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1. Introduction

We consider the two-dimensional Schrédinger equation
(—A+v)Y(z) = Ey(x), € R E >0, (1)
where
v is a real-valued sufficiently regular function on R? (2)
with sufficient decay at infinity.

Actually, in the present work the assumptions (2) are specified in the sense
that v is a real-valued, bounded, compactly supported function on R2.

For equation (1) we consider the classical scattering solutions ¢ (z, k), k €
R2, k2 = E, specified by the following asymptotics

, , il k||| 1
+ _ ikx . —im/4 € z
YT (x, k) = " + imV/2me \/45||x|f (k, |k||x|) +o (\/E) , )

|z = oo,
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for some a priori unknown f. Function f = f(k,l) on
Mp={kleR? : K¥*=1*=E} (4)

arising in (3) is the classical scattering amplitude for equation (1).
In order to determine 1 and f from v one can use the Lipmann-Schwinger
integral equation (11) and the integral formula (12) in Section 2; see e.g. [19].
In this work we continue, in particular, studies on the following inverse
scattering problem for equation (1) under assumptions (2):

PROBLEM 1.1: Given scattering amplitude f on Mg at fixed E > 0, find the
potential v on R2.

When v is compactly supported, that is
supp v C D, (5)

where D is an open bounded domain in R2, we consider also the Dirichlet-to-
Neumann map ®(FE) for equation (1) in D. We recall that this map is defined
via the relation

0

— =®(E 6

i . (E) (¥]op) (6)
fulfilled for all sufficiently regular solutions ¢ of (1) in D U 9D, where v is the
external normal vector to dD. Considering ®(E), we assume also that

E is not a Dirichlet eigenvalue for the operator —A + v in D. (7)

It is well known (see [18]) that, under assumptions (2), (5), Problem 1.1
is closely related with the following inverse boundary value problem for equa-
tion (1) in D:

PROBLEM 1.2: Given ®(F) at fixed E > 0, find v.

Problems 1.1, 1.2 have a long history and there are many important results
on these problems; see [6, 11, 19, 21, 23] and references therein in connection
with Problem 1.1 and [5, 18, 23, 24] in connection with Problem 1.2.

The approach of the present work to Problems 1.1, 1.2 is based, in partic-
ular, on properties of the Faddeev exponentially increasing solutions for equa-
tion (1). We recall that the Faddeev solutions ¢ (x, k), k € C? \ R?,k? = E, of
equation (1) are specified by

U(z, k) = ™ (1+0(1)), |a] = oo; (8)
see e.g. [18].

In order to determine 9 from v one can use the Lipmann-Schwinger-Faddeev
integral equation (20) in Section 2.
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In the present work, under assumptions (2), (5), we reduce Problems 1, 2
to some global generalized Riemann-Hilbert-Manakov problem for the classi-
cal scattering solutions 1" and the Faddeev solutions 1 for equation (1); see
Problem 3.5 in Section 3. A prototype of this global Riemann-Hilbert-Manakov
problem for the case of equation (1) with E < 0 was considered in Section 8 of
[19].

The term ”global” means, in particular, that the kernels of our Riemann-
Hilbert-Manakov problem have no singularities, even if there are the Faddeev
exceptional points at fixed . After that we reduce our Riemann-Hilbert prob-
lem to a Fredholm linear integral equation of the second type; see Theorem 4.1
and Proposition 4.2 in Section 4.

As a result we obtain, in particular, a new generic reconstruction method
for Problems 1, 2; see Proposition 4.5 and Remarks 4.6, 4.7 in Section 4.

In particular, our reconstruction from the Faddeev generalized scattering
data is reduced to formulas (58), (60), (64), (65), (70), (83), (84), integral
equations (67)-(69), (85), (86) and formulas (61), (75), (76), (79).

Note that the approach of the present work goes back to the soliton theory,
see [1, 9, 13, 14, 16]. The first applications of this approach to Problems 1, 2
were given in [12, 17, 18, 19]. Actually, the main result of the present work
consists in a globalization of this approach to Problems 1, 2.

The reconstruction method of the present work uses properly generalized
scattering data for small and large values of the complex spectral parameter at
fixed energy and, therefore, is considerably more stable, generically, than the
reconstruction method of [5] based exclusively on properties of some generalized
scattering data for large values of complex spectral parameter. Generically,
stability estimates of [22] obtained using ideas of [2], [5] can be improved using
results of the present work to estimates like in [24], but without the assumptions
that some norm of potential v is sufficiently small in comparison with fixed E.
This issue will be presented in detail elsewhere.

In addition, in contrasts with [5], results of the present work admit applica-
tion to solving the Cauchy problem for the Novikov-Veselov equation ([15, 26])

Opv = AR(403v + 9, (vw) — Ed,w),
Ozw = —-30,v, v=1v, E >0, (9)
v=1uv(z,t), w=w(z,t), = (r1,72) ER? teR,

with compactly supported v(x,t = 0). Here, we used the following notations:

0 1/ 0 .0 1/ 0 .0
at—a, az2(8xllax2>, 822<8m+26332> (10)

These applications are indicated in Section 6 of the present work and will be
presented in detail elsewhere.
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2. Preliminary results of direct scattering

2.1. Classical scattering functions

We recall that for the classical scattering functions 1™ and f for equation (1)
the following Lipmann-Schwinger integral equation (11) and the integral for-
mula (12) hold:

T (a, k) = e + Gtz —y, VE) ()¢t (y, k)dy, (11)

yER?

eiée 1
G* (2, VE) = 1/R % li(eVE),

2m)2 Jp2 2 —E—i0 4
1 iy
f0) = oz [ o)t . by, (12)

where z, k,l € R? k? = [? = E > 0, H} is the Hankel function of the first type;
see e.g. [19]. In addition, it is known that equation (11) is uniquely solvable
with respect to ¥ (-, k) € L>(R?) at fixed k, under conditions (2) and, in
particular, under the conditions that

v="1v€ L>*(R?), suppv C D, (13)

where D is an open bounded domain in R?; see e.g. [4] for a proof of a similar
result in three dimensions.

Let
SL={¢CeR? : =7}, r>0, (14)
Yp={CeC?: (*=F}, E>0, (15)
Ypp={C€Zp : [S¢|=p}, E>0, p>0, (16)

and let
XE,p be the characteristic function of ¥g , in Xg. (17)

Note that Mg = ST/E X Si/ﬁ’ where Mg is defined by (4).
It is well known that, under conditions (2), (5),

¥ (x, k) admits a holomorphic extension in k 18
from Si/ﬁ to X g at fixed x (18)

and
f(k,1) admits a holomorphic extension in (k,1)

from Mg to Xg X X (19)

with possible exponential increasing at infinity in complex domain.
As a corollary, f on Mg uniquely determines f on X i X ¥ g, under assump-
tions (2), (5).



A GLOBAL RIEMANN-HILBERT PROBLEM 25

2.2. Faddeev functions

We recall also that the Faddeev solutions 9 (x, k) for (1) satisfy the following
generalized Lipmann-Schwinger integral equation

vk =™t [ Gl b ks (20)
G(z, k) = g(x, k)e™*, (21)

1 ei{m
oK)= s o -

where x € R?, k € C2\ R?, k2 = E > 0; see e.g. [7, 19]. In addition, we
consider (20) as an equation for ¢ = e**y(x, k), where pu(-, k) € L=(R?) at
fixed k. Note that equation (20) can be rewritten as

wl, k) =1+ / oz — y. Kyo(w)u(y. k)dy. (23)

yeR2

where z € R%, k € C?2\ R?, k? = E > 0; see e.g. [19].
Under assumptions (2) and, in particular, under assumptions (13), equa-
tions (20), (23) are uniquely solvable for u(-, k) € L>®(R?) at fixed k if k €

(ZE \S%) \ &g, where &g is the set of the Faddeev exceptional points on
e\ Si/ﬁ; see e.g. [19].

Note also that, due to estimates (3.16)-(3.18) of [19], the following estimates
hold for some constant ¢y > 0 :

|G (a2, VE)| < cola| /2B, (24)
|9, k)| < cola] =12 |RR| 12, (25)
where GT, g are defined in (11), (21), z € R?, k€ C2\R?, k*>=F > 0.

In addition, under assumptions (13), as a corollary of (24), (25), in a similar
way to Proposition 4.1 in [19], we have that

| A(K)| oo (r2)— Lo &2) < M(||v]| (D), D, E, p),

(26)
keC? K2=E>0, |3kl =p>0,
EE,pngim if ,0>pl(H’UHLm(D),D,E‘)7 E>0, (27)
where A(k) is the linear integral operator of equation (23),
L(D
M(q.D.B.p) = D) (28)

B+
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p1(¢,D,E) = [max([coqjl(D) _E, 0)]1/2

(29)
¢=0, ©L(D _ﬁ?é/ iz — |1/2

In addition to @, we consider also the generalized Faddeev scattering am-
plitude Ah(k, 1) defined by the formula

WD) = s [ e )it Ry, (30)

where (k1) € (ZE \Sﬁ) X Y; see e.g. [8, 19]. Here we assume also that

Sk = 31 if (5) is not assumed.
Note that, under assumption (13),

h is (complex-valued) real-analytic on ((EE \ St ) \5E> X Xg,

31
h(k,-) is holomorphic on X at fixed k. B

We say that a complex-valued function is real-analytic if its real and imaginary
parts are real-analytic.

2.3. J-equation on the Faddeev eigenfunctions

We recall that the following isomorphic relations are valid:
SpxC\0, S,z~T={ eC: [N=1}. (32)
More precisely:

kl + Zkg

k—(kl,kQ)EEE = A= )\( ) \/E

k=(kik2) €Sl = Ak)€ET;

eC\O,

AeEC\O=k=k(\E)eXp, MeT=k=k(\) €S,z (34)
where

kA E) = (kA E E)),
by = <A+>\2F’ kz:G—A)i 2] (35)

Note also that

[RE, E)| =

5

VE _
(IAHIM o ISEA B = == (A= AT

AEC\0,E > 0.



A GLOBAL RIEMANN-HILBERT PROBLEM 27

Let
L, ,(C) be the function space on C consisting
of the functions u such that w,u, € L,(D1) (37)
with the norm |lullz, , = ||UHL1,(D1) + ||u,,||Lp(Dl),
where p > 1, v >0,
uy(A) = A7 (AT (38)
Dy ={AeC : |N <1} (39)

It is known that the function v of Subsection 2.2 has, in particular, the fol-
lowing properties, under assumptions (2) and, in particular, under assumptions
(13):

Yz, k(N) = e*N2(1 4 0(1)), if A= 0 or A — oo, (40)

where z € R?, k()\) = k(\, E) is defined by (35),

b(k) := h(k, —F), (42)

where h is defined by (30); see e.g. [12, 19].
Note that d—equations like (41) go back to [1, 3].

2.4. Some estimates related with d—equation (41)

In particular, as a corollary of (40),

P(x, (k(N))) #0 if |A] is sufficiently small
or if || is sufficiently large.

In addition, under assumptions (13), as a corollary of (26), we have

lu(z, k()| < (L= M(q,D, E,p))~",

(44)
S R27 k()‘> = k()‘7E) € EE,pa p> pl(quvE)7 HU||L°°(D) <4q,

where M is defined by (28), py is defined by (29).
In connection with equation (41) we consider also

1

urp(A) = X2, (K(A)b(k(A)), (45)
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where x g, is defined by (17).
Under assumptions (13), we have:

up,p € Lp2(C), 2<p<A4, (46)
whete p > pr ([[o]lz 0y, D E);
HU’EJJ”LP,z S qcl(D>p7 E)(l - M(QaDaEap»_la (47)

lue,pllz,. =0(q) asq—0, (48)

for fixed £ > 0, p > p1(q, D, E), D and p, where |[v|[zpy < q, M is defined
by (28), ¢1 is a positive constant, 2 < p < 4;

(N < q(27) (1 = M(¢. D, E, p))~" /D de, N€C,  (49)

where |[v][ e (py < g, M is defined by (28), p > p1(||v]| L~ (D), D, E); see formu-
las (4.4), (4.12), (4.18), (4.19) of [19]. In connection with (46)-(48) we recall
that L, 2(C) is defined in (37).

2.5. Final remarks

We recall also that, under the assumptions (7), (13), at fixed F, the scattering
amplitude f uniquely determines the Dirichlet-to-Neumann map ® and vice
versa; see Proposition 4 in [18].

In turn, ®(F) uniquely determines h on ((EE \ S%) \ 5E> X X g; see [18].
. . 1
Note also that f at fixed E uniquely determines h on ((EE \S\/E) \ EE) X

Y g via a two-dimensional analogue of the construction given in [20].
As a corollary, Problems 1.1, 1.2 of Section 1 are reduced to Problem 3.4 of
Section 3.

3. Global generalized Riemann-Hilbert problem

Let
A:AEypz{)\eC : VE ||\ = A7 <p}, E>0, p>0,
and OA = OAg, , be the boundary of A in C (50)
with the standard orientation.
Note that

EE,p%(C\AE,py (51)

where this isomorphism is given by formulas (33), (34).
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Let

] 1
W(A¢) = %sgn(|)\\2 -1) Llnwl()\,g) + slnwy (A, ¢)

A6 € OA,
where B
c—A = -2
wl:g_i7 wQZi_i7
[A] S ]
and 6 is the standard Heaviside step function.
REMARK 3.1. Note that
largw; (A, ¢)| <m, A g€0A, i=1,2, (53)

and the logarithms in (52) are well defined by the condition | Inw;| < .

In particular, we have
W e L,(0A x0A), p>1, OA=0Ag,, E>0, p>0. (54)

LEMMA 3.2. Let v satisfy (13) and let p > py1(||v|| L (py, D, E), where py is the
constant in (27). Let ¥+ 1) be the eigenfunctions of Subsections 2.1, 2.2. Then
the following relation holds:

Ul k) = U@ k) + [ WO, KO ko) (o
A€ OA.
where k(X) = k(\, E) is given by (35), W(A,s) = W(\ s, E) is given by (52),
h is defined by (30) and the integration is taken according to the standard
orientation of the OA.

Lemma 3.2 is proved in Section 6.
Note that, under assumptions (13), as a corollary of (30), (44), we have

Ih(k(N), k(<))] < g(2m)~2eE(1 — M(q, D, E, p))~" /D da,

(56)
>‘7§ € 0N = 8AE,p? p> pl(quaE)ﬂ ||’U||L°°(D) S q,
where M, p; are defined by (28), (29),
L = max |z|. (57)

x€dD

As a corollary of properties (18), (40), (41), (55) of the functions ¥+ and v
(and using (46), (49)), we obtain the following proposition:
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PROPOSITION 3.3. Let v satisfy (13) and let p > pi(||v|| (D), D, E), where py
is the constant in (27). Let,1™ be the eigenfunctions of Subsections 2.1, 2.2.
Then at fized x € R?:

1. Yt (z,k(N)) is holomorphic in A € A and is continuous in X € AU OA;

2. (x, k(X)) has the properties (40), (41) for A € (C\ 0)\ (AUOA) and is
continuous in A € (C\ 0) \ A;

3. Yt 4 are related on OA via (55).

Now we consider the following generalized inverse scattering problem for
equation (1).
PROBLEM 3.4: Given the Faddeev functions h on OA x 9A and b on (C\0)\ A,
find potential v on D.

The approach of the present work for solving Problems 1.1, 1.2 and 3.4 is
based on the reduction of Problem 3.4 to the following generalized Riemann-
Hilbert problem.

PROBLEM 3.5: Given functions h on A x OA and b on (C\0)\ A, find functions
T on A and ¢ on (C\ 0) \ A satisfying the properties of the items 1,2,3 of
Proposition 3.3.

Note that in Problems 3.4, 3.5 we consider h,b and 1+, as
h=h(A, ¢, E) = h(k(X),k(C)), A, ¢ € 0A, (58)

ot =yT (@, N B) = 9 (2, k(N), A€ A, (59)

b = 0\ E) = p(x, k(V), b=b(\ E) = b(k(\), A€ (C\O)\A, (60)

where k() = k(\, E) is defined by (35), A = Ag,,, OA = OAg , are defined in
(50), h is defined by (30) and b is defined by (42).

In addition, if % is the function of Subsections 2.2, 2.3, 2.4, then it deter-
mines the potential easily. Indeed, due to (1), (43), we have

(Ag + E)Y(x, k(X)) on R?if |)] is sufficiently small
W(x, k(N)) or if |A| is sufficiently large.

v(z) = (61)

Prototypes of Problems 3.4, 3.5 for the case of equation (1) with £ < 0
were considered in Section 8 of [19].

Generalized Riemann-Hilbert problems like Problem 3.5 go back to [16] and
to [9, 12, 13].

We say that Problem 3.5 is a generalized Riemann-Hilbert-Manakov prob-
lem.

We say that the results of Lemma 3.2 and Proposition 3.3 are global and that
the related Problem 3.5 is global, since these results and problem are formulated
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for general v satisfying (13) and, in particular, without the assumption that
Er = 0, where £ is the set of Faddeev exceptional points at fixed E. The
reduction of Problem 3.4 to Problem 3.5 follows from Proposition 3.3 and, for
example, from formula (61).

4. Integral equations for solving Problem 3.5

4.1. Formulas and equations

Let
pt () = e NTyt (X E), e A, (62)

p(A) = e N2y (2 X E), AeC\A, (63)

) )

2
; 5 —1
r(x A E) — ez(—k(A)—i—k(—l/k))m Sgn(|/\xl )X()\)b()\,E)

= e 2Ry (), AeC\o,

R(z,\, ¢, E) = ORIz (N ¢ B)R(N, E), A\, (€A, (65)

where ¢, 1) and h = h(\, s, E) = h(k()\),k(c)), b = b(\, E) = b(k()\)) are the
functions of Problem 3.5, x(A) = x&,,(k())) is defined via (17), u(A) = ug p(A)
is defined via (45), k() = k(A E) is defined by (35), W is given by (52),
A = Ag,, is defined by (50).

Let

eA) =e(z, A E), X;(A Q) =Xz, N E), j=12, A¢eC,  (66)

be defined as the solutions of the following linear integral equations:

1 —— AR

(W =11 [ ¢ BO TS (67)

1 —dRCASC 1
X0+ [ren B RG0S - ey (69

1 ——— dR(dS 1
00+ [renERn 0TS - g ()

In addition, we consider also

D0 = K00 + XA, DO = KiAO — XA

A CeC.
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Note that if (46) is fulfilled, then equation (67) for e(-) and equations (68),
(69) for X;(-,¢), j = 1,2, are uniquely solvable in Ly o(C), p/(p —1) < ¢ < 2,
where L, , is defined in (37). In addition:

e(-) e C(CU), efoc0)=1

’ 71
e(N) = 1] < es(ro.p). (7)
U Q) — | < ealrop) 5 (72)
1\ C_A C2\To, P 2|<_)\‘2/p7
1
[Q2(\, Q)| < ea(ro,p) W7 (73)
where
ro = ||r(z, -, E)|L,., Tligo ¢ca(ro, p) = 0. (74)

Note that 7y is independent of 2 € R%. In connection with the functions
e, X1, X2,Q1, Qs and related results we refer to Chapter 3 of [25] and to Sec-
tion 6 of [19].
We define
PT(A), X € AUOA,

O ={ 00 A E O .

where ™, 1 are the functions of Problem 3.5. In addition, we consider u/, u, p,
where

+()):), A€ AUBA, 76)

1p/()\) _ eik(k)x'u/()\) _ eik()\)x { Z()\ = ((C \ 0) \A

THEOREM 4.1. Let the data h and b of Problem 3.5 satisfy the following con-
ditions:
ug,, € Lp2(C), 2 <p <4, (77)

h(-,-, E) € C(OA x 9A), (78)

where ug , is defined by (45), W is defined by (52), ON = OAg,, is defined
in (50), p > 0. Let ¢’ be a solution of Problem 8.5. Then for u' defined
by (76) the following formula holds:

HO) = e+ 5 [ BNOKQOA = 5 [ BOOROR, 4

211
A€ C\@A,

where the integration is taken according to the standard orientation of OA,

KO = () — u(\), A€ dA. (80)
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In addition, this K = K(x, A\, E) satisfies the following linear integral equation

KO+ [ ReaX.E)(eh)+
OA

D (N1 = 01X = 1)), K (¢)dC (81)

211 OA

- 5 [ O ORQ ) ax <o

A € OA, where R is defined by (65), Q1,9 are defined by (70) and the integra-
tions are taken according to the standard orientation of OA.

Note also that

/E)A QN1 =0(N|-1)),0)K(¢)d¢
= lim 04 ()\/(1 _ 8(I/\/| _ 1)),()[((@‘)@[(\:’ Ve oA

0<e—=0 Jop

(82)

Formula (79) is similar to formula (6.7) of [19]. Equation (81) is similar to
equation (6.11) of [19].

Theorem 4.1 is proved in Section 7.

Consider

IN)=1(x,\,E) = — Rz, \, N, E)e(N)dN, X € dA, (83)
AN

Al()‘7C) = Al(mz/\agE)

= L[ R@ AN B)Q V(1 - 0(N| - 1)).)dN
27'('2 A (84)
A2()‘7 C) = A2(x7 A7 <7 E)
= L[ R@ AN, B0, 04N, A Ce A,
27TZ A

where R, e, 1, are the functions of (65), (66), (70).

PROPOSITION 4.2. Let the assumptions of Theorem 4.1 be fulfilled and K be
the function of (80), (81). Then K, K satisfy the following system of linear
integral equations

KN+ [ ANOK(QAC+ | AN QK(QdC = I(N), A€ dA, (85)
oA oA

KN+ [ AN QK(QdC+ | Ai(A. Q) K(Q)dC =1I(\), X€0A, (86)
A OA
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where 1, A1, Ay are defined by (83), (84). In addition,

1€ Ly(dN), A; € Ly(0A x ON), j=1,2, (87)
[4jllL, =0 for |hllc =0, 70 < 7Thxed, J=1,2, (88)

where |z| < ¢ for fived ¢ > 0, ro is defined in (74)

Proposition 4.2 is proved in Section 6.

4.2. Analysis of equations

Due to estimates (87), the system (85), (86) can be considered as a Fredholm
linear integral equation of the second type for the vector-function (K, K) €
Ly (0A,C?) with parameters x € R? and E > 0.

The modified Fredholm determinant detA for system (85), (86) can be de-
fined by means of the formula:

IndetA = Tr(In(Id + A) — A), (89)

where system (85), (86) is written as

(Id+A)<[I§>:<§>. (90)

For the precise definition of detA, see [10].
In addition, we have the following lemmas:

LEMMA 4.3. Let v satisfy (18) for fited D and A = Ag,, be defined by (50) for
fized E and p. Let Ay, As, I correspond to v according to formulas (20)-(23),
(30), (42), (58), (60), (64), (65), (83), (84). Let|x| < c for fized ¢ > 0. Then:

Al z2oaxaa) = 0, [[I|lL2aay — 0, for [[v||pe(py = 0, j=1,2;  (91)

system (85), (86) for (K, K) € La(9A, C?) is uniquely solvable by the method of
successive approzimations when ||v| o (py is sufficiently small (for fived D, E,p
and c).

Actually, Lemma 4.3 follows from estimates (48), (56), (71)-(73), (88).

LEMMA 4.4. Let v satisfy (13) for fired D and A = Ag , be defined by (50) for
fired E and p, where p > p1(q, D, E), ||v||1=(p) < q, p1 is defined by (29). Let
Ay, As, I correspond to sv according to formulas (20)-(23), (30), (42), (58),
(60), (64), (65), (83), (84) (with sv in place of v), where s €] — s1, 1], where
51 = q/||vllL=(p). And let detA = detA(x,s), x € R% s €] — s1,81[, be the
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modified Fredholm determinant of the related system (85), (86) (where detA
depends also on v, E and p). Then:

detA(x,0) =1, xeR? (92)
detA € C(R*x]—s1,s1[,C), (93)
detA(x,-) is real-analytic on |— s1,s1[ for fized x € R%. (94)

Lemma 4.4 is proved in Section 8. Using Lemma 4.4 we obtain, in particular,
the following result:

PROPOSITION 4.5. Let A = Ag , be defined by (50) for fixed E and p, where
p > p1(¢, D, E), p1 is defined by (29), D is a fixred open bounded domain in
R?, q is a fized positive number. Then for almost each v satisfying (13) with
vl (D) < q the system (85), (86) corresponding to v (according to formulas
(30), (42), (58), (60), (64), (65), (83), (84)) is uniquely solvable for almost
each x € R2.

REMARK 4.6. We understand the statement of Proposition 4.5 in the sense that
if v satisfies (13) and ||v||z(p) = q1 for fixed g, where 0 < ¢1 < g, then for
almost each s €] — s1, s1[, where s1 = ¢/q1, the system (85), (86) corresponding
to sv is uniquely solvable for almost each z € R2.

REMARK 4.7. If the assumptions of Proposition 4.5 are fulfilled, ||v||z~(p) < g,
and system (85), (86) corresponds to v, then, as a corollary of (93), the set of
x, where the system (85), (86) is uniquely solvable, is an open set in R2.

Proposition 4.5 is proved in Section 8.

5. Applications to the Novikov-Veselov equation

In this section we suppose that v and p satisfy the assumptions of Lemma 4.4
for fixed D, E and q.
We define

fs(k, 1, t) = fs(k,1) exp[2it(kf — 3]61/6% — lil)’ + 31113)], (k1) e Mg
hs(ka l7t) = hs(kvl) exp[2lt(k11)) - Sklk% - lil)) + 3l1l§)]7
(k,1) € 0Xg , X 0XE,,;
. —3 — -2
bs(k,t) = bs(k) exp[2it (k3 + k| — 3k1k3 — 3k1ks)], k € g ,;

(95)

where t € R, s €] — s1, 1], $1 is defined as in Lemma 4.4 and f, hs,bs are
defined according to (11), (12), (20)-(23), (30), (42) with sv in place of v. In
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addition:
hs(E(N), k(c),t) hs(k(N), k(<)) exp[i E3/2t(A\3 + X\ 73 — ¢3 — ¢73)]

=:hsit(\ s, E), (A, 6) € OA x OA,

( e (96)
bs(k(A),1) = bs(k(\) explit E3/2(A3 + A3 £ X"+ X )]
=: b5t (N, E), A€ (C\0)\ A,

where t € R, s €] — s1, 81[, k(A) = k(\, E) is defined by (35), A = A(E, p) is
defined by (50).

We consider Problem 3.5 of Section 3 with h = hg ¢, b= by, p+ = 1,&;,5. As
in Section 4.1, we consider the reduction of this generalized Riemann-Hilbert-
Manakov problem to formulas (75), (76), (79), (80) and the system of equations
(85), (86), where p/ = pl 4, € = €54, U = Qjs0,5 = 1,2, K = Koy, I = Iy,
Aj = Ajs+,j = 1,2. In addition, as in Section 4.2, we consider det A(z, s, )
for the aforementioned system (85), (86).

We expect that using ideas of [12, 13, 14, 19] and of the present work one
can obtain the following result:

Suppose that det A(x,s,t) # 0forx € X,t € T at fixed s €] —s1, s1[, where
X is an open domain in R?, 7 is an open interval in R, 0 € T, s; is defined in
Lemma 4.4. Then there is a real valued vs(+,t) such that:

vs(+,0) = sv, (97)
where sv is the potential of Lemma 4.4;
—A;ﬂ/};t + vs(z,t) ::t = Eq/}::b

98
_Awd}s,t + US(QT»t)'(/)s,t = Ews’t, (.’L',t) c X x T, ( )

where z/;jjt = (z,N), A € A, and sy = hsu(2,A), A € (C\0)\ A, solve
the aforementioned Problem 3.5; v = v,(z,t) solves the Novikov-Veselov equa-
tion (9) in X x T with appropriate w = wy(z,t) (and satisfies (97) on X).

These studies will be given in detail elsewhere. Note that, actually, the
zeroes of det A(x, s,t) describe the blow-up points of the potential vgs(z,t). It
remains to note that in similar way to Proposition 4.5 and Remarks 4.6, 4.7,
for almost each s €] — sy, s1[, we have that det A(x,s,t) # 0 for almost each
(z,t) € R? x R; and the nonzero set of detA is open.

6. Proof of Lemma 3.2

6.1. Lemma for Green functions

Let
2z =121 +iry, T =z —ixo for x = (21, 2) € R% (99)
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LEMMA 6.1. The following formula holds:

Gz, k(\) — Gt (z,VE)
1

RCORN N

where G,G% are defined in (21), (11), W is defined by (52), k(\) = k(\, E) is
defined in (35), A = Mg, is defined in (50).

) _ 100
W(A,s, E)e“/E/Q(“JFZ/C)dg, A, ¢ € OA, (100)

Proof. We recall that

0 _osgn(]AP-1) oik(—1/X)z

8)\G( k(X)) = B KT X e (C\O)\T, (101)
0 Cosgn(AP =1 e
8/\G( k(X)) = o€ FVT N € (C\0)\ T, (102)

where G is defined by (21), (22), k(\) = k(A, E) is defined by (35), T is defined
by (32); see [19].
Note that

k(—1/X)a = —gaz +2/2), k(\)z = g()\2+ 2N, (103)

Using the Cauchy formula for ¢?*(=1/Y) /X and e /) we have

etk (= 1/)\)2://\ 212/ E —Z\F/2(§z+2/<)7d§)\, A €A, (104)
s A S —

T /x = / VB B ey (105)
27i oA S S—A

Due to (101), (102) and (104), (105) we have

0 -1 1 _ ds
—G(x,k(N)) =s )\271 7/ 2\/7/2(§z+z/§) ’
Y (z, k(X)) = sgn(]Al" — 1) 5— I — (106)
AEA, [N#1,
8 2 1 L ivE/a(ez ds
i _ -1 i SZ+2z/5)
SRC k) = sen(AP =15 [ e e

AeEA, A #1L.

Formulas (106), (107) remain also valid with G(xz,k()\)) replaced in the left
hand side by G(z,k(\)) — G*(z,VE), where G is defined in (11).
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Integrating the differential equation for G — G+ we obtain

Gz, k(\) — G* (2, VE)
= u(2,\) + |Gz, k(%)) = G* (2, VE) — u(z, )o)| (108)

for Ao = Ao(A), A € ANDy, or for \g(A),A € AN (C\ Dy),

where Dy is defined by (39), Ao = Ao(A) = (1 +0(|A]* — 1)),

A2 -1 1 e _
u(z7)\) _ Sgn(|27‘ri ) / I 76—1\/5/2(<z+z/<) h’l(f— )\)df
oA T (109)

A2 -1 1, ;
_M/ —VE/AFH2/ ) n(¢ — N)ds, A e A\T,
21 o 4mg

where notation 1+ 0(|A|> — 1) is like in (82). In the last expression logarithm
is chosen such that |S1n(-)| < 7.

We change the variable ¢ — —1/< in the first integral on the right and
obtain the formula

u(z,\) = _WO/\Z_D/ GiVE/2s7z/s) |1 ()
7 §mi oA N (110)

+¢In (1)\>] ds, MNeA\T.
S

In the last expression logarithm is chosen such that |$1n(-)| < 7.
We choose \p as Ao = Ti\\\(l +0) since the limiting values of G — G on the

unit circle T" are given by (see [19, Section 3]):
G2, k(o)) = G* (2, VE)

; 111)
__m VE/2(s7+2/9) « M2 = 1)i P » d (
2n)? /Te x 0 [sgn(|Al )i 3 e |ds],

where 6 is the Heaviside step function.
Using the Cauchy formula for ¢'VE/2(s7+2/9) in (111), we can rewrite (111)
as follows:

1 iVE/2(sZ+2/9) g
o - -y ([
1T OA

872 S —q1

s A
x0 [sgn(|)\|2 —1) <|)|\1 - |>\|§1>} |ds1].

(112)

In order to complete the proof of Lemma 6.1 it remains only to put (112), (110)
into (108).
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In addition, to justify Remark 3.1, we need to prove (53). Assume that ¢
belongs to the part || = C' of OA = OAg,, where

C =p/VE+/ (p/\/E)2+1.

Since the point A belongs to the disk || < C and the point Aq is strictly inside
of the disk, the angle o between vectors ¢ — A and ¢ — \g is strictly less then .
Thus |argw;| = |a| < 7 in this case. If ¢ belongs to the part |¢| = 1/C of the
boundary of A, then points A and Ag belong to the part of the ray (emitted
from A = 0) through the point A. This part belongs to the region || > 1/C,
and |arg wq| = |a| < m/2 in this case. After the estimate (53) for wy is proved,
the estimate for wy becomes obvious if we replace —1/¢ by 3. O

6.2. Final part of the proof of Lemma 3.2

Let
o = Yo(z, k(X)) = eV = dWVERDOZH/N X e (C\0)\ T,  (113)

where k(A\) = k(\, E) is defined by (35), T is defined by (32).

We will denote by G+(v/E),G (k) the convolution operators with kernels
G*,G of (21), (11), and we will denote by G* (v E)v, G(k)v the operators of
multiplication by the potential v followed by convolution G*(v/E) or G(k),
respectively. Then, under the assumptions of Lemma 3.2, equations (11), (20)
can be considered as linear integral equations for ¥+ (-, k), (-, k) € L*(D), and
can be rewritten as follows:

(k) = (=G (VE)W) o k), (k) = (I = G(k)v) "ol k), (114)

for fixed k € ¥g \ Y E,p, Where I is the identity operator.
Thus

U (k) = (I = GH(VE)) I = G(k)o)y(-, k),

115

U( k) = (I = GH(VEW) (I = GH(VE))Y(- k), k€Zp\ g, -
Therefore,

V(o k) =t (k) = (I = GH(VE)) N G(k) — GH(VE))vy (-, k) (116)

keXg \ ZE,p'

We take G — G from Lemma 6.1 and use there that vo(x — y,k(})) =
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oz, k(N))bo(—y, k(\)). This leads to
(G(k(N) = GT(VE) (-, k(N))
= ﬁ /D on WA, )ho(@, k(<))vo(—y, k(s))dsv(y)¥(y, k(N))dy
= [ W )vo(z, k(s))h(k(s), k(N))ds, A€ oA,
oA

where we used also (30). We plug the last relation in (116). It remains to note

(see (114)) that (I — G*(VEv)) "o(-, k(<)) = ¥ (-, k(<)) L

7. Proofs of Theorem 4.1 and Proposition 4.2

7.1. Proof of Theorem 4.1
Let
po(A) = p'(A) —e(N),
o (N) = pt () —e(N),  mo(A) = p(A) —e(N),
where p/, u, p are the functions of (76), e(-) is the function of (67).

From formulas (64), (67) and from items 1 and 2 of Proposition 3.3 it
follows, in particular, that

(%e(A) =r(z,\, E)e(\), MeC, (118)
)

ﬁué(/\) =r(x,\, E)uj(A), X e C\OIA, (119)

(117)

/
0
po(A) — 0 as A — oo.

Proceeding from (119) and using the generalized Cauchy formula for pu{, (see
formula (10.6) of Chapter 3 of [25]) one can obtain

1 1 _
1N = 57 [ BOOKNOE = 5 [ BOORIDE 1)
A e C\OA,
where
Ko(A) == pd (A) — po(A), X € OA. (121)
In addition, from (80), (117) and (121) it follows that
Ko(\) = K(\), XedA. (122)

Formulas (117), (120), (122) imply formula (79).
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Finally, equation (81) follows from the substitution of (79) into (55) using
formulas (65), (76), (80), estimates (71)-(73) and the jump properties of the
Cauchy integral.

This completes the scheme of proof of Theorem 4.1.

7.2. Proof of Proposition 4.2

Equation (85) follows from equation (81) and formulas (83), (84). Equation
(86) follows from (85).

Estimates (87), (88) follow from formulas (64), (65), (83), (84), estimates
(54), (71)-(74), (77), (78) and the estimate

190ull 2, on) < const(p, OA)|[ull L, oa), 1 <p < o0, (123)
where ) ()d

Q%) (\) = —/ i VYdia) A€ OA 124
u is a test function on OA. O

8. Proofs of Lemma 4.4 and Proposition 4.5

8.1. Proof of Lemma 4.4

Property (92) follows from (89), (91).

Property (93) follows from continuous dependence of A;, Ay with respect
to z € R?, |z| < ¢, at fixed s €] — s1,51] and continuous dependence of A, Az
with respect to s €] — s1,s1[ uniformly in z € R?, |z| < ¢, in the sense of
H : ||L2(6A><BA)7 for fixed ¢ > 0.

In turn, these continuities of A;, Ay in « and in s follow from formulas (72),
(73), (84) and the following results:

(i) hlaaxaa depends continuously on s €]—s1, 51 in the sense of ||-||c(aaxan),

(ii) ug,, depends continuously on s €] — sy, s1[ in the sense of || [z, ,(c), 2 <
p < 4, where h = h(k(X),k(s)), ug,, correspond to sv according to (20)-
(23), (30), (35), (42), (45);

(iii) The following estimates hold:

e~ 2N | < Const - (VE(IA| + |A| 7Yz — 2/]),

AeC\O, z, 2’ €R?, 0<a <1,

‘e—2i§Rk(>\)x

ei(k(c)—k(k));ﬂ _ ei(k(g)—k(k))z’ < 2(E+2p2)1/262pmax(|x|,\z'\)|x _ (E/‘7

S, A€ OA, z, ©' € R?;
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(iv) Ifu € Ly 2(C),2 < p < 4, then (|A|+|A"1)*u(N) € Ly 2(C) (as a function
of \),2<p <p(l+ap/2)~t, where 0 < a < (p—2)/p;

(v) The map (defined via (67))
r € L,2(C) —e(-) € C(C)
is continuous and the maps (defined via (68), (69))
r € Ly2(C) = X; € C(C*\C.), j=1,2,

C.={(\s)eC? : |N—¢|<e},

are continuous for any ¢ > 0, where L, 2(C) is considered with the norm
of (37), 2 < p < 4, and C(C),C(C?\C.) are considered with the uniform

norms.

In order to prove (94) we consider sv, where s € C, and we consider hy =
hs(k(N\),k(s)), Ays € OA, and by = bs(k(N)),A € (C\ 0)\ A, where hg, by
correspond to sv according to (20)-(23), (30), (35), (42) (with sv in place of v).
Proceeding from these formulas and equations and from (26), (27), (51), one
can show that there is an open neighbourhood A of the real interval | — s1, s1]
in C (where N depends on D, ||v| e (py, E, p, q) such that

N =N, ie. N is symmetric with respect to R, (125)

hs(,+, E) € C(OA x OA), ug,,s € Lp2(C), 2<p <4,

. . (126)
with holomorphic dependence on s € N,

where ug,, s is defined by (45) with b, in place of b.

Next, we consider es, X1 5, Xo 5, 1,5, Q2 s defined via (67), (68), (69), (70)
with 7 in place of r, where r, is defined by (64) with b, in place of b, where
s €] — s1,51[. And we consider eia, ij'l,:s,o" j = 1,2, defined via the following
systems of equations:

1 dRCASS
6:0()\) =1—- ;/TS(QS7<7E)6;U(<) CC_;\fc,
S (127)
e =1 1 [l C B0 TS
1 dRCASS 1
X;rs O‘(>\7€) + ;Ars(x’n7E)X;S,U(n’C) nc_ ;\SC _ 2<< — /\)’
(128)
1 [(——m— dRCAS 1
Xl_S U(A’C) + ;/CT?(I’%E)Xf:s,a(U’O nc_\)\sg = 2(Z—X)7



A GLOBAL RIEMANN-HILBERT PROBLEM 43

N 1 _ ARCAIC 1
X2,s,a(>‘aC) + T /CTs(xa%E)Xz,M(U,C) n— A - 27[(( _ /\)’
ARCAI¢C ~ —1 (129)

1 -
X2_,s,cr()‘a<)+;/Crﬁ(xﬂ?,E)X;s,a(nag) ﬁ_x - 2Z(Z—X)’

where s,0 € N, 1 is defined by (64) with b, in place of b. In addition, we
consider also

Ql,s,d()\7 C) = Xi':s’a-()‘v C) + iX;s’a' ()\7 C)v

. (130)
QQ,SJT(/\’ C) = Xf:s,a()‘v C) - ZX;:s,a()H C))
where X\, € C, 5,0 € N.
Let
S:={(s,0) eENXN : c=s€]—s1,81] }. (131)

Using considerations of Section 9 of Chapter 3 of [25], one can show that
systems (127), (128), (129) for eiU,st7U,j = 1,2, for (s,0) € S, are reduced
to the equations for es, X;,,j = 1,2, s € — s1,51[, are uniquely solvable in
LI(C),p/(p— 1) < ¢ < 2, where p is the number (126). In addition:
X;s=X;.

— -t e — e L= is = 34
€s = 65,87 €s = es,s’ XJaS — “%j,8,80 J,5,87 QJaS - 9]78737 (132)

where j =1,2, s €] — s1, 51
Using the definition of ry and holomorphic dependence of ug, , s on s € N
in (126) one can show that

rs(z,-, E) € L,2(C), rz(z,-,E) € L,2(C), 2<p<A4,

with holomorphic dependence on s,0 € N, (133)

for fixed z € R%, E > 0.

Proceeding from these results and from properties of the integral opera-
tors in (127) -(129) (presented in [25]), one can show that there is an open
neighbourhood S, of S in N'x N (where S, depends also on v, E, p) such that:

systems (127), (128), (129) for et X:'l,:s7o'7j = 1,2, are uniqgely

: s (134)

solvable in Ly o(C), p/(p—1) < ¢ <2, for (s,0) € Sy;
ef, €C(C), Qjs0 € C(C%2\C.), j=1,2, for any € > 0, (135)

with holomorphic dependence on (s,0) € S,
where C. is defined in item (v) in the proof of property (93);

1 cs(s,0,p) c3(s,0,p)
QSO')\7 - ) QSU)‘7 <77 136
1,s, ( C) C7>\ |<_)\|2/p | 2,s, ( C)' |<_>\|2/p ( )
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where c3 depends continuously on (s,0) € S, and depends also on v.
Let

Ney:={seN : (5,5 €S, }, z € R (137)

One can see that A, is an open neighbourhood of the real interval | — s1, 5]
in C.

‘We consider

Al,s()‘vg) = Al,s('ra)‘vC?E)

1
= om / Ry(z, A, N, E)Q 5 (N (1= O(IX| = 1)), {)dN,
2w Jan

AQ,S()\7C) = A2,S(x7)‘7<7E)
— RS(I7>\a)\/7E)92,s,s(>\/7C)d)‘lv

(138)

o 211 OA

A, ¢ € OA, where R; is defined by (65) with h, in place of h, Q1 5,80 ¢, are
the functions of (130), (135), (136), A,¢ € 9A, s € N.
We consider also

Ajs =455 j=12 seN,. (139)

Using (126) for hs and (135), (136) for Q; s, = 1,2, we obtain

Aj’s S L2(8A X 8A), j=12

with holomorphic dependence on s € N,. (140)
Using (139), (140) we also obtain
Aj . € Ly(dN x N), j=1,2, (141)

with holomorphic dependence on s € N.

We consider A(z,s), where s € N, NN, defined using (8.14), (8.15) in a
similar way with A(z,s) for s €] — s1,s1[, but with gj,s in place of A(x,s).
Finally, we consider det A(z, s) for s € N, N N,.

Using (132) for ©Q; , 5, (140), (141), we obtain that

det A(z, s) is holomorphic in s € N, NN, for fixed x € R?. (142)
Property (142) implies property (94). O

8.2. Proof of Proposition 4.5
Let v be as in Remark 4.6 and let det A(x, s) be defined like in Lemma 4.4.
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Let
Z = {(x,s) € R?®x] — s1,81[ : det A(w,s) =0},

Zy={s€]—s1,s1] : detA(z,s) =0}, z€R? (143)
Zs:={r eR? : det A(z,s) =01}, s €] —s1,s1]-

Using (92), (94), we obtain that Z, is a discrete set (maybe empty) with-
out interior accumulation points in interval | — sy, s1[. Therefore, we have, in
particular, that

Meas Z = 0 in R?x] —s1,5;]. (144)
As a corollary,
Meas Zs = 0 in R? for almost each s €] — sy, s;]. (145)

Property (145) implies the result of Proposition 4.5 interpreted according to
Remark 4.6. O
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