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1. Introduction

Let .#(C) be the set of all non-constant meromorphic functions in C,
whereas &(C) denotes the set of all non-constant entire functions. On the
other hand we denote by .#1(C) and &7 (C) the set of all transcendental mero-
morphic and entire functions respectively. Let f € .#(C) and a € .#(C)UC
such that f # a. We denote by n(t,a; f) = n(t,0; f — a) the number of roots of
the equation f(z) —a(z) = 01in |z| < ¢, multiple roots being counted multiplely
and by 7(t,a; f) the number of distinct roots of f(z) — a(z) = 0 in |z] < t.
Correspondingly we define

r

N(r,a; f) = / n(t, a; f) ;n((),a; f)dtJrn(O,a; f)logr,

0
T

N(r,a;f) = / n(t, a; f) ;ﬁ(o"“ 1) g +7(0,a; f) logr.

0

Also we use the standard notations of Nevanlinna’s value distribution theory
such as N(r, f), m(r, f), T(r,f), ... (see, e.g., [3, 11]). By S(r, f) we denote
any quantity that satisfies the condition S(r, f) = o(T'(r, f)) as r — oo possibly
outside of an exceptional set of finite linear measure. A meromorphic function
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a is said to be a small function of f if T'(r,a) = S(r, f). We denote by .7(f)
the set of all small functions of f. Also we use p(f) and pa(f) to denote the
order and hyper-order of a meromorphic function f respectively.

By a differential polynomial Py(z, f) in f of degree d, we mean it is a poly-
nomial in f and its derivatives with a total degree d and small functions of f as
the coefficients. Note that Py(z, f) is said to be an algebraic differential polyno-
mial if the coefficients are polynomials. By a differential-difference polynomial
Py(z, f) in f of degree d, we mean it is a polynomial in f, f(z + ¢) and their
derivatives with a total degree d and small functions of f as the coefficients.

It is difficult to prove the existence of solutions of a given differential equa-
tion and it is also interesting to find out the solutions if the solutions exist.

A special type of nonlinear differential equation f™ + Py(z, f) = h, where
h e #(C)UC and Py(z, f) is a differential polynomial in f of degree d, has
become a matter of increasing interest among the researchers.

It is easy to verify that f1(z) = sin z is a solution of the differential equation
4f3(2)+3f"(z) = —sin3z. In [4], it was proved that fo(2) = —@ cosz—1sinz
is also a solution of this equation. In 2004, Yang and Li [10] proved that
this equation admits exactly three entire solutions namely f1(z), f2(z) and
f3(z) = ? cosz — £sinz. Since —sin3z is a linear combination of €*3* and
e~%7 50 it is interesting to find out all entire solutions of the following general
equation

() + Palz, ) = pre™ + pe ™, (1.1)

where p1,p2, A € C\ {0} and d <n — 1.
In this direction, Yang and Li [10] obtained the following result.

THEOREM 1.1 ([10]). Let Pi(z, f) be a differential polynomial such that d <
n—3, wheren >3, b € Z(f) and A\, p1,p2 € C\{0}. Then there does not exist
f € &r(C) such that f™(2) + Py(z, f) = b(z) (ple)‘z —|—p267>‘z).

In 2006, Li and Yang [7] further generalized Theorem A and obtained the
following result.

THEOREM 1.2 ([7]). Let Py(z, f) be an algebraic differential polynomial such
that d < n — 3, where n > 4. Let p1, ps be nmon-zero polynomials, a1,as €
C\ {0} such that ¢+ ¢ Q. Then there does not exist f € &r(C) such that
F7(2) + Palz, £) = pr()en + pa(2)ec=.

In 2011, Li [6] derived the possible forms of the solutions of the equa-
tion (1.1) when d < n — 2 and obtained the following result.

THEOREM 1.3 ([6]). Let Pi(z, f) be a differential polynomial such that d < n—2,
where n > 2 and p1,p2,a1,a9 € C\ {0} with oy # ag. If f € #r(C) is a
solution of the equation f™(z)+ Py(z, f) = p1e*'? + p2e®2? satisfying N(r, f) =
S(r, f), then one of the following holds
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(i) f(2) =co(z) + cre™ =, where co € Z(f) and ¢} = p;
(ii) f(z) = co(2) + cae® 2, where co € L(f) and & = py;
(iii) f(2) = cre™? + cpen?, where oq + oy = 0 and ' =p;,i=1,2.

In 2013, Liao, Yang and Zhang [8] further extended and improved the above
results by giving the following result.

THEOREM 1.4 ([8]). Let Pi(z, f) be a differential polynomial with rational func-
tions as its coefficients. Let p1,p2(Z 0) be rational functions, oy, as be poly-
nomials and n > 3. If d < n—2, then the differential equation ™+ Py(z, f) =
p1re®t +pae®? admits a solution f € .4 (C) with finitely many poles and Z—i € Q.
Furthermore only one of the following four cases holds:

(1) f = ge? and Z—i = 1, where q(# 0) is a rational function and p is a
polynomial with np' = o) = o;

(2) f = qeP and either % = £ or Z—i = %, where q(# 0) is a rational
function, k € N with 1 < k < d and p is a polynomial with np’ = o or

' = b

(8) [ satisfies one of the differential equations (1) f' = % (% —|—0/2) f+v
and z—i =21 gnd (2) f' =1 (%—Fa’l)f—kdz and 3—:; = 2o, where v

n
is a rational function;

(4) [ =€ +ye7 P and % = —1, where 1, ¥2(£ 0) are rational functions
and By is a polynomial with nfB] = of or nf] = ob.

Now it is interesting to find out all the meromorphic solutions of the fol-
lowing nonlinear differential-difference equation:

FH(2)f(z+ ) + Palz, f) = pr(2)e™®) + pa(2)e2 ), (1.2)

where ¢ € C\ {0}, Py(z, f) is a differential-difference polynomial with small
functions of f as its coefficients, p1, p2(# 0) are rational functions and aq, a9
are non-constant polynomials.

The objective of the paper is threefold. Our first objective is to find out the
possible solution of the nonlinear differential-difference equation given by (1.2),
when the right side of the equation (1.2) contains only one term. Now we state
one of our main results.

THEOREM 1.5. Let ¢ € C\ {0} and Py(z, f) be a differential-difference polyno-
mial with small functions of f as its coefficients and n > d + 2. Let p(# 0)
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be a rational function and « be a non-constant polynomial. If f € .#(C) is a
solution of the equation

FM(2)f(z + ) + Pa(z, f) = p(2)e*® (1.3)

satisfying p2(f) < 1 and N(r, f) = O(logr), then Py(z, f) =0 and f = qeP,
where q(Z 0) is a rational function and p is a non-constant polynomial such
that ¢"(2)q(z + ¢) = p(z) and np'(2) + p'(z + ¢) = &/ (2).

Let us take f2(2)f(z + ¢) + Py(z, f) = p(2)e®®), where

Pa(e f) = =5 7'(2) ~ 1

p(z) = =1, a(z) = 3z and ¢ € C\ {0} such that e¢ = —1. Here n = 2 and
d = 1. Clearly f(z) = e®*+1 is a solution of the given equation and so the given
equation admits a solution which is not of the form f = geP, where ¢(# 0) is a
rational function and p is a non-constant polynomial.

Our second objective is to find out the possible forms of meromorphic solu-
tions of the differential-difference equation (1.2), when p1,p2(# 0) are rational
functions and oy, ay are non-constant polynomials. In this regard, we obtain

the following result.

THEOREM 1.6. Let ¢ € C\ {0} and Py(z, f) be a differential-difference poly-
nomial with small functions of f as its coefficients and n > d + 3. Suppose
p1,p2(# 0) are rational functions and ai, as are non-constant polynomials.
If f € #(C) is a solution of the equation (1.2) satisfying p2(f) < 1 and
N(r,f) = O(logr), then one of the following cases holds:

(1) f = qeP, where q(Z 0) is a rational function and p is a non-constant
polynomial such that ¢"(z)q(z + ¢) = bip1(z) + p2(2), where by € C and
np'(2) +9'(z + ¢) = a1 (2) = a5(2).

(2) f = qeP, where q(# 0) is a rational function and p is a non-constant
polynomial such that either q"(2)q(z+c¢) = p1(2) and np/(2) +p'(z+¢) =
ay(2) or q"(2)a(z + ¢) = pa(2) and np'(2) + /(2 + ¢) = a5(2).

Let us take f2(2)f(z +¢) + Pa(z, f) = p1(2)e®* ) + py(2)e*2(2) | where
Pi(z, f) = —if(z+¢), p1(2) =p2(2) =i, a1(z) = 3z, az(z) = -3z

and ¢ € C\{0} such that e® = 4. Here n = 2 and d = 1. Clearly f(z) = e*+e*
is a solution of the given equation and so the given equation admits a solution
which is not of the form f = geP, where g(# 0) is a rational function and p is
a non-constant polynomial.
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REMARK 1.7. In Theorem 1.6 we study the existence of meromorphic solutions
of equation (1.2) having finitely many poles. Now our next purpose is to study
the existence of meromorphic solutions of equation (1.2) satisfying N(r, f) =
S(r, f).
For further study, it is quite natural to ask the following question.
Question 1. How to find the solutions of the equation (1.2) under the
condition n >d+1 7

DEFINITION 1.8. Let f, g € #(C) and a € 7 (f) N7 (g). Denote by Ng(r,a)
the counting function of all common zeros of f — a and g — a with the same
multiplicities. If N(r,a; f) + N(r,a;9) — 2Ng(r,a) = S(r, f), then we say f
and g share a CM,.

Our third objective for writing this paper is to find out the possible answer
to the above question. In the paper we have been able to solve Question 1 at
the cost of considering the fact that f(z) and f(z 4+ ¢) share 0 CM, and obtain
the following result.

THEOREM 1.9. Let ¢ € C\ {0} and Py(z, f) be a differential-difference poly-
nomial with small functions of f as its coefficients and n > d + 1. Suppose
p1, p2(# 0) are rational functions and oy, ay are non-constant polynomials. If
f e #(C) is a solution of the equation (1.2)

such that p2(f) <1, N(r, f) = S(r, ) and f(2), f(z+c) share 0 CM,, then
one of the following cases holds:

(1) f=qents, g e S (f)\{0} such that ¢"(z)q(z+c)e ™ w12 = copa(2),
where et~ € S (f), ¢p € C\ {0};

(2) f=qenit, g Z(F)\{0} such that ¢*(2)q(z +c)e ™ = p1(2) +
©(2)p2(2), where ¢ = e~ € L (f);

(38) f= qe%, q € L(f)\ {0} such that q"(2)q(z + c)eal(zfrfjr_lal(z) = p1(2)
and
kot — (n+1as

e+t e S(f), where k € {0,1,2,...,d};

(4) f = w et — vy, where uy,v; € L(f) \ {0} such that ut(2)ui(z +
Qe " T 2 (), wl T (2r () =pa (2o (2) and e (e ¢

L (f);

(5) [ = 61€7 + 6277, where e*r T2 € F(f), 61,02 € L(f) \ {0} and
7 is a non-constant polynomial such that either e T+ ¢ Z(f) or
e(ntD)v+as ¢ Z(f).

From Theorems 1.5, 1.6 and 1.9, we have the following corollary.
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COROLLARY 1.10. Fquations (1.2) and (1.3) do not have any solution f €
M (C) satisfying N(r, f) = O(logr) (S(r, f)), p(f) = +oo and p2(f) < 1.

The following example shows that conclusion (4) in Theorem 1.9 cannot be
removed.
EXAMPLE 1.11. Let us take f2(2)f(z+c¢)+Py(z, f) = p1(2)e®* ) 4py(2)e®2 ),
where Py(z, f) = =3 f(2) + 5=, p1(2) = p2(2) = 1, a1(2) = 3z, az2(z) = 2z and
c € C\ {0} such that e® =1. Here n =2 and d = 1. Clearly f = wenit — vy,

where u; = 1 and vy = % is a solution of the given equation. Note that
aq(z4c)—aq(2)
ult(z)ur(z + c)e ST = p1(2), u’f“(z)vl(z +¢) = p1(2)v1(2) and f(2),

f(z+ ¢) share 0 CM,.

The following example shows that conclusion (5) in Theorem 1.9 cannot be
removed.

EXAMPLE 1.12. Let us take f(2)f(z4¢)+ Pa(z, f) = p1(2)e®**) 4 py(2)e®2 (),
where Py(z, f) = 2, p1(z) = p2(2) = —1, a1(z) = 2z, az(z) = —2z and
¢ € C\ {0} such that e = —1. Here n = 1 and d = 0. Clearly f = §1e” 4 d2e™"
is a solution of the given equation, where d; = d2 = 1 and v(z) = z. Note that
f(2) and f(z + ¢) share 0 CM, and e(*tD1(:)+e2(2) ¢ 7 (f).

2. Auxiliary lemmas

LEMMA 2.1 ([5]). Let f € A7 (C) be a solution of finite order p of the equation
H(z, [)P(z, f) = Q(z,f), where H(z, f),P(z, f) and Q(z, f) are difference
polynomials such that the total degree of H(z, f) in f and its shifts is n and
that the total degree of Q(z, f) is at most n. If H(z, f) just contains one term of
mazimal total degree, then m(r, P(z, f)) = O (r*=17¢) + S(r, f) holds possibly
outside of an exceptional set of finite logarithmic measure, where € > 0.

REMARK 2.2. Particularly, if H(z, f) = f™(2), then a similar conclusion holds
when P(z, f) and Q(z, f) are differential-difference polynomials in f.

LEMMA 2.3 ([1]). Let f € 47 (C) and f(2)P(z, f) = Q(z, f), where P(z, f)
and Q(z, f) are polynomials in [ and its derivatives with meromorphic coef-
ficients, say {ax(z) |\ € I} such that m(r,ay) = S(r, f) for all X € I. If the
total degree of Q(z, f) as a polynomial in f and its derivatives is less than or
equal to n, then m(r, P(z, f)) = S(r, ).

LEMMA 2.4 ([3]). Let f € #(C) and a; € Z(f), i = 1,2. Then T(r, f) <
N(T,f)+N(T,a1;f)+N(T,(l2;f)+5(7“,f).

LEMMA 2.5 ([2]). Let c € C\ {0}, € > 0 and [ € #(C) such that p2(f) < 1.
Then

(- 25250) e ) =oAL
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outside of an exceptional set of finite logarithmic measure.

LEMMA 2.6 ([9]). Let f € 41 (C) such that p2(f) <1 and ¢ € C\ {0}. Then
T(r,f(z+¢)) =T(r, f) + S(r, f) and N(r, f(z +¢)) = N(r, f) + 5(r, f).

LEMMA 2.7. Let ¢ € C\ {0} and Py(z, f) be a differential-difference polynomial
with small functions of f as its coefficients and d < n—1. Suppose p1,p2(Z 0)
are rational functions and oy, ag are non-constant polynomials. If f € .#(C) is
a solution of (1.2) satisfying po(f) < 1 and N(r, f) = S(r, f), then f € M1 (C)
and p(f) < +oo.

Proof. Let f € .#(C) be a solution of the equation (1.2). We claim that f €
A7 (C). If not, suppose f is a rational function. In this case p1e®! +poe®? must
be a rational function, say R;(# 0) and so —p1e®* = poe®2 — R;. Consequently
p2e®? — Ry has finitely many zeros and so by Lemma 2.4 we get

T(’I’, p?eaz) < N(Tv eraz) + N(rv 0; p26a2) + N(T‘, Rl;eraz) + S(’f’, p26a2)
= S(T’, p26a2)a

which is impossible. Hence f € .#r(C). Note that

2,.0) =D bu(=)Gulz

where b, € Z(f) and
G“(Z,f)
= (SN (PP (FP P+ e)® (f (2 + )t (fP (2 + )tk

k k
PosPYs P04ty q € NU{0} such that > pf + > ¢ = p < d
=0 §=0

Therefore we have
-3t )f“() (2.1)

Now applying the lemma on the logarithmic derivative and Lemma 2.5 we
obtain

m (7’, bp(Z)iG“,EZ’ {) )

:m(r,b“(z)
=S5(r, f).
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Therefore (2.1) takes the form Py(z, f) = ca(2)f%(2) + ca—1(2) f41(2) +
..+ co(2), where ¢q £ 0 and m(r,¢;) = S(r, f) for i = 0,1,2,...,d. Now by
mathematical induction we can prove that m(r, Py(z, f)) < d m(r, f)+ S(r, f).
Note that f € #p(C) and N(r, f) = S(r,f). Then by Lemma 2.6 we get
N(r, f(z+¢)) = S(r, f). We know that N(r, f9)) < (1 + 5)N(r, ). Therefore

N(r, Gz, ) < (S o+ )P )N ) + (5oL + D) a)N(r, f(z +¢) =
S(r, f). Since N(r,b,) = S(r, f) one can easily deduce that N(r, Py(z, f)) =
S(r, f). Consequently

T(r,Pa(z, f)) = m(r, Pa(z, [)) + S(r, f) (2.2)
<dm(r,f)+ S8, f) =dT(r, )+ S(r. f).
On the other hand from Lemma 2.5, we have
T(r, f"(2)f(z +¢)) = m(r, f"(2) f(z + ¢)) + S(r, f)

<mmfwu»+mmf§§”

=n+1)T(r f)+ S(r f).
Again from Lemma 2.5, we see that
(n+1) T(r, f) = m(r, f**1) + S(r, f)
< m(r, ) f(z+ c)) + m(r, f(J; T o
<T(r, f"(2)f(z+ ) + S(r, f)-

Therefore T'(r, f™"(2)f(z+¢)) = (n+1) T(r, f) + S(r, f) and so from (2.2),
we get

)+S(r, f)

)+ S(r, f)

T(r,pre® 4 p2e®?) < T(r, f*(2)f(z +¢)) + T(r, Pa(2, f))
<(n+d+1)T(r, f)+ S, f)

T(r,p1e® + p2e®?) > T(r, f"(2) f(z +¢)) — T(r, Pa(z, f))
> (n—d+1)T(r, f)+ S(r, f).

Consequently (n —d+ 1) T(r, f) + S(r, f) < T(r,p1e®™ + pee®?) < (n+
d+1) T(r, f) + S(r, f), which implies that p(f) < +oo. This completes the
proof. O

From Lemma 2.7, we immediately have the following lemma.

LEMMA 2.8. Let ¢ € C\ {0} and Py(z, f) be a differential-difference polynomial
with small functions of f as its coefficients and d < n — 1. Suppose p(Z 0)
is a rational function and « is a non-constant polynomial. If f € #(C) is a
solution of (1.3) satisfying p2(f) < 1 and N(r, f) = S(r, f), then f € .#1(C)
and p(f) < +o0.
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LeMMA 2.9 ([6]). Let f € A#r(C) and ¢1,q2,q93,a € L (f) such that gigsa #
0. Ifarf>+aff' +a(f)? = a, then g3 (a3 — 4q1a3) & + g2 (a3 — dqr1q3) —
a3 (63 — 4q103) + (@3 — 4q103) 5 = 0.

LEMMA 2.10 ([3]). Let f € #(C). Suppose g(z) = f"(z) + Pn-1(z, f), where

P,_1(z, f) is a differential polynomial with small functions of f as its coeffi-
cients and N(r, ) + N(r, %) =8(r,f). Then g=(f + )", where y € L(f).

LEMMA 2.11. Let f € .#(C). Suppose g(z) = f"1(2) + Pu_1(z, f), where
P,_1(z, f) is a differential polynomial with small functions of f as its coeffi-
cients and N(r, f) + N (r, é) = S(r, f). Then g = f**' and Py_1(z, f) = 0.

Proof. From Lemma 2.10 we get g = (f +7)"", where v € .Z(f). If possible,
suppose v Z 0. Then we have (f(z) +7(2))"™" = f"*1(2) + Pu_1(2, f) and so
(n+ 1)) f™"(2) + Qun-1(z2, f) = Po_1(z, f), where Q,,_1(z, f) is a differential
polynomial with small functions of f as its coefficients. Therefore f*~1(z).(n+
Dy (2)f(2) = Poo1(z, f) — Qn-1(, f) and so by Lemma 2.3 we conclude that
m(r, f) = S(r, f). Since N(r, f) = S(r, f), it follows that f € .(r, f), which
is impossible. Hence v = 0. Consequently g = f"*! and P,_1(z, f) = 0. O

3. Proofs of the theorems

Proof of Theorem 1.5. Let f € .4 (C) be a solution of the equation (1.3). Then
by Lemma 2.8 we conclude that f € .#7p(C) and p(f) < +o00. Now differenti-
ating (1.3) once we get

PN (f () f (2 + ) + f(2)f (2 + 0) + Pa(f(2))
= (p(2)a(2) + P (2)e*?, (3.1)
where P;(f(2)) = Pi(z, f).
We claim that pa’ + p’ # 0. If not, suppose pa’ + p’ = 0. On integration
we get e® = ¢, where ap € C\ {0}, which is impossible. Now eliminating e”
from (1.3) and (3.1) we get

@) () (nf () f(z + ) + f(2)f' (2 +©))
— (p(2)a(2) +1'(2)) f(2) f (2 + ©))
= (p(2)d/ (2) +p(2)) Pa(f(2)) — p(2) P(f (). (32)
Suppose p(z) (nf'(2)f(z+¢) + f(2) [/ (z+¢)) = (p(2)/ (2) + p'(2)) f(2) f(z+
¢) # 0. Then by Lemma 2.1 we get
m(r,p(2) (nf'(2) f(z +¢) + f(2) f'(2 +¢))
—(p(2)a'(2) +9'(2)) f(2) f(z + ) = O (r"~1*2) +S(r, f)  (3.3)
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and

m(r,p(z) (nf (2)f'(2)f (= + )+f2( )f/(2+0))
— (p(2)(2) + p'(2)) f* (z4¢) =0 (r" ")+ S(r, f). (3.4)
Since N(r, f) = O(logr), from (3.3) and (3.4) we have

T(r, f) <T(r,p(2) (nf(z )f’(Z)f(Z+C) &) f (2 +0)
— (p(2)o/(2) +9'(2)) f +0))
+T(r,p(2) (nf'(2 )f(Z+C)+f(z) f(z+0)
= (p(2) () +1/(2) f(2)f (2 + ) = O (r"+%) + 8(r, f),

which is impossible. Therefore
p(2) (nf'(2)f(z + ) + f(2) f'(z + ¢)) — (p(2)d/ (2) + P(2)) f(2) f(z +¢) =0
and so on integration we get
FH(2)f (2 + ) = arp(2)e®), (3.5)

where a; € C\{0}. Now from (1.3) we have (1— a—ll)f"(z)f(z—i—c) = —Py(z, f).
If a; # 1, then by Lemma 2.1 we get m(r, f(z+c)) = O(r*~'7)+5(r, f). Since
N(r, (2 + ¢)) = O(logr), we have T(r, f(z + ¢)) = O(r*=*¢) + S(r, f), which
is impossible. Hence a1 = 1 and so Py(z, f) = 0. Also from (3.5) we deduce
that N(r,0; f) = O(logr) and so we let f = geP, where ¢(# 0) is a rational
function and p is a non-constant polynomial such that ¢"(z)g(z+¢) = p(z) and
np'(z) + p'(z + ¢) = &/(z). This completes the proof. O

Proof of Theorem 1.6. Let f € .#(C) be a solution of the equation (1.2). Then
by Lemma 2.7 we conclude that f € .#p(C) and p(f) < +oo. Differentiating
(1.2) once we get

@) (nf'(2) f (2 + ) + f(2)f' (2 + 0)) + Pi(f(2))
= (pray +ph)e™ + (p2ag + ph)e™ . (3.6)
Now eliminating e®? from (1.2) and (3.6) we get
@) (2(2) (nf'(2) f (2 + 0) + f(2) ' (2 + ©))
— (p2(2) 0y (2) +p5(2)) f(2)f (2 + €))
+p2(2)Pi(f(2)) = (p2(2)a(2) + pi(2)) Pa(f(2)) = A(z)e™ P, (3.7)

where

A(2) = p2(2)(p1(2) (2) + p1(2)) = p1(2)(p2(2)0s(2) + p5(2)).
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First we suppose A = 0. Then o — ab = % — % and so af = ob. Now

from (3.7) we get
@) (p2(2) (0 (2) f (z40)+ £ (2) ' (2+€)) = (p2(2) 3 (2) +p3(2)) £ () f (2+c))
= (p2(2)ay(2) + pa(2)) Pa(f(2)) — p2(2) Pa(f(2)).  (3.8)

Then proceeding in the same way as done in the proof of Theorem 1.5, one
can easily conclude that f = geP, where (% 0) is a rational function and p is a
non-constant polynomial such that ¢"(2)g(z+c¢) = p2(z) and np’(2)+p'(z+c¢) =

a1(2) = ay(2).

Next we suppose A # 0. Now differentiating (3.7) once we get

where

Qa(f(2)) = p2(2) Py(f(2)) — (p2(2)ay(2) + p5(2)) Pu(f(2))- (3.10)
Eliminating e®* from (3.7) and (3.9) we get

Fr2(2)e(2) = A(2)Qu(f(2)) = (A'(2) + A(2)a(2))Qa(f(2)),  (3.11)

where

e(2) =h(2)(f'(2))2f(z + ¢) + ha(2) f(2) f'(2) [ (2 + ©)
+ha(2) f(2) ' (2) f(2 + ) + ha(2) f(2) f"(2) f (2 + ¢)
+ hs(2) f2(2) " (2 + ) + he(2) f*(2) f(z + )
+ ha(2)f2(2) f (2 + ¢), (3.12)
m(z) = n(n—pa(2)A(2)
ha(z) = —2npa(2)A(z2)
ha(z) = npa(e) (A(2)ed (=) + A'(2)) + () A(2))
and ha(z) = —npa(2)A(2)
) = mAG)
he(z) = (p2(2)ah(2) +ph(2)) Al2)
— (A(2) (2) + A(2)) (p2(2)ab(2) + pa(2))
hi(z) = pa(2) (A(2)(a)(2) — a5(2)) + A'(2))
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If ¢ # 0, then by Lemma 2.1 we get

{ m(r,p) =0 (TpflJrE) +S(r, f)

(3.13)
m(r, fo) = O (r*=1%) + S(r, f).

Since N(r, f) = O(logr), from (3.13) we get T'(r, f) < T(r,p) + T(r, fp) =
O (r#=1%2) + S(r, f), which is impossible. Hence ¢ = 0 and so from (3.11) we
have

AQY = (A + Aah)Qu. (3.14)
Suppose Qg4 = 0. Then from (3.10) we have
p2Pj = (p20 + p}) Pa. (3.15)
If P; =0, then from (1.2) we get
FH(2)f(z +¢) = pr(2)er®) 4 pa(z)e2 ) (3.16)
— () (py () ()02 4 o (2)).
We claim that a3 — ag € C. If not, suppose a1 — ay € C. Since N(r, f)

O(logr), from (3.16) we get N(r, 0; pre*1 o2 —l—pg) < %N(r, 0; prex1—a2 —l—pg) +
O(logr). Now by Lemma 2.4 we get

T(r, eo‘l*O‘?) = T(r,pleo‘ﬁa?) + S(r, eal*o‘z)
< N(r,0;p1e7%2) + N (r, 003 pre® ~2)
+ N(r, —pa; pre® =) + S(r, e 7 2)

IN

N (016 4 ) + (e )

< %T(r, e‘“_“?) + S’(r7 e“l_az),
which is impossible. Hence a; — as € C and so we let e** = bye*2, where
by € C\ {0}. Therefore from (3.16), we have f"(z)f(z +¢) = (bip1(z) +
pg(Z))(iaQ(z). This shows that f has finitely many zeros. In this case one
can easily conclude that f = geP, where ¢(# 0) is a rational function and p
is a non-constant polynomial such that ¢"(2)q(z + ¢) = bip1(2) + p2(z) and
np'(2) +9'(z + ¢) = a1 (2) = a5(2).
If Py # 0, then from (3.15) we have % =alh + %. On integration, we get
(1

P = bapae®?, where by € C\ {0} and so from (1.2) we get

£+ 6) 4 (L= ) PUF () = pr(2)e ).
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Now by Theorem 1.5, we conclude that f = ge?, where ¢(# 0) is a rational
function and p is a non-constant polynomial such that ¢"(2)q(z 4+ ¢) = p1(2)
and np'(2) + p'(z + ¢) = o (2).

/

Suppose Qg # 0. Then from (3.14) we have % =4 af. On integration

+
A
we get Qg = bgAe®t, where b € C\ {0} and so from (3.7) we have

) (p2(2) (' () (2 + €) + () (2 4 €)) — (pa(2)y(2)
A DfGEO) = (1 - 2)Qu (3.17)

Let

p1(2) = p2(2) (nf'(2) f(z + ) + f(2)f'(2 + ©))
— (p2(2)(2) + p5(2)) f(2) f (2 + ©).

If b3 = 1, then from (3.17) we get

p2(2) (nf'(2)f(z + ) + f(2)f'(z + 0))
= (P2(2)as(2) +p3(2)) f(2) f (2 +¢) = 0

and so on integration we have f"(2)f(z+4c) = bapa(2)e®2(*), where by € C\ {0}.
Now by Theorem 1.5, we conclude that f = geP, where ¢(# 0) is a rational
function and p is a non-constant polynomial such that ¢"(z)q(z + ¢) = pa(2)
and np'(z) + p'(z + ¢) = ab(2).

If b3 # 1, then from Lemma 2.1 and (3.17) we get m(r, 1) = O(r/~1%¢) +
S(r, f) and m(r, o1 f) = O(r*=1¢) + S(r, f). Since N(r,o00; f) = O(logr) we
get T(r, 1) = O(r*= 1) + S(r, f) and T(r, 1 f) = O(r’~'+°) + S(r, f). Note
that

T(r, f) < T(r, 01 )+ T(r, %)w(rﬂ*l“)w(r, £) = 00" 1+)+8(r, f),

which is impossible. This completes the proof. O

Let £ € Nand a € CU {oo}. We use the notation N(;41(r,a; f) to denote
the counting function of a-points of f with multiplicity greater than k. Also
N (r41(r, a; f) is the reduced counting function.

Proof of Theorem 1.9. Let f € .#(C) be a solution of (1.2). Now using Lem-
ma 2.7 we conclude that f € .#p(C) and p(f) < +o00. We have N(r, f) =
S(r, f) and so from Lemma 2.6 we get N(r, f(z+¢)) = S(r, f). Since f(z) and

f(z 4+ ¢) share 0 CM.,, we have N (r, fgf(j)c)) = S(r, f). Also by Lemma 2.5 we
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get m(r, fgf(:)c)) = S(r, f). Consequently fgf(:)c) € Z(f) and so f(z +c¢) =

¢(2)f(z), where ¢ € .7 (f). Therefore (1.2) reduces to
"+ Qa = pae®™ + pae, (3.18)

where Qq(f) (d < n —1) is a differential polynomial with small functions of f
as its coefficients,

_ni(2) _pi(2)f(2)
_p2(2) _ p2(2)f(2)
and py(z) = o) fto e Z(f).

Now differentiating both sides of (3.18) once we get
(n+Df"f' + Qq = (pscs +p3)e™ + (paciy + pi)e™. (3.20)
Eliminating e®2 from (3.18) and (3.20) we get
F((n+ Dpaf’ — (pacty +p)) ) +paQy — (pacty + py) Qa = Are™,  (3.21)

where A1 = pa(psa) + ps) — ps(pacy + p)). Again eliminating e** from (3.18)
and (3.20) we get

S ((n+ Dpsf' — (psay + ps) f) + psQly — (psay + ph) Qa = —Are®?. (3.22)

’ /
Py P3

First we suppose A; = 0. Then we have af — o)y = P and so e*1 2 ¢
Z(f). Now from (3.21) we get
(04 D)paf = (pacy +p4) f) = (pacy + py) Qa — paQy. (3.23)

If (n+ Dpsaf’ — (pacty + pl) f # 0, then from Lemma 2.3 we get

{ m(r, (n+ Dpaf — (pacty + p)) f) = S(r, f)
m(r, (n + 1)p4ff/ - (p40/2 +p£1)f2) = S(Tv f)

Since N(r, f) = S(r, f), from (3.24) we get f € .#(r, f), which is impossible.
Therefore (n + 1)paf’ — (pacy + pi)f = 0 and so f* = cipse*, where
¢ € €\ {0}. Therefore we let f = genit, where ¢ € .#(f)\ {0} such that

as(z4e)—an(2)

" (2) f(z+c) = copa(2) f(2), e, ¢ (2)q(2+c)e T = cop2(z), where
co €C \ {0}
Next we suppose A; #Z 0. Now differentiating (3.21) once we get

(3.24)

FPH (= (paah +p4)" f* = (n+ Dpacy ff
+n(n+ Dpa(f)? + (n+ Vpaf ') + Ry = (A7 + Aray)e™,  (3.25)
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where
Ry = paQj = (pacy +p}) Qa- (3.26)
Eliminating e* from (3.21) and (3.25) we get

S (hor f2 4 hao f f' + hos(f')* + hoa f f") = R}, (3.27)
where
RZ = (All + AlO/l)Rd — AlR:i )
hot = (pacy +p)) (A7 + Aray) — Aq (pacy +p))
h23 = n(n + 1)p4A1 ié 0
h24 = (’ﬂ + 1)p4A1 5_'5 0.
Clearly hgj € .7(f) for j =1,2,3,4.
S hoy = 0. Then we have P27 A _ oo
uppose hop = 0. en we have ~o—0 15 = . On integration we

get paah +p) = caAie®t, co € C\{0} and so A1e* € Z(f). Then from (3.21),
we have

S (0 + Dpaf’ — (pacy + pl) f) = (pacty + ply) Qa — paQly + Are®. (3.29)

In this case also, we conclude that f = geni7, where ¢ € < f)\ {0} such that
ag(z+c)—ag(z)

q"(2)q(z + c)e nF1 = cop2(z), where ¢p € C\ {0}.
Suppose hop #Z 0. Let

ho1 f2 + hao f ' + has(f')* + haaf [ = a. (3.30)

Now we consider the following two cases.
Case 1. Suppose a = 0. Then from (3.30), we have

—ho1f? = hoo f f' + has(f')? + hoa f f". (3.31)

Let z; be a zero of f of multiplicity I3 such that hg;(21) # 0,00 for i =
1,2,3,4. Clearly z; is a zero of multiplicity 2l; of the left hand side of (3.31)
and a zero of multiplicity 21 — 2 of the right hand side of (3.31). Therefore
we arrive at a contradiction from (3.31). Now from (3.31) we deduce that
N(r,0; f) = S(r, f). Since a = 0, from (3.27) and (3.28) we get

R;=0, ie., (A} + Aia))Rq= AR (3.32)
First we suppose Rq = 0. Then from (3.26) we have

(pscy + ply) Qa = paQy. (3.33)
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Suppose Q4 = 0. Then from (3.18) and (3.21) we have respectively
FrY = pse® +pae® and f*((n+ Dpaf’ — (pacy +p}) f) = Are®. (3.34)

Clearly (3.34) gives (n+1)p4f7’—(p4a’2 +py) = Alfe:—il and so m( fe:il) =
S(r, f). Since N(r,0; f) = S(r, f) we have % € .7(f) and so eal e Z(f).
Again from (3.34) we have f:;tl ps + pae®2~* and so e*2~ € Z(f). Let
e = ¢r1e*, where ¢1 € L(f). Then from (3.34) we get f"“‘1 Pae™t,
where ¢o = p3 + d1ps € L(f). In this case also we get f = qu7 Where
q € Z(f)\ {0} such that ¢""(2)f(z + c) = (p1(2) + @(2)p2(2))f(2), i.

o] (z+e)—ay ()

q"(2)q(z +c)e™ T = pi(2) + (2)p2(2), where p = ™27
Suppose Q4 # 0. Then (3.33) gives % = o) + Zi On integration we

get Qq = c3pse®?, where c3 € C\ {0} and so from (3.18) we get f™*' + (1 —

é)Qd = p3e®t. If c3 # 1, then by Lemma 2.11 we have f**! = pze® and

Q4 = 0. Therefore we get a contradiction since Q4 # 0. Hence c¢3 = 1 and so

frtl = pae® and Qq = pse® #0. In this( cafe al(S()), we have f = qe%, where
aq(z+e)—aq(z

q € Z(f)\ {0} such that ¢"(z)q(z+ c)e 7l = p1(z). Now substituting
f =qentT into Qa(f(2)) = pa(2)e®2®) we get

ko (2)
Zagk @ I —p4(z)e°‘2(z), (3.35)

where agr, € ZL(f) (K =0,1,...,d). Since T(r, f) = T(r,en%ll) + S(r, f), it

follows that aop € y(e%) (k =0,1,...,d) and so ag; € 5’(6%) (k =
0,1,...,d), where k € {1,2,...,d}. Since py # 0, from (3.35) we conclude
that there exists at least one value of k € {0,1,...,d} such that ag, # 0. We
now claim that there exists exactly one value of k € {0,1,...,d} such that
agx Z 0. If d = 0, then our claim is true. Next we suppose that d > 1. If
possible suppose that there exist at least two values of k € {0,1,...,d} such
that agr, # 0. For the sake of simplicity we may assume that asg Z 0 and
azq # 0. Clearly

d
T(r, agke%) =d T(r, e%) + S(T‘, e%). (3.36)
k=1

Also from (3.35) we have

d
N (r, —ago; Za%e%) = N(r,0:ps) < S(r,e%). (3.37)
k=1
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Now from Lemma 2.4, (3.36) and (3.37) we get

d d
dT(T,en%ll) SN(T,O;Zagke%) +N(r, agke%)
k=1 k=1
— d kay o]
+ N(r, —a20; Z a%em) + S(r, enTl)
k=1
d—1 . .
< N(r, 0; Z agkenjll) + S(r, enTll)
k=0
d—1

=(d-1) T(r,enaTll) +S(r,e%+11),

which is impossible. Therefore there exists exactly one value of k € {0,1,...,d}

such that ag;, # 0 and so from (3.35), we conclude that there must exist exactly
koq—(n+1)asg

one value of k € {0,1,2,...,d} such that e =1 € L(f).

Next we suppose Rg # 0. Then (3.32) gives % = ‘2—3 + o} and so
Rg = c4Are™, where ¢4 € C\ {0}. Also from (3.21) we get f™((n+ 1)psf’ —
(1o + ) 1) = (£ — ) Ra.

Let ¢3 = (n+ U)paf' — (p40/2 +p£1)f. If ¢4 # 1, then by Lemma 2.3 we
have m(r, ¢3) = S(r, f) and m(r,¢sf) = S(r, f). Since N(r, f) = S(r, f), it
follows that ¢35 € Z(f) and ¢sf € L(f). Note that T(r, f) < T(r,¢3f) +
T(r, é) + S(r, f) = S(r, f), which is impossible. Hence ¢4 =1 and so ¢3 = 0.
Then we have (n + 1)f7/ = % +az and so f*T = cspye®?, where c; € C )\ {0}.
If ¢5 # 1, then from (3.18) we have (1 — é)f”*‘1 + Qq = p3e*. Now by
Lemma 2.11 we conclude that Q4 = 0 and so Ry = 0, which contradicts the
fact that Ry # 0. Hence c5 = 1 and so f""! = pse®2. Also from (3.18) we
have Qg = pze®t. In thi? ca)use, (We have f = qe%, where ¢ € Z(f) \ {0}

ag(z4c)—as(z)

such that ¢"(z)q(z+c)e” 1 = pa(z). Also there must exist exactly one

kag—(n+1)ay

k€{0,1,2,...,d} such that e~ n+1 e Z(f).
Case 2. Suppose a # 0. Then Lemma 2.3 gives a € #(f). Also from
(3.30) we have

12 a a f a

Therefore from (3.38) we deduce that m( f—) = S(r, f), ie, m(r,%) =

1
707 2
S(r, f). Consequently T'(r, f) = N(r,0; f) + S(r, f). This shows that f has

I har  haa f' has [ f 2 hoy f”
_ha P f <f) sl (3.39)
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infinitely many zeros. Let zo be a multiple zero of f such that ho;(22) # 0,00
for i = 1,2,...,4. Then from (3.30) we conclude that z5 is also a zero of a.
Therefore N3(r,0; f) < T(r,a) = S(r, f), i.e., Nea(r,0;f) = S(r, f). Con-
sequently f has infinitely many simple zeros. Differentiating (3.30) once we
have

a' = hiy f? + (2hor + hgy) ' + (hao + hiys)(f')? + (haz + hby) f f”
+ (2hog + hoa) f' f" + hoaf f"'. (3.39)

Now from (3.30) and (3.39) we get

(ah’m — a/hgl)fQ + (2ah21 + G;hIQQ — alhgg)ff/
+ (ahgg + ahyy — a'ha3)(f')? + (ahao + ahly — a'hog) f
+ a(2h23 + h24)f/f// + ah24ff’” =0. (340)

Let z3 be a simple zero of f which is not a zero or pole of the coefficients in
(3.40). Now from (3.40) we see that z3 is also a zero of (2ahas + ahaq)f” —
(a'h23 — ah22 — ah’23) f’. Let
o= (2ah23 + ah24)f” — (a’h23 — ah22 — ah’23) f/ ' (341)
f
Since N(r, f) + N2(r,0; f) = S(r, f), from (3.41) we see that N(r,a) =
S(r, f). Since m(r,a) = S(r, f), we get a € Z(f). Therefore from (3.41) we
have

f,, _ a/hgg — ahgg — ah’23 , « f (3 42)
2ah23 + ah24 2ah23 + ah24 ' '
Now from (3.30) and (3.42) we get
a=qf*+aff +a(f)? (3.43)
where
ﬁ a’h23 — ah22 — CLh/23
=hy — ———— =h h d =h
gl 2T s + ahas” q2 22 + 2ahas + alas 24 and g3 23
are small functions of f. Also from (3.28) we see that
Q2 2 , , 3 A 1 d 1 p)
2 _ - ¢ Y 3.44
s ECE RVt ey b il s bl e B (3-44)

Then by Lemma 2.7 we get

/!

a
Q3(qg—4th?,)g + ¢2(¢3 —4q1a3) — 3(65 —4q1a3)' + (65 —4q1q3)q5 = 0. (3.45)
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Let § = ¢2 — 4q1q3. Clearly 6 € .(f). Now we consider the following two
sub-cases.
Sub-case 2.1. Suppose § = ¢3 — 4¢ig3 = 0. Then (3.43) gives q3(f' +

2% )2 = a. This shows that f’—i—z‘%f € Z(f). Let b= f’—&—é%f. Since a # 0,
it follows that b # 0. Now substituting f’ = b— 72 f into (3.21) and (3.22) we

get respectively
F (pacdy + ply + (n+1)p42q?2) — (n+1)pabf™ + Rig = Are™  (3.46)
3

and f"* (psa + ply + (n“)m%) — (N 1)psbf™ + Rog = —A1e®2, (3.47)
3
where Ri1q = p4Q)) — (pacty, + py)Qa and Rog = p3Q); — (p3a) + p5)Qq. Let
q2

Y1 = paciy +py + (n+ 1)294(1*2 and v, = p3aj + py + (n + 1)P3§~
3

2g3
First we suppose 1 = 0. Then using (3.44) we get

IO ;. 3AT 1d  1p)
(”+)p4+042 (”+)0‘1+0‘2+2A1 2a+2p4

On integration we get
3(n+1) nt1l

A2 pT
(p4eag)2n+1 =cg 1 m4 e(n+1)(a1+(12)7
2

a

where cg € C\ {0} and so ene2=(nthor ¢ (),
Next we suppose v2 = 0. Then using (3.44) we get
/ !/ !/ /
(2n + 1)(%2 +ai) = (n+1)(af +ab+ g% - %% + %%).
On integration we get
(p36a1)2n+1 = ¢y Al Dy e(n-‘rl)(al-ﬁ-az)’

n+1

a 2

where ¢; € C\ {0} and so e"*1~(»Fhaz ¢ (). Next we discuss the following
four sub-cases.

Sub-case 2.1.1. Suppose y; =0 and 5 = 0.

Then erez—(rther gnari—(ntles ¢ () Clearly e® T2 ¢ .7(f) and
s0 e* = ¢qe” ', where ¢4 € (f). Now from (3.46) and (3.47) we have
respectively

— (n+ 1)psbf™ + R1g = Ar1e** and
— (TL + l)pgbfn + Rgd = 7A1¢)467a1 . (348)
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Eliminating e** and e~ from (3.48) we get

£ ((n 4+ 1)°0?*pspaf) + Rsa = —Alds,
where Rzq = —(n+ 1)psbRogf™ — (n 4+ 1)psbRiaf™ + RiqgRaq  (3.49)

is a differential polynomial in f of degree < 2n — 1 with small functions as its
coefficients. Then from Lemma 2.3 and (3.49) we obtain m(r, f) = S(r, f) and
so f € Z(f), which is impossible.

Sub-case 2.1.2. Suppose 71 # 0 and 75 = 0. Then we have e~ (a2 ¢
Z(f) and so ’

€2 = ¢genti® | where ¢5 € .(f). (3.50)

Now from Lemma 2.10 and (3.46) we conclude that there exists v; € Z(f)
such that

A o
(f +v1)" = Le™ e, f=uentT — vy, (3.51)
"

where u; € Z(f) \ {0}. Since f has infinitely many zeros, it follows that
vy £ 0. Now from (3.18), (3.50) and (3.51) we have (ulenTll - 111)"+1 + Q4=

p3e*t + c5p4e%. Using Lemma 2.11 we obtain u} ' = p3 and so from (3.19)
we get uf T (2) f(z +¢) = pi(2) f(2), Le.,

aq(z)
uy (z)e (u}(2)ur(z + c)e

aj(z4c)—aq(2)
nt1

—p1(2))
=u" ()i (z + ¢) — pr(2)vi(2). (3.52)

aq(z4+c)—aq(z) a1 (z)
Note that pi,u1,v1,e e Y(e e ) Therefore from (3.52), one can

al(ztf_)*—flal(z) n+1

easily conclude that uf (2)u(z+c)e =p1(z) and u]™ (2)v1(z4c) =
p1(z)vi(2).

Sub-case 2.1.3. Suppose 71 = 0 and 72 #Z 0. Since 3 = 0, we have
enez—(ntlar ¢ () and so e = Pee™T? where ¢g € Z(f). Now pro-
ceeding in the same way as in Sub-case 2.1.2, one can easily conclude that
f= Use T — vy, where us, vs € Z(f)\ {0} such that uj ™" = p,. Also from

(3.19) we get ub T (2) f(2 + ¢) = p2(2) f(2). In this case we can conclude that
u(2)us(z + )T = pa(2) and gt (2)va(z + ) = pa(2)eal2).

Sub-case 2.1.4. Suppose y; Z 0 and v2 #Z 0. Now from Lemma 2.10, (3.46)
and (3.47) we conclude that there exist v3, vy € .(f) such that (f 4+ v3)"*! =

%eal and (f +vg)" ! = —%6“2. From these we have respectively
21 22
f=wuzen T —v3 and [ =wugentl — vy, (3.53)
where uf ™t = AL 2Tt — A1 Gince f has infinitely many zeros we have

72

vz Z 0 and vy ;‘g(l)
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First we suppose e~ 2 € .(f). Therefore e*2 = ¢7e**, where ¢7 € .7(f).
Now from (3.18) we have f"*! 4+ Qg = pse®t, where ps = p3 + ¢7ps. If p5 = 0,
then we have f"*! = —Q, and so by Lemma 2.3 we get m(r, f) = S(r, f).
Therefore f € #(f), which is impossible. Hence ps # 0. Now by Lemma 2.11

1 _ _ . . o
we conclude that f*T! = pse® and Qq = 9.) In (t%ns case we have f = gen+1,
aj(z+c)—aj(=z

q € 7 (f)\{0} such that ¢"(z)q(z +c)e™ 7T = pi(2) +¢(2)p2(2), where
p=e2" c L(f). .

Next we suppose e~ ¢ Z(f). Note that T(r, f) < T(r,en T)
S(r, f). Also we have T(r,e%) < T(r,ugef%ll —wv3) + S(r, f) = T(r, f)
S(r, f). Therefore T'(r, f) =T (r, u;;en%l)—i—S(r, f). Similarly we have T'(r, f) =
T(r, u4e%+21) + S(r, f). Consequently S(r, f) = S(r, ugenaTll) = S(r,use™ wT ).
Clearly ug, uq,v3,v4 € Y(e%) N Y(enc%). On the other hand from (3.53)
we have

aq ag

uzen+tl — ygentl = v3 — vy. (3.54)

We claim that vz = vy. If not, suppose v3 # v4. Then by Lemma 2.4 we get

T(r, f)="T(r ugen%l) +S(r, f)
< N(T,O;u;;en%l) —l—ﬁ(r, vy — v4;ugena7+11) + S(T, u;z,en%l) +S(r, f)
= S5(r, 1),
which is absurd. Hence vz = v4 and so from (3.54) we get e*1~*2 = (ﬂ)nﬂ.

usz
Hence e*1~*2 € .(f), which is impossible.
Sub-case 2.2. Suppose § = ¢3 — 4q1qg3 #Z 0. Then (3.45) gives g—i = % —

% _d Therefore from (3 28) and (3.44) we get 2(o) +ay) = (2n—2) % All +(2n+

q3 a 2n—2 2n+2, 2
2)L + 2n —(2n+ 1) . On integration we get e2(@1+a2) — 68141527174—1;07

where cg e C. This shows that e®**2 € .(f) and so e*2 = ¢ge™*, where
s € ZL(f). Now from (3.21) and (3.22) we have respectively

f((n+ Dpaf — (pacy +pl)f) + Rig = Are™ (3.55)
and f" ((n+1)psf’ — (psa) +p3)f) + Roa = —¢sAre” ™. (3.56)
Eliminating e** and e~ from (3.55) and (3.56) we get
£ ((n 4+ Dpaf' = (pacy + i) f) (n+ Dps ' — (psay + p5)f)
+ Qi = —¢sAi, (3.57)
where

=" ((n+ D)paf' — (pacty + py) f) Raa
+ [ ((n+ Dprf' — (pray + 1) f) Ria + RigRoa
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is a differential polynomial of degree < 2n with small functions of f as its
coefficients. Now by Lemma 2.3 we get

((psey +p5) f — (n+ D)ps f') (pacy + Py f — (n+ D)paf’) = b1y,

where b1y € Z(f). If by; = 0, then we have either (p3a) +p5)f—(n+1)psf =0
or (psay +p))f — (n+ 1)psf’ = 0. Thus in either case one can easily conclude
that N(r,0; f) = S(r, f), which is impossible. Hence b1; # 0. Therefore we
can assume that

(pacy +p4)f — (n+ Dpaf’ = bie? (3.58)
and (psay +p5)f — (n+ D)psf’ = bae™7,

where by,be € Z(f) such that by1by = b11 and « is an entire function. Since f
is of finite order, it follows that - is a polynomial.

First we suppose v € C. Then (3.58) gives f/ = n+1 (o + ﬁ)f — el

P4 (n+1)pa
and f' = n+1 (0/1 + Zf)f — (nbiW' These imply that
! ! boe™  bie?
(o) —ap+ 22 - Pryp 220 8 (3.59)
pP3 P4 p3 yz
If of —ab + g—é — % = 0, then on integration we get e*1~*2 = 69%7

where ¢cg € C\ {0} and so e®*~** € Z(f). Since e = ¢ge !, we have
e € Z(f). Certainly e € #(f). Then from Lemma 2.3 and (3.18) we
deduce that m(r f) = S(r, f) and so f € #(f), which is absurd. Also if

o) — o + 2 2a $é 0, then from (3.59) we get f € . (f), which is absurd.

Next we suppose v € C. Then (3.58) gives (pspa(ah—af)+psp)—phps) f =
p3breY — p4bge_7 With the similar argument, we can prove that psps(ab —
o) + papy — p3p4 # 0. Clearly we have f(z) = 51( )€ 4 65(2)e=7®) | where
6 = psby and d; = —pab2 ~. Then (3.58) can be

P3Py —pipa—p3pa(a)—aj) P3Py —PsPa—p3pa(a]—ab)
rewritten as

Aof — (n+1)paf =bre?, Ay = pscty + p. (3.60)

Differentiating (3.60) we get ALf 4+ (As — (n+1)p)) f' — (n+ V)paf” = (V) +
b17')e?. Then from (3.42) we have

+ 1)pscx
o
( 2 2ah23 + ah24> f

a’h23 — ahzg — Gh/23
2ah23 + ah24

; (Az (1) — (n+ 1) p4) f = (5, + biy)e?
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and so from (3.28) we get

1 a 1
A/_ii A _ 1 /o / !
( 2 2n+1aA1)f+< 2 — (n+1)p; 2n+1(041+042)p4
n(n+1)d nn+1) , n?-1A4A]

Tont1l T a1 P 1A,

p4> =0y +b17)e?. (3.61)
Dividing (3.61) by (3.60) we get (1 f + (of' =0, where
/
Gy By

27271—}—1@1417 2 by

n(n+1)a nn+1) ,

and (o = Ay — (n+1)p} (o) + ay)ps —

BETES m+1 alt T Topy1
n?—1A4] b
— -1 (2 N
o r1 APt )(b1+’y)p4

It is clear that either (; Z0 and (o Z0or (1 =0 and (o =0. If (; #0 and
C2 # 0, then we have N(r,0; f) = S(r, f), which is impossible. Hence (; = 0
and (3 = 0. Now (5 = 0 yields,
2 / / 2 /
,ooont opy 1 , ;_nn+1)d  n®-—1A47
I v St s N CERULE i mares mil wray

b/
+ 1)+ (n+ 1)y =0,
1

which implies that

2 271
pn ea1+a2an(n+1)An
eCrtD((n+hyten) — )74 il L c10€C\{0}.
1

So emthrtaz ¢ (f). Finally f = §1€7 + dae™?, e®1te2 ¢ Z(f), where
91,02 € L(f) \ {0} and v is a non-constant polynomial such that either
e(tDvtes ¢ Z(f) or et ¢ (). O

Acknowledgements

The authors are grateful to the referee for his/her valuable comments and
suggestions towards the improvement of the paper.

REFERENCES

[1] J. CLUNIE, On integral and meromorphic functions, J. London Math. Soc. 37
(1962), 17-22.

43



(24 of 24) S. MAJUMDER AND D. PRAMANIK

2]

R. HALBURD, R. KORHONEN, AND K. TOHGE, Holomorphic curves with shift-
invariant hyperplane preimages, Trans. Amer. Math., Soc. 366 (2014), 4267—
4298.

W. K. HAYMAN, Meromorphic functions, Clarendon press, Oxford, (1996).

J. HEITTOKANGAS, R. KORHONEN, AND L. LAINE, On meromorphic solutions
of certain nonlinear differential equations, Bull. Austral. Math. Soc. 66 (2002),
331-343.

L. LAINE AND C. C. YANG, Clunie theorems for difference and q-difference
polynomials, J. London. Math. Soc. 76 (2007), 556-566.

P. L1, Entire solutions of certain type of differential equations ii, J. Math. Anal.
Appl. 375 (2011), 310-319.

P. L1t anD C. C. YANG, On the non-existence of entire solutions of certain type
of monlinear differential equations, J. Math. Anal. Appl. 320 (2006), 827-835.
L. W. Liao, C. C. YANG, AND J. J. ZHANG, On meromorphic solutions of
certain type of non-linear differential equations, Ann. Acad. Sci. Fenn. Math. 38
(2013), 581-593.

H. X. Xu, On the value distribution and uniqueness of difference polynomials of
meromorphic functions, Adv. Difference Equ. 90 (2013).

C. C. YANG AND P. L1, On the transcendental solutions of a certain type of
nonlinear differential equations, Arch. Math. 82 (2004), 442-448.

C. C. YANG AND H. X. Y1, Uniqueness theory of meromorphic functions, Kluwer
Academic Publishers, Dordrecht, 2003.

Authors’ addresses:

Sujoy Majumder

Department of Mathematics

Raiganj University

Raiganj, West Bengal-733134, India.

E-mail: smO5math@gmail.com, sjm@raiganjuniversity.ac.in

Debabrata Pramanik

Department of Mathematics
Raiganj University

Raiganj, West Bengal-733134, India.
E-mail: debumath07@gmail.com

Received September 29, 2022
Revised March 9, 2023
Accepted March 19, 2023

44





