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Construction of strong derivable maps
via functional calculus of unbounded

spectral operators in Banach spaces

BENEDETTO SILVESTRI

ABSTRACT. We provide sufficient conditions for the existence of a
strong derivable map and calculate its derivative by employing a result
in our previous work on strong derivability of maps arising by func-
tional calculus of an unbounded scalar type spectral operator R in a
Banach space and the generalization to complete locally convex spaces
of a classical result valid in the Banach space context. We apply this
result to obtain a sequence of integrals converging to an integral of a
complete locally convex space extension of a map arising by functional
calculus of R.
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1. Introduction

Given a sequence {f"},en of suitable analytic functions defined on an open
neighbourhood U of the spectrum of a possibly unbounded scalar type operator
R in a complex Banach space, an application of our result [7, Theorem 1.23]
establishes that for every v in the domain of R and n € N, the map W > ¢t —
f™(tR)v is derivable in W an open interval of R and its derivative equals

A (tRw _df"
ey GOL

where g(R) is the Borelian functional calculus of R for any Borelian map g
defined on U. In the present paper we construct a locally convex space F
and employ the above equality to find conditions ensuring the existence of a
sequence {f"}nen in CH(W, F), a sequence {g"},en in C(W, F), a map g* €
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C(W, F) and a subsequence {g"* }ren of {g"}nen such that

df™
N |—=g");
(Vn & )(dt g )
. ng __ .00 =
};g\l{g =g in C,(W, F).

Here [ is the Hausdorff completion of F, C, (W, F ) is the uniform space of
continuous maps defined on W' and valued in F provided by the uniformity of
uniform convergence, C!(W, F) is the linear space of derivable maps defined on
W and valued in F with continuous derivative. The two equalities above imply

df™e
im
keN dt

=g in C, (W, F).

Now the above limit is one of the two hypotheses of the extension of the result
[4, Corollary 8.6.4] to complete locally convex linear space valued maps defined
on open sets of R. As a consequence we establish in Theorem 2.2 sufficient
conditions guaranteeing the existence of a map §*° € C1(W, F)) such that
lim % = % in Cu(W, F);
lim " = in C.(W, F);
df>
at °

oo

We then apply this result in Corollary 2.5 to obtain for every ui,us € W the
following limit of integrals

Uug u2
li Tk (t)dt = o (t)dt.
pm [ o= [ e

Notation

In this paper we follow the notation and definitions provided in [7] which there-
fore will not be repeated made exception for what follows.

If X,Y are topological spaces let C(X,Y) be the set of continuous maps
defined on X and valued in Y, if Z is a uniform space, then C,(X,Z) and
Cs(X, Z) denote the uniform space of continuous maps defined on X and valued
in Z provided by the uniformity of uniform convergence and simple convergence
respectively. Let G be a complex Banach space, R be a possibly unbounded
scalar type operator in G and FE its resolution of the identity. If D is a linear
subspace of G, then we let L(D,G) be the linear space of linear morphisms
from D to the linear space underlying G, while B(G) denotes the normed
space of linear continuous so, bounded endomorphisms of G with the usual
sup-norm. Let B(C) be the set of Borelian subsets of C and for any U € B(C)
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let Bor(U) be the complex linear space of the complex valued Borelian maps
defined on U. Let U € B(C). For any map p: U — C we let p : C — C be
the 0-extension of p namely p | U = p and p(\) = 0 if A € CcU. For each map
F : C — C define

FIE = E —esssup |[F(\)| = inf sup | F'(A)],
£ Aeg| 2 {5€B(C)|E(5):1},\e§| @l

and the seminormed space £ (U) = (L (U),| - ||£) such that

{L?EO(U) ={f:C—>C| fxv €Bor(U), |fxv|E < oo},
Vf e L)L = fxvlL)-

Here yy : C — C is the characteristic map of U which is by definition equal
to 1in U and 0 in CcU.

Let Y be alocally compact space. In this paper we call Radon measure on Y’
what Bourbaki in [3] calls measure on Y whose definition will be here recalled
for the sake of completeness. More specifically for any K € Comp(Y'), with
Comp(Y) the set of compact subsets of Y, define H(Y, K) to be the normed
space of complex valued continuous maps defined on Y with compact support
contained in K and whose norm is || f| x = sup,cx [f(y)], [ € H(Y, K). Next
define H(Y) to be the locally convex space of complex valued continuous maps
defined on Y with compact support, endowed by the inductive limit of the
locally convex topologies of the spaces {H (Y, K)| K € Comp(Y)}; see [2, I1.29
Proposition 5] for the construction and characterization of final locally convex
topologies and its application in [2, I1.31 Examples II] for the general construc-
tion of the inductive limit of locally convex spaces. About the topology on
H(Y) here we need only to know that for any locally convex space FE, a linear
map T : H(Y) — FE is continuous if and only if T o 1 is continuous for every
K € Comp(Y) where 1 : H(Y, K) — H(Y) is the map f — f. Equivalently
if I' is a fundamental set of seminorms of E then T is continuous if and only if

(VK € Comp(Y))(Vqg € T)(3C > 0)(Vf € H(Y, K))(a(T(f)) < Ol flIx)-

Now a complex valued linear continuous map on H(Y') (the above case with
E = C) is called measure on Y by Bourbaki in [3, ITI.7 Definition 2] and Radon
measure on'Y by us. Let u be a Radon measure on Y, u is called real if p(f) € R
for every f € H(Y;R) with H(Y;R) = {f € HY)|(Vy € Y)(f(y) € R)},
while p is called positive if it is real and u(f) > 0 for every f € H, (V) with
H(Y) = {f € HY;R)|(Vy € Y)(f(y) > 0)}. Let S;(Y) be the set of
positive lower semi-continuous maps on Y and let R’;O be the set of the maps
defined on Y and with values in R>g := {# € R|z > 0}. If v is a positive
Radon measure on Y, then the upper integral with respect to v is by definition
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the map v* : RY, — Rso U {+0oc} such that see [3, IV.6 Definition 3; IV.2
Definition 1]

vi(f) = infp>phes, (v) v (h), Vf € RY,
v*(h) = SUPgey, (v),g<n V(9); Yh € SL(Y).
Note that the two definitions agree and

(Vf e He (V)W (f) = v(f))- (1)
Finally we employ the Bourbaki convention to denote u(f) also by fY fly)dp(y)
with f € H(Y) when p is a Radon measure on Y and v*(g) = [, g(y)dv(y)
with g € RY, when v is a positive Radon measure on Y. For the remaining of
the paper we fix a complex Banach space G, a possibly unbounded scalar type
operator R in G, let F be the resolution of the identity of R and o(R) be the
spectrum of R.

2. Results

DEFINITION 2.1. Let F' denote the locally convexr space whose underlying lin-
ear space equals L(Dom(R),G) and whose locally convex topology is gener-
ated by the following set of seminorms {F > P — ||Pv|||v € Dom(R)}, let
jg(c) : B(G) = F be the map T — T | Dom(R). Let F denote the Hausdorff

completion of F and ig the canonical map of F into F.

Notice that jg(G) and i are linear and continuous maps so uniformly con-
tinuous.

THEOREM 2.2. Let K C R be a compact nondegenerate interval of R, and U
be an open neighbourhood of o(R) such that K -U C U. Furthermore let X be
a compact space, g € C(X x K, 2% (U)), {xn}nen be a sequence in X, to € K
and {f"}nen be a sequence of analytic maps defined on U with the following
properties: sup,c | [ |E < oo for every n € N,

(Vv € Dom(R))(3 Tlligl\I f"(toR)v), (2)

and for everyn € N and t € K we have

o, 1) = (fj;) . 0

Then there exist y € X and a subsequence {Zn, }ren Of {@n}nen converging
to y such that for every open neighbourhood W of to for which W C K there
exists a map h € CH(W, F) whose derivative satisfies for everyt € W

(Dh)(t) = ir(a(y,t)(R)R), (4)
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while R
h = Ilcié%l(W 3t (ir 0 g @) (S (tR))) in Cu(W, F). (5)

Proof. Let n € N and let W be an open interval of R such that {5 € W and
W C K. We have sup,c g ||g(zn, t)||Z < oo since || - ||£ o g is continuous and
{zn} x K is compact. So we can apply [7, Theorem 1.23] and state that for
every v € Dom(R) the map W > ¢ — f"(tR)v € G is derivable and for every
teW

df™(tR)v afm

e Rﬁ(tR)v. (6)

Now by letting 2 : C — C be the map A — A clearly we have R =(R) so
ch—:(tR) =R (i{:)t (R)

) (%) @)

(- (%))

-((5) )
where the inclusion follows by the spectral theorem [5, 18.2.11(f)] which implies

also that
(%) wm e (%) ) @

Dom ((‘fj;) (R)(R)) = Dom();

so, for every v € Dom(R) we deduce that

while clearly

ar" _(df"
Therefore by (6) and hypothesis (3) we obtain for every v € Dom(R) and t € W

df"(tR)v

dt = g(mn,t)(R)Rv, (7)

which is equivalent to state that for every t € W

A (f"(tR))

dt = g(zn,t)(R)R.
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Next g is uniformly continuous being a continuous map defined on a compact
set and valued in a uniform space thus, by [1, X.13 Proposition 2] we deduce for
every z € X that Q, = {g(z,-)}U{g(zn, ) | n € N} is an equicontinuous subset
of C(K,£%¥(U)) therefore, by [1, X.16 Theorem 1] on @, the uniform structure
inherited by that of C, (K, £%¥ (U)) equals the uniform structure inherited by
that of Cs(K, £¥(U)). Now let {z,, }ren be a subsequence of {z, }nen con-
verging to a point y € X which exists since X is compact. Thus, the sequence
{9(zn,, ) }ren converges to g(y,-) in Cs(K, £55(U)) due to the continuity of g
therefore, for what above established applied to z = y we conclude that

g(y7 ) = Eé%g(xnkv ) in Cu(K7 EOEO(U)) (8)

Next the functional calculus restricted at £ (U) say L is a linear and continuous
map at values in the Banach space B(G) since [5, 18.2.11(c)] so, uniformly
continuous, moreover for every v € Dom(R) the map ¢ : B(G) — G defined by
T — TRuv is linear and continuous so uniformly continuous, therefore, v o1 :
£¥(U) — G is uniformly continuous being composition of uniformly continuous
maps so, we deduce by (8) and by [1, X.5 Proposition 3(a)] applied to the
uniformly continuous map ¢ oI that for every v € Dom(R)

g(ya )(R)RU = ]lclé%g(xnk? )(R)R’U in Cu(Kv G)a

and then (7) yields for every v € Dom(R)

df™ (tR)v

li Wt
nn( St +— a

KEN ) = (W3t~ g(y,t)(R)Rv) in C, (W, G),

which is equivalent to state that

4 (f(tR
lim <W St jB(G)(dt())) = (W 5t g(y,t)(R)R) in Cu(W, F),

therefore in sequence by [1, X.5 Proposition 3(a)] and the fact that the deriva-
tive operator commutes with the operator f +— wo f where u is a linear con-
tinuous operator between Hausdorff locally convex spaces, both applied to the
map ir we conclude that

d(ir 0 §5 ) (f™ (tR)
dt

lim<W9tb—>

keN
= (W st~ ip(a(y,t)(R)R)) in Cu(W, F). (9)

Next (2) is equivalent to state that 3 lim,en jg(G)(f"(toR)) in F which then
implies

3 }Lié%(iF ° jp(ay) (f"(toR)) in F. (10)
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The statement then follows by (9), (10) and the extension of the result [4,
Corollary 8.6.4] to complete locally convex linear space valued maps defined on
open sets of R. O

In what follows we employ the concept of E-appropriate set with the duality
property which is defined in [7, Definition 2.11].

DEFINITION 2.3. Let Y be a locally compact space, p be a positive Radon mea-
sure on 'Y, X be a set, U be an open neighbourhood of o(R), h : X XY —
L£2(U), {zk}ren be a sequence in X, and N be an E-appropriate set with the
duality property. We say that (h,{zx}ren) satisfies the bounding assumption
with respect to N iff for every k € N

/ 19z, )1 dpa(y) < oo (11)

and for allw € N the map Y 2 y — w(h(zk,y)(R)) € C is u-measurable.

LEMMA 2.4. Let'Y be a locally compact space, u be a positive Radon measure
on'Y, X be a topological space, U be an open neighbourhood of o(R), {zk }ren
be a sequence in X, and N be an E-appropriate set with the duality property. If
hel(X xY, 2% (U)) and for every k € N the map Y 5y — bz, y) € £ (V)
has compact support, then (b, {zx}ren) satisfies the bounding assumption with
respect to N

Proof. Let k € N. The map Y 3 y +— ||h(zx,%)||Z has compact support
by hypothesis and it is continuous since are continuous the map ¥ 3 y —
h(zk,y) € £5(U) and the seminorm ||-[|Z, then (11) follows since (1). Next the
restriction £ (U) 31 — I(R) € B(Q) of the functional calculus of R at £5(U)
is continuous being bounded since [5, Theorem 18.2.11(c)] then for all w € N
the map Y 3 y — w(h(z,y)(R)) € C is p-measurable being continuous. O

Theorem 2.2 combined with our [7, Corollary 2.33] yields the following

COROLLARY 2.5. Let the hypothesis of Theorem 2.2 be satisfied so, there exists

y € X and {zn, }ren a subsequence of {xnnen converging to y. Furthermore

let N be an E-appropriate set with the duality property. Then for every open
[e]

interval W such that to € W and W C K, and for every ui,us € W we have

uz

/m ir (aly, O(R)R)dt = lim(ir o jf ) (R / a(n 1) (R)dE).

1 U1

Here the limit is in the space ﬁ, the integral in the left-hand side is the weak
integral of the map [ui,uz] — t > ir(g(y,t)(R)R) € F with respect to the
Lebesgue measure on [uy,us] and the a(ﬁ, ﬁ*)—topology with F* the topological
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dual of 13; while the integral in the right-hand side is the weak integral of the
map [u1,uz] 3t — g(xn,,t)(R) € B(GQ) with respect to the Lebesque measure
on [uy, ug] and the o(B(G), N)-topology.

Proof. Let h be the map of which in the statement of Theorem 2.2 thus,

[ ielats 0Bt = () ~ nu)

= lim(ir 0 j ) (f"* (u2R) = ™ (1 R))
= hm(1F OJB(G) R/ g (tR)dt)

= hm(lF OJB R/ a(zn,, t)(R)dt);

where the first equality follows by equality (4) in Theorem 2.2 and by the
fundamental theorem of calculus for locally convex space valued maps (see for
instance [6, Theorem 1.5]); the second equality follows from the construction
of the map h in (5); the third equality follows since [7, Corollary 2.33] and
since (g, {zn, }ren) satisfies the bounding assumption with respect to A by
Lemma 2.4; the fourth equality follows since hypothesis (3). O
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