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1. Introduction

We consider the pure power Nonlinear Schrédinger equation on the line
it —u" — [uP'u =0, u: R = C, (1)

where @ = dyu and v’ = O u. In this paper we only consider p near 3. It
is well known that Equation (1) has standing waves, solutions of the form

u(t,r) = e“'¢,(z). They are obtained from ¢,[w](z) = wﬁqﬁp(\/ax) with
the explicit formula

1\7 1 1
Op(x) = (p—;—) sech7 1 (p2m>,

see formula (3.1) in Chang et al. [5]. For p = 3 we have
$3 = V/2sech(z).

It is well known that the linearization of (1) at ¢p[w], is given by
Ty _ ™ . L 0 L_,p,w
O (7“2) = Lopw <T2> with Ly, := <—L+,p,w 0 ) ) (2)

Lipew:= 783 +w —pqﬁgfl[w] and L_ ., = 753 +w— gbg*l[w}.

where
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The essential spectrum is o¢(Lpy,) = (—ico, —iw] U [iw,ico) and 0 € 0,(Lpw)-
For p = 3 there is no other spectrum, indeed for p = 3 all eigenfunctions
and generalized eigenfunctions have been explicitly known have been known
explicitly since Kaup [13]. Notice that the operator in (2) is obtained by a

simple scaling from
0 L
L = -l-,P)7
P (L_,p 0

L_,= —82 +1 —pfbg—l and Ly ), = _65 +1— ¢£—1.

where

For 0 < |p — 3| < 1, Coles and Gustafson [6] proved L,, has exactly one
eigenvalue of the form i\(p,w) near iw where with 0 < A(p,w) = wA(p,1) < w
with dimker(L,, —i\(p,w)) = 1, thus giving a partial rigorous confirmation
of the numerical results of Chang et al. [5]. For &,[w] € H'(R,C?) a generator
of ker(Lp, — iA(p,w)) in [8] we stated the following result involving only radial
functions in HL (R, C).

rad

THEOREM 1.1. There exists p1 < 3 < py s.t. for any p € (p1,p2) \ {3} and
any wo > 0, any a > 0 and any € > 0 there exists a 6 > 0 such that for
any initial value ug € DHrlad(R)(gwa,cS) there exist functions 9,w € C* (R, R),
z € CY(R,C) and wy > 0 s.t. the solution of (1) with initial datum ug can be
written as

u(t) = €O (Guy + 2(DE[w(®)] + Z(OE, W (B)] + (1)) with
/R||67a<z>n(t)H§{1(R)dt < € where (z) :=+\/1+ 22,

lim ||e_a<x>77(t)||L2(R) =0,

t—o0

lim z(t) =0,

t—o0

li =wy.

M) = e
REMARK 1.2. Theorem 1.1 and the fact that the H'(R) norm of 7 is uniformly
bounded for all times, guaranteed by classically known orbital stability results
of Cazenave and Lions [4], Shatah [21] and Weinstein [24], imply the following
local in space asymptotic convergence up to the phase,

. —ig .
tl}rﬁloou(t)e W = ¢, in L2 (R).
A result similar to Theorem 1.1 was obtained completely independently,

unbeknownst to the two sets of authors during the process of writing the re-
spective papers and posted on Arxiv the same day, with a different proof by
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Rialland [20], which remains closer than us to the theory in Martel [19], which
in turn has a similar result but for a cubic quintic NLS.
We set

Eplw] = (5p71[W],fp,2[W})T

@ _ (@) (@700 2 .
and let furthermore g™ = (g,7,9,5 | €L (R, C?) be an nonzero solution of

Epwgl(f) = 21)\(p7w)gz(f), (3)

see Buslaev and Perelman [1] and Krieger and Schlag [15]. Notice that if g, =
gz(yl), then ¢ (z) = g, (v/wz) solves (3). Similarly if £, = &,[1], then &, [w](z) =
&p (Vwz) is a generator of ker(L,, — iA(p,w)). Here, for later reference, we
record that

Lpfp = i)\(p, 1)51)- (4)

Using now the notation

(1.9 1= e [ fe)glada,
we consider the constant

v(p,w) = <¢§f2[w] (P& 1 [w] + & 5[w]) 791(;3)>
+2( a2 wlgallpalel o83 (5)

which plays an important role in the proof of Theorem 1.1. Let v(p) := v(p, 1).
In [8] we proved that it is possible to choose g, and &, so that there is a constant
I" € R such that

)= -3L+0((p—3)?%).
The purpose of the present paper is to prove the following.

THEOREM 1.3. We have

™

V2 cosh(m/2)’

This implies automatically that the corresponding constant (5) is nonzero
for any w > 0 and for 0 < |p — 3] <« 1.

The proof of Theorem 1.1 in [8] utilizes in an essential way that vy(p) # 0
for 0 < |p — 3| < 1 and gives only a sketch of Theorem 1.3. A similar sketch
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is given in Rialland [20]. Both [8, 20] follow closely Martel [19] for their proof
of their own versions of Theorem 1.3 and all three papers omit to write a
full proof, on account of the fact that this would add many pages of very
elementary computations to papers devoted to solving longstanding problems
in the context of classical models like Equation (1). Our aim in this paper is to
fill in the details of the proof of Theorem 1.3, following the succinct description
of the analogous computation in Martel [19]. While the computations added
here and missing in [8] are elementary, we think that writing the complete proof
might give a useful reference for fellow researches. Besides, the computation
of the constant I' raises at least one interesting question. Indeed, it is rather
surprising that both for the pure power equation (1) and for the cubic—quintic
equation in Martel [19], the constant I" has a very simple form. We ignore why
this is the case, but certainly this merits further investigation. Rialland [20] has
also some interesting numerical computations. A partial extension of v(p) # 0
for exponents p further away from 3 is in [9] which proves the 3rd order FGR for
generic p’s and in [10]. Some analogues of Theorem 1.3 are proved in the case
of the Nonlinear Klein Gordon Equation in Delort and Masmoudi [12], Li and
Lithrmann [16] and Lihrmann and Schlag [17], while a numerical verification
in that setting is in Kowalczyk et al. [14], but these papers deal with a much
simpler situation than here and [8, 19, 20], because their linearization is a scalar
Schrédinger operator with as potential a sech? function and can be reduced to
the flat Schrodinger operator using two Darboux standard transformations, see
Chang et al. [5] and Deift and Trubowitz [11].

We explain now, briefly, why it is important that these constants be different
from 0. In the study of stability problems like in Theorem 1.1 it is quite natural
to linearize Hamiltonian systems (1) at ground states. The linearized operators
have both discrete and continuous modes and it is quite natural to use these
modes to study also the nonlinear systems. At a linear level the different
modes are uncoupled and so the discrete modes tend to describe harmonic
oscillators. However there is mechanism, first introduced by Sigal [22], the so
called nonlinear Fermi Golden Rure (from now on FGR), which explains why,
by nonlinear interaction, the discrete modes, specifically related to excited
states of the linearization, lose energy. The discrete modes are like a finite
dimensional Hamiltonian system embedded in a sea of radiation represented
by the continuous modes, with energy spilling out of the finite dimensional
system and then, essentially by linear dispersion, scattered to infinity. Sigal’s
idea was developed in relatively simple contexts by Buslaev and Perelman [2],
see also Buslaev and Sulem [3], and by Soffer and Weinstein [23]. Later [7]
described the FGR for general spectral configurations, illustrating the deep
relation between the FGR and the Hamiltonian structure of the systems. The
FGR involves the fact that certain coefficients of the mixed system of discrete
and continuous modes, have nonzero restriction on appropriate sphere of the
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distorted phase space associated to the linearization (2). In dimension 1 the
spheres reduce to pair of points and the FGR reduces to having certain single
frequencies different from 0, and that is exactly the meaning of the condition

v(p,w) # 0.

2. A first formula for the constant I'

The main purpose of this section is to prove Proposition 2.4. Before stating
and proving it, we review briefly some results on y(p) proved in [8]. First of all
we proved the following.

LEMMA 2.1. There exists a small 51 > 0 and a function o € C*°(Dg(3,01),R)
such that

Ap, 1) =1 — o?(p) with
a(p) = (p—3)%co +0 ((p — 3)3) where ¢y =272 + 97503 <¢§,T> ,
where T := e~ V2l x sech?(z).

Notice that the above was a different proof, simpler thanks to the Darboux
transformation due to Martel [19], of the result on the eigenvalue by Coles and

Gustafson [6]. The specific value of the constant ¢y > 0 does not play a role
here and [8].
Next, in [8] we proved the following.

LEMMA 2.2. There exists an open interval Z containing 8 and for each p € T
it is possible to choose &, = (&p.1,&p,2)T so that (4) holds, we have

&= (1—¢3,i)"
and
Ep1=1-03+ (p—3)Ri + (p—3),1,
€p2 =1 (1 +(p=3)Ry + (p— 3)25p,2) 7
where
¢

— T and
2v/263

Ry = —aydly — ﬁ(?) — )T

W2 2203

and where furthermore, for any k > 0 there exists a constant Cy, such that

1

@,’? ()] < Cp (x)* for all z € R and all p € T.

Here R; and fp,j for j =1,2 are real valued.
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Next, we set

gs = (h3’17ih3’2)1‘ with (h3’17h3’2)1’ = (;(ﬁg COS( )+ gsm( ) %sm( ))T
3

Then in [8] we stated without proof the following variant of Lemma 19 of
Martel [19], which can be proved similarly.

LEMMA 2.3. There exists an open interval T containing 3 and for each p € T
it is possible to choose g, so that

o~ ( g3 costra) + Bsin(ra).i % sinra) ) o= 5 Ip 31

where T = /1 — A(p,1)? and
0% g, (2)] < Ck, and |050,g,(x)| < Cr(1+ |z|) for all z € R and all p € T.

An elementary differentiation yields

Bi= 0yl 0p = 500 (] ~ lowon) + 5
F = 0y|,_3 057" = E + ¢3log ¢3.
Recalling
Y(p) = (02 (P01 + &2 a)s gpa) + 2{BE2Ep 1602, Gp2) »
we set, following the notation and the argument in Martel [19],
Gpi = ¢§_2(p£§,1 + 5;2;,2)1 Gpo = _21¢§_25p,15p,2’
Then by elementary computations
Gp1 =3 ( (1- Gbs) - 1) (p—3)A1+ Ay,
$Goa = 0s(1=63) + (= 3)Az + &g,
where

Ay =F (3(1—¢3)* — 1) + ¢3(1 — ¢3)> + 6¢3(1 — ¢3)R1 — 263 Ro,
Ay =F(1—¢3) + ¢3Ri + ¢3(1 — ¢3)Ro
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and Al, A, are remainder terms of (p — 3)? order. The following formula is
proved in [8],

1
I'=(A1,hg1) +2(As, h3a) + 3 <(6xtanh sech? — %sechz) Gs.2, h371>
—2<E,h3’1> =M +’YQ+’YB+’Y4, (6)
where sech = sech(x), log = log(z), tanh = tanh(z) etc. With this nota-

tion, denoting similarly logosech = log (sech(z)), T = T(x), we consider the
following constants, similar to analogous ones introduced in Martel [19],

P = /sechk cos, b, = /sechk tanh sin

qx = /sechk log osech cos L = /Sechk log osech tanh sin
TR = /sechchos di = /acsechlc sin

SE = /sechthanhSin er = /sechk tanh T cos

ap = /xsech’C tanh cos fe = /sechkT’ sin .

The first step in our computations is the following.

PRrROPOSITION 2.4. The following formula holds,

4
311 173
+ (2810g2 + 2) ps + (—1510g2 — 2> p7>

+ V2 (31 — 28¢5 + 565 — 30q7 — a1 + 93as — 336as + 252az)
+ 4r1 — 2r3 — 3075 + 3077 + 251 + 18s3 — 20ss5.

1 17

In order to prove the proposition we will examine separately each term
in (6).
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LEMMA 2.5. We have

15 11
Y1 :\/§<<—310g2— 7) ps + (3log2—|— ?> p7)

+v2 (g3 — 65 + 6g7 — a3 + 18as — 30ar)

+\/§(<3log2+§) bz — (3log2+1—21) b5)

+ \/5(—01 + 6¢3 — 6¢5 + di — 19d3 + 48ds — 30d7)

— 6r3 + 12r5 — 617 + 651 — 1253 + 655 + 4e3z — bes — 4f1 + 10f3 — 6f5.

Proof. We write

v = (A1, h31)

= (F(3¢51 — &32) + 03831 + 66331 R1 — 20383 2R, b 1)

=3 <F£§,1a hsq) — <F£§,2a hs1) + <¢35§,1a hs1)
+ 6 (33,1 R, hs1) — 2 (p3€3,2R2, h3 1)

=:v11 + Y12 + 713 + Y14 + V15.
CrLAM 2.6. We have

Y11 = Y111 + 7112

with
— 2 (2log2+ Lps + —=(2log 2+ L)pr + —=
Y111 = \/5 g D5 \/§ g p7 ﬁ%
12 n 12 3 i 12
—_ = = — —=Q
2T R BT
and
— 3 (2log2+ 1)bs — ——(2log 2 + 1)b
Y112 = \/i g 3 \/5 g 5
3 12 12
+ 2 (dy —d3) — —=(dg — d5) + —
\/E( 1= ds) ﬁ( 3= ds)
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V2

12

V2

az

3 n 12 12
— —=C + —=c3 — —=¢C
Va2t e
(ds — d7).
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Proof. We have

71 =3 <F§§,1, hs1)

1 1
=3 ——(21log 2 + 1)sech + —=sech log osech
<(4\/§( g ) 7 g

1
———sech -z tanh) (1 — 2sech®)?, sech® cos — tanh sin>

V2

1 1
=3 ——(2log 2 + 1)sech + —=sech log osech
(12082 + sec + oot

1 2\2 2 >
———sech - x tanh | (1 — 2sech™)”, sech” cos
V2 ) ( )
1

1
-3 ——(2log 2 + 1)sech + sech log osech
(2 21082 + Dsoch + sechiog
1 22 . >
———sech - x tanh | (1 — 2sech®)“, tanh sin
V2 )( )

=:7y111 + Y112-

where we warn the reader that sech-z, here and in analogous expressions below,
stands for the product of the functions sinh(x) and . We have

3 1
Y111 = E <(1(2 log 2 + 1)sech + sech log osech

— sech - xtanh) (1 — 2sech®)?, sech? COS>

1 1
=3 ——(21log 2 + 1)sech | + —=sech log osech
<< 4ﬂ( g ) 7 g

1 2
———sech - z tanh | , sech” cos

1 1
—12 ——(2log 2 + 1)sech + —=sech log osech
<(4\/§( g2+1) V2

fisech . xtanh) sech2, sech? cos>
V2

1 1
+ 12 ——(2log 2 + 1)sech + —=sech log osech
((Fteise + s+ i

—isech - tanh) sech?, sech? cos>
V2
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and so

3 5 3 7
=——(2log2+1 /sech cos+——(2log2 +1 /sech cos
Y111 \/5( g ) \/5( g )

3 3 12 / 5
+ —— [ sech” logosech cos ——— [ sech” log osech cos
V2 / 8 V2 &

12 7 3 3
+ — [ sech’ - log osech cos —— / sech” - x tanh cos
V2 / & V2

12 12
+ — /sech5 - x tanh cos —— /sech7 - x tanh cos
V2 V2

where we get (7) if we redefine 111 as the last term in the formula, where,
by an abuse of notation, in the last term we did not rewrite the boxed part,
for reasons of space and because by (¢3,hs1) = 0 it cancels when added to
the boxed part in the next formula. The next formula is, applying the same
convention,

Y112 = —3 < (L(Qlog 2 4 1)sech + Lsech log osech

4v2 V2
1 22 . >
———=sech - ztanh | (1 — 2sech”)”, tanh sin
V3 ) :
=-3 L(2 log 2 + 1)sech |+ Lsech log osech
1
———sech - x tanh | , tanh sin
-t ) tin)
+ 12 < (i@lo 2+ 1)sech + isech log osech
13 g /2 g
—Lsech . xtanh) sech?, tanh sin>
V2
—12 < <L(210 2 4 1)sech + Lsechlo osech
1
———sech -z tanh) sech47 tanh sin>
V2
= i(2 log 2 + 1)/sech3 tanh sin —i(Q log 2 + 1)/sech5 tanh sin
V2o V2o
-3 sech log osech tanh sin +£ / sech® log osech tanh sin
V2 ¢ V2 ¢
12 sech® log osech tanh sin —|—i /sech - (1 — sech?) sin
V2 ¢ Vi
_ 12 sech® - 2(1 — sech®) sin—l—E /sech5 x(1 — sech®) sin
V2 V2 ’
where we get (8). O
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CramM 2.7. We have

Y12 = Y121 + V122

with
1 . 1
= —— —Qa 5
Y121 \/i% \/i 3
1 1
= —c1 — —=(di — d3).
Y122 \@ 1 \/5( 1 3)
Proof. We have
Y2 =—(F& 5, hs1)
1 (21 1 h + L h 1 h
=—(—= sec ——sech log osec
VoA
1
——_sech - z tanh, sech? cos — tanh Sin>
V2
= — <lsech log osech — isech x tanh, sech? cos>
V2 V2 ’
1 1
+ ( —=sechlog osech — —=sech - x tanh, tanh sin
<¢§ ¢ V2 >
=:"7121 + V122,

where the canceled term is null by (¢3, h3 1) = 0. Then from

1 1
Y121 = — <sech log osech — —sech - z tanh, sech® cos>

V2 V2

=— % sech® log osech cos —&—% / sech® - z tanh cos
and
1 1 .
Y122 = <\/§sech log osech — ﬁsech - x tanh, tanh s1n>
= % /sech log osech tanh sin —% / sech(1 — sech?)z sin,
we obtain the desired claim. O

CrLAaIM 2.8. We have

Y13 = Y131 + V132
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with

Y131 = —4V2ps + 4V 27,
Y132 = 4V 2b5 — 4/ 2bs.

Proof. We have

Y13 = (¢385 1, ha)
=2 (sech(1 — 2sech?)?, sech? cos — tanh sin)
=2 <sec’rT— 4sech® + 4sech®, sech? cos — tanh sin>
=2 <74$ech3 + 4sech®, sech? cos> -2 <745ech3 + 4sech®, tanh sin>
=: 7131 + 7132,

where the canceled term is null by (¢3,hs 1) = 0. Then from

31 = V2 <—4sech3 + 4sech®, sech? cos)
= —4\/§/sech5 cos +4\/§/sech7 cos

and

Y132 = -2 <—4$ech3 + 4sech®, tanh sin>
=42 / sech® tanh sin —4\/5/ sech® tanh sin,

we obtain the claim.

Cram 2.9. We have
Y14 = Y141 + V142
with
3
Y141 = 12\/5(&5 — 2a7) — 5(37‘3 — 8rs + 47“7) + 3(63 — 265)

3
Y142 = _12\/§(d3 —3ds + 2d7) + By (351 — 8s3 + 485) -3 (fl —3f3+ 2f5) .
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Proof. We have
Y14 = 6 (¢P3€3,1R1, h3 1)

=6v2 <sech(1 — 2sech?) (2m tanh sech® — L(3 — 2sech®)T

42
1 / 2 .
+——tanhT" | ,sech” cos — tanh sin
2V/2 ) >
1
=6v2 <sech 1 — 2sech? (23: tanhsech® — —— (3 — 2sech?®)T
( ) oL )
1 ! 2 >
+——tanhT" ] ,sech” cos
2v/2 )
1
—6v2 <sech 1 — 2sech? (236 tanh sech® — —— (3 — 2sech?®)T’
( ) oL )
1 ' .
+——tanh7" ) ,tanhsin
22 ) >
= Y141 + Y142-
From
Y141 = 6V2 <sech(1 — 2sech?) <2x tanhsech® — L(3 — 2sech®)T
42
1 / 2
+ tanh 7" ) , sech” cos
2v2 > >
= 12\/5/(sech5 — 2sech” ) tanh cos
— g /(3sech3 — 8sech® + 4sech”)T cos
+3 /(sech3 — 2sech®) tanh T” cos
and

1
Y12 = —6v/2 <sech(1 — 2sech?) (237 tanh sech? — 4—\/5(3 — 2sech?)T

1
+——tanh T’) ,tanh sin>
2v2
= —12\/§/(sech3 — 3sech® + 2sech”)z sin
3
+ 3 /(3sech — 8sech® + 4sech®)T tanh sin
- 3/ (sech — 3sech® + 2sech®) T"sin,

we obtain the claim. O
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CrAaM 2.10. We have

Y15 = Y151 + V152
with
Yis1 = —2V2ps — 27‘3 + es,
Yise = 2V/2bs + *81 J1+ fa.
Proof. We have

Y15 = —2(Pp3€3 2Rz, h3 1)

3 tanh
=-2V2 <sech (sech2 + —T - an —T ) ,sech? cos — tanh sin>

44/2 2v/2
= —2V2 <sech (sech2 + 3 T — tath’) sech? cos>
44/2 2V/2 ’
+2V2 <sech (Sech2 + 3 T— tanhT,) tanh Sin>
44/2 w2 )’
=! 7151 + V152-
From
= —2V2 <sech (sech2 + —T tanhT,) sech? cos>
Y151 4\f 2\/5 )
3
= —2\/§/sech5 cos—i/sech3Tcos+/sech3 tanh T” cos
and
3 tanh
= 2v/2 ( sech ( sech? + —T — T’> ,tanh sin>
ez < < 2 A
3
= 2\/5/ sech® tanh sin —|—§ / sech? tanh sin — /sech(l — sech?)T" sin,
we obtain the claim. O
From

Y1 = Y111 + Y112 + v1e1 + Y122 + 7131 + Y132 + Y141 + Y142 + Y151 + Y152,
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we obtain
=2 (2log2 4 Lps + —=(2log2 + 1)pr + —= L 12
71 V2 g Ps \/5 g p7 ﬂ% \qu’ ﬁfh
3 12 3
—(2log2 + 1)bs — 2log2+1)b
3 12 3 12
— et — dy — d3) — —=(d3 —d
51 ﬁ \/5 \/i( 1 —d3) ﬂ( 3 —ds)
12 1 1
+—(ds—d a3+ —=c1 — —(dy —d
\/5( 5 7) \/*Q3 f \/561 \/i( 1 3)
=7121 =7122
—47/2ps5 + 4V 2p7 + 4V/2bs — 4v/2b5
=7131 =7132

3
+ 12\/5((15 —2a7) — 5(37“3 — 8r5 + 4r7) + 3(es — 2es)

=7141

3
—12Vv/2(ds — 3ds + 2d7) + 5 (351 — 853+ 4s5) = 3(f1 = 3f5 + 2f5)

=7142

3
—Q\fps—§7”3+€3+2\[b3+*81 fi+f3

=7151 =152

Summing up corresponding terms and tracking them to make the computations
simpler to read, we obtain

= \/§< (—g(QlogZ—Fl) —4—2)p5+ (2(2log2+1)+4>p7>

:73log27% :310g2+12—1
=—1

2((G-3)
(( (21og2 + 1) +4+2) bs + (—%(210g2+1)—4> b5)
S

3 1
) 3—6Q5+6q7+< +>a3+(6+12)a5+(—6—24)a7>
22 ~—— —_——
N——— —18

=-30

=3log2+12 =-3log2—3

< g ) c1 + 6c3 — 665>

— The formula continues on the next page
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3 1 3 1
+V2| (2= )di+(-2—-64=—12)ds+ (6+6+36)ds + (—6 — 24) dy
2 2 2 2 - T
—— =48 =-30
=1 —19
—|—(—g—g)T3+12T5—6T7+(g+g>81—1283+685
=—6 =6

+(3+1)€3—665+(—3— 1)f1 +(9+1)f3—6f5
=4 =—4 =10

which concludes the proof of Lemma 2.5.
LEmMMA 2.11. We have

Wz=\/5< k

(2log2+ 1)by + (10g2 — ) bs + 4b5

1
4 2

—c1 4 2¢c3 +dy — 7ds + 6d5> + 283 — 2f3+ 2f5.
Proof. We write

Y2 =2(A2,h32) = 2(F&31&3,2 + P3R1&3,1 + P3é3,1R2, h3 2)
=2(F¢&1&3,2,h32) + 2 (p3R1&3,2, h32) + 2 (3831 R2, hs 2)
=: Y21 + Y22 + V23-

CraM 2.12. We have

1
Yo1 = _ﬁ(210g2+ 1)(b1 — 2b3) — \/5(61 — 263) + \/i(dl — 3ds + 2d5) .

Proof. Tt is a consequence of
Yo1 = 2(F&3,183,2, 3 2)

1
=2 ——(21log2 + 1)sech +
<(4\/§( B2+ 1)

1
V2

1 2 .
———=sech - x tanh | (1 — 2sech”), — tanh sin
V2 > ( ) >

1
=——(2log2+1 /sech 1 — 2sech?) tanh sin
2\/5( g ) ( )

2 2
— — [ sech(1 — 2sech”) log osech tanh sin
\@ / ( ) s

sech log osech

+ \/5/ sech(1 — 3sech? + 2sech?)z sin . O
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CraM 2.13. We have
1
Yoo = —4V2(d3 — ds) + 5(381 —2s3) — f1+ f5.

Proof. It is a consequence of

Y22 = 2 (¢p3R1&3,2, ha2)

1
= —2v/2 { sech | 2z tanh sech? — —— (3 — 2sech?)T
< < 42 ( )

1
+——tanh T’) ,tanh sin>

2v2
= —4\/5/ sech®(1 — sech?)z sin +% /(BSech — 2sech®)T tanh sin
- /sech(l — sech®)T" sin . 0
CrAmM 2.14. We have
Va3 = —2V2(bg — 2b5) — 2(81 —2s3) + f1 — 3f3 +2fs.
Proof. 1t is a consequence of

o3 = 2 (¢3€3,1R2, hs 2)

= —2V2 <sech(1 — 2sech?) (sech2 + iT - tanhT,> ,tanhsin>

42 2V2
= —Qﬁ/(sech?’ — 2sech®) tanh sin —g /(sech — 2sech®)T tanh sin

+ /(sech — 3sech® + 2sech®)T” sin . O

Summing up the quantities computed in the three claims we get Lemma
2.11. O

LEMMA 2.15. We have

Y3 = 6\/5((15 — 2&7) — 6\/§(d3 — 3ds + 2d7) — %(1% — 2p7) + %(b:g — 2()5).

Proof. We have

V3 = <(6x tanh sech? — %sechz)(gbggg,lvg?g), h3,1>
= 6 (ztanhsech®¢5&3 1652, ha 1) — & (sech®¢s3€3,185.2, ha 1)
=731 + V¥32.
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CLamM 2.16. We have
Y31 = 6\/5(045 - 2a7) - 6\/§(d3 - 3d5 + 2d7)
Proof. 1t is a consequence of

Y31 = 6 (z tanhsech®¢3&3 163 2, ha 1)
=6v2 (z tanh sech®(1 — 2sech?), sech? cos — tanh sin)

= 6\@/sech5(1 — 2sech?)z tanh cos

- 6\@/ sech®(1 — 3sech? + 2sech*)z sin .

Cramm 2.17. We have

7 7
= —— -2 + —(bz — 2bs).
Y32 \/i(m p?) \/5( 3 5)

Proof. 1t is a consequence of
7 2
Y32 = — 5 <sech $3v1,3v2,3, h3,1)
= \f <sech3 1 — 2sech® ), sech® cos — tanh sin>

= _ﬁ sech® (1 — 2sech®) cos —I—— /sech5 (1 — 2sech®) tanh sin .

Summing up the formulas in the Claims we get the proof of Lemma 2.15. [

LEMMA 2.18. We have
’Y4—\TQ3—\TC1+\[CL3—\/( —ds).
Proof. We have

Y4 =—2(FE h3y)

1 1
= —2( ——sech (;i/leg’z{kf log sech — xtanh) h >
<\/§ 4 g 3,1

= /2 (sech log osech, h3 1) 4+ V2 (sech - z tanh, h3 ;)
=: Y42 + V43,

254



FERMI GOLDEN RULE CONSTANT (19 of 30)

where the canceled term is null by (¢3, hs.1) = 0. Then the statement follows
from

Vg = V2 (sechlog osech, hg 1)
=2 <sech log osech, sech? cos — tanh sin>

=2 / sech? log osech cos f\@/ sech log osech tanh sin
= \/§Q3 - \/501

and

Ya3 = \/5 (sech - X tanh, h3,1>
=2 <sech - z tanh, sech? cos — tanh sin>

= \/E/sech‘3 - tanh cos —\/ﬁ/sech(l — sech?)z sin
= V2a3 — V2(d; — d3),

where we remind the reader that our convention is that sech™ -z is the product
of the function sech”(x) with the function z. O

We now consider the following reduction formulas.
LEMMA 2.19. We have the following relations:

bi, = (k + 1)pit2 — kpi;

ck = (k+1)qrr2 — kqr + prr2 — Pi;
dr = —kag + pi;

er = sk + kry — (k+ 1)rgyo;

fo = —ri + ksg.

Proof. The formulas follow from the following ones:
b = /sechk tanh sin

=—k / sech”(1 — sech?) cos —i—/sech]H'2 cos

= —kpr + kpryo + Pryo;
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cp = / sech” log osech tanh sin
=—k / sech” (1 — sech?) log osech cos — /sechk(l — sech?) cos

+ / sech* "% log osech cos

= —k(qr — Qr+2) — Pk + Py2 + Qrt2;

di = /sechk -z sin

= —k/sechkxtanhcos—i—/sechk cos

= —kag + px;

e = /sechkT' tanh cos
= /sechthanhsin—/secthTcos

+ k/sechk(l — sech?)T cos

= S — g2 + k(T — Tht2);

fe = /sechkT’ sin
= f/sechchos +k/sechthanhsin. 0

Thanks to Lemma 2.19 we can eliminate some of the variables.

LEMMA 2.20. We have the following formulas:

97
7m=v2 (21?1 + (—910g2 —~ 2) ps + (241og 2 + 110) ps 9)

127
+ (—1510g2 — 2) p7>

+ V2 (q1 — 193 4 48¢5 — 30q7 — a1 + 56as — 222a5 + 180az)
4+ 4ry — 4rz — 28r5 + 30r7 4+ 251 4+ 22s3 — 30ss5;
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1 9
Y2 = V2 (<Qlog2+ 4> p1+ (—4log2 —6)ps + (4log2 — 18) ps +24p7>

+V2 (g1 — 8¢s + 8¢5 — ay + 21as — 30as)
+ 2r3 — 2r5 — 4s3 + 10s5;

33 127
Y3 = V2 (—2273 + 7]75 — 47p7 + 18a3 — 84as + 72a7> ; (10)

71=V2(q1 — g3 + a1 — 2a3). (11)
Proof. Starting from the simplest formulas we have
Y4 = V2q3 — V2¢1 + V2a3 — V2d, +V2ds3
= V243 — V2(2q5 — @1 + pg=p7) + V2a3 — V2(—a1 + pr) + V2(~3a3 + pg)
=V2q1 — V2¢3 + V2a1 — 2v2a3 = V2 (q1 — q3 + a1 — 2a3),

which yields (11). Then we consider

7 7
v3 = 6v2(as — 2a7) — 6v2(ds — 3ds + 2d7) — ﬁ(ps —2p7) + ﬁ(bs — 2bs)
= \/§ (6(15 — 12a7 — 6d5 -+ 18d5 — 12d7 — %ps + 7p7 + gbj — 7b5)

7
=2 (6@5 — 12a7 — 6(—3as + p3) + 18(—bas + ps) — 12(—7ar + p7) — oPs

7
+7p7 + 5(4175 —3ps) — 7(6pr — 5p5))

21 7
= \/§<(—6— S)Pa (18 = 5+ 144 35)ps + (—1247 —42)py
————
33 127 =—47
=% =%
+18a3 + (6 — 90) as + (—12 + 84) a7>
——— ———
=84 =72

33 127

=2 (—?ps + 5 P 47p7 + 18as — 84as + 72(17) .
Using Lemma 2.11 we have
1 3

Yo = \6 (—1(210g2 =+ l)bl + <log2 — §> bz + 4bs — c1 + 2c3 + di

+ (=3 —4)ds + (2 + 4)d5) +2s3 —2f3+2f5

= \/§< — ~(2log2 4 1)(2ps — p1) + (logQ - %) (4ps — 3ps) + 4(6p7 — 5ps)

1
4
—(2¢3 —q1 +p3 —p1)> + \/5(2(4% —3q3 +ps —p3) + (—a1 +p1)

— 7(—3@3 +p3) + 6(—5(15 +p5)) + 283 — 2(—7“3 + 383) + 2(—r5 + 585).
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Collecting together similar terms we have the following, which yields (10),

1
Yo = x/i( (1(210g2+1)+1+1)p1

:llog2+g 1
’ ! +<—§(210g2+1)—3(log2—;)—1—2—7)p3>
=—4log2—6

3
+\/§( (4 (longi) 720+2+6)p5+24p7+ql

=4log2—18

+ (—2 — 6)Q3 + 8¢5 — a1 + 2lasz — 300,5)

+ 2r3 — 2r5 + (2 — 6)83 + 10s5.

Using Lemma 2.5 and Lemma 2.19 we have

15 11
"= \/5( (7310g2 - 7) ps + (310g2+ ?) p7 + g3 — 6¢5 + 697 — as
+ 18as — 30&7)

15 11
+v2 <(3 log2 + ?) (—3ps +4ps) + (73log2 - ?) (—5ps + 6p7))

+ \/5( — (—p1 +p3s — q1 +2q3) + 6(—p3 + ps — 3q3 + 4¢5)
— 6(—ps + p7 — 5g5 + 6(J7))

+V2((p1 — a1) — 19(ps — 3as) + 48(ps — 5as) — 30(py — Tar))
— 6rs + 12r5 — 6r7 + 651 — 1283 + 655 + 4(3rs — 475 + s3) — 6(51r5 — 617 + 85)
—4(=r1 + s1) + 10(—r3 + 3s3) — 6(—75 + 5s5).

Collecting similar terms we have the following, which yields (9),

15
" :\/§<(1+1)p1+ (—3 (31og2+—> —1-6- 19)p3)
T/ 2

=—9log 279—27

=24log 24110

((3log2+%) +6 <7310g27 %) 76730)117)

=-—15log2—127
+V2(q1 +(1—2—18) g3 + (—6+ 24+ 30) g5 + (6 — 36) q7)
+V2(—a1 + (=1 +57)as + (18 — 240)as + (—30 4 210)ar)
+4r1 + (=6 + 12 — 10)rs + (12 — 16 — 30 + 6)r5 + (36 — 6)77
+ (6 — 4)s1 + (=12 4+ 4 + 30)s3 + (6—6 — 30)s5. 0

+\/§(((—310g2— ) +4(3log2+ ) —5(-3log2 — ) +6+6+48)p5)
A

258



FERMI GOLDEN RULE CONSTANT (23 of 30)

Proof of Proposition 2.4. Summing up the formulas in Lemma 2.20, we obtain

F=y+v+v+7
12
=2 (2p1 + (—910g2 - %) p3 + (24log 2 + 110) ps + ( 15log 2 — 77> p7>

+ V2 (q1 — 19¢3 + 48¢5 — 30g7 — a1 + 56az — 222a5 + 180ar)
+4ry — 4rs — 28r5 + 3077 + 251 + 2253 — 30s5

1 9
+ﬁ< (510g2—|— Z) p1 + (—4log2 — 6) ps + (4log2 — 18) ps
+ 24p7 +q1 — 8¢g3 +8Q5>

+ V2 (a1 + 2laz — 30as) + 2r3 — 2r5 — 4s3 + 1055
127
+v2 (—— ps + —5~ps — 4Tp7 + 18a3 — 8das + 72a7>
+ \/i(ql — g3 + a1 — 2a3)

where collecting together similar terms we have the following which yields
Proposition 2.4

1
F:ﬁ((zlog2+2+i)pl+(( 9— 4)10g2—97—6—323)p3)

=—13log2—-71

—1 i7
=3 log 2+ 1

+\/§<((24+4)10g2+110—18+1§7) Ps

=28log 2+ 31
+ (71510g2 — %7 + 24 — 47) p7>

=—15log2 2

+\f2<(1+1+1)q1+( 19 -8 —1) g3 + (48 +8) q5—30q7>

=3 =-28 —56

+ \/5( (=1— 1+ 1) a1 + (56+21418—2) az + (—222—30—84) as
=—1 =93 =—336
+ (1804-72) a7>
252

+4r1 + (—442) rs + (—28—2) r5 + 3077 + 251 + (22—4) 53 + (—30+10) s5
N—— N—— T

N——
=—2 =-30 =18
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3. Reductions and cancellations

Now we want to perform further reductions and express I' in terms of p1, ¢,
ay, r1 and sq.
LEMMA 3.1. We have the formulas

5 13

=DP1, b7 = 5Pt

p3 = p1, P5:6 18

Proof. We have
PE = /sechk(sin)’ = k‘/sechk tan(— cos) = k/(sechk tan)’ cos
= —k? / sech”(1 — sech?) cos +k / sech™"2 cos

= —k%pr + (B* + k)pro.

Thus,
1+ k2
Pk+2 = mpk
and
1+1
p3 = mpl = P1,
1+32 10 )
Ps = =3 7P3 = P11 = P
1+ 52 26 5 13
pr = = 35 7P1 = 5P O

5.6 177 3067 T 18
LEMMA 3.2. We have the formulas

1
q3 = q1 — 5;01,
_5 2
g5 = 6111 721)17
B 13 121
qr = 18% 360p1-

Proof. Using (logsech)’ = —L-(—sech tanh) = — tanh, we have

sech

k= /sechk log osech(sin)’ = k/ sech” log osech tanh sin +/ sech” tanh sin

= kecy, + by,
=k ((k+1)qr+2 — kqr + pry2 — pr) + (k + )pry2 — kpy
= k(k+1)qr+2 — K*qr + (2k + 1)pri2 — 2kps.
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Thus,

1
=——  (1+Kk)q — 2k + 1 2kp) .
qk+2 K 1) (14 £*)ar — (2k + 1)pr+2 + 2kpr)

In particular,

1 1
43=3 (1+1)g — 2+ 1)ps+2p1) =q1 — 5Pt
_ ! 1+9) 234 Ups+23ps) = S — st o
95 = 35— 3.4 g3 D5 P3) = 6(13 12295 2103
7§ 1\ 75 N 1 5 29
=6 pl 12 6p1 2p1 6(11 72]?17
1
=575 ((1+5%)gs — (10 + 1)pr + 2 5ps)
13 11 +1 13 5 29 1113 +15
T 5B T g T T s (6 T P ) T 3018Pt T 36”
13 121
— 181 T 360" O
LeEmMA 3.3. We have the formulas
2 37
r3 = —11 + 514+ V2p1, T5=—T1+§81+%\/§P1,
1 7 2 1 13
532531—7'1+§‘/5P1» 85=—5r1+ﬁsl+%\/§p17
13 23 83v/2
T Tt T P

Proof. By T" = 2T — 2y/2sech? and ej, = kry, — (k + 1)rpia + Sk.
TR = /sechkT(sin)' = 7/(sechkT)’sin
= k/sechk tanh T sin —/sechkT’ sin
= ksy — /SechkT’(— cos) = ksy — /(sechkT’)'cos
=ksp+k / sech” tanh 7" cos — / sech® (2T — 2v/2sech?) cos

= ks + kep, — 2ry + 2\/§pk+2
= ks + k(kre — (k + 1)rjpo + sp) — 27 + 2V2ppio
—k(k 4+ D)rpyo + (2 — 2)rg + 2ksi + 2V 2pryo.
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Thus,

1

p— 2 —
s = D ((k 3)ry + 2ksy + 2x/§pk+2) .

We have

sk = /sechthanh(— cos)’

= /(sechkT tanh)’ cos

—k / sech®(1 — sech?)T cos +/sechk+2T cos + / sech®T” tanh cos

= —krp + (k+ Drgas — /(sechkT’ tanh)’ sin

—krg + (b + D)rg2 + k/sechk(l — sech?)T” sin
- /secthT’ sin — / sechk(QT — 2\/§sech2) tanh sin

= —krg + (k+ Dripo + k(fe — fogz) — frrz — 285 + 2V 20540
= —kry + (k -+ 1)7”k+2 + k‘(*?"k + ksk) — (/f + 1)(77”164_2 + (/f + 2)8k+2)

— 255 + 2V2((k + 3)prra — (k + 2)prta)-

Thus,

1 2
Sk+42 = m ((/f —3)sg + 2(k + 1)rgyo — 2kry,

+2V2(k + 3)prra — 2v2(k + 2)pk+2) :

Hence
1
s =g ((1 —3)r1 +2s1 + 2fp5> = —r1 + 51+ V21,
83 = % ((1 —3)s1 2275 — 21+ 2v2(1 + 3)ps — 2V2(1 + 2)p3)
:—%51+§(—T1+81+\/§p1)—1h+£ %y — Vs

1
=3sion + g\/ipu
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Ts = ((9 — 3)1”3 + 683)

L (0= 3)rs 2355 +2v3ps) = 15 (65 + 65+ 2v/3ps)

1/1 7 2 5
(—Tl + s1 +\/§p1) + 3 <751 -7+ §\/§p1) + i C =Pl

3 6 6

2 37
- l 2LV2
rit+gsit 36xfp1,

1
S5 = 75 (683 + 8rs — 613 + 12\/5137 - 10\/5135)

4

3 /1 7 2

— Z51 — —\/2 g

10<351 r1+9\[p1)+5<r1+ s1+ - \[)

3 3 13
- TO (_7’1 + s+ \@171) + gﬁﬁpl - 5\/56]71
2 1 13
*57"1 + ﬁsl + %\/ipl
and
1
7‘7=ﬁ<(25 3)7"5—}—1085-{-2\[]77)
11 2 1/ 2 V213
= (= z 2LV2 ~ (=2 i
I (T1+351+36fp1>+3< 5T1+ 581+ f >+15181
13 23 83v/2
15 1+£ s1+ 90 X

O

Proof of Theorem 1.3. We substitute in the formula of I" in Proposition 2.4 the
formulas in Lemmas 3.1, 3.2 and 3.3. We obtain

I'= \/§( (%log?—&- {{)m — (13log2 4+ 71) p1 + (2810g2+£> Epl

73
— <151 2+7) T8 1)
1 5 29 13 121
+\/§<3q1 — 28 (Q1 - §p1) +56< a = 5P 1) —30 <T8ql - %m))
13 83
B _ 252 ( —
+\f< a1 + 93 (3a1+3p1) 336 (6a1+5p1>+ 0 (126a1+630 ))

2 37
+4r; — 2 (—7“1 + 851+ \/§p1) —30 (—7‘1 + —s1 + %ﬁpl)

3
13 23 83v2 V2
+30(715 45 90 >+2S1+18(§81*7’1+ 9 p1)
2 1 13v2
—20( -2 — =V,
0< 5T1+1581+ 36 p1>
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Collecting together similar terms and cancelling the null ones, we obtain

1
I'=V2ap1+v2(3-28 %—30Ig o+ 4+2+§§—3015 —18+8 |1

where
1 5
a = log2 5713 G 151—8
17 3115 173-13 29
Ty T e g THTE ﬁ+30%

93 336 83 37 83 7 3 1
Hence T' = %pl. Finally, p; = msech(w/2) by an application of the Residue
Theorem. O

We remark that we do not have a conceptual justification of why the com-
putations give such a simple formula for I' which we would not expect from the
outset.
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