LECTURES ON GEOMETRIC INTEGRATION
AND THE DIVERGENCE THEOREM (*)

by WASHEK F. PFEFFER (**)

In these lectures I shall present some geometric aspects of the gener-
alized Riemann integral, defined by Henstock and Kurzweil about thirty
years ago. In particular, I shall discuss in considerable detail the develop-
ment of ideas that led to a multidimensional version of the integral, which
is coordinate free and provides the divergence theorem for nonlipschitzian
vector fields. No a priori knowledge of the subject is assumed.

1. Notation and terminology.

The set of all real numbers is denoted by R. Our ambient space is the
m-fold Cartesian product of R, denoted by R™; here m is a fixed positive

integer. For z = (&1,...,ém) andy = (n1,...,7m) in R™, we let
m
x'y=Z€j'nf’ ”{E“= Vz -z, and lxl'_:max{lfllx“':l{ml}'
J=1

In R™ we use exclusively the metric induced by the norm |z|. If E C R™
then clE, intE, bdE and d( E) denote, respectively, the closure, interior,
boundary, and diameter of E. Forz € R™ and e > 0, we set

U(z,e) ={yeR™: |z —y| < €}.

(*)  Lectures presented at the School on Measure Theory and Real Analysis.
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Supported in part by the National Research Council of Italy.

(**) Address of the Author: Department of Mathematics, University of California at Davis,
95616, California (USA).



264 WASHEK F. PFEFFER

As is customary in geometric measure theory, a measure is an outer
measure. If k < m is a positive integer, we denote by ), the k-dimensional
Lebesgue measure in R*. We write ) instead of ), and |E| instead of
Am(E) foreach E C R™. If E is a \;-measurable subset of R¥, we
denote by L£1(E) the family of all real-valued )\;-measurable functions
defined on' E for which the finite Lebesgue integral (L) [, g fd) exists. If
k = m, we write (L) [ f instead of (L) [ fdrm.

Unless specified otherwise, the words “measure” and “measurable”,
as well as the expressions “almost all” and “almost everywhere”, refer to
the measure )\,,. Sets A,B C R™ are called nonoverlapping if they are
almost disjoint, i.e. if AN B| = 0.

By an interval we always mean a compact nondegenerate subinterval
of R™, i.e. the product K = T2, [a;,b;] where a; < b; are real numbers
forj=1,...,m. Ifbj = aj = dforj = 1,...,m, we say that K is a
cube with d( K) = d; in particular, clU(z, €) is a cube of diameter 2¢. A
dyadic cube is the interval

I [k727", (k; + 1)277]

J=1

where ki, ..., kn, and n are integers with n > 0. It is easy to see that any
family KC of dyadic cubes contains a nonoverlapping subfamily C such that
UC = UK. This property makes dyadic cubes very useful.

Without additional attributes, a function is always real-valued. The
algebraic operations, order, and convergence among functions on the same
set are defined pointwise. When no confusion is possible, we do not dis-
tinguish between a function defined on a set A and its restriction to a set
B CA.

2. Partitions.
A partition is a collection (possibly empty)
P= {(Algxl);"')(Apxmp)}

where Ay, ..., Ap are nonoverlapping intervals and z; € A; fori = 1 yeees D
The set U_, A; is called the body of P, denoted by UP. If A is an interval,
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we say that P is a partition in A whenever UP C A, and a partition of A

whenever UP = A. A partition P is called special if z; is a vertex of A;
fori=1,...,p.

REMARK 2.1. To each partition P = {(Ai,%1),...,(A,,z,) } cor-
responds to a unique special partition P*? defined as follows. Every pair
(A;, ;) determines uniquely nonoverlapping intervals Aily-oy Aig
where 1 < k; < 2™, each A; has z; as a vertex, and U,':‘;IA,-,;; = A;.
We let

P = {(A,-,k,:z:,-) t k= 1,...,’9,'; 1= 1,...,p} .

Given a partition P = {(A1,%1),...,(Ap, Tp)} and a function f on
aset E C R™ containing {z,...,z,}, we let

P
o(f,P) = f(z)|Ail

i=1
and call this number the Stieltjes sum of f over P. Note that o(f, P) =
o( f, P°P).

Intuitively, an integral of a function f defined on an interval A is areal
number that can be approximated by Stieltjes sums of f over suitable par-
titions P in A. Naturally, it is the mode of approximation that determines
the utility of the integral.

If § is a positive function on a set E C R™, then a partition

{(A1,71),...,(A4p,zp) }

with {z1,...,z,} C E is called §-fine whenever d(A;) < 6(z;) fori =
1,...,p. The following existence result, which is fundamental for our ex-
position, is referred to as Cousin’s lemma.

LEMMA 2.2. Let A be a positive function defined on an interval K =
1521075, 871, where rj < sj areintegersforj = 1,...,m. Thenthereisa
A-fine partition {( K1,%1),...,(Kp,z,)} of K such that K1, ... , Ky are
dyadic cubes.

Proof. Forn = 0,1,..., denote by K, the family of all dyadic
cubes I C K such that d(L) = 2" and there is no A-fine partition
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{(K1,21),...,(Kp,3p) } of L where K7, .. ., K, are dyadic cubes. As-
suming that the lemma is false and proceedmg inductively, it is easy to
construct a decreasing sequence {L,} so that L,, € K, for n = 0,1,.
Now we have N2 L, = {z*} andd(L,») < A(z*) fora sufﬁ01ently large
integern* > 0. It follows that {( L,»,z*)} is a A-fine partition of L., , a
contradiction.

PROPOSITION 2.3. For each positive function § on an interval A
there is a §-fine special partition P of A.

Proof. For j = 1, ..., m, find integers T; < 85 so that A is contained
in the interval K = []7%,([r;,s;], and extend & to a positive function A on
K by letting

A(z) = inf |z — y|

foreachz € K — A. If {(K1,%1),...,(Kp, 2,) } is a A-fine partition of
K whose existence is guaranteed by Lemma 2.2, then

Q={(ANK;z) : |[ANK;| >0}
is a §-fine partition of A. Now it suffices to use Remark 2.1 and let P = Q.

COROLLARY 2.4. Let § be a positive function on an interval A. Each
6-fine partition P in A is a subset of a 6-fine partition Q of A.

3. The HK-integral.

It appears prudent to discuss first the one-dimensional integral, orig-

inally defined by Henstock ([5]) and Kurzweil ([71). Thus throughout this
section we assume that m = 1.

DEFINITION 3.1. A function f defined on an interval A is called H K -
integrable in A if there is a real number I having the following property:
given e > 0, we can find a positive function § on A so that

lo(f,P) —I|<¢
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for each §-fine partition P of A.

It follows from Proposition 2.3 that the number I of Definition 3.1 is
determined uniquely by the HK-integrable function f. We call it the HK -
integral of f over A, denoted by (HK) [, f or (HK) fab fif A= [a,b].
By HK(A) we denote the family of all HK-integrable functions in A.

REMARK 3.2. In view of Remark 2.1, requiring that the inequality
lo(f,P) — I| < e is satisfied only when P is a §-fine special partition
of A does not alter Definition 3.1. This observation will simplify several
proofs.

The HK-integral clearly generalizes the classical Riemann integral,
obtained from Definition 3.1 by restricting é to a constant function. That
this generalization is proper follows from the example below.

EXAMPLE 3.3. Foreach z € [0, 1] set

f(z) = 1 if zis rational,
2 =10 if zis irrational .

We claim that f belongs to HX([0, 1]) and that ( HK) j;,l f=0.Tosee
this, choose an € > 0 and order all the rational numbers from [0,1] into a
sequence {r,}. Define a positive function § on [0,1] by setting

2! ifz=r, n=1,2,...,
6(x) = {
1 if x is irrational .
Now if P = {(A1,21),...,(Ap, Tp) } is a 6-fine partition of [0,1], then

0<o(f,P) <Y T Al < N2 2 =,
n=1

n=1 zi=r,
which establishes our claim.

PROPOSITION 3.4. If A is an interval, then the family HIC(A) is a

linear space over R and themap f — (HK) [ 4 [ is a nonnegative linear
functional on HIC(A).
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We leave the standard proof of Proposition 3.4 to the reader, and turn
to the important Cauchy test for integrability.

LEMMA 3.5. A function f on an interval A belongs to HIC(A) if and
only if for each € > O there is a positive function § on A such that

la(f)P) _G(er)l <Ee

for all b-fine partitions P and Q of A.

Proof. Forn = 1,2,..., choose a positive function 6n on A so that
the condition of the lemma is satisfied for ¢ = 1 /n. Replacing 8, by
min(éy,...,6,), we may assume that §, > 6 > ...If P, is a 6,-fine
partition of A, then it is easy to verify that the sequence {o(f, P} is
Cauchy. Let I = lim o( f, P,), and choose an & > 0. There is an integer
n" > 2 [e such that |o(f, Pp) — I| < €/2, and we set § = 6, . Now if P
is a §-fine partition of A, then

1
0(f, P) = I| < |o(f, P) — o(f, Pu) |+ |0(f, Ps) —I| < - -28- <e.

Consequently, f € HX(A) and I = (HK) [ f- The converse is obvious.

PROPOSITION 3.6. If f € HK(A),then f € HK(B) for each subin-
terval of B of A.

Proof. Choose an & > 0 and find a positive function § on A so that
lo(f, P) — o(f,Q)| < & for each pair of §-fine partitions P and Q of A.
With no loss of generality we may assume that B is a proper subinterval
of A and that A is the union of nonoverlapping intervals B and C. By
Proposition 2.3, there is a 6-fine partition Py of C. Now if Pg and Qp are
6-fine partitions of B, then P = Pg U Pc and Q = Qp U Pg are §-fine
partitions of A, and we have

€> |o(f,P) — o(f,Q)| = |o( £, Ps) — o(£,QB)| .

In view of Cauchy’s test, this completes the argument.
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PROPOSITION 3.7. Let f be a function on an interval [a,b], and let
c € (a,b). If f is HK-integrable in [a,c] and [c,b], then it is HK -
integrable in [ a, b] and

b c b
(HK)/f=(HK)/f+(HK)/f.

Proof. SetI = (HK) [7 f + (HK)f f, and choose ane > 0.
There are positive functions §_ and 6+ on the intervals [a,c] and [c, b],
respectively, such that

o(f, P

€ £ £
f<§- and <z

b
o(f, P.) —(HK)/ f

for each 6_-fine partition P_ of [ a, c], and for each 6, -fine partition P, of
[, b]. Define a positive function § on [ a, b] by setting

min{é_(z),c—z} fz<c,
5(x)—{min{6+(z),z-—c} if z>c¢,
min{é_(c),6,(c)} ifr=c.

Now choose a é-fine special partition P of [a,b]. From the choice of §,
we seethat P = P_U P,, where P_isaé_ -fine partition of [ a, c] and P,

is a 6, -fine partitions of [c, b]. Since o( f, P) = o(f,P_) +o(f,P,), we
obtain

lo(f,P)-1I| < <e

c b
o(f,P.)~(HK) f fl+loCs, Py —(HE) f f

and the proposition follows from Remark 3.2.

THEOREM 3.8. If A is an interval, then £1( A) C HK(A) and

(HK)/Af=(L)/Af

Proof. Let f € £L1(A) and e > 0. By the Vitali-Carathéodory theo-
rem ([14, Theorem 2.25]), there are extended real-valued functions g and

foreach f € L1(A).
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h defined on A which are, respectively, upper and lower semicontinuous,
and such that

9<f<h md (D) [(h-g)<e.
A
Find a positive function 6 on A so that

9(y) < f(z)+e and h(y) > f(z) > f(z) —¢

foreachz and y in A for which |z—y| < §(z). Nowif P = {( Ay, x1),...,
(Ap, 7,) } is a 6-fine partition of A, then

(L) gS(L)ffS(L) h
A A; A

(L)f g—elAsISf(x.-)lAfIS(L)/ h+ e|Ay
A A

fori=1,...,p. It follows that

o(f,P) — (L) f

p
A< 2 |ralal-w | 1

=1

P
E €|Ai|+(L) _/J;.(h—g)] <e(|A|+1)

1=1

and the theorem is proved.

COROLLARY 3.9. Let f and g be functions defined on an interval A

and let f(z) = g(x) for almost all z € A. Then f belongs to HK(A) if
and only if g does, in which case

(HK)ff=(HK)/g
A A

PROPOSITION 3.10. If F is a differentiable function in an interval
[a,b], then F' € HK([a,b]) and

b
(HK)/ F' = F(b) — F(a) .
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Proof. Given ¢ > 0, there is a positive function § on [a, b] such that

F(t) — F(x)

—Fl(2)|<c¢
t—x

foreacht,z € [a,b] with |t — 2| < 6(z). Now let
P={([tOJtl];xl)J"'1([tp—1)tp]sz)}
be a §-fine special partition of [ a, b]. By our choice of 6,

|[F(t:) — F(tim1) — F'(z)(t — tiz1)| =

lF(ts) — F(t;-1)

- F’(m;)l (b —tic1) <e(t;—tin1),
ti —ti1

and so

o(F', P) — [F(b) — F(a)]

p p
> Pt —tin) = Y F (k) - F(ti-l)]l <

i=1 i=1

4

2

i=1

F'(z)(ti —ti1) — [F(ty) —F(ti—l)]l <e&(b—a).

Theorem 3.8 asserts that the HK-integral extends the Lebesgue inte-
gral over intevals. The next example shows that the extension is proper.

EXAMPLE 3.11. Set F(0) = f(0) = 0, and for #0 let

2 and f(z)=2zsing % -2z lcosz 2.

F(z) = z?sing™
Since F'(z) = f(z) foreach z € R, it follows from Proposition 3.10 that
f € HK([0, 1]). Onthe other hand, it is easy to verify that (L) fj f does
not exist.

The following technical result, referred to as Henstock’s lemma, is
very useful.
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LEMMA 3.12. Let A be an interval and let f € HK(A). Given
€ > 0, there is a positive function § on A such that

i
i=1

for each 6-fine partition {( A;,%1),..., (Ap, zp) } in A.

<Eg

F(z) Al - (HE) fA f

Proof. Let 6 be a positive function on A such that

l0(£, P) ‘(HK)/A” <z

for each §-fine partition P of A. Choose a §-fine partition {(A1,71),...,
(Ap, Tp) } of A and reorder it so that f(z;)|A;| —(HK) fA.- f is nonnega-
tivefori=1,...,k and negative fori = k+1,...,p where k is an integer
with 0 < k < p. Using Propositions 2.3 and 3.6, we can find a §-fine
partition P; of A; so that |o(f, P;) — [, f|<e/3pfori=1,...,p. Now

p
P= {(Al,a:l),...,(Ak,xk)}U U Pi:
i=k+1

k
Q= {(Ak+1,3441), .., (Ap, 3p) YU J Py
1=1

are -fine partitions of A. Thus

—§-> o(f,P)—(HK)/f
A

E -
> 21: @)\~ (HE) fA i f]
p

-3 [a(f,P.-)—(HK) fAf]

=k+1
k
>3
=1

and similarly,

r
3> 2
i=k+1

f(x.-)lA;I—(HK)/A f|—(p-k)§,

k=

f(z)|Ai| - (HK) | f 3p

A;
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In view of Corollary 2.4, the lemma follows by adding the last two inequal-
ities.

PROPOSITION 3.13. Let f be an H K -integrable function in an inter-
val[a,b],and set F(a) = 0 and F(z) = (HK) [7 f for eachz € (a, b].
Then F is continuous in [ a, b].

Proof. Chooseane > 0 andanz € [ a, b]. It follows from Henstock’s
lemma that there isa A > 0 such that | f(z)|A < € and

|f(z)(y —2) —[F(y) — F(z)]| <&

foreachy € [a,b] with|y—z| < A. Thus |F(y) — F(z)| < 2 & whenever
ly — z| < A, and the continuity of F' at z is established.

THEOREM 3.14. Let f be an H K -integrable function in an interval
[a,b], and set F(a) = 0 and F(z) = (HK) f: f for each z € (a,b].
Then for almost all z € [a,b], the function F is differentiable at = and
F'(z) = f(x).

Proof. Let E be the set of all z € [a,b] for which either F is not
differentiable at z or F'(z) # f(z). Givenz € E, wecanfinday(z) >0
so that foreach 8 > 0 thereisat € [a, ] with |z — t| < B and

|f(z)(z —1t) —[F(z) — F()1| > () |z —t|.

Fix an integern > 1 and let E,, = {z € E : v(z) > 1/n}. Givene >0,
use Henstock’s lemma to find a positive function 6 on A so that

4
1=1

for each §-fine partition {( A1, z1),...,(Ap, zp) } in A. Let £ be the col-
lection of all subintervals B = [¢,t*] of (a,b) with d(B) < 6(zp) and

aolal - ) [ 1<

1
|f(zB) (1" —t) — [F(t*) — F()]| > —|B|
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for an 15 € {t,t*} N E,. Clearly, E, C UE. By [19, Theorem 1.3.1],
there is a disjoint subfamily {B;, Ba, ...} of £ for which

|Bal <5 ) 1Bil.-
i

Let B; = [t;,}], and observe that {( B1,zg,),...,(B,, zg,)} is a §-fine
partition in [ a, b] whenever the set B, is defined. Hence

p ) 4
Y IBil < ) If(2r) (8] — 1) — [F(£2) — F(t)]]

=1 i=1

=1

<z
5

f(zB)|Bi| - (HK) B.f

and consequently |E,| < e. By the arbitrariness of ¢, the set E, has mea-
sure zero; and so does E = U, E,.

COROLLARY 3.15. Each H K -integrable function is measurable.
Proof. Let f be an H K -integrable function in an interval [ a, b], and

let F be the continuous function on [ a, b] defined in Proposition 3.13. By
Theorem 3.14, we have

1
f(z) = lim n[F (:r, + ;) - F(:x:)]
for almost all z € [a, b), and the measurability of f follows.

THEOREM 3.16. Let f be a function defined on an interval A. Then
f belongs to L1( A) if and only if both f and |f| belong to HIC( A).

Proof. As the converse follows from Theorem 3.8, let f and |f| be in
HK(A). Then f is meaurable and

(L) /A || = im(L) fA min{|f],n} = (HK) /A min{|f|,}
S(HK)/AIfI<+00-
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COROLLARY 3.17. Let { fn} be a sequence of H K -integrable func-
tions in an interval A, and let lim f, = f. Then

feHK(A) and (HK)ff=1im(HK)/f,,
A A

whenever either of the following conditions is satisfied:
I. fo < fae1 forn=1,2,...andlim( HK) fAf,, < +o00;
2. g < fo < hfor someg,h € HK(A) andalln=1,2,... .

Proof. Inview of Theorems 3.8 and 3.16, it suffices to apply the mono-
tone and dominated convergence theorems for the Lebesgue integral to the

sequences { f, — f1} and {f, — g}, respectively.

REMARK 3.18. For the reader familiar with the classical Denjoy-
Perron integral ([15, Chapter VIII), we note that this integral coincides
with the H K -integral. A readable proof can be found, e.g., in [4] or [17].

4. Gages and calibers.

The direct generalization of the HK-integral to higher dimensions (see
[10]) is both trivial and disappointing. 1t is trivial because it amounts to a
virtually verbatim repetition of the one-dimensional arguments; it is disap-
pointing since there is no analogue of Proposition 3.10. Indeed, there is a
differentiable function F in R? such that the partial derivative 0F/0¢, is
not HK-integrable over an interval (see [11, Example 5.7]). A useful gen-
eralization of the HK-integral is obtained only by employing more refined
partitions.

A hyperplane is the set {(£1,...,6m) € R™ : £ = c} where 1 <
J £ mis aninteger and c € R. If m > 2, then each hyperplane is
parallel to m — 1 coordinate axes of R™. In this case, using permutations
of coordinates and orthogonal projections, we can and will assume that the
measure \p,_; is defined on every hyperplane. If m = 1, hyperplanes are
points on which the counting measure, denoted by ), is defined.

A figure is a finite (possibly empty) union of intervals. The boundary
of each figure is contained in a finite union of hyperplanes. Thus if A is a
figure, we give the number )\ ,,_;(bd A) the obvious meaning and call it the
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perimeter of A, denoted by ||A||. Clearly, the perimeter of a cube of diam-
eter d equals 2 md™!. It follows that the perimeter of a one-dimensional
figure is equal to two times the number of its connected components. If A
and B are figures, then so are the sets AU B,

AOB=cl[int(ANB)] and AeB=d(A-DB).

Since the boundaries of AUB, AQ B, and AS B are contained in (bdA)U
(bd B), we have the inequality

max{||AU B]|,[|A© Bl|,||Ae B[} < ||4]|+ ||B]| -

A set T C R™ is called thin if it is the union of a countable family
{T1,T2,...} where each T satisfies the following condition: givenn > 0,
there are dyadic cubes Cj, C; ... of diameters less than 7 such that

T; C int (Uok) and Y |Gkl < 4.
k k

We note that the bound 4 is actually attained when showing that the set of
dyadic rationals is a thin subset of R.

An easy proof of the next proposition is left to the reader.

PROPOSITION 4.1. The following statements are true.

A subset of a thin set is thin.

A countable union of thin sets is thin.

Each hyperplane is thin, in particular, a boundary of any figure is thin.
IfT C R™ is thin then |T| = 0, but not vice versa.

In R the thin sets and countable sets coincide.

SR Wb~

REMARK 4.2. The reader familiar with Hausdorff measures should
observe that a set ' C R™ is thin if and only if its Hausdorff measure in
codimension one is o-finite.

DEFINITION 4.3. A nonnegative function § defined ona set E ¢ R™
is called a gage in E if its null set Zs = {z € E : §(z) = 0} is thin.

If § is a gage in a set £ C R™, then a partition P = {(4; ,21),...,
(Ap, Tp) } with {z1,...,2,} C Eis called -fine whenever d(A;) < 6(x;)
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fors = 1,...,p. While formally this is the same concept we used be-
fore, gages put more restrictions on P than positive functions: the set
{z1,...,z,} must be contained in E — Z;.

IfA=[0,1] and 6(z) = z foreachz € A, then § is a gage in A and
it is easy to verify that no §-fine partition of A exists. We show, however,
that for each gage § in a figure A there is a §-fine partition P in A, i.e.,
UP C A, for which the figure A © UP is “small” (cf. Proposition 4.8).

A caliber is a sequence {n;} of positive real numbers. Given an £ >
0 and a caliber n = {n;}, we say that a figure B is (e,n)-small if B is
the union of nonoverlapping, possibly empty, figures By,..., By such that
IBjll < 1/e and |B;| < n; forj = 1,... k. The concept of (g,7)-
smallness will be motivated by the proofs of Theorems 5.4 and 7.2 below.

EXAMPLE 4.4. The interval [0, 9 /81is (&g, n)-small fore = 1 /3 and

the caliber
3 11 ! 111
'n_ 3’3, ’2’4,8,.-. .

Indeed, this can be seen in two ways:
9 7 79 1 11 19
o5 -ousfo.glofgg]=log]o[r5]v 3]

REMARK 4.5. In general, a subfigure of an (g, 1) -small figure need
not be (&, n)-small. For example, the interval [0,1] is (&, n)-small for
€ = 1/3 and the caliber

=311 1
n— 21811 J32)"' b

while the figure [0, 1/3]U[2 /3, 1] containedin[O0, 1] isnot (g, n) -small.
On the other hand, it is easy to verify that the intersection of an g, 1) -small
figure and an interval is again an (g, n)-small figure.

DEFINITION 4.6. Let A be a figure, let £ > 0, and let 7 be a caliber.
A partition P in A is called a partition of A mod ( g, n) whenever the figure
A©S UP is (g,n)-small.
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The next result, due to J. Howard (see [6]), is a version of Cousin’s
lemma.

LEMMA 4.7. Let A be a gage in an interval K = H;';l [7},s7] where
Tj < 8j are integers for j = 1,...,m. Then for each positive ¢ < 1/4
and each caliber 1) there is a A-fine partition {( K1,11),...,(Kp, ) } of
K mod (g,n) such that K1, ..., K, are dyadic cubes.

Proof. Letn = {n;}. By our assumption, the null set Z, of A is
the union of sets T}, T3, ... such that foreach j = 1,2, ..., we can find
countable families C; of dyadic cubes of diameters less than 7;/2 for which

T,-cint(UC,-) and Y |Cll< 4.

CEC;

Thus, if £ C C; is a finite family and E = UE, then

1
IEI<> lcl<4 <<,
Ce&

Nj -1 Wi )
Bl < 3 1A < LYol <y -
Ceé Ceé&
Let C be a nonoverlapping subfamily of U;C; such that UC = U;(UCy);
here we are using the aforementioned property of dyadic cubes. Clearly

zs = J1y c | [mt (Uc,)] cint (| Je) -
J J
Define a positive function A, on K by setting

Arla) = {min {d0):CeCzeC} ifze2,.

According to Cousin’s lemma, there is a A, -fine partition {( K1, z1), ...,
(Kq,14) } of K where K1, ..., K, are dyadic cubes. Denote by D the fam-
ilyofall C € Csuchthat C C K and K; C Cforani=1,...,p. Since C
is a nonoverlapping family, D is finite (it contains at most g elements). If
K; overlaps with a D € D, then either K; C D or D is a proper subset of
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K;; for both K; and D are dyadic cubes. The latter case is, however, im-
possible since D contains a K; that does not overlap with K;. We conclude
thatfori=1,...,q,either K; C UD or K; overlaps withno D € D. Thus
after a suitable reordering, UD = K © UL, K; for a nonnegative integer
p < ¢g. As Z, C int(UC), our definition of A, implies that K; C UD,
whenever z; € Z,4. It follows that {z1,... , Tp} iS contained in K — Z,,
andso P = {(K1,x1),...,(Kp,x,) } is a A-fine partition in K. We com-

plete the proof by showing that the set K © UP is ( g, n)-small. To this

end, let

j-1

D;=DNC; | D

i=1
forj=1,2,.... The family D, being a finite subfamily of C, is the disjoint
union of finitely many, possibly empty, families Dy, . .. , Dy. If D; = UD;,
then Dy,..., Dy are nonoverlapping figures and UD = Ui Dj. Since
Dj C €;, we have ||Dj|| < 1/e and |D;| < 7 for j = 1,..., k, which
establishes our assertion.

PROPOSITION 4.8. Let 6 be a gage in a figure A. Then for each posi-
tive e < 1/4 and each caliber n there is a §-fine partition {(K1,z1),...,
(Kp,Tp) } and A mod (e,n) such that Ky, ..., K, are dyadic cubes.

Proof. Assume first that A is an interval. Forj = 1,... m, find
integers ; < sy so that A is contained in the interval K = []7- [}, s;].
For z € K denote by p(z) the distance from z to bd A4, and define a gage
A on K by setting

_ [min{8(2),0(z)} ifz€A,
A(m)_{p(m) if 1€ K —A.

if @ = {(K1,21),...,(Ky,2,)} is a A-fine partition of K mod (g, )
whose existence is guaranteed by Lemma 4.7, then P = {(K;,z) : z; €
A} is a 6-fine partition in A. Since

ae|JpP=40(kolJq)

it follows from Remark 4.5 that P is the desired partition.
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Let A be a figure. Then A is the union of nonoverapping intervals,
say Ai,...,An. I = {n;}2;, let n° = {Mnj+s}y fors = 1,... n
Applying the first part of the proof to A, and 7°, find a é-fine partition
Py = {(Ks1,%51),---,(Ksp,,Tsp,) } of A; mod (&,7°) such that K, ;,
.+, K p, are dyadic cubes. Now it is clear that P = U"_, P, is the desired
partition. -

5. The HK-integral revisited.

In this section we establish a strong version of the fundamental theo-
rem of calculus (Theorem 5.4) that will serve as a model for the divergence
theorem in higher dimensions. To facilitate an easy proof, we begin by
reformulating Definition 3.1. The reformulation is of independent impor-

tance as it provides the main ideas for a useful multidimensional general-
ization of the H K -integral.

THEOREM 5.1. A function f on an interval A belongs to HIC(A)
if and only if there is a real number 1 with the following property: given
e > 0, we can find a gage 6§ in A and a caliber v such that

lo(f,P) —I|<e¢
for each é-fine partition P of A mod(e,n). In this case (HK) [, f = L.

Proof. Choose a positive e < 1/2. Assuming that the condition of
the theorem is satisfied, there is a gage § in A and a caliber n = {7,} such
that |o(f,Q) — I| < /2 for each §-fine partition Q of A mod (&, 7). It
follows from Proposition 4.1, 5 that Zs = {t1,12,...,}. Findg; > 0 so

that ;| f(t;)| < €271, and define a positive function &, on A as follows: ‘

_ 5(3;) iffEEA—ZtS;
6+(x) = {min{sj,'ry} ifz=t;,7=1,2....

Let P = {(A1,21),...,(Ap,z,) } be a 6, -fine partition of A and let
Q={(Ai,z) €EP:x1,€ A-Zs5}.
Then Q) is a 6-fine partition of A mod (g, n), and we have

oCf, PY =1 < lo(£,Q) =11+ 3 If(a)]-|Ail < 5+ e2 ' =
j=1

T;€Z;s
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Thus f € HK(A) and (HK) [, f = L.
Conversely, let A = [a,b] and assume that f € HI(A). By Propo-
sition 3.13,

_J0 ifrz=a,
F("‘)‘{(HK)f;‘f if 7 € (a,b]

defines a continuous function F' on A. Since F is uniformly continuous

on A, wecan find y; > 0,7 = 1,2,..., so that for each subinterval
B = [z,y] of A with |B| < n; we have

|(HK)/ fI = |F(y) — F(z)| < €277 .
B

By Henstock’s lemma, there is a positive function § on A such that

p

2.

=1

Fad|ad - (HE) [ fl <7
A;

for each §-fine partition P = {(A1,%1),...,(Ap,zp)} in A. If P is a §-
fine partition of A mod (g, n) where n = {;}, then A © UP = U%_, B;
where By, ..., By are nonoverapping figures such that ||B;|| < 1/¢ and
|Bj| < mjforj =1,..., K. Hence each B; is the union of disjoint intervals
Kja,..., Kjqn where2n; < 1/e. Consequently, for such a partition P we
obtain

p
§f(m;)|A.-l—(HK)/Af <
4 k %
() |4s| - (HE) (HK) <
> |ftad 14 /fz; fK”f

k
€ 1 2m i
= — . g29 -]
>+ E G <Ee,
j=1
and the theorem is established.

REMARK 5.2. Note that in the first part of the proof of Theorem 5.1
we established the existence of a §-fine partition of A mod (&,7) directly
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without refering to Proposition 4.8. It follows from Remark 2.1 that The-
orem 5.1 remains valid when the partition P is required to be special (cf.
Remark 3.2).

LEMMA 5.3. Let E C R™ have measure zero and let & > 0. There
is a function « defined on all subsets of R™ satisfying the following condi-
tions:

1.0 < a(B) < eforeach BC R™;
2. a(BUQC) = a(B) + a(C) for each nonoverlapping measurable sets

B,CCR™;

3. givenz € E and an integer n > 1, thereisa § > 0 such that

a(B) > n|B| for each B C U(z,6).

Proof. Find a decreasing sequence {Uy} of open sets containing E so
that [Uyx| < e2~*fork=1,2,..., and set

o0

a(B) =Y " |BNU|

k=1

foreach B C R™. Clearly, the function « satisfies the first two conditions.
Given z € E and a positive integer , find § > 0 so that U(z,6) C U,.
Now if B C U(z, 6), then

o0
®(B) = n|B|+ ) |BNU| > n|B|
k=1
and the lemma is established.

A function F' defined on an interval [a, b] is called almost differen-
tiable at z € (a,b) if

lim sup 1F(W) — F(2)] < +00
y—z ly — =i

By Stepanoff’s theorem ([3, Theorem 3. 1.9D),if E C (a,b) and F is almost
differentiable at all z € E, then it is differentiable at almost all z € E.

THEOREM 5.4. Let T be a thin subset of R , and let F' be a continuous
Junction defined on an interval [ a,b] that is almost differentiable at each
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z € (a,b) — T If f is a function on [ a, b] such that f(z) = F'(x) for
every x € (a,b) — T at which F is differentiable, then f € HK([a, b])
and

b
(HK)/ f=F(b) - F(a) .

Proof. If afigure B C [ a, b] is the union of disjoint intervals [ a1, b;],
..oy [an, by] we let

$(B) = > [F(bx) — F(ap)] .
k=1

Clearly, if B and C are nonoverlapping subfigures of [ a, b] then

¢(BUC) = ¢(B) + ¢(C) .

Thereisaset E C (a,b) —T suchthat |E| = 0 and F is differentiable
ateachz € (a,b) — (EUT). In view of Corollary 3.9, it suffices to show
that a function g on [ a, b] defined by

F'(z) if ze(a,b)-(EUT),
g(z)={
0 if e EUT U{a,b},

belongs to HK([a, b]) and (HK) fabg = F(b) — F(a).
Selectane > 0 and let o be a function associated to E and € according

to Lemma 5.3. If x € E, then there are positive numbers c; and §, such
that

|F(y) — F(z)| < csly—=| and a(B) > c,|B]|

for every y € [a,b] with |y — z| < 6, and every interval B contained in
[a,b] NU(z,6;). Thus for each x € F, the inequality

|9(2)|B| - $(B)| = |¢(B)| < cz|B| < «(B)

holds whenever B is a subinterval of [ a,b] NU(z, 6;) and z is a boundary
point of B.
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Ifz €(a,b) —(ENT),thenthereisad, > 0 such that

F(y) — F(x)
y—<c

—g(z)| <€

foreveryy € Awith0 < |z — y| < 6,. Hence if 1 € (a,b) —(EUD),
then ‘

l9(2)|B| - ¢(B)| < €| B|
whenever B is a subinterval of [ a, b] N U( z,6;) and z is a boundary point
of B.

Finally, using the uniform continuity of F in [a, b] it is easy to show
that there is a caliber = {n;} such that for each j = 1,2,..., we have
|6(B)| < e2~7 whenever B C [a,b] is a figure with ||B|| < 1/¢ and
|B| < nj.

Now we define a gage 6 in A by setting

8, if z€(a,b)—T,
6(w)={
0 if ze€TU{q,b},

and choose a §-fine special partition P = {(A1,z1),..., (Ap,zp)} of A
mod (e, 7). Then AGUP = U, B; where By, . ..., B, are nonoverlapping
figures such that ||B;|| < 1/e and |B;| < n; forj = 1, ..., k. Since no z;
belongs to T" U {a, b}, we obtain

4 k
|o(g, P) = [F(b) ~ F(a)]| < 3 |o(z) [4i] — 6CAD | + 3 [6(B))|

i=1 j=1

k
<D alA)+ Y elA+ D2

z;€F L3 Jj=1
< oA +elAl+e< (24 |A]),
and the theorem follows from Remark 5.2.

EXAMPLE 5.5. On the interval [-1,1] define a function F by setting
F(z) = 0ifz € [-1,0],and F(z) = 1ifz € (0,1]. Then Fis
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differentiable at each z € [—1,1] — {0} with F/(z) = 0. Thus

1
(HK) / F'# F(1) —F(-1),
-1
and we see that the continuity of F' cannot be omitted in Theorem 5.4.

EXAMPLE 5.6. Let T' be the Cantor ternary set in the interval [0, 1].
If an interval B C [0, 1] is a connected component of [0, 1] — T, denote
by cp the midpoint of B and let F((z) = cg foreachz € B. Itiseasyto see
that thus defined function on [0, 1] — T can be extended to a continuous
function on [0,1], still denoted by F. Clearly, F is differentiable at each
z €[0,1] — T with F'(z) = 0. Thus

1
(HK)[ F' % F(1) — F(0),
0

and we see that in Theorem 5.4 the thin set T' cannot be replaced by a set
of measure zero.

REMARK 5.7. In view of Examples 5.5 and 5.6, it may appear that
Theorem 5.4 is the best possible fundamental theorem of calculus for the
HK-integral (cf. Proposition 3.10). This is not true. The class of almost
differentiable functions can be extended to a properly larger family of so
called ACG, functions (an abbreviation for generalized absoluteley con-
tinuous functions in the restricted sense) for which Theorem 5.4 still holds.
We shall not investigate the ACG, functions. Their study is a highly tech-
nical subject restricted only to dimension one; it is unclear at this time how
to formulate an ACG, concept in higher dimensions. The interested reader
is referred to [15, Chapter VII], [4] and [17].

6. The gage integral.
The regularity of an interval A C R™ is the positive number

Al

A= A
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Clearly, r(A) < 1 and the upper bound is attained if and onlyif Aisa
cube. Givene > 0, apartition {A1, 71),...,(Ap, zp) } is called e-regular
if r(A) > efori=1,...,p. We note that if P is an g-regular partition
and m > 2, then the associated special partition P*P of Remark 2.1 need
not be g-regular.

DEFINITION 6.1. A function f defined on a figure A C R™ is called
gage integrable (abbreviated as g-integrable) in A if there is a real number
I having the following property: given € > 0, we can find a gage 6in A
and a caliber 5 such that

|G(fJP)_I|<8

for each §-fine e-regular partition P of A mod (e, ).

It follows from Proposition 4.8 that the number I of Definition 6.1
is determined uniquely by the g-integrable function f. We call it the g-
integral of f over A, denoted by (g) [, f. By G(A) we denote the family
of all g-integrable function in A.

Since the regularity of each one-dimensional interval equals 1, Theo-
rem 5.1 implies that the HK- and g-integrals coincide over the subintervals
of R. In higher dimensions, however, this is far from truth.

The routine proof of the following proposition is left to the reader.

PROPOSITION 6.2. If A is a figure, then the family G(A) is a linear
space over R andthemap f s (g) f 4 | is a nonnegative linear functional

onG(A).

Let A C R™ be a figure. A division of A is a finite family of nonover-
lapping figures whose union is A. An additive function in A is a function
F' defined on all subfigures of A such that

F(A)= ) F(D)

DeD

for each division D of A. An additive function F in A is called continuous
if given € > 0, there is an n > 0 such that |F(B)| < & for each figure
B C Awith ||B]| < 1/eand |B| < .
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EXAMPLE 6.3. Let A C R™be afigureandletv : A — R™bea
continuous vector field. If B C A is a figure, we denote by ng the usual

exterior normal of B, defined on all (n — 1)-dimensional faces of B, and
let '

F(B) = (L) v-ngdip_1 .
bd B

We show that F', which is clearly an additive function in A, is continuous.
To this end, choose an & > 0 and find a continuously differentiable vector .
fieldw : R™ — R™ so that ||v(z) — w(z)|| < £2/2 foreach z € A.
Select a positive < £/(2c) where cis a positive upper bound for |div w|
on A. Now let B C A be a figure with ||B|| < 1/¢ and |B| < 7. The
Schwartz inequality and standard divergence theorem applied to w over B
yield

(L) V- ngA;m_1
bdB

<

(L) / ||v — w||dAm—1 + (L) / |divw|dhp, <
bd B B

82
SlIBll+clBl <,

and our assertion is proved.

PROPOSITION 6.4. Let A be a figure and let f € G(A). Then f €
G(B) for each figure B C A, andthe map F : B +— (g) fo is an
additive continuous function in A.

Proof. Choose a positive £ < 1/4, and find a gage § in A and a caliber
n = {nj}j2; so that

wwfr4wfﬂ<§
A

for each 6-fine e-regular partition P of A mod (&, ).

If B is a subfigure of A and C = A © B, let np = {m2;}2; and
nc = {m ,-_1};:1. By Proposition 4.8, there is a 6-fine g-regular partition
Q of C mod (g,7n¢). Now if Q; and Q, are §-fine e-regular partitions of
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B mod (g,7p), then P = QU Q; and P, = Q U Q; are é-fine e-regular
partitions of A mod (&, 7). Thus

0(£,Q1) — o(£,Q2)| = |o(f, P1) — o( £, Py)|
o(f,Pl)-(g)fAf G(f,Pz)-—(g)/Af

< +

<Eg,

and the g-integrability of f in B follows from a Cauchy test similar to that
presented in Lemma 3.5. In particular, the function F : B — (g) [pfis
defined for all figures B C A.

If {A1,..., An} is a division of A, let 1* = {n,4}2, for k =
1,...,n. By the first part of the proof and Proposition 4.8, there are §-fine
e-regular partitions P, of Ay mod (&, 7¥) such that |o( f, Py) — F(Ay)| <
£/(2n). Since P = U}_, Py is a §-fine e-regular partition of A mod (e,m),
we have

F(A) - ) F(Ap)
k=1

< |F(A)~o(f,P)|+) " |o(f, P)—F(Ap)| <,
k=1

and the additivity of F follows from the arbitrariness of ¢.

Choose a figure B C Awith|B| < 1/eand |B| < m1. LetC = A©B
and n* = {n;}{2,. There is a 6-fine e-regular partition Q of C mod (&, 7*)
such that [o( f,Q) — F(C)| < €/2. Since Q is also a -fine e-regular
partition of A mod (&, i), we obtain

|F(B)| = |F(A) —F(O)| < |F(A)—o(f,Q)|+|o(f,Q)—F(O)| < ¢,

which establishes the continuity of F.

To illustrate further the manipulation of calibres, we prove the Hen-
stock lemma for the g-integral.

LEMMA 6.5 Let A be a figure and let f € G(A). Givene > 0, there
is a gage 6 in A such that

4

2

i=1

f(z:i)|Ai| — (g) /A.- fl <e

for each §-fine e-regular partition {( Ay, 31),...,(Ap, z,) } in A.
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Proof. Choose a positive £ < 1/4, and find a gage § in A and a caliber
n = {nj}{2; so that

o(f, P) —(g)/Af

<£
3

for each §-fine partition P of A mod (&,n). Let noas = {m j-1}72; and
Teven = {M2j };':1 . It follows from Proposition 4.8 that each §-fine e-regular
partition in A is a subset of a §-fine e-regular partition of A mod (&, Nodd) -
Thus it suffices to prove the inequality in question for a §-fine e-regular
partition P = {(A1,%1),...,(Ap,Z,) } of Amod (g, oqq) .

For this purpose, let 7' = {n2(pjss) }32, fori = 1, ..., p, and find -fine
g-regular partitions P; of A; mod (&,n*) such that

E
< =—.

olf,P)—(9) | f 3p

Ai

The existence of the P;’s is guaranteed by Propositions 4.8 and 6.4. Re-
order P so that f(z;)|A;| — (g) fA'_ f is nonnegative fori = 1, ...k, and
negative fori = k+ 1,...,p, where k is an integer with 0 < & < p. Now
observe that

p
Q. = {(A1,21),..., (A, )}V | B

1=k+1

k
Q- = {(Akr1,3he1),..., (Ap, ) YU B
=1

are 6-fine e-regular partitions of A mod (g, 7). Thus

£ k
> a(f,Q+)—(g)L|2§[f(z;)lA;|—(g) /Af]
D k
- 1I% - > 3 14{ —_
gk;l [a(f ) (g)Af] _El (2|4 (g)-/‘;"fl

E



290 WASHEK F. PFEFFER

and similarly

14
7> 0
i=k+1

The lemma follows by adding the last two inequalities.
We say that an additive function F in a figure A is derivable at z € A
if there exists a finite limit

falad-@ [ gl -k

F(B,)

lim
| Ba|

for each sequence {B,} of subintervals of A containing x for which
limd(B,) =0 and inf r(B,) >0 .

When all these limits exist they have the same value, denoted by F'(z). If
F is derivable almost everywhere in A, then it follows from [15, Chapter
IV, Theorem (4.2)] that the function £ — F'(z) is measurable.

THEOREM 6.6. Let f be a g-integrable function in a figure A, and let

F(B) = (g) [ f for each figure B C A. Then for almost all 5 € A the
function F is derivable at x and F'(z) = f(z). In particular, the function
f is measurable.

Proof. Let E be the set of all - € A for which either F is not derivable
at  or F'(z) # f(z). Given z € E, we can find a~(z) > 0 so that
for each B > O there is an interval B ¢ A with z € B, d(B) < B,
r(B) > v(x), and

|f(2)|B| - F(B)| > 4(z)|B] .

Fix anintegern > 1 andlet E, = {z € E : q4(z) > 1/n}. Choose a
positive £ < 1/n, and use Henstock’s lemma to find a gage & in A so that

2

p
E
le |F(z) | A — F(4)] < o
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for each §-fine e-regular partition {( A1, z1),..., (Ap,zp)}in A. Let £ be
the collection of all intervals B C A of regularity larger than £ such that
d(B) < 6(zp) and

1
|f(z8)|B| - F(B)| > ~1Bl

foran zp € B N (E, — Z;); here, as always, Z5 denotes the null set of
6. From the choice of ¢ we see that E, — Z5; C UE. Each B € & is
contained in a cube K g with d( Kg) = d( B), which implies that |KB| <
|B|/e. It follows from [19, Theorem 1.3.1] that there is a disjoint subfamily
{KB,,KB,,...} of the family {Kp : B € £} such that

5m
|En| = |En — Zs| < smzileB.-l < —E—zile.-l :

Observe that {(B1,%p,),...,(Bp,zp,)} is a §-fine e-regular partition in
A whenever the set B, is defined. Hence

N 4 P 2
S1B <) |fan) Bl - FBI| < o

i=1
and consequently, | E,| < e. By the arbitrariness of ¢, the set E,, has mea-
sure zero, and so does E = UX, E,.

The proofs of the next theorem and its corollaries are left to the reader;

they are completely analogous to the corresponding proofs presented in
Section 3.

THEOREM 6.7. Let f be a function defined on a figure A. Then f
belongs to L1( A) if and only if both f and |f| belong to G(A), in which

case
(g)/Af=(L)fAﬁ

COROLLARY 6.8. Let f and g be functions defined on a figure A such

that f(z) = g(x) for almost all € A. Then f belongs to G( A) if and
only if g does, in which case '

(g)fAf=(g)_/Ag-
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COROLLARY 6.9. Let {f,} be a sequence of g-integrable functions
ina figure A, and letlim f, = f. Then ‘

fEG(A) and (g)/Af=1im(g)/Afn

whenever either of the following conditions are satisfied:
L. fo < fw1forn=1,2,...,andlim(g) [, fo < +oo;
2. 9 < fa < hforsomeg,h € G(A) andalin=1,2,....

PROPOSITION 6.10. Let f be a function defined on a figure A, and let
{A1,...,A,}beadivisionof A. If f is g-integrablein A; fork=1,... n,
then it is g-integrable in A.

Proof. Set I =3¢ _1(g) [,, f and choose a positive

1
max{“AIH’ ceey ”Aﬂ”} .

e

Fork = 1,...,n, there are gages & in Ay and calibers 7* = {nf}; such
that
o(f,P)—(9) | f

A

for each 6;-fine e-regular partition Py of A; mod (e/2,m%). Forz € A
denote by px(x) the distance from z to bd A, and define a gage 6 in A by
setting 6(x) = min{6x(x), px(x)} for each z € A,. Finally, let n = {5,}
be a caliber such that n; = min{n;,..., 7} for all ;. Now if P is a 6-fine
e-regular partition of A mod (e, ), then P, = {(B,z) € P:z € Ai}is
a 6-fine e-regular partition in A;. By definition, A © UP = Uj.1C;j where
C1, ..., C, are nonoverlapping figures with ||Cj|| < 1/e and |Cj| < n; for
Jj=1,...,s. Since

E
< -
n

8
ao|JP= 40 (40 JP) = Jaro oy
j=1
and since for j = 1,..., s the following estimates hold

2
14x © Gj| < || Akll + IG5l < - md |4 0C <y <,
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we conclude that Py is a partition of A; mod (g/2,n*). Thus

<E€

o(f,P) —(g) | f

Ag

lo(£,P) -1 <Y
k=1

and the proposition is proved.

7. The divergence theorem.

LetE C R™andz € int E. Avectorfieldon Eisamapv : E — R™
whose differentiability at z is defined in the usual way (see [14, Definition
1.22]). Soif v = (fi,..., fm) is differentiable at z, the partial derivatives
(8/8¢;) fi(z) existfori,j = 1,...,m, and the number

div v(z) = Z 3 /(@
J

is called the divergence of v at . The following lemma is the germ of the
divergence theorem.

LEMMA 7.1. Let v be a bounded vector field on a set E C R™ that
is differentiable at x € int E. Givene > 0, there isa § > O such that

div v(z)|B| — (L) v-ngdigm_1
bdB

for each figure B C ENU(x,8) for which x € B and v restricted to bdB
iS Am—1 measureable.

< ed(B)||B||

Proof. Foreachy € R™ let w(y) = v(z) + D(y — 1) where D =
Dv(z) is the differential of v at z. Thus w is a linear vector field defined
onR™, and it is easy to verify that div w(y) = div v(z) for each y€ER™,
Moreover, there is a function h defined on E such that

lim h(y) =0 and |jo(y) — w(w)|| < W(9)|y — 3|

foreveryy € E. Givene > 0, choose ad > 0 so that h(y) < €.
whenevery € ENU(x,8). Nowlet B C ENU(z,6) bea figure for
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which z € B and v restricted to bdB is )\,,_;-measurable. The standard
divergence theorem applied to w over B, and Schwartz’s inequality yield

div v(z)|B| - (L) v-ng dipm_1
bdB

(L) / div w dh\p, — (L) v-ng dp_1
B bdB

(L) (w—v) -ng Ap_1
bdB

(L) /m”"’(”) — o) Dt () <

<

(L) f M)y — o| Dmi(y) < sd(B)||B]|,
bd B

which proves the lemma.
Let v be a vector field on aset E C R™. We say that v is almost
differentiable at z € int F if »

lim sup lv(y) — v(=)] <

+00
y—z ly — x|

As in the one-dimensional case, Stepanoff’s theorem ([3, Theorem 3.1.9])
asserts thatif D C int E and v is almost differentiable at all ¢ € D, then it
is differentiable at almost all z € D (cf. Section 5).

THEOREM 7.2. Let T C R™ be a thin set, and let v be a continuous
vector field on a figure A that is almost differentiable at each = € int A—T..
If f is a function on A such that f(z) = divv(z) for everyz € intA — T
at which v is differentiable, then f € G(A) and

(g)fAf=(L)/bdAv-nAczxm_l.

Proof. The proof is similar to that of Theorem 5.4. For each figure
B C A, welet F(B) = (L) [i44v - nad\m—1. By Example 6.3, this
defines an additive continuous function F in A. Thereisaset E C int A—T'
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such that |E| = 0 and v is differentiable at each €intA—(EUT). In
view of Corollary 6.8, it suffices to show that a function % on A defined by

divu(z) if x €itA-(EUT),
h(m)={
0 it e EUTUbBIA,

belongs to G(A) and (g) [, h = F(A).
Selectan e > 0 and let « be a function associated to E and ¢ according

to Lemma 5.3. If z € E, then there are positive numbers c; and §, such
that

2mc,
>

foreveryy € ANU(z,6,) andevery B C AN U(z, ;). Thus for each
z € F, the inequality ‘

lv(9) —v(D)|| < csly— 3| and «(B) >

|B|

|h(2)|B| - F(B)| = (L) /dev(y) -nB(y)dAm_l(y)‘

- (L)f [v(y)—u(z)]-ng(y)dxm_x(y)l
bdB

< (L) / czly — z| dhm_1(y)
bd B

< ¢z d(B)||B|| £ ¢z - 2m[d(B)]™

2m
€

< ===|B| < o( B)
holds whenever B C AN U(xz,8,) is an interval with r(B) > Ee.
IfzcintA— (EUT),use Lemma7.1 to find a 6; > 0 so that

2
|h(z)|B| - F(B)| < é%d(B)HBH < e [d(B)]™ < ¢|B|

forevery interval B C AN U(x, 6;) for whichz € B and 7(B) > ¢.

Finally, since F is a continuous additive function in A, there is a cal-
ibern = {n;} suchthatforj = 1,2,... wehave |F(B)| < €27 foreach
figure B C A with ||B|| < 1/e and |B| < w;.
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Now we define a gage § in A by setting
6, if z€int A—-T,
6(z) = {
0 ifzeTUbIA,

and choose a §-fine e-regular partition P = {( A1, z1),...,(Ap,z5) } of A
mod (&, 7). Then AGUP = UX_, B; where By, ..., By are nonoverlapping
figures such that || Bj|| < 1/e and |B;| < n; for j = 1,..., k. Since no z;
belongs to T" U bd A, we obtain

p k
|loCh, P) — F(A)| < Y |m(z)|Ai| — F(A) |+ Y |F(By)|
i=1 j=1
< DA+ Y elAil+ Y k2

z;€E ¢ F Jj=1

< a(A) +e|lAl+e<e(2+ |A)])

and the theorem is proved.

8. The restricted gage integral.

There is a disturbing asymmetry in the definition of the g-integral:
while the partitions involve only intervals, the concept of a figure is needed
to define the approximation by Stieltjes sums. Even when the g-integral is
restricted to intervals, the use of figures cannot be avoided for the follow-
ing reasons. We must employ regular partitions in order to benefit from
Lemma 7.1. Since the regularity of intervals may be ruined by intersec-
tions, we cannot prove Proposition 6.10 without introducing gages. The
use of gages leads, in turn, to partitions mod (&, 7) whose definition is
based on figures in an essential way.

Nonetheless, the natural way of making the g-integral symmetric sug-
gests itself. Indeed it suffices to use “partitions” {( A1, 1), ...,(Ap, Tp) }
where Aj,..., Ap are figures rather than intervals. This change will pro-
duce an integral that is weaker than the g-integral but closer to our final
goal of coordinate free integration.
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Let A be a figure. We set r(A) = r*(A) =0 if |[A| = 0, and let

A= T d(A||A]]

if |A| > 0. The numbers r( A) and r*( A) are called the regularity and
*regularity of A respectively.

LEMMA 8.1. If Aisaninterval then[2r*(A) 1™ < r( A) <2mr*(A).

Proof. Avoiding the trivial case, assume that m > 2. Forj = 1,
..., m, let A; be the orthogonal projection of A to the (mm— 1) -dimensional
subspace of R™ perpendicular to the j-th coordinate axis. Clearly

22m-1045) <||A]|
forj=1,...,m, and also
4™ < T Am-1C4p) -
. j=1

Combining the above inequalities, we obtain [A|™~! < 2-™||4||™. Since
|A]| € 2m[d(A)]™ ! the lemma follows.

REMARK 8.2 In the notation of the previous proof, the inequality

A" < T m-1(4p)
j=1

holds also when A is a figure. This is obvious for m = 2, and for an
arbitrary m it is proved in [8] or [9, Sections 1-6]. As 2 Am-1(4;) < ||4]|
is clearly true when A is a figure, we see that the inequality [2 r*(A)]™ <
r( A) is satisfied for any figure A. On the other hand, if

- " ._1__ 1 m—1
An = (U [2k’2k—1]) x 10,17,

k=1
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then r(A,) > 1/2 and r*(A4,) < 1/(2m) forn = 1,2 ... Thus for
figures, *regularity is a finer indicator than regularity: it measures both the
shape and perimeter of a figure. Moreover, from the proof of Theorem 7.2
we see that *regualrity is precisely taylored to our needs.

An f-partition is a collection (possibly empty) P = {( Ay, z1),...,
(Ap, zp) } where the A;’s are nonoverlapping figures and z; € A; fori =
1,...,p. Givene > 0, we say that P is e-*regular whenever r*( 4;) > ¢
fori = 1,...,p. All other concepts applied to partitions in the previous
sections extend, in the obvious way, to f-partitions.

REMARK 8.3. It follows from Lemma 8.1 that replacing g-regular
partitions by e-*regular partitions in Definition 6.1 will not change the g-
integral.

DEFINITION 8.4. A function f defined on a figure A C R™ is called
gage integrable in the resticted sense (abbreviated as g*-integrable) in A if
there is a real number I having the following property: given £ > 0, we
can find a gage 6 in A and a caliber 7 such that

|G(f,P)—I|<8

for each 6-fine e-*regular f-partition P of A mod (g, 7).

If A is a figure, we denote by G*(A) the family of all g*-integrable
function in A. Remark 8.3 implies that G*( A) C G(A) and that for each
f € G*(A), the number I from Definition 8.4 equals (g) [ "4 f- To see that
for|A| > 0, the inclusion G*( A) C G(A) is proper in every dimension re-
quires a complicated example, which is beyond the scope of these lectures
(for a one-dimensional example, we refer to [12, Example 8.6]).

It is easy to verify that all statements proved in Sections 6 and 7 remain
valid (with identical proofs) when G( A) is replaced by G*( A).

9. Sets of bounded variation.

At this point the way to coordiante free integration is straightforward.
We only need to replace figures by more general sets for which the usual
divergence theorem holds and which are invariant with respect to diffeo-
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morphisms. While several choices are possible, we shall employ the most
general family of sets having these properties.

Let E be a subset of R™. We say thatan z € R™ is, respectively, a
density or dispersion point of E whenever

. |ENU(z,e)| _ . |[ENU(x,e)| _
i agm o1 or lmsup—rr o <

The set of all density points of E is called the essential interior of E, de-
noted by int*E, and the set of all nondispersion points of E is called the
essential closure of E, denoted by c1*E. The essential boundary of E is the
setbd*E = cI*E — int*E. If E is measurable, then the sets E, int* E and
c* E differ only by sets of measure zero ([15, Chapter IV, Theorem (6.1)]);
in particular, |bd*E| = 0. The essential interior, essential closure, and
essential boundary are natural measure theoretic analogues of the corre-
sponding topological concepts. Obviously intE C int*E C cI*E C cl E,
and so bd*E C bd E. If cI*E equals E or clE, the set E is called essen-
tially closed or nondispersed, respectively.

REMARK 9.1. It is clear that any two sets which differ by a set of
measure zero have the same density and dispersion points. Hence they
have the same essential interior, essential closure, and essential boundary.

The following lemma is useful. It implies, in particular, that
cl*ANint*B C c1* (AN B)
whenever A and B are measurable subsets of R ™.

LEMMA 9.2 Let A C R™ be measurable, let z € int* A, and let {en}
be a sequence of positive numbers with lim g, = 0. If {An} is a sequence
of measurable sets such that A, C U(z,e,) and |A,| > a|U(z, £,)| for
n=1,2,...anda fixeda > 0, then

AN A,
lim —— =1 .
| Aa|
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Proof. Assume that lim inf (|A N A,|/|As]) < b < 1, and find a
c<lsothatl —c< a(l —b). Forn=1,2,...,letU, = U(z,¢&,).
Since lim(|A N U,|/|Uy|) = 1, thereis an integer p > 1 such that

|AN Ap| <B4, and  |ANT,| > c[Tp|.
A contradiétion follows:

|AN(Up — Ap)| 2c|Uy| — blA,|
= |Up| — |4p] = (1 — ) |Up| + (1 — b) | 4|
> AN U, — Ap) |+ [a(1 = b) — (1 —¢)1|Uy|
> |AN(U, — Ap)] .

The (m — 1)-dimensional Hausdorff measure H in R™ is defined so
that it is the counting measure if m = 1, and agrees with the measure \,,_;
in R™1if m > 1 (see [19, Section 1.4]). A bounded set A C R™ is
called a BV set (BV for bounded variation) whenever the number ||A|| =
H(bd*A), called the De Giorgi perimeter of A is finite. Thus the essential
boundary of a BV set is thin (cf. Remark 4.2), although the topological
boundary may have a positive measure. It is easy to see that the family
BV of all BV sets is a ring and that

max{||AU B||, |An B, ||A - BI|} < |IA]l +|B]| -

forall A,B € BV.

REMARK 9.3. Denoting by ||A|| the perimeter of a figure A and also
De Giorgi’s perimeter of a BV set A is legitimate. Indeed, if A is a figure
thenbd* A = bd A. Thus each figure is a BV set whose De Giorgi perimeter
is equal to its perimeter defined in Section 4.

REMARK 9.4. By [3, Section 2.10.6 and Theorem 4.5.11], a bounded
set A C R™is aBV setif and only if it is measurable and the distributional
gradient of its characteristic function is a vector valued measure in R™
whose variation o4 is finite (see also [19, Chapter 5]). in this case we have
g4(E) = H(ENbd*A) forevery set E C R™; in particular, c4(R™) =
Al
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Let A be a BV set. It follows from [3, Chapter 4] that there is a Borel
vector field ng on R™, called the Federer exterior normal of A, such that

H(BNbd*A) = (L)/BnnAn dH,

(L)/divvd)\m=(L) v-ng dH

A bd A

forevery H-measurable set B C R™ and every continuously differentiable
vector field vonR™. Anz € R™ is called a perimeter dispersion point of
A whenever

. HId*ANU(z,¢e)]
lim =

e—0+ (2 E)m"l 0.

The set of all z € int*A which are perimeter dispersion points of A is
called the critical interior of A, denoted by int.A. By [19, Lemma 5.94],
we have H(int*A — int A) = 0.

The regularity and *-regularity of BV sets is defined by the same for-
mulae we used for figures. It follows from the isoperimetric inequality
([19, Theorem 5.4.3]) that there is a constant ¢ > 0, depending only on the
dimension m, such that [ cr*( A)]1™ < r( A) for each BV set A. Using [9,
Section 8], it is possible to show that ¢ = 2 as in Lemma 8.1, but we shall
not need this.

LEMMA 9.5. Let A € BV, z € int A, and let {Bn} be a sequence
of BV sets such that x € c1*B,, and v*(B,) > € > 0 forn= 1,2,...If
limd(B,) =0,thenxz € c1*(ANB,) forn=1,2,..., and

lim inf r*(AN By,) > ye™! |
where v > 0 is a constant depending only on the dimension m.

Proof. By Lemma 9.2, we have z € cl*(AN B,) forn= 1,2,...,.
If 6, = d( B,) and Uy, = U(z,26,), then B, C U, and

| Ba|
|Un|

=47"r(By) 2 47" e (B > ()",



302 WASHEK F. PFEFFER

where ¢ > 0 is a constant depending only on the dimension m. Another

application of Lemma 9.2 shows that lim[ |[AN B,|/|By|] = 1. In addition
we have

* IB”I 6:1"—1
d
AN Bal| < H(UaNbd*A) +||Bu|| and ||By|| < B S s
Since z is a perimeter dispersion point of A,
. [|A N By m—11: H(U,Nbd*A) 1 1
lim sup 51 < 4™ 'lim sup @5 )m1 + i
and consequently,
lim inf v*(A N B,) =
.. [AN B,| | Bal om-1 )
lim inf . . —=2 >
( | Bu| d(ANB,)ér1 ||JANB,||/) =

glim inf r(B,) > e[cr*(By)]™ > qe™!

where 4 = ¢™ /2 is a positive constant depending only on m.
The following proposition is due to I. Tamanini and C. Giacomelli
(see [18, Theorem 2.3] where a more complete result is proved).

PROPOSITION 9.6 For each BV set A there are nondispersed BV sets
An C A such that || An|| < ||Al| and |A — Aa| < ||Al|/nforn=1,2,....

Proof. Fix an integer n > 1 and let a = inf (|| B|| — n|B|) where the
infimum is taken over all BV sets B C A. If {B;} is a sequence of BV
subsets of A and lim (|| By|| — n|Bx|) = a, then sup||By|| < +o0. By [19,
Corollary 5.3.4], there is a subsequence of {B}, still denoted by {B;},
and aset £ € BV suchthat E C A, lim|By — E|, and lim|E — B;| equal
zero. From [19, Theorem 5.2.1] we obtain

o < [|B|| - nlB| < lim inf || By| - lim |By| = im(||By|| — nBk)) = «,

hence || Ef| —n| E| < ||A]|—n|A|. Asthe lastinequality yields || E|| < ||A]|
and n|A — E| < || A}, it suffices to show that E is not dispersed.

Since the set of all z € E such that |[ENU(z,e)| = 0 forane > 0
has measure zero, we may assume that |E N U( z, g)| > 0 foreache > 0.
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Selectan z € clE, and fort > 0 let U = U(x,t). The inequalities
and equations which follow hold for X-almost all ¢ > 0 some hold for all
t > 0, but this is irrelevant. The isoperimetric inequality ([19, Theorem
5.4.3]) provides a constant ¢ > 0, depending only on the dimension m,
such that

c<||[ENTY|-|[ENTs! .
The minimality of E gives
||| = nlE| < ||E — Ul - nlE - T,
hence using the equations
”Eﬂ Ut“ =H(U:NbAd*E) + H(ENbdU) )

|E - Uy|| = [|E|| — H(U; NbAd*E) + H(E N bd U;)
established in [2], we obtain

¢ <2H(ENbAUY) |ENT:|=~" + o ENT|* .
Ifz=({,...,6m), then applying Fubini’s theorem to the sets

{(m,..imm) EENU: |y — & < |mi— &, 5= 1,...,m}

fori=1,...,m,itis easy to verify that

t
|IENT| = (L) f H(ENbAU,)dA(s)
0

or equivalently P
H(ENbdU,) = EIED Utl .
Thus d
L L
c< ZmEZ (IEﬂUtl'") + nIEﬂ Ut' .
Dividing the last inequality by an & > 0 and integrating over the interval

(0, ) yields 1
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from which we conclude that z € cl1*E.

REMARK 9.7. We note that the existence of a BV set E C A mini-
mizing the value of || B|| — n|B| over all BV sets B C A is established by
interpreting BV sets according to Remark 9.4. If this can be proved directly
from our geometric definition of BV sets is unclear.

10. The integral.

A BV* set is an essentially closed BV set. In view of Remark 9.1,
each BV set differs from a BV* set by a set of measure zero. It is easy to
verify that a BV* set is nondispersed if and only if it is closed. If A and B
are BV* sets then so are the sets AU B,

AOB=cl*(ANB) and A©6B=cl*(A-B).

Note that for figures the above defined operations © and & agree with those
introduced in Section 4. The family of all BV* sets is denoted by BV™*.

Given an e > 0 and a caliber 7 = {7,}, we say that a BV* set B is
(&, m)-*small if B is the union of nonoveraapping, possibly empty, BV *
sets B1,...,Bg suchthat ||Bj|| < 1/e and |Bj| < nj forj = 1,...,k. If
A,B € BV* and B is (g,n)-*small, then A® B and A © B are (&*,7)-
*small for e* = £/(g||A|| + 1).

REMARK 10.1. If a figure is (g, 5)-small, then it is (g, 7) -*small. It
would be interesting to know whether the converse is also true.
A *partition is a collection (possibly empty)

P= {(Al;ml)s"ﬂ(Ap!xP)}

where the A;’s are nonoverlapping BV* sets and z; € A; fori = 1,...,p.
As before, let UP = U}_; A;. Given aBV* set A, an ¢ > 0, and a caliber
7, we say that P is a *partition of A *mod (&,n) whenever UP C A and
AOB© UP is (g,n)-*small. Thus if A is a figure, then by Remark 10.1, each
f-partition of A mod (g, 7) is a *partition of A *mod (&, 7). All other con-
cepts applied to partitions and f-partitions in the previous sections extend,
in the obvious way, to *partitions.
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At this point, a word concerning notation is in order. While using all
the asterisks is a clear notational nuisance, at the introductory level, it is

the only safe way to avoid confusion. Thus, with an apology, we ask the
reader to bear with it.

THEOREM 10.2. Let A be a BV* set. There is a constant & > 0,
depending only on the dimension m, such that given a gage § in A and a
caliber m, we can find a §-fine k-*regular *partition of A *mod (k,n).

Proof. Assume first that [|4]| < 2. If 5 = {m,n2,...}, then by
Proposition 9.6, there is a closed BV* set B C A with 1B|]| < 2 and
|A© B| < m.Forj=1,...,m, find integers T; < 8; so that the interval
K = [[jz1[ 5,551 contains B, and foreach z € K let p(z) be the distance
from z to B. Let & = min{1/7,4(2m) ™'} where « is the positive
constant from Lemma 9.5. If z € int.B, then Lemma 9.5 implies the
existence of an a(z) > 0 such that v*(B ® C) > & for each cube C with
z € C and d(C) < a(z). Since B — int B is a thin set, letting

p(z) ifze K —int B,
A(x) =<{

min{a(z),8(z)} if z €int.B,

defines a gage A in K. Let ¥ = {,,73,...} and use Lemma 4.7 to find
a A-fine partition Q = {(K1,31),...,(Kq,24)} of K mod (1/5,9)
such that Ky,..., K, are dyadic cubes. By Lemma 9.5, the collection
P={B0OK;z) : z; € int.B} is a é-fine x-*regular *partition in

B and
Be|JP=Bo(KelJq).

Since K ©UQ is (1/5, ¥)-small and I|B|| £ 2,the set BOUP is (s, ¥)-
*small. From this we conclude that P is a *partition of A *mod (k,m).

It is easy to show that an arbitrary BV* set A is the union of nonover-
lapping BV* sets Ay, ..., A, whose De Giorgi perimeters are less than or
equalto 2. Fork = 1,...,n leto* = {nnj+£}21 and use the first part
of the proof to find a §-fine x-*regular *partition Py of Ay *mod (&, n¥).
Now it is clear that P = Ug-1 P is the desired *partition, and the theorem
is proved.
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DEFINITION 10.3. A function f ona BV* set A is called integrable in
A if there is a real number I having the following property: given e > 0,
we can find a gage 6 in A and a calibre 7 such that

IO'(f,A) _II <e

for each §-fine e-*regular *partition P of A *mod (¢, 7).

It follows from Theorem 10.2 that the number I of Definition 10.3 is
determined uniquely by the integrable function f. We call it the integral of
f over A, denoted by [ 4 f- BYZ(A) we denote the family of all integrable
functions in A.

In dimension one, the figures and BV* sets coincide, and so do the g*-
integral and integral. Let m > 2 and let A be a figure. It follows directly
from Definitions 8.4 and 10.3that T( A) C G*( A) and [.f=(9) [y f for
each f € T(A). Using Theorem 11.4 below, it is possible to show that the
inclusion Z(A) C G*(A) is proper whenever |A| > O (cf. [11, Example
6.2]).

Let Abe a BV* set. A *division of A is a finite family of nonoverlap-
ping BV* sets whose union is A. A *additive function in A is a function F
defined on all BV* subsets of A such that

F(A) =) F(D)
DeD
for each *division D of A. A *additive function F in A is called *continuous
if given € > 0, there is an ) > O such that |(B)| < ¢ for each BV* set
B C Awith||B|| < 1/e and |B| < 7, If A is a figure, then by restriction,
a *additive function F' in A defines a unique additive function in A, which
is continuous whenever F is *continuous.

PROPOSITION 10.4 Let A be a BV* set and let f € T(A). Then
f € I(B) for each BV* set B C A, and themap F : B — [, fisa
*additive *continuous function in A.

The proof is left to the reader; modulo the obvious adjustments, it is
the same as that of Proposition 6.4.

Replacing figures by BV* sets, Proposition 6.2, Lemma 6.5, Theorems
6.6 and 6.7 as well as Corollaries 6.8 and 6.9 hold for the integral defined
in this section. The exact reformulations and proofs are left to the reader.
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PROPOSITION 10.5 Let f be a function defined ona BV* set A, and let
{A1,...,As} bea*divisionof A consisting of closed sets. If f is integrable
inAgfork=1,... n, then it is integrable in A.

Proof. The proof is similar to that of Propostition 6.10. Set I =

>_k=1J,, f and choose a positive ¢ < 1/ max {||A1]l,...,||As||}. For
k=1,...,n, there are gages 6 in Ay and calibers 7* = {n}}; such that

E
< —
n

f

o(f,Py) — /

Ay

for each §;-fine e-*regular *partition P, of A *mod (e/2,7%).Forz € A
denote by px(z) the distance from z to the closed set Dy = Uiz A, and de-
fine a nonnegative function § on A by setting §( z) = min {8;(z), pi( z)}
for each z € Ai. Since D; N int*A, = @ (see the comment preced-
ing Lemma 9.2) and since bd* A, is a thin set, the function § is a gage
in A. Now let n = {;} be a caliber such that ; = min{z;,..., 7}
for all j. If P is a 6-fine e-*regular *partition of A *mod (&, 7), then
Pr={(B,s) e P:z¢ Ay} is a b-fine e-*regular *partition in A.
By definition, A © UP is (e, 7)-*small. As

a0 JP= Ao (a0 JP)

it is easy to verify that P, is a *partition of A *mod (£/2,7*). Thus

fl<e

o(f, Pe) — f

A

lo(£,P) =11 <Y
k=1

and the proposition is proved.

REMARK 10.6. The assumption that the Aj;’s are closed sets is essen-
tial for the validity of Proposition 10.5 (see [13, Example 5.21]). This is,
however, only a minor deficiency that can be easily corrected by various
extensions of the integral. A particularly useful extension can be found in
[13, Sections 8 and 9].
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LEMMA 10.7. Let v be a bounded vector field on a set E C R™ that
is differentiable at x € int E. Givene > 0, thereisa § > 0 such that

divv(z)|B| - (L) v-ngdH
bdB
for each BV* set B C E NU(x,8) for which x € B and v restricted to
bd* B is H-measurable.

< ed(B)||B||

The previous lemma is the germ of the divergence theorem for the
BV* sets. Its proof, which is identical to that of Lemma 7.1, is left to the
reader. For an altemnative proof we refer to [12, lemma 5.5].

LEMMA 10.8. Let E be a measurable subset of an open set U C R™
and let g and h be functions defined on U that have partial derivatives
ateachx € E. If g(z) = h(x) for all t € E, then (8/0¢)g(x) =
(0/0¢;)h(z) fori=1,...,mand almostall z € E.

Proof. Suppose that the set
C={z€E:(9/01)9(z) #(8/d¢1)h(z)}

has a positive measure. By Fubini’s theorem, there is a z € R™! such
that the set § C R of those s for which (s, z) € C has a positive measure
A. In particular, there is 2t € S and a sequence {t,} in § — {t} with
lim ¢, = t. From this we obtain that (3/0¢1)g(t, 2) = (0/0€1)(t,2), a
contradiction. The lemma follows by symmetry.
Let v be a vector field on an arbitraryset C C R™ and let E C C be

a measurable set. We say that v is almost differentiable on E if there is a
set D C R™ and a vector field w on D such that the following conditions
are satisfied:

1. CC Dand E C int D;

2. w(z) = v(zx) forevery z € C;

3. w is almost differentiable at each z € E.
By Stepanoff’s theorem ([3, Theorem 3.1.9]), the vector field w is differ-
entiable at almost all z € E. For each £ € E we set

w(zx) if wis differentiable at z
div v(z) = {

0 otherwise .
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It follows from Lemma 10.8 that upto a set of measure zero, the function

divv : E — R is determined uniquely by the vector field v and does not
depend on the choice of w.

THEOREM 10.9. Let A be a BV* set and let T' be a thin set. Suppose

that v is a continuous vector field on clA which is almost differentiable on
int*A — T'. Then div v is integrable in A and

/divv=(L) v-ngdH .
A bdA

Proof. By our assumption there is a vector field w onaset D c R™
such that clA C D and w(z) = v(z) for every z € clA, and at the
same time int*A — T' C int D and w is almost differentiable at each z €
int*A — T'. Letting

F(B) = (L) v-ngdH = (L) w -ng dH
bd B bd B

for every BV* set B C A defines a *additive *continuous function in A
(cf. Example 6.3). Thereis aset E C int*A — T such that |E| =0 and w

is differentiable at each z € int*A — (E U T). It suffices to show that a
function f on A defined by

divw(z) if z€int*A—-(EUT),
f(x)={
0 if e EUTUDbI*A,

belongs to T( A) and [, f = F(A). Inview of Lemma 10.7, the proof of
this is analogous to that of Theorem 7.2. We leave the details to the reader.

11. Change of variables.

LetE C R™andlet® : E — R™. The map @ is called Lipschitzian
if there is a real number c, called a Lipschitz constant of ®, such that

|®(z) — ()| < clz -y
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for each z,y € E. We say that ® is a lipeomorphism if it is bijective and
Lipschitzian and the inverse map ® ~! : ®(E) — E is also Lipschitzian.

LEMMA 11.1. Let @ be a lipeomorphism of a set E C R™ into R™.
Then ® extends uniquely to a lipeomorphism of clE into R™, also denoted
by®,and®(cl*E) = c1*®(E).

Proof. There are positive constants a and b such that
alz — z'| < |®(2) — D (3")| < bz — 2|

forall z, 2’ € E. By the completeness of R™, the map ® extends uniquely
to clE. As the extended map, still denoted by @, satisfies the above in-
equalities for all z, ' € cl E, it is a lipeomorphism. Let z € cl E be a
dispersion point of E, and let y = ®(x). Since

P(E)NU(y,e) CP(ENU(z,¢/a)),
|P(ENU(z,e/a))| < b™|ENU(z,e/a)|
for each ¢ > 0, we obtain

. |®(E) NU(y,e)| b)"‘ . |IENU(z,/a)|
— 1 =
hfi.gfp g™ < a n.:.(s)ilp (gfa)™

Thus y is a dispersion point of @ ( E), and the lemma follows by symmetry

0.

REMARK 11.2. Under the assumptions of Lemma 11.1, it is also true
that @ (int*E) = int*® ( E) whenever E is measurable. It turns out, how-
ever, that this fact requires a surprisingly complex proof, recently found by
Z. Buczolich (see [1]).

LEMMA 11.3. Let A € BV andlet® : A — R™ bea lipeomorphism
with a Lipschitz constant c. Then B = ® (A) isa BV setwith |B| < c¢™|A|
and ||B|| < c™1]|A]].

A proof of Lemma 11.3 based on interpreting BV sets as integral cur-
rents (see [3, Chapter 4]) is given in [13, Lemma 6.6]. Alternately, Buc-
zolich’s result mentioned in Remark 11.2 implies that

P (bd*A) =bd*®(A),
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from which the lemma follows.

If @ is a Lipschitzian map of a measurable set E ¢ R™ we denote
by det @ the determinant of the differential D® of P . By the Kirszbraun
and Rademacher theorems ([3, Theorems 2.10.43 and 3.1.6]), we see that
the function det ® is defined almost everywhere in E and it is determined
uniquely up to a set of measure zero according to Lemma 10.8. If ® is a
lipeomorphism then det @ ( z) # 0 foralmost all z € E.

THEOREM 11.4. Let Abea BV* set,let® : A — R™ bea lipeo-

morphism, and let f € TZ(DP(A)). Then fo @ - | det @ | belongs to T( A)
and

/fo(D-]dct(I)|= f.
A

D(A)

Proof. We let z* = ®(z) foreachz € A and B® = ® (B) for each
B C A. There is a constants ¢ > 1, depending only on @, such that
¢z —y| < |3* — 9°| < |z — y| foreach z,y € A. By Lemma 11.3, if
B C Ais aBV* set, then so is B* and

c"|B|<|B*[<c™|B| and 7™|B|| < ||B°|| < c™V|B]| -

Lete > 0 andlet 7 = ec>™. There is a gage 6 in A* and acaliber ) = {n;}
such that

<Eg

Q- [ 1

for each é-fine 7-*regular *partition Q of A* *mod (7, 7). Given z € A4,
select an g, > O so that g;|f(z)| < €. Since

B*| = (L) f |det® | d,
B

for every measurable set B C A ([3, Theorem 3.2.3)(1))) it follows from
[15, Chapter 4, Theorem (6.3)] that there is aset E C A with |[E| =0 and
a positive function ¢ in A such that

|ldet®@ ()| - |B| — |B°|| < &4|B|

foreachz € A — E and each BV*set B C ANU(z,¢(z)) withz € B
and r*( B) > &. In view of Corollary 6.8 for the integral, we may assume
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that det ®(z) = O for every z € E. Finally, let o be the function from
Lemma 5.3 associated with the set E®* and € > 0. There is a positive
function 6 in A*® such that |f(y)| - |C| < a(C) for each y € E*® and each
set C C U(y,0(y)).

Observing that a subset of R™ is thin if and only if its £ measure is
o-finite (cf. Remark 4.2), it is easy to show that a Lipshitzian image of a
thin set is again thin. Thus the function

. {50<D 00@}
A = min , 0,
C C

isagagein A. If P = {(A1,31),...,(Ap,xp) } is a A-fine e-*regular
*partition of A *mod (&, ) where ¢ = {njc™™}, then it is easy to verify
that Q = {(A},%}),...,(4;,7;)} is a 6-fine 7-*regular *partition of A°®
*mod (7, n). Consequently

fI <

a(fo® -|det®|, P) —/

fl<

p
DA - || det® ()] - Al — |A3]] +
1=1

o(f,Q) —f

YoIFED] 1A+ Y enlf(a])] - A + e <

€eFR ¢ FE
Z a(A]) +¢ E |Ail + e < a(A%) + e|A|+ e < e(2+ |A])
TER ¢ E

and the theorem follows.

At this point, it is routine to lift the integral to Lipschitzian mani-
folds and prove the Stokes theorem for compact Lipschitzian manifolds
with boundaries. The details of this task are left to the reader.

12. Some open problems.

I'shall close these lectures by describing breifly three major problems,
which to my knowledge are still completely open.
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PROBLEM 12.1. Find versions of Fubini’s theorem that are valid for
the integral. The usual Fubini theorem cannot be proved as it is incompat-

ible with the divergence theorem ([11, Example 5.71), but weaker versions
may hold.

PROBLEM 12.2. A multiplier is a function g defined on a BV* set A
such that fg € Z( A) whenever f € T(A). Characterize the family of all
multipliers, or at least describe a sufficiently large class of them. It appears
that BV functions ([19, Definition 5.1.1]) are possible candidates, but we do
not even know whether infinitely differentiable functions are multipliers.
It was proved in [16] that a function is a multiplier for the one-dimensional

HK-integral if and only if it is equal almost everywhere to a function of
finite variation.

PROBLEM 12.3. The nonabsolutely convergent nature of the integral
suggests that the integration process is, in some way, based on summation
of conditionally convergent series. Specific examples corroborate this sus-
picion. Explain the role of conditionally convergent series in the absence
of a natural linear order in R™ for m > 2. For the one-dimensional H K -
integral, a full explanation is given by the Denjoy constructive definition
([15, Chapter VIII, Sections 4 and 5]) of the Denjoy-Perron integral, which
is equivalent to the HK-integral (cf. Remark 3.18).

It is likely that Problems 12.1 and 12.2 are closely related.

ADDED IN PROOF. Recently, J.W. Mortensen and the author proved
that the Lipschitz functions are multipliers for the g*-integral as well as for
the integral.
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