ON THE PERIMETER DEVIATION OF A CONVEX
DISC FROM A POLYGON(*)

by AuGUST FLORIAN (in Salzburg)(**)

SOMMARIO. - Nel piano siano C; e C; due insiemi compatti e convessi.
Indichiamo con pf(Cy,C3) la distanza tra loro nella metrica L. Si
denota con P, un qualunque poligono convesso di n vertici al massimo.
Fissato un convesso C, esiste un poligono P, = P,(C) minimante la
distanza pP(C, P,). In questo lavoro studiamo alcune propriets di tale
Pp(C). Se linsieme C ha il perimetro p, si prova che .

2n 1 =
pP(C,Pa(C) <p (l - crcaen(§ sen;)) .
L’uguaglianza vale se C ¢ un cerchio. |

SUMMARY. - Let C, and C; be two compact convex subsets of the plane.
We denote by pF(Cy,C3) the distance between C, and Cy determined
by the Ly metric. Let P, be any convex polygon with at most n vertices.
Given a convez set C, there is a polygon P, = P,(C) minimizing the
distance p¥(C, P,). In this paper we study some properties of P,(C).
If the set C has the perimeter p, we prove that

P 2n . . 1 .
PGP <p(1- 2 arsin (] sin D)) .

Equality holds if C is a circle.
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1. Introduction.

Let C? denote the class of all compact convex and non-empty sub-
sets of the Euclidean plane. We shall measure the distance between
two sets Ky, Ko € C2 by their perimeter deviation

(1) pF (K1, K2) = 2p (K1, K2]) — p(K1) — p(K3)

where [K, K3] denotes the convex hull of K; U K», and p(K) the
. perimeter of the set K (see [1]). The distance function pP was orig-
inally introduced by D. E. McClure and R. A. Vitale [8] as the L,-
metric in the space of support functions of elements of the class C2.
Various properties of L,, metrics were discussed by R. A. Vitale [11]
and, for m = 1, by the author [1].

For any n > 3, we mean by a convex n-gon a compact convex
polygon with at most n sides, possibly a line segment or a point. We
shall write P, for the class of all convex n-gons. A regular polygon
with precisely n sides will be called a regular n-gon.

In the present paper we shall consider the approximation of a set
C € C? by a convex n-gon P in the sense of perimeter deviation.
The mutual position of C and P will not be restricted in any way.
Let a set C € C? and an integer n > 3 be given. From the Bolzano-
Weierstrafl theorem the existence of some convex n-gon P,(C) can
be deduced such that

(2) oF (C, Pa(C)) = inf pP(C, Py,
where the infimum is taken over all P, € P,. For simplicity we write
(3) " (C, Pa(C)) = pu(C).

In a recent paper [2] the minimum of p,(C) is determined, extended
over all sets C of given perimeter and area. Here we shall establish
an inequality in the other direction.

THEOREM. Let € be a compact convez set of perimeter p and let
n 2 3. Then

(4) pa(C) < p (1- 2?” arcsin(% sin %))

with equality if C 1is a circle.



' ON THE PERIMETER DEVIATION OF A CONVEX DISC etc. 179

By two results of R. Schneider [9], [10] together with the paper
[3], the least perimeter deviation between a convex set C of given
perimeter and a convex n-gon contained in C (containing C) attains
its maximum if and only if C is a circle. We conjecture that also in
- (4) equality holds only for the circle.

For the Hausdorff distance or the symmetric difference, a precise
inequality like (4) seems to be not known. The paper [4] gives a
comprehensive review of approximation problems for convex bodies.

2. Some lemmas.

Let C € C? and n > 3 be given. The following lemmas give
some information on the polygon P,(C) = P and the function p,(C)
defined by (2) and (3), respectively. To prove the theorem we need
only Lemma 10, 11 and 12 and Corollary 5. '

LEMMA 1. If C has non-empty interior, then C and P have
interior points in common.

Proof. Suppose that P is a segment or a point. We choose some
point U € C'\ P and consider the n-gon P’ = [P,U]. Since p(P') >
p(P) and p([C, P']) = p([C, P]) we have p”(C, P') < pP(C, P) which
contradicts condition (2). Thus P has interior points. Therefore, we
can assume without loss of generality that

(5) C¢P, P¢gcC.
Observe that by (2)
(6) p([C, P]) < p([C, P))

for any P! € P, with p(P') = p(P). Now, (5) and (6) are just
the assumptions (ii) and (iii) for a number of lemmas in (2], p. 102.
Lemma 5 of this series is equivalent to our Lemma 1. O

LEMMA 2. When C is not a convex n-gon, then P has precisely
n vertices.

Pmof Suppose that P has less than n vertices. If C ¢ P,
consider the n-gon P’ = [P, U], where U is some point from C \ P.
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If C C P, let P’ be the n-gon obtained from P by cutting off some
vertex lying outside C. In both cases we have p*'(C, P') < pF(C, P),
a contradiction to (2). $

In the Lemmas 3 to 9 we make the general assumption that C
has non-empty interior. Let us denote the distinct vertices of P in
the anti-clockwise sense by Aj,..., Am, where 3 < m < n, and put
Am+1 = A;. We write AV B for the line joining the points A and
B.

LEMMA 3. For any two distinct vertices of P we have

(7 [C, PN A;A; = [C, PN (A V Aj) .

Proof. If this were not true we could choose a point
U € ([C,PIN(Ai V A;j)) \ AiA;j. The set P/ = [P,U] is a convex
n-gon satisfying p(P') > p(P) and p([C, P']) = p([C, P]). But this
contradicts condition (2). $

COROLLARY 1. No vertez of P lies in the interior of [C, P).

LEMMA 4. The segment joining any two distinct vertices of P
intersects C. -

Proof. Again, we can assume that (5) and (6) are satisfied. The
assertion now follows from Lemma 8 of {2] and the above Lemma 3.

¢

Let A be a point outside C or on the boundary of C. Let
S(C, A) be the intersection of the closed half-planes containing C'
and bounded by lines passing through A. Obviously, S(C, A) is a
convex cone (possibly a half-plane) which will be called the projec-
tion cone of C with apex A.

LEMMA 5. Fori=1,...,m, we have

PcCS(C,A).
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Proof. For a vertex A; outside C the assertion follows from
Lemma 4. Let us now assume that a vertex, say A, is on the
boundary of C. It suffices to show that A; € S(C,A;). Sup-
pose, on the contrary, that A; is in the exterior of S(C, A;), so that
- CNA1Az = {A2}. By Lemma 3, we see that C N (A4; V Az) = {As}.
The cone S(C, A;) is bounded by the half-lines A; A; and A;T, where
T is a point on the boundary of C. Note that P C S(C, A;). Let
P’ be the convex n-gon obtained from P by replacing the vertex
A; by some point A} € A;T sufficiently close to A;. The required
contradiction to condition (2) follows from

pP(C:P,) —pP(C’ P)
=2|TA | +2| AlAz | — | AmA} | — | AlA; |
~2|TA; | -2| A1A2 |+ | AmAL | + | A1A2 |
=| A1Az | — | Aid2 | =2 | AjA1 | + | AmA1 | — | AmA] |
=| AjAz2 | — | A1As | — | Aj4; |
+] AmA1| = | Amd | — | ALA; | < 0. ¢

LEMMA 6. Let A; be a vertex of P on the boundary of C. Then
the bisector s of the outer angle of P at A; supports C.

Proof. If this were not true, we could displace the vertex A; along
s into the interior of C. This process leaves [C, P] unchanged and
enlarges the perimeter of P. Thus p*(C, P) would be reduced, which
is impossible. O

Let A; be a vertex of P in the exterior of C, and let b be the
bisector of the angle A, A1 As. Let T and U denote boundary points
of C such that A; vT and A; vV U are support lines of C.

LEMMA 7. If A, is exterior to C, then b bisects the angle TA,U.

Proof. Let ¢ be the angle between b and A;T, and let 9 be the
angle between A;U and b. We suppose, contrary to the assertion,
that

(8) <.

Theri A; As intersects the interior of C. We displace A; on the normal
to b through a small distance z into the point A} such that A}
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und U are in the same half-plane bounded by b. For the n-gon
= A A;... A we have

(9) p(P') > p(P)

which implies that' A} ¢ [C, P]. The two support lines of C passing
through A} intersect the boundary of C at two points 7" on the

arc TU and U’ on the complementary arc. Let 7' be the point of
mtersectlon of A; VT and A’ VT, and write | AU |=u, | AiT |=v.

~ Since |UU’|2| UU' | and IT’TISI T'T" | + | T"T | we obtain
»((C, P')) - n([C, P)) | |

=| MU' | = | AU | = |UV'| + | {T' | +|T'T| — | AiT |
<|MU |- | AU |+ AT |- | AT |

= \/372 + u? — 2zusiny —u + \/2:2 +v2 + 2zvsinp —v .

Hence
2 (o(1C, P') - #((C; P])
(10) < z —2usiny T 4+ 2vsing

S = + .
V2 +u? —2zusiny+u 22 +v2 +2zusinp+v

Since v is greater than a positive constant, we see that the right side
of (10) tends to siny —sin%y as £ — 0. In view of (8) we conclude
that p([C, P']) < p(|C, P)) for sufficiently small . The combination
with (9) yields pP(C, P') < pP(C, P), a contradiction to (2). ¢

Retaining the notation of Lemma 7 we prove

LEMMA 8. If A; is exteriortoC and LTA U =20, L ApnA1As =
28, then '
(11)

cos o 1

cosf 2°

Proof. Let us suppose that

(12)

cos
cos 3

<1
5
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Lemma 7 says that the angles A,,A;A2 and TA;U have a common
bisector b. By (12), the segments A;A,, and A;A, intersect the
interior of C. We displace A; along b through a small distance z
into the point A} in the exterior of P. It will be shown that the
. n-gon P! = Aj} A2 A, satisfies

(13) pF(C,P') < pP(C, P)

which is impossible. ‘
Let T and U’ denote two boundary points of C such that A} v T
and A} VU’ are support lines. Then we obtain .

pF(C,P)) - pP(C, P)
—2|AT’|—2|A1T|-—2|TT’|—|A' Am |+ | A1An |
+2|A'1U'|‘-2|A1U|—2|UU'|—|A'1A2|+|A1A2| :

To prove (13) it will suffice to show that

(14) 2| A\T | =2| AT | -2 |TT| — | A\ A | + | ArAm | < 0.

Denot}ng the intersection of A; VT and A} vV T' by T” and writing

| AiT” |= v we find

| AT | = | AT | = |TT'| 2 | AT |~ | AT |- | TT" | - | T'T|
= | AT | -] AT |

V2 + 92 + 2zvcosa — v .

Hence

1 - T+ 2vcosa
15) — ( '"T'| —| AT | - TT') > — )
(15) T | AT | = | AT | ~ | )2 VT2 +v2 + 2zvc0sa + v

Putting | A;T |=t we obtain

| AT | - | AT | - | TT' |
| AT | — | A1T | S
Vz2 +12 + 2ztcosa — t

| AT | — | AiT | - |TT|

IA 1A
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so that

T+ 2tcosa
VZZ + 12 + 2xtcosa+t

1 ,
(16) ;(IAT'I—IAlTI—ITTI)

Combining (15) and (16) and observing that v > ¢, where ¢ does not
depend on z, we conclude that -

(17) lim 2 (| AT | - | AT | - |T3"'|) = cosar

as  tends to 0.
- Using the notation | A1 An, |= c we get

1, :1:4—2Ccosﬂ
L1444 AtAm |) = — ,
a:( | AiAm | +| ArAm |) Vz2+c® +2zccosf+¢
whence 1
(18) limg(—lA’lAm|+|A1Am ) =—cosf.

From (17), (18) and (12) we deduce that (14) and (13) are satisfied
for sufficiently small z.

Similarly, by displacing A; into the interior of P it can be shown
that also the supposition

cosoz"> 1
cosfB~ 2

leads to a contradiction to (2). We omit the detalls of the proof.
This completes the proof of Lemma 8. O

COROLLARY 2. If the vertex A; is in the exterior of C, then
Am A1 and A1 Az intersect the interior of C.

CoOROLLARY 3. If C is not a convex n-gon, then P does not
contain C.

LEMMA 9. If the boundary of C contains the vertex A of 'P,
then A; lies on more than one support line of C.

Proof. Suppose on the contrary that only one support line s
is passing through A;. By Lemma 6, the normal to s bisects the
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angle A,, A1 A2. Thus we can proceed as in the proof of Lemma 8 by
showing that inequality (14) continues to hold if T'= A;. Using the
notation | AT |=w, LT'A1A] =7, LA AT’ = § we have

| AT | - AT < | AT | - | AT

\/w"’ + 22 - 2wzrcosy—w.

Hence
1 (| AT | - |A1T’|) S ——m4——— ki h M|
z \/w§+m§—2wxcos'y+w
(19) < 2—==T = 2cot8 siny.

Since s is the unique support line of C at Aj, it is easy to see that
limé = n/2 as z — 0. From (19) it follows that

(20) lim% (| AT | - |A:T’|> =0

as £ — 0. The desired inequality (14) is a consequence of (18) and
(20). | ¢

Lemma 2, Corollary 2 and Lemma 9 imply -

COROLLARY 4. If all boundary points of C are regular, then P
has precisely n vertices, all of which are exterior to C and all sides
of P intersect the interior of C.

A similar remark applies to the approximation of a strictly convex
set in the symmetric difference metric; see [5], p. 220.

Let C be a circle with centre O. From Corollary 4 and Lemma 7
we gather that P is circumscribed about a circle with centre O, and
from Lemma 8 we infer that P-is inscribed in another circle with
centre O. Thus P is a regular n-gon. Exploiting relation (11) we
finally obtain
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COROLLARY 5. If Ko is a circle of perimeter p, then Pp(Kpo) is a
regular n-gon concentric with Ko and satisfying (11). Furthermore,

(21) pn(Ko) =p (1 - %—:—" arcs1n(§ sin H)) .

Corollary 5 is a particular case of Theorem 2 in [2], p. 117.

, In the proof of our theorem we shall make use of the Blaschke

symmetrization of a convex set. Let H be a hyperplane in d-dimensio-
nal Euclidean space, and let K be a compact convex set. If K denotes
the reflection of K in H and + indicates Minkowski addition, we say
that '

= —(K+K)

is obtained from K by Blaschke symmetrization about the hyperplane
H. Observe that K* is a compact convex set which is symmetrical
about H. Various properties of this process are discussed in Had-
wiger’s book (7], p. 260. We point out that W(K*) = W(K) and W
denotes the mean width. In particular, when d = 2, then

(22) p(K*) =p(K),

which means that Blaschke symmetrization leaves the perimeter of
a plane convex set unchanged.

The next lemma states that Blaschke symmetrization does not
reduce the least perimeter deviation between a given convex set and
some convex n-gon.

LEMMA 10. Let C be a compact convex set and let n > 3 be
given. If C* is obtained from C by Blaschke symmetrization, then

(23) pa(C*) 2 pn(©).

Proof. We may assume that C has non-empty interior; otherwise
pn(C) = 0. Also the Blaschke symmetral of C

(24) C* = %(C +0C)
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has inner points. There exists a convex n-gon P such:‘that
p"(C*, P) = pu(C™).

We denote both the vertices of P and their vectors by zi,..., zm,
where m < n. .

We proceed to show that there are two points 2] and 2; such
that , :

(25) ‘ 2 =2 +z,
(26) 2[C*, z1] =[C, 4] +[C, 2]
When 2; € C*, we can find points z; € C and z'l' € C satisfying
(25) and (26). Thus we may suppose that z; ¢ C*. Let s and ¢
be the support lines of C* containing z;, and let v and w be outer
normal vectors of s and ¢, respectively. Let s',¢ and s",t  denote

the support lines with the same normal vectors and associated with
C and C, respectively. The points 2| and z; defined by

(27) : A=4nt, z=5 nt

are in the exterior or on the boux’x’darl of C"” and C, respectively. For
any two points ' €e CNs'andz €CNs we have

(-2, v)=(2 -2, v) =0,

so that 1 1
(28) (G +2) -5 +27), v) =0.

Because 1(z/ + ") € C* N s, we can note
1 ’ n
(29) (11— 5@ +27), v) =0.
Combining (28) and (29) we obtain
| 1,,
(21— 5(21+21),v) =0

and similarly
1 "
(71 - 5(21 + 21), w) = 0.



188 AUGUST FLORIAN

Since v and w are linearly independent vectors, relation (25) is
proved. _

For a unit vector u let h(X,u) denote the support function of the
set X in direction u. We shall prove (26) by showing that

(30) 2h([C*, 2], w) = h((C, 2, ) + R ([C, 2l],u) - |

(i) If u is a normal vector of [C*, z1] at z1, then u is also a normal
vector of [C, 2}] at 2} and of [C, z{] at z{. In this case we have

h([C*, z1],u) = h({z1}, )

and similarly for the sets [C, z}] and [C, 2{]. Thus (30) follows from
(25).
(ii) For any other u

h([C* z1),u) = h(C*,u)
holds and similarly for [C, z}] and [C, 2{]. Now (30) is a consequence
of (24). .
Applying this construction to [C*,z1], [C, 2}}, [C,#{] and z in

place of C*, C, C and z; and starting from (26) in place of (24) we
can find two points 25, zj such that

/ 1
229 =29+ 29 ,

2(C*, a1, 22]] = [, [, 24]) + [T, 14, #]] -

Repeated application of this procedure produces two sets of m points,

{#,...,2,} and {2,..., 2,}, where
(31) 2z =214+2 (i=1,...,m),
(32) 2[C*, P| = [C,P'] + [C, P"]

and P’ = conv{z},...,2m}, P" = conv {z{,...,2n}. By (31), the
n-gons P’ and P” satisfy

1
(33) PcC 5(P’ + P").
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From (24), (32) and (33) we deduce

p(C*) = pP(C*,P)=2p([C*,P))—p(C*) - p(P)
-2 p(lc,P)+p(lC,P)
- -;—p(C) ~ %p('(f) - %p(P’ ) — %p(P”)
= 307(C,P)+ 307, P") 2 pa(C),
as required. | : O

LEMMA 11. Let K be a compact convex and non-empty subset
of E%(d > 2), and let O be a fired point. Let S denote the class of
convex sets, each obtained from K by a finite number of Blaschke
symmetrizations about hyperplanes passing through O. The class S
contains an infinite subsequence that converges in the Hausdor[ff met-
ric to the ball Ko with centre O and W(K,) = W(K).

We omit the proof since it is very similar to Hadwiger’s proof of
the “1. Kugelungstheorem”; see [6], p. 26 or [7], p. 170.

LEMMA 12. For given n > 3, the function p,(C) is continuous
in the Hausdorff metric.

Proof. Let Cp, (m = 1,2,...) and Cp be sets from C? such that
Cm — Cp as m — oo. There exist convex n-gons P,(Cp) = Qo and
Pp(Cr) = Qm, for m =1,2,..., such that

pP(CO’ QO) = pn(C'o), pP(Cm’ Qm) = pﬂ(C‘m) .

From the inequalities

pF(Co, Qo) < PP (Co,Qm) < 0¥ (Co,Cm) + PP (Crmy Qum)
< pP(Co,Cm) + pF (Cm, Qo)
< 2pP(Co,Cm) + p¥(Co, Qo)

and lim pP(Cy, Crm) = 0 we conclude that lim pP(Cpn, Qm) =
p"(Co, Qo). Hence lim pp(Cp) = pn(Co), as required. ¢

A
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3. Proof of the theorem. Let C be a compact convex set with
perimeter p, and let O be a fixed point. By Lemma 11, there is an
infinite sequence of convex sets (Cr,), m = 1,2,..., each obtained
from C by repeated Blaschke symmetrization about lines through
O, such that

(34) Cm — Ko (m — 00),

where Kj is the circle with centre O and perimeter p. Lemma 10
implies that . |

@) 5n(C) < pn(Cm)

for m=1,2..., and from (34), (35) and Lemma 12 it follows that

pa(C) < Tim pa(Crm) = pu(Ko) -

The reference to Corollary 5 completes the proof. | ‘<> |
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