DOUBLY MULTIPLIABLE MATRICES(*)

by P. RuBi6 and J. GELONCH (in Catalunya)(**)

SOMMARIO. - Si studiano i sottospazi nei quali le matrici doppiamente

' moltiplicabili (A, B) si scompongono secondo i loro divisori elementary,

e Veffetto di A e B come applicazioni tra essi. Nasce il concetto di

coppia tra matrici doppiamente moltiplicabili e, sulla base di questo, si

studia quando due matrici P e Q possono scomporsi nella forma AB

e BA, rispettivamente, con una costruzione esplicita delle matrici A

e B. Infine, si studia l’equivalenza tra coppie di matrici doppiamente
moltiplicabili.

SUMMARY. - We study the subspaces into which the doubly multipliable
matrices (A, I;? decompose according to their elementary divisors, and
the effect of A and B as applications between them. There appears
the concept of coupling between doubly multipliable matrices and on the
basis of this we study when two matrices P and Q can decompose into
the form AB and BA respectively, with an ezplicit construction of the
mairices A and B. Finally, we study the eguivalence between doubly
multipliable pairs of matrices.

Introduction.

Let A be a matrix m x n and B of the order n x m in C. We can
consider A as a morphism of C" in C™ and B of C™ in C". It is clear
that the products AB and BA, which are endomorphisms of C™ and
C™ respectively, have meaning. The article by Harley Flanders (2]
contains a description of the relation between these products for two
arbitrary matrices A and B. In [9] we can find another demonstration -
of the theorem of Flanders, together with a necessary and sufficient
condition for two matrices P and Q to be simultaneously decomposed
as a product of two matrices A and B. [1] makes a study of the
behaviour of the matrices AB and BA on C™ and C". |

(*) Pervenuto in Redazione il 22 ottobre 1992.
(**) Indirizzo degli Autori: Universitat Politécnica de Catalunya (Spain).
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Our aim is to further explore the results of [1], studying the effect
of the matrices A and B as morphisms between C* qand C™, finding
the subspaces in which these spaces decompose, and the effective
construction of matrices A and B for pairs of matrices P and Q,
which meet the necessary conditions.

Some of the results which can already be found in the references
quoted have been repeated following the line of work presented here,
as we are interested in emphasizing from the outset the role of the

matrices A and B.

THEOREM 1. The elementary divisors (A — Ao)P with Ao # 0 are
the same in AB as in BA. Moreover, A and B are isomorphisms
between the subspaces generated by these divisors. (The first part can
also be seen in (1], [2] and [9]). |

Proof. Let z # 0 be a vector with minimum polynomial (A—Ag)P.
We have: 0 = B(AB — M)’z = (BA — A)PBz = (A — \)P is a
polynomial which cancels the vector Bz (with respect to BA).

Furthermore, if (A — Xo)P~! cancelled Bz, a parallel reasoning
would indicate that (A — A\o)P~! cancels ABz, and therefore

0 = (AB-Xo)Pz = (AB - )P~ (AB - \)z
(AB = Xo)P"'ABz — (AB — X))oz
= —/\O(AB - AO)p—lx

and, 88 Ag # 0, we are left with (AB — X\o)?~1z =0 !l

Thus, the minimum polynomial of Bz is (A — o).

We construct the subspaces

I = {z|3k € N con (AB — M)z =0} c C™

I = {z/|3 € N con (BA - X\o)*z’ =0} c C"

We have just seen that B(I;) C I]. Repeating the process sym- -
metrically, A(I}) C I.

Let us now see that B is injective. For this, we take a basis of
the subspace I1, (z1,72,...2,) = I) and the vectors y; = Buz; for
t=1,...,r; it is a question of checking that the set of vectors {y;}
is linearly independent. Indeed:

If Losy; = 0, then B(Za;z;) = 0. Let us take z = Ta;z; and
let us suppose z # 0. It is obvious that 2 € I;, and therefore there



DOUBLY MULTIPLIABLE MATRICES 105

exists k € N such that (AB — X\g)*z = 0 and (AB — \o)*~1z # 0.
As we have seen above, this means that (BA — X\g)*Bz = 0 and
(BA — Xo)*~1Bz # 0, which is impossible, since Bz = 0. Therefore,
z2=0=a; =0Vi = {y;} is a linearly independent set, as we wished
. to see. Thus, B is injective.

Because B is injective, dim [; < dim I3.

Of course, A is also injective: dim Ij < dimI;. The conclusion
is clear: A and B are isomorphisms between I; and I3. :

Given another eigenvalue \; # 0, we find that A and B are
isomorphisms between the respective subspaces I and I,. But as
L NI =1]NI; = {0}, A and B are isomorphisms between Lol
and I} @ I5. ;

Repeatmg the procedure, it will result that A and B are isomor-
phisms between two subspaces I and I’ with minimum polynomial

(A= 20)P2(A = A)PL .. (A = Ap)Pe

the minimum common multiple of all the elementary divisors with a
non-nil root.

We will thus have C" = I @ F,C" =I'® F' with I ~ I, F and
F' being the subspaces corresponding to the vectors with minimum
polynomial Xk,

By restriction of A and B to the subspaces I and I' (A: I' — 1,
B : I — I'), we construct the automorphisms AB : I — I and
BA : I' — I' which are similar: AB = B~!(BA)B, and which
therefore have the same elementary divisors. &

PROPOSITION 1. If Ex C C™ is a cyclical subspace with mini-
mum polynomial A\*, then B(Ey) is cyclical with minimum polyno-
mial \* or \F-1,

(The proof may also be found in [1]. We present it here because
it is performed with a different approach in the line of this work).

Proof. Let e, (AB)e,...,(AB)* !¢ be a basis of Ej. Its image
by B generates B(Ey) : (Be (BA)Be,...,(BA)*1Be) = B(Ek)
The image of these vectors by A is (AB)e (AB)Ze,...,(AB)*"le
(AB)fe = 0. 1t is thus deduced that at least the vectors Be
(BA)Be, ., (BA)*~2Be are independent.

As for the last vector, (BA)*~1Be, two things may happen:
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1. (BA)*'Be=0

In this case B(Ek) is cychcal generated by Be and with minimum
polynomial \k-1.

2. (BA)""Be £0

Let us see, by reductio ad absurdum, that it cannot be a linear
combination of the above.

If it were (BA)*~!Be = a1 Be+as(BA)Be+. . .40k (BA)" 2Be,
we would be left with:

Blase + as(AB)e +... + ap_1(AB)*~2e — (AB)*-1¢| = 0
Applying A to this equality,

a1(AB)e + a2(AB)%e + ... + ak_l(AB)" le—0=0=>
=>al—-a2—...—ak_1—0 :

remembering the linear independence of these vectors.
Thus, (BA)*~1Be =0 !!

We thus have that Be, (BA)Be,...,(BA)*1Be form a basis of
B(Ey). Moreover, (BA)*Be = B(AB)¥e = 0, which shows that the
minimum polynomial of B(E}) is A*. o

LEMMA 1. If Ex, € C™ is a cyclical subspace of annihilating
polynomial \* and E' is an AB-invariant subspace such that Ex N
E' = {0} and B(E;)NB(E') # {0}, then the annihilating polynomial
of B(Ey) is k.

Proof. Let x € B(Ex)NB(E'), £ # 0. As x € B(Ey), there exists
a vector y € Eg such that z = By.

Let e, (AB)e,...,(AB)* e be a basis of Ej. We have that

y= Z ai(AB)‘e

=0
and therefore,

k-1 k1 k-2
=Y a;i(BA)'Be= Az =) _ ai(AB)'*'e =) _ ai(AB)*te
i=0 i=0 i=0
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since (AB)*e = 0. Furthermore, z € B(E') = Az € AB(E') C F',
ad E' is AB-invariant.

We are left with Az € ExNE = Az =0 = a; =0 fori =
0,....k—2 =z = ar_1(BA)*"1Be. We know that z # 0, which
- gives us (BA)*~1Be # 0. We are in the second case of the above
proposition. ¢

PROPOSITION 2. Let Eg be the subspace of the vectors annulled
by some power of AB. We can obtain a decomposition of Ep in a
direct sum of irreducible subspaces Ey = @E;, such that B(Ep) =
®B(E;).

Proof. Let Eg = E1 @ E2 ®...® E,, the E; being the subspaces
given by the elementary divisors A\* in decreasing order of degrees.
Let us take as seen that B(E1 ®...® E;) = B(E;)®...® B(E;) for
i > 1. Let A* be the minimum polynomial of the subspace E;j;;. Let
us suppose that B(E;4;) does not form a direct sum with B(E; @
... ® E;). There then exists £ € B(E;+1) NB(E1®...® E;), z #0.
Taking E' = E; @...® E;, and e the generating vector of E;;, we
can to take, in Lemma 1, £ = (BA)*~!Be.

Furthermore, z € B(E') = z = By with y = y; + ... + y;, where
each Y; € Ej.

It is obvious that Az = (AB)*e = 0= ABy =0= ABy;+...+
ABy; =0, being ABy; € E; (as they are invariants) = ABy; = 0.

Let A% and e; be the minimum polynomial and the generating
vector of the subspace Ej. As y; € Ej, it is clear that

© kj—1

y;i = ) an(AB)"e;
h=0

From ABy; = 0 it is deduced that

k;—2
Y alABytlej=0=ar=...= k-2 =0=y; =
8=0 »

dkj_l(AB)kj—lej

Due to the ordering taken in the subspaces E,, we know that k; > k.
We will put
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¥i = ar;—1(AB)*"1(AB)ki—ke;

Ui = akj-l(AB)"J'"‘ej(e E;)

With this, y=y1+... + 3 = (AB)*"1(§1 + ... + ). We define
Iy=ih+...+ € E;®...0F; and e = e —j. We also take
EH-I = (57 (AB)é, EXX) (AB)k—lé)‘

It is clear that E1 ®...®Ei® FEiy1 = E1 @ ... ® E; @E-','.H,
since the vectors €,(AB)g,...,(AB)*~1e are still independent (if
Zas(AB)%€ = 0, = Xa, (AB)’e¢ — Zas(AB)*j = 0, the first ad-
- dend being a vector of E;;; and the second one of E; @...® E;; this
means that each of them must be nil, and therefore a, = 0 Vs).

Thus B(E;41) = (Be,(BA)BE,...,(BA)*"1Bg).

But (BA)*-1Be = (BA)*~1Be—(BA)*~'Bjj = z—B(AB)*~1j =
z—By=z-z=0.

With this, the minimum polynomial of B(E; ;) is A*~1. Accord-
ing to Lemma 1, this tells us that B(E;41)NB(E1®...® E;) = {0},
and therefore, ’

B(E1 e..0FE;® Ei+l) = B(El) @...0 B(E,') (4] B(Ez’+l)

-~ Repeating the process, we will obtain the stated decomposition.

¢

Consequences of these results.

With all these results, we can take
C"~E®@FER=E®E ®..®E, and C" ~ E' @ E|]

such that if the minimum polynomial of C™ with respect to AB is
Mep(A) and that of C™ is A¥ g(\) with respect to BA, it will be E =
Ker p(}), E' = Ker q()\), p(\) = g¢()) and A, B being isomorphisms
between E and E', according to Theorem 1.

Proposition 1 assures us that k¥’ has the same value as k—1, k or
k+1. Indeed: If in the minimum polynomial there appears the factor
A¥ it is because there is some vector which has A¥" as a minimum
polynomial. Let I be the subspace generated by it. This means that
(Prop. 1) the minimum polynomial of subspace A(I) ¢ C™ is A¥ or
A¥-1 and therefore ¥’ < kor k' —1 < k. Symmetrically, it can be
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deduced that k < k¥’ or k — 1 < k’. In any case, we can state that
k-1<K <k+1.

The first part of the proof of Theorem 1 tells us, besides, that
B(FEy) C Ey,.

PROPOSITION 3. Each subspace B(F;) is a maximal cyclic or is
contained in a maximal cyclic of one degree more.

Proof. Let E; = (e,(AB)e,...,(AB)*~1e). The vector Be is
the generator of B(E;). Let us remember that it is possible that
(BA)*~1Be = 0. If B(E;) is maximal, there remains nothing to say.
Let us suppose, then, that it is not: 3F cyclic such that B(E;) C F.
As we know, it is possible to find a generator vector in F, €', such
that '

F = (¢/,(BA)¢,...,(BA)"¢, Be,...,(BA)* !Be)

with of course Be = (BA)™+!¢'.

With this,
A(F) = (Ae,(AB)A¢,...,(AB) A¢/,(AB)e,...,(AB)* ¢)
Let € = (BA)"¢/. We know that (BA)é = Be. Moreover,

ofAéeEo=E’169...€BE,~€B...GBE,,isAé=z1+...+z,-+...+zp
and then

(BA)e=Be=Bz+...+ Bz +...+ Bz € B(E)) ®...® B(E,)
and necessary Bz; =0 Vj=1,...,p,j #14, Be = Bz .
Furthermore,

k-1 ' k—1 :

4E€E = 2z=) 7(AB)’e= Bz; = )" 7s(BA)’Be and then
8=0 s=0
k-1
Z’Y,(BA)"-BC= Be = 9 =1, M=...=%-2=0
8=0

We cannot state anything on the coefficient ~;_; since it is pos-
sible that (BA)*~1Be = 0. With this

z =e+v(AB)Fle
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Let E; be the subspace engendered by Aé. We will see that E;
can be replaced with E; for all purposes. Firstly, do we still find
Ec=EFE10..9E®... ®E,7? _

Let us take y; € Ej, j = 1,...,p,j # i and ¥; € E; such that
n+...+%+...+y =0. We must see that all are nil.

As E; = (Ag,(AB)Ae,...,(AB)*~1Ag), we have:

i = aAé + y; with y; = Z 6s(AB)%e

for (AB)*Aé = A(BA)""BAé =(AB)’es=1,...,k—1

then ; =a(z14...+z+...+ %)+ Z""l 6,(AB)’e =

=azn+...+ae+ a'y(AB)""le +Y % 16,(AB)%e +...+ az, and is

0 Nn+...+gi+...+p=m+an)+...+(ae+ ory(AB)"'le+
""1 6,(AB)’e)+ AYp+az) € E10...0E;®...®Ep of where

y:+aza—0 j=1,...,pj#i,

ae + ay(AB)k-le + Z"‘l 8s(AB)%e =0

s=1

- From the second equality it is deduced that o = 0 (it is the only
coefﬁcxent of the vector e) and therefore Yi = 0 and 3; = 0 and also
yi=0Vj#i.

The sum is therefore still direct.

The vector Aé has the same minimum polynomial as e, since all
the vectors 2;, j # i are cancelled with AB (let us remember that
Bz;j = 0). Thus, the subspace E; corresponds to the same elementary
divisor as E;. Moreover, B(E;) = B(E;).

Let us redefine E; = E; and e = Aé. With this,

A(F) =
(A€,...,(AB)""'Aé,e,(AB)e,...,(AB)*"'e) and E; C A(F)
As it is easy to check, each subspace E; is maximal within FEy.

Therefore, the vectors Ae/,...,(AB)""1Ae’ cannot exist. In other
words, the subspace F is necessarily of the form

= (¢, Be,...,(BA)* ! Be)

one degree superior to that of B(E;). Moreover, A(F) = E;. O
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THEOREM 2. There are decompositions in the direct sum of
irreducibles of the subspaces Eg = Ey® E2 @ ... ® E, and E} =
E|®E;®...® E, such that B(E;) C E}, A(E;) CEj forj=1,...r
(r < min(p,q)), A or B being a monomorphism, the other with a
kernel of dimension 1 and the dimensions of E; and E] equal or
different by one; furthermore, Vi > r we have that dimE; = 1,
B(E;) = {0} and dim E] =1, A(E!) = {0}.

Proof. Let E,,..., E. be the irreducibles of the decomposition
of Ey with B(E;) # {0}. According to proposition 3, the subspace
B(Ej;) is maximal or is contained in a maximal cyclic of a dimension
one more than B(E;). Let E} be the maximal subspaces such that
B(E;) C E;. For a given subspace Ej, let e be its generating vector:

E; = (e,(AB)e,...,(AB)*"l¢)

Then, _
B(E;) = (Be(BA)Be,...,(BA)*2Be, (BA)*~1Be)
where the last vector may be nil.

If Ej = B(E;), then A(E}) = ((AB)e,...,(AB)*"l¢) C E;. In
this case, if (BA)*~1Be # 0, B is a monomorphism (in fact it is an
isomorphism) and we will have Ker (A) = ((BA)*~1Be), and thus
dim Ker (A) = 1; furthermore, dim E; = dim E},. If (BA)*~!Be =
0, then A is a monomorphsim and Ker (B) = ((AB)¥~!¢), since
dim E; = dim E, + 1. |

If E; # B(E;), is E; = (€, Be,...,(BA)*"2Be, (BA)*~1Be),
with A¢ = e. Then A(E!) = E;. |

If (BA)*~'Be # 0, B is a monomorphism and Ker (A) =
((BA)*~1Be), since dim E; =dimE; + 1.

If (BA)k~1Be = 0, A is a monomorphism (in fact it is an isomor-
phism) and we have Ker (B) = ((AB)*~e), since dim E} = dim E;.

We still have to see that the subspaces E} form a direct sum.
Let us take 3 € Ej} such that Ty} = 0. From this, Ay} = 0.
As Ay} € E; Vj, = Ay, = 0 Vj, since the subspaces Ej, form a
direct sum. It may happen that y; € B(E;) or that y; ¢ B(E;) (if
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(B(E;) # E}). Let us analyze this second case: B(E;) # Ei.

k-1

Y,€E} = i =+ a(BA)YBe=>
8=0
k-2
= Ay =aoAe+ ) a,1(AB)*tle= 2 a,(AB)’
s=0

since A€ = e. We know that Ay = 0 and this means that o, = 0
" Vs<k-1,50 v = ar(BA)*~ lBe € B(E;).

In any case, then y; € B(E;). But the subspaces B(E;) form a
direct sum, and then the E’; do too.

Let us now take the E such that B(E;) = {0}. It is evident
that dim E; = 1, according to proposition 1. Let Ej be an invariant
subspace for BA, supplementary to E{1 @ ... ® E:,, within Ej. For
all g € Ey we have:

Ap € By = Ayo=y1+...+ ¥ + Y1 + ... + Yp with y; € E;

As B(yp41) = ... = B(yp) = 0, since B(E;) = {0} for j > ', we
have
BAYy, = By +...+B(yr)€e(E1®...®EL)NE]=>

= BAyh=0, By;=0 j=1,...,7.

From the first equality we deduce that EJ has ) as its annihilating
polynomial. From the others, we conclude the existence of y; € E;
such that Ay} = y; (in the first part of the proof it has already been
seen with the roles of A and B inverted). We can put

Ayo=Alr+.- + o) + Y1+
It is clear that the subspace Ejj decomposes into grade one cyclics:
By =(0)®...® (1)

For each vector v; we obtain the vectors y/;, as has been done for
the vector g}, and we define w; = v; — (y}; +. - +y,.,,) The subspace
= (w;) @ ... ® (w,) is still supplementary to E} & ... ® EL, and

also Aw; € E,:_H ®...® E,, since

Aw; = Avi — AW+ ..+ Yrs) = Yrgryi + oo+ Upi
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It is clear that A(F) = (Awy,...,Aw,;) = (Awy,..., Aww),
eliminating those that are nil and those that are a linear combi-
nation of the other ones (if there are any). We define E. ., =
(Aw),..., By = E. = (Awp). All of them are grade 1 cyclic
. subspaces, since (AB)Aw; = A(BA)w; = A(0) = 0. We will put
ep4i = Aw;.

With this we have that Evyy = (ep41), ELy; = (w;), all of
dimension 1, with B(E;) = {0} and A(E)) = E The subspaces
E,,...E, and Ej,..., E] fulfill the stated proposal.

We complete the decomposition into irreducibles of Eyp:.

Ec=E1®..0E 0E.0...0E

with dim E,4;=.. -dlmE,, =1 and B(Er41=...=B(Ep) = {0}.
In Ej we have Ef = E, 1 ®...®(Wr41)®...® E, ® (wg), since

1"”

A'w,.,..- = Z a_,-;Aw,-
j=1

We will take

r+1' = Wrti — z Qi W;j
=1
The subspaces (e,_H) may replace the (wr4:) in the direct sum,
and of course A(e;,;) =0.
We thus obtain the decomposition of the statement, taking

r+l (8 )

Couplings.

Let P and Q be square matrices of the respective orders m and
n. If there exist matrices A (of the order m x n) and B (of the
order n x m) such that P = AB and Q = BA, Theorem 2 ensures a
decomposition
- C"=E®E ®...0E,

C'=E'0E ®...0E,
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where E ~ E’ with minimum polynomial
A =20)PPA =)L ... (A=) (N #0 Vi)

and the subspaces FE;, E; are irreducible cyclics with minimum poly-
nomial \*, giving strong relations between the two decompositions,
characterized through A and B.
We will see that these relations are sufficient to ensure that, given
P and Q, 3A and B such that P = AB and Q = BA.
' We will say that two square matrices P and @ of the respective
orders m and n are couplable if there exist decomposmons of C™ and
c", |
C =E®Eleoon®Ep
C'=FE®E®...0F,

such that
a) in E and E’ the matrices P and Q have the same elementary
divisors
(A=X) N #0
- b) the miniumum polynomials of the subspaces E; and E;
are \*
¢) 3r < min(p, g) such that

e |dmE; —dmE{| <1 Vi<r.
o dmFE; =dmE, =1Vj>r, k>r.

Given two couplable matrices P and @, we will call any ar-
rangement of the subspaces E; and E} which fulfills the above con-
ditions, indicating one of the subspaces E; or E] as principal if
dim E; = dimE’; (this will later involve choosmg the meaning of
a certain monomorphlsm), a (P, Q)-coupling.

We will call each of the pairs of subspaces which are related
within a (P, Q)-coupling a coupled pair. We will also consider as
coupled pairs those formed by Er41®...® Ep, with {0} and {0} with
E,,, ©...® E, if they exist, as well as the pair (E, E').

Let us see that if P and Q are couplable, there exist A and B
(of the respective orders m x n and n x m) such that P = AB and
Q = BA. Furthermore, A ane B will be isomorphisms between E
and E’ and the conditions laid out in Theorem 2 will be fulfilled.
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When dim E; = dim E’ we will make the monomorphism be A if
E’ has been mdlcated a.s principal or B if the principal subspace is
E Of course, the possible plurality of (P, Q)-couplings will provide
dlﬁ'erent pairs of matrices (A, B) such that P = AB and Q = BA.
. The existence of the matrices A and B will be checked by means of
their effective construction.

With P and @ reduced to the Jordan form, arranging the blocks
according to Theorems 1 and 2, and considering the correspondence
between divisors given by the (P, @)-coupling chosen, we will have:

1) Coupled pairs between the subspaces of diagonal blocks in P
and @ with annuler (A — Ag)? for g # O:

(D 0 ... 0 0 /(X 0 ....0 0)
1 X% ... 0 0 1 X 00
0 0 . X O 0 0 . X O

\0 0 ... 1 X%/ \o0 o 1 )Xo )

Let e1,...ep be the basis of the first subspace and vy,..., v, of
the second. S
We will take B defined by

B(e1) =v1,...,B(ep) = vp

As AB = P, (AB)e; = Me;i +eiy1 for i = 1,...p—1 and
(AB)ep = Aoep, as indicated by the matrix P, it is clear that it
must be

A(v1) = ABe; = Ae1 +e2
A(v2) = Xez+e3

A(vp-1) = Aoep-1+6p
Avp) = Xogp
Let us observe that (BA)v; = B(X\oe;i + €i+1 = Av; + vi4 for

i=1,...,p—1 and (BA)vp = B(Moep) = AovUp, fully in agreement
with the corresponding form of the matrix Q.
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2) Coupled pairs of the type
(0 0 ...00\' (0 0 ...00\
1 0 ... 00 1. 0 00

0 0 .00 0 0 .00
\0 0 ...10/ \o o0 ... 1 0)

~ with the first matrix of the order p and the second of the order
p—1.

In these coupled paris A is always a monomorphism.

The morphism B is defined according to the relations

B(el) = vl,B(e2) =V2... )B(eﬂ—l) = UP—I,B(eP) =0
With this, it must be
A(‘Ul) = 62,A('U2) =€3,... ,A(vp_l) =6€p

3) Coupled pairs of the type

(000 ...00\ (0 0 ... 00)
1 0 ...00 1 0 ...00
SR B ..
0 0 00 0 0 00
\0 0 ...10/ \o o0 10 )

with the two matrices of the order p.
If we choose A as a monomorphism:

B(e;) = viprfori=1,...,p—1; B(ep) =0
A(v) = efori=1,...,p

If the monomorphism is B:

B(e;)) = wvifori=1,...,p
A(v;)) = eqifori=1,...,p—1; A(vp) =0
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4) Coupled pairs of the type

(000 ...00) (0 0 ...00)
10 ...00 1 0 ...00
N I B Pl
0 0 .00 00 .00
\0 0 ...10/ \0o 0 ...10)

with the first matrix of the order p—1 and the second of the order p.
In these, the monomorphism is B. The definition is:

B(e;) = vippfori=1,...,p—1
A(vi) = eifori=1,...,p—1; A(vp) =0

5) Coupled pairs of the type

0o ... 0
: —~+0 B(e;)=0, A(0)=0, A monomorphism .
0 0
0 ... 0
[ B(0) =0, A(v)=0; B monomorphism .
0O ... 0

Taking C™ and C" the basis used in these coupled pairs, the
matrices B and A will be composed of diagonal blocks of the following
types:

Type 1) The matrix of B is the identity. That of A is the type

(d 0 ... 0 0)
1 X ... 0 O
0 0 . X O

\ 0 © 1 X/

In other words, the diagonal block corresponding to the matrix
B is I,, and that corresponding to A, AgI,+ Hp, I, being the identity
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of order p and H, the matrix, also of the order p,

1 0

0 0
\0 0

(0 0o ...

0
0

00

19)

0)
0

Type 2) The block B corresponding to subspaces that form this
type of coupled pair is of the order (p — 1) x p:

= (I;,_l : 0)

That corresponding to the matrix A is of the order p x (p — 1):

(10 0
0 1 0
00 .1
\ 0 0 0

[0 0 ...
1 0
01

00

\ 0 0

00
0 0\
00

1
0

0
1)

Type 3) When A is a mbnomorphism the block of B is Hp, and
that of A is Ip; if B is a monomorphlsm that of B is I and that of

'I‘ype 4) The block of B is of the order p x (p — 1) and that of A

Ais H,.

is(p—1)xp
(0
1
0

\ 0

o o

0
0

0)

0

[

0

1/

o

O =

=)

oo
o o
o o

et O e
OO e

O =t e
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respectively.
We thus have the following theorem:

THEOREM 3. Given two square matrices P and QQ with respective
orders m and n, there exist matrices A and B of orders m x n and
n X m, respectively, such that P = AB and Q BA if and only if
P and Q) are couplable.

Succession of nil power.

For any square matrix P, let k; > k3 > ... > kp, > 0 be the
ordered succession of the exponents of its elementary divisors in the
form \¥. We will call this succession made infinite by adding zeroes,
the succession of nil power:

kIZkQZ...ka>kp+1=ki+2=...=0

It is clear that the matrix P will be fully described if we know its

elementary divisors (A — Ag)P® with Ao # 0 and its succession of nil
power. |
We have the following proposition:

PROPOSITION 4. Let P and Q be two square matrices with re-
spective successions of nil power

ki1 2ko2> ... 2k >kpp1=kppo=...=0
ki >ky>...2k >k =ky2=...=0

We have that P and Q are couplable if and only if
a) They have the same elementary divisors (A — Xg)P?, Ao # O.
b) |kn — k}| <1 Vh.

Proof. (<) Let E; C C™ be the cyclic subspaces corresponding

to the elementary divisors A*, and E! ¢ C™ those corresponding to
/\k

The pa.lrs (E., E)), together with (Eq41®...® Ep, {0}) (if p > q)
or ({0L,E,,,®...0F q) (if p < g), are coupled pairs and define a
(P, Q)-couphng | -
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(=) Section a) forms part of the definition of (P, Q)-couphng
Let us see section b).
Let '
C"=E®E0...0F,

C'=FoE®...0F

be the decomposition given by a given (P, Q)-coupling.
We rearrange the subspaces E; and E} by decreasing order of
. degrees of their minimal polynomial (their dlmensxon)

Ei,,Eiy, ..., E;,

We define kj, = dim Ej, , k} = dim E,h, constructing with them
the successions of nil power of P and Q:

kIZkQZ...Zk,,>kp+1=kp+2=...=0

/ / : /
kKi>ky>... 2k >k =kjo=...=0

Let us suppose that for some value of h it is kj, — kj, > 1. Accord-
ing to the definition of (P, @)-coupling, the subspaces of C* which
form couled pairs with E;,, E,,, ., E;,_, must be in front of Ej,,
and are therefore E} , E},,...,E]  (not necessarily in this order).
The subspace E;, must also couple Wlth one of these, which is clearly

impossible. Therefore k, — kj, <1 Vh.
A parallel reasoning leads us to k}, — kr <1 Vh. %

Representative of a (P, Q)-coupling.

We will say that the pair of matrices (A,B) is a representative of -
the (P, Q)-coupling

Q= {(E’ E’)’(El, ’1) R (ET,E:')’ (E"'f'l ®...0 Ep’ {0})’

({0}, Err @... @ By)}
if:
i) A and B are isomorphisms between E and E'.
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i) A(E}) C E;, B(E;) C El, for i < r, being one of the two a
monomorphism and the other with the nucleus of dimensions 1. If
dim E; = dim E}, the monomorphism will be suitable as indicated
by the (P, Q)-coupling.

iii) A(E}) = B(E;) = {0},Vi > r.

iv) AB=P, BA=Q.

Equivalent couplings.
Let

Ql = {(E1 E')1 (El) Ei)) (RS (Eﬂ E:')’ (Er+l ®D. "' 57} EP’ {0}):
({0}, By ©... © E)))

Qe = {(FaF,)a(Fla {)"'-r(Fr:F:)ﬁ(Fr-i-l®"'®FP’{O}):

({0}, Fly1 ®... 0 F}))

be a (P, Q1)-coupling and a (P,, Q2)-coupling respectively, P; and
P, being square matrices of the order m and @; and @2 square
matrices of the order n.

We say that Q; is equivalent to Q3(Q;~€5) if:

i) The matrices P, and P, have the same elementary divisors
(A — Xo)P with Ag # 0 (and consequently to @; and Q3 also).

ii) There is a rearrangement of the coupled pairs such that

dim E;, =dim Fj,
dimE{k=dimF;k forl1<k<r
and such that the pairs (E;,, E].), (Fj,, F}, ) have the same principal -
subspaces at the same side, if dim E;, = dim Ej, .

It is clear that in these conditions P, is similar to P,(P;~P,) and
@1 is similar to Q2(Q1~Q2).
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Equivalence of doubly multipliable pairs of matrices.

We say that two pairs of doubly multipliable matrices (A;, B;)
and (Agz, B;) are equivalent ((A;, B;)~(Ag, B2)) if there exist basis
changes which transform one pair into another.

LEMMA 2. Given two pairs of multipliable square matrices (A, B;)
and (A2, Ba) with By and By invertible and such that Ay B1;~B3A,,
then the two pairs are equivalent.

Proof. We have that
A1B1 =T 'BoAsT = A = T™'ByA;TBy ' = (B 'T) ™' Ao(T By )
Defining S = By !T and R = T By}, we are left with
R 'ByS = (B\T™Y)By(B;'T) = Bi,T"'T = B,

and therefore
Ay =S7'A;R
| By = R-I.BQS
which shows that the pairs of matrices considered are equivalent.

If the invertible matrices are A; and A, mamtalmng the other
hypotheses the result is still true.

PRroPOSITION 5. If (A1, B1) and (Ag, By) are representatives of
equivalent couplings, then_they are equivalent pairs.

Proof. Let (A;,B;) be a representative of a (P1,Q1)-coupling
1, and (Ag, B2) a representative of a (P;,Q2)-coupling 2 where
21~4,.

On the coupled pairs of type 1 we have that
A1By = Pi~Q2 = By Ay

A; and B; being invertible square matrices, because the matrices P;
and Q; are Lemma 2 already ensures the equivalence of the pairs of
matrices on coupled pairs of this type.
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For coupled pairs of type 2, the matrices A; and As, of the order
p X (p — 1) are monomorphisms. Their rank is thus p — 1. Also,
the matrices B; and B,, of the order (p — 1) x p, have the nucleus
of dimension 1; their rank is also p — 1. We can state that A; is
. “left-invertible” and B, is “right-invertible”, i.e. '

AM|MA; =1,_; 3N|BN =1I,_,

The similarity between the matrices P, = A1B; and P, = A3B,
ensures the existence of an invertible matrix V such that VA, B; =
AByV.

With all this,

VA1B) = A3ByV = VA1 BIN = A3 BoVN = Ay = V™ 1A45(ByVN)
VAIBy = AyB)V = A1B; = V—IAQBQV = '
= MA1B) = MV~ 1A;B,V = B) = (MV~'A3) BV

Let us see the matrices (B2VN) and (MV ~—1A;) are inverse to
each other: :

(MV~1A3)(BVN) = M(V-'A3B2V)N = MABIN = I,,_,
14

Indeed, defining R = B,V N (by which R™! = MV~1A4;) are
inverse to each other:

A=V 1AR, B, =R'BV

which ensures that (A;, B;)~(As, B3) in this type of coupled pairs.

In type 3 coupled pairs the monomorphisms are in reality iso-
morphisms, which makes it possible to apply Lemma 2 again.

Type 4 coupled pairs are dealt with in parallel to those of type 2,
using the similarity B; A;~B;A; working with the matrices B, and
As.

Those of type 5 show no problems. ‘ O

PROPOSITION 6. If (A;, B1), (A2, Bs) are pairs of equivalent dou-
bly multipliable matrices, then they are representatives of equivalent
couplings. :

Proof. As (A, By), (A3, Bs) are equivalent pairs, there exist the
invertible matrices V and W such that

A= V—IAQW,, B; = W—IBQV



124 P. RUBIO and J. GELONCH

Let be
Py = A1B,,Q1 = B1A1, P, = A3B;,Q2 = B2 A
It is clear that |
P=VIRV, Q=W"'QW

Therefore, the four matrices have the same elementary divisors
(A — Xo)? with X # 0, and also the same ones as the form A* and

Ql: Q2 too.
Let

Ql = {(E’ E’)) (El’ Ei)a ceey (Eﬁ E:'): (ET-H @‘ ... 0 EP’ {0}):

({0}, Ern ©... @ Ey)}

be the (P, Q1)-coupling of which (A;, B;) is the representative.
We build

Q2= {(F’F’)a(Fl» D:---:(FﬂFf’-):(Fr+l@“'eFm{O})’
{0}, Frpn ®... @ Fp)}

since
F=V(E),F =W(E'); F,=V(E),F =W(E))Vi

Each F; has the same minimum polynomial as the corresponding
FE;, and the same occurs for F} and E}. It is also obvious that ;<€
and that the pair (A2, By) is a representative of the coupling 3. ¢

With the last two propositions, we have the following theorem:
THEOREM 4 (of Equivalence). Two pairs (A1, B1) and (A2, By)

of doubly multipliable matrices are equivalent if and only if there are
representatives of equivalent couplings.
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Rank of the matrices A and B.

Given a (P, Q)-coupling, Theorem 4 ensures that all its represen-
tatives are equivalent. Therefore, if (A1, B1) and (A2, By) are repre-
- sentatives of the same (P, Q)-coupling, we can ensure that rg(4;) =
rg(Az) and rg(B;) = rg(B;). The construction of the matrices A
and B, performed for the countable pairs (P, Q), allows us to calcu-
late thelr rank. Indeed:

Let n; for i = 2, 3,4 be the number of coupled pairs of type i
existing in the (P,Q)-coupling with which the matrices A and B
have been constructed.

Each coupled pair of type two will produce a nil row in A and a
nil column in B. Those of type 4 will produce a transposed effect: a
nil column in A and a nil row in B. The coupled pairs of type 3 will
become a nil row and nil column in A if B is a monomorphism, or
in B if A is one; let n3 and nj be the respectlve number of them of
each form (of course njj + nj = n3).

The coupled pairs of type 5 produce nil p — r rows and ¢ — r
columns in A; in matrix B there will be nil ¢ — » columns and p — r
Tows.

The rank of matrices A and B, calculated by rows, is

rg(A)=m—ng—ny—p+r

rg(B)=n—ng—nj —q+r

If we calculate it by columns, we have
rg(A)=n—-ng—nj—q+r

rg(B)=m-—-ng—ng—p+r
From these equalities it is deduced that for any P, Q-coupling,

M—N2—p=n—n4—¢q.
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