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ABSTRACT. We prove advanced regularity results for solutions to a
sixzth order equation arising in the mechanical Kirchhoff-Love’s type
model of the static equilibrium of a nanoplate in bending. Such reg-
ularity properties play a crucial role in the treatment, among others,
of the inverse problem consisting in the determination of the Winkler
coefficient of a nanoplate.
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1. Introduction

This work is within a line of research that intends to further the investigation
of recent models for two-dimensional nanomechanical systems, which we will
refer as nanoplates. In particular, we analyse the regularity properties of the
solutions of the direct problem describing the static equilibrium of nanoplates
as fundamental tools for the subsequent study of related inverse problems. The
modelling of nanostructures has specific challenges due to the presence of small-
scale phenomena. Indeed, classical continuum mechanics lacks its predictive
capability. In recent years, many theories have been proposed in the field
of linear elasticity to model nanostructures. Among these, we mention the
Simplified Strain Gradient Elasticity Theory (SSGET) introduced by Lam [5]
and some recent developments that address the study of the Kirchhoff-Love
nanoplate using SSGET [4, 7].

In our recent paper [2], we consider the issue of the identification of the
Winkler coefficient k of the elastic foundation for a nanoplate from the mea-
surement of the deflection produced by a given concentrated force f6(FPp) at
an internal point Fy. We also assume that the nanoplate is clamped at the
boundary and we set 2 C R? to be the middle surface of the nanoplate, hav-
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ing constant thickness t. According to the Winkler model and working in
the framework of the Kirchhoff-Love theory in infinitesimal deformation, the
transversal displacement w of the nanoplate satisfies the following boundary
value problem

0? h 0w
D0z, ((Pwlm + Pjim) 02,02,
0 Pw B O
_aixk (Qijklmnaxlaxmaxn)> + kw = f(st m 3é, (1)
w =0, on 012,
W,y =0, on 0,
Wynpn = 0, on 0f).

where n is the unit outer normal to 02 and the summation over repeated
indexes 4,7, k,l,m,n = 1,2 is assumed. Here, f € R, f > 0 and Pijlm,PZJL-lm
are the Cartesian components of the fourth-order tensors P,P" respectively,
whereas Q;jrimn are the components of the sixth-order tensor Q. Let us also
observe that the fourth order tensor P describes the material response in the
classical Kirchhoff-Love theory, while P", Q take into account the parameters
peculiar to the small size effect.

As main result in [2], we prove that for P,P" € W2°°(Q) N H2+4(Q), and
Q € W3°°(Q) N H3t$(Q), satisfying some suitable isotropic and strong convex-
ity conditions (see the assumptions ii), iii) in Section 2), if w; € H3(Q2), i = 1,2,
is the solution to (1) for Winkler coefficient k = k; € LN H*(f2), i = 1,2 and
if for a given € > 0

w1 — wallp2@) <€, (2)

then for every o > 0 the following Holder estimate holds
k1 — k2lL2(q,) < C”

where Q, = {x € Q : dist(x,092) > o} and C > 0,8 € (0,1) are constants
depending on the a priori data and on ¢ only.

As is common when tackling inverse problems, the preliminary study of
the fine properties of the solutions to governing equations are instrumental to
theoretical results such as unique continuation estimates as well as quantitative
stability estimates for inverse problems. In this respect, in the present paper
we consider the following sixth order partial differential equation

82
3$iaxj

0%u
— (P hoy_ 7 7
( (P2]lm + Pzglm)axlaxm

0 u .
+ P2 (Qijklmnaxlaxmaxn) ) =g inQ, (3)
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and we are interested in analyzing the regularity properties of its solutions
under suitable assumptions on the coeflicients and the source term g. More
precisely, our main purpose is to prove the following.

Let g € H*(Q), for some 0 < s < 1 and let w € H(Q) be a weak solution
to (3), where P,P" € W2>°(Q) N H*3(Q), Q € W3 (Q) N H3(9), satisfy
some suitable isotropic and strong convexity conditions (see (8)-(9) and (14)-
(15)) . Then for every o > 0, we have that

oo,y < € (lullsiog) + gl ()

where C > 0 is a constant depending on the a priori data and on ¢ only.

The proof of the above mentioned stability result fundamentally relies on
the smoothness property at hand. Without ambitions of completeness, we try
to give the reader an idea of the argument adopted in [2] and where the use of
regularity strongly comes into play.

It is easy to observed that if we set u = wy — wo, then u is a solution to

o? A 0?u
O0x;0x; ( = (Pijim + Pijlm) 0x10x,
0 A3u .
+ Txk (Q“’“lm”axlaxm> ) —kou = (k2 - kl)wl in Q, (5)

or rather a solution to (3) with g = kou + (k2 — k1)wr € H?(Q2). Thanks to
the regularity result, we may infer that u € H5+%(€2,) and, combining the well
known interpolation inequality

_6 _s
lull o, < CllullFer o, lull iy,

with (2) and (4), we obtain the following control on the sixth order terms by
means of the lower order ones and of measurement error, namely

6

645 _s
lulleca,) < € (llullmag) + lglae@) ™ o5 (6)

By exploiting again the equation (5), the estimate (6) and standard energy
bounds, we can obtain the following estimate

/ (kl — kg)Q’w% S CEG%SS .
Q

o

Finally, thanks to strong unique continuation estimates, which in turn rely on
preliminary regularity results of the solutions, we end up with

/ (kl — k2)2 S CEQB .
Q

o
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Our goal in this notes is to provide a detailed proof of Proposition 4.1 in

[2] .

Let us observe that, although the method of proof is based on the path
traced in [1], [3], our result improves upon the more classical ones because of
the less restrictive conditions on the smoothness of the coefficients and because
we are considering fractional exponent Sobolev spaces. Another new feature
of the present result is that we keep constructive track of the dependence of
constants on a priori data, which is a fundamental aspect when dealing with
quantitative estimate of stability in inverse problem.

2. The nanoplate model

Let us consider a nanoplate Q x (—%, £) with middle surface  represented by

a bounded domain of R? and having constant thickness t, t << diam({). We
assume that the boundary 09 of Q is of class C?! with constants pg, My and
that

2] < Mupg,

where M, is a positive constant.
We consider the following equation

div (div ((P + P")V2w)) — div (div (div (QV3w))) = g, in £, (7)

where, for the sake of simplicity, the compact notation in the left hand side
denotes the following sixth order elliptic operator

02 O%w 0 3w
Pi' m Ph a. a. o ijklmn = o o 9
0z;0x; <( dtm + ”lm)axlaxm Oxy, <Q e 8xl(‘3xm8xn>)

where the summation over repeated indexes 4, j, k,I, m,n = 1,2 is implied.

We shall denote byAI\\AF,AIMI3 the Banach spaces of second order and third
order tensors and by M?, M3 the corresponding subspaces of tensors having
components invariant with respect to permutations of all the indexes. More-
over, the space of bounded linear operators between Banach spaces X and Y
will be denoted by L(X,Y).

On the elasticity tensors P, P*, Q we make the following assumptions:

i) Regularity

||P||W2,oo(g,g(1§/ﬁ271§ﬂ2)) < Alpg, ||P||H2+S(Q7£(M2M2)) < A2/)(3)»
h h

P ”WZOO(Q,L(M?,I\A/JIQ)) < Alpg, P ||H2+S(Q,£(M2M2)) < A2P(3),

||@||W3100(Q’£(M37M3)) < A1P87 ||Q||H3+S(Q,£(M3,M3)) < AQPS»

where A1, A are positive constants.
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it1) Isotropy

Pagys = B((1 = v)0ar085 + v0ap0ys), (8)
Plss = (202 + 501)80~0p5 + (—a1 — az + a0)dasdys,

1 1
Qijkimn = g(bo —3b1)0i0knOim + —i—g(bo —3b1) (§ik(6jl6mn + 0jm0in)
+ 8 (Bit0mn + Bomdin) ) + Qs(Okn(6adim + Gmds1)+
+ Q9(6jn (0i16km + 6imOki) + 0in(810km + 6jmOki)), 9)

where Q(Qg + 2@9) = 5b1
The bending stiffness (per unit length) B = B(x) is given by the function

t3E(x)

B@) = S @y

a.e. in Q,

where the Young’s modulus F and the Poisson’s coefficient v of the material
can be written in terms of the Lamé moduli px and A as follows

(@) pe) + 3M(@))
B === o @

The coefficients a;(x), ¢ = 0, 1,2, are given by

v(z) = Lx)
2(p(x) + M)

2

= Bu(w)tl%, az(x) = p(x)tly ae. in Q, (10)

ao(x) = 2u(2)ti3, ai(z)

where the material length scale parameters [; are assumed to be positive con-
stants. We denote
= min{lo, ll, ZQ}

The coefficients b;(x), i = 0, 1, are given by

t3 2 t3 :
bo(z) = 2,u(x)ﬁl8, bi(z) = g,u(ac)ﬁlf a.e. in . (11)

iii) Strong convezity for P+ P", Q.
We assume the following ellipticity conditions on g and A:

p(x) > ap >0, 2u(x)+3A(z) > >0 ae in Q, (12)
where ag, 7o are positive constants. By (10), (11) and (12) we also have

ai(z) > taf >0, i=0,1,2,

a.e. in €, 13
bj(x) > *126; >0, j=0.1, (3
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where off = g and B} = z50.
By (12), (13) we obtain the following strong convexity conditions on P+ P"
and Q. For every A € M? we have

(P+PMA-A>t(t? +1*)&|A* ae. in (14)
for every B € M3 we have
QB - B > t*1?¢|B*> ae. in (15)

where &p, £ are positive constants only depending on ap and .
In the sequel, we will refer to the set of parameters

P05, MO7 M1> o, 70, t7 la A17 A2

as the a priori data, whereas the dimensional parameter pg shall appear explic-
itly in our estimates.

3. Main Result

THEOREM 3.1. Let w € H3(Q) be a weak solution to (7) with g € H*(Q). For
any o > 0, we have that

lollo+e@ay) < € (Illmsig, ) + lglle@)

PO
where C' > 0 depends on the a priori data, on o and on s only.

Before proving Theorem 3.1, let us state the following lemma whose proof
can be carried out by slightly adapting the proof of Theorem 3.9 in [6].

LEMMA 3.2. Let w € H3(B,) be a weak solution to (7) with g € L*(B,). We
have that w € H°(Bg) and

lwllmesg) < € (Iwlasmg) + gz, )

where C' > 0 depends only on ayg, 7o, pt—o, pl—u, A
Proof of Theorem 3.1. By straightforward computation,

3
div (div (PV?w)) = BA*w+ Y CoD®w, (16)
|a]=2

3
div (div (P"V?w)) = B"A’w+ Y ChD"w,
|a]=2
5
div (div (div (QV?w))) = BA*w+ Y CoD"w, (17)
|a|=3
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where B = by +2b;, B" = ag +4a1 +az; C, Cg involve up to the second order
derivatives of B,v,ag,a1,a2 and C, involve up to the third order derivatives
of bo, bl.
Let us denote
Lw = —div (div ((P 4+ P")V2w)) + div (div (div (QV3w))).
In view of (16)—(17), we may rewrite Lw in the form
Lw = BA3w + Lo(w),
with _
Lo(w) = Z doD%w,
|a]=2

where d, involve up to third order derivative of B, v, u.
Therefore we may rewrite (7) as follows

BA3w + Lo(w) = —g. (18)

We now localize the equation by considering a cut-off function ¢ with the fol-
lowing properties. We assume without loss of generality that 0 € 2, Bgr(0) C
Q. Let ¢ € C§°(9) such that supp(p) C B,(0) with p = 2R and

R
0<p(x)<1l, ¢=1 for \1:|§§,
C
|ng0|§ﬁ, k=1,...,6.
Let us consider the function
v =we .

We have that
A3(v) = pA3w + Fy(w, ) (19)

where
Fo(w, ¢) = {[QW V(A20) + ApA2u)
+4[V(Ap) - V(Aw) 4+ 2V?¢p - V2 (Aw) + Vi - V(A%w)]
+ 2[A%wA @ + 2V (Aw) - V(Ap) + AwA?y)
+4[V2(Aw) - Vi + 2V3w - V3o + V2w - V2 (Ap)]+

+ 4[V(Aw) - V(Ap) + 2V2w - V2(Ap) + Vuw - V(A?p)]
5
+ [AwA%p + 2Vw - V(AZ%p) + wA3<p]} = Z ea D1 DY,
|a|=0
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By (18) and (19), we have that
L(v) = BA%v + Ly(v)
= BlpA’w + Fy(w, )] + Lo(v) — pLo(w) + pLo(w)
= @(BASw + ﬁo(w)) + EO(U) — <p£o(w) + BF()(’[U7 QO)
= —pg + Lo(v) — pLo(w) + BFy(w, ¢),

which leads to

A3,U — _(10779 _ (IDE(I(UI)

F .
B B + 0(w7¢)
Let us set
p(z)g(x)  p(@)Lo(w)(z
F(z) = ——= — = F .
(r) =22 S 4 o, )@
We notice that
||wHH6+s(B§) = ||U|\H6+S(B§) < vl zo+s(Ban)

<c ( / a+ |£|2)6“|ﬁ(€)|2d£>1/2 ,

where with © we denote the Fourier transform of v. We wish to obtain a bound
on the last term on the right hand side of the above inequality.
In this respect we recall that

Ady(€) = (2mi)°¢ |0 (€)

which leads to .
(2m0)°[¢[°0 () = F(€).- (20)

After straightforward computation, since (1 + z)® < 32(1 + %) for z > 0,
we have

(L+ €50 < 32[(1 + [¢%)°[0(E)* + (1 + [€[*)*(1€|°[a(€)])?]-
Combining the above inequality and (20) we obtain that

(L€ 10(&)* < CLA+ [EP)*[(€)1* + (1 + [€*)°(IF(©))?]

where C' is an absolute positive constant.
Integrating the above inequality over R? we get

o030 gey < € (190 ooy + 11 gy ) -
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From the Plancherel identity we deduce that
ol ese ey < € (Il ey + 1F I ey ) - (21)
From one hand we have
[0l F0+ m2y > ||v||§{6+5(3§(0)) = ||w||§{6+3(3%(0)),
on the other hand
||”U||H5(JR2) = ||'U||H3(1R2 ||w||12H3(B,)(o))- (22)
Hence, by combining (21)-(22), we have that
el o g o < € (elrs i, o + 1 s e) (23)
Next, we wish to bound the term || F||gsg2). We trivially observe that

PLo(w) ‘

gy
|Flleny < | 22|

L (24)

+Fw. e + | .
HS(RQ) ( ) HS(RQ)
We bound each term on the right hand side of (24) separately starting from
1% 11s = 1% || g+ (r2)- In this respect we recall that B(x) = (bo(x) + 2b1(x)), so
that, by (11), (12), there exists a positive constant By, only depending on [, ¢,
ag, such that B(z) > By in 2. Hence we can deduce that

1

|5l < 5
BL”(Q B()

H ( )HL < (Q) B2(||V<P||L°°(Q + VB z=@) <O,

where C' > 0 is a constant depending on the a priori data.
We recall that

515

vg
nE
L2(R™) B lsr2

(/Ra/wwu |2+2£y)ld d)é.

ol

where

We have that
|5]

7||9||L 2(B,) - (25)

L2(R?) L2(B,)
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Moreover, we have that for any z,y € B,

(2o~ (30)

<2 |22 - g<y>>]2 v2[(2@ - £w) o)
=2(£®) o)~ 9 +2 (£@) - L) lotw)P
In view of the regularity of ¢ and B we may bound
- 501 <9 (), et

Hence from the two formulas above we deduce that

(Z) @)~ (Z2) )| <2|£@) 9@ - 9P +20% ~ yPlo)P?

It follows that

2 |2
T <C/ dx/ |2+25 dy+C’/ dx/B Ty —y|23
R2+C/ dl‘/ B} (27)
B, |z —yf2s —y|s

By Fubini’s formula we have that
P ( [ e |
B, |T —yl* '

/dx/ e y:/B

Let us now show that there exists a contant C' > 0 such that for any y € B,

we have that 1
B, |7 — "J| ’

P

P

For a fixed y € B,, we set z =y — . Hence, by a change of variable

1 1
/ 729(1‘76:/ P
B, [T —yl* B,(y) |2[*

By noticing that B,(y) C B, and by standard computations based on the use
polar coordinates we have that

/ ;dx S/ 1 dz < L22(1—s)p2(1—s).
B, |z —yl* Bay(y) 121% 1-s
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Hence we have that

/ / ‘25 LW 4 < Ollglzes, - (28)

Combining (27) and (28) we have

v97? ) ,
(2] . <CUsks, + lsliiacs,) )

Namely, by (25) and (29),

¥g
|%]| < Clglas,

We now handle the term ||Fy||s appearing in the right hand side of (24) . We
observe that, in view of the regularity of ¢, and since the expression of Fj
involves at most fifth order derivatives of w, reasoning as above we get

[Eolls < Cllwllzs+es,) -

We now analyze the term H“’L(’Tg(w) and in this respect we recall that
5
= Z do D%w
|a]=2
We recall that
H 9050_(“}) _ H 9050_(711) [9050_(10)} (30)
B s B L2(R2) B s,R2

In view of the regularity of the coefficients we easily bound the first term on
the right hand side of (30), namely we have

=

pLo(w)
- PLo\w)

1
L2(R2?) H B - BH 0( )||L2(Bp) — || ||H5(Bp)

L3(B,

For what concern the second term on the right hand side of (30), we first
observe that in view of (26) we have that

- 2holw) (y)‘ < C|Lo(w)(@) — Lo(w)(y)| + Cla — yl|Lo(w)(y)].
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Hence we obtain

elo@)]” _ (25502 ) — (25401 )
|: B }S’RL’ B /]R2 de /]Rz |x — y|?+2s dy

(Lo(w)() ~ (Lo(w) W)
<)), s

+C/ dsc/ |x— |25 dy—I + L.

We notice that, arguing as above, we can obtain the following bound for the
integral Is, namely

bSCL\MWMMWSQW%mm-

We now handle the integral I7. In this respect we notice that

|(Lo(w)(x)) = (Lo(w)()I* =

5
Y (da(2)D*w() + da(2)D*w(y) — da(2) D*w(y) + da(y) D*w(y))
|| =2
Y (da(@)(Dw(z)~ D*w(y))

lor|=2

2
+C

5

Z (da(‘r) _da(y))Daw(y)

lor]=2

<C (31)

where C' > 0 is an absolute constant. In view of the regularity of d, we have
that

|da(z) = da(y)] < [Vdallz=)lz —yl, Va,ye B,
Hence, by (30)-(31) we have that

|(Lo(w)(x)) = (Lo(w)(y))?
5 5
<C Y ID%w(@) = Dw(y)l* +C Y |o—yl’|D%w(y)l>

le|=2 le]=2
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Therefore, we have

Dw(y)|?
L<C Z / d:l:/ y|2+25 dy

lo]=2
|D*w(y)|®
+C Z/ dx/ — |28
|a=2 Y
> 1
[D*w]s g +C / / ————dx | dy
Z: . MZQ oo ([, )
Z 2p, +C Z [Dwl|72p,) < C Z 1D o
|=2 |a]=2 |a]=2

It follows that

2 5
pLo(w)
) <03 10mulR, + Cllullg, < Cllulecs,y

s |a|=2

and hence

< Cllwllge(m,)

S

9050(10
B

Finally, we have that HF”HS(]R2) S C (”g”HS(B,)) + ||’w||H6(Bp)) .
From (23) we have that

lwllasses ) < O (Iwlmss,) + lgllme s, + lwlaees,)
We now use Lemma 3.2 and we get

||wHH5(Bp) <C (||wHH3(BsR) + HgHLz(BGR)) :

It follows that [[wl| o+ () < CUlgllmBor) + 1wl (5sr))- O

Acknowledgments

The work of AM was supported by PRIN 2022 n. 2022JMSP2J ”Stability,
multiaxial fatigue and fatigue life prediction in statics and dynamics of innova-
tive structural and material coupled systems”. AM is a member of the INdAM
Gruppo Nazionale di Fisica Matematica. The work of ES and SV was supported
by the Italian MUR through the PRIN 2022 project “Inverse problems in PDE:
theoretical and numerical analysis”, project code 2022B32J5C, under the Na-
tional Recovery and Resilience Plan (PNRR), Italy, funded by the European

317



(14 of 14) G. ALESSANDRINI ET AL.

Union - Next Generation EU, Mission 4 Component 1 CUP F53D23002710006.
ES has also been supported by Gruppo Nazionale per I’Analisi Matematica, la
Probabilita e le loro applicazioni (GNAMPA) by the grant ”Problemi inversi
per equazioni alle derivate parziali”.

1]
2]

REFERENCES

S. AGMON, Lectures in elliptic boundary value problems, Van Nostrand, New York,
1965.

G. ALESSANDRINI, A. MoORASSI, E. ROSSET, E. SINCICH, AND S. VESSELLA,
Stable determination of the Winkler coefficient in a nanoplate, Proc. Roy. Soc. A
481 (2025), No. 20240647, 15 pp.

G.B. FOLLAND, Introduction to partial differential equations, Princeton University
Press, New Jersey, 1995.

A. KAwWANO, A. MORASSI, AND R. ZAERA, Inverse load identification in vibrating
nanoplates, Math. Meth. Appl. Sci. 46 (2023), 1045-1075.

D.C.C. Lam, F. YaNnG, A.C.M. CHONG, J. WANG, AND P. TonG, Ezperiments
and theory in strain gradient elasticity, J. Mech. Phys. Solids 51 (2003), 1477—
1508.

A. Morassi, E. RosseT, E. SINCICH, AND S. VESSELLA, Strong unique contin-
uation and global reqularity estimates for nanoplates, Ann. Mat. Pura Appl. 203
(2024), 235-271.

B. WANG, S. Zuou, J. ZHAO, AND X. CHEN, A size-dependent Kirchhoff micro-
plate model based on strain gradient elasticity theory, Eur. J. Mech. A Solids 30
(2011), 517-524.

Authors’ addresses:

Giovanni Alessandrini, Edi Rosset, Eva Sincich

Dipartimento di Matematica, Informatica e Geoscienze

Universita degli Studi di Trieste

E-mail: alessang@units.it,rossedi@units.it,esincich@units.it

Antonino Morassi

Dipartimento Politecnico di Ingegneria e Architettura
Universita degli Studi di Udine

E-mail: antonino.morassi@uniud.it

Sergio Vessella

Dipartimento di Matematica e Informatica
Universita degli Studi di Firenze

E-mail: sergio.vessella@unifi.it

Received November 4, 2024
Accepted March 7, 2025

318





