submanifold X} of the space
X 1, with all solution operators on non-empty domains C¥-smooth.

Example 5.2 Let h> 0,! # (0,h/2), " # (0,!). Assume thatg: R ! R
is C2-smooth. Let m, be a mollifier given by the C2-function # : R | R.
Consider the equation

re #
x'(t) =g ) h#! ($r(x) $ s)x(t+ s)ds = g(my (X )($$(x1))) (20)

where $(x¢) is defined by the threshold condition (18). We suppose thata :
R! Ris C3-smoot@ with a(R)o%6 (a0, a1) for positive reals ap < a; satisfying
4 <hand!< min = hs$ L

Example 4.5 in casek = 1 shows that, for each %# X1, the threshold
equation

O a(%s)) ds=1

has a unique solution$;(%), and $; : X1 ! (0, h) is C2-smooth. In addition,
D$; has the extension property (e).

On the spaceX !, the right hand side of equation (20) is given by theC?-
map

foXt&w! g"ew(m, (%N, $$(%) #R.

From the fact that D$; has the extension property (e) it is easy to check that
Df also has property (e).

Therefore, the initial value problem of (20) together with the threshold
condition (18) defines a continuous semiflow on theC2-submanifold X{ of the
spaceX !, with all solution operators on non-empty domains C2-smooth.
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Abstract. In 1973, E. J. McShane introduced an alternative defi-
nition of the Lebesgue integral based on Riemann sums, where gauges
are used to decide what tagged partitions are allowed. Such an ap-
proach does not require any preliminary knowledge of Measure Theory.
We investigate in this paper a definition of measurable functions also
based on gauges. Its relation to the gauge-integrable functions that sat-
isfy McShane’s definition is obtained using elementary tools from Real
Analysis. We show in particular a dominated integration property of
gauge-measurable functions.

Keywords: gauge integral, Kurzweil-Henstock integral, Lebesgue integral, generalized
Riemann integral, measurable function, gauge
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1. Introduction

In its classical original setting, the Lebesgue integral of a functiorf is defined

in terms of the outer Lebesgue measure of the measurable sublevel sets of
f [2,12,16]. Compared to the definition of the integral by Cauchy or Riemann
as a limit of Riemann sums [4,26], the definition of the Lebesgue integral seems
somehow indirect: it is a limit of a sum of measures, where these measures are
themselves computed as the infima or suprema of volumes.

This issue has led to the definition ofgauge integrals as a way of recovering
the original approach based on Riemann sums, without the defects associated
to the Riemann integral of Riemann-integrable functions [21]. Around 1960,
Kurzweil and Henstock independently defined a gauge integral which allows
one to integrate more functions than the Lebesgue-integrable ones [11,15]. A
few years later, in 1973, McShane presented the Lebesgue integral itself as a
gauge integral [23,24]. We can rephrase McShane’s definition as follows:

Definition 1.1 (Gauge integrability). A function f : RY — RP is gauge-
integrable whenever there exists | € RP wverifying the following property: for
every ! > 0, there exists a gauge " on RY and a compact set K C RY such that,
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Ri c!(qg) foreveryie{l,... k},

one has |
L f(c)vol(Ry) — 11
i=1

<"

In this definition, a gauge! onRY is a function mapping each point ofx € R
to an open set! (x) ¢ RY such that x € ! (x); for example ! (x) might be taken
to be a non-empty open ball centered atx. A rectangle R ¢ RY is a set that
can be written asR =[a;,by) x - - - x [ag, by), wherea; <bq,...,aq <bg are all
real numbers; its volume is the positive number volR) = (by —a;) - - - (by — ag)-
Rectangles aredisjoint whenever their intersection is empty, and the family

.....

#
Ri D K.
i=1
The compact setK corresponds in McShane’s original definition to the com-
plement of his gauge at infinity; the equivalent formulation above avoids com-
pactifying the Euclidean spaceRY and considering unbounded rectangles.

By Cousin’s lemma, which is a variant of the Heine—Borel theorem, for any
gauge! on RY and any compact setk c RY, there always exists some finite
such that R; C ! (g) for every i [24, Theorem IV-3-1]. This fact ensures the
uniqueness of the integrall of f , which entitles one to adopt the usual notation

$
f=1
Rd

A non-intuitive feature of the definition of the gauge integral above is
that each tag ¢ need not belong to the rectangleR;. Adding this restric-
tion gives the broader definition of integral of Kurzweil and Henstock, which
is a gauge definition of the Denjoy—Perron integral for which all derivatives of
one-dimensional functions are integrable on bounded intervals [9, 18, 25]. This
Kurzweil-Henstock integral has been taught by Jean Mawhin at the Universié
catholique de Louvain (UCL) for thirty years [19, 20], continuing the Louvain
tradition of cutting-edge lectures on integration theory initiated by Ch.-J. de
la Valke Poussin with the Lebesgue integral at the beginning of the 20th cen-
tury [5-7,22]. The further restriction that the gauge ! (x) contain some uniform
ball B, (x) for some radius# > 0 independent ofx € RY yields the classical
Riemann integral.

Measurability of functions is not a prerequisite of McShane’s definition of
gauge integrability. This is an important aspect one should not neglect about
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the gauge integral that makes the Lebesgue integral readily available, without
the need of any preliminary development of tools from Measure Theory. This
is an approach we have been pursuing at UCL since 2009.

When measurability is needed to state some integrability condition, measur-
able functions have been defined as pointwise limits of integrable functions [24,
Definition 111-10-1] or almost everywhere limits of locally integrable step func-
tions (see [1,819] and [17, Definition 3.5.3]), or in terms of measurable sets
whose characteristic functions are locally integrable (see [1986.B] and [20,
813.7]). It thus seems that the straightforwardness of McShane’s definition of
the integral is lost in an ad hoc indirect definition of measurability based on
the integral itself.

In order to remedy to this issue, we introduce here a direct definition of
measurability of functions in terms of gauges inspired by Lusin’s property for
Lebesgue-measurable functions.

Definition 1.2 (Gauge measurability) A function f : R® | RP is gauge-
measurablewhenever, for every! > 0 and every" > 0, there exists a gauget

.....

If(c)" f(c)|#" and R;$ #(c)%#(c) foreveryi&{1,...,k},

one has
] k

vol(R;) " .
i=1

The goal of this paper is to provide various properties of gauge-measurable
functions that can be deduced using elementary ideas of Real Analysis. These
are well-known properties of Lebesgue-measurable functions, and both notions
of measurability are equivalent, but the main message we want to emphasize is
that one can obtain these properties in a self-contained approach based on gauge
integrability and gauge measurability. As an example, we show in Section 5
below that these two concepts are related through the following dominated-
integrability characterization of gauge-integrable functions:

Theorem 1.3, A function f : R4 ! RP is gauge-integrable if and only iff is
gauge-measurable and there exists a gauge-integrable function RY! R such
that ||’ hin RY.

The paper is organized as follows. In Sections 2 and 3, we prove properties
of gauge-measurable functions that can be straightforwardly obtained from the
definition. Some of them will be superseded in later sections using two impor-
tant properties of the gauge integral: the Absolute Cauchy criterion and the
Dominated convergence theorem. In Section 4, we prove Lusin’s theorem for
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gauge-measurable functions using an alternative formulation of the gauge mea-
surability based on the inner measure of open sets iRY. We then prove Theo-
rem 1.3 in Section 5. In Section 6, we prove the stability of gauge measurability
under pointwise convergence. In Sections 7 and 8, we define gauge-measurable
sets in the same spirit as for functions, and then we prove that every gauge-
measurable function is the pointwise limit of gauge-measurable step functions.
We thus recover the approach which leads to the Lebesgue integral.

2. Elementary properties

The goal of this section is to present some properties of gauge measurability
that readily follow from its definition. We begin by noting that every continuous
function is gauge-measurable.

Proposition 2.1 (Gauge measurability of continuous functions) If the func-
tion f : RY! RP is continuous, thenf is gauge-measurable.

Proof. Given a pair of points ¢, ¢ " RY, by the triangle inequality for every
z" RY we have

If () # f(c)IS|f(2)# f(c)l+ If (2) # T (). @)

Using the continuity of f, we choose a gaugé in such a way that the right-
hand side is always less thart' > 0 provided that ! (¢;) %! (/) & ’. Indeed,
given" > 0, for everyx " RY we define
! " " #
tx)= z" RYIf(2)# f(x)] < 5 -

In particular, x " ! (x); since the functionf is continuous, the set! (x) is open.
If there exists z" ! () %! (ci), then by the choice of! we have simultaneously

If(z)# 1)< and If (2) # f (c))| < >
In view of (1), we then have
If (c)# f(d)l <"

Therefore, no matter what # > 0 we take, there is no finite family of rectan-
gles Ri)iv 1...k3 that needs to be checked in Definition 1.2, so the latter is
automatically satisfied by the continuous function f . O

Proposition 2.2 (Composition with uniformly continuous functions). If the
function f : R9! RP is gauge-measurable and the functioh: RP! R' is uni-
formly continuous, then the composition! (f : RY! R' is gauge-measurable.
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This property is reminiscent of the integrability of compositions with Lips-
chitz functions for the gauge integral [24, Theorem 11-3-1]; the class of admis-
sible functions is larger here because gauge measurability is more qualitative
than gauge integrability. As for the gauge integrability, Proposition 2.2 is not
the end of the story: we prove in Section 6 using more elaborate tools that
the proposition remains true when the function ! is merely continuous; see
Proposition 6.5 below.

Proof of Proposition 2.2. Given! > 0, by definition of uniform continuity there
exists " > 0 such that, for everyy,z | RY satisfying [y" z| <", one has
'Cy)" I( 2)] <!. This is equivalent to saying that if |!( y)" !( z)| # !, then
ly" z|# ". Hence, for every pair of pointsci,c ! RY such that

I $F)(a) " (¢ $F)(c)I# !, )

we have
If(c) " f(c)# ™" 3)

Given # > 0, by Definition 1.2 of gauge measurability off with parameter
I = " there exists a gauge$ on RY such that, for every finite set of disjoint
in RY satisfying (2’)“.vand Ri % $(c) & $(c!) for every i,“\./;/‘e have that (3)"£Iso
holds for everyi, and then by the choice of the gauge$,

1k
vol(R;j) ' #.
i=1

The function ! $f is thus gauge-measurable. O

An interesting consequence of Proposition 2.2 is that the family of gauge-
measurable functions forms a vector space, and the product of two bounded
gauge-measurable functions is also gauge-measurable. We provide an indepen-
dent proof of these facts in the next section for the sake of clarity. The latter
property concerning the product will be superseded later on by using the fact
that measurability is stable under pointwise convergence, which allows one to
remove the boundedness assumption of the functions; see Corollary 6.4. For the
moment, we restrict ourselves to the case of uniform limits of gauge-measurable
functions:

Proposition 2.3 (Uniform limit) . Let (f,)n~ N be a sequence of gauge-measur-
able functions from RY to RP. If the sequence(f,)n- n cOnverges uniformly to
the function f : RY ( RP, then f is gauge-measurable.
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Proof. For every pair of points ¢;,¢; ! R? and everyn ! N, by the triangle
inequality we have

Ifn(c) " Fale)l#1(c) " F(e)I"] falc)” f(e)I"] fulc)" T(C)I.

Given ! > 0, by the definition of uniform convergence there exists ! N such
that, for every x ! R, |f ,(x)" f(x)|$ !/ 4. Hence, assuming that

If ()" f(c)I# L, (4)

we have |
[fa(e) " falc)l # 5. (5)

Given " > 0, let # be a gauge orR? given by the definition of gauge mea-
surability of f,, with parameter !/ 2. For every finite set of disjoint rectangles
(Ri)i 1,....,y and every sets of points €;); 1.5 and (ci)i--{ 1,....5 Satisfy-
ing (4) and R; % #(c;) & #(c}) for every i, we then have that (5) is satisfied by
f,, for everyi, and then, by the choice of#,

|k
vol (RZ) $ "
i=1

The function f is thus gauge-measurable. O

3. Algebraic stability
We show that the class of gauge-measurable functions forms a vector space:

Proposition 3.1 (Linearity) . If the functions f : R’ RP andg:R?’ RP
are gauge-measurable and $! R, then f + g and $f are gauge-measurable.

Proof. We focus on the proof thatf + g is gauge measurable; the case & is
left as an exercise (see also Proposition 2.2). For every pair of points, c; ! R<,
by the triangle inequality we have

I(F+ 9)(e) " (F +a)chI$1f(e)" f(e)l+ o) o(chl.

Given ! > 0, and assuming that

I(f + g)(c) ™ (F + g)(c)l # 1, (6)

then we necessarily have

f(e)" fe)I# 5 o lo(e)" aE)l# 5 ™)
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Given!> 0, let"; and ", be two gauges orR? arising from the definitions
of gauge measurability off and g, respectively, with parameters!/ 2 and #/2.
Consider the gauge" defined for x | RY by "(x) = "1(x) " "2(x). For a

..........

inequality in (7) holds for f and by I, the set of indicesi for which the second
inequality in (7) holds for g. We can thus assert that

{,....k} = 11$ 1,. ®)

We have in particular R; # "1(c)" "1(c) for every i ! 14, and thus by the
choice of",

|
vol (R;j) % —.
. (Ri) 5

We also haveR; # "2(c)" "2(c) for everyi ! 1, and thus by the choice of",
!
| vol (R;) % >
illy
Since the setsl; and |, cover{1,...,k}, we deduce that

K
| I

vol(R)) % =+ = = 1.
i=1 (R 02 2

Therefore, the function f + g is gauge-measurable. O

Using a similar idea, one shows that the product of bounded gauge-mea-
surable functions is also gauge-measurable. The conclusion is still true without
assuming the functions are bounded, but the proof is more subtle; see Section 6.

Proposition 3.2 (Product of bounded functions). If the functions f : RY &
RP and g: RY & R are gauge-measurable and bounded, thég is also gauge-
measurable.

Proof. Take M > 0 and N > 0 such that [f| % M and |g] % N in RY.

inequality for every x | RY we have

I(fg)(c)’ (Fa)(c)l % If (c)’ f(cHIlgle)l+ If (c)llale)’ o(c)]
%NIf(c)' f(c)l+ Mlg(c)’ g(c)l.

Given # > 0, if foreveryi ! { 1,...,k} we have

I(fg)(c)" (fg)(c)I ( #,
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then necessarily

| ! ! !
) —f(c)| > =— ) —9(C)| > =—.
f(a) =)l =5y or la(@)—9(@)] =5
As in the previous proof, one defines the subsets of indicés and | , accordingly,
so that the counterpart of (8) also holds in this case. One can now proceed
along the lines of the proof of Proposition 3.1 to deduce thatfg is gauge-
measurable. O

4. Lusin’s theorem

We now relate the notion of gauge measurability with Lusin’s theorem, which
trivially extends Proposition 2.1 that is valid for continuous functions:

Proposition 4.1 (Lusin’s theorem). A function f : RY — RP is gauge-mea-
surable if and only if, for every " > 0, there exists a closed se€C c RY such

that the restriction f|c is continuous and the inner measure of the open set
RY\ C satisfiesp(R?\ C) <".

We recall the notion of inner measure of an open set) ¢ RY:

| wk

#
H(U) :=sup vol (R;) #(Ri)i.-{ 1.k} is a family of disjoint rectangle$§
= contained in U

Observe that 1 is nondecreasing and countably subadditive. The quantityu(U)

is unchanged if the supremum is_computed over the smaller class of disjoint
is that for any number 0 < # < 1 one can construct a rectangleS; such that
Si € R;j and vol (S;) > #vol (R;), which gives

wk wk "k
# wl(R)< vol(S)< vol(R)).
i=1 i=1 i=1

Lusin’s theorem above gives the equivalence between gauge measurability
and the measurability in the sense of Bourbaki, defined in terms of Lusin’s
property [3, Definition IV- §5-1]. To prove Proposition 4.1 above, we rely on the
following lemma which reformulates Definition 1.2 without relying on tagged
partitions:

Lemma 4.2 (Gauge-intersection characterization) The function f : R — RP
is gauge-measurable if and only if, for every > 0 and every! > 0, there exists
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a gauge! on RY such that the open set
! n #
U = F(x)! 1(2)
x,z! RY
£ ()" f(2)1# "

satisfies u(U; » )

A byproduct of Lemma 4.2 is the invariance of gauge measurability under
bi-Lipschitz homeomorphisms ofRY, which include isometries.

Proof of Lemma 4.2. “#=". Given # > 0 and a gauge! on RY, take a finite

If(c)$f(cH %# and R &!(c)! ! (¢ foreveryi.

In particular, R; & ! (¢)! ! () & U~ , hence by definition of the inner measure
H(U ) we have
$K
Vol (Ri) " (Ui ).
i=1
To conclude it sulces to choose the gauge! so that, for any given " > 0, we
have p(Uy» ) " .

“=’ ", Assume that the function f is gauge-measurable, and let be a
be a finite family of disjoint rectangles contained in U,» . By the remark
following the definition of the inner measure 1, we may restrict our attention
to the case whereR; & U, for every i. Then, by compactness ofR;, the
rectangleR; can be covered by a finite collection of sets of the formh (x)! ! (z)
such that x,z ( RY and |f (x) $ f(z)] % #. By a suitable subdivision of the
rectangles R;)iy 1,.x} into smaller rectangles, which does not change their
total volume, we can thus assume without loss of generality that, for every
i ({1,...,k}, there exist points x,z ( RY such that

Ri&!(X)! 1'(z) and |f(xX)$ f(2)] %#.

[Such a subdivision is allowed since the pointx and z are not required to
belong to R;.] We then choosec; = x and c¢® = z. The finite sets of points

gk
vol(Rj) " ".
i=1

.....

that p(Up» )" . O
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Proof of Proposition 4.1. We first observe that given! > 0, a gauge" on R¢Y,
andz! RY, then for everyx ! "(z)\ U,- we have

[Fx) " f(@) <t C)

Indeed, sincex ! "(x)#"(z) and x $!U, - , the set" (x) # " (z) is not contained
in U , hencex and z are not admissible indices in the union that defines the
setU,- . We deduce that (9) holds.

Proceeding with the proof of the proposition, we now assume that the func-
tion f is gauge-measurable and le# > 0. For eachn ! N, by Lemma 4.2 there
exists a gauge', on RY such that

#
H(U, 120 ) %2“7”'

We setC = R4\ |J U, ..1/2n . By countable subadditivity of p, we have
n N

#
u(RY\ C)%nz':\lu(U!n,llzn) %ngglznfl = #.

It remains to prove that the restricted function f |c is continuous at any point
z! C. Foreveryx! ",(2)#C & "n(2)\ Uy, 1/ 20, We deduce from estimate (9)
above that

100" @< 5.

Since this estimate holds on the relatively open subset, (z)#C of Candn! N
is arbitrary, we deduce that the function f |c is continuous at z.

Conversely, we take a closed se€ such that the restriction f |c is continu-
ous. For every! > 0, the set

"(x) = RY\ {w! ClIFe)™ f(w)|” '5}

contains x and is open inRY, since the functionf |c is continuous and the set
C is closed. Hence! is a gauge onRY. We now observe that ifx,z ! RY and
[f(x)" f(2)]" !, then

"X)#H"(2)#C = (.
Indeed, if this were not true, there would exist a pointw ! " (x) # " (z) # C.
Sincew ! C, we would have, by definition of ", |[f (x) " f(w)] <!/ 2 and
[f(z) " f(w)| <!/ 2 and thus by the triangle inequality |f (x) " f(2)] <!,
which would be a contradiction.

We thus have U,» & RY\ C, and then by monotonicity of the inner mea-

sure 4,

WU ) %p(R\ C).
Given # > 0, by the Lusin property satisfied by the function f , we may choose
the closed setC so as to haveu(RY\ C) % # We conclude from Lemma 4.2
that the function f is gauge-measurable. O
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5. Gauge measurability and integrability

The goal of this section is to establish Theorem 1.3. The relationship between
gauge measurability and gauge integrability relies on the following Absolute
Cauchy criterion for gauge-integrable functions [24, Theorem 11-2-4] (see also
[14, Lemma 5.13]).

Proposition 5.1 (Absolute Cauchy criterion). The function f : RY 1 RP is
gauge-integrable if and only if, for everyl > 0, there exist a gauge' on RY and
a compact subseK " RY such that the following properties hold:

"(C) for everyi, one has
Ik
If () $ f(c)|vol(Ri) %!.
i=1

finite set of points (Ci)iy 1,.x} such thatR; " "(c) for every i, one has

1k
If (c)[vol (Ri) %!.
i=1

This condition is a Cauchy criterion because it does not require nor gives the
value of the integral off . It is an absoluteCauchy condition because the norm is
taken inside the Riemann sum An important consequence of Proposition 5.1
is the fact that if f : R | RP is gauge-integrable and if ! is a Lipschitz-
continuous function such that !(0) = 0, then the composite function ! &f is
also gauge-integrable [24, Theorem 11-3-1]. In particular|f | is gauge-integrable
wheneverf is gauge-integrable.

We first consider the question of gauge measurability of gauge-integrable
functions.

Proposition 5.2 (Gauge measurability) If f : RY ! RP is gauge-integrable,
then f is gauge-measurable.

If (c)$ f(c)|’ # foreveryi.
Then, we have

1k 1!k
vol(Ri) % If(c) $ f(c)|vol(R;). (10)
i=1 i=1
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Applying Property (i) of the Absolute Cauchy criterion with parameter !,
there exists a gauge# on RY such that if R; ! #(c)" #(c), then the sum in
the right-hand side of (10) is smaller than!" , and we get
1k
: 1
vol (R)) # T
i=1 ‘
We deduce that the functionf is gauge-measurable in view of Definition 1.2. [

We now handle the reverse implication of Theorem 1.3 under the additional
assumption that f is a bounded function.

Proposition 5.3 (Dominated integrability for bounded functions). If f : RY $
RP is gauge-measurable and bounded and fif| # h in RY for some gauge-
integrable function h: R $ R, then f is gauge-integrable.

Proof. Property (ii) of the Absolute Cauchy criterion is satisfied by h, hence

..........

be finitely many points in RY. Given ! > 0 and a compact subseK ! RY, we
can relabel the rectangles and points simultaneously so as to have

(a) foreveryi % {1,...,m}, [f(c)&f(c)|" !,
(b) foreveryi % {m+1,....,1},|f(c)&f(g)|<! andR; " K € ),
(c) foreveryi % {l+1,...,k},|f(c)&f(c)|<! andR;" K =),

for some integers 0# m # | # k; some of these conditions might be empty,
and in this case one simply ignores them.

By the assumption of boundedness of , there existsM > 0 such that, for
every x %R, |f (x)| # M. By the triangle inequality, we then have

Im Im
lf(@)&f(c)Ivol(Ri)# 2M  vol(R),
i=1 i=1
and, by (b),
11 11
' If (i) & f(c)|vol(Ry) # ! ' vol (R;j).
i=m+1 i=m+1

Since|f | # h in RY, we also have

1k Tk #
If (c) & f (c)|vol (Ri) # |f (c)l + If (c)] vol(Ri)
i=1+1 i=1+1
1k #
# h(c) + h(g) vol (R;).
i=1+1
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These are the three main estimates that we need in the sequel. We now proceed
to choose the gaugée that yields the Absolute Cauchy criterion for f .

Given " > 0, by Property (ii) of the Absolute Cauchy criterion satisfied by
h with parameter "/ 6, we can take the compact seK ! RY and a gauge! 1 on
RY such that if R; ! !4(c)" !1(c) for everyi #{l+1,...,k}, then we have

k " " "

k
D (@) $ F(@)Ivol(R) % > (h(a)+ h(d))vol (Ri) % ¢ + < = 3.

. _ 3
i=1+1 i=1+1

Fix a bounded open setU ! RY that contains K, and take the gauge!, on
RY defined by!,(x) = U if x# U and ! »(x) = RY\ K if x &4J. Observe that
if Ri ! 15(g)" !2(c) forevery i #{m+1,...,1}, then sinceR; " K & ', we
necessarily have! () = !,(c) = U, and thus R; ! U. By definition of the
inner measurep, and choosing# > 0 so as to have#pu(U) %"/ 3, we then get

| | "
D> If(a)$ f(g)Ivol (Ri) %# > vol (Ri) %# (V) % .

i=m+1 i=m+1

By definition of gauge measurability of f with "/ 6M and # chosen as above,
there exists a gauge! 3 on RY such that if R; ! !3(c) " !3(c) for every i #
{1,...,m}, then we have

m

D If(6)$ f(c)vol(Ri) %2M Y "vol (Ri) %2M -

i=1 i=1

o
<
wl

Combining these three estimates, we get

k "

f(q)$f(G)|vol(Ri) Y%+ -+ ="
iZ:l] (@) $ f(e)IVOI(R) %5+ 5+ 5
and thus f satisfies the Absolute Cauchy criterion with the gauge! defined
for x # RY by 1 (x) = 11(x)" 12(x)" !3(x). Hence,f is gauge-integrable by
Proposition 5.1. O

The boundedness assumption of can be removed using the Dominated
convergence theorem for gauge-integrable functions [24, Theorem 11-10-1]:

Proposition 5.4 (Dominated convergence) Let (f,)n+ N be a sequence of gauge-
integrable functions from RY to RP. If (f,)n+ N CONvVerges pointwise to the func-
tion f : RY ( RP, and if there exists a gauge-integrable functiorh : RY ( R
such that|f,| %h in RY for every n # N, then f is gauge-integrable and

lim / fn= f.
n#$ Rd Rd
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Proof of Theorem 1.3. If f is gauge-integrable, thenf is gauge-measurable by
Proposition 5.2, and it follows from the Absolute Cauchy criterion above that
the function h := |f | is gauge-integrable.
Conversely, iff is gauge-measurable, then by Proposition 2.2, for everg !

N the truncated function T, " f is also gauge-measurable, wherg, : RP # RP
is the truncation function defined for w! RP by
I
T, (W) = w !f lwl $ n,

nw/ |w| if |w|>n,
Since the function T, " f is bounded and satisfiedT, " f| $|f|$ hin RY, it
follows from Proposition 5.3 that T, " f is gauge-integrable, and we conclude
applying the Dominated convergence theorem for gauge integrals astends to
infinity. O

6. Pointwise limit

A crucial feature of Lebesgue-measurable functions is their stability under
pointwise convergence. Up to now, we only have proved that gauge measura-
bility is stable under uniform convergence, see Proposition 2.3. Thanks to the
relationship that we have established between gauge measurability and gauge
integrability, we now obtain a pointwise-convergence property in full generality.

Proposition 6.1 (Pointwise limit) . Let (f,)n n be a sequence of gauge-mea-
surable functions fromR to RP. If (f,,)n: n CONVerges pointwise to the function
f :RY# RP, thenf is gauge-measurable.

We first prove two particular cases of this proposition, which as we shall see
yield the general case. We denote theharacteristic function of a setA % RY
by ! o, thatis ! o : R®# R is the function defined for eachx ! RY by

I
1 ifx! A
a(x) = '
A= i aia.
Lemma 6.2. Let (A));: n be an increasing sequence of open subsets which cover
RY with Aj- 1 % A for every | | Ng. If a function f : R # RP is such that
fl A, is gauge-measurable for every! N, thenf is also gauge-measurable.

Proof. GivenI,m ! Ng with | $ m, we first observe that if
(AIVA2)" (Am\ Apr2) & (, (11)

then by monotonicity of the sequence A); n we havem = [ orm = | + 1.
Here, we use the convention thatA- ; = (. Now let (") ny 0,13 b€ a sequence
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of gauges onRY to be chosen later on. We define a new gauge on RY as
follows: for every x ! RY, denote by | the smallest integer in N, such that
x! A and let

! (X) =1 |(X) "l (X) " (A| \ A 2).

Since A~ , # A~ 1 by assumption, we havex $! A~ ,, and then the open set
A\ A+, contains x. Thus, ! is a well-defined gauge orR¢.
Given " > 0, we claim that

|
Ur # Vi, (12)
1# N,

where [ " "
Visg = et (X)) N1 (2)
x,z #RY
[f# A, ()" A, (28"

Indeed, assume thatx,z ! RY are such that |f (x) %f (z)] & ". Let | and m

be the smallest integers inN, such that x ! Ay andz! An; we may assume
without loss of generality that | * m. If I (x)" ! (z) $ (, then (11) holds, and
thus m=1orm=1+1. Hence, we have

|t# a0 (X) %f# L, (2)] = [T (X) %F(2)] & "

and
PO @) # e (X)) " N (2) # M,

which implies (12).

Let $ > 0. Since the functionf# ., is gauge-measurable, by Lemma 4.2
we can choose the gaugé;+; on RY such that u(Vi+1)’ $/2'. Thus, by the
inclusion (12) and the countable subadditivity of the inner measurep we get

, $ , $
H(U,- ) H(M+1) a=%
1# N, 1# N,
By Lemma 4.2, we deduce thatf is gauge-measurable. O

Lemma 6.3. If the function f : RY) RP is such that the truncation Tj * f is
gauge-measurable for every ! N, then f is gauge-measurable.

Proof. Given a sequence of gauges()j#n, on RY, consider the gauge defined
for x I RY by

P(x)=To(x)"---" 141 (x),
wherej ! N is the smallest integer such that|f (x)| * j. For every 0O<" " 1,
we claim that |
Ur # Wi, (13)

i#N
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where I " #
W4 = P (X) ! Y41 (2)
x,z €RY
[Tj+1 of (X)—=Tj+1 of (2)|>!
For this purpose, for everyx,z " RY such that |f (x) # f(z)| $ ", which we
may assume that|f (z)| $ |f (x)[, let j " N be the smallest integer such that
[f (x)] %j. Since" %1, we also have

|Tj +1 &f (X) # Tj +1 &f (Z)| $ "
From the choice of the gaugée , we deduce that
PP 1 (@2)" T () T (2) 7 Wy,

and the inclusion (13) follows.

Let #> 0. Since the functionT; ., & is gauge-measurable, by Lemma 4.2 we
can choose the gaugé;.; on RY such that p(W;.1) %#/2*1. Proceeding as
in the previous lemma, we haveu(U-, ) %#, hencef is gauge-measurable. OJ

Proof of Proposition 6.1. We first assume that there exists a gauge-integrable
function h: R% ( Rsuch that |f,| % h in RY for everyn " N. By Theorem 1.3,
each function f, is gauge-integrable, and it then follows from the Dominated
convergence theorem thatf is gauge-integrable, hence also gauge-measurable.

In the general case where the sequencé,()ncn Need not be bounded by an
integrable function, for every n,l,j " N we consider the function

Onlj = (Tj &fn)$B|+1 (0) -

These functions are all gauge-measurable. Indeed; &f, is gauge-measurable
by composition with the uniformly continuous function T; (Proposition 2.2),
andthusg,; is gauge-measurable as the product of bounded gauge-measurable
functions (Proposition 3.2).

Since |gn,; | % j$8,,, 0 iN RY and the characteristic function $g,,, (o) is
gauge-integrable, am tends to infinity it follows from the first case we consid-
ered above that the functions (T; &f )$g,,, (o) are gauge-measurable for every
I, " N. By Lemma 6.2, asl tends to infinity we deduce that T; &f is gauge-
measurable for everyj " N. The conclusion then follows from Lemma 6.3 a$
tends to infinity. O

A consequence of Propositions 3.2 and 6.1 is that the product of gauge-
measurable functions is also gauge-measurable:

Proposition 6.4 (Product). If the functions f : R ( RP andg:RY( R are
gauge-measurable, then their productg is also gauge-measurable.
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More generally, we can weaken the assumptions of Proposition 2.2 on the
gauge measurability of composite functions:

Proposition 6.5 (Composition with continuous functions). If the function f :
RY ! RP is gauge-measurable and the functio® : RP | R' is continuous,
then the composition® " f : RY! R' is gauge-measurable.

Proof. We consider a continuous function ! : RP | R with compact sup-
port, and we define ®, : RP I R' for each n # N, and y # RP by ®,(y) =
I (y/n)®(y). Since the function ®, is continuous and has compact support,
®, is uniformly continuous, and thus, in view of Proposition 2.2, the function
d, " f is gauge-measurable. We conclude by observing that, for every x # R",
the sequence (®y, (f (X)))n= N, converges to ®(f (X)) provided that ! (0) = 1, and
thus by Proposition 6.1 the function ® " f is gauge-measurable. O

The proof of Proposition 6.5 shows that the class of functions ® : RP ! R'
such that, for every gauge-measurable function f : R9 ! RP, the composition
®"f is measurable is stable under pointwise convergence. This class thus forms
a Baire system and contains in particular all Baire (or analytic representable)
functions, which coincide by the Lebesgue-Hausdorff theorem with all Borel-
measurable functions, see [10, Theorem 43.1V] and [13, 831].

Another consequence of Proposition 6.1 combined with the gauge measura-
bility of gauge-integrable functions (Proposition 5.2) is that the pointwise limit
of a sequence of gauge-integrable functions is always gauge-measurable. This
implies in particular that measurable functions in the sense of McShane [24,
Definition III-10-1] are indeed gauge-measurable. Conversely, every gauge-
measurable function f : RY ! RP in the sense of Definition 1.2 is the limit
of a sequence of gauge-integrable functions. This assertion follows from a diag-
onalization procedure using the functions gn;; which are used in the proof of
Proposition 6.1 above. For example, the sequence of gauge-integrable functions
(Onnn ) N converges pointwise to the gauge-measurable function f. Another
pointwise approximation of f in terms of gauge-measurable step functions is
pursued in Section 8.

7. Gauge-measurable sets

We define gauge measurability of a set in the spirit of its counterpart for func-
tions:

Definition  7.1. AsetA $ RY is gauge-measurable whenever, for every' > 0,
there exists a gauge* on RY such that, for every finite set of disjoint rectangles
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foreveryi!{ 1,...,k}, one has

!k
Vol (Rj) " e.
i=1

It follows from this definition that A is gauge-measurable if and only if its
complementRY\ A is gauge-measurable. Also observe that for any & n < 1
we have

Ixa (@) # xa(2)| $ 7

ifand only if z! Aandz! RY\ A4, orz! RI\ Aand 2! A. In view of
Definitions 1.2 and 7.1, it thus follows that the set A % RY is gauge-measurable
if and only if the characteristic function xa is gauge-measurable.

As in Lemma 4.2, the definition above can be reformulated by replacing the
tagged partitions with the inner measure of an open set:

Lemma 7.2 (Gauge-intersection characterization) The set A % RY is gauge-
measurable if and only if, for everye > 0, there exists a gaugey on RY such
that the open set "y $
Uay = () & (2)
x! A,
z!l R A
satisfies u(Uay ) " e.

This characterization can be established along the lines of the proof of
Lemma 4.2 and is left as an exercise. The family of gauge-measurable sets
forms an algebra:

Proposition  7.3. If the sets A1, A» % RY are gauge-measurable, ther;’ A,,
A; & Ay, and A;\ A, are also gauge-measurable.

Proof. We prove that A; ' A, is gauge-measurable. For this purpose, observe
that every z! RY\ (A4’ A,) satisfiesz! RI\ A; and z! RY\ A,. Thus, for
any gauge~ on RY we have

Un,ma,y %UA " Uayy e

Given € > 0, let 41 and > be two gauges orRY satisfying the conclusion of
Lemma 7.2 for A; and A,, respectively, with parameter¢/2. Take the gaugey
defined forz ! RY by v(x) = v1(z) & y2(z). Thus,

Unimazt Ua " Unyy %Ua " Unyty,s
and by the monotonicity and subadditivity of n we then get
= €.

" n € g
/’L(UA]_"AZ,! ) M(UAl,!1)+ M(Uszlz) §+ é
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Hence,A;! A, is gauge-measurable by Lemma 7.2.
Since we have

RI\ (A" A) = (RYI\ A ! (RINAp)

and both sets R\ A; and R4\ A, are gauge-measurable, we deduce that
RY\ (A1 " A,) is gauge-measurable, and thus the intersectiol\; " A, is also
gauge-measurable. Finally, since

A\ A= A" (R AY)

is the intersection of two gauge-measurable set#\1\ A, is also gauge-measur-
able. O

Using the equivalence between the gauge measurability of the s&t and
the gauge-measurability of the characteristic function! 5, we deduce that the
family of gauge-measurable sets forms a-algebra:

Proposition 7.4 (Countable ugion). If (An)n N IS @ Sequence of gauge-mea-
surable sets inRY, then the set = Ay is also gauge-measurable.

k!' N
Proof. The sequence of characteristic functionsf(, ), n defined for eachn # N

byf,=1" n_ A, converges pointwise to the characteristic function! : o AN
In '
RY. By induction using Proposition 7.3, each set Ay is gauge-measurable

k=0
and thus each functionf, is gauge-measurable. From the stability of gauge
measurability under pointwise convergence (Proposition 6.1), we deduce that

the function ! . vA IS also gauge-measurable, hence the set Ay is gauge-
' k!' N
measurable. O

Let us now prove Lebesgue’s regularity property, which yields the equiva-
lence between gauge measurability and Lebesgue measurability; see§87], [27,
Lemma 3.22], and also [28].

Proposition 7.5 (Regularity). The set A $ RY is gauge-measurable if and
only if, for every # > 0, there exist an open setV $ RY and a closed set
C$ RYsuchthatC$ A$ V and u(V\ C) %#

Proof. Given a gauge$ on RY, set

s %
V = $(x) and C= R\ $(z) .
x! A z! RI\A

Observe that V is open, C is closed, andV \ C = Ua, . Thus, given # > O, if

the set A is gauge-measurable and one takes a gau§esuch that p(Ua;: ) %#,
then the setsV and C above satisfy the requirements.
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Conversely, if the setA satisfies the regularity condition, then given! > 0
we take the setsV and C as in the statement. The gauge" defined onRY by
setting" (x) = Vifx! Aand"(x)= RI\Cif x| RY\A satisfiesUp, = V\C,
and thusu(Ua, ) " !. Hence, the setA is gauge-measurable by Lemma 7.2.0J

8. Pointwise approximation

We conclude with the pointwise approximation of a gauge-measurable function
by step functions. We recall that g : R # RP is a step function if the image
g(RY) is a finite set.

Proposition 8.1 If a function f : RY # RP is gauge-measurable, then there
exists a sequence of gauge-measurable step functiafis)n: v from RY to RP
which converges pointwise td in RY and satisfies|f,| " | f| in RY for every
n! N.

This statement allows one to recover a widespread strategy to define the
Lebesgue integral via measurable step functions. In our case, ff is gauge-
integrable, and thus |f | is also gauge-integrable by the Absolute Cauchy cri-
terion, then from the Dominated convergence theorem (Proposition 5.4) we
indeed have that ! I

f = lim fn.
Rd "% Rd
The dilerence here is that this is a property of the gauge integral, rather than
a definition.

Before proving Proposition 8.1, we first study the inverse image of rectangles

by gauge-measurable functions:

Proposition 8.2 If a function f : RY # RP is gauge-measurable, then, for
every rectangleR $ RP, the setf ®1(R) is gauge-measurable.

Proof. Observe that#r % = #;: 1(g). To prove the proposition, it thus su"ces
to prove that the function #r % is gauge-measurable. For this purpose, take
a sequence of uniformly continuous functions (#), n from RP to R which
converges pointwise to#r. Then, by Proposition 2.2 the function #, %f is
gauge-measurable for everyn ! N, and the sequence (# %f ), n converges
pointwise to #r % . By the stability property of sequences of gauge-measurable
functions (Proposition 6.1), we deduce that#g %f is gauge-measurable, and
the conclusion follows. O

The converse of Proposition 8.2 is also true: if ®1(R) is gauge-measurable
for every rectangleR $ RP, then f is gauge-measurable. This assertion can be
deduced from the proof of Proposition 8.1 below, since under such an assump-
tion the functions f, which are defined in (14) below are all gauge-measurable
and the function f is the pointwise limit of the sequence {,)n: n-
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Proof of Proposition 8.1. Take a sequence of positive numbers!{),; n that
rectangles whose diameters do not excee!d]m’that covers the ball B4+ (0) in
RP. For eachi ! { 1,...,kn}, let & be a point with smallest norm in R;, , and
define

tkn
fni= a " 1(Rip )- (14)
i=1

For every x ! f" 1(Bn+1 (0)), we then have
[fn(x)" f(X)|# !n,

hence the sequencef (), ny converges pointwise tof in RY. [The convergence
is uniform when f is a bounded function.] By the choice of the pointa;, we
also have
Ifn GO # | £ (X)]

kn
if f(x)! Rin , while the left-hand side vanishes otherwise. This estimate

i=1
thus holds for everyx ! RY.

Assuming that the set f " 1(R) is gauge-measurable for every rectangle

R $ RP, which by Proposition 8.2 is the case when the functionf is gauge-
measurable, it follows from the linear stability of gauge-measurable functions
(Proposition 3.1) that f, is a gauge-measurable step function, and this gives
the conclusion. O
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Hamilton-Jacobi on the symplectic
group

Ivar Ekeland

Dedicated to Jean Mawhin and his students

Abstract.  The classical Hamilton-Jacobi-Bellman theory in the cal-
culus of variations, which is associated with the Bolza problem, is ex-
tended to other kinds of boundary-value problems, such as periodicity.
By using the dual action principle of Clarke and earlier results by the
author, one can establish the analogue of HIB on the symplectic group
and show that it has a solution

Keywords: Calculus of variations, Hamilton-Jacobi-Bellman theory, Bolza problem,
Hamiltonian system, periodic solution, symplectic group
MS Classification 2010: 35F21, 58F05, 70H05, 49J40

1. Introduction

It is great pleasure to do mathematics, and | have enjoyed it for more than fifty
years now. Part of that pleasure comes from meeting other mathematicians, and
there are very few, if any, that | have enjoyed more than Jean Mawhin. His sense
of humour of course is part of the enjoyment, but so are his mathematics, always
deeply rooted in classical problems, and bringing to them modern methods and
deceptively simple solutions. He belongs to a long and distinguished Belgian
tradition of the calculus of variations, starting with de la ValEe-Poussin and de
Donder [2], continued by Jean himself and his students, such as Michel Willem.
| wish to point out that their teaching is no less remarkable than their research.
The treatise of de la Valke-Poussin, in its second edition [6], was the first one to
introduce the Lebesgue integral, and Jean’s treatise [4] , is no less revolutionary
and a pleasure to read. | cannot resist the opportunity of commending Michel's
expository talent as well, in [7, 8, 9]: short books, which contain an amazing
amount of well-digested material.

All these people have been a great inspiration to me, and | dedicate this
work to them. 1 will try to fit into the same tradition by describing a re-
search program which starts in the classical calculus of variations and ends in
the symplectic group. | have long asked myself whether the Hamilton-Jacobi
equation, nowadays known as Hamilton-Jacobi-Bellman because of the latter’s
important contribution, and shortened to HIB, can be extended to other set-
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tings, for instance to periodic boundary conditions. It turns out that they can.
| will describe how to proceed, and leave the detailed study of the equation to
further studies, preferably by younger people.

2. The classical situation

Let me first summarize the classical theory (see [1] or [7]). Consider the classical
Bolza problem in the one-dimensional calculus of variations:
Ly #
T
. dg
f f q,— dt, 1
nf 1 oag (1)
d
4O = & aM=aq LI LY @
whereT > 0, and qu ! R" are prescribed. Supposé (q,!) is continuously
di'erentiable, convex wrt | and coercive, meaning that we havef (q,!) "
"(|'|) where " is bounded from below and "(t)t *#$ ent#$ . Then

it can be shown that the minimizer g exists, and that d‘ﬁ ' L , so thatit
satisfies the Euler-Lagrange equation:

det

de"r "q

Since the functionf has been assumed to be convex wrt the second variable,
it has a Legendre transform:

H (p,d = max {p! %f (q,!)} 3

and it is well-known that the Euler-Lagrange equation (1), which is a second-
order equation in R", can be rewritten as a Hamiltonian system, which is a
first-order equation in R?":

dp _ o H

a - /an ] (4)
dg "H

G p (5)

If now we fix gy and introduce the so-called value functionV (qi, T) associ-
ated with the optimization problem (1)-(2), namely:

% n # &
T
dq

V(qu, T) :=inf , f 94 dt | q0)= o, a(T)=a , (6)
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we find that it satisfies a first-order PDE on R" ! [0, TJ:
I "
v ' v

_ + - = .
T tH G =0 ™

This is the HIB equation. We have approached it through the value function,
but the same equation can also be obtained by trying to find a change of variable
which would simplify the problem (i.e. generating functions), and this is how
it appears in the work of Hamilton and Jacobi.

Note that gy and g; play symmetric roles, so that a similar equation exists
for go.

3. Other boundary conditions

From now on we shall simplify notations by writing x = (p, g and:
| "
N O
J= In O

It follows that the system (4)-(5) can be rewritten compactly as ‘é—ﬁ =
JH ! (x).

Recall that a matrix M is symplectic if M "JM = J. The group of symplec-
tic matrices in R" ! R" will be denoted by Sp (). It has dimensionn (2n + 1).
It is a compact Lie group, and the tangent space atl ,, is given by:

T,,Sp(M)={m|m'J+Jm=0}. (8)

In other words, Jm is symmetric.

The Bolza problem is a natural one whenf is coercive, for instance when
f (0,") = 2?+ 3" 2. Note that in that case, by formula (3), we haveH (p, q) =
%pz " %qz, which is neither convex nor coercive. For convex and coercive
Hamiltonians, such asH (p,d) = 3p* + 3c?, the natural one is to look for
periodic solutions, that is, to investigate the problem:

dx _ |
i JH (x),
x(T) = x(0).

This problem can be imbedded in a family of problems indexed byM # Sp (n)

dx _ |
- oH (x), 9)

x(T)= Mx (0). (10)
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Here M will play the role devoted to (¢, ¢1) in the Bolza problem: the value
function will be V (M, T) instead of V (¢, o1, T). Note that we cannot define
it by using the least action principle:

S % & ’
V (M, T)=inf 5 Jd—)t(,x +H(x) dt|x(T)= Mx (0) ,
0

because the right-hand side takes the value + (and would take the value
"I if we tried to minimize). In fact, a solution to problem (9)-(10) is neither
a minimizer nor a maximizer, but a critical point of the right-hand side. So

we have to define the value in another way, and for this reason we make some
additional assumptions onH

Definition 3.1 SupposeH : R?" # R is convex, withH (0) = 0. It is called
subquadratic near infinity if H (x) [x|' 2 # 0 when|x|#! , and subquadratic
near 0 if H (x) |x|! Z#1  when [x| # O.

We use the results in [3] (see Chapter 1.4, notably Propaosition 6, Chapter
I11.3, notably Corollary 6; see also [5])

Theorem 3.2, SupposeH is convex and subquadratic neaf, and consider the
problem:

" #S dy % $ dy%&
inf . Ja,y + H Ja dt, (11)
y(T)= My (0). 12)

This problem has a solutiony (t) for any M $ Sp(n), and there is a constant
Yo $ R?" such thaty(t) + yo solves problem (9)-(10). If in addition H is
subquadratic near0, this solution is not constant.

To understand the theorem, note that y (t) = 0 is always a solution. Note
also that, for any y (t), adding a constant y, changes the value of the integral
by

"% dy %
. Yo dt=3(M" y(©).yo)=" (y(©).(M " l2n)yo).
If M has 1 as an eigenvalue, and ify is an eigenvector, the right-hand side
vanishes. So the solutiory (t) of (11)-(12) is defined modulo a 1-eigenvectoyg
of M, and the latter can be chosen so thaty (t) + yo solves (9)-(10).
We are now in a position to define the functionV (M, T) in a proper way:

Lo #, 8 % 8 %&
V(M,T) = inf = aY w3 Gym=mMy© . @)
o 2 Tt dt
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The right-hand side is the dual action functional. Note that setting y = 0
gives the value 0 to the integral, so thatV (M, T) < 0 for T > 0. The function
V:Spn)! [0, T]" R is well-defined and does not vanish. Let us show that
it satisfies a PDE system of the first order.

For the sake of simplicity, assume thatM does not have the eigenvalue 1.
Set
dx
dt’

|
ot

x(t)= x(0)+ u(s)ds.
0

The boundary condition x (T) = Mx (0) becomes:
|
T

x (0) + udt = Mx (0), (14)
0

!
X©0)=(M # 15)" * OT udt. (15)

Set ! u(t) := S u(s)ds. We have:
!

t

X()= x()+ u(s)ds=(M # lz) *1u(T)+! u(t). (16)
0
Writing this into the right-hand side of (13), we get:
| T#1$ ' % ) &
V(M,T)=inf 5 Ju (M #120) LY u(T)+! u@t) +H #Ju) dt. (17)

0

Let us now compute the partial derivatives wrt M and to T.

If m$ T,,Sp(n), we havemM $ Ty Sp (n). Hence, for everym satisfy-
ing (8), we have, by the envelope theorem:
b1 : : %
#5 UM # ) "mM (M # 150) M u(T) dt
0

! T 1$ \ %
=# 5 UM # 1) "mMx (0) dt

v 2 (

- #% Judt, (M # 1) “mx (T)
0

19 . %
#5 J(M # 15,)%x(0), (M # 157) *mx (T)

1% . . %
#5 (M #120) T3 (M # 120)x (0),mx (T) ,

v
o M T)mM

where u (t) is a minimizer in (17) and x (t) is given by formula (16).
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Lemma 3.3. If M is symplectic, we have:
(MY 150) T3 (MY Hgn) = 1 IM.
Proof. Multiply both sides by M' ! 1,,. We get:
JM 1 J=1M"IM + M,

which is true sinceM'JM = J. O

Finally, we find:
v 1 1
W(M,T)mM = é(JMx (0), mx (T)) = E(Jx (T), mx (T)) . (18)

To find the partial derivative wrt T, we rewrite the right-hand side of (17)

as follows: | 1,,11# N $ 4 1dx$%
2 3" x +H' 1JZ=2 Tt
. 2T “at” T dt

The envelope theorem then yields:

Lt # $ # # $ $ %
v L. 1 dx \ 1 dx 1 dx
(M, T) = H' 1J== + "RH! 13222 === T dt
!T( 1) 0 JTdt JTdt U T2 dt dt

By the Fenchel identity, H (x) = (" H' (y),y)! H' (y) for x = " H' (y),
so the integrand is just:

#
IH "H' | Jldl$$
T dt
; foodx — # —n .&, o o
Inverting the equation 3 = JH*(x), we havex = " H" | J& . Finally,
we get
v b dt
o =1 —
T M, T)=1 . H(x)T.

Bearing in mind that H (x (t)) is constant along trajectories of the Hamil-
tonian system, we get:

%UV',T): PH(x(0) = ! H (x(T)). (19)
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4. HIB

We have found the partial derivatives of V (M, T) at any point (M, T) !
Sp(n) " R.: such that M does not have the eigenvalue 1. Ifi(t) is the corre-
sponding minimizer in (8), and x (t) is the corresponding solution of (9)-(10)

given by formula (15), so that ‘(‘j—? = u, we have:

(M T)mM = Z(@x (), me(T)), #m1 T, Sp@),  (20)
2 (M, T)= $H (x(T)) (21)

This is the HIB equation we are seeking. Indeed, we can invert the first
equation to expressx (T) in terms of -, sayx(T) = " "~ and write the
result in the second, getting % = $H %' % . Note that equation (20) is
in reality a system of 2n? + n equation (one for eachm ! T;, Sp(n)) in 2n
variables, so that it is overdetermined. However, by the preceding analysis, we

have shown that formula (17) gives a solution. Let us summarize:

Theorem 4.1. SupposeH : R?™ & R is convex, H (0) = 0, and subquadratic
near 0 and infinity. Then the function V : Sp(n) " [0, T] & R defined by
formula (17) is negative for T > 0. If M does not havel as an eigenvalue,
and V is dilerentiable at (M, T), the HIB relations (20) and (21) hold.

Note that there are two terms in the HIB system: the first one, (20), does
not depend onH, which appears only in the second, (21).

Let us give an example. Taken =1, so that M is symplectic if and only if
it preserves volume:

# b$

M = ‘Z‘d ! Sp(2){ ad$ be=1,
i $

m= ﬁjo$& | T, Sp(){  #+&=0.

Then, for’ =("1,"2):
1 .. — opn? 12
Q(J,m )= %T$ 5,

Let us now take local coordinates in Sp(2). Ifc ¥ 0, for instance, we can
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take a, b, cand setd = (ab! 1)c' . ThenV (M, T) becomesV (a,b,c, T) and:

| | | |
v mM = %("a + #c) + %("b + #d) + %($a+ %%

M
| " | " | " | "
| | o | | |
=" ai.q.bi + # Ci.pdi +$ al +%Ci
la b la b Ic Ic
[ " [ " [ "
| | | | | | |
SV LV Y Y abtav Y
la b Ic la c b Ic
Equation (20) becomes:
v v v
aHerW! F_O' (22)
v ab! 1'v 2
“at e wm e (23)
v
aj = x1 (T)2. (24)

We can derivex; (T) and x; (T) from the last two equations, and plug into

second HJB relation (21), getting:
# $ %

$
Vg s eV Labvo v
T - Ic '~ c b Tla

We still have to satisfy equation (22). Finally, we get an overdetermined
system forV (a,b,c,T) :

AV AV v
0=aj +byt o
# 3 $ %
Ny, Y, LLav v
T - Ic '~ c b Tla

The sign indeterminacy in the second equation arises also in the Bolza
problem. For instance, it is found in the classical eikonal equation.

If one takesH (x) = |x|' with 0 <" < 2, which is convex and subquadratic
near 0 and infinity, the system becomes:

|
0=a *bp! i
v AV 1! ablVv v
0= —+9—+ — !l c—¥,
T Ic c b la
| | I I
ai>0, 1! abil Cl>0

Ic c b Tla
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and the problem (9)-(10) can be solved explicitly, yielding a solution to this
system.

5. Conclusion

This aim of this paper is to open up a problem. There are many questions to
be answered:

1. We have investigated only points whereM does not have the eigenvalue

1 and V (M, T) is dilerentiable. What happens at other points? Is it
true that the value function V (M, T) provides a viscosity solution of the
system (20)-(21) over Spf) ! R+ ?

. What is the geometry of the solution? What is the meaning of the in-
determinacy which arises when solving (20), and which appears as in
the example? Does it mean that the graph of the value function can be
extended to a sheet which covers Sm)! R. several times, in the manner
of a Riemann surface?

. What happens when the Hamiltonian H is no longer subquadratic? If
it is superquadratic, for instance, the dual action principle still holds,
and can be used to prove the existence of a solution to the problem (9)-
(10), but the minimum on the right-hand side of (13) is not attained.
The solution is a saddle-point, and defines a critical value rather than
a minimum. However, the system (20)-(21) is still valid. Does it have a
solution, and is it provided by the analogue of formula (17), where one
seeks a critical value of the right-hand side?

. Finally, what about general Hamiltonians H, assuming simplyH (0) =0
and H (x) "# when|x|"# , so that energy surfacesH (x) = h are
bounded, and the boundary-value problem (9)-(10) is reasonable?
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with mean curvature operator

Zuzana Do sl a, Mauro Marini and Serena Matucci
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Abstract. A boundary value problem on the whole half-closed inter-
val [1,! ), associated to dilerential equations with the Euclidean mean
curvature operator or with the Minkowski mean curvature operator is
here considered. By using a new approach, based on a linearization de-
vice and some properties of principal solutions of certain disconjugate
second-order linear equations, the existence of global positive decaying
solutions is examined.

Keywords: Second order nonlinear dilerential equation; Euclidean mean curvature
operator, Minkowski mean curvature operator, Radial solution, Principal solution, Dis-
conjugacy.
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1. Introduction

In this paper we deal with the following boundary value problems (BVPs) on
the half-line for equations with the Euclidean mean curvature operator

(a(t)"lx_:xlz) FROF() =0,  t#[L!)

1)
x(1)=1,x(t)>0,x'(t)$ 0fort %1, t!jign x(t)=0,
and with the Minkowski mean curvature operator
X! :
at)*—— | + bh(t)F(x) =0, t# [1,!
(a0 Pz ) + BKOF L) "

x(1)=1,x()> 0, x(t) $ 0fort %1, lim x(t)=0.

Troughout the paper the following conditions are assumed:

(H1) The function ais continuous on [1! ), a(t) > 0in[1,! ), and

#
/1 mo|t<!. (3)
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(H2) The function bis continuous on [1! ), b(t) " 0 and

1
b gdsdt< (4)

(H3) The function F is continuous onR, F(u)u > 0 for u # 0, and

. F
I|msupﬂ<! .
u" o+ u
Define v v
le(V) = $——, 'nm(V)= $——.
eV = 8 ' w)= S

The operator ! g arises in the search for radial solutions to partial di"erential
equations which model fluid mechanics problems, in particular capillarity-type
phenomena for compressible and incompressible fluids. The operatory

originates from studying certain extrinsic properties of the mean curvature of
hypersurfaces in the relativity theory. Therefore, it is called also the relativity

operator.
For instance, the study of radial solutions for the problem
n $
. &
div. #——"__ +f(x|,u)=0, x' #( RN
1+]& ul?

u(x) > 0in #, | Ili"m u(|x)) =0,

where # is the exterior of a ball of radius R > 0, leads to the boundary value
problem on the half-line
(y?N #1g v
1+ v®
v(r) > O,rI"i|m v(r)=0,

&

+rV*lf(rbv)=0, r’ [R!)

wherer = |x| and v(r) = u(|x]). If N > 2, f(r,v) = b(r)F(v), with b(r)" 0
in[R,! )and FL rEJ(r) dr< ! , then assumptions (H,) and (H,) are satisfied.
In particular, if B(r) ) r', then (H,) reads as! < %2.

Boundary value problems associated to equations with the curvature op-
erator in compact intervals are widely considered in the literature. We refer,
in particular, to [3, 4, 5, 6, 7, 8, 11, 25, 27], and references therein. In un-
bounded domains, these equations have been considered in [14, 15], in which
some asymptotic BVPs are studied, and in [1, 2, 13, 19], in which the search
of ground state solutions, that is solutions which are globally positive on the
whole half-line and tend to zero ast *! , is examined
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Finally, equations with sign-changing coelcients are recently considered
when the di"erential operator is the p-Laplacian, see, e.g. [9, 10, 22, 23] and
references therein.

Here, our main aim is to study the solvability of the BVPs (1) and (2). As
claimed, these BVPs originate from the search of ground state solutions for
PDE with Euclidean or Minkowski mean curvature operator. Our approach
is based on a fixed point theorem for operators defined in a Fréchet space by
a Schauder’s linearization device, see [16, Theorem 1.1]. This tool does not
require the explicit form of the fixed point operator T. Moreover, it simplifies
the check of the topological properties ofT in the noncompact interval [1,! ),
since these properties become an immediate consequenceagdriori bounds for
an associated linear equation. These bounds are obtained in an implicit form by
means of the concepts of disconjugacy and principal solutions for second order
linear equations. The main properties on this topic, needed in our arguments,
are presented in Section 2. In Section 3 the solvability of (1) and (2) is given,
by assuming some implicit conditions on functionsa and b. Explicit conditions
for the solvability of these BVPs, are derived in Section 4. Observe that also
the BVP for equations with the Sturm-Liouville operator

! 1

(amx') + (OF(x)=0, t" [L,!) 5
X(1)=1,%()>0, fort# 1, m x(t)=0, )
can been treated by a similar method. Some examples and a discussion on
these topics complete the paper.

2. Auxiliary results

To obtain a-priori bounds for solutions of BVPs (1) and (2), we employ a
linearization method. Therefore, in this section we consider linear equations, we
point out some properties of principal solutions, and we state new comparison
results.

Consider the linear equation

(r)y)' +at)y=0, t"[L! ), (6)

wherer, g are continuous functions,r(t) > 0,q(t) # 0 fort # 1.

The equation (6) is called nonoscillatory if all its solutions are nonoscillatory.
In view of the Sturm theorem, see, e.g., [24, Chap. XI, Section 3], the exis-
tence of a nonoscillatory solution implies the nonoscillation of (6). When (6)
is nonoscillatory, a powerful tool for studying the qualitative behavior of its
solutions is based on the analysis of the corresponding Riccati equation

2

! -—
W_O' ()

'+ q(t) +
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see, e.g., [18, 24]. More precisely, if is a non-vanishing solution of (6), then

r(t)y'(t)
y(t)

is a solution of (7). Conversely, if! is a solution of (7), then any nontrivial
solution y of the first order linear equation

IO
ANI0)

is also a non-vanishing solution of (6). If (6) is nonoscillatory, then the corre-
sponding Riccati equation (7) has a solution! o, defined for larget, such that
for any other solution ! of (7), defined in a neighborhoodl, of infinity, we have
Io(t) <! (t) for t € I,. The solution ! is called the minimal solution of (7)
and any solution yg of

_ lo(t)

) y ®)

is called principal solution of (6). Clearly, yo is uniquely determined up to a
constant factor and so bythe principal solution of (6) we mean any solution
of (8) which is eventually positive. The principal solution is, roughly speaking,
the smallest solution of (6) near infinity. Indeed it holds

o yo(t) _
Ny "

wherey denotes any linearly independent solution of (6).

We recall that (6) is said to be disconjugate on an interval 1 C [1, 00),
if any nontrivial solution of (6) has at most one zero onl. Equation (6) is
disconjugate on [1 o), if and only if it is disconjugate on (1, ), see, e.g.,
[18, Theorem 2, Chap.1]. The relation between the notions of disconjugacy
and principal solution is given by the following, see, e.g., [18, Chap. 1] or [24,
Chap. XI, Section 6].

Ht) =

y

0,

LEMMA 2.1 The following statements are equivalent.
(i1) Equation (6) is disconjugate on[1, co).
(i2) The principal solution yg of (6) does not have zeros orfl, o).
(i3) The Riccati equation (7) has a solution defined throughout(1, o).

The following characterization of principal solution of (6) holds, see [24,
Chap. Xl, Theorem 6.4].

LEMMA 2.2. Let (6) be nonoscillatory. Then a nontrivial solution ygy of (6) is
the principal solution if and only if we have for largeT
|

. # 1
—————ds= oo
ICIZIC)
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Some asymptotic properties for solutions of (6) are summarized in the next
lemma.
Lemma 2.3. Assume
—dt< !, q(t) R(t)dt< ! |
1 () 1

where 0,

R(t) e ds.
Then (6) is nonoscillatory, and the set of eventually nonincreasing positive
solutions, with zero limit at infinity, is nonempty. Further, any such solution
y satisfies ©
y(t) _
TR
where0O<cy <! is a suitable constant.

9)

Proof. From [17, Theorem 1], see also [17, Lemma 2], we have the existence
of eventually nonincreasing positive solutions, with zero limit at infinity. The
asymptotic estimate (9) follows from [17, Theorem 2] and the I'Hopital rule. O

Under the assumptions of Lemma 2.3, the principal solutionyy of (6) is
nonincreasing for larget. However, y§ can change sign on [I! ), even if (6) is
disconjugate on[1! ), see, e.g., [20, Example 1]. Now, the question under what
assumptions the principal solution is monotone on the whole interval [1! )
arises. In the following we give conditions ensuring thatyo(t)ys(t) " 0 on the
whole interval [1,! ). To this end the following comparison criterion between
two Riccati equations plays a crucial role, see [24, Chap. XIl, Corollary 6.5].

Consider the linear equations
0
ROy @by =0, t# 1, (10)
and 0 Q#
rw* "+ qu(t)w=0, t# 1, (11)

wherer;, g are continuous functions on [1! ), ri(t) > O,q(t) # Ofort # 1,i =
1,2

Lemma 2.4. Let (10) be a Sturm majorant of (11), that is, for t # 1

ro(t) # ra(t),  au(t) " a(t). 12)
Let (10) be disconjugate on[T,! ), T # 1, and assume that a solutiory of (10)
exists, without zeros on[T,! ). Then (11) is disconjugate on[T,! ) and its
principal solution wp satisfies fort # T
ro(twi(t) . ra(t)yit)
Wo(t) y(t)y -
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Using Lemma 2.4, we get the following comparison result, which will play
a crucial role in the sequel.

Lemma 2.5. Let (10) be a majorant of (11), that is (12) holds fort! 1 and
at least one of the inequalities in (12) is strict on a subinterval of[1," ) of
positive measure. If the principal solution of (10) is positive nonincreasing on
[1," ), then (11) has the principal solution which is positive nonincreasing on

(L")

Proof. The assertion is an easy consequence of a well-known result on conju-
gate points for linear equations, see, e.g., [21, Theorem 4.2.3]. Since (10) is
disconjugate on [1," ), by Lemma 2.4 also (11) is disconjugate on the same
interval. By Lemma 2.1 the principal solution Wg of (11) is positive for t > 1.
If wo(1) = 0, using [21, Theorem 4.2.3], every solution of (10) should have
a zero point on (1," ), which contradicts the fact that the principal solution
of (10) is positive on (1," ). Thus Wp(t) > 0 on [1," ). Using Lemma 2.4 we
get Wy(t) # 0 fort! 1, and the assertion follows. O

3. The existence results

Define F
_ u
F = sup —( ) (13)
u" 0,1 U
We start by considering the BVP associated to the equation with the Euclidean
mean curvature operator. The following holds.

Theorem 3.1. Let (H;), i=1,2,3, be verified. Assume

! :EQ;fL a(h)A(t) > 1, (14)
where I'g 1
A(t) = t ?S)ds. (15)

If the principal solution zy of the linear equation

I
1! : = _ |

(at)z) + TSI b(t)yz=0, t! 1, (16)

is positive and nonincreasing on[1," ), then the BVP (1) has at least one

solution.

To prove this result, we use a general fixed point theorem for operators
defined in the Fréchet space C([1," ),R?), based on [16, Theorem 1.1]. We
state the result in the form that will be used.
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Theorem 3.2. Let S be a nonempty subset of the Fréchet space C([1,! ),R?).
Assume that there exists a nonempty, closed, convex and bounded subset! "
C([1,! ),R?) such that, for any (u,v) # ! , the linear equation

o #
20§ V2(0) X'+ Kt) Ffj‘zt(;))

(17)

admits a unique solution Xyy, such that (Xuy, X[Jl\}) # S, where

xW = a2(t) $ va(t) x},

s the quasiderivative of Xyy .
Let T be the operator! % S, given by

T(u,v) = ( xu,x2).
Assume:
(i) T(H " 4

(iz) if {(un,va)} " ! is a sequence converging in ! and T ((Un,Vn)) %
(X1,X2), then (X1,X2) # S.
Then the operator T has a fized point (X,¥) # ! &S and X is a solution of
$ ! %
2=+ KOFW) (18)

If the equation (17) is replaced by

o #
S =
20+ VO b x
and (i), (i) are verified, then T has a fized point (& ) # ! &S and & is a
solution of $ %
] d

a(ﬂ’ﬁﬁ + B(F (x) =

=0, (19)

Proof. Equation (17) can be written as the linear system

- 1 F (u(t))
G AT

(20)

where x; = x and x, = x/1. Hence, from [16, Theorem 1.1], the seT (!) is
relatively compact and T is continuous on !. The Schauder-Tychono" fixed
point theorem can now be applied to the operatorT : ! % T (!), since !
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is bounded, closed, convexT (!) is relatively compact and T is continuous
on!. Thus, T has a fixed pointin!, say (X,¥), and (X,¥) = T(X,Y). Since

TN ! SandT() ! !, wegetXy)" ! #S. From (20) we have
Sy — y(t) oy — -
X'(t) = J-Wa y () = $b(t)F (X(1)),
Since " #
7! (t) =1 V(t) —n M @
a2(t) $ y2(t) a(t)
or o
W= w2

using the fact that " ¢ (" v (d)) = d, we obtain

X!(t) = ol -
a(t) Ll ——=—— = y(1), () = $b()F(X(1)).
(t) Tr (X ()2 y(©), y(t)= $b{t)F(x(t))
Then X is a solution of (18). A similar argument holds when the operatorT is
defined via the linear equation (19). O

Proof of Theorem 3.1. In view of assumptions (H;) and (H;), Lemma 2.3 is ap-
plicable and (16) is nonoscillatory. Since the principal solutionzy of (16) is pos-
itive nonincreasing on [1 %), we can suppose als@y(1) = 1. Using Lemma 2.3
we have lim+ zg(t) = 0. From Lemma 2.1, equation (16) is disconjugate on
[1,%). Moreover, (16) is equivalent to

& %,
1281 \ _
| a(t)z  + Fb(t)z=0, t’ 1, (22)
which is a Sturm majorant of
(aw')' =0, t’ 1, (22)
whose principal solution is
1
wo(t) = ——A(t), (23)

A1)
where A is given in (15). Clearly, wy satisfies the boundary conditions:

Wo(1) =1, wo(t) > 0, wy(t) < 0 on [1,%), Jim wo(t) =0.

Put

=y ) = &.i—m' (24)
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By applying Lemma 2.4, we get fort ! [1," )

wo(t) ,, 125(t)
wo® " Tzo(t) " O

or, taking into account that 0 <w(t) # 1,

wo(t)' # wo(t) # zo(t)™" .

In the Fréchet space C([1," ), R?), consider the subsets given by
|

= (uv)! C(IL," )R (wo(t)' # u(t) # (zo(t)™ , Iv(t)| # %a(t) ;

and
| # R n

S= | (x,y)! C(1," ),R?) :x(1)=1, x(t) > 0, 1

,amem®T @

Sincewo(1l) = zp(1) = 1 and zp(t) # 1, for any (u,v) ! ! we get u(l) =
Lu(t) # 1.

For any (u,v) ! !, consider the linear equation
$o_____ &
‘2O SV X+ bt FSZS” x=0. (26)
Since % & ]
a(t) % a2(t) $ va(t) % —; a(t), 27

equation (21) is a majorant of (26), and, by Lemma 2.4, (26) is disconjugate
on [L" ). Let xy, be the principal solution of (26), such that x,, (1) = 1. In
virtue of Lemma 2.5, x,, is positive nonincreasing on [1" ). Put

0,

0
x0 = a2(t) $ v2(t)xy,, (28)

and let T be the operator which associates to any (,v) ! ! the vector
(Xuv , X, that is

T (u, v)(1) = (Xuy (t),XLl\; (1) -
In view of Lemma 2.2 and (27), we haveT (u,v) ! S.

Equations (21) and (22) are a majorant and a minorant of (26), respectively.
Applying Lemma 2.4 to (21) and (26), from (27), we obtain

X!uv (t) e — X!uv (t) m Z (t)
W ¥ FOSVO TG A * O
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Thus
Xuy (t) ! (ZO(t))ll! .
Similarly, applying Lemma 2.4 to equations (22) and (26), we obtain

AWt | ! e ) T o X (D) -
a()WO(t) . >0 V()Xuv(t) . ! a()xuv(t). (29)
Hence
(WO(t))! I Xy (1),
where" is given in (24).
To prove that T maps ! into itself, we have to show that
XBOI! Sa). (30)
From (28) and (29) we obtain
KGO _ Y g X6 ()] [wgl(t)]
Xu () #O " v Xuy (1) ' alt) Wo(t) - (1)
In view of (23) we get
wo(t)] _ 1

wo(t) — a(A()’
Thus, from (31), since 0< x () ! 1, we have
1 1
- | I
and, in virtue of (14), the inequality (30) follows.

In order to apply Theorem 3.2, let us show that, if{ (un, Vvy)} convergesin!
and {T (un,Vvn)} converges to &,y) $ !, then ( X,y¥) $ S. Clearly, X is positive
fort %1 and x(1) = 1. Thus, it remains to prove that

e 1
——dt= &
1 a()x3(t)

X ()] !

(32)

SinceT(!) ' =1 wehave 0 < X(t)! (z()Y , and lim;_. X(t) = 0.
Further, since {T (un,Vv,)} converges to K, y) uniformly in every compact of
[1, &), the function X is a solution of (26) for someu = U,v = V such that
(U,v) $ . Applying (27) and Lemma 2.3, there exist T % 1 and a constant
k > 0 such that x(t) ! kA(t) on [T,& ), where A is given in (15). Thus
" #
! 1 1 1 1
- - 0 — —— " _—
Caeee® %k Am A@D

and (32) is satisfied. Applying Theorem 3.2, the operatorT has a fixed point
(x,y) $! ( Sandx is a solution of (1). O
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Now, we consider the case of the Minkowski curvature operator. The fol-
lowing holds.

Theorem 3.3. Assume that (H ), i=1,2,3, are verified and let (14) be satisfied.
If the linear equation

(a®)z) + Fb(t)z=0, t! 1. (33)

has the principal solution zg positive nonincreasing on[1," ), then the BVP (2)
has at least one solution.

Proof. The proof is similar to the one given in Theorem 3.1. Jointly with (33),
consider the equation (22). Reasoning as in the proof of Theorem 3.1, we obtain
wo(t) # 20(t), where wg and 2y are the principal solutions of (22) and (33),
respectively, such thatwg(1) = zy(1) = 1. Sincezg is positive nonincreasing on
[1," ), we obtain

(wo(t)" # (20(N™

$__
where = / 2%1>1. Let! ;& O([1," ),R?) be the set
| "

L= (w0) C(L," ), R?): (wolt)' # ult) # (o), lo(®)| # —a(t)

and for any (u,v) ' ! 1, consider the linear equation

# % .
R ORIt

2=0. (34)

Let z, be the principal solution of (34) such that z, (1)=1. Then (muv,x[}\}) '
S, where S is given in (25). Since equation (22) is equivalent to

( a(t)w) =0,

which is a minorant of (34), the assertion follows by using a similar argument
to the one in the proof of Theorem 3.1, with minor changes. The details are
left to the reader. O

4. Applications and examples

Theorem 3.1 requires that the principal solution of (16) is positive nonincreasing
on the whole half-line [L" ). Lemma 2.5 can be used to assure this property if a
majorant of (16) exists, whose principal solution is known. A similar argument

holds for the conditions which are required in Theorem 3.3 for (33). In the

following, some applications in this direction are presented.
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Prototypes of a Sturmian majorant equation, for which the principal so-
lution is positive nonincreasing on the whole interval [1! ), can be obtained
from the Riemann-Weber equation

1] 1 1
T+ 1+ v=0, 35
4(t+1)2 log?(t + 1) (39)
or from the Euler equation
v+ iv =0. (36)

4t2
Indeed, equation (35) is disconjugate on (0! ), see [18, page 20]. Thus, from
Lemma 2.1, the principal solution vy of (35) is positive on [1! ). Sincevg is
concave for anyt " 1, then vi(t) > Oon [L! ). Set
Yo(t) = vo(t),

a standard calculation shows thatyy is solution of the linear equation

At +1)2log?(t+1) ,

1+log?(t+1)

+y=0. (37)

Moreover, in view of [12, Theorem 1],yq is the principal solution of (37) and
Yo(t) = Vo (1) < O.

A similar argument holds for (36). Equation (36) is nonoscillatory and the
principal solution is #
Vo(t) = t,

see, e.g., [26, Chap. 2.1]. Hence, the function

Yolt) = L=

2 t
is the principal solution of the linear equation
(4t?y')' +y=0, (38)

and yy(t) < 0.
Fix ! > 0. Equations (37) and (38) are equivalent to

At D)%logi(t+1)

+ly =0,
1+log?(t + 1) Y

and
@t2y) +1y =o,

respectively. Now, from Lemma 2.5 and Theorem 3.1, we obtain the following.
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Corollary 4.1. Let (H;), i=1,2,3, be verified. Assume that there existsA > 0
such that fort! 1
| "
O A(t+1)2logP(t+1
a(t)! min A t+1) Sg(t ), F D N
1+log“(t+1) a?# 1

Fb(H)$ A, (39)

where F and « are defined in (13) and (14), respectively. If at least one of
the inequalities in (39) is strict on a subinterval of [1,%) of positive measure
and (14) is verified, then the BVP (1) has at least one solution.

A similar result can be formulated for the problem (2).

Corollary 4.2. Let (H;), i=1,2,3, be verified. Assume that there existsA > 0
such that for¢! 1

L AR Fb(t) S A, (40)

|

At +1)2log(t+1

a(t)! min A (t+1) ;Jg (t+1)
1+log-(t+1)

where F is defined in (13). If at least one of the inequalities in (40) is strict

on a subinterval of [1,%) of positive measure and (14) is verified, then the

BVP (2) has at least one solution.

Corollary 4.1 and Corollary 4.2 require the boundedness of. Nevertheless,
our results can be applied also when lim sup(t) = %, as the following shows.
t"

Corollary 4.3. Let (H;), i=1,2,3, be verified.
(i1) Assume that (14) holds, and that there exists\ > 0 such that for every
t! 1land somen! 1
«

a(t)! A"*2 ﬁfb(t)$ nAt", (41)

where F' is defined in (13). If at least one of the inequalities in (41) is strict
on a subinterval of[1,%) of positive measure, then the BVP (1) has at least
one solution.

(i2) Assume that (14) holds, and that there exists\ > 0 such that for every
t! land somen! 1

a(®) ! M"2 Fb(t) $ ni", (42)
where F is defined in (13). If at least one of the inequalities in (42) is strict

on a subinterval of[1,%) of positive measure, then the BVP (2) has at least
one solution.
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Proof. Claim (i1). For any ! > 0 the function vg(t) = t' " is a solution of the
linear equation
(t"2v) '+ nit"v=0, t! 1L (43)

Moreover, in view of Lemma 2.2,vq is the principal solution. Since, in view
of (41), equation (43) is a Sturmian majorant of (16), from Lemma 2.5 the
principal solution of (16) is positive nonincreasing on [1" ).Thus, the assertion
follows by Theorem 3.1. The proof of Claim(i ;) follows in the same way from
Theorem 3.3. O

The following examples illustrate our results.

Example 4.4. Consider the equation with the Minkowski mean curvature op-
erator

2" (t+2)2log?(t + 4)! w (X)) + 'S'ti”t'ﬁ =0, t! 1 (44)

It is easy to show that assumptions (3) and (4) are satisfied. Moreover, we
have # 4 # 4

1 ds! ! ds= 1 .
¢ (s+2)2log’(s+4) ¢ (s+2)3 2(t+2)2
Then )
a(t)A(t) ! %Iogz(t+4) ! '092 ® 4 12051

and (14) holds. Since

At + 1) 2log?(t + 1)

2" (t +2)2log?(t + 4) !
(t+2)%log™(t+4) 1+log?(t + 1)

, b(t)$%$ 1

conditions (40) hold with I = 1. Thus, by Corollary 4.2, equation (44) has at
least one solutionx which satisfies the boundary conditions

x(1)=1, x(t)> 0, x'(t) $ 0, Jim x(t) =0. (45)

Example 4.5. Consider the equation with the Euclidean mean curvature op-
erator

!6(t +1)2 ¢ (x) +

Isintl s_g t1 1. (46)
t

Assumptions (3) and (4) are satisfied. Further, we haveF =1 and

a(t)A(t)=t+1! 2.
% %_
Thus, # = 2 and (14) holds. Moreover, since$ = #/ #2& 1=2/ 3, condi-
tions (39) hold with ! = 3/2. Using Corollary 4.1 we get that the equation (46)
has at least one solutionx which satisfies the boundary conditions (45).
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Example 4.6. Consider the equation with the Minkowski mean curvature op-
erator | "
3(t+3)% y(x') +2t|sint +cost| x2"*t1 =0, t! 1. (47)

Similarly to Example 2, also for (47) assumptions (3) and (4) are satisfied.
Further, we have F = 1. Moreover

a(hA(t) = “;3 ! g

and so (14) holds. Since
, #_
3(t+3)*! 3t3, 2t|sint+cost|" 2 2t< 3t

and these inequalities are strict on a subinterval of [1$ ) of positive measure,
then by Corollary 4.3-(is) with n =1 and ! = 3, the equation (47) has at least
one solution x which satisfies the boundary conditions (45). Observe that in
equation (47) the function b is unbounded.

We close the section with some remarks concerning our assumptions.

Remark 4.7. If
liminf a(t) =0, (48)

then the BVP (1) is not solvable. Indeed, let x be a nonoscillatory solution
of (18), x(t) > Ofort! ty! 1. Then the function a(t)! g (x'(t)) is nonincreas-
ing on [ty,$ ) and the limit

Jim a! e (' ()
exists. In virtue of (48), since ! ¢ is bounded, we get
lim a(t)! e (x'(1) =0,

which implies x'(t) > 0 in a neighborhood of infinity. Thus, the BVP (1) is not
solvable.

Remark 4.8. The assumption (4) guarantees that the principal solutiony, of
the majorant equation (16) satisfies

- Yo(t)
= <
Jim AD c, 0<c< $,
see Lemma 2.3. This property is needed for obtaining the continuity of the
fixed point operator, see [16, Theorem 1]. If (3) holds and
# # # # 1

by dsdt= 8,
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then all solutions of (16) tend to zero ast ! * . In this situation, it seems hard
to obtain the continuity of T, since the solutionsT (x,,) are principal solutions,
but the sequence{T (x,)} could converge to a nonprincipal solution.

REMARK 4.9. BVPs on the half-line for equations involving the operator ! g
or ! v with sign-changing coe"cient have attracted very minor attention, es-
pecially when the boundary conditions concern the behavior of solutions on
the whole half-line [1," ). According to our knowledge, the only paper in this
direction is [19], in which the existence of a global positive solution, bounded
away from zero, is obtained. It should be interesting to extend Theorem 3.1
and Theorem 3.3 for obtaining the solvability of (1) and (2) when the function
b does not have fixed sign.

REMARK 4.10. Analougous results to the ones obtained in Theorems 3.1 and 3.3
can be formulated also for the BVP (5). Nevertheless the existence of solutions
of (5) requires weaker assumptions than those in Theorems 3.1 or 3.3. Indeed,
in this situation the operator T is defined via the linear equation

F(u(®)
u(t)

This fact permit us to simplify the above argument, by considering the set #
as a subset ofC([1," ),R) instead of C([1," ),R?), becausea-priori bounds
for the quasiderivative are not necessary. In addition, no assumptions oh are
needed. The details are left to the reader.

(a(t)x’)' + Kt)

x =0. (49)
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Abstract.  We are concerned with multiplicity and bifurcation results
for solutions of nonlinear second order dilerential equations with gen-
eral linear part and periodic boundary conditions. We impose asymp-
totic conditions on the nonlinearity and let the parameter vary. We
then proceed to establista priori estimates and prove multiplicity results
(for large-norm solutions) when the parameter belongs to a (nontrivial)
continuum of real numbers. Our results extend and complement those
in the literature. The proofs are based on degree theory, continuation
methods, and bifurcation from infinity techniques.
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1. Introduction

We consider nonlinear second order dilerential equations with general linear
part and periodic boundary conditions

u' + b(z)u' + e(x)u+ u+ g(x,u) = h(z) ae. in (0,2 ), )
w(0)! w2 )= «'(0)! «'(2 )=0,

where the coe"cients b,c" L(0,2 ) with ¢ bounded from above; i.e.c(x) # co
for a.e.z " (0,2 ) for some (fixed) constantcy " R. The non-homogeneous
term h " L(0,2 ), and the nonlinearity g : (0,2 ) $ R % R (which may
be unbounded) is anL*(0, 2 )-Carathéodory function which is sublinear in u
at infinity (i.e., g(xz,u) = o(|u|) as |u| % & ), uniformly for a.e. z " (0,2 )
(see conditions (C1) and (C2) below). The (real) parameter varies in some
neighborhood of 1, where ;" R is the principal eigenvalue (see below) of the
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second order linear periodic boundary value problem

Lu'l b(x)u'! ¢(x)u=lu, ae. on(Q2"), )
u@)! u@")=u'(o)! u'@")=0, @
where! is a real spectral parameter.

Throughout this paper, we shall use standard notations for Lebesgue spaces
LP(0,2"), Sobolev spacesV P (0,2") (with W 2(0, 2") denoted by H(0, 2")),
and spaces of continuous function€X ([0, 2" ]), wherek is a non-negative integer
andp" R with p# 1 (see e.g. [1, 6])).

It should be pointed out that all functions defined on (0, 2") are understood
to be appropriately extended to the entire real line as 2 -periodic functions
(possibly in a discontinuous fashion or in the a.e. sense if only Lebesgue mea-
surable, for e.g., so as to agree at 0 and"2 if need be). Also the period 2 is
used only as a placeholder for convenience, any fixed period > 0 will work.

By a solution to Eqg.(1) we mean a functionu " w§~1(o, 2") which satisfies
the first equation in (1) a.e., where

wzt0,2") = u w210,2"): u(0)! u(2")= u'(0)! u!(2"):O"

(Observe that by the Fundamental Theorem of Calculus the spacév21(0,2")
is equivalent to AC1([0, 2"]); i.e., the collection of absolutely continuousu such
that u' is also absolutely continuous on [02"], see e.qg. [1].)

Periodic solutions of nonlinear second order ordinary dilerential equations
have been studied extensively. For a more recent account of the progress in
this area (in the framework of resonance and nonresonance problems), we re-
fer to the excellent monograph by A. Fonda [6]. Let us mention that when
the function g $ 0, then the Fredholm Alternative type arguments describe
completely the structure of the solution-set for Eq.(1) once the existence and
isolation of the eigenvalue! ; are shown. That is, if! %!, (near ! ), then
Eq.(1) is uniquely solvable for everyh " L1(0,2"). Otherwise, it is solvable
only for those h " L(0,2") that are orthogonal (in the sense of ‘duality pair-
ing’) to the eigenspace associated with 1, and the associated solutions can be
taken as large (in an appropriate norm) as one would like since solutions are
(uniguely) determined ‘modulo’ the associated eigenspace.

However, wheng %%0 is a (genuine) nonlinearity, the structure of the
solution-set may be quite dilerent from that of the linear problem. Therefore,
we are interested in the solution-set structure for the nonlinear problem (1) for
! in a neighborhood of! 1, and the nonlinearity g (which may be unbounded)
satisfies some asymptotic conditions. In particular, we are concerned with the
existence of multiple large-norm solutions.

Roughly speaking, in addition to a (fairly) general existence result (see
Theorem 3.1), our results state that as long as the nonlinearityg satisfies



BIFURCATION AND MULTIPLICITY FOR PERIODIC BVP 167

(asymptotically) a ‘sign-like’ condition, then when ! is in an interval on one
side of the principal eigenvalue! ; (see Section 2 below), Eq.(1) has at least
two solutions, provided h is in an appropriate range (using the duality pairing)
which includes orthogonality. Moreover, as! ! ! (strictly from one side),
the norm of these solutions become infinitely large, whereas all solutions with
I on the other side (of!;) are uniformly bounded. In this way, we locate
the solution-set and describe its behavior in terms of bifurcation from infinity
as the parameter! varies. Our asymptotic conditions include (very) ‘strong
resonances’ (see Theorem 3.2); i.,eg! O asu|!" at! = 1, and no
‘decay-rate’ at infinity is required; ‘weaker resonances’ (see Theorem 3.4) such
as the so-called Landesman-Lazer type conditions (i.eg! O asul!" ); as
well as an asymptotic (‘one-sided’) oscillatory behavior (see Theorem 3.5); i.e.,
asymptotically g has infinitely many discrete-countable ‘bounce-o!’ zeros inu.
We point out that the case when the nonlinearity g is unbounded is included
in our results as well.

We use an abstract set up on appropriate spaces, establish priori esti-
mates, and use a combination of degree theory (see e.g. Mawhin [10]), continu-
ation methods and Rabinowitz bifurcation from infinity techniques ([7, 12, 17,
18, 19, 20]) to prove our results. An important ingredient in obtaining the nec-
essary estimates is the use of comparison principles and estimates for the linear
problem obtained in Section 2 below (under somewhat weaker conditions than
those usually considered in the literature; particularly in the one-dimensional
case (see e.g. [3, 4, 16))).

Let us recall that some results on multiplicity or bifurcation from infinity
for nonlinear problems with periodic boundary conditions have been obtained
before under a dilerent set of conditions (see e.g. [5, 6, 8, 12] and references
therein). However, our results are more in line with those in [12, 13] and
references therein; herein we consider a more general linear part and more
general nonlinearities.

We wish to mention that a systematic study of periodic solutions of (au-
tonomous) nonlinear dilerential equations with small parameters was initiated
by H. Poinca in his celebrated treatise on celestial mechanics ([14]) in con-
nection with the three body problem (also see [11, 15]). Since then, a great
deal of work has been devoted to the study of periodic solutions of nonlinear
dilerential equations depending on parameters in many dilerent directions;
especially using homotopy, continuation, as well as global methods (see e.g.
[6, 7, 10, 17, 18]). In the last fifty years Professor Mawhin has tremendously
contributed in an unparalleled way to the development of the theory of peri-
odic solutions of nonlinear dilerential equations; which most likely served as a
catalyst to his introducing the coincidence degree theory ([10]); an extension of
Leray-Schauder degree to nonlinear problems which cannot necessarily be writ-
ten as compact perturbations of the identity. It is with an immense gratitude
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that we write this paper on periodic solutions in his honor.

This paper is organized as follows. In Section 2, we consider the linear
problem and obtain the necessary comparison principles and estimates that
will be needed for the nonlinear problem. As indicated above, these results are
of independent interest in their own right. In Section 3, we give the general
assumptions on the data, state our main results for nonlinear problems, and
give some simple illustrative examples (for the reader’s convenience) along the
way. In Section 4, we cast the problem in an abstract setting and establish
the necessarya priori estimates for possible solutions. Finally, Section 5 is
devoted to the proofs of our main results. Remarks are included throughout
as appropriate, and a visual rendition sketch of a bifurcation diagram for a
‘bounce-o!’ oscillatory nonlinearity is given in Section 3.

2. A general periodic linear eigenproblem and estimates

In this section, we consider the issue of comparison principle(s) and the ex-
istence of a (unique) principle eigenvalue for a general (i.e., not necessarily
symmetric) linear periodic problems with (possibly) unbounded coe'cients.
We also obtain some estimates on the linear problem that will prove useful
when considering nonlinear problems.

Pick p! R be such thatp > cg; which implies that u" c(x) # u" co > 0 for
a.e.x! (0,2!'). Consider the (‘augmented’) linear dilerential operator defined
on W21(0,2!') by

Lyu="u"" b(x)u'" ¢(x)u+ pu. (3)

! X
We first set a(x) := e o X895 and multiply L,u by the ‘integrating factor’
a(x). It follows that the operator L, is transformed into the linear dilerential
operator

Suu:= " (ap)u) + a(x)(u" cx)u; 4)

which (despite its appearance) is not necessarily symmetric owg’l(o, 2).
Observe that a pair (", # ) with # ! W§’1(0,2! )\{ O} is an eigenpair for the
eigenvalue problem
Lyu="u (5)

if and only if it is also an eigenpair for the eigenvalue problem with weight
Suu = "a(x)u. (6)

We shall show that the eigenvalue problem (5) has a (real) positive principal
eigenvalue with a positive (i.e., bounded away from zero) eigenfunction on the
closed interval [Q2!' ], even whenb,c! L%(0,2!) are not necessarily locally
bounded (with ¢ bounded from above only), as indicated. We first investigate
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some properties of the linear dilerential operator L, on the spaceWFf'l(O, 21).
As a first result in that direction, we have the following order-preserving or
weak minimum/comparison principle.

Proposition 2.1 Suppose thatu ! WZ2'(0,2!) satisfies the dilerential in-
equality L,u™ Ofora.e.x! (0,2!'). Thenu" Oon[0,2!].

Proof. Let u! WF2,'1(0,2! ) be such thatL,u" 0O fora.e.x! (0,2!), by using
the ‘integrating factor’ a(x) := e o X9 it follows immediately that S,u" 0
for a.e. x ! (0,2!); which implies that (a(x)u!)! # a(x)(L$ c(x))u for a.e.
x! (0,2!).

Now, suppose thatu(x) < 0 for somex ! [0,2!], then u has a negative
minimum value in this interval, say at xo ! [0,2!]. Therefore, there is a
neighborhoodl, = (xg $ ", Xo + ") such that u(xp) # u(x) < 0 forall x ! I,
and u'(xg) = 0, where we have used the continuity of u(x) and (possibly)
the 2! -periodic extension ofu if Xg is an end-point of the interval [0, 2! ]. It
follows that (a(x)u')' # a(x)(u$ c(x))u < a(x)(u$ co)u < Ofora.e.x! I,. The
Fundamental Theorem of Calculus immediately implies thata(x)u' is (strictly)
decreasing inl,. Since u'(xg) = 0 (i.e., a(xo)u'(xg) = 0), we obtain that
a(x)u'(x) > 0 forx ! (xo$ ", Xo) and a(x)u'(x) < 0 for x ! (Xo,Xo + "); that
is, u'(x) > 0forx ! (xo$ ", Xo); which implies that u(x) is (strictly) increasing
in (Xo$ ",Xp). This is a contradiction with the fact that u(Xo) is a (negative)
minimum value of the function u. Therefore,u(x) " 0 on [0 2! ], and the proof
is complete. O

This proposition immediately implies that # = 0 is not an eigenvalue of the
dilerential operator L, in Eq.(5), since any possible eigenfunction would be
identically zero in this case. We now want to show that# = 0 is actually in the
‘resolvent’ of L ,; that is; to show that the equation L, u = e(x) has a (unique)
solution u ! WP2'1(0,2! ) for every e ! L1(0,2!). For that purpose, we need
the following a priori estimate; which will be also useful in studying nonlinear
problems.

Lemma 2.2. There exists a constant$ := $(b,c, ) > 0 such that

ILuul sy, " $|u|w§,1(0'2!) for all u! W2'(0,2!). 7)

Proof. Suppose the conclusion doe not hold. Then, there is a sequenag,j %
WZ21(0,2!)\{ 0} such that for all n! N one has that

1
|Lyunl # H|Un|vv

2,1

Ll@,21) 2

©,21)"

Setting v, = un/|un|wzvl(0 ) andL,vn = hp, we get that |V“|W211( =1 for
P : P

21 0,2!)

aln! N, andthat h, & 0inL%(0,2!)asn &' . By the continuous imbed-
ding of W5*(0,2! ) into CL[0,2! ], one has that there exist a constantC; > 0
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(independent of n) such that |v,| C;. Moreover, sinceWF?*l(O, 2)is

!
clp2ry
compactly imbedded into Wé’l(O, 2!'), one has (by going to a subsequence rela-
beled (v, ), if need be) that there is a functionv " W3 (0,2! ) such that v, # v
in Wé’l(o, 2l)asn#$ ; which implies (for a subsequence similarly relabeled
if need be) that v, (x) # v(x) and v} (x) # V'(x) for a.e. x " (0,2!) (see e.g.
[1, Theorem 4.9]). Sincellb(x)v},(x)| ! Ci|b(x)| and |c(x)vn(X)] ! Ci|c(x)| for
a.e.x" (0,2), it follows from the Lebesgue Dominated Convergence Theorem
that b(-)v, # b(:)v' andc(-)v# c()vinL(0,2')asn#$ . This and the fact
that v} = %h, % (X)), %c(X)Vy + UV, imply that v # % b(x)V' %c(x)v + pv
in L1(0,2!) with v, # vin W2'(0,2!) asn #$ . The (strong) closedness
(see e.g. [1, p. 204, Remark4]) of the dilerentiation-operator fromWé‘l(O, 21)
into L1(0,2! ) implies that v " W§’1(O, 2! ) and that v, # vin Wé'l(o, 2l) as
n#$  with v = 9(x)v' %c(x)v+ pv for a.e.x " (0,2!); thatis, L,v =0 for
a.e.x" (0,2"). It follows immediately from Proposition 2.1 that v & 0. This
is a contradiction with the fact that |V”|w§v1<o,z!) =1forall n" Nandv, # v

in W>'(0,2!) asn#$ . The proof is complete. O

Since the linear operatorL, : W2 ! L%(0,2!) # L%(0,2') is compactly
and densely defined, takes bounded sets iWS‘l(O,Z! ) into bounded sets in
L1(0,2! ) and is one-to-one (see Lemma 2.2), we claim that it is ontd.(0, 2! );
i.e., L, is invertible on L(0, 2! ). In fact, one has the following existence (and
unigueness) result.

Lemma 2.3. For every e " L1(0,2!), the equationL,u = e(x) a.e. in (0,2!)
has a (unique) 2! -periodic solution u " W3*(0,2!).

Proof. Uniqueness follows from Proposition 2.1 or Lemma 2.2. To prove exis-
tence, we use the topological degree theory by considering the homotopy

o + " (%b(X)U! + (U %c(x))u)+ (1 %")(u%co)u = "e(x) a.e.in (0,2!),

where [0, 1]. Notice that the homotopy reduces to the equationL ,u = &(x)
when " = 1, and when " = 0 it reduces to the periodic linear dilerential
equation with constant coe"cients %u" +( u%co)u = 0 on [0, 2! ], where u%c, >
0. It therefore su"ces to show that all possible solutions to the homotopy are
(uniformly) bounded in W5'*(0, 2! ) independently of" " [0, 1]. Indeed, suppose
that this is not the case, then one can find sequencesuf)’ WZ2*(0,2! )\ { 0}
and (") " [0,1] such that for all n " N, |un|wgyl(0|2!) ( nand

Un = "n (Y00 U, + (R %C(X))Un) + (1 %"n)(H %Co)Un %" ne(x) a.e. in (0,2!).

Setting Va := Un/|Un] .

P

ously imbedded into CA [0, 2! ] and compactly imbedded into Wa*(0,2! ), the

and using the fact that W2 (0, 2! ) is continu-

(0,21)
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Lebesgue Dominated Convergence Theorem, the closedness of the dilerentia-
tion operator, and arguments similar to those used in the proof of Lemma 2.2,
it follows that there exist v! W2*(0,2!) and "o ! [0,1] such that (by going if
necessary to subsequences similarly relabeleg} " v in W§'1(0,2! ), "n" "o
asn"# , andv satisfies the homogeneous linear equation

$VES "ob(x)vP+ "o(u S c(x)V+ (1 $ "o)(u$ )v=0 fora.e.in(0,2).

Since"ob! L1(0,2!)and "o(u$ c(x))+ (1 $ "o)(US$ o) %u$ ¢ > 0 for a.e.
x ! (0,2!), it follows from arguments used in the proof of Proposition 2.1 that
v % 0 andv & O; that is, v = 0. This is a contradiction with the fact that

[Vn |W§v1(0v2!) =1forall n! Nandv, " vin WFz,'l(O, 2l)asn"# . The proof

is complete. O

Now, we wish to show that a strong minimum/comparison principle also
holds for the dilerential operator L, under the weak assumptions imposed on
the coe"cient-functions b and c. That is, a strong positivity or strong order
preserving property holds for the second order dilerential operatorL,,. (Some
techniques from [21] and periodicity prove useful here.)

Proposition  2.4. Suppose thatu ! W§’1(O, 2!') satisfies the dilerential in-
equality L,u % 0 for a.e. x ! (0,2!') with u’( 0, then u > 0 on the closed
interval [0, 2! ]; that is u is positive and bounded away from zero on the whole
closed interval [0, 2! ], unless it is identically zero.

Proof. Sinceu ! Wé‘l(o, 2! ) satisfies the dilerential inequality L,u %0 for a.e.
x ! (0,2!'), one has immediately that S,u %0 for a.e.x ! (0,2!'). Moreover,
it follows from Proposition 2.1 that u(x) %0 for all x ! [0,2! ]. Sinceu’( O is
2! -periodic, one has that eitheru > 0 on [0, 2! ] (in which case the conclusion
holds), or otherwise, one may assume (without loss of generality) that there is
a point xo ! (0,2!] such that u(xg) =0 and u(x) > 0 for all x ! (xo$ #, xo),
where#! (0,2!) is a (fixed) constant; that is, the function u has a strict local
minimum at a point Xq in a (deleted) left-neighborhood of xq; which implies
that u{xe) & 0. Actually, the 2! -periodicity of u implies that u{xg) = 0
for otherwise one reaches a contradiction in the light of Proposition 2.1 (by
possibly extending the function u periodically if xo = 2!, and hencexy =0 as
well). It follows that a(x)uf{xo) = 0, and Qy using the Fundamental Theorem
pf Calculus and (4), one has thatu(x) = ' XO u'{s) ds and that $a(x)u{x) &

X

'XX° a(s)('u$ c(s))u(s)ds for all x ! (Xo $ # x0). This implies that $u{x) &
v(X) ao'OZ! a(s)(L $ c(s)) ds , where v(x) := max : u(s) > 0 and a51 =

sO[X,X o
D%igl] a(s). Therefore, by the Fundamental Theorem of Calculus again, one
S Al
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has that
! " 2] #

u(z) ! (zo" z)v(z) ao , a(s)(p" c(s))ds forall x# (xo" 0,x0).

For every n # N such that n > 1/9, let zp # [z %,xo) be a point such that

max u(s) := u(zn); which exists since the functionw is continuous on the
[Xo! .%ol

compact interval [xg %,xo]. Given that [z, o] $ [zo" %,xo], it follows that
v(xy) = [max] w(s) = u(xn), and 0 < zo" zn ! 1/n for all n # N such that
Xn Xo

$,
n > 1/6. Therefore, by setting A := ag 02' a(s)(p" c(s)) ds, one has that

0<u(an) ! (0" an)olen) Al Su(en)= uten) < uten)

for all n # N such that n > max(4,1/4). This is a contradiction. Thus,
u(x) > 0 on the closed interval [Q 2], and the proof is complete. O
0,

Now, we let K := wH# HA(0,27) : u %0&$ HZ3 (0,2r) be the (solid) cone
with non-empty interior. Setting T, := L, : L*(0,27) & Wi, 2r) !
LY(0, 27), it follows from Lemma 2.3 that (the scalar) zero is not an eigenvalue
of the compact linear operator 7}, : L(0,2r) & L*(0,2r); although, it is
always in the spectrum of 7, (see e.g. [1, p. 164, Theorem 6.8]). Moreover,
due to Proposition 2.4, one can show that7}, has a positive spectral radius
r = r(Iy) > 0. By Proposition 2.1, one has thatT,(K) $ K. Since (the
restriction) Ty, : HA(0,27) & HA(0,2n) satisfies all the assumptions of the
Krein-Rutman Theorem, it follows that (7)) is a (real) positive eigenvalue
of T, with an eigenfunction ¢; # K, ¢1 '( 0. In addition, T(TL:) = r(Ty)
is also an eigenvalue of the adjoint7, wjth an eigenfunction ¢; # K :=

f# HE(,2r) " f(x) %0 forall z # K called the dual cone of K; which

in this instance is also a cone in H} (0,2r)" since one can easily show that
K") (" K") = {0} by using the definition of K" and the fact that H} (0, 27) =
K" K (i.e., the cone K “reproduces” the space H} (0, 2)).

Before proceeding, we want to make a few observations that will be needed
later on. First observe that ¢, # W2''(0,2r) since it is in the range of T},
(i.e., regularity of §o|utions). A@o, notice that by using the (equivalent) inner
product (u,v) = 02! ufdr + 02! (u" e(x))uvdz for all u,v # HE(O,2r) (or
simply the standard inner product), it follows from the Riesz-Fréchet Repre-
sentation Theorem (see e.g. [1, p. 135, Theorem 5.5]) that the Hilbert)§pace
H} (0,27) may be (isometrically) identified with its dual; i.e., ~ H3(0,27)" =
H}(0,27)), and hence ¢; may be identified with an element of H} (0, 27),
still denoted by ¢, # H:(0,27) $ L® (0,27). Furthermore, using the fact
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! | .
that the dual L%(0,2!) = L" (0,2') by the Riesz Representation The-
orem (see eg [1, p. 99, Theorem 4.11]), one has that the duality pairing
Lo " oy 10,0y IMPlies that
# 2
LD L LW iy T C LW # B0 7K

for all u$ Dom(L,) = WFZ,'l(O, 2!) %L(0,2!) (see e.g. [1, p. 44]); that is,

# 2 # 2

I, (), um = 1", Ly(u)" = "uFdxs (U# o))" Ludx
0 40
21

# b(x)" ju*dx
0

for all u$ Dom(L,) = W2*(0,2!). This type of identity holds true for L, and
L as well (i.e., whenp = 0); it boils down to multiplying "} $ H(0,2') %
L" (0,2!) by Lo(u) for any u $ W2>*(0,2!) and integrating over [0,21]. (It
will be used repeatedly in the sequel.)

Now, under the weaker conditions imposed on the coe!cients of the linear
operator L, it follows from Proposition 2.4 above and the (stronger version of)
the Krein-Rutman Theorem that "1 is in the interior of the cone K and that
the corresponding eigenvalue is simple. However, by using the periodicity of
", and the uniqueness of solutions to linear initial value problems, we present
below a shorter and simpler proof adapted to our specific situation since it also

allows us to get more information on the (‘dual’) eigenfunction" . Indeed, we
have the following result.
Proposition  2.5. The linear spectral problem

Lou := #u™# b(x)u*# c(x)u = #u, u$W:'(0,2), (8)

has a real simple eigenvalué; with nonnegative eigenfunction” ; $ sz'l(o, 2!)
which is actually positive; i.e., bounded away from zero on the whole closed
interval [0,2! ]. Moreover, #; is also a real eigenvalue of the adjoint operator
Ly of Lo with a nonnegative eigenfunction” .

If, in addition, the coelcient b$ ACp([0,2!]) = W2'(0,2!), then "} is
also positive on the closed interval0, 2! ].

Proof. As above, we first consider the (‘faugmented’) invertible linear operator
Ly given by L u = # u™ b(x)u”+ (p# c(x))u whose inverse is denoted by, .
Then, by the Krein-Rutman Theorem, the spectral problem T," = #" has a
(real) eigenvalue# := r(T,) > 0 with a nonnegative eigenfunction” ; as indi-
cated above. ApplyingL, on both sides, one deduces that ;" 1 = (r(T,))® " 1;
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which implies immediately that ! ; := (r(Ty))' *! pis an eigenvalue of the op-
erator Lou := ! u”! b(x)u"! c(x)u with nonnegative eigenfunction"” ;, and
that it is also an eigenvalue of the operatorl§ with a nonnegative eigenfunction
"# Now, if there is xo " [0, 2#] such that " 1(Xo) = 0, then Xg is a minimum
point for "1, and hence (extending"; by 2#-periodicity if xo is a boundary
point) "}(xo) = 0 as well since”; " WZ'(0,2#) # CL([0,2#]). Therefore,
unigueness results for (Carathéodory) solutions (see e.g. [21]) to initial value
problems for second order homogeneous linear ordinary dilerential equations
with L1(0, 2#)-coe"cients (written as integral solutions to a first order system
and use of generalized Gronwall’s inequality on their norm) would imply that
the only solution to Lo" 1! !'1"1 =0 a.e. is given by" 1 $ 0 on [Q 2#]; which
would contradict the fact that " ; is an eigenfunction. Thus" ; is positive (and
hence bounded away from zero) on [@#] as needed.

To show that ! ; is simple, letw " WZ3'(0,2#) be an eigenfunction asso-
ciated with ! ;. Then, one has thatLo("1 + tw) = ! ("1 + tw) forall t " R.
Since" ; is positive on [Q 2#] and w is continuous, it follows that for |t] small
one has that" ; + tw remains positive on [Q 2#], and that for somet " R with
[t| large, " 1 + tw does not remain positive on [02#] sincew %%®. Therefore,
by continuity (and connectedness), one has that there isty " R such that
("1 + tow)(x) & 0 on [0 2#], and ("1 + tow)(Xp) = O for some xo " [0, 2#]
with Lo(" 1+ tow) ! 11("1 + tow) = 0 a.e. on (0,2#). The above uniqueness
argument implies that ("1 + tow) $ 0 on [0, 24]; that is, w = ! t51" 1, and the
simplicity of ! ; follows.

If in addition b" ACp ([0,2#]) = Wa'(0,2#), then one has that (b"%) "
W21(0,2#). Using integration by parts in the pairing, one has that "% "
H2 (0, 2#) satisfies

!2! !2' !2! !2!

"Fuldx = ! (b"H)'udx + cx)"fudx+ 1, "Fudx
0 0 0 0
for every u " Dom(Lg) = W§'1(0, 2#), and hence in particular for everyu "
C$ (0,2#); which implies that " ¥ " W2(0, 2#) by the definition of the Sobolev
spaceW 1(0, 2#) (see e.g. [1, p. 202]). Sinceby)" = bv+ bv' " L(0,2#) for
everyv " W10, 2#) = AC([0, 2#]), and the (formal) adjoint linear operator
L% is explicitly given by

LEv=1Vv"+(bx)Vv) ! cO)v=1 Vv "+ bx)v'! (c(x)! b(x)v,

it follows that LE("%)! !1"% =0 a.e. on (0,2#) with "% " W2'(0,2#). The
nonnegativity of "% and the above uniqueness arguments can now be used to
show that " % is positive on the closed interval [Q 2#]. The proof is complete. [

The following result will prove useful in obtaining a priori estimates for
possible solutions to some nonlinear periodic problems in subsequent sections.
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Proposition  2.6. There exists a constantl o > O such thatforallp! L*(0,2")
with 0" p(x) " !¢ and allu! W2'(0,2") satisfying a.e. the equation

u' + b(x)u' + c(x)u+ ! u+ p(x)u=0,

one has that eitheru =0 on [0,2"] or [gnziln] [u(x)] > O (i.e., u is either positive
or negative on[0, 2" ]). ’

Proof. Sinceu # 0 is a solution to the (homogeneous linear periodic) equation,
we may suppose without loss of generality thatu ! W§’1(O, 2")\{ 0}, and we
claim that under the above assumptions one must have that[orgi]riu(x)l > 0.

Indeed, assume that the conclusion of the proposition does not hold. Then,
for every n ! N there exist p, ! L'(0,2") with 0 " py(x) " 1/n a.e. and
Up ! W,f'l(o, 2") with |up]| =1 such that [r(1)1i2r|1] |un (x)] = 0 and for a.e.

x! (0,2") one has that

w210,21)

ulh + b(x)ul, + c(x)un + ! 1Un + pn(X)u, = 0.

Using the fact that W3*(0,2") is continuously imbedded into CA[0,2"] and
compactly imbedded into WP1'1(0,2"), the Lebesgue Dominated Convergence
Theorem, the closedness of the dilerentiation operator, and arguments similar
to those used in the proof of Lemma 2.2, it follows (by going if necessary to
subsequence relabeleduf)) that there exist u! WZ*(0,2") \{ 0} such that
up $ uin W21(0,2"), ul, 210 ., =1, and u* + b(x)u' + c(x)u+ ! 1u = 0.
Therefore, u is an eigenfunctionv associated with the simple eigenvaluk,, and
hence is proportional to#,. Thus, it has one sign and is bounded away from zero
by Proposition 2.5; i.e., [gnziln] |u(x)] > 0. This fact and the uniform convergence

of u, to uin C3[0,2"]imply thatthereis ng ! N such that for all n % ng one has
that [r(l)1i2rl1] |un (X)] > 0. This is a contradiction, and the proof is complete. O

Remark 2.7. Propositions 2.4 and 2.5 may be used (in conjunction with the
Krein-Rutman Theorem) to show that the eigenvalue! ; is principal and unique;
i.e., it is the only (real) eigenvalue with a positive eigenfunction#; and one-
dimensional eigenspace (see e.g. [1]). Moreover, an analysis of the proof of
Proposition 2.1 and the result in Proposition 2.5 show that if! & !, is a real
eigenvalue of the spectral problem (8), then! > ! ;. Indeed, if! <! ; is an
eigenvalue of Eq.(8) with eigenfunctionu ! W§’1(0, 2");ie., Lou+!lu =0a.e.
on [0, 2" ], then using the fact that #; is positive on [Q 2" ] and settingv := u/# 1,
one has that’ v = [#1()] ‘Lo(v#). Using direct calculations of Lo(V#;)
through the product rule for derivatives and collecting terms, it follows easily
that v ! Wé'l(o, 2") satisfies a.e. the homogeneous linear dilerential equation



176 N. MAVINGA AND M. N. NKASHAMA

VE+d(X)V (T T)v=0with 11 15 < 0, whered(x) = b(x)+2"(X)/" 1(X).

Now, arguments similar to those used in the proof of Proposition 2.1 imply
that v" Oand! v" O forall x # [0,2#]. Thatis, v$ 0, and henceu $ 0;

contradicting the fact that u %0 is an eigenfunction.

3. Main results
From now on, we shall write the nonlinear equation (1) in the equivalent form

u' + bx)u' + c(x)u+ ! ju+ lu + g(x,u) = h(x) a.e. in (0,2#),
u(0)! u@#)= u'(0)! u'(@#) =0, ©
where! ; # R is the principal eigenvalue obtained in Proposition 2.5, and the
parameter ! # R will vary in a neighborhood of zero. Therefore, Eq.(1) is
equivalent to

Lu + 'u + g(x,u) = h(x) a.e. in (0, 2#),
u(0)! u#)= u'(0)! u'(@#) =0, (10)

where the linear operatorL : W§’1(0, 2#) & L1(0,2#) is defined by
Lu := u" + b(x)u' + ¢(x)u+ ! 1u

for which the scalar! = 0 is the principal eigenvalue with associated (positive)
eigenfunction” ;. (Notice that ! = 0 is also a principal eigenvalue of the adjoint
L" of L with associated nonnegative eigenfunctiort ; %0.)

In this section we state our general assumptions on the nonlinearityg
and the function h. We assume thatg : (0,2#)' R & R is an L'(0, 2#)-
Carathéodory function which is sublinear at infinity in u, uniformly a.e. in
X, and satisfies ‘sign-like’ conditions. We also impose asymptotic conditions
on g and their relationship with the forcing term h. These conditions include,
among others, strong resonance conditions, Landesman-Lazer type conditions,
as well as oscillatory conditions. (Some results herein were motivated by [9].)

In addition to a (fairly) general existence result, we state our main results
on multiplicity of solutions (with large norms for ! ‘small’) when ! is in an
interval on one sideof the first eigenvalue, and the existence of (at least) one
solution for ! on the other side. The existence of a third solution (with a
somewhat ‘smaller norm’) is also discussed. Simple examples are provided to
motivate and illustrate the results.

As mentioned above, we specifically assume the following general conditions;
the first three of which refer to the nonlinearity g, whereas the last one relate
the nonhomogeneous ternh to the asymptotic behavior of g and the null-space
associated with the eigenvalud ;.
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(C1) o(-,u) is measurable forallu! R, g(x, -) is continuous for a.e.x ! (0,2!),
and for everyr > 0 there is a function" ! L(0,2') such that

lg(x, u)[ ™ ", (x), (11)

fora.e.x! (0,2')and all u! R with Ju]" r.

(C2)

ull”

constant r. > 0 such that

w = 0 uniformly a.e. in x; that is, for every # > 0 there is a

lg(x,u)] ™ #u| fora.e.x! (0,2')andallu! Rwith |u|# r.. (12)

(C3) g satisfies ‘sign-like’ conditions, i.e., there are functionsA, B ! L1(0,2!)
and constantsr < 0 <R such that

g(x,u) # A(x) fora.e.x! (0,2')andallu! Rwith u# R,
g(x,u) " B(x) fora.e.x! (0,2')andallu! Rwith u" r.

(C4) Moreover, we assume that the non-homogeneous terin ! L%(0,2!) sat-
isfies the ‘orthogonality-like’ conditions

!271' !27r !27r

B(x)$jdx" h(x)$; dx " A(x)$% dx, (13)
0 0 0
where as aforementioned? is the eigenfunction associated with the (prin-
cipal) eigenvalue% through the dual linear operator.

Before taking up the issue of multiplicity of solutions and the behavior of
the solution-set, we first state an existence result for all%" % (where %
is given by Proposition 2.6), and establish uniforma priori bounds when the
parameter %lies in appropriate intervals around zero.

Theorem 3.1 Assume that the assumptions (C1)—(C4) hold, then Eq.(9) (or
equivalently Eqg.(10)) has at least one solution for everyo! R with %" %.
Moreover, for 0< %" %, all solutions are uniformly bounded inW?21(0,2!),
independently of%

Recall that no multiplicity results occur for Eq.(9) when g $ 0 and either
% <0or0< %" %, since the Fredholm alternative argument guarantees
unigueness in this case. We claim that, by somewhat strengthening either
(C3) or (C4), we obtain multiplicity results and more importantly describe the
behavior of the solution-set. The first result is motivated by the fact that one
may allow the equality A(x) = B(x) fora.e. x ! [0, 2! ] in the assumption (C3).
We would like to point that, in this instance, multiplicity may occur only for one



178 N. MAVINGA AND M. N. NKASHAMA

valueof ! ; more precisely at! =0 (even if g # 0), with the bifurcation branches
in the (!, |u|, )-plane being only (semi-infinite) straight line rays located on
the vertical |u|, -axis. It sulces to consider any (nonlinearity) g such that
g(x,u) = 0 outside a rectangular region [0 2"] x [-R,R]. Indeed, for! =0,
it is easily seen that the function defined byu; := t#, is a solution to Eq.(9)
for every t € R that is such that |t|[5n2iln]{#1(x)} > R; provided h = 0 of

course. Actually an analysis of the proof of the above existence result (or more

precisely, the multiplicity results obtained below) indicates that, provided h is
such that '02! h#, dx = 0, ! =0 is the only parameter-value for which large
solutions exist, and the bifurcation from infinity branches are (semi-infinite)

straight line rays on the |u|- -axis in the (!, |u|_, , ,)-Plane, as described
above. Therefore, the bifurcation from infinity parameter-interval collapses to

just one-point interval {! } = {0}.

For the rest of the paper, we will be interested in nonlinearitiesg that
satisfy a sign-like condition and that are not identically null outside a compact
u-interval in R. In the following result we strengthen somewhat the condition
(C3) by requiring strict inequalities (on subsets of $" of positive measure)
while still retaining the condition (C4).

A simple example to keep in mind here is the (continuous) functiong given
by g(x,u) := % (x)(L+ u?®)* foru>R> 0andg(x,u) := —% (x)(L+ u?)*?!
foru < —r < 0, where% ¢ CB [0,2"] are nonnegative functions which are
positive on subsets of [02"] of positive measure, or a non-bounded coun-
fezrlpart g(x,u) = usin®(u) £ % (x)(1 + u?)*1. Here, A = B = 0 and

0 h#, dx = 0 by (C4). Notice that for the bounded case |u|Isisrln g(x,u) =

0 and | Lism ug(x,u) = 0 on $", whereas for the unbounded counterpart
uls”

liminf g(x,u) =0 =limsup g(x,u) and liminf ug(x,u) = 0 = limsup ug(x, u);

usg" us#" us” us#"

that is, no (linear) decay ‘rate’ at infinity is required. Thus, the terminol-
ogy (asymptotic) ‘very’ strong resonance Observe also that the so-called
Landesman-Lazer condition (see below) fails since one has equality in (C4);
however, we are able to ‘locate’ and ‘describe’ the solution-branches. The fol-
lowing result is an extension of the main result in [13] to more general linear
operators and more general nonlinearities (also see Remark 3.3 below).

Theorem 3.2, Assume that conditions (C1)—(C2) are met, and that (C3) holds
with strict inequalities on subsets of[0, 2" ] of positive measure; that is, there
are functions A,B € L*(0,2") and constantsr < 0<R such that

g(x,u) >A(x) fora.e.xe(0,2") and allu € R with u > R,
g(x,u) <B (x) fora.e.xe(0,2")andallue R withu<r,

Then, provided (C4) holds, there is a constant! » < 0 such that, for every
&ec (0,|' 4 ]), Eq.(9) has at least two solutions, denoted! ¥ ,u-) and (! #,w),
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with —I<" ¥ < 0 and
| "
i min - [Uelcog o1y 0 Veloog 2y = 9

+

that is, they bifurcate from infinity since " — 0 as! — 0.

Moreover, for 0 <" <", all solutions (which exist by Theorem 3.1) are
uniformly bounded, independently of*. Therefore, bifurcation from infinity
occurs only (strictly) to the left of the eigenvalue";. (In some sense, the
‘strong resonance’ conditions ‘bend’ the bifurcation branches.)

Remark 3.3. An analysis of the proof of this result will show that the con-
ditions on the nonlinearity g may be replaced by the (slightly) more general
(integral) conditions
# 2mn . # 2n .
g(x, u)#, dx > A(X)#,dx for allu € R withu >R,
0 0
# 2m ) # 2m .
g(x, u)#, dx > B(x)#,dx forallue R withu <R;
0 0

which are in particular fulfilled if the coe cient b e ACp ([0, 28]) = Wat(0, 28),
and

g(x,u) > A(x) for ae. x € (0,2$) and all u € R with u > R,
with strict inequality on a subset of (0,2%) of positive measure,
g(x,u) <B(x) fora.e.x € (0,2%) and allu € R withu <r,

with strict inequality on a subset of (0,2$) of positive measure,

since, in this instance, the conditions on the coe cient bimply that the eigen-
function #] is (strictly) positive on the interval [0, 2$] by Proposition 2.5.

In the following result we strengthen a little bit the condition (C4) by re-
quiring strict inequalities while keeping (C3) as given. This is the so-called
Landsman-Lazer type condition; which has been widely considered in the liter-
ature (see e.g. [6]). Again, a simple example to keep in mind here is the (contin-
uous) function g (independent of x) given by g(u) := ¥/u sin(u) + % tanh(u)
for |u] > R > 0 where % are positive numbers with % < % . Notice that
liurlréinf g(u) = % and limsup,gs 9(u) = —% . The following result is an

extension of the main result in [12] to more general linear operators and more
general nonlinearities (at least as far as periodic solutions are concerned).

Theorem 3.4. Assume that (C1)—(C3) hold and that
# 2n # 2m # 2n

g (# dx<  hpO#dx< g ()# dx, (14)
0 0 0
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whereg, (x) = Iirpinf g(x,u) and g, (x) :=Ilimsup g(x,u).
" ' un

Then there is a constant! » < 0 such that, for every" ! (0,]' ), Eq.(9)
has at least two solutions, denoted! ; ,us) and (! #,ve), with "" <1 ¥ < 0
and ! "

e!lrg+ min |u£|0°([0-2! 1)’|V5|00([0.2! ) #

that is, they bifurcate from infinity since 'y $ Oas" $ 0*.

Moreover, for 0 %! %!, all solutions (which exist by Theorem 3.1) are
uniformly bounded, independently oft . Again, bifurcation from infinity occurs
only (strictly) to the left of the eigenvalue! ;.

Now, we take up the case when the nonlinearityg may have (asymptoti-
cally) infinitely many (discrete-countable) zeros (i.e. a sign-like condition with
‘oscillation’). In this instance, we strengthen a little bit the condition on the
coelcient function b. Therefore, for the sake of clarity, we first state the result
for the case whenA = B :Q; which again implies that the condition (C4)
is equivalent to saying that 02" h#$dx = 0. The function to keep in mind
here is for instanceg(x,u) = $, u”sin(u) for |ul & R > 0,where $,_ are
positive numbers, or an unbounded counterpartg(x,u) = $, ®u sin?(u) for
lul & R > 0. Therefore, we consider functions which satisfy a sign condition,
vanish asymptotically at discrete-countably many points going to infinity, and
have a strict sign in-between them.

Theorem 3.5. Let the coelcient bbe such thatb! ACp ([0, 2%4)= Wa'(0,2%.
Assume that conditions (C1) and (C2) are met. Suppose there are sequences
of real numbersO>>r >rys1 $"# andO<<R <Ry+1 $# ask$#
such that for allk ! N,

o(x,r)=0 and g(x,Rx)=0 fora.e.x! (0,299 and

g(x,u) >0 forae. x! (0,299 and allu! R with Rk <U<R k41,

g(x,u) < 0 fora.e. x! (0,299 and allu! R with r,; <u<r .
$ 21
Then, provided h is L(0,2% with h#f dx = 0, there is a constant

0
I'4+ < 0 such that, for every" ! (0,]' %), Eg.(9) has at least two solutions,
denoted(! },ue) and (' #,ve), with " "<! ¥ < 0and

| n

lim min Jug| =#,
gl 0

cOq.2tp’ lelcho 21
that is, they bifurcate from infinity since 'f $ Oas" $ 0'.

Moreover, for 0 <! %! g, all solutions (which exist by Theorem 3.1) are
uniformly bounded, independently of! . Therefore, bifurcation continua from
infinity occur to the left of the eigenvalue! ;.
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A visual rendition sketch for the case wheng is as in the above example is
given below. (For example,g(x,u) = !, u' 'sin®(u) when |u]! R with ¢=0
and h=0.)

l\u\cg([om )

Figure 1: Bifurcation diagram in the case of a ‘bounce-o!’ oscillatory nonlin-
earity.

Remark 3.6. (Existence of a third solution) Let us mention that by using a
consequence of the Leray-Schauder Homotopy Continuation Theorem or the
so—qalled Wyburn Lemma (see e.g. [8, 12, 13, 10)), one can show that there
is", < O0with "y <", such that for every #" (0,|", |), one has a third
solution w, in Theorems 3.2 and 3.4. (The (uniform) bound of these third
solutions could for instance be twice the uniforma-priori bound obtained for
all solutions in the homotopy.)

Remark 3.7. Let us finally point out that one can reverse the inequalities in
the conditions (C3)-(C4) appropriately to get results similar to all the ones
above. In which case, multiplicity and bifurcation from infinity occur (for " in

a nontrivial interval) to the right of ", only, whereas solutions are uniformly
bounded on bounded' -intervals to the left of " ;. The reader can easily carry
out the details.
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4. Abstract Setting and  a priori  Bounds

In this section we formulate the problem (9) in an abstract setting. We then
proceed to establisha priori bounds in W21(0, 2! ) for all possible solutions.
For that purpose we define the linear operator

L:w2'0,20)! Cc°fo,2'])! L0, 21)" LY(0,2') by

Lu := u" + b(x)u' + ¢(x)u + " 1u,

WhereW,f'l(O, 21) 1 C°([0, 2! ) denotes the compact imbedding 01W§'1(O, 21)
in C°([0,2!']) (see e.g. [1]). Next, we define the nonlinear (Nemytski) super-
position operator

N :C°0,2' )" L'0,20) by Nu= g(,u(").
Eq.(9) is then equivalent to
Lu+"u+Nu=h, u#Dom(L):= W5:0,2). (15)
Now, we shall establish ana priori bound for all possible solutions of Eq.(9)
or equivalently Eq.(15).

Proposition 4.1 Assume that the assumptions (C1)—(C4) hold true. Let o #
R with "¢ > 0 be a fixed constant given in Proposition 2.6. Then, there is
a constant Rg := Rp("p) > 0 such that all possible solutions of Eqg.(9) (or
equivalently Eq.(15)) with0<" $ " satisfy

|ul $ Ro.

w2.10,21)

That is, all possible solutions of Eq.(15) are (uniformly) bounded inW (0, 2! )
independently of", provided0<" $ ".

Proof. Suppose that all (possible) solutions inW2*(0,2! ) are not uniformly
bounded inW?21(0, 2! ). Then, there are sequence$",}! (0,"o] and {u,}!
Wé'l(o, 2!') with |up| ) %n for all n # N such that

w 210,21
un + b(x)uy, + c(X)uy + "1Un + "nUn + g(X,Un) = h(x) a.e. in (0,2!). (16)

Letting v, = un/|up|
W,f'l(O, 2! ) satisfies

one has that |v,| =1, and v, #

w2102y’ w2.10,21)

g(x, un)
|Un lvv 2,100 ,21)

h(x)

VI!WI + ux)v:‘l + C(X)Vn + " 1Vn + " nVn +

= |un| a.e. in (O, 2! ) (17)

w 210,21
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Notice that, by the fact that the function gis L(0,2! )-Carathéodory and the
publinear growth condition (12) with " = 1 e.g., one has that the sequence

g('vun('))/|un|wz,1w,2!) is bounded in L(0,2!) since there is a function

# ! L1(0,2!) such that lg(x,u)| "] ul+ #(x) for a.e. x ! (0,2!') and all
u! R. Therefore, sinceWP'l(O, 2!') is continuously imbedded into C3 ([0, 2! ]),
there is a constantC; > 0 (independent ofn) such that

1906 Un O TUnly 21 50, T VR OOIF O U 201 L, " Cot (X)), (18)

[b(x)Vi ()] " Cilb(x)|, and [c(X)va(X)| " Ci]c(x)| for a.e.x ! (0,2!) and all
n ! N. Moreover, since$, ! (0,$5] and W5*(0,2!) is compactly imbedded
into Wé’l(o, 2!'), one has (by going to subsequences relabeled®,} and {v,},
if need be) that there exist a numberpg ! [0, $o] and a functionv ! Wé‘l(o, 2!)
such that $, # po and v, # v in Wp'(0,2') asn #$ ; which implies (for
a subsequence similarly relabeled if need be) that, (x) # v(x) and v} (x) #
v'(x) fora.e.x ! (0,2!) (see e.g.[1, Theorem 4.9]). By using the first inequality
in (18), we deduce that g(x,un(x))/|un|wz_1(ov2!) # Oasn#$ forae. x!
(0,2!') wherev(x) = 0. Observe that u,(x) #$ if v(x) > 0 andu,(x) # %$

if v(x) < 0. Therefore, for a.e.x ! (0,2!) such that v(x) & 0, (considering n
sulciently large if need be) we write the quotient g(x, un(x))/ [un|,, 21021 in
the form

#
gxun () _ " gxun) ¥
|Un |w 2,1(0,21) Un (X)

vVi(X)# 0-v(x)=0asn#$ ,

by the sublinear condition (C2). Thus, in either case one has that the sequence
o(x, un(x))/|un|wz_1(012!) # Oasn#$ fora.e.x! (0,2'). By the Lebesgue
Dominated Convergence Theorem, it follows thato(-)v}, # b()v, c(-)vy # c()v
and g(, un())/ lUnl,, 2.1, , # 01N L1(0,2')asn#$

Now, by using Eq.(17), we deduce thatvy # % b(X)v % c(X)v % $1v %
Hov in L1(0,2!) with v, # vin W2'(0,20)asn #$ and po ! [0 %$0].
The (strong) closedness of the di"erentiation-operator from W§'1(0,2! ) into
L1(0,2!) implies that v ! WZ2'(0,2!) and that v, # v in W3%(0,2!) as
n#$  with v" = %da(x)v' %c(x)v %$1v %oV for a.e.x ! (0,2!); that is,

Lv + oV = 0. (19)

It follows from Proposition 2.6 that either v(x) > 0 on [0 2! ] or v(x) < 0 on
[0,2! ] since |v| = 1. Using the duality pairing (see e.g. [1]), we get
that

w2.10,21)

%2 %2
0="Lv+ Wov,%(="v,L (%)(+ o V9% dx = Wo Vo4 dx,
0 0
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since! ] is an eigenfunction of the adjointL' associated with the eigenvalue
zero. This implies that o = O since !} is a nonnegative eigenfunction and
[v(x)] > 0 on [02"]. Therefore,Lv = 0; i.e.,, v = t! ; for some real constant
t £0 since #; is simple.

In what follows, we assume without loss of generality thatv(x) > 0 on
[0,2"]; i.e., t > O (the casev(x) < 0 can be treated in a similar way). This
implies that there is a constant% > 0 such that v(x) = t! ;(xX) " % for all
x # [0,2"] since the eigenfunction! ; of L is (strictly) positive on [0, 2"].

Sincev, $ Vv uniformly on [0, 2"], one has thatun (-) = vn (*)|un],, 210.2) $
% uniformly on [0, 2"]. Therefore, there existsng # N such that for all n " ng
one has that

up(x)" R forall x#[0,2"], (20)

where R > 0 is the constant given in the assumption (C3). Now, using again
the duality pairing in Eq.(16), we deduce that &upn + #p,uy + Nup,! P=
2 hrhdxsie, &n, L (1)) +H#n O ounlidx+ 2 og(x,un)! bdx= 2 oht Y dx.

Since 0< #, ( #o, it follows from Eq.(16), the inequality (20) and the
assumption (C3) that for eachn " ng,

2! 2! 21
0>) #, Un!jdx = g(x,up)!} dx) h(x)! | dx
0 w0 " 0
2! 2!
" A(X)! dx) h(x)! } dx;
0 0

that is, " "
21 21

h(x)! | dx > A(X)! dx;
0 0
which is a contradiction with the second inequality in the assumption (C4).
Therefore, all possible solutions of Eq.(9) (or equivalently Eq.(15)) are (uni-
formly) bounded in W2%1(0,2") * C°([0,2"]) independently of #, provided that
0<# ( #o. The proof is complete. O

Let us mention that a similar result holds for all # negative (and bounded
away from zero). More precisely, we have the following uniforna priori bound.

Proposition  4.2. Let %, % # R be (fixed negative) constants such tha® <
% < %, < 0. Suppose that the assumptions (C1)—(C2) hold. Then, there exists
a constantRg := Ro(%, %) > 0 such that all possible solutions of Eq.(9), with
% ( #( %, satisfy

[Ulwz1,21) ( Ro.

That is, all possible solutions of Eq.(9) (or equivalently Eq.(15)) are (uniformly)
bounded inW?21(0,2") independently of#, provided that % ( # ( % < O.
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The proof is similar to the one above up to Eq.(19) where nowso ! [! o,! 1].
However, since! ; < 0, it follows that pg " ! 1 < 0 is in the resolvent of L
(see e.g. the second part of Remark 2.7), and hence# 0 on [0 2"]. This is a
contradiction with the fact that |v| ,, ., =1. Therefore, all possible solu-
tions of Eq.(15) (or equivalently Eq.(9)) are (uniformly) bounded in W21(0, 2")
independently of #, provided that ! " #" ! 1. The proof is complete.

5. Proofs of main results

In this section we prove the main results by using the topological degree theory,
continuation methods and bifurcation from infinity techniques. We first prove
the existence part of the results, and then proceed to show multiplicity and
bifurcation.

Proof of Theorem 3.1. First we consider the case wher# $ 0 is fixed. Picking
$! Rsuchthat 0<$ <# g, and following the notation of the previous section,
we consider the homotopy

Lu + $u+ 9%(# %$u+ Nu]= %h, u Dom(L), (21)

where%! [0, 1); which, when%-= 0, reduces to the homogeneous linear problem
Lu + $u = 0 that has only the trivial solution; for otherwise, Proposition 2.6
and an argument similar to that used after Eq.(19) would imply that $ = 0.
Since the linear operatorL + $I defined by L + $I : W§’1(O, 2') & LY0,2")

is bounded, one-to-one and onto (see e.g. the arguments used in the proof of
Lemma 2.3), it follows that (21) is equivalent to the fixed point homotopy

u= %L+ $I)' 1($%#)Iu %Nu+h), u! Dom(L). (22)

Therefore, by the compactness of the imbedding’v,f’l(o, 2")into L'(0,2") and
the topological degree theory (see e.g. [10]), it sulces to show that all possible
solutions of the homotopy (22) are bounded inW21(0,2"), independently of
%! [0,1), in order to conclude that Eq.(22) has at least one solution for%= 1
as well.

Indeed, observing that 0< (1 % %$+ %#' max{#$} " #ofor 0" % <
1, it follows from Proposition 4.1 that all possible solutions of Eq.(21) (or
equivalently Eq.(22)) are (uniformly) bounded in W21(0,2") independently
of %! [0,1). This proves the first part of Theorem 3.1. The second part of
Theorem 3.1 follows readily from Proposition 4.1.

To prove the existence of at least one solution fo# < 0 (fixed), we consider
the homotopy (21) where $ < 0 and now %! [0,1]. (Notice that %= 1 is
included here.) Observing that! o := min {#,$}" (1%%$+ %#' max{#,$} =
;< 0for0" %" 1, it follows from Proposition 4.2 that all possible solutions
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of Eq.(21) (or equivalently Eq.(22)) are (uniformly) bounded in W?21(0,2!)
independently of " € [0,1]. The existence of at least one solution for each
" € [0,1] follows from topological degree arguments as above. (It should be
noted that Assumptions (C3)—(C4) do not matter when # < 0, at least as far as
the existence of at least one solution is concerned.) The proof is complete ]

Now, we take up the issue of multiplicity and bifurcation (from infinity) of
solutions for # “near” zero; actually # to the left of zero as it will be seen.

Proof of Theorem 3.2. We first show that all possible solutions of Eqg.(15) are
(uniformly) bounded in W§'1(0, 2!') when # = 0 as well; that is, the conclusion
of Theorem 3.1 actually holds true for all # € [0,#0]. Indeed the proof is
similar to that of Theorem 3.1 except that we consider the homotopy-parameter
" € [0,1]. Therefore, it sulces to show that all possible solutions of the
homotopy (22) are bounded inW?21(0,2!) for " =1 and # = 0 as well. For
that purpose, we follow the arguments in the proof of Proposition 4.1 with
# = 0 up to the inequality (20). Now, using the duality pairing with the
eigenfunction $} in Eq.(16) (recall that " = 1 and # = 0), and the fact that $}
is an eigenfunction ofL', it follows from Eq.(16), the inequality (20) and the
(stronger) assumption on the functionsg and A in Theorem 3.2 that for each
n > no,

! 21 | 21 I 21 I 21

0= (X, un)$} dx — - h$} dx > ' A(X)$, dx — ' h(x)$, dx;
0 0 0 0

that is, [ [
. 2| . 2'

h(x)$} dx > A(X)$) dx.
0 0
This is a contradiction with the second inequality in the assumption (C4).
Hence, all possible solutions of Eq.(15) are (uniformly) bounded irWé‘l(O, 21)
for # = 0 as well. Thus, in this case, one gets the boundedness of all possible
solutions in W,f'l(o, 2!') as in Proposition 4.1.

Now, we proceed to look into the situation regarding multiplicity and bifur-
cation from infinity. As in the proof of Theorem 3.1, we let %< R be sulciently
small such that 0< % < #y, and observe that Eq.(15) is equivalent to the fixed
point equation

u= (% #)(L+ %) tu—(L+ %) *(Nu—h).
Setting
M= % # Hu :=(L+ %) uandKu := —(L + %) *(Nu—h),
it follows that the above fixed point equation is equivalent to the equation

u= uHu + K (u), ue C3([0,2!]. (23)
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Notice that Eq.(23) has now an abstract form considered e.g. in [17] for bifur-
cation from infinity purposes. From this setup, it follows that, when ! =0, the
constant ' = "' 1 is the principal eigenvalue ofH and that, by the compact
imbedding of vvg’l(o, 2#) into C3 ([0, 2#]), the solution-map

Ho=(L+") 1:c9(o,24) ! W20,2#) § C3([0,2#])

is a compact linear operator when considered as an operator fro&3 ([0, 2#])
into C8 ([0, 2#]). Since by the Carathédory condition (C1) the superposition op-
erator N : C3([0,2#]) ! L%(0,2#) (defined by N (u) := g(-, u(+))) is continuous
(by e.g. using Lebesgue Dominated Convergence Theorem) ard" L(0, 2#),
one has thatN (-) + h maps C8 ([0, 2#]) continuously into L*(0, 2#). Therefore

K :CO([0,24]) ! W2(0,2#) § CI([0, 2#))

is a completely continuous mapping when viewed as a nonlinear operator from
C3 ([0, 2#]) into C3 ([0, 2#]).

NOW, we W|Sh tO ShOW tha.t K (U) = 0( |U|Cg ([0‘2! ])) as |U|Cg ([0’2! ]) I #
Let us setw = K (u) for u " CQ([0,24]); that is, w " W2'(0,2#) satisfies
the operator equation (L + "I)w = $N (u) + h for u " C3([0,2#]). By the
arguments similar to those used in the proof of Lemma 2.2, there is a constant

Ci1 > 0 (independent ofu) such that
| "

Wl 2. %C1 |9, u())lLro.20y + [lLz,21) - (24)

5,21

Using the sublinear growth condition (C2), we first proceed to show that the
real-valued function |g(-, u(-))[L1(0,21) is @ 0(|U|cg (0,2:7) as |U|cg 2 ' #
Indeed, let % >0 be given, it follows from the Carathtodory condition (C1)
and the sublinearity assumption (C2) that there exist a constantr- > 0 and a
function a- " L*(0,2#) \{ 0} such that for every u" CJ ([0, 2#]) one has

% %

90, u()1 % 51uC)1 % Sluleg o 2y ace. where Ju(x)| & -,
and
lg(x, u(x))| % [a-(x)] a.e. where [u(x)|%r-.

PICklng R. = R(% & 2|a"||_1(0’2! )/o/q it follows that for |U|cg (0,2']) & R+ one
has

19C, u(D 11 50,/ Ulcoo,20 ) % %. (25)
This shows that for every % >0 there is a constantR- > 0 such that the
inequality (25) holds provided |u|cg([0,2! p & R thatis, [g(-,u())|Li@,2r) =
o(lulce (0,21 ) as|ulcoqo,21 ' # ; which by using the inequality (24) implies
that |W|W 210,21) = O( |U|Cg ([0,2! ])) as |U|C8 (0,2!']) I'# . Since Wé'l(O, 2#)
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is continuously imbedded into C3([0,2!']) and w = K (u), it follows that
IK (Wlcoqo,2r = 0(lulcoo,20p) for |ulco o2y '™ 5 as needed.

Therefore," = 0 is a bifurcation point from infinity since all assumptions of
the bifurcation from infinity result are fulfilled (see e.g. [17, p. 465, Theorem
1.6 and Corollary 1.8], also see [20, 2]); that is, there exist two connected
sets of solutionsC", C # R$ CJ([0,2']) with C" % C = &which are such
that foy every (sulciently) small # > 0, C" %U- = & Cv %U. = & where

U = ("u) (R$ CY([0,21]): I"| <#, |ulcogoy > L# . (Observe that,

by the regularity of solutions, u ( Wé’l(o, 2! ) since it is a solution of the fixed
point equation (23).)

Now, since all 2 -periodic solutions are uniformly bounded inW?21(0,2!)
forall " ( [0," o] (see Proposition 4.1 and the above bound in the casé = 0)
and for all " ( [$0,%:] with $; < 0 (see Proposition 4.2), there then exists a
deleted left-neighborhood of 0 inR; i.e., thereis", < 0, such that for every# >
0 with # < |", |, there are two distinct solugons ("*,u~) ( C* and (':‘B?. ) (
C' with ) # <" ¥ <0,u = v- and min |u- |#0([0’2! D |V"|C°([O,2! D = %/#
Letting #! 0, itfollows that "+ ! Oand min |u-|coqo,217) [V |coqo.2p !

" . The proof is complete.

Proof of Theorem 3.4. As in the proof of Theorem 3.2, we first show that all
possible solutions of Eq.(15) are (uniformly) bounded inW?2:1(0, 2! ) when" =
0 as well; that is, the conclusion of Theorem 3.1 actually holds true for all
" ( [0,"0]. As before, the proof is similar to that of Theorem 3.1 except that
we consider the homotopy-parameterds( [0, 1]. Therefore, it sulces to show
that all possible solutions of the homotopy (22) are bounded inW?1(0,2! )
for %=1 and " = 0 as well. For that purpose, we follow the arguments
in the proof of Proposition 4.1 with " = 0 up to the inequality (20). Now,
using the duality pairing with the eigenfunction & in Eq.(16) and the fact

that 0/&1 is an eigenfunctipn ofL", it follows from Eq.(16) that for each n * ng,
021 021

0= g(X, up)&; dx) h&; dx. The inequality (20), the assumption (C3),

0 0
and Fatou’s lemma imply that

%2 %2
0 =liminf g(X, Un)& dx) h&; dx
n#$ 0
%2 %)2! %2, %2
* liminf g(x,un)&; dx) h&; dx = O+ (X)&; dx) h&; dx;
o N8 0 0 0
%2 %2,

that is, h&; dx * g+ (X)& dx. This is a contradiction with the second

0 0
inequality in the assumption (14) of Theorem 3.4. Therefore, all possible solu-
tions of Eq.(15) are (uniformly) bounded in W21(0,2! ) for " =0 as well. One
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can now can proceed as in the proof of Theorem 3.2 to establish multiplicity
and bifurcation from infinity. The proof is complete. O

Proof of Theorem 3.5. As in the above proofs, we analyse more carefully the
behavior of all possible solutions of Eq.(15) (or equivalently Eq.(9)) when = 0.
We first show that all possible non-constant solutions of Eq.(15) are (uniformly)
bounded inW21(0,2") when! = 0. For that purpose, we follow the arguments
in the proof of Proposition 4.1 with ! =0 up to the inequality (20) with u, E
cstforall n " np and R = Ry is the first element of the sequencq Ri},, ;
given in the statement of the theorem. Now, using the duality pairing with
the eigenfunction #; in Eq.(16) and the fact that #; js Z:?m eigenfunction of

L", it follows from Eq.(16) that for each n " ng, 0 = g(X, up)#; dx. By

using the (strict) positivity of the eigenfunction #; (seeOProposition 2.5), the
inequality (20) which implies the non-negativity of g(-, u,(-)) by the assumption
in the theorem, we get thatg(-, un(-)) # Oa.e.on[Q2"]. Thisis a contradiction
with the positivity assumption on g in the theorem sinceu,, £ constant for all
n" ng (i.e., uy ¥ Ry for somek). Thus, all possible non-constant solutions of
Eq.(15) where! =0 are (uniformly) bounded in W21(0,2"). However, in this
instance, large (in norm) constant solutions might occur in Eq.(15) when! = 0.
The above argument shows that if they do occur, then they must necessarily be
elements of the sequencegRi} or {r¢} of real numbers given in the statement
of the theorem (for k large enough).

Since the sequence$Ry} and {ry} are discrete sets, and the continuaC*
and C' are connected, we deduce as in the proof of Theorem 3.2 that there
exists a deleted left-neighborhood of 0 irR; i.e., there is! 4 < 0, such that for
every $ > 0 with $ < |! 4|, there are two distinci solutions (! 7, u-) $ C* and
(|# V)$C# with %66 <! # < 0, u~ £ W, min |u- |C°(02']) |V |q_%([02|]) >
U$. It follows that !+ & 0 and min |u|coqo.21 ., IV lcoqo,2r) & as
$& 0. (Notice that these continua could ‘connect’ to the discrete set of large
constant solutions, if any; i.e, oscillate on the left of!l = 0 and ‘bounce-o!”’
theses discrete constant solutions a$ & 0!) The proof is complete. O

Remark 5.1 As indicated above, with the coe"cient b $ ACp([0,2"]) =
W2(0,2"), we may replace the conditionA = B = 0 in Theorem 3.5 by a
(slightly) more general condition whereB (A are possibly nonzero constants.
In this case, in addition to assuming that the conditions (C1), (C2) and (C4)
are met, we suppose that there exist sequences of real numbers>¢ r >
reer &% and 0<< R <Ry:+1 &' ask &’ suchthat forall k $ N,

g(x,rg)=B and g(x,Rx)= A fora.e.x$ (0,2")and

g(x,u) >A fora.e.x$ (0,2")and all u$ R with Rxk <U<R k41,
g(x,u)<B fora.e.x$(0,2")and all u$ R with rys; <u<r .
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That is, the (bounce-o!) oscillations of the nonlinearity occur with respect to
21
the constants A and B. Observe that the condition h!'} dx = 0 is now

0
replaced by the more general condition (C4). The proof is similar to that of
Theorem 3.5.

Acknowledgments

We wish to thank the anonymous referee for a careful reading of the paper.

References

[1] H. Brezis , Functional Analysis, Sobolev Spaces and Partial Dilerential Equa-
tions, Springer, New York, 2011.

[2] E. N. Dancer , A note on bifurcation from infinity , Quart. J. Math Oxford 25
(1974), 81-84.

[3] C.P.Danet , The classical maximum principle, some of its extensions and appli-
cations, Annals of the Academy of Romanian Scientists, Series on Mathematics
and its Applications 3 (2011), 273—-299.

[4] M. S. P. Eastham , The Spectral Theory of Periodic Dilerential Equations ,
Scottish Academic Press Ltd., Edinburgh and London, 1973.

[5] C. Fabry and A. Fonda , Bifurcations from infinity in asymmetric nonlinear
oscillators, NoDEA Nonlinear Di!. Eqn. Appl. 7 (2000), 23-42.

[6] A. Fonda , Playing Around Resonance: An Invitation to the Search of Peri-
odic Solutions for Second Order Ordinary Dilerential Equations , Birkhaliser Ad-
vanced Texts, Springer International Publishing AG, Cham, Switzerland, 2016.

[7] M. A. Krasnosel'skii , Topological Methods in the Theory of Nonlinear Integral
Equations, Macmillan, New York, 1965.

[8] R. Ma, Bifurcation from infinity and multiple solutions for periodic boundary-
value problems Nonlin. Anal., TMA 42 (2000), 27-39.

[9] N. Mavinga and M. N. Nkashama , Multiple strong solutions and bifurcation
structure for dilusion equations with nonlinear boundary flux , preprint (2017).

[10] J. Mawhin , Topological Degree Methods in Nonlinear Boundary Value Problems,
CBMS Regional Conference Series in Mathematics, vol. 40, Amer. Math. Soc.,
Providence, 1979.

[11] J. Mawhin , Henri Poinca®, A Life at the Service of Science , International
Solvay Institutes for Physics and Chemistry (Brussels), Proceedings of the Sym-
posium Henri Poincar, Birkhduser Boston, (17 pages), 2004.

[12] J. Mawhin and K. Schmitt ~ , Landesman-lazer type problems at an eigenvalue
of odd multiplicity , Results in Math. 14 (1988), 138-146.
[13] J. Mawhin and K. Schmitt  , Nonlinear eigenvalue problems with the parameter

near resonance Ann. Polon. Math. 51 (1990), 241-248.
[14] H. Poincar &, Les Méthodes Nouvelles de la Mécanique Céleste vol. |, Gauthier-
Villars et fils, Paris, 1892.



BIFURCATION AND MULTIPLICITY FOR PERIODIC BVP 191

[15] H. Poincar e, Legons de Mécanique Céleste, Professtes a la Sorbonne, t.I-lI,
Gauthier-Villars, Paris, 1905, 1907, 1909, 1910.

[16] M. H. Protter and H. F. Weinberger , Maximum Principles in Dilerential
Equations, Springer-Verlag, New York, 1984.

[17] P. H. Rabinowitz , On bifurcation from infinity , J. Dilerential Equations 14
(1973), 462-475.

[18] R. Schaaf and K. Schmitt , A class of nonlinear Sturm-Liouville problems
with infinitely many solutions , Tran. Amer. Math. Soc. 306 (1988), 853—859.

[19] C. A. Stuart , Solutions of large norms for nonlinear Sturm-Liouville problems ,
Quart. J. Math Oxford 24 (1973), 129-139.

[20] J. F. Toland , Asymptotic linearity and nonlinear eigenvalue problems, Quart.
J. Math Oxford 24 (1973), 241-250.

[21] W. Walter , Ordinary Dilerential Equations , Graduate Texts in Mathematics,
no. 182, Springer, New York, 1998.

Authors’ addresses:

Nsoki Mavinga

Department of Mathematics and Statistics
Swarthmore College

Swarthmore, PA 19081-1390

E-mail: mavinga@swarthmore.edu

Mubenga N. Nkashama

Department of Mathematics
University of Alabama at Birmingham
Birmingham, AL 35294-1170

E-mail: nkashama@math.uab.edu

Received May 9, 2017
Accepted May 17, 2017






Rend. Istit. Mat. Univ. Trieste
Volume 49 (2017), 193-206
DOI: 10.13137/2464-8728/16212

Global stability, or instability, of
positive equilibria of  p-Laplacian
boundary value problems with p-convex
nonlinearities
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Dedicated to Jean Mawhin on the occasion of his 75th birthday
Abstract. We consider the parabolic, initial value problem

ve =1 p(WM)+ g (X, V)" p(v), in" 1 (0,"),
v=0, in # 1 (0," ), (IVP)
v=vp! O, in" 1{ 0O},

where " is a bounded domain inRN, for some integer N ! 1, with
smooth boundary#" , "p(s) == |s|” 'sgns, s # R, and ! , denotes
the p-Laplacian, with p > max{2,N}, vo # C°(") , and ! > 0. The
functiong:" ! [0," )$ (0," )is C° and, for eachx # ", the function
a(x,-):[0," )$ (0," ) is Lipschitz continuous and strictly increasing.

Clearly, (IVP) has the trivial solution v % O, for all ! > 0. In
addition, there exists0 <! min (g) <! max (g) such that:

o if 1 &K! min (9),! max (9)) then (IVP) has no non-trivial, positive

equilibrium;
« there exists a closed, connected set of positive equilibria bifurcating
from (! max (g), 0) and ‘meeting infinity’ at ! = ! in (9).

We prove the following results on the positive solutions of (IVP):

« if 0<!I<! L4in(0) then the trivial solution is globally asymptoti-
cally stable;

o if Tmin(g) <! <! nax(g) then the trivial solution is locally
asymptotically stable and all non-trivial, positive equilibria are
unstable;

o if ' max(g) <! then any non-trivial solution blows up in finite
time.

Keywords: Global stability, positive equilibria, p-Laplacian.
MS Classification 2010: 35K92.
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1. Introduction
We consider the parabolic, initial-boundary value problem

V=1 W)+ 1g (% V)" p(v), in" 1 (0,"),
v=0, in#" 1 (0," ), (D)
v=vp! O, in" 1{ 0},

where " is a bounded domain in RN, for some integerN ! 1, with smooth
boundary #", "p(s) := |s|” 1sgns, s# R, and ! , denotes the p-Laplacian,
with p> max{2,N}, vo # C°("), and !> 0.

We suppose thatg:™ ! [0," )$ (0," )is C° and, for eachx # ™,

g(x,):[0," )$ (0," ) is strictly increasing, (2)
0<go(x):= g(x,0)<g- (x):= lim g(x,$), andg # L" ™. (@

We also suppose thatg is Lipschitz with respect to $, in the following sense:
for any K > 0 there existsLk such that

|g(X,$1)%g(X,$2)| " LK |$l %$2|! X #Tv o" $1| $2 " K. (4)

We are interested in positive solutions of (1), so we introduce the following
notation: C? (") (respectively W&'f (") denotes the set of %# C°(") (respec-
tively %# WP (")) with %! 0 on ",

It is known that for any vo # C2(") and fixed !> 0 the problem (1) has
a unique, positive solutiont $ v . (t) # W&’f ("), on some maximal interval
(0, T), where we may haveT <" orT = (what we mean by a solution will
be made precise in Theorem 4.1 below). We are interested in the asymptotic
behaviour of these solutions. This asymptotic behaviour is determined by the
structure of the set of positive equilibria of (1), so we first describe this.

For a given! > 0, a positive equilibrium is a time-independent solution
u# W&'f (") of (1), thatis, u satisfies! p(u)+ !g (u)" p(u) = 0 (this will be made
precise in Section 3 below). For convenience, we also call ¢ ) an equilibrium.
For any ! > 0 the function v & 0 (or (I,v) = (!, 0)) is a (trivial ) equilibrium.
Regarding non-trivial equilibria, we have the following results (see Theorem 3.1
below for a more precise description). There exists & ! nin (g) <! max(g) < "
such that:

o if 1 # (! min (9), ! max (@) then (1) has no non-trivial, positive equilibrium
. 1,p pmy.
in Wop (")
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« there exists a closed, connected set of positive equilibrid,(e ) bifurcating
from (! max (9),0) in R! W&'f (1) and ‘meeting infinity’ at ! = ! in ().

In some radially symmetric cases, when ! is a ball, it is known that when
I'min (@) <!<! max(Q) there is a unique, non-trivial equilibrium e " W&'f M.
This is discussed briefly in Section 6 below.

We will prove the following results on the asymptotic behaviour of the
positive solutions of (1). For any 0# vo " C9(1):

« ifO<!<! nin(g) then tI!i"m SVigy o (t)Sop =0
(so the trivial solution is globally asymptotically stable);
o if lmin(g) <!<! nax(g) then:
e if vp is ‘small’ then tI!Ii,m Vigy o (1)Sop =0
(so the trivial solution is locally asymptotically stable);
* if vo is ‘large’ then lim |vigy ,()lo = %;
« all the non-trivial, positive equilibria are unstable;

o if I max(9) <! then there exists T < % such that tIln% [Vigy o ()o = %.
&

These results are consistent with a bifurcation analysis of the corresponding
semilinear (p = 2) problem, using the ‘principle of linearised stability’ to obtain
local stability. Such problems have been extensively investigated, see [9] and
the references therein for a summary of the main results. However, we do not
use bifurcation theory to obtain our results, which usually yields local stability
results. Instead, we use a mixture of comparison and compactness arguments
to obtain the above results.

For the quasilinear problem involving the p-Laplacian operator considered
here, these results are consistent with the results on ‘linearised stability’ in the
‘p-convex’ case in [10] (condition (2) is termed p-convex’ in [10]; this terminol-
ogy has been used in other publication for very similar, but slightly di"erent,
conditions). However, the term ‘linearised stability’ in [10] refers to the sign of
the principal eigenvalue of the linearisation of the problem at an equilibrium
solution, not to the dynamic (time-dependent) stability that we consider. For
the quasilinear problem considered here it is not clear that ‘linearised stability’,
in this sense, implies stability in the usual dynamic sense. Even if such a result
could be proved, it would give local rather than global stability.

Similar results to those obtained here have been obtained in [3, 4] for a
quasilinear problem involving the mean-curvature operator in 1-dimension. The
mean-curvature operator is significantly di"erent to the p-Laplacian operator
considered here, so our results do not follow from those of [3, 4], even in 1-
dimension.
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2. Preliminaries

2.1. Notation

We let C°(1) denote the standard space of real valued, continuous functions
defined on!, with the standard sup-norm on |- | (throughout, all function
spaces will be real);L9(!), g > 1, denotes the standard space of functions on !
whoseaqth power is integrable, with norm !-1 ; Wol'p(!) denotes the standard,
first order Sobolev space of functions orl which are zero on !'!, with norm
I-14p, and its dual space is denoted byw" Lp'(1), where p':= p/(p" 1)is the
conjugate exponent ofp. By our assumption that p > N , the spacewol'p(!) is
compactly embedded intoCO(!).

If h:T #[0,%$) % R is continuous then, for any" & C? (1), we define
h(") & C2(") by

h(")(x) := h(x," (X)), X&!'.

Clearly, the ‘Nemitskii’ mapping " % h(") : C2(I) % C2(1) is continuous.
In particular, we repeatedly use the Nemitskii mapping #, @ " % #y(") :
c2() % Cc2(h.

2.2. The p-Laplacian

Formally, the p-Laplacian is defined by

rE (P,

for suitable ", where |v| := (v + - - -+ v})¥2 for v & RN . More precisely, for
any " & Wy (), we define " (") & W' 1P (1) by
! !

TH()®I= PR S ($&WP() (5)

A precise definition of what is meant by a solution of (1) will be given in
Section 4.1 below.

2.3. Principal eigenvalues of the  p-Laplacian
We briefly consider the weighted, nonlinear eigenvalue problem
" (= M&H(%D, %&WyP() (6)

wherep & R and the weight function && L(!). We say that p is aneigenvalue
of (6), with eigenfunction %& Wol'p(!) \{ 0}, if the following weak formulation
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of (6) holds
! !

PR = (1) # WP @)

A principal eigenvalueof (6) is an eigenvalueuy which has a positive eigenfunc-
tion ! o # Wol"f () (which we will normalise by, say, |! olo =1). The following
result is well known — see, for example, [6, Sections 3-4].

Lemma 2.1 Suppose that the weight functior# satisfies: #! 0 on !, with
#> 0 on a set of positive Lebesgue measure. Then the eigenvalue problé®h
has a unique principal eigenvaluguy(#). This eigenvalue has the properties,

Mo(#) > 0, ! o(#) >0on!, and
1 ]

A o) AP e W) ®)
In addition, if #;, # are two such weight functions, then
# " # on! and#; <#, on a set of positive Lebesgue measure
=$  Ho(#1) > Ho(#).
Now, sinceg: # L" (!), we may define
0<&min (9) = Ho(g ) < &max (9) := Ho(%o),

and we denote the corresponding eigenfunctions by min (), ! max (9)-

3. Non-trivial, positive equilibria of (1)
A positive equilibrium of (1) is a solution of the problem

%' p(u) = &YU)$p(u), u# WoP() . (9)
More precisely, asolution of (9) is defined to be a functionu # W&;’f (1) which

satisfies the following weak formulation of (9),
! !

PuP 2ru-tt =& gu$p(u)t, Ut # WEP(Q) . (10)

For convenience, we also call&, u) an equilibrium.
Clearly, for any & # R, the function u = 0 is a (trivial ) positive equilibrium.
We denote the set of non-trivial, positive equilibria by

E" = {(&uUu): &# (0,&),0= u# W&f(!) satisfies (9) }.

We can say somewhat more about the overall structure of the seE* . In fact,
we have the following global-bifurcation-type description of E* .
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Theorem 3.1 (a) (Lu)!'E* =" 11 (! min(9),' max(@)) andu> Oon! .
(b If ('h,u))!'E*,n=1,2,..., then

%1
0.

nl,i..m 'n="'mn(9) # n',i..m $un$1p

lim !'n =1 max(9) # lim $u,$;p
n! n!

(c) There exists a setS*™ & E* such that S* ' (! nax (9),0) is closed and
connected, and

PrS* :={! :(,u)!S*, for some0& u! WgP() }
= (! min (9),! max (9))-

Proof. (a) These results follow immediately from (2), (3), Lemma 2.1 and the
definitions of ! min (g) and ! 1ax (g), together with the form of equation (9).

(11)

(b) Consider a sequence!(,,uy) 'E*,n=1,2,..., such that
nlll"rn ! n = ! " ! [! min (g),! max (g)] and nl!i"rn $Un $lyp = N" .

(i) Suppose that 0< N- < %. Then, by the compactness properties de-
scribed on p. 299 of [7], we may suppose that there exists § u- !
WP (1) such that $up ) u- $15* Oand (- ,u- ) ! E *. Part (&) now
implies that ! min (@) <! » <! max(Q).

(i) Suppose thatN- = %. By defining wn := Un/$un$1p, n=1,2,..., we
may suppose (by compactness and our assumption thag: ! L" (1))
that there exists 0€ w- ! WP ()) such that $wn ) w- $;, * 0 and

) " p(we )= 1 gTp(we ),

g(x) = lim g(xun(x)), x! 1. (12)
By (2 and (3), 0 < g! g ! L (), soby Lemma 2.1 and (12),
w- (xX) > 0 for eachx ! 1, so that u,(x) * % , and g(x) = g (X).
Hence,!+ = ! min (9).

(iii ) Suppose that 0 = N- . A similar (slightly simpler) argument to that of
part (ii ) shows that in this case! + =1 1.4 (Q).

Combining the results of (i)-(iii ) now proves part (b) of the theorem.

(c) We will use the Rabinowitz-type global bifurcation results in [7] to prove
this. To do this it is convenient to extend the domain of g in (9) to! + R, by
setting g(x,) #) = ) g(x,#), x ! |, # > 0. Clearly, this has no e#ect on the
positive solutions of (9).
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Let N! R" Wol"’(!) denote the set of non-trivial solutions of (9), with
N its closure, and let S denote the (maximal) connected component ofN
containing (! max (9),0). The results in [7] (in particular, [7, Theorem 1.1]
and [7, Lemma 3.1]) show thatS is unbounded inR " Wol'p(!) and has the
decomposition
S={(' max(9),0)}#S " #S',

where
S*={(,w)$S:+tw(x)>0 forallx$!}.

We note that there are some very minor di"erences between equation (9) and
the problem discussed in [7]. For instance ouigy depends onx but the cor-
responding term in [7] is constant. However, it can be seen that the results
from [7] that we use are still valid in our case.

Clearly, S* ' E *. Furthermore, it follows from the form of our extended
function g in (9) that S* = %S , so both the setsS* must be unbounded,
and the sets{(! max (9),0)} # S * are connected. The relation (11) now follows
from the connectedness and unboundedness 8f , together with the results of
parts (a), (b) of the theorem. This proves part (c), and so completes the proof
of Theorem 3.1. O

4. Time-dependent solutions of (1)

In Section 3 we discussed equilibrium (time-independent) solutions of (1). In
this section we will discuss time-dependent solutions of (1). We first describe
an existence and uniqueness result, and then a comparison result, which will
be used to determine the long-time behaviour of the solutions.

4.1. Existence and uniqueness of positive solutions

Existence and uniqueness properties of solutions of the time-dependent prob-
lem (1) are known, and the results that we require were summarised in [14,
Section 3]. We will briefly restate these results here — for further details see [14],
and the references therein.

To state precisely what we mean by a solution of (1) we define the spaces

#(T) = C(I0,T),L%()) & C((O0,T),WoP()) & WgZ((0,T),L*() , T>0
(we allow T = ' here, and likewise for other such numbers below). The
space W12((0,T),L2(") is defined on p. 378 of [13], using the notation
H1((0,T),L?("); the loc version can be defined by a simple adaptation of
this definition. We will search for a solution of (1) in #( T), for someT > 0.
Thus, in this setting, a solution v will be regarded as a timg-dependent map-
ping t ( v(t) : (0,T) ( WgP(), with $ ,(v(t)) $ W' 1P (1) defined in a
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weak sense, for each! (0, T) (see [14]), and satisfying the initial condition at
t =0as alimitin L2(!). More (or less) regularity at t = 0 can be attained, de-
pending on the regularity of vo (for example if vg ! W&;ﬁ(!) then the solution

will belong to C([O,T),Wol’p(!))), but the above setting will su"ce here.

In view of this, we will rewrite (1) in the form

dv _ " _ 0 /v

at =# ,(V)+ lg(Vv)"p(v), v(0)=vo! CJ() . (13)
The following theorem summarises known results on the existence and unique-
ness of solutions of (13), together with various additional properties which will
be required below. For details and references, see the proofs of Theorem 3.1 and
Corollary 3.4 in [14], together with the discussion in [5], which also describes
most of these results, with further explanations. We note that the theorem
does not requireg to satisfy the monotonicity condition (2).

Theorem 4.1 Suppose thatg satisfies conditions (3) and (4) on! " [0,# ),
and!> 0, vy ! C!) . Then (13) has a unique solutionv 4., ! $(T 4.,),
defined on a maximal interval[0, T ,.,), for some T 4., > 0, having the fol-
lowing properties:

(8) V 40,(0)= vgandv g, (t)! Wolﬁ(!) forall t! (0, T 4.4);

(b) the function v ., : [0,T ,.,) $ L2(!) is dilerentiable at almost all
t! [0, T 4.), and at sucht,

dV g9,%

e O, # (v g () 1 L)

and

dvd% (O =# 5(V g0 (D) + 19 (V .00 (D) p(V g0 (1), i LZ();

(o) the interval [0, T 4 .,) on which the solutionv ,,, exists is maximal, in
the sense that

Tgw <# =% Ilim |v,,,®=#. (14)

te Tigy

If T 4., <# then the solutionv 4, is said to blow up in finite time.

4.2. Comparison results
We now consider the auxiliary problem

%"t" =# (W) + " ,w), w0)=wy! CO(), (15)
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where! ! L' (1) is independent of w, and! ! 0 on!. This is a special case
of (13) (with g(x,") having the form ! (x)) so, by Theorem 4.1, the problem (15)
has a unique solutionw-,, , defined on a maximal interval [0, Ty ,).

Remark 4.2 Theorem 4.1 was stated for continuous functionsy depending
on (x,") (and Lipschitz with respect to "), but as noted in [14, Remark 3.3],
the result is valid for the problem (15), containing an x-dependent function
LrL Q).

We now describe a ‘comparison’ result for solutions of (13) and (15). For any
T > 0 and functions#q, #, ! "( T), wewrite #; ! #,0on [0, T)if #1(t) ! #2(1),
on!, for each t! [0,T). Also, in inequalities involving !, we may regard! as
a function on! " [0,# ) which is constant with respectto” ! [0,# ).

Lemma 4.3. (@) Ifg! !'! Oon! " [0,#)andvy! wg! Oon!, then
Tgvoe " Terw, and wvigy,! Wew o 0onf0,Tigy,).

(b If0" g" 'on! " [0,#)andVvy" wpon!, then
Tigvo! Trw o, and vigy " Wew o ON[0,Tew o).

Proof. The proof follows, with minor modifications, the proof of [12, Theo-
rem 2.5]. We omit the details. However, we note that [12, Theorem 2.5]
considers equations of the formv; = # ,(v) + $%(v), but the proof can be
adapted to give the above result; the argument in [12] is based on the proof of
[8, Lemma 3.1, Ch. VI], which considered the equatiorv; = # (V). O

In the next section we will use the comparison result Lemma 4.3 to describe
the behaviour of solutions of (13). The following results will be useful for this.

Lemma 4.4. Suppose that0$ wy ! Co(1) .
(@ If $<po(t)thenTyy ,=# and t!,i!m v w o (1)%,p =0.

(b If $>po(t), thenTry , < #.

Proof. (a) By following the proof of [12, Theorem 3.1], it can be shown that
Trw , = # and |wpry ()0 is bounded on [Q# ) (the paper [12] deals with
the case! & 1 but the extension to the case of general is straightforward,
using a comparison theorem similar to Lemma 4.3, which is, as noted above,
based on [12, Theorem 2.5]).

The argument in the proof of part (a) of [14, Theorem 4.1] now shows that
W w , Must converge, inW&'f(!), to an equilibrium solution of equation (6),
with p = $ and &= !. But by assumption, $ < po(!), so Lemma 2.1 shows
that the only equilibrium available is the trivial solution.

(b) This can be proved by following the proof of [12, Theorem 3.5]. O
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5. Global stability or instability of the equilibria of 1)

For any ! > 0 the time-dependent problem (13) has the trivial equilibrium
solution u = 0, and also, by Theorem 3.1, for any! ! (! min(9),! max (Q))
there is at least one non-trivial, positive equilibrium. We will now consider the
stability, and instability, of these equilibria.

THEOREM 5.1. Suppose that0 = vy ! CO(1) .
(@) 0<!<! min(g) =# Tygv,=9$ and tI!,ilm Wingv o (1)%,p = 0.

(O If 'min(@) <!'<! max(g) and e !'E ™ then:
(i) "< landvg<'"e, =# Tyv,=$ and tIrilm Wirg.v o (1) %,p = 0;
(i) #> 1and vy >#ey =# Tigv, < $ .

(©) 'max (@) <! =# Tgv,<$.

Proof. Parts (a) and (c). The proofs of these parts of the theorem are simple
modifications of the proofs of parts @) and (c) of [14, Theorem 4.1]. We note
that, for each x ! !, the function g(x, ) is decreasing in [14], whereas it is
increasing here, so the roles ofy and g- , and pHo(go) and Ho(g- ), need to be
interchanged in the comparison arguments used here, compared to those used
in [14].

Part (b)-(i). We defineg® :1 &[0,$)' (0,$) by

a(x,"ex(9), $>"ex(x),

a# —
T 9= e, $1 e, (X)

(16)

(and §%# will denote the limit of §°% as$’$ , asin (3)). Sincee, satisfies (9)
we see, by scaling,, that the function w = "e, satisfies the equation

(" p(w) = g (&) %(w), 17

that is, "e, is an equilibrium solution of (15), with & = g(e\). Also, by (2)
and (16), 5®* 1 9% | g(e\) on! & [0,$ ), and by assumption, vy < "e », SO
by Lemma 4.3

Vag ' vo(t)! "ex, on[0$). (18)

It follows immediately from (18) that T,y : ,, = $ (by Theorem 4.1), and
Vagvo = Vag ! v, (DY (16) and uniqueness of solutions).
Next, by (2) and (16), §** < g(e\) on !, so by (17) and Lemma 2.1,

I = po(g(er)) <Ho(B™) = 1 min (577).
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Thus, part (a) of the theorem applies to the solutionv, 4+ ,,, and since we
have just shown thatvig, , = Vi ,, this proves part (b)-(i) of the theorem.

Part (b)-(ii). We now defineg'* :T ! [0," )# (0," ) by
"y ax, 1), L "ey (x),
)= 19
GI0= e (1)), 1<e 1 (). (19)
In this case the functionw = "e, satisfies (17), and a similar argument to that
in the proof of part (b)-(i) now shows that

Vig v, (D! "er on [0 Ty +y,), (20)

and hence,vigy , = Vig +y,- Also, by (2) and (19), gg* >g(e)on! so
by (17) and Lemma 2.1,

#= Ho(g(e)) > Koty ™) = #max (8 ).

Thus, part (c) of the theorem applies to the solutionvigy , = Vi g +,, and so
proves part (b)-(ii ) of the theorem. This completes the proof of Theorem 5.1.
O

Part (b) of Theorem 5.1 shows that if #min (g) < # < # max (g) then every
non-trivial, positive equilibrium e $ E* is unstable, and the trivial solution
is not globally asymptotically stable. It also gives an indication of the global
asymptotic behaviour of the positive solutions of (13), viz. ifvy is ‘large’ then
Vigv , blows up in finite time, and if vo is ‘small’ then vigy ,(t) # 0 ast #
" . However, this result does not deal with all initial conditions vy $ C2(1).
Specifically, it does not deal with any initial condition vy which ‘crosses’ all
the non-trivial, positive equilibria. More unfortunately, it does not prove the
stability of the trivial solution, in the sense that there are initial conditions vg
with arbitrarily small norm (either |vglo or %% ) which do not satisfy the
hypothesis in part (b)-(i) of the theorem (for arbitrarily small $there exist v
with |volo < 8§, but with vg(x) > e, (x) for x near the boundary %). The
following theorem rectifies some of these omissions, and proves stability of the
trivial solution when #min () <# < # max (9).

Theorem 5.2 Suppose that#yin (g) < # < # max (g). Then there exists$ > 0
such that

Volo<$ =& Tygv,=" and Jim %ng.v ,(1)%,p = 0. (21)
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Proof. For ! > 0, defineg ! C°(1) by

g(x):=gx!), x!1.

It follows from the properties of g, and the principal eigenvalue function po(-)
(see Lemma 2.1 and [6]), that

g >goon! and lim |g # Golo=0

=% Mo(9) <Ho(g) and limuo(g) = Ho(%)

(the final limiting result is not explicitly stated in [6], but it can readily be
proved using the minimisation characterisation of pug(") in (1.3) of [6]; the
argument is similar to the proof of [6, Proposition 4.3]). Hence, since# <
#max (9) = Ho(go), we may choosel su“ciently small that # < po(g).

Now, defining the function 1! C2(1) by 1(x):=1, x ! 1, it follows from
Lemma 4.4 @) that

Tg 1(t)= % and |wyqg 1(t)|o & O. (22)
Since the mappingt & | w.g 1(t)|o is continuous on [Q %), we may define
$:=max{{wyg 1(t)lo:t OF, %= 183,
Wa(x,t) == %wy 1(x, %' %t), (x,t)! !’ [0,%),
and we see that

Iy _ 1 dWeg

! "

e B —a " B L H#(Wg 1)+ HO & (Weg 1)
=# p(Wy) + #9 & (Wy),

Wy = %, [Wy(t)o ! t O

Furthermore, sinceg(x,’) g (x)on! ’ [0,!], a similar comparison argument
to that used in the proof of Theorem 5.1 () (i) now shows that

Volo <% =% 0 wvigy,(t) Wg(t) ! t 0

which, by (22), proves that (21) holds with the | - | norm. It follows from this,
by the argument in the proof of [14, Theorem 4.1], that (21) holds with the
(+ (1,p norm, which completes the proof of Theorem 5.2. O

6. Uniqueness of non-trivial, positive equilibria

The question of the uniqueness of the non-trivial, positive equilibria when
# 1 (#min (9), #max (9)), under conditions similar to our basic condition (2),
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is clearly of interest here, so we briefly describe some recent results concerning
this question. This problem has received considerable attention, but is still a
long way from being resolved. The main results have been obtained for the
case where ! is a ball, say the unitballB; ! RN, and the function g is radially
symmetric, that is, g has the formg(r,! ), wherer denotes the usual Euclidean
norm |x| in RN . For simplicity, we only discuss the case where has the form
a(!).

We first observe that in this case, given our hypotheses og, [2, Lemma 2]
shows that any non-trivial solution u " W&’f (M) of (9) must be radially sym-
metric, that is, u = u(r), with u(1l) = 0. Thus, the question of the uniqueness
of the non-trivial solutions of the PDE (9) on B; reduces to considering the
unigueness of the solutions of an ODE problem on the interval#1,1]. Of
course, if we have such unigueness then Theorem 5.b)(applies to the full
PDE problem on the ball B; ! RN

We now briefly describe some of the known results for this case, which apply
to our problem.

The case N = 1.
This case is considered in [10], under the following hypothesis.

+ The nonlinearity g(!)!?" ! is ‘strictly p-convex’, as defined in [10, Defini-
tion 3] (which implies that (2) holds, see [10, Remark 6]).

Theorems 1 and 2 in [10] show that if" " (" min (9)," max (Q)) then (9) has a
unigue solutione, " W&'f (1) (these theorems combined cover all combinations

of 0! "min (g) <" max(g) '$ )

The case N > 1.

This case is considered in [1, 11]. The results as stated in these papers do
not quite cover the problem considered here, but by a slight adaptation of
the arguments in [1] a unigqueness result can be obtained under the following
hypotheses (in our notation):

« the function ! % !g"(!)/g(!) is increasing on (Q$ );
* g(!)>0on (0,$) (which implies that (2) holds).
Acknowledgements
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For example, from [22] it follows that if g is monotone and
! n

liminf g4 , Iimsupg(u—u) P )= 4 (4)

lu u lu

then (1)—(2), as well as (1)—(3), has a solution. The same result may be obtained
from related developments in [4, 7, 8, 25, 27, 29, 30]. Arguing as in Theorem 3
of [14] one sees that (4) may be extended to

g(u)

glu) . ... g(u)
y k+1), and I;m'lsup—u <# ||Imulnf STl (5)

imint 39 g ¢, -
Ju”

where#(a) >a,a$ ! (" ! ) is the smallest value for which! u+au; " #(a)uy =

0 subject to (2) has a weak solution. That is @, #(a)) belongs to the Fucik
spectrum of ! subject to (2).

Similar results occur in systems and wave equations in several space vari-
ables, see [2, 4, 5, 24, 32, 33]. All these works assume the rangegbhot to
include eigenvalues of infinite multiplicity in its interior. Note that only 0 is an
eigenvalue of infinite multiplicity both for (1)-(2) and (1)-(3).

When the periodicity condition (2) is replaced by

u(x,t) = u(x,t +28) = u(x + L,t) forall x,t $ R, (6)

and L is not a rational multiple of $ the spectrum! (! ) may have multiple
eigenvalues of infinite multiplicity and may not be a discrete. Here again pro-
fessor Mawhin is a pioneer in the field with his work in [23, 21]. For additional
analysis of this case the reader is referred to [28]. Little is known on the solv-
ability of (1)-(6) when L is not a rational multiple of $. In [9] existence results
for cases wheré (! ) is discrete and all the eigenvalues have finite multiplicity
are found including cases where the range @f may include multiple eigenvalues
of infinite multiplicty.

If in (1) we replace! by an elliptic operator, N need not be monotone as
compactness arguments based on the absence of eigenvalues of infinite multi-
plicity sulce.

From now on we let " := (0 , 2$) %(0, 2$) and

% (x,t) =sin(kx)cos(t), & (x,t)=sin(kx)sin(jt), 7
"kj (X,t) = cos(kx)cos(t), and (k; (x,t) = cos(kx)sin(jt). 0

Let K be the closed subspace df?(") spanned by
{%k, &k kk,r(kk; k=0,1,2,...}.

That is, K is the null space of the wave operator subject to (2). If v$ K
then there are unique Z-periodic null-average functionsv; and v, and a unique
number v such that v(x,t) = v+ vi(t + x) + vo(t" X).
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We let H denote the Sobolevspace of functionsu such that u as well as its
first order partial derivatives belong to L?(!). The norm in L?(!) is denoted
by !'! and the normin H by ! !;. WeletY = K' " H. We say that
u=y+v#Y$ K is aweak solution of (1)-(2) if

|

{5 %yx§x) %(g(u) %)y +V)} dxdt =0, (8)

forall y+v#Y $ K.

2. Existence of forced vibrations

In [20, 35] it was established that! + N subject to (2) has dense range in
L2( when g'(u)" ! (% )= &for u large. That is, for all f in a dense subset
of L2(!), the equation (1)-(2) has a weak solution. Note that here it is not
assumedg to be monotone. More precisely, if there are constants, #,c # R,
" #,suchthat ' (! )" ["\#] = & that g : R ( R is globally Lipschitz
continuous, and
I
n © S

#
% + ESZ’ . g(tydt’ c+ Es2 for all s# R, 9)

then (1)-(2) has a solution for eachf in a dense set ofL?(!). However, to
date, it is not known if such a range (the set of all suchf 's) is all of L?(!).

The arguments in [20, 35] do not provide a characterization of thef 's for
which (1)-(2) has a solution. Nevertheless, in [12, 15, 16], su"cient conditions
for f to be in the range ofu )( ! (u) + g(u) are provided when

9(s) = $s+ h(s), with  %$#!(1) and  fm_ h'(uy=0.  (10)

It is readily verified that functions satisfying (10) satisfy (9).
In order to find su"cient conditions on f for (1)-(2), or (1)-(3), to have a
solution the concept of functionsflat on characteristics was introduced in [16].

Definition 2.1 We say that %is not flat on characteristics if given & > 0
there exists’ > 0 such thatm({x # [0, (];|%x,r £ X) %)| <’ }) < & for all
r,) # R, where m stands for the one dimensional Lebesgue measure.

In [12, Theorem 5.1] the following was proven.

Theorem 2.2 Let %$#! (! ) andf(x,t)= cqx,t) # LP(1) , p* 2 and %the
solution to ! (% + $%= qg(x,t), %X, t) = Ux +2(,t) = %x,t +2(), x,t # R.
If %is not flat on characteristics then there existcy such that for |c| * ¢y the
equation (1)-(2) has a weak solutionu # LP(!) .
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Earlier versions of Theorem 2.2 are found in [15, 16] where the existence of
bounded solutions is considered. The proofs in [12, 15, 16] are based on first
establishing the existence of approximate solutions and then establishing the
convergence of such approximations using the compactness of (! +! )' 1 on
the range of ! and convergence in K in LP using that the projection on K of
such approximations are large due to the size of the parameter C.

3. Non-existence of continuous solutions

If |g'| is bounded away from 0 (hence g is strictly monotone) and f is smooth,
in [7, 29] it is shown smoothness of f implies smoothness of solutions to (1)-(2).
As credited by P. Rabinowitz in [29], the ideas for showing such regularity go
back to L. Nirenberg.

On the other hand, for non-monotone nonlinearities one cannot expect reg-
ularity of the solutions as shown by the following theorem and lemma.

Theorem 3.1. Assume thath(s) = g(s) —!s is a dilerentiable function with

support in [0,D] for some D > 0, that ! > 0, that —! /e " (! ) and that
h'(D/ 2) < —ID/ 2. Then there is ¢g > 0 such that if |c| > co the problem
(1)-(2) has no continuous solution forf (x,t) = csin(x + t).

For the proof of Theorem 3.1 the reader is referred to [10, Theorem 2.1].
In contrast with Theorem 3.1 we have the following existence result.

Lemma 3.2. Let I
#Ht+h(t) ift<o0
g(t) = v

tht +h(t) ift> 0, ()

with #,# > 0, and h continuous such that

im M g, (12)
Isjgs S

If f(x,t) =p(x+t)orf(xt)=p>x-t),wthp:R—R, peL20,2$], and
p(%+ 2$) = p(% for all %< R, then the equation (1)—(2) has a solution.

Note that the above lemma allows for resonance (—#,—# € " (! )) and
jumping nonlinearities (# # #). Its proof goes as follows. One lets

= {&: R — R;&is increasing, continuous and &(t) < g(t) for all t € R}.
and

01(t) := sup &(t). (13)

! %l
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The function g; is continuous, non-decreasing, for all ! R the setg (! ) is
a closed interval, and ifg(a) < g(t) for all t>a then g(a) = gi(a).

For each" ! R there existsa b ! R such that g; *({")})=[a,b]. Given
f(x,t) = p(x + t), we definev(s) := by). Dueto# > 0, # > 0, and (12),
v ! L%(0,2%). Also g(v(")) = p("). Thus u(x,t) = v(x+t)! K andis a
weak solution to (1)-(2). These solutions may have jump discontinuities along
characteristic lines Whereg!l !is not single valued. Furthermore, such solutions
need not be unique. For example, ifp(s) = " is constant in a segment ¢, d],
and a; < b, then defining, for any y ! (c,d), v (% = ay,) for %! [c,y),
Vy (% = by for %! (y,d], and uy(x,t) = vy(x + t) we have a continuum of
solutions to (1)-(2).

4. Bifurcation

Finally we consider, subject to the periodicity condition (2), the one parameter
equation
Ug " Uxx + O(X,tu, &) =0, x,t,u,&! R. (14)

with g(x,t,u) = g(x +2%,t) = g(x,t +29). If gx,t,u,&) = &G(x,t,u),
G(x,t,u) =0, and Gy(x,t, 0) =1 one sees that (Q &) is a point of bifurcation
forevery & ! ' (" ! ). More precisely, there is a connected set of nonzero solu-
tions to (14)-(2) containing (0, &) in its closure. This fact is proven imitating
the arguments for the case in which! is replaced by a second elliptic operator
when & # 0, and a more detailed analysis for& = 0 as shown in [31].

Bifurcation from infinity. Recently, bifurcation from infinity was considered
in [13] resulting in the following theorem.

Theorem 4.1 Let" & ! "(! ), h: R $ R a bounded continuous function.
Suppose there existd > 0, (> 1, and A> 0 such that

IN'(s)] % IsI' * for all |s| & M, and _lim h(s) = £A. (15)

If g(s) = &s+ h(s), then there is)q such that if 0 < &y " & <)o the problem
(1)-(2) has a nontrivial weak solutionug = vg + yg ! (K’ Y)( L®() .
Furthermore, if &$ &, then)vg) + )ys)1 $*

For & # 0 the proof of Theorem 4.1 relies on the properties of sets of the
form {(x,t); [p(x,t)] <)}, for p a trigonometric polynomial of a given degree,
using the Nazarov-Turan lemma, see [19]. The cas&y = 0, relies on the fact
that constant functions belongs to the kernelK. This case does not extend
to the boundary condition (3) due to the absence of constant functions in the
kernel of ! subject to this boundary condition.
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Imperfect bifurcation. In [11], see also [6], the equation (14) for
gx,t,u,! )= 1(u+!H)X X+ IR (t,x,u+IH) (16)
subject to (2) and assuming that

Ry(t,x,v) _

lim =0, and k a positive integer a7)

vio  yZk'1l
is considered. Sulcient conditions on H £ 0 are provided for the existence of
solutions that accumulate at (0,0). SinceH £ 0 this is known as imperfect
bifurcation.
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1. Introduction

Problems of fast oscillations are of intrinsic mathematical interest and are of
great importance in various areas of applied mathematics. Itis well-known that,
when the parameters of a mechanical system are subject to rapid oscillations,
then the stability characteristics of that system may change in a substantial
way. The interesting phenomenon of stabilization of a planar pendulum via
vertical oscillations is a case in point [4], but it is far from being the only
example. Others include the elimination of a Van der Pol oscillation, and the
large-scale alteration of a stability diagram in a catalytic reactor [2, 3]. As a
somewhat dilerent example, we mention the quadruple ion trap (Paul trap),
which is used as a component of a mass spectrometer.

In many problems of fast oscillations, one has a single parameter to deal
with, namely the frequency of the oscillation. But in other problems there
are one or more additional parameters, and these other parameters may de-
termine a bifurcation pattern. In this paper we pose the question of how the
presence of rapidly oscillating parameter disturbance can alter a bifurcation
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pattern. We will give partial answers to this question in the context of the
simplest bifurcation patterns, namely the saddle-node, transcritical, pitchfork,
and Andronov-Hopf scenarios. We will emphasize the case in which the fast os-
cillations are almost periodic in the sense of Bohr, or more generally of “strictly
ergodic” type. Of course this is considerably more general than considering pe-
riodic fast oscillations. Thus for example we can deal with a situation in which
a parameter is perturbed by two or more periodic terms whose periods are not
commensurate, rather than by a single periodic term.

We are motivated in particular by the discussion in the paper [3], where
the authors provide insights and methods which are valuable for the study of
problems involving fast oscillations and stability. Incidentally, the authors of
that paper seem rather dismissive of the scenario in which a parameter is slowly
varied, and of that in which a parameter undergoes a stochastic disturbance;
see also [2].

The starting point of this discussion is the problem

x'=x21 1 (x" R,!" R). (1)

#_ #_
Clearly equation (1) admits equilibfjain x = £ Twhen!> 0, wherex = ! 1
is asymptotically stable andx =+ T is unstable. These merge as decreases
through zero, and for! < 0 all the solutions of (1) are unbounded in finite
time.
Let us now modify (1) by adding in a rapidly oscillating term, to obtain
|
X'=x21 14 f L JCY
B dt
where " is a positive number, i is a small positive parameter, andf is an
almost periodic function with zero mean value. Note that the oscillations are
not only rapid, but also indefinitely large aspu $ 0*.
To study the elect of the oscillatory term on the bifurcation pattern, we
set# = :1— so that (2) takes the form

)

ax 2
== Il n
44 pu(xs! D+ "f (#).
Following [2], we consider
ax
pri f (#). 3)

Let us assume thatf (#) admits an almost periodic primitive F(#); this is
actually a highly nontrivial hypothesis, unless f (#) is assumed to be periodic.
There is no loss of generality in assuming that~ has mean value zero. Then
the general solution of (3) is of course

x=c+"F (#) = h(#,9 4)
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where c is an arbitrary constant. Still following [2], we make the change of
variables

x=h(ly)=y+"F (),
which transforms (2) into

d ! !
SR IEFEOR # (5)
At this point we apply the method of infinite-interval averaging see Fink [10]
or Hale [15]. We will discuss the method in Section 2; here we merely state the
result.

There is a neighborhoodW of y = 0, which can be fixed independently of

small u > 0, and an invertible change of variables inw " W
y=w+ pG(!,w)
such that, in the new variable w, (5) goes into

# $
%N:u w! #+"2F2 + o(p). (6)
Here the overbar indicates the mean value of the given functiorF. We note
explicitly that F2 is the mean value ofF ?; further the function G can be written
explicitly: %, 2 ,
G(l,w)=e'¥™ ¢S 2'F (s)w + "2F2(s) ds
-
One can show that, if# > 0 is fixed,# > " 2F 2, and p is chosen small enough (in
dependence off), then (6) admits two almost periodic solutions, one of which
is asymptotically stable and the other of which is unstable. If# <" 2F2, then
for small y, all solutions of (6) will leave some fixed neighborhoodV of w =0
in finite time.

At this point one must note that there has been a macroscopic change in
the bifurcation pattern in (6) as compared to (2), namely the bifurcation point
# = 0in (2) is transferred to # = "2F2 in (6). Moreover, the very term
“bifurcation pattern” is in the first moment not very well-defined, because the
elect of the o(p) terms on solutions of (6) may be quite pronounced ifu is not
“small enough” relative to #! " 2F 2, which of course takes its most interesting
values near zero.

One may not find the “ = -factor in front of f in (2) to be natural. Let us
omit it and carry out the above calculations with f in place of %f . We obtain

the analogue of (6):
d #

w 2ﬁ$ 2
a=p w! #+ u°F2 + o(u9). (7
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The bifurcation value of the averaged equation is ! = p2F 2, which tends to zero
as ! 0. However there is still an interesting issue as far as the g-dependent
terms are concerned, which we formulate as follows: set B = p(!) and ask
“what happens” to the saddle-node pattern. We will take up this question in
Section 3: rather remarkably it admits a reasonably clean-cut answer.

The reader may object at this point that one should be able to under-

stand (2) in detail by applying repeated averaging, to obtain after r + 1 steps

dx ! "

o =M Y2 L PF2 4 U (y) ot

To this it can be replied that, in the first place, repeated averaging is not
always possible in the almost periodic, non-periodic world, in fact in many
circumstances it is the “exceptional case”. Second, if one envisions substituting
a generic function such as g = ! for g with s > r, then one will still have
to deal systematically with the o(u*")-term. So if [ tends to zero su ciently
slowly we will have to consider the “0”’-term on the saddle-node bifurcation
pattern.

This paper is structured as follows. In Section 2 we present a slightly gen-
eralized version of the Fink-Hale infinite-interval averaging theory. We make
use of the Bebutov hull construction and other ideas of nonautonomous dy-
namics, which, in our opinion, clarify certain aspects of this method. Then,
in Section 3, we discuss the classical bifurcation patterns when the relevant
parameter is subjected to fast zero-mean oscillations. We will rediscuss the
saddle node pattern, together with the transcritical, pitchfork, and Andronov-
Hopf scenarios. Aside from presenting information on the bifurcation problems
when fast oscillations are present, we want to illustrate what is now a rather
extensive tool kit and body of results concerning nonautonomous di erential
systems. We make use of the basic Bebutov construction, some facts involving
ergodic measures, exponential dichotomies, etc. We will also refer to previous
papers concerning the nonautonomous bifurcation theory, as seems appropriate
([20, 25, 30]).

2. Preliminaries

In this section, we first present some facts from the field of topological dynamics
(see [7, 35]) which will be useful in our discussion of infinite-interval averaging.
Then we will describe our version of that averaging procedure.

Let P be a topological space. A real flow on P is determined by a family
{#: |t # R} of homeomorphisms of P with the following properties:

o #o(p)=pforall p# P;
o # $H#s =# s forallt,s# R;
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e 1 :PI'R" P:(t,p)" !4p)is continuous.

Suppose now thatP is a compact metric space, and le{! ;} be a flow onP. A
regular Borel probability measure"” on P is said to be! ;-invariantif "(! ;(B)) =
"(B) for each Borel setB # P and for eacht $ R. An invariant measure is
said to be{! ;}-ergodic if, in addition, the following indecomposibility condition
holds: if B # P is a Borel set, and if"(B%! ;(B)) = 0 for each t $ R, then
either "(B) =0 or "(B) =1. Here % is the usual symmetric dilerence of sets:
A%B = (A\B) & (B\A).

A famous theorem of Krylov and Bogoliubov ([23, 28]) states that, if P is
a compact metric space, and! ;} is a flow onP, then there exists at least one
{!}-ergodic measure' on P. If an ergodic measure" on P is the only {! ;}-
ergodic measure orP the flow (P,{! ;}) is said to be uniquely ergodic One can
then apply a basic theorem of Birkho! to the triple ( P,{! ;},"), together with
a refinement of that theorem. We state these results together.

Theorem 2.1 Let P be a compact metric space, le{! ;} be a flow onP, and
let " be a{!;}-ergodic measure onP. If h$ L(P,"), then

| |
LI :

h(!s(p))ds= hd" (8)
0 P

| =

lim
t +
for "-a.a. p$ P. If h: P " P is a continuous function and" is uniquely
ergodic, then (8) holds for all p$ P, and the limit is uniform in p$ P. That
is, given # > 0 there existsT > 0 such that, if [t|’ T, then

M n0Le)ds( hd'l) & (p$ P).
0 P

The first part of Theorem 2.1 can be stated and proved in the more general
context of measurable flows; see e.g. [11]. The second part of the theorem is
specific to a continuous flow{! ;,} defined on a compact spac® [14].

Let P be a nonempty compact metric space. A flowP,{! ;}) on P is said
to be minimal if, for eachp $ P, the orbit {! ;,(p) | t $ R} is dense inP. A
flow (P,{!:}) is said to bestrictly ergodic if it is minimal and admits a unique
ergodic measure'.

Again let P be a nonempty compact metric space. A flow®,{!:}) on P is
said to be Bohr almost periodic, or simply almost periodic, if there is a metric
d on P, which is compatible with the topology on P, such that

d(! ¢(p1),! ¢(p2)) = d(p1,p2)

forall p;,p2 $ P andforallt $ R. If (P,{!.}) is almost periodic, then for each
p$ P the orbit closure cls{! ,(p) |t $ R} # P is strictly ergodic (in particular
it is minimal), and in fact P is the union of its minimal sets. If (P,{!;}) is an
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almost periodic minimal set, then one can giveP the structure of a compact
Abelian topological group with multiplication ! and dense subgrougR in such
away that | ((P)= p!t(p" P,t" R). Let us note finally that, although a

minimal almost periodic flow is strictly ergodic, the converse is not true, a fact
which is illustrated by the Furstenberg flows [14].

We discuss a class of concrete minimal, almost periodic flows, namely the
Kronecker flows. Letd# 2 and let T¢ = RY/Z9 be the d-torus. Let " ,...," 4
be Q-independent real numbers, letpy, ..., pg be 1-periodic angular coordinates
on TY, and set

Le(Piy-- Pa) = (P1+ "1t,...,pa+ "qt)  mod Z°.

Then the flow (T9,{!}) is minimal and almost periodic. The unique {!}-
invariant measure is the normalized Haar measure oY, More generally, if
"1,...,"q satisfy exactly k " { 0,1,2,...,d$ 1} independent homogeneous
Q-linear relations, then (T9,{!}) laminates into a disjoint union of almost
periodic minimal flows, each of which is flow-isomorphic to ad$ k)-dimensional
Kronecker flow.

Next we give a brief discussion of the Bebutov construction, which actu-
ally consists of a family of mutually similar constructions. Consider a time-
dependent dilerential system

d—X:f(t,x) t" R, x" RY. 9)
dt
The general goal is to apply the methods of topological dynamics to study the
solutions of (9). This can be done iff satisfies certain conditions, as we now
indicate. We do not give proofs of the various assertions we make below: these
are readily available in the literature (e.g., [34]) and in any case are usually
quite easy to check directly.

First suppose that, for each compact subseK % RY, the restriction of f to
R & K is uniformly continuous. Then there exist:

(i) a compact metrizable spaceP which carries a flow{! {};
(i) a continuous functionf, : P & R4’ RY;
(i) apoint p " P suchthat f(t,x)= f,(!{(p),x)foral t" R, x" RY.

The flow {! {} is induced by the translation in t, and the points of P are actually
functions p(t,x) = lim - f(t + t,,x) for appropriate sequences{t,} % R.
Here the limit is taken in the compact-open topology onR & RY. One usually
abuses notation at this point and writesf instead off, (but not p for p,). The
upshot is that equation (9) has been embedded into the family of dilerential

equations
dx
G fE®x pr P xR ()
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where (9) coincides with (9 ).
Next suppose that each equation (9p) admits a unique global solution
X(t; Xo, p) for each initial value xo ! R™. Then the family of homeomorphisms

LrP" RY# P RY:(pxo) # (" 4(p), X(t; X0, P))

defines a flow onP " R%. One speaks of a skew-product flow because the
first factor does not depend onxg. One can now use various techniques of
topological dynamics to study the solutions of the various equation (9p), and
in particular the solutions of equation (9), alias (9p ).

One can take account of eventual smoothness properties bfin x | R?, say
of orderr $ 1, as follows. Letl =(l4,...,l;) be a multindex of integers such
that 0 %lq,...,14 %Il + ...+ 1; = |I] %r. One requires thatf together with
all its partial derivatives DLf = Dl ...D/f of order |I| % r be uniformly
continuous on sets of the formR " K where K & R? is compact. If this
condition holds, then there exist:

(i) a compact metric spaceP with a flow {"};

(i) a continuous functionf, : P" R?# R? such that D/f, : P" R?# R
exists and is continuous for each multiindexl = (14, ...,13) with |I| %r;

(i) apoint p; ! P suchthatf(t,x)=f, ("«(p),x) forall t! R, x! R%

One describes point (i) by saying that f, is of classC” in x, uniformly in
p! P. In most of what we do below, we will simply assume that each function
f, which is encountered isC" in x uniformly in p! P.

Let us now turn to the theory of infinite-interval averaging, which we for-
mulate in a context in which a Bebutov flow is present. The ideas discussed
here are drawn from the presentation in Fink [10] and Hale [15]. First we recall
a basic lemma [22], which extends somewhat Lemma 14.1 of Fink’s book.

Proposition 2.2, Let P and X be compact metric spaces, and let (P,{" +}) be
a uniquely ergodic flow with unique invariant measure #. Letf : P " X # R?

be a continuous function, and let
I

f)= f(p.x)d¥p)
P

be the #-mean value of T . If W is a positive number, define

Ly oy
Fxw= e 100" T ds.

Then there is a continuous positive function $ : (0,( ) # (0,( ) such that
S # Oaspu# 0, and

[MF (P, x, )| % $() (1> 0, p! P, x! X). (10)
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Let us remark that the function ! need not tend to zero at a prearranged
rate - to be explicit, one cannot write, say,! (1) = Cu® where C is a constant
ands > 0. We give an illustrative example in Appendix B. Let us remark that,
if X I R™ is the closure of a bounded open set, and ff is C' on X uniformly
in p" P, then one can determine a continuous positive functiorl = ! () such
that ! (W) # Oasu# 0, and such that

[HDF (p, X, )| $ ! (W)

forall p" P, x" X, and for each multiindex | = (I,...,lg) with [I|$ r.

One can generalize these statements slightly by allowinfy to depend contin-
uously and smoothly ony, for pu in some open interval containingp = 0. This
can be seen by substitutingx " RY by (x,") " RY*1, applying Proposition 2.2,
then letting " = p.

Continuing the discussion, letp" P, x " X, and set

! t n

Fu(t,x) = F(#(p),x,p)=e' ¥ e f(#s(p),x) %?(X)#ds- (11)

"
Of courseF, depends onp as well. Clearly

dFy

T - YR, + f (#(p), x) %f ().

We can apply this observation to ODES with rapidly varying time dependence.
Since smoothness issues are of no particular relevance at present, let us assume
that f :P & RI&R# RY:(p,x,u) # f(p,x, 1) is a function which is C" in

(X, 1), uniformly in p" P. Consider the family of dilerential equations

dx

gt = MR x ) x" RY, u>0 (12p)

or equivalently

dx

- S —-—
s - TP xH) 0o t (13p)

where the rapid oscillations are displayed explicitly. For each fixedo" P, make
the following change of variables

X =y+ pFu(ty) (14)

where F, is defined in (11).
We state the averaging theorem of Fink and Hale in the context of the
family (12p).
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Proposition 2.3 If I > 0, let B, be the closed ball of radiu$ in RY centered
at the origin. Let P, {!}, f, F, F, be as above. There exist positive numbers
I, ! ¢ and po with the following properties. First, for eachp! P and p !
(0, Ho), the transformation (14) is of classC' on B, , and has aC' inverse
on B, . Second, both the transformation(14) and its inverse areC' on B, o

(0, no) respectivelyB, " (0, Hp), uniformly in p! P.

We now make the change of variables (14) in equation (12p), for each! P,

and obtain
|

' "Fu" dy H__ $
I+ HT at =p fu(y)+ pFu(ty) + fut (P, x) # fu(l «(p).y)  (15p)

forallO<p $ po,y! By . Herel is the identity matrix, and we have written
fu() = f (- 1). Now

i
fu(p, ) # fu(p,y) = ..—y“(p,y)uFu +R

where the remainderR is of order O(|uF,|?). Since uF, is of order o(1) as

M % O*, it is natural to compare solutions of (12p) with those of the averaged
equation J

o = M) (16)
Generally speaking one does this on a case-by-case basis when dealing with
problems on an infinite time interval.

It should be remarked that, in the case whenf has only finitely many x-
derivatives, there is in general a loss of smoothness of one degree in passing
from (12p) to (15p).

It may happen that the function f in (12p) admits a primitive in the sense
that there exists a continuous functionF : P " RY" R % RY such that

d -~ _
aF(l t(p)lX! U—) = f (' t(p)lxl H) # f (Xv H)
identically in t,p, X, . In this case one replaces (14) by
x=y+ pFu(te(p).y)

where IEH(-) =F (v, ). Then (15p) takes the form
% &

"F, d #_ $
|+ u..—y“ d—f =p fuy# uf(!(p),y, W)

where the non autonomous termyf 1(p, Y, 1) is of order O(u) as 4 % 0* (and
not just of order o(1)). It must be emphasized, however, that a primitive need
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not exist if one has a non-periodic time dependence, i.e., ifR,{!;}) is not a
periodic flow.

We consider one last issue, which regards the continuous/smooth conver-
gence of the solutions of the rapidly oscillating equations (13p) ag ! 0" . This
issue has been treated in [9], and the results discussed there can be viewed as
an amplification of classical theorems which are proved in the averaging theory
on a finite interval [31].

We formulate a result which will be useful later. Consider the equations

dx
Ezf(li(p)lxvu) l"l>0
17)
dl:r(x) p=0
ds ~°

I
where fo(x) = 'Pf (p, %, 0)d"(p). The first equation in (17) is equation (13p),
and the second is (as we will see) the appropriate limiting equation. Assume
that, for all p " P, the solution x(s;x,,p, ) of equation (13p) with initial
condition x; " R? is defined for alls" (#$ ,$ ), and that the same condition
holds for each solutionxq(s, x:) of the equation (c% = fo(x). Define!: P %
R?2%[0,$ ) %R ! R? as follows:

_ X(ssxi,p,) u>0

pxs)= Xo(s, X1 ) H=0

Proposition  2.4. The map! is continuous. Furthermore for each multiindex
k = (kq, kz) with integer componentsk; & 0, k, & 0, the derivative D¥! exists
forall p" P, x; " R?, u" [0,$) ands" R, and is continuous. That is

lim - o+ X(S;X1, P, H) = Xo(S; X1)
lim .+ o+ DEX(S;%1,p, M) = DExo(s;x1)

where the convergence is uniform in(p,x;,s) " K ' P %R? %R wheneverK
is compact.

A proof of this Proposition can be modelled on those of Propositions 2.5
and 2.6 in [9].

3. Analysis

In this section we analyze the elementary bifurcation patterns when the pa-
rameter is subjected to rapid oscillations. We will make use of the averaging
method discussed in Section 2, of the methods used in [2, 3] for studying fast os-
cillation problems, and of various techniques from the field of Nonautonomous
Dynamics.
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3.1. The saddle-node pattern

The starting point is the dilerential equation
[

dx_ K2l L4f L

dt sl

— pu>0 (18)
where [ is a small positive parameter. It is convenient to carry out a Bebutov
construction onf = f (") where" = :1— We assume that there exist a strictly
ergodic flow (P,{# }), a continuous function f, : P " R, and a point p, # P

such that f (") = f,(# (p)). In this way, equation (18) can be embedded in
the family of equations

dx _

dt

If for example f (") is Bohr almost periodic, then (P, {# }) is an almost periodic

minimal flow. Let $ be the normalized Haar gneasure o ; then $is the unique
{# }-invariant measure onP. Assume that , f,d$=0.

Let us carry out an a priori analysis of (18), based on the discussion in [19,
pp. 170-172]. For this, fixyu > 0 and make the change of variables

X2+ (#(p) H>0p#P (18p)

x=1 %’I - g
T % T odt
which takes (18) to the form of a Schiidinger equation
$ " %
d*% t
I —=f — 11 %, 1
e m 0 (19)

Clearly ! plays the role of an eigenvalue parameter in equation (19). We will
want to consider in addition the family
% & )
| — = 1 t 'l %.
qe fr #.(p) % (19p)

By hypothesis, the flow (P,{#:}) is strictly ergodic, hence so is the flow of
(P,{#&,}) for each u > 0. In this case, the following information is available;

see, e.g., [18]. First, there is a critical valud = !.(u) such that, if ! > (W),
then the family of two-dimensional linear dilerential systems
I .o 1 "
) 0 1 " o
4 % . ( ’ (20p)
dt % f, #:T(p) 0 %

admits an exponential dichotomy overP. Second, ift <! ¢(p), then all.nonzero
solutions of (20p) rotate infinitely often around the origin in the
bothast" +$ andast"!$

% -plane
o Plane
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It can be further be shown that, if ! >! ¢(p), and if Q, : R?! R? denotes
the dichotomy projection at p" P, then KerQ, # R? and ImQ,, # R? (viewed
as lines passing through the origin inR?) make angles"* (p) with the vertical
axis # = 0 which are bounded away from zero mod$. Let us note parentheti-
cally that the statements of the previous two paragraphs do not require strict
ergodicity of (P,{%}) but only minimality.

Returning to the x-variable via the transformation x = $ — we see that,
if 1 >1 (y), then there are two compact subsetsM. # P %R which are
invariant with respect to the local flow on P %R? induced by equations (18p).
These sets determine an attractor-repeller pair, as follows from the fact that
equations (20p) admit an exponential dichotomy for! > ! (u). In particular, if
I>1 (W)andp" P, then equation (18p) admits two globally defined bounded
solutions, one of which attracts and the other of which repels nearby solutions.

On the other hand, if ! <! .(p), then all solutions of (18p) are unbounded
in finite time (p " P). So one has an analogue of the saddle-node bifurcation
pattern as ! increases through!.(u), for each u > 0. However the analogy
is not complete for the following reason. At! = !.(u) the flow on P %R
induced by equations (18p) does admit a uniqgue minimal subseM., which
would seem to correspond to the zero solution of (1) when = 0. However
M. need not be homeomorphic toP. In fact if (P,{%]}) is a minimal almost
periodic flow which is not periodic, it is possible to determinef, in such a way
that M. with its flow is an almost automorphic but not almost periodic ex-
tension of (P,{O/%}), [35]. Examples of this phenomenon may be constructed,

beginning with equation (20p), by using a method of Millior&ikov ([27]; also
Vinograd [36]). Nowadays one can also find such examples using other tech-
nigues; see e.g. [5].
Let us remark at this point that a bifurcation analysis similar to that we
have just given can be carried out for a more general equation of the form
dx
i o(t,x,!)
where! is an appropriate bifurcation parameter, and g is almost periodic in t
and concave as a function ok. See NJiez and Obaya [29].
Until now we have not taken account of the rapid oscillations present in
equation (18). Their presence allows us to make several observations. The first
one is

Proposition 3.1. As u! 0", the critical value ! ;(u) tends to zero.

Proof. The easiest way to proye this statement seems to be the following. Re-
turn to equations (20p). Since  f,;d&= 0, the averaged form of this equation
is the constant system g v s "

d 0 #
! 4o (1)

# 1
da  # 0
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which has an exponential dichotomy whenever > 0. Fix a positive number
I. There exists a positive humberpy = Ho(!) such that if 0 < p < W o, then
the family (20p) admits an exponential dichotomy over P. This follows from
Proposition 2.4 and the well known Sacker-Sell perturbation theorem [32].

In view of the previous analysis, this implies that limsup,, ¢- !'c(p) ! O.
On the other hand, if ! < 0, we can analyze the"-rotation number # = #(u)
of the family (19p). See Appendix A for a discussion of thée'-rotation number.
By general results concerning the continuity of the rotation number, one has
that lim ,, o~ #(u) equals the rotation number of the constant system (21).
This latter rotation number is strictly positive. So for small positive values of
K, the rotation number of #(u) is strictly positive. This means that (1) " 0
for small positive values ofy, hence liminf,, o+ !c(4) " 0. We conclude that
indeed lim,, o+ !c(p) = 0. O

Let us now suppose thatu is a function of !': p = p(!), which is continuous,
positive when! # 0, and such that lim,, (') = 0. This is a particularly
interesting situation because the oscillations “become fast” neat = 0 in an
I-dependent way. We make a few remarks whemp depends on! in this way
and! $ 0. We adopt the point of view that (18) with p = p(!) is a bifurcation
problem with parameter !.

We assume that the function f ($) admits a bounded primitive F($) :
F'($) = f($), which can be chosen to have mean value zero. It is well-known
that, when these conditions hold, there is a continuous functionF; : P $ R
such that , F4d" =0 and

t
Fa(%(p)) %Fu(p) = (% (p)d& (t&R, p&P)
0
Following [2] we consider the equation

dx _
d$
which has the general solution

uf ($) $=th

x = uF($)+ c= h($,0

where c is an arbitrary constant. Setting x = h($,y) in (18) leads to

dy _ 2 041
ag M (Yy+ UF)“ %
and an application of the averaging procedure discussed in Section 2 leads to
dy % o &
— = ) Y2 %!+ WPF2+ o(p)y + o(u?) (22)

dt
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|
whereF2 = F2d!. The averaged system is

" #
Yoyt e (23)
dt
The following observations are in order. First, if u(") = |"|® for s > 1/ 2,
then (23) admits a saddle-node bifurcation with critical value " = 0. On the
other hand, if u(") = |"|¥2 and if F2 > 1, then no bifurcation occurs: (23)
takes the form: " #
Yow oy

and! " + |"|F2 > 0 when" = 0. Of course the same conclusion holds when
0<s< 1/2. To take account of the termso(p)y + o(u?), note that if |y| #]"[°,
these are dominated by|"|F2! ", so the full equation (22) also admits no
bifurcation in " = 0.

At this point one can envisage a curvep = (") whose graph intersects the
critical curve in a transversal way in infinitely many points (u,,"n) $ (0,0),
so that there will be infinitely many switches in the direction of the bifurcation.
One may ask about the dynamics of equation (18p) at such a pointf,,"n).
The answer follows from the earlier considerations: there is a unique minimal
subsetM,, %P & R, which is an almost automorphic extension ofP.

Remark 3.1. One can analyze the following somewhat more general bifurcation
problem in a similar way:

%)t(: ax?+2bx+f 1 " (24)

wherea, b, and f are functions oft/p , and p > 0 is small. If x = ¥ and
$ %&$f %$10%’$ %

d u b u
- = P
Jdt v b a 00 v (25)
$ 0o 1 %
then x satisfies (24). Here] is the antisymmetric matrix 1 0 - Now (25)

can be viewed as a spectral problem of Atkinson type [1, 8] with spectral pa-
rameter ! ". Such a problem has a theory which is, in general terms, anal-
ogous to that of the Schdinger equation (19). In a bit more detail, as-
sume that there exist a strictly ergodic flow (P,{#:}) with ergodic measure
I, a point pp ' P, and continuous functionsa;, b, f;, : P $ R such that
a®) = a# (p)), $) = b (p)), F($) = fi(# (p)). There is a family
of equations parametrized byp’ P, which corresponds to (25). Now assume
that a, is strictly positive on P. Then one can prove the existence of a critical
curve " = "¢(W), defined for pu > 0, such that if " = "(u) then equations (25)
admit an exponential dichotomy over P, and if " <" .(u) then the !-rotation
number of the family (25) is positive. So if p > 0, then a saddle-node type
bifurcation occurs as" decreases through';(l).
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3.2. The transcritical pattern

The starting point is the equation
|

dx ' Tt

— = P+ f - . 26

i TR (26)
As before we write" = ﬁ and assume thatf = f (") has associated to it a

Bebutov flow (P, {#:}) which is strictly ergodic, with unique ergodic measure
$. For example, f (") might be a Bohr-almost periodic function. There exists a
point p " P and a continuous functionf, : P # Rsuchthatf (") = f, (#:(p))

forall " " R. We assume that , f, d$=0. Introduce the family of equations
dx $ $ % %
a:x P+ A () ! x (26p)

We can carry out a priori analysis of the family (26p), in the following way.
Let

w= =,
X

so that (26p) takes the form

& $ %’
‘:T‘:'+ [+ Ty () wW=1.

The substitution w = cot( '% = % Ie?ds to the I{i\mily )
d u _ la 1l  u
da v 0 a v (27p)
where a = %[! + f,] and one views%as the angular coordinate in the (,v)-
plane. We will restrict attention to the sector 0 $ %$ &, that is the closed
upper half (u, v)-plane.
Foryeach fixed > 0 we can analyze the family (27p) along standard lines.
Since , f;d$ = 0, one has that the dynamical spectrum of (27p) reduces

to {! 5,5} forall ! " R; this uses the unique ergodicity of P,{#:}). This
implies that the family (27p) admits an exponential dichotomy over P whenever
I &0 [21].

We can describe the dichotomy bundles as follows. One bundIBg is de-
scribed by the relation v = 0 for all ! %0. That is By @oincides with tye
product spaceP & ', where’ ' R? is the horizontal line L(; [lu" R .
This bundle is unstable for! < 0 and stable for! > 0. The other bundle B,

can be parametrized by a continuous map ! : P # (0, &) in the sense that
(! ! nn *! n i! n | "
_ uo, 2y U _Iou cos(!( p)
Br= b PER™ =3 sin(!( p))

++++
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Let | respectively Il denote the first respectively the second quadrant in
the (u, Vv) space. One can check that that, ift < 0, then B, liesinP! |l , while
if 1> OthenB, liesinP! |. One can further check thatB, is stable for" < 0
and unstable for" > 0.

All this means that, foreachp " P, the x-equation (26p) admits the solution
x(t) # O together with a solution x(t) = X (#y, (p)), where X : P $ R,
X (p) =tan(!( p))is continuous. Itis clear that a clean analogue of the classical
transcritical bifurcation pattern takes place at " = 0, for each p > 0. In fact
the solution x # 0 is asymptotically stable for " < 0 and unstable for" > 0,
while the solution x(t) = X (#y, (p)) is unstable for " < 0 and asymptotically
stable for"> 0 (p" P). Thus " =0 is a critical value of the parameter " for
eachp > 0; we write 0 =" = ";(l) to reflect this fact.

We have encountered what appears to be a typical di"erence between the
bifurcation behavior of systems with “additive noise” (namely " + f in the
saddle-node pattern), and “multiplicative noise” (namely (" + f )x in the tran-
scritical pattern). That is, the critical curve " (1) needs not be constant in the
first case, but is constant in the second case.

It is of interest to study the solutions of (26) and of the family (26p) at
the critical value "(p) = 0, for positive values of u. The simplest case is
that in which f ($) admits a bounded primitive: thus sup., g |F ($)| < % and
F'($) = f ($). Consider the problem

dx _ _t
d—$—|.,lf($)X $—7

which has the general solutionx = h($,9 = ce*" ') with arbitrary constant c.
Following [3], set
x = h($,y) = yer O,

which transforms (26) into

% = pet HF (D @HF () (gy2) = guetF (y2. (28)
It is clear that all positive solutions of (28) tend to zero as$ $ % , and so by
boundedness of, all positive solutions of (26) tend to zero as$ $ % .

If f does not admit a bounded primitive, then the discussion of the positive
solutions of (26) resp. (26p) requires a bit more e"ort. First of all, we claim
thatif p" P, Xo > 0, and x(t) is the solution of (26p) such that x(0) = Xg,
then liminf gy X(t) = 0. We sketch a proof. Suppose for contradiction that
there exist p; " P, x! > 0, and % >0 such that, if x(t) is the solution
of (26p;) with x1(0) = x?, then x%(t) * %for all t > 0. It is clear that x(t) is
defined for allt > 0 and is uniformly bounded. Consider the local flon{ &} on
P1{ O( x< %} defined by & (p, Xo) = (#:(p), X(t)). Then the ’ -limit set K
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of (p1,x!) is a nonempty compact subset of° I{ 0<x< "} , and the local
flow {! {} extends to a global flow onK . Since P,{"}) is a minimal flow, we
can conclude that, for eachp # P, there exists a solutionx,(t) of (26p) with
Xp(0) > 0 such that xp(t) is uniformly bounded above andxp(t) $ # for all
t#R.

Next let $ = t/u, and let f, : P % R be the “exte_gqsion off to P”
introduced earlier. There existsp, # P such that F($) = | f, ("~ (p/))d%is
bounded above but unbounded below [33]. Writex; ($) = X,, (U$), so that

" ' S

xi($)=e" ) x08& e " IxZ(Nd% .
0

Sincex; ($) > 0 for all $ > 0, it is clear that liminf 4 X ($) = 0, but this
contradicts the hypothesis. The proof is complete.

It is not clear if “liminf” can be replaced by “lim” in the above result. We
conjecture that it cannot, though we do not have as yet a suitable example. On
the other hand, if u > 0 is small, we can obtain more information by carrying
out a Fink-Hale type averaging procedure, beginning with equation (26). Set

$=t

Fu($)=e" ¥

X =y+ UFu(3)y
so that (26) takes the form

& f (%d%

dy _ % 5 &
1+ uFu)d—$ =p L+ f)puFpy & (1 + pRy)y= . (29)

From (29) we can draw the following conclusion. Ifp > 0 and xq > 0, let
Xu(t,Xo) be the solution of (26) such that x,,(0,Xg) = Xo. Let x; > 0 be a
positive number. Then there existsy, > 0 such that, if 0 < p ' W and
if Xo $ x,, then there is a corresponding number# = # (X, ) with the
property that g—tx“(t,xo) " & # for all t for which x,(t,x0) $ x:. See [20]
for another approach to the nonautonomous transcritical bifurcation problems
when fast oscillations are present.

3.3. The pitchfork bifurcation pattern

This bifurcation scenario can be studied essentially from the same point of view
as the transcritical pattern. The starting point is the equation

dx _ t B
i X &+ f 0 & X (30)
together with the corresponding family
dx . )
— = X[&+ fi ("yu (P) " &XT (30p)

dt
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Make the substitution w = 51, to obtain

dw
dt

then setw = cot(#) = ¢ where
I " & "
d™uw _ lel f 1
v 0 e+ f v (31)

+2(e+ Hlw=1,

It is clear that we can study the rapidly oscillating bifurcation pattern using the
arguments applied above. We summarize the conclusions that can be drawn.
Sete = g¢(p) = 0 for each p > 0O; this defines the critical curve. If e < ec(u),
then all solutions of (30) tend to zero exponentially fast ast " # . On the

other hand, if € > ec(u), then the family
| " |

! ! # $ !
d wu e+ fi duu (D)) A $ u
i v 0 N A M
admits an exponential dichotomy over P. okhe gnstable bundle B: can be
parametrized by a continuous map ! : P" 0,7 in the sense that

l! I nn ! n ! n ! Ny
_ u o 2§ uo u a cos(!( p)
Be= b SPRRC v sin(i( p))
Write w(p) = cot(!( p)), so that w(p) > 0 for all p $ P. Then the functions
1
X* ( ) = +
2w (p)

give rise to solutionsz* () = X* #¢t,u (p)$ of equation (30p) (p $ P). These
solutions are exponentially asymptotically stable. We conclude that there is
a clean analogue of the classical pitchfork bifurcation pattern ass increases
through zero. The behavior of solutions of the family (31p) whene = 0 can be
studied as was done in the transcritical case; we omit the details.

3.4. The Andronov-Hopf pattern

We first consider a Van der Pol oscillator which exhibits an AH (Andronov-
Hopf) bifurcation when a parameter ¢ increases through zero. We will subject
the parameter to rapid oscillations and analyze “what happens”. Then we will
make some remarks concerning equations with rapidly oscillating coe"cients
for which an AH-bifurcation takes place in the averaged equation. We will
take account of the (few) general results known to us concerning the “nonau-
tonomous Hopf bifurcation”. For an introduction to the AH-bifurcation theory
see [16].
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Consider the equation

d?x ! " dx
A 1 x2 2 =
gz | P+ f (tu))! x dt+x 0. (32)

Compare this equation with (one version of) the Van der Pol oscillator:

d’x ! " dx

=11 x2 24+ x=0. 33
dt2 dt (33)

We see that indeed the bifurcation parameter! is subjected to fast oscillations.

Let us note parenthetically that one sometimes refers to a dilerent equation as

that of Van der Pol, namely

d?x dx

— 211! x?)==+x=0; 4

gz L@ XA x =0 (34)
this equation does not admit an AH-bifurcation in ! = 0 because the origin

(x,x") =(0,0) in the phase plane is a center. Incidentally in [3] the parameter
I in (34) is subjected to fast oscillations. We will only discuss the version (33)
of the Van der Pol equation, or rather its perturbed form (32).

It is convenient to write equation (32) in phase coordinatesx; = X, Xz = ‘é—f:

q # $ # « $
g X1 _ 9 1 e
d Xo e ﬁ X2 ! x2x2 ! x4 (35)
Let us write " = t/u and apply the method of [3] to this equation. Consider
the system # $ # $
A7 T 0
dt X2 uf (")x2

Assume that f (,") admits a bounded primitive F (") which has mean value zero:
F=lim, + ,f(#)d#=0. The general solution of (36) is

(36)

# $ # $
X1 _ C1 —
X2 B Cze“F(!) B h( ,C)
# $
wherec = 21 . The substitution x = h(",y) takes (35) to the form
2
# #
Ayt o) ’ (37)
oy H o y2y2 ! yiefHF ()
Next write '
a")=e" ) a=limy .y %,qa(#)d#
b(")=e3H () b=lim, 4 i o O(#)d#
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Note that, if f is not identically zero, thena > 1 and b > 1 by Jensen’s
inequality. We make the further assumption that a(!')! aand ') ! badmit

bounded primitives A(! ) and B(!). Write y = zl and z = ;1 , then
2 2

introduce the averaging transformation
I n

Az
y= 2+ uG(!,2) 62 | ghie
equation (37) takes the form
# ] u$ %| n
I+ 1 0 A(l) dz _ u az
T - " 2
! B(!)! 0 d! bz + (! zl)zz& (39)
aBz;

!
- bAz, + 2Az125 + (" z?)Bz; + ol

A brief analysis of equation (38) leads to the following conclusions. First of all,

the averaged system
| "
dz azp

ar Mo 22)z,! bz

exhibits an AH-bifurcation in " = 0. However, the rate of rotation along the
AH-limit cycle is (to zeroeth order in ") increased by a factor of @b)Y/ 2. This

factor tends to 1 asp " ( 0*. That being said, it is vy(orth considering what

happens if the termf ﬁ in (32) is replaced by!Hf ;tT as in [2]. In that case

(39)

the rate of rotation along the limit cycle in (39) becomes @b)* 2, where now
a=¢efF ") and b= € 'F ("), This quantity is larger than 1 (if f #$0) and is
p-independent.

Second, the behavior of the solutions of the original equation (32) is of
course not determined solely by those of equation (39), but is influenced also
by the ! -dependent terms in (38). These terms are of orde®(p) asp " 0. So
one cannot expect to construct an analogue of the AH-theory for fixedu > 0,
with bifurcation parameter ": if " is near zero, theO()-terms might wash away
the structure needed to obtain any sort of “nonautonomous version of the limit
cycle”. On the other hand, if p = O("®) where s > 1, then one suspects that
some analogue of the AH-pattern will be present fof' near zero. This is indeed
the case, as we now explain in a more general context.

Consider a dilerential system '

d—X:f L,x,"( X % X1
dt 11 X2
where" %R and p > 0 are independent parameters, and (-,0,:) = 0. We
assume that a Bebutov construction can be carried out orf , with the following
results.

%R (40)
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There exist a strictly ergodic flow (P,{!:}) with unique ergodic measure
", a continuous functionf, : P! R?2! R" R? and a point p; # P such that
fr(lv(p),x,#) = f($,x,# forall $#R, x# R? ## R. We further assume
that f, isaC" function of (x,#), uniformly in p# P; that is, for each triple
(%, %, %) of nonnegative integers the derivative

&1 &2 &3 .
&X;t &Xy? &X5° !

exists and is continuous onP ! R?! R.
Set$ = t/u, then introduce the family of dilerential systems

% = W (1 ()%, #) (40p)

_ !
Write f (x,#) = fi(p,x,#d"(p). We assume that there exists a continuous

function F, : P! R2! R" R? such that for each$# R, p# P, x # R? one
has

FOOXASFEXH= e (®) 8 T

Thus F, is a “bounded continuous primitive of f,”. Finally we assume that
Fi isC" in (x,#), uniformly in p# P. When this conditions are fulfilled, the
averaging transformation

x=y+ pF (1 (p),y.#H
takes (40p) to the form

dy %_ &

gs - M TOA+ e (P y.# 1) (41p)
for a function g which is C" in (x,#, W), uniformly in p# P. Here in the first
moment 1 must be restricted to a neighborhood of zero, but we assume that
g has been extended to all ofP | R?>! R! R, so as to beC" in (y,# 1)
uniformly in p# P.

Next we observe that, except for the small coe"cient in front of the paren-
thesis {-} in (41p), equations (41p) have the form of the family of equations
studied in [12]. We digress to recall some facts stated there. Consider the
equations

dx

gt = O+ ug(t (P, x # 1) (42p)
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where f and g are C' functions of all arguments, uniformly in p! P. Suppose
that f (0,!) = g(p,0,!, 1) = 0 identically, and that

dx

— =f(x,! 43

g — 1) (43)
exhibits a supercritical AH bifurcation in ! = 0. More precisely it is required

that Dyf (0,!) admits complex conjugate eigenvalues " (1) + i#(!) for ! near
zero, where " (0) = 0, ""(0) > 0 and #(0) > 0. It is further required that
the second Lyapunov coe cient is positive [24], or equivalently that the vague
attractor condition be valid in ! = 0 [26].

One of the results of [12] can be stated as follows.

THEOREM 3.2. Suppose thaty = O(!3) for some s > 1. Then for sulciently
small !, the family (42p) admits an integral manifold M, " P # R?. If u =0
this integral manifold reduces toP # C, whereC, " R? is the support of the
AH-periodic orbit of system (43). The flow on M, determined by the solutions
of the family (42p) is isomorphic to a flow in a circle extension ofP.

For the precise meaning of the term “integral manifold” in this context
see [12] and [37]. To say that M, is a circle extension of P amounts to saying
that M, is homemorphic to P # S* where St is the circle. The flow on M, can
be studied using results and ideas of [17], [6] and other papers. Actually the
flow on M, turns to be a so-called suspension flow, which allows a substantial
analysis to be made. In particular the classical Furstenberg flows [14] play an
important role in this “nonautonomous Andronov-Hopf” bifurcation scenario.
See [12] for details.

Let us now return to the family (41p), which we rewrite so as to emphasize
the presence of the rapid oscillations:

dy

df$=f7(y,!)+ug#(%u (P),Y. L), (43p)

It turns out that the integral manifold result valid for equations (42p) can
be proved for the family (43p) as well; see the forthcoming paper [13] for a
discussion of this point. We conclude that, at least if p = O(!%) and s > 1,
then a nonautonomous AH-bifurcation occurs in the family (41p) in the sense
that the periodic orbit of % =f(y,!) perturbs to a circle extension of P. It is
not clear how to generalize the statement to the case s = 1.

A. Remarks on Atkinson problems

We state some basic facts concerning nonautonomous linear di erential sys-
tems. Consider the equations

(:T)t( =M (t)x x ! R (44)
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whereM () is a bounded uniformly continuous function defined onR. We view
M (-) as a point in the spaceC= C(R,M ;) of continuous maps from the reals
into the set M , of n! n real matrices. Give Cthe compact-open topology, and
let!¢(c)=c(t+ ) (t" R,c"C). Then {!|t" R} is the translation flow on
C. DefineP =cls{!{(M) |t" R} and setp = M " P, M,(p) = p(0). Then
P is compact, (P,{!(}) is a flow, and (44) is the equation corresponding top

of the family of linear dilerential systems

dx

o - M (' (P x (44p)
Definition  A.1. We say that the family of equations(44p) admits an expo-
nential dichotomy over P if there is a continuous projection-valued function
Q2= Q:P#M , such that

" p()Q(P)" p(s)" | $ ke ') t%s
" p()(1 & Q(P))" p(s)" Y| $ ke "9 t$s

for positive constantsk,". Here " p(t) is the n! n matrix solution of (44p)
such that! ,(0) is the n! n identity matrix; " ,(t) is the fundamental matrix
solution of equation (44p).

If equations (44p) have an exponential dichotomy overP, then the stable
and unstable bundlesB. and B- are defined as follows:

B. = {(px)" P! RIx" Im Q(p)}
B- = {(p.x)" P! RY|x" Ker Q(p)}.

These vector bundles over the base spade are obviously invariant with respect
to the linear skew-product flow {#; |t " R} on P! RY defined by #(p,X) =
(' t(x)," p()X).

Next set d = 2. Let $ be a{!}-ergodic measure onP. We define the
$-rotation number of the family (44p). Introduce polar coordinates r, %in the
x-plane. For eachp " P, equation (44p) induces a dilerential equation for %
which does not depend orr:

d%
4 = 9 (). %. (45p)
If p" P and %' R, then the solution %t) of (45p) is

! t
%t) = % + . 9(* s(p), %s))ds .

Observe that Q = % ég(! s(P), %s))ds+ o(1) as|t| #' , so it is natural to

compare the “average rotation” Q with the time-averages of g, for various
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values of (p,!p). There is no a priori guarantee that these time-averages exist.
However, using the Birkho! ergodic theorem (Theorem 2.1), the following result
can be proved.

Proposition  A.2. There is a Borel setPy ! P of "-measure 1, such that if
Po" Pand!o" R, thenlimg- Q exists. The limit # = #. does not depend
on the choice ofpg " Pg and!o" R. If " is the only {$;}-ergodic measure on
P, then the limit exists for all (po,!0) " P # R and does not depend ofipg, ! o).

In fact the limit is uniform in  (po,!o) " P # R.

For obvious reasons, the numbe##- is called the"-rotation number of the
family (44p).

One can apply the concepts of exponential dichotomy and rotation number
to the study of Atkinson-type spectral problems. We briefly discuss this matter;
the notation used below is suggested by the application of Remark 3.1. Again
let P be a compact metric space with flow{$:}. Let a4 bsfsz : P $ R
be continuous functions. Also let "4 : P $ M » be a continuous function

whose values are positive semi-definite matrices. Finally sel = 0/(31 é
Consider the family of dilerential systems:
Lo # " g
d u _ f# b# 0/, 0, u
g v T boa GE)%%BSE) (46p)

where %%is to be viewed as a spectral parameter.

Definition  A.3. Let #,(t) be the fundamental matrix solution of (46p) when
%=0 (p" P). We say that the family (46p) satisfies the Atkinson condition

if for each nonzero vector ° " R2 and for each p" P the following
condition holds: % 1 "
Susm U Faso (45)
s V() L
Cout) . . o " ug
Here of course v(t) is the solution of (46p) with initial value

The Atkinson condition (45) means that the positive semidefinite matrix
| # “sees’ each nonzero solution of (46p), for eaclp " P. Note that, if " » =

é 8 , then equations 46p take the form (25) (with p = 1). It is easy to see
| "
that, if " 4 = é 8 and if a; > 0 on P, then the Atkinson condition (45)

holds for the family (46p).
As before, let" be a{$;}-ergodic measure onP. The "-rotation humber
of the family (46p) is a function # = #(% of % For a more general version of
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the following result (for linear systems of 2i-dimensional Hamiltonian ODES)
see [8].

Theorem A.4. Suppose that the topological support af equalsP. Suppose that
the family of dilerential systems (46p) satisfies the Atkinson condition (45).
Then the function ! «f(e) : R! R is continuous and monotone increasing.
The family (46p) admits an exponential dichotomy overP at € = ¢ if and only
if o0 is an element of an open intervall " R such that a(¢) is constant on I.

We can apply Theorem A.4 to the situation discussed in Remark 3.1 by

10
00
in this case, a(e) = 0 for all su"ciently large . Since «a(¢) is continuous and
monotone nonincreasing, it is natural to defineec = min{e # R | a(e) = 0}.
Then Theorem A.4 states that, if ¢ > ¢, then the family (46p) admits an
exponential dichotomy over P. If ¢ > ¢c and p # P, let (), be the dichotomy
projection of (46p). It turns out that the strict positivity of  a, implies that

setting !, = and by assuming thata, > 0 on P. It turns out that,

neither the image nor the kernel ofQ, can contain a vertical vector 2 #

R2. So, reasoning as in Section 3, we can conclude that, if > &, then the
equation (24) admits two bounded solutions, one of which is attracting and the
other is repelling.

B. Fink averaging: an example

In Section 2 we stated that the function {(u) of equation (10) cannot, in general,
be chosen to be of orderO(y®) for any s > 0. We will give an example to
illustrate this point. We will construct a quasi-periodic function f(t) which
has mean value zero, and which has the following properties:
#
© 1y @Uf(D)dtis not O(uS) asp! O if s > 0;
« fXt) is a quasi-periodic function.

This means that, in the quasi-periodic averaging theory outlined in Section 2,
the time-dependent quantity pF,(t,y) of (14) and (15p) cannot be made to
be O(p®) for any s > 0. In this sense theo(1)-estimate on pf, cannot be
improved.

To begin the construction, let P = R?/Z2 be the standard 2-torus with
angular coordinatesfy, 8, mod 1. Introduce the Kronecker flow

Gt(01,62) = (61 + t,0 + wt) mod 1

wherew # (0,1) is an irrational number with the following property: there are
sequence§my | £ $ 1} and {ny | ¥ $ 1} of integers such thatny ! % and

Ik + nkw| & e " (k=1,2,...). (46)
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If (m,n) € Z2 write
!mn "1; ||2) — eZ!im" 1e2!in" 2 ,
and set |

fi(","2)= foon Lon ("1, "2 (47)
(m,n )=(0 ,0)

where the coelcients f,, satisfy fxm #n = fmn for all integer values ofm, n.

Here and below the overbar indicates the complex conjugate. The coelcients

fmn Wwill be chosen so that the right-hand side of (47) converges uniformly on

P. Let # be the normalized Haar measure orP, and note that  f,d#=0.
Next choose positive real numbers such that ~ _; $f ! < oo. Set

=8 (k=1,2..),
then choose integeramy, ng such that
Imy + N < i = $f#§ (k=1,2,..).
This can be done by using (46) to choos@y such that ng > $ 2 In($x). Set

fmk,nk:$fl=f#mk,#nk (k=1,2,..)
fmn =0 other values of (m,n) € Z2.

Finally define f (t) = f, (t,%t) so that f (t) is obtained by evaluating f, along
the orbit through p, =(0,0) € P.

Observe that, for eachp > 0,

$, 1$ % &

! 1 1
s _
. &> f (s)ds = . fmen o+ 2&i(my + N% * M — 2&i(Mg + ny%

sincefm, n, is real. For each’ =1,2,... choosep = g and note that

$, $
' 2|ugl?
' sf (s)ds = f .
e #3 © k=1 TN pgl? + [28(my + N9 [2
If k = ", then the corresponding term of the series is real, positive, and greater

than
fm!,n! = $§l = H;'

where sg = % — 0 as’ — oco. We used the fact that mg + ng% is small
compared topg for ' =1,2,.... If k # ’, then the corresponding term of the
series is positive. So we can conclude that £$ e f (s)ds cannot be O(u®)

aspu — 0%, for any number s > 0.
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Concerning the derivative of f (t), we note that

fly=14 (M + n" Y myn, SIN[2Y (Mg + N ).
k=1

Since |[my + ni" | < & (Imel*Inl)/2 \we see thatf '(t) extends to an analytic
function, call it f4(#,#), on the torus P. Sof '(t) is certainly a quasi-periodic
function.
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Abstract. We are concerned with a Dirichlet system, involving the
mean curvature operator in Minkowski space
! #

Vw
W) 1—|Vw|?

in a ball in RN . Using topological degree arguments, critical point the-
ory and lower and upper solutions method, we obtain non-existence,
existence and multiplicity of radial, positive solutions. The examples
we provide involve Lane-Emden type nonlinearities in both sublinear
and superlinear cases.
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1. Introduction

In this paper we study the existence and multiplicity of positive solutions for
radial systems of type

?/o M@u)+ aqi(|x|,u,v) =0 in B(R),
g MW+ G(x|uv)=0 in B(R), 1)
uligry =0=V |iB(R)
where M stands for the mean curva?ure operator iﬂ Minkowski space

Mw) =div W
1—|Vw|?

B(R)= {x e RN : x| <R}, N > 2 is an integer and the functionsg;, g, :
[0,R] x [0, 00)? — [0, 00) are continuous.
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In recent years, a particular attention was paid to Dirichlet problems (for a
single equation) involving the operatorM , either in a general bounded domain
[3, 4,11, 12, 13, 24] or in a ball [6, 5, 10, 25]. These problems are originated in
dilerential geometry and are related to maximal or constant mean curvature
hypersurfaces (spacelike submanifolds of codimension one in the flat Minkowski
spaceLN*1 = {(x,t) : x ! RN, t! R} endowed with the Lorentzian metric
Zszl (dx;)?" (dt)?), having the property that their mean extrinsic curvature is
respectively zero or constant [1, 8, 20, 28]. On the other hand, it is known that
systems with classical Laplacian (or other more general elliptic operators) bring
in discussion new and specific phenomena, which does not occur in the study of
a single equation. From the wide literature, for a basic outlook on the subject
we restrict ourselves to mention here the papers [7, 14, 16, 17, 18, 29] and the
references therein. It is worth to point out that, among various nonlinearities,
an important role is played by those of Lane-Emden type, having either the
form kiuP + kov9 (see, e.g. [15, 26, 30]) oksu' v’ (see, e.g. [16, 19, 22]).
In view of the above, it appears as a natural direction the study of systems
involving the mean curvature operator M .

In the recent paper [21], among others, the authors deal with gradient
systems of type
M (u) + AFy(x,u,v)=0, in",
M (v)+ AFy(X,u,v)=0, in", (2)
ulgr =0=V g,

where " is a smooth bounded domain inRN and A > 0 is a real parameter.
They obtain existence and multiplicity (at least two) of nontrivial non-negative
solutions for large values of the parameter, when the nonlinearitie§y and Fy
have a superlinear behavior near origin. On the other hand, in paper [5], for
the problem

M (u)+ Mu(Ix])u’ =0 in B(R), ulysgr) =0 (a> 1)

with p > 0on (O, R], it was shown a sharper result: there exists #> 0 such that
it has zero, at least one or at least two positive solutions according ta ! (0,#),

A =#or A> #. Itis the main goal of this paper to improve the result from [21]
in the case whenF has the particular form F(x, u,v) = p(|x|)uP** v+l with

the positive exponentsp, q satisfying max{p,qt > 1 (this guaranties a super-
linear behavior of both Fy and Fy near origin, with respect to (u,v)) and

"= B(R). By adapting the strategy from [5], we prove (Theorem 5.1, Corol-
lary 5.2) that the result from [5] for a single equation remains valid for the
system (2) with the above choice ofF and ". Notice, in this case g in (1) have
the form

(X[, u,v) = AP+ DuPvE™ - go(Ix], u,v) = Au(Ix])(g+ 1)uP™ v,



POSITIVE RADIAL SOLUTIONS 247

which, in particular, include Hénon-Lane-Emden nonlinearities for pu(|x|) = |x|'

(' > 0). We also deal with the case wherg; (resp. g2) has a sublinear growth
near origin with respect to u (resp. v). In this respect, we obtain (Theorem 3.1,
Corollary 3.3) the existence of a solution with either one or both components
positive. This enables us to consider Lane-Emden non-potential nonlinearities
having the form k,uP + k,v9. Here we have in view extensions of some results
obtained in [6] for a single equation to systems of type (1).

As usual, setting r = |x| and u(x) = u(r), v(x) = v(r), the Dirichlet
problem (1) reduces to the mixed boundary value problem:
! 1
IOV ]+ Y gi(nu,v) =0,
o [INEE QO]+ 1N Agy(ru,v) = 0, (3)
u'(0) = u(R)=0= v(R) = v'(0),

where

"(y) = %ﬁ—yz (y" R, lyl < 1).

By a solution of (3) we mean a couple of functions§,v) " C[0,R]# C'[0,R]
with |Ju'lls < L, ||Vl < 1andr $9aN' 1" (u'(r)), r $%N* 1" (v'(r)) of class
C*! on [0, R], which satisfies problem (3). Here and below, we denote b§ - &
the usual sup-norm onC := C[0,R]. We say thatu" C is positive if u> 0 on
[0,R). By a positive solution of (3) we understand a solution {,v) with both
u and v positive.

The paper is organized as follows. In Section 2 we present some preliminary
results concerning the reformulation of system (3) as a fixed point problem as
well as a variational problem — in the case when it has a potential structure.
Two lemmas about the positivity of the components of the solution are also
provided. Section 3 is devoted to the case wheig; and g, have a sublinear
behavior near origin. The lower and upper solution method and some de-
gree estimations in the superlinear case are presented in Section 4. The main
non-existence, existence and multiplicity result for an one-parameter system is
stated and proved in Section 5.

2. Preliminaries

Throughout this paper, the spaceC! := C*[0,R] will be considered with the
norm [Jull1 = |[ull# + ||u’]l# . We shall use the product spaceC’# C* endowed
with the norm ||(u, v)|| = max{l[ulls , [IVIl« } + max{||u’|l« , IV« } and its
closed subspace

Gy, ={(uv)" Ct#Cl:u'(©0)= uR)=0= v(R)= v(0)};
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we shall denoteB := {(u,v) ! C%, :"(u,v)" <!}. For given f1,f, : [0,R] #
R?$ R continuous functions, let us consider the problem
! !
N W + oM f(ru,v) =0,
R (8 B R PY(ATRO R (4)
u'(0)= u(R)=0= v(R)= v (0),

and the linear operators

%,
S:C$ C, Su(r)= T tV tu(t)dt (r! [0,R]), Su(0) = 0;
0
%R
K:C$ CI Ku(r)= u(t)dt (r! [0,R]).

It is easy to see thatK is bounded andS is compact. Hence, the nonlinear
operator K %'' 1 %S : C $ C?! is compact. Denoting by N, the Nemytskii
operator associated tof ; (i =1,2), i.e.,

Ny :C#C$ C, Ng(uv)= f,(u(-),v()) (uv! C),

we have that N is continuous and takes bounded sets into bounded sets.
Below, we denote byd;s the Leray-Schauder degree. We have the following
fixed point reformulation of problem (3).

Proposition 2.1 A couple of functions(u,v) ! C 1, is a solution of (4) if and
only if it is a fixed point of the compact nonlinear operator

&
N;:C$Ch, Np= K%' T %SUN,, K %" 1 %S %Ny,

In addition, any fixed point (u,v) of N satisfies

"uty <1 "'y <1, "u"s <R, "V <R, (5)
and
drs[l &N, B ,0]=1forall !’ R+1.
In particular, problem (4) has at least one solution inB forall ! * R+1.

Proof. The inequalities in (5) follow from the fact that the range of "' is
(&1,1). We consider the compact homotopy

H:[0,1]#C},$C1,, H#-) = #Ns().

Using
H([0,1]#C};) ( Brs1,
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together with the invariance property of Leray-Schauder degree, we have

dis[l !N ¢,B/,0]=ds[l,B:,0]=1forall | " R+1.

When system (4) has the form
|
BV = N IR (v,
n [rN! 1n (V”)]" = rN! 1Fv(r1 U,V), (6)
u'(0) = u(R)=0= v(R) = v'(0),

with F = F(r,u,v) : [0,R]# R? $ R continuous, such that F, and F, exist
and are continuous on [QR]# R?, then a variational approach is available. For
this, let

Ko={u%w> [0,R]: &'& ' 1,u(R)=0}.

We know (see [2, 6]) that K is a compact subset ofC. So, we have that
Ko# Ko ( C# C is compact and convex. By means ot : C $ () ,+) ]
defined by
i %R &
# rNYIL 110 u?ldr for u %K,
#(u) = 0

&

+) for u%C\ Kg,
we introduce !': C#C$ () ,+) ]by
I( u,v) = #(u)+ #(v), forall (u,v) %C# C.
Using the arguments in [2] we deduce that ! is proper, convex and lower
semicontinuous. Also, the mapping

%R
(u,v) *$ F (u,v) := rNYIE(ru,v), (u,v %C)
0

is of classC! on C # C and its Fréchet derivative is given by
%
+F'(u,v), (w1, w2), = NP FL(r U, v)we+ Fy(ru, v)ws], (U, v, wg, Wy %C).
!
The energy functional associated to (6) will bel := !+ F. This has the
structure required by Szulkin's critical point theory [27]. Accordingly, (u, V) %
Ko # Ko is acritical point of | if it is a solution of the variational inequality

ICw,wo) ! IC U, v) + +F (u,v),(wa ! uywa! v)," 0, -wi,wo %C. (7)
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Proposition 2.2 If (u,v)! C" C is a critical point of |, then it is a solution
of system (6). Moreover, system (6) has a solution which is a minimum point
ofl onC" C.

Proof. Let (u, V) be a critical point of | . By taking in (7) w, = v, one gets

|
R
D(wy) # ! (u)+ rNY IR (u,v)(wi# u)$ 0, forallwg ! C
0

i.e.,u! Kg is a critical point of ! (:)+ F (-,Vv), which by virtue of [6, Proposi-
tion 4] satisfies "

(rNP ) = oNPIR(nu,v),

u'(0)=0= u(R).

Similarly, one obtains that v verifies

) (rNP v = eV IR (ru, V),
v'(0)=0= Vv(R).

The rest of the proof follows exactly as in [6, Proposition 4]. O

Next, let g1, 0 : [0,R]" [0,%)? & [0, %) be continuous. We are interested
about positive solutions for the system (3). With this aim, we consider the
modified problem

#
Golr™' (W] + TN Mgi(r U vi) =0,
PN (O + 1N tga(rue,vi) =0, (8)
u'(0)= u(R)=0= v(R) = v'(0),
where, as usual we have denote#t, := max{0,#}.

Let J1,J2 ' R. In the terminology of [9, 23], a function f = f (r,s,t) :
[O,R]" J1" J, & R is said to be quasi-monotone nondecreasingvith respect
to t (resp. s) if for fixed r,s (resp. r,t) one has

f(rs,ta) ( f(rs,t2)asty ((tz (resp. f(r,s1,t) ( f(r,s2,t)ass: ( sz).
Lemma 2.3. Assume that(u, V) is a nontrivial solution of problem (8) and
(Hg) qu(r,#,0)> 0<ga(r,0,#), )#>0,)r! (O,R],

thenu $ 0( v and either u or v is positive and strictly decreasing.

If in addition to hypothesis (Hé) one has thatg (r, s, t) (resp. g(r,s,t)) is
gquasi-monotone nondecreasing with respect to (resp. s) and it holds

(H3) au(r, 0,#) > 0<ga(r,#,0), )#>0,)r! (O,R],

then (u,v) is a positive solution with bothu and v strictly decreasing.
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Proof. From |
! r

Ny =t N e v (©)
0
it follows u” " 0, which means that u is decreasing. Similarly, one obtains that

v is decreasing. Thenu(R) = 0 implies u # 0 and analogously,v is # 0. If we
assumeu $ 0, on account of

Ir
NP ir )=t N (0, v)d”
0
and v(0) > 0, from (Hg) one obtains v’ < 0; thus v is strictly decreasing and

v > 0 on [QR). Similarly, if v $ 0 one has thatu is positive and strictly
decreasing.

To prove the second part, suppose thau is positive and let us show thatv
is positive, too. If v(0) = 0, from the second equation we getg,(r,u(r),0) =0
for all r %[0, R], contradicting (Hé). So, we havev(0) > 0. Then, using that
0x2(r, s, t) is quasi-monotone nondecreasing with respect tg, it follows

Ir Ir
NPy =0 N gt uv)dt "Ntgy (", 0,v)d" < 0.
0 0

Hence,v' < 0 and v is strictly decreasing. O

Lemma 2.4. Assume that
(H2) (i) ;u(r,s,t) > 0<ga(r,s,t), &,t> 0, & %(0,R];
(i) qu(r,#,0) = go(r, 0,#) =0, & >0, & %(0,R].

If (u,Vv) is a nontrivial solution of problem (8), then (u, v) is a positive solution
with both u and v strictly decreasing.

Proof. From the second equation we have
Ir
NP vy =0 N gt uy vy )dY, (10)
0

which givesv' " 0, meaning that v is decreasing. Similarly, one obtains thatu
is decreasing. Fromu(R) = 0 we have u # 0 and analogouslyv # 0. Assuming
that u$ 0, from v ’'$ 0, equality (10), (ii) in (Hg3) and v(R)=0wegetv$ O,
which is a contradiction. It follows that u'$ 0. A similar argument shows that
v '$ 0. Then, from (10), hypothesis () in (Hg) and u(0) > 0 < v(0) we get
v’ < 0, thus v is strictly decreasing andv > 0 on [Q R). Similarly, u is positive
and strictly decreasing. O



252 D. GURBAN AND P. JEBELEAN

Remark 2.5. Under the assumptions of Lemmas 2.3 and 2.4 any nontrivial
solution of problem (8) actually solves the system (3).

3. Sublinear nonlinearities near origin

In this section we deal with positive solutions of problem (3) wheng; (resp. gz)
has a sublinear growth near origin with respect tou (resp. v).

Theorem 3.1 Assume thatgi, g : [0,R]! [0," )2 # [0," ) are continuous
and satisfy hypothesis(Hgl) in Lemma 2.3. If gi(r,s,t) (resp. g(r,s,t)) is
guasi-monotone nondecreasing with respect to (resp. s) and

im M =+ " uniformly with r $ [0, R], (11)
S! +
tIIlrg gz(r,tO, b _ + " uniformly with r $ [0, R], (12)

then problem (3) has a solution {, v) with u %0 & v and either u or v positive
and strictly decreasing. If in addition, (ng) in Lemma 2.3 holds true, then
problem (3) has a positive solution (1,v) with both u and v strictly decreasing.

Proof. We make use of some ideas from [6]. First, we show that there exists
I $ (0,R + 1) such that problem

|

BN )+ N Ygy(rus,ve )+ #]=0

W (PN ) PN ogp(rus, ve )+ #] =0 (13)
uf(0) = u(R) =0= v(R) = v#0)

has at most the trivial solution in B, for all # $ [0, 1]. By contradiction, assume
that there exist {#} ' [0,1], {(uk,v)} ' C 4 \{ (0,00}, ((ux,vk)(# O, such
that (ug, vk) is a nontrivial solution of (13) with # = #, for all k $ N. From
Lemma 2.3 we have that eitheruy or v is positive and strictly decreasing. We
may assume that e.qg.,ux is positive for all k $ N. Choosem > 0, with

m(R/ 3)N

>

3
N@R/3N"1 "~ R’ (14)

Then, using (11) (similar reasoning with (12) when all v, are positive) we can
find ko $ N such that

gr(r,uk(r),0) %m" (ux(r)) for all r $ [0,R] and k %ko. (15)
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Moreover, integrating over [0, r] the first equation in (13) with ! = 1, u = uy,
V = Vg, using that gy(r," +,#:) is quasi-monotone nondecreasing with respect
to # and taking into account (15) one has

I $(up) " mS[$(uk)].

Next, following exactly the estimations in the proof of [6, Proposition 1] we
obtain

$Buk(R/3)/R), m(R/3N
$(uk(R/3)) N(2R/3)N" 1’
for k sulciently large. By passing with k #$ , and taking into account that
ux(R/3) # 0O we get a contradiction with (14).
Note that (13) has no solution in B, for any ! %(0, 1].
Next, we consider the compact homotopyH : [0,1]& B, # C },,

H(, (u,v)) = Ng+»(u,v),

where by Ng.- we have denoted the fixed point operator associated to (13).
Notice, the Leray-Schauder condition on the boundary

(u,v) = H(, (u,v)), forall (!, (u,v)) %][0,1] & %B

is fulfilled. Then, from the invariance under homotopy of the Leray-Schauder
degree we have

dis[l 'H (0,9),B,,0]=ds[l 'H (1,),B:,0]

So, assuming thatd s [I 'H (1,:),B,,0] =0, we infer that there exists (u,v) %
B, with H(1, (u,Vv)) = ( u,Vv), a contradiction. Consequently,

dis [l 'H (1, -),B!,O]:O.

Using Proposition 2.1 together with the excision property of Leray-Schauder
degree one obtains B

where Ng is the fixed point operator associated to problem (8). Therefore,
there exists a solution (,v) % Bgr+1\B, of (8). The conclusion follows by
Lemma 2.3 and Remark 2.5. O

Remark 3.2 From [6, Theorem 1] it is known that, if g : [0,R] & [0,$ ) #
[0,$ ) is continuous, g(r,s) > 0, for all (r,s) %(0,R]& (0,$ ) and

jim 9:S)

=+ $ uniformly with r %[0, R],
s# 04 S
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then the mixed boundary value problem

(rN R )+ N tg(ru) =0,
u’'(0)=0= u(R)

has a positive solution. It is easily seen that this result also follows from
Theorem 3.1 by taking gi(r, ", #) = o(r,") = q(r,#,").

Corollary 3.3 Let g, g : [0O,R]! [0," )2# [0," ) be continuous and satisfy
hypothesis(Hgl) in Lemma 2.3. If gi(r,s,t) (resp. g(r,s,t)) is quasi-monotone
nondecreasing with respect tot (resp. s) and (11), (12) hold true, then the
system (1) has a solution(u,v) with u$ 0% v and either u or v positive and
radially strictly decreasing. If in addition, (ng) in Lemma 2.3 is satisfied, then
problem (1) has a positive solution(u,v) with both u and v strictly decreasing.

Example 3.4 Let p;,p & (0,1) and g; $ 0% p,.
(i) The system

# M@U)+uPt+uv® =0, in B(R),
M(V)+vuP2+v% =0, in B(R),
uligry) =0=V |igr)
has a solution (uv) with u $ 0 % v and either u or v positive and radially
strictly decreasing.
(i) The system

# M(@U)+uPr+v® =0, in B(R),
M(v)+uPz+v% =0, in B(R),
ulisr) =0=V | ()
has a solution (uv) with u > 0< v on B(R) and both u and v radially strictly
decreasing.

4. Lower and upper solutions; degree estimations

A lower solution of (4) is a couple of functions $,,$y) & C*! C?, such that
'$,# < L1,°$, % <1, the mappingsr (# rN' 11 ($,(r)), r (# rN' 1 ($,(r))
are of classC?! on [0,R] and satisfies

YoIrN 11 (S + TN I (r$ 4,50 $ 0,
95(O[rN! LS+ rN Ho(n sy, $0) $ 0,
$u(R) %0, $y(R) %0.

An upper solution (%, %) & C*! C!is defined by reversing the above inequal-
ities.
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Proposition 4.1 If (4) has a lower solution(! ,,!) and an upper solution
("u,"v) such that! y(r) ! "y(r), ! y(r) ! "y(r) forall r " [0,R] and f(r,s,t)
(resp. fa(r,s,t)) is quasi-monotone nondecreasing with respect to (resp. s),
then (4) has a solution (u,v) such that! ,(r) ! u(r) ! "y(r) and ! ,(r) !
v(r)y! "y(r) forall r " [O,R].

Proof. Define the modified functions
Pa(rou,v) = fo(r#1(ru),#(r,v)) # u+ #.(r,u),
Vo(ryu,v) = fo(r,#1(r,u),#(r,v)) # v+ #(r,v).
where #; are given by
#1(r,$) = max {! y(r),min{$,", ()}, #(r,$) = max {! ,(r),min{$,", ()} .

Then !'1,!, : [0,R]$ R? % R are continuous and we consider the modified
problem !

# N Togu] + NP (ru,v) =0,

W PN 2oV + PN 5 (ru,v) =0, (16)

u'(0) = u(R)=0= v(R) = v'(0).

From Proposition 2.1 it follows that problem (16) has at least one solution. We
show now that if (u,Vv) is a solution of (16) then! ,(r) ! u(r) ! "y(r) and
Fy(r) ! v(r) ! "y(r) forall r " [0,R]. We only prove that ! , ! u on [O,R],
the remainder can be obtain analogously.

By contradiction, suppose that existsry " [0, R] such that

?(;gf(! u# u)=1y(ro)# u(ro) > 0. (7)

If ro™ (0,R), then! [ (ro) = u'(ro) and there exists a sequencér¢} & (0,ro)
converging to ro such that ! ;(r¢) # u'(ry) * 0. Since % s increasing, this
implies
e T () #rg U (o) T TR (r)) # rg ! o' (ro)),
which yields
1 " " ! " "
[T UM (9)) FEFS N (R (TN (o)) PSS
Hence, because!(y,! ) is a lower solution of (3) and f; is quasi-monotone
nondecreasing with respect tov, we obtain

L (I () M el (Y (o
= N T4 (ro, ! u(ro), Halro, V(ro))) + U(ro) # !y (ro)]
<r ON! Y fi(ro,! u(ro), #2(ro, v(ro)))l
UeN L E 1 (ro, ! u(ro), ! v(ro))]
N (AU () P
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a contradiction. If ro = R then! y(R)! u(R) > 0, contradiction with ! ,(R) "
0. Finally, if ro = 0, then there existsr; # (0,R] such that ! ,(r)! u(r) > 0
forall r # [0,r;] and ! [ (r1) ! u'(ry) " O. It follows that

i) o ().

Integrating the first equation in problem (16) from 0 to r; and using the fact
that (! ,! ) is a lower solution of (4) andf; is quasi-monotone nondecreasing

with respect to v we get
|

AT W) I )V O) + U (0l
10
A AR GRORAGTONE]
10,

P (o), (r))]dr

C NI L) dr
0
(L (),

a contradiction. Consequently,! ,(r) " u(r) for all r # [0, R]. O

Lemma 4.2. Assume that (4) has a lower solution(! ,,! ) and an upper so-
lution ($y,%y) such that! ,(r) " $u(r), ' v(r) " $y(r) for all r # [O,R] and
fa(r,s,t) (resp. fo(r,s,t)) is quasi-monotone nondecreasing with respect to
(resp. s). Let

A = {UV)#CH Ty u" S,y vt ST

Assume also that(4) has an unique solution(uo, Vo) in A,- and there exists
% > 0 such thatB ((ug,Vvo),%) $ A+ . Then

ds[l 'N ¢,B((uo,v0),%,0] =1, forall 0<%" %,
where N; stands for the fixed point operator associated td4).

Proof. Let N, be the fixed point operator associated to (16). From Proposi-
tion 2.1 and the proof of Proposition 4.1 it follows that any fixed point (u, v) of
N, is contained inA,- and itis fixed point of N¢ . Using again Proposition 2.1
together with the excision property of the Leray-Schauder degree one has that

dis[I 'N +,B((ug,Vvp),%,0] =1 for all 0 < %" %.

The conclusion follows from the fact that Ny = Ny on A~ % B ((uo, Vo), %).
O
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Lemma 4.3. Assume thatg:, g : [0,R]! [0," )2 # [0," ) are continuous and
satisfy hypothesis(Hg3) in Lemma 2.4. If there is someM > 0 such that either

lim @ =0 uniformly with r $ [0,R], t $ [0,M] (18)
or
Jim M =0 uniformly with r $ [0,R], s$ [0,M], (19)

then there exists! ¢ > 0 such that
dis[l %Ng,B:/,0]=1forall 0<! & !y,
where Ny is the fixed point operator associated to problen(8).

Proof. Let 0 <" < N/R 2. Assume (18) (similar reasoning when (19) holds
true). Then there exists s- > 0 such that for all s$ (0, s-),

0i(r,s,t) & "#(s) forall r $ [O,R],t $ [O,M]. (20)
Consider the compact homotopy
H:[0,1]!CY #CY, H($,u,v) = $Ng(u,v).
We show that there exists!y > 0 such that
(u,v) = H($,u,v), forall ($,u,v) $[0,1]! (B:,\{ (0,0)}).
By contradiction, assume that
(Ui, Vi) = $Ng(uk, Vi),

with & $ [0,1], (uk,w) $ G4\ (0,0)} for all k $ N and ((ux,vk)( # O.
From Lemma 2.4 we have that bothuy and vy are strictly positive on [0, R).
We may assume (passing if necessary to a subsequence) thatx (- & s and
(vk(+ & M for all k $ N. Using (20) it follows that

gr(r,uk(r), vk(r)) & "# ((ux(- ) forall r $ [O,R], k$ N.

For any k $ N we obtain

| " | #
'R 't
1
(u(- & #t NFT rN* gy (r uk(r), vi(r))dr  dt
!OR " . !Ot #
& #t = rNF((u(- )dr dt
o . 0 4

&R#FT " TH((ui( )
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It follows that ( R)
F(lug!y IR) , "R
P(lug!y ) N’ kS N.
By passing with k % & , we get YR " "R/N , contradicting the choice of".

Then, from the invariance under homotopy of Leray-Schauder degree we
have that for any #$ (0, #o],

dLS[I ,N g,BI,O]:dLS[l,BI,O]Zl,

which completes the proof.

5. Non-existence, existence and multiplicity

In this section we study the one-parameter gradient system

|

BV (UAF+ SN Tp(r)(p+ 1) uPvar =0,

LN A+ SN () (g+ 1) uPttva =0, (21)
uf0) = u(R) =0= v(R) = v0),

under the hypothesis:

(H) The positive exponentsp, q satisfy max{p,dgt > 1 and the function p :
[0,R] % [0, &) is continuous andu(r) > O for all r $ (0, R].

Theorem 5.1 Assume(H). Then there exists! > 0 such that the system(21)
has zero, at least one or at least two positive solutions according ®$ (0,!) ,
$=! or$>1.

Proof. We assume thatp > 1, g > 0 and we divide the proof in two steps.

1. Existence of! ; the cases$ $ (0,!) and $ = ! . First, notice that, by
Lemma 2.4 and Remark 2.5, (, V) is a positive solution of problem (21) if and
only if (u, V) is a nontrivial solution of
|
BN (AT SV (Ul v =0,
IOV A SN () (g + ) Ul v =0, (22)
uf0) = u(R) =0= v(R) = v/0)

and in this case,u, Vv are strictly decreasing. We set

S :={$> 0:(21) has a positive solutior}.
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Let ' > 0 and (u,v) be a positive solution of (21). Integrating the first
equation in (21) on [0 r], one obtains
|

)= (D) Y BUP (v dt for all T [O,R]
0

Sinceu, v are strictly decreasing on [QR], we deduce

LeNYIG(y# oNY I ()
# 1(p+1)um uPO)va*t (0)rN/N,

where uy = r[nax] M. This gives
O,R

u(0) # ! (p+ 1) um uP(0)v* (0)R?/ (2N). (23)
From 0 <u (0),v(0) <R and p > 1 we obtain
I> 2N/ [(p+1) pum RP* 9], (24)

The energy functionall, : C$ C % (/& ,+& ] associated to problem (22)
is
! " " ]
N PR R
! rNYIOO1n w2+ 10 vi?ldr! ! rN ()Pt vt ar
N 0 0
for (u,v) " Ko$ Kpandl, ' +& onC$ C\ Kg$ Ky. Computing the value
of I, at ug(r) = vo(r) = R! r we obtain that I, (up, Vo) < O, for I > 0 large
enough. Hence, for sucH , the functional 1, has a negative minimum and, as
I, (0,0) =0, from Proposition 2.2 we have that problem (22) has a nontrivial
solution. In particular, S € ). We denote

|](U,V)=

I=l( R):=inf S(< +&)
and we show that ! " S . For this, let {! (}*S be a sequence converging to !
and (Ux, ) " CY with ux > 0<vy on [0 R) such that

U = K +" ' 14+ S 41 (p+ 1) pubvi™,

V= K 4" TS+ (g+ 1) pug ™ vl
From (5) and Arzela-Ascoli theorem we obtain that there exists u,v) " C$ C

such that, passing eventually to a subsequencd|,(uk,Vvk)} converges to (1,V)
in C$ C. Hence,u, 0# v and

u=K+" T +S+[I( p+ 1) puPvat],
v=K +"'1+S+[I( g+ 1) puPttva].
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Using (23) we infer that there is a constantc > 0 such that uk(0) > ¢ for all k
sulciently large. This leads to u(0) > c, hence by Lemma 2.4 we geti > O0<v
on [0,R). Consequently, " € S. Also, from (24) it is clear that

"> 2N/ [(p+ 1) pm RPTIF2).

2. The case! > " . First, we show that (" ,c0) C S§. With this aim, let
I'g € (" ,00) be arbitrarily chosen and (u ,v ) be a positive solution for (21)
with ! =". Then, ( u ,v ) is a lower solution of (22) with ! = !,. In order

to construct an upper solution for (22), we first observe that if H; > 0 <H 5,

the mixed boundary value problem
|

BIONY WO+ N TH =0,
L N+ NP IH, =0, (25)
u'(0) = u(R)=0= v(R) = v'(0).

has as the unique (positive) solution the couple

%8 _ & —
_ N H1 Hl
Un, (r) = H, 1+ 2R - 1+ 3 reloR]
%8 _ & —
_ N H2 H2
VH,(r) = H, 1+WR2_ 1+mr2 . relOR]

Below, R will be >R . For fixed [ >1 , let (Un,,VH,) be the solution of (25)
corresponding to

Hi=T(p+1)pw RPFITL,
Hy = T(q+1) pu RPFOT,
Using that R < R, together with
Lo(p+ 1) u(r)uf Vit (r) < T(p+1)pu RPHI, 1 € [O,R],
Lo(a+ 1) u(r)uf v (r) <T(g+ 1) pm RPHIL, 1 € [O,R],

it follows that (un,,VvH,) is an upper solution for (22) with ! = ! ,. From the
fact that
% ]
R! 2(p+a+1) R2 R! 2(p+a+1) R2
U, (RSN 4
((p+Dum)? N ((p+Dum)? N

there exists R sulciently large, such that uq,(R) > u (0) and similarly, we
may assume thatvy,(R) > v (0). Taking into account that uy,,vy,,u ,v
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are strictly decreasing it follows that uy <uy, andv, <vy, on [0, R]. From
Proposition 4.1 we obtainthat ! ¢ ! S .

Next, we show that for! ¢! (! ," ) problem (22) with ! = ! 4 has a second
positive solution. For this, let (u, ,v, ) be the lower solution and Uu,,VH,)
be the upper solution constructed as above. We fix (o, Vo) a positive solu-
tion of (21) with ! = ! such that (uo,vo) ! A = A, v ) (un,vu,) (S€€
Lemma 4.2).

Firstly, we claim that there exists " > 0 such that B ((uo, Vo),") # A . Note
that, for all r ! [0, R] we have

' g " Py #
uy,(r) = #e tNl! SV (p+)pm RPTIT]ds dt

| rR " ) I Ot #

> #! iNT 1 VUM (p+ 1) py RPFO s dt
| rR " ) | Ot #

$ # g S DREURE)VET (s)]ds dt

r ) 0
=Uo(r).

Analogously we obtain that vy, (r) > vo(r). Thus, there exists"; > 0 such that
if (u,v) ! C} then

W&U% " "1 ( U uy, and W&V% ' "1 ( V' Vh,. (26)

Using similar arguments we haveu, (r) <uo(r) and v, (r) <vo(r) on [0, R/ 2].
So, we can find"% > 0 such that if (u,v) ! C}, then

W& uUe% ' "F( u ' uand W&Ve% ' "¥( v’ von[OR/2. (27)

On the other hand, for r ! [R/ 2,R] one obtainsuf(r) < uf(r) and v§(r) <
vi (r). Thus, there is some"$*1 (0,"%) such that if (u,v) ! C}, , then

w'& ui%  "F( uf >u® and W& V5% ’ "§¥( vf >v¥on [R/2,R].

From u, (R) = 0 = u(R) we deduce thatu > u, (and, similarly v > v,) on
[R/2,R). This means that

W& uh% " u ’ u and W&VE% ° "¥¥( v’ von [R/2R]. (28)

The claim follows from (26), (27) and (28), by taking 0< "< min{"y,"%%.

Next, if (22) has a second solution contained inA, then it is nontrivial and
the proof is complete. If not, by Lemma 4.2 we infer that

ds[l &Ny,,B((uo,v),$),0]=1forall0<$ "’ ",
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where N, , stands for the fixed point operator associated to (22) with ! =1g.
Also, from Proposition 2.1 we have

ds[I!N ,,,B-,0)=1forall"" R+1,
and from Lemma 4.3 we get
ds[l !N ,,B»,0]=1forall "> 0su ciently small.

Let "1,"2 > 0 be su ciently small and "3" R + 1 such that B ((uo,Vo),"1) #
B-, = $and B((up,Vp),"1)%B-, & B-,. From the additivity-excision property
of Leray-Schauder degree it follows that

dis[I 'N 1,,B-,\[B((Uo,Vo),"1) %B-,],0] =1! 1.

Therefore, Ny, has a fixed point (u,v)’ B\ [B((Ug,Vo)," 1) %B~,]. We obtain
that (22) has a second positive solution. O

Corollary 5.2. Assume (H ). Then there exists > 0 such that the problem
!
M (u) + (X (p+ DuPvd*t =0 in B(R),
M (v) +'u (IX])(q+ 1)uP*tvd =0 in B(R),
ul#g(r) = 0 = vl|zB(Rr)

has zero, at least one or at least two positive solutions according to’ (0, ),
I'= or!>

Remark 5.3. Analyzing the proof of Theorem 5.1, the reader will emphasize
that the potentiality of the system (21) is only involved in showing that the
set S is nonempty. This means that a topological proof of this fact could allow
to consider non-potential systems which are superlinear near origin.
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Abstract. We consider the dissipative Kepler problem for a family
of dissipations that is linear in the velocity. Under mild assumptions
on the drag coelcient, we show that its forward dynamics is qualita-
tively similar to the one obtained in [15] and [16] for a constant drag
coelcient. In particular, we extend to this more general framework the
existence of a continuous vector-valued first integrall obtained as the
limit along the trajectories of the Runge-Lenz vector. We also establish
the existence of asymptotically circular orbits, so improving the result
about the range ofl contained in [16].

Keywords: Keywords: Kepler equation, drag linear in the velocity, first integral.
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1. Introduction

In our previous papers [15] and [16] we studied the global dynamics of a Kepler
problem with linear drag

X+!X=!%,x" R2\{0}, !> O. )

The main conclusion was the existence of a vector-valued first integral =
(I1,12), Ii = Ii(x, x). This integral was obtained in a rather indirect way and
we do not know if it has an explicit formula. In contrast it has a very intuitive
dynamical description. The vectorl (X, X) can be interpreted as the eccentricity
vector of an ellipse E such that the solution x(t) tends to the origin along a
spiral modelled after E (see Figure 1). Also, we proved that the existence of
| implies that such spiral is described with angular velocity which increases
exponentially with time.

The aim of this work is to extend this type of results to the family of
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Folmon X1
__ final segment of the curve (=6 '(t)

Figure 1: In red, an orbit x(t) of (1) with ! = 0.01 plotted for t ! [0, 35].
In blue, the approximate shape ofE, obtained by plotting the final segment of
the curve y(t) = €' x(t) "E (see [16] for more details).

dissipative Kepler problems

S+ D(X)X = # ——, x! R2\{ 0}, @)

[x[?’
whereD : [0,+$ [* R* is alocally Lipschitz continuous function which satis-
fies

D(r) %A; foranyr %0 3

for a suitable positive real numberA;.
It is a curious fact that the spiralling faster and faster towards the Sun
of a celestial body was already described by Euler in a letter written in 1749
and published in Philosophical Transactions [8]. There Euler postulated the
existence of small resistance forces around the planets and he described the
consequent gradual approach of the Earth to the Sun as follows: “...The elect
of this Resistance will gradually bring the Planets nearer and nearer to the
Sun; and as their Orbits thereby become less, their periodical Times will also
be diminished.”
More than one century later Poinca went back to the study of the elect of
a resistive medium on the motion of a planet in his course “Legons sur les hy-
pothéses cosmogoniques” [20]. In these lectures he discussed several hypotheses
on the formation of the solar system. In Chapter VI, devoted to an hypothesis
due to T.J.J. See, Poinca® considered the class of dissipative Kepler problems
S+ RS =g X

i X! R*\{ 0}, (4)

whereR = h|x|' "|x|* and " and # are positive constants. After some compu-
tations with astronomical coordinates Poincaré found out that the semi major
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axis of an orbit of elliptic type is, essentiellement decreasing with time and
observed that this fact implies an increase of the orbital velocity of the planet.

Moreover, from his computations he concluded that if the exponentd and
" are sulciently large then the value of the orbital eccentricity decreases after
each complete revolution. Poinca®é also presented a qualitative argumentto
justify the decrease of the eccentricity of an orbit in presence of a general
resistive force.

Both these arguments suggest that dissipation has a circularizing e"ect on
orbits, that is, that their eccentricity will eventually approach zero. In this
connection, we note that our results for the linear drag { =1, " = 0) imply
that for an open set of initial conditions the eccentricity of the corresponding
orbit will converge to a positive constant, and so we cannot expect a circular-
ization e"ect for many orbits of (1). This fact has been observed previously
in [12] (for more information on the notion of circularization see [9] and [1]).

When " = 0 the family (4) was already considered by Jacobi in his book on
mechanics [13] but he only discussed some formal aspects. Another member
of the family (4) that has been considered in the recent literature is the so
called Poynting-Plummer-Danby drag (see [1, 6, 7] and the references therein),
corresponding to! =1 and " = 2. In this case it is possible to obtain in
closed form the equation of the orbits. We point out that for this family of
resistive forces the qualitative behaviour of the solutions di"ers sharply from
the qualitative behaviour we obtained in [15] and [16] for the solutions of (1)
and that, in this paper, we show also to hold for the solutions of (2). In
fact, for the Poynting-Plummer-Danby drag, many non rectilinear solutions,
corresponding to an open set of initial conditions, collide in finite time and
with finite velocity at the singularity, winding around the origin just a finite
number of times before collision. This is nicely described in the unpublished
master thesis of Mauricio Misquero Castrg.

The Runge-Lenz vector, denoted byR, is a well-known first integral of the
conservative Kepler problem. If its norm is less than one, therR corresponds
to a family of elliptic orbits whose eccentricity is |R|. In the presence of friction
this vector is no longer a constant of motion but it is still useful and it has
been employed in the literature on dissipative problems (see [11, 14, 17]). We
will show that for linear dissipations the Runge-Lenz vector has a limitl =
limy ++ R(t) that becomes a first integral such that|l|! 1. This approach to
construct integrals is inspired by the ideas on asymptotic integrals developed
by Moser in [18] for the study of the Strmer problem (see also [19]).

We notice that in our setting the circularization of an orbit is equivalent
to I = 0. Orbits satisfying this condition were called asymptotically circular

17en gros et sans calcul”

2Castro, M. Misquero  , El problema de Kepler disipativo, Master thesis, Universidad de
Granada, (2016)
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in our previous paper [16], but at that time we were unable to decide whether
they existed or not. In this work we show that they actually exist, although
they are not typical. In this aspect the results of this paper improve those
in [16] even for the caseD = !. This approach to construct integrals is inspired
by the ideas on asymptotic integrals developed by Moser in [18] for the study
of the Stirmer problem (see also [19]).

This paper can be seen as a contribution to the construction of a qualitative
theory of the Kepler problem with dissipation. Many interesting problems in
this topic are still to be addressed. For example, to determine the region of
parameters (', # ) producing circularization on an open set of initial conditions
seems a challenging question. Also, the study of more realistic drags involved
in satellite dynamics appears to be relevant (see [2]).

The rest of the paper is organized as follows.

In the second section we study the forward dynamics of (2), showing that
the singularity is a global attractor. Our proof makes use of an extension
to singular systems of the LaSalle invariance principle, which may have an
independent interest. In Section 3 we extend to (2) the results given in [15]
about the asymptotic values of the energy of solutions. This is done by adapting
the approach based on the Levi-Civita transformation for the dissipative setting
already considered in [15] for the linear drag. We recall that the Levi-Civita
regularization in a dissipative setting was introduced by [3] for the numerical
study of the global dynamics of a restricted three body problem with drag. In
the fourth section we construct the asymptotic first integral for (2) and we show
that it is continuous and invariant under planar rotations. In the fifth section
we prove that its range is the unit disk. This is achieved by establishing the
existence of asymptotically circular orbits of (2). It is interesting to note that
for this aim we employ the Brouwer degree to show that there is a continuation
from the circular solutions of the conservative case. Finally, in the Appendix
we sketch the proofs of some results about rectilinear motions.

2. Dynamics in forward time: attraction towards the
singularity

In this section we study the behaviour of the solutions of (2) whent ! $,
where $ is the right endpoint of their maximal interval of definition. We show
that the singularity x =0 is a global attractor of (2). First we prove that non
rectilinear solutions are defined up to$ = +" and are bounded. Then we
state and apply a version LaSalle’s invariance principle which is well suited for
singular equations. An analogous result is given in [4]. Finally, we show that
all the rectilinear motions collide in finite time with x = 0.

We point out that in [15] the property that the origin is a global attractor
was obtained by applying the results in [5], where such result is proved for
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a family of resistive forces of the formF (x, x) = ! %x which includes the
linear drag. Here, rather than trying to adapt to our setting such results we
have preferred to provide a direct proof of the global attractiveness of the
singularity.

The dissipative Kepler problem described by equation (2) with is equivalent
to the system |
X=V
v+ D(x|)v=1! X3 ®)

Nk

in the phase space ! = (R?2\{ 0})" R2.

Throughout the paper we will always assume thatD : [0,+# [$ R* is a
locally Lipschitz continuous function which satisfies (3).

In what follows, for any fixed (xo, Vo) %! , we will sometimes employ the
notation x(t; X, vg) for the solution of (2) such that x(0) = Xxg, v(0) = vq. If
we consider the functions of the real variables X, v) given respectively by

—} 2 i
E(x,v) = 2|v| il (energy) (6)
and
C(x,v) = x&v, (angular momentum) @)

then along the solutions of (2) it is

E(t) = %—f(x(t),k(t)): ID (Ix(@DIXO)I*. (8)

and _ dc
C(t) = E(X(t),k(t))= D (Ix(t)NC(L),

from which it follows
C(t) = C(0)e' o PUxDd (o) := x(0) & X(0). )

We rewrite now equation (2) using polar coordinates. If we consider the
change of variablesx = re", the new coordinates satisfy the following di"er-
ential system: I .

P2+ Dni=t 4
. . 10
L2y = 1D (r)r2. (10)

Recalling that |x & x| = * r2i, by (9) we get that the radial component of

the solutions of (2) satisfies the integro-di“erential equation

|
e 2 5 D(r(s))ds 1
i n2 . —
[ — +D(r)r =1 - (11)
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where! = |C(0)|.
We are now in a position to state our result about the non rectilinear mo-
tions of (2).

Proposition 2.1 Let x(t) = r(t)e" O be a mazimal solution of (2) with! EO,
and let [0," [ be its domain in forward time. Then" =+" | and r(t) = |x(t)|
is bounded on [0,+" [.

Proof. We prove first that r(t) is bounded on [Q" [ and then we show that
"

To get the boundedness of the solutions we argue as follows. Eithe(t) #
2 when't is sulciently close to " and we have nothing to prove, or there
exists a sequence, $ " such that r(t,) >! 2. If this is the case, there are two
possible occurrences:

i) r(t)>"! 2in[#,"[ for some# %[0," [;

ii) there exists a sequence of interval$, =[a,,] & [0," [ such that r(t) >
I 2 if and only if t %a,,bn[.

If i) holds, by (11) it follows that if t %[#,"[
%(e’ [ D(r(Ndspy = @ ' DO(SNIS(} 4 D(r)f) # O (12)
and by integrating this inequality we obtain

|
Ft)# € POy ¢ o AL ) e#)), t%[#, ",

which implies
r(t) # r(#) + L(#)I(l’ e MUt )y < (#)+ L(#)l, t %[#,"[.
A]_ Al

The proof of boundedness of (t) on [0," [ in case i) is concluded.

In case ii) we note that, since for anyn we haver(a,) = [x(a,)| = !?,
then from E(a;) ( E(a,), it follows that |f(an)| # | X(an)| # | X(a1)| for any n.
Then, taking into account that on |, (12) holds, in a similar manner as above
we getr(t) # € A1t a)|f(a,)|, t %l,, and then

iy 12 K@
Al

Since the constant that bounds the solution is the same for all the intervald ,
and sincer(t) # ! 2 onthe set [Q+"[\) n |, the proof of the boundedness of
r(t) in case ii) is finished.
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We conclude that r(t) is bounded on [0,! [.

To prove that | = +! assume by contradiction that ! < +! . The stan-
dard theory for initial value problems implies that one of the following cases
hold:

(i) there exists a sequence t, " ! such that x(t,) # 0;
(i) Ix(t)[$ " if t %]0,! [ for some " > 0 and lim¢y |X(t)] = +!

If condition (i) were valid then E(ty) # +! asn# 4! and this is incom-
patible with (8). In fact,

#2 LN 1 1
E(t 2 " D(r(s))ds& #2 2Mt , & rit '
(t)$ Szy® " ° ) ¥z e r(tn)]

where M := supgy g, [D(r(t)) is finite since D(r) is continuous on [0, +! [and
r(t) is bounded in [0,! [. Assume now that (ii) holds. From |x(t)| $ " for any
t %10,! [ we get

1 1

SO &S EM) E(0).
Since this inequality gives a bound for [X(t)] on [0,! [ we get a contradiction
with the limit in (ii). O

To prove that all the non rectilinear solutions of equation (2) tend to the
singularity as t # +! we need the following general auxiliary result, which is
an extension to singular systems of the LaSalle invariance principle.

PROPOSITION 2.2. Let ( RY be an open set and assume that the existence
and uniqueness of solution holds for the system = f (x) with f : # R
continuous. Let $;(x) denote the value at timet of the solution of x = f (x)
which starts fromx att = 0 and letl, (R be its maximal interval of definition.
Assume there exists a continuous functior’V : # R such that

V($:(x) <V (X), t%ly, t>0, x% . (13)
If xg¢ % is such that[0,+! [( Iy, , then
Li(xs)) =7,
wherelL, (xg) denotes the! &limit set of xs.

Note that in the above statement the limit set is defined as

L (Xs) =) twof{ $* (Xg) : %$ t},

where the closure is taken in RY.
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Remark 2.1. The following variant of the Proposition will be useful later. We
can assume that the condition (13) only holds for pointsx lying on a closed
subsetF of !. If the set F is invariant under the flow then the conclusion on
the limit set will be valid for the orbits lying on F.

Proof. By contradiction, assume that there existst, ! +" suchthat! (xi)!
" # 1. By the continuous dependence of the solutions ofx = f (x) on the initial
value, given# > 0 such that # # I, we know that, for large n, # # 1., («,) and
Part, (i) ! 1y("). For eachn there existspu(n) >n such that t,,) >ty + #
Then,

V(o (X)) <V (T, + (X))
Letting n! +" we get

V(") $ V(I (M),

and this is a contradiction O

As a corollary we get:

Proposition  2.3. Let x(t) = r(t)€®*® be a non rectilinear solution of (2).
Then

t"I|r+n# X(t)=0.

Proof. Assume by contradiction that there exists a sequencd, ! +" such
that |x(th)] % $ > O for a suitable $. From the energy inequality

1
X (tn)

we deduce that|x(tn)|> $ E(0)+ 1. As by Proposition 2.1 x(t,) is bounded, it
must be Lg(x(0),x(0)) " ! € ). Sincex(t) € 0 when x(t) = 0, we deduce that
the zeros ofx{t) are isolated. Then the formulaE = &D (|x])|x|? implies that
the energy function E is strictly decreasing on the solutions of (2) and (13)
holds. Now we can apply the previous proposition withV = E and get a

contradiction. O

E(tn) = SR(IP & = $ EO)

As to the solutions with zero angular momentum, the so called rectilinear
motions, they satisfy the equation

- . 1
i+ D(r)f = &r—z,

(14)
obtained from (11) by setting %= 0.
For this class of solutions we state the following result. Its proof is analogous

to the one of Proposition 3.1 in [15], and we only sketch it in the Appendix.

Proposition  2.4. All solutions of (14) are collision solutions, that is & is
finite and

lim r(t)=0, lim f(t)= &" .

t" & () t" & ()
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3. The Levi-Civita transformation and the
asymptotic behaviour of the energy

In this section we study the behaviour of the energy of the solutions of (2) as
they approach the singularity.

The starting point is to adapt to equation (2) the Levi-Civita regularization
that was introduced in a dissipative setting in [15] to deal with the linear drag.
We recall that, after the natural identification of x = ( X1, X2) with the complex
number x; + ix,, the Levi-Civita regularization is defined by the change of

variables
dt

— 2 —
X=w ds= —. (15)
x|
Using this regularization, equation (2) is transformed into the system of ODEs
in the new time s

w=v, V= E7W ID (Jw]?)|w|?v, E'="1 2D(|W|?)(E|w|?+1). (16)

This system has to be considered on the invariant manifold
M = {(w,v,E)" C?#R: Elw?+1! 2v|]>=0}, 17)

which contains all the physically meaningful solutions.
A solution of (2) starting from ( Xg,Vvg) " ! is transformed in a solution of

(16) starting from (wo, Vo, Eg) "M , wherewy is a square root ofxg, Vg = %

and Eg = %|v0|2 ! ﬁ Vice-versa, a solution of (16) starting onM and such
that w(0) $ 0 corresponds to the solution x(t) := w?(S(t)) of (2), where S(t)
is the inverse function of T(s) := OS|W(! )|? dl.

Notice that if the points ( xo, Vo) belong to a compact subsetK of ! , then
the triplets (wo, Vg, Eo) lie on a compact subsetk of M .

Lemma 3.1. Let (wg, Vo, Eg) be a point of M and let (w(s), v(s), E(s)) denote
the solution of (16) passing through this point ats = 0. Then this solution is
well defined on[0, + %[ and
i = 10
S,.Iler# E(s)= 1% .
Proof. Let [0,! [ be the maximal interval to the right of the solution. By a

contradiction argument we assume that! < +%. The third equation of (16)
and the invariance of M imply that

E'(s)= ! 4D(W(s)[*)Iv(s)I” & O.
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In particular E(s) ! E(O) for eachs™ [0,! [. Again, the invariance of M leads
to the dilerential inequality
! A — /7 N1 7 N1o 1
1+ E(s)w(s)> |, 1+ |E(Q)Iz|w(s)]
> ! "> .

Sl wis)l =

It follows that |w(s)| remains bounded in [Q! [. This fact implies that the
function D(Jw(s)|?) is bounded on [Q! [ and by the last equation of (16) we
conclude that the same is true for|E (s)|. The definition of M implies now that
[v(s)| is bounded on [Q! [. It follows that the solution ( w(s), v(s), E(s)) cannot
blow up at s = ! and this gives a contradiction with | < +$ . We conclude
that the solution is well defined on [0, +$ [.

Since on this interval we haveEs) ! 0, then E., =lims_ .+ E(S) exists
and belongs to p6$ , E(0)]. We prove now that E., = %$ . Let us assume by
contradiction that E. " R and distinguish two cases:

() Ew &O;
(i) E. < O.

If (i) holds, we know that E(s) & E. & 0 if s & 0. After integrating the third
equation of (16), we have

S

E(s)= E(0)%2 D(Iw(")I*)(E(")Iw(")I>+1) d"! E(0) %2A;s’ %$
0

ass’'%$ , and we get a contradiction.

Assume now that (ii) holds. We note that system (16), defined on " =
C? ( R, is in the conditions of the remark after Proposition 2.2 with F = M
andV = E. Once we are orM we know from the discussions of the case (i) that
it is not restrictive to assume that E(s) < 0if s & 0, and we claim that the zeros
of v(s) on [0,+$ [ are isolated. Indeed,v(s) = 0 implies |w(s)|? = =~ > 0

[E(s)]
and then vi{s) = ECWE) x 0. Thus

S

E(s) WE(0) = %4  D(w(")I)Iv(")|?d" < 0
0

whens > 0 and then condition (13) holds onM with V = E. As a consequence,
the #-limit set of our solution is empty. From the identity

E@)W(S)P+1=2|v(s)? &0

we deduce that

lim sup |w(s)|? ! }
sﬂmpl (sl Ea |
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Also,

limsup |v(s)|? !

sl o+
Then the forward orbit {(w(s),v(s),E(s)) : s" 0} is bounded and the! -limit
set is a non empty compact set oM . This is the searched contradiction. O

As an immediate consequence of this lemma we have the following:

Proposition 3.2 If x(t) is a solution of (2) with non zero angular momentum,
then

Jim E() = #$ .

Proof. By choosing a branch of the square root, a non rectilinear solutiorx(t)
pf (2) is transformed by (15) in a solution of (16) on M sugh that w(s) =
" X(T(s)), where T(s) is the inverse function of s = S(t) = Ot ﬁd By
Proposition 2.1 we conclude thats % +$ whent % +$ , and the claim follows
from Lemma 3.1. O

As to the energy of the rectilinear solutionsx = r(t) of (2) we have the
following result. Its proof is analogous to the one of the corresponding results
given in [15] for the linear drag (see Proposition 3.1 and Proposition 4.2 therein)
and therefore it is just outlined in the Appendix. Here we stress that the Levi-
Civita regularization is used to get the second part of the statement.

Proposition  3.3. Collisions occur with finite energy. Energy at collision may
have any arbitrarily prescribed real value.

4. Existence and properties of the Runge-Lenz-type first
integral

As proved in the previous sections, a solution of (2) (and hence of (5)) such
that x(0) = xp and x(0) = vp is defined fort & [0,! [ where! = ! (Xo, Vo) is
finite in the case of a rectilinear motion, wheread =+ $ for a non rectilinear
motion.

We recall that, if we consider the energyE (x, V), the angular momentum
C(x,v) and the vector

R(x,v)= v’ (x' v)# I)):—l (Runge# Lenz vector) (18)

then the two following functional relationships hold among them as functions
of the real variables , v) (see also [10], 3-9):

x|+ <R,x> = |C|?, forany x & RZ\{ 0}, 19)
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where < v,w > denotes the inner product between the vectors v and w, and
IRI?! 1=2|C|’E. (20)

In the conservative case, E, C and R are first integrals of the Kepler problem.
In particular, if 0 < |R| < 1, the vector R is the eccentricity vector correspond-
R

ing to the Keplerian ellipse defined by (19), the unit vector ﬁ is the direction
of its major axis and e = |R| is its eccentricity.

To end our preparatory work, we state the following lemma, needed to prove
the continuity on  of the Runge-Lenz-type first integral | we define below in
Theorem 4.2.

Lemma 4.1. Let K be a compact subset of . Then, there exist numbersmy >
0 and pk > 0 such that
[X(t; X0, Vo)| " mk (21)
and
IX(t; Xo, Vo)X (t; Xo, Vo) |2 * b (22)
for any (xo,Vo) # K and t # [0,! [.

Proof. To prove the first estimate, we proceed as in the last part of the proof of
Lemma 2.2 in [16], to which the reader should refer for the details. As pointed
out in the previous section, the Levi-Civita regularization transforms the solu-
tions of (2) starting in (Xg, Vo) # K into solutions of system (16) starting in a
compact set K$ M . By Lemma 3.1 these solutions are defined on [0, +% ] and
are such that their energy E(S) becomes, eventually, negative, say less than
I 2. 3 If we consider the w component of a solution of (16), the invariance of
M gives the bound |w(s)|? < 2 for su ciently large S. Then, by a standard
compactness argument, solutions of (16) starting in K are such that the pre-
vious bound on |w(s)| holds for s greater than a suitable s' uniformly in K.
For such solutions the existence of a uniform bound for |w(s)| on [0, +%/ easily
follows. Going back to the original variables one gets (21) for |X| = |w|? when
(Xo, Vo) # K.

To prove the second estimate we observe that since the energy is decreasing,
E(t)" E(0) for any t # [0,! [, and we get the following bound on the velocity:
!

1] 4L

H

1
X" 2 EO0O)+——= , t#][0,!] 23
X(t)] (0) (0] 0,1 (23)
1 $___
Multiplying (23) by |x(t)|z we obtain (22) with px = 2(Ex mk +1) and
Ex := maxg |E(X0,V0)|. O

3The discussion in [16] on the inequality (62) appearing in the proof of Lemma 2.2 was
incomplete. This inequality is valid and follows from Lemma 3.1.
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We are now in a position to state the main result of this section. This
result provides a continuous vector first integrall = (11, 1,) which is invariant
under the group of planar rotations and whose components are two functionally
independent scalar first integrals (see Remark 1 in [16]).

As in the case of the linear drag,| can be interpreted as an asymptotic
eccentricity vector and its norm as an asymptotic eccentricity. In particular,
solutions with |I| < 1 tend to the origin along a spiral determined asymptoti-

cally by I.

Theorem 4.2. There exists a continuous vector field
[:1 1 R% I =1(xV)

satisfying
@ 1(x!v )= 1 (x,v), for each (x,v) " ! and each rotation! " SO(2).
(i) The range of | is the closed unit disk, that is

Ih= D, (24)

whereD = {y" R?:|y| # 1}.

(iii) Each solution (x(t),v(t)) of (5), defined on a maximal right interval of
the form [0, " [, satisfies

F(x(t), v(t)) = lim R(x(#), v(#). (25)

Proof. Below we will prove the continuity of | and properties (i) and (iii ). The
proof of (ii) is postponed to the next section, to properly highlight the fact
that it relies on the existence of asymptotically circular orbits.

Throughout the proof, K will be a fixed compact set contained in !, and
(X0, Vo) will be a point of K. Let (x(t), v(t)) be the solution of system (5) such
that (x(0),v(0)) = ( Xo, Vo). We denote by R(t) = R(x(t),v(t)) and denote by
R its derivative with respect to time.

Recall that we have C = $D (|x(t)[)C and that

P I "
d x _ . X
dt |x| C% |3 (26)

for any smooth function x = x(t). By di"erentiating the equality defining R(t)
and then integrating the result from 0 to t we get
# t
R(t)= R(0)$ 2 D(|x(#)|)x(#) %C(#) d#. (27)
0
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If Xo! vg = 0, then for the corresponding rectilinear motion we haveR(t) =
R(0) = R(Xg,vo) = " 2o for any t # [0,![ so that, trivially, we define

[Xol
I (Xo,Vo) :=lim ¢ 1+ R(t) = R(Xo,Vo). Let us consider the casexg! vo $ 0.
We claim that the estimate below holds:

[(D(IX(D)]) "D (0)x(t)! C(t)|%Me" A ift & 0 (28)

where the constantM is uniform with respect to K. To prove (28) let mg
and pg be the numbers provided by Lemma 4.1. Sinc® is locally Lipschitz
continuous on [Q+' [, we can find a Lipschitz constantLk on the compact
interval [0, mk ]. In particular

ID(r)"D (0)] % Lgr if 0%r %mg.
Thus, for any t & 0 we have
I(D(x(®)]) "D (@)x(t) ! C(t)] % Lk Ix®IIX®IICH)
%Lk mg ik [XollVole A, (29)
where we have used (3) and
IC(t)] % Ixollvole” A, t & O. (30)
Once (28) has been proved, we rewrite the Runge-Lenz vector in the form
R(t) = R(0)+2D(0)xp! C(0)" 2D(0)x(t) ! C(t)" 211(t)+2D(0)I,(t), (31)
with o
I1(t) = . (DX "D @)x(*) ! C(*)ad"

and Ly

2= x()! c(r)d".

Formula (31) is obtained by adding and subtracting D(0) in the scalar factor
of the integral in (27) and then applying an integration by parts. From (30)
we deduce that ift & 0

Ix(t) ! C(t)] % mi [xollvole” A" (32)

IX(t) ! C(t)| % mk Di [Xo|[vole A%t (33)

where Dx = maxm, ;D(r). Together with (28) these inequalities imply that
I =limy 44 R(t) exists.
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At this point it is convenient to make explicit the functional dependence of
| on the initial condition ( Xg,Vo) ! ! and write it as

| (X0, V0) = R(Xo, Vo) +2D(0)x0 " C(Xo, Vo) # 211(+$ ;Xo, Vo)+
+2D(0)12(+$ ;X0,V0), (34)

where we setl1(+$ ;Xo,Vo) = l2(+$ ;Xg,Vo) =0 if C(Xg,Vo) = Xo" Vo =0.

To prove the continuity of this function at each point we consider first the
case Ko,Vo) ! 'with Xo" vp %0. We can select a small closed ball centered
at (Xo, Vo) such that the angular momentum does not vanish on it. This will
be our setK. Then, estimates (28) and (33), together with the results on
continuous dependence of solutions with respect to initial conditions, allow to
get the continuity of 1,(+$ ;-,-) and 1,(+$ ; -, -) by applying standard results
on functions defined by parametric Lebesgue integrals. In the casey ™ vo =0
it must be noticed that if ( Xon, Von) iS @ sequence converging toXp, Vo) with
Xon " Von %0, then the corresponding solution satisfies

|
Ca(8) 1= Xn ()" Xn(t) = € o PPN xg vy, & 0

asn & +$ foreacht’ 0. Similarly, lim - 44 Cn (t)=0foreacht’ 0. From

the estimates

(DX #D @)X " COI( Lk m *uc SO Ix(®) " COI( mi ICO)]

we deduce thatli(+$ ;Xon,Vvon) & 0. Note that the estimates (29) and (33)
imply that the convergence is dominated.
Then | (Xon,Von) & 1 (Xo,Vo) = # l’;—gl asn & $ . Since the same property

trivially holds for sequences &on,Von) converging to (Xg, Vo) and such that
Xon " Von =0, the continuity of | on!is proved.

Properties (i) and (iii ) follow immediately from the definition of I. O

5. Existence of asymptotically circular orbits

In this section we complete the proof of Theorem 4.2 by showing that the range
of | is the closed unit disk. This property will be a consequence of the continuity
of I, of its invariance under rotations, and of the existence of asymptotically

circular orbits of (2), that is orbits for which | = 0. We will show below how

to obtain these orbits using the Brouwer degree to continue the circular ones
of the conservative Kepler problem.

We start by considering the set

Co={(")! 1 "= 23,
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1 0
Then R(1,") = 0,E(,") = ! ﬁ < 0and C(l,") = 0. We fix a point
(1,") # C, and define the functionF :! $ R*

F(x,v) = (R(X’V)> .

x! 1

|
with J = (0 '1).

Lemma 5.1 The point (!,") is a nondegenerate zero of. Actually
detF'(1,")=2|!| > 0.

Proof. Clearly F(!,")=0. We have

F!'o,") = (#XRIS,") #\,R(()!,")>

where ld denote the identity matrix of order two, so that
detF'(1," ) =det[#,R(!,")].

Since

R(x,v) = X1V3 | XoViVo ;X
' XoV2 ! Xiviv ) x|’

it follows that

2 2
Ligly 212412
2 2
1212112 141,

detf# R(!, ") = '] °

=2|!

and our proof is concluded. O

Let us fix a small open ballB % R* centred at (!," ) satisfying the following
properties:

e (1,") is the only zero of F in B;
« there exists$ > 0 such that E(xg,Vvp) & ! $ < 0 if (Xo, Vo) # B_;
* C(Xo,Vo) = 0 if (Xo, Vo) # B.

In particular the Brouwer degree of F in B is well defined and

deg(F,B, 0)=1. (35)

For each% >0 the change of variable(t) = %y(%) transforms equation (2)
into

g+ OBy =1 o (36)

vl
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The Runge-Lenz vector has the invariance property

R(x,v) = R(I3x,!' 7v)

and so

R(x(t),x(t)) = R(y(t" ),y(t!!)) forany t! [0,+" [.
Letting t # +" we obtain the identity 11(Xo,Vo) = 11 (!' $Xo,!3Vo) or, equiv-
alently,

1 (X0, Vo) = 11(!5Xo,!" ¥vp) (37)
where Iy (Xo, Vo) := lim ¢+ +4 R(y(t;Xo,Vo,!),y(t; X0, Vo, !)) and y(t; Xo, Vo, !) is
the solution of the Cauchy problem for (36). The identity (37) shows that it is
sulcient to prove the existence of an asymptotically circular motion for (36)
for some! > 0.

Lemma 5.2. The function i : [0,1]$ B # R? given byi (!, X0, Vo) := 1 (Xo, Vo)
is continuous.

Proof. The continuity of [ on 10,1]$ Bisa consequence of (37) and of the
continuity of 1, established in Theorem 4.2. The continuity at! = 0 is a
consequence of the expansion

I/ (X0, Vo) = R(Xo, Vo) + O(!%), uniformly in ( Xg, Vo) ! B. (38)

To prove (38) we simplify the notation by setting y = y(t;Xo,Vvo,!), Yy =
y(t; Xo,Vo,!), C = y %y and observe that

1 1. =
IVl & . Iylzlyl & 2. (39)
These estimates are a consequence of the inequali§4y|2 ( ﬁ & (". Also,

IC| & [xollvol€' ' and [C| & IM - |xo||vole' A1, (40)

where M- = max, go, 1) D(r). From the proof of Theorem 4.2 we see that,
can be expressed in the form

I (X0, Vo) = R(Xo, Vo) +2!D(0)xo %C(Xo,Vo) ( 2l1, (+" ;Xo,Vo)+
+2ID(0)I2; (+" ;Xo,V0). (41)

If we denote byL- the Lipschitz constant of D on [0, ], by using (39) and the
first inequality of (40) we get

|n | "
Io+# t#

|
i ]=1] (D('zlyl) (D (0))y %C dt] & IL 13 lyllylIC]| dt
0 #_ " °

2 v L. 2
&15L Tlxollvolt € Mitdt= 151 Tixollvol. (42)
0 1
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Now, from the first inequality of (39) and the second inequality of (40) we
get

+! . | 1
y! Cdt;" —M;|xo||vol"
! 0

+1

1
' M
| Ajet — J

e dt = —|Xo||vol,
! !All ol|Vvol

“2,6' =

that together with (42) gives (38). O

We are now in a position to prove that for the drag in (2) there exist orbits
whose eccentricity tends asymptotically to zero.

Proposition  5.3. There exists (Xo,Vo) # ! such that the corresponding solu-
tion of (2) is asymptotically circular, that is (xg, vo) satisfies| (xo,vo) =0.

Proof. Consider the family of functions F, : [0,1]$ ! % R*, where

#I ( )$
— lxv
F.(x,v):= Y& H#

By Lemma 5.2 the family F. is continuous in [0, 1] $ B and, moreover,
by (38) we have that Fo = F. Then, since degF, B, 0) = 1, the homotopy
invariance of the degree guarantees that for su”ciently small" there exists a
zero, necessarily of the form #, (")), of F. in B. Hence, | .(#,¥")) = 0 and
by (37) we conclude that the point (Xo, Vo) := ("5#," 3v(")) # ! is the initial
condition of an asymptotically circular orbit of (2). O

Finally, we prove our claim about the range ofl .

5.1. Proof of (ii) of Theorem 4.2.

If X! vo = 0then C(t) =0 for any t # [0,+( [ and, by Proposition 3.2,

E(t) % &( whent % +( . As a consequence, by (20) we gdR(t)|?& 1< 0 if

tis large enough, andl | " 1 follows taking the limitin t. Inthe casexg! vo =0,

we havel (xg, Vo) = &z—ol so that |l (xo,Vo)| = 1. Since by Proposition 5.3 the
0

first integral | takes the value Q by its continuity and by its invariance under

planar rotations we getl ()= D. O

The geometrical and dynamical consequences of the existencelofre anal-
ogous to the ones described in [16] for the linear drag. Namely, k(t) =
x(t:Xo, Vo) = r(t)e’’® is a non rectilinear motion of (2), then the trajectory

y(t) = e? o D(z(s)) dsy (t)
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tends asymptotically to the curve

lyl+ <y, (X0, Vo) >= |C(Xo, Vo)|?.

When |l (Xo,Vp)| < 1 this is an ellipse whose eccentricity vector i$ (xo, Vo), and
in such a case the following holdsix(t)| = r(t) tends to zero exponentially with
time, whereas the modulus of the angular velocity! (t)| increases exponentially
with time. The proofs of these facts follow taking into account that A; !
D(x(t;X0,Vo)]) ' M =maxy o D(|x(t; X0, Vo)|) and following the steps in [16]
to obtain the exponential estimates on the growth of|[x| and |!|.

6. Appendix

6.1. Proof of Proposition 2.4

We start by regularizing the first order system equivalent to equation (14) by

the time rescaling" = " (t) = 'Ot r;’ﬁ We obtain the system
r'=r2u
u'="D ()rau” 1 (43)

where the derivatives are taken with respect to the time". Now we proceed in
a manner that is analogous to the one employed in the proof of Proposition 3.2
of [15]. We start by noticing that r = 0 is an orbit of (43) and that this system
does not have any equilibria. Also, the setQ = {(r,u) : r> O,u< 0} isa
positively invariant set for (43) on which the r component of the solutions of
(43) is decreasing. A key ingredient of the proof is the existence of the first
integral of (43) given by

H:=u+!( r)+", (44)

I

where I( r) := 'Or D(#) d# satisfies the estimate !(r) # Air. Using the first
integral and the estimate, one proves that all solutions withr (0) > 0 eventually
enter the setQ. In fact, by a contradiction argument, one sees that the negation
of this property implies the existence of a bounded orbit having as its-limit an
equilibrium of (43) in the first quadrant. Then, in an analogous manner, it is
easily shown that all solutions are defined fot' $ [0, + %[. Since if (r (0), u(0)) =
(ro,ug) $ Q, then r(") $ [0,r¢] for any " $ [0,+%][, and since from (44) we
have

WY+ T = oI T

we conclude that

u*)

&" 1 as" & +%. (45)
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As a consequence, we get thau(!) ! "# as! ! +# and, integrating the
first equation of (43), we get also that

12

12r(1) = - I 2 as! ! +#. (46)

5+ o lu()Id”
We conclude thatr(!)! Oas! ! +# . To end our proof we have to show that
the maximal interval [0, #[ of a solution r(t) of (14) is bounded. Ift= T(!) is
the inverse function of! = I (t), thenr(!):= r(T(!)) is the first component of

a solution of (43), and we have
#=  T'(M)d = r2)d $R,

0 0

since by (46)r2(!) behaves like % for large !. O

6.2. Proof of Proposition 3.3

This proof follows the steps of the one given for the linear drag in Proposi-
tion 3.2 of [15]. Letr(t) be a maximal solution of (14) defined on [Q#[, # $ R.
Its energy, expressed in the time!, is given by E(!) := E(r(!),u(!)), where
(r("),u("))=(r(T()),F(T(1))) is a solution of (43) defined on [Q+# [. Then,
E'(1)="D (r()u()r3(t), ' $[0,+#1.

By (45) and (46) we get that fixed any positive $

4+$
12

E'(1)] % maxD(r
[E (1)] 0[0‘M>§ (r)

for sulciently large !, whereM = maxp ., (r(!) $ R exists since by Propo-
sition 2.4 all solutions of (14) tend to zero. We conclude thatE" $ L1[0, +# [
and henceE (#) = E(0)+ , E'(!)d' $R.

The proof of the fact that the energy may take any arbitrarily prescribed
valueE; $ R at collision is completely analogous to the proof of Proposition 4.2
in [15], and we give it for the reader's sake. LetE; be a prescribed value
of the energy. Let (w(s),vis),E(s)) $ M be the solution of (16) such that
(w(0),v(0),E(0)) =(0," 1/ 2,E;) $M . Let s= S(t) be the local inverse of
T(s) = t1" 'SO w?(")d" in a suitable left neighbourhood ofs = 0, where t;
is arbitrarily fixed in R. Then, the function r(t) := w(S(t))?, defined in a left
neighbourhood oft;, will solve

i="D (r)r+ rin " riz
whereJ (E,w,V) := E|w[?" 2|v|>+1. SinceM is invariant, we getthat J =0
along the solutions of (16) and we conclude that (t) is a solution (14) which
collides with the singularity at time t; having energyE; at collision. O
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with a; = a;,h,c! F forallij !'{ 1,.. N}, where
| "

F:= u!C5( " RR) : u(~T+t)=u(t) forallt! R . (2)

Similarly, W ! F. So,L # IW has exactly the same type ad., because
c# W | F. Moreover, the operatorL is assumed to be uniformly elliptic
in Qt, where Qr stands for the (open) parabolic cylinder

Qr :=! " (0,T).
In other words, there existsp > 0 such that

# _
aj (x,1)""; $ u|"|* forall (x,t")! Qr" RV,
ij =1

where | - | stands for the Euclidean norm ofRN .

(A3) B :C("o) % C(! &"1)’ C(#!) stands for the boundary operator
$
B":=

on 0
% + $(x)" on "1

for each" 1 C (" o) % G(! &" 1), where$ ! C ' (") and
%= (%,....%) ! C*' #; RY)

is an outward pointing nowhere tangent vector field. Occasionally, we will
emphasize the dependence @ on $ by setting B = B [$]. Naturally,

we simply setD = B if " ; = ( (Dirichlet b.c.), or N =B if "¢ = ( and
$ =0 (Neumann b.c.).

Thus, the functions c(x,t) and $(x) can change sign, in strong contrast with
the classical setting of A. Beltramo and P. Hess [4], substantially refined by P.
Hess [14, Ch. I1], wherec,$ $ 0 and either "o, or " 1, is empty. Note that B
is the Dirichlet boundary operator on ", and the Neumann, or a first order
regular oblique derivative boundary operataron " ;. Naturally, either " o, or
"1, can be empty.

Subsequently, besides the spacE introduced in (2), we also consider the
Banach space of Hilder continuousT -periodic functions

| "
E:= ulCZ"™50 " RR): u(,T+t)=u(,t) forall t! R

and the periodic-parabolic operator

P = # + L(x,1).
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By a principal eigenvalue of the eigenvalue problem (1) it is meant a value of
I 1 R for which (1) possesses a positive eigenfunctiori, ! E. The main goal
of this paper is analyzing the existence and multiplicity of eigenvalues of (1) by
adapting to the periodic-parabolic context the methodology of J. Lopez-Gomez
[18], later refined in [19] and [22, Ch. 9], in order to sharpen the classical results
of P. Hess and T. Kato [15]. Naturally, the principal eigenvalues of the weighted
problem (1) are given by the zeroes of the principal eigenvalue

I(1)=#P" W, B,Q], !!R, ©)

of the tern (P" W, B, Qt), whose existence and uniqueness, under the general
setting of this paper, goes back to [2, 3].
Throughout this paper, a function h ! E is said to be asupersolution of
the tern (P,B,Qr) if
|
~ Ph#0 in Qr,
Bh# 0 on $Qt = $" $ [0, T].

If, in addition, some of these inequalities is strict,! , then h is said to be a
strict supersolution of (P,B, Q). A significant portion of the mathematical
analysis carried out in this paper is based on the next result, going back to
Theorem 1.2 of [3] in its greatest generality. Based on the abstract theory of
D. Daners and P. Koch-Medina [10], it extends to a periodic-parabolic context
the corresponding elliptic counterparts of J. Lopez-Gomez & M. Molina-Meyer
[23] and H. Amann & J. Lopez-Gomez [2]. A special version, for%# 0, had
been recently given by R. Peng and X. Q. Zhao [25].

Theorem 1.1 Suppose(Al), (A2) and (A3). Then, the following conditions
are equivalent:

(@) #[P,B,Qr]> 0.
(b) (P,B,Q) possesses a hon-negative strict supersolutidm! E.

(c) The resolvent operator of (P, B, Q) is strongly positive, i.e., any strict
supersolutionu ! E of (P,B,Qr) satisfiesu % 0, in the sense that
u(x,t) > Oforallt! [0,T]andx! " &#,, and

$u(x,t)< 0 forall t! [0,T] and x! u' 1(0)" #,.
In other words, (P,B,Qt) satisfies the strong maximum principle.

Based on Theorem 1.1 one can easily derive all monotonicity properties
of #[P,B,Qt] given in Section 2, as well as infer the point-wise min-max
characterizations of the principal eigenvalue of Donsker—Varadhan type given
in Section 3. In Section 4, based on these min-max characterizations, we will
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adopt the methodology of J. Lopez-Gomez [19, 21, 22], in order to establish
the concavity of ! [P + V,B, Q1] with respect to the periodic potential V ! F.
The most pioneering results in this vain go back to T. Kato [16]. Our proof
is based on a technical device of H. Berestycki, L. Nirenberg and S. R. S.
Varadhan [5] based on the Donsker—Varadhan characterization of the principal
eigenvalue, [13]. Later, in Section 5, the concavity with respect toV will
provide us with the concavity of !( ") with respect to the parameter " ! R
and the real analyticity of !( "), which is derived from a classical result of
F. Rellich [26] sharpened by T. Kato [17]. From all these results one can easily
derive some important global properties of (") that provide us with some
substantial improvements of those collected by P. Hess in Chapter Il of [14],
where it was imposed, in addition, thatc" 0 and# " 0, and that either " g,
or "4, is empty. Actually, in Sections 6 and 7 we characterize the existence,
uniqueness, multiplicity and simplicity of the principal eigenvalues of (1) in
all possible cases. Crucially, in this paper we are not requiring ®,B,Qr)
to satisfy the strong maximum principle. So, our analysis is much sharper
and versatile than the classical one of P. Hess [14, Ch. 1I]. As a result, the
problem (1) can admit two principal eigenvalues with the same sign, which is
a situation not previously considered, even in the elliptic counterpart of (1),
by the classical theory of A. Manes & A. M. Micheletti [24] and P. Hess & T.
Kato [15].

2. Some basic properties of the principal eigenvalue

This section collects some useful properties df[P + V,B, Qr] that are direct
consequences from Theorem 1.1. The next one establishes itsonotonicity
with respect to the potential V.

Proposition 2.1 Let Vi,Vo ! F such thatVy, ! V,. Then,
| [P + Vl,B,QT]<! [P + V2,B,QT].

Proof. Let $; ! E, $1 # 0, be an eigenfunction associated to the principal
eigenvalue! ; := ! [P + V;;B,Qr]. Then,

(P+Vo$!11)$1=(Vo$V)$1" 0 in Qr.

Thus, $; provides us with a positive strict supersolution of the tern (P + V, $
1,B,Qt). Therefore, by Theorem 1.1,

O<! [P+V2$ !1,B,QT]=![P+V2,B,QT]$ I
=![P+V2,B,Qr]$ ! [P+ V,B,Qr],

which ends the proof. O
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The next two consequences of Proposition 2.1 provide us with theontinu-
ous dependencef the principal eigenvalue with respect toV.

COROLLARY 2.2. Let V,, ! F, n" 1, be a sequence of potentials such that
lim Vo=V in QQr).

Then,
n||i,,rn I [P + Vn!BaQT] = I [P + V!BlQT]'

Proof. For every" > 0 there exists a natural numberng = ng(") > 1 such that
VH#"$V,$V+" in (ST forall n" ny.
Thus, thanks to Proposition 2.1, for everyn " ng,
I[P+ V,B,Qr]#"$ I[P+ Va,B,Qr]$ ! [P+V,B,Qr]+",

which ends the proof. O

Naturally, as a byproduct, Corollary 2.2 yields

COROLLARY 2.3. For every W ! F, the map!: R % R defined by (3) is
continuous.

Next, we will adapt Propositions 3.1, 3.2 and 3.5 of C. Cano-Casanova and
J. Lopez-Gdmez [7] to the periodic-parabolic setting of this paper. Essentially,
they establish the monotonicities of the principal eigenvalue with respect to#
and ", as well as the dominance of ! [P, D, Qt].

PROPOSITION 2.4. Suppose#; & ' and #1,#, | C1*' (#,) satisfy #; | #,.
Then,

'[P,B[#],Qr] <! [P,B[#] Qr].

Proof. Let $1 ! E, $1 ( 0, be a principal eigenfunction associated to the
principal eigenvalue! [P, B [#1], Qr]. Then,

(P#![P,B[#]Qr])$1=0 in Qr,
$, =0o0n #g, and
B [#2]$1 = B[#1]$1 + (#2# #1)$1 = (#a # #1)$1" 0 on #

because#, " #; and $1(x,t) > Oforallt! [0,TJandx ! " ) #;. Thus, $;
provides us with a strict positive supersolution of

(P # 1 [P,B[#1],Qr], B [#2], QT).
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Therefore, owing to Theorem 1.1,

0<! [PI ![PIB[Hl]iQT]vB[HZ]iQT]: ![PIB[HZLQT]! ![PIB[HI]VQT]'

The proof is complete. O

Proposition 2.5 ![P,B,Qr]<! [P,D,Qt]if ! &

Proof. Let# $ 0 be a principal eigenfunction associated td [P, B, Qt]. Then,
according to Theorem 1.1,

#(x,t) > 0 forall x %" &!; and t %J[0, T].
Thus, D#(x,t) = #(x,t) > 0 for all x %! ; and t %[0, T]. Hence,
D#=#! 0 on$" ' [0,T]
So, # provides us with a positive strict supersolution of

(P! '[P,B,Qr],D,Qr)

and therefore, by Theorem 1.1,

o<t [P! I'[P,B,Qr],D,Qr]="![P,D,Qr]! !'[P,B,Qr],

which ends the proof. O

Suppose !; = #. Then, for every proper subdomain of ", " ¢, of classC*'
with

dist(! 1,$"0 (") >0, 4)

we denote byB [" ¢] the boundary operator defined by

|
. % on $"o(",
0 Y —

BI" o]% B % on $"o($", ®)

for each%% ! o) ) C (" &!1). In particular, B[" o]= D if " o * ", because,
in such case,$" o * ". When! ; = #, by definition, B = D and we simply
setB[" o] ;== D. The next result establishes the monotonicity of the principal
eigenvalue with respect to ".

Proposition  2.6. Let " o be a proper subdomain of' of class C**' satisfy-
ing (4) if ! 1 = # Then,

'[P,B,Qr]<![P,B["0l." 0" (0, T)],

where B [" o] is the boundary operator defined by5).
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Proof. Let ¢! 0 be a principal eigenfunction associated tas[P,B,Q1]. By
definition,
(P" U[PaBaQT])SD:O in ! 0#(07T)a

because !y $ !. Moreover, by construction,
!
" >0 on (0! o %) # [0,71,
4 =0 on (9! o %" o) # [0,T],
Aot Pp=0 on (9! o%"1)# [0,T]

Note that 0! % & ', because lg! !. Thus, ¢| , provides us with a positive
strict supersolution of the tern

(P" o[P,B,Qr],B[! o].! o# (0,7)).
Therefore, thanks again to Theorem 1.1,

0<J[P " J[PvBaQT]aB[! O]v! 0# (OvT)]
= U[PaB[I O]a! 0# (07T)] " G[P7BvQT]7

which ends the proof. O

As an immediate consequence of Propositions 2.4 and 2.6, the next result
holds.

COROLLARY 2.7. Suppose” 1 & '. Then, for every subdomain of classC?>*" of
I, 1o, satisfying (4) if "1 &, and any 1,8, (C1*"(" 1) with 81" S,

U[PvB[/B17!] 7QT]<U[PvB[ﬂ27! 0]7! 0# (OvT)] (6)
The same conclusion holds if5; ) S, and! g # ! .

We conclude this section with an extremely useful consequence of the unique-
ness of the principal eigenvalue. It should be compared with [14, Lem. 15.3].

ProprosiTION 2.8. Let V ( F' be independent ofz ( !, i.e., V(z,t) = V(¢) for
all (z,t) ( Qr. Then,

1 %7
U[P + V(t)7BaQT] = U[P7B7QT]+ T V(t) dt. (7)
0

Proof. Let ¢! 0 be a principal eigenfunction associated ta-[P,B,Q1]. The
proof consists in searching for a real function ( C *(R) such that

P, t) = Oz, t), (2,0 ( Qr,
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provides us with a principal eigenfunction of P + V(t),B, Q). Since
| "
(P+ V() (x,t)= "[P,B,Qr]+ h'(t)+ V(1) ! (x,1),

it becomes apparent that making the choice
# 1 # .

L v v, o)

hH = T 0 0

we have that h(0) = h(T) =0 and

17T
h'()+ V()= = V

T 0

forall t" [0, T]. Thus,
$ L # - %
(P+VvO)! (x)= "[P,B.Qrl+ £ vV 1(xt).
0

Therefore, by the uniqueness of the principal eigenvalue, (7) holds. O

As a byproduct of (7), for everyV " F independent onx " |, we have that
"(#):="[P+#V(1),B,Qr]= "[P,B,Qr]+ #V

forall #" R, where, as usual, we are denoting b))? the average
1T

Vi= o i V(t) dt.

Thus, the graph of "( #) is a straight line with slope V. Note that V can have
any sign if V changes sign, which cannot occur in the elliptic counterpart of
the theory.

We conclude this section with the next fundamental result.

Theorem 2.9. "[P,B,Qr]is an algebraically simple eigenvalue ofP,B, Q).

Proof. Through this proof, we set" := "[P,B,Qt]. By the construction of
"in [3], " is geometrically simple. To show that it is algebraically simple we
should see that, for any given associated eigenfunctior; # 0, the boundary
value problem

(P! "Ju=% in Qr,

Bu=0 on % $[0,T],
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cannot admit a solution in E. On the contrary, suppose that it admits a

solution, u! E. Then, for all ! > 0, we have that
!
P+Nu=("+1)u+# in Qr,
Bu=0 on $! " [0, T].

Thus, according to Theorem 1.1, for su“ciently large ! > 0, we have that
us("+ )P+ 1) tus(P+ 1) ®)
On the other hand, sinceP# = "#, it becomes apparent that

1
n + ! *

P+ 1) 1y= # and sprP+!) 1=

[T

Thus, dividing by " + ! the identity (8) yields
" # 4

spr(P+ 1) t# (P+1)1t u:m$ 0.

In particular, $ %
#1 RsprP+1) g P+1) 1
which contradicts Theorem 6.1(f) of [22].

3. Donsker—Varadhan min-max characterizations

This section gives two point-wise min-max characterizations of the principal
eigenvalue" [P,B,Qt]. These results adapt to a periodic—parabolic context
the celebrated formula of M. D. Donsker and S. R. S. Varadhan [13]. The first
one can be stated as follows.

Theorem 3.1 Let C denote the set
C:={%! E : %x,t) > 0forall (x,t)! Qr andB%%0on$! " [0, T]}.

Then,

P%
max inf —. 9
g o % ©)

" _ . P%
[P’B'QT]_ISI'TIF();g]Tf %
Proof. Set"; := "[P,B,Qr] and pick & <" 1. Then,

"[P# &B,Qr]="1#&>0

and hence, by Theorem 1.1,P # &,B, Q) satisfies Theorem 1.1(c). Thus, the
problem !

(P# &%=1 in Qr,

B%=0 on $! " [0, T],
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admits a unique solution inE, !';,and! ;! 0. In particular, ! ; * C and
hence,C # $. Moreover, since! 1(x,t) > 0 for all (x,t) " Qrt, it follows that

Pl .
< Pl g,
-1
Thus,
.. Pl ., P!
" %inf Lo supinf —. (10)
Qr 1 ricQr !

As this estimate holds for each" < # 1, it becomes apparent that

. P!
#1 % supinf —.
ricQr !

To prove the equality, we can argue by contradiction. Suppose

4 'fP!
< supint —.
' !1([:)QT !

Then, there are$ >0 and! " C such that

# + $<% forall (x,t)" Qr.

As this entails
1
(P&#1&$|> 0 in QT,
B! 0 on % ( [0,T],

the function ! provides us with a supersolution of P & #; & $,B, Q7). Thus,
by Theorem 1.1,
O<#[P&#,&%B,Q1]=&%$<0,

which is impossible. Therefore,

#1 = sup inf —,
! !!F():QT!

which provides us with the first identity of (9).
Finally, let & " E, & ! 0, be a principal eigenfunction associated ta#;.
Then, by definition,
!
P& = #1& in Qr,
B& =0 on 9% ( [0, T],

and &; " C. Thus,
.. P&
#, =inf ——.
! Qr &
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Consequently, we also have that

I 1 = max inf
11 C Q7

The proof is completed. O

The next results allows us shorteningC in the statement of Theorem 3.1.

Theorem 3.2 Let C, be the subset ofc defined by

Ci:= "1 E :"(xt)>0forall (x,t)! Qr andB" " Oon#! #[0,T] .

Then,

I1:=1[P,%,Qr]= sup inf

11c, Qr

11)

Proof. Let $ <! ; be. Then, arguing as in Theorem 3.1, it follows from The-
orem 1.1 that (P $ $,B, Q) satisfies Theorem 1.1(c). Now, consider the
auxiliary problem

# :
P$ 9" =1 in Qr,

B =1 on # #[0,T], (12)

and a function h! E such that
Bh=1 on #! #[0,T].

Then, the change of variable
"=h+w

transforms (12) into

#
P$SHw=13% (P$ $)h in Qr,
Bw=0 on #! # [0, T].

Then, owing to Theorem 1.1(c), the function
"= h+(P$3) 1$ (P$ $)h]

provides us with the unique solution of (12) inE. By Theorem 1.1(c)," % O.
In particular, " (x,t) > Oforallx! ! &"; andt! [0, T]. Moreover, since
Bh=1on#! #[0,T], we also have thath= " =1on" o and hence," (x,t) > 0
forall x! #land t! [0, T]. So," ! C.. As, due to (12), we also have that

P"1(x,t)

$< " 1(X!t)

for all (x,t)! Qr,
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it becomes apparent that

Loinf — L sup inf
Qr 1 rre, Qr

(13)

Therefore, since this inequality holds for every! <# 1, we find that

#1! sup inf
! !!CFEQT

Finally, since C. " C,

#1! sup inf I supinf
! !!cFiQT " !!(I?QT

Consequently, (11) follows from Theorem 3.1. O

4. Concavity with respect to the potential
This section establishes the concavity of the map

F # R
Vv %$  #[V]:= #[P+ V,B,Qr]

with respect to potential V. This sharpens some classical results of T. Kato [16]
and Lemma 5.2 of P. Hess [14], assuming positivity o€(x,t) and $(x). Al-
though D. Daners and P. Koch removed these restrictions on Section 14 of [10]
under slightly less general boundary conditions than our’s, in this paper we
are providing an elementary proof of this feature avoiding the use of abstract
functional analytic methods. Our proof reveals in a rather direct way the role
played by the ellipticity of the dilerential operator L in the underlying theorem,
which can be stated as follows.

Theorem 4.1 For every Vq,V, & F and %& [0, 1], the following inequality
holds

#0Y + (1 # DAV2] " %#AVL] + (1 # DH#[Va]. (14)
Proof. Throughout this proof, we will set
&=(&,....&), " =("1,....,"n) &RV,
SincelL is strongly uniformly elliptic in (ST with a; = a; , setting

A(x,t) = ( g (X’t))l" "N
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it is apparent that, for every (x,t) ! L [0, T], the bilinear form

IN
all," )= g (et)li" = AL S LT RN,
ij =1

defines a scalar product inRN . Thus, setting
Na:= a(,!), 11 RN,

we find from the Cauchy—Schwarz inequality that

!N
2a(!," )=2 aj (6" %2 al" la % 5+ " 13
ij =1
N N (15)
= g (X,t)!i!j + ;i (x,t)" i
ij =1 Lj =1
forall I," ' RN and (x,t) ! P [0, T]. From this inequality it is easily seen
that the map Q : E & F defined by
IN
: #U #u
=" i — =" ' E
Q(u) ij . alj (th)#xl #XJ a(( uv( u)1 u ]

is concave. Indeed, by (15), the following chain of inequalities holds for every
uj,u! Eand$! [0, 1]
QBur+(1 " Huz) =" a(( (Sur + (17 Hu2), ( (Sur + (1 Hu2))

= $°Q(u) + (1’ $Q(uz)’ 2%(1" $)a(( uz,( uz)

) $°Q(u1)+ (1" $)*Q(u2) + $(1' $)(Q(u1) + Q(uy))

= $Q(u1) + (1 " $Q(u2).
Therefore, the mapG : E & F defined by

G(u):=(P’ cu+ c+ Q(u), u! E,

is concave, becaus®(u) is concave andu *& (P ' c)u is linear and, hence,
concave. Our interest inG comes from the fact that, for every” ! C.,

= G(log"), (16)

which can be established through a direct, elementary, calculation, whose de-
tails are omitted here.
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Subsequently, we considereYy, Vo ! F, ! 1 [0,1]and" 1," 2! C, arbitrary.
Sincel:‘ I! C, implies", 1" !'C(Qt)and" " ! C(Qr,RV), we have that

1,5 1 Cs. Thus, the concavity of G(u) yields

P+ IVi+(@# DVL]("1"3 ")
w!loll!
1 2

P w!lall!
= IV +@A# 1)Vt PCa1"2 )

w!lall!
1 2

= W+ (1 #!)Vo+ G(log[" ;"5 ')
= IVi+@#1)Vo+ G(llog"1+(1 # !)log" )
$IVi+(@#1)Vo+1G(log" 1)+ (1 # !1)G(log" 2)

-, (P +"V1)"1 @ # |)(F’ + V2)" 2
1 2
s inf PFVD1 gy I)mfw
Qr 1 2

Consequently, since the previous inequality holds for every ;,", ! C., we
find that

I ! " " "

sup inf [P+ .V1+I'(1#.)V2] $ | .nf (P Vl) 1+(1#|)| f (P V2) 2
", QT 1
Therefore, by Theorem 3.2,

IV + (1 # 1)Vo]$ ! sup mfwﬂl #1) sup mf¢

"."C, QT 1 ", C, QT 2
= W [Vi] + (1 # 1)#[V2],

which ends the proof. O

5. Analyticity of I(!):= "[P + IV, B, Q]

The main result of this section establishes the analyticity of the principal eigen-
value !( $) (see (3)) with respect to $. It extends Lemma 15.1 of P. Hess [14],
under the assumption that c(x,t) and %{x) are non-negative, to our more gen-
eral setting. Unfortunately, the proof of [14, Lem. 15.1] contains a gap, as
there was not detailed how to infer the analyticity from M. G. Crandall and P.
H. Rabinowitz [8]. For it, one might adapt the proof of [20, Lem. 2.1.1]. The
main result of this section reads as follows.

Theorem 5.1 ForeveryV ! F, the map
I( $):= #[P+ $V,B,Qr], $! R, 17)
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is real analytic and concave in the sense that "(!)! Oforall ! " R. Fur-
thermore, either ! " # 0in R, or there exists a discrete subse¥ $ R such that
I'(0y< oforall! " R\Z.

Proof. Set
T()=P+1l, | "R,

and regard T(!), ! " R, as a family of closed operators with domainE and
values inF. Then, for every ! ¢ " R, we can express

T)u=Tu+(! %! )T®y, u" E,

where
T:=P+1,V, TO =V,

and there exists a constantC > 0 such that

&TWug: = &/ u& | C&u& + &Tu&s, (18)
where
% %
W& = Q& +  sup IV(><,t)0 OV|(y,t)I +  sup lv(x,t) ov!(x,S)I
Xy #1 X8y, Ix %y ts#[0,T]1$s, |t %s|2
t#[0,T] X#!

forall v" F, and

! |D; V(X,t) %D, v(y,t)]

8U& = &U&.1 (g, ) + sup
(@) " o2 XY # ! X8y, [x %y’
t#[0.T]
! ID{v(x,t) %D v(x, )]
+ sup L S AR
#1061 LS #O.T1t8 s, [t %s|z
X#1

forall u" E. Note that, by definition,
Q& ! & u& forall u" E. (19)

To prove (18), we can argue as follows. By definition of the norm, for every
u" E,

e = avue ¢ sup  WOLDUGD %V (Y. Ou(y,O)

Xy #! x8vy, |X %Y|!
t#[0,T ]

N sup [V (X, t)u(x,t) %V (X, s)u(x, s)|.

ts#[0,T1t$s, [t %s|z
X#!
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Obviously, the first term can be estimated as follows
Ivuly, " v tuly " VIETUlE.

To estimate the second term, letx,y # ! be with x $ y and pick t # [0, T].
Then,

[V (X, t)u(x, t) %V (y, t)u(y, )], V(X t)u(x,t) %V (x, t)u(y,t)|

[x %yl Ix %yl
L Vx tuly, ) %V (y, tuly, H
Ix %yl
oy oy, HOGD%UGY D] VDY (YD
' Ix %yl Ix %yl '
"IV tulg + VI Ul " 21V Ul e
and hence,
0,
sup [V (X, t)u(x,t) /oVI(y,t)U(y,t)I " AVIETUl.
Xy"!l X#y, IX %yl'
t" [0,T]
Similarly,
0,
V(UG8 %V UK oy
|t %s|z
Hence, taking sups yields
0,
sup [V (x,t)u(x, t) %V (X, s)u(x,s)| 2AVIule.

!
ts" [0, T]t#s, [t %s|z
x" |

Thus, setting C :=5! V!¢ and using (19), we find that, for everyu # E,
IT@Oule = IVUlg " SIVIEIulg " Clulg + ITulg " Clulg + IT ulg

and so, (18) holds. Consequently, according to Theorem 2.6 of Section VII.2.2
of T. Kato [17], which extends a previous result of F. Rellich [26] for self-adjoint
families, T (!) is a real holomorphic family of type (A). Thus, by Remark 2.9
of Section VI1.2.3 of T. Kato [17], it follows from Theorem 2.9 that "( ! ) is real
analytic in !, as well as the map

R & F
1& (1)

!
where" (1) (0 is the unique eigenfunction of "(! ) such that or 21 =1.
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Now, we will show that
L) ! 0 forall A" R. (20)

Although this is a rather standard fact on concave functions from elementary
calculus, by the sake of completeness we will give complete details here. Ac-
cording to Theorem 4.1, for everyA;, A2 " Rand p" (0, 1],

oM+ (1 # 0)N2) = o[P + oV +(1 # 0) N2V, B, Q7]
$ 0o[P+ MV.B,Q1]+ (1 # 0) 0[P + A2V, B, Q1]
= o/( M)+ (1 # 9! A\2).
Thus,
A2+ oA # A2)) $ 1( A2) + o(!( M) # I( \2))

and hence,
I A2+ oM # A2)) # 1( N\2)

0
Therefore, for everyp " (0,1] and A1, A2 " R with A1 > Ay,

$ 1 M) # I( A2).

A2+ oA # A2)) # 1( A2) o (A1) # !(\2)
Q()‘l # )\2) )\1 # )\2

(21)

Consequently, letting o %0 yields

im A2+ oA # A2)) # 1( A2) o 1(Aa) # 1( A2)
"0 Q()\l# )\2) M # A

for every A1 > \,. In other words,

I A1) # 1(A2)

it A\ > Mg
NE A= A2

() $

So, by the mean value theorem, we find that, for every\;, \> " R with \; > )y,
there exists A " (A2, A1) such that

() $ 1. (22)

So, 1"(A) ! Oforall A" R. Indeed, if there would exist A\, " R such that
I'"(A\2) > 0, then !'' should be increasing in a neighborhood of\,, which

contradicts (22). Finally, since ! is real analytic, also ! " is real analytic and
therefore, either ! * = 0, or the set of zeroes of !" must be discrete, possibly
empty. The proof is complete. O

Naturally, combining Proposition 2.1 with Theorem 5.1 the next result
holds.
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Proposition 5.2 For any givenV ! F, the map
(KH)y=rv®H)="P+wv,B,Qr], '!R,
satisfies the following properties:
(@ V! Oimplies! '(!)>0forall ! ! R.
(o) V" Oimplies!'(!)< Oforall ! ! R.

Proof. Suppose thatV ! 0onQ+. Then, by Proposition 2.1 and Theorem 5.1,
we find that! '(!)" Oforall! ! R. Moreover, by analyticity, either ! ' # 0, or
I ! vanishes, at most, on a discrete set. Sinc¥ ! 0, !( !) cannot be constant.
Thus, it satisfies the second option. Let us suppose that !(! ) = 0 for some
Io! R. Then, by Theorem 5.1,

|
!

0$ 1'(1)=1 (1) %! '(1o) = 1*$0 forall ! " Iy.
'o
So,!'=0in[!o,&) which is impossible. Therefore, I'(!) > O for all ! ! R,
which ends the proof of Part (a).
Now, suppose thatV " 0 in Q1. Then,

Py()=! wy (%) forall ! R, (23)
and hence, sincéoV ! 0, Part (a) yields
tL()=9% "' (%)<0

forall ! I R, which ends the proof of Part (b). O

6. Global behavior of !I(!):="[P + IV, B, Q7]

The next result provides us with a simple periodic-parabolic counterpart of [22,
Th. 9.1]. Note that both results di"er substantially.

Theorem 6.1 Given V! F, consider the map!( !) defined in (17). Then:

(a) If there exists x, ! # such that V(x,,t) > O for all t! [0,T], or,
alternatively, |
T
min V (x,t) dt> 0, (24)
0 x#!
then,

lim 1(1) = 98 (25)
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(b) If there exists Xy ! | such that V(Xi ,t) < O for allt ! [0, T], or,
alternatively,
T
maxV (x,t) dt< 0, (26)
0 x"!
then,
lim*"(!)="# . 27
lim "(1) @7)
(c) If there exist X+, X1 ' ! such that V(X+,t) > 0 and V(X ,t) < O for all
t! [0, T], then (25) and (27) are satisfied and hence, for some!o! R,
“(to)=max "(1). (28)
Moreover, " #10)=0,"%1)> 0if! <! o, and" 1)< 0if!>! ¢. So,
o is unique.
Proof. Suppose that there existsx. ! ! such that V(x.,t) > 0 for all t!

[0, T]. Then, by continuity, there exists R > 0 such that

By :=Br(X+)! ! and min V="> 0.
B4+&[0,T]

Thus, according to Proposition 2.6,
"(1)=#[P+V,B,Qr]<#[P+ !V, D,B: $ (0,T)],
and hence, by Proposition 2.1, we find that
"(1)<#[P,D,B+ $ (O, T)]+ " forall '< O.

Letting ! % "# in this inequality yields (25).
Now, suppose (24). Then, thanks to Propositions 2.1 and 2.8, it becomes
apparent that, for every ! < 0,

"(1N)=#P+WV,B,Q7] & #[P + ! rr]iIQV(x,t),B,QT]

| T
= #[P,B,Qr]+ = minV(xt)dt.
T o x"!

Therefore, by (24), letting ! % "# in this inequality also provides us with (25).
This completes the proof of Part (a). Part (b) follows easily from (23), by
applying Part (a) to the potential " V.

Finally, suppose that there existx;, x; ! ! such that

V(X+,t)>0 and V(x.+,t)< 0 forall t! [O,T].
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Then, by Parts (a) and (b), (25) and (27) hold. Thus, there exists !y ! R
satisfying (28). Obviously, ! ‘(! ) = 0. Suppose that ! '(!-) " 0 for some
. <! 4. Then,

|
Lo

0n# 11 )=t #1010

by
and hence, ,
. !D
Li(le )= # 1"=0
[
So, ! =0on[!,!0], which implies !'" = 0 in R, by analyticity. Conse-

quently, there are two constants,a, b! R, such that,
I()=a+b forall 1! R.

By (25) and (27), this is impossible. Therefore, !'(!) > O forall ! <! 4
Similarly, ! '(!) < 0 forall ! >! 4. This ends the proof. O

As illustrated by Figure 1, the two su"cient conditions for (25) established
by Theorem 6.1(a) are supplementary, even whet/ ! 0.

t =1,
V>0
t=1
V=0 V>0
V=0
t=20 t=20

Q Q
(A) (B)

Figure 1: Two admissible nodal configurations ofV .

In Figure 1, the dark regions represent the set ofX,t) ! Qt whereV(x,t) >
0, while the white regions are the portions ofQt where V(x,t) = 0. In Case
(A), V(x,t)>O0forallt! [0, T] as soon ax ! # is chosen appropriately, but

Py

min V (x,t) dt = 0.
0 x#!
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Contrarily, in Case (B), there cannot exist a point x ! ! for which V(x,t) > 0
forall t! [0, T], though

| |
H T H t2
min V (x, t) dt " min V(x,t) dt > 0
x!!

o x!! ty

provided V(x,t) > 0 for all (x,t) ! ! # (t1,t2). Similarly, the two su"cient
conditions for (27) established by Theorem 6.1(b) are supplementary, even in
caseV ! 0.

Note that, since

T T

min V(x,t) dt $ maxV (x, t) dt,
o x!!

o x!!

conditions (24) and (26) cannot hold simultaneously. Moreover, if there exists
X+ ! 1 for which V(x,,t)> O0forallt! [0, T], then

T T
maxV(x,t)dt" V(X+,t)dt> 0
o x!! 0
and hence, (26) fails. Similarly, if there existsx- ! ! such that V(x-,t) < 0

forall t! [0, T], then

T T

minV(x,t)dt $ V(x+,t)dt< 0
o x!! 0

and so, (24) fails.
Note that, under the assumptions of Theorem 6.1(a),

Py

maxV (x,t) dt> 0. (29)

o x!!

Similarly, any of the assumptions of Theorem 6.1(b) implies

Py

min V (x,t) dt< 0. (30)
o x!!
Therefore, the next result provides us with a substantial extension of Theo-
rem 6.1. The first assertions of Parts (a) and (b) generalize [14, Lem. 15.4],
going back to A. Beltramo and P. Hess [4], where it was assumed that " 0
and! " 0, and Proposition 3.2 of D. Daners [9], where no assumption on the
sign of ¢(x,t) was imposed, but only for Dirichlet boundary conditions.

Theorem 6.2 Given V! F, consider the map#(") defined in (17). Then:
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(a) Condition (29) implies lim,yx Y(!')=1" | and
Py
maxV (x,t)dt< 0 (31)
0o x$!

implies limy s 1(1)=" .

(b) Condition (30) implies limyo !I( ')=1" , and
|
T
minV(x,t)dt> 0 (32)
0 x$!

implies limy o I( 1) =" .
(c) If | |
. T . T
minV(x,t)dt< 0< maxV (x, t) dt,
0 x$! 0 x$!
then !( ! o) = max,gr!( !) holds for some! o # R. Moreover, ! ! ) =
0! §!1)>0ifI<! g, and! 1)< 0if I>! o. Thus, !¢ is unique.

Proof. Since Part (b) follows easily from Part (a) and, arguing as in Theo-
rem 6.1, Part (c) is an easy consequence of Parts (a) and (b), it su"ces to
prove Part (a). Suppose (29). Then, arguing as in A. Beltramo and P. Hess [4],
there exists aT-periodic function " # C?(R;#) such that
Py
V(" (t),t)dt> 0.
0

Essentially, " (t) follows the points where V (-, t) takes the maximum, even if
they lie on the boundary! Let# : RN $ R % RN $ R be the C?>-di$eomorphism

defined by
(y,t) = #(x,t) :=(x! "(1),1).

Then, the original boundary value problem

P$+IV$ =I( 1)$ in #$R,
B$=0 on %t $ R, (33)

where$ # E, $ & 0, is transformed into

Pe$e +IVa$ =1( )$  in ## $ R), (33)
B-$ =0 on the lateral boundary of #(# $ R),

where P- is a certain periodic-parabolic operator of the same type a® (see
the proof of [14, Lem. 15.4]),B- is a boundary operator of the same type as
B whose explicit expression is not important here, and

Ve =V, (" R) $ =8 # Y (" R)"
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By construction,
p:= V, (0,t) dt = V(! (t),t)dt> 0.
0 0
Moreover, sinceV, is uniformly continuous, there exists" > 0 such that B.!

R" #( | R)and
Vi (y,t) # c(t) = Vi (0,1) $ % for all (y,t) %B-! R,

where B- stands for the ball of radius" centered at 0.
According to (34), the restriction h := $, |g,, r provides us with a positive
strict supersolution of

(P + %V $"(%,D,B-! (0,T)).
Thus, thanks to Theorem 1.1,
&P, + %V $ "(%,D,B-! (0,T)]> 0.
Equivalently,
"(W<&[P +%V,D,B-! (0,T).

SinceV, # c, we have that %V & %cfor all % <0. Hence, by Propositions 2.1

and 2.8, it becomes apparent that

Py

"(% <&[P + %¢t),D,B-! (0,T)]= &[P, ,D,B-! (0,T)]+ %/" c(t) dt.
0

On the other hand, by the definition of ¢(t) and p, we have that

- [

- p_ p_p
, c(t)dt = , Vi (0,t)dt $ 5 p$ 5 5
Therefore,
0,
(% <&[P,,D,B-! (0,T)+ ;LT/" for all % <0,

Sincep > 0, letting %’ $( shows that "(% '$( . This ends the proof of
the first claim.
Finally, suppose (31). Then, for every% <0, we have that

%M(x,t) # %maxV (x,t)
X" 1

and hence, by Propositions 2.1 and 2.8,
% T
(# &P.B,I 1 OT+ = maxV(xt)dt
0o x"!

Thanks to (31), letting %) $( in the previous estimate yields "(% '(  and
concludes the proof. O
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Although the construction in the first part of the proof follows mutatis
mutandis the proof of Lemma 15.4 of P. Hess [14], the second half seems new.
Anyway, thanks to Theorem 1.1, it is considerably shorter than the extremely
intricate comparison argument of the proof of [14, Lem. 15.4].

7. Principal eigenvalues of the weighted boundary value
problem

This section studies the weighted boundary value problem

b= w (x,t)! in Qr,

B! =0 on # 1 [0,T], (35)

whereW " F and" " R. Denoting V := #W and setting
"("):=$P+"V,B,Qr]=9$[P# "W, B,Qr], """ R,

it is apparent that "' " R is a principal eigenvalue of (35) if "("') = 0.
The next theorem characterizes the existence of the principal eigenvalue
of (35) whenW ! 0,i.e,V =#W" 0.

Theorem 7.1 SupposeW ! 0, which implies OT max,- i W(x,t)dt > 0.

Then, (35) possesses a principal eigenvalue if and only if
(#% )= !I%A) (")>0. (36)

Moreover, it is unique if it exists and if we denote it by"', then, "' is a simple
eigenvalue of(P # "W, W ) as discussed by Crandall and Rabinowitz [8], i.e.,

WY R[P# "W (37)

for all principal eigenfunction ! ' % 0 of (35) associated to"' .

Proof. SinceV = #W " 0, according to Proposition 5.2, "§") < 0 for all
" " R. Thus, the limit (36) is well defined. It might be finite, or infinity.
Indeed, if

min W > 0, (38)
Qr

then, for every " < 0, we have that

"(")=$[P# "W, B,Qr]& $[P.B,Qr]# " rginW

and hence, letting" ' #$ yields "(#$ ) = $ . Now, instead of (38), assume
that there exists an open set !g ! ! such that

W=0 on !! [0,T]
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Then,
I()y="[P! W, B,Qr]" "[P,D," o# (0,T)]

forall ! $ R and hence,
(1% )" "[P,D," o# (0, T)].
On the other hand, by Theorem 6.1(b),

lim 1( 1) = 1% . (39)

Suppose (1% ) > 0. Then, !(!,) > 0 for some! ; $ R and hence, by (39),
there exists a unique! # $ R such that !( ! #) = 0. Conversely, if there exists
I# $ R such that !I( ! #*) =0, then, !( !) > 0 for all ! <! # and therefore,
I( 1% )> 0.

It remains to prove (37). Let #(! ) denote the principal eigenfunction asso-
ciated to !( !') normalized so that 'QT #2(1)=1. By Theorem 5.1, !( !) and
#(!) are real analytic in ! . Thus, di#erentiating with respect to ! the identity

(P IW)#(L)=1( D#(1), ! $R,

we find that
(P WHEX )T wa() =1 SOH#O)+1I( DAY, SR
Thus, since !(! #) = 0, particularizing at ! = ! # yields

(P11 1AW)EX I Ay = W F)+1 SuH)#0 ). (40)
Set#* := #(! #). To prove (37) we can argue by contradiction. Suppose that
W#* $ R[P ! 1 *W].

Then, (40) implies
L O H#* $RIP ! 17W]

and, since {1 #) < 0, it becomes apparent that
N[P! '#*W]=span[#"] and #"$ R[P! !*W].
As, for every $ > 0, we have that
(P! 1*W + $)#* = $#*

and, owing to Theorem 1.1, @ ! ! #*W + $)%! is strongly order preserving,
because
"[P! 1*W +$,B,Qr]=$> 0,
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by the Krein—Rutman theorem (see [22, Th. 6.3]), it becomes apparent that
1 "
- =spect (P! "W+ 1)L

On the other hand, since#' " R[P! "'W], there existsu" E such that
(P! ""W+ 1)u=lu + #.

Equivalently,

1 nw! "l_l!
Sut (P W) tus S# >,

which contradicts Theorem 6.3(f)(b) of [22] and ends the proof. O

Remark 7.2. Based on a very recent technical device of D. Daners and C.
Thornett [12], one can characterize the non-negative potentialsV for which
I( # )< # . This analysis will appear in [11].

Remark 7.3. Under the assumptions of Theorem 7.1, when !(# ) > 0 we
have that I
"ot if 1(0) >0,
4 "t=0 if 1(0)=0 ,
"t<0 if 1(0) < 0,

as it has been illustrated in Figure 2.

2(N) %(N) %(N)
0 \ A>0
A*<0 A A =0 A 0 A
$(0) <0 £(0) =0 $(0) >0

Figure 2: The graph of I( ") whenW ! Oand !( # )> 0.

Essentially, the proof of (37) is based on the fact that !"("') $ 0. Thus,
the last assertion of Theorem 7.1 holds true as soon as
(("')=0 and ! #"')%0.

Consequently, the proof of Theorem 7.1 can be easily adapted to get the next
result, whose proof is omitted here.
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Py

Theorem 7.4. SupposeW ! 0, which implies '0 min,, 7 W(x,t)dt < 0.
Then, (35) possesses a principal eigenvalue if and only if

(1 )= lim 1(1) > 0.

Moreover, it is unique if it exists and if we denote it by! ¢, then, ! ¥ is a simple
eigenvalue of(P " 'W,W ) as discussed by Crandall and Rabinowitz [8].

According to Proposition 5.2, whenW ! 0 we have that ! %! ) > 0 for all
| # R. Figure 3 shows the graph of I(!) in this case. Since !%!) > 0 for all
| # R, we have that!® < 0if 1(0) > 0,!¥=0if!1(0)=0,and !%®> 0if
1I(0) < O.

2(A) =) 2(A)
A <0 / A'=0
0 A A 0/ A*>0 A
%(0) >0 2(0)=0 2(0) <0

Figure 3: The graph of !I(!) whenW ! Oand!(! )> 0.

According to Theorems 7.1 and 7.4, ifW $ 0 has constat sign, then, the
problem (35) has a principal eigenvalue, if and only if,

"[P" W, B,Qr]> 0 forsome ! #R.

In the general case wherWW changes sign, as a byproduct of Theorem 6.1(c),
the next result holds.

Theorem 7.5. Suppose

T T
min W(x,t)dt< 0< maxW (x, t) dt. (41)

o x!! o x!!

Then, by Theorem 6.1(c),

!QT I( !):I!i[g (1ry="
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Moreover, there exists a unique ¢! R such that
I( 1 = I( 1
I( o) rr!u!a)R( I(1).

Furthermore, ! "(1¢) =0, ! '(!) > 0if ' <! g, and ! '(!) < Oif 1 > 1 o,
Therefore, (35) possesses a principal eigenvalue, if and only ifi( 1) " O.
Moreover, ! o provides us with unique principal eigenvalue of(35) if !( ! ) =
0, while (35) possesses two principal eigenvalues,i <! % if I(1o) > O.

Actually, in this case,

#
+

#
Ig <!o<!

and!% and!# are simple eigenvalues ofP # !W, W ) as discussed by Crandall
and Rabinowitz [8].

Since ! (! o) = 0, zero cannot be a simple eigenvalue of R # ! yW, W) if
I( o) =0. When !( !) > 0, then:

1 <o<!t® if 10) >0,

o=1%<t# jf 0)=0 and ! "(0)> 0,
12<1%=0 if 0)=0 and ! (0)< O,
O<!%<1% if (0) <0 and !'(0)> 0,
1#<1%<0 if 1(0) <0 and !'(0)<0.

In particular, (35) admits two eigenvalues with contrary sign if, and only if,
"[P,B,Qt] > 0. Figure 4 shows the graph of /(! ) when !(0) $0.

2(A) B(A) 2(A)

x x;\ A /X‘ 0 x;\’\ /,\* PN

$(0) <0 $(0) >0 $(0) <0

(=1
(=]

Figure 4: The graph of /(! ) when W changes sign and !(! o) > 0.

Naturally, from this abstract theory the following generalized version of a
classical result of K. J. Brown and S. S. Lin [6] holds.
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Corollary 7.6. Supposel(0) =0 and W ! F satisfies (41). Then:

(@) The problem (35) possesses a negative principal eigenvalug; < 0, if,
and only if, ! #0) < 0. Moreover, in such case,\! is the unique non-zero
eigenvalue of (35) and ! A \. ) > 0. Therefore, \. is a simple eigenvalue
of (P" AW, W) as discussed by Crandall and Rabinowitz [8].

(b) The problem (35) possesses a positive principal eigenvalue\, > 0, if,
and only if, ! #0) > 0. Moreover, in such case,)\. is the unique non-zero
eigenvalue of (35) and ! A\, ) < 0. Therefore, ), is a simple eigenvalue
of (P " AW, W) as discussed by Crandall and Rabinowitz [8].

When, in addition, ! #0) = 0, then XA = 0 is the unique principal eigenvalue
of (35), as illustrated in the third picture of Figure 5.

Figure 5 sketches each of the possible cases considered by Corollary 7.6.

B(A) B(A) 2(A)

/\0 A\ 0 0

A" A%

(0) <0 (0) >0 s(0) =0

Figure 5: The graph of !( A) when W changes sign and !(0) = 0.

In the classical elliptic context of K. J. Brown and S. S. Lin [6] and the
periodic-parabolic counterpart of P. Hess [14], it is imposed that o = #, 3 =0
on"1= 0#, and ¢=0in Qr. In other words, B is the Neumann operator on
O# and ¢=0. Thus, since P1 =0 in Q1 and B1 = 0 on 0#, it is apparent
that A = 0 provides us with an eigenvalue of the problem (35), and thaty =1
is a principal eigenfunction associated to\ = 0. Thus, !(0) = 0 and

(P AW)e(N) =1( Ne(h), AR,

where ©(0) = 1 and () is real analytic. Hence, di$erentiating with respect
to A and particularizing at A = 0, it becomes apparent that

PoH0)" W =1 #0).
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Therefore, integrating in Q1 yields
!

0) = ———— W(af) dadt, (42)
|QT‘ QT

because ! I I

Pe'(0) = B (0) + Ly'(0)=0. (43)
Qr Qr Qr

Indeed, sincey'(0) € F, for every x € ", we have that

Py

8 (0) = ¢'(0)(w, T) — ¢'(0)(x,0) = 0.

Moreover, for everyt € [0, 7], integrating by parts in " it becomes apparent
that 1 I

Ly'(0)dz=  ¢'(0)L 1dx=0.
Therefore, (43), and hence (42), holds. Consequently, Corollary 7.6 can be
reformulated in terms of the sign of the total mass e providing us with
the following periodic-parabolic counterpart of the main theorem of K. J. Brown
and S. S. Lin [6].

Corollary  7.7. Suppose#tg= 0, 3=0o0on#,;=0",c=0in Qr,andW € F
satisfies (41). Then:

(@) The problem:(35) possesses a negative principal eigenvalug, < 0, if,
and only if, , W > 0. Moreover, in such case, )\, is the unique non-
zero eigenvalue of(35) and! '(\, ) > 0. Therefore, \, is a simple eigen-
value of (P — AW, W) as discussed by Crandall and Rabinowitz [8].

(b) The problem: (35) possesses a positive principal eigenvalue,, > 0, if,
and only fif, o W< 0. Moreover, in such case,)\, is the unique non-
zero eigenvalue of(35) and ! '(\, ) < 0. Therefore, ), is a simple eigen-
value of (P — AW, W) as discussed by Crandall and Rabinowitz [8].

If or W =0, then A =0 is the unigue principal eigenvalue of(35).
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Abstract. This paper is devoted, with my great esteem, to Jean
Mawhin. Jean Mawhin, who is for me a great teacher and a very good
friend, is a fundamental reference for the research in nonlinear dif-
ferential problems dealt both with topological and variational methods.
Here, owing to this occasion in honor of Jean Mawhin, Dirichlet prob-
lems depending on a parameter are investigated, ensuring the existence
of non-zero solutions without requiring asymptotic conditions neither
at zero nor at infinity on the nonlinear term which, in addition, is not
forced by subcritical or critical growth. The approach is based on a com-
bination of variational and topological tools that in turn are developed
by starting from a fundamental estimate.

Keywords: Nonlinear eigenvalue problems; critical point; sub-super solutions
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1. Introduction

Nonlinear eigenvalue problems have been widely investigated over years (see,
for instance, [1, 2, 3, 10, 12, 20, 21, 26, 27, 30, 33, 37] and the references therein)
and even today they are a major topic of nonlinear analysis (see, for instance,
[8, 9, 23, 24, 31, 34]). In this paper, the following Dirichlet problem depending

on a positive parameter! is investigated
I

" ltu=Y (u in"
(D1)
#u=o0 on"",
where " is a bounded domain inR", n" 3, andf : R # R is a continuous
function. Precisely, by requiring only an algebraic condition on the nonlinear
term, which expresses a suitable growth of in an arbitrary real interval [ d, 5],
the existence of at least one non-zero solution forl§, ) is obtained for each!
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belonging to a precise real interval (see Corollary 3.2). Our results are true
also forn = 1 and, as an example, here, a special case is presented.

Theorem 1.1 Letf :[0,+! [* [0,+! [ be a continuous function. Assume
that there are two positive constantsd, s, with d < s, such that

' g

f (t)dt
max; po,s1  (t) 0

S < 7 (1.2)
" %
# 2

Then, for each! # %8; 5 d , maxsf 0 g the problem
f(t)dt t'[os]
0
§ $u” =1 (u) in 10,1[
(Tv)

ui0)=u@)=0

admits at least one positive classical solutiom; # C?([0, 1]) such that%i, % &
S.

In Theorem 1.1, no asymptotic condition at zero and at infinity on f is
requested. The unique assumption is essentially a suitable growth oh in an
arbitrary interval [ d, s], that is, condition (1.1). Clearly, if f is sublinear at
zero, that is

lim 0
t$ 0+ t

condition (1.1) in Theorem 1.1 is satisfied and the interval of parameters be-
comes +
0,8sup————— .
U max f ()
t! [0,s]

=+, (1.2)

Of course, condition (1.2) is in turn more general than the classical
f(0) > 0. (1.3)

On the contrary, condition (1.1) can be satisfied also in the cases for whiclf
is superlinear, or linear, at zero, that is, Dirichlet problems (T, ) (and, more
generally, (D;)) may admit positive solutions even if condition (1.2) is not
verified.

The existence of non-zero solutions for nonlinear Dirichlet problems[d, )
has been widely studied in several papers by topological methods (see for in-
stance the paper of Amann [1]) as well as, by variational methods (see for
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instance the paper of Crandall-Rabinowitz [20]). In these latest papers, one of
the key assumptions in order to obtain solutions for ordinary and elliptic case
respectively, is condition (1.3). Moreover, also nonlinear problems with specific
equations having a nonlinear term satisfying (1.2) and for whichf (0) = 0 have
been studied. In this direction, we recall the paper of Boccardo-Escobado-
Peral [10], where the existence of one non-zero solution, without requiring the
restriction of a subcritical growth on the nonlinear term, is established, as well
as the paper of Ambrosetti-Brezis-Cerami [3], where the existence of two pos-
itive solutions, under a growth at most critical, has been obtained again for a
combined elect of concave and convex nonlinearities. It is worth noticing that,
in all previous cited papers, the existence of the best parameter', for which
the problem (D, ) admits positive solutions for each! ! !', has been proved.
However, such a parametert ' has not been numerically determined, but only
lower or upper bound estimations have been obtained. Indeed, on estimates
from above, that is upper bounds of! ', there is a very wide literature (see, for
instance, [3, 19, 20, 22, 34] and the references therein), while, at the best of
our knowledge, only few papers are devoted to estimate from below the best
value ! '. Precisely, a lower bound of! ' has been established in [34] for the
specific nonlinear termf (u) = u9+ uP, 0< g < 1<p, and only for n = 1.

In [7], in the casen =2, and in [11] when f (0) = 0. In this paper, as a conse-
quence of our main result a lower bound of the best parameter' is obtained.
For instance, in the ordinary case, from Theorem 1.1 the following estimate is
established

|
1 # 8§>U(E)maxf .
[0:s]

Summarizing, in this paper two novel aspects, which are dilerent among them,
are pointed out. On one hand, the existence of non-zero solutions td); ) with-
out requiring the sublinearity at zero of the nonlinear term (see Corollary 3.2
and Example 3.10) and, on the other hand, when the nonlinear term is sublin-
ear at zero, a precise lower bound of the best parameter for whicHY; ) admits
positive solutions is given (see Corollary 3.3, Remark 3.12 and Example 3.11).

The paper is organized as follows. The main result, Theorem 3.1, is pre-
sented in Section 3 and it establishes the existence of positive solutions for
elliptic Dirichlet problems without requiring any condition at zero and at infin-
ity. As a consequence, Corollary 3.2 and Corollary 3.3 are obtained. The first
one is the parametric version of Theorem 3.1 and the second one is a special case
when the nonlinear term is sublinear at zero. It is also pointed out that such re-
sults are true for the ordinary case (see Corollary 3.6). It is worth noticing that
Corollary 3.2 can be applied to problems where the nonlinear term may be not
sublinear at zero for which the classical results as [1] and [20] cannot be applied
(see Remark 3.8 and Example 3.10) and Corollary 3.3 establishes a lower bound
of the best parameter! ' (see Example 3.11 and Remark 3.12). Previously, in
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Section 2, the result given in [11], that is Theorem 2.1, is recalled. Here, a
variational proof, dilerent from the topological proof established in [11], based
on the fixed point theorem obtained by Arino-Gautier-Penot [5], is proposed.
We point out that a fundamental tool for such proofs, both variational and
topological, is a fruitful estimate due to Talenti in [36] (see the beginning of
Section 2).

2. Preliminaries and introductory results

Fix a bounded domain " ! R", n " 3, with a CY'# boundary ! " and
v$ L' ("). Moreover, consider the problem

!

" #H#u=v(x) in"
(P)

u=0 on!'!".

It is well known that ( P) admits a unique strong solution u $ Wol‘z(") %
W2P("), for all p" 1 (see, for instance, [25, Theorem 9.15]); in particular,
us$ L' (") (see, forinstance, [25, Theorem 7.10]). Moreover, by [36, Theorem 2
and Remark 1] one has

& ' B&& 2.1)
where . $ S n% %%
B = o $ 1+E "1 . (2.2)

Now, we point out the following result.

Theorem 2.1 Letf : R ( R be a continuous function. Assume that there is
r > 0 such that
f ’ 2.
o X ]I o (2.3)
where B is given by (2.2).
Then, the problem

!

"o ##u=f(u) in "
(D)

u=0 on!"

admits at least one strong solutionug $ W&’z ") %W2P(") , forall p" 1, such
that &g& ' Br.
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Proof. Let f; : R! R be the continuous function defined as follows

!
o) if |t|" Br
#
f,(t)y=, f(Br) if t>Br
$ f(#Br) if t< #Br.
%,
Moreover, put F,(t) = fr(1)d! for all t $ R. Clearly, one hasf,(t) "

0
max |f (t)] for all t $ R, for which from (2.3) we get
te[—Br,Br ]

fo()" r (2.4)

for all t $ R. Now, take X = Wol'z(!) endowed with the norm

&% '
%%= |&u(x)?dx
!

(N

and put
%
"(u)= %%10/8 #e(u)= Fr(u(x))dx 1) ="( u)# #(u)

for all u $ X. Standard computations show that |, is continuously Fréchet
di$erentiable and weakly lower semi-continuous. Moreover, from (2.4) it follows
that I, is coercive. Therefore, the direct method of the calculus of variations
(see, for instance, [29, Theorem 1.1]) ensures the existence of a global minimizer
Up. It follows that 1/(up) =0 and ug is a weak solution of the problem

4!# #%u=f (u) in!
$ u=0 on"!l.
Owing to (2.1) one has%ip%, " B %, (ug)%,. So, from (2.4) one has
%Ip%, " B super [fr ()" Br, thatis

%%, " Br.

Therefore, one hasf (ug(x)) = f;(up(x)) for all x $ ! for which ug is also a
weak solution of (D) and the conclusion is achieved.
O

As a consequence of Theorem 2.1 the following result is obtained.
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COROLLARY 2.2. Let f : R ! R be a nonnegative continuous function such
that f (0) > 0. Put

relap S
B oD max f (1)
t! [0,s]

where B is given by (2.2).
Then for each! "]0,![, problem (D, ) admits at least one positive strong
solution u; " Wg'2(l) #W2P(l) ,forall p$ 1.

Proof. Let f* : R ! R be the nonnegative continuous function defined as
follows !

") if t$0
f (1) =
# %) if t<o
. — . 1 S
" | | - -
and fix I "]0,![. So, there iss > 0 such that! < B max (0 Clearly, by

t! [0,s]
. S .
setting r = —, one has max |'f (t)] <r. Hence, Theorem 2.1 ensures
B t! [# Br,Br ]
the existence of one weak solutionu, for the problem

! .
"% u=1! (U in!

u=0 on"!
which is non-zero sincef “ (0) & 0 and, then it is positive owing to the strong

maximum principle. It follows that u, is also a weak solution of D, ) and the
conclusion is achieved.

O
. . . , f(t) ,
REMARK 2.3. If in Corollary 2.2, we assume in addition thatt$l|m/ - +
then the conclusion also for! = ! holds true and, moreover, one has
(%) s *1"o1],
_ ) - 1 S
wheres > 0 is such that! = ———.
B maxp g f

Indeed, one has lim _ s - = 0 for which the func-

im ———
s$ 0* maX[O’s]f s$ +% max[o,s]f

. S . : . — . =
tion ——— admits a point of global maximum s in ]0,+’ [and ! =
maX[O’S]f

3 MaXs 10,+ 9% , SO that the same proof of Corollary 2.2 ensures the

maxpo s] f
conclusion.
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Remark 2.4. Clearly, the existence of a non-trivial solution to problem (D, )
in Corollary 2.2 is deduced from the assumptionf (0) > 0. Moreover, such a
condition, without requiring that f be nonnegative everywhere and by standard
computations (see, for instance, [16, Lemma 2.3]), ensures that the obtained
solution is nonnegative in !.

Remark 2.5 Theorem 2.1 and Corollary 2.2 also for the ordinary case, that
isn =1, are true. Indeed, fixedv! L' (]a,H), the problem

u” = v(x) in Ja,
u(@=u(b)=0

admits a unique solutionu ! W?2' (]a, H) such that

Hu# $

(b" a)?
g i

(see, for instance, [6, Lemma 1(1) and Lemma 2(3)]). As an example, we report
below a version of Corollary 2.2 forn = 1.

Corollary 26. Let f : R % R be a nonnegative continuous function such

that f (0) > 0. Put
| = - -
P EBSUP T ()
t#[0,s]

Then for each! !]0, !_[, problem (T, ) admits at least one positive classical
solution u; .

Remark 2.7. We recall that for a precise class of nonnegative continuous func-
tions f : R % R satisfying, in particular, the following conditions:

1. f(0) > O;
2. lim @=+&,
t$ +!1 t

Crandall and Rabinowitz in [20] established the existence of > 0 such that,
for each! 11]0,! %, the problem (D,) admits at least two positive weak so-
lutions. Moreover, they also proved that such value! * is the best value for
which the problem admits solutions. However, no lower bound of *is given
there. We observe that Corollary 2.2 allows us to establish a lower bound of
I % Precisely, one has

| % l_ = i max ———
' " B >0 maxf(t)
t#[0,s]
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(see also Remark 2.3). We recall that, in order to obtain the second solution
in the elliptic case, the classicalAR ! condition, stronger than condition 2., is
requested (see [4, 35]).

The same remark, also for the ordinary case, can be pointed out. In fact,
Amann in [1] established the same type of result for a two-point boundary
value problem, by obtaining a positive value! ' for which the ordinary problem
admits two positive solutions for ! <! ', one solution for! = !', and no
solution for ! > ! '. As an example, from the result of Amann [1], we obtain
that there is !'' > 0 such that the problem

!
" lu =lev in 10,1

#u0)= u@ =0
admits positive classical solutions if and only if! "10,!"']. So, owing to Corol-
lary 2.6 we obtain a lower bound of! ', that is,

8

[
e

Taking also [22, Theorem 3.2, page 367] into account, it follows that
$ %

(o]

w2
e
Remark 2.8. We recall that Theorem 2.1 has been established in [11] (see
also [13]) by topological methods (see [11, Theorem 1]). We observe that in
order to obtain a non-zero solution by such a result we must assumg(0) $ 0
(see Corollary 2.2). So, we point out here that the proof of Theorem 2.1 is
variational and it gives us an additional information, that is, the solution is a
global minimizer of the associated functionall .. Such information allows us

to obtain a positive solution under an assumption which is more general than
f(0) $ 0, as it is shown in Section 3.

Remark 2.9. The proof of Theorem 2.1 presented here is based on the direct
method of the calculus of variations, which is a fundamental tool of variational
methods. The proof obtained in [11] instead is based on the fixed point theorem
for sequentially weakly continuous maps proved by Arino-Gautier-Penot in [5],
which is a standard tool in topological methods. Both the proofs are based on
an estimate given by Talenti established in [36], which is, hence, fundamental
for our purposes. We wish to recall that such a result has been applied in order
to obtain solutions to nonlinear dilerential problems for the first time in [28]
(see also [17, 18]), where also set-valued techniques have been used.
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3. Main results

In this Section, we present our main result, Theorem 3.1, and its consequences
and applications. To this end, put R(X) = sup{! : B(x,!)! Q} for all x " €,
and R = sup,, , R(x), for which there exists Xo " €2 such that B (Xxg,R) ! .
We have the following result.

Theorem 3.1. Letf : R# R be a nonnegative continuous function. Assume
that

(a) there isr > 0 such that

max f(t)$r,
t1'[0,Br ]

where B is given by (2.2);

(b) there isd > 0, with d < Br , such that

|
Cd n
22" %1
f(t)dt>%
0

a2
Then, problem (D) admits at least one strong positive solutioruy " Wg?(2) &
W2P(Q), p’ 1, such that(up(+ $ Br.

Proof. Without loss of generality, we can assume f (t) = f (0) for all t < 0.
From the proof of Theorem 2.1 we obtain that the solution ug of (D) is a
global minimizer for the functional |,. Now, put

§ 0 it x" Q\ B(xq,R)
Ug(X) := %d (R%|x %Xo|) ifx" B(Xo,R)\ B(xo,R/2)
go d if x " B(Xo,R/2).
Clearly, one has that ug " X and (ug(~ = d < Br for which F,(d) >
%dz. It follows \I(g((id)) ’ 5 (2?;1) Frd(zd) > 1. Therefore, one has

I+ (ug) <1,(0) and hence we obtain I, (Ug) $ I (ug) < 0, for which ug ¥ 0 and
from the maximum principle the conclusion follows.

O

As a consequence of Theorem 3.1 we obtain the following result.
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Corollaty 3.2 Letf : R! R be a nonnegative continuous function. Put
F() = g f(1)d! for allt" R and assume that there are two positive constants
s,d, with d <s, such that

" 4
max po,s] f (t) R? F(d)
< . (3.1)
s B #LD &
%
S8 @ 1 s ’

Then for each " " , problem (D) admits

RZ  F(d)' B maxy o (1)
at least one positive strong solution U, " Wol‘z(!) $W2P(1) |, p%1, such that
& & ' s.

Proof. Fix " as in the conclusion. Therefore, one has

n # |

d
B maxi: jo,s) f (t) - 1 - R2 o F()d! .
S " 2(2n # 1) a2
I
" “d.,
. _ S maX [0,Br] f (t) R2 0 f (')dl
So, settingr = B it follows < 1land 20 % 1) 7

1, for which Theorem 3.1 ensures the conclusion.
O

Finally, as a special case of Corollary 3.2, we point out the following result.

Corollary 33 Letf : R! R be a nonnegative continuous function such
that

Put

where B is given by (2.2).
Then for each " "10,"[, problem (D) admits at least one positive strong

solution uy " Wy2(1) $W2P() , p%1.

S

Proof. Fix " < " Therefore, there iss > 0 such that"< ——+———.
B maX; [0,s] f (t)

2
From limy o+ ﬁ? =+ ( one has that there isd " ]0, 5[ such that
R? F(d) _ 1 L 2"# 1) o, 1 S
208D @ > — for which “RZE(@ <"< gm. Hence,

Corollary 3.2 ensures the conclusion.
O
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Remark 3.4. Condition (b) in Theorem 3.1 is imposed in order to obtain that
the solution is non-trivial. We recall that in literature this type of condition
has been already considered (see, for instance, [32, Theorem 3.[;4)] and [15,
Theorem 3.1, (31)]). Moreover, in order to obtain nonnegative solutions to
problem (D), without requiring that f be nonnegative everywhere, it is enough
to assume in Theorem 3.1 onlyf (0) ! 0 (see Remark 2.4).

Remark 3.5. Theorem 3.1 and Corollaries 3.2 and 3.3 hold also fon = 1
(see Remark 2.5). So, in particular, we obtain Theorem 1.1 presented in the
Introduction and the corollary below.

Corollary 36. Letf : R" R be a nonnegative continuous function such

that ;
lim ﬂ =+ # .
tt o t
Put _
I =8su

2B max F ()
t" [0,5]

Then for each! $]0, !_[, problem (T, ) admits at least one positive solution
u $ C2([0, 1)).

Remark 3.7. If in Corollary 3.3, or in Corollary 3.6, we assume in addition

. f(t . _
that tlI|n+1# % = + # then the conclusion also for! = ! holds true and,
moreover, one has _

%I % &S "1 810,11,

_ ) - 1 s

wheres > 0 is such that! = ———— (see Remark 2.3).
B maxp g f

Remark 3.8. Corollary 3.2 ensures the existence of positive solutions to; )
without any condition at zero or at infinity on the nonlinear term. We note
that, in literature, a condition at zero as (1.3) (or, in some cases, as (1.2)) is
requested (see [1, 2, 10, 20, 26, 37]). Therefore, such a result can be applied to
problems where the nonlinear term is not sublinear at zero, as Example 3.10
below shows. Clearly, results in [1, 2, 10, 20, 26, 37] cannot be applied to the
problem in Example 3.10.

Remark 3.9. When the nonlinear term, in particular, is sublinear at zero,
Corollary 3.3 ensures the existence of positive solutions tdY; ) for each positive
I & !'. In literature, there are several results in this direction again for specific
equations (see for instance [3, 10]) establishing the existence of the best for
which the problem (D, ) admits solutions. However, no estimate on ® is given
in [3] and [10]. In [34] a lower bound of! ® is guaranteed, but only for the
ordinary case (see [34, Corollary 1]. Our result ensures a lower bound of,
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that is, !' ! !_, which can be used also for elliptic case dilerently to result
obtained in [34] which can be applied only to ordinary case (see Remark 3.12
and Example 3.11).

Example 3.10 Letf :R" R be the function defined as follows
I %

Bt t< 1,
#_

f(t)y=, t if1$t$ 10,
h(t) if t> 10,

where h : [10,+%[" R is a completely arbitrary function. Owing to Corol-
lary 3.2, the problem

& &u" =25f(u) in]o,1[,
u®)=u@)=0

admits at least one positive classical solutionug such that "ug’# $ 10. Itis

enough to choosel = 1, s = 10 by verifying that one has 83— < 25< 8.
0

We explicitly observe that in this case, the nonlinearity f is not sublinear at

zero and its behavior at infinity is completely arbitrary.

Example 3.11 Consider the problem
I

# &"u= pud+ uP  in #
(Dy)
$ u=0 on "#,

where 0<q < 1<p and p is a positive parameter, and put

(pg U]
145 pa s g
B (p&grt

H= (3.2)
Owing to Corollary 3.3 the problem (D) admits at least one positive solution
for eachp $ . So that [ is a lower bound of the best parameter $ guaranteed
by [3] (see also [34]) for which D) admits two solutions. Indeed, applying
Corollary 3.3 to I

# &" u="! (pui+uP) in #

(Dy)

$ u=0 on"#,

the existence of solutions is obtained for each $ !, where

T 1 S 1 S _ 1 1

— max ———— = — max = — Y * —,
B s>0 max f(t) B >0 us?+ sP B / +q!.71 +p:71
t9%0,s] prta =
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for which 1 1 1 beingp " H.
As an example, by picking ! = {x# R%:|x| < 1} andq= % p= % we obtain
H=09.

Remark 3.12 Problem (D) has been introduced in [3] (see also [10]) estab-
lishing the existence of " > 0 for which it admits solutions if and only if p " "
(also a growth at most critical is assumed in order to obtain a second solution
for u < ). No estimate on such parameter is provided. As a consequence of
Corollary 3.3 we obtain i as a lower bound of ", that is

" | ﬁ,
(see (3.2) in Example 3.11). In [34], only for the ordinary case, a lower bound
of " is given. Our estimate instead can be applied also to the elliptic case (see
Example 3.11).

Remark 3.13 To observe that the proof of our main result is actually a com-
bination of variational and topological tools may be interesting. Indeed, the
assumption (@) of Theorem 3.1 is equivalent to assume that$# ' r (that is,

the unique solution of $#u = r in!, u;, = 0) is an upper solution of (D).

We also observe that a totally variational proof in order to obtain solutions

for (D-) has been obtained in [15] by applying the local minimum theorem
established in [14].
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Abstract.  In this paper we study the periodic boundary value problem
associated with a first order ODE of the formx + g(t,x) = s wheres
is a real parameter andg is a continuous function, T-periodic in the
variable t. We prove an Ambrosetti-Prodi type result in which the clas-
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1. Introduction

This paper is concerned with the study of the periodic boundary value problem
associated with the first order scalar ODE

(E) X +g(tx)=s,

where s is a real parameter andg is a continuous function, T-periodic in the
variable t.

Interest in this kind of parameter-dependent equations can be found in con-
nection to the celebrated Ambrosetti-Prodi problem that was first investigated
in the setting of the Dirichlet problem for elliptic PDEs (see [1, 2, 5]). The
study of the Ambrosetti-Prodi problem for second order ODEs with periodic
boundary conditions is a broad and active research area in which many inves-
tigators have been involved (see, for instance, [8, 23, 26] for some significant
contributions in this field). In this latter context, the analysis is focused on the
existence, nonexistence and multiplicity of (periodic) solutions for parameter
dependent equations of the form

X + F(t,x,x )= s.
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For the generalized Liénard equation
(L&) X"+ f(x)x' + g(t,x) = s,

a relevant contribution in this direction is represented by the work of Fabry,
Mawhin and Nkashama [8]. We recall here their result.

Theorem 1.1 Suppose thatf : R! Randg:R" R! R are continuous
functions, g is T-periodic in t and satisfies hypothesis

(H) lim g(t,x) =+ #, uniformly in t.
IX|" +#

Then, there exists a numbersy such that
1% for s < sq, equation (.%s) has no T -periodic solutions;
2% for s = sp, equation (.%'s) has at least oneT -periodic solution;
3% for s> sy, equation ((%s) has at least twoT -periodic solutions.

The above theorem has motivated a rich area of research, including investi-
gations on problems with singularities [9] and on nonlinear operators ofp-
Laplacian type [20].

The Ambrosetti-Prodi problem for first order periodic ODEs was studied by
McKean and Scovel in [22] and by Vidossich in [29]. A version of Theorem 1.1
for equation (&s) was carried out by Mawhin in [16, 17] and it can be stated
as follows.

Theorem 1.2 Suppose thatg: R" R! R is continuous and T -periodic in t.
Assume (H). Then, there exists a humbersy such that

1% for s < sq, equation (&) has noT-periodic solutions;
2% for s= sg, equation (&) has at least oneT -periodic solution;
3% for s> sy, equation (&) has at least twoT -periodic solutions.
Notice that the results obtained for equation (&5) can be stated also for
x'=gt,x) 1,

where! a real parameter. More precisely, we can reduce the above equation to
(&), mainly in two ways. One is due to the obvious positiong(t, x) = $q(t, x)
and s = +!. The other one follows from the change of variable %! $t, so that
g(t,x) = q($t,x) and s = &! (see also [16, Remark 1]).

As described in [18], a possible application of Theorem 1.2 is to the Riccati
dilerential equation

X'+ o (t)x2+ " ()x + "3(t)=0.
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In this case, the coercivity condition (H) is satisfied if
Y()! k>0, forall ¢

The motivation to study this topic is well presented in [18], by means of several
interesting references describing the state of the art up to the middle of the
Eighties.

Remark 1.3 The works [16, 17, 18] of Mawhin, for equation(Es), have stim-
ulated a great deal of researches in this area. Even if, at first glance, the
search of periodic solutions for equationEs) could appear “elementary”, it has
been and, especially, it is still a source of interesting and, sometimes, chal-
lenging problems. Among the problems leading directly or indirectly to first
order equations, we recall the study on the number of limit cycles for planar
polynomial autonomous systems, which is connected to Hilbert sixteenth prob-
lem, and questions arising from single species population dynamics connected
to periodic Kolmogorov equations (see the detailed presentations, as well as
the comprehensive list of references, in [7, 25] that cover a great part of the
literature concerning these equations up to the early 2000s).

In [28] we have proposed a possible variant of Theorem 1.1 for equation
(LE <) in which the coercivity condition (H) is replaced by a local one, thus
avoiding the uniformity in the variable ¢. Taking into account this generaliza-
tion, the natural question which arises in the context of first order equations
is whether the same outcome holds in the setting of Theorem 1.2. A clue that
this conjecture is true can be found in the study of the Kolmogorov equation
' = zh(t,z) and in the particular case of the Verhulst (logistic) equation,
namely for h(t,z) = r(t)" ~2(t)x. Indeed, from [3, 27, 31, 32], a classical result
for equation

'+ ()" r(t)z =0,

with v, : R # R continuous and T-periodic functions, is the existence of
exactly two T-periodic solutions, the trivial one and another one positive, pro-

vided that |
T

r(t)dt >0 and ~2(t)! 0%t 2 %&.
0
In the present paper we propose an extension of Theorem 1.2, in the spirit
of [28]. In particular, we replace condition (H) by an average-type assumption
at infinity of Gaetano Villari's type, which reads as follows.

(GV) Given K; > 0 and K, > 0, for each o there existsd, > 0 such that

1 T g(t,x(t)) dt > o for eachz ' Cr with |z(t)] ! d forall t* [0,T]

and such that|z|max ( Ki|z|min + K2
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We remark also that an immediate consequence of conditiorfH) is that the
function g is bounded from below. In our case, such lower bound is no more
guaranteed and therefore we impose the following one-sided growth assumption:

(Go) !ag,bp™ LY([O, T,R"): g(t,x) #$ ag(t)|x]|$ bp(t), ¥x " R, t" [0, T].
In this setting, we are in position to present our main result.

Theorem 1.4. Suppose thatg: R& R’ R is continuous and T-periodic in t.
Assume (Gyp) and (GV). Then, there exists a humbersy such that

1° for s <sg, equation (Es) has noT -periodic solutions;

2° for s = sg, equation (Es) has at least oneT -periodic solution;

3° for s > sg, equation (Es) has at least twoT -periodic solutions.
A possible corollary of Theorem 1.4 is the following.

Corollary 15 Let!g,!1,!p iR’ R be continuous andT -periodic functions
and let p > 1. Suppose that! ,(t) # O for all t with !, () 0. Then, for equation

(REs) X+ 1 o(O)X[P+ Ta(t)x + 1o(t) = s,

the following result holds. There exists a numbesy such that:
1° for s < sy, equation (RE ) has noT -periodic solutions;
2° for s = sp, equation (RE ¢) has at least oneT -periodic solution;
3° for s> sy, equation (RE ¢) has at least twoT -periodic solutions.

Looking again at the uniform condition (H) and applying it to (RE ), then we
need to require that ! ,(t) is positive and uniformly bounded away from zero.
On the other hand, by Corollary 1.5, we observe that the coercivity condition in
our setting is of local type. Notice also thatg(t,x) = I o(t)|x[P+!1(t)x+!o(t) is
not necessarily bounded from below but it satisfies the growth assumptiofGo).

The scheme of the proof already developed in [8, 16, 17] is reconsidered here
to prove Theorem 1.4. In more detail, we combine topological degree arguments
and the method of upper-lower solutions with some new tools adapted from [28].
We will also take advantage of some preliminary lemmas needed to treat the
case of first order equations. We stress the fact that all our results will be
formulated in the Carathéodory setting. In this manner we also improve some
previous results in [24].
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2. Preliminaries

In this section we deal with the periodic boundary value problem associated
with the first order dilerential equation

X'+ 1 (t,x)=0, (1)

where we assume that : [0, T]! R" R s a Carathéodory function. As usual,
by a T-periodic solution of (1) we mean a generalized solutiox : [0, T]" R
of the equation (1) which satisfies the boundary condition

x(0) = x(T).

Equivalently, one could extend the map! (-,x) on R by T-periodicity and then
considerT-periodic solutionsx : R" R with x absolutely continuous (AC). In
the frame of Mawhin’s coincidence degree theory we will find a priori bounds
and will provide existence results for periodic solutions of equation (1).

The standard setting to enter in the framework of the coincidence degree is
the following. Let

X = Cr = {x#C([0,T]) : x(0) = x(T)},

endowed with the norm $x$x = $x$ and Z = L([0,T]) with the norm
$x$; = $x$;. Let L : X %domL " Z be defined asLx := &x', with

domL = W%’l = {x# X : x# AC}.

According to [14], a natural choice for the projections is given by

Py

1
Qx::f x(t)dt, 'x#2Z, Px=Qx, ’'x#X
0
This way, we havekerL = Im P = R and cokeiL = Im Q = R. Moreover, we take
J as the identity in R. Notice that, for eachw # Z, the vectorv = Kp (I & Q)w
is the (unigue) solution of the linear boundary value problem

" “
o W(t)dt,
v(t)dt=0.

&V (t) = w(t) 8%%
V)= v(T), o

Lastly, as nonlinear operator N, we take the associated Nemytskii operator,
namely
(NX)(t) := ! (t,x (1), ' x#X.

By a standard argument, it is possible to verify that the operator N is L-
completely continuous and, moreover, the mapX(:) is a T-periodic solution
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of (1) if and only if X ! domL with LX = NX. Analogously, solutions to
the abstract equation Lx = INx, with 0 <! " 1, correspond to T-periodic
solutions of

x'+ 1" (t,x)=0, O<! " 1. (2)

In the next two lemmas we provide some a priori bounds for the solutions
of the parameter dependent equation (2) that will be useful for the application
of Theorem 5.1 in the Appendix to the equation (1).

Lemma 2.1 Let" :[0,T]# R$ R be a Carathéodory function satisfying

(Ho) %ao,bp! LL(0, TL,R*): "(t,x) & ao()|x]’ bo(t), (x ! R and a.c.
t! [0,T].

Then, there exist constants C & 1 and K > 0 such that any T -periodic solution
of (2) satisfies
!
%f Xmax " C" lein + C" 1K Zlfxmin <’ K,
W X" K, (t if 7 K" Xmin <0, 3)
Xmax " CXmin + K, if Xmin & O.

Moreover, in any case
[X]max " ClX|min + K, (4)

with C =1 when ag) O.

Proof. Without loss of generality, let us suppose that Xmin < X max and let
to <t <tg+ T be such that X(tg) = Xmin and x(t1) = Xmax . The theory
of dilerential inequalities guarantees that, for all t ! [to,t1], we have that
x(t) " y(t), wherey is the solution of the initial value problem

y' = ao(t)|yl + bo(t), Y(to) = X(to) = Xmin - (5)

Notice that the solution y(t) of the equation in (5) is monotone non-decreasing
and thereforey(t) & y(to) for all t! [to,t1].

First of all, let us suppose that Xmn = Y(to) < 0 and let [to,t[ be the
maximal open interval contained in [to, t1[ such that y(t) < 0. Accordingly,

y'(t) = " ag(t)y(t) + bp(t), fora.e. t! [to,t].

An integration of the linear equation on [to, t] * [to, ] yields to
%,
y(t) = y(to)exp(A (1)) +  bo(#exp(A(#) A (1)) d#

to

" y(to)exp(A (1)) + B(1),
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where we have set

I, !

A():=  a(l)d!, B(t):= tbo(!)d!.

to tO

Using the fact that y(to) < 0, it follows that

X1 Y} SXPCA [O)yfto)+ B)
e " a®dt xmm+ | bo(D)dt
0 0

holds for all t # [to, t]. By setting

L, #

T
K :=exp ap(t) dt Ip(t) dt,
0 0

we immediately obtain that y(t) < 0 for all t #A[to,f] if Xmin < " K and
therefore, by the maximality of t we conclude thatt = t;. Hence,

L # -

Xmax = X(t1) ! y(t1)! exp " ag(t)dt  Xmin + bp(t) dt
0 0

and this proves the first inequality in (3) for

- #

C:=exp ap(t) dt
0

On the other hand, if " K ! Xunin < O, either x(t) ! 0 for all t # [to,t1],
or Xmax > 0 and there exists a first time t # [to,t1[ such that x(f) = 0. By
assumption,” K ! xmin ! x(t) ! Oforall t # [to, ], while x(t) ! v(t) on[t, t4],
wherev is the solution of

vi=ag(t)v+ (), v()= x(®)=0.

An integration of the linear equation on [f, t1] yields to
!

ta
Xmax = X(t21) ! v(t) = bo(!)exp(A(t)"A (1)) d!
" B

T T

I exp ao(t) dt p(t) dt = K.
0 0

Hence, in any case, we can conclude thdt K ! Xmin ! X(t) ! Xmax ! K, for
all t and the second inequality in (3) is verified.



342 E. SOVRANO AND F. ZANOLIN

At last, let us suppose that xmin = Y(to)! 0, so that (5) takes the form

y' =ap(t)y + by(t), forae. t" [to,ts].

An integration of the linear equation yields to

! t
y(t) =y(to)exp(A(t)) +  bo(!)exp(A(t)#A (1))d!

to

$ (y(to) +B(t)) exp(A(t)) $ (Xmin + B(t)) exp(A(t)).

Therefore,
Xmax = X(tl) $ y(tl) $ CXmin +K

and the third inequality in (3) is verified.
Finally, (4) follows straightforwardly from (3) O

Remark 2.2 Itis crucial to observe that the constants C and K in Lemma 2.1
depend only onag and by and do not depend on the function" or the parameter
#"10,1].

For the main results of this section let us introduce the following definitions.

Definiton 2.3 Let $ " Wi+ We say that$ is a lower solution of (1) if
$')+"t$()$ 0, forae t" [0,T] (6)
If $ is not a solution, we say that it is proper. In particular, if
$')+" (L$(t) <0, forae. t" [0,T], 7
we say that the lower solution$ is strongly proper.

An upper solution of (1) is defined in the same manner, just by reversing
the inequality in (6) (respectively in (7), when it is strongly proper). Given
u,v" Cr, we denote byu$ vifu(t)$ v(t) forallt" [0,T] and by u %v if
u$ vandué&'v.

In the next definition we recall Villari's conditions [30] which is presented
here in a slightly modified form. For other generalizations in dilerent contexts,
we refer to [4, 11, 21].

Definition 2.4 We say that " (t,x) satisfies the Villari's condition at #(
(respectively, at +( ) if, given K1 > 0 and K, > 0, there exists a constant

do > 0 such that [
T

Y%=%1: % " (t,x(t))dt>0
0
for each x " Cy such thatx(t) $ # do, *t " [0, T] (respectively, x(t) ! do,
e [O1TD and |X|max $ Kllxlmin + Ko.
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Now we are in position to state the following.

Theorem 2.5 Let! :[0,T]! R" R be a Carathéodory function satisfying
(Ho) and the Villari’s condition at #$ with " = 1. Suppose there existgt %
WTl'1 which is a strongly proper lower solution for equation(1). Then, (1) has
at least a T -periodic solution X such thatX & #. Moreover, there existsRg ' dg
such that any T-periodic solution of (1) with x ( #, satisfiesx(t) > #Rq for
all t %[0, T].

Let us make a comment before proceeding with the proof of the theorem. In
presence of a lower solution, one can expect to find a solutiok ’ #. Indeed,
what we are going to do, is to treat# as an upper solution of the problem.
Our notation is consistent with the one in [7, 25], nevertheless other authors
overturn the terminology (cf. [24]). Actually, for Theorem 2.5 the terminology
is not relevant and what matters is that # satisfies (7).

Proof. Following a standard approach, we define the truncated function
|

1 () for x ( #(t),

PEX)E s ) forxt #(1),

and consider the parameter dependent equation
x'+ $I (t,x)=0, 0<$ ( 1. (8)
First of all, as a consequence ofHy), we remark that
!A(t,x) "# ag(t)|x|# bu(t), ) Xx %R and a.e. t %[0, T],

where by (t) = by(t) + ag(t)[#(t)|. Therefore r satisfies (Hg), too. According
to Lemma 2.1 (applied to I in place of ! ) any T-periodic solution x of (8)
satisfies

[XImax ( K1l|X]|min + K2

for some suitable constantsK; * 1 and K, > 0 possibly depending in# but
independent onx and $.

Next, we choose a constantd; * dg with d; > *#*. and we claim that
maxXx > #d;. Indeed, if we suppose by contradiction thatx(t) ( # d; for
all t %[0, T], then x(t) < # (t) for all t %[0, T] and so x(t) is a T-periodic
solytion of (2). Hence, an integration on[0, T] of (2) (divided by $ > 0), yields
to OT I (t,x(t)) dt = 0, which clearly contradicts Villari's condition at #$ as
#d; (# do. Having proved that x(t) > #d; for somet % [0, T] and hence
maxx > #d;, we obtain that

minx > #Rgy, for Rg:= K1d; + K>
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Now, we claim that there existst ! [0, T] such that x(t) <! (t). If, by con-
tradiction, x(t) " !(t) forall t ! [0, T], then x is a T-periodic solution of
x'+ "# (1,1 (1) =0,for0<" # 1 and then an integration on [0, T] of this
equation (divided by " > 0), yields to 'OT #(t,! (t)) dt = 0. On the other hand,

an integration of (7) on [0, T] gives 'OT #(t,! (1)) dt < O, thus a contradiction.
Having proved that x(t) < $!' $ for somet! [0,T] and henceminx< $!' $
we can also deduce that

maxx <K 18§ + K.

Writing equation
o' = #(t,x) ©)

as a coincidence equation of the fornLx = Nx in the spaceCr , from the a
priori bounds, we find that the coincidence degreeD| (L %N, O) is well defined
for any open and bounded seO & Ct of the form

O:={x! Cr:%R* <x(t)<R*,"t! [0,T]}

whereR* " Rg, R* " K 1$'$ + K.
As a last step, we consider the averaged scalar map

1

;
A R( R, #"(9):= = At $)dt, ' $! R
0

We have %JQN | = %## and #% (%R*) > 0> ## (R*).

In more detail, since R# " dj, the first inequality follows from Villari’'s condi-

tion, while 'OT #(t,! (t)) dt < 0 and the choiceR* "$!$ , imply the second
inequality. An application of Theorem 5.1 guarantees thatD, (L %N, O) = 1
and hence equation (9) has T -periodic solution X with %R* < %(t) <R ™,
forall t! [0, T].

In order to conclude, we check thatX ) !. This is a standard fact, however
we give the details for the reader’s convenience. From the previous part of the
proof we already know that any T-periodic solution of (8) is below! , at least
for somet, thus the same must occur forX. Let tg be such that X(tg) <! (ts).
Suppose, by contradiction, that there exists at® such that %(t%) > ! (t%). Let
[t1,t2] be such thatt; <t%<t, with v(t) > Oforall t! Jt;,t,[ and, moreover,
v(t1) = v(t2) = 0. On the interval [t1, t5], we have thatX'(t)+ #(t,! (t)) =0 and
hence, recalling (7), we find thatv'(t) > 0, fora.e. t ! [t1,t,]. An integration on
[t1,t2] gives immediately a contradiction. We have thus proved thatX(t) # ! (t)
forall t! [0, T] and thereforeX is a T-periodic solution of (1) satisfying X # !.
Moreover, since! is proper, we conclude thatX ) !. O
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Remark 2.6. Notice that, under additional hypothesis ensuring that the T-
periodic solutionsx with x ! | are such thatx " !, namely x(t) <! (t) for
all t, we can also prove that:

there exist Rg # dp such that for eachR >R g, we haveD | (L$ N, ) =1
forl= {x%Ct :$R<x(t) <! (t) &t %[0, T]}.

A possible additional hypothesis guaranteeingx " ! could be

(A) For all to %[0, T] and up %R and " > 0, there exists# > 0 such that
[t$ to| <#, [u$ uo| <# " | $(tu)$ $(t,ug)| <™.

Observe that (A) is always satisfied when$ is continuous. Such kind of condi-
tions are widely discussed in [6] for second order equations.

We propose now a dual version Theorem 2.5 whose proof can be obtained
via minor changes.

Theorem 2.7. Let $ :[0,T]( R) R be a Carathéodory function satisfying
(Hp) and the Villari’s condition at +* with # = 1. Suppose there exists %
WTl'1 which is a strongly proper lower solution for equation(1). Then, (1) has
at least a T -periodic solution X such thatX + !. Moreover, there existsRg # dg

such that any T -periodic solution of (1) with x # !, satisfiesx(t) <R for all

t %[0, T].

Proof. We define the truncated function

$(t,x) for x # ! (t),

$(t,x) = $(t,!1 (1) forx! 1(t),

and consider the parameter dependent equation (8). The proof now follows
the same scheme as that of Theorem 2.5 till to the introduction of an open
bounded setO := {x %Ct : $S' <x(t) <S*, &t %[0, T]} whereS' and
S* are suitable constants obtained similarly asR' and R* . In this case, one
can compute the coincidence degree and find thaD, (L $ N, O) = $1, thus
ensuring the existence of ar-periodic solution X % O. Finally, by the same
argument as above, we prove thatx + !. O

It is a well-known fact (cf. [14]), that results like Theorem 2.5 or Theo-
rem 2.7, obtained by using strict inequalities, can be relaxed by considering
weak inequalities. Accordingly, from Theorem 2.5, the following result holds.

Corollary 28 Let$:[0,T]( R) R be a Carathéodory function satisfying
(Ho) and such that, givenK; > 0 and K, > 0, there existsdy > 0 for which
o $(t,x (1) dt # 0 for eachx %Cr with x(t) !'$ do, &t %[0, T] and [X|max !
K1|X|min + K2. Suppose there exists a lower solutioh %WTl'l for equation

(2). Then, (1) has at least aT -periodic solution X such thatX ! !.
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Proof. We introduce the auxiliary functions
I(x):=max{ 1,! x!" "" 1 1}, #'(t,x):= #({t,x)+ $!(x), $>0

and apply Theorem 2.5 to equationx” + #' (t,x) = 0. Moreover, one can easily
check that the constant Ry can be taken uniformly with respect to $. The
conclusion then follows via Ascoli-Arzela theorem. O

A corollary similar to the above one can be stated with respect to Theo-
rem 2.7.

3. Existence and multiplicity theorems

Here we discuss the number of -periodic solutions for the parameter dependent
equation

(Es) X'+ g(t,x) = s.

Throughout this section we suppose thatg : [0,T]# R $ R satisfies the
Carathéodory conditions.
Moreover, in the sequel, the following hypotheses will be considered:

(Go) %o, bp & LL([0, T],R*): g(t,x) ' ! ao(t)]x|! bo(t), (x & R and a.e.
t&[0,T];

(G1) %xo,00 & R: g(t,Xp)) go fora.e.t &[0, T];

(G‘;) gjven K1 > 0 and K > 0O, for each %there existsd- > 0 such that

Ti'OT g(t,x(t)) dt > % for each x & Cy such that x(t) ) ! d- for all
t &[0, T] and [X|max ) KilX|min + K2;

(G3) gjven K1 > 0 and K, > 0, for each %there exists d- > 0 such that

% 'OT g(t, x (t)) dt > % for eachx & Ct such thatx(t) ' d- forallt &[0, T]
and |X|max ) Kllxlmin + Kz-

Theorem 3.1 Assume (Gg), (G1) and, either (Gg) or (G3). Then, there
exists sg & R*{!+} such that for everys > sq equation (Es) has at least one
T -periodic solution.

Proof. For any given parameters & R, we set
#s(t,x) = g(t,x)! s,

so that equation (Es) is of the form (1). Just to fix a case, let us suppose that
(G%) holds.
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We start by choosing a parameters; > g . In this situation, the constant
function ! (t) ! Xq is a strongly proper lower solution. Indeed, we have

)+ g(t! (1) " s1=g(tXo)" si#" (s1" %) <0

On the other hand, for" = s;, condition (G; ) implies the Villari’s condition at
"$ with #=1. Hence, an application of Theorem 2.5 guarantees the existence
of at least oneT -periodic solution x of (Es,) with X % Xq .

Next, we claim that if, for some § < s; the equation has aT-periodic
solution (that we will denote by w), then equation (E,) has aT -periodic solution
for eachs &]3, s1[. We write equation (E,) as

x'+g(t,x)" 3" (s" §=0,
sothat! (t) ! w(t) is a strongly proper lower solution of (E;). Indeed, we have
L)+ g(t,! (1) " s=w()+ gltw(t)" s="(s" §<0

On the other hand, for " = s, condition (G, ) implies the Villari’s condition
at"$ with #=1. An application of Theorem 2.5 guarantees the existence of
at least one T -periodic solution x of (E;) with x % w and the claim is proved.

Since we can takes; arbitrarily large, we conclude that the set of the pa-
rameters s for which equation (E,) has T-periodic solutions is an interval J
with supJ =+ $ . Setting

so :=inf {s & R : (E,) has at least oneT -periodic solution} & R'{"$} ,

the thesis follows. The same argument applies if, instead o(fG2 ), we assume
(G3) and apply Theorem 2.7. O

Remark 3.2. Let us make some comments that arise from Theorem 3.1. The
first one is about the critical parameter so. Without supplementary conditions,
we cannot say, a priori, whethersg = "$ or sp & R and, in this latter case, if
the equation (E,,) has T-periodic solutions. Simple examples can be provided
for each of these cases. However, from the proof, it is clear thagy # gp. As a
second comment, we observe that the Villari’s conditions(G3 ) guarantee the
existence of upper solutions. In fact, suppose thatv is a T -periodic solution of
(Es,) for somes; > go. Then $(t) ! w(t) is a strongly proper upper solution of
(E,) forany s < s; . Indeed, we have$' (t)+ g(t, $())" s = w'(t)+ g(t, w(t))" s =
s; " s > 0. Hence, a posteriori along the proof, we have discovered that for
s &]go, s1[, there are both a strongly proper upper solution$ and a strongly
proper lower solution! with $ %! or! % $, according to the assumption
(G, ) or (G}), respectively. Thus we enter in the setting of [25] where a detailed
analysis is performed about continua ofT -periodic solutions and their stability.
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The previous result concerns the case in which the condition§G; ) are
applied in a separately way. The next theorem considers the situations in
which Villari's conditions hold at the same time.

Theorem 3.3. Assume(Gy), (Gy), (G!z) and (G ). Then there existssy ! R
such that:

1" for s < sy, equation (Es) has noT-periodic solutions;
2" for s = sp, equation (Es) has at least oneT -periodic solution;
3 for s > sy, equation (Es) has at least twoT -periodic solutions.

Proof. Without loss of generality, we can suppose that the map! "# d, is
defined on[0, +$ ) and is monotone non-decreasing.

We claim that there exists a constant"y % 0 such that, if s <" o, equation
(Es) has noT -periodic solution.

Indeed, let x be a T-periodic solution of (Es) for any s % 0. The function
#s(t,x) = g(t,x) & s satisfies condition (Hg), uniformly for s % 0. Hence,
according to Lemma 2.1 and Remark 2.2, there exist two constant€ ' 1 and
K > 0 such that (4) holds for eachT-periodic solution of (Es). Consider now
condition (G;') that we read now for !I =0 and K; = C, Ky = K. It implies
that if x(t) ' do forall t! [0, T], then 'OT g(t, x(t)) dt > 0. On the other hand,
x*+ g(t,x) = s %0 and a contradiction follows. This implies that Xy, <dg.
In the same manner, using(Glz) for! =0 andK,; = C, K, = K, we can prove
that Xmax > &do. In conclusion, we have proved that|x|min < do. Therefore,
from (4) we find that

[X|max <R ®:= Cdp + K. (10)

We stress the fact that (10) holds for any possibleT periodic solution of (Es)
with s%0. Now, let $! L*([0, T],R*) be such that

lo(t, %] % $(t), (% [&R® R®] andae. t! [0,T].
Let us consider againx®+ g(t,x) = s with s % 0. Integrating the equation on

[0,T], we have "
T

sT = gt,x(1))dt' &) 9);:.
0

We have thus proved that if there exists aT-periodic solution of (Es) for s %0,
then, necessarily

1
s’ "p:= &?)$)1.

Hence, ifs <" ¢, equation (Es) has noT -periodic solution. The claim is proved.
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After this preliminary observation, we proceed now as in the proof of The-
orem 3.1. We fix (arbitrarily) s; > go and using (G!2 ), as well as(G3), we
prove the existence of at least twoT-periodic solutions x!' ) and x®*)  with
XX xg! x®

Next, we claim that if, for some § < s; the equation has aT-periodic
solution (that we will denote by w), then equation (Es) has at least two T-
periodic solutions for eachs " 5, s¢[.

We write equation (Es) as

X+ g(t,x)# 3# (s# 8 =0,

so that ! (t) $ w(t) is a strongly proper lower solution of (Es) (as in Theo-
rem 3.1). On the other hand, for" = s, condition (G!Z) implies the Villari's
condition at #% with #=1 and, similarly, (G ) implies the Villari's condition
at + % with #=1 An application of Theorem 2.5 and Theorem 2.7 guarantees
the existence of at least on€T -periodic solution ut' ) of (Es) with ut' ) 1 w and
the existence of at least oneT -periodic solution u® of (Es) with u® & w.
Clearly, ut" ) '$ u® .

Since we can takes; arbitrarily large, we conclude that the set of the pa-
rameters s for which equation (Es) has T-periodic solutions is an interval J
with supJ =+ %. Setting

so :=inf{s" R: (Es) has at least oneT -periodic solution} " R ({#%} ,

we know that sg is finite, indeed, $ ) Sg ) go. Moreover, by the above
discussion, we also know, that for eacls > sy equation (Es) has at least two
T-periodic solutions. By construction, we also know that fors < sg, there is
no T-periodic solution for (Es).

To conclude the proof, we have to check that fors = sy there is at least
one T-periodic solution. This will be achieved following an argument borrowed
from [8]. Let s, < s¢ < s; be fixed and let % be a decreasing sequence of
parameters with % * sg and % " ]so, s1] for all n. By the estimates developed
previously, we know that, for each n there exists at least one (actually two)
T-periodic solution w, of equation x” + g(t,x) = % with +w,+; ) M, where
M is a uniform a priori bound obtained as R® in (10). An application of the
Ascoli-Arzela theorem, passing to the limit asn * % , provides the existence of
at least oneT -periodic solution of (Es) for s = sp. This completes the proof. [

Remark 3.4. Notice that assuming the Villari’s condition (GV) is equivalent

to require both (G’z) and (G3 ). As in [17, Remark 2], we also observe that all
the results remain true if s in (Es) is replaced bys&(t) with &" L# (0,T) and

positive (i.e. essin& > 0).
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4. Applications

In this section we show a few applications of the preceding theorems in order to
treat some classical examples in literature. In particular, we focus our attention
to consequences of Theorem 3.3.

As a first example, we consider the periodic problem associated with

(WEs) X'+ 1(1)" () = s+ p(b).
In this case, a multiplicity result reads as follow.

Corollary 4.1 Let" :R! R be a continuous function and suppose that

(H1) Jm o=

T

!
Let!,p # L% (0,T) with! (t) $ O for a.e. t# [0, T] and 0

there exists So # R such that:

1 (t)dt> 0. Then,

1% for s <sq, equation (WEs) has no T -periodic solutions;
2% fors= sy, equation (WEs) has at least one T -periodic solution;
3% fors>sy, equation (WEs) has at least two T -periodic solutions.

Proof. We apply Theorem 3.3 for

g(t, x) := 1 (t)" (x) %p(t).

Let us set" o := min-yr " (#). For any d > max{" o, 0}, we introduce the
following constants:

$5(d) :=min {" (X) : x & %d}, $"(d):=min{"(x):x$ d}.

From (H,) it follows that $*(d)! +" ford! +" .
Let x # Cr be such that [x(t)|$ d> Oforall t # [0, T]. If x(t) & %d, " t,
then

Yy 1 YT 1 T
olt,x(t))dt= = P(t)" (x(t) dt % = p(t) dt
0 J o

T
$(d) T w1 7
$ =, !(t)dtm? . p(t) dt.

|+

In the other case, ifx(t) $ d,’ t, then

Tg(t,x(t))dt$$+(d) T!(t)olt%1 Tp(t)dt.
T o T o

—|
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Hence, the Villari's condition (GV) is satisfied by the properties of! * (d).
Hypothesis (Gy) is satisfied by choosing ady(t) the positive part of p(t)!

"(t)#o and ag " 0. Also (G;) holds for xo = 0 and any constant gy #

$'$ #(0) +$p$ . Now, an application of Theorem 3.3 gives the result. [

Corollary 4.1 extends [24, Corollary 3.1], where the periodic problem for
equation (WE;) was considered only for" " 1.
Our second example deals with a generalized Riccati equation of the form

(RES) X " p(OIXIP 4+ "1 ()X +"o(t) = s.
Also in this case a multiplicity result can be stated.

Corollary 4.2 Let "o %L' (0,T) and"1,", %L*(0,T), with ",(t) # 0 for

a.e. t %[0, T] and 'OT ",(t)dt> 0. Then, there existssyp %R such that:

1# for s < sg, equation (RE ;) has no T -periodic solutions;
2% for s = sp, equation (RE ) has at least oneT -periodic solution;
3# for s >s, equation (RE ) has at least twoT -periodic solutions.

Proof. We show, that all the hypotheses of Theorem 3.3 are fulfilled for
g(t, x) == "p(OIXI" + "2 (t)x + "o (t).

Condition (Gp) holds for ag := |"1| and by := |"¢|. Concerning hypothesis(G;)
we observe that it is satisfied with xo = 0 and go # $"¢$ . Finally, we verify
the validity of the Villari's condition (GV). Let us suppose thatK; # 1 and
K, > 0 are fixed andx %Cr is such that [X|max & K1|X|min + K2

o L " "
7 gtx())dt=— POXOP +"1(O)X(E) + "o (t) dt
0 0
#IX[Pin 8 81! X[max$" 18118 "%

#1X|in S oS! X|min K18 181! K2$"1$1!'$ "0$1.

Therefore, "
1 T
? g(t,x(t))dt’ +( ’ as |X|min ' "r( )
0
so that (GV) is satisfied. O

Remark 4.3. The nonlinear term " ,(t)|x|? + " 1(t)x 4+ "o(t) in equation (RE ;)

is convex inx (and strictly on a set of positive measure). We can then apply a
result of Mawhin in [17, Proposition 3] which guarantees that there are at most
two T-periodic solutions for eachs %R. As a consequence, in the situation of
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Corollary 4.2, we conclude that for eachs > sy equation (RE 5) has exactly two
T-periodic solutionsx ) < x ) . Moreover, x*) is asymptotically stable and
x(") is unstable (cf. [25]). Figure 1 shows an example for this case. The same
conclusion holds also for Corollary 4.1 if we assume that is strictly convex.

YWY

(@) The four solutions in the interval (b) The four solutions in the interval
[! 60, 0] show evidence of the presence of [0,120] show evidence of an asymptoti-
an unstable periodic solution. cally stable periodic solution.

Figure 1: A numerical simulation for equation (REs). The example is obtained
for 1,(t) = max{0,sint! 0.9}, !'1(t) = cost, lo(t) = 0, p=11ands = 1.
We have considered the solutions corresponding to four initial points x(0) =
1 90,! 50(magenta), 0 (black), 120. Consistently with Remark 4.3 we give evidence
of two 2" -periodic solutions.

5. Appendix: Mawhin’s coincidence degree

For the reader’s convenience, we briefly recall here a few basic facts from coinci-
dence degree theory which are used in the present paper. We refer to [10, 15, 19]
for the general theory.

Let X,Z be real normed spaces and let be an open bounded set inX.
We consider a coincidence equation of the form

Lx = Nx, x! domL" !, (12)

whereL : X # domL $ Z is a linear (non-invertible) Fredholm mapping of

index zero andN : X $ Z is a nonlinear operator. We also consider two
linear and continuous projectionsP : X $ kerL and Q : Z $ ImL, as well
as, the (continuous) right inverse ofLL, denoted by Kp : ImL $ domL " Xg,

where X := kerP % X/ kerL is a complementary subspace okerL in X. In

this manner (11) is equivalent to the fixed point problem

Xx="( x):=Px+JOQNx + Kp(l & Q)Nx, x ! ! (12)
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whered : cokel. =Im Q! Z/ImL " kerL is a linear isomorphism. We further
suppose thatN is a continuous operator which maps bounded sets to bounded
sets and such that, for any bounded seBB in X, the setKp (I # Q)N (B) is
relatively compact (i.e., N is L-completely continuous [19]). As a consequence,
the operator ! , defined in (12), is completely continuous, too.

If we suppose that

Lx & Nx, 9% &domL"™ !'",

then alsol # ! never vanishes on " and, therefore, we can define thecoinci-
dence degree
D (L# N,":=deg( I #!,",0),

where “ded’ denotes the Leray-Schauder degree. Notice that, usually one de-
fines the coincidence degree with absolute value, namellD_ (L # N,") | =
[deg( # ! ,",0)| in order to make the degree independent from the choice
of the projections P, Q, the isomorphism J and the orientations of kerL and
cokelL (see [19]). In our applications no sign ambiguity will arise because we
fix the natural orientations on kerL and cokellL, which are identified by R and
we chooseP, Q and J in an obvious way.

If we denote by “deg;” the (finite dimensional) Brouwer degree, then, ac-
cording to Mawhin’s continuation theorem (see [12, 13]), the following result
holds.

Theorem 5.1 Let L and N be as above and let ( X be an open and bounded
set. Suppose that.x $ "Nx, %x & domL "’ !", %' &]0,1] and QN (x) $ 0,
% & !" ' kerL. Then,

DL(L#N,") =deg g(#JION |werr," ’ kerL, 0).

As a consequence, idegs (# JON |erL,” * kerl, 0) $ 0, then (11) has at leat
one solution.

We also point out that the classical properties of the Leray-Schauder degree,
such as additivity/excision, homotopic invariance, hold also in the coincidence
degree framework.
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Abstract.  Given a C' manifold X, denote byCy" the sheaf ofm-
times dilerentiable real-valued functions and byDy"" the sheaf of dif-
ferential operators of order! m with coe"cient functions of class C'.
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1. Introduction

Sheaves were invented by Jean Leray [6] as a special mathematical tool which
provides a unified approach for establishing connections between local and
global properties of topological spaces (in particular geometric objects). It is
a powerful method for studying many problems in contemporary algebra, ge-
ometry, topology, and analysis (see [5] for more details and references therein).
There are many natural examples of sheaves [5].

Leray defined cohomology groups for continuous maps, and related them
to the cohomology of the source space by means of the spectral sequence that
was introduced for this purpose. Henri Cartan reformulated sheaf theory and,
together with Jean-Pierre Serre, gave striking applications to the theory of an-
alytic spaces in their seminal work [2]. Subsequently Serre, and Grothendieck
extended these methods to algebraic geometry. Indeed, the latter's use of
schemes led to a complete reconceptualization of the subject and the devel-
opment of new and powerful methods. Finally Sato introducedD -modules,
creating micro-local analysis (see [9] and any references therein). For this rea-
son it seems natural to apply this theory to dilerential operators.

In this paper, we investigate the relationship between the sheaf of linear
dilerential operators that satisfies a certain condition to be given in Section 2
and the sheaf ofR-linear morphisms of certain sheaves.

The paper is organized as follows. In Section 2, we recall some basic def-
initions and state the main theorem. Finally, we prove in Section 3 the main
theorem by cases.
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2. Basic Facts and Main Theorem

Let X be ann-dimensionalC' -manifold and m a nonnegative integer. We de-
note by C," the sheaf of real-valued functions of clas€™ on X . Furthermore,
for0! r!" , we denote byDy"" the sheaf of dilerential operators of order
I 'm with coe"cients of class C". Note that, for any nonnegative integerr,

the sheafD;" coincide with the sheafC. , i.e.
Dy = Cx.

As is usually the case in the literature, we recall that Rx denotes the
constant sheafon the C' manifold X, and Cy denotes thesheaf ofC' real-
valued functions onX.

Moreover, we also recall that, for any local coordinate systemx;)- j» n of
X, a sectionP of the sheafDy"" on U, is given by (see [3, p. 13])

|
P = a (X)), (1)

[']* m

where a, are real-valued functions of clas<C'.

In (1), " stands for the multi-index " := (" 1,...,"n), wWhere, for every
1V il n, " #{012...},and
Ly o= it

We also set by classical conventions:
|
|Il I :: " I and n ! := n l! .. .ll n!.

The number |" | is called the order or degreeof " .

For xo # X, one defines the shea ;" ~as the subsheaf oCy" of functions
vanishing up to order m at xo. Note that My (U) = Cy'(U) for xo # U.
More precisely, the moduleM ", (U) consists of C™-functions # : U $ R
such that, for all |"|! m,

(1], #)(x0) = 0.
Let us denote by
H omg, (C¢",Cy),

the sheaf ofR-linear morphisms from the sheaf of real-valuedC™ -functions to
the sheaf of real-valuedCy -functions on X.

For any nonnegative integersm and r such that m & r, we consider the
natural morphism

$: DY 6  H omg, (C',CL)
@
P o $(P),
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defined, for any section! of C{", by "(P)! = P(!).
On the other hand, we set

DY " =0, if m! r< O (3)
Our main result is as follows.

Theorem 2.1 For any nonnegative integersm and r, the natural morphism
"D H omg, (CF,CY)
P #I' "(P): ! #r "(P)! = P(!),
is an isomorphism.

Theorem 2.1 is associated, in a natural way, with Peetre’s theorem ([7, 8]).
Peetre proves the following:

Theorem 2.2 (Peetre [7, 8]) Let X be a smooth manifold. LetDx and Cy
denote the sheaves of dilerential operators of finite order and o€, real-valued
functions on X, respectively. Then we have

Dx 2 H omg, (Cx ,Cy ). 4)

Note that the Peetre’s Theorem appeared first in 1959 (see [7] for more
details). The proof was incomplete and this was pointed out by M. Carleson [8].
In that proof, Peetre considered the family of functions{a } given in (1) to be
finite at each of the local chart. This gap, in the proof, was later rectified by
the same author in the article [8] published a year later, in 1960. The new proof
given in [8] is quite dilerent from the original, and the modified technique led
to a more general representation formula for linear map4$ of Dx into suitable
subspaces oDy , P being assumed to shrink supports, so as to correspond with
a sheaf homomorphism.

3. Proof of Theorem 2.1

To prove Theorem 2.1, we need some intermediary results which are summa-
rized into lemmas below.

First, let us recall the following classical result (see, for instance [4, Lemma
1.1.1, p. 5)).

Lemma 3.1 Let {U;}is, be a finite open covering of the unit spheres™' *.
Then, there exists a family of nonnegative real-valued functions of clas€”
#:S"1r R such that

(i) supp# %U;, for all i,
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() 0! 1;(x)! 1 forall x" St i"1,
I

(i) 1i(x)=1, forall x" S 1.
il

In keeping with the notations of Lemma 3.1, we let, for everyi " |, " :
R"\{ 0} # R be the map given by
n X #
SIOERTEoT (5)
| ]
Clearly, " isC* onR"\{0}. Next,letm" Nand#:R"# RbeaCM™
real-valued function such that ($' #)(0) = 0, for all |%4! m. For everyi " |
and every multi-index % set

$ | " (y#
% %008 MO0, if x %40,
($! (" i #))(X) = {":"$1} (6)
% .
0, if x=0.
It is clear that !
#= " (7)

Therefore, we have the following.

Lemma 3.2 Let U be an open neighborhood 00 in R". For m & 0 and
#" Mg o(U), every function " i# " Cgi (U\{ 0}) extends as a function of
M gh o(U).

Proof. Consider the map
R[OS S Y (x) = X IX]).

Then "; = !y’ ’. One checks that for any& " N", there exists a constant
C > 0 such that
IS eIl C-xiit .

and a similar result holds for" :
I$ " QN C-Ix||"

On the other hand, since# " Mg ,(U), for [% ! m, one has, by Taylor's
formula,

$ #(x) = [Ix]I™" "I((x), with ((x)$ O when x$ O.



ON SHEAVES OF DIFFERENTIAL OPERATORS 361

Therefore
0t ™t (),
that is, ) )
0 Clix ™ T ().
Since, by the formula (6),! " (" -#) is a linear combination of ! ' " -1 "' ' #, the
result follows. O

Furthermore, we have the following.

Lemma 3.3. For any open neighborhoodJ of 0 in R" and nonnegative integer
m, if u" Jomg, (5, €% )(U), then

U o) # M0 .

Proof. First, let us consider the unit sphereS" *, and denote byN and S the
north and south poles ofS™ 1.

Next, consider the following open covering ofS" *: {U;,U,}, where Uy
contains N and does not intersect some open neighborhood, of S, and, sim-
ilarly, U, contains S and does not intersect some open neighborhood, of N .
By Lemma 3.1, we let{%, %]} be a partition of unity subordinate to the cov-
ering {Uy, Uy}, and let " 1, " » be functions derived from the % as in (5). We
denote by R*V; the open cone generated by, i = 1,2. It is obvious that " ;

vanishes onR™ V;, and so does (i|y)%$ "i - % for any %" .Zg 4(U). As
u: e, Y& 6@, is asheaf morphism, it follows that
U(" i @|R+ v = 01

thus, sinceu("; - % is continuous,

u"i-%,__ =0,

lR* A
from which we deduce thatu("; - 99(0) = 0, for every i =1,2. Thus,
u(%9(0) = u(" 1%9(0) + u(" 2%9(0) = 0,

and hence,
U9 " A o(V),
which completes the proof. O

We are now set for the proof of aparticular case of Theorem 2.1 the
isomorphism '
g8 " = Aomg, (6%, Cx ),

where the integersm, r are such that 0! r ! m.
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Definition  3.4. Let (U,!)! (U,(X1,---,Xn)) be alocal chart in an n-dimen-
sional C' -manifold X and P ™ be the ring of polynomials in (X;);~ i~ n of
degree" m. We define by P !m(u) the constant sheaf on! (U), whose stalk is
pm,

In keeping with the notations of Definition 3.4 above, we have the following.

Lemma 3.5. Let (U,!) be a local chart ofX, and u # H omg, (C{",CZ)(U).
If u(! #(P ")) = 0, where! #(P ")) is the inverse image ofP [, then
u=0.

uy
Proof. One may assume thatX is open inR". Let " # C"(V), whereV is a
sub-open ofX containing x,. Then we have

T——

whereqg# P ¥ (V) and # # M2 | (V). Then, by virtue of the hypothesis
and Lemma 3.3, we have
u(") # Mgn ., (V),

therefore

u(" )(xo) =0.
But since this holds for all xo # V, sub-openV of X, and " # C{(V), we
deduce thatu = 0. O

We are going to consider two cases to prove the Theorem 2.1.

31.Case 0" r" m

Lemma 3.6. Let X be ann-dimensional C' -manifold and Dy the sheaf of
dilerential operators of order " m and whose coe"cients are of classC"'.
Then, the natural morphism

$: D™ $ H omg, (C,CY)
(8)
P &%  $(P):f &  $(P)f := P(f),

is an isomorphism.

Proof. The morphism (8) is clearly injective. Indeed, let P be a section of
DQ’$” such that $(P)(f) = 0 for all polynomials f (in a local chart), then
P = 0. Let us now show that it is surjective.

To this end, let u # H omg, (C{", Cy )(U), where U is an open subset of

X. We will show that u is in fact a dilerential operator of order " m $ r
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and whose coelcient functions are of classC". For this purpose, consider the
di"erential operator |
P= a (X!,
' m"r
with the coelcients a, being of classC" and defined by induction on|" | in the

following way. Let | : U R be the constant function defined byl (x) = 1,
for any x # U; and we set

ap(x) = u(l) $ ao.

For any multi-index #, suppose that we have defined, forall |"| < |#|%m! r;
definea- by setting
" $
a (x)= #u! ar (X! 2 (x"), C)

[Fl< ™t m™r

where x" = x;'---x,n. Clearly, a= # Cf (U). Denote by & the set of all
multi-indices #” such that [#% = |#| % m ! r. By easy calculations, one shows
that

&
#olo! - # if = #Y i=1,...,n,

w! wl " "
!xf"'!xr?(xll"'xnn):( .
0 otherwise

Without loss of generality, suppose that#%= # in & , and #§ = #,. Then, for
some 2%j %n, # > #;, we have

) = L (6 x) = 0.

It follows that ) *

|
Cax)!, (x')=0.
" 1$%,

On the other hand, since for any" such that |" | > [#|, we have!} (x ) =0, it
follows, using (9), that

" $
|
P(x')=# a () %X )+ a () (X))
LA me $ " $
! !
=# a (X)! P (x" )+ #1#ul a (x)!,%(x"),

<" m"r <" m"r
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with o! := ajlas! - - -an!. Thus, we deduce that, for everyz' , with |a]! m" r,

! # &(
%
" $$P" @a" al a ()8, ) (z')=0,
' I"I<t m®r
which implies that
! # &(
u a$P @a" o a (2)3 ) (PJ))=0.
["]<It ]t mer

Hence, by Lemma 3.5,
! (
1. "
w= ="P" 1" o) a (2)0y) |
al

"< m"r
and the proof is complete. O

In particular we deduce, from Lemma 3.6, thatH omg, (CJ",C") # C".

3.2. Case m<r
Lemma 3.7. For any nonnegative integers m and r such that m <r,
H omg, (C{',Cx)=0.
Proof. SinceCy $ C., then
H omg, (C{",Cx) $ H omg, (CF',C") & C".

Therefore, we are reduced to prove that givenm < r, if w % C™(U) and also
u- f%C"(U) for any f %C™(U), then u = 0. Indeed, assume thatw is not
identically 0 and let zo with u(xo) &0. Let v= «" . Then f= v-u - f would
be of classC" in a neighborhood of . O
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Editorial Note

The Managing Editors would like to remind the authors of the ethical rules
set out in the document of IMU “Best current practices for Journals” (see
www.mathunion.org). In particular, we stress the following:

“Authors must abide by high standards of research integrity and good scholar-
ship. Itis the responsibility of authors to submit a well written, mathematically
correct article, if necessary seeking advice if it is not written in their native lan-
guage, to clearly describe any novel and non-trivial content, and to suitably
acknowledge the contributions of others, including referees. Submission of a
paper to a journal implies that it is not currently under consideration by any
other journal, and that any substantial overlap with other published or submit-
ted papers is duly acknowledged. In addition authors should be responsive to
correspondence with the journal. Multiple authors should communicate fully,
speak with one voice, and accept mutual responsibility in their communications
with the journal. All authors are expected to have materially contributed to
the paper, and to be familiar with its content.”
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