TOPOLOGICAL EQUIVALENCE AND
EXPONENTIAL DICHOTOMY OF LINEAR
IMPULSIVE EQUATIONS (*)

by D.D. BaiNov and S.I. KOSTADINOV (in Plovdiv)
NGUYEN VAN MINH and P.P. ZABREIKO (in Minsk)(**)

SOMMARIO. - In questo lavoro si introducono le nozioni di similarita cine-
matica e di equivalenza topologica per equazioni differenziali astratte
impulsive. Si studiano poi alcune delle loro proprietd legate alla nozione
di dicotomia esponenziale. '

SUMMARY. - In the present paper the notion of kinematical similarity and

topological equivalence for abstract impulsive differential equations are
introduced and some of their properties related to the notion of ezpo-
nential dichotomy are investigated. ~

1. Introduction.

The work of V.D. Mil’man and A.D. Myshkis [1] (1960) set the
beginning of the qualitative investigation of impulsive equations. Oof
the works which appeared later and were devoted to this subject we
shall mention [2]-[6].

In the present paper the dependence between topological equiv-
alence and exponential dichotomy of impulsive equations is investi-
gated and some results of [6]-[9] are generalized.

(*) Pervenuto in Redazione il 17 marzo 1992.

(**) Indirizzo degli Autori: D.D. Bainov and S.I. Kostadinov: Plovdiv Univer-
sity “Paissii Hilendarski”, Plovdiv (Bulgaria); N. Van Minh and P.P. Zabreiko:
Byelorussian State University, Minsk (Bielorussia).
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2. Statement of the problem.

Let X be an arbitrary Banach space with identical operator I.
By L(X) we shall denote the space of all linear bounded operators
acting in X.

Let J be an arbitrary interval on the real axis R = (—o0, 00).
Consider the impulsive equation

dzr
FAD (£t (1)
2(t4) = Quir(tn) @

where the sequence of points T = {t,} __ satisfies the condition

tn <tnp1 (n==41,42,43,..), n_izxiloot,, = +00

Set Ny = {k:tx € J}.
We shall say that conditions (A) is met if the following conditions
hold:
- Al: The operator—valued function A(-) : J — X is continuously
extendable on each interval [tn, tn41)-

DEFINITION 1. A solution of the impulsive equation (1), (2)
we shall call a function ¢(t) which is continuous for ¢ # t,, has
discontinuities of the first kind at ¢t = t,,, is continuous from the left,
for t # t,, satisfies equation (1) and at ¢ = ¢, meets the condition of
a “jump” (2). .

DEFINITION 2. An operator U(t, 7) associating with each element
£ € X a solution z(t) = U(t,T)¢ of equation (1), (2) for which
z(7) = £ is said to be a fundamental operator of (1), (2). Instead of
U(t,0) we shall write U(t).

The validity of the following formulae is immediately established:

Uu,t)=1, U(t,s) =U(t,7)U(r,s) (3)
Uit,7) = AQU(, 7)(t # tn), Ur(t, 7) = UK, T) A(T)(T # tn) (4)
U(t;t’ T) = QnU(tn: T) (5)

where s <7 <'t.
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LEMMA 1. Let conditions (A) hold.
Then for T <t < oo (t,7 € J) the following formula is valid

UO(t, T), tn <T S t S tn+l
Ut,7) = Uolt,ta)(TT528 QiUo(t5, tj-1))QiUo(t, 7),
te—1 < T <t <tp <t <itpy1

where Up(t, T) is the fundamental operator of the equation

dz
dt

We shall say that condition (B) is met if the operators Q,, have
bounded inverse ones.

= A()z o (6)

LEMMA 2. Let conditions (A) and (B) hold.
Then, for 1,t € J the following formula is valid

[ Uo(t,7), th <t <7 <tpyi

Uo(t, tn)(TT5 10 Q,Uo(t,,t,-l))czkvo(t T),

Uo(t, ta)(TT5=n —IUO(tJ:tJ+1))Qk Us(t, 7),
| o1 <<ty St <7 < tpy

where Up(t, T) is the fundamental operator of (6).
Lemmas 1 and 2 are proved by a straightforward verification.

LEMMA 3. Let the function p(t) be piecewise continuous with
points of discontinuity 7, (n = 1,2,3,...) of the first kind and for
t > tg let the following inequality hold

W<t T apln)+ [ o(r)p(r)dr

o< <t

where ¢ > 0 and a; > 0 are constants and the function v(t) > 0 is
locally summable on the half-azis to <t < oo.
Then the following estimate is valid

o) <c T (1+apedo™

o<t <t
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The proof of the lemma is carried out by means of the lemma of
Gronwall-Bellmann.

LEMMA 4. Let the following conditions hold:
1. Condition (B) is met.
2. The following inequality is valid

k
IT1Q;

j=n

<N e—u(t—s)

(th—1 < 8 <ty <ty <t <tp41, v —const., N > 0, const.).
Then for the fundamental operator U(t,s) of the impulsive equa-
tion (1), (2) the following estimates are valid

Ne—u(t—e)e-N f: | A(7)l|dr < "U:I:I(t’ s)” < Né-v(t—s)eN f: ||A("’)||d"'(7)
Proof. The fundamental operator of the impulsive equation

dz

7 =0t # ) (8)
z(t}) = Qnuz(tn) 9
has the form
k+1
Ur(t,s) = [[ Qi (k-1 <8 <t <tn <t <tny1) (10)
j=n

Then for U;(t, s) the following estimate is valid
(2, s)l| < Nemtt=9) (11)

i.e. the condition of Lemma 4 [3] is met. for U(%,s) we obtain the
estimate

U, 5)|| < NeE=9¢N [, 1Amler
The estimates

e=vt=9=N [ 1A < (211 o)) < Nemv (=N [} 1Amldr

are proved in an analogous way. ¢
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Consider the initial value problem

%:- = f(t,z) (t # tn) (12)
z(t}) = Qnz(tn) (13)
z(to) =¢ (14)

LEMMA 5. Let the following conditions hold:

1. The function f(t,z) : T x X — X is continuous on (J\T) x X
and f(t7,z) = f(tn, z)(z € X).

2. [f(t,) - £t )]l < LE)llz - yll(t € T;2,y € X) moreover,
the function L(t) satisfies the condition

y
L= sup —1—/ L(s)ds < 00 -
a<b<oo b —a Jg

3. f(t,0) =0(t € 7).

4. Qn € L(X),ne N, J =R.

Then there exists a unique solution z(t) = X (t,to, £) of the initial
value problem (12), (13), (14) fort € J for which the following
estimate is valid

(@)l < lil I a+| Il)eI"t'"0|

te(min(to,t),max(to,t))

Proof. From the theorems of existence and uniqueness of solu-
tions of ordinary differential equations (see e.g. [9]) there follows the
existence of a unique solution z(t) (t € J) of the initial value prob-
lem (12), (13). For the solution x(t) the following representation is
valid

{ E+ fi F(5,2))ds + T ey <0 e(z(tr)), t > to
z(t) =

&+ [ £(3,2))ds — Tocro<r I(z(tr)), t < to
Let t > t3. Then

el <Nl + [ 1, 2e)lds+ 3 el <

to<ty <t
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€1+ ft: L(s)lz(s)lds + 3 IMll-lz(te)l

o<t <t
By Lemma 3 we obtain the estimate

le)ll < el TT @+ IE|)e =) (15)
to<ti<t
where
- 1 b
L= sup ——/ L(s)ds ' (16)
a<b<oob“a a '

for t < o we obtain an estimate analogous to estimate (15).
Lemma 5 is proved. &

3. Main results.

Let equations (1), (2) and

2 B(Da(t # ta) (17)
x(t;*z-) = Qnm(tn) (18)

belong to class K.

DEFINITION 3. Equations (1), (2) and (17), (18) are said to be
kinematically similaron J if there exists an operator-valued function
S(-): J — L(X) for which the following conditions are met:

1. S(t) is bounded and continuous for ¢ # t,.

2. S(t) has discontinuities of the first kind at ¢ = ¢, and it is
continuous from the left.

3. S(t) has a bounded inverse one.

4. If ¢(t) is a solution of (1), (2), then S(t)p(t) is a solution of

(17), (18). -

REMARK 1. A necessary and sufficient condition for a kinemati-
cal similarity of (1), (2) and (17), (18) is the existence of an operator—
valued function S(t), (¢t € J) with the properties 1,2,3 of Definition
4 for which one of the following conditions is fulfilled

B=SAS 14+ 8'87 1 (t#t,, teJ) (19)
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StH)Qn = QnS(ts) (tn € N7) (20)

or
S=XYy"!
- where X and Y are some evolutionary operators of equations (1),

(2) and (17) , (18) respectively.
We shall call the function S(t) a transforming one.

LEMMA 6. Let the space X be real Hilbert and let it split up into a
direct sum of subspaces X1 and X, with the corresponding projectors
P, and P, i.e. X; =P.X i=1 ,2) and X = X1+ Xo.

Then there exists a splitting X = X1+Y2 for which the corre-
sponding projectors P, : X — X; and B:X— Y2 are Hermitian.

Proof Let Y7 be the orthocomplement to X;. Then the projector

: X — X; with ker P, = Y, is Hermitian. The projector P, =

I P, is also Hermitian and X splits up into a dlrect sum of the
subspaces X; and B X. O

LEMMA 7. Let the space X be Hilbert and let conditions (A), (B)
hold. Then equation (1), (2) is kinematically similar to the equation

dz
dt

where the operator B is Hermitian.

= B(t)z

Proof. For the operator A the representatlon A= Ap+1iAg is
valid where Ap = 3(A+ A*), A7 = L(A - A*). As a transforming
function we take the function V—1(¢) (t € J), where V (t) is a solution
of the impulsive equation

‘fi‘: —iAsV (21)
V() = QnV(ta) (22)

Since the operator i A 7 is skew-Hermitian, then the function V (t)
is unitary and by the Banach-Steinhaus theorem it is bounded. By
formula (19) for the operator B we obtain the representation

B=V-1Azv
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and by formula (20) for the impulsive operators Q,, of the new equa-
tion we obtain,

On = V-1 (E)QuV (b) = V() Q5 QnV (b0) = 1
Lemma 7 is proved. . 0.

THEOREM 1. Let the following conditions hold.

1. The space X is Hilbert with scalar product (-,-) and splits up
into a direct sum of the subspaces X1 and X, with projectors P, and
P, respectively.

2. Conditions (A) and (B) hold.

3. There exists a constant M > 0 for which

WWRPU I <M (i=1,2 teJ)

Then the impulsive equation (3), (4) is kinematically similar to
the impulsive equation with an operator—valued function B(t) (t € J)
and impulse operators Q, which commute with the projectors P, x(1 =
1,2) and, moreover, the following estimate is valid

IB@)I < 1A®)] ¢t € ) (23)

Proof. By Lemma 6 we shall assume that the projectors P; and
P, are Hermitian. Set

R? = PU*(t)U(t)P, + RU*(t)U(t) P, (24)

It is not hard to check that the operator R%(t) (t € J) is Hermitian
and uniformly positive. Let R(t) be the positive square root of R%(t).
The operator R(t) is also Hermitian. Since R%(t) commutes with
P;(i = 1,2) then R(t) also commutes with P;. Consider the operator—
valued function S(t) = R(t)U-1(t)(t € J) where U(t) = U(t,0) is .
the fundamental operator of (1), (2). A straightforward verification
yields that the functions S(t) and S~!(¢) (t € J) are continuous
and differentiable for ¢ # t,, have discontinuities of the first kind at
t =t, and are continuous from the left. From the equalities

StS = (U—l)*R*RU—l — (U—l)*RQU—l —
U-YRUUPU + (U ) RU'URU™! =
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(UPU YW URU Y)Y+ (URUYWUPRU™!
there follows the estimate
ISI? < WWPUY2 + |[URU-W < M2 + (14 M)? < 0
We shall show that the function S~!(¢) is also bounded
PI(S‘I)*S"IPI + Pg(S‘l)"S‘ng =
PR'W*UR™'P, + RRWW'UR'P, =
R'PU*UPR '+ R 'RU'UPR,R™ ! =
R Y (PU*UP, + RU*UP)R ' =1
Let 2 € X be arbitrarily chosen. Then
15~ 12||* = |
IS~ Piz + S~ Poz|> < (IS~ Pizl| + IS~ Po2||?) <
21S~IPz|? + 2|IS71P2|? =
2(S71P2,S71P12) + 2(S" P2, ST Po2) =

2P (S™1)*S™ P12, 2) + 2(Po(S™1)* S~ 1Pz, 2) =
2((PL(S™Y)*STIPL+ Py(S71)'S7 Py)z, 2) = 2(2,2) = 2||2|)?

Choose the function S(t) (¢t € J) as a transforming one. Then by
formula (19) for B we obtain

B=SAS 1 4+8'51
i.e.

B=RUT'AUR '+ (RU '+ RWUY)UR' =

RUTTAUR™'+ RR'-RUW'U R =

RU-TAUR™' + RR™' - RU-'AUU-WWR™! = R'R™!
For the impulsive operators Qy, by (20) we obtain

In = S(tNQrS™ () = REDU ' (ta) QR U(tn) R} (t0) =
R(tHU(tn) Q' QuU(tn) R (tn) = R(t})R71(tn)

The 4fundamental operator of the new equation is U=SU=R.Itis
not hard to check that the operators B(t) and @, commute with P
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hence with P, too. We shall prove inequality (23). We differentiate
equality (24) and obtain

RR'+ RR= PU*(A*+ A)UP, + RU*(A*+ A)UP,
For an arbitrary z € X the following equality is valid

((RR'+ R'R)z,2) = (25)
= ((A* + A)UP12,UP1z) + ((A* + A)UPoz,U Py2)

For any t € J there exists a minimal constant B(t) of which for
u € X the following inequality is valid

([A*(t) + A(®)]u, v) < B(t)(u,u)
Then from (25) we obtain
((RR' + R'R)z,2) < B{(UP,2,UP12) + (UPs2, UP,2)} (2 € X)

a ((RR' + R'R)z,2) < B(R%2, 7) (26

Set v = Rz. Then from (26) it follows that
((RR' + R'R)R™'v, R"1v) < B(Rv, R"'v)
i.e. |
(RR™ + R™'R))v,v) < B(v,v)

hence
(RR™' 4+ R7'R)v,v) < Bv|)? (27)

Hence the operator
1 1

is bounded and from (27) it follows that ||Bg|| < ||A|l. Inequality
(23) follows from Lemma 7.
Theorem 1 is proved. O

DEFINITION 4. The impulsive equations (1), (2) and (17), (18)
are said to be topologically equivalent if there exists a function A:
[0,00) x X — X with the following properties:
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1. h(t,z) — oo as £ — oo uniformly on ¢.
2. The mapping h: : X — X defined by the equality

hi(z) = h(t, z)

is a homeomorphism for ¢ > 0.

3. The mapping g : [0,00) x X — X defined by the equality
g(t,z) = (h)~1(z) enjoys the property 1.

4. If z(t) is a solution of (1), (2) then h(t,z(t)) is a solution of
(17), (18).

REMARK 2. Condition 4 implies the equality
h(t, X()X~1(s)z) = Y (&)Y~ (s)h(s, z)

REMARK 3. A straightforward verification shows that the topo-
logical equivalence is an equivalence relation in the class of impulsive
equations.

REMARK 4. If equations (1), (2) and (17), (18) are kinemati-
cally similar, then they are topologically equivalent. Indeed, in the
definition of topological equivalence it suffices to set h(t,z) = S(¢)z,
where S(t) is the function realizing the kinematical similarity.

Let Y C X be an arbitrary subspace with projector P;(Y = P, X)
and let P, =1 — P,.

DEFINITION 5. Y is said to induce an exponential dichotomy for
equation (1), (2) if the following inequalities are valid:

IU@PU- )| < M5 (1 <t < 00)
NlU@YPRU (1) < M58 (t < 7 < 00)

where M, 6 are positive constants. In this case equation (1), (2) is
said to be exponentially dichotomous (with projectors P; and P,).

Let Y be an arbitrary Banach space. By B(Y') we shall denote the
set of functions f(-) : J — Y which are continuous for ¢ # ¢, have
points of discontinuity of the first kind at ¢t = ¢,, and are continuous
from the left and which are integrally bounded, i.e.

t+1
sm/ 1£(s)llyds < oo
teg Jt
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The set B(Y) is a Banach space with norm

t41
I fllBeyy = Sup/ I f(s)|yds
e Jt

By M(Y) we shall denote the set of sequences R = {R,,} whose
elements lie in Y and which satisfy the following condition

sup | Rall < o0 (28)
The set M(Y) is a Banach space with norm
1Rllacry = sup 1R (29
The space
B = B(L(X)) x M(L(X)) =
{(4,Q) : A € B(L(X)),Q € M(L(X))}

is Banach with norm
(A, @)l 5 = max{||All By @l mzixy}

DEFINITION 6. The impulsive equation (1), (2) is said to be-
long to B which is written as (4,Q) € B, if A € B(L(X)) and
Q@ € M(L(X)). If the impulsive equations (4,Q) and (B,Q) are
topologically equivalent, we write (A4, Q) = (B, Q).

DEFINITION 7. Equation (A4,Q) € B is said to be structurally
stable if there exists p > 0 such that if | A—B, Q—Q|| 5 < p, then the

impulsive equations (A, Q) and (B, Q) are topologically equivalent.

LEMMA 8. The set of structurally stable equations forms an open
non-empty subset of the Banach space B. If, moreover (A, Q) € B is
structurally stable and (A, Q) is kinematically similar to (B, Q) € B,
then the equation (B, Q) is also structurally stable.

Proof. Let the equation (A4, Q) € B be structurally stable. Then
there exists a number p > 0 for which the inequality |[(A, Q) —

(B, Q)IIB p implies (A, Q) 2 (B, Q). The set
U(B,Q) ={(C,R) € B: |(C,R)—(B,Q)l 5 < p—II(B,Q)—(4,Q)l 5}
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is a neighbourhood of (B, Q) in B. Then
I(C, B) - (A, Q)IIB < II(C, R)— (B, Q5+ (B, Q) — (4, Qg < p,

ie. (C,R) = (A, Q). Since (B,Q) = (4, Q) then (B, Q) = (C, R).

Hence the equation (B, Q) is structurally stable.

Let the function S(t) realize the kinematical similarity between
(A,Q) and (B, Q). Since the equation (A, Q) is structurally stable,
then there exists a number é > 0 for which ||(A,Q) — (F,Z)|z <6
implies (A, Q) ¢ (F, Z). The set

U(B,Q) = .
{(C,L) € B: |(C, L) - (B, )5 < 55,5 Ts0Twwmecs To=T0N)

is a neighbourhood of (B, Q) in the space B. |

Consider the operator-valued function D(t) = S~1(£)C(t)S(t) —
S~1(t)S'(t) and let us estimate th expression ||A — Dl g(1(x)):
|A = Dllprixy) = 1S7CS - 8718 — (S7'BS - S7'S)|Ipux)) =
IS=1CS — S~'BS||pr(xy) <

IS~ BoxnICBll By ISl aLxy) <6 -

The equation (C, L) is kinematically similar to the equation (D, R)
where R = {Rn}, R, = S~1(t})L,S(t,), hence (C, L) = (D, R). Let
us estimate ||R — Q"M(L(X)):

IR - Qllm(x)) = sup IR — QullLix) =

Slip “S_l(t;r)LnS(tn) - S_l(t:)éns(tn)llL(X) <
sup |S~!(t) || sup |S(t)|| sup || Ln — QullLx)y =
teg teJ n

sup IS~ (#) | sup |SE)-IIL — Qlla(rixy) < 6
teg teg

From the estimate obtained it follows that ||(D, R)—(A4,Q)|l5 < 6
and (D, R) = (A, Q). From the kinematical similarity of (4, Q) and
(B, Q) it follow that (A, Q) = (B, Q).

Lemma 8 is proved. &

LEMMA 9. Consider the equation

dz

- =AWz if t#t (30)
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x(t;*l-) = QnZ(tn) (31)

Assume that (A, Q) satisfies the following conditions: |

1. Equation (A, Q) satisfies the conditions (A), (B) and has an
exponential dichotomy with projector Py, furthermore ||A(?)||, [|@n]l
are bounded.

2. X 1is a Hilbert space.

3. limr_ 00 3“—?59 = p < 00 uniformly mt e R.

Then equation (30), (31) is topologically equivalent to the stan-
dard equation < Ql = -z, %‘ =29, T1 € X1, T2 € Xa. - :

Proof. First we assume P; = 0.
The proof of this lemma is suggested by Palmer [6].
Consider the function

Viba) = [ UG dalPdr

It is easily shown that V'(¢,z) enjoys the following properties:
i) There exist positive constants a,b such that

a|z]?® < V(t,z) < bz

ii) If z(t) is any solution of (30), (31) then V (%, m(t)) is continuous
with respect to ¢ € R.

iii) V is differentiable with respect to = for every fixed ¢ and
differentiable with respect to t for t # t,, furthermore m
llz(2)]|2, where z(t) is any solution of (30), (31).

Consider the function

f(t,s,2) =V (t,U(t,s)x)

It is seen that f is contonuous with respect to t, differentiable with
respect to t for t # t,, furthermore

% (t,5,2) = U (t,5)a?

Under the assumptions of the lemma we can show without difficulty
the existence of positive constants ¢, d such that

ellz|? < %{-(t, s,2) <d|z]? forall s,z
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Thus the equation
1 = f(t’ s’ x)

has a unique solution ¢ = t(s,z) for all s € R, z € X, furthermore ¢
depends on (s, z) continuously for z # 0.

Now we are in a position to establish the homeomorphism which
transforms (30), (31) into the standard equation. In fact, we defined
h:R x X — R x X as follows:

. s—t(s,z) . _U(,s,2),8)z .
h(s,2) = ha(z) = { ¢ e o £0
r =

It may be noted that h satisfies the conditions 2 and 4 in Definition
5. It is checked that

hyl(z) = { Us,u)(z/VV{m2) ifz#0
’ ifz=0

where
u=s-— ln"m"

Finally, we have to show that

i, el = Lim ik H2)ll =

By definition we have

V(s,z) -1 = V(s,x)-V(l(s,x), X(t,(s5,2),s,z))
- t( D_V(u, X(u5,2))du

where D_V(t, X(t,s,z)) =

limg— 40 £V (tn, () — V(ta — k, 2(tn — k)], 2(t) = X (¢, 3, 2).
Hence

|s —t(s,z)| < |V(s,z) —1|/ —(u, s, )

e[tca z),s] QU

u‘n

If ||z|]| > 1/+/a, we have V(s,z) > 1. Thus s > t(s,z) and we obtain

1< f(u,s,2) < b||U(u,s)z|?
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Thus of .
—_— = 2 > -
L (u,5,2) = UG, )al* 2 5

for u € [t(s, ), s], u # tn. So we get
0<s—t(s,x) < (V(s,z) —1)b< (a|lz|> - 1)b

If ||z|| < 1/vb, we have V(s,z) < 1. Then s < t(s, z) and we get

t(s,x)
0<1-V(s,2) < éllw||2/ exp(K(u — s))du

where ¢, K are defined as positive constants satisfying
U, s)|| < cexp(K(t—s)) forall t > s

The existence of ¢, K is easily shown by the assumptions of the
lemma.
We get

0 <1 bllall® < wllelP(exp(K (t(s,2) — 5)) — 1)

bl (L= bl + g lalP) < t(s,2) -1

from this and the above arguments it follows that there exists an
increasing function L; : [0, 0c0) — [0, 00), with L;(0) = 0, continuous
at 0 such that

llhs(@)| < La(llzl]) for s,z

Similarly, it is shown that there exists L : [0, 00) — [0, 00) with the
same properties as L; such that

Ihs 1l < Lo(llzl))  for all 5,2
Finally, from this we deduce without difficulty that

am lIhe(@)]] = lim ik Yz)|l = 00

Now we are in a position to prove Lemma 9 without the assumption
P =0.
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From Theorem 1 it follows that (30), (31) is kinematically similar
to a reducible equation. Applying repeatedly the above result we
obtain the proof of Lemma 9. O

THEOREM 2. Let the conditions of Lemma 9 be met.
Then equation (A, Q) is structurally stable.

Proof. We complete the definition of the function A(¢) (t € J)
on R in such a way that the new function A(T') is bounded and the
equation

X = Atz (t# ) (32)
m(t;’; ) = Qnz(tn) (tn € T) (33)

is exponentially dichotomous on R\J with projector P, for which
kerP; + JnPy = X. Then (see [8]) equation (32), (33) will be
exponentially dichotomous on R with projector P, kerP = kerP.
IJmP = JnP. By Lemma 9 equation (32), (33) is topologically
equivalent of R to the system

dz
—d—tl=—:z:1 (z1 € X1) (34)
d—xg—x (z2 € X5) (35)
dt = 42 2 2 |

If we consider the restrictions of all functions of system (34), (35)
on J, we obtain that (A, Q) = (34), (35).

By Theorem 3 [11] there exists a number § > 0 such that for
|(B, R)—(A, Q)|| g < 6 equation (B, R) is exponentially dichotomous
with subspaces Y; and Y5. From Lemma 9 it follows that (B, R) is
topoloigcally equivalent of the system

X e @) (36)
% =22 (z2 € X7) (37)
Moreover, (34), (35) = (36), (37) therefore (B, R) = (34), (35), i.e.

(A,Q) = (B, R).
Theorem 2 is proved. O
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REMARK 5. Following the ideas of the exposition in [7] and

lemmas 4,5 it is not hard to check that for dim X < oo if equation
(A, Q) is structurally stable, then it is exponentially dichotomous

too.
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