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- 1. Introduction.

Itis a purpose of these lectures to provide an introduction to the theory
of random fractals. The basic theme connecting the different sections is that
of statistical self-similarity.

In Section 2 we will consider a randomization of the construction of
the classical Cantor set.

Section 3 describes Mandelbrot’s percolation process, a randomized
Cantor type construction in the square. It was invented by Mandelbrot to
model certain aspects of turbulence.

Section 4 investigates a general notion of statistically self-similar sets,
generalizing the random sets constructed in the first two sections. _

. Section 5 reviews results connected with random sets derived from
Brownian motion.

Section 6 contains hints at the literature about other types of random
fractals. That some of the interesting contributions to the field (for instance
by Dekking, Falconer, Grimmett and Peyriére) are not mentioned is due to
the limited amount of time which was available for the lectures and for the
preparation of this manuscript.

2. Random Cantor sets.

In this section we will study a specific statistically self-similar con-
struction. It resembles that of the classical middle third Cantor set, except
that the lengths of the intervals at each stage are random.
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2.1 CONSTRUCTION.

LetA = {(t1,t2) € [0,11%[t1 +t2 < 1,%; > 0,t2 > 0} and let v
be a probability measure on the Borel field F of A .

The construction proceeds as follows: Choose a point (; ,12) €A
at random with respect to v. Set J; = [0,¢1], J2 = [1 — ¢2,1]. Next’
choose two points (¢{,t}) and (t,t3) at random with respect to v and
independently from each other and independently of (¢, ,82). Set J;1 =
[0,t1t1], Ji2 = [(1 — 1) ¢1,t1] and Jog = [(1 — t2), (1 —t3) + 3¢5,
Jn = [1 —t],, 1]. If we continue this process we obtain a family (J,),
of intervals, where o runs through the set {1,2 }* of all finite sequences of
1s and 2s. Then

N U Jo
nEN o has length n

is a typical realization of the random object we want to consider.
Now we will give a formal description of our construction.

2.1.1 DEFINITION.

LetN € N, N > 1 begiven. {1,..., N}° stands for the set contain-
ing the empty sequence § as its only element. Define

* __ n

{1,...,N} —_néqu{l,...,N} .
Ifo=(01,...,0p) and 7= (7p,...,T) arein{1,... N}*then|o|=n
is the lengthof 0 and o % 7 = (01, ...,0p,7,..., ) is the juxtaposition

ofcandT(@*xo=cando x0 = o).

Let {1,...,N}N carry the product of the discrete topology on
{1,...,N}.

Forg € {1,...,N}*U{1,...,N}N andne N withn < 0| if o is
finite let

O = (01,...,00)

be the restriction of ¢ to its first n entries. Foro € {1,...,N}* and T €
{1,...,N}*uU{1,...,N}N we say that ¢ is preceding T and write o < T
if |o| < |7| for T finite and

0= (01,...,0]) = (T, e ey Top) -
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In this section D will denote {1,2 }*. We consider the product topology
and the product o—field (= Borel o—field) F2 on the space AP. By »?
we denote the product measure on AL, Then (AP, P, D) is a proba-
bility space. The elements of AP can be considered as binary trees whose
branching points are labelled with points from A . The elements of A P will
be denoted by w = (t°)oep, where t7 = (t{,tJ) € A.

2.1.2 THE COMPACT SET CORRESPONDING TO A TREE FROM A D,

Given an element w = (1%),ep of AP, define
Jo(w) = [0,1]
and if J,(w) = [a, b] has been defined then let

Jox1(w) = [a,a+ t7(b—0a)],

Jox2(w) = [a+ (1 -13)(b—a),b] .

Set

Kn(w) = sel2) Jo(w)

and

Kw)= N Ky(w).
neN

Then K(w) is obviously compact and non—-empty. It is called the compact
set corresponding to the tree w.

2.1.3 PROPOSITION.

Let ([0, 1]) be the space of all non—empty compact subsets of [0, 1]
with the Borel field induced by the Hausdorff metric. Then the map 1 :
AP - K([0 ,11),w — K(w) is measurable, i.e. a random variable.

The proof will be left as an exercise.
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2.14 LEMMA.

Forw = (t°sep € AP and o € D let I(w) = R AL

LD sy

Q. = AP 1 ls(w) =0}
{UJE Ingglo aé?la,)?.(}" (W) }

Then Qy € FP with vP(Q,) = 1.

Proof. We will omit the proof that Q., € FP. Since

(c er?ffz(}” ls(w))nen is non—increasing we have Q\Q, = ng an Qi n
with

1
= AD il
Qpn={we |aé?ﬁ§}» le(w) > k},

hence Qi n1 C Q.
By éebyshev ’s inequality

1
D =D D el
Vi Qn) = ({w €A Iaen{lﬁ)zc}”la(w) > 7}

<k f max l,(w)dvP?(w) .
oe{l,2}»

The last integral can be estimated as follows

L@ (W) < [ Toenayplo(w)dr(w)

- (/(tl + t2)du(ty, 1)) .

The last equality can be proved by induction on n. Since 0 < [(t; +
t2)du(t1,t2) < 1 it follows that vP(Npen Qi) = 0. Therefore, the

lemma is proved.
2.1.5 THEOREM.

ForvP-a.e. w € AP the set K(w) is homeomorphic to {1,2}V,, i.e.
a topological Cantor set.
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Proof. Let Q. be as in Lemma 2.14. For w € Q, define m, :
{1,2}1N = K(w) by {m(n)} = Nnen Jyin(w). By the definition of Q,
lim o diam (Jyp, (w)) = lim poo lgn(w) = 0, hence Npen Jym(w) is a
singleton. It is also easy to check that m,, is a continuous bijection, hence a
homeomorphism. The details are left as an excercise. Thus, Lemma 2.1.4
implies the theorem.

2.1.6 DEFINITION.

The random variable ¢ : AP — K([0,1]), w — K(w) together
with a probability v on A is called a v—random Cantor set. For every
outcome w the set K (w) is called the realization of the v—random Cantor
set corresponding to w. The image measure v” o 9~! on K([0,1]) is
called the distribution of the y—random Cantor set w.r.t. » and is denoted
by P,.

2.1.7 EXAMPLES.

a) Let v be the Dirac measure g4 1) in the point (,3) € A. Then
P,~a.e. K equals the classical middle third Cantor set.

b) For v the normalized Lebesgue measure on A the corresponding “typ-
ical” realization will be investigated later.

c) Let f : A — R, be defined by

: 1
F(t1,82) = 5=1g0 d1xg0,41(t1, 22) (1/Ctata (1 — t1 = 12)*)/2) .

Letv = f - A2, where )2 is two dimensional Lebesgue measure. The
v-random Cantor set is known to probabilists as the zero-set of Brow-
nian bridge.

2.2 STATISTICAL SELF-SIMILARITY.

2.2.1 DEFINITION.

Let v be a probability on A. A probability measure P on K([0,1])
is called v— (statistically) self-similar if P is the image of v ® P ® P with
respectto the map 7" : A x K([0,1] x K([0,1]) — K([0,1]), where
T((t1,t2), K1,K2) = t1 K1 U[(1 —t2) + t2 K> ].
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2.2.2 THEOREM.
P, is the unique v—-self-similar probability on K([0,1]).
Proof. We will omit the uniqueness part of the proof. To prove that P,

is v—self-similar define j : A x AP — AD by j(t,(t%)oep, (5)sep) =
(u%)gep, Where

u0=t,
ul*a=ta,
2*a=sc,

forevery o € {1,2}*, and note that v ® v? ® vP 0 j~! = y2. Moreover
observe that the following diagram commutes:
A xADP x AD 4, AP
ida X9 X9 P
A x K([0,1] x K([0,1]) — K(0,1])

(__.___—..

Since v oy~ = P,, v @ P @ 1P 0 (id, XYyx9P) '=v®P,®P,
this proves

V®P,® P,oT '=p,.

2.2.3 LEMMA.

There exists a unique o € (0,1) such that

f(t?+t%)du(t1,tz) -1,

Proof. Themapg : R, - R,8 — f(tf + tg)du(tl,tz) is contin-
uous and (strictly) decreasing. Since g(0) = 2 and g(1) < 1 the lemma
follows from the intermediate value theorem.
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2.2.4 DEFINITION.

The « in the above lemma is called the similarity dimension of the
v-random Cantor set.

22,5 EXAMPLES.

a) In the case of the classical Cantor set, i.e. for v = E(4, by We have

1= [+ ®dn,n) = (9°+(°,

_ log2
hence o = TER

b) If v is normalized Lebesgue measure then

1= f(t‘f'+ t5)du(ty,t2)

1 1-t;
=2 / / (2 + 1) dta dty
0 0

1
1 _
=2/ [(1 —t1)t?+ ltgﬂl(l) tdtl,

1

a+1 a+2 (a+ D(a+2)
a+2 —(a+1)+1
(a+ D(a+2)

]

=2

implies
(ax+ D(a+2)=4

ie. a®+3a+2=4,or(a+ 2)? =1 hence a = 2(/17 - 3).
¢) In the case of the zero—set of Brownian bridge, i.e. if v is as in Exam-
ple 2.1.7c), we will show that = 7. We have

1

1/2 p1/2
1= — f (¢ +t5)(1/(t1ta (1 — t; — t2)*) P dtrdty .
27!' 0 0
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By symmetry the right hand side equals

1 r1/2 r1/2
“f / 13/ (t1t2(1 — t1 — t2)*) 2t dt, .
T Jo 0 :

For o = 3 this last expression tums to

1 ri2z ri2
_/ f 1/(t2(1 = t1 —t2)%) 2 dtydt,
u-l—(t1+t2) t=1t2)

1/2
- _f / 1/(8243/7) 4y d
1/2
= —/ t~1/2(( -7 (1 -ty V)4t

1/2 1/2
= —( / t-1/2 —)~V2g _ f t7V2(1 —p~124p)
0
(s=1-— 2t)

2 1 1/2
= ;F(./O. (1 _ s)—l/2s—l/2ds_‘/0. t—1/2(1 —t)—llzdt)

1
(s(1 —s))"24s
/2

T
(t=2s-1
1
= -2-/ -2 g
m™Jo
=1

23 A NATURAL RANDOM MEASURE CORRESPONDING TO A
v-RANDOM CANTOR SET.

As before v is a probability on A and « is the similarity dimension
of the y—random Cantor set. For o € {1,2 }* the random variable I, is as
defined in Lemma 2.1.4.
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2.3.1 DEFINITION.
Forne N let X, : A? — R be defined by
Xow)= Y IX(w)

ae{l1,2}»

and let Fo = {@,A P}, and, for n > 1, let F, be the o—field generated by
the canonical projections g, : AP — A, where |o| < n— 1.

2.3.2 THEOREM (Mauldin-Williams [20]).

. (Xn)neN is an LP-bounded martingale w.r.t. (FadneN for every p €
[1,00).

Proof. See, for instance, Graf [13], p. 378/379.

2.3.3 REMARKS AND DEFINITION.

Let L = {w € AP|lim, o, Xn(w) exists in R }. By the martingale
convergence theorem we have vP(L) = 1. Let X : AP — R be arandom
variable with X (w) = lim,,_,o, X,(w) foreveryw € L. Fora € D define
0o AP —s AD by

0s((t)rep) = (1™ rep

Let Ly = p;'(L) and M = NgepLs. Then ¥2(M) = 1. Define X, :=
X o . For every w € M we have, foreveryne N,

Xw) = ) I%w)Xe(w).

ge{1,2)n

Forw = (t°)gep € M we will define a finite measure v, on the Borel field
of {1,2}N as follows:
Forr € Dlet A(7) = {n € {1,2}N|n > 7}.
Define
Vu(A(T)) = l7(w) X (w) .

Then v, can be extended to a unique finite measure on the Borel field of
{1,2}N (The details are left as an exercise.).
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Letm, : {1,2} — K(w) be as defined in the proof of Theorem
2.1.5. We set

_ -1
Buw =VyOT, .

Then p, is a finite measure on R whose support equals K(w) (The mea-
sures y,, have first been constructed by Mauldin-Williams [20]). Let
M. ([0, 1]) be the space of all (non-negative) finite measures on the Borel

field of [0,1] and let M ([0, 1]) be equipped with the topology of weak
(narrow) convergence.

The map M N Qs — M4([0,1]), w — p, is measurable. Its
distribution w.r.t. v is denoted by Q,,.

2.34 DEFINITION.

Let T': AxM.([0,1]) xM.([0,1]) —» M. ([0, 1]) be defined
by T'((t1,%2), p1,p2) (A) =

Tu1({s€[0,1] : tis € AD+t5u2({s €[0,1] : (1=t2)+t2s € A}).

A probability P on M, ([0, 1]) is called v—self-similar if v @ P® P o
T-1 = P.

2.3.5 THEOREM (Arbeiter [1]).
The probability Q,, is the unique v-self-similar probability P on
M.([0,1]) with [ p([0,11)dP(p) = 1.

Proof. Again we will not prove uniqueness. That ), is v—self-similar

follows from a “commuting diagram” argument similar to that given in the
proof of 2.2.3.

2.4 THEHAUSDORFF DIMENSION OF THE v—RANDOM CANTOR SET.
Leta >0 andleth : [0,a) — R, be increasing with A(0) = 0. For
6>0and ECR™let

H3(E) = inf )  h(diam(Uy))|E C UigrUs, U; open, diam(U;) < 6}

1€l
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HNE) = inf {) ° h(diam(4;))|E C UserA;, diam ( A4;) <6}.

icl

ThenH}( E) 1 supsso HA(E) = supgo HE(E) 1 HE(E). LetHA(E) =
Sup5>0 Hg(E).

If 8 > 0 and h(t) = ¢ then M}, HE, H" are denoted by HE, 7%,
HP, respectively. Call H—dim(E) = inf {B[HA(E) = 0} the Hausdorff
dimension of E.

2.4.1 THE SCALING PROPERTY OF HAUSDORFF MEASURES.

LetE,E' CR™besetsandlet f : E — E' be Lipschitz continuous
(a similarity) with Lipschitz (similarity) constant ¢ (i.e. d( f(z) () <L
(=)cd(z,y) forall 2,y € E and c is the smallest constant with the prop-
erty). Let§ > 0 and 8 > 0 be given. Then

HE(fF(B)) < (=)PHEE) .
Passing to the limit yields
HP(F(B)) < (=)PHA(E) .
If f is one—to-one and ! : f(E) — E is Lipschitz continuous then
0=HP(f(E)) « 0=HP(E) .

Let v be a probability on A and P, the v—self-similar probability on
K([0,1]). Let « be the similarity dimension of the y—random Cantor set.

242 THEOREM.

Forevery 3 >0,
a) P,({K € K([0,1D|HP(K) =0}) =0 or= 1.
b) P,({K € K([0,1])|HP(K) =o0}) =0 or=1.

Proof. Using v—self-similarity of P, the subadditivity of ¥, and -
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2.4.1 we obtain

P,({KHP(K) =0}) =v® P, ® P,({(t1,t2), K1, K3) :
HP(t1 K1 U((1 —t2) + t2K2))) = 0}
=v® P, ® P,({((t1,t2), K1, K2) : tPHP(K 1) = 0 and
thHP(K2) = 0})
= P,({K|HP(K) =0})?

This implies statement a).
b) is proved similarly.

2.4.3 COROLLARY.

There exists a constant ¢ > 0 such that H — dim(K) = c for
P,ae K.

2.44 THEOREM (Falconer [10], Mauldin—Williams [20D.
For P,~a.e. K € K([0,1]),

H*K) <co.

Proof. Since P, = vP o ¢~ it is enough to show that H*( K (w)) <
oo for vP- ae. w. Letw € Qo N M be given and let § > O be arbitrary.
Since w € Q, there exists an n € N with MaXqe(1,2)» lo < 6. Hence

5K (W) < ) diam (Jo(w)*= Y I3(w) = Xa(w)

oe{l2} oe{l,2}»
which implies
laif([)l 'fig’(K(w)) < ’li_rgoX,,(w) = X(w) <oo.

The last equality holds since w € M. Since v?(M N Q,.) = 1 the state-
ment of the theorem follows.
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24.5 DEFINITION AND REMARKS.

A subset ' C {1,...,N}* is called a covering if, for each
n € {l,...,N}", there exists a7 € T with T < 7. A minimal cov-
ering I' is characterized by the fact that 7 € T with + < 7 is uniquely
determined. Let Min denote the collection of all minimal coverings. We
say that I'y € Min is a refinement of T', € Min and write I < T if, for
every 7 € I'1, there is a (unique) o0 € T, witho < 7.

Forw = (t")yep € Q and ¢ = (01,...,04) € D lettz(w) =

tO‘l T2 +ee0p -1
O’“ *

- 24.6 LEMMA.,
Letw = (1%)sep € Qu be given. Then

_;.sup(mf{zt,(w)zg(wnr €Min,T > {1,2}"}) < HA(K(w)) .
neN gel

Proof. Due to the compactness of K (w) it suffices to consider finite
open coverings of K (w) in the calculation of its Hausdorff measure. For

n€N leté, = minge(; 230 lo(w). Let Uy, ..., U, be an arbitrary finite
open cover of K(w) with diam(U;) < §8,. Fori € {1,...,m}let

I = {0 € Dllsj(jo}-1y(w) > diam (U;) > lo(w), Jo(w) N T #0}.

Foreacho € T; we have J, C {s € Rld(s,Uy) < diam(U;)}.
The Lebesgue measure of this last set is less than or equal to 3 x diam
(Ui), hence

D lo(w) = MUser, 7o) < 3 x diam (Uy)

oel

where ) denotes Lebesgue measure.
By the definition of I'; we deduce

3 x diam(U;) > E lo(w) > diam(U;) ztc(w) and hence
061".- aeI‘.-
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Eta(w) < 3.

oel;
Using this estimate and the fact that

-1
max [f(w) > (E to(w)) D to(w)B(w)

o€l o€l
we obtain

idiam(m)"

i=1

> 20
> (Z to(w)) D ta(w) lB(w)
1=1

c€el; o€el;

Z D ta(w) B(w)

1 g€l

D ta(w)B(w) .
oeUr;

Since UL, I is a covering there exists a minimal covering T’ C UZ,T;.
We deduce

Edlam(U,)ﬂ > = th(w)l"’(w)

=1 o-eI“
Foro € I' we have [,(w) < §,, hence

r>{1,2}"

and

Edlam(wﬂ > zinf (S to()EWIL > {1,2)7}

oel

7

=A”

Passing to the infimum on the left-hand side yields

HE(K () 2 54
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Since lim,,_,, 6, = 0 we obtain

: 1 1
HP(K(w)) = lim HZ (K (w)) > 3 dm A, = 7 sup 4,
fi—00 ne

which is the claim of the lemma.

247 LEMMA.

Let B < a. The set of allw = (t%)gep from AP with

sup inf {} " to(w)i(w)|T € Min, T > {1,2}"} >0
neN o€l

D

has positive v”—-measure.

Proof. Since 8 < a we have

/(tf+ t9)du(ty,t2) > 1.

Hence there exists a constant ¢ > 0 with
/ (tf+tg)dv(t1,t2) >1.
{tl chtz ZC}

As in the proof of Lemma 2.2.4 we deduce that there is a unique «y with

/ (t7 + ] du(t1,t2) = 1
{t1 >cta >c}

andthata > v > B.
Define

Liwy = { lolw), iftd >cforv=0,...,Jo| -1
7 0, elsewhere

and

Xaw) = > Ie(w) .

age{1,2}»
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Again one can show that (X,),en is a martingale w.r.t. ( F,)pen and
that [ X2dvP < oo forevery p € [1,+00).
Due to the martingale convergence theorem there exists a random vari-

able X : AP — R such that

lim X,=X
n—o0

for vP-ae. w € AP, Let g, be defined as in 2.3.3.
Set Xy = X o0 p,.

CLAIM: For vP-ae. w = (1%)gep there exists an m € N such that
forevery o € D with |o| > m

NXx, <.

Proof. Choose p € N such that (y — 8)p > 1.
Foreveryo € D éebyshev ’s inequality implies

vP( {w|2}"ﬁf{, >1} < /(Z}‘ﬁ)_fq)pdvD
= fzg(q“ﬂ)duD/}_({,’duD
= / 7P gy D f XPduP .

The first equality holds because I, and X, are independent. Taking the
unions of the sets on the left~hand side when o runs through {1,2 }" yields

vP({wlFo € {1,2}" : I "P(w) Xo(w) > 1})

<[ 3 Looear [ xea”.

oe{l,2}»

Using independence we have

/ Z [1-PrgyD = / (PP PPy Gty 1)

ge{1,2}» {t1>cta >c}
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and, since (y — B)p > 7,

/ (BP0 PPy gt t,) < 1 .
{tl 2ct2 ZC}

Since [ X?dvP < oo we deduce

> VP ({wlEo € {1,2)" : BA(w) Ro(w) > 1)) < oo.
neN

By the Borel Cantelli Lemma this implies
vP(NgeN Unzq {wfFo € {1,2)" : TA(w) Xo(w) > 1}) = 0 .

This identity immediately implies the claim. Standard considerations show
that for vP-a.e. w € AL and forevery " € Min,

D W) Xo(w) = X(w) .

cel

Letw = (1°),ep € AD be such that this last property and the claim for
m € N is satisfied. If ' € Min is a refinement of {1,2}™ then we get

Dt (W) > Y to(w) B(w)

oel agel
<Y to(w) I (w) Xo(w)
cerl’
> ) R(w) Xo(w) = cX(w) .
cer

Since [ XdvP = 1 we deduce ¥P(X > 0) > 0 and the lemma is proved.

2.4.8 THEOREM (Falconer [10], Mauldin-Williams [20]).

If « is the similarity dimension of the v—random Cantor set then, for
Pya.e. K € K([0,1]), '
() HYK) < o0
(ii) H-dim(K) = a.
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Proof. By Theorem 2.4.4 statement (i) holds. This implies H-dim( K)
< afor P,~a.e. K. It remains to show that, forevery 8 < o, HA(K) > 0
for P,—a.e. K. By Theorem 2.4.2 a ) this is shown if, for every 8 < «,
P,({K|HP(K) > 0}) > 0. From Lemmas 2.4.6 and 2.4.7 this last state-
ment follows.

249 THEOREM (Graf ([13]).

IFu({(t1,t2) €Alt§ + 1§ # 1} > 0 then H*(K) = O for P,—a.e.
K e K([0,1]).

Proof. First note that, forevery 4y > 1 and every E C [0, 1], we have
H(E) = HE(E).

CLAM. H{(K) = 0 for P,—ae. K € K([0,1]).

Proof. For v-ae. (t1,t2) € A and P, ® P,—a.e. (K1, K,) we have
() HFG1EK1U(1 —t2) + 12K2)) < HI(61 K)) + H(t2 K2)
27'1 t?ﬂ?l/h)(Kl) + tgﬂ(l/tg)(KZ)
= ¥H(K1) + 5HI(K>) .

Using the fact that P, is v—self-similar we deduce
[ = [ [ [Asamua -n)
+12K2))dP,(K1)dP,(K3)dv(t1,t2)
< [ [Azcenarcmn
+ 1 /7_{'11( K3)dP,(K2)dv(t1,t2)]
- [RaaraE) .
Thus all integrals are equal and therefore the inequality () is an equality

almost everywhere.

Letc= esssup HI(K).
Kek([0,1])
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Then we get
c>tic+tic

forv-ae. (t1,t2) €A.

If ¢ > 0 this would imply ¢ + t§ = 1 y—-a.e. which contradicts our
assumption. Thus we have proved H2(K) = 0 for P,-ae. K.

- Now we will show that H*(K) = 0 for P,-ae. K, or, equivalently,
that H“(K(w)) = 0 for vP-ae. w. Forw = (1% = ((t],t3)) let
7,8 :R - R be defined by S7(s) = t{sand S§(s) = (1 -3 3) +13s.

Set Ss = 88, 055 0.0 8D for 5| > 1 and S = idy 4 foro = 0.
Then S; isa s1m11anty with similarity constant /;(w).

Moreover it is easy to check that, foreveryn e N,

() KW = UpeuzpSol K (pa(w))) .

Notmg that (*) is an a.e. equality and using recursion one can show that,
for vP-a.e. w and for everyne€N,

o HE(E(w) = > HNUSHK(pa(w))) .

ae{l,2}»

Let w = (¢°) € AP be such that this last property and, in addition,
H"‘( K(w)) =0, and llm,,_m MaXge(1 230 lo(w) = O are satisfied (These
properties hold for vP-a.e. w). Let§ > 0 be arbitrary. Choose n € N
with l;(w) < forall o € {1, 2}

Then we deduce

=7.—£?(K(w))= z -?(SG(K(SDG(UJ))) .

ge{l1,2})n

Slncedlam(S,(K(go,(w))) < ls(w) < 1wehave HY(So( K (po(w)))) =
'H; (Se(K(ps(w)))) =

Since l;(w) < 6tlus unphes Hg‘(S’,,(K(tpa(w)))) = 0. From ()
we deduce

H5(K(w)) =0
Taking the limit for § — 0 yields the theorem.
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2.4.10 THEOREM (Graf [13]).

Suppose that there exists a § > 0 such that t, > 6,t2 > 6and

t1+13 =1 forv-ae. (t1,t2) €A. Then0 < H*( K) < oo for v-a.e.
K € K([0,1]).

Proof. Under the assumptions of the theorem we have, for vP-a.e.
w € AP andevery T € Min,

el

Y lHw)=1.

From Lemma 2.4.6 we know that

';‘Sup inf {) " to(w) (W) [T > {1,2}"} < HX(K(w))
neN el

for vP-a.e. w, hence

0 < %—6 <H*(K(w))

forvP-ace. w.

2.4.11 PROBLEM.

Is the 6—condition in the preceding theorem essential?

2.4.12 THEOREM (Graf-Mauldin-Williams [15]).

Suppose that v({(t1,t2) € A|t¢+15 # 1}) > O and that there exists
a¢ >0 with [ max(tl"f,tz_f) dv(ty1,t2) < co. Suppose further that there
isabée(0,1) andp € N such that

{t1 <11 6,1, <1 6)Ct1+t2) du(ts 1) > 57

for all large s.
Then, for P,—a.e. K € K([0,1]),

0 <HMK)<oo
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where h(z) = z*(log |log z|) 2.

Proof. see Graf-Mauldin—Williams [15].

24.13 EXAMPLES.

a) In the case of the classical Cantor set, i.e. forv = €4, b Theorem
2.4.10 yields

0 <H*K) <00,
where a = i—:’%—%—.

b) If v is normalized Lebesgue measure on A then H-dim (K) =
a=3(V17T -3), H*(K) = 0,and 0 < H*(K) < oo for P,-ae.
K € K([0,1]), where h(z) = z*(log |log z|)1~*. The last property is
derived from Theorem 2.4.12 by noting that, obviously,

(i +13#1) >0,

Jmax (7%, 455) du(t1 + t2) < oo forevery € € (0, 1) and

/ (t1 + tz)’dv(tl,tz)
{tlSi'thS%}

12 p1/2
2 / / (t1 + t2) %t dty

12 p1/2+t;
/ f tedtdt;

1/2 (1/2)+t
1/2

1 t8+1 dt]_

s+

t1

=2/

0
1

=2/ o 1('2—+t1)8+1—-ti+1)dt1

t1=§l-

- 1 s+2 1 s+2]
=233 [ ( +) sr2 0 =0
1

[ )s+2 )8+2]

S+
1
s+ls+2 2

2
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for all large s.

¢) In the case of the zero—set of Brownian bndge ie. if v is as in
Example 2.1.7 ¢), we have H- -dim(K) = a = H“(K) =0,and 0 <
HM K) < oo for P,-a.e. K, where h(z) = :rl/z(log |log(z)|)1/2. The
last property follows from Theorem 2.4.12 if we observe that

Dv(tf+t3#41) >0

(ii)

/ max (47, 656 du(ty, 1)

1 1/2 p1/2 .
= 'i"'/. max(tl-f,tz_f)(tltz(l -1 —tz)s)—llzdtldtz
™ Jo 0
1 1/2 p1/2
< 5—/ f (t1t2) S (t1ta(1 — ¢4 —t2)%) "2 dt,dt,
mJo 0
1/4

1/2 1
| b Xy tatan
0

12 p1/4 1
+ _1__/ / (tit2) "D () ~Hdtyat,

IA
N
=1|"‘
S~

T /4
1/2 p1/2
+ _1_/ / 16"(&'71')(1 — 11 —tz)_%dtldtZ < oo
27 Jiys Jia

f (t1 + t2)%du(ty,t2)
[0,4]2

1 ri2 r12 |
=27 -/(tl+t2)8(t‘t2(1"tl—tz)s)"fd.tzdtl

\v4

1/2 p1/2 1
f (0 + 25 (1-—- DI Hdt i

é'q?
1 s ri/2 p172

—_— 7/ / (t1 + t2)%dt, dty > s3
2 1/4

for large s.

(The results summarized above were first obtained by Taylor [26] and
Taylor-Wendel [29]).
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2.4.14 REMARKS (Other notions of dimension).

a) Box—counting dimension

Let F' be a bounded subset of R™. For € > 0 a subset F’ of F is
called an e-net if d(z,y) > eforall z, y € F' with z # y. By N.(F) we
denote the maximum cardinality of an e-net in F'. The numbers

B-dim(F) = lim inf log N(F)
e—0 —loge

and
B-Tm(F) = lim sup BN
-0 - 10g €

are called the lower and upper box—counting dimension of F. If the two
numbers agree their common value is called the box(—counting) dimen-
sion of F' and denoted by B—dim ( F'). Other names for box—counting di-
mension are Kolmogorov entropy, entropy dimension, capacity dimension,
metric dimension, logarithmic dimension, and information dimension.

b) Modified box—counting dimension

Let F be subset of R™. Then

M B-dim (F) = inf {sup(B-dim( F;))|F C UserF;, I countable}
iel
and
M B-dim(F) = inf {sup(B — dim ( F;))|F C Ui F;, I countable}
i€l

are called the lower and upper modified box—counting dimension. M B-
dim ( F) agrees with the so—called “packing dimension”, which is defined
in a different way. One has the following inequalities:

MB-dim(F) < B-dim(F), MB-dim(F) < B-dim(F) ,

H-dim(F) < MB-dim(F) < MB-dm(F) < B-dim(F) < m (see
Falconer [11], p. 46).

It can be shown that for y—random Cantor sets the box—dimension
exists a.e. and equals the Hausdorff dimension, i.e.

H-dim(K) = B-dim(K)
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for P,—a.e. K € K([0,1]) (see Falconer[11], Theorem 15.2). This shows
that almost all realizations of v~random Cantor sets are fractals in the sense
of Taylor [28]. Taylor calls a subset of R ™ a fractal if its Hausdorff dimen-
sion agrees with its upper modified box—counting dimension.

¢) Equidistribution

Let F' be a compact subset of R™. A probability measure pon Fis
called the equidistribution on F if (5)50 tends to p in the weak* topology
as & — 0 whenever ys = 35 3 € for some §-net Fj of maximum
cardinality Ns(F).

(An equidistribution need not exist, but if it exists, it is uniquely deter-
mined.) In the case of the classical Cantor set C the natural measure on Cis
the equidistribution on C. It is an open problem whether for all y-random
Cantor sets the natural random measure (w)ueap has the property that y,,

is a scalar multiple of the equidistribution on K (w) (and whether such an
equidistribution exists) for vP-a.e. w.

3. Mandelbrot’s percolation process.

Here we will investigate a random Cantor type construction in the unit
square. It was introduced by Mandelbrot [19] to model certain aspects of
turbulence. He called it canonical curdling.

3.1 CONSTRUCTION.

Letp € (0,1) and £ € N with k > 2 be given. Set N = k2.
Divide the unit square into N squares of side length k~! in the obvious
way. We select a subset of these squares to form K in such a way that
each square has independent probability p of being selected. Similarly,
each square of K is divided into N squares of side length k=2 and each
of these has independent probability p of being chosen to be a square of
K> . We continue in this way, so that K, is a random collection of squares
of side length k™. Then Nyen K, is a typical realization of the random
object we want to consider.

Next we will give a formal description of the construction.

Let B = {(4,/) € N?|1 < 4, j < k} and define ¢ : E —
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{1,...,N}by p(4,7) = k(i — 1) + j. Then g is a bijection. Set
1—1 j—=17

)
Byij) = [—k—, =] x % %

1. .
Let v = y;, be the probability measure on I = {0, 1}V defined by
v({(t1,...,tmM}) = pedliti=1}q _ p) e {il=0}

Set D = {1,...,N}* and let v” be the product measure on I°. The ele-
ments of I” will be denoted by (£%),¢p where t° = (19, ... 1%} € L

| 3.1.1 THE COMPACT SET CORRESPONDING TO A TREE FrROM IP,
Letw = (t%)sep € IP be given. Define
Jo(w) = [0,1]%.
If Jo(w) = [a,b] x[c,d] set

Ja*p(w) =

[e+5Hb-0),a +i(b—0a)]x[c+ Z(d—0) + L(d—0)]
{ if t;=1and p~'(p) = (4,)

0, if t9=0 .
If Jo(w) = @, then Jgy,(w) = 0.
Set

Ka(w) = Uae{l,...,N}"Ja(w)

and
K(w) = Nuen Kp(w) .

Then K (w) is a compact set which may be empty. It is called the compact
set corresponding to w.

3.1.2 PROPOSITION.

Let K,(10,112) = K([0, 112) U {8}, where K([0, 1]2) carries the
topology induced by the Hausdorff metric and § is added as an isolated .
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point. Then the map ¢ : I? — IC,([0,11)2), w — K(w) is measurable
i.e. a random variable.

’

Proof. Exercise!

3.1.3 DEFINITION.

The image measure of v with respect to ¢ will be denoted by P,.

3.2 STATISTICAL SELF-SIMILARITY.

3.2.1 DEFINITION.

For (i,7) € Elet Spi;) : R* — R? be defined by S,;,)(z) =
#7+ (5, 50). Define T2 T x Ko([0, 112)¥ — Ko([0,1])2) by

T((t1,...,tn), K1,...,Ky) = u?,’i.lsp(Kp) :

A probability measure P on Ko([0, 11)2) is called v—self-similar if (v ®
P¥) oT-! = P, where P¥ is the product measure on K.([0,1]%)¥,

3.2.2 PROPOSITION.

P, is v—self-similar.

Proof. The proposition follows from a “commuting diagram” argu-
ment similar to the one used in the proof of Theorem 2.2.2.

3.2.3 THEOREM.

Let q be the smallest nonnegative solution of the equation
(¥) z=(pz+1-p)¥.

Then P, ({0}) = g.
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Proof. Since P, is v—self-similar we have

P,({0}) = (v® PY) o T 1({0})
= (v ® PNY({((t1,...,tn), K1,..., Ky) : Vi
€{l,....,N}:ti=1=Su(K))=0)})
= (v ® PY)({((t1,...,tn),K1,...,Ky) : Vi
€{l,...,N}:t;i=1=K;=0)})

- f B({0p6=1hay(ty, .. t)

N
=Y P({0hH¥( IZ)p"(l -V * = (R,({0Pp+1-p)V.
k=0

Thus P,({@}) is a root of equation ()
By induction we will show that

forallne N.
For n= 1 we have

vP({w|J1(w) U...UJn(w) = 8}) = »({(0,...,0)})
=(1-p¥
<(pg+1-p¥=gq.
Assume that

N N ‘
=X k-)(Psn)k(l -V < (pgr 1)V =g¢.
k=0
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Since K(w) = @ if and only if there is an n € N with Jo(w) = @ for all
o €{1,...,N}" it follows that

P,({0}) = vP({w|K(w) = 0}) = vP(Upen {w : Jo(w) = @
forall o € {1,...,N}"}) =£I’£1°sn <q.

Since P,({0}) is a non negative root of () and q is the smallest such root
we deduce

g = P,({0}) .

3.24 REMARKS.

a) 1is always aroot of equation (). Consider the function f:R, - R
defined by f(s) = (sp+ 1 —p)¥ — 5. Then f/(s) = N(sp+1 —
PV 'p—1. Forp < L we have f((s) < 0 fors < 1. Since
f(1) = 0 this implies f(s) > 0 forall s < 1. Hence 1 is the small-
est non negative root of (x). By the preceding theorem this implies
P,({0}) = 1,ie. K(w) = @ forvP-ae. w € IP. Forp > 1 we
have f'(1) = Np—1 > 0. Hence f is increasing in a neighborhood
of 1. Since f(1) = 0 we have f(s,) < 0 forsome so € (0,1). Since
f(0) = (1 —p)¥ > 0 there existsan s € (0,s,) with f(s) = 0.
Hence P,({0}) < 1,ie. K ¥ 0 with positive P,—probability.

b) It can be shown that P, is the unique v—self-similar probability mea-
sure on Ko([0, 11%) with P,({#}) being the smallest non negative
root g of of (*). If ¢ < 1 then ¢ is a different y-self-similar mea-
sure on Ko([0,1]%). There are no other v-self—similar probabili-
ties on Ko([0,1]%), since 1 and g are the only roots of (%) in [0,1].
(The derivative f' attains O at at most one point in [0, +00), so that
{f =0} NR, contains at most two points.)

3.2.5 DEFINITION.

The similarity dimension of the random compact set with distribution
P,, is defined to be the unique o = ayp > 0 such that

Nooq
/zt{(z)adv(tl,...,tN) =1.

1=1
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3.2.6 THEOREM.

The similarity dimension of the random compact set with distribution
P,, equals

Proof.

N 1 1 N
1= fzt;(—,;)“du(tl,...,tn) - (E)"f_Et;du(tl,...,tN)

1=1 1=1

- 1 a ol N l N-l _ 1 a
=() Zoj( P -pN = (Np (D).
Hence we get

o= log Np _ 210gk+logp_2+ log p
" logk log k " logk

3.3 TOPOLOGICAL PROPERTIES.

For technical reasons we assume k£ > 3 in this section.

3.3.1 DEFINITION.

Let R =[a,b] x[c,d] witha < band ¢ < d. A subset A of R is said
to horizontally (resp. vertically) percolate in R if there exists a connected
component C of A with

({a} x [c,d)) NC # Band ({8} x [c,d]) NC 0

resp. ([a,b] x {c} NC # @ and ([a,b] x {d}) NC # B).
Let .

Ay = {K € K([0,1]®)|K horizontally percolates in [0, 1]%}
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and
A, = {K € K([0,11%)|K vertically percolates in[0,1]%}.

Define 4(p) = P,,(A4),84(p) = P, (A,).

3.3.2 REMARK AND DEFINITION.

It follows from the symmetry in the construction that 0n(p) = 0,(p)
forall p € (0, 1). We denote the common value by 6(p).

3.3.1 LEMMA.

Letp : K,([0,1]2) xKo([0,1]1%) — Ko([0,1]1x[0,2]) bedefined
by

o(K1,K2) =K1 U(ez + K3)

where ey is the vector (0, 1).

Let Qp, be the image measure of P,,,®P,,p wrt. pandletAp, = {K €
K([0,1] x[0,2D) : K horizontally percolates in [0, 1] x [0,2]). Then
Qp(Ar2) > 0 implies 6(p) > 0.

Proof. see Dekking—Meester [8].

3.3.2 THEOREM (Dekking—Meester [8]).

If P,({K € K([0,11%)|K is not totally disconnected }) > 0 then
(p) > 0.

Sketch of proof. If K € K([0, 1]?) is not totally disconnected then
there exist two different points z = ( T1,%2) and y = (y1,y2) lyingin a
connected component of K. If y; # x; then for n large there exists a col-
umn Gy in (Jo)og(1,..,n)» consisting of the squares Q... Qrn (where
the squares are counted from top to bottom) such that a connected com- A
ponent C of K N C, crosses the column C,,. For such a C there are two
possibilities

(1) Chas anon-empty intersection with at least three (consecutive) squares
in Cy, say Qsi—1, Qi» Qis1.
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(2) C has anonempty intersection with at most two (consecutive) squares
in Cn, say Qj._l and Qj+1.
Thus we deduce that either

3) P, ({K € K([0,11*)|3n30 € {1,...,N}* : K N J, vertically
percolates in J5}) > 0

or

) P, ({K € K([0,1]%)|3n 3 two squares Q. Q from (Jodoeqt,...N}»
one on top of the other such that K N(QU Q) horizontally percolates
inQuUQ}) >0.

From (3) it follows that thereisa o € {1,..., N}* with

0 < P,({K e K([0,11))|KENJ,

vertically percolates in J,; }

= pl°lo(p) .

Hence 6(p) > O in this case.
From (4) it follows that Q,(Ap2) > 0.
Thus Lemma 3.3.1 implies 8(p) > 0.

3.3.3 LEMMA.
Set p. = inf {p|@(p) > 0}. Then 6(p.) > 0.
Proof. See Dekking—Meester [8]
3.34 LEMMA.
If p. is as above then 7{,— <p. <l
Proof. See Falconer [11], p. 233.

Combining the results of the last three lemmas ylelds the following
theorem
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3.3.5 THEOREM (Chayes—Chayes—Durrett [7]).

There exists ap, € (+ % 1) such that, for p < pe, P, —a.e. K is empty
or totally-disconnected and, for p > p.,

P, ({K € K([0,11)*)|K horizontally percolates in [0,1]2}) >0 .

3.3.6 REMARKS.

a) There have been efforts to calculate p.. By oral communication I have
leamnt that J.T. Chayes-L. Chayes—R. Durrett as well as M. Dekking
have calculated p..

b) R. Meester [21] has shown that ( p) =P, ,(A), where A is the set
of all K € K([0,1]2) such that there exists a continuous map 7 :
[0,1] — [0, 1]% with

@ 7(0) € {0} x [0,1], 4(1) € {1} x [0, 1]
() ~(t) €e Kforall t €[0,1]
(i) y(t) # 4(s) forall s,t € [0, 1] with s #t.

¢) This section describes a topological “phase transmon in the behav-
iour of the random set as p increases: For0 < p <+ % the random set

is empty a.s. Then, for < p < p.,itiseither empty or, with positive
probability, a dustlike set and then, for p, < p < 1, it percolates with
positive probability.

3.4 THE HAUSDORFF DIMENSION.

In this section a = a,, is the sumlanty dimension of the random set

from 3.1, i.e. a = 2+}%§{-

3.4.1 THEOREM (Chayes—Chayes—Durrett [7D).
For P,—a.e. K € K,([0,1]?),

K#0=>H*K) < ocoand H-dim(K) = «

Proof. The result is proved with methods similar to those used in the
corresponding proof for random Cantor sets.
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3.42 THEOREM (Graf-Mauldin-Williams [15]).
For P,-a.e. K € K,([0,11%),
K#0=0<H"K) < o0,
where h(t) = t*(log |log t])'~%.

Proof. See [15].

4. Statistically self-similar sets.

It is the purpose of this section to introduce a notion of random sets
which at the same time generalizes the concepts presented in the preceding
sections and the deterministic concept of self—similarity as introduced by
Hutchinson [16].

4.1 CONSTRUCTION.

4.1.1 DEFINITION.

Let J be asubsetof R™. Amap S : J — J is called a contraction,
if there exists a c € (0, 1) with

d(Sz,Sy) < cd(z,y)

forallz,y € J.

(As always d denotes the euclidean metric.) The smallest ¢ with the
above property is called the Lipschitz or contraction—constant of S and will
be denoted by Lip(S). By Con(J) we denote the space of all contractions of
J into itself with the topology of pointwise convergence. Con,(J) is this
space with the empty relation @ added as an isolated point.

Let N > 1 be given and let u be a probability measure on the Borel
field F of (Con,(J))V.

In this section we set D = {1,...,N}*, u? is the product measure
onQ = ((Cony(J))V)P. The elements w of Q are trees (S°)yep, Wwhere
5° =(8Y,...,8%) € (Con(J))N. We define '

O _
Ss(w) = Sgl 0S5 0...0 ol'i:"' b
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foro 7 § and S = id;. Moreover, let l;(w) = Lip(SY,) - Lip(S2!

.. Lip(Sq™) for o @ and lg(w) = 1. Here Lip( ) is defined to be 0.
Then we have

Lip(Ss(w)) < lg(w)
forall o € {1,..., N}".

4.1.2 THE COMPACT SET CORRESPONDING TO A TREE FROM Q.

Let J be compact.
Givenatreew € Q and o € {1,..., N}* define

Jo(w) = [Se(w)](J) .

Set Ko(w) = Ugeq,...nprJo(w) and K(w) = Npen Kp(w).
Then K(w) is compact. It is called the compact set corresponding to
the tree w.

Themap 9 : Q — K,(J),w — K(w) is Borel measurable. The pair
(4, ) is called the u—random set. P, = p o~ is called the distribution
of the u~random set. Let Qu, = {w € Q : lim,_,o MaX g|=pn ls(w) = 0}.
Then 4P(Qc) = 1. Foreachw € Qu let B, = {n € {1,...,N}N :
NneN Iy 7 0} and let 7, : E,, — K(w) be defined by

{’"w(ﬂ)} = NneN Jnln(w) .

Then =, is continuous and onto.

4.1.3 EXAMPLES.

a) Random Cantor sets
Let v be a probability on A. For (¢1,t;) € A define

St 110,11 - [0,1]1 by S;,(z) = t1z
and

St; 110,11 = [0,11 by S, (z) = (1 —t2) + taz .
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Let 41 be the image measure of v w.r.t. A — (Con([0,11))2,11,12) —
(St,,St,). Then the v—random Cantor set and the y—random set have the
same distribution.

b) Mandelbrot's percolation process

Let vp be as in 3.1 and let S1,...,Sy be as in 3.2.1. Let u, be the

distribution of {0,1}¥ — Con([0,11%)¥,

(t1,...,tny) = (T1,...,TN), where

- Qa ti=0
:n-{S.', ti=1

w.rt. v,. Then the random set constructed in 3.1 and the y—random
set have the same distribution.

c) Deterministic self-similar sets
Let fi,...,fn € Con{R™). Then there exists a compact subset
JCR™with fi(J) C Jforalls=1,...,N. Letp = ¢,,..5s) bEQ
probability on (Con,(J))¥. Then the y—random Cantor set has the
distribution ex, where K is the unique non-empty compact set with
K= fi(K)U...Ufy(K).

d) A random von Koch curve (Falconer [11])
LetJ = {(t1,t2) € R2|—71§=t1 <tz < ;715'?51, —-715(1 —-11) L2 <
Js(1 —t1)} and let S1, S, S3, 84, S5, S+ J — J be defined as
follows
Si(z) = 31,
S is multiplying by }, rotating by 60° and then translating by ( 3, 0)
S3 is multiplying by 1, rotating by -60° and then translating by ( 7, & X
V3),
Si(z) = +z+(%,0)
S% is first applying S> and then reflecting at the z;—axis
S} is first applying S5 and then reflecting at the z;—axis.
Letpy = %-6(31 8:,8:,80) %6(5'1,5'5 84,84) - Then the corresponding u—
random set is a “random von Koch curve”.

¢) A random Sierpinski carpet (Mauldin-Williams [20]). LetJ = [0, 1]2
and let v be normalized Lebesgue measure on (-;-, %)4. Fort =
(t1,t2,t3,t4) € (3,2)* define St,...,S% : J — Jinthe following.
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way

Si(z1,32) = (t131, 11, 72)
S5(z1,32) = ((1 —t3) + ta31,t232)
§5(z1,32) = (t331,(1 — t3) + t332)
Si(z1,72) = (1 —tq) + tazy, (1 —t4) + tazs)
St(z1,22) = (t1 + (1 = (41 + t2))z1,(1 — (t1 + t2)) 72)
S6(z1,32) = ((1 = (t1 +t3)) 31,81 + (1 — (41 + t3))x2)
S7(z1,32) = (1 = (g + t4) + (1 = (4 + t4))x1,12
+ (1 —(t2 +t4))z2)
S5(z1,32) = (t3+ (1 — (t3 + ta)) 31, 1 — (43 + ta)
+ (1 — (13 + t4))z2)
Let 4 be the image of v withrespecttothemap(%,%)4 — Con(J),

t —(St,...,S%). The y—random set is a random Sierpinski carpet.
f) Random homeomorphisms

Let J = [0,1]? and let v be a probability measure on (0, 1)2. For
t = (t1,t2) € (0,1)? define
StS T 1T
by
Si(z1,32) = (t121,8232) |
S5(z1,32) = (t1+ (1 —t)) 3y, tp + (1 —t2)x2) ,

Let 4 be the image measure of v with respect to the map (0,1)? —
Con(J)%,t — (St,S%). Then P,-a.e. K € Ko(J) is the graph of a
homeomorphism of [0, 1] onto itself which preserves the end-points
(see Dubins-Freedman [9] and Graf-Mauldin-Williams [(14]).

4.2 STATISTICAL SELF-SIMILARITY.

4.2.1 DEFINITION.

Let 4 be a probability on Con,(J). A probability P on K,(J) is
called u (-statistically)-self-similar if P is the image of 4 ® PN w.rt. the
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map T : (Cong( 1))V x(Ko(INV — Ko(J)N definedby T'(Sy, ..., Sy,
Kl,...,KN) =S1(K1)U...USN(KN).

422 THEOREM.

P, is y—self-similar.

Proof. Similar to the proof of Theorem 2.2.2.

42.3 THEOREM.

Let q be the smallest non—negative solution of the equation
. N )
(0 z=) u({(S1,...,Sn) € Cone(J)"|card {i|S; # 0} = j}o .
o

Then
P,({#}) =¢.

Proof. Similar to the proof of Theorem 3.2.3

424 REMARKS.

a) 1is always aroot of equation ( *) . Consider the function f : R, — R

defined by

N
f(s) =Y u{(S1,...,Sn)|card {i]S; # 0} = jP ' — 5.
j=0

Then f'(s) = E;V:l juC{(81,...,8n)|card {i|S; # 0} = jP s/ 1 —
1. Wehave f(1) = 0 and f'(1) = [ card {i|S; # 8}du(S1,...,Sn)—
1. Thus, if [ card {1|S; # 0}du(Si,...,Sy) < 1,orif [ card {i|S; #
m}dﬂ'(sl,---;SN) = 1 and #({(Sl;---,SN) : Card{"lsl # Q} =
1}) < 1, f'(s) < O forall s € (0,1). This implies f(s) > O
forall s € (0, 1). Hence 1 is the smallest non-negative root of ().
By the preceding theorem we, therefore, deduce P,({0}) = 1, ie.-
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K(w) = @ for yP-ae. w. If [ card {i|S; # 0}du(Sy,...,Sy) > 1
then f'(1) > 0. Hence there is an s, € (0, 1) with f(so) < 0.
Since f(0) > O this implies that the smallest non-negative root q of
(%) is less than 1. Hence P,({0}) < 1,i.e. K # @ with positive
P,—probability. If card {i|S; # 0} = 1 u-a.e. then f(s) = 0 for all
s €[0,1],hence g = 0 and P,({0}) = 0,i.c. K # 0 for P,-ae. K.

b) Itcanbe shown that P, is the unique u-self-similar measure on C,( J)
with P,({0}) being the smallest non-negative root g of (). If g<l1
then ¢y is a different u—self-similar measure on Ko(J). There are no
other u—self-similar probability measures on IC,( J).

425 LEMMA.

If [ card {i|S; # 0}du(Si,...,Sn) > 1 then there exists a unique
a > 0 with

N
[ S tin(spoducsi, ... sm = 1.

i=1
Proof. Similar to the proof of 2.2.3.

4.2.6 DEFINITION.

The « in the above lemma is called the similarity dimension of the
p—random set.

4.2.7 EXAMPLES.

a) For y—random Cantor sets and for Mandelbrot’s percolation process
the similarity dimension defined above agrees with the similarity di-
mensions in Sections 2 and 3, respectively.

b) For deterministic self-similar sets given by f;, ... ,Jv € Con(R™)
the similarity dimension is the unique o with

N
D Lip(f)®*=1.
i=1
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¢) For the random von Koch curve defined in 4.1.3 d) we get

. 1 1
= /lep(ﬂ)ad( 56(S1132)S3:S4) + Ee(sljsaasgss4))(Tl’. o ’T4)

i-l

- —ZLlp(s.)“ —(an(sl)°+ Lip(S53)*

[._

+ Lip(S5)® + Lip(S1)®)
1 (24
= 4(_3-) ’

hence a = 1—25-%-.
d) For the random Sierpinski carpet defined in 4.1.3 e) we get

1=6*[1ff Esz(st )dt1dtrdtsdts = 6 JI1] 65+

(5,9 =1 ($.3)*
+ (1= (t1+802))%+ (1 =t +t3))*+ (1 — (L2 +t4))"
+ (1 —(t3 + t4))dt 1 dt2dtsdts

1/2 1/2 p1/2
=24[ t“dt+144/ / (1 —(s+1t))%dsdt
1/3

24 1
a1 2aT ~ 3a+1 ¥ a+2(3°‘+1 ~ge))

It can be shown that o ~ 1.8947.

e) Let (0,1)2 — Con([0,1]12)%,t — (S%,S%), v, w asin4.1.3 f).
Then Lip(S?) = max(t1,t2) and Lip(S%) = max(1 —t1,1 —t2).
Thus the similarity dimension of the y—random set is equal to o > 0

with
1= / max({1,t2)*+ max(1 —¢;,1 —t2)%dv(t1,1t2) .
(0,1)?2
This « equals 1 if and only if max (¢;,t2) + max(1 —¢1,1 —¢2) =1 for
v-ae. (t1,t2), ie. t; = tp forv-ae. Hence @ = 1 if and only if v is

concentrated on the diagonal of (0, 1)2. In this case

P, = ek, where K = {(z,7)|z € [0,1]}.
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In all other cases we have o > 1.

43 A NATURAL RANDOM MEASURE CORRESPONDING TO A
u—~RANDOM SET.

As before J C R™ is compact, y4 is a probability on Con,(J)¥,
D={1,...,N}*,Q = (Cono(J)¥)PL, and uP is the product measure
on . We will always assume that [ card {i|S; # 0}du(S;,...,Sy) > 1
and that « is the similarity dimension of the y—random set.

4.3.1 DEFINITION.
Forne N let X, : Q — R be defined by
Xaw)= Y IXw).
oe{l,...,.N}*

Let 7, = {0,Q} and let F, be the o—field generated by the canonical
projections g : Q@ — Con,(J)Y with 0| < n— 1.

4.3.2 THEOREM (Mauldin-Williams [20]).

(XndneN is an LP—bounded martingale w.r.t. (Fy)nen for every pE
[1,00).

Proof. See, for instance, Graf [13], p. 378/379.

4.3.3 REMARKS AND DEFINITION.

Let L = {w € Q|lim,_o X,(w) exists in R}. By the martingale
convergence theorem we have (L) = 1. Let X : Q — R be a random
variable with X (w) = lim,_,,, X,(w) foreveryw € L. For o € D define
Do - Q—-Q by

‘Pa((Sr)'rED) = (SG*T))TGD )
Xo =X o0 p,.

Set M = Noepp;'(L). Then pP(M) = 1, and, for everyw € M

we have

X(w) =) 1(w) Xo(w)

cel
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forallI" € Min.

Forw = (§%),ep € M we will define a finite measure v, on the Borel
field of {1,..., N}V as follows:

ForT € Dlet A(7) = {n € {1,...,N}N|n > 7}. Define
vu(A(7)) = 7 (w) Xr(w) .

Then v, can be extended to a unique finite measure on the Borel field of
{1,...,N}N.LetE, c {1,...,N}N and n, : E, — K(w) be defined
as in 4.1.2. It can be shown that v,({1,...,N)N\E,) = 0. We set i, =
vy oyt Then p, is a finite measure on R™ whose support equals K (w).
The map Q — ML(R™),w — u, is measurable. Its distribution w.r.t.
uP is denoted by Q,,.

4.3.4 DEFINITION.
LetT : (Cong(I))N x M ()N — M, (J) be defined by

N
T((St,---,8N),v1,...,vn) = ) Lip(8) ;0 87t

i=1

A probability P on M, (J) is called y—self-similar if
L®PNoT- =P,
4.3.5 THEOREM (Arbeiter [1]).

The probability Q,, is the unique u—self-similar probability P on
M. (J) which satisfies

/u(J)dP(y) =1.

Proof. That Q, is p—self-similar follows from a “commuting dia-
gram” argument similar to that given in 2.2.3. The proofs of the other parts
of the theorem will be omitted.
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4.4 HAUSDORFF MEASURE AND DIMENSION.

Again we will always assume that
/card{ﬂs,- 4 0Ydu(S1, ... Sy) > 1.

Moreover J is compact with } # 0. Let « be the similarity dimension of
the y—random set.

44.1 THEOREM.

Suppose that, for p—a.e. (S1,...,Sy) € Con(J)N and every i €
{1,...,N} with S; # @, there exists a ¢ > 0 such that d(Siz, Siy) >
cd(x,y) forallz,y € J. Then, for every 8 > 0,

(i) Py({K € Ko(J)|K # B and HP(K) = 0}) = 0 or = P,(K(J))
(ii) Py({K € Ko(J)|HP(K) = o00}) = 0 or = P,(K(J)).

Proof. Similar to the proof of Theorem 2.4.2.

442 COROLLARY.

Let the assumptions of Theorem 4.4.1 be satisfied. Then there exists

a constant ¢ > 0 such that, for Py—a.e. K € K(X), K # @ implies
H-dim(K)= c.

4.4.3 'THEOREM (Falconer [10], Mauldin-Williams [20]).
For P,—a.e. K € K, ([J]),

HYK) < 00.

Proof. Similar to the proof of Theorem 2.4.4.

4.44 THEOREM (Falconer [10], Mauldin—Williams [20D).

Let p be such that, for p—a.e. (S1,...,S5y) € Con(J)VN, the fol-
lowing conditions are satisfied:
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(i) IfS; # Qthen S;is a similarity (i.e., thereisanr > 0 withd(S;z, Siy) =
rd(z,y) forallz,y € J).

(ii) Ifi o j then Si(J) N S;(J) = 0.
Then, for P,—a.e. K € K,(J),

K+#0= H-dm(K) = «.

Proof. Similar to that of Theorem 2.4.8.

445 'THEOREM (Graf [13]).

Let u satisfy the assumption of Theorem 4.4.4. Moreover, let
w({(S1,...,SV)| N, Lip(§)® # 1} > 0. Then K*(K) = 0 for P,—
a.e. K € Ko(J).

Proof. Similar to that of Theorem 2.4.9.

44.6 THEOREM (Graf [13]).

Let p satisfy the assumptions of Theorem 4.4.4. Moreover, let there
be a § > O such that, for y—a.e. (Si,...,Sy) € Con(J), S; ¥ 0
implies Lip(S;) > 6 (i = 1,...,N). Then the following statements are
equivalent:

(i) TN Lip(8) = 1 for y-a.e. (S,...,Sy) € Cony(J)
(ii) H*(K) > 0 for P,a.e. K € K,([0,1]) with K # 0.

Proof. See, for instance, Graf [13], Theorem 5.8.

447 REMARK.

An example in [15] shows, that the 6—condition in the preceding the-
orem is essential.

4.4.8 THEOREM (Graf-Mauldin—-Williams [15]).

Let the assumptions of Theorem 4.4.5 be satisfied. Suppose that there
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exists a ¢ > 0 with

/(min{up(s,-)u €{1,...,N} with Lip (S)) # 0}~du(S, .., Sn)

< 0

Moreover, suppose that thereisa é € (0,1) andp € N with

N
I () Lip(S)™?
{(Sl ,...,SN)|Lip(S,-) <1-bfori= 1’.“,N} i=1
dp(S1,...,8y) >t7°?

for all large t and that J is a finite union of convex sets.
Then, for P,—a.e. K € K(J),

0 < HMK) < o0

where h(z) = z*(log |log z|)!~(e/™

Proof. See Graf-Mauldin—-Williams [15].

449 EXAMPLES.

a) For the random von Koch curve of Example 4.1.3 d) Theorems 4.4.3

and 4.4.6 can be applied and yield that for o = %;Lg we have

0 <H*K)<oo,

hence H—-dim( K) = « for P,-a.e. K.

b) For the random Sierpinski carpet of Example 4.1.3 ) the assumptions
of Theorems 4.4.3, 4.4.4,4.4.5 and 4.4.8 are satisfied. Thus we obtain
for o ~ 1.8947 that H—dim (K)= o, H*(K) = 0 and

0 <HMK) < o0
for P,~a.e. K, where h(t) = t*(log|log t|) 1-2/2  The details are

left as an exercise (see also Graf—-Mauldin-Williams [15], Example
6.7)
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c¢) Let v,p be as in Example 4.1.3f. If v is not concentrated on the di-
agonal of (0, 1) x (0, 1) then the corresponding p—random set has
similarity dimension larger than 1. On the other hand, the Hausdorff
dimension of every graph of a homeomorphisms of [0,1] onto itself
is equal to 1. Thus the random homeomorphisms exhibit an example
where the similarity dimension and the Hausdorff dimension do not
agree. The reason is that, for v not on the diagonal of (0,1)2, the

corresponding 4 is not concentrated on the set of pairs of similarity
maps.

44.10 LEMMA.

Let h(t) = tPlog |logt|’, where B, 0 € R,. Let E C R™ and let
S : E — R™ be a similarity.
Then

HA(S(E)) = Lip(S)PH"(E) .

Proof. Exercise!

4.4.11 THEOREM (Graf-Mauldin—Williams [15]).

Let p satisfy all assumptions in Theorem 4.4.8. Let (pu)weq be the
random measure as defined in 4.3.3. Then there exists a constantc > 0
such that, for yP-a.e. w € Q,

Hw = CH]hK(w) )
where h(t) = t*(log | log ) '~2/™.
Sketch of proof. Let s : Q@ — Q be defined as in 4.3.3. Then

uP = pP o7l
We have
K(w) = Useqt,...NpSo(w) (K (ps(w))
hence
HMEW) < ) HAS(W)(K(pa(w))))

oe{l,..,N}»

= Y Lip(S(w)*HA (K (ps)(w)) .
) IIO oe{l,..,N}»



RANDOM FRACTALS 127
Since all maps under consideration are similarities we have
(Lip(S(w))® = I3(w) .

Since 12 and H"*( K (ps( ))) are independent we obtain
/ HAK () duP(w)

< Y [ ) [# o) P

oe{l,..,N}*

- / HACK (@) dpP(w) 3 f lo () *d® (w)
g‘E{l,---,N)"

¥ o

=1

J

This implies equality throughout and hence, for i a.e. w,

HMEW) = Y B(WHME(ps(w))

ge{l,.,N}»

as well as H(Sy(w) (K(pq(w))) N Sr(w) (K (pr(w)))) = 0 for o] =
|7T| = nand o # 7. If E( |F,) denotes the conditional expectation with
respect to F,, we deduce

a
oe{l,...N}»

BOHMEONFD = [ HME@)dPw) Y 12

- /nh(Kw»duD(w)Xn. WP —ae.

By the martingale convergence theorem the left hand side converges to
H*(K()) and the right hand side converges to [ H*( K(w))duP(w) - X,
hence
(» HME(w) =c'X(w)
for pP-ae. w € Q, where c = ([ H*(K)dP,(K))~! .
It follows from the definition of 4, that, for A C R™ compact,

po(A) =inf 37 I3(w) Xo(w) .

og(l,...N}¥
Ja(w)NAFB
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From (*) we deduce

Xo(w) = cHM K|(po(w)) ,
hence

bo(A)=cinf 3" k o (WHA K (pg(w))
Y HMSH(w) (K (po(w)))

oe(l,..,. N}k
Jo(w)NA7B

= Clnf Hh(uue{l N}k Sc(w)(K(‘Pa(w)))

Ja(w)nA#8

Since U yeq,..myt Sa(w)(K(tpa(w))) 1 ANK (w) fork T oo we obtain

Jo(w)NASD

4. 4 10 lcEN

inf H* (U eqr,.ip Sa(w) (K (04(w))) = HMAN K(w)) .

Jo(w)NAHD

Thus , and cH"|x,, agree on all compact subsets of R™. This im-
mediately extends to Borel sets. Hence the theorem is proved.

44.12 REMARKS.

a) It can be shown that, under the assumptions of 4.4.4, the Hausdorff—
and box—dimension of P,—a.e. K agree.

b) It is an open problem whether the natural measure on K(w) equals a
multiple of the equidistribution on K (w) for pP-a.e. w.

4.5 THE SECOND ORDER DENSITY.

Let the general assumptions be as in Section 4.4.

4.5.1 DEFINITION.

Let v be a (finite) Borel measure on R™. The carrying dimension of v
is the unique & > O (if it exists) such that there exists aBorel set E C R™
with »(R™\E) = 0 and

H-dm(F) < @

and, moreover, for all B Borel with »(B) > 0, H-dim(B) > a.
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452 REMARKS.

a) Itcanbe shown that, under the assumptions of Theorem 4.4.4, P,-a.e.
K with K # 0 has carrying dimension «, where « is the similarity
dimension of the y-random set.

b) For measures v with carrying dimension « one considers the upper

density at z, i.e.

—  v(B(z,71))
lim,_¢g ————
Ta

and the lower density at z, i.e.

v(B(z,7))

Ta

-l—i-I—n—r—90
In general these two numbers do not agree. But if v is m—dimensional
Lebesgue measure restricted to a Borel set A C R™ of positive v—
measure then o = m and the two numbers agree and are equal to 1
for v-a.e. z € A (Lebesgue density theroem). To retain part of the
conclusion of the Lebesgue density theorem in more general situations
Bedford and Fisher [5] introduced a generalized notion of density.

4.5.3 DEFINITION.

Let v on R™ have carrying dimension «. Then

D(v,z) = llmT__mT/ V(B(:_E_o: 9) dt
and B e
D(y,z) = llmT—-oooT/ a (:te ))

the upper— and lower second order density of v at z € R™. If D(v,z) =

D(v, ) then this number is denoted by D(v, x) and called the second
order density of v at z.

4.54 THEOREM (Patzschke—M. Zihle, preprint).

Let the assumptions of Theorem 4.4.6 be satisfied. Then there exists a
¢ > 0 such that, for yP—a.e. w € Q and for p,—a.e. t € R™,

D(py,z) =c.
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Proof. Not published yet.

455 REMARK.

a) Patzschke-M. Zihle proved a version of the above theorem in a dif-
ferent, more general context.

b) Itis an open problem whether the §—condition in the assumptions of
Theorem 4.5.4 can be removed.

4.6 PROBLEMS.

4.6.1 GENERALIZATION OF THE CONSTRUCTION OF p—RANDOM SETS.

Can the assumption, that J is compact in the construction of a -
random set, be replaced by a weaker probabilistic condition?

4.6.2 GENERALIZATION OF THE OPEN SET CONDITION.

Can condition (ii) in Theorem 4.5.4 (the so called “open set condi-
tion”) be replaced by a weaker probabilistic condition? -

4.6.3 TOPOLOGICAL PROPERTIES OF p—RANDOM SETS.

Find the topological properties of y—random sets for special . In
particular, if ( ;2p)o <p<1 is a family of probabilities on Con,( J) ¥ with K =
0 for P,—ae. K and K = J for P,,~ae. K, what kinds of topological
phase transitions can occur?

To what extent do two typical realizations of a y—random set agree?

4.6.4 RELAXATION OF INDEPENDENCE CONDITIONS.

Can the product measure 42 on Q be replaced by others measures?

5. Brownian motion and fractional Brownian motion.

As the botanist R. Brown already observed in 1827 a small particle
suspended in a liquid moves on a highly irregular path. This movement is
caused by the bombardment of the particle by molecules.

In 1923 Wiener gave a mathematical model for Brownian motion.

First we will describe Wiener’s model.
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5.1 DEFINITION OF BROWNIAN MOTION.
5.1.1 DEFINITION.

Let (Q,F, P) be a probability space. A family X = (X;)er, of
random variables X; : Q — R is called a stochastic process (or a random
function on R,). For each w € Q the function t — X;(w) is called the
realization (or trajectory) of the process corresponding to the outcome w.

A Brownian motion (or Wiener process) is a stochastic process X =
(X¢t)ter with the following properties

(i) P({w € Q|X,(w) =0 and t — X;(w) continuous}) = 1
(ii) For everyt > O and every h > O the increment X;,, — X; has a
normal distribution which mean 0 and variance 4, i.c.

1 z
P(Xun—Xi <2) = \/m/ exp(—u2/2h)du .

(iii) If0 <11 <12 <... <ty then the increments X;, — Xy,,..., X, —
X, , are independent.

5.1.2 REMARKS.

a) X; has a normal distribution with mean O and variance t.
b) For h > 0 the distribution of X, — X; is independent of ¢.

5.1.3 THEOREM.

There exists a probability space (Q2,F, P} and a Brownian motion
X = (Xther, on(Q,F,P).

Proof. See, for instance, Adler [3]

5.14 REMARK.

In the above theorem Q can be chosen to be Co(Ry) = {f : R, —
R|f continuous, f(0) = 0}, F can be chosen to be the Borel ficld
B(C,(R,)) generated by the topology of uniform convergence on com-
pact sets and the process ( X;)ier, can be defined by X.(f) = f(t). The
corresponding probability measure P = W is called the Wiener measure
on C,(R,). It can be shown that W is the unique probability on C,(R,)
which satisfies (ii) and (iii) in 5.1.1.
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5.1.5 TWO METHODS FOR THE CONSTRUCTION OF BROWNIAN
TRAJECTORIES.

a) Approximation by random walks
Let 7 > 0 be given. Let v be the probability measure on {-1,1}
defined by v = L(e1+€_1). Let uN be the product measure on {-1,1}N,
LetY, : {—1,1}N — {—1,1} be the projection onto the nth coordinate.
Define
X(1) = \/:F(Yl +...+ 1/[t/'r]) ’

where [t/7] denotes the greatest integer less than or equal tot/.

By the central limit theorem, if 7 is small compared to ¢, then the
distribution of X(t) is approximately normal with mean O and variance t,
since the Y; have mean 0 and variance 1. Thus for 7 small compared to ¢
the values X(t) are a good approximation to a Brownian trajectory.

b) Random midpoint displacement

Here we will consider Brownian motion as a tandom function X :
[0,1] — R. We define the values X (k2 /) with0 < k < 2/ by in-
duction on j. We set X(0) = 0 and choose X (1) at random with re-
spect to the normal distribution with mean 0 and variance 1. Next we se-
lect X ( %—) at random with respect to the normal distribution with mean
7(X(0) + X(1)) and variance 4. at the next step X (1) and X( 2)
are chosen, and so on. At the j-th stage the values X (k2-7) for k odd
are chosen independently with respect to a normal distribution with mean
7(X((k=1277) + X((k+ 1)2~7)) and variance 2. This procedure
determines X (t) at all dyadic rationals ¢t. One can show that, with prob-
ability one, this function on the dyadic rationals in uniformly continuous
and, therefore, extends to a continuous function on [0,1].

5.2 STATISTICAL SELF-SIMILARITY.

5.2.1. SCALING BEHAVIOUR OF SAMPLE FUNCTIONS.

- Let W be Wiener measure on C,(R, ) and let ~ > 0 be given. Define
Ty : Co(Ry) — Co(Ry) by [TH(HI(E) = 4712 f( ). '
Then

W=W0T,7_1.
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Proof, To prove the result we have to show that Py = WoT, ! satisfies

Py(Xpen — Xi < 3) = (27wh) ™12 / exp(—u®/2h)du,

—00

where ( X;)ier, is defined as in Remark 5.1.4.
We have

Py(Xuh — Xt < 3) = Py({f € Co(RO|f(t+ h) — £(1) < 7))

= P{f € C,(R) |y V2 f(q(t+ h)) — 472 f(4t) < z})
= P({f € C,(R)|f((t+ b)) — F(qt) < 4'/%2})

Y
5-—1-1(21r'7h)—‘/2/ exp(—u?/2vh)du

—)
Val
=(21rh)’1/2/ exp(—v2/2h)dv

—00

(v=

= W(Xtsn — Xt < 3) .

It can be shown that P, satisfies (iii) in 5.1.1.
Thus the result is proved.

5.22 A CHARACTERIZATION OF WIENER MEASURE BY A SCALING
PROPERTY.

Let R : Co(Ry) — Co([0,11), f € foy and W, = Wo R
Define T' : Co([0, 11) x Co([0,1]1) — Co(10, 1]) by

#1210,

t
T(f,9)(0) = { Z(f(D) +9(2t-1)), ¢

<3
>3
Then the probability W, is the unique probability P on C,([0, 1]) with

(1) (PQP)oT =P
and

(2) /If(l)IZdP(f) =1.
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Prodf.

(i) First we will show that W, satisfying conditions (1) and (2) Condition
(2) follows from the fact that the distribution of X 1:f—=f(Disa
normal distribution with mean 0 and variance 1.

To prove (1) it remains to check (ii) in definition 5.1.1 If ¢ <t+h< %-
then :

(Wo® Wo) o T ({f € Co([0, 1) |F(t + h) — f(t) < z})
' 1
=W,® Wo({f,g)lg(f(2t+ 2h) - f(2t) < z})
= (2wh) /2 fz exp(—u?/2h)du .

—00

Ift < -é- < t+ hthen
(Wo ® Wo) o T™H({f € Co([0, 1D)|f(t+ h) — f(t) < z})

- W0®Wo({(f,g)l%(f( 1) + g(2t+2h — 1) — £(28)) < o)
= Wo® Wol{(£, D |(f(D) - f(21)) < V2(z—g(2t+2h—1))})

/-\/' (z—g(2t+2h—1))

./[\/ZW_—Z_(I— t exp(—u®/(2(1 - 2t)) du

dWo(9)

* 1
- /_.,o [\/2"7}_—(1 —21)
/m exp(-—uz/(2(1 — 2t))du] exp(—yz/(2(2t+ 2h—1))dy.

Aftcr some calculations this integral turns out to be equal to
7—— [22, exp(—v? /(2 b)) dv.

Iffgt<t+ h then
(Wo® Wo) o T ({f €Co([0,1D)|f(t+ h) — £(t) < z})
- W0®Wo({(f,9)|-\/1—2—(f(1) +9(2t+2h—1) — (F(1)

+g(2t— 1)) <z)) = 72;;;/ exp(—u? /2 k) du
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Thus (ii) in 5.5.1 is satisfied.

(if) Now let P be a probability onC,([ 0, 1]) satisfying conditions (1) and

2).

We will sketch the proof that P = W, . First we will show that the dis-
tribution of X; w.r.t. P is anormal distribution with mean Q and variance 1.
Since (P® P) oT~! = P, X; has the same distribution as the sum of two
independent copies of X divided by v/2. By Bauer [4], Korollar 53.4 this
implies that X; has a normal distribution with mean 0. By assumption (2)
the variance of X; equals 1. Let @, = {0,1},Q, = {-f,-l] =0,...,2"}
By induction on n we can show that, for each q1,¢q2 € Q, with q; > ¢
the random variable X, — X, has a normal distribution with mean O and
variance q; — ¢2. Since Q = Upen Q) is dense in [0,1] and since P is a
probability on Co ([0.1]) it follows that forallt € [0,1] and all A > O
the random variable X, — X, has a normal distribution with mean 0 and
variance h. The independence condition (iii) in 5.1.1 can also be checked.

5.3 BROWNIAN BRIDGE AND LOCAL TIME.
Let (X¢):er, be a Brownian motion on a probability space (Q, F, P).

5.3.1 DEFINITION.

The stochastic process ¥; 1= X; —tX; withO < t < 1 iscalled a
Brownian bridge on (2, F, P).

5.3.2 THEOREM.

The random compact set Q — K([0,1]),w — {t € 0,1]|Vi(w) =
O} has the same distribution as the v—random Cantor set, where v is the
measure introduced in Example 2.1.7 c).

Idea of proof: Check that the distribution of the zero-set of Brownian
bridge is v—self—similar.

5.3.3 REMARK AND DEFINITION.
It can be shown that, for P-a.e. w,

t

. 1
21_1;%'2': o 1(—6,6)(X‘u(w))du

exists forallt € R,..
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Let F; : Q — R be defined by

- 1 rt
Fi(w) = Tim, g / oo (Xu(w))du
2¢ 0

The process ( F})ser, is called the local time at 0. For P-ae. w € Q, the
trajectory t — F;(w) is continuous and increasing.

5.3.4 THEOREM (Taylor-Wendel [2]).
There exists a ¢ > 0 such that for P-a.e. w € Q and allt € [0,1].

Fy(w) = cHM({s €[0,t] : Xo(w) = 0}
where

h(s) = s'/2(log |log s|) /% .

5.4 HAUSDORFF MEASURE AND DIMENSION.

5.4.1 THEOREM.

Let (X:)ier be a Brownian motion. Then, for P-a.e. w € Q,

H-dim({(t, X«(w)) € R’ €R}) = =,
moreover

0 < HM{(t,X«(w)) eR%|t € [0,1]1}) < o0,
where

h(t) = t*/2(log |log t]) /2 .

Proof. For the first part see, for instance, Falconer [11]. The second
part is proved in Pruitt-Taylor [22].

5.4.2 DEFINITION.

Let (£2,F, P) be a probability space. A stochastic process X; :
Q — R (0 <t < o0) is called a Brownian motion in R® if X, =
(Xt( b... ) Xt( ™) and the components X" are one~dimensional Brownian -
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motions such that, forall¢y,...,t, > 0 the random variables Xt(ll.) yeen, t(:‘)
are independent.

5.4.3 THEOREM (Levy [18], Taylor [27], Ciesielski-Taylor [6], Ray [23]).
Ifn > 2 and (Xi)er, is a Brownian motion in R™ then, for P—a.e.
weEQ,
H-dm({X(w)teR}) =2,

moreover,
0 < HM{Xy(w)|t €10,1]}) < 00

where
h(t) = t?|logt|log log |logt|, n=2
777 t* log |log t| n>3.

Proof. For the first part see, for instance, Falconer [11]. The second
part is proved in Levy [18], Taylor-Ciesielski [6], and Ray [23].

5.5 FRACTIONAL BROWNIAN MOTION.
Let (2, F, P) be a probability space and ( X¢):cr, a stochastic pro-
cess, where X; : Q — R.

5.5.1 DEFINITION.
(Xt)ter, is called afractional Brownian motion of index « (0 < & <

1), if the following conditions hold:

(i) For P-ae.w € Q,t — X;(w) is continuous and X, = 0.

(i) Forall ¢;,...,t, € R, and all a1,...,a, € R the random variable
Y i aiX; has a normal distribution.

(iii) Forallt > 0 and A > O the increment X;,; — X; has a normal
distribution with mean O and variance h22, i.c.

x
P(Xtp — Xt < 1) = (2m) "2 po / exp(—u? /2 2% dy .
5.5.2 REMARKS.
a) One can show that, for each o € (0, 1), a fractional Brownian
motion of index « exists. One can choose Q = C,(R,), F to be the Borel

field of C,(R,), and X:( f) = f(t). Denote the corresponding probability
by W,.
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b) There are no good methods known to construct sample paths of
fractional Brownian motion. This results from the fact that for o # 1/2
and0 < t; <... <1, the increments X;, — Xy,,..., X, — X, , are not
independent.

5.5.3 THEOREM.
Leta € (0,1) andy > 0. Let T, : Co(R,) — Co(R,) be defined by

TH(H(X) =47 F() .

Then
Wa=WaoT;" .

Proof. Direct calculation as in 5.2.1.

5.54 PROBLEM.

Is there a characterization of W, (0 < a < 1) by a scaling property
similar to that for W givenin 5.2.2.

5.5.5 THEOREM.

Let (X;)teg be a fractional Brownian motion of index «.. Then, for
P-ae. w,

H-dim({(t,Xy(w)) eR%][teR}) =2 — a.
Proof. See, for instance, Falconer [11]).

5.6 BROWNIAN SURFACES.

5.6.1 DEFINITION.

Let (Q2,F, P) be a probability space and a« € (0,1). A family
(X¢)ier2 of real-valued random variables on Q is called a Brownian func-
tion of index « if the following conditions hold:

(i) For P-ae. w € Q,t — X(w) is continuous and X9 gy = 0.
(i) Xt +ht+k) — X(t, t,) has anormal distribution with mean O and vari-
ance (h? + k?)°. |
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5.6.2 THEOREM.

Let (Xi)ier2 be a Brownian function of index . Then, for P-a.e.
weQ,

H-dim({(¢,X{(w)) ER* xR|teR?}) =3 —_ .
Proof. See, for instance, Falconer [11].

5.6.3 DEFINITION.
Let (X;);cr2 be a Brownian function of index «. For 0 <u<l
defineY, : Q — R by

Yi(w) = sup X(u,u)(w) .
0<v<1

(Yu)uero,17 is called the horizon of the Brownian function (Xt)ero,172-

5.64 THEOREM (Falconer [11]).

For P-a.e. w,max(1, % —a) < H-dim{(u,Y,(w)) : u € [0,1]} <
2 —a.
5.6.5 PROBLEM (see Falconer [11]).

Is the Hausdorff—dimension of the horizon almost everywhere equal
t02 —a?

6. Other types of random fractals.

In this section we will just hint at a few other types of random fractals.
We do not strive for completeness.

6.1 RANDOM WEIERSTRASS FUNCTIONS.

Let (Q2, F, P) be a probability space. Let (Ci)en be a sequence of
independent real-valued random variables, each having a normal distribu-
tion with mean O and variance 1. Let ( A Jken be sequence of independent
real-valued random variables which are also independent of the sequence
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In this section we will just hint at a few other types of random fractals.
We do not strive for completeness.

6.1 RANDOM WEIERSTRASS FUNCTIONS.

Let (Q, F, P) be aprobability space. Let (Ci)ren be a sequence of
independent real-valued random variables, each having a normal distribu-
tion with mean O and variance 1. Let (Ax)ren be sequence of independent
real-valued random variables which are also independent of the sequence
(Cr)ren and have the uniform distributionon [0, 2 7] as their distribution.
Fort > 0 define X; : Q — R by

Xe(w) = Y Crlw)\™* sin(A¥t + Ax(w))
k=1

where A > 1. The stochastic process (X¢):>0 is often used as a replace-
ment for fractional Brownian motion of index « in fractal modelling. A
value « = 0.8 can be used to draw a realistic looking random skyline (see
Falconer [11], p. 248).

There are generalizations to higher dimensional parameter spaces (see
Falconer [11], p. 252).

6.2 RANDOM SETS ARISING IN RANDOM COVERING PROBLEMS.

Let S! = {z € C| |2| = 1} be equipped with normalized Haar mea-
sure y (which is equal to normalized 1-dimensional Hausdorff measure on
S1). Let (ay)nen be a sequence of real numbers with a,, | 0.

Let (Q, F, P) be a probability space and let X, : Q — Sl bea
sequence of independent random variables, whose distributions equal u.
Forw € € define

K(w) = S\ NueN Ukon[ Xn(w), Xn(w) + anl

where [ X, (w), X.(w) + a,] denotes the positively oriented arc on S1
which starts at X,(w) and has length a,. If a, = 7,0 < a < 1 then

HdimK(w)=1—-a

for P-ae. w.
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The covering problem described above has been considered by Shepp
[24]. It has been generalized in many directions.

Zighle [30] investigated random compact sets generated by random
cutouts.

Kahane, in a series of papers (see [17]) developed his notion of mul-

tiplicative chaos which allows him to deal with the covering problem as a
special case.

6.3 ZAHLE’S SELF-SIMILAR QUASI-DISTRIBUTIONS.

6.3.1 DEFINITIONS AND REMARKS.

Let M be the set of all locally finite Borel measures on R ™, Let F
be the o—field on M generated by the functions v — v(B), where B runs
through all Borel sets in R™,

For D > 0 and r > 0 define Spr : M — M by Sp,v(B) =
rPu(r1B). Forz e R™ define T, : M — M by Tov(B) = v(B — 1).
A o-finite measure Q on F is called a quasi—distribution, if Q{o} =o0.
A quasi-distribution Q) is called stationary if Qo T! = Q forall z € R™.
For a quasi-distribution Q define the intensity measure

ug:B(R™) R,

by 4q(B) = [ v(B)dQ(v).
A non-finite quasi—distribution Q is called D-self-similar, if the fol-
lowing conditions are satisfied:
() Q is stationary
(ii) The intensity measure 1q is a finite positive multiple of \™.
(i) Vr>0:Qo8pL =rPmQ.

6.3.2 THEOREM (Zihle [31]).

Let Q be a non—finite D-self-similar quasi—distribution. Suppose that
thereare s,t € R, with0 < s <t < oo and

/u({:z: €R™|s < ||z|| < t}dQ(v) < oo

(where || || is the euclidean norm).
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Then the carrying dimension of Q—a.e. v equals D.

Proof. see Zihle [31]

6.3.3 REMARKS.

There are close connections between Zihle’s self-similar quasi—
distributions and the statistically self-similar sets considered in Section 4
as well as Brownian motion. For details see the papers of Zihle [32], [33],
[34].

6.4 ARBEITER’S RANDOM MEASURES.

The idea of Arbeiter’s construction is to consider a sequence of ran-
dom measures on R ¢ generated by a (time discrete) branching process: In
each generation each mother particle splits up into a fixed number N of
daughter particles with random location and random mass.

Next we will give a more detailed description of the construction: Let
z € R% and let a sequence (K,)neN Of stochastic kernels from R x [0, 1]
to R4 x [0, 1] be given (i.e. Ky : (R4x[0,1] x B(RYN x [0,1]Y) —
R, s.t. foreach (y,r) € R¢ x [0,1] ka((y,7),-) is a probability on
B(R4N x[0,11") and foreach B € B(R% x [0, 1]") themap x,( -, B)
is measurable)

First step:

Choose a random variable (y1,...,Yw~,P1,---,pn) With distribution
k1(z,1,-) and define a finite random measure 4; on R¢ by

N
",[)1 = E Di€z+y;
i=1

Let F; be the o—field generated by (y1,...,YN,P1,---,DPN)-
n-th step: For each ¢ € {1,...,N}*! choose a random variable
(Yoxls---,YaxN> Poxl, -« -, Doxnv) Such that the conditional distribution

P((yc'*l,“':yd‘*prO*l;"')pO‘*N) € Bl]:n—l)

= kn(T+ Yot + ...+ Yo, Dol ---* P, B)
for all B Borel n R4V x [0, 1]¥.
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Define a random measure by

1/)11 = 5 : Pa[lpc|2 ceet paezr+y(,"+...+y¢r
oe(l,..,.N}»

Under certain conditions 1),, converges weakly a.e. to a random measure
1 which is the random object Arbeiter considers.

Details of the construction and the connection with statistically self-
similar probabilities are described in Arbeiter [2].
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