FIBER SHAPE THEORY (*)

by V.H. BALADZE (in Thilisi) (**)

SOMMARIO. - Scopo di questo lavoro ¢ di dare una nozione di “fiber shape” per
un arbitrario spazio topologico sopra uno spazio metrizzabile B.

SUMMARY. - The purpose of this paper is to exhibit a notion of “fiber shape” for
arbitrary topological spaces over metrizable space B.

1. Introduction. The notion of fiber shape, recently introduced by the
author ([Ba; ], [Bay ], [Bas]), M. Clapp and L. Montejano ([CM]), H. Kato
([Ka]), S.C. Metcalf ([Me]), Y. Yagasaki ([Ya)), is a modification of homo-
topy type of maps ([Sp]).

The purpose of this paper is to exhibit a notion of fiber shape for ar-
bitrary topological spaces over metrizable space B.

In our development we follow the method of AN Rg-resolutions, i.e.
resolutions of spaces over B, consisting of AN Rp-spaces ([Do], [Jal, [Sc],
[Ya]).

The fiber shape category Shp is by definition the general shape cate-
gory Sh(rpy (IMS]), where T = [Topg] and P = [ANRg].

2. Notations and preliminaries. We use the following notations. Let
B denote the fixed space of the category C spaces and maps. The space
X over B is a pair consisting of a topological space X and a continuous
mapping 7y : X — B. LetX andY bespacesoverB. Amapf: X —»Y
is said to be a fiber preserving (f.p.) map, if ny - f = mx. By Cg we denote
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the category of all spaces over B and all f.p. maps.

Let C = T op be the category of all topological spaces and maps.

Two fp. maps f : X — Y andg : X — Y of category Topp is
said to be fiber preserving (f.p.) homotopic, f =9, if there is a homotopy
H:XxI—-Y from ftog,suchthat my- H = mx x5, where nxxi(z,t) =
nx(z) forevery z € X andt € I. The relation = is an equivalence
relation and we denote by [ f1p the homotopy class of f.p. map f. The
relation = is compatible with the composition. Therefore, one can define

the composition of class[ flg : X — Y and[g]p : Y — Z by composing
representatives:

[glBolfla=1[g- flB .

[Topp] denotes the fiber homotopy category of T'opg. Its objects are all
the objects of T'opp and the morphisms are equivalence classes with respect
to =~ of morphisms in T'opg. Two spaces over B X and Y are said to be

fiber homotopy equivalent, X = Y, if there exists two f.p. maps f : X —
Yandg:Y - X suchthatg-f%lx andf-ggly.

3. Retracts and extensors of spaces over B. Let B be a fixed metrizable
space and M p the category of all metrizable spaces over B and all f.p.
maps.

Let X be a metrizable space over B and Y a subspace of X. A fp.
map r : X — Y is called a fibrewise retraction if r - ¢ = 1y, where
1 :Y — X is the f.p. inclusion map. In this case the subspace Y is called
a fiber retract of X. ‘

A subspace Y of metrizable space X over B is called a fibrewise
neighborhood retract of X if there exists a neighborhood U of Y in X
and fibrewise retractionr : U - Y.

The space Y € M p is an absolute retract over B (an absolute neigh-
borhood retract over B), if Y has the following property: for any closed
fp. embedding: : Y — X € Mp there exists a fibrewise retraction
r: X — 1(Y) (aneighborhood U of (YY) in X and a fibrewise retraction
r:U — i(Y)).

Let ARg (AN Rp) be the category consisting of all absolute (neigh-



FIBER SHAPE THEORY 69

borhood) retracts over B.

By [ARg] ([ANRBg]) we denote the fiber homotopy category of
category ARp (ANRp).

Thespace Y € M p is an absolute extensor over B (an absolute neigh-
borhood extensor over B), if has the following property: for any space
X € M p and any closed subset A C X,everyfp. map f: A — Y ad-
mits af.p. extension f : X - ¥ (f: U — ¥, where U is a neighborhood
of Ain X).

By AEg (AN Eg) we denote the category consisting of all absolute
(neighborhood) retracts over B.

The following proposition is proved by T. Yagasaki ([Ya]).

PROPOSITION 1 ([Ya]). A metrizable space Y over B is an AN Rg
if and only if Y is an AN Ej. |

PROPOSITION 2 (Comp.[Ya], proposition 1.1). For every metrizable
space X over B there exists an AN Epg-space M over B with weight

w(M) < max{w(X),w(B),xo}

and there exists a f.p. embedding 1 : X — M such that #(X) is closed in
M. :

Let the class of objects of category C is weakly hereditary ([Hu]).

The space Y over B is an absolute (neighborhood) extensor for the
category Cp,Y € AE(Cg) (Y € AN E(Cpg)), if has the following prop-
erty: for any space X € Cg and any closed subset A C X every f.p. map
f:A—Y admits af.p. extension f: X — V(F: U — Y, where U is a
neighborhood of A in X).

Generalizing propositions of ([Hu], ch. II) we have the following re-
sults. '

PROPOSITION 3. If Y € AE(Cg),thenY € ANE(Cp);if X, €
AE(Cp), & € A (X; € ANE(Cg), i = 1,mn), then the product of
category Cp [T e 4 Xa € AE( C)(ITi=1 Xs € ANE(Cg));ifY is open
subspace of space over B X € AN E(Cp) thenY € AN E( Cg).

PROPOSITION 4. Let C be the category of normal spaces. If ¥;
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and Y, be open subsets of spaceY over BandY =Y UY3, Y1, Y2 €
ANE(Cg) (Y1,Y2 € AE(CB)),thenY € ANE(Cg)(Y € AE(Cg)).

PROPOSITION 5. Let C be the category of normal spaces. LetY =
Y1 UY;,. IfY;,Ys be closed subsets of space Y overBand Y,Y; NY; €

ANE(Cp) (Y,Y1NY2 € AE(Cp)),thenY;,Y2 € ANE(Cp) (Y1,Y2 €
ANE(Cp)).

PROPOSITION 6. Let C be the category of completely normal spaces.

LetY = Y1 UYs:. If Y1,Y> be closed subsets of space Y over B
and Y1,Y2,Y1 NY, € ANE(Cp) (Y1,Y2,Y1 NY, € AE(Cg)), then
Y € ANE(Cp) (Y € AE(Cp)).

Let U = {uq}aca be a covering of space Y. We say that the maps
f,g : X — Y are U-near, if for every £ € X there exists a i, € U
such that f(x),g(x) € u,. We say that ahomotopy H : X x I —» Y,
which connects f and g, is a-U-homotopy if for every z € X there exists
atuy € U suchthat H(x,t) C ug forallt € I.

PROPOSITION 7. (Comp. [F-Ch], proposition 1.2, Ch. III). Let Y be
an AN Rpg. Then every open covering U of Y admits an open covering V
of Y such that any two V -near f.p. maps f,g : X — Y from an arbitrary
space X over B into space Y over B are f.p. U-homotopic. Moreover, if
foragivenz € X, f(z) = g(z), then H(z,t) = f(z) foreveryt € I,
where H is a f.p. homotopy from f to g.
- T. Yagasaki in ([Ya]) showed the following proposition.

PROPOSITION 8. ([Ya]). Let Y € ANRp. Let A be a closed sub-
space of metrizable space X over B. Let f,g : X — Y be f.p. maps and
let H: Ax I — Y beahomotopy over B from fi4 to g|4. Then there ex-
ists a neighborhood U of A in X and ahomotopyover BH :UXI —»Y
from f]U to glU'

Let C(I,Y) be a function space with compact-open topology. It
is known that if Y is a metric space then the compact-open topology on
C(1,Y) agrees with the topology induced by the metric:

d(p,¥) = sup{d(p(t),¥(t))|p,¥ € C(L,Y),t € I}.
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Let Y be a space over B. Consider the subspace C( ,Y') of space
C(LY): Cp(L,Y)={p€ C(1,Y)|ny ¢ = const}.
Let ney(1y) : Cs(1,Y) — B be amap given by

e () = mr(p(t)), tel.

Consequently, the pair consisting of space Cg(1,Y’) andmap ng, (1 v)
is the space over B.

PROPOSITION. LetY be an AN Eg-space. Then the space Cp(I,Y)
over B is an AN Eg-space.

These proposition are used in sections 4 and 5.

4. Resolutions of spaces over B. An inverse system of category T'opp is
acollection X = {Xq, paw, A} of spaces X, over B indexed by a directed
set A and f.p. maps poy : Xy — X, for each pair & < o/, such that
Pao/ *Pate = Pae forevery o < o < o and p,, = 1y, forevery a € A.

A morphism f = {fg,p} : X — Y = {¥p,qps,B} of inverse
system of category T'opp consists of a function ¢ : B — A and f.p. maps
fp : Xp(p) — Yp such that whenever 8 < f then there is an index o >
©(B), p(p') for which fs - pp(gya = app - for * Dot p)a-

Two morphisms f = {fj, vhg = {959} : X — Y are said to
be equivalent, f ~g, provided that for each 8 € Bthereis an o € A,
@2 ¢(B), ¥(B), suchthat fs - pp(gya = g5 - Py(ga-

Let pro-T'opp be a category, whose objects are the inverse system

X of category T'opg and whose morphisms are equivalence classes [ fls
relative to %, of morphisms [ X-Y.

A morphism p = {palaes : X — X = {Xa)DPaw,A} from a
rudimentary system (X) to an inverse system X consists of f.p. maps
Pa: X — Xa,a € A, suchthat p, = poy - P, @ < . |

DEFINITION 1. Let X be a space over B and X = {Xa) Do, A}
be an inverse system of category Topg. We saythatp : X — X isa
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resolution over B of space X over B provided that it satisfies the following
two conditions: = R

Rp DLet P € ANRp and U be open coveringof Pand h : X — P
a f.p. map. Then there existaa € A and a £p. map f : X, — P such
that h and f - p, are U-near.

Rp 2)Let P € ANRp and U be open covering of P. Then there
exists an open covering U’ of P with the following property: if« € A and
f,f' : Xo — P are £.p. maps such that the f.p. maps f - p, and f' - pq are
U'-near, then there exists a o/ > « such that £.p. maps f - pay and f' - Paw
are [/-near. , .

If in a resolution over Bp : X — X = {Xa,Daw, A} of space X
over B each X, is an AN Rp, then we say that p is an AN Rp-resolution
over B.

The next theorem is essential to the construction of the fiber shape
category.

THEOREM 1. Every space X over metrizable space B admits an
AN Rp-resolution over B. |
In the proof of theorem 1 we shall need the following lemma.

LEMMA 1. Letf: X - Y beafp. map'from topological space X
over B to an AN Rg-space Y over B. Then there exists an AN Rp-space
Z over B of weight

w(Z) < max{w(X),w(B),xo0}
and there exist f.p. mapsg: X — Zandh:Z — Y suchthat f="h - g.

THEOREM 2. Letp : X — X = {Xa, Pae, A} be a resolution over
B. If every space X, over B is a normal space, then p has the following
property: |

(Al) Let @ € A and let G be an open set in X, which contains
Cl(pa(X)). Then there exists a o/ > « such that pow(X«) C G.

THEOREM 3. Every resolution over Bp : X — X = {Xq,Paw,A}
of space X over B has the following property:
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(A2) For every normal covering U of X there is a o € A and a normal
covering V of X, such that (pa) (V) refines U.

In the proof of theorem 2 we shall need the following lemma.

LEMMA 2. For every normal covering U of a space X over B there
exist an AN Rp-space P, an open covering W of P and a fp. map
f : X — P such that the covering f~!(W) refines U.

THEOREM 4. Let p: X — X{Xa,PaxA} be a morphism of pro-
T'opp from space X over B to an inverse system X over B. If p has prop-
erties (A1) and (A2), then p is a resolution over B of X .

COROLLARY 1. Let M be an AN Rpg-space and X C M an arbitrary
closed subset of M. Let X = {X,,pax, A} be the system which con-
sists of all the open neighborhoods X, of X in M and let P = {Pa}aca :
X — X consists of f.p. inclusions p, : X — Xa. Then p is an AN Rp-
resolution over B of space X over B.

S. The fiber shape category Shg. In this section we give the construction
of the fiber shape category. Our construction, given here, is based on the
notion of resolution over B of topological spaces over metrizable space B
(comp. [MS], ch. 1).

DEFINITION 2. Let X be a topological space over B, [X] = {X,,
[Paw], A} an inverse system in [ T'opg] and [p] = {[Pal}aca : X —
[X] a morphism of pro-[Topg]. We call [ pl] an expansion over B of

space X over B provided it has the following properties:
Ep 1) For every AN Rp-space P over B and f.p. map h : X — P there
isace Aandafp. map f: X, — Psuchthalf-pa%h. |

QIff, f': Xo — P are fp. maps, P € ANRg and f -pa%f’ * Das
then there is a o/ > & such that f - poy %f' * Do -

Ifall X, € ANRgthen[ pl is called an [ AN Rpg]-expansion over B.
‘The main result of section 5 is the following theorem.
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- THEOREM 5. Let X be a topological space over metrizable space B.
Then every resolution over B p : X — X of X induces expansion over B
[p] : X —[X]of X.

In the proof of theorem 5 we need the following lemma.

LEMMA 3. Let X be a topological space over metrizable space B,
P,P' € ANRg, f : X — P' afp. map, ho,h; : P — P two f.p. maps
such that hg - f = hi - f. Then there exists an AN Rg-space P" over B and

fp. maps f': X — P",h: P" — Psuchthath-f' = fandho -h%hl -h.
The proof of lemma 3 uses the proposition 9.

COROLLARY 2. The homotopy category [ AN Rg] is a dense subcat-
egory (IMS], ch. 1), of the homotopy category [ T'opg]. The fiber shape
category Shp of topological spaces over metrizable space B is by defini-
tion the abstract shape category Sh(r p) ((MS], ch. 1), where T = [T opz],
P =[ANRg].

The objects of the fiber shape category are all topological spaces over
metrizable space B. The morphism of Shg from space X over B to space
Y over B are given by triples ([ p],[g], [ f1), where [p] : X — [X],[g] :
Y — [Y] are [ AN Rg]-expansions of X and Y respectively and [ f] :
[X] — [Y] is amorphism of pro-[ Topg]. In order to define a fiber shape
morphism F' : X — Y one chooses AN Rp-resolutionsover Bp : X —
Xandg:Y Y, which exist by theorem 1 and one chooses a morphism
[£1: [X] — [¥] of pro-[ Topz).

By theorem 1 of ([MS], ch.1, 2.1) forevery morphism [ f] : X —» Y
of [Topg] and for [ AN Rp]-expansions [p] : X — [X],[q] : Y —
[Y], there is a unique morphism [ f] : [X] — [Y] of pro-[ AN Rp] such
that[g] -[f1=[f]-[p).

If we put Shp(X) = X and Shp([ f1) = [ f] we obtain a covariant
functor shg : [Topg] — Shp. We call shpg the fiber shape functor.

COROLLARY 3. If X %Y, then shg(X) = shp(Y).

For the category metrizable spaces over metrizable space B and f.p.
maps a fiber shape category has been previously announced by T. Yagasaki
([Ya]), who used fiber version of the R.H. Fox approach to shape ([Fo}).
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THEOREM 6. The fiber shape category Shp coincides with the fiber

shape category of Yagasaki [Ya] on the category of metrizable spaces over
metrizable space B.

6. Fiber shape retracts. Let X be a metrizable space over metrizable
space B. A subspace Y C X is said to be a fiber shape retract if there
exist a fiber shape morphism R : X — YV suchthat R- I = 1dy, where
I:Y — X is the inclusion fiber shape morphism and 1dy is the identity
fiber shape morphism. A fiber shape morphism R : X — Y is called a
fiber shape retraction.

A subspace Y of space X over B is said to be a neighborhood fiber
shape retract if it is a fiber shape retract of a neighborhood U of Y in X.

A space Y over B is said to be an absolute fiber shape retract for
metrizable spaces over B (Y € ASRp) provided that for each f.p. home-
omorphism ¢ mapping ¥ onto a closed subspace o(Y) of a space X over
B the space (Y") is a fiber shape retract of X.

A space Y over B is said to be an absolute neighborhood fiber shape
retract for metrizable space over B (Y € ANSRp) if for every f.p. home-
omorphism ¢ mapping ¥ onto a closed subspace of a space X over B
there is a neighborhood U of the space ¢(Y) in X such that o(Y) is a
fiber shape retract of U.

Let P be a contractible space over B(|Fe — Ch|). A space X over
B has a trivial fiber shape, shg(X) = 0, if shg(X) = shg(P).

THEOREM 7. A metric space Y over B is an ASRp if and only if
shp(Y) =

THEOREM 8. A metric space Y over B is an ANSRp if and only if
it is fiber shape dominated by a space P € AN Rp.

7. Extensions of fiber homotopy functor’s. Let Grp be the category of
all groups and all homeomorphisms.
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DEFINITION 3. We say that a covariant (contravariant) functor H :
Topp — Grp is continuous at X € Topp provided that it satisfies the
following condition:

if p = {Pa}aca : X —» X = {Xa,Daw,A} is a resolution over
Bof X € Topp then H(p) = {H(pa)}aea : H(X) — H(X) =
{H(Xa), H(paw), A} is an inverse (a direct) limit.

We say that H is continuous provided H is continuous at any X €
TOpB. .

Let K : ANRp — Grp be a covariant (contravariant) functor satis-
fying the fiber homotopy axiom, i.e. if f =9, then K(f) = K(g).

In order to define extensions of functor K we consider [ AN Rg]-
expansions [2] = {[pa] }aEA X - [X] = {Xa;paa/,A} of every
X € Topp.

Since K satisfies the fiber homotopy axiom, we obtain an inverse (a
direct) system

K([X]) = {K(Xa), K (ax, A} .

We can now define the groups If(X)(I'i'(X)) of every X € Topg.
By definition

K(X) = lim K([X]) (K(X) = lim K([X])) .

Let[q] : Y — [Y] be an [ AN Rp]-expansion of Y € Topp.

By Ep 1) and Eg 2) every f.p. map f : X — Y induces a morphism
[£f] = {fs. 0} : [X] > [¥]. |

Consequently, K([f1) = {K(fp),p} : K(IX]) — K([Y])
(K(Lf]) = {K(fp),¥} : K(IY]) — K([Y])) forms a system mor-
phism. Applying the inverse (direct) limit functor, one obtains the homo-
morphism of groups:

K(f) =lm([£]) : K(X) - K(Y)(K(f) =

lim K([£]) : K(Y) - K(X)) .

THEOREM 9. (Comp. [Dol). If K : ANRg — Grp be a covari-
ant (contravariant) functor satisfying the fiber homotopy axiom, then there
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exists the covariant (contravariant) contmuous, functor K : Topg — Grp

(K : Topp — Grp) which is an extension of K and satisfies the fiber
homotopy axiom.

THEOREM 10. (Comp. [Do]). Let H : T'opg — Grpbe a continuous
covariant (contravariant) functor satisfying the fiber homotopy axiom. Let
K : ANRpg — Grp be the restriction of H to ANRg. Then H and K
(K) are naturally equivalent.
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