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SOMMARIO. - Si considerano certe partizioni delle successive potenze cartesiane
del codominio di un processo stocastico a parametro discreto. Si esamina
il caso in cui asintoticamenie l'esponente di probabilita di una qualsiasi
unione di classi della partizione coincida con l'esponente di probabilita di
‘un’unica classe dell’unione. L’interesse in tale proprietd proviene da certe
questioni di Teoria dell’Informazione e di Statistica. Si investigano classi
di processi stocastici pit ampie di quelle finora considerate.

SUMMARY. - We consider certain partitions of the successive Cartesian powers
of the range of a discrete-parameter stochastic process. We examine the
case when asymptotically the probability exponent of any union of partition-
classes is equal to the probability exponent of a single class in the union.
Our interest is motivated by problems of Information Theory and Statistics.
We investigate larger classes of stochastic processes than those which have
been considered so far.

1. Introduction.

In this paper we investigate certain probability-theoretic questions,
which now we describe in loose terms. Assume that a discrete-parameter
stochastic process (s. p.) {Xn}nen is given. The common range of the
random variables (r. v. ‘s) X, is denoted by K and is supposed to be
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at most countable; the probability that the random vector X1, oo, X0)
belongs to An, that is Pr{Xi, ..., X,€A,}, is denoted simply by Pr (A,)
whenever this does not cause ambiguities (here A, is any subset of K%,
the n-th Cartesian power of K); if A, is a singleton, A,={x,}, we
shall write Pr (x,). The non-positive number n-!log Pr (A,) is called
the probability exponent (p. e.) of An; logs are taken to the base e.
A stratification of {K"}.y is a sequence of finite partitions ‘of K”:
K'= U  Cuill (n)| <o, neN.

teln) - 1 E :

We are interested in the case when the stratification meets certain
demands. The first is the following: asymptotically the p. e. of any union
of Cu:’s is equal to the p. e. of one of the Cn;’s in the union. Then
the stratification is called an a-stratification for the s. p. {Xn}nen. The
second demand is the following: all the elements of any C,; have the
same probability. When this demand is met the stratification is called
a [festratification for the s. p. {X,}wen. A stratification which both a
and 8 for a s. p. { X, }uen will be called a y-stratification for that process.

. As it will be seen, a-stratifications are easier to construct when
the cardinality |I (n)| is « small », while S-stratifications are easier to
construct when |l (n)| is «large». A very important case is known,
however, when a trade-off is' possible and there exists a y-stratification.
This is the case when the s. p. is finite range, stationary and memoryless.
Then a y-stratification is obtained by partitioning K" in composition
classes (two element of K" bélong to the same composition class iff they
are a permutation of each other). The knowledge of this y-stratification
allows the use of powerful techniques in basic problems of both
Information Theory and Statistics (for a heuristic description of this
techniques see [1] and [2]). ‘ '

Therefore we think that it is desirable to investigate the properties
of stratifications for larger classes of s. p.’s, as we have done in “this
paper. In particular the results that we have obtained in the finite-
range -stationary Markov case appear to be promising and worth of
further research-work in a more specific context, whether information-
theoretic or statistical (we have in mind, e. g., Longo’s conjecture, [3]).

Section 2 is devoted to introducing some mote notation. In
Section 3, a,f and y-stratifications are defined rigorously and some
basic properties are stated. Section 4 is devoted to the finite-range
stationary Markov case. In Section 5 we examine the case when I ()]
is «large», and show that' non-trivial a-stratifications exist even in
this case. | |
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2. Notation.

Although we refer to texts like [4] or [5] for standard nomen-
clature and notation, we wish to make clar some points. By symbols
like X~={Xn}nex we denote a discrete-time stochastic process (s. P.);
the random vector (Xi, ..., X, is denoted simply by X" If it is not
otherwise stated, all s. p.’s are assumed to have a common range K.
Stratifications and probability exponents (p. e.’s) have been defined
in the introduction. Stratifications will be denoted by symbols like
{Pulnen; here Pr={Cni}iern) is a partition of K", neN. A stratification
{Pnlnen is said to be finer (grosser) than the stratification {Qn}nen
when, for all n, the partition P, is finer (grosser) than the partition
Q.. P. e’s can be infinite (when the probability is zero). Expressions

like max Pr(C,;) or n~'log Pr (A.)—n~'log Pr (B,) are to be interpre-
ted (1) .

ted as zero when J (n)=3 or Pr(A,)=Pr(B,)=0; these conventions
have the unique purpose of avoiding trivial specifications.

3. Various Types of Stratifications.

Let {Pnluen be a stratification of {K"}nen, Pn={Cun,i}tierms neN;
let {X4}sep be a family of s. p.’s with range K.

DEFINITION 1: {Pu}nen is said to be an a-stratification for {Xa}aen
when:
(1) lim[sup[ max [n'logPr( U Cpd)—

n deD J(n<I(n) teJ (n)

—n-tlog max Pr(C.)]111=0.

ieJ(n)

Roughly stated, equality (1) means that if one is interested in
p. e.s rather than in the probabilities themselves, then asymptotically
any union of classes of the partition . can be replaced by a single
class in the union. The sup and the max which appear after the lim
sign in (1) are simply a uniform convergence proviso.

A very simple condition can be given which assures that a strati-
fication is an a-stratification for any family of s. p.’s. First we give
a definition. Let {Pnlnens Pu = {Cnilierny be a stratification; if
lim ' log |I ()| =0, the stratification is said to be sparse; otherwise

(lim sup n~!log |I (n)| >0) the stratification is said to be thick.
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PROPOSITION 1: A sparse stratification is an o-stratification for any
family of stochastic processes.

PROOF: let ] (n) be a subset of indices. One has:

Pr( U Cu= = Pr (Co)< |J ()] max Pr (Cy ) <
ted (1) ied(n)

|
i

< |I (n)| max Pr (C,,).

To complete the proof take n~! log of the extreme sides and use
the sparseness of the stratifichtion.
| Q.E.D.
Examples of thick a—straﬁﬁcations will be given in Section 5.
. | |
DEFINITION 2: A stratification { P, }nen, Pu={Cp:i}iercn, is a B-
stratification for the family of s. p.s {Xs°lsep when the following
equality holds for all values of the index d, for all Cni’s and for all
couple of elements of Cyi,x. and y, (neN, i€l (n)):

Pri{iXi'=x.}=Pr{Xs,'=y,}.

PROPOSITION 2: If the stratification { P }uey is a sparse a-stratifica-
tion for a family of s. p.’s, then any grosser stratification {Qun}uen is
also a sparse a-stratification fo} that family of s. p.’s; if the stratification
{Pulnen is a P-stratification lfor a family of s. p.s, then any finer
stratification { Qn}nen is again a f-stratification for that family of s. p.’s.

Proor: The first part of 1Proposition 2 foliows from Proposition 1
since also { Qn}uen is sparse; the second part is obvious.
| Q.E.D.
In the next section we shall give examples of (sparse) stratifications
which are both a and g for suitable families of s. p.’s.

DEFINITION 3: ‘A stratification which is both an a-stratification and
a f-stratification for a family of s. p.’s is said to be a y-stratification for
that family of s. p.’s.

PROPOSITION 3: A sparse f-stratification for the family of s. p.’s
{X4"}aep is also a y-stratification for { X4 }aep.

Proor: Use Proposition 1 | v
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4, The Finite-Range Stationary Markov Case.

Let m be any non-negative integer.

THEOREM. If K is finite there exists a sparsé stratification which is
a vy-stratification for any family of stationary Markov processes with
range K and memory at most m.

Proor: Let K= {ci, ...,k }, |K| < 0.
We shall subdivide the proof into three parts.

a) First we exhibit a partition of K". Let r= |K™|; denote by
Y1, ... » Y- the elements of K™ in an arbitrary but henceforth fixed order.
We shall define an equivalence relation over K”. If n<m, two elements
of K" are equivalent iff they are equal. Let n be larger than m, and

let x, be any element of K". Denote by x.. and Xn_m the two substrings

of x, such that X,=xXm Xn_m and [ (xm)=m (I (-) is the length of its
argument). With x, we shall associate r strings in the following way:

the j-th string, 1<j<r, is made up by all the components of Xnm

which are preceded by y;, in the same order as they appear in X,
Let ay, ..., a, be the r strings which have been associated with x,.; one

has 0=l (ap)<n—m, (1<j<r), X Il(aj)=n—m. Let ynzym'}n_m be
1<j<r

another element of K" (I (y») =m) and let fi, ..., B, be the strings which
have been associated with it. We say that x, and y. are equivalent iff:

i) Xn=Ym;
ii) B; is a permutation of a;, 1<j=<r.

The classes of the equivalence relation which we have just defined
will be called composition classes of order n and memory m.

b) Now consider the stratification of {K"}..y in composition
classes (c. c.’s) of order n and memory m. This is a f-stratification for
all stationary Markov processes with range K and memory at most m.
In fact in such processes the probability of an element of K", x,=
=a,..,a, (n>m), is given by:

Pr {Xm=d1, vee s am}- 1 Pr {X,-za,- IXj—m X,‘_m+1, vee s X,'_1=‘V

m41<j<n :

=Aiem Qj—ma1s oee s a,-dl}; ’
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but this number depends only on the c. c. to which x, belongs, and not
on x, itself.

¢) Now we prove that the stratification of {K"}.ey in c. c.’s of

order n and memory m is sparse.
Assume n>m. Let C,; be a c. c. of order #n and memory m and
let x» be any of its element. C,,; is identified by the common « head » of
its elements, x., and by the r strings @i, ..., o, associated with

Xn (xnzfcvm Xn-ms | (Xm)=m); on the other hand C,; identifies the Yi’s
only up to a permutation of the latter. Therefore it is convenient for us
to replace each y; with a K-length string v; whose h-th component is
the number of occurrences of ¢, in y;; 1<j<r, 1<h< IK|.

Now different c. c.’s identify and are identified by different
(r+1)-tuples (xm, v1, ... , ;). The components of the v;s are subject
to several constraints, of which we shall retain only the following; they
must be integers ranging between 0 and n—m. Thus an upper bound
to the number of c. c.’s of order #n and memory m is given by:

’ [((r—m+ DX ] = [K|" (n—m+1)IKI™FT

Since lim n-" log |[K|™ (n—m+ 1K™ =0 the stratification in
l .

c. ¢.’s of order n and memory m is sparse.
Use Proposition 3 to complete the proof of the theorem.
Q.E.D.

5. Thick Stratifications.

It is apparent by now that the simple and powerful properties of
sparse stratifications make their use most desirable; basically this
depends on Proposition 1, which asserts that sparse a-stratifications are
« universal ». Instead, in this section we shall give « non-universal »
examples of thick a-stratifications. Notice that trivial examples of thick
a-stratifications for a family of s. p.’s {Xa}sep are easily found; we
have in mind the case when limn~!log|I (n)—] (n)] =0, where J (n)
denotes the subset of indices whose corresponding partition-classes have
zero-probability for all the s. p.’s X4, deD. The example below are
not trivial. ‘

I) We begin by a non-stationary memoryless example. Let
K={0,1}. To specify a non-stationary memoryless process {Xp}nen
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over K it is enough to assign a sequence of positive real numbers,
{?n}nen, and set po=Pr {X,=1}=r/(1414), ge=Pr{Xa=0}=1/(14124);
r» is the ratio p./qn, n€N. The sequence {7 }nen Will be chosen according
to the following recursive set of rules:

1) r1==5;
2

n ra=14rp- II r, n=2.
) Isi<u—1

Fix n. We describe a partition of K" If x.,=ai,..,a, is an
element of K", its substrings A (xn) =a, ... , sty and t (Xn) =ds@my+1, ... 5 An
will be called the head and the tail of x,, respectively: s (n) is defined
as the integer par of n/2. We say the two elements of K" are equi-
valent iff they have the same tail. Denote by {P,}nen, Pra={Cuilicim,
neN, the corresponding stratification of {K"}..n. We shall prove that
{Pn}nen is a thick a-stratification for {X,}.en. We subdivide the proof
into three parts. For brevity, in the sequel expressions like
Pr{Xuy Xni1, ... , Xnsr=a} will be written simply as Pr (a) whenever
this does not cause ambiguity; ~=1, k=0, aeK**.

a) Let x,=a,..,a, and y,=by,..., b, belong to K" (x,=y,),
and let m be the index of the rightmost component where they differ.
We prove that Pr (x,) >Pr (y.) it a.=1.

In fact, if an=1:

Pr(x») _ Pr(a) ... Pr(an-1) Pr(am)
Pr(ys) ~ Pr(by) ... Pr (bm-1) Pr (bm)

- qdi ... gm-1 Pm

(#)
=(F1 . Pm1)" 7 1> 1.
e e Pt G (n D P > 1>

In (i) we have used the fact that rm>r1, ..., Fim-2 Pm-1 (see (2)). In the
same way one proves that Pr (y.) > Pr (x,) if b,=1.

b) Take now an arbitrary union of (at least two) classes of
P.. One has:

(3) Pr( U C.)<Pr(C.)+2"Pr(C.?),

ieJ(n)

where C, denotes a class in the family whose probability is maximal,
while C,® denotes a class of maximal probability in the family obtained
from {Ch,:}iesmy by suppressing C,?.
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Denote by t"=dm11, ..., a0 and £,P=b,p,4, ..., b, the tails of
the elements of C, and C,®, respectively.- One has: -

Z  Pr(xyn) Pr(t,® X Pr(xsm)

4) Pr (C, ) =, OE']) 2, (n) € K2 () |
( Pr(C.:*) X Pr(yo)  Prt.% X pr Psmy)
v, 0:;2] Vs (”)EK 8(n)

_ Pr&.®) _ Pr(asms1) ... Pr(as)
 Prt.®) ~ Pr(bspmen) ... Pr (b,)

Let m be the index of the rightmost component where £, and
t.? differ. One has an=1, bn=0 (use (@)). If m=s(n)+1 the last side
of (4) is rsmy+1. If m>s (n)+1, one has: “

Pr(CyY)  Pr(asmy+1) ... Pr (am) __ Pr (bsmy+1) Pr (Gm-1) I'm
Pr(C.?) — Pr(bswm+1) ... Pr (bw) __ Pr (bstny+1 - P (Bpu_y)

(1)
Z(h .es rm_l)_l tm > rm—lzrs(n)+l-

In (ii) we have again used (2). Therefore:

Pr (C,?)

ms(l‘sm)ﬂ)_l

A substitution in (3) yields:
(5) Pr ( }{ ) Cn,i)<Pr (Cn(l)) [1 +2n (rs(n)+1)_l]
tE n

" {44d)

< 2 Pr(C,").

In (iii) we have used the fact that ry.i=2%"+052 (use (2)).

It is enough to take n~'log of the extreme sides of (5) to prove that
{Pu}nen is an a-stratification for {X, }uen. :

¢) The above a-stratification is thick. In fact the number of
the classes of P, is the same as the number of the possible tails, that
is 2"-sM =2n-int/2)  On the other hand

lim n-! log2”"'"“”/’-’=—;— log 2.

Thus we have exhibited a thick a-stratiﬁcéﬁon for {X,}nen.
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II) The non-stationary example which we have given can be
used to exhibit thick a-stratifications for different types of s. p.’s.
Assume, for example, that {Y,}scn is a stationary memoryless s. p.; the
Y.’s are, say, Poisson r. v.’s with parameter A,4>0. Now the range
is No=NU{0}. Let f, be the largest quantile of order p.; here p. is
the same number as in the example above. Let us define a mapping
., of No* onto K"={0,1}": if x.=ay, ..., as, ¥n(x.) is the n-tuple
which is obtained from x, by replacing a; with 1 if a;<f;, with O
otherwise; 1<i<n. Consider the following equivalence relation over
N¢: x, and y, are equivalent iff ¢, (x,) and ¢. (y.) are equivalent in
K" according to the equivalence relation which has been used in the
example above. It is immediate to see that the corresponding strati-
fication of {No"}uen is a thick a-stratification for {yn}nen.
Acknowledgement. The author thanks G. Longo for his help
and for pointing him out the equivalence relation used in Section 4.
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