ON THE PROBLEM OF DISCRETE EXTRAPOLATION
OF A BAND-LIMITED SIGNAL(*)

by GRAZIANO VINCENTI and ALDO VOLPI (in Livorno)(**)

SOMMARIO. - Si considera il sistema lineare equivalente al problema della
estrapolazione discreta di un segnale a banda limitata. Si dimostra
che la matrice di iterazione del metodo di Gerchberg-Papoulis, metodo
ilerativo applicato a questo sistema, é una matrice convergente. Si
verifica inoltre che la convergenza di tale metodo é cosi lenta da rendere
tale metodo praticamente tnutilizzabile.

SUMMARY. - We consider the linear system equivalent to the problem of
discrete extrapolation of a band-limited signal. We show that the itera-
tion matriz of the Gerchberg-Papoulis method, iterative method applied
to this system, is a convergent matriz. We verify, moreover, that the
convergence of such method is so slow as to make this method practically
inapplicable. : ' .

1. Introduction.

Let g : [-T,T] — € be a known segment of an wg-band-limited
signal of finite energy, i.e. of a function f : R — C, satisfying the
two conditions: | :

i) J25 1£€t)|dt < +oo,

ii) the Fourier transform of f is zero in R — [—wy, wy).

The “continuous extrapolation problem” is to determine f out of
[-T,T]. The problem is solvable ([1}, pp. 184-186). The most
widely known resolutive method is the Gerchberg-Papoulis iterative
procedure ([1], pp. 244-248, [2], [3]); it may be described as follows.
Let |

9@), lt|<T

folt) = { 0, It| > T )

(*) Pervenuto in Redazione il 6 giugno 1992. A
(**) Indirizzo degli Autori: Accademia Navale, Gruppo Ins. Mat., Viale Italia,
72, 57127 Livorno (Italy). N



56 GRAZIANO VINCENTI and ALDO VOLPI

we determine the FT (Fourier Transform) F,,_;(t) of fn—1(t) and its
truncation ,
Pn(w) = Fa_1(w) - Puo(w) ,

where
lz| <c

1,
pc(:v)—{ 0, |z| >¢

is the unitary impulse of duration 2¢; we determine the IFT (Inverse
- Fourier Transform) oy, (t) of Fy,(t); let

n(®) =g(t) + (1 —pr(t)) - n(t) .

The sequence f,, converges to f.
The “discrete extrapolation problem” is to determine an L-band-
limited sequence of complex numbers (f(j))-n<j<n (L < N), given

the “segment” (g(j))-L<j<L, i.e.:
a) fG)=9(),-L<j<L.

Because of band-limitation, discrete Fourier Transform (DFT) of
f is zero out of {—L, L]; therefore we have:

b) Z fG) - exp(—— -jk) =0,L< |k| <N (M =2N +1).
j=—-N

If 2(k), =N < k £ N, denote the DFT of f(4), using the discrete
inversion (DIFT) formula, the previous conditions a), b) become:

L

@) Y ak) (oK) =g(), ~L<FSL,
k=-L
. L 271 .
v) f@) = 3 #(k)-exp(5r kj),-N<j<N.
k=-L

The determinant of linear system a’) is the Vandermonde deter-
minant of the numbers exp(3%;), —L < j < L, all pairwise distinct;
then a’) determines the values z2(k), —L < k < L, that, substltuted
in b’) give the problem’s solution.
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In 1983 Sanz and Huang [4] suggested the following conjecture:
the solution of the discrete extrapolation problem concerning a band-
limited continuous signal of finite energy, when samples g(j) in [T, T]
are given, tends to the solution of the continuous extrapolation prob-
- lem, for the sampling period that tends to zero and DFT’s length M
that tends to 4-00. Such conjecture was proved in 1985 by Schlebush
and Splettstdsser [5] and by Xingwel and Xiangen [6].

2. Discrete éxtrapolation by the Gerchberg-Papoulis method.

Let

TE CM’ T = (f(j))—NSjSN = (.'12_1,.’120,:1?1), T_1,T1 € CN_L )
g€ C* 9= (9(j))-Li<t »
beC¥, b=(0,4,0).

Let w = exp (—%) and let

(1) Q= (ws) € CHM 4 = JLA_JM G k=—N,...,N

be the Fourier matrix, and

On-L 0 On—p
(2) T = 0 Iop 1 0

On-L 0 On-f

be the “truncation matrix”.

Given vectors x(_"}, xﬁo) arbitrarily, we determine the DFT F(*-D =
7117_4 - Qz("=1 of £("-1)_jts truncation FT(,"-I) = TF®™-1) the DIFT
£ = VM - QHFED of F"™D; then we set the central compo-
nents of ™, with indices in [~L, L], equal to the corresponding
components in g.

So we obtain the vector (n-th iteration):

™ = (I - TYQETQz(=D 1 p .



58 GRAZIANO VINCENTI and ALDO VOLPI

Assuming _
(3) c=011Q,
(4) H=(-T)C,
we have:
(5) 2™ = Hz™ D 4+ p .

It follows that the Gerchberg-Papoulis method appears as an iter-
ative method, with iteration matrix H, applied to the linear system:

(6) | (I-H)z=b.

Now we shall show that the system (6) may be obtained directly
from conditions a) and b), used in §1 to define the discrete extrapo-
lation problem. ,

In fact, with notations previously introduced, conditions a) and
b) become:

(I-T)Qx=0
Tz=0» ’

which is equivalent to:

(7) | { U-Ge=0

Multiplying the first equality of (7), on the left, by I — T, we
obtain:
(I-TY(I-C)z=0
(8) { Tz =b

System (8) is equivalent to (7) if and only if, assuming that 7
and < are the endomorphisms of cM associated to I — T, I — C,
respectively, we have:

(9) Ker rNIm v = {0} .
We prove (9): if [ey,...,en]| is the canonical basis of CM . we have:
Ker 7 = (eN—L+1,---sEN+L+1) »

ImTt= (61, e s EN—LyENHL+2) - - .,eM) .
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Assuming that @ is the automorphism of C¥ associated to Q,
we consider:

@(Ker rNIm v) = &(Ker 7)NIm 70& = @(Ker 7)NIm 7 .
To determine the elements of such intersection, we look for vec-

0
tors (0, zo,0), such that the central components of € (:z:o ) are 0,
0
i.e.
Qrze =0,

where Q7 € C2LHD*(LHD) jg the central matrix of Q. As observed
before, det(€21) # 0; condition (9) follows.

So (8) is equivalent to (7); we conclude easﬂy that it is also
equivalent to

(I-H)x=b

(10) { Tx=b

In what follows it is convenient to write matrix C in the form:
Cun Ci2 Cis

(11) C=]| Ca Cx Cy |, .
Cs1 Cs2 Css

where:
C11,Cha,Ca1,Caz € CN-DX(N=-1) o o CRLHI)X(2L+1)

Ci2,C3p € CN-DXCLY) o) Ch5 € CRLHDXN-L)

Then we have
Cun Ci2 Ci3

(12) H=| o o o |,
C31 Cs3p Cas

and, therefore, assuming

| Cu Cis
13 H, =
( ) 1 ( 031 033 ) y
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we can write the discrete Gerchberg-Papoulis method, for determin-
ing unknown vectors z_;, z; in the form: ' :

z) 2D Cia
(14) = H + g .
T3 T3 Caz

3. On matrix H; eigenvalues.

Let J = [em, ..., e1]; because Q2 = J = JH, we have Q*T(Q*)H =
JTJ =T, and, therefore: QTQH = QHTQ. Assuming

(15) H=QHQY
we obtain:
_ 0 —Ci2 0
H=I-9r0NT=(I-C)T=| 0 Ip41—Cop 0
0 —C32 0

Then the not zero eigenvalues set of H coincides with the not
zero eigenvalues set of the matrix:

(16) Inp41—Cog .

On the other hand such a set coincides with the not zero eigen-
values set of H (cfr. (15)) and, therefore, of H;.

We exhibit some properties of matrix C, which we shall use af-
terwards:

i) C has eigenvalues 0 and 1 with respective multiplicities
2(N — L) and 2L + 1, because it is similar to T

ii) the elements of C are

L
(17) cjkzﬁ-{1+2-2cos [-i—}h(j——k)jl},

h=1
j,k=-N,...,N,
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and, therefore, C is real and symmetric; in fact, from (1), (2), (3),
and assuming w = exp(—3%i) = cos(—2n/M) + i - sin(—2n /M), we
have

L L L
h=-L h=-—L h=1

iii) we have

Cik = Cj+1,k+1 .
J JHLe+l jk=-N,...,N—-1,

i.e. C is the circulating matrix of the numbers:

(18)

O = 013,S=1,...,N+1
y Ci,M—s42, S=N+2,.... M.

From these properties we obtain that Co is real, symmetric, and
it is equal to the head submatrix of C, of order 2L + 1.

Applying the eigenvalues separation theorem (cf.[7], pp. 326) to
matrix C, we have .

ALFD < \®

min min

<M <At k=1, ,M 1,
where /\,(;’;i)n, Ar(f;,),x are, respectively, the least and the greatest eigen-

value of the head submatrix of C, of order j; because /\f,ﬁ? = 0,

/\%,)( =1, it follows:

0 < ABLHD <@L+ <

Because, as we know, det(2,) # 0 and Ca2 = QF . Q;, then
det(Ca2) # 0. So every eigenvalue \ of Cap verifies the condition

O0<A<1.

Therefore the results stated on matrix (16) allow to assert that,
for every eigenvalue u of H;, we have

(19) 0<p<l1.
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4. On matrix H; spectral radius.

Conditions (19) assure the convergence of the iterative method
(14). In order to investigate the convergence’s speed and, therefore,
the practical effectiveness of this method, we look for a valuation of
the spectral radius p of matrix H;.

We assume p = N — L, and, at first, we study the problem for
p=1and p = 2; for such values of p, we establish an inferior
. limitation of p, Which, with L increasing, tends rapidly to 1.

a)p=1.

Makmg use of (17) (18), we obtaln p = oy + a9, where a; =
gL +3, 02 = ‘2'LT§ cos 373, and we can easily establish the following
limitation: ,

p>1—
(2L + 3)3

b) p=2.
As before, making use of (17), (18), we obtain

1 ‘
P=O’1+§- [a2+a4+\/(ag—a4)2+4(a2+a3)2] )

where
2L+1

M=ol ¥

Qg = (cos a + cos 3a) ,

2
2L+5

a3 = — 5-(cos2a+cosGa),

i3
2L +5°

-(cos3a +cos9a) , and a =

o2
T 9L F5

Because ap — ag > 0 for every L, we can write:

1
P=011+§' [02+a4+((12—a4)\/1+4?'2] )

where

ag + 013 cosa + cos 3a — cos 2a — cos 6a
a2 - a4 cosa — cos 9«
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from inf, N7 = 3, we have:

123 it
2 (2L+5)3°

1
p2a1+§(9a2—a4)>1—-

Furthermore, we make numerical valuations of the spectral radius
of Hj, for some values of L and p = N — L. In the following table
we write the values of 1 — p:

L p=1 p=2 p=3 p=10
117.6393 (—2)}1.2525 (—2)(3.3246 (-—3)[2.7463 (—5)
2

3

2.8205 (—2)[1.6975 (—3)[2.0956 (—4)[8.2906 (—8)
1.3402 (—2)[3.6714 (—4)[2.4598 (—5)|7.3084 (-10)
10]8.0992 (—4)[9.5301 (—7)[4.5728 (—9)]5.4706 (—19)
100 | 1.1798 (—6) [3.6422 (—13) [7.2916 (—19)]1.0240 (—43)

5. Conclusions.

Valuations of §4 show that, also for low values of L and N , the
spectral radius p of the iteration matrix of the Gerchberg-Papoulis
method is very close to 1. To reduce the error of 1/10, we need
approximately —1/Logp iterations; such a number is very large. So,
because of the effects of rounding errors, we can assert that the
convergence of such a method is, in general, a merely theoretical
fact.
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