TOPOLOGICAL DEGREE IN R" (*)

by EDI ROSSET (in Trieste)(**)

SOMMARIO.- Si fornisce una rappresentazione integrale del grado topologico in
R" che permette, in modo semplice e naturale, di costruire il grado e di
derivame le usuali proprietd, nonché di estendere la nozione di numero di
rotazione a mappe in spazi di Sobolev.

SUMMARY.- We give an integral representation of the topological degree in R".
This approach allows to construct the degree itself and to derive its usual
properties in a natural way, and also to extend the definition of winding
number to maps in Sobolev spaces.

0. Introduction.

In this paper we introduce the topological degree in R” by means of
an explicit integral formula which has two main advantages. The first one
is to avoid the technical difficulties which usually arise in the case of
smgular values. In fact, while the definition which “counts” the preimages
is available only for regular values, we have to deal with an integral which
is defined for singular values as well as for regular ones, and whlch is
continuous with respect to the value in R”.

The second advantage is that this approach permits to give a reason-
able definition of degree also for maps between manifolds, under suitable
conditions which ensure the existence of a Green’s function for the Lapla-
cian in the target manifold.

In the third paragraph, since the degree of a map f in p may be
regarded as the winding number around p of the restrlcuon of f to the
boundary, we extend the definition of winding number to W!""1 maps.

1. Definition of the degree for c? maps.

Let Q be a bounded open set in R”, n = 2, such that its boundary 99
is smooth. Given p € R”, let G, be the fundamental solution of the
Laplacian, singular in p, that is:
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G,:R'\{p} >R
—log |x—p| n=2
G, (x) = (1.1)
p 1 . [2-n
n2—myw, P! nz3

G, € C*(R"\{p}, R) determines the following differential form of degree
n-1inR"\{p}:

. S ()T —L2 @l AL A & A A d (1.2)

where the hat indicates cancellation. Since Gp is harmonic, @p is closed in
R*\{p}.

We denote with C* (Q,R") the set of continuous functions in Q, k times
differentiable in 2, with derivatives of order less or equal to k restrictions
of continuous functions in Q, endowed with the usual topology.

Letf € CX(Q,RY), p & f(9Q). We define the degree of f in p, denoted
by deg(f,Q,p), as follows:

deg(f,QP) = [, ( ls)" @, = J j" f ', (1.3)

where i is the inclusion map i : 8Q = Q, * is the pull back of differential
forms, the orientation of 9 being that determined by the usual one in Q.

REMARK 1.1 : The definition makes sense because p & f(9Q) and it
depends only on the values of f on the boundary.

Let p be a regular value for f. Then two cases occur:

a)p & f(Q)
b) p € f(Q).

In case a) Stokes’ theorem gives:
0=fof (dwy) =J Qd(f‘wp) =J " o (1.4)

so that deg(f,Q2,p) = 0 if f(x) = p hasn’t solution in Q.
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In case b), since p is regular, f 'l(p) = {x; ....x;} and there exist e >0,
Vi ..... Vi open neighbourhoods of x; ..... x; in Q such that:

f 7 V;»Bpge) i= Lok

k
are diffeomorphisms. Applying Stokes’ theorem to Q\U ¥, we obtain:

i=1
k k
fagl opr =i§1 faV,-l ) wp = _Zleifs(p,E)wp (1.5)
= i=

where ¢; = +1(-1) if f| ;- preserves (reverses) the orientation (the orien-

tations of dV; and S(p,¢) being those determined by the usual ones on V;
and B(p,¢)). It is easy to verify that a diffeomorphism between manifolds
with boundary which preserves (reverses) the orientation, when restricted
to the boundaries, also preserves (reverses) the induced orientation.
Hence we have:

e; = signJdx;) i=1,...k
Let v be the outward unit normal on S(p,¢); then:

[ wp=]

S(p,e)<VGP"’> =1. (1.6)

)P

Therefore, if p is a regular value for f we have that:

deg(f,Qp) = 21 sign Jdx;) € Z. 1.7)
x‘-Ef— @)

Let us recall:

SARD’S THEOREM: Let Q be a bounded open set in R", f € CY(Q,R"),
= {x € Q:J{x) = 0}. Then f(S) has measure zero.

From Sard’s theorem and (1.7) it follows that the continuous map

deg(f,Q,) : R'\f(2 Q) » R
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takes integer values in a dense set, so that it takes always values in Z and
is therefore locally constant.

2. Extension to continuous maps and properties.

As an immediate consequence of Stokes’ theorem, we have:

PROPOSITION 2.1: Let f,g € CX(Q,R") and H € C*(3Q x [0,1], R") s.t.
H(-,0) = flaq, H(*,1) = gls0, p € H(0Q X [0,1]). Then deg (f,Qp) =
deg (g,Q.,p).

Given f € c’(QR", p e faQ), r = d(pf(9Q)), there exists

& ECz(ﬁ,R") st.]lg1 —flle < %, so that p & g,(9Q). If g, is another map
with the properties of g;, the c? map H(x,t) = tg,(x) + (1 -1)gy(x), x

€Q, t € [0,1], is an admissible homotopy between g; and g, in the sense
that p €H(8Q X [0,1]), and then from proposition 2.1 it follows that

deg(g,R2p) = deg(g,Qp).

We can now define, for f € CY(Q,R"), p & f(3Q),

deg(f,Q,p) = deg(g,Q,p)

withg € CHQR") st. lIg-fllwp0 < 57 = d(PS(32)).

PROPOSITION 2.2: Let f € Co(ﬁ,R"), p € f(0R2). Then deg (f,Qp) =
deg (f-p’Q’O)'

Proof: If f € CHQ,R")

deg(f,Qp) = [, i o 0, = [, (@) (df, ..... df ).
ng(f—p,Q,O) = fagi‘°(f_p)‘w0 =fag(w0°(f’p))(d(f"p)a eeeey d(f_p)) =

= [ (@p NS .., df)

since Gp(x) = Gy(x - p) and then wp(x) = wy(x - p).
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d(pf(992

In the general case, lét g € CHQR") st.|| g ~fllwa0 < )

Then deg(f’gzp) = ng(g,Q,p) = ng(g-p,Q,O) = deg(f—p,Q,O).

PROPOSITION 2.3: Let f € C(QR"), p & f(3Q). Then there exists a
neighbourhood V of fin C(Q,R") 5.t. foreach g EVp & g(dQ) and deg(f,Q,p)

= deg(g,Q2,p).

Proof:LetV' = {h € C(QR"):|h~f o 500 < i} oV = {heCQ,R")
He-fllog < %}, wherer = d(p,f(0R2)).If h € V' we have that p & h(9Q)

and d(p,h(3Q)) = r' = %r. Letg € CA@R) st.11g~ loq < =. Then

deg (f,Q2p) = deg (5:Q2p) and || g~} | 50 < 7 50 that deg(h,Qp) =
deg(g,2,p).

REMARK 2.4: More generally the thesis is true for a neighbourhood
of f with respect to the seminorm || “llee, 52

PROPOSITION 2.5: Let H € C(Q % [0,1], R"),p & H(8Q x [0,1]). Then
deg (H(-,t),Q,p) is constant in t.

Proof: H(- 1): [0,1] » C(Q,R") is continuous and by proposition 2.3
also the degree map is continuous with respect to the uniform norm.
Hence deg H(-,t) : [0,1] = Z is continuous and therefore constant.

PROPOSITION 2.6: The degree is constant on the connected components

of R"\f(9Q).

Proof: Let q & f(0Q),r = d(q,f(3Q)),q’ ER" s.t.d(q',q) < % Then

q' & f(0Q2) and, from propositions 2.2 and 2.3, deg (f,Q,q9) = deg(f,Q,q"),
so that deg (f,2,-) is locally constant and, since it takes integer values, is
constant on the connected components of R"\f(9Q2).

PROPOSI'_I‘ION 27:Let Q = Ql U Qz, Ql N Qz = g, Ql’ Qz open sets
in B",f € CQ.R"), p & £(02;) U f(9Q,). Then deg (f.2.p) = deg(f,2p)
+ deg(f,Qz,p). » '

Proof: Since R” is locally connected, the equality Q2 = 0Q; U 9Q,
holds and we can reduce to the case f € CZ(Q,R”). The thesis follows from
the additivity of the integral.
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COROLLARY 2.8: Let id: Q - R" the identity map and p & 0Q. Then

deg(idQp) = {(1) £§ g . 2.1)

Proof: deg(id,Qp) = [ %
If p & Q, Stokes’theorem gives

Joqp = S, =0.

If p € Q we can apply Stokes’ theorem to Q\B(p,e), for convenient
¢ >0, and obtain

fagwp = S(p,s)wp =1.

COROLLARY 2.9: If p & f(Q), then deg (f,Qp) = 0.

Proof: If f € Cz(ﬁ,R"), it is an immediate consequence of Stokes’
theorem,; in the general case let 7 = d(p,f(Q)) > 0O andg € Cz(ﬁ,R") s.t.

, ,
lg - flle,& < 7 Then deg(£,Q,p) = deg(g,Q2p) = 0.
COROLLARY 2.10: deg(f,Qp) = 0 = Hx, € Q s.t. f(xy) = p.
COROLLARY 2.11:If deg(f,Q2,p) # 0, then f(QQ) is a neighbourhood of p.

COROLLARY 2.12: If f(R) is contained in a proper subspace of R", then
deg(f,Qp) = 0, Vp € R'\f(8Q).

PROPOSITION 2.13: Let K be a closed subset of @, p & f(K),p & f(oQ).
Then '

deg(f,Q2,p) = deg(f,Q\K,p). (2.2)

Proof: As for proposition 2.7, since 3(Q\K) = dQ U oK.

PROPOSITION 2.14: Let {Q;};cbe a collection of pairwise disjoint open

subsets of Q,p € R" 5.t. f ' (p) CUQ;. Then
iel
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deg(f,Q;,p) = 0 except for finitely many indices

deg(/,Q.p) = _gldeg(f,n,-,p). (2.3)

Proof: 1t follows from proposition 2.13 and from the compactness of |

).

PROPOSITION 2.15: Let f,g € C(Q,R"), H € C(3Q X [0,1], R") s.t.
p $H(aQ X [0s1])9 H(,O) = f‘aQ and H("l) = glaQ' Then deg (f’Qap)
= deg (2,2,p).

Proof: As for proposition 2.5, using remark 2.4.
3. Winding number.

As we have seen, deg(f,Qp) depends on the homotopy class of
foi :0Q = R" only. More precisely, when f € Cz(ﬁ,R"), p & f(0Q),
deg(f,Q,p) may be interpreted as the winding number of foi around p (see
[1], [2]), that is the degree of the map

u:oQ > S"'1
_fo-p_
“®) = Trw)p]

where deg(u) = [ s "®, @ a nowhere vanishing differential form of

u
Q
degree n — 1 in $™! such that J ¢—1@ = 1.1In fact, we can consider the

following factorization

V9

0 S oR\p & R\ 515 R0}

i of w, (T-p) wyg = w, (i) wg = w i w .

It is easy to verify that (ion')wo = w, and that i'wo is a nowhere
vanishing differential form of degreen — 1 on S™ 1 s.t. i) S,,—1i*w0 = 1. Then

deg(u) = | aQui'(i’wo)
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andu’”(i’0g) = (foi)'(T—p)'(ion)'wo = (foi)‘cup = i‘of'wp so that deg (u)
= deg (f,Q,p). As we shall see it makes sense to consider [ sl @p for a

map f € W17-1(86Q,R"\V), V open neighbourhood of p and this integral is
continuous with respect to the W11 topology.

PROPOSITION 3.1: Let f € W 1(aQ,R*\V), V open neighbourhood
of p. Then f* w, is integrable on dQ and, if f € W @QRN\Y) is a

sequence converging to fin the wh -1 topology, then [ s Qf,: w, = ) aQ? @py

Proof: Since 9Q is compact, it is sufficient to verify the local integra-
bility of f wp,, where

n . G A A .
?wp = (-1t %del Ao Adx' A A (... dD) .
i=1

For each p € 09, there exists an open neighbourhood U of p, where is
defined an orthonormal basis of tangent vectorse; = €;(q),q EU,i = 1
- ....n — 1. We will indicate its dual basis of differential forms of degree 1
withw; = wi{(q),q € U,i = 1...n - 1. If we write

_o e
‘ﬂ; (ei) _aglat a’®

ai =aj(q) q€U

an easy calculation shows that in U
n i+1 a_Gg
}‘wp = 21(_1) = of det(4)w; A...A@,_4
i=

where 4; is the minor obtained by removing the jth column of the matrix 4:

ai ........... di
a
1
Ap_q ceeene a,_1
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By definition of |df| 2 we have

n-1 n
df|?> = <dfdf> =3 3 (@%?

i=1 a=1

n-1
1 o < 2| 2
|df|"™" = 2 2 @
Sincefe wn1(3Q), af € L""1(U) and hence det(4,) € L\(U),i = 1...n.

~ oG ~ )
Since f(9S?) is far from p, ?{2 of is bounded and so f* w, is integrable in U.

Let fk e wh "'l(aQ,R"\V) be a sequence converging tof in the

n—1 1

L

wh -1 topology; then locally we have that af (k) - af, det(4,(k)) >
det(4,), while fk , fare uniformly bounded in L*(U) and there-

fore, by passing to a subsequence, ) aQ?" wp > f aQ? @p.

DEFINITION 3.2: Let f € wh "'l(aQ RN\, V open neighbourhood
of p. The winding number of f around p, denoted by W (f D), is defined as
follows:

In order to justify this definition we will prove the following:

PROPOSITION 3.3: Let f € W ""1(3Q,R"\V), V open neighbourhood
of p. Then W(f p) = ﬂ?a) is an integer number and if f € c® nwh -1

(0Q,R"\{p}) then

W(f,p) = deg(f,Qp)

A -_—
for any continuous extension of f to Q.
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Proof: If f € W L(9Q,R™\V), there exist f, € C*(0Q,R"\V) s.t.
W 1
fk - f It is well known that f;, may be extended to some f, € C*(R",R")

“and so [ agf. wp = kl-l.t: 1) aQ?k w, = deg (fr,Q,p) € Z so that W({, p) is an

integer.

Let f e c® nwh "'l(aQ,R"\{p}) We claim that there exists a
sequence ¢, € C*(dQ,R") converging to f both in uniform and in Wb "1
norm. In fact for each p € 0Q there exists a local coordxnate system (Up,

¢p), U, open, g, diffeomorphism on ¢,(U,) € RrR*! s Uy, DV, DV, V

open nelghbourhood of p.
Let us consider the map f op™! : o(U) € R*! > R", where

o(U) Dp(V) = <p(l7) D ¢(V). Let p; be a regularizing sequence in R
since (V) CC p(U), for k large enough g, = pk*(?o¢_1) € C®(p(V),R")
and g; converges to foq)—l in ¢(¥) both in uniform and in W " norm.
Thenp; = gop EC™ (V,R'l ) converges tof both in uniform and in W "1

norm. There exists a C™ partition od unity {h;} subordinate to the open
cover {V},}; from the compactness of 9, it {ollows that {A;} is a finite
collectlon {h;};=1,.m andforeachj = 1, ... m there exists an indexi(j) s.t.
supp(h) C V,(]) Let W; denote V;;); for each j, we have a sequence

o} ec”® (W;,R") converging to fin W; both in uniform and in wh " norm.
Letp,: Q> R", o, (x) = 2 h]-(x)%(x). Then S"k € C”(3Q, R™) converges
j=1

to f both in uniform and in W "! norm.

Letf, be a smooth extension of g, to all of R". Then, if fis a continuous
extension of f, for k large enough:

deg(f,2.p) =deg(f@p) =f " few, = [, piw, = I, f @, =W(p).

REMARK 3.4: It is easy to verify that if f € C{(QR"), p & f(3Q), p
regular value, then '

deg(f,Qp) = fagi*o @, = > signJg(x;)
xef” o)

that is the usual definition of topological degree.
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REMARK 3.5: In defining the winding number we have avoid the
explicit use of the projection & : R*\{0} » s""! , introducing the differen-
tial form w, associated with the fundamental solution of the Laplacian.
This approach is employable also in spaces where the projection is not
available. More precisely, given an n-dimensional oriented compact Rie-
mannian manifold with boundary N and p € N\aN, there exists in N\{p}
the Green’s function relative to the Laplacian and to the boundary aN,
singular in p, which we indicate with G,,. Then w, = *dG), defines a closed
differential form of degree n — 1 in N({p}, where + denotes the Hodge’s
«-operator. If M is an n-dimensional manifold with boundary, the same
arguments we have seen above allow to define the degree in p of a map
fecku, NM\{p}) or equlvalently the winding number around p of its
restriction to M and agam itis possible to extend the definition of winding
number to C° and W' maps.
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