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Twistor Bundles of Almost

Symplectic Manifolds

Antonella Nannicini (�)

Summary. - In this paper we introduce the twistor bundle of a 2n-
dimensional almost symplectic manifold M as the quotient bundle
P (M;Sp(2n))

U(n) . Given a symplectic connection on M we introduce a
natural almost Hermitian structure on the twistor bundle and we
prove that this structure is K�ahler if and only if M is symplectic
and the chosen connection has vanishing curvature and (0,2)-
part of the torsion. Moreover we prove that in the case of R2n

with standard symplectic structure the twistor bundle turns out
to be K�ahler with constant scalar curvature for a certain class of
symplectic connections.
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1. Introduction

Let (M;!) be an almost symplectic manifold of real dimension 2n,
let us denote P! := P (M;Sp(2n)) the principal bundle of symplectic
frames on (M;!) and let Z! := P!

U(n) be the associated bundle with

respect to the standard action of Sp(2n) on P! �
Sp(2n)
U(n) . Z! is a

bundle onM with structure group Sp(2n) and standard �bre Sp(2n)
U(n) ;

the �bre at a point x 2 M parameterizes complex structures J on
TxM which are !-calibrated, that is such that !(J �; J �) = !(�; �) and
!(�; J �) is positive de�nite, then we call Z! twistor bundle of the
almost symplectic manifold (M;!).

Given a symplectic connection � on M we can de�ne a connec-
tion on Z! and, as it is a bundle of complex structures, with complex
�bre, this allows us to de�ne an almost complex structure on Z!, J�,
in a tautologically way, also we can de�ne an almost Hermitian met-
ric, G � , in a natural way. Such constructions are similar to those
in the twistor theory of an oriented even dimensional Riemannian
manifold ([2], [11], [4]), however in this case there are some rele-
vant di�erences: �rst the �bre is not compact, second there is not a
canonical symplectic connection, like Levi-Civita in the Riemannian
case, so things here depend on the chosen connection.

In this paper we study the di�erential geometry of (Z!; J�; G � ),
in particular we prove that it is K�ahler if and only if (M;!) is sym-
plectic and the curvature of the given connection and the (0; 2)-part
of the torsion vanish (section 5), this is the case for example of the
twistor bundle of R2n with standard symplectic structure, with re-
spect to a certain class of connections (section 6). Also we study
local sections de�ned by local almost complex structures on M , !-
calibrated, giving an interplay between symplectic connections and
calibrated almost complex structures (section 4).

The paper is organized as follows. In section 2 we describe the
geometry of the standard �bre Sp(2n)

U(n) as Hermitian symmetric space
of non compact type. In section 3 we de�ne the concept of twistor
bundle of an almost symplectic manifold and, given a symplectic
connection �, we introduce the almost complex structure J� com-
puting integrability conditions. Section 4 is devoted to the study of
local sections of Z!. In section 5 we study the almost Hermitian
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metric G � and we state K�ahler and semi-K�ahler condition. Finally
in section 6 we describe in details the twistor bundle of R2n with the
standard symplectic structure !n, proving that for a certain class of
symplectic connections is K�ahler with constant scalar curvature.

For an introduction to almost symplectic manifolds and symplec-
tic geometry we refer to [5], [8].

2. The geometry of Sp(2n)/U(n)

Let Jn :=

�
0 �In
In 0

�
2 R(2n) and let

Sp(2n) :=
�
A 2 R(2n)

��tAJnA = Jn
	

be the real symplectic group of order 2n; let

sp(2n) =
�
A 2 R(2n)

��tAJn = �JnA
	

be the Lie algebra of Sp(2n) and let U(n) := fA 2R(2n) jAJn = JnAg
be the unitary group of order n. It is well known that the quotient
space Sp(2n)=U(n) is a n(n+1)

2 -dimensional Hermitian symmetric
space of non compact type and then it is an Einstein-K�ahler mani-
fold of negative scalar curvature, [6]. We will describe in details this
structure on Sp(2n)=U(n) because it will be useful later.

Let us denote =(n) :=
�
P 2 Sp(2n)

��P 2 = �I2n; � JnP > 0
	
,

we have the following:

Lemma 2.1. =(n) =
�
P 2 R(2n)

��P = AJnA
�1; A 2 Sp(2n)

	
:

Proof. The inclusion
�
P 2 R(2n)

��P = AJnA
�1; A 2 Sp(2n)

	
�

=(n) is obvious. Now let P 2 =(n) and let B = �JnP , we have that

B 2 Sp(2n), B =t B, B > 0, then B
1
2 2 Sp(2n), [8] (Lemma 2.19),

and P = ((�JnP )
1
2 )�1Jn(�JnP )

1
2 .

Moreover we get:

Lemma 2.2. Sp(2n)=U(n) �= =(n):
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Proof. Let us de�ne � : Sp(2n) ! =(n) by: �(A) = AJnA
�1, we

have immediately that � de�nes a map b� : Sp(2n)=U(n) ! =(n) byb�([A]) = �(A). b� is injective, in fact is �(A) = �(B) if and only
if B�1A 2 U(n); b� is surjective, in fact, from Lemma 2.1, given

P 2 =(n) is P = b�([(�JnP )� 1
2 ]). Thus Sp(2n)=U(n) and =(n) are

identi�ed by b�.
From now on we will refer to Sp(2n)=U(n) as to the set:�
P 2 R(2n)

��P = AJnA
�1; A 2 Sp(2n)

	
, and we will denote it

=(n).
Following Gromov [9], we recall the following de�nition:

Definition 2.1. Let (V; !) be a symplectic vector space and let J be
a complex structure on V , J is called !�calibrated if the following
conditions are satis�ed:
a) !(v; Jv) > 0 for any v 2 V n f0g,
b) !(Jv; Jw) = !(v; w) for any v; w 2 V .

Let !n be the standard symplectic form on R2n de�ned by: !n(X;
Y ) = �tXJnY , we have immediately that =(n) represents the set
of complex structures on R2n , !n-calibrated and inducing positive
orientation.

Let P 2 =(n) and let TP=(n) be the tangent space to =(n) at
the point P , denoted by [:; :] the Lie bracket of matrices, we have the
following:

Lemma 2.3. TP=(n) = f[Y; P ] jY 2 sp(2n)g :

Proof. Let P = �(A), where � : Sp(2n)! =(n) is the map de�ned by
�(A) = AJnA

�1, then the tangent map ��A : TASp(2n) ! TP=(n)
is given by:

��A(X) = XJnA
�1 �AJnA

�1XA�1 = XA�1�(A)� �(A)XA�1 =

=
�
XA�1; P

�
but is TASp(2n) = fAZ 2 R(2n) jZ 2 sp(2n)g, then Y = XA�1 =
AZA�1 2 sp(2n) and TP=(n)=��ATASp(2n)=f[Y; P ] jY 2sp(2n)g.
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In the following we will use the notation: bY (P ) := [Y; P ], thus

we get TP=(n) =
nbY (P ) jY 2 sp(2n)

o
.

Using the Killing form on sp(2n) we de�ne the Riemannian metric
_
g on =(n) by:

_
g (X;Y ) := 1

2TrXY , where X;Y 2 TP=(n) and Tr

means trace, in particular if X = bA(P ), Y = bB(P ), we have:
_
g ( bA(P ); bB(P )) = 1

2Tr
bA(P ) bB(P ) = Tr(APBP +AB).

Also we de�ne, in a natural way, the almost complex structure
_

J

on =(n) by:
_

J (P )(X) := PX, for P 2 =(n) and X 2 TP=(n).

Direct computations, similar to those in [4], give that (=(n);
_

J;
_
g)

is an Einstein-K�ahler manifold of negative scalar curvature.

3. Twistor bundles

Let (M;!) be an almost symplectic manifold of real dimension 2n,
let us denote by P! := P (M;Sp(2n)) the Sp(2n)-principal bundle
of symplectic frames on M and let � : P! ! M be the canonical
projection. Sp(2n) acts on P! �=(n) in the following natural way:

Sp(2n)� P! �=(n)! P! �=(n)
(A; a; P )! (aA;A�1PA)

: (1)

We pose the following:

Definition 3.1. The associated bundle to P!, P! �Sp(2n) =(n) �=
P!
U(n) , de�ned as the quotient of P! � =(n) with respect to the ac-

tion (1), is called twistor bundle of (M;!), it will be denoted by
Z(M;!), or simply by Z!.

Z! is a bundle over M with standard �bre Sp(2n)
U(n)

�= =(n) and

structure group Sp(2n). Denote by p : Z! !M and by r : P! ! Z!

the bundle projections. Z! is a manifold of real dimension n(n+ 3)
and the �bre of Z! at the point x 2 M , p�1(x), parameterizes all
complex structures on TxM which are !x-calibrated.

A connection � on P! de�nes a connection on Z!, that is a split-
ting of the tangent bundle in horizontal and vertical subbundles:
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TZ! = H � V , and, as Z! is a bundle of complex structures, with
complex �bre, this allow us to de�ne an almost complex structure,
J�, on Z! in a tautologically way. We will describe J� in terms of
local coordinates.

Let fUigi2I be an open covering of M where local symplectic

frames are de�ned, let
n
E

(i)
1 ; :::; E

(i)
2n

o
be a symplectic frame on TUi

and let 'i : �
�1(Ui) ! Ui � Sp(2n) be the induced trivialisation

of the principal bundle P!, let a 2 ��1(Ui), a = fX1; :::;X2ng, let

Xk = X l
kE

(i)
l and X(i) = (X l

k) 2 Sp(2n), then 'i(a) = (�(a);X(i)),
where we used, as we will do in the following, Einstein's convention
on repeated indices. Let A(i) 2 �1(Ui)
 sp(2n) be the local form of

the connection, or gauge potential, [10], denote A(i)(E
(i)
k ) = �

(i)
k 2

sp(2n), then the horizontal lifting of E
(i)
k on P! is given by:

g
E

(i)
k =

E
(i)
k � �

(i)
k X(i); thus we have TaP! = fHa �fVa where the horizontal

subbundle fHa is spanned by

�g
E

(i)
1 ; :::;

g
E

(i)
2n

�
. From now on, for sake

of simplicity, we omit the index (i) in notations.

Let � 2 TaP!, we denote � = �h + �v the decomposition in hor-
izontal and vertical component; for the Lie bracket of horizontal
vector �elds we have:hfEk;fEl

i
= ^[Ek;El] +

hfEk;fEl

iv
wherehfEk;fEl

iv
= (�Ek(�l) +El(�k) + [�l;�k])X.

In particular, denoted by F = (Fkl) 2 �2(Ui) 
 sp(2n) the local
form of the curvature of the connection �, or strength �eld, [10], we

have:
hfEk;fEl

iv
= �FklX.

Let J = r(a) and let HJ = r�a(fHa), then TJZ! = HJ � VJ , HJ

is the horizontal tangent space to Z! at the point J de�ned by the
connection �, and VJ is the vertical tangent space.

We get: HJ =
ncE1; :::;dE2n

o
, wherecEi = Ei�[�i; J ]

@
@J

= Ei� b�i;
and VJ =

nbY (J) jY 2 sp(2n)
o
.

The almost complex structure J� on Z! is then de�ned by:(
J�(J)(cEi) = Jki

cEk

J�(J)(bY (J)) =dJY (J) .
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A direct computation gives conditions on the connection � under
which J� is integrable.

Precisely we have:hcEi;cEj

i
=
�
�kij � �kji � T k

ij

� cEk � cFijhcEi; bAi =\Ei(A) +\[�i; A]h bA; bBi = �\[A;B]

where T is the torsion of the connection and bA; bB are vertical vector
�elds de�ned by A = A(x), B = B(x) 2 sp(2n) for any x 2 U ; then,
denoted by NJ�

the Nijenhuis tensor of J�, we have:

NJ�
(J)(cEi;cEj) =

h
J�(cEi); J�(cEj)

i
� J�

h
J�(cEi);cEj

i
+

� J�

hcEi; J�(cEj)
i
�
hcEi;cEj

i
=
�
�Jki J

l
jT

r
kl + Jki T

s
kjJ

r
s + J ljT

s
ilJ

r
s + T r

ij

� cEr +

+
�
�Jki J

l
j
cFkl + Jki[JFkj + J lj

dJFil + cFij�

NJ�
(J)(cEi; bA) = hJ�(cEi); J�( bA)i� J� hJ�(cEi); bAi+

� J�

hcEi; J�( bA)i� hcEi; bAi
=Jki

�
L
cEk
J�

�� bA�� J� �LcEi
J�

�
( bA)

=0

where L means Lie derivative and
�
L
cEi
J�

�� bA� = 0 for all i =

1; :::; 2n, for all bA 2 V because of the de�nition of J� on vertical
vector �elds (the Lie derivative of J�jV along horizontal liftings van-
ishes); moreover:

NJ�
(J)( bA; bB) = 0

because J� restricted to the �bre is the standard complex structure
_

J .
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Thus the integrability condition can be written as:(
T (JX; JY )� JT (JX; Y )� JT (X;JY )� T (X;Y ) = 0
\F (JX; JY )� \JF (JX; Y )� \JF (X;JY )� \F (X;Y ) = 0

(2)

for all X;Y 2 TxM , for all x 2M , for all J 2 p�1(x).

We remark that the problem of integrability condition also has
been considered in [3], and [1].

4. Local sections

Let (M;!) be an almost symplectic manifold and let Z! be its twistor
bundle as before, let U �M be an open set and let J be an almost
complex structure on U , !-calibrated, that is !x-calibrated for any
x 2 U . J de�nes a local section of Z! over U by J(x) := Jx 2 p�1(x).

Let J = J� be the almost complex structure on Z! de�ned by a
given connection � on P!, we want to exploit conditions on J under
which (J(U); J) is an almost complex local submanifold of (Z!; J).
We have the following results:

Lemma 4.1. (J(U); J) is an almost complex local submanifold of
(Z!; J) if and only if for any x 2 U , X;Y 2 TxM we have:

A(X;Y ) := (rJXJ)Y � J(rXJ)Y = 0

where r is the covariant derivative on M de�ned by the given con-
nection on P!, using previous notations: rEi

Ej = �kijEk.

Proof. We have: J � J� = J� � J if and only if J(J�(El)) = J�(J(El))

for all l = 1; :::; 2n, or: J(cEl+ b�l+ 1
2
\El(J)) = Jkl (

cEk+c�k+ 1
2
\Ek(J)),

that is: dJ�l = Jkl
c�k, on the other hand is: A(Ei; Ej) = (Jki

c�k �dJ�i)rjEr.

Lemma 4.2. A(X;Y )�A(Y;X) = NJ(X;Y )+T 0;2(J)(X;Y ), where
NJ denotes the Nijenhuis tensor of J and T 0;2(J)(X;Y ) := T (JX; J
Y )� JT (JX; Y )� JT (X;JY )� T (X;Y ).

Proof. The proof is just a computation:
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A(X;Y )�A(Y;X) = rJXJY �rJY JX +rYX �rXY +

� J(rJXY �rY JX) +�J(rXJY �rJYX)

= [JX; JY ] + T (JX; JY )� [X;Y ]� T (X;Y )� J [JX; Y ] +

� JT (JX; Y )� J [X;JY ] +�JT (X;JY )

= NJ(X;Y ) + T 0;2(J)(X;Y ):

Corollary 4.3. Let us suppose that the given connection satis�es
T 0;2(J) � 0, if J de�nes an almost complex local submanifold of
(Z!; J) then J is integrable.

Remark 4.4. In the case of the twistor space of an oriented even di-
mensional Riemannian manifold we have a canonical choice for the
connection, namely the Levi Civita connection, and the analogous
study of local sections gives that J de�nes an almost local subman-
ifold if and only if J is integrable, [4], in this case, instead, we can
construct examples of integrable local complex structures J such that
A 6= 0.

Lemma 4.5. Let J be an almost complex structure !-calibrated on
an open set U �M , then J(U) is a horizontal section if and only if
rJ = 0.

Proof. We have that J�(Ei) 2 H if and only if b�i + 1
2
\JEi(J) = 0 for

any i = 1; :::; 2n, on the other hand is:

(rEi
J)(Ej) = Ei(J

l
j)El+J

l
j�

k
ilEk��

k
ijJ

l
kEl = (Ei(J)+[�i; J ])

l
jEl

= (12
\JEi(J) + b�i)ljEl.

Corollary 4.6. If T 0;2(J) = 0 then rJ = 0 implies that J is inte-
grable.

Corollary 4.7. If rJ = 0 and J is integrable then T 0;2(J) = 0.

Proof. rJ = 0 implies that J is a horizontal section, in particular
it de�nes an almost complex local submanifold and then A = 0, as
0 = NJ +T 0;2(J), NJ = 0 implies immediately that T 0;2(J) = 0.
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5. Almost Hermitian structure

Let Z! be the twistor bundle of the almost symplectic manifold
(M;!), let � be a connection on P! and let J = J� be the corre-
sponding almost complex structure on Z!, we can de�ne, in a nat-
ural way, a Riemannian metric, G = G � , on Z!: let J 2 Z! and
let X;Y 2 TJZ!, decompose X and Y in horizontal and vertical

components, X = Xh + Xv , Y = Y h + Y v, let
_
g be the canonical

metric of the �bre p�1(p(J)) �=
Sp(2n)
U(n) de�ned by the Killing form

on sp(2n), then we pose G (X; Y ) := G (Xh ; Y h)+G (Xv ; Y v), where:

G (Xh ; Y h) := !(p�(X
h); Jp�(Y

h)) and G (Xv ; Y v) :=
_
g (Xv ; Y v).

Using previous notations, in local coordinates, we have the fol-
lowing expression:8><>:

G (cEi ;cEj) = !(Ei;JEj) = �tEiJnJEj = (�JnJ)
i
j

G (cEi ; bA) = 0

G ( bA; bB) = 1
2Tr

bA bB = Tr(AB +AJBJ)

.

We get immediately that (Z!; J; G ) is an almost Hermitian man-
ifold.

We want to exploit conditions under which (Z!; J; G ) is a K�ahler
manifold. Let �(X;Y ) = G (X; JY ) be the K�ahler form, we have:8><>:

�(cEi;cEj) = (Jn)
i
j

�(cEi; bA) = 0

�( bA; bB) = 1
2Tr(

bAdJB)
thus, a direct computation of the di�erential of � gives:8>>><>>>:

d�(cEi;cEj ;cEk) = �d!(Ei; Ej ; Ek)

d�(cEi;cEj ; bA) = �(cFij ; bA) = 1
2Tr(

cFij cJA)
d�(cEi; bA; bB) = 0

d�( bA; bB; bC) = 0

: (3)

We have the following:

Proposition 5.1. (Z!; J; G ) is an almost K�ahler manifold if and
only if the following conditions hold: a) (M;!) is a symplectic man-
ifold; b) the curvature of the chosen connection vanishes.

Proof. First remark that from (3) it follows that (M;!) is a symplec-

tic manifold if and only if d�(cEi;cEj ;cEk) = 0 for all i; j; k = 1; :::; 2n;
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second we have that d�(cEi;cEj ; bA) = 0 if and only if cFij = 0 for all
i; j = 1; :::; 2n, from arguments of linear algebra we get the statement
in fact: cFij = 0 , [Fij ; P ] = 0 8P 2 =(n), in particular for P = Jn
we get Fij = �tFij , moreover, for generic P = XJnX

�1 is cFij =
0 , FijXJnX

�1 � XJnX
�1Fij = 0 , FijX

tXJn � XtXJnFij =
0 , FijX

tXJn + XtXtFijJn = 0 , FijX
tX � XtXFij = 0 ,

[Fij ;X
tX] = 0 8X 2 Sp(2n); if we take X diagonal matrix with

all the elements distinct we get immediately that Fij must be diag-

onal, and, as is antisymmetric, we have that cFij = 0 if and only if
Fij = 0. From the expression of d�, (3), we have that the proof is
complete.

Remark 5.2. It is well known that (M;!) is symplectic if and only if
P! admits a torsion free connection, [7], then, chosen such a connec-
tion �, or more generally with only (0,2)-part of the torsion zero, if
(Z!; J�; G � ) is almost K�ahler then it is automatically K�ahler because
the integrability conditions (2) are satis�ed.

Now we will investigate conditions under which the manifold
(Z!; J; G ) is semi-K�ahler. Remember that an almost Hermitian man-
ifold is called semi-K�ahler if its K�ahler form is co-closed, or equiva-
lently if its Lee form is zero. We recall that given a 2k-dimensional
almost symplectic manifold (N;�) the Lee form of (N;�) is the
1-form 	 de�ned by:

	(X) :=
1

2(k � 1)
d�(X;Xi; �

�1(X�
i ))

where X is a vector �eld on N , fX1; :::;X2kg is a local basis of vector
�elds, fX�

1 ; :::;X
�
2kg is the dual basis of 1-forms and � is the musical

isomorphism de�ned by � as �(X)(Y ) := ��(X;Y ), [5].
Using previous notations we compute the Lee form of (Z!; �), we

have:
	(X) = 1

n(n+3)�2d�(X;Xi; �
�1(X�

i )), where �(Xi)(Xl) = ��(Xi;Xl);

in particular ��1(cEi

�
) = (Jn)

i
l
cEl, and, using (3), we get:

	(cEk) = 1
n(n+3)�2d�(

cEk;cEi; (Jn)
i
l
cEl)

= �1
n(n+3)�2 (Jn)

i
ld!(Ek; Ei; El)

= �2(n�1)
n(n+3)�2

e	(Ek)

(4)
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where e	 is the Lee form of (M;!),
moreover:

	( bA) = 1
n(n+3)�2d�(

bA;cEi; (Jn)
i
l
cEl)

= 1
n(n+3)�2 (Jn)

i
l�(
hcEi;cEl

i
; bA)

= �1
n(n+3)�2G ((Jn)

i
l
cFil; cJA) . (5)

We can now state the following:

Proposition 5.3. (Z!; J; G ) is a semi-K�ahler manifold if and only
if the following conditions hold: a) (M;!) is semi-K�ahler; b) ! is in
the ker of the curvature operator of the given connection.

Proof. (Z!; J; G ) is semi-K�ahler if and only if 	 � 0, in particular
condition a) follows immediately from (4). Moreover from condition

(5) we have that 	( bA) = 0 for any bA if and only if \(Jn)
i
lFil = 0 ;

the argument used in the proof of Proposition 5.1. gives that this
condition is equivalent to (Jn)

i
lFil = 0, this is exactly condition b),

after considering the curvature operator acting on 2-forms identifying
vectors and 1-forms by !.

6. The twistor bundle Z(R2n ; !n)

In this section we describe in details some interesting properties of
the twistor bundle of R2n with the standard symplectic form !n.

Let P = P (R2n ; Sp(2n)) be the principal bundle of symplectic
frames on (R2n ; !n), and let Z = Z(R2n ; !n) be the corresponding
twistor bundle; let

�
x1; :::; x2n

	
be coordinates on R2n , let E1 =

@
@x1

; :::; E2n = @
@x2n

and e = fE1; :::; E2ng, e de�nes global trivial-
izations P �= R2n � Sp(2n) and Z �= R2n � =(n). Consider the
connection �0 on P de�ned by the gauge potential A = 0, we have
immediately that �0 has zero torsion and curvature, in particular,
from previous results we get:

Proposition 6.1. (Z; J�0; G �0 ) is a K�ahler manifold.

Using symplectomorphisms of (R2n ; !n) we can construct more
general connections on P such that the induced Hermitian structure
on Z is K�ahler. We proceed in the following way:
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let Symp(R2n ; !n) denote the set of symplectic di�eomorphisms of

(R2n ; !n), let ` 2 Symp(R2n ; !n), pose L
i
j =

@`i

@xj
and L = (Li

j)1�i;j�2n,

we have that L = L(x) 2 Sp(2n) 8x 2 R2n and A = L�1dL 2
�1(R2n)
 sp(2n) de�nes a connection �` on P , the following holds:

Lemma 6.2. For any ` 2 Symp(R2n ; !n) the connection �` has zero
torsion and zero curvature.

Proof. The computation of the torsion T gives:

T h
kl = �hkl � �hlk = (L�1)hr

@Lr
l

@xk
� (L�1)hr

@Lr
k

@xl

= (L�1)hr

�
@2`r

@xl@xk
� @2lr

@xk@xl

�
= 0;

for the curvature we have:

Fkl =
@

@xk

�
L�1 @L

@xl

�
� @

@xl

�
L�1 @L

@xk

�
+
�
L�1 @L

@xk
; L�1 @L

@xl

�
= � @

@xk

�
@L�1

@xl
L
�
+ @

@xl

�
@L�1

@xk
L
�
� @L�1

@xk
@L
@xl

+ @L�1

@xl
@L
@xk

= 0.

From previous Lemma and previous results we get immediately
the following:

Proposition 6.3. For any ` 2 Symp(R2n ; !n) the twistor bundle�
Z(R2n ; !n); J�`; G �`

�
is K�ahler.

In the following we will compute the scalar curvature of the met-
ric G = G �` ; let us compute the covariant derivative, br, de�ned by
the Levi-Civita connection of G , using previous notations we have:

G (br
cEi

cEj;cEk) = �rij(�JnJ)
r
k

G (br
cEi

cEj; bA) = 1
2 (Jn[A; J ])

i
j

G (br
bA
cEi;cEj) =

1
2(�Jn[A; J ])

i
j

G (br
bA
cEi; bB) = 0

G (br
bA
bB;cEi) = 0

G (br
bA
bB; bC) =_

g (
_

r
bA
bB; bC)

where
_

r is the covariant derivative of the Levi-Civita connection of
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_
g on the �bre. In particular we get:

br
cEi

cEj = �kij
cEk +

1
2 (Jn[Y�; J ])

i
j
cY�br

bA
cEi = �1

2(J [A; J ])
k
i
cEkbr

cEi

bA = br
bA
cEi + [cEi; bA]br

bA
bB =

_

r
bA
bB

. (6)

Moreover, denoted by R(X;Y ) = rXrY �rYrX �r[X;Y ] the
Riemann curvature tensor of G , we have:

G (R(cEi ;cEj)cEk;cEl) =
1

4

n
(Jn[Y�; J ])

i
k(Jn[Y�; J ])

l
j +

� (Jn[Y�; J ])
j
k(Jn[Y�; J ])

l
i

o

G (R(cEi ;cY�)cEj ;cY�) =1

2
(�

1

2
(J [Y�; J ])

r
j(Jn[Y�; J ])

i
r +

� (Jn[Y� ; J ])
i
jG (

br
cY�
cY�;cY�)�cY�((Jn[Y�; J ])ij)

where 1 � �; � � n(n + 1) and fY�g1���n(n+1) is an orthonormal

basis of the vertical tangent bundle, then, denoted by G ab the ab

entry of the inverse matrix of G , by
_
s the scalar curvature of

_
g, the

scalar curvature of the metric G , s, is given by:
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s =G (R(cEi ;cEj)cEs;cEk)G
sjG ik + 2G (R(cEi ;cY�)cY�;cEk)G

ik +

+ G (R(cY� ;cY�)cY� ;cY�) = 1

4
(�(Jn[Y�; J ])

j
s(Jn[Y�; J ])

k
i +

+ (Jn[Y�; J ])
i
s(Jn[Y�; J ])

k
j )(JJn)

s
j(JJn)

k
i +

+
1

2
((�J [Y�; J ])

r
k(Jn[Y�; J ])

i
r � 2(Jn[Y�; J ])

i
kG (

br
cY�
cY�;cY�) +

� 2(Jn[Y�; [Y�; J ]])
i
k)(JJn)

k
i+

_
s

=�
1

4
(Tr[Y�; J ]J)

2 +
1

4
Tr([Y�; J ]J [Y�; J ]J) +

+
1

2
Tr([Y�; J ]J [Y�; J ]J) + (Tr(J [Y�; J ]))G (brcY�cY�;cY�)

+ Tr([Y�; [Y�; J ]J)+
_
s=

1

2
G (cY� ;cY�) + G (cY� ;cY�) +

� 2G (cY�;cY�)+ _
s= �

1

2
n(n+ 1)+

_
s

so far we proved the following:

Proposition 6.4. The scalar curvature of the metric G is constant
negative.
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