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A counterexample to a priori bounds
under the Ahmad-Lazer-Paul condition
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ABSTRACT. In the context of scalar second order ODFEs at resonance,
we construct a counterexample showing that, in general, the Ahmad-
Lazer-Paul condition does not imply a priori bounds for T-periodic so-
lutions.
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1. Introduction

The forced scalar second order ODE
2" 4+ Xe+r(t,z) =0, (1)

where 7 : R x R — R is T-periodic in the t-variable and bounded, is said
to be at resonance if the linear equation z” + Az = 0 associated with (1)
has a nontrivial T-periodic solution. As is well known, this occurs if and
only if X = A\, = (2kn/T)? for some k € N = {0,1,2,...} and prevents, in
general, the T-periodic solvability of (1), which can be guaranteed only under
additional assumptions on the nonlinear term r (see, e.g., [7, 15]). After the
pioneering work [13] dealing with the separate case r(t,z) = g(x) — e(t), two
celebrated such assumptions turned out to be the so-called Landesman-Lazer
(LL) and Ahmad-Lazer-Paul (ALP) conditions. Denoting by Xy the eigenspace
associated with the eigenvalue )\ (namely, the set of T-periodic solutions of
the equation " + A\pz = 0), they read as follows:

- (LL) for every ¢ € i \ {0},
/ (lim inf r(¢, x))(p(t) dt + / (lim sup r(t, x))(p(t) dt >0,
{p>0} r—+oo {p<0} T——00

where { 2 0} = {t € [0,T] | ¢(t) 2 0};
- (ALP) setting R(t,x) = [, r(t,s)ds,

T
lim / R(t, ¢(t)) dt = +o0.
Hw\\:é;;roo 0
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Such assumptions are the T-periodic versions of the ones given, respectively, in
[12] and in [1] for the Dirichlet problem associated with an elliptic PDE. In the
context of the T-periodic problem, they were originally provided, respectively,
in [14] and in [16], see also [7] for an exhaustive treatment of the subject.
While the Landesman-Lazer condition usually leads to a T-periodic solution of
(1) through topological methods relying on a priori bounds and degree theory,
the Ahmad-Lazer-Paul one allows to prove T-periodic solvability by variational
methods, precisely via the Rabinowitz saddle point theorem.

The aim of this brief note is to highlight that this dichotomy is not only a
matter of the chosen techniques but is substantial, in that the a priori bounds
on the solutions may actually fail under (ALP). Indeed, we are going to prove
the following result.

THEOREM 1.1. For every k € N, there exists a bounded, continuous and T-
periodic function r: R x R — R satisfying (ALP) and such that equation (1),
with A = i, has a sequence of T-periodic solutions (u;); with

[[45] 00 — 400 (2)

Of course, the function r appearing in the above statement cannot satisfy
condition (LL) (see also Remark 2.2 below).

2. Proof of Theorem 1.1 and related remarks

We start with the easier case k = 0 (with corresponding eigenvalue Ag = 0),
which will indeed provide the idea for the proof in the more interesting case
k > 0. Here, X is the 1-dimensional space made up by constant functions and
(1) reads as

" +r(t,x) =0. (3)

The corresponding (ALP) condition is given by

T
lim R(t,z) dt = +o0

|z|—=+00 Jg
and a natural choice for r is
r(t,x) = r(x) = sgn (x)] sin(wx)|,

where we mean sgn (0) = 0. Of course, such a function satisfies (ALP), but (3)
has the unbounded sequence of T-periodic solutions u;(t) = j (j € N). Notice
that all such u;’s are multiple of the eigenfunction corresponding to Ag, that
is, ¢o(t) = 1. This is the key point for the construction of the counterexample
when k > 1.
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In this case, take 0 # ¢ € Xk, with ||prllc = 1 (for instance, one may take
i (t) = cos(v/Axt)) and, after having set Z, = {t € R | ¢ (t) = 0}, define

™
sin | —— if t ¢ Zy,
(mw)‘ # (4)
0 ift € Zy,.

sgn (z) o ()]

r(t,x) =

Notice that Zj is discrete and made up by a countable number of points. Of
course, 1 is T-periodic in the first variable and |r(t,z)| < 1 for every t,z;
moreover, it is immediate to check that for the choice

ui(t) =jex(t),  jEN,

it holds
r(t,u;(t)) = 0.

Thus, u; satisfies (1) - with A = A, - and (2). It remains to show that r is
continuous and satisfies (ALP).

The continuity at the points (¢, Z) with ¢ ¢ Z is obvious; on the other hand, if
t € Zy and (tn, ) — (¢, &), then r(t,, z,) — 0 since sgn (z,)| sin(mz,, /@ (t,)]
is bounded.

Finally, we show that r satisfies (ALP). To this end, we first notice that
R(t,x) > 0 for every t,z and R(t,z) = 0 if and only if ¢ € Z or z = 0;
moreover, it is easy to check that

lim R(t,z) =+4oco0, foreveryt ¢ Z. (5)

|z|—+o00
Then, we observe that
pEXE <= () =rpr(t+0) for some~ >0,0€[0,T],

so that ||¢]lec = v does not depend on #. Hence, the Ahmad-Lazer-Paul con-
dition (ALP) can be equivalently written as

T
lim R(t,yor(t +0))dt = +oo0, uniformly in 6 € [0,T]. (6)

Y=+ Jq

We then show that r satisfies (6). By contradiction, let us assume that there
exist M > 0 and two sequences (Vp)n, (05)n, with 7, — 400 and 6,, — 0 €
[0, T] such that

/T R(t, ynipr(t + 0,)) dt < M (7)
0
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for every n. Passing to the inferior limit at both sides and using Fatou’s Lemma
(recall that R(t,x) > 0), we obtain

/ lim inf R(t, i (t + 0,)) dt
0.7]\(2,uZ) " Ho°

T
§/ lim inf R(t, Yok (t + 05)) dt < M,
0

n—-+4oo

where Z = {t € [0,T] | px(t +0) = 0}. For every t € [0,T]\ (Z U Z), we now
have that |v,ek(t + 60,)] — 400, so that, by (5), we deduce that

lim inf R(¢, v,k (t + 6,)) = +oo  for every t € [0,T]\ (Z. U Z).

n—+oo
This contradicts (7) and eventually concludes the proof of Theorem 1.1. O
REMARK 2.1: By defining
. T
sin (9%(25))

0 ifteZy

[e3
(e

it t ¢ 7,

o) — 4 @) o0

for a sufficiently large, it is possible to construct similar counterexamples where
the nonlinear term enjoys higher regularity.

REMARK 2.2: It is clear that the function r defined in (4) does not satisfy any
kind of Landesman-Lazer condition, since

liminfr(¢,z) = 0 = limsupr(t, z),

T—+00 r——00
so that the left-hand side in (LL) is identically equal to 0 (recall that as shown,
e.g., in [8], (ALP) is weaker than (LL)). It can also be seen that r satisfies the

so-called potential Landesman-Lazer condition [18], an intermediate condition
between (LL) and (ALP), reading as

/ (liminf R(t’x))gp(t) dt+/ (limsup M)gp(zﬁ) dt >0
{<P>0} r—+00 xr {¢<Q} T— —00 €

for every ¢ € X \ {0}, so that also in this case the a priori bounds do not work
(indeed, the arguments used in [18] are variational).

REMARK 2.3: The previous discussion can be extended with no difficulty to the
case of resonance with respect to the Dancer-Fucik spectrum, namely replacing
(1) by

2+ pxrt —vz” +r(t,z) =0,
where 7/ /it + 7/y/v = T/k. In this case, the Ahmad-Lazer-Paul condition
to be considered has been given in [2, 4, 11], while the Landesman-Lazer one
dates back to [6].
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REMARK 2.4: We observe that the provided counterexample can be extended
to several different situations. For instance, with obvious modifications we
can deal with Dirichlet and Neumann boundary conditions; in this case, the
proof can be considerably simplified, since the eigenspaces are 1-dimensional
and thus there is no dependence on 6 in (6). More in general, one could adapt
the discussion to the equation

(p(t)x") + Mw(t)z + r(t,x) = 0,

where p(t) > 0 and w(t) > 0 for every ¢ € (0,7) and suitable regular-
ity /summability assumptions on p and ¢ are fulfilled, together with boundary
conditions of Sturm-Liouville type

{ az(0) + B2'(0) =0
~x(T) + 62’ (T) = 0.

It is worth noticing that the search for radial solutions of boundary value prob-
lems associated with a second order elliptic PDE enters this setting. Again,
the main point is here that there is a sequence of eigenvalues whose associ-
ated eigenspace is 1-dimensional and the nodal properties of the corresponding
eigenfunctions are known. However, our counterexample becomes much more
meaningful if both (LL) and (ALP) provide existence for the considered bound-
ary value problem; from this point of view, existence results of Landesman-
Lazer and Ahmad-Lazer-Paul type in this more general setting seem not com-
pletely established in literature, especially for what concerns condition (ALP)
(cf. [5, 17] and the references therein).

REMARK 2.5: We finally mention that an alternative way to prove the exis-
tence of T-periodic solutions under the Landesman-Lazer condition is based
on the Poincaré-Bohl theorem, as in [9]. Within this approach, condition (LL)
plays a role in showing that large-norm (in the phase-plane) solutions of the
Cauchy problems associated with (1) do not have integer rotation number (a
property which has been highlighted in [3] and later improved in other contexts,
e.g., [10]). Of course, such a property implies a priori bounds for T-periodic
solutions!, so that our example also shows that the Poincaré-Bohl approach
fails under the sole Ahmad-Lazer-Paul condition.
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IHowever, in general the converse does not hold, as is well seen already in the linear
case: the equation z”/ + z = 2cost is solved by the unbounded family of functions {z 4(t) =
(A+t)sint} gcgr, having winding number equal to 1 on [0, 27|, but does not have 27-periodic
solutions.
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