ON CR-SUBMANIFOLDS OF A CERTAIN CLASS
OF ALMOST CONTACT MANIFOLDS (*)

by M. HASAN SHAHID (in New Delhi)(**)

SOMMARIO. - Nel 1978, A. Bejancu introdusse e studid le sotto varieta
CR di una varietd Kahleriana [1]. Da allora molti articoli sono apparsi
su quesito argomento, che é ancora oggi il soggetto di molte ricerche.
D’altra parte Kenmotsu {7] ha studiato una nuova classe di varietd Rie-
manniane di quasi-contatlo, note come varieta di Kenmotsu. Le sotto
varietd semi-invarianti di tali varietd sono state studiate da Kobayashi
[10] e Papaghuice {11]). L’obiettivo di questo articolo é di continuare
questo studio e ottenere dei nuovi risultati su questo argomento.

SUMMARY. - In 1978, A. Bejancu introduced and studied C R-submanifolds
of a Kaehler manifold [1]. Since then many papers appeared on this
topic. On the other hand Kenmotsu [6] studied a new class of almost
contact Riemannian manifolds, known as Kenmotsu manifolds. Semi-
invariant submanifolds of such manifolds were studied by Kobayashi [8]
and Papaghuice [10]. The purpose of this paper is to continue this study
and to obtain some more results on this topic.

1. Introduction.

Let M be a (2n + 1)-dimensional almost contact metric- manifold
with structure tensors (¢,¢,7,g) where ¢ is a tensor field of type
(1,1), £ is a vector field, 7 is a 1-form and g is the Riemannian
metric on M. These tensors satisfy [3]

FX ==X +n(08 ¢6=1,n€) =1, n(eX) =0 (L)
9($X, 6Y) = g(X,¥) — n(X)n(Y) (1.2)

(*) Pervenuto in Redazione il 15 novembre 1992.

(**) Indirizzo dell’Autore: Department of Mathematics, Faculty of Natural Sci-
ences, Jamia Millia Islamia, New Delhi-110025 (India).
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for any vector field X, Y tangent to M. We denote by V the covariant
differentiation with respect to the metric g on M. Then it is known
that M is a Kenmotsu manifold if

(Vz9)(Y) — n(Y)$X —g(X, 9Y )¢ (1.3)

Vx§ =X —n(X)§ - (14)

for any X,Y tangent to M.

This structure is closely related to the wraped product of two Rie-
mannian manifold. one of the typical éxample of Kenmotsu manifold
is the hyperbolic space M(—1).

Now, let M be an n-dimensional isometrically immersed subman-
ifold of M. We assume that ¢ is always tangent to M.

For a vector field z tangent to M we put

¢X = PX +QX (1.5)

where PX (resp. QX) is the tangential (resp. normal) component
of ¢pX. |
For a vector field N normal to M we put

ON =tN + fN (1.6)

where tN (resp. fN) is th tangential (resp. normal) component of
oN.

- DEFINITION. An n-dimensional Riemannian submanifold M of a
Kenmotsu manifold M is called a C R-submanifold if £ is tangent to
M and there exists on M a differentiable distribution D : 2 — D, C
T.M. Satisfying the following conditions:

(i) D, is invariant under ¢ i.e. D, C D, for eachz € M, and (ii) -
the complementary orthogonal distribution D+ : 2 — Dy C T:M is
totally real i.e. ¢DE C TFM for each z € M.

If dim D& = 0 (resp. D, = 0) then the C R-submanifold is called
an invariant (resp. totally real) submanifold. The pair (D, DY) is
called ¢-horizontal (resp. ¢-vertical) if &, € Dy (resp. & € Dy)
for each z € M [8]. A CR-submanifold is said to be proper if it is
neither an invariant nor an anti-invariant submanifold. :
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Now, the Gauss and Weingarten formulas are respectively given
by

- VxY =VxY +h(X,Y) (1.7
VxN = AyX + V(N (1.8)

where V is the Riemannian connection of M, V the Riemannian
connection determined by the induced metric g on M, V< the metric
connection in the normal bundle of M, and k and A are both second
fundamental tensors satisfying

9(h(X,Y),N) = g(ANX,Y) . - (19)

DEFINITION. A CR-submanifold M of Kenmotsu manifold M is
said to be D-totally geodesic (resp. D*-totally geodesic) if h(X,Y) =
0 for X,Y € D (resp. h(W, Z))=0 for all W, Z € D-+.

The equation of Gauss is given by

R(X,Y,Z,W) =

where R (resp. R) be the curvature tensor of M (resp. M).

A Kenmotsu manifold M with constant ¢—sectional curvature ¢
is called Kenmotsu space form denoted by M(c) and the curvature
tensor is given by [7]. |

R(X,Y,Z,W) = (c - 3)/4(g(Y, 2)9(X, Z) — g(X, Z)g(Y, W))
+(c +1)/4{n(X)n(Z)g(Y, W) — n(Y)n(Z)g(X, W)
+n(Y)n(W)g(X, Z) — n(X)n(W)g(Y, Z)
+9(X1 ¢Z)g(¢Y1 W) - g(},’ ¢Z)g(¢X’ W)
+29(X, ¢Y)g(02Z,W)) (1.11)

forany X,Y,Z, W € TM.
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2. Basic Lemmas for a CR-submanifold in a Kenmotsu
Manifold. :

~ We start with

LEMMA 2.1. Let M be a CR-submanifold of a Kenmotsu mani-
fold M. Then we have

PVxPY — PAgy X = PVxY —q(Y)PX — g(X,PY)P¢ (2.1)

QVxPY — QAgvX = QV.Y —n(Y)QX (2.2)
—th(X,Y) — g(X, PY)Q¥¢

h(X,PY) + VXQY = fh(X,Y) (2.3)
for any X,Y tangent to M. \

Proof. The proof follows immediately from (1.3) by equating
horizontal, vertical and normal component.

. LEMMA 2.2. Let M bea C R-submanifold of Kenmotsu manifold
M. Then we have ,
AgwZ = AqgzW

for any W, Z € D*.

Proof. From (1.7)—(1.9) and and using (1.3) for Y € TM we get

9(AqwZ,Y) = g(h(Y,Z),¢W) =g(VyZ,¢W)
—g(¢VYZa W) = _g(VY¢Za W)
= g(AgzY,W) =g(A4zW,Y)

from which the assertion follows:

- DEFINITION. In a CR-submanifold of a Kenmotsu manifold we
define

(VxP)(Y) =VxPY — PVxY (2.4)
(VxQ)(Y)=VxQY —-QVxY (25)
(Vxt)(N) = VxtN —tVxN (2.6)

(Vxf)(N)=VxfN - fVxN (2.7)
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for any vector field X and Y tangent to M and any vector field N
normal to M.

DEFINITION. The endomorphism P (resp. the endomorphism f,
- the 1-forms Q and t) is parallel if VP =0 (resp. Vf =0, VQ =0
and Vt =0).

By using (1.3) and (1.5)—(1.8) we easily have the following:

(VxP)Y) = AqrX —n(Y)PX — g(X, PY)¢ + th(X,Y)) (2.8)

(VxQY) = fH(X,Y)-h(X,PY)-9(*)QX,  (29)
(Vxt)(N) = AnX — PAyX +g(¢X, N)E, (2.10)
(Vxf)N) = ~h(X,fN)-QANX (2.11)

for any vector field X,Y tangent to M and any vector field normal
to M. .
Now from (2.8), (2.9) and by virtue of (2.4) and (2.5) we have

PVxZ = —-Aqz - th(X,2) +n(Z2)PZ , (2.12)

QVxZ =V%QZ - fh(X,Z) - n(2)QX (2.13)

for any tangent to M and Z € DL.
Putting X = Z € D' in (2.12) and using Lemma 2.2 we have

P(Z, W) = PVzW — PVwZ
= —AqwZ +n(W)PZ + AqzW + n(Z)PW

for any W, Z € D+.
On the other hand (2.13) yields

¢[Za W] = Q[Z: "V] = QVZW - QVWZ
= VzQW —n(W)QZ - VQZ — n(2)QW

Hence we have the following

LEMMA 2.3. Let M be a CR-submanifold of a Kenmotsu mani-
fold M. Then

VwQZ — VEQW — n(W)QZ — n(2)QW € ¢D* for W, Z € D* .

As a corollary of Lemma 2.3 we have the following:
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COROLLARY 2.4. Let M be a §-horizontal CR-submamfold of a
Kenmotsu manifold M. Then

ViQW - VQZ € gDt (2.14)
for any W, Z € D*.

8. CR-submanifold with parallel structure and contact CR-
- product. |

'In this section we shall study the case in which the canonical
structure is parallel. Moreover, we give a characterization of CR-
product in terms of the induced canomcal structure tensor on a sub-
manifold. '

First we have

LEMMA 3.1. Let M be a C R-submanifold of a Kenmotsu mani-
fold M. If Q is parallel then
h(X PY) = h(Y,PX) (3.1)
for any X,Y € D.

Proof. From (2.9) we obtain
h(X,PY) = fh(X,Y)
for any X,Y € D. Interchanging X be Y we get (3.1)
Now we have

PROPOSITION 3.2. Let M be a proper C R-submanifold of a Ken-
motsu manifold M. if M is non-totally geodesic, totally umbilical
then both D and D' are non integrable.

Proof. As M is totally umbilical, so we have

hU,V)=g(U,V)H

First we assume that D is integfable. Then putting U = X,V = PY
for X,Y € D we have

h(X,PY) = h(Y, PX)
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Since M is non-totally geodesic, then for all X,Y € D we have
9(X, PY) = g(Y, PX) .

Hence D = 0 which is a contradiction.Similarly, we can show that
D+ is non-integrable.
Next we have the following

PROPOSITION 3.3. Let M be a CR-submanifold of a Kenmotsu
manifold M. Then Q is parallel if and only if ¢ is parallel. .

Proof. Suppose t is parallel i.e. Vi = 0. Then from (2.10) we
have

9(AsnX,Y) = g(PANX,Y) - 9(¢X ,N)g(Y,¢€) ,

for any X,Y tangent to M and any vector field N normal to M.
By virtue of (1.9) the above equation yields

9(fh(X,Y), N) = g(h(X, PY), N) + g(¢X, N)g(Y, £)

from which |
Fh(X,Y) = h(X, PY) +n(Y)¢X

Thus we get
, VQ=0.

For the canonical structure P, we have the following, the proof
of which easily follows from (2.8).

LEMMA 3.4. Let M be a CR-submanifold of a Kenmotsu mani-
fold M. Then P is parallel if

Aqu - Aqu = U(Y)PX - n(X)PY

for any XY tangent to M.
Now we have

-~ PROPOSITION 3.5. Let M be a CR-submanifold of a Kenmotsu
manifold M. If P is parallel then the horizontal distribution D is
integrable.
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Proof. Suppose P is parallel, then (3.2) gives
AgyX =n(X)PY = n(Y)PX

forany X € D,Y € TM.

Now for X € D, Y € D! and taking an inner product with
Z € D, we get ‘
g(A¢YX1 Z) =0

- which is equivalent to
9(h(X,2),QY) =0
for any X,Z € Dand Y € D+

DEFINITION. - A CR-submanifold of a Kenmotsu manifold is
called CR-product if it is locally a Riemannian product of an in-
variant submanifold M7 and an anti-invariant submanifold M*.

The following characterization is proved in [9].

 PROPOSITION 3.6. Let M be a £-horizontal semi-invariant sub-
manifold of a Kenmotsu manifold. Then the following statements
are equivalent:

(i) M is a CR—product
(i) App L 9D = {0}

Now we have

THEOREM 3.7. A §-horizontal CR-submanifold M of a Ken-
motsu manifold M is a CR-product if and only if P is parallel.

Proof. Suppose P is parallel, then (2.8) yields
Apy X —n(Y)PX — g(X, PY)¢ +th(X,Y) =0.

If we take Y € D, Z € D+, X € TM and using the fact that FY =0
for Y € D, the above equation gives

n(Y)g(PX,Z) — g(X, PY)g(£, Z) + g(th(X,Y), Z) = 0
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from which we have
9(Asz0Y, X) =0

which is equivalent to
App L oD = {0}. Hence M is a CR—product .

Conversely, if M is a CR-product, then it is easy to prove that the
endomorphism P is parallel, which completes the proof. :

4. Sectional Curvature of CR-submanifold of Kenmotsu
Space Form.

Let M be a CR-submanifold of a Kenmotsu space form M(c).
Then from (1.10), the curvature tensor of M(c) is given by

R(X’ Y; Z, W) = (c - 3)/4[9(},’ Z)g(X’ W) -g9(X, Z)g(Y, W)]
+(c+ 1)/4[n(X)n(2)g(Y, W) — n(Y)n(Z)g(X, Z)
+n(Y)n(W)g(X, Z) — n(X)n(W)g(Y, Z)
+9(X,pPZ)g(W,$PY) — g(Y, pPZ )9(¢PX, W)
+29(X, ¢PY)g(¢PZ, W)
+9(h(X, W), h(Y, Z)) — g(Y, W), h(X, Z)) (4.1)

for any X,Y,Z, W € TM.

Let H(X) be the ¢-holomorphic sectional curvature of M (c) de-
termined by a unit vector X and ¢X such that X is orthogonal to
€. Then using (1.11), we have -

H(X)=(c-3)/4.

Suppose K (X AY) be th sectional curvature of M(c) determined by
orthogonal vectors X and Y, then (1.11) yields

K(XAY) = (c=3)/4+(c—1)/aIn(X)* +n(Y)? - g(X, $Y). (4.2)
Moreover if K(X AY) denote the sectional curvature of M de-

termined by orthonormal tangent vectors {X,Y} of M. Then from
(4.2) and by virtue of (1.10) we have
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PROPOSITION 4.1. Let M be a CR-submanifold of a Kenmotsu
space form M(c). The sectional curvature of M determined by or-
thonormal tangent vector {X,Y} is given by

K(XAY) = (c—3)/4+(c—D/4n(X)* +n(Y)* - g(X,4PY)’
+9(h(X, X), RV, V) = X, YIP, - (43)

for any vector field X,Y tangent to M.
From this we easily obtain:

PROPOSITION 4.2. Let M be a CR-submanifold of a Kenmotsu
space form M(c). If M is totally geodesic in M(c), then the sectional
curvature of M is given by

KX AY) = (c—3)/4+ (- )/4n(X)? +1(Y)? - g(X,6PY)]
for any X,Y tangent to M.

PROPOSITION 4.3. Let M be a CR-submanifold of a Kenmotsu
space form M(c). If M is D*-totally geodesic in M(c). Then the
sectional curvature of M is given by -

K(X AY) = (c—8)/4+ (c— 1)/4[n(X)* +n(Y)’]

for any X,Y € TM.

COROLLARY 4.4. Let M be a §-horizontal CR-submamfold of a
Kenmotsu space form M(c). If M is D*-totally geodesic in M(c),
then the sectional curvature of M is given by

K(X AY) = (c—3)/4 for any X,Y € D*.

PROPOSITION 4.5. Let M be a &-vertical C R-submanifold of a
Kenmotsu space form M(c). The sectional curvature of M deter-
mined by X,Y € D is given by

K(XAY) = (c—3)/4—(c—1)/49(X,¢PY)
+9(h(X, X), R(Y,Y)) = —[|A(X, V)II* .



ON CR-SUBMANIFOLD OF CERTAIN CLASS etc. 157

PROPOSITION 4.6. Let M be a ¢-vertical CR-submanEfold of a
Kenmotsu space form M(c). If M is D-totally geodesic in M(c) then
the sectional curvature of M is given by

K(X AY) = (c — 3)/4 - (c — 1)/49(X, $PY)
for any X,Y € D.

PROPOSITION 4.7. Let M be a £-horizontal CR-submanifold of
a Kenmotsu space form M(c). Then the sectional curvature of M
determined by X,Y € D+ is given by

KX AY) = (c=3)/4+g(h(X, X), h(Y,Y)) ~ [|IR(X, V)|[* . (4.4)

DEFINITION. The ¢-sectional curvature of M detérmined by a
unit vector X € D orthogonal to £ is the sectional curvature deter-
mined by X and ¢X. ,

PROPOSITION 4.8. The ¢-sectional curvature determined by X €
D orthogonal to ¢ is given by

H(X)=(c-3)/4 + 49(X,¢PX)? +g(h(X,X), h($X,sX))
= Ik(X, X)) . (4.5)

LEMMA [9]. Let M be a semi-invariant submanifold of a Ken-
motsu manifold M. Then D is integrable if and only if

h(X,¢X) = h(Y, ¢X) (4.6)

for any X,Y € D.
Using (4.5) and (4.6) we have

PROPOSI'_I‘ION 4.9. Let M be a CR-submanifold f a Kenmotsu
space form M(c). If D is involutive satisfying g(X, PX) = 0 then

H(X) < (c-3)/4

where H(X) is the ¢-sectional curvature determined by X € D or-
thogonal to £.
Also from (4.5) we have
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"~ PROPOSITION 4.10. Let M be a CR-submanifold of Kenmotsu
space form M(c). Then M is D-totally geodesic if and only if the
following conditions are satisfied. :
(i) the horizontal distribution D is involute, i) H(X) = (c-3)/4.
Let {Ey = &,E1,Ea,... Em_1} be a local field of orthonormal
frames on M such that in the case when Mm is £-horizontal (resp.

¢-vertical) (Eo = &, Eiy...,Ep1 = ¢E1,...,Ep = ®E3,) (resp.)

(Er,...Epy Ept1 = @Ey,...0E2p = ¢Ey} is a local frame field on D.

A £-horizontal CR-submanifold M is called D-minimal (resp. D-

" minimal) if 32, h(E;, E;) = 0 (tesp. =724 h™!(Ezp+4, Ezp+s) = 0).
Finally we prove _

PROPOSITION 4.11. Let M be a D'-minimal §-horizontal CR-
submanifold of a Kenmotsu space form M(c). Then M is D'-totally
geodesic if and only if

K(X,Y) = (c - 3)/4 (4.7)
for any X,Y € D*.

" Proof. For any X,Y € D*, (4.4) gives
K(X AY) = 1/4(c - 3) + g(h(X, X), h(Y,Y)) = [|h((X, Y)]|?
Suppose (4.7) holds, then using minimality condition we have

m—2p-1 ‘
Y MEzpsrEopy;)|| =0

i,j=1

which gives h(X,Y) = 0 for all X,Y € D*. Hence M is D*-totally
geodesic. |
Similarly we have

PROPOSITION 4.12. Let M be a D-minimal £-vertical C R-sub-
manifold of a Kenmotsu space form M(c). Then M is D-totally
geodesic if and only if

K(XAY)=(c-3)/4
for any X,Y € D with g(¢X,Y) =0.
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