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1. Introduction

The aim of this paper is to extend in a slightly more general and unified set up
two important steps of the proof of the asymptotic stability of solitary waves
for the Nonlinear Schrodinger equation [2, 8, 10] and the particular case of
Nonlinear Dirac system treated in [4]. In both cases there is a localization at
the solitary wave and a representation of the system in terms of coordinates
arising from the linearization at a solitary wave. The operators H, introduced
later play this role. In general H, has both continuous spectrum and non
zero eigenvalues. The latter give rise to discrete modes which in the nonlinear
problem could produce chaotic Lissaius like motions. It turns out that in [2, 3,
4, 8,9, 10] discrete modes relax to 0 because of a mechanism of slow leaking of
energy away from the discrete modes into the continuous modes, where energy
disperses by linear dispersion. The idea was initiated in special situations
in [5, 12, 13]. We refer to [8] for more comments and references.

The aim of this paper consists in simplifying two key steps in the proofs
in [4, 8, 10]. The first step consists in searching Darboux coordinates. This
allows to decrease the number of coordinates in the system and to reduce to
the study of the system at an equilibrium point.

The second step consists in the implementation of the Birkhoff normal
forms, to produce a simple effective Hamiltonian. After this, [4, 8, 10] prove
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the energy leaking away from the discrete modes. In particular the key step
is the proof that certain coefficients of the discrete modes equations are sec-
ond powers, the Nonlinear Fermi Golden Rule (FGR), which generically are
positive and yield discrete mode energy dissipation.

We do not discuss the FGR in this paper limiting ourselves to the search of
Darboux coordinates and to the Birkhoff normal forms argument.

In this paper we avail ourselves with some ideas and notation drawn from
early versions of [2] to improve the presentation in [10].

[2, 10] represent two attempts to extend the result proved in [8] for standing
ground states of the NLS, to the case of moving ground states. A further goal
in [2] is to develop the theory in a more abstract set up. Early versions of [2]
did not encompass a Birkhoff step extendable to [4]. [2] is confined (like us
here) to systems with Abelian group of symmetries.

The 1st version of the present proof was written before the 3rd version of [2]
was posted on the Arxiv site. The 2nd version of [2] contained an incorrect
effective Hamiltonian, see Remark 6.7 later. In the 3rd version of [2] this has
been corrected, but the discussion remains sketchy and has gaps. See below
at Remarks 2.10 and 6.6 and further below in this Introduction and at the
beginning of Section 3.3.

We nonetheless draw from [2] a number of ideas which we list now. First of
all, we draw from [2] a better choice of initial coordinates than [10]. Some of it
existed also in previous literature, cf. the discussion in [11, Section 6]. We also
borrow some notation, i.e. symbols R*¥™ and S*™ (which in [2] are defined
incorrectly). Finally, inspired by [2] we simplify the proof in the part of the
Darboux step contained in Lemma 3.6, which in [10] is more laborious.

Both here and in [10] we consider initial data in subsets of X, for n > 1
which are unbounded in ¥,, and invariant for the system. We require this sub-
stantial amount of regularity and spacial decay to 0 for the classes of solutions
of the system, in order to give a rigorous treatment of the flows and of the
pullbacks. [2] suggests that [10] should prove decay rates in time. We do not
understand the basis for this suggestion since, by the time invariance of the
subsets X,, considered, the problem considered in [10] is very similar in this
respect to the one with %, replaced by H'. Indeed time decay corresponds
to bounds on norms containing time dependent weights. But if the problem
is invariant by translation in time, the only information that can be derived
must be invariant by translation in time, and bounds on time weighted norms
do not have this property. We therefore emphasize that [10] and the present
paper are very different from, say, [5, 13], which consider initial data in subsets
of H** which are not invariant by the time evolution.

To find an effective Hamiltonian, we use the regularity properties of the
flows, which in turn depend on the fact that we work in X, for n > 1. See
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Theorem 6.5 where the regularity of the flows is used to prove that the coordi-
nate changes preserve the system. To prove for the NLS the same result in H?,
where the coordinate changes are continuous only, one needs to explain how
they preserve the structure needed to make sense of the NLS. A reasonable
approach to the H' case for the NLS is to first prove the result in our set up,
then to prove the local well posedness in H' of the NLS within the various
systems of coordinates used, and finally show that H'! solutions of the NLS
are invariant by coordinate changes, by means of a density argument and by
the continuity of the coordinate changes in H'. We do not prove here the last
fact, just because everything in Section 3.2 is formulated in terms of the spaces
Y, but in fact for the NLS it follows by routine arguments. Since we do not
provide a proof, we make no claim about H' solutions of the NLS, even though
it seems not a far off step from what we prove here. [2] claims the result in
H' without spelling out the proof, see Remark 6.6 below.

We discuss in some detail a key formula on the differentiation of the pull-
back of a differential form along a flow, see (79), which is the basis of Moser’s
method to find Darboux coordinates. This formula is simple in classical set
ups, but in our case and in [2] its interpretation and proof are not obvious.
In [2] the formula is stated and used without discussion. We treat the issue
rigorously in Section 3.3, regularizing the flow, using (79) for the regularized
flow, and recovering the desired equality between differential forms, by a limit-
ing argument. Notice that we do not prove formula (79) for the non regularized
flow.

We end with few remarks on the proofs.

The proof of the Darboux Theorem is a simplification of that in [10] in the
part discussing the vector field. We give in Section 3.3 a detailed proof on the
fact that the resulting flow transforms the symplectic form as desired. See also
the introductory remarks in Section 3. Notice that parts of this discussion were
skipped in [10].

The portion of our paper on the Birkhoff normal forms covers from Section 4
on and is quite different from [4, 8, 10] mainly because the pullback of the terms
of the expansion of the Hamiltonian cannot be treated on a term by term basis,
see Remark 5.5. What is important is to get a general structure of the pullbacks
of the Hamiltonian. This is discussed in Section 4. It is likely that most of
the analysis in Lemmas 4.3, 4.4 and 5.4, is not necessary to the derivation
of the effective Hamiltonian, which is represented by H} and the null terms
in Ry and R; of the expansion in Lemma 5.4, in the final Hamiltonian. On
the other hand, writing the Hamiltonian explicitly should make the arguments
transparent and more clearly applicable to the part on dispersion and Fermi
Golden rule.

In Section 5 we finally distinguish between discrete and continuous modes.
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The present paper treats only equations whose symmetry group is Abelian.
This limitation will have to be overcome to extend the theory to more general
systems such for example the Dirac system without the symmetry constraints

of [4].

2. Set up

Given two vectors u,v € R*"N we denote by u-v = >~ u;v; their inner
product.

We will consider also another quadratic form |u|? = u -y u in R?V.

For any n > 1 we consider the space 3, = %,,(R3, R?Y) defined by

hull3, = D7 (leullfaqas ow) + 102 ullfga gov, ) < .

la|<n

We set ¥y = L?(R?,R?V). Equivalently we can define 3, for r € R by
the norm
lulls, = [0 = &+ [2)u| | <.

For r € N the two definitions are equivalent, see [8]. We will not use
another quite natural class of spaces denoted by H*** and defined by

E
2

all e = Hu )i - A) UHL < .

S(R3 R?V) = N,enS, (R3, R?V) is the space of Schwartz functions and
the space of tempered distributions is &’ (R?, R?Y) = U,enX_,, (R3, R?Y),

For X and Y two Banach space, we will denote by B(X,Y) the Ba-
nach space of bounded linear operators from X to Y and by B*(X,Y) =

¢
B([I;=, X, Y).
We denote by ( , ) the natural inner product in L?(R? R2Y).

J is an invertible antisymmetric matrix in R*. We have also |Jy|; =
lyl; for any y € R?Y. In L2(R3 R2Y) we consider the symplectic form
Q= (1 ).

We consider in L?(R3, R?V) a linear selfadjoint elliptic differential oper-
ator D such that D € B(3,,3,_oqp) and D € B(H", H"=°"P) for all r
and for a fixed integer ordD > 1.
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e We consider a Hamiltonian of the form

E(U) = Ex(U) + Ep(U)

1<DU, Uy, Ep(U):= /Rs B(|U})dx. )

Here B € C*(R,R), B(0) = B'(0) = 0 and there exists a p € (2, 6] such
that for every k > 0 there is a fixed C} with

VEB(CI)] < Cul¢P=+=1 i 1¢ > 1in B2V, @)

Notice that Ep € C°(H'(R? R?Y)), R). Consistently with [4, 8, 10], we focus
only on semilinear Hamiltonians. We consider the system

U=JVEU) , U(0)=U, (3)

where for a Frechét differentiable function F' the gradient VF(U) is defined by
(VF(U),X) = dF(U)(X), with dF(U) the exterior differential calculated at
U. We assume that

(A1) there exists dy such that for d > dy system (3) is locally well posed in
H?. Furthermore, the space ¥4 is invariant by this motion.

We recall the following definition.

DEFINITION 2.1. Given a Frechét differentiable function F, the Hamiltonian
vectorfield of F with respect to a strong symplectic form w, see [1, Chapter 9],
is the field Xp such that w(Xp,Y) = dF(Y) for any given tangent vector Y.
For w = Q we have Xp = JVF.

For F, G two scalar Frechét differentiable functions, we consider the Poisson
bracket {F,G} := dF (Xgq).

If G has values in a given Banach space E and G is a scalar valued function,
then we set {G,G} :=G'(Xg), for G' the Frechét derivative of G.

We assume some symmetries in system (3). Specifically we assume what
follows.

(A2) There are selfadjoint differential operators <, for £ = 1,...,ng in L? such
that Op: X, —» X,,_4, for £=1,...,n9. We set d = sup, d,.

(A3) We assume [Oy, J] = 0 and [Oy, Oi] = 0.

(A4) We assume {Il;, Ex} = {Il;, Ep} = 0 for all £, where I, := (O, ).
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(A5) Set (c0)2 := 14 Y2, €02, Then (c0) % € B(Z,,5,) with
[(eX) 2Bz, 5,) < Cpn < 00 for any |e] <1 and n € N. (4)
Furthermore, for any n € Z we have
strong — 21_1)1(1)<6<>>72 =1in B(%,,%,)

(5)

lim [(e0)? = 1l|pm,5,) =0 for any n’ € Z with n’ < n.

(A6) Consider the groups () %7 defined in L2. We assume that for any
n € N these groups lea;/e 3, invariant and that for any n € N and ¢ > 0
there a C s.t. [/ 7| g5y, 5,y < C for any |7| < c and any || < 1

We introduce now our solitary waves.
(B1) We assume that for O an open subset of R™ we have a function p —
®, € S(R3,R?N) which is in C*(0,S), with II;(®,) = p,, where the @,

are constrained critical points of F with associated Lagrange multipliers
Ae(p) so that

VE(®,) = A(p) - ©®) (6)

(B2) We will assume that the map p — A(p) is a diffeomorphism. In particular
this means that the following matrix has rank ng

rank [(»\Z} = ng. (7)

A function U (t) := e’ (AP)+70)C % is a solitary wave solution of (3) for any
fixed vector 7.

2.1. The linearization

Set H, = J(VZE(®,) — A(p) - ©). Notice that E(e/™°U) = E(U) for any U
yields VE(e/7CU) = e/T°VE(U) and V2E(e?"°U) = /7 °V2E(U)e /7,
Then (6) implies VE(e/7°®,) = /7 X(p) - O®,. So applying 9., we obtain
(VZE(®,) — A\(p) - ©)J<O;®, = 0 and so

H,pJO;0, =0 (8)
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(C1) We will assume

ker H,, = Span{J<,;®, : j =1,...,n0}. (9)
Applying 8, to (6) yields (VZE(®,) — A(p) - ©)9x, P, = ©;®,,. This yields

Hydh, @, = JO; B, (10)

We have 1
<3A_7.<I>p,<>k¢>p> = §8A_7<<I>p,<>k<1>p> = O\, Pk (11)

Necessarily, by (B2) there exists j such that dx;py 7# 0. This implies that the
generalized kernel is

Ny(Hp) = Span{JO;®,,0\, P, : j = 1,...,n0}- (12)
The map (p,7) — e/ °®, is in C>°(O x R™,S).

(C2) We assume this map is a local embedding and that the image is a manifold

g.

At any given point e’ T'<><I>p the tangent space of G is given by
Torrog,G = Span{eh'oapj@p,eJT'<><>j<I>p cj=1,..,m0}.

We have Q(e’™ 9, ®,,e’ 9, ®,) = Q0p, Py, Op, Py).

(C3) We assume that

Q0p,; Py, 0y, Pp) = 0 for all j and k (13)
Q(0p,; ®p, ®,) = 0 for all j. (14)

Notice that (14) is not required in [2] but in any case is true for the applications
in [2, 4, 8, 10]. Here we use it in Lemma 3.1.
We have the following beginning of Jordan block decomposition of H,,.

LEMMA 2.2. Consider the operator H,. We have

J " Hy = —H T, My = —JH. (15)

P

Assume (B1)-(B2) and (C1). Then we have

L? = Ny(Hyp) ® Ny (H}) (16)
Ng(H3) = Span{<C;®,, J 10\, ®p 1 j =1,...,n0}- (17)
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Proof. We have H, = JA for a selfadjoint operator A and with J a bounded
antisymmetric operator. Then H;; = —AJ and (15) follows by direct inspection.
Recall that (B1)—(B2) and (C1) imply (12). Then (15) implies (17).

The map ¢ — ( ,1) establishes a map Ny(Hy) — B(Ny(H,),R). By (11),
formulas (12) and (17) imply that this map is an isomorphism. For any u € L?
there is exactly one v € N, (H,,) such that (u, ) and (v, ) coincide as elements
in B(Ny(H;),R). Then u —v € N;-(H;) and we get (16). O

Obviously Lemma 2.2 holds true only because our J is very special. For
the KAV, where J = & (16)-(17) are not true.
Denote by Pn,(p) = Pn,#,) the projection onto Ny(H,) associated to (16)
and by P(p) := 1 — Py, (p) the projection on N;- (H;). We have, summing on
repeated indexes,

PNg(p)X = —JO;9, (X, J_laqu)p> + 81);'(1)17 (X, O;®p). (18)
LEMMA 2.3. Assume (B1)-(B2) and (C1). Then:

(1) Pn,(p) € B(S',S) for any p € O and Py,(p) € C=(O, B(X_4,%y)) for
any k € N.

(2) For any po € O and k there exists an € > 0 such that for |p — po| < ek

P(p)P(po) : Ny (Hy,) Ny — Ny (Hy) N Sy, (19)
is an isomorphism.

(3) For h > k we have g, > €.

Proof. Claim (1) is elementary and we skip the proof.

Consider the map P(p)P(po)P(p) = 1+ P(p)(Pn,(p) — Pn,(po))P(p) from
N;-(H;) N Xy into itself. By Claim (1) and by the Fredholm alternative, this
is an isomorphism for |p — pg| < & with &5 > 0 sufficiently small. This implies
that the P(p)P(po) in (19) is onto. For the same reasons also P(po)P(p)P(po)
is an isomorphism from N;-('H;‘,O) N 3 into itself. Then P(p)P(pg) in (19) is
one to one. This yields Claim (2).

For h > k we have the commutative diagram

P(p)i:;(pO) NJ_ (H;) N Eh

1 *
Ny (Hpo) N2 g
l !
* P(p)P(po) *
NF(H; ) NS =" NE(H) Ny,

with the vertical maps two embedding. This implies that for |p — po| < ex we
have ker P(p) P(po) = 0 in Ny-(H} ) N ¥y, To complete the proof of Claim (3),
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we need to show that given u € NgJ-(H;) N3y, and the resulting v € N;-(H;O) N
Y with u = P(p)P(po)v, we have v € Xj. But this follows immediately from

v=u+ (Pn,(p) — Pn,(po))v where u € £, and (P, (p) — Py, (po))v € S.
O
We will denote the inverse of (19) by
(P(p)P(po) ™"+ Ny (H3) N Sy — Ny (M) N S (20)
We have the following Modulation type lemma.

LEMMA 2.4 (Modulation). Assume (A2), (B.1), (B.2), (C.1) and (C.3). Fix
n €7Z,n>0 and fir ¥o = e’ °®, . Then 3 a neighborhood U in ¥ _,, (R3, R?N)
of Uy and functions p € C*°U,O) and 7 € C®U,R™) s.t. p(¥y) = py and
7(Vo) =70 and s.t. VU e U

U=¢e’"%(®,+R) and R € N;‘(H;). (21)
Proof. Consider the following 2ng functions:
fj(Uapa T) = Q(U - eJTAO(I)IH eJTioapj q)l?)
Gi(U,p,7) := QU — /7%, Je!7°0,@,).

These functions belong to C*°(X_,, x O x R™ R). We introduce the notation
R=¢"77°U — ®,. Notice that R =0 for U = ®,. Then

(22)

0r F;(U,p,7) = Q(eJTOR /T JOROy, Bp) — QT ORe’T Dy, 7700, B))
—(R, Okaqu) )= <<>k(I)P7an(I)P>
=
—(

1
R, 010y, ®y) = 50p, (Or Py, By)
R, 010, ®,) — 6k
By (13) we have
Op Fi(U,p,7) =Q(e’"°R,e’7°0,,0,,®,) — Q(Je'7°0,,®,,e’ 70, ®,)
=Q(R,0p, apj D).
By (A3) we have
0.G; = QUe’TOR, 7T J2010;8,) — Q(JOReTC D, T TO;B,)
—(R, JOROj®,) — (JORD®,, ©;P,)
—(R, JOr<O;®,),
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We have

0p.Gj = Qe R, e’TCJ0;0,,®,) — Qe T, 0,e’TCTO;B,)
= _<R’ Ojapk(I)P> + <8Pk Py, <>J'(I)p>
= _<R’ Ojapkq)iﬂ> + 5119'

At U =¥y, 7 =19 and p = pg we have F; = G; = 0. Since in this case R =0
we get the desired result by the Implicit Function Theorem. O

2.2. Spectral coordinates

Lemmas 2.2-2.4 lead to a natural decomposition of (3). To write it we need
further notation.

We are ready for the natural coordinates decomposition. Let II(Uy) = po. We
consider for R € Ng-(H ) the map

(1.p,R) = U =¢e’7°(®, + P(p)R). (23)
We have the following formulas,
0 0 Jr-o
8773 :JOJU, aipj =€ (aqu)p—F@pJP(p)R), (24)

with % € C®°(U N Xy, 8y) for any pair (k, k') € N2, with 4 C ©_,, the
neighborhood of e/ “®,, in Lemma 2.4. Similarly, a%j € C'(UNXy, Yh—d;)-
We have what follows.

LEMMA 2.5. Consider the n > 0 and U in Lemma 2.4 and fix an integer k >
—n. Then the map U — R(U) = R is CO(UNX, Xy). For k > —n+d we have
Re CYUNZg, Xk_a). ForU sufficiently small in X_,, the Frechét derivative
R'(U) of R(U) is defined by the following formula, summing on the repeated
index 7,

R'(U) = (P(p)P(po))” "P(p)[e”""° 1 — JO;P(p)Rdr; — 9y, P(p) R dp;],

where (P(p)P(po)) ™" : Ny (H3) N Xx_a — Ny (H;,) N Sx_q is well defined by
Lemma 2.5.

Proof. The continuity of R(U) follows from R = e~/7°U — &, and
R— R/ — efJT-OU _ efJT'~<>U/ + CDp/ _ (I)p
=0, — D, + (77 eI+ eI - U).

Then use p — @, € C>(0,S), the fact that e/7° is strongly continuous
in ¥, and locally uniformly bounded therein. The fact that R(U) has Frechét
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derivative follows by the chain rule. To get the formula for R'(U) notice that the
equalities R’%ﬁ = R’B%j =0and R'e’"°P(p)P(py) = Iyt (H5,) characterize
R’. We claim we have

R' = ajdr; + bjdp; + (P(p)P(po)) ' P(p)e™'7° (25)

for some a; and b;. First of all, by the independence of coordinates (7, p) from
1 *
Re N, (H; ),
drjo e/ P(p)P(po) = dpj o e/ P(p)P(po) = 0.

Indeed for g € N;-(H;,) we have for instance

d d .
0= aTj(U(Tapy R+1tg)) =0 = %Tj(eh (@, + P(p)P(po)(R +t9))) =0
= drj 0’7 P(p)P(po)g.

Secondarily, by the definition of (P(p)P(po))~},
(P(p)P(po)) " P(p)e™ "7 0 e’™C P(p) P(py) = It o)

Hence we get the claimed equality (25).
To get a; and b; notice that by R’% =0and P(p)J<,;®,=0

a; = —(P<p>P<po>>-1P<p>e—JT'<>8‘3]_
= (P()P(po) P(p)e ™00 15 (@, + P(p)R)

=—(P(p)P(po)) ' P(p)JO; P(p)R.

Similarly by R’% =0 and P(p)d,,®, =0

b, = (P(p)P(po»lP(p)e”'Oai

=—(P(p)P(po)) "' P(p)(8p, ®p + 9y, P(p)R)
=—(P(p)P(po)) " P(p)dy, P(p)R.

O

A crucial point in the stability proofs in [3, 4, 8, 10], first realized and used
in [7], is the importance not to loose track of the Hamiltonian nature of (3), in
whichever coordinates the system is written. Thus we have what follows.
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LEMMA 2.6. In the coordinate system (23), system (3) can be written as
p={p,E},+={r,E}, R={R,E}. (26)

Proof. The statement is not standard only for R = {R, F}. Notice that (3)
can be written as

U = Jir-OU+e’™°p-V,(®, + P(p)R) + e’ "°P(p)R

S AL (27)
= %:TjaTjerjaijre P(p)k = JVE(U).

When we apply the derivative R'(U) to (27), all the terms in the lhs of the last
line cancel except for

R(U)e’"“P(p)kR = R(U)JVE(U) = R'(U)Xg(U) = {R, E},

from the definition of hamiltonian field and of Poisson bracket. Finally we use

. d . d . .
R(U)e’™°P(p)R=— RU(r,p,R+sR))=— (R+sR)=R.
ds [s=0 ds [
O
2.3. Reduction of order of system (26)
The following Poisson bracket identities are useful.
LEMMA 2.7. Consider the functions I1;. Then Xy, = 6%1_. In particular
{Hj’Tk}:_ jk > {Hj,pk}EO ) {R,Hj}:(). (28)
Proof. (28) follows from the first claim, which is a consequence of (24):
0
X, (U) =JVIL(U) = JO,U = —.
! aTj
O
We introduce now a new Hamiltonian:

K(U) = EU) = E(®p,) = A;(p(U)) (I;(U) = TL;(Uo)) - (29)

Notice that K (e/™°U) = K(U). Equivalently, ;. K = 0. We know that for
solutions of (3) we have II;(U(t)) = II;(Up) and

{pj, K} ={p;, B}, {R,K} = {R,E}, {7j, K} = {7}, E} + X\;(p)-
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By 0,; K = 0, the evolution of the variables p, R is unchanged if we consider
the following new Hamiltonian system:

pj:{pij}’ 7.-J‘:{ijkv}v R:{R’K}' (30)

It is elementary that the momenta II;(U) are invariants of motion of (30).
Before exploiting the invariance of II;(U) to reduce the order of the system,
we introduce appropriate notation. First of all we set

P i=R" x (S, N Ny (Hy,)) = {(, R)}, (31)
Pri=R" x P" = {(Il, 7, R)}.

We set P = P° and P = PO.

DEFINITION 2.8. We will say that F(t, 0, R) € CM (I x A,R) with I a neighbor-
hood of 0 in R and A a neighborhood of 0 in P~X is Ry and we will write
F= Ri[’(];M, or more specifically F' = R%M(t, 0, R), if there exists a C > 0 and
a smaller neighborhood A’ of 0 s.t.

|F(t.0,R)| < CIRIE_, (IRlls_x + o) in I x A" (32)

We say F = RlK{OO if = ’RZI’(]m forallm > M. We say F = ’RégM if for all
k > K the above F is the restriction of an F(t, 0, R) € CM (I x Ag,R) with Ay
a neighborhood of 0 in P~* and which is F = R’y Finally we say F = R
if F =R for all k.

k,00

DEFINITION 2.9. We will say that an T(t,0,R) € CM(I x A, Bx (R3 R?V)),
with I x A like above, is S}, and we will write T =S¥/, or more specifically

T = S?{J;M(t, 0, R), if there exists a C' > 0 and a smaller neighborhood A’ of 0
ERA
1T, 0, R)llsy < CIRIS_, (IR + o) in I x A" (33)

; _ Qi,j _Qhd _QhJ
We use notation T = S"I, T = SK,Oo or'lT = SOO,M as above.

These notions will be often used also for functions F' = R‘KJ w0, R) and
T= S%M(g, R) independent of ¢.

REMARK 2.10. We will see later that the coefficients of the vector fields whose
flows are used to change coordinates are symbols as of Definitions 2.8 and 2.9.
The definitions of the symbols R* and S in [2, Definition 3.9 and 3.10] are
very restrictive, since they require for the symbols to be defined in I x B’ with
B’ a neighborhood of the origin in S'. The proofs in [2] at most prove that the

coefficients of the vector fields in fact are symbols of the form R?(J’M and S?{]’M
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in our sense. As an example we refer to [2, Lemmas 3.26 and 5.5]. In [2,
Lemma 3.26] the fact that the b; and the (W', Y) are symbols of the form RIF
for some (j,k) in the sense of [2, Definition 3.10], requires preliminarily to
show at least that they are functions of (o, R) for (o, R) in some neighborhood
U of (0,0) in R™ x S'. This is not addressed in [2] and is far from trivial, since
the coefficients of the linear system right above formula (3.60) are unbounded in
any suchU. The justification that the coefficients ®,,, (M) of x in [2, Section 5]
are in S is similarly inconclusive. The key step should be that the homological
equation in Lemma 5.5 can be solved for all parameters k uniformly in the
variable M € R", at least for |M| < a for a fized a. But the homological
equations involve the perturbation of an operator and in [2] the perturbation
is not fully analyzed. For example there is no discussion of the norm ||V —
Vollwe—wr as k grows and |[M| < a. This norm should be expected to grow
and become large, possibly breaking down the proof of ®,,(M) € S. In fact it
is plausible that ®,, (M) € S only for M = 0.

From the above remarks we can see that no coordinate change in the Birkhoff
or in the Darboux steps in [2] is shown to be an almost smooth transformation
in the sense of [2, Definition 3.15]. Because also of the absence of a rigor-
ous discussion on pullbacks of differential forms, we see that the proofs of the
Birkhoff step, [2, Theorem 5.2], and of the Darboux step, [2, Theorem 3.21],
are both inconclusive.

We proceed now to a reduction of order in (30). Write

IL;(U) = 11;(e”"°(®p + P(p)R)) = 11;(®, + P(p)R)
= 2(C;(®, + P(p)R), ®, + P(p)R = p; + I;(P(p)R) (34)
= pj +1L(R)+1L;((P(p) = P(po)) R) + (R, ©;(P(p) = P(po)) R)-

We will move from variables (7, p, R) to variables (7,II, R). Setting ¢; = II;(R),
we have

pj =11 — 0; + U;(p — po, R) (35)
with \le = R%%(p — po, R). The implicit function theorem yields:

LEMMA 2.11. There are functions p; = p;(ILII(R), R) defined implicitly by
(34), or (35), such that p; = I1;—0;+¥; (11, o, R) with ¥(po, 0, R) = R*?(o, R).

We consider now (7,11, R) as a new coordinate system. By a%kl'[j(U) =0it

follows that the vectorfields 6% are the same for the two systems of coordinates.
In the new variables, system (30) reduces to the pair of systems

7.—J’:{ijff}v IL»:O’ (36)
R={R,K}. (37)
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System (37) is closed because of 0, K = 0.

3. Darboux Theorem

In this section we present one of the two main results of this paper. We seek
to reproduce Moser’s proof of the Darboux theorem. Specifically we look for
a vector field X" that will produce a flow as in (79) below. The proof of the
existence and properties of X* is similar to [8], but influenced by the choice of
coordinates in [2]. We also add material to justify, once X* has been found,
the formal formula (79). Notice that for [4, 8] formula (79) does not require
justification because X* is a smooth vectorfield on a given manifold. But the
situation in [2, 10] is different since now X* is not a standard vectorfield on a
manifold and € is not a regular differential form on the same manifold, so Lie
derivative, pullbacks, push forwards and the related differentiation formulas,
require justification.

Notice that, to be useful in the asymptotic stability theory, the change of
variables has to be such that the new Hamiltonian equations is semilinear. This
is why even in [4, 8], where we could apply the standard Darboux theorem for
strong symplectic forms on Banach manifolds, see [1, Chapter 9], it is important
to select X* with an ad hoc process.

3.1. Search of a vectorfield
Recall that Q = (J~! | ) and consider

Qo :=dry Adll; + (J'R', R'). (38)
LEMMA 3.1. At the points e']"'<><1>p0 for all T € R™ we have Qy = Q.
Consider the following forms:

1
By := Tjde+§<JflR’R'>; B:=Bo +a for (39)

a:=—F(p,R)dlI; + (L'(p)R + B(p, R)P*(p)>;P(p)R,R') ,

D) = 577 (P(p) ~ Plpo)) w0
(P*(p)J 'R, 8, P(p)R)
14+ (C;P(p)R,0,, P(p)R)

Then dBg = Qg and dB = Q.

50, R) = 5

Proof. dBg = §p follows from the definition of exterior differential. Set B =
1(J7'U, ). Notice that dB = Q. By (23) we get:
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~ 1 1
B(X) = S (777700, X) + 5 (I PR, TOX), (41)
Set ¥(U) := $(J1e/7°®,,U). Then we claim
1
dyp = §<J_16JT'<><I>p, )+ p,drj,

where in this proof we will sum on repeated indexes. The last formula implies

~ 1

B = dyp = pjdr; + 50T PR, eI, (42)

The desired formula on di follows by

1
dp = =(J7T0,, >+7<eJT'°<>jq>p,U>de+§<eJT'<>J—18pj¢>p,U>dpj

— Nl
— Nl

= §<J*1eJT'°<I>,,7 ) + 5 (03P, B + P(p)R)dr,
1,
+§<J 1810,7- Py, ), + P(p)R)dp;
by 11, 41 g, 1 1,
= §<J te’ O‘I)pv )+ §<<>jq)p’q)p> drj + 5 (J laqu)paq)p> dpj.
— —
pj
By Lemma 2.5 and using P(p)*J ! = J~1P(p) we have

ST PR, e ) = TR PR )+ L (R, Pp)JO;P(p)R)dr,

0 by (14)

45T R, P2y, P(0)R)dp;
= SUTTRR )+ S RAPG) - Plo) )
I (P(p)R)dr; + 5 (TR, P(p)dy, P(p)R)d;
So by (42) and using P(p)J = JP*(p) we get

B —dy =—(p; + I;(P(p)R))dr; + 5 ('R, R")
5T R ()~ PIo))R') — 3 (P* (7)™ R, 0y, P(p) R)dy.

Then da = Q — Qg for

a:= B — di) — By + d(T1;7;)

= SR (P() ~ Po)R ) — 5P ()R, 8, P(p) R)d;
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By p; =1I; — II;(P(p)R) we get
dp; = dll; — (O; P(p)R, P(p)R') — (O; P(p)R, Oy, P(p) R)dp;.
Then inserting the next formula in the formula for «, we obtain (40):

o A — (O P(p)R, P(p)R')
Pi= 150, P(p)R, 0, P(D)R)

(43)
O

In the Lemmas 3.2-3.6 we will initially consider the regularity of the func-
tions in terms of the coordinates (7,p, R).

LEMMA 3.2. We have 8; € C*(O x £_,,,R) for any n. For any pair (n,n’)
we have I' € C* (0, B(X_,/,X,)). Summing on repeated indezes, we have

da = —apkﬁjdpk A de — <VRﬁj, R/> AN de
+dpi A (Op, [T(p) R+ B3;(p, R)P*(p)©; P(p)R], ) (44)
+(VrB;, R') N (P*(p)C,;P(p)R,R") + 2(T'R", R’) .

Proof. Follows from a simple computation. In particular, for a L € B(X;, L?)
fixed, we use the formula

d(LR,R)(X,Y)=X(LR,RY) - Y(LR,R'X) — (LR, R'[X,Y])
= (LR'X,RY) — (LR'Y, R'X).

LEMMA 3.3. Summing on repeated indezes, we have

da = 84,0y, B;d1L; A dTTy + (T + (010,, B; — 0;0p, Bx) Ox P(p) R, R') A dI1;
+2(C(p) R, R) + (B, B') A (P (p)©; P(p)R, R')
where we have (this time not summing on repeated indexes)
~ 1

Oki= 17 (CxP(p)R, 0, P(p)R)’

T;:=—VaB; —§;[0, TR+ Bidy, (P*(p)O:P(p)) R]
=1

+ " (0k0p, Bj — 3;0p, B) (P (p) — 1)OxP(p) R
k=1

Bj = VRﬂj + gjap]» (F + Zﬂkp*(p)okp(p))R'
k=1
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Proof. Follows by an elementary computation substituting (43) in (44) O

LEMMA 3.4. For any fized large n and for eg > 0, consider the set Ug C P =
{(p,R)} defined by |R||s_, <eo and |p—po| < e9. Then for ey small enough

there exists a unique vectorfield Xt : Ug — P which solves ixt§ = —a, where
Qt = Q() + t(Q — QQ)

Proof. First of all we consider Y such that iy Q5 = —a, that is to say

(V)7 dIL; — (Y)u,drj + (J ' (Y)r, R)
= B3;(p, R)dIL; — (T(p)R + B;(p, R)P*(p)O,; P(p)R, R') .
This yields

(Y)r, = B;(p,R) = R>*(p,R) ,  (Y)m, =0,
(Y)r = —P(po)JT(p)R — B;(p, R)P(po)J P*(p)©; P(p) R (45)
=S (p = po, R) + R"*(p, R)P(po) P(p)JO; P(p)R.

Equation iyt{); = —a is equivalent to
(1+tK)X' =Y (46)

where the operator K is defined by ixda = ixx€. In coordinates, (46) be-
comes (X*)r, = 0 and, for P = P(p),

(X)r, + HT5 + (0x0p, B — 030, 85) Ok PR, (X' ) = =53}, (47)
(X" R+ tL(X") g = (Y)R ,where for X € Ny (H},) (48)
LX = P(py)J [2FX +(B;, X)P*0,;PR — (P*0;PR, X)B;] . (49)

(49) implies the following lemma.

LEMMA 3.5. We have, summing on repeated indexes, with i varying in some
finite set,

where: W; = S%%(p — po, R); for L = A;,B;, we have L € C*(Ug, B(L?,R))
with
L(X) = Lj (O;R, X) + (L, X), (1)

where we have L = S™9(p — po, R) and L; € R®°(p — po, R).
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Proof. Schematically, for L= S%%(p—po, R) and ¥; = S*%(p—pp, R) we have
P(p)R=R—Pn,(p)R=R+ Z(zu R)Y;,
P*(p)OrR = Ok R — Py (p)OxR = OxR+ Y (Li, R)V;.

Then (P*(p)OxP(p) — ©x)R = S (p — po, R).
By the definition of 3; we have

Bj = Zgj(apjﬁk)okR +L
k
~ 1 ~
L= Vrf;+ 5771000, P(O)R+ ) By, (P*(p)OxP(p)) R
k
= 35500, 84 [ PR, (1) OrP(O)R + O P, (D))
k

where L = S%L_(p — po, R).

,00

We also have TX = 1J%(Py,(po) — Pn, ()X = 3,(Li, X)¥; with L;

o

SL0(p — pg, R) and ¥; = S%0(p — py, R). This yields the result.
LEMMA 3.6. System (47)—(49) admits ezactly one solution X*. For A; =
Ry%(t,p = po, R), D =Sy L (t,p — po, R) with |t| <3, we have

(Xt)R =A;JO;R+D. (52)

Proof. Recall Y defined by iyQ = —a. By (45) with A; = R%2 (p — po, R)
and D = 8L (p—po, R) we have (Y)g = A;JO;R+D. By (X!)g+tL(X)g =

,O0

(Y)r and Lemma 3.5 this implies for X = (X')g
(OkR, X) +tB;(X)(OkR, ¥;) = (O R, (Y)r)
(L, X) + tA;(X)(L, JO;R) + tBy(X)(L, ;) = (L, (Y)g),

as L runs through all the L = A;, B;. Taking appropriate linear combinations
of these equations with the coefficients L; of L = A;, B;, see Lemma 3.5, for a
matrix R%!(p — po, R) whose coefficients are R%!(p — po, R), we get

e Ai(XR)\ _ (Ai((Y)R)
(1+ R (p ~ po, R)) (&((Xt)ﬁ)) - (Bz-<<Y>§>> |

Then we get

A;((XR) _ 010, —1 (Ai((Y)R)
<Bi((Xt)R)>(1+tR (p —po, R)) < i > (53)
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Using the left hand side of (53) set

LX) = A;j(X")r)JO; R+ Bi((X')r)¥;. (54)

The rhs of (54) satisfies the properties stated for the rhs of (52). Finally set
(Xr = (Y)r — tL(X")g. This is a solution of (48). It is elementary to
see from the argument that such solution is unique and that it satisfies the
properties of the statement. O

With the proof of Lemma 3.6, the proof of Lemma 3.4 is completed. O

Turning to coordinates (7,II, R) and by Lemma 2.11 we conclude what
follows.

LEMMA 3.7. Consider the coordinate system (7,11, R). For G any of the A;,
D in Lemma 3.6, we have G = G(II,II(R), R), with G(I, o, R) smooth w.r.t.
(IL, 0, R) € Ua, with Ug formed by the (I1, o, R) € R?™ x (84N Ny (Hyp,)) defined
by the inequalities ||R||s_, < e, |o| <€ and |II—po| < € fore > 0 small enough.
3.2. Flows

The following lemma is repeatedly used in the sequel, see [2, Lemma 3.24].

LEMMA 3.8. Below we pick r, M, My,s,s', k,l € NU{0} with 1 <1 < M.
Consider a system

7 = Tj(t,ILTI(R),R) , 1I;=0,

R = A;(t,T,TI(R), R)JO,; R + D(t, 11, TI(R), R), o

where we assume what follows.
* Py, (py)(AjJO; R+ D) = 0.
o At 1l = pgy, dropping the dependence on Il and for U_, a neighborhood of
0 in P~", we have A(t, 0, R) € CM((=3,3) x U_,,R™) and D(t, 0, R) €
CM((-3,3) xU_,, %)
o In (=3,3) xU_, for a fized i in {0,1}, and a fized C.., we have:
|A(t, 0, R)| < C||R|IF",
ID(t 0, Rz, < C(lol + [IRls_.) [ RIZ",
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Let k € ZN[0,r — (I 4+ 1)d] and set for 8" > d (or s" > d/2 if d/2 € N)

"

U ={(r,ILR) e P : MW=py, |Rls_, +|L(R)| < e} (57)

Then for €1 > 0 small enough, the initial value problem associated to (55) for
Il = po defines a flow § = (FL,F%) fort € [=2,2] in UL . In particular for
IT = po, for R in a neighborhood Bs,_, of 0 in X_j, and II(R) in a neighborhood
Bgrno of 0 in R™ , we have

FR(R), R) = 1RO (R 4 S(t, TI(R), R)), (58)
with § € C'((—2,2) x Brno X By, 5y (141)a) (59)
q € C'((—2,2) x Bgno x Bx_,,R™).
For fized C > 0 we have
Mo+1
lq(t, 0, R)| < CllR[I5 ), (60)
”S(ta o, R)||Zr—(L+l)d < C(|Q| + HR||E(l+l)d—r)Z||R||XA:4(?+1)L17T'
Furthermore we have S = 81 + Sy with
t
S\t 1(R) B) = [ D I(RW), B o
0

”SQ(ta 0, R)|

2My+1 3
2, < CIRIZO (o] 4 [ Rllsqo )

Forr—(I+1)d>s'>s+Ild>1ld and k € ZN[0,r — (I 4+ 1)d] and for ey >0
sufficiently small, we have

F e Cl(=2,2) xU ., P*). (62)

€1,k

Furthermore, there exists ea > 0 such that

FHUS ) Uy, forall [t < 2. (63)
We have
St(etlT-OU) = eJT-QSt(U)' (64)

Proof. It is enough to focus on the equation for R. Set S = e /9°R for
q € R™. Then consider the following system:
S - eil]q.OD(ta o, ejq.OS) )
i=A(t,0,e’"°S) , q(0)=0, (65)
0j = (S,e” 7190, D(t, 0,e77°9)) .
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For | < M and k,s" € [0,7— (I+1)d] the field in (65) is C*((—3,3) xU_p,, g ¥
R20) with U_j, C ¥_p xR?"0 a neighborhood of the equilibrium 0. This follows
from the fact that (¢, X) — €/7°X is in C'(R™ x £, %y ;q) for all £ € Z and
from the hypotheses on A and D. For example

(t.q,0,8)—e 770, D(t, 0,e”7°8) € C'((—3,3) x R*™ X Sig_r, £y 141)d);
(more precisely for (g, g, S) in a neighborhood of the origin). So
(t,q,0,S8)—(S, e_Jq'OOjD(t, 0,e77°89)),

is in C'((—3,3) x R?" x ¥_4; R) for k <7 — (I+1)d (for (g, 0, S) near origin).
For [ > 1 we can apply to (65) standard theory of ODE’s to conclude that there
are neighborhoods of the origin Bgen, C R?™ and By_, C ¥_j such that the
flow is of the form

S(t)=R+S(t,o,R), S(0,0,R)=0,
)=4q(t,0,R), q(0,0,R)=0, (66)
)=o+0o(t,o,R), 0(0,0,R)=0,

with 8 € C!((—2,2) x Bgno X Bs_,, % _(+1)a)

: (67)
0,q(t,0,R) € C*((—2,2) x Bgno X By_,,R™).

For S € ¥4 N Byx_, and S(0) = S, choosing s > d we have S(t) € ¥q with
II(S(t)) = o(t) for p(0) = o =TI(S). Then (67) yields (59) (we can replace ¥q

with Xa if § € N). (58) and (59) yield (62).
We have for R(0) = R

R(t) = /1D (R + / t e~ 71D o(t'), R(t))dt"). (68)
0

By (A6), for e = 0, and by (56), for |s”| < r — (I + 1)d we have
t
[R5, < ClIR]s,. +C/O D, o(t), R(t')lls, dt’
t
< C|R|s,n +C/ IR, (lo) + | R(t)=_,)'dt"  (69)
0

< C|R|

t
5+ C [ IREIES, ()] + IR, )t
0

with the caveat that the second line is purely formal and is used to get the third
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line, where the integrand is continuous. Proceeding similarly, for p(0) = o

lo(t) —o| < /| ), oD, R(t'), o(t'))|dt’

= / IR 50 IDE o), REDs, 1ot (70)
: C/ IREIETE (o) + [RE) s, )dt

So for |s”| <r — (I 4 1)d, using the continuity in ¢’ of the integrals in the last
lines of (69) and ( 0), by the Gronwall inequality there is a fixed C' such that
for all |t| < 2 we have

1ROz, <ClRls,. (71)
lo(t) — ol < CIRIEST (ol + I Rllzsna )" (72)

S41)d—r
By (71) for s” = s’ and s” = —k and by |o(t) — o| < C||RHM°+1(|Q|+ IRls )%,

we get &'t(Z/{j;k) C L[;l/k for all [t| < 2 for £1 > €9, that is (63).
We have

t
S(t,0,R) = / e~TIEOD( o(t), R(t))dt),
0

Proceeding as for (69) and using (71)—(72) we get the estimate for S in (60).
The estimate on ¢ is obtained similarly integrating the second equation in (66).
We have

1 t
Ss(t, R, 0) = / dt” / e~ "1ty - OD(H, olt), R(t'))dt (73)
0 0
Then by (71)—(72) we get

t
1S2(t, R, 0)|ls, _a < C”/ gD, o(t), R(E)) s, _adt’
0

(74)

Y41)yd—r

2Mo+1 i
< ClRIs, o, el + 1Rl e,
(1+1)

This yields (61). (62) follows by (58)—(59). Finally, (64) follows immediately
from (58). O

t
sc% IREESL (o(t) |+ R | 50na., )idt

LEMMA 3.9. Assume hypotheses and conclusions of Lemma 3.8. Consider the
flow of system (65) for Il = pg . Denote the flow in the space with variables
{(e,R)} by §* = (3,,8%)- Then we have

§h(o,R) = e’1-¢ RO (R + S(t, 0, R))

_ (75)
3.(0, R) = 0+ 0(t, 0, R).
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Furthermore, the following facts hold.

(1) Let k € ZN[0,r — (I + 1)d] and h > max{k +1d, (2l + 1)d — r}. Then
we have F' € CU((=2,2) x U_y,, P~") for a neighborhood of the origin
U_y C Pik.

(2) Let h and k be like above with h < r — (I + 1)d. Then given a func-
tion RZ:IZ(Q, R), we have RZ? ot = RZ:?(t, 0, R) and given a function
SZ’,?(Q, R), we have SZ? ot = SZi?(t, o, R).

Proof. (75) follows by (66). By (67) we have
S €C((-2,2) XU, Sr_(11)a) » ¢ and T € CH((—2,2) x U_y, R™).

By the above formulas we have §% € C'((—2,2) X U_k, Sy _(2151)d N S—k—1d)-
This yields g% € C((—2,2) x U_g, X _}) and yields Claim (1).
By Claim (1), RV ot € C1((—2,2) xU-_y, R™). Let (o', RY) = §(0, R). Then

a,b a,b a
[Ry) 0§ (0, R)| =Ry (o, R)| < C'| RS, (IR |5, + [o"])
< CIR|%_, (IRlls_, +le)* < CIIRI%_, (IRlls_, + le])*,

where the first inequality uses Definition (32), the second uses (71)—(72) for
s" = —h and the last is obvious. Similarly by Claim (1), SZ:ZZOSt € C'((~2,2)x
U_g, Eh) C Cl((—Q, 2) X U_p, Ek) and
a,b a,b a
18570 (0", B) s < IS5 (2" RY)llss,, < CUIRIS:_, (IR I, + l0*])
<C|RI%_, (IR, +le)* < ClIRI%_, (I Rlls_, +[e])*.

O

To prove Theorem 6.4 we will need more information on (II(R(1)), R(1)).
This is provided by the following lemma.

LEMMA 3.10. Consider, for D the function in (55) at II = pg, the system
S(t) = D(t,1L(Ro), S(t)), S(0) = Ry. (76)

Then for S’ = S(1) and for R' = R(1) with R(t) the solution of (55) with
R(0) = Ry, we have (same indexes of Lemma 3.8)
IR = S'lls_, < ClRolls"?,

) 77
(R) = TI(S") = RLTM™FH(TI(Ro), Ro). (77
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Proof. Recall that for ¢ = II(R) we have ¢ = (R, OD(t, 0, R)). Similarly, for
o = TI(S) we have & = (S, OD(t, o, S)), where gy = II(Rp). So we have
= <R - S7 <>D(t7 0, R)> + <Sa O(D(ta 00, S) - D(ta 0, R))>

By (56) for fixed constants and using s’ < r — d, we have

lo—olSIR-Sls_,

—s

SIR-S|s_.,

—s

D(t, 0, R)lls, + [IS]l=_.,
Rlg® (lel + [Rls_..)" + 1o = ool IS]=_.,
HIR = Slls_ I1Sls ., (R S)1E (e o)l + (R, ) )"

D(t7 00, S) - D(t7 0, R)HZT
(R, 95"

—s!

—s
’

We have R — S = D(t, 0, R) — D(t, 0o, S) + JA(t, 0, R)(t, 0, R) - OR and hence
for fixed constants we have, using s < s’ — d,

t
1B = Slls_,, S/O [ID(e, R) = D(eo, 9)lls_,, + Al R][=_.]dt!

t
< / (IR — Sl (B9 (I(0. 00)| + IR, Sl
+Ho— ol [I(R, )&, + [|RI&°H]dt".

Recall that |0 — go| < C\\Ro||g{f;jj)dﬁ(|g0| 1 Rolls g, ) by (72), that s <

r—(l+1)d and that we have (71) for s = —s, —s’. Then by Gronwall inequality,
the above inequalities yield

IR(t) = S@t)lls._, < Cl|Roll5"*?

lo(t) = a(t)] < Cl|RollF" (| oo| + | Rolls_.)".

This yields the bounds implicit in (77). The regularity follows from Lemma 3.8.
O

(78)

3.3. Darboux Theorem: end of the proof

Formally the proof should follow by iy:€; = —c«, where Q; = (1 — t)Qg + t€Q,
and by

d d )

But while for [4, 8] the above formal computation falls within the classical
framework of flows, fields and differential forms, in the case of [2, 10] this is
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not rigorous. In order to justify rigorously this computation, we will consider
first a regularization of system (55).

LEMMA 3.11. Consider the system

’i_j = Tj(tvﬂvH(R)aR) ) ﬁj =0,

R = A;(t, I, TI(R), R)J(e>) "2, R + D.(t, I, TI(R), R), (80)

where D = D + Aj Pn, (py) /(1 — (e©) )R

(1) For |e| <1 system (80) satisfies all the conclusions of Lemma 80, if we
replace < in (58) with (e0)~2< (resp. D in (61) with D, ), with a fized
choice of constants €1, €2, C, and with a fized choice of sets Brno, By_,.

(2) For Xt the vector field of (55), denote by X! the vector field of (80). Let
n' > n+ d with n,n’ € N. Then for k € ZN|0,r] we have
liH(l) X=Xt in CM((-3,3) x Z/{g:k,ﬁ”) uniformly locally, (81)

0
that is uniformly on subsets of (—3,3) X Z/{E’g,k bounded in (—3,3) x P

(3) Denote by §t = (FL.,Tr) the flow associated to (80) at Il = py. Let s',s
and k as in the statement of Lemma 3.8. Then there is a pair 0 < g1 < &g

such that

g

;i_ra% F=5inCY([-1,1] x L[ik,b{;o’k) uniformly locally. (82)

Proof. For claim (1), it is enough to check that D, satisfies an estimate like
the one of D in (60) for a fixed C for all |¢] < 1. Indeed, after this has been
checked, the proof of Lemma 55 can be repeated verbatim, exploiting (A6) for
€ # 0 and with © replaced by (e0)~20.

The estimate on D, needed for Claim (1) follows by the definition of D, , by the
estimate on D, by Py, (p,) = €a(€;, ) (sum on repeated indexes) for Schwartz
functions e, and e} and, for n € N with n —1 > s+ d, and by

1PN, (po) S i (1 — (€ Be_, s

< llea(J0i(1 = () )en, M-, (83)
< llealls, [I(1 = () )ezlls, 1a < ClO)]lealls, lle]

b

Cle) = |01 = (X)) |lB(z,, 50 1a) is bounded by (4) for e[ < 1 for any pair
(r',r) with v/ > r+d.
We consider now Claim (2). We have
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X' — X! = Aj(t,0,R) (J(1 — (e0)2)OjR — P, () JOj(1 — (€0) *)R) .

e—0

We have Py, () /(1 = (€0)7?)R *=" 0 for R € X,/ for any n’ € Z because

e—0

in fact C'(e) — 0 by (5), with C(e) defined like above for any pair (r’,r) with
' >r4d.
Still by (5), for n > n’ +d and for R € 3, we have by (A5)

17O = (e0)"*)Rl|s, < |01 = (e0) Bz, 2 Rls,, . (84)
< Ol = () ), 20w lIBls,, = 0.

These facts yield (81).

We turn now to Claim (3) and to (82). By the Rellich criterion, the embedding
Y, = % for a > b is compact. Hence also P® < PP is compact. Then (82)
follows by the Ascoli-Arzela Theorem by a standard argument. O

COROLLARY 3.12. Consider (55) defined by the field Xt and consider indexes
and notation of Lemma 3.8 (in particular we have My =1 and i = 1 in (56)
and elsewhere; v and M can be arbitrary). Consider s',s and k as in 3.8. Then
for the map §' € CYUE ., P*) derived from (62), we have F*Q = Q.

e1,k?

Proof. € is constant in the coordinate system (7,II, R) where R € N, qL (H;, )
with Qg = dr; AdIL; + (J~' | ), where we apply (J~! , ) only to vectors in
the R space. Hence g is C* in R € L?, 7 and II, with values in B%(L? R).
From Lemma 3.3 we have that do, so also Q by Q = Qg + da, belongs to
> 507k7B2(P,R)) for an €y > 0, and so also to C™(UZ, ,, B*(P*,R)). Let
now r—(l+1)d > s >s+Id and k € ZN [0, — (I + 1)d]. Then for a fixed
0 < &3 < &1 and for all |¢] < 1 we have

§LECH(=2,2) X US UL, 1), BLUS, ) C Uy forall [t <2 (85)

€2,

by Lemma 3.8, for a fixed [ > 2. By Lemma 3.11 we have uniformly locally
lim §¢ = §* in C'([~1,1) x US, . Uz, 4)- (86)

ycus

Ez,k

Let us take 0 < g3 < &9 s.t. sg(us/

Eg,k

for all [¢t| <2 and |e| < 1.

In Z/lj; . the following computation is valid because X! is a standard vector field

in U;ll . and similarly €, is a regular differential form therein:

1 1
d d
FrQ - Qo 2/ o (o) dt = / 3 (LX:Qt + dtQt) dt
0 0

1
:d/ 3 (i + ) dt.
0
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where we recall ; = Qo + t(2 — Q).
If we consider a ball B in U7, ; , in the notation of Lemma 3.1, for some function
Y. € CH(B,R) we can write

1
F(Bo + @) — By + dyp. = / B (iae S + o) dt, (87)
0
By (85)—(86) we have
lim (51" (Bo + ) = Bo) = §'*(Bo + ) — By in C'~( S w B(PY.R)).

The set T := {FL(B) : |t| < 2,]e] < 1} is a bounded subset in L{j;,k because of
(71)—(72). Then by (81) we have
lim X! = X' in C°((—2,2) x T, P*) uniformly .

e—0
Hence by ix:Q; = —a we get

hH(l) (iX:Qt + a) =iy +a=0in C°((-2,2) x T, B(ﬁs,R)) uniformly.

This implies

1
lim || /0 Fe (12 + @) dtll oo g (5o )

e—0

< Clim flaxe 2 + all Lo 0,11, 5P+ 7)) = 0

for C' an upper bound to the norms [|(§2*) 5t (v) : B(P¥ | R) — B(P*,R)|| as v
varies in B. Notice that C' < oo by (82).
By (87) we conclude that uniformly

lim die = By — " (Bo + ) in C°(B, B(P*,R)).

Normalizing 1 (vg) = 0 at some given vg € B, it follows that also ¥, converges
locally uniformly to a function 1y with dig = By — F*(Bg + «). Taking the
exterior differential, we conclude that §*Q = Qo in C<UZ, ., B2(P* R)).

O

4. Pullback of the Hamiltonian

In the somewhat abstract set up of this paper it is particularly important to
have a general description of the pullbacks of the Hamiltonian K. Our main
goal in this section is formula (101). This formula and its related expansion in
Lemma 5.4 obtained splitting R in discrete and continuous modes, play a key
role in the Birkhoff normal forms argument.

The first and quite general result is the following consequence of Lemma 3.8.
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LEMMA 4.1. Consider § = §10--- 0§ with §; = 3;21 transformations as
of Lemma 3.8. Suppose that for j we have My = m;, with given numbers
1 <mq <..<mygp. Suppose also that all the j we have the same pair v and
M, which we assume sufficiently large. Leti; =1 if mj=1. FizO<m' <M

(1) Let r > 2L(m' + 1)d + s > 4L(m' + 1)d + s1, s1 > d. Then, for any
e > 0 there exists a & > 0 such that § € Cm/(U§7Z,M;71h) for0<a<h
and 0 < h <r—(m'+1)d.

(2) Letr > 2L(m'4+1))d+h > 4L(m/+1)d+a, a > 0. The above composition,
interpreting the §;’s as maps in the (o, R) variables as in Lemma 8.9,
yields also § € C™ (U_o, P~") for U_q, a sufficiently small neighborhood
of the origin in P~®.

(8) For U_, C P~ like above and for functions R"7 , € C™ (U_4,R) and

a,m’

Sfljm, € C™ (U_q,%4), the following formulas hold:
I(R') :=T(R) o § = I(R) + R, " (TI(R), R),
pi=poF=p+ Ry (I(R), R), (88)

Cp = Pp + Szl,;:zyfl—H(H(R)v R).
(4) For a function F such that F(e’/7°U) = F(U) we have

Fo3(U)=F (cbp + P(p)(R+ S + S;Q,;Z;}“) K =1 —7L(m + 1)d.
Proof. Recall that by (62) we have §; € C"™ (u(f;’h,u;j’h) for v — (m’ 4+ 1)d >
8% > sj+m'd and appropriate choice of the 0 < &’ < ¢; and for h € ZN 0,7 —
(m/ 4+ 1)d]. So for the composition we have § € C™ (U5 uz,) for a < h.

el Lar
The inequalities r > 2L(m' + 1)d + s, > 4L(m' + 1)d —lf s1, s1 > d can be
accommodated since r is assumed sufficiently large. This yields claim (1).
By Lemma 3.9 we have §; € cm (L{,thjm/d,P’h*(j*l)mld) with U_p4jmra C
Pphtim'd 5 neighborhood of the origin. So for the composition we have § €
C™ U_q,P~") for a < h — Lm'd. The conditions r > 2L(m’ + 1)d + h,
h > 4L(m' +1)d + a and a > 0, can be accommodated since r is assumed
sufficiently large. This yields claim (2).
We now prove (88). Let first L = 1. By (58) we have R' := (§1)r(II(R), R) =
el (R + S:}_’Tﬂ;,+1)d7m,), where we use M > m/. Here we will omit the
variables (II(R), R) in the S’s and R’s. Then we have for o’ =7 — (m’ + 1)d

I(R') =T(R+ S, =TI(R) + Ry Hl. (89)
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Here we have used

1S5 i
—al+d a’m/ 1Z,+

(R, 08| < IRlls

By p; = II; — I;(R) + R%*(II(R), R) we get
Py = I —IL(R)+RY*(I(R'), R')
= II; - II;(R) + RO2(II(R), R) + R4 b = p; + R4

a’—d,m’ a’—d,m’

(90)

This yields (88) for L = 1 since a < r —4(m’ +1)d < @’ —d. We extend the

proof to the case L > 1. We write here and below §' := §10---0Fr_1. We

suppose that §Fr(II(R),R) = e/T(R+S."™ ) for a}_,; <r—2(L —1)m'd,
L—1

which is true for L — 1 = 1. Then

’
,m

/_ J(qoFL)C ( ,JqL-© iL,mr i1,my
R = eJ(ao5e (e L (R+ST7(m,+1)d7m/)+Sa/L71)m,ogL)
_ ,J(goFL+qL)-<© ir,mr —Jqr -0 Qi1,ma
=e L (R + Srf(m’+1)d,m/) +e ‘ Sa/Lilfm’d,m’> )
where q;, = RST(LanTil)d ., and where we used the last claim in Lemma 3.9.
Since e_JQL‘OSil,L’T;_m/dvm/ = SZZTII—Qm/d,m/ we conclude that there is an ex-
pansion R’ = ¢’7%(R+ S!’™) for a, < a},_; —2m’d. Then
L
Sr(I(R),R) = e’T°(R + sgzj’;;,) ,al =7 —2Lm'd. (91)

For o/ = a/, formulas (89)—(90) continue to hold. By a < a’, —d this yields (88).
We consider the last statement of Lemma 58. For ¢’ =r — (m’ + 1)d we have

F(31(U) = F(®y + P(p)e’™ ©(R+S1))
= F(®, + P(p)e’™ (R + S ) + ST+

a’,m’

—F (leh-<> (q>p +P(p)(R+ S ) + y))

with
Y = (€70~ 1)@, + [P(p). e O)(R+ S5 ) + ¢S
We claim
i1,m1+1
Y =S (92)
To prove (92) we use (e/9°¢ — 1), = Sil_’r(n%:_ll)d’m, = SZ%::Z}H. This follows

from ®, € C*(0,S) and

1
(7% = 1)@, |, < \qu|/0 |10 @, | dt < Cilgy| [0 ®ply, - (93)
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Schematically we have, summing over repeated indexes and for e;, e} € S,

[P(p), e’ ) =[e/°, Py, (p)] = e’ “e;e}, ) — ;e /€], )
:( Jao 1)ej<e;a > - ej<( —Jare 1)6;, >

0, +1 * 0, +1
Sr m(’;n '+1)d, m’< K > + eJ<Sr TY(L;n '+1)d,m”’ >

This yields for any a” <a' =7 — (m’+ 1)d

[P(p), e’ YR+ Sy5"s) = Sy,

a’’, a’

We have e=/41°8" ”:31:;1, =S m(;jlﬂ) . Then (92) is proved. Then
F(§1(U)) = F (O + PR+ S5 )+ So 5 ) (94)

for @’ = r — (m’ + 1)d. This proves the last sentence of our lemma for L = 1.
For L > 1 set once more § := F10---0Fr_1. We assume by induction that

F(F'(U)) equals the rhs of (94) for o’ = a},_, :=r —2(L —1)m/d. Then using
S“’m1 o = S;l’z}d v from Lemma 3.9, by (88) for § = §, and by (92) with

the index 1 replaced by index L, we get
F(S(U)) = F(®y + P@)e’ ™ (R+SETL )

s 5 +1
+ P(pl)sle’[l?jlll—m’d m/ + SZI " m’d,m’ )

ay_

= F (/1 [0, + P(p)(R+ S5 g ) + Szl,mlﬂ 1.

_ ’
ay _,—2m’d,m’

We conclude that F(F(U)) equals the rhs of (94) for ¢} = r — 2Lm'’d. In
particular this proves the last sentence of our lemma for any L. O

LEMMA 4.2. For fized vectors u and v and for B sufficiently regular with
B(0) =0, we have

B(lu+v[}) = B(lufi )+B(\V| )
+Z/ 2 Jl 8]“ )t=00s[B(|su + tv|})] dtds
7)3

N / dtds / 020, [B(su + i L=l ar.
0.1 0 3!
(95)

Proof. Follows by Taylor expansion in ¢ of
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B(ju+v[) =B (|u?) / OB (ju + tv[2)dt
:B(|u|1) +B(|V|1)+/ dtds 88(9t[B(|su+tv|%)].
[0,1]2

O

LEMMA 4.3. Consider a transformation § = §10---0§, like in Lemma 4.1 and
with my = 1, with same notations, hypotheses and conclusions. In particular we
suppose r and M sufficiently large that the conclusions of Lemma 4.1 hold for
preassigned sufficiently large s = s7, k' and m’. Let k < k' — max{d, ord(D)}
and m < m/. Then there are a (o) € C* with ¥ (o) = O(|o|?) near 0 and a
small € > 0 such that in U we have the expansion

K oF=4(I(R)) + %Q(HPP(p)R, P(p)R)+ Ry + Ep(P(p)R) + R" (96)
4

R":=Y (Ba(R,II(R)), (P(p)R)") + /]RB Bs(x, R, R(x),II(R))(P(p)R)° (x)da
d=2

with:
 Rim = RimL(R), R);
e B5(0,0) =0;
o (P(p)R)%(x) represent d—products of components of P(p)R;

o By(,R,0) € O™ (U_, Tk (R, B(R?N)®4 R))) for2 < d < 4 withU_y, C
P~k a neighborhood of the origin;

e for ¢ € R?N with [¢| < ¢ and (o, R) € U_ we have fori <m
Vz.¢.0B5(R. ¢, 0)lls, me,B(R2N @5 R) < Cii. (97)

Proof. Here we will omit the variables (II(R), R) in the S’s and R’s.
By Lemma 4.1 for m < m’ < M, k 4+ max{d,ord(D)} < k' <r — L(m' + 2)d,

we have
KFU) = E(@,+P@)R+Pp)Sy,., +S5°) — E ()
~(0) + R (T (@, + PO)R) + RYZ, — T (@)
(98)
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where, by (88), we have used p' :==poF=p+ Rl 2 and where by k < k' —d
IL;(®, + P(p)R + P(p)Syt, + S1°) = 1Li(®, + P(p)R) + R;2,

Set now ¥ = &, + P(p)S;;",,, +S,”,/. By (95) for u =V and v = P(p)R

Ep(¥Y+ P(p)R) = Ep(¥)+ Ep(P(p)R)

1 .
.
+Z/RS dz /[O ; F(ag“)‘t:OaS[Busxp + tP(p)R|?)]dtds
j=0 . ’

3 .
o
DN RE /[ 1O 0B + PR s
j=2 A2

o t N3
+ / da / dtds / 90,[B(|sv + +P(p) R 'T) dr.
R3 [0,1]2 0 3!

The last two lines can be incorporated in R”. For example, schematically we
have

020, B(|s®, + TP(p)R[7) ~ B(s®, + TP(p)R) ¥, (P(p)R)’,

for some B(Y) € C°°(R2N BS(R2N R)). This produces a term which can be
absorbed in the Bs term of R”. In particular, (97) follows from (2). The terms
in the third line of (99) can be treated similarly yielding terms which end in
the By term of R” with d = j + 1.

The second line of (99) equals

/ d:z:/ dtds 3 (aﬁl)‘t o0 { Blls®, + tP()RE) +
R3 0,1]2 = 0 (100)

+ / Ar0- [B(|s(®, + T(P(p)SE, + SE2,) + tPOIRE)] }.
0
The contribution from the last line of (100) can be incorporated in R” +’Rifn
By k < k' — ord(D) we have
Ex(¥ + P(p)R) = Ex(¥) + (DD,, P(p)R)

Ry

+(D(P(p)S); 0 + S ) P(0)R) +Exc (P(P)R).

Notice that from the j = 0 term in the first line of (100) we get

Z/RS dx/o dsas[B’(|s<I>p\%)s<I>p 1 P(p)R] = 2/R3 de'(|¢p|%)<I>p 1 P(p)R
=(VEp(®,), P(p)R).
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By (6) and (16), that is VE(®,) = A(p) - 0P, € Ny(H;), and by P(p)R €

N;-(Hp), we have

(D%, P(p)R) + (VEpP(®p), P(p)R) = (VE(®), P(p)R) = 0.

The j = 1 term in the first line of (100) is (V?Ep(®,)P(p)R, P(p)R) which
summed to the Ex (P(p)R) in (4) yields the 1Q(H,P(p)R, P(p)R) in (96).

We have Ex (V) + Ep(¥) = E(¥) and

o RL:2

k,m

E(V) = E(®,) + (VE(®,), P(p)Sy),.) + (VE(®,), 87 ,) +R,.2

,m’ k,m*

The last term we need to analyze, for for d(p) := E(®,) — A(p) - (D)), is

E(®,) — E(®,,) — Z Aj () (L (®p) — T (Dp, )

= d(p) — d(po) — D _(Nj(po) — Aj(0))po; =: V(P o),

J

where 9(p,po) = O((p — po)®) by p,d(p) = —p - 9p; A(p). Notice that ¢ €
C>(0?,R). Now recall that in the initial system of coordinates we have p’ =
I — (R + R (II(R), R'). Substituting p’ and II(R’) by means of (88),
and R’ by means of (91) we conclude that p = py — II(R) + R%,in/. Then
¥(p.po) = Y(IL(R)) + Ry, with $(0) = $(po — ¢,po) a C> function with
1(0) = O(|o|?) for o near 0. O

LEMMA 4.4. Under the hypotheses and notation of Lemma 4.3, for an R’ like
R’ for a ¢ € C> with (o) = O(|o|?) near 0, we have

Kog:¢muR»+%Q@@JaRy+R;;anR%Ry+EﬂRy+Rc (101)

4
E:Z@mﬂ@u%+m&@mmmmmﬁwm
d=2

the By for d =2, ...,5 with similar properties of the functions in Lemma 4.3.

Proof. We have
P(p)R = R+ (P(p) — P(po))R = R+S" (p —po, R) = R+ S"!(I[(R), R).

Substituting P(p)R = R+ SY'(II(R), R) in (96) we obtain that R}“Qn + R is
absorbed in R,lfzfn(H(R), R)+R’. This is elementary to see for the terms with
d < 4. We consider the case d = 5.



DARBOUX AND BIRKHOFF STEPS 231

Bs(x, R, R(x), TI(R))R' (z)(S")*~

7 (01— Bs(w, R, tR(2), II(R)) R (x)(8")*

&51 . . i () (S5~
*/0 g sl R R, THOR)R (2)(S™)

The last term can be absorbed in the d = 5 term of R’. Similarly, all the other
terms either are absorbed in R’ or, like for instance the i = j = 0 term, they
are R12.

We write Ep(P(p)R) = Ep(R — Py, R) and use (95) for u = R and v =
—Pn, (R We get the sum of Ep(R) with a term which can be absorbed in
Ry (I(R), R) + R'. We finally focus on

SUTHPOR POR) = (DP(R)R, P)R) — ()L (P(p)R)

+§<v2EP<<bp>P<p>R,P<p>R>.
(102)
We have

(DP(p)R, P(p)R) = (DR, R) + R;2, (TI(R), R)
(V2Ep(®,)P(p)R. P(p)R) = (V2Ep(®p,)R, R) + R}2 (I(R), R)
+ (V’Ep(®,) — V’Ep(®,,))R, R)
Ai(p) = Aj(po) + RY(II(R)) + Ry % (TI(R), R)
I;(P(p)R) = I(R) + R}, (I(R), R).
Then we conclude that the right hand side of (102) is

1 (J7 " Hypy R,R)

SUD — N(po) - © + V2Ep(By)) R, R) +R*O(I(R)) + RE,(T(R), R) (108)
<(V2EP( p) — V2Ep(®,,))R, R)

where the last term can be absorbed in the d = 2 term of R’ by (34). Setting
¥(0) = ¥(0) + R*(0) with the R** in (103), we get the desired result. O

We have completed the part of this paper devoted to the Darboux Theorem.
The next step consists in the decomposition of R into discrete and continuous
modes, and the search of a new coordinate system by an appropriate Birkhoff
normal forms argument.
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5. Spectral coordinates associated to H,,

We will consider the operator H,,,, which will be central in our analysis hence-
forth. We will list now various hypotheses, starting with the spectrum of
H,, thought as an operator in the natural complexification L?(R?, C?V) of
L?(R3 R2V),

(L1) oe(Hp,) is a union of intervals in iR with 0 & o.(H,,) and is symmetric
with respect to 0.

(L2) op(Hyp,) is finite.

L3) For any eigenvalue e € o,(H 0} the algebraic and geometric dimen-
( y €1g pUpg g g
sions coincide and are finite.

(L4) There is a number n > 1 and positive numbers 0 < e} < e}, < ... < e
such that o, (Hp,) consists exactly of the numbers +ie}; and 0. We assume
that there are fixed integers np = 0 < n; < ... < n;; = n such that
e;» = €] exactly for ¢ and j both in (n, n;41] for some I < ly. In this case
dim ker(H,, — ;) = n;41 — n;. We assume there exist NV; € N such that
N;j +1=inf{n € N: ne € o.(Hp,)}. We set N =sup; N;. We assume
that e/ € o, (Hp,) for all j.

(L5) If e}, < ... <€}, areidistinct 's, and pu € ZF satisfies |u| < 2N 43, then
we have
pi€l, + -+ e, =0 = p=0.

The following hypothesis holds quite generally.

(L6) If ¢ € ker(H,, — ie) for ie € a,(H,,) then p € S(R3,C?V).

By (15), Hp,& = €€ implies Hy J ' = —eJ ¢, Then 0,(H,,) = op(H,).
We denote it by .
By general argument we have:

LEMMA 5.1. The following spectral decomposition remains determined:

N (H;,) @r C = ( @eco,\ (0} ker(Hp, — €)) ® Xe(po) (104)
* * L
Xe(po) := {Ng(Hpo) @ ( Beco,\{0} ker(Hy, — e)} .

We denote by P, the projection on X.(pg) associated to (104). Set H :=
HpoPe.
The following hypothesis is important to solve the homological equations in the
Birkhoff normal forms argument.
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(L7) We have Ry 0% € C¥(p(H), B(E,,%,)) for any n € N, any j =1, ..., ng
and for any i = 0,1, where p(H) = C\oe(H,,)-

For the examples in Section 7, (L7) can be checked with standard arguments.
We discuss now the choice of a good frame of eigenfunctions.

LEMMA 5.2. It is possible to choose eigenfunctions §' € ker(H,p, — i€}) so that
Q( ;,E;) =0 for j # k and ;,g;) = —is; with s; € {1,—1} . We have
Q(&5,8,) =0 for all j and k. We have Q(&, ) = 0 for any eigenfunction  and
any f € Xe(po)-

Proof. First of all, if A\, € 0,(H,,) are two eigenvalues with A # 0 and given
two associated eigenfunctions ¢, and &)

T8 = 3 U My B) = 5 (3,060, o
= 76 HyE) = T B,

where for the second equality we used (15) and for the last one the fact that
Hpo& = pé implies H,,, & = €. Then, for e; # e, and associated eigenfunctions
& and & we get 0(&;,€,) = 0. Notice that by a similar argument we have
Oen,€,) = —EQ(Er, E,) and s0 Q€ €1) =0 .

Since Hp,§ = e implies Hy J71¢ = —eJ 71, for any eigenfunction £ of H,,
then J~!¢ is an eigenfunction of H,,- By the definition of X.(po) in (104), we
conclude Q(&, f) = (J7LE, f) = 0 for any f € X.(po)-

Let ie € iR\{0} be an eigenvalue. By the above discussion, the Hermitian form
(iJ71&,7) is non degenerate in ker(H,, — ie). Then we can find a basis such
that (iJ'n;,m,) = —|a;|sign(a;)d;x, for appropriate non zero numbers a; € R.

Then set ¢’ = /|a;|n;. O

We set {; = ¢ and e; = € if 5; = 1.
We set Ej =¢) and e; = —e/ if 5; = —1.
Notice that if f € X.(po) then also f € X.(po). This implies that for R €

N, (H;,) ®@r C with real entries, that is if R = R, then we have

n

R(z) =Y z&(x) + Zz[j (x)+ f(x), fe Xelpo). (106)

Jj=1

with f = f.
By Lemma 5.2 we have, for the s; of Lemma 5.2,

1 " 1
SR B) =D ejlzl* + 5QHy, f. f) = Ha. (107)

j=1
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Consider the map R — (z, f) obtained from (106). In terms of the pair (z, f),
the Fréchet derivative R’ can be expressed as

R = (dz& + dz;&;) + f.
j=1

We have

Q(R',R) = —IZdzj ANdz; +Q(f', ). (108)
j=1
For a function F' independent of 7 and II let us decompose X as of spectral
decomposition (106):

n

Xp = Z(XF zjgj + Z XF (XF) (XF)f € Xc(po).

j=1
By ix,Q = dF and by
dF = 0., Fdzj + 0z, Fdz; + (V¢F, f")
xp Q= —U(Xp)s, dZ; +i(Xp)z,dz; + (T (Xp)g, f),
we get
(XF)., =105, F , (Xp)z; =10, F, (Xp)y=JV;F.
This implies
{F,G} :=dF(Xg) =10.,F0z,G — 105, F0.,G 4 (V;F, JV;G). (109)

Hence, for Hy defined in (107), for z = (21, ...., 2n), using standard multi index
notation and by (15), we have:

{Ha, 27"} = —ie- (n—v)2'z" s {Ha, (J7'p, )} = (7" He, f). (110)

5.1. Flows in spectral coordinates
We restate Lemma 3.8 for a special class of transformations.
LEMMA 5.3. Consider

X= . bu(I(f))z+ > MBI, ) (111)

|ptv|=Mo+1 |n+v|=Mo

with b, (0) = R:?M(g) and By, (0) = S':?W( ) with i € {0,1} fized andr, M € N
sufficiently large and with

buy =bup s Buw = By, (112)
(so that  is real valued for f = f). Then we have what follows.
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(3)
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Consider the vectorfield X, defined with respect to €g. Then, summing
on repeated indexes (with the equalities defining the field X;t), we have:

(XX)Zj = laZ]X = (X;t)zj 9 (XX)Ej = _iaz]-X = (X;t)zj )

(Xy)5 = 0w, (X Pr(po)JOsf + (X where (X3') 5 := 22" By, (II(f)).

Denote by ¢' the flow of X, provided by Lemma 3.8 and set (z*, f') =
(2, f) o ¢*. Then we have
Soit ) =00 1 () (113)

where, for (k,m) with k € ZN[0,r — (m + 1)d] and 1 < m < M, for
Bs:_, a sufficiently small neighborhood of 0 in ¥_; N X (po) and for Ben
(resp.Brno ) a neighborhood of 0 in C™ (resp.R™ )

Se€C™((—2,2) x Ben X By, X Brno, 2k)
q € C™((—2,2) X Ben X By, X Bgno,R™) (114)
ZeC™((-2,2) x Ben X By_, X Bgno,C?),

with for fized C

lat,z, f, o)l < Clz| + || flls_) "+

Ny (115)
|Z(t,z, [, o) + ISt 2, [ 0) s < O]+ | flls_)™-
We have S(t, z, f, 0) = Si1(t, 2, f, 0) + Sa(t, 2, f, 0) with
t
— st o t' 140
Sl(t,Z,ﬁQ)—/o (X3 )pog"dt (116)

||52(t72’,f, Q)sz < C(|Z| + ||f||27k>2M0+1(|Z| + ||fHZ—k + |Q|)Z

The flow ?t is canonical: for s,s',k as in Lemma 3.8, the map ¢t €
ClUs ., P*) satisfies ¢y = Qo in C( ;;k,BQ(PS',R)) forea >0

€1,k
sufficiently small.

Proof. First of all notice that x does not depend on 7 and II so that the only
nonzero component of X, is (X, )r = JVgx. The latter is of the form indicated
in claim (1) by a direct computation. Claim (2) follows now by Lemma 3.8.

To prove Claim (3) we need to make rigorous the following formal computation

d * * * . *
£¢t Qo = ¢ Lx Qo = ¢"dix Qo = ¢"*d*x = 0.

To make sense of this we can proceed as in Corollary 3.12. We skip the proof.

O
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LEMMA 5.4. Consider a transformation § = §1 0 --- o like in Lemma 4.1
and with my = 2 and for fized v and M sufficiently large. Denote by (k',m’)
the pair (k,m) of Lemma 4.4 and consider a pair (k,m) with k < k' and
m<m'—(2N+5). Set H := KoF. Consider decomposition (106). Then on
a domain UZ ;. like (57) we have

H =y{(f)+ H,+ R, (117)

for a v € C> with (o) = O(|g|?) near 0 and with what follows.

(1) We have
Hi= 2w+ g0 b g (1
lutv|=2
e (n—v)=0

(2) We have R=R_;+ Ro+ Ry + Ry + R} ,(IL(f), f) + Rs + Ry, with:

Ro= Y auf))zrz+ Y 22 Cul(f), f);
léﬁyl):;zo |n+v|=1
e (u—v

For N as in (L4) of this section,

2N+1
Ry= Y 2'#au(1(f));

|n+v|=3

2N
Ri= Y #%(07 G, ). f):

utrl=2
Ry = (Bo(I1(f)), f?) with By(0) = 0

where f(z) represents schematically d—products of components of f;

Ry= Y 2'%au(z fI()+ Y. 22 Gl fI), )

lp+v|= |ptv|=
=2N+2 =2N+1

4

Ry = S (Bl SIS + [ Boloz 0 @). 1) @)

d=2
+ Ro(z, £,II(f)) + Ep(f) with Bx(0,0,0) = 0.
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(3) FOT’ (SJ = (51j; -~-;§mj)7
a,,(0) =0 for |p+v| = 2 with (p,v) # (05,6;) for all j,

as;s5;(0) = Aj(wo), (119)
G (0) =0 for |p+v|=1.

These a,,(0) and G (x,0) are C™ in all variables with G,.,(-,0) €
C™(U, Sk (R3,C?N)), for a small neighborhood U of (0,0,0) in C* x
(X_k N Xc(po)) X R™ (the space of the (z, f,0)), and they satisfy sym-
metries analogous to (112).

(4) We have a,,(z,0) € C™(U,C) .
(5) GMV('vzv Q) € Cm(Uvzk(Rgv(Cmv)))'

(6) Bd(',Z, fa Q) € Cm(Ua Ek(RsaB((CQN)®d7R)))7 fOT 2 < d < 4. BQ('aQ)
satisfies the same property.

(7) Let ¢ € C*N. Then for Bs(-, 2, f,(, 0) we have (the derivatives are not in
the holomorphic sense)

for Il <m , IVL ;¢ ,Bs(2 £, ¢, 0)ls,ms,B(®2N )25 1) < Ci.

(s) i
R, € C™(U,0C),
e cm(U.0) , (120)
[Ra(z, f, o)l < C(zl + 1 fls_)If 115,
Proof. We need to express R in terms of (z, f) using (106) inside (101).
We have II(R) = II(f) + R%2(R). Then, succinctly,
aN4L
R (U(R), R) = 3~ (VVER, (1), 0), (RV2(R))* R*)
a+b=2
1 t2N+1 at7b 1,2 0,2 0,2 a pPb®
+ D | VeV R (M) + RO (R), tR), (RV2(R)" R"®)dt,
s

with (&, m’) the pair (k,m) of Lemma 4.4. We substitute (106), that is R =
2-&+72-E+f. Form < m’'—(2N+2) and k < k’, the terms from the R*® of degree
in f at most 1, go into R; with i = —1 O7 1,3 and Hj. For m <m’ — (2N +4),
the remaining terms are absorbed in Rk, m+2(H(f), £)+ Ra(z, £,1I(f)).

We focus now on the d = 5 term in (101). We substitute R = 2 - & +Z- € + f.
This schematically yields, for a Bs satisfying claim (7) with the pair (m/, k'),
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hE

[ Boloa S @M)€ 4297 w)dn. (12)
j=0 "k

For j = 5 we get a term that can be absorbed in the Bs term in Ry. Expand
the j < 5 terms in (121) as

4-j

S [ OBz @) TG 6+ 784 )

=0

+/ ;/ 0,7 Bs(w, 2, [, f (@), Tz - € +2-€)° 7 () dw
rs (4—J)!

go into the By term in Ry The last term fits in the Bs term in Ry by m < m/—5.
The terms in the first line go into the By of Ry for d =i+ j > 2. The terms
with ¢ + j < 2 can be treated like the R,lc’,in,(l'[(R)7 R) for m <m’ — (2N +5)
and k < k. ’

We focus on Ep(R) = Ep(z-&+Z-&+ f). We use Lemma 4.2 for v = f and
u=z-£+% £ Then

Ep(R) = Ep(f) + Ep(z '§+3~g)

+/ da:Z/ L 7O Diemodu Blls(e € +2-8)+ e deds

5 . F r 2 (t_T)S T
/dex/m dtds/a z-§+7-8) +71f[7)] 30 dr.

By B(0) = B'(0) = 0, we have Ep(2-£+%-&) = RY4(R). It is easy to conclude
that this term easily fits into Rg+Rg3. Similarly, the j = 0 term fits in R; +Rs.
The j > 1 terms fit in the B, term in R4. The last line fits in the Bs term
in R4.

The symmetries (112) for the coefficients in H) + R_; + Ry + Ry are an
elementary consequence of the fact that H' is real valued. O

REMARK 5.5. Given a Hamiltonian H' expanded as in Lemma 5.4 and given
a transformation §, we cannot obtain the expansion of Lemma 5.4 for H o F
analysing one by one the terms of the expansion of H'. This works in the set
up of [8, 10] but not here (see in particular the discussion on the exponential
under formula (152) later).

6. Birkhoff normal forms

In this section we arrive at the main result of the paper.
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6.1. Homological equations

We consider a,(f,z(g) € C™(U,C) for ky € N a fixed number and U a neighbor-
hood of 0 in R™. Then we set

B Q)= Y @)= + LUTH . (122)
e‘/il«::’l):jo
e;(0) = a5 (o), e(0) = (M), s Aml(0))- (123)

We assume €,(0) = e; and affu)(()) = 0if (u,v) # (9;,9;) for all j, with ¢;
defined in (119).

DEFINITION 6.1. A function Z(z, f, 0) is in normal form if Z = Zy + Z1 where
Zy and Zy are finite sums of the following type:

Zi= Y AL (124)

e(0)-(v—p)€ae(Hpy)

with G (z,0) € C™(U,Zx(R3,C*N)) for fized k,m € N and U C R™ q
neighborhood of 0;
Zo= Y gulo) (125)
e(0): (—1)=0
and g,.,(0) € C™(U,C). We assume furthermore that the above coefficients
satisfy the symmetries in (112): that is g, = guu and Gy = Gy

LEMMA 6.2. We consider x = x(b, B) with

X(b,B)= > b+ > 2B, f) (126)
|ptu|=Mo+1 |t =Mo

forb,, € Cand B, € 33 (R3, C*MYN X.(po) with ke N, satisfying the symme-
tries in (112). Here we interpret the polynomial x as a function with parameters
b= (bu) and B = (B,,). Denote by X; the space of the pairs (b, B). Let us
also consider given polynomials with K = K (o) and K= I?(g, b, B) where:

K@= Y ho(@#7+ Y #UKu0.f),  (27)

|p+v|=Mo+1 |p+v|=My

with kyuy(0) € C™(U,C) and K, (0) € C™(U,%3(R3,C*N) N Xc(po)) for U a
neighborhood of 0 in R™, satisfying the symmetries in (112);
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K(g.b,B):= Y kul(o.b B)z"z"
|u+v|=Mo+1

1 no
+33 Y 0K, (0.b, B), ),

1=0 j=1 |p+v|=My

(128)

with Euv € C™(Ux X7, R) and IN(;W € C™(Ux X3, 57(R3,C*M)N X, (po)), sat-
isfying the symmetries in (112). Suppose also that the sums (127) and (128) do

not contain terms in normal form and that IN((O, b, B) = 0. Then there exists a
neighborhood V-C U of 0 in R™ and a unique choice of functions (b(o), B(p)) €

gm(‘ﬂX@) such that for x(e) = x(b(e), B(e)), K(o) = K(o,b(e), B(0)) we
{x(0). 7 (0)} " = K(o) + K(0) + 2(0) (129)

where {- -} is the bracket (109) for o fized and where Z(0) is in normal form
and homogeneous of degree My + 1 in (z, f).

Proof. Summing on repeated indexes, by (110) we get

{HQ(E)v X}St = —ie(g) : (H - V)Zuzyb;w(é))

_ (130)
— 22" (f,J 7" (ie(0) - (= v) = H)Bu(0)) + K(e,b(0), B(0)),
IA((Q, b,B):= Z afﬁz(g) Z {z“?’,z#/?’/}b“/w
[ptv]|=2 |w'+v|=Mo+1
(1)#(65.:0,) V j (131)

+ Y {27 2 W B f)

|w+v'|=Mo

K is a_homogeneous polynomial of the same type of the above ones and we
have K(0,b, B) = 0. In particular, K satisfies the symmetries (112) by (for

f=17
(@b {22, 2 271" = allby {2729, 27 2}
(@I B {2, 22 )" = a7 By, {272 2}

which follow by (i0., F 0z, G—i05, F0.,G)* = i0.,F*0s,G* —i0z, F*0.,G*, where
in these formulas ¢* = @, and by the symmetries (112) for x and for HQ(Z) .
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Denote by 7 (0,b, B) the sum of monomials in normal form of K and set K =
K+ K — Z. We look at

—ie() - (1 — )" 2 by — 22 (f, T (ie(e) - (1 — v) = H)Byu)

+K (0,b,B) + K(0) =0 (132)

that is at

kv (0) +kpuu (0,0, B) — b (0)ie(o) - (w—v) =0
By (0) = —Ru(ie(o) - (0 —v)) [Kpuw(0) + Kpuv(0,b, B)],
with k,,,, and K,,,, the coefficients of K. Notice that when k,,,, (0,5, B) = 0 and
K, (0,0, B) = 0, for ¢ = 0 there is a unique solution (b, B) € X7 given by
kv (0)
ie-(u—v)

(133)

b (0) = . Bu(0) = —Rylie- (n—v)K,u(0).  (134)

Lemma 6.2 is then a consequence of the Implicit Function Theorem by Hy-
pothesis (L7) in Section 5. O

In the particular case My = 1 we need a slight variation of Lemma 6.2.

LEMMA 6.3. Suppose now My = 1 and assume the notation of Lemma 6.2,
assuming K(0) = 0, K(O 0,0) = 0 and Vp pK(0,0,0) = 0. We furthermore
consider function aﬁl}’ € C™(U x X3,C) with |lat, (0,0, B)| < C|(b, B)||x,
and we set

{X(Q):Hy)(g)}ﬁ = {x(@),H“)(Q)}S
+ 3 @t (0,(0), B(0)2" (B (o), f). (139)

|n+v|=1
lu'+v'|=1

t

Then, the same conclusions of Lemma 6.2 hold for

(M. 5 (0)}" = K(o) + K (o) + Z(0). (136)
Proof. Like above we get to
kuv(0) + kv (0, b, B) — bie(o) - (p—v) =0
By = ~Rya(ie(0) - (= 1)K (0) + Ky 0,6, B) + 3 ali2 (0,6, BYHB,p ).

w'v!

For (o,b,B) = (0,0,0) both sides are 0. Then Lemma 6.3 follows by Implicit
Function Theorem. O



242 SCIPIO CUCCAGNA

6.2. The Birkhoff normal forms

Our goal in this section is to prove the following result where N is as of (L4)
in Section 5.

THEOREM 6.4. For any integer 2 < £ < 2N +1 we have transformations ) =
S10¢20...0 ¢, with 1 the transformation in Corollary 3.12 the ¢;’s like in
Lemma 5.3, such that the conclusions of Lemma 5.4 hold, that is such that we
have the following expansion

4
HO = K 0§ = (T1(f) + B + RE2 (5 N+ 3 RO,

j=—1
with H of the form (118) and with the following additional properties:

(i) RY} =

(ii) all the nonzero terms in Rgg)

isA-(p—v)=0;

with |p+ v| < £ are in normal form, that

(iii) all the nonzero terms in Rgg) with |pu+v| < € —1 are in normal form,
that is X - (1 — v) € 0e(Hp,)-

Proof. The proof of Theorem 6.4 is by induction. There are two distinct parts
in the proof, [2, 8, 10]. Here we follow the ordering of [2]. In the first part we
assume that for some £ > 2 the statement of the theorem is true, and we show
that it continues to be true for £ 4+ 1. The proof of case ¢ = 2, which presents
some additional complications, is dealt in the second part.

In the proof we will get polynomials (111) with My = 1, ..., 2N with decreas-
ing (r, M) as My increases. Nonetheless, in view of the fact that in Lemma 3.7
the n is arbitrarily large and that (r, M) decreases by a fixed amount at each
step, these (r, M) are arbitrarily large. This is exploited in Theorem 6.5 later.

The step £ +1 > 2. We can assume that H® have the desired properties for
indexes (k’,m’) (instead of (k,m)) arbitrarily large. We consider the represen-
tation (117) for H® and we set h = HY)(z, f, o) replacing TI( f) with g in (117).
Then h = H) (2, f, o) is C*N*2 near 0 in P*° = {(o, R)} for m’ > 2N + 2 for
so > max{ord(Hy,),3/2} by Lemma 5.4. So we have equalities

1 174
auw(0) = Faé‘azh\(z,f,g)=(o,o,a> o lp v <2N A+, (137)

J_lG,W( ) = ?az azvjchKZ £,0)=(0,0,0) s |@+ v| < 2N. (138)
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We consider now a yet unknown x as in (111) with My = ¢, i =0, M = m’
and 7 = k. Set ¢ := ¢!, where ¢’ is the flow of Lemma 5.3. We are secking
such that H® o ¢ satisfies the conclusions of Theorem 6.4 for £ + 1.

We know that H®) o ¢ satisfies the conclusions of Lemma 5.4. Therefore, to
prove the induction step, all we need to do is to check that the expansion of
HW® o ¢ satisfies R_; = 0 and that the only terms in Ry and R; of degree
< ¢+ 1 are in normal form. We have

1
H og = HY + / {Hy X} 0 ¢'dt
0 (139)
+/ (8Qjauyz“2”{ﬂj(f),x})oqbtdt.
0
By (130)—(131) we have for ¢ = II(f)
() == Y e(0)- (= 1)2Z b (o)
|ptv|=£+1
- > 2 e (o) - (1 —v) —H)Bu (o), f)
|n+v|=¢
+ > dQe| Y (o) (140)
|ntv|=2 |w +v'|=0+1

(pv)#(85,05) ¥V j
+ > {22 NI B (o), f)
|/ +v'|=£
By Lemma 5.3 for My = ¢, i =0, M =m’ and r = Kk’ for first and last formula
and by the proof of Lemma 3.8, in particular by (72), we have

zo¢! =2+ Ry, (LTI(f), R), TI(f) 0 ¢' = TI(f) + Ry (4, 1I(f), R) ,
14
fog! = U LI (f S (1, 11(1). R) (141)
for K <k — (m’ + 1)d. Then, substituting (141) in (140) we get, if &k < k" —
ord(H,p, ), where ord(H,,) < max{ord(D),d}, for 1 < m < m’ and exploiting

that an Rg o, is also an ’Rgﬁa for ¢ > 2,
/ (HD X} o otdt = (B 3+ RYP (), R). (142)
We have
Pixy= Z{H (Momapx+ >, 22 (PHpo)Osf, Bu).

|/ +v|=¢



244 SCIPIO CUCCAGNA

We have, for Py(po) =1 — P.(po) the projection on the direct sum of Ny (Hp,)
and the complement of X.(po) in (104), and using JP*(po) = P.(po)J which
follows from (15),

{IL(), 1 ()} = (PZ(po)Oif, TP (po) ;s f)

— (Ouf, Palpo) JO, ) = RO2(f). (143)

Notice also that, for B, € X/ independent of II(f) and for |p + v| = ¢, we
have

{Hi(f)7 ZHEV<J_1B;MM f>}

M2 (PY(po)Cif, Buv)
= 2"Z(f,CiBu) — "2 (P (po)Cif, Buv)
= Ry (R)+RMTU(R).
(144)
By (143)~(144) we conclude that {IL;(f),x} = Ry, (II(f), R). By (141)
we get for m < m/

(), xb o o' = RYSL L (TI0) + RYL(ETI(S). R), S)
0,041 .
for § := &7 Rt o (BTN R)-0 (R + ng,m' (¢, II(f), R)) .
Then
{I(f), x} o 8" = RywT g (6 11(F), R). (145)

By (141) and (145) the last term in (139) is Rg”iﬁ(ﬂ(f), R) for k < k' —m'd.
This and (142) yield for k = min{k’ — (2m' + 1)d, k" — (m' + 1)d — ord(Hy,) }

HY o ¢ = HY + {HY) )™ + RYCA(T(f), R). (146)

A second observation is that h = (H® 0 ¢)(z, f, o) is C*N*2 in P* = {(9, R)}
for m > 2N +2. We can compute again the corresponding coefficients in (137)—
(138). Because of (115), for |+ v| < £in (137) and for |u+v| < ¢—1in (138)
these coefficients are the same of h = HO(z, f, o).

A third observation is that for j = 3,4 we have for k = R;é) o¢

0L 07K (0,0,0) = 0 for e+ v <e+1

147
OLIZV 1K|(0,0,0) = 0 for [p] + v < L. (147)

By Lemma 3.10 for [ = m, s = k and r = k¥/, we have for k <k’ — (2m + 1)d

I (f) o ¢ =TL(f) o g0 + Ryo (IL(f), R), (148)
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with ¢p = ¢f and ¢} the flow defined as in Lemma 3.10 using the field X3t
Then we have

I (£) o 6o = IL,(f) + / (05X (I(f). Ro dh). fodb)dt.  (149)

By the definition of X;t and by formulas (141) for ¢, which are simpler because
there are no phase factors, by |p + v| = £ the integrand in (149) is

<z + R (6 TI(S), R))M (z + R (L TI(S), R)) Y
% (0B (T()), £ + S, (6 T1(), B))
= 2"2(0; B (I(f)), f) + Ry, (6T f), R).

Then for k < k" we have

I (f) 0 do = IL;(f) + (O5(X3) g, f) + RYZ(IL(f), R). (150)

By ¢ > 2 we have 20 > £ + 2 and so RY% is an RY“H2,

k,m k,m

By %(0) = O(|o|?) near 0, we conclude that

GAI(f)) 0 ¢ = (IL(f)) + K’ + RSP (AI(f), R), (151)

with K’ a polynomial as in (128) with My = £, with K’(0,b,B) = 0 and
(k,m) = (k',m’) satisfying. Notice that it was to get the last equality, which
follows from (150), that we introduced the flow ¢}.

We now focus on Ry. We have by (141)

Ry 0 ¢ = (Bo(II(f)), (f')%)
= (B, (1() + REL (1), B)) (152)

, 2
(emg,fﬁ,{,(mf),m-o( f+ Sg;{m, (I(f), R))) >

. JRYE LS
In our present set up the exponential e” "*’.m" ~ cannot be moved to the Bs

by a change of variables in the integral as in [10]. Fortunately we know already
that H® o ¢ has the expansion of Lemma 5.4 and that all we need to do is to
compute some derivatives of Ry o ¢.
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Using the expansion in (152) and formula (116), for ¢ = 0 now, we set
Ro i= (Ba(I())), (f + St (1), R))?)

1 ' 2
:<BxHU»{f+A<X§»o¢ﬁ+8ﬁﬁﬂnu»m}> (153)

— (Bo(I(f)). /) +2 / (Ba(II()), (X1); 0 6¢ fydt +RLZ (TI(f), R).

0

We have that k = Ry 0 ¢ — Ry is C**! and satisfies (147). Hence the analysis
of Ry o ¢ reduces to that of Ra. By (141), for k < k", m <m/—1and £ > 1
we have

1
/0 Xtogtdt = X3+ 807 L (T(f), R) = X'+ SYUr (TI(f), R). (154)

k.m
This implies

_ 2 1 0,0+2
932 - <B2(H(f))v f > + K"+ Rk,m (H(f)7 R) ) (155)

K" = 2(Bo(II(f)), F(X))-

Then K” is a polynomial like in (128) for the pair (k,m) = (k',m’) satisfying
f(”(O,b,B) =0 by Bs(p) =0 for o =0.

By (141) and for the pullback of the term Ri}%m,+2(l_[(f), f) in Lemma 5.4 we
have for o = II(f)

Rlle;?m’+2 (H(fl)7 f/) = Rllg,'?m’_»,_z(ga f/)
1
+/X%R%my@+mﬁﬁﬁmﬁjwn%ﬁmﬁw (156)
0
= Ry a0 ) + RYSE (0, R)

for k < k" —md and m < m/, by elementary analysis of the second line.
Applying again (141) we have

1,2 1,2 TR (0,R)-© 0,6
Rk',m/+2(g, f) = Ry s 42 (Q,e K mt (@) (f + S.k,,m,(g7 R)))

1,2 0,4 1,042 (157)
= Ry rps (00 + SU (0. R)) + RUS (0, )

for k < k" — md and m < m’ — 1. Next, by Lemma 5.3, (116) and by (154),
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we have Sg’f’m/(g, R) = (X3')y Sz/ffnl, (0, R) and
Rk;/ m/+2 <Qv f + (XSt) 82'{4_1(97 R))

= R/lg;?m/_,_g(gv f) +A <VRR11€’,?m,+2 (97 f + t(X;t) ng.;_l(g’ R)) 7
(X + Y50 e
= Rllg’/?m/+2(gv i+ <valls'}?m/+2(Q; 1), (Xst) )+ Rl £+2( 'R)

where we have used £ > 2, k < k" <k’ and m < m/ — 1. Notice that we have
that Ri?m 4o(0, f) is an Rk7m+2(g, f). Finally we have

(ViR a0 ) (X5 ) = K" + Ry,

T 21,2 st (158)
K™= <Vka/,m’+2(g’ 0)f7 (XX )f>7
with Ry a term we can absorb in Ry and with K like in (128) for the pair
(k,m) = (K',m’) satistying K"'(0,b, B) = 0.
We set
R” +R"” = 7' + K + Ro1, (159)

where: Z’ is the sum of the monomials in normal form of degree < £+ 1; K,
which is like in (127), is the sum of the the monomials of degree equal to £ + 1
not in normal form; Ry; is the sum of the monomials of degree > £+ 1. By
induction there are no monomials not in normal form of degree < ¢ so that
each of the monomials of the lhs of (159) go into exactly one of the three terms
of the rhs. B

We define Z” and K by setting

I?/ —|—I?N _"_I?/// 7"+ I? (160)
collecting in Z"” all monomials of the lhs in normal form (all of degree £+ 1)
and in K all monomials of the lhs not in normal form. Here K is like in (128)
for (k,m) = (k',m') with K(0,b, B) = 0.
Applying Lemma 6.2 for (@, m) = (k',m’) we can choose y such that for Z =
7'+ Z" we have

(HO \}'+Z+ K+ K =0. (161)

Then HUHY .= H® o ¢ satisfies the conclusions of Theorem 6.4 for £ + 1.
The step £ +1 = 2. Set HY = K o F;. We are seeking a transformation

¢ as in the previous part such that H® := H®) o ¢ has term R(ﬂ = 0 in its
expansion in Lemma 5.4. The argument is similar to the previous one, but this
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time x has degree £ + 1 with £ = 1. So the steps in the previous argument
where we exploited £ > 2 need to be reframed. We know that H(!) satisfies
Lemma 5.4 for L = 1 for some pair that we denote by (k’,m’) rather than
(k,m).

The proof of (142) is different from the previous one. By (77) we have for some
(k, m) appropriately smaller than (&', m’)

{H) 3} 0 6! = (HyY X} 0 06 + RIS, (TI(F), R). (162)
The following linear transformation

iijw(H(f))Z' + iy Z%j (J7 By (11(f)), F)

(2,2,F) - fmjbﬂy(H(f))Z“f — iy 2 (T B, (1)), F)
B, (I(f))2"Z"
depends linearly on (b(p), B(p)), for ¢ = II(f). Then

zj 0 ¢ = zj+a;(t,b, B)-2+b;(t,b, B) Z+ Y _ iy (t,b, B)(J ' By, f) (163)

pv

for a;,b; € C°°([0,1] x Xy, C™) with |a;| + [b;] < C||(b, B)||x,, and ¢j.. €
C*>([0,1] x X4/, C). Similarly

fodh=f+a(t,b,B)-z+ b(t,b,B)-Z+ > cu(t,b,B)(J "By, f)  (164)
Qv
with a,b € C*([0,1] x Xj, X3,) with [la[|zn, + [[bllsn, < C|(b, B)||x,, and
¢y € C([0,1] x Xy, Eps). These coefﬁ(nents satisfy approprlate symmetries
that ensure f o ¢f = f o ¢}.
We have

{H{M 3o g = (HY X} (U(f), Ro ¢h) + Ry (4,11(f), R).  (165)

To compute {HY x}H(TI(f), R o ¢}) we replace the R in (140) with R o &}
The coordinates of Ro@} can be expressed in terms of R by (163)—(164). When
we substitute (z, f) in (140) using (163)—-(164), by an elementary computation
we obtain

(HY (0, Ro ¢h) = {HSY, x}*" (0, R)

+ Y alhy (to.b(e), B(e)#"Z (HBuw(0), f) + A" + R'.
|p+v|=1
I/ +v'|=1

Here:
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o afi/(t0,b,B) € C™ with afy”'(t,0,0,0) = 0;
e we have

At = 3" auwlt,e.b(o), Bo)zz"

|t v|=2

P Y 0L (ke ble). Bo) £

=0 j=1 |p+v|=1
au(t, 0,b, B) and Aﬁw(t, 0,b, B) are C™ with for i = 2

oy (t, 0.6, B)| + || AL, (£, 0,0, B)|Is,, < C|l(b, B)|,,: (166)

e R'(0,2,f) is C™ in (t,0, 2, f) € Rt x C* x ©_; with (g, 2, f) near
(0,0,0), with for i =2

R < Cl(b, B)IIX,, If1I%_, - (167)

Then, in the notation of Lemma 6.3
1 N
/ (HSY x Yo ghdt = {HY X} + A+ R+ Ry: (I(R),R),  (168)
0

with A = fol Atdt and R = fol R'dt are like A! and R'. Then, using also (162),
we get the following analogue of (146):

HYY 0 = HEY + {HEY X} + A+ R+ Ry, (1), R). (169)
(148) remains true also for £ = 1. We consider (149) and expand
(05 (X (L(f), Ro dp), f o dp) = (05 (X3) s (IL(f), R), f) + A" + R,

with A* and R' like the previous ones but such that (166)—(167) hold for i = 1.
This yields
IL(f) o o = IL;(f) + A’ + R (170)

Here R/ is like R' such that (167) holds for s = 1. A’ is like A' such that (166)
holds for i = 1.
By (o) = O(]g|?) near 0 and (148) we get the first equality in

Y(I(f)) 0 ¢ = Y(II(f)) o do + RS, ((f), R)
= Y(II(f) + K+ Ry>, (I(f), f) + RS (I(f), R),

)

(171)
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where K’ = Rp;2 (II(f), R) is a polynomial in R as in (128) with K'(0,b, B) =

0. The second line in (171) follows by (o) = O(|o|?), by the fact that
1/1(@2 is smooth and by (170). Notice that by choosing m < m’ — 2 we have

Rigt o (0(F), 1) = Ry o (TS, £)-
The discussion of R o ¢ is similar to the previous one after (152) . This time,
though, by (77) we write
1 1
/0 X3t o gldt = /O X5t o ghdt + SV (TI(f), R). (172)

By (163)—(164) we get

1
/O X3 oghdt = X'+ A in PV, (173)

with (z, f) — A(o, z, f) linear, with C™ dependence in g and with

A2, z, /)llpr < Cll(b(0), B(o))llx,. (12l + I fll=_,)- (174)
This yields, for Ry defined as in (153),

R,y = <BQ<H<f>>, [f+ /0 (Xf:)foséadt] >+R}f:i’n(n<f)7R)

= (B2(IL(f)), f*) +2(Ba(IL(f)), fA) +(Ba(IL(f)), A*) + R, (IL(f), R),

where we have used B2 (0) = 0 for the reminder.
We have B
2(Ba(I1(f)), fA) + (Ba(II(f)), A%) = K" + R”,
with R” like R and with K" like (128) with K" (0,b, B) = 0, by B4(0) = 0,
and with (k,m) = (k’,m’). Summing up, we have

R = (Bo(IL(f)), /%) + K" + R" + R}% (1(f), R). (175)
Notice that the reduction of Ry o ¢ to SRy continues to hold also for ¢ = 1.
We consider Ri’,?m, 4o © ¢ from the ’Rl’,zm, 4o term in the expansion of R in

Lemma 5.4. Then, by (156) and by (172)-(173), for ¢ = II(f) we have
R o), 1) = R o0 f 4+ (X5 + A+ S05) + RS (0, B).
The first term in the rhs can be expanded for o = TI(f) as
Ry a0 ] + (X305 + A) + Ry (0. R).
We have for o = II(f)
R0 f + (X3 + A) =Bo(o)(f + (X35 + A +RD (0. R),
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with B5(p) a C™ function with values in B2(X_p, X)) with B5(0) = 0.
Considering the binomial expansion we get for o = II(f)

Rllc”?m/-',-Q(H(f/)vf/) _ %Q(Q)fz + R—/// +E/// + RO’3 (Q7 R),

k,m
with R” like R and with K" like (128) with K"’(0,b, B) = 0 and (k,m) =
(K',m’).
We now set K = R(_li and with the A of (168) we write

K'+K'+K"+A=27"+K, (176)

where in Z" we collect the null terms of the lhs and in K the other terms. Now
we have K(0) = 0, K(0,0,0) = 0 and V; gK(0,0,0) = 0. By Lemma 6.3 for
(k,m) = (kK',m') we can choose x such that for we have

(HY 3+ 2"+ K+ K =0. (177)
Then H® := HW o ¢ satisfies the conclusions of Theorem 6.4 for £ =2. O

Summing up, we have proved the following result, whose proof we sketch
now.

THEOREM 6.5. For fized pg € O and for sufficiently large | € N, there are a
fized k €N, an e >0, an 1 < s’ <1 and a 1 <k <K' such that for solutions
U(t) to (3) with II(U) = po with [IL(R(t))| + ||R(t)||s_, < € and R(t) € Xy,
there exists a C° map ® :Z/{é’k — Z/{j,:k, such that

~

R = ®x(II(R), R) = /1 MR)B-(R 1 §(II(R), R)), (178)

with § € C%((—2,2) x Bgno X By_,, %)

179
q € C*((~2,2) x Bgno x Bs_,,R™) (179)

such that || S(II(R), ﬁ)”zb/ < C€||§||27k_ and such that splitting R(t) in spectral
coordinates (z(t), f(t)) the latter satisfy

iy =10s,H , f=JVH (180)
where H is a given function satisfying the properties of H 2Nt in Theorem 6.4.

Proof. Since in Lemma 3.7 we can pick arbitrary n, we see by the proof of
Theorem 6.4 that we can suppose that the 2N + 1 transformations ¢, are
defined by flows (55) with pair (r, M) with r and M as large as needed.

Starting with an appropriate U . , we know that there is a map § : Z/ljllﬁ, —

U, 1, as regular as needed which satisfies the conclusions of Theorem 6.4. In
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particular here we have s’ > s and 1 < k' < Ko and in L{;;’K, we get the
system (180) by pulling back the system which exists in U2

€0,k0"
We choose now [ > s, 1 < k <« ' and sufficiently small € and § with L{é’k C
Uz, ., and ut, c Ujllﬁ,. Here [ and k' can be as large as we want, thanks to

our freedom to choose (r, M).

By choosing 0 small we can assume Z/{ék - S(Ugi’,{,). This follows from (63)
which implies §~'(Uj ;) C U! . Finally we set ® = F~ where ' : Uj, —
us ..

Formula (178) and the information on S has been proved in the course of the
proof of Lemma 4.1. The information on the phase function ¢ can be proved

by a similar induction argument, which we skip here. O

REMARK 6.6. The paper [2] highlights in the Introduction and states in Theo-
rem 2.2, that it is able to treat all solutions of the NLS near ground states in
H'. But in fact, in [2] there is no explicit proof of this. While [2] does not
state the regularity properties of the maps in [2, Theorems 3.21 and 5.2], from
the context they appear to be just continuous. FEven if we assume that they
are almost smooth transformations (but see Remark 2.10 above), nonetheless
an explanation is required on why they preserve the structure needed to make
sense of the NLS. But while pullbacks of the Hamiltonian are analyzed, the
question on how in [2] it is possible to pullback differential forms with maps
which are continuous but non differentiable, is left unexplained in [2]. So, for
example, in the statement of [2, Theorem 3.21] it is claimed that F*Q = Qq. It
is then stated that this means that in the coordinates ¢’ the differential form Q
is Qo. The meaning of this statement is unclear though, since the chart of ¢'
1s not differentiable and differential forms are not topological invariants. The
proof of [2, Theorem 3.21] does not clarify this point since formulas such as [2,
(3.42)], i.e. (79) here, are treated on a purely formal basis, leaving unexplained
basic things such as, for example, the meaning of Ft*€2;.

REMARK 6.7. In the 2nd version of [2] there is an incorrect effective Hamilto-
nian. If we use the correct definition of the symbols S which we give above,
the functions ®,,,, used in the normal form expansion in [2] are in Wi for some
large j, rather than in Nj>oW?. In pp. 25-27 in the 2nd version of [2], the
Wi’s are defined using the classical pair of operators Ly, see [14], and are
closed subspaces of HI=1(R3) of finite codimension. This last fact seems to be
unnoticed in [2] and leads to the breakdown of the proof in the 2nd version of [2],
as we explain below. The space W?, for example, is defined by first considering
(Lyu,u) foru € kert L_ Nkert L, c L2. Notice that (Lyu,u) > 0, see [14,
Proposition 2.7] or [11, Lemma 11.12]. Proceeding like in [11, Lemma 11.15]
it can be shown that for u € ker™ L_ N ker" L, C L? with u # 0 we have
|ul|2 == (Lyu,u) > 0. Then consider the completion of ker™ L_Nker™ L, NC§®
by the norm ||ul|p. This completion is exactly ker™ L_ Nker™ L, N H'(R3).
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Then W? is a closed subspace of finite codimension of the latter space. Specif-
ically, W? is in the continuous spectrum part in the spectral decomposition of
the operator L_ L., which is selfadjoint for (u,v)r = (L™ u,v) in ker™ L_.
Notice that, under hypotheses analogous to (L1)-(L6) in Section 5, L_L has
finitely many eigenvalues and its eigenfunctions are Schwartz functions. Like-
wise, also the other W7 's are closed subspaces of H'~1(R3) of finite codimen-
sion. Later in the 2nd version of [2], at p.41, the Strichartz estimates hinge
on the false inclusion of W7, or of W, in Lg(R?’,(C). Additional mistakes
appear in the justification of the Fermi Golden rule. While formulas Ri (p)®
in (St.2)-(St.3) on p. 38 of the 2nd version make sense because ® € H"*
for s > 0 appropriate, analogous formulas Ré(p)é in (6.50) and elsewhere in
Section 6.2, are undefined when we know only that & € W>. In fact even
RfA(p)Q) is undefined for p > 0 for such ®’s. So in particular, in the 2nd
version of [2], the discussion of the Fermi Golden rule is purely formal. The
above ones are not simple oversights. Rather, they stem from the fact that, in
the 2nd version of [2], the homological equations are solved only in these W7 ’s,
while it is unclear if they can be solved in spaces with spacial weights like the
H*™ or the ¥, for n > 0, as we remarked in an early version of [10]. The
3rd version of [2] credits our remark for having stimulated changes in this part
of the paper. These changes are classified in the 3rd version of [2] as mere
simplifications, possibly leaving the wrong impression that the proof in the 2nd
version of [2], while more complicated than in the 3rd version, is still correct.

7. The NLS and the Nonlinear Dirac Equation

We give a sketchy discussion of few examples.
The Nonlinear Schrédinger equation. We consider the equation

iU, = —AU + 2B'(JU*)U .

0 1

Here N =1,D=—A, | |, = | ,J:<_1 .

>. There are four invariants:

QU) = Ty (U) = %(U, U) and II, (U) = %(U, J%U) for j < 3,
J

For fixed v € R® we have

Q(e—éJU-mU) = Q) , Hj(e_%J”‘wU) =1IL;(U) - %Q(U) for j < 3 and

3 v2
B(e™HU) = BU) = 3oL (0) + Q)
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There is well established theory guaranteeing under appropriate hypotheses
existence of open sets O C RT and (¢,,,0) € C*(0, S(R3,R?)) such that

A¢,, —wd, +2B'(¢2)p, =0 for z € R3.

More precisely it is possible to prove exponential decay to 0 of ¢, (x) as z — oo.
For v € R3 arbitrary we get ®,(z) = e~ 2777 (¢, (), 0) where py = I14(¢,,) and
pj = —%vjp4 for j < 3. We have \y(p) = —w — % and Aj(p) = —v; for j < 3.
Notice that for -LQ(@,,) # 0 this yields (7). Notice that

2
VQE(e—%Jv-mU) _ e—%Jv-m (VQE(U) —Ju-V,+ ’1) e%‘h"m

and that v -V, 0e™ 2707 = ¢=270% o (. V, — J%) and

V2E(@,(x)) = A(p) - © = e~ 57 (sz((m, 0)) = Juv- Vs + 4)

2
_1 . 1 . v _1 . 1 .
+JU'VI6 2Jv162<lvm+<w+4>e 2Jvm62va'

They imply
Hy, = e 270" H,e2 7% H, = J(VPE((¢w,0)) + w). (181)

The multiplier operator e 27V i an isomorphism in all spaces ¥, so all the
information on the spectrum of H,, is obtained from the spectrum of H,,. We
have H,, = Ho, + V where Hy,, := J(—A + w) and

- —B'(¢7) — 2B"(¢2) 4% 0
This yields o.(H) = 0(How) = (—00, —w] U [w, 00) and that o,(H,,) is finite
with finite multiplicities. The fact that ,(H,,) is in the complement of o¢(H.,)
is expected to be true generically. Set H = H,, P.(w) for P.(w) the projection
on X.(Hy).

LEMMA 7.1. The statement in (A5) is true.

Proof. Notice that ¥,, is invariant by Fourier transform so that (4) is equivalent
to the fact that for the following multiplier operator (that is an operator ¥ (x)
which maps u — (Yu)(z) := P (z)u(z)) we have

11+ +€z*) 2 pm,5,) < Cn <oVl <1and neN. (182)
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Similarly (5) is equivalent to
strong — liH(l)(l + e+ Ez)))? =1in B(X,, %) (183)
lir% [(1+€ +€ea]*)* = 1ps,x,,)=0 foranyn € Nwithn' <n.

Both (182)—(183) are elementary to check using the first definition of ¥, in
Section 2, computing commutators of the multiplier operators with 9% and
computing elementary bounds on the derivatives of the multipliers. O

LEMMA 7.2. The statement in (A6) is true.

Proof. Using the Fourier transformation like in Lemma 7.1, (A6) is equivalent
to the statement that for any n € N and ¢ > 0 there a C s.t. the following
multiplier operator satisfies

e+ 2R I =i T | po 5 < O

for any |7| < ¢ and any |e| < 1. This too is elementary to check. O

LEMMA 7.3. The statement in (L7) is true.

Proof. From o(H) = 0.(H,,) we have Ry € C*(p(H), B(L?, L?)).

We have Ry, and Ry, 0., are in C¥(p(H), B(X,,%,)) for any n € N. By
conjugation by Fourier transform this is equivalent to the statement that for
z € p(How) and i = 0, 1, we have

i (€7 +w—2)7" 0
E,,-( fg z _(|£|2+w+z)1) € B(Xn, Zn).

This is elementary, using the first definition of 3, in Section 2.
We have for i = 0,1

()3, = Ry (IP@)0%, — B, (IVRR()OL. (184)
From (184) we derive, for || || = || || B(z2,12)-
1IR3 (2)05, I| < (1 + Ragy, (2)V) " 1 Ry, (2) Pe(w) s I, (185)

which yields the n = 0 case.
From (184) we derive

R ()05 |55, 30) < Cl R, (2)05, B, 5.)
+ Ol Bao,, (Dl B(z, 0 1(2) "V ilwn o | Ry (2)0 | are g0
The last factor is bounded. Indeed for v = RH(z)ﬁiju we have
02V = Ry()020% u+ Rye(2)[V, 0210

and induction in n yields the desired bounds ||v||g» < C|lu|g~. O
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The Nonlinear Dirac Equation. Here the unknown U is C*-valued, u*
its complex conjugate and for m > 0

iU, — DU — Vu+2B'(U - BU*)BU = 0 (186)

where we assume for the moment V' = 0 and where D,,, = —i Z?:l a0y, +mp,
with for j =1,2,3

o 0 O'j _ IcQ 0
=0, 8)0-(F )

0 1 0 1 1 0
G G E CI R O

Notice that the symmetry group (186) is not Abelian. In [4] there is a sym-
metry restriction on the solutions considered, by looking only at functions
such that for any z € R® we have U(—z) = BU(x) and U(—x1, —22,73) =
S3U (1, xo,23) with S5 := %3 003 . We need to redefine the spaces ¥,, in
the proof, introducing these symmetries. This does not affect the proof.
There is a unique invariant Q(U) = 1||u||z2. In this case 01U = U for any u.
Hence all the changes of variables are diffeomorphism within each space pKE
(or PK).

(A5)—(A6) in this case are elementary. In fact (A5) is unnecessary, (A6) is
necessary only for € = 0, in which case is trivial. (L7) is necessary only for
i = 0 (given that the only <; is the identity) and can be proved in a way
similar to Lemma 7.3.

Nonlinear Dirac Equation with a Potential. Pick V € S(R?, B(C%))
with V(x) selfadjoint for the scalar product in C* for any 2 € R3. Then
generically o,(D,, + V) C (—m,m). Suppose o,(D,, + V) = {eo, ..., en} with
€p < ... < en. Then bifurcation yields corresponding families of small standing
waves e~ ¢, (z) of (186). For generic V the e; have multiplicity 1. If we
focus on ey, for generic smooth B’(r) there will be a smooth family w — ¢,, in
C>(0,%,) for any n, with O an open interval one of whose endpoints is e;.
Then it can be shown that for generic V' the hypotheses (L1)—(L6) in Section
are true, as well as all the previous hypotheses. Indeed in this case, taking w
sufficiently close to ey, we have eigenvalues with e;- arbitrarily close to e; — eg.
Generically this yields (L4)—(L5). The multiplicity of the ie} is 1. We have
0e(Hy) = (—00,—m + |w|] U [m — |w|,00). An eigenvalue A of H,, is either
A =0, or A = +ie; for some j. This in particular yields (L1)-(L3).
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