ASYMPTOTIC BEHAVIOUR OF NONLINEAR
SECOND ORDER NEUTRAL DIFFERENTIAL
'EQUATIONS WITH DISTRIBUTED DELAY (*)

by D. BAINOV and V. PETROV (in Plovdiv)(**)

SOMMARIO. - In questo lavoro si considerano equazioni differenziali non
lineari con ritardo distribuito. Si studiano le proprietd asintotiche delle
loro soluzioni non oscillanti.

SUMMARY. - In the paper nonlinear differential equations with distributed
delay of neutral type are considered. The asymptotic properties of their
non-oscillating solutions are investigated. :

1. Introduction.

In the recent years the qualitative properties of the solutions of
neutral differential equations of second and higher order were consid-
ered in numerous papers [1]-[14]. In the present paper the asymptotic
behaviour of the nonoscillating solutions of the neutral equation

d? o(t)

gz (2(t) +ep(t) - z(t — 7(1))] - 'L flz(t—s))dr(t,s) =0 (1)
is investiga.ted. The aim of this paper is to generalize and comple-
ment the results in [7], where the equation

S0 +900) 267 o) St - =0 @)

is investigated, for equations in which the delays are not constant.
We shall note that the only papers in which equations of the type
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(Bulgaria).
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(2) are considered for g(t) > O are [2] and [7]. Both cases in which
the function 7(t) in equation (1) is nonnegative and nonpositive are
investigated. Some of the results obtained are new even for the
equation

Ed:-f[x(t) +pz(t— 7)) —gz(t—0) =0 3)

2. Preliminary Notes.

 We shall say that conditions (H) are met if the following condi-
tions hold:

HL. p(t) € C(lto,0),R+)

H2. 7(t) € C([to,00),R) and lim;,eo(t — 7(t)) = 00
H3. o(t) € C([to, 0), Ry) and lim;_,o0(t — a(t)) = 00
H4. r(t,0) = 0 for t € [to, 00)

H5. r(t, o(t)) € C([to,0),Ry)

H6. r(t,s) is nondecreasing on s for s € [0, o(t)]

H7. [’ r(t,o(t))dt = 0o

H8. f € C(R,R)

H9. u - f(u) > 0 for u € R\{0}

H10.For any € > 0 there exists § > 0 such that for |u| > é the
inequality | f(u)| > € be met.

Define the function z(%) in the following way:
2(t) = 2(t) +&-p(t) - 2(t — (1) (4)

Then ®
()= [ falt-)dr(ss) 5)
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DEFINITION 1. The function f is said to enjoy the property K if
there exists fo such that for ¢ > o the function enjoys the property
K. ,

DEFINITION 2. The function X defined for all sufficiently large
values of ¢ is said to be an eventual solution of (1) if for all ¢ large
enough z is a continuous function, z is twice dlfferentlable and z
eventually satisfies equation (1).

REMARK 1. In the paper no solutions are considered for which
z(t) = 0 eventually.

DEFINITION 3. The eventual solution z(t) of (1) is said to oscil-
late if its set of zeros is unbounded above Otherwise the solution is
called nonoscillating.

By Definition 3 the nonoscillating solution of (1) are character-
ized as eventually positive or eventually negative.

LEMMA 1. Let conditions (H) hold and e = —1. Moreover, let
the following condition hold

0<p(t)<p (6)
Then, if z(t) is an eventually positive solution of (1), then either
2(t) >0,z > 0,%(t) > 0 and tlil‘l)lo 2(t) = tl_lglo Z(t)y=00 (7)
or

2(t) > 0, (t) < o,z(i) >0and lim 2(t) = lim 4(t) =0 (8)

Proof. From H6, H9, (5) and from the inequality z(f) > 0 it
follows that Z(tf) > 0 eventually. Consequently, #(t) is an eventu- -
ally increasing function and z(t) is an eventually monotone function.
Suppose that 2(t) > 0 eventually. Since 2(t) is an eventually increas-
ing function, we obtain that lim 2(t);—~c = 0o. Then from (4) and
from H1 it follows that lim;_,o z(t) = co. Integrate (5) from ¢; to ¢,
where 1, is large enough and obtain

M) = #t)+ /t t /t”(") f(@(v - 8))dr(v, s)dv >
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> / min _f(2(s)) - (v, 0(v))dv
[v—a(v).v]

From H3 and H10 it follows that if we choose t; large enough,
then miny,_,(y)v) f(z(s)) > k > 0 for v € [t4, t]. Using condition H7,
we obtain that lim; oo 2(£) = 00, hence lim;_,o 2(t) = 0o. Thus we
showed that if 2(t) > 0 eventually, then (7) is realized. Let 2(t) <0
eventually. Suppose that lim;_, 2(t) = —c (¢ > 0). Since 3(t) is
an eventually increasing function, then #(t) < —c eventually, hence
lim¢_,c0 2(t) = —00. From (4) it follows that lim; ..o p(t)-2(t—7(t)) =
oo and since p(t) is a bounded function, then lim; o0 z(t—7(t)) = 00
From H2 it follows that lim;_,o 2(t) = 0o. Further on, as above, it
is shown that lim;_,o 2(£) = 00. From the contradiction obtained it
follows that lim; o0 £(t) = 0. From the fact that () is an eventually
increasing function it follows that 2(t) < 0 eventually, hence z(t) is an
eventually decreasing function. We shall prove that lim;_,o 2(t) =
0. Suppose that lim .00 2(t) = L and let L > 0. Then 2(t) > L
eventually. From (4) it follows that z(t) > L eventually. Since
Mify_ o (v),v] f(z(s)) > L for v € [t1,1], where t; is large enough, and
L is a positive constant (its existence follows from condition H10),
as above we obtain that lim;_,o, 2(t) = 0o. Hence L < 0. Suppose
that L < 0. From (4) and from the fact that z(t) is an eventually
decreasing function it follows that

-éi > z(t) — p(t) - z(t — 7(t)) > —p(t) - 2(t — 7(t)) > —p2(t — 7(t))

Hence z(t) > 3 L eventually. Just as in the case when L > 0, from

the last inequality it follows that lim;_,o 2(t) = co. Hence L =0, i.e.
lim; o 2(t) = 0 and since 2(t) is an eventually decreasing function,
then 2(t) > 0 eventually. Thus we showed that if 2(t) < 0 eventually,
then (8) is realized. O

3. Main Results.

We shall first consider the case when € = —1.
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- THEOREM 1. Let conditions (H) hold, € = —1 and
0<p(t)<p<l1 (9)
Then, if z(t) is a nonoscillating eventual solution of (1), then

tli%lo z(t) =0or tl_l_’rtx,lo |z(t)] = 00

Proof. Let z(t) > 0 eventually. By Lemma 1 either (7) or (8)
holds. suppose that assertion (7) is valid. Then lim;_,o 2(t) = 0o
and since z(t) > z(t), we obtain that lim,_,o, Z(t) = 0o. Let assertion
(8) be valid. We shall prove that liminf;_,o 2(t) = 0. Suppose that
this is not true. Let liminf; o0 2(t) = ¢ > 0. Then z(t) > £ eventu-
ally and as in the proof of Lemma 1 we obtain that lim; -, #(t) = o0,
which contradicts (8). Hence liminf; ., z(t) = 0. Suppose that
z(t) is an unbounded function. We can choose a sequence {7,}%,
such that lim,_,00 1n = 00, limp_,00 () = 0 and MaXjy, 4,] £(8) =
Z(7a). Then z(yn) = z(va) — p(1)2(Wm — 7(M)) > z(m)(1 — p)
and lim 2(7,) = 0o. From the contradiction obtained, it follows that
z(t) is a bounded function. Suppose that limsup,_,., z(t) = d > 0.
There exist sequences {a}{° and {8,}$° such that lim,_c0n =
limy 00 Bn = 00, limy_,o0 (1) = 0 and limp,_,0(By) = d. Then for
any € there exists N € N such that for n > N we have z(ay) < ¢,
z(Bn) > d — € and z(t) < d + € for t large enough. Choose the pos-
itive integers k and m so that aj < B, and estimate the difference

z(Bm) — z(c)
z(Bm) — z(c)

Z(Bm) — (Bm — 7(Bm)) - P(Bm)
—z(ax) + plax) - z(or — T(ax)) >
Z(Bm) — z(ax) - P(Bm)z(Bm — 7(Bm))
d-e—e—p(d+e€) =

d(1 -p) —e(2+p)

We obtained that for suitably chosen m, k the inequality
2(Bm) — 2(ax) > d(1 —p) — e(2 +p)

holds. From (9) it follows that for € small enough 2(8m) — z(ax) > 0,
but since B > ax, then the inequality 2(8,,) > z(ax) contradicts

vV V
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the fact that z(t) is an eventually decreasing function. Consequently,
lim sup,_,, z(t) = 0 and lim;_,, 2(t) = 0. The case when z(t) < 0
eventually is considered analogously. &

REMARK 2. Under the conditions of Theorem 1 no restraints
were imposed on the sign of the function 7(t). Hence the conclusion
of Theorem 1 is valid not only for delays with constant signs. but
for oscillating ones too. '

‘ The case when p(t) =1 and 7(t) < 0 eventually, will be consid-
ered for the equation

L lot) —a(e+7) - [ sentatt=9)-late-s)l"drs) =0 (10)

Obviously equation (10) is a particular case of (1) an is obtained
from it for p(t) = 1, a(t) = o, r(t,s) = r(s) and f(u) = |u|*-sgnu .

THEOREM 2. Let the following conditions hold:
1.7>0

- 2.7(0)=0and r(c) >0
3. r(s) is a nondecreasing function for s € [0,0]
4.0<a<l1
Then, if z(t) is a nonoscillating solution of (10), then

Qg 2(t) =0

Proof. Without loss of generality let z(t) be an eventually posi-
tive solution of (10). By Lemma 1 lim;, 2(t) = 0 or lim;— 2(t) =
00. If lims—oo 2(t) = 00, then from the inequality z(t) < =(t) it fol-
lows that lim;—0 Z(t) = 0o. Then there exists a sequence {,}7° such
that limp—oo tn = 00, liMp_c0 Z(tn) = 00 and max, 4.1 (s) = z(tn)-
From z(t) > 0 eventually it follows that z(t) > (¢ + 7) eventually,
which obviously contradicts the last equality. Hence lim;_,o 2(t) = 0.
We shall prove that z(t) € Li[to,00). From the fact that z(t) is an
eventually positive solution of (10) it follows that (5) becomes

3(t) = ]0 " 2%t — 5)dr(s)
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We integrate this equality from £ to ¢, where ¢ is a sufficiently large
number and obtain

t) = 2 + /t t /0 " 22w — 8)dr(s)dv

From lim¢ o0 2(t) = 0 (Lemma 1) it follows that fy z*(t — s)dr(s) €
Ly(t, 00).
From the inequality z(t) < z(t) we obtain the estimate

/ " 2%(t — 8)dr(s) > / " 2t — 8)dr(s) > 22(t)r(o)
0 0

Hence 2%(t) € Ly[t,00), and from condition 4 and lim;_, 2(t) = 0
it follows that 2(t) € L;[t, 00). We sum up the equalities

2t +kr) =zt +kr) —zft+ (k+1)7], k=0,1,...,n

and obtain

n

Y 2t +kr)==(t) —z(t +(n+ 1)7) (11)
k=0 .

Let w(t) = Yg°2(t + k7). The function w(t) is correctly defined
since from 2(t) € L,[t, 00) and from the monotone decreasing of the
function z(t) it follows that the series Y, #(t + k7) corresponding
to the improper integral [7° 2(s)ds is convergent for ¢ > . Then
from (11) it follows that there exists the limit lim,_,oo (¢ +n7). Let
J(t) = limy 00 z(t + n7). From the definition of w(t) it follows that
lim;_,oo w(t) = 0. Hence for any & > 0 there exists ¢ > £ such that

for t > t the following inequality is valid
zt)-JT(t)<e (12)

From (11) it follows that for any fixed ¢ large enough the sequence
{z(t+n7)}{° is monotonely decreasing, hence for any t large enough
and any n € N we have z(¢ + n7) > J(t). From this inequality and
from (12) it follow that for any ¢t > ¢t and any n € N the following
inequality holds

z(t+nr)>z(t) — € | (13)
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Suppose that limsup,_, ., z(t) = ¢ > 0. Then there exists a sequence
{tn}$° such that limy,_,o0 tn, = 00 and limy,_,o0 Z(tn) = c. This implies
the existence of N € N such that for n > N we have z(t,) > £.
Choose the positive integer m so that m > N and ¢,, > t. Since z(t)
is a continuous function, then there exists § > 0 such that z(t) > £
for t € [ty — 6,tm + 6] and from (13) there follows the inequality

(1) > 5 —¢ (1)

fort € [tm7'+n'r—6 tm+nT+6). From condltlon 2 it follows that there
exists op such that 0 < ao—-é < ao+ < oand r(ao+5)—r(ao—-) >
0. Set r = r(oo + ) - r(ao — &). From the choice of 09 and from
(14) there follows the estimate

/ / 2% (t—s)dr(s)dt > 2 [ /tm+"f+vo+s /0 a(t—s)dr(s)dt]>

n=1 tm+ﬂ‘r+0'0"-

> 2 [ / ttnrtootg _/; _:6 z*(t - s)dr(s)dt] > i::é(-g —-e)%-r

n=1 |/tm+n+o0-3

Hence f%” Jo z%(t — s)dr(s)dt = oo which contradicts what was
proved above.
Therefore, limsup,_,, Z(t) = 0 and lim;_,o z(t) = 0. O

THEOREM 3. Let conditions (H) hold, e = —1,7(t) < 0 eventually -
and

1<p1 <p(t) <p2 (15)
Then, if 2(t) is a nonoscillating eventual solution of (1), then

g, =) =0

Proof. Let z(t) > 0 eventually. By Lemma 1 lim;—o 2(t) = 0
or lims—oo 2(t) = 00. If limg—oo 2(t) = 00, then from (4) and from
(15) we obtain the inequality z(t) > p(t).z(t — 7(t)) > z(t — 7(¢)).
Set 4(t) = —7(t). Then «(t) > 0 eventually and the inequality
z(t) > z(t + v(t)) holds. From lim;— 2(t) = oo it follows that
lim;_,o0 (t) = 0o and then there exists a sequence {t,}°°, such that
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lim¢ 00 tn = 00 and max(y, ¢ 4 (t,)) Z(8) = Z(tn + 7(tn)), which ob-
viously contradicts the last inequality. Hence lim;_,o 2(t) = 0. As
in the proof of Theorem 1 we obtain that liminf, ., z(t) = 0. Let
lim sup,_,, () > 0. Then there exist sequences {a,}* and {8,}$°
such that lims o0 an = liMp 00 B = 00, limp 00 Z(an + ¥(an)) = ¢
and limp 00 Z(Bn + Y(Bn)) = 0. for any £ > 0 there exists a posi-
tive integer N such that for n > N we have z(ay, + v(an)) > c—¢,
z(Bn + 7(Bn)) < € and z(t) < ¢ + ¢ for t large enough. Choose the
positive integers k and m so that ax < Bm, and estimate the differ-
ence z(Bm) — z(ax):

2(Bm) — 2(ax) =
Z(Bm) — P(Bm)Z(Bm + Y(Bm)) — z(ak) + plax) - z(ax + v(ax)) >

> pax)z(ax + (k) — p(Bm) - 2(Bm + ¥(Bm)) — 2(ax) >
>pi(c—€)—pre—c—e=(p—1)c—e(l+p1+p2) .

We obtained that for suitably chosen k and m the following in-
equality holds

2(Bm) — 2(0x) > (01 — 1)c — e(1 + p1 + pa).

From (15) it follows that for £ small enough we have z(8n) —
z(ox) > 0 and since B > o, then the inequality 2(8r) > z(ax)
contradicts the fact that z(t) is an eventually decreasing function.
Therefore, limsup,_,, z(t) = 0 and lim; ,o 2(t) = 0. The case
z(t) < 0 is considered analogously. . O

THEOREM 4. Let conditions (H) hold, e = —1, 7(t) > 0 eventu-
ally and

1<p(t)<p - (16)
Then, if z(t) is a nonoscillating eventual solution of (1), then
Jlim |2(t)| = oo
Proof. Let z(t) > 0 eventually. By virtue of Lemma 1 either

assertion (7), or assertion (8) is valid. If (7) is valid, as in the proof
of Theorem 1 it follows that lim; o, () = 0o. Let assertion (8) be
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valid. As in the proof of Theorem 1 it is shown that lim inf;_,., 2(t) =
0. Then there exists a sequence {tn}°, such that lim, . tn = o0,
hm,._.oo z(t,) =0 and

[ﬁ‘,’t‘,f] z(s) = z(tn) (17)

Since (8) is valid, then z(t) > 0 eventually and from (16) we obtain
the inequality () > p(t) - z(t — 7(t)) = z(t — 7(t)). Consequently,
~ the inequality z(t,) > z(tn — 7(tn)) holds for sufficiently large n,
which contradicts (17). Hence under the condition of theorem 4 of
the assertions (7) and (8) only (7) is valid and lim;_,o () = oo.
Analogously the case is considered when z(t) < 0 eventually. ¢

COROLLARY 1. Let the conditions (H), (16) hold, € = —1 and
7(t) 2> 0 eventually. Then each bounded solution of (1) oscillates.
Further on in the work we shall investigate the case when e = 1.

THEOREM 5. Let the conditions (H), (9) hold and € = 1. Then
each bounded nonoscillating solution of (1) tends to zero.

Proof. Let z(t) > 0 eventually. From H6 and H9 it follows that
%(t) > 0 eventually, hence 2(t) is an eventually increasing function.
If 2(t) > 0 eventually, then lim;_,, z(t) = oo, which contradicts the
fact that z(t) is a bounded solution of (1). Hence £(t) < 0 eventually
and z(t) is an eventually decreasing function. As in Theorem 1 it
is shown that liminf; .., z(t) = 0. Let limsup,_, z(f) = ¢ and
suppose that ¢ > 0. Then there exist sequences {a,}$° and {6,}§°
such that limy, o0 @y = liMpo0 Bn = 00, liMp oo 2(Br) = ¢ and
limy, 00 £(ay) = 0. For any € > 0 for sufficiently large n € N we
have z(ay) < g, (Br) > ¢—e and z(t) < c+¢ for sufficiently large ¢.
Choose the positive integers k and m so that ax < B, and estimate
the difference 2(8n) — z(ax) |

z(Bm) — z(ax) =
Z(Bm) + P(Brm)2(Bm — T(Bm)) — z(c) + p(ax) - z(ax — T(ax)) >

> 2(Bm) — z(ax) — pla)z(ar — 7(ak)) > c—e—e—plct+e) =
=(1-p)-c—e2+p)
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We obtained for suitably chosen k and m the inequality
z2(Bm) — z(ax) > (1 —p) -c—e(2 +p)

From (9) it follows that for € small enough z(8p,) — 2(ax) > 0, which
. contradicts the fact that 2(t) is an eventually decreasing function.
Hence ¢ = 0, i.e. limsup,_,., z(t) = 0 and lim; o, z(t) = 0. The
case when z(t) < 0 eventually is considered analogously. ¢

REMARK 3. Under the conditions of Theorem 5 no constraints
were imposed on the sign of the function 7(t), i.e. it may oscillate.
A stronger result is obtained when 7(t) > 0 eventually, i.e. for
equations with retarded argument.

THEOREM 6. Let the conditions (H), (9) hold, e =1 and z(t) > 0
eventually. Then, if 2(t) is a nonoscillating eventual solution of (1),
then lim;_,o0 () = 0 or lim;_, |2(¢)| = co.

Proof. Let z(t) > 0 eventually. If z(t) is a bounded solution
of (1), then from Theorem 5 it follows that lim;,, 2(t) = 0. Let
z(t) be an unbounded solution of (1). Then the function z(t) is
unbounded too, i.e. limsup,_,, 2(t) = co. From the fact that 2(t)
is an eventually increasing function it follows that either () > 0
eventually or 2(t) < O eventually. If () < O eventually, then the
function 2(t) is eventually decreasing, which contradicts the fact that
z(t) is a positive, unbounded function. Hence #(t) > 0 eventually
and limg_,o 2(t) = 0o. Let liminf, .o 2(t) = d and suppose that
d < oo. There exists a sequence {a,}$° such that lim,_,o, = oo
and limy,_,o (an) = d. Heénce for sufficiently large n the inequality
r(an) < 2d holds. Define the sequence {5,}$°, in the following way:
Bn = an—T7(ay). Obviously 8, < a, and lim,_,« B, = 0o0. Consider
the difference z(ayn) — p(Bn)2(Br):

2(@n) = D(Bn) - 2(Br) = 2(Cn) ~ P(etn) - D(Br) -2(Bn — 7(Br)) < D)
Then

() > 2(an) — P(Bn) - 2(Bn) > 2(an) — p2(an) = (1 — p)z(om)
Thus we obtained the inequality
| 2(an) _ _2d

z(ay) < T-p <1-p
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The last inequality contradicts the fact that limg,o 2(t) = 00
Hence liminf; oo 2(t) = oo, i.e. limyo 2(t) = o0o. The case
when z(t) < 0 is considered analogously. $

THEOREM 7. Let conditions (H) hold, e = 1, p(t) = 1 and
7(t) = 7. Then each nonoscillating, unbounded solution of (1) tends
to infinity.

Proof. Let z(t) be an eventually positive, unbounded solution of
(1). Then the function z(t) is unbounded too. from the fact that
Z(t) is an eventually increasing function it follows that either z2(¢) > 0
eventually or #(t) < 0 eventually. If 2(f) < 0 eventually, then as in
Theorem 6 we obtain a contradiction. Hence 2(t) > 0 eventually
and z(t) is an eventually increasing function. Since the function
2(t) is eventually increasing, then there exists a positive constant d
such that 2(t) > d > 0 eventually. Define the function w(t) in the
following way w(t) = z(t) — z(t — 7). Then

w(t) = z(t) — z(t — 27) (18)

We sum up the equalities w(t +2k7) = z(t +2k7) — z(t + 2(k — 1)7),
k =1,...n and obtain

zn: w(t + 2k1) = 2(t + 2n1) — 2(t) (19)
k=1

Let liminf; o 2(t) = ¢ and 0 < ¢ < oo. The eventually the
inequality 2(f) > £ holds. From the definition of w(t) it follows
that for any positive integer k there exists a point ax such that
t+ (2x — 1)7 < ax <t + 2kt and such that w(t + 2k7) = 7 - 2(ax).
Hence for t > t, where t is a sufficiently large number, the inequality
w(t + 2k7) > dr holds. From (19) and from the last inequality
we obtain that for any ¢t > ¢ we have z(t + 2n7) > ndr. Choose
the sequence {;}$°, so that limy_,o, tx = 00 and limg_,o z(tx) = c.
Hence for sufficiently large k the inequality z(tx) < 2c eventually
holds. Let n be a positive integer such that ndr > 2¢. For that
fixed n choose the positive integer m such that t,, — 2n7 > f. Set

t = tm — 2n7. Then m(t + 2n7) = 2(tm) < 2c. On the other hand,
from the choice of n and ¢ it follows that a:(t + 2n7) > ndr >
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2c. The contradiction obtained shows that either ¢ = 0 or ¢ = oo.
Suppose that ¢ = 0, i.e. liminf, o 2(f) = 0. Then there exists a
sequence {3, }{° such that limy_,c0 B = 00, limy,_, z(Brn) = 0 and
mingg, g.12(s) = (B8y). From the definition of w(t) and from the fact
- that 2(t) is an eventually increasing function it follows that w(t) >0
eventually. From (18) we obtain that z(t) > z(t — 27) eventually.
This inequality, however, contradicts the relation mingg, g,.12(s) =
z(Bn). Hence liminf; o 2(t) = 0o and lim;_,. z(t) = oo. The
case when z(t) is an eventually negative solution of (1) is considered

analogously. . O

THEOREM 8. Let the conditions (H) and (15) hold, € = 1 and
7(t) < 0 eventually. Then ifz(t) isa nonoscillating eventual solution
of (1), then lim;_,co 2(t) = 0 or limy_o |2(t)| = 00."

Proof. Let z(t) be an eventually positive solution of (1). Then
%(t) > 0 eventually and 2(t) is an eventually increasing function.
Hence either- £(t) < 0 eventually of () > 0 eventually. Let z(t) >
0 eventually. Then lim, o 2(f) = co. Let liminf; o, z(t) = d
and suppose that d < oo. There exists a sequence {an}9°, such
that lims_,00 @n = 00 and lima_o 2(an — 7(an)) = d. Hence for
sufficiently large n € N the inequality z(an — 7(an)) < 2d holds.
Define the sequence {,}{°, in the following way: 8, is some or the
solutions of the equation 8, —7(85) = oy, (the existence of a solution
of this equation follows from condition H2). From 7(t) < 0 it follows
that B, < an. from H2 it follows that lim;_,., 8, = co. We estimate
the difference z(ay) - p(8n) — 2(8,):

z(an) - p(Bn) — 2(Bn) =
p(an) - p(Bn) - (an — T(am)) — z(Bn) < p3z(0m — 7(an))

Then
p3z(an — 7(am)) > 2(n) - D(Bn) — 2(Ba) > p1 - 2(Bn) — 2(Bn) =

(pl - 1) : z(ﬂn)
Thus we obtained the inequality

2d-p
-1

2
2

z2(Bn) <

p— -z(an — 1(ayn)) <
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Since limp—.o0 Bn = 00, then the last inequality contradicts the fact
that lim,_,c0 2(t) = 00. Hence liminf;_,c0 Z(t) = 0o and lim;—,0 z(t) =
oo. Let 2(t) < 0 eventually. Then z(t) is an eventually decreasing
function. As in Theorem 1 it is shown that liminf, . 2(t) = 0.
Let limsup,_,., (t) = ¢ and suppose that ¢ > 0. There exist se-
quences {an}$° and {Bs }{° such that limp 00 an = liMp—y00 Bn = 00,
limy 00 Z(Bn — 7(Bn)) = ¢ and limp_00 £(an — T(an)) = 0. For any
e > 0 for sufficiently large n € N we have z(an — 7(on)) < &,
 2(Bn—7(Bn)) > c—€ and z(t) < c+e¢ for sufficiently large . Choose
the positive integers k and m so that ax < Bm and estimate the
difference z(Bm) — 2(ak):

2(Bm) — 2(ak) =

2(Brm) + P(Bm)Z(Bm) — 7(Bm)) — () — plow)z(ar — T(ak)) >
> p(Bm) * £(Bm — T(Bm)) — (o) — pak) - z(dk — 7(ax)) >
>plc—e)—c—e—pr-e=(p1—1)-c—(L+p1+p2)-€
We obtained for the chosen k and m the inequality

2Bm) —2(@) > (1 = 1) -c— (L +p1+p2) €

From (15) it follows that for € small enough we have 2(8m) —2(a) >
0 which contradicts the fact that 2(t) is an eventually decreasing
function. Hence lim sup,_,, (t) = 0 and lim;_,c z(t) = 0. ¢

THEOREM 9. Let the conditions (H), (15) hold, e =1 and 7(t) >
0 eventually. Then each bounded nonoscillating solution of (1) tends
to 0.

The proof of Theorem 9 is analogous to the proof of Theorem 8.

4. Comments.

In Theorems 1, 6 and 8 we claim that if X (t) is a nonoscillating
solutions of (1), then lims—co Z(t) = 0 or lim¢.oo |2(t)] = 00. We
should emphasize that for each of these theorems examples can be
given in which both possibilities are realized. For instance, let us
dwell on Theorem 1.
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ExAMPLE 1. Consider the equation
[2(t) — St~ )" — (1 - 5)°5%(t 1) = 0

- The above equation is a particular case of (1) for p(t) = &L, 7(t) =1,
o(t) =2,e= -1, f(u) =u3 and

1 3 O ] _<_ 0 ‘
r(t, s) = (1 - 5) - e(s — 1), where e(s) = { 1 s>0
A straightforward verification yields that z(t) = 1 is a solution
of this equation and lim¢—c0 2(t) = 0.

ExAMPLE 2. Consider the equation

[z(t) — xp(l) 2(t — 1)]n 39@(1) 2(t—1) =

This equation is a particular case of (1) for p(t) = 1exp (1),
™) =1, o(t) =2, e=-1, f(u)=uand r(t,s) = %(1) -e(s—1),

where e(s) is the function defined above.

A straightforward verification yields that z(t) = et is a solution
of this equation and lim¢_,o z(t) = 00

It is immediately seen that in both examples all conditions of
Theorem 1 are met. One can easily give examples illustrating the
other theorems.

In order to have a complete classification of the nonoscillating
solutions of (1) there remain the following two unsolved questions:

1. Let conditions (H) hold e = 1, p(f) = 1 and 7(¢) = 7. Let
z(t) be a bounded nonoscillating solution of (1). Is the equality
lim;_,o 2(t) = 0 valid?

2. Let the conditions (H) and (15) hold, € = 1 and 7(t) > 0
eventually. Let z(¢) be an unbounded nonoscillating solution of (1).
Is the equality lim;—,o |Z(¢)| = oo valid?

We shall note that the first problem is not solved even for the
simple linear equation

[z(8) +z(t - 7)]" —q(t) - z(t —0) =0 (20)
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where [>° g(t)dt = oo.
We ;glall point out two principal cases when the question can be
answered affirmatively.

1.1 Let ¢(t) 2 ¢ > 0.

Since #(t) > O eventually, then () is an eventually increasing
function, hence either (t) > 0 eventually or 2(t) < 0 eventually. If
we suppose that 2(t) > 0 eventually, then lim; o 2(t) = oo which
contradicts the fact that z(t) is a bounded solution of (20). Hence
#(t) < 0 eventually and z(t) is a positive eventually decreasing func-
tion. Since #(t) is an eventually increasing negative function, then
there exists the finite limit lim;_, 2{t) = ¢. Then, integrating the
equality 2(t) = ¢(t)z(t — o) from t; to t, and passing to the limit as
t tends to infinity, we obtain that ¢(t) - z(t — o) € Li[t1,00). From
the inequality g(t) > g > 0 it follows that (t) € L1[t;, 00), hence
2(t) € Ly[t;,00). Since 2(t) is an eventually decreasing function,
then lim;_,o0 z(t) = 0 and therefore lim; o, (t) = 0. O

1.2 Let ¢(t) = t*, where —1 < a < 0.

As in 1.1 it is established that z(¢) is an eventually decreasing
positive function, hence there exists the finite limit lim; o0 2(t) =
¢ > 0. Suppose that ¢ > 0. Then z(t) + z(t — 7) > c eventually.
Consider an arbitrary interval [t;,) + 27|, where £ is a sufficiently
large number such that for ¢ > ¢; the inequality 2(t) > ¢ should hold.
Let B € [t1,t1+7]. Hence for at least one of the two points 8 and S+7
the inequality z(t) > £ is valid. Let Eo = {t|t € [t1,t1 +27], (1) >
5}. Obviously, the set Ey is measurable as mes Fg > 7. Divide the
set [t1,00) into intervals [t; +2kT, t1 +2(k+1)7], k= 0,1,2,... and
let B = {t|t € [t1 +2kT, t1 +2(k+1)7], z(t) > 5}. Each of the sets
E) is measurable and mes E; > 7. Let E = {t € [t;,00), z(t) > £}.
Thenmes E = Y_so o mesEy. Let E, = {t|{t—o € E}. From the form
of ¢(t) it follows that [;° q(t) - z(t — 0)dt > [ q(t)z(t — o)dt = oo,
which contradicts th existence of the finite limit lim;_,, 2(¢). Hence -
¢ =0 and lim;_,,, z(t) = 0. O

What concerns the second problem, we shall emphasize that it is
not solved even for the simplest linear equation

[z(t) +p, z(t —7)]" —qz(t—0) =0,

wherep > 1, q, 7,0 > 0.
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