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SOMMARIO -In questo lavora si definiscono le funziont insiemistiche 4/,
K", i, p* e p" collegate alle misure peM(L), dove M(L) indica lo
spazio delle misure limilate, finitamente additive, non negative, non ba-

nali definite su A(L), Valgebra generata dal reticolo LL dei sottoinsiemi
dello spazio X. Queste funzioni insiemistiche sono misure interne o es-
terne o hanno proprietd simili a tali misure. Si generalizzano risultati
precedenti che trattavano il caso di misure a due valori. Si studiano tali
funzioni insiemistiche in particolare sotto l’ipotesi di normalita del reti-

colo sottostante I, e si ottengono condizioni che valgono per le funzioni
studiate.

SUMMARY. - In this paper we deﬁne set functzons W, 1", i, u* and u” re-
lated to measures ue M (L), where M(LL) stands for the space of bounded
finitely additive non-negative non-trivial measures defined on A(L) the

algebra generated by the lattice L of subsets of space X. These set

tions are inner or ouler measures or have properties similar to
such functions. We generalize previous work that dealt with two valued
measures. We look at such set functions, in particular under the hy-

pothesis of normality of the underlying lattice L, and obtain conditions
that will hold among such functions.

1. Introduction.

Normal lattices of sets have been investigated by a number of
authors, (see e.g.[1,4,5]). In these papers equivalent characterizations
of normal lattices have been given in terms of two valued (0 or 1) -
measures on the algebra A(L) generated by the lattice L. In this
paper, we show how a large number of these results extend to the
more general case of bounded finitely additive measures on A(LL). We
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also investigate certain: “outer” measures associated with a measure
on A(L), and study their behaviour in the case where L is normal;
this also generalizes the work of others (see [3]) to the case of more
general measures.

Our notation and terminology is consistent with that of the pre-
vious referred to papers. We give a brief review of just those concepts
which are relevant to this paper in section 2 for the reader’s conve-
nience. Related material can be found in [2,3,6,7].

2. Background and Notation.

We begin by reviewing some notation and terminology which is
fairly standard. We supply background material for the reader’s
convenience. _ ‘

Let X be an abstract set, and L a lattice of subsets of X con-
taining X and @. The complement of a set E of X will be denoted
by E’. A delta lattice is one that is closed under countable intersec-
tions, and the delta lattice generated by L is denoted by 6L. L is
countably paracompact (cp) if for every sequence LneL and L, | @
there exists A, ~'| @ st A, ~'2 L, and A, ~ eL. By a lattice
being complement generated (cg) means that if Lell there exists
LnpelLstL =NL,yn =1,...,. Note that cg implies cp since if A, | 0,
AneL then A, =NLy,n=1,.... Call By =NLyn=1,...,N,
and Ly ~'= NBgr, K = 1,...,N, Lg ~'D Ax Lk ~ €l and
Lx ~'] 0. A(L) will denote the algebra generated by L and o (L)
the smallest o-algebra generated by L.

Let M(L) denote the set of non-trivial bounded non-negative
real valued finitely additive measures on A(L), and let M(o*,L)
denote those elements of M(LL) that are sigma-smooth on (L), i.e.
if Ly | OLneL, ueM(o*,L) then lim u(L,) = 0 as n goes to infinity.
Let M(o,LL) denote those elements of M(LL) that are sigma-smooth |
on A(L), i.e. if L, | @ LoeA(L), peM(o,LL then lim p(L,) = 0 as
n goes to infinity. This is equivalent to u being o-smooth on A(L).
MR(L) will stand for those measures on A(IL) that are - regular
on A(L), i.e. if ueMR(L) then p(A) = Sup p(L) where AeA(]L),
Lel. and A D L. This is equivalent to p being L-regular on L'.
MR(o*,LL) will denote those measures that are sigma-smooth and
]L-reg'ular on A(L). I(L) will refer to those measures of M(LL) that
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are two valued {0,1} on A(L). I(0*L) will denote those two valued
measures that are sigma-smooth on L. IR(LL) will denote those two
valued measures that are L-regular on A(L). IR(o*,L) will denote
those two valued measures that are sigma-smooth and L-regular on
- A(L).

A lattice is said to be normal if for Ly, Lol and LiNLy; = @
there exists L3, LseL st Ly D L)L} D Lo and Ly N Ly = 0. A
lattice is said to be countably compact (cc) if ueI(IL) implies that
pel(o*,L). A lattice is almost countably compact (acc) if ueI/R(L')
implies that uel(o*,IL). We now prove a result needed in the sequel.

THEOREM 2.1. L almost countably compact and ueM R(L') im-
plies ueM(o*,L).

Proof, Look at FB(p)|L' = {L'|LeL,u(L’) = u(X)}. Then
FB(p)|L' is a filter base and thus is contamed in an ultrafilter
UF(u)|L.

Associated with UF(p)|L’ is a measure p1e/R(LL)stu (L) = 1
if ’eUF(p)|L'. In particular u(L’) = 1 if L’'eFB(u)|L'. Assume
that g is not in M(o*,L), then there exists LnelLL, | @ and lim
u(Ly) > € > 0 for some € > 0. Further since L is acc uleI (o*,L)
and lim py(L)) =1 or u1(L,) =0 for n > N. Since p is L' regular
there exists L, ~' eL'stLy, O Ly, ~' and p(Ly) — p(Ly ~') < €/2
thus (L, ~') > /2 for n > N. But this implies that L, ~' NL' # @
for L'e FB(p)|L' and thus L, ~' eUF (u)|L'.

Therefore 1 = p3(Ln ~') < p1(Ly) =0 for n > N. A contradic-
tion ueM(o*,LL).

Note: For p, p1eM(L) we write p < py (L) if p(L) < m(L) for
all LelL and pu(X) = u1(X).

A fact used repeatedly throughout this paper is this: If ue M (L)
then there exists a ve M R(L) st u < v(L) [see, 6]. If ueI(L) then
there exists a veIR(L) st u < v(L).

Normality of a lattice is equivalent to the following measure the-
oretic condition: If ueI(LL), 1, uoeIR(L), pp < u1(LL) and p < po(LL)
then p; = ps. We then have the following theorem which holds for
normal lattices.

THEOREM 2.2. IfLL is a normal lattice, ue M (L), vy, 1,e M R(L),
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v<uy(L)andv < ug(L) then v; = vp(LL).
Assume that vy # vo, then 3Lel st (L) > VQ(L) or vo(L') >
vi(L'). Since v1,v, are regular 3Ll for e > 0 st L' 2 L™ and
(L) —wn(L~) < e (L) —ve(L~) < e. Since LNL~ =0 and
L isnormal 3Ly, Loe Lst i DL and Ly D L™ and LYNLY =0
or Liu Ly, = X. We have then that L' D L1 2Ly D L"‘ orL D
Ly 2 L 2 L. Since v, is regular vo(L) +€ > V2(L~ ) > vo(Ls) thus
p(X) = M(L1)+u(L2) —u(L1NLy) < Vl(L')+V2(L)+6 p(L1NLy).
Letting € | 0 we have that

w(X) < (L) +ve(L)

But vi(L)+vo(L) < i (L") +wn1(L) = i(X) = u(X) a contradiction.

We next introduce some set functions that are inner or outer
measures or that have some of the properties of such set functions.

Let peM(o,L), then define for E, X 2 Eju*(E) = inf Xu(A])
where i =1,2..., UA; D E;A;eA(L). Then p* is an outer measure
whose restriction to A(IL) agrees with p.

Let ueM(o*,L), then define for E, X D E, y"(E) = inf Zpu(Ly).
where i =1,2,...,ULy D E L. Then y” is an outer measure.

Let ueM (L), then define for E, X D E p/(E) =infu(L'); L' 2
E LeL. Then y/ is a finitely subadditive “outer measure”.

Let ueM(L) and X 2 E, then define ui(F) = supu(L)L1E 2
L LeL.. Then p; has the properties of a finitely superadditive inner
measure.

For ueM(LL); Lel if u(L') = supp/(L ~)L' 2 L ~ €Ll then p is
said to be weakly regular and the set of such measure is denoted by
MW(L).

3. Measure Theoretic Consequences of Normality.

In this section we mvestlgate measure theoretic properties of nor-
mal lattices. :

THEOREM 3.1. L normal ueM(L) veMR(L) p < u(IL) then
v(L") =supu(L ~)L' DL ~L, L ~¢eL.
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Proof. We have the following v(L') > v(L ~) > u(L ~) for any
L' DL ~and L,L ~ eL. Since veMR(L) for € > 0 chooses L ~ €L,
L'2L~sty(l')—v(L~)<e. LNL~=0 and since L is normal
there exists Ly, Lee st Lyy D L ~ Ly D L ~and LyyN Ly = @. But
~ this implies that L' D L; D Ly D L ~ and V(L') > V(Ll) > ﬂ(Ll) >
v(Lg) 2 v(L ~). Therefore since v(L') — v(L ~) <€, L' D L; and
since ¢ is arbitrary, v(L') = supu(L ~)L' D L ~, L ~ €L.

THEOREM 3.2. If L is normal, u; < po(LL), peM(c* IL) and
p2eMR(L) then poeM(o*,L').

Proof. Let Anell st Ap | @ but lim pp(An) # 0. Then since 2
is regular for € > 0 there exists Bnrell st pa(An) — p2(Br) < /2
An 2 By and without the loss of generality we can .assume that
By | 0. Then A, N B, = @ and since L is normal, there exists Ch,
Drell st Cpt 2 By, Dy 2 Ap and Cpy N Dy = @. Then Cp, D Dy D
Ap or Ay 2 D, D C,. Since A,» | @ can assume without loss of
generality that Dy, | @, Cnr | 0, p1(Dpn) 2 p1(Cpr) > p2(Crn) and
since p1eM(o*,IL) as n goes to infinity im u;(D,) = 0. Therefore
lim p1(Cyp) = lim p2(Cypv) = 0, and since Cp» 2 Bn lim py(B,) = 0.
Thus for n > N u(By,) < €/2, which implies that p2(A,) < €, and
letting € | 0 lim p2(An) = 0 and ppeM(o*, ).

COROLLARY 3.1. If L is normal and countably paracompact,
meM(o*, L), ppeMR(L) and p1 < pa(L) then ppeMR(o*,L).

Proof. From theorem 3.2 uoeM (0*, L) but since L is cp M(o*,L)
2 M(o*,L'). Therefore pe M R(c* IL)

COROLLARY 3.2. If L is normal and countably paracompact,
p1 < pp(L), peM(o*,L),ueM (L) then preM(o*,L).

Proof. Let pze M R(IL) be such that u; < uo < us(L) then pu; <
u3(IL) and by corollary 3.1 puzeM R(a"', L), therefore ueM(c*,LL).

- THEOREM 3.3. Suppose Jor each peM(a*, L) there ezists a unique
veMR(L) st p < v(L). Then this property together with almost
countably compact of (L) implies the normality of L.
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Proof. Let ueM(L) then ueM(L') and there exists ve M R(L)
st p < v(L'). Then p.< p(L) and thus there exists a ;e M R(L)
st v < p < (L) Now since L is almost countably compact, by
theorem 2.1 veM(o* ,LL), and v < »(L). By the hypothesis of the
theorem v, is the unique element of M R(L) such that this holds.
Therefore it is thus also the unique y/e M R(L) st u < v1(L). Then
for any peM(IL), there exists a unique y;eM R(L) st u < 1y (L).
But this is equivalent measure theoretically to L bemg normal by

theorem 2.2. .

Note you can reduce the first assumption in theorem 3.3 to sim-
ply: For pel(o*,') there exists a unique veIR(L) st p < v(L).
In addition if I is countably paracompact or complement gener-
ated (which implies countably paracompact see section 2), and if
also L is normal and almost countably compact, then L is count-
ably compact. First L being almost countably compact implies that
M(o*, L) O MR(L'). Thus for any ueM(L), pueM(L') there exists
a veMR(L") st p < v(') or v < p(L) veM(o*,L). Since L is
normal and countably paracompact by corollary 3.1 there exists a
unique 1 eM R(o*, L) st v < v; L) and thus a unique v1e M R(o*, L)
st p < v1(L). Therefore peM(o*,L) for all ueM(L). In particular
for ueI(L) this implies that pel (a ,L) and thus L is cc.

4. Consequences of normality and set functions 4, ', w;
and ph.

In this section we discuss consequences of a lattice being normal
in terms of the set functions i, u”, p; and p” (to be defined later)
where ueM(L) or peM(o*,L) as the case may be.

THEOREM 4.1. I_f]L is normal, ueM(]L), veMR(L), p < v(L)
then u <v=v'=y'(L).

Proof. From theorem 3.1 we know that v(L') = suppu(L ~),
L,L ~eL and L' O L ~. But this implies that v(L) = inf u(L ~/)
= u' (L)L, L ~ €L, L ~'2 L. Also v =/ since veM R(L). Therefore
p<v=v=yL). |
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THEOREM 4.2. IfL is normal and ueMW (L) then ueM R(L).

Proof. Let ueMW(L), then there exists a ve MR(L) st p <
v(L). From theorem 4.1 v = y'(L). Since ueMW(L) then u(L') =
- supp/(L ~) =supv(L ~) =v(L'), L, L ~ €L, L' D L ~ since v is
regular. Therefore p = v and ue M R(L).

THEOREM 4.3. Let L be normal and countably paracompact. Let
ueM(o*,L) then p' = p"(L).

Proof. Since L is normal and countably paracompact from corol-
lary 3.1 there exists a veMR(o*,L) st p < u(]L) Then p < v <
V' =v <y < /(L) and by theorem 4.1 / = (L) and V= 1/'(]L)
since veM R(a , L) thus p” = 4'.

THEOREM 4.4. Let . be a normal lattice of subsets of a set X.
Let X D E,, FE st there exists Ly, LoelL Ly 2O E; Ly O E3 and
LiNLy =0 then for ueM(L) p'(E1UEy) = ! (E1) + 1/ (E2) + i/ (Bz)
and for ueM(o*,L) u"(E, U E) = p"(Ey) + p"(E2) holds.

Proof. First y is finitely additive outer measure, thus u/(E; U
E3) < p/(E;)+ 1/ (E>) holds. Since L is normal and LyN L = @ there
exists Ly ~,Ly ~ el st Ly ~'2 Ly, Ly ~'2 Ly, L ~' NLy ~'= 0,
Ly ~2 Ly 2 Ey, Ly ~2 Ly 2 E;. Then p/(Ly ~' ULy ~') =
(L ~') +p'(Ly ~') > u(E,) + u(E;). Now if L' D E; U E; then
L’ﬂLl N'Q Eq, L’ﬂLQ ~D E5 and L'D (L’ﬂLl N')U(L’ﬂLz N’) and
(L'NL; ~)YN(L'NLy ~') = 0. Therefore we can restrict coverings of
E1UE; to ones where Ly ~'2 E;, Ly ~'2 E», and L1 ~ NLy ~'= 0.
Therefore y'(E) N Eg) = y/(E1) + p'(E2). Similarly if UAy 2 Ey U
Ey, ueM(o*,L), Apell, n =1,2,...,00 then U(AL,NL; ~') D Ey,
UAL NIy ~) 2 By (U4, N Ly ~) N (U(Aw 0 Ly ~)) =
and UAp O (U(ALNLy ~M)U(UALNL; ~M))n=1,2,...,0
Thus Zu(AL) > ZTu(Anx N Ly ~') + Zu(Ap N Ly ~'). Therefore
#"(E1 N Ep) = p"(E1) + p'(E3) holds

DEFINITION 4.1. Denote by Su” the class of all subsets of a set X
that are " measurable, i.e. EeSy” if u"(F) = p""(FNE)+u"(FNE')
forallst X D F.
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THEOREM 4.5. Let X be a set and L a lattice of subsets of X
that is normal, and pel(o*,L). Also let AcL., A = NB); Byell, k =
1,2,...,00, then AsSy". |

Proof. We have that A’ = UBy. Define C, = UBpy =1,2,...,n,
A' O C,. Then ANC, = 0 and since L is normal there exists
Dy, Enell st Dy 2 A, Ev 2 Cr and Dy N Ey, = 0. Further we
can arrange so that D, | and E,» 1. Then UDy 2 A, UE, 2
A'or A D ND, and A 2 NExn = 1,2,...,00D, T and E, |.
If u(E,) # 1 for all n then u(En) = 0 for n > M. Therefore
(D) =0 forn> M or u(Dp) =1 for n > M and A’ D Dy,. Then
A'DNDi for k= M,M +1,...,00 thus AeSy" from a result that
for uel(o*,L)Sy" = {E|E D NLp,n=1,2,...,00,4(Ly) =1 alln
or EEDNLy,n=1,2,...,00, u(L,) =1 all n}.

We next introduce a new set function p” and point out relations
to previously introduced set functions such as y;, u* and 4”. We next
investigate u” in detail in case L is normal. We then prove that p"
is a finitely additive set function if the lattice L is normal. We also
show that the restriction to A(LL) is a regular measure.

DEFINITION 4.2. Let ueM(L) then define for X D E pyM(E) =
inf u;(L'), L' D E. LeL.

THEOREM 4.6. For peM(L) p = = i < p < (L) and p" =
hi S p= l‘l(L’)

Proof. The proofs follow immediately from the definitions and
will be omitted.

We now prove a property of ;.
THEOREM 4.7. p; s finitely additive on L.

Proof. Let A',B'elL, A’ N B’ = @ then from the definition of
pi and for € > 0 there exists Ly, Loell st A’ D L1, B1 2 Lz and
p(L1)+p(L2)+e > pi(A')+pi(B') or pi(A'UB")+e > pi(A')+pi(B)
and letting € | 0 pui(A’ U B') > ui(A’) + ui(B’). Conversely look at
pi(A'UB'). Then there exists a LeLL for € > 0 st pu(L)+e > pi( A'UB’)
and A’UB’ D L. Thensince AAnB'=0, A’ > LNB, B’ 2 LNA and
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((LNB)U(LNA)) = L. Thus u(L)+e=u(ANL)+u(BNL)+¢€ >
pi(A' U B'). Letting € | 0 u;(A'U B') < ui(A") + pi(B') and ; is
finitely additive on L’

THEOREM 4.8. If L is normal, then u" is a finitely subadditive
outer measure for peM(L).

Proof. a) Let F D E then pN(E) < pN(F) if F 2 E. Since
if Lyy 2 E, Ly 2 F, Ly not containing Ly, Ly» — Ly # @, then
LyNLy DE, LyNLyel Ly D LyNLy and Ly D Ly N Ly/).
Thus taking infs over all L'eL’, y"(E) < u(F) if F D E.

b) p™(@) = 0 p"(X) = p(X) obviously.

¢) Look at p*(EU F), X 2 E,F. One need only look at L,
A', B’ € L coverings of EUF, where A’ D E, B’ D F, since 1f
L' O EUF, L'eL) then for any coverings of E and FA ) E, B'DF,

=(I'NAY)U(L'NB)D EUF,C!, L’ 2C',L'NnB' 2 F
and L'N A’ 2 E. Next for any LeLL st C' 2 L if we can prove that
there exists Ly, Loelb. st A D L'NA'D L, B D L'NB' O Ly and
L = LiUL; then for € > 0 there exists a LelL st A/UB’ D EUF D L.
Thus we have that ;i(EUF) < p(L) + € < u(L1) + p(L2) + € <
pME) + pM(F) + € and letting ¢ | 0 yN(E U F) < pN(E) + p\(F)
and u” is a finite outer measure.

We now prove the lemma.

LEMMA 4.1. If AU B’ D L for L, A, Bell and if the lattice L is
normal then there exists Ly, L€l st L = Ly U Lo.

Proof. Since L' D ANB, (LNA)N(LNB)=0or LNB =0.If
LNB=QorLNA=d,thentake Ly = L, Ly = 0B’ D L;,A' 2
Ly and L # L1 U Ly. Otherwise LNA =@ and LN B # 0 and
(LN A)N(LNB) = 0. Then since L is normal there exists L;, Loell
st LY D LNA, Ly 2 LNBor L'UA' D L), L'UB' D Ly, LyNLy =0
or LiUL,=X,then A DANLDLNL,B DB NLDOLNL,
and (LNLz)U(LNLy))=L

We first make a definition of Sy measurable sets and then look
at a criterion for a set to be y” measurable. in the remaining theo-
rems we will assume that L is normal.

DEFINITION 4.2. Denote by Su” the class of all subsets of a set X
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that are u” measurable, i.e. EeSy" if y*(F) = p(FNE)+p(FNE')
for all sets st X D F. ' :

T'HEOREM 4.9. EeSpMffiuM(A'NE") + uM(A' N E) < pM(A') for
Aell.

Proof. If EcSy” then for X D F u\(F) > u™(FNE)+p (FNE')
holds. Taking F = A'el) py*(A') > pN(E'N A') 4+ u™(E N A') holds
- for all A’eL’. |
Conversely let L' D F then (L) = pML') = pNL' N E) +
pMI'NE') > pMN(FNE)+pN(FNE') for any L' D F L'eLl’. Therefore

p(F) 2 pN(F N E) + pN(E'N F). .

THEOREM 4.10. Su” D A(L).

Proof. We will prove that Su” O L' and since Su” is an algebra
Sp” 2 A(L). Must now show p(4") > p™(A'NE) +p™(A'NE’) for
A’ , E'eL/ by theorem 4.9. Let AANE' 2 D and A'n D’ D F for D,
FeL, then A'NE', AnND'eL. Now DNF = { clearly and A’ 2 DUF
therefore p*(A') = ui(A") > w(F U D) = p(D) + y(D'NE) >
w(D) + p(A' N D) = w(D) + p(A'n D') > p"(D' N E) + u(D)
taking sups over all possible F st A'N D’ 2 F Fell and the last
inequality is due to the fact that D' O AU E, therefore D' 2 E
and the monotonicity of u*. Taking sups over all possible D st
A'NE' D D we have that u*(A") > p(A'NE)+ p* (AN E') and we
are done.

We now prove that pu” restricted to A(L) is a regular measure.

THEOREM 4.11. v = pMA(L)eMR(L) and p™(X) = v(X).

Proof. To prove that veM R(L) it suffices to prove that v is L reg- -
ular on L' for L'e’. Then v(L') = p(L') = pi(L') = sup u(L1)L' 2
L1L.eL!. But this implies that v is L on result of L', therefore
v = p|A(L)eMR(L). Also v(X) = pM(X) = inf pi(L') = pi(X) =
Supp(L ~) = p(X) where the inf is over all L'eL’ and L' 2 X and
the sup is over all L ~ el st X D L ~. Thus p(X) = v(X).

THEOREM 4.12. p" = u'(L) for ueM(L).



MEASURES, OUTER MEASURES AND NORMAL LATTICES 137

Proof. From theorem 4.11 v = y|MR(L) and v = p™ > u. We
know from previous work that if u < v veM R(L) then since L is
normal from theorem 4.1 then v = p/(LL), therefore u’ = u” on L.

REMARK. Let pueM(L). Define i;(E) = Sup u/(L)E D L, Lel.
Then immediately from their definitions pu; < p; < p™ < u/ ev-
erywhere. In addition, also from their definitions, u = p;(L') iff
pueMW (L) and p = p/(L) iff ueMR(L). Then by theorem 4.2, if I
is normal and ue MW (L), then u = pu; = p'eM R(L).
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